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Abstract

Quantum computing promises exponential speedups for certain problems, yet fully universal
quantum computers remain out of reach and near-term devices are inherently noisy. Motivated
by this, we study noisy quantum algorithms and the landscape between BQP and BPP. We
build on a powerful technique to differentiate quantum and classical algorithms called the level-
¢ Fourier growth (the sum of absolute values of Fourier coefficients of sets of size ¢) and show
that it can also be used to differentiate quantum algorithms based on the types of resources
used. We show that noise acting on a quantum algorithm dampens its Fourier growth in ways
intricately linked to the type of noise.

Concretely, we study noisy models of quantum computation where highly mixed states are
prevalent, namely: DQC; algorithms, where k& qubits are clean and the rest are maximally
mixed, and %BQP algorithms, where the initial state is maximally mixed, but the algorithm is
given knowledge of the initial state at the end of the computation. We establish upper bounds
on the Fourier growth of DQC,, %BQP and BQP algorithms and leverage the differences between
these bounds to derive oracle separations between these models. In particular, we show that
2-FORRELATION and 3-FORRELATION require N*() queries in the DQC; and $BQP models
respectively. Our results are proved using a new matrix decomposition lemma that might be of
independent interest.
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1 Introduction

Quantum computing promises to solve certain problems exponentially faster than classical com-
puters, as evidenced by numerous query complexity separations or oracle separations [DJ92, BV97,
Sim97, Aar10, AA15]. Yet, we haven’t been able to harness this, as we are far from being able to
build fully universal quantum computers. While BQP algorithms generally assume noiseless com-
putation, noise is arguably the most significant issue faced by near-term quantum computers and
all current quantum devices are inherently noisy. To better understand what quantum resources are
truly responsible for quantum advantage, researchers have proposed numerous intermediate models
of quantum computing like IQP, DQCy, NISQ and Boson Sampling [SB08, KL98, CCHL23, AA11,
ABKM17|. These models isolate specific quantum features — such as having a few clean qubits or
limited adaptivity — and allow us to probe the quantum landscape below BQP. Although these
models likely do not capture the full power of quantum computing, their precise relationship to
BQP and to each other remains poorly understood. This raises a natural question:

What does the landscape of quantum computation below BQP look like?

In our work, we study this question from a Fourier analytic perspective. In particular, we study
the level-¢ Fourier growth of the acceptance probability of algorithms (Definition 1.2). This is a
measure of how well-spread the Fourier coefficients are. In our work, we show that Fourier growth
is not just a tool for distinguishing quantum and classical models; it is a fine-grained tool capable
of differentiating quantum models based on the kinds of quantum resources they utilize. We focus
on noisy quantum algorithms and demonstrate that noise dampens the Fourier growth in ways that
are intricately linked to the type of noise present.

In particular, we study noisy models like DQCj, where k qubits are clean and the rest are
maximally mixed [KL98, MFF14]|, and %BQP7 where the initial state is maximally mixed, i.e., a
uniformly random computational basis state, but the algorithm is given knowledge of this initial
state at the end of the computation [ABKMI17, JM24]. We prove Fourier growth bounds on
the acceptance probability of DQCy, %BQP and BQP algorithms (Theorems 1.5 to 1.7) and use
the differences in these bounds to derive oracle separations between these models. In particular, we
show that 2-FORRELATION and 3-FORRELATION, which can be solved with two queries in the %BQP
and BQP models respectively, require N queries in the DQC; and %BQP models respectively
(Corollaries 1.9 and 1.10), resolving two conjectures from [JM24] and establishing the first oracle
separation between %BQP and DQCy, as well as a new oracle separation between BQP and %BQP.

We believe that the noise-induced dampening of Fourier growth is a more general phenomenon,
and that the techniques developed here could shed light on other noisy models such as NISQ. Our
results are proved using a new matrix decomposition lemma that encodes information about indices
in a matrix product that might be of independent interest.

1.1 The Space Below BQP

The landscape of computational models between BQP and BPP is vast and intricate. There are
numerous intermediate models of quantum computation like IQP, DQC;, NISQ and Boson Sampling
[SB0O8, KL98, CCHL23, AA11] with constraints on the quantum resources. The study of such
intermediate models serves two key purposes: (1) to systematically delineate the boundary between
classical and quantum algorithms and pinpoint the minimal resources for quantum speedups, and
(2) to model the physical constraints of near-term quantum devices and reason about them.

One important issue that affects near-term quantum computers is noise. Unlike classical sys-
tems, quantum computers are highly susceptible to various types of errors due to decoherence,
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Figure 1: A d-query DQC, algorithm. The initial state on the first n+w qubits is maximally mixed.

imperfect gates, and environmental interactions. This prompts a natural question — how much
noise can quantum algorithms tolerate? How does noise change the quantum computational com-
plexity landscape? This is challenging to answer in general, as there are many different kinds of
noise that affect quantum algorithms. One way to simplify this challenge is to consider models that
have an extreme amount of noise. In this endeavor, researchers have proposed highly noisy models
of quantum computation like DQCj and %BQP [KL98, MFF14, JM24| where all the noise is pushed
onto the initial state — the qubits start maximally or nearly maximally mixed, while the gates are
noiseless. These models provide a framework for understanding the minimal number of clean qubits
required to achieve quantum speedups. We describe these models below.

DQC; Drawing inspiration from the NMR approach to quantum computing where mixed states
are ubiquitous, Knill and Laflamme [KL98| introduced the one-clean qubit or DQC; model as
an idealized version of a noisy quantum computer. In this model, one qubit is clean (noiseless)
and the rest are maximally noisy, and the algorithm can apply (noiseless) unitary gates on these
qubits and measure at the end. This model was later generalized to DQCj to allow k clean
qubits [MFF14, FKM*15]. This model does not seem to be universal for quantum computing
since all qubits except a few are maximally noisy and many oracle problems like Simon’s prob-
lem and order finding are not believed to be solvable in this model. Despite this, DQC; can solve
problems that are believed to be classically hard, like estimating the trace and Pauli coefficients of
a unitary matrix described by a quantum circuit [KL98, DFCO05|, Jones polynomials [SJO8|, par-
tition functions [CSS21]. Under complexity theoretic assumptions, this model is not classically
simulable [MFF14, FKM"18, Mor17]. There are exponential oracle separations between DQCy
and BPP [Shel0|. The communication version of the one clean qubit model provides exponential
speedups over classical randomized communication [AGL23|. The fact that quantum speedups per-
sist even under such extreme noise makes DQC; a particularly intriguing model for further study —
it challenges our understanding of what minimal quantum resources are required for speedups.

