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Abstract

We prove that SVPp is NP-hard to approximate within a factor of 2log
1−ε n, for all constants ε > 0

and p > 2, under standard deterministic Karp reductions. This result is also the first proof that exact
SVPp is NP-hard in a finite ℓp norm. Hardness for SVPp with p finite was previously only known
if NP ̸⊆ RP, and under that assumption, hardness of approximation was only known for all constant
factors. As a corollary to our main theorem, we show that under the Sliding Scale Conjecture, SVPp is
NP-hard to approximate within a small polynomial factor, for all constants p > 2.

Our proof techniques are surprisingly elementary; we reduce from a regularized PCP instance di-
rectly to the shortest vector problem by using simple gadgets related to Vandermonde matrices and
Hadamard matrices.
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1 Introduction

A lattice L is the set of all integral linear combinations of a set of basis vectors {b1, . . . ,bn}. Lattices
are a classical mathematical object, with research on the subject dating back centuries. In the last several
decades, lattices have come to the forefront of study in theoretical computer science, due to their applica-
tions in algorithmic number theory [LLL82], integer programming [LJ83, Kan87, FT87, Sch98], coding the-
ory [For88, dB02, Zam14], and perhaps most strikingly, post-quantum cryptography [Ajt98, NS01, MR07,
Reg09, P+16]. Most cryptographic primitives based on lattice problems enjoy a special feature: while the
problems used in actual cryptosystems are sampled from random distributions, the computational hardness
of breaking these cryptosystems is implied by the difficulty of solving worst-case problems. Perhaps the
most foundational of these worst-case problems is the gap shortest vector (GapSVP) problem. As the name
suggests, this problem amounts to approximating the length of the shortest nonzero vector in a given lattice
L, where we measure the length of a vector w ∈ L using the ℓp norm:1

Problem 1 (γ-GapSVPp). Given a matrix M ∈ Zn×m and a threshold k, distinguish between the following
two cases, when one of them is promised to hold:

1. There exists a nonzero vector v ∈ Zn such that ∥vM∥p ≤ k.

2. For all nonzero vectors v ∈ Zn, we have ∥vM∥p > γk.

(Here and throughout the paper, all vectors are row vectors.)

There is a rich body of work exploring upper bounds [Kan87, AKS02, BN09, EV22] and lower bounds
[Mic01, HR07, ASD18] for all choices of p, as well as the relationship between GapSVP instances in
different ℓp norms [RR06, ACK+21]. Besides serving as a natural counterpart to the results for p = 2,
GapSVP results for p ̸= 2 have proved important historically because they often lead to results for the p = 2
case. This is perhaps most obvious when examining the chronology of GapSVP lower bounds.

The shortest vector problem (without an approximation gap) was first proven to be NP hard in the ℓ∞
norm by van Emde Boas [vEB81], who conjectured that the same hardness result should hold for ℓ2. After
nearly two decades, Ajtai [Ajt98] gave a breakthrough reduction showing that the exact shortest vector
problem is hard in the ℓ2 norm unless NP ⊆ RP, i.e. with the caveat that his reduction is randomized.
Over the next few years, researchers improved upon Ajtai’s results [CN98, Mic01, Kho03, Kho05, HR07].
Many of the improvements were first discovered for ℓp with p being a sufficiently large constant, and then
were generalized to all p ≥ 1. The current state of affairs with regard to the assumption that NP ̸⊆ RP is
summarized in the following theorem.

Theorem 1.1 ([Kho05]). For all p ≥ 1, there is no randomized polynomial time algorithm for γ-GapSVPp,
for γ = O(1), unless NP ⊆ RP.

Hardness of approximation for larger (but still subpolynomial) factors are known only under significantly
complexity stronger assumptions like NP ̸⊆ RTIME(2(logn)

O(1)
) or NP ̸⊆

⋂
δ>0RTIME(2n

δ
) [Kho05, RR06,

HR07]. All known reductions are randomized, and the best approximation factor we can achieve under NP
⊆ RP is still just γ = O(1). There is a single exception: Dinur showed that γ-GapSVP∞ is NP hard under
a deterministic reduction, where γ = nc/ log logn for a sufficiently small constant c > 0 [Din02].

Thus, a central 40-year-old open question is whether we can get a deterministic NP-hardness reduction
when p is finite, which was explicitly asked by many authors including van Emde Boas [vEB81], Micciancio
[Mic01, Mic12], Haviv and Regev [HR07], and Bennett and Peikert [BP22, Ben23].

1Recall that for finite p, we define the ℓp norm of a vector w ∈ Zm as ∥w∥p :=
(∑m

i=1 |wi|p
)1/p

, and for ℓ∞ we define
∥w∥∞ := maxi |wi|. We use the ℓ0 pseudo-norm to denote the number of nonzero entries in a given vector.
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Question 1. ([BP22]) “Indeed, it is a notorious, long-standing open problem to prove that GapSVPp is
NP-hard, even in its exact form,2 under a deterministic reduction for some finite p.”

Another natural question is whether we can improve the NP hardness of approximation factor, even
under randomized reductions.

Question 2. (Implicit in the complexity community) Can we find a polynomial time (potentially randomized)
reduction from an NP complete problem to ω(1)-GapSVPp, for some finite p?

One explanation for the lack of improvement since Haviv and Regev’s work is that essentially all known
hardness of approximation results for GapSVPp (with the exception of p = ∞) boil down to a similar
technique: They first achieve a constant gap via a (randomized) polynomial time reduction from the closest
vector problem, which is already known to be NP-hard to approximate [ABSS97], by using a special math-
ematical object called a locally dense lattice. Then they apply tensoring to boost the approximation factor
past a constant. Due to the critical usage of tensoring, this approach appears to be incapable of yielding
hardness results for γ = ω(1) under the sole assumption that NP ⊆ RP. (Each tensoring operation increases
the lattice dimension by a multiplicative factor of poly(n), and we need a superconstant number of such op-
erations to reach γ = ω(1).) Derandomization also appears to be quite difficult; despite decades of research,
we do not have a deterministic construction of locally dense lattices.

A New More Direct Approach. In this paper, we resolve both questions above in the affirmative. We
present a deterministic, nearly-polynomial factor NP hardness of approximation result for γ-GapSVPp for
all constants p > 2, based on a direct reduction from a carefully pre-processed probabilistically checkable
proof (PCP) for NP. Our reduction bypasses the closest vector problem entirely; its closest relative appears
to be Dinur’s 2002 NP hardness of approximation result for γ-GapSVP∞. Before presenting our results
more formally, we give some background on PCPs.

A PCP consists of a verifier which takes as input a sequence of symbols over alphabet Σ (the proof ) and
behaves as follows. The verifier uses r random bits to select q locations in the proof to read, and accepts iff
the symbols at those locations satisfy some constraint (which may or may not be different for each choice
of random bits). Finally, a (perfect correctness) PCP theorm provides a deterministic polynomial time
reduction from instances of the NP complete problem circuit SAT to the description of a polynomial-time
verifier, so that:

1. (Completeness) If the SAT instance was satisfiable, then there exists a proof which causes the verifier
to accept with probability 1.