%BQP. The %BQP model was originally defined by [ABKM17] to capture the power of permuta-
tional computations on special input states. This model was revisited by [JM24] in the context of
delineating the boundary between BQP and DQC;. In this model, the initial state is maximally
mixed, i.e., a uniformly random computational basis state, but the algorithm learns this state at
the end of the computation and decides whether to accept or reject. One can equivalently define
this model as a quantum algorithm acting on one half of a maximally entangled EPR state and
in the end, we measure both halves and do classical postprocessing on the measurement outcomes.
This model is not believed to be universal for quantum computing as it allows a significant amount
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Figure 2: A d-query %BQP algorithm. The initial state on the first n + w qubits can be thought
of as maximally mixed, or as the pure state 2~ (ntw)/2 Zle{o 1yntw |T); the resulting circuits are
equivalent.

of noise, yet, this model encapsulates many known quantum speedups. It can solve the factor-
ing problem and numerous oracle-based problems including Simon’s problem, Deutsch-Jozsa, order
finding, and the Forrelation problem and can simulate DQCy for any small & as wel as IQP [JM24].
It appears to be the weakest quantum model that is unlikely to be universal and yet captures most
known BQP speedups despite operating on maximally mixed states.

A powerful and natural framework to study the differences between DQC;, %BQP and BQP is
query complexity. In this setting, there is a boolean function f : {—1,1}" — {—1,1} and the goal
is to compute f(z) for z € {—1,1}" while minimizing the number of queries to the oracle O,.
This model strips away implementation details and captures the essence of what makes different
computational models powerful. The aforementioned quantum models can be formalized using this
framework and are depicted in Figures 1 and 2. (See Definitions 2.11 and 2.13 for more details.)
Query complexity has long been one of the most fruitful arenas for understanding the differences
between quantum and classical computation and gives us strong evidence for quantum advantage,
including provable exponential oracle separations between BQP and BPP. Over the years, the field
has also developed an impressive arsenal of lower-bound techniques for both quantum and classical
algorithms. While these techniques are powerful for distinguishing quantum from classical, they
are not designed to distinguish between quantum algorithms. Indeed, many of these methods —
including the polynomial method — apply uniformly to all bounded low-degree polynomials and
cannot capture the subtle differences between DQC, %BQP and BQP. This motivates the search
for more fine-grained analytic techniques.

The central contribution of this paper is to show that a Fourier analytic concept known as Fourier
growth provides exactly such a tool. While Fourier growth was historically used to distinguish
between quantum and classical algorithms, we demonstrate that it can also serve as a lens to
separate quantum models from each other. We show that noise dampens the Fourier growth of
quantum algorithms in ways that are intricately tied to the noise patterns. We now introduce
Fourier growth, provide its historical context and describe its importance.

1.2 Fourier Growth

Fourier growth has emerged as a central concept that allows us to distinguish quantum and
classical algorithms. To formally define Fourier growth, recall that every boolean function f :



{—1,1}" — R can be uniquely represented as a multi-linear polynomial
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where f(S) are called the Fourier coefficients of f.

Definition 1.1 (Signed Fourier Growth). For level ¢ € N, and signs ag € [—1,1] for S C [N] with
|S| =4, define the a-signed level-£ Fourier growth of f, denoted by L?,z(f) as

) =D as F(9),
SC[N]
|5]=¢

Definition 1.2 (Fourier Growth). For level { € N, the level-t Fourier growth of f, denoted by
L1(f), is the £1-norm of the level-€ Fourier coefficients of f,

L) = Y |F(9)| = max  19,(/).
i%l[_J\;] ac[—1,1] 2)

Fourier growth bounds have been extensively studied and established for various classical mod-
els', including small-width DNFs/CNFs [Man95], ACY circuits [Tal17], low-depth decision trees [Tal20,
SSW23|, low-degree GF(2) polynomials [CHLT19], low-depth parity decision trees [GTW21], low-
degree bounded polynomials [IRR*21|, and more. Upper bounds on the Fourier growth, even
for the first few levels, give rise to quantum versus classical separations. Intuitively, while both
quantum and classical algorithms of small query complexity can be represented by low-degree poly-
nomials, the polynomials associated with quantum algorithms are a lot “denser” compared to their
classical analogues, and this density is captured by Fourier growth. In particular, it was shown
by [Tal20, SSW23| that for d-query classical algorithms, L; ¢(f) is at most Og(d/?); on the other
hand, for d-query quantum algorithms, L; ¢( f) is at most Oy(d’) - N*/?>~1 [IRR*21] and this can be
tight for certain algorithms. A key problem that exploits this difference in the Fourier growth is the
Forrelation problem. This was originally introduced by Aaronson and Ambainis [Aar10, AA15] to
show an oracle separation between BQP and BPP and was subsequently used by Raz and Tal [RT22]
in their breakthrough oracle separation of BQP and PH. Building on this, [BS21| generalized this
to the k-Forrelation problem and used it to show optimal separations between BQP and BPP. We
describe this problem below.

Definition 1.3 (k-Forrelation function). Let N = 2". For (1 ... z®) e {—1,1}V, define
forr*) (ac(l), . ,x(k)) = (WHN - O,q) - HN - Oy -+ -+ Hy - O,x) - Hy|v)
where Hy is the N x N unitary Hadamard matriz as in Definition 2.1 and |v) = |0...0).

Definition 1.4 (k-FORRELATION problem with parameter ¢ = O(1/log® N)). Given input x €
{=1, 13N return —1 if forr™ (2) > 2¢ and 1 if forr™ (z) < e.

!By Fourier growth of a model, we refer to the Fourier growth of the acceptance probability of an algorithm in
this model.



Fourier Growth of
(=1 =2 {=3
d-query algorithms
BQP d >N 3N
[[RR*21], Theorem 1.7
iBQP d d*vVN VN
Theorem 1.6
DQC, d d? a3V N
Theorem 1.5
BPP [Tal20, SSW23] Vd | dylogN | VdBlogN

Table 1: Upper Bounds on the Fourier growth of the acceptance probability of various d-query
algorithms, up to O(1) factors.

Quantum algorithms in the BQP model can solve k-FORRELATION using [k/2] quantum queries.
Furthermore, the results of [RT22, CHLT19, RT22, BS21| imply that any family of algorithms solving
k-FORRELATION must have large Fourier growth at levels k,2k,... , k(k — 1) (see Theorem 2.6
and Theorem 2.8 for a precise statement). These results effectively reduce the task of proving lower
bounds for the Forrelation problem to the task of establishing Fourier growth bounds. In particular,
2-FORRELATION involves level-2 bounds and 3-FORRELATION involves level-3 and level-6 bounds.
Since classical algorithms have small Fourier growth at all levels, it follows from the aforementioned
works that they cannot solve the Forrelation problem.

1.3 Our Results

In our work, we go beyond the idea of using Fourier growth to distinguish between quantum and
classical algorithms. We show that although Fourier growth can be large for quantum algorithms,
just how large it can be depends on the kind of quantum resources used and the types of noise
present. In particular, we establish Fourier growth bounds for DQC, %BQP and BQP algorithms.
The bounds we obtain for £ = 1,2,3 are summarized in Table 1 and depicted in Figure 3.

DQCy algorithms.