2. (Soundness) If the SAT instance was unsatisfiable, then every proof will cause the verifier to accept
with probability at most s (the soundness parameter).

The strongest constant-query PCP we currently know how to construct is due to Dinur, Fischer, Kindler,
Raz, and Safra:

Theorem 1.2 (Due to [DFK+99]). For every constant ε > 0, there exists a PCP for SAT instances of size
n that uses r = O(log n) random bits to make q = O(1) queries to a proof over alphabet Σ, where the
alphabet size is |Σ| = 2Θ(log1−ε n) and the soundness parameter is s = 2−Θ(log1−ε n). The PCP can be
constructed deterministically in nO(1) time.

For our result, we will not leverage the PCP theorem exactly as stated above. Instead we first pre-process
the PCP using a regularization technique due to Hirahara and Moshkovitz [HM23], which ensures that every
position in the proof is read with equal probability. Details on this technique are given in Section 2.

2Emphasis added.
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At a very high level, our reduction will make use of simple, deterministically constructable gadgets
related to Vandermonde matrices and Hadamard matrices.3 Our analysis involves a novel approach for
examining how these gadgets interact specifically within the context of a regularized PCP. The construction
is not very technical; rather, it requires a paradigm shift in how we think about reductions to lattice problems.

1.1 Our Results

Below we give a basic version of our main theorem; for the full statement, see Theorem 4.3.

Theorem 1.3 (Informal). Suppose there exists a PCP for SAT instances of size n that uses r = O(logn)
random bits to make q = O(1) queries to a proof over alphabet Σ and has soundness s, where 1/s ≥
rω(1). Suppose further that every proof location is read with the same probability, and that the PCP can be
constructed deterministically in polynomial time. Then for all constants p > 2 (and for p = ∞), γ-GapSVPp

on nO(1) dimensional lattices is NP hard, where γ = (1/s)Θ(1).

In Section 7, we show that the PCP from Theorem 1.2 can be regularized via the techniques of [HM23]
to get a PCP that satisfies all preconditions of Theorem 1.3, where the alphabet size is |Σ| = 2Θ(log1−ε n)

and the soundness is s = 2−Θ(log1−ε n). From this along with Theorem 1.3 we derive the following.

Corollary 1.4. For all constants ε > 0 and p > 2, γ-GapSVPp on n dimensional lattices is NP hard, where
γ = 2log

1−ε n.

Remark 1.5. We suspect that, by adapting the PCP given by Dinur, Harsha, and Kindler [DHK15], the same
NP hardness result should hold for slightly subconstant values of ε. We do not pursue such an improvement
in this paper.

Corollary 1.4 succinctly resolves both Question 1 and Question 2 in the affirmative. Due to the elemen-
tary nature of our techniques (see Section 3 and Section 4), we believe that our approach should inspire
hardness of approximation results for several other lattice problems, hopefully paving the way4 to a deter-
ministic NP hardness of approximation result for γ-GapSVP2.

Another consequence of Theorem 1.3 is that we can get polynomial factor NP hardness of approximation
under the Sliding Scale Conjecture [BGLR93], which posits that there exists a PCP for SAT with the same
parameters as in Theorem 1.2, except |Σ| = nΘ(1) and s = n−Θ(1).5 Details are given in Section 7.

Corollary 1.6. Assuming the Sliding Scale Conjecture, γ-GapSVPp on n dimensional lattices is NP hard
for all constants p > 2 (and for p = ∞), where γ = nc for a constant c > 0 that depends on p.

Mukhopadhyay [Muk22] recently proved a weaker version of this result: she showed that the Projection
Games Conjecture implies NP hardness of nΩ(1)-GapSVP∞, that is, for the special case that p = ∞. This
alternative conjecture posits that the Sliding Scale Conjecture holds even for projection games, which are a
special type of PCP in which every constraint depends on q = 2 variables, and additionally every constraint
is of a particular form [Mos12]. To get a sense of the relative strength of these two conjectures, observe
that the Projection Games Conjecture implies the Sliding Scale Conjecture, but it is unknown whether the
reverse implication holds. Indeed, the current best polynomial time reduction from SAT to a projection
game achieves soundness (logn)−O(1) [DS14], as opposed to the 2−(logn)0.99 soundness for general PCPs.

3Our Hadamard matrix gadgets bear topical resemblance to the “norm measuring rows” in Dinur’s NP hardness of approxima-
tion result for γ-GapSVP∞ [Din02], but it appears that we leverage properties of the gadgets not discussed in the SVP literature
before. Additionally, Dinur’s hardness result for γ-GapSVP∞ relies on a novel characterization of NP in terms of a gap problem
referred to as SSAT, which is very different from the regularized PCP we leverage.

4It’s also worth noting that we found our hardness of approximation result as a byproduct of research on new sources of
hardness to build cryptographic primitives such as public key encryption and witness encryption; we expect the connection between
complexity-theoretic problems and cryptographic problems to inspire even more results.

5It’s known that any non-degenerate PCP requires |Σ| ≥ (1/s)Ω(1/q), so when q is constant we cannot hope to achieve
polynomially small soundness without a polynomially large alphabet.
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2 Preliminaries

We use [n] to denote the set {1, . . . , n}. All vectors are row vectors unless stated otherwise. Assume that
all quantities are rounded integers as needed.

Regularized PCPs. Regularization is a classic tool for getting hardness of approximation results from the
PCP theorem. The idea is to convert an arbitrary PCP into a new PCP where every variable in the proof is
read with equal probability. More than three decades ago, Papadimitriou and Yannakakis showed that any
PCP can be converted into a regularized PCP, but with the caveat that the final PCP has at best constant
soundness [PY88]. Recently, Hirahara and Moshkovitz gave an elegant technique which allows the final
PCP to have soundness that is polynomially related to that of the starting PCP [HM23].

Theorem 2.1 (Simplified version of theorem in [HM23]). Assume that we have a PCP verifier V which
uses r random bits to make q queries to a proof over alphabet Σ and has soundness s. Assume further that
s ≤ min(1/(3q), 1/|Σ|c), where c is a constant with 0 < c ≤ 1. Then we can construct a new PCP verifier
V ′ from V deterministically in |V|O(1) time, such that the following holds. V ′ uses r+O(log(1/s)) random
bits to make qO(1) queries to a proof over the same alphabet Σ and has soundness sΘ(1). Additionally, every
proof symbol is read for exactly d = (q/s)Θ(1) choices of randomness.

Hölder’s Inequality. This inequality generalizes the Cauchy-Schwarz inequality.

Theorem 2.2 (Due to [Höl89]). Let u,v ∈ Zn, and let p, q ≥ 1 satisfy 1/p+ 1/q = 1. Then

∥u⊙ v∥1 ≤ ∥u∥p∥v∥q,

where ⊙ denotes the component-wise product.

We make extensive use of the following corollary, the proof of which is deferred to Appendix A.

Corollary 2.3. For all w ∈ Zn and p > 2 (including p = ∞),

∥w∥p ≥ n1/p−1/2∥w∥2.

3 Setting up the Gadgets

In this section, we give an overview of our tools and briefly discuss how we plan to use them to reduce from
a regularized PCP to the shortest vector problem.

3.1 Viewing PCPs as CSPs

A helpful way to think of PCPs, and indeed the viewpoint we will adopt for our reduction, is to interpret
them as showing that a certain constraint satisfaction problem (CSP) is hard to approximate. We think of
every choice of randomness as corresponding to a distinct constraint in the CSP, and every position in the
proof as a variable in the CSP. There are exactly M = 2r choices of randomness, so our CSP will have
exactly M constraints. For every choice of randomness, there is an explicit list of assignments for the
relevant proof symbols that would cause the verifier to accept; these become the satisfying assignments for
the corresponding constraint in the CSP. To emphasize the CSP viewpoint, we refer to a PCP with M = 2r

choices of randomness that reads a proof of length N as “a PCP having M constraints and N variables.”
Assuming the PCP is regular, every variable will appear in exactly d constraints and every constraint will
depend on exactly q variables, so we have Nd = Mq.
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If the SAT instance from which we constructed the PCP was satisfiable, then by definition there must
exist a proof which makes the verifier accept with probability 1. From our CSP viewpoint, this corresponds
to an assignment to the variables such that every constraint is satisfied. On the other hand, if the original
SAT instance was not satisfiable, then for any purported proof the PCP verifier will accept with probability at
most the soundness parameter s. From the CSP perspective, this means that any assignment to the variables
will satisfy at most an s fraction of the constraints.

Associated Graphs and Matrices. Below, we define a graph which corresponds to the CSP. The graph
will encode which constraints are incident to which variables, as well as which variable assignments satisfy
each constraint.

Definition 3.1 (Label Extended Factor Graph). Consider a PCP with N variables, M constraints, and
alphabet Σ, where each constraint depends on q variables. Its label extended factor graph is the bipartite
graph ([M ]× Σq, [N ]× Σ, E), where ((t, α1, . . . αq), (x, α)) ∈ E iff

1. The (ordered) assignment α1, . . . αq is a satisfying assignment for constraint t,

2. Constraint t contains the variable x, and

3. The (ordered) assignment α1, . . . αq indicates an assignment of α to the variable x.

In other words, each left vertex (t, α1, . . . , αq) represents a candidate assignment for constraint t, and
we list every such candidate. Similarly, each right vertex (x, α) represents a (variable, assignment) tuple.
The left vertices (t, α1, . . . , αq) which do not correspond to a satisfying assignment for constraint t will
have no edges incident to them. (The reason we keep these vertices is simply to ensure the label extended
factor graph has exactly M |Σ|q left vertices and N |Σ| right vertices.)

We can also think of the label extended factor graph in terms of its indicator matrix:

Definition 3.2 (Indicator Matrix). The indicator matrix S ∈ {0, 1}M |Σ|q×N |Σ| for a given PCP has
S(t,α1,...,αq),(x,α) = 1 iff ((t, α1, . . . , αq), (x, α)) is an edge in the PCP’s label extended factor graph.

Below, we give some toy examples of indicator matrices.

The indicator matrix for a
PCP that has M = 8 con-
straints, N = 5 variables, q =
2 variables read by each con-
straint, and |Σ| = 2. For
ease of viewing, we omit rows
that are entirely zero, and we
only write the “1” entries. No-
tice that this PCP is satisfied
by the assignment that corre-
sponds to picking the left col-
umn for each variable.

The indicator ma-
trix for a PCP with
the same parame-
ters as the one on
the left, but which
is unsatisfiable.

3.2 Matrix Gadgets

We form the set of basis vectors for our SVP problem by taking the indicator matrix S for a regularized
PCP, and then augmenting S using different types of gadgets. (A modified copy of the matrix S will directly
appear within the final set of basis vectors.) In this section we introduce the gadgets themselves, with a
particular focus on how they can help us ensure soundness of the reduction.
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Reduced Vandermonde Matrices. The first gadget is a matrix where all entries are polynomially bounded
integers, and every row-induced square submatrix has full rank.

Definition 3.3 (Reduced Vandermonde Matrix). Let a > b with a prime. We define an (a, b) reduced
Vandermonde matrix V ∈ Z(a−1)×b as Vi,j = ij−1 mod a.

We have the following property:

Lemma 3.4. Every b× b submatrix of an (a, b) reduced Vandermonde matrix is of full rank.

Proof. Well-known; see for example [HJ94]. The idea is that an (a − 1) × b Vandermonde matrix over
Fa has every b × b submatrix being of full rank, and casting from Fa to Z cannot introduce new linear
dependencies.

Thus, any linear combination of the rows which sums to zero must either (i) have all coefficients equal
to zero, or (ii) have a large fraction of the coefficients being nonzero. More formally,

Corollary 3.5. Let v ∈ Za−1 be a nonzero vector. If vV = 0, then ∥v∥0 > b.

Reduced Vandermonde matrices are used in two different parts of our construction:

1. We concatenate a single large reduced Vandermonde matrix (with its entries scaled up by a large
multiplicative factor) to the matrix of basis vectors for our lattice. This enforces that any short nonzero
lattice vector must correspond to a linear combination of basis vectors which entirely cancels out the
Vandermonde component. With the right size parameters, we can ensure that the number of nonzero
coefficients in any such linear combination is nearly the same as the number of constraints in the PCP.

2. We insert many relatively small reduced Vandermonde matrices (again with their entries scaled up by
a large multiplicative factor) into the copy of the indicator matrix S contained within the lattice basis
vectors. The purpose of this transformation is a bit more subtle; roughly speaking, it enforces that
any short lattice vector corresponds to a linear combination of basis vectors that is at least partially
“self-consistent” with respect to the variable assignments. See Section 4 for details.

Hadamard Matrices. The second gadget is a matrix where every pair of rows is orthogonal (in the ℓ2
norm), and all of the entries are integers of the same magnitude. These conditions will allow us to apply
manipulations based on the relationship between the ℓ2 norm and the ℓp norm with p > 2.

Definition 3.6 (Hadamard Matrix). Define H0 := [1], and inductively set

Hi+1 :=

ï
Hi −Hi

Hi Hi

ò
For n a power of two, the n× n Hadamard matrix is Hlog2 n.

In our construction, we use a block diagonal set of Hadamard matrices concatenated to the set of basis
vectors. To gain some intuition, let Y := Im⊗Hlog2 n and consider the ℓp norm of linear combinations vY.