Theorem 1.5. Let f(x) be the acceptance probability of a d-query DQCy algorithm and p €
{-1,1, *}N be any restriction. Then, for all £ > 2, we have

. 2\
L1 ¢(f]p) < min (Qk/Q,\/N> . (6) N2

We prove this in Section 4 and show that the dependence on k and N are individually optimal
in Section 4.2. Here, the dependence on N is particularly interesting. As we will see in Theorem 1.7,
the Fourier growth of DQC; algorithms falls short of the growth of general BQP algorithms by a
factor of /N at each level.

%BQP algorithms. For the %BQP model, we are unable to prove L1 3 and L g bounds. Currently,
we do not have any upper bounds on L; 3, L1 that are stronger than the ones for general BQP



algorithms. Nevertheless, for our applications to Forrelation lower bounds, it turns out that we only
need to deal with a certain family of signs, which we are able to do !.

Theorem 1.6. Let f(x) be the acceptance probability of a d-query %BQP algorithm and p €
{—1,1,%}3N be any restriction. Let v € [—1,1>N and a(y) € [—1,1](?),5(7) € [—1,1](3év) be
signs as in Definition 2.7. Then,

L5 (fl,) < O(d®) - VN,
LY (f1,) < 0(d®) - VN3,

We prove this in Section 5. We are unaware if this bound is tight, or if one can derive a similar
bound for all families of signs (see Section 1.7)2.

BQP algorithms.

Theorem 1.7. Let f(x) be the acceptance probability of a d-query BQP algorithm and p € {—1,1,+}V

be any restriction. Then,
2
Li(f],) < (;) CNEED/2

We prove this in Section 6. The dependence on N is tight due to the k-FORRELATION problem.
The best-known bound prior to this work is an upper bound of d*-exp ((%1)) -NED/2 for hounded

degree-d polynomials due to [IRRT21]. We see in this expression that the dependence on d, ¢ is of
the form d* - exp (62 / 2) , which is quite large for £ 2 Vd, in contrast to our dependence, which is
at most @d) < d’ - exp(—¢). We are not aware if this dependence is tight and leave this for future
work (see Section 1.7).

We remark that variants of Theorems 1.5 to 1.7 hold even with classical pre-processing. The
proof of this is quite simple and is deferred to Appendix A.1.

Comparison to Prior Works. While Fourier growth has been extensively studied for classical
algorithms, we are aware of only a few works that explicitly study the Fourier growth of quantum
algorithms [AG23, GSTW24, IRR'21|. Among these, [[RR*21| and [GSTW24| are closely related
to our work. As mentioned before, [[RR*21] establishes bounds on the Fourier growth of BQP
algorithms that is slightly weaker than ours; furthermore, their bounds apply to all bounded low-
degree polynomials and consequently cannot be used to distinguish between BQP, %BQP and DQC;.

The work of [GSTW24] is especially closely related to our work. They study quantum algo-
rithms with k& rounds of parallel queries and show that reducing the number of rounds even by
one can cause a large blowup in the quantum query complexity. They achieve this by showing
Fourier growth bounds for k-round quantum algorithms and leveraging the differences between the
bounds for different k. Our work shares some conceptual similarities with their work, particularly in
leveraging Fourier growth bounds to distinguish between quantum models, and also in using similar

! We observe that [BS21] show that to establish lower bounds for 3-FORRELATION, one only needs to prove
signed-Fourier growth bounds for a particular family of signs. (See Definition 2.7 and Theorem 2.8 for more details.)
When we refer to the Fourier growth of %BQP algorithms, we typically mean signed-Fourier growth for signs as
in Theorem 2.8 and Definition 2.7.

2We remark for this family of signs, BQP algorithms can already achieve a significantly larger Fourier growth.
In particular, consider the acceptance probability f(z) of the two-query BQP algorithm that solves 3-FORRELATION.
For v = (1,...,1), one can show that L‘f‘g)(f) = Q(N).
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Figure 3: Fourier growth of acceptance probability of algorithms with d = polylog N queries.

techniques for storing information about parities within matrix products. However, the models of
quantum computation we consider are completely different. In [GSTW24|, the number of rounds
is constrained, while the number of clean qubits is unlimited and the initial state is the all-zeroes
state. In contrast, in our setting, the number of clean qubits is constrained and the initial state
is forced to be highly mixed, while the number of rounds is allowed to be large. These differing
constraints lead to fundamentally different behaviors. Consequently, our techniques diverge from
theirs and we require distinct ideas and develop new techniques.

It is worth emphasizing that the idea of using Fourier growth to distinguish between low-degree
polynomials arising from different types of algorithms traces back to the landmark oracle separation
of BQP and PH [RT22|. The core challenge in that setting was that both models admit low-degree
polynomial approximations, and Fourier growth was used precisely to tell these polynomials apart.

1.4 Applications

We study the complexity of the Forrelation problem and its variants in the DQC; and %BQP
models. Combining our Fourier growth bound (Theorem 1.5) with the results of [RT22, CHLT19]
(see Theorem 2.6) and the upper bounds on 2-FORRELATION from [Aarl0, AA15|, we immediately
obtain the following corollary.

Corollary 1.8. For any k € N, the 2-FORRELATION problem on 2F-bit inputs can be solved by a
DQCy, algorithm with success probability at least 2/3 by making one quantum query, however, any
DQCy_; algorithm that makes d quantum queries has success probability at most % +0 (d2) 27t/

In particular, any DQCj_; algorithm that succeeds with probability at least 2/3 must make at
least Q(Qt/ 4) queries. Setting k = log N, we obtain the following corollary.

Corollary 1.9. The 2-FORRELATION problem on N-bit inputs, which can be solved with log N clean
qubits and one quantum query, requires Q(NC/4) queries in the DQC(;_) 105 v model for all constants

¢ < 1. In particular, any DQCy algorithm for 2-FORRELATION must make Q(N1/4) queries.

We remark that Corollary 1.9 holds even if the algorithm is allowed to make Q(N¢/4) classical



pre-processing queries in advance (using clean bits). We derive the following implications of Corol-
lary 1.9.

A Hierarchy Theorem for DQC,. In this work, we quantify the power that each additional
clean qubit gives to quantum algorithms. It is not too difficult to show that any DQC; algorithm
can be simulated by a DQCj,_; algorithm without additional queries but with a loss of 20(®) in the
advantage (Claim A.3). Corollary 1.8 shows that this is tight, up to a constant in the exponent.
This shows that the number of clean qubits in a quantum algorithm cannot be efficiently reduced,
even with a large amount of classical pre-processing on clean bits.

The First Oracle separation between %BQP and DQC;. We give the first oracle separation
between %BQP and DQCy, resolving a conjecture of [JM24]|. In particular, Jacobs and Mehraban
showed that 2-FORRELATION on N-bit inputs is solvable in the %BQP model with two quantum
queries and conjectured that it requires N Q1) queries in the DQC; model (see open question #1 on
page 8 [JM24]). Our work (Corollary 1.8) proves this conjecture.

A New Oracle separation between BQP and %BQP. Jacobs and Mehraban conjectured (see
open question #5 on page 8 [JM24|) that 3-FORRELATION is not in %BQP and our work (Corol-
lary 1.10) resolves this. By combining our Fourier growth bound (Theorem 1.6) with the results
of [BS21] (Theorem 2.8), we immediately obtain the following corollary.