1. For two vectors u,v with all entries coming from the set {−1, 0, 1}, if ∥u∥0 > ∥v∥0, then ∥uY∥2 >
∥vY∥2. This just follows from the orthogonality of the rows in Y. In fact, we can make similar state-
ments for ℓp with p > 2, assuming certain properties about u and v. With the right size parameters,
the Hadamard gadgets will allow us to argue that any short nonzero vector in our final lattice must
come from a linear combination of basis vectors where the number of nonzero coefficients is not too
much larger than the number of constraints in the PCP. (See Section 4 for details.) This complements
the effect of the reduced Vandermonde matrices discussed earlier.
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2. In higher ℓp norms, Y exhibits a certain “anti-concentration” property. Consider two vectors u and v
with all entries coming from the set {−1, 0, 1}, such that ∥u∥0 = ∥v∥0. If the nonzero entries in u
correspond to a relatively small number of Hadamard blocks, but the nonzero entries in v are relatively
spread out across the blocks, then we will have ∥uY∥p ≫ ∥vY∥p for all p > 2. (A concrete analysis
of this property is given in Lemma 6.5.) This is useful because we can force short lattice vectors
to come from a linear combination of basis vectors that is spread across many of the different PCP
constraints.

Below, we give an illustration showing the anti-concentration property.

(Top) The linear combination corresponding to u,
with ∥u∥0 = 4. (Bottom) The linear combination
corresponding to v, with ∥v∥0 = 4. In each diagram,
the rows of the matrix Y participating in the linear
combination are indicated by black dots.

We have that uY is a vector containing mostly
zeros, but the nonzero entries will (on average) be
much greater than 1. In higher ℓp norms, the length
contribution from these entries is amplified signif-
icantly. In contrast, vY is a vector whose entries
are all either −1 or 1; while the number of nonzero
entries in vY is much larger than in uY, all of them
are small, so ℓp length amplification doesn’t occur.

4 Reducing from a PCP Instance to an SVP Instance

We start with a regularized PCP that has M constraints and N variables over alphabet Σ, where each
constraint depends on exactly q variables, each variable appears in exactly d constraints, and the soundness
parameter is s. Assume that q ≤ O(logM), that (1/s)1/q ≥ (logM)ω(1), and that the alphabet size |Σ| is a
power of two. Two additional properties hold automatically:

1. q must be at least 2. Otherwise, it is trivial to find a maximally satisfying assignment for the PCP.

2. d must be at least 1/(sq) ≥ (logM)ω(1). This is because we can always find a set of M/(dq) variable-
disjoint constraints, and these are mutually satisfied by taking a locally satisfying assignment for each.
If d < 1/(sq), then the number of satisfied constraints is strictly more than M/(1/s) = Ms, violating
soundness.

Throughout, fix a prime a = Θ((M |Σ|q)2).
We construct the matrix of basis vectors for a lattice by applying two procedures, each of which in-

troduces a distinct set of gadgets. (The construction is agnostic to the specific choice of ℓp norm so long
as p > 2.) We encourage the reader to adopt the following perspective: Each individual gadget converts
many of the previously “short problematic” vectors into vectors with a large ℓp norm. When all gadgets are
considered together, we show that we can map all of the remaining short vectors to assignments for the PCP
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which violate soundness. We will be able to go in the other direction, too: a satisfying assignment for the
PCP can be mapped to a nonzero vector with short ℓp norm in the final lattice.

Manipulating the Indicator Matrix. Our first procedure constructs a matrix P based on the indicator
matrix for the PCP by inserting reduced Vandermonde matrices in place of each nonzero entry.

1. Let S ∈ {0, 1}M |Σ|q×N |Σ| be the indicator matrix for the PCP. Assume that |Σ| is a power of two.

2. Construct matrix P ∈ ZM |Σ|q×Mq|Σ|/(log3 M) as follows. Start with an empty matrix P, and for each
column c of S:

(a) Let V ∈ Z(a−1)×d/(log3 M) be an (a, d/(log3M)) reduced Vandermonde matrix.

(b) Define a matrix V′ ∈ ZM |Σ|q×d/(log3 M) as follows:

i. If c(t,α1,...,αq) = 0, then V′
(t,α1,...,αq)

= 0d/(log
3 M).

ii. If c(t,α1,...,αq) = 1, we set V′
(t,α1,...,αq)

to be a distinct row of V, scaled up by a multiplica-
tive factor of (M |Σ|q/s)2.

(c) Insert V′ as a new set of columns in P.

Recall that because the PCP is regular, we must have Nd = Mq. So the final width of P is indeed
N |Σ| · d/(log3M) = Mq|Σ|/(log3M). The construction is well-defined because d ≥ (logM)ω(1),
meaning d/(log3M) ≥ (logM)ω(1).

(Left) The indicator matrix S
for a PCP with N = 4, M =
6, |Σ| = 2, and q = 2.
As before, we omit zero rows
and only write the “1” en-
tries. (Right) The correspond-
ing matrix P. Every red block
is a row taken from a reduced
Vandermonde matrix.

Why is this useful? Consider an arbitrary vector v ∈ ZM |Σ|q , and let S be the set of rows from P having
a nonzero coefficient in the linear combination vP. Because every Vandermonde entry is scaled up by a
“very large” multiplicative factor, we have that vP is either zero or has a large ℓp norm, for any choice of
p ≥ 1. In the case that vP is zero, an application of Corollary 3.5 on the reduced Vandermonde gadgets
shows that a certain gap property holds: every set of columns corresponding to a (variable, assignment) tuple
in P satisfies one of the following properties.

1. None of the basis vectors in S have a nonzero entry in that set of columns.

2. At least d/(log3M) of the basis vectors in S have nonzero entries in that set of columns.
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We show in Lemma 6.9 that this gap property ensures any short lattice vector resulting from a linear
combination of (say) M basis vectors cannot have those basis vectors “indicating” more than f ·N (variable,
assignment) tuples, for some small slack factor f . The conversion from a bound in terms of M to a bound
in terms of N makes critical use of the fact that the PCP is regular.

Appending More Gadgets. In the second procedure, we append Hadamard matrices and another reduced
Vandermonde matrix to P. The total number of basis vectors does not change; instead, the width of each
basis vector increases significantly.

1. Let X ∈ ZM |Σ|q×M/(log3 M) be the first M |Σ|q rows of an (a,M/(log3M)) reduced Vandermonde
matrix, but where each entry is scaled up by a multiplicative factor of (M |Σ|q/s)2. As before, this is
well-defined because d ≥ (logM)ω(1), meaning d/(log3M) ≥ (logM)ω(1).

2. Let H ∈ {±1}|Σ|q×|Σ|q be a Hadamard matrix. Define Y = H ⊗ IM , where IM is the M × M
identity matrix and ⊗ is the Kronecker product. Each copy of the Hadamard matrix should align with
a set of rows in P representing the candidate assignments for a single constraint.

3. Define G :=
[
P∥X∥Y

]
, and then delete all rows of G which are entirely zero when restricted to

the submatrix P. All remaining rows in G are those which correspond to a satisfying assignment for
some constraint. The height M ′ of G is upper bounded as M ′ ≤ M |Σ|q, and the width N ′ of G is
exactly N ′ := Mq|Σ|/(log3M) + M/(log3M) + M |Σ|q. Because 2 ≤ q ≤ O(logM), we have
N ′ = Θ(M |Σ|q).

Below, we give an illustration of the matrix G. Reduced Vandermonde gadgets are marked in red, and
Hadamard gadgets are marked in blue. Because of the row deletion step applied to G, all of the Hadamard
matrices (which were orignaly square) are now wide. Asymptotically, the main width contribution is from
the Hadamards.

Considering all Gadgets Together. Now we examine the behavior of the new gadgets when we consider
short vectors in the lattice spanned by the rows of G. The purpose of X is to ensure that any short lattice
vector corresponds to a linear combination of at least M/(log3M) basis vectors. As we discuss in Section
4.1, the number of basis vectors used to make a short vector in the completeness case (that is, when the
PCP is satisfiable) will be at most M , but at least M/(log3M). Thus X ensures that (regardless of whether
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the PCP is satisfiable) any short lattice vector must use nearly the same number of basis vectors as for the
completeness case.

Using the lower bound implied by X, combined with the properties of the block Hadamard gadget Y,
we show in Lemma 6.5 that any short lattice vector must correspond to a linear combination that takes basis
vectors from at least M/f ′ different PCP constraints, for some small slack factor f ′. Recall that every row
of G corresponds to a satisfying assignment for some constraint, so we deduce that any short lattice vector
must pick at least one satisfying assignment for at least M/f ′ distinct constraints.

In Lemma 6.10, we use a subselection argument (which crucially uses the regularity of the PCP) to show
that any linear combination of basis vectors which

1. Indicates at most f ·N (variable, assignment) tuples, and

2. Picks at least one satisfying assignment from at least M/f ′ distinct constraints

implies the existence of an assignment to the PCP which satisfies at least an (f · f ′)−O(q) fraction of con-
straints. Assuming that the slack factors f and f ′ are small enough with respect to (1/s)1/q, this is enough
to violate the soundness of the PCP. And by the discussion of the gadgets given above, we know that every
short lattice vector must correspond to a linear combination that satisfies both of the conditions. In other
words, the existence of a short lattice vector implies the satisfiability of the PCP. We now elaborate with
formal statements and full proofs.

4.1 Formal Statement of the SVP Result

Fix any constant p > 2, or set p = ∞. Our SVP problem will be with respect to the M ′ dimensional lattice
L := {vG : v ∈ ZM ′}, where the M ′ by N ′ matrix G is constructed in Section 4. The approximation
factor is γ = (1/s)(1/2−1/p)/(25q),6 and we measure vector length using the ℓp norm. Recall that that the
PCP from which we constructed G satisfies 2 ≤ q ≤ O(logM) and (1/s)1/q ≥ (logM)ω(1), which implies
γ = (logM)ω(1). Because M = 2r (recall that r is the number of random bits used by the verifier), we
can rewrite these inequalities as 2 ≤ q ≤ O(r) and (1/s)1/q ≥ rω(1). It’s clear from Section 4 that the
construction proceeds deterministically in (2r|Σ|q)O(1) time. We claim:

Claim 4.1 (Completeness). If the PCP has a satisfying assignment, then assuming M is sufficiently large,
there exists a nonzero vector w ∈ L with ∥w∥p ≤ (N ′)1/p.7

Claim 4.2 (Soundness). If the PCP does not have a satisfying assignment, then assuming M is sufficiently
large, every nonzero vector w ∈ L has ∥w∥p > γ(N ′)1/p.

From these claims we deduce the main theorem.

Theorem 4.3. Suppose there exists a PCP for SAT instances of size n that uses r random bits to read
q ≤ O(r) locations in a proof over alphabet Σ and has soundness parameter s. Suppose further that every
proof location is read with equal probability, that (1/s)1/q ≥ rω(1), and that the PCP can be constructed
deterministically in time T (n). Then for all constants p > 2 (and for p = ∞), there exists a T (n) +
(2r|Σ|q)O(1) time deterministic reduction from SAT instances of size n to instances of γ-GapSVPp on lattices
of dimension O(2r|Σ|q), where γ = (1/s)(1/2−1/p)/(25q).

6For p = ∞ this becomes (1/s)1/(50q).
7In the case of p = ∞, we have (N ′)1/p = 1.
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5 Proof of Claim 4.1 (Completeness)

Here we show that a satisfying assignment for the PCP maps to a short lattice vector. We will use the
following proposition to help zero out the reduced Vandermonde gadgets, which ensures that our lattice
vector will not have any large-magnitude entries.

Proposition 5.1. Let M ∈ Zn×O(n/ log2 n) be a matrix with entries in {−nO(1), . . . , nO(1)}. Then assuming
n is sufficiently large, there exists a nonzero vector v ∈ {−1, 0, 1}n with vM = 0.

Proof. There are 2n vectors w ∈ {0, 1}n, and there are nO(n/ log2 n) = 2O(n/ logn) possible values for
wM. By the pigeonhole principle, there must exist two distinct vectors w′,w′′ with w′M = w′′M. Take
v = w′ −w′′.

Now let σ be a satisfying assignment for the PCP, and let G′ be the submatrix of G induced by the
M rows corresponding to σ. (G′ consists of exactly one row per PCP constraint.) We can write G′ =
[P′∥X′∥Y′], where P′,X′,Y′ are the corresponding row induced submatrices of P,X,Y.

Observe that the nonzero entries in G′ only touch the columns of P corresponding to one consistent
assignment for each variable, which makes for a total of Mq/(log3M) columns. The submatrix X has width
M/(log3M), so the nonzero entries in G′ in fact touch Mq/(log3M) +M/(log3M) = O(M/(log2M))
columns across both P and X, where we used that q ≤ O(logM). Thus we can apply Proposition 5.1 to
guarantee the existence of a nonzero vector v ∈ {−1, 0, 1}M with vP′ = 0 and vX′ = 0.

The above implies that all of the nonzero entries in vG′ will come from vY′. Due to the structure of
Y and the fact that G′ consists of exactly one row per PCP constraint, every column of Y′ has exactly one
nonzero entry. This implies ∥vY′∥∞ = 1 and thus ∥vG′∥∞ = 1. By padding v with zeros we get a vector
v′ such that ∥v′G∥∞ = 1. Since the width of G is defined as N ′, this implies that ∥v′G∥p ≤ (N ′)1/p, and
we can take w = v′G as our short lattice vector.

6 Proof of Claim 4.2 (Soundness)

Here we prove that, if the PCP does not have a satisfying assignment, every nonzero vector w ∈ L will have
a relatively large ℓp norm. Most of the work is dedicated to ruling out certain nonzero lattice points w ∈ L,
based on the structure of the corresponding vectors v with vG = w.