Corollary 1.10. The 3-FORRELATION problem on 3N -bit inputs, which can be solved by a BQP
algorithm with two quantum queries, requires Q(N1/12) queries in the %BQP model.

We also remark that Corollary 1.10 holds even if the algorithm is allowed to make Q(N'/12)
classical pre-processing queries in advance.

1.5 Technical Highlight: Matrix Decomposition Lemma

The main recurring technique in our paper is the use of a matrix decomposition lemma (see
Lemma 3.1). This lemma offers a way to encode information about the indices involved in a
matrix product and arises naturally in the context of quantum algorithms, as it allows us to encode
information about the Fourier coefficients within a sequence of matrix products. We think it might
be of independent interest.

Firstly, we observe that the acceptance probability of quantum algorithms can be expressed as
a product of matrices with bounded operator norms. To give some intuition, fix i1,i44+1 € [N].
Consider a sequence of unitary matrices Uy, ...,Uy and let UJi|j] denote the (i,7)™-entry of U.
Consider a BQP algorithm that starts with the initial state |i1), evolves it according to the unitary
operators Uy, ..., Uy, interleaved with phase oracles O, and finally measures the qubits and accepts
if the outcome is |igi1). The acceptance probability of this algorithm is given by f(x)? where

f(@) == (i1]U1- Oy - Uz - Oy -+ Oy - Uy ligs1)
= > | [Tulidid) - II =
i2,...,0q \t€|d] teld]\{1}

More generally, by allowing the matrices Uy, ..., Uy to be arbitrary matrices with spectral norm at
most 1 and by adding workspace, we can produce a similar expression for f(x) which equals the

10



acceptance probability of an arbitrary |d/2]-query BQP algorithm (see Claim 2.10). There are other
expressions for capturing the acceptance probability of DQC; and %BQP algorithms using matrix
products (see Claim 2.12 and Claim 2.14). Now that we have an expression for the acceptance
probability, we need to compute the Fourier coefficients. Observe that for all S C [N],

£(8) = Z H Utlitlizs1] - L[S = {ia} @ ... ® {ia}] .

i9y0eyiq tE]d]

Our main idea is to try and encode information about the Fourier coefficients inside a product
of matrices with bounded norms. The hope is that since f(x) itself is a product of matrices with
bounded norms, so are its Fourier coefficients. To illuminate the main idea, say we wish to multiply
the matrices Uy, ...,Uy to get a matrix U where

Ulit|ige1] = Z H Utlit|it41]

12,...,tq tE[d]

but additionally, we wish to retain information about the symmetric difference of the intermediate
indices {ia2},...,{iq} until the very end. More formally, we wish to design a matrix U whose rows
are indexed by 41 and columns by 44415441 such that

Uli1]igi1S441) = Z H Uilit|ies1] - L[Sgq1 = {i} @ ... & {ia}] .

12,...,84 t€[d]

Here, the indicator function ensures that for each Sy41, the corresponding entry of the final matrix
only involves contributions from indices that satisfy the parity condition with respect to Sg41. The
reason we want to do this is clear; the entry U[zl lig415] precisely equals the Fourier coefficient f(S).
Thus, by reading off the entries of matrix U restricted to rows corresponding to i; and columns
corresponding to igy1, we would obtain the list of all Fourier coefficients. The challenge lies in
constructing such a matrix U with bounded norms and this is precisely achieved by Lemma 3.1.
It embeds the required combinatorial information about the indices within a matrix product while
maintaining control over the norms of U. We also show an improved matrix decomposition lemma
(Lemma 3.3) that allows slightly more complex predicates of the indices being summed over —
in particular, we allow the imposition of equality constraints between indices as well as memory
constraints on indices.

1.6 Proof Sketch

In general, proving Fourier growth bounds is quite challenging and technically involved. A major
challenge arises from the need to incorporate the signs ag € [—1, 1] into the matrix product given by
the matrix decomposition lemma, and also from the need to sum over all sets .S of size £. Introducing
the signs in a naive fashion often blows up the operator norms of the underlying matrices, making
it difficult to maintain control over the Fourier growth. The heart of our proof involves techniques
to incorporate these signs while keeping the operator norms bounded. This step turns out to be
especially challenging for %BQP algorithms and we are unable handle arbitrary signs ag. However,
we are able to successfully encode the signs that arise from the 3-FORRELATION problem. For
level-6, we run into additional difficulties that require developing more complex ways of storing
information within matrix products and this is handled by the improved matrix decomposition
lemma (Lemma 3.3).

In this section, we present the simplest part of our proof: using the matrix decomposition
lemma (Lemma 3.1) to establish Fourier growth bounds for DQC; algorithms. We will make some

11
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Figure 4: A simple example of a d-query DQC; algorithm. The initial state on the first n qubits is
maximally mixed.

simplifications: we only focus on level ¢ = 2; we will assume that there is no restriction p on the
inputs; and we will only consider algorithms with one clean qubit of a special form in Figure 4.
These simplifications are only for the proof sketch and still give enough intuition for the general
case.

Firstly, it is not too difficult to derive an expression for acceptance probability of the algorithm
in Figure 4. This is given by % + %f(a:) where

f@) = £Tr (0 - Vi - Oy - Voo - Oy - Vi)

:% Z HVZ[itﬁHﬂ : Hmit (1)

11,0 €[N] \t€[d] te(d)

where V; ..., V; are the NV X N unitary matrices applied by the algorithm and we use the convention
that ¢5,1 = 41. One can derive a similar expression for the acceptance probability of an arbitrary
DQCy algorithm (see Claim 2.12 for more details). Let us now compute the Fourier coefficients of
the acceptance probability, which equals (up to a factor of 1/2) the Fourier coefficients of f(z),
which are easy to read off of Equation (1). For any S C [N], the S-th Fourier coefficient of f is
given by

)=~ S | Vilidies) | 1} e .. {ia} = 5. (2)

i1,..,g€[N] \t€[d]

The quantity we wish to bound is the level-2 Fourier growth of f, i.e., L12(f) = maxq L§5(f),

where
W) 2 as- f(S) (3)

1S]=2
for signs ag € [—1,1] for S C [n] of size 2. Fix any such signs «. Substituting the expression for

Fourier coefficients f(S) (Equation (2)) in the expression for L§5(f) (Equation (3)), we see that
our goal is to upper bound

(= 045'% > I Viliclivia] | - 1[{i} @ ... @ {ia} = 5. (4)

|S|:2 il,...,idG[N] te[d]

Decomposing L, into a few terms. First, we will group the terms in Equation (4) into a few
terms. We will express Lj o(f)® as a sum over pairs (¢1,t2) such that ¢; # to € [d] of a quantity
AP 4,- We describe this below.