The first lemma shows that if v has too few nonzero entries, then ∥vG∥p must be large. We make use
of the reduced Vandermonde gadget X.

Lemma 6.1. Assume that v ∈ ZM ′
is a nonzero vector with ∥v∥0 ≤ M/(log3M). Then assuming M is

sufficiently large, ∥vG∥p ≥ (M |Σ|q/s)2 > γ(N ′)1/p.

Proof. Observe that ∥vG∥p ≥ ∥vX∥p, because X is a column-induced submatrix of G. Recall that X
consists of a subset of rows taken from an (a,M/(log3M)) reduced Vandermonde matrix, where every
entry is multiplied by (M |Σ|q/s)2. By Corollary 3.5, we know that vX must have at least one nonzero
coordinate, and the smallest nonzero value possible is (M |Σ|q/s)2. This gives ∥vG∥p ≥ (M |Σ|q/s)2, and
since q ≥ 2, s ≤ 1, and p > 2, we have (M |Σ|q/s)2 > γN ′ = Θ((1/s)(1/2−1/p)/(25q)M |Σ|q) when M is
sufficiently large.

The next lemma gives an upper bound on ∥v∥0. Here, we make use of the block-diagonal Hadamard
gadgets in submatrix Y.

Lemma 6.2. Suppose v ∈ ZM ′
is a nonzero vector with ∥v∥0 ≥ M · γ3. Then assuming M is sufficiently

large, ∥vG∥p > γ(N ′)1/p.8

8This lemma is also true for the case that p = 2.
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Proof. Because Y is a column-induced submatrix of G, we have ∥vG∥p ≥ ∥vY∥p. Since each row of Y
is a vector in {±1}|Σ|q , and every pair of rows is orthogonal (in the ℓ2 norm), we have that

∥vY∥2 = Ω
(»

∥v∥0|Σ|q
)
= Ω

(»
M · γ3 · |Σ|q

)
= Ω(γ3/2 ·

√
N ′),

where the last equality holds because N ′ = Θ(M |Σ|q).
Because p > 2, an application of Corollary 2.3 gives

∥vY∥p ≥(N ′)1/p−1/2 · ∥vY∥2
=Ω((N ′)1/p−1/2 · γ3/2 ·

√
N ′)

=Ω(γ3/2 · (N ′)1/p).

Since γ ≥ (logM)ω(1), we have Ω(γ3/2) > γ for sufficiently large M , in which case ∥vG∥p > γ(N ′)1/p.

Later, we actually use the contrapositive of Lemmas 6.1 and 6.2. In particular, we know that if ∥vG∥p ≤
γ(N ′)1/p and v is nonzero, then M/(log3M) < ∥v∥0 < M · γ3.

In the remaining lemmas, we need to formalize the correspondence between nonzero entries in the vector
v and different components of G and of the PCP. Our first definition maps from nonzero entries of v to rows
of G. (Recall that each row of G is a basis vector of the lattice.)

Definition 6.3 (Indicated Basis Vectors). A row vector r from G is said to be indicated by v if the linear
combination vG assigns a nonzero coefficient to r.

The next definition formalizes the correspondence between v and different PCP constraints.

Definition 6.4 (Indicated Constraint). We say that v indicates constraint t if v indicates at least one row
vector representing an assignment to constraint t.

In the following we use the Hadamard matrices again, this time exploiting (in a formal manner) the
“anti-concentration” property.9

Lemma 6.5. Let v ∈ ZM ′
be a nonzero vector, and assume that v indicates at most M/γ2/(1/2−1/p) distinct

constraints of the PCP. Then assuming M is sufficiently large, ∥vG∥p > γ(N ′)1/p.

Proof. We can assume that ∥v∥0 ≥ M/(log3M); otherwise by Lemma 6.1, we already have ∥vG∥p ≥
(M |Σ|q/s)2 > γ(N ′)1/p. As before, we can write ∥vG∥p ≥ ∥vY∥p.

We assumed that v indicates at most M/γ2/(1/2−1/p) distinct constraints of the PCP. So by the con-
struction of Y, the basis vectors indicated by v have nonzero entries in at most (M/γ2/(1/2−1/p)) · |Σ|q =
Θ(N ′/γ2/(1/2−1/p)) columns of Y. Thus we can find a column-induced submatrix Ŷ of Y such that the
width of Ŷ is at most Θ(N ′/γ2/(1/2−1/p)), and ∥vY∥p = ∥vŶ∥p. Since each row of Ŷ is a vector in
{±1}|Σ|q , and every pair of rows is orthogonal (in the ℓ2 norm), we have that

∥vŶ∥2 = Ω
(»

∥v∥0|Σ|q
)
= Ω

Ç 
M |Σ|q

log3M

å
= Ω(

√
N ′/ log3/2M),

since N ′ = Θ(M |Σ|q).
Using our upper bound on the width of Ŷ, and the fact that p > 2, an application of Corollary 2.3 gives

9This property only holds for p norms with p > 2.
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∥vŶ∥p ≥(N ′/γ2/(1/2−1/p))1/p−1/2 · ∥vŶ∥2
=(N ′)1/p−1/2 · γ2 · ∥vŶ∥2
≥Ω((N ′)1/p−1/2 · γ2 ·

√
N ′/ log3/2M)

=Ω((N ′)1/p · γ2/ log3/2M)

>(N ′)1/p · γ

where we used that, because γ = (logM)ω(1), we have γ2/ log3/2M > γ when M is sufficiently large.
To summarize, we have shown that ∥vG∥p ≥ ∥vY∥p = ∥vŶ∥p > (N ′)1/p · γ, completing the proof.

Now our plan is to use the reduced Vandermonde matrices inserted within submatrix P to argue that
any nonzero vector v with vG being short must indicate a small number of (variable, assignment) tuples in
the original PCP. First we make the notion of “indicated assignments” more concrete, and define a notion of
multiplicity for assignments.

Definition 6.6 (Indicated Assignments). Let v ∈ ZM ′
be any vector. Consider the row-induced submatrix

P̂ of P indicated by the nonzero entries in v. (In other words, this is the submatrix of P composed of all
rows that are assigned a nonzero coefficient in the linear combination vP.) Every (variable, assignment)
tuple (x, α) corresponds to a set of columns in P, and we say that a tuple (x, α) is indicated by v iff P̂ has
a nonzero entry in that set of columns.

Note that the set of all indicated assignments may be larger than the number of variables in the PCP. We
now define a notion of multiplicity, which counts how many times v indicates the same assignment for the
same variable.

Definition 6.7 (Multiplicity). We say that a tuple (x, α) has multiplicity h with respect to v if there exist
exactly h distinct nonzero entries of v that indicate (x, α).

We also need a definition which counts the number of different assignments for the same variable.

Definition 6.8 (Distinct Assignment Count). We say that a variable x has distinct assignment count h with
respect to v if there exist exactly h distinct values α such that v indicates (x, α).

Below we demonstrate that, if vG has short ℓp norm, then v cannot indicate too many distinct (variable,
assignment) tuples.

Lemma 6.9. Let v ∈ ZM ′
be a nonzero vector, and assume that v indicates at least N ·γ4 distinct (variable,

assignment) tuples. Then assuming M is sufficiently large, we have ∥vG∥p ≥ (M |Σ|q/s)2 > γ(N ′)1/p.

Proof. We know by Lemma 6.2 that if ∥v∥0 ≥ M · γ3, we automatically have ∥vG∥p ≥ (M |Σ|q/s)2 >
γ(N ′)1/p. So assume otherwise.

By construction, each nonzero entry of v will indicate exactly q (variable, assignment) tuples. Thus,
allowing for duplicates, v indicates at most Mq ·γ3 (variable, assignment) tuples. By the averaging principle
and the assumption that v indicates at least N · γ4 distinct (variable, assignment) tuples, there exists (x, σ)
with multiplicity at least one and at most

Mq · γ3

N · γ4
= d/γ,
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where we used that Nd = Mq.
Now consider the column-induced submatrix P̂ of P corresponding to (x, σ). We know that all nonzero

rows of P̂ are distinct rows of a width d/(log3M) reduced Vandermonde matrix, where all entries are scaled
up by a factor of (M |Σ|q/s)2. By the argument above, v corresponds to a linear combination of at least
one nonzero row from P̂ and at most d/γ nonzero rows from P̂. Using that γ = (logM)ω(1), we have
that d/γ ≤ d/(logM)ω(1) < d/ log3M for sufficiently large M . Therefore by Corollary 3.5, we have
∥vP̂∥p ≥ (M |Σ|q/s)2 > γ(N ′)1/p. Because ∥vG∥p ≥ ∥vP̂∥p, the lemma follows.

The final step is to combine all of the restrictions on v to show that the remaining candidate short vectors
must implicate soundness of the PCP.

Lemma 6.10. Assume that the PCP from which we constructed G was not satisfiable. Then for every
nonzero vector v ∈ ZM ′

, it holds that ∥vG∥p > γ(N ′)1/p, assuming M is sufficiently large.

Proof. Assume for contradiction that the PCP was not satisfiable, and there does exist a nonzero vector
v ∈ ZM ′

with ∥vG∥p ≤ γ(N ′)1/p. By Lemmas 6.5 and 6.9 respectively, we know:

1. v indicates at least M/γ2/(1/2−1/p) distinct constraints in the PCP.

2. v indicates at most N · γ4 distinct (variable, assignment) tuples.

Let Xhigh be the set of all variables x whose distinct assignment count with respect to v is at least γ7+2/(1/2−1/p).
Our first step is to upper bound |Xhigh|.

Claim 6.11. |Xhigh| ≤ N/γ2+2/(1/2−1/p).

Proof. Suppose not, then we would need for v to indicate at least

γ7+2/(1/2−1/p) ·N/γ2+2/(1/2−1/p) = N · γ5

distinct (variable, assignment) tuples, which violates the upper bound from Lemma 6.9 because γ =
(logM)ω(1) > 1 for sufficiently large M .

Now we quantify the number of constraints that Xhigh can interact with. Define Thigh as the set of all
constraints in the PCP which are incident to at least one variable from Xhigh.

Claim 6.12. |Thigh| ≤ M/γ1+2/(1/2−1/p).

Proof. Because every variable appears in exactly d constraints, we have

|Thigh| ≤d|Xhigh|
≤Nd/γ2+2/(1/2−1/p)

=Mq/γ2+2/(1/2−1/p)

≤M/γ1+2/(1/2−1/p),

where we used that Nd = Mq and q = O(logM) < γ = (logM)ω(1) for sufficiently large M .

Let Tv be the set of constraints indicated by v, and define Tv,low as Tv with the constraints in Thigh
removed. We now argue that a significant fraction of the constraints must be left over.

Claim 6.13. |Tv,low| ≥ M/γ1+2/(1/2−1/p).
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Proof. Recall that we must have |Tv| ≥ M/γ2/(1/2−1/p) by Lemma 6.5. Define Tv,low as Tv with the
constraints in Thigh removed. We have

|Tv,low| ≥|Tv| − |Thigh|
≥M/γ2/(1/2−1/p) −M/γ1+2/(1/2−1/p)

≥2 ·M/γ1+2/(1/2−1/p) −M/γ1+2/(1/2−1/p)

≥M/γ1+2/(1/2−1/p)

where we used that γ ≥ 2 when M is sufficiently large.

Now we derive a contradiction by implicating the soundness of the PCP. For each variable x in the PCP,
pick a tuple (x, σ) uniformly at random from the set of all tuples indicated by v that involve x. (If v has no
tuples for the variable x, assign x to an arbitrary alphabet symbol.) Denote this random assignment as R.

Claim 6.14. The expected number of constraints satisfied by assignment R is at least |Tv,low|/γ7q+2q/(1/2−1/p).

Proof. Observe that each constraint t in Tv,low is by definition not incident to a variable in Xhigh, meaning
that each of its variables has at most γ7+2/(1/2−1/p) distinct assignments indicated by v. (By definition,
each incident variable must also have at least one assignment indicated by v.) Now even if v only indi-
cates one basis vector corresponding to t, the probability that the exact matching assignment is selected is
1/γ7q+2q/(1/2−1/p). (Keep in mind that, by construction of G, every row that v can pick for a constraint
will correspond to a satisfying assignment.) By linearity of expectation, the expected number of satisfied
constraints is at least |Tv,low|/γ7q+2q/(1/2−1/p).

Using our lower bound on |Tv,low|, we can re-write this expectation as

|Tv,low|/γ7q+2q/(1/2−1/p) ≥M/(γ1+2/(1/2−1/p) · γ7q+2q/(1/2−1/p))

≥M/(γ7q+2q/(1/2−1/p) · γ7q+2q/(1/2−1/p))

≥M/γ20q/(1/2−1/p)

=M/(1/s)((1/2−1/p)/(25q))·(20q/(1/2−1/p))

=M · s((1/2−1/p)/(25q))·(20q/(1/2−1/p))

=M · s4/5,

where we used that γ = (1/s)(1/2−1/p)/(25q). By picking the best choice of randomness, we get a determin-
istic assignment which violates soundness.
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An example PCP with N = 9, M = 18, q = 3, d = 6. Every
column represents a variable, and every row represents a constraint.
In this example, we have two variables in Xhigh; their columns are
marked in gray. We also mark every constraint in Thigh using gray.
We can afford to “throw away” all constraints in Thigh because they
constitute a small fraction of the constraints, even with respect to
|Tv|. (This effect becomes more pronounced as the PCP gets larger.)