Observe that for a term to contribute to Equation (4), the symmetric difference of iy, ..., 4
has size 2. In this case, there must exist a pair of indices t; < to € [d] such that i;, and iy,
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are distinct and the symmetric difference of the rest of the i; is the empty set. More precisely, if
{i1}®...® {ig} = S for a set S of size 2, then

Jt1 <t € [d] such that {d,,i,} = S and Sye(g)\f1, 10} {8} = 0.

Conversely, any such t1,ty € [d] and i1, ...,144 satisfying the above equation defines a unique S =
{it,, i1, }. For any pair of indices t1 < to € [d], let Af, ;, be the contribution of the corresponding
terms to L{5(f), i.e.,

1 . .
A =§ 2 i) Dl [ Viliial | -2 D {i}=0[. )
igq Fitg E[N] Tty 4+ 1-itg—1€E[N] \t€[d] te[d]\{t1,t2}
Utgt1ymeeyity —1E[N
Clearly, we have LTy (f) = >_, c1yeiq) Bf) - Observe that there are O(d?) choices of t; < to € [d].
For any such choice, we will show in the second step that A , <1, obtaining L§,(f) < O(d?) as
desired.

Showing that Af, ;, < 1. This is where we will use the matrix decomposition lemma (Lemma 3.1).
We will group the terms ¢ € [d] into circular intervals [t1,t2) and [te,t1)?. We will apply the
matrix decomposition lemma on Vi ,...,V;,_1 to remember the symmetric difference of {i;} for
t € (t1,t2) and similarly on the matrices Vi,, ..., V4,1 to remember the symmetric difference of {i;}
for t € (t2,t1) and then enforce equality between these sets. More precisely, apply Lemma 3.1 (with
T = 0) on the matrices V/,...,V{’_| to obtain 17[7517,52) and to Vi7,..., Vf_, backwards to obtain

Visp.tr) such that for all 4, i, € [N], S, C [N],

Viey iy lits it St,] = Z H Vilielizta] | - 1 @ {it} = Sty | » (6)

it €[N] for t€(t1,t2) \t€[t1,t2) tE(tl,tQ)

Vitg ) li i1, S,] = > [T Wilidisga] | -2 @ {ie} =S | - (7)

itE[N} for t€(ta,t1) tE[tz,t1) tG(tQ,tl)

Substituting Equations (6) and (7) in Equation (5), we see that

o 1 = . ~
At1,t2 - N Z a{itl 7it2} Z ‘/[tl,tQ) [Ztl |lt2 St2] ’ ‘/[tg,tl) [Itl ‘ItQ StQ]
itl #itQG[N} Stgg[N]

< % Z Z ‘V[tl,tg)[ihﬁtzstz]

itl #itg E[N} St2 Q[N}

>

) ‘ﬁtQ,tl)[it1|itQSt2] (since iy iny} € [—1,1])

IN

N "/[tlth) frob HV[tQ,h) frob (Fact 2.3)

Firstly, observe that
max ([ Ve lrobs Ve o0 o ) < VAV.

This is because both matrices have operator norm at most one and either have at most N rows or
N columns. This implies that A} ,, < N —1. N < 1. This completes the proof sketch.

3We arrange 1,...,d in a clock-wise circle and define the intervals clock-wise. For instance, the interval [d—2,2]
refers to the set {d—2,d—1,d, 1,2}. The intervals (¢1,t2) and (t2, 1) are well-defined but would be empty if to = t1+1
modulo d. In each of these cases, it is understood that the summation over Iy, 41,...,lt,—1 and Ipy41,...,Le -1

respectively is to be ignored.
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We now describe some of the additional ideas involved in generalizing this proof.

Generalizing to higher levels. Proving bounds for higher levels for DQC algorithms requires
one additional new idea that involves an improved matrix decomposition lemma, where in addition
to remembering parity information, we store the values of certain subsets of indices until the very
end, furthermore, to get the optimal dependence on k, we need an improved bound on the Frobenius
norm. (See Section 4 for more details.) The proof strategy is quite similar for BQP algorithms as
well (see Section 6).

%BQP algorithms. It is not too hard to show that the expression for the acceptance probability of
a d-query %BQP algorithm is quite similar to Equation (1), except, there are 2d matrices V1, ..., Vaq,
and more importantly, there is an extra term of the form F;, ;, € {0,1} inside the summation, which
corresponds to the post-processing of the measurement outcomes of the initial and final states.
(See Equation (53) and Claim 2.14 for a formal expression.) This additional term Fj, ;, is challenging
to incorporate while keeping the norms bounded. As a result, proving bounds for %BQP algorithms
turns out to be more technically involved. We need to use an improved matrix decomposition lemma
(Lemma 3.3) where we enforce memory constraints as well as equality constraints on the indices
being summed over.

Furthermore, we are only able to prove level-3 and level-6 Fourier growth bounds for a particular
family of signs as in Definition 2.7. The reason why the signs a(v) and B() in Definition 2.7 are
easier to deal with than general signs, is that once we fix 92, ()4, i,,i; becomes a product of three
terms, the first depending only on 41, the second on i3 and the third on ~+ in a product fashion.
Similarly, once we fix ig,i5, then 3(7);, . i becomes a product of five terms, the first depending
only on i1, the second on i4, the third on i3, the fourth on ig, and the fifth on + in a product
fashion. These kind of signs that are products across the indices are much easier to handle than
general families of signs and often exhibit a Fourier growth that is much smaller than the Fourier
growth for arbitrary signs*. We then show that summing over the is, or over the is, 5 doesn’t blow
up the Fourier growth by much. (See Section 5 for more details.)

1.7 Outlook & Future Directions

Broadly, our results suggest that Fourier growth provides a powerful analytic lens to separate
models of quantum computation. Several natural next steps emerge in this direction and we highlight
some open questions in this section.

1. Fourier Growth of NISQ. Researchers have attempted to model NISQ (noisy intermediate
scale quantum) algorithms through the lens of query complexity, in the hopes of understanding
the computational power of near-term quantum devices [CCHL23, CHHK24]|. There has been
recent interest in using 2-FORRELATION to show quantum advantages in near-term experi-
ments [Geo25, Shu25| and this prompts the natural question, can we solve 2-FORRELATION in
NISQ? If not, can we prove bounds on the Fourier growth of NISQ?

2. The Power of DQC;. Where does DQC; fit within the landscape of classical complexity,
and in particular, is it contained in PH? The differences between the Fourier growth of DQCy
and PH are quite stark, but it is not clear how to leverage this into an oracle separation, as
existing approaches rely on the Forrelation problem, which is hard for DQC;. Developing new

“Indeed, for general bounded degree-d polynomials, the level-¢ Fourier growth with arbitrary signs can be as large
as N®) whereas for signs that are a product across the indices, the Fourier growth is at most d°® [IRR*21].
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techniques here would not only clarify the power of DQCy, but also expand the toolkit for
proving lower bounds on classical computation.

3. The Power of IQP. Another intriguing intermediate model is IQP, whose power derives from
its ability to perform Fourier sampling. How does this model compare to DQC; and %BQP?
Understanding the relationship between these models would help chart the intermediate land-
scape between BPP and BQP and reveal the relative power of various quantum capabilities
like Fourier sampling and trace estimation. It was shown by [JM24] that IQP can be simulated
by %BQP and they conjectured that this containment is strict. Is 2-FORRELATION solvable in
IQP and if not, can we prove Fourier growth bounds?

4. Tight Bounds on the Fourier Growth of Quantum Algorithms. Finally, many of our
upper bounds on the Fourier growth are not known to be tight. Are the dependencies on d
and £ tight in Theorems 1.5 to 1.77 What is the Fourier growth of %BQP with respect to
arbitrary families of signs? Tight bounds on Fourier growth could provide a precise handle for
quantum computational power, and help map the landscape between classical, intermediate,
and fully quantum models.

1.8 Organization.

Section 2 consists of preliminaries, where we formally describe the various models of computation
and state the results we need from prior works on Forrelation. In Section 3, we describe and prove
the matrix decomposition lemmas (Lemmas 3.1 and 3.3). We prove our Fourier growth bounds for
DQCy, in Section 4 (proof of Theorem 1.5), BQP in Section 5 (proof of Theorem 1.6) and BQP
in Section 6 (proof of Theorem 1.7).

2 Preliminaries & Notation

Restrictions. For a restriction p € {—1,1,*}" and a vector z € {—1,1}", the i-th coordinate of
the restricted vector p(z) € {—1,1}V is p; if p; € {—1,1} and x; if p; = * for i € [N]. For a boolean
function f : {—1,1} — R, and a restriction p € {—1,1,*}, we use f|, to denote the restricted
function which maps x to f(p(x)) for x € {—1,1}V.

Sets. Forz € RY and S C [N], we use xs(z) or zg to denote [],.g ;. For indices i1, ..., i, € [N],
we use {i1} @ ... ® {ir} to denote the symmetric difference @;cp{it} and similarly Sy © Sa denotes
the symmetric difference of the sets S7 and 55.

We will often use uppercase letters to denote 2 to the power of lowercase letters, in particular,
N=2"W=2%K =2Fand M = 2™.

Circular Intervals. For ¢,j € [n], we use [i, j] to denote the clockwise sequence of points from
to j when 1,...,n are arranged clock-wise in a circle. For example, [n,2] = {n,1,2} and [1,3] =
{1,2,3}. We use (,] and [,) and (,) to denote half-open or open intervals.

Vectors and Inner Products. We identify the space {0,1}" with [/V] under the natural corre-
spondence (ay,...,a,) — 14+, a;2". We also identify {0,1}" with {—1,1}" under the correspon-
dence that maps 0 to 1 and 1 to —1. For u,v € [N], we use (u,v)2 := ¢, uiv; mod 2 to denote

the inner product over Fy under the aforementioned correspondence. For v € CN and U € CNV*¥,
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we use u', UT to denote the conjugate-transpose. For complex vectors u,v € C, we use (u | v),
vtu, and (u,v) to denote >; UiV, the complex inner product.

Matrices. We use I to denote the identity matrix, where the dimensions are clear from context.
We will often encounter matrices whose rows and columns are indexed by (i, w) for i € [N],w € [W],
or by (i,w, k) for i € [N],w € [W], k € [K]. For ease of notation, we use I as a shorthand for (i, w)
or (i,w, k), where the distinction will be clear from the context. For I;, I;11 € [M], we use either
U[I|Iy41] or Ui[ly, I141] to denote the (Iy, I;41)-the entry of U;. For matrices Uy, ...,Uy, we use
Uty t,) to denote the product Hte[tm] U, = Uy, -+ - Uy, of the matrices in the circular interval [¢1, to]
in clockwise order. We define Uy, 4,), U, 1,1, Uty 1) @analogously.

Definition 2.1 (Hadamard Matrix). For N = 2", the Hadamard matriz Hy is defined to be

Xn
Hy=—— |V L]
VN 1 -1

Matrix Norms & Inequalities. Let ||-||op and ||-||frob denote the spectral and Frobenius norm, or
equivalently, the Schatten-co and Schatten-2 norms. The following basic fact follows from Holder’s
Inequality for Schatten norms.

Fact 2.2. Let A, B,C be rectangular matrices with A = BC. Then, || Allfrob < ||Bllop * ||C||rob-
The Cauchy-Schwarz inequality implies the following fact.

Fact 2.3. For rectangular matrices A, B, and any subset T of indices, we have

> 1ALl - B < | Alrob - 1 Bllsrob-
(i,))€T

We use the following basic facts about the spectral norms of matrices.
Fact 2.4. For any submatriz B of A, we have ||Blop < || A]lop-
Fact 2.5. For any block diagonal matriz A consisting of blocks Ay, ..., A, we have ||Alop <
max;ec(q ||AtHop-
2.1 Fourier Growth

Recall the definition of the Fourier growth as in Definition 1.1 and Definition 1.2. For a family

of functions F, we use Ly ¢(F) to denote maxsecr Ly ¢(f).

Lower Bounds for Forrelation from Fourier Growth. The results of [RT22, CHLT19| imply
that to show lower bounds on the 2-FORRELATION problem, it suffices to prove Fourier growth
bounds for level 2.

Theorem 2.6 (|RT22, CHLT19|). Let F be any family of 2N -variate boolean functions closed under
restrictions. Then, the mazimum advantage with which F solves 2-FORRELATION 1is at most

o)
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The results of [BS21| imply that to show lower bounds on the 3-FORRELATION problem, it
suffices to prove signed-Fourier growth bounds for level 3 and 6, for the following family of signs.

Definition 2.7. Partition [3N] into A := [N],B := (N,2N],C = (2N,3N]. Let v € [-1,1]?V.
Define a(y) € [—1,1](31?) and B(v) € [—1,1](355V as follows. Let H € {—1,1}">*N be the matriz
whose (i, j)-th entry is (—1)\7)2 = sign(Hy[i|j]) fori,j € [N]. For iy, iz, i3 € [3N], let

Hlin, i1) - Hi, i3) - (Hte[3] ’m) ifiy € Ais € Byise C

0 otherwise.

Q(Y)il,ig,z‘g = {

Foriy, ... ig € [3N], let

) a()iyings - (V)issisie W 11 F i4 € Ay #i5 € B,ig #ig € C
5(7)i1,~~-,i6 - .
0 otherwise.

The following theorem is implicit in [BS21].

Theorem 2.8 (Implicit in [BS21]). Let F be any family of 3N-variate boolean functions that is
3N 3N

closed under restrictions. Let v € [—1,1]3Y and a(vy) € [-1, 1]( 3 ),6(7) €[-1, 1]( 6) be as in Def-

wnition 2.7. Then, the mazimum advantage with which F solves 3-FORRELATION s at most

o (Li%’” () 1y <f>)

max
76[7171}3]\[

N+N2

2.2 Quantum Query Complexity

In the setting of quantum query complexity, the input is accessed by an oracle. This oracle is
typically an operator O, for z € {0, 1} which maps |b) |i) — |b @ z;) |i) for b € {0,1},7 € [N]. One
can alternatively define an oracle O, for € {—1,1}" which maps |b) |i) to itself if b = 0 and to
|b) |3) z; if b =1 and 7 € [N]. It is not too difficult to show that these two definitions are equivalent,
up to a Hadamard gate on the first qubit. We will work with the oracle O, and later introduce
some additional simplifications.

The most general model of a quantum query algorithm is the BQP model defined below. For the
following definition, we interpret n as the number of qubits on which the oracle acts and w as the
number of qubits of extra workspace. As mentioned before, we use I to denote the identity matrix,
where the dimension is implicit.

Definition 2.9 (BQP Algorithm with d Queries). Let n,w € N, N =2" W = 2% and M = NW.
A BQP algorithm acts on n+w qubits initialized to [0...0). Let Uy, ..., Ugr1 € CMXM pe M x M
unitary matrices. The algorithm applies the unitary operators Uy, ..., Ugrq interleaved with the
oracle Oy @ I and measures all the qubits at the end to obtain an outcome Izyq. The algorithm
accepts iff 1541 € F where F C [M] is a subset. (See Figure 5 for a depiction.)

The following claim expresses the acceptance probability of a d-query BQP algorithm and is
proved in Appendix A .4.

°In particular, see equation (5.7) and the equation above in [BS21] for the level-3 contribution and equation (5.13)
and the preceding paragraph for the level-6 contribution.
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Figure 5: A d-query BQP algorithm.

Claim 2.10. The acceptance probability of a d-query BQP algorithm can be expressed as
f(z) = (LVi-0---0 Vagy|l)

where O = O, ® I, Vi,...,Vagy1 € CMXM are matrices with ||Villop < 1 for all t € [d] and
|Ii) =10...0).

In the following sections, we will define DQC;, and %BQP algorithms.

2.3 DQC, algorithms

We interpret n as the number of qubits on which the oracle acts, k£ as the number of clean qubits,
and w as the number of qubits of extra workspace.

Definition 2.11 (DQC; Algorithm with d Queries). Let n,w,k € N and N = 2", W =2 K = 2k
and M = NWK. A DQCy algorithm acts on k clean qubits initialized to the |0...0) state and n+w
maximally noisy qubits which consist of n qubits on which the oracle acts and w qubits of workspace.
Let Uy,...,Ugy € CMXM be M x M unitary matrices. Let S = [NW] x {1} be the set of all
possible starting basis states of the algorithm and F C [NW K] be the subset of final basis states
that is accepted by the algorithm. The algorithm starts with a uniformly random basis state sampled
from S, applies the unitary operators Uy, ..., Uqs1, interleaved with the oracle Oy ® I, measures all
the qubits at the end and accepts if the outcome is in F. (See Figure 1 for a depiction.)

Remark. In our model, the oracles are not allowed to directly act on the clean qubits, nevertheless,
we can effectively implement this type of operation by swapping the clean qubits with the noisy
qubits, applying the oracle on those noisy qubits and swapping them back with the clean qubits.
While this transformation does require the use of k extra (potentially noisy) qubits to do the swap
operation, our formalism has the advantage that we can talk about oracle separations where k, the
number of clean qubits is significantly smaller than n, where the length of the input is 2”. This is
important, since when k& > n, many problems become solvable with a few quantum queries with
O(k) clean qubits.

We will now provide an expression for the acceptance probability of a DQCy algorithm, which we
will prove in the appendix (Appendix A.4). As mentioned before, estimating the trace of a unitary
matrix described by a quantum circuit is known to be complete for the class DQC; [KL98| and a
similar statement is true in query complexity as well.

Claim 2.12. The acceptance probability of a d-query a DQCy, algorithm can be expressed as
fl@)y=NW)" - Tr (0 Vi -0 Vay)

where O = O, @ I, Vi,...,Vog € CM*M satisfy |Vi|op < 1 for t € [2d], furthermore, ||Vi|fob <
vVNW.
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2.4 %BQP algorithms

We interpret n as the number of qubits on which the oracle acts and w as the number of qubits
of extra workspace.

Definition 2.13 (%BQP Algorithm with d Queries). Letn,w € N, N =2" W =2 and M = NW.
A %BQP algorithm acts on n + w qubits initialized to |I1) for a uniformly random Iy ~ [M]. The
algorithm does not have knowledge of I,. Let Uy, ..., Ugr1 € CM*M pe M x M unitary matrices.
The algorithm applies the unitary operators Uy, ..., U1 interleaved with the oracle Oy @ 1 and
measures all the qubits at the end to obtain an outcome lyyo. Finally, the algorithm then learns
L. The algorithm accepts iff (I, 1gy2) € F where F C [M] x [M] is a subset. (See Figure 2 for a
depiction.)

We provide an expression for the acceptance probability of a d-query %BQP algorithm, which is
proved in Appendix A .4.

Claim 2.14. The acceptance probability of a d-query %BQP algorithm can be expressed as

fl@):=M"" 3" Fri., (LU -0---0-Ul,, [Tays) (Lira| Usr - O--- O - Ur 1)
Il,IGH_QE[M}

where O = O, ® 1, and Uy, ..., U1 € CMXM gre matrices with ||Ugllop < 1 for all t € [d+ 1].

Some Remarks.

e While our way of defining DQCj, and %BQP doesn’t clearly subsume BPP, there is a simple way
to fix this. We can define variants of these models where the algorithm is allowed to make up
to d classical pre-processing queries on clean bits, and based on the query outcomes, choose a
d-query quantum algorithm to run. When defined this way, these models immediate subsume
BPP, since we can implement any BPP algorithm in the pre-processing part. Interestingly,
many of the results in our paper, especially the lower bounds hold even for algorithms with a
large amount of classical pre-processing. See Appendix A.1 for more details.

e Unlike [GSTW24|, our model does not allow parallel queries. This is without loss of generality,
as our model has unrestricted depth and we can simulate k parallel queries by k adaptive
queries. If we allow parallel queries but limit the depth, we suspect that it might lead improved
Fourier growth bounds in terms of the depth of the algorithm, but we leave this to future work.

e In the rest of this paper, we will work with the oracle O/, which maps i) to |i) x; for all i € [N]
where x is of length N. Note that the aforementioned oracle O, is the controlled version of
0!, and generally offers more functionality than O!. However, in all our proofs, it suffices to
work with the oracle O/, since we allow restrictions p € {—1,1,*}" to act on our input. In
particular, if we consider O/, for bit-strings of length 2N and apply the restriction which fixes
the first N coordinates to 1, we obtain the oracle O, on bit-strings of length N as desired.
Since all our Fourier growth bounds work even under restrictions of the input, it suffices to
work with oracles of the form O/, and all our Fourier growth bounds will carry over to oracles
of the form O, if N is replaced by 2N. Henceforth, we will refer to the oracle O, as O, and
work with this oracle.
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3 Main Technical Tool: Matrix Decomposition Lemma

The following matrix decomposition lemma is a recurring tool in this paper. It allows us to
encode information about the indices in a matrix multiplication by embedding them inside a larger
matrix multiplication. In this lemma, we have matrices U, ...,U; where the rows and columns
of Uy are indexed by I, and I y; respectively. Here, I is a shorthand for either (i,w,k) or (i,w)
where ¢ € [N] corresponds to indices we want to remember information about and w € [W], k € [K]
corresponds to auxiliary workspace indices. The set T corresponds to the complement of matrices
whose index information we want to retain, i.e., we don’t care about the matrices in T'. The number
N indicates that we do not store parity information for indices i; with i; > N and the set Sar1
corresponds to the information aggregated after multiplying the matrices.

Lemma 3.1. Let Uy,...,Ug be M x M matrices with ||Utllop < 1 for t € [d] and let T C [d]
and N < N. Then, there exist matrices U1, .. Ud and U = U1 -~ Uy such that for all Iy, 1441 €
[ ]’Sd-i-l - [N]a

UL |Ia41S4+1) = Z H Ullt[Ir41] | 1 [ Say1 = @ {it}] -

Io,....Io€[M] \t€[1,d] te[2,d\T
Zt<N

Furthermore, max;c|q) ||I7tHop <1 and H(7||f,0b < mingeq) [|Ut|frob-

Proof of Lemma 3.1. We first describe a function that updates the information we need to remember
about the parity of the indices.

Definition 3.2. Let update be the function which for S C [N],i € [N],t € [d] satisfies
S {it} ifte2,d\T andiz <N

S otherwise.

update, (S, it) = {

Set S1 = (. For ¢t € [1,d], define a matrix (NJt with rows and columns indexed by I;S; and
I14+1S41 respectively where Iy, I;11 € [M],St, Siy1 C [N] and

ﬁt[ItSt|It+1St+1] = Ut[lt’ItJrl] -1 [St+1 = updatet(St,it)]
Let U := (7[1,(1} 2 U, ---Uy. Observe that for any I, Ig11 € [M], Sq11 C [N], we have

d
(H ﬁt) [11]1aSd]

t=1

UL [Lg+1Sa41)

d
= Z H U[11S¢|It41St41]

b,....I4€[M] t=1

Sa.. .squ]
d
£y H ULl Tia] - > [ 1(Se41 = update, (S, i)
Ip,... Ig€[M Sa,...,84C[N] t=1
= Y HUt L) - 1 S = €D {ie}] -
Io,..., Ig€[M] ¢ te[2,d\T

’Lt<N
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This shows that (7[1,(1} satisfies the defining equation in Lemma 3.1. In fact, we proved the stronger
result that for all ¢ € [d] and I, I+, € [M], St41 C [N], we have

Unglhl o1 Se) = ) II velivltoa) | -1 |Sia= €D {iv} (8)
Lo Tre[M] \Fe[Ld] e\
iy <N

where as mentioned before, we use (7[17,5} to denote (71 e ﬁt.

Bound on the spectral norm. We now show that ||U;|| < 1 for all ¢ € [d]. This is clearly
true for (71, since [71 is a block-diagonal matrix with respect to Sy and the only non-zero block
corresponds to So = () and is given by Uy. For any ¢ € [2,d], consider U,. The rows and columns are
indexed by IS and I;115:11 respectively. If ¢ € T, then the matrix is block diagonal with respect
to Sy, since Sy11 = S and each block is a copy of Uy. If t ¢ T, rearrange the rows [;S; into groups
according to update,(S;,i;). Under this rearrangement, the matrix is block diagonal with respect
to Siy1 since the non-zero entries correspond to Si¢+1 = update, (S, i;). We will now show that each
block is a sub-matrix of U;. Fix a block corresponding to Syy1. If 4p < N then Sy = Sp41 @ {it} and
otherwise S; = Syt1, hence, fixing Sy4+1 and 4; uniquely determines S;. In other words, any row of
U; can appear at most once within a block. Thus, the operator norm of each block is at most 1 by
Fact 2.4 and this proves that ||U;]| < 1 by Fact 2.5.

Bound on the Frobenius norm. Finally, we bound the Frobenius norm of U. Fix any t € [d].
Since ||Utllop < 1 for all ¢ € [d], by Fact 2.2, we have

1T lrob 2 1T - - Uallsrob < 101 -+ - Utllirob 2 Ut g1l rob-

Ideally, we would have liked to argue that ||U;|lfob < ||Utllfrob, but this is not necessarily true.
This is because [7} is a matrix with rows indexed by I;S; and columns by [I;11S5;+1 and contains
within itself several copies of sub-matrices of U, across the various possibilities for S;. We can only
guarantee that ||Uy]| < ||U1|lfrob, since Uy consists of only one copy of U;. To get around this, we

will apply Lemma 3.1 in reverse i.e., to the matrices U/, UtT71, e UlT in this order. We obtain a
matrix® U’ := U] - U}_; --- U], such that for all I, I;;; € [M] and S; C [N], we have

1
U'[Ii41|181] = > (H Ug[ft'HUt']) 1|51 = R

It Je—1,..,Io€[M] \t'=t t’e{t,t—l,...,2}\T
i@t <N

= Y | I weltelton] | -1 |Si= @@ {ir}]|.

In,... J;€[M] \t'€[1] tEe2\T
<N

SWe remark (7{ is not the transpose of U,. In particular, ﬁt’ will be a matrix with rows indexed by I;41 and
columns by I;S;, whereas U is a matrix with rows indexed by I+S: and columns by I;+1S¢+1. Furthermore, U/
essentially consists of one copy of Uy, while Uy consists of several copies of sub-matrices of U; for each possible S;.
This distinction turns out to be essential.
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2 Up gl i1 1) (by Equation (8))

We observe that the entries of U’ and ﬁ[l,t] are the same, just arranged differently, hence, their
Frobenius norms are equal. Thus,

T4 llfrob = 1T lrob 2 107 - T{_y -+ Ui llsvob < 07 llrob-

We now recall the construction of [7{ from Lemma 3.1 and recall that ﬁt’ is identical to U; when
restricted to columns S; = ) and zero on the other columns. This implies that |Up gllfrob = |Ut |l frob
and completes the proof. O

3.1 An Improved Matrix Decomposition Lemma

Looking ahead, it turns out that we need a variant of Lemma 3.1, where we have p equality
constraints and ¢ memory constraints: for a list of indices s1 < t1,...,sp, < t, € [2,d], we wish to
only sum over indices that satisfy is; = it; for j € [p], and for the indices 7;,...,ry, we wish to
retain information about 4., for j € [q] until the very end.

Lemma 3.3. Let T C [d] and N < N. Let p,q € NU{0} and let s1,t1,...,8p,t, € [2,d] with

51 <ti,...,s5b <ty andry,...,rq € [2,d]. Assume that si,t1,...,Sp,tp,T1,...,7¢ are all distinct.
Let Uy, ..., Uq be M x M matrices with ||U|lop < 1 for all t € [d]. Then, there exist matrices

Up,...,Uj and U = Uy - -- Uy