7 Putting it all Together

In this section we derive Corollaries 1.4 and 1.6. Recall the PCP theorem of [DFK+99], the Sliding Scale
Conjecture [BGLR93], and the regularization technique of Hirahara and Moshkovitz [HM23].

Theorem 1.2 (Restated). For every constant ε > 0, there exists a PCP for SAT instances of size n that
uses r = O(logn) random bits to make q = O(1) queries to a proof over alphabet Σ, where the alphabet
size is |Σ| = 2Θ(log1−ε n) and the soundness parameter is s = 2−Θ(log1−ε n). The PCP can be constructed
deterministically in nO(1) time.

Conjecture 7.1 (Sliding Scale Conjecture). There exists a PCP for SAT instances of size n that uses r =
O(logn) random bits to make q = O(1) queries to a proof over alphabet Σ, where the alphabet size is
|Σ| = nΘ(1) and the soundness parameter is s = n−Θ(1). The PCP can be constructed deterministically in
nO(1) time.

Theorem 2.1 (Restated). Assume that we have a PCP verifier V which uses r random bits to make q
queries to a proof over alphabet Σ and has soundness s. Assume further that s ≤ min(1/(3q), 1/|Σ|c),
where c is a constant with 0 < c ≤ 1. Then we can construct a new PCP verifier V ′ from V deterministically
in |V|O(1) time, such that the following holds. V ′ uses r + O(log(1/s)) random bits to make qO(1) queries
to a proof over the same alphabet Σ and has soundness sΘ(1). Additionally, every proof symbol is read for
exactly d = (q/s)Θ(1) choices of randomness.

Now recall our main theorem:
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Theorem 4.3 (Restated). Suppose there exists a PCP for SAT instances of size n that uses r random bits
to read q ≤ O(r) locations in a proof over alphabet Σ and has soundness parameter s. Suppose further
that every proof location is read with equal probability, that (1/s)1/q ≥ rω(1), and that the PCP can be
constructed deterministically in time T (n). Then for all constants p > 2 (and for p = ∞), there exists a
T (n) + (2r|Σ|q)O(1) time deterministic reduction from SAT instances of size n to instances of γ-GapSVPp

on lattices of dimension O(2r|Σ|q), where γ = (1/s)(1/2−1/p)/(25q).

We first prove the unconditional NP hardness result.

Corollary 1.4 (Restated). For all constants ε > 0 and p > 2, γ-GapSVPp on n dimensional lattices is NP
hard, where γ = 2log

1−ε n.

Proof. Set ε′ = ε/2. The PCP from Theorem 1.2 meets the preconditions of Theorem 2.1, so together
they imply that there exists a PCP for SAT instances of size n that uses r = O(log n) random bits to read

q = O(1) locations in a proof over alphabet Σ, where the alphabet size is |Σ| = 2Θ(log1−ε′ n), the soundness

parameter is s = 2−Θ(log1−ε′ n), and every proof symbol is read for exactly d = 2Θ(log1−ε′ n) choices of
randomness. Clearly q ≤ O(r) in this case, and (1/s)1/q = 2Θ(log1−ε′ n) ≥ rω(1) = (log n)ω(1). We also
have that 2r|Σ|q = nO(1). Putting all of this together, we can apply Theorem 4.3 to show that γ-GapSVPp

is NP hard on lattices of dimension nO(1), where γ = 2Θ(log1−ε′ n). Rescaling the dimension of the lattice
and using ε in place of ε′ yields the corollary.

The proof of the conditional NP hardness result is nearly the same.

Corollary 1.6 (Restated). Assuming the Sliding Scale Conjecture, γ-GapSVPp on n dimensional lattices
is NP hard for all constants p > 2 (and for p = ∞), where γ = nc for a constant c > 0 that depends on p.

Proof. The PCP from Conjecture 7.1 meets the preconditions of Theorem 2.1, so together they imply that
there exists a PCP for SAT instances of size n that uses r = O(log n) random bits to read q = O(1) locations
in a proof over alphabet Σ, where the alphabet size is |Σ| = nΘ(1), the soundness parameter is s = n−Θ(1),
and every proof symbol is read for exactly d = nΘ(1) choices of randomness. As before, q ≤ O(r), and
(1/s)1/q = nΘ(1) ≥ rω(1) = (logn)ω(1), and 2r|Σ|q = nO(1). Putting all of this together, we can apply
Theorem 4.3 to show that γ-GapSVPp on lattices of dimension nO(1) is NP hard for all constants p > 2,
where γ = nΘ(1). Rescaling the dimension of the lattice yields the corollary.
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A Proof of Corollary 2.3

Recall Hölder’s Inequality.

Theorem 2.2 (Restated). Let u,v ∈ Zn, and let p, q ≥ 1 be parameters satisfying 1/p+ 1/q = 1. Then

∥u⊙ v∥1 ≤ ∥u∥p∥v∥q,

where ⊙ denotes the component-wise product.

We now prove Corollary 2.3

Corollary 2.3 (Restated). For all w ∈ Zn and p > 2 (including p = ∞),

∥w∥p ≥ n1/p−1/2∥w∥2.

Proof. We start with the case that p = ∞. Assume for contradiction that ∥w∥∞ < n−1/2∥w∥2. Then for
all i ∈ [n], we have |wi| < n−1/2∥w∥2, and the ℓ2 norm is upper bounded as

∥w∥2 <

(
n∑

i=1

n−1(∥w∥2)2
)1/2

=
(
(∥w∥2)2

)1/2
=∥w∥2.

Clearly ∥w∥2 < ∥w∥2 is a contradiction.
Now consider the case that p is finite. Set v ∈ Zn to be w ⊙w, i.e. we square each component. Define

u = 1n, and set a = p/(p − 2) > 1 and b = p/2 > 1. Because 1/a + 1/b = (p − 2)/p + 2/p = 1, an
application of Theorem 2.2 gives

∥u⊙ v∥1 ≤ ∥u∥a∥v∥b.

By the definition of p norm we can write this as

n∑
i=1

|uivi| ≤

(
n∑

i=1

|ua
i |

)1/a( n∑
i=1

|vb
i |

)1/b

.

Now because v is the component-wise square of w, and u is the all-ones vector, we have

n∑
i=1

|uivi| ≤

(
n∑

i=1

|ua
i |

)1/a( n∑
i=1

|vb
i |

)1/b

n∑
i=1

|w2
i | ≤

(
n∑

i=1

1

)1/a( n∑
i=1

|w2b
i |

)1/b

n∑
i=1

|w2
i | ≤n(p−2)/p

(
n∑

i=1

|wp
i |

)2/p

(∥w∥2)2 ≤n(p−2)/p(∥w∥p)2.
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Re-arranging and taking square roots yields

n(p−2)/p(∥w∥p)2 ≥(∥w∥2)2

(∥w∥p)2 ≥n(2−p)/p(∥w∥2)2

∥w∥p ≥n1/p−1/2∥w∥2.
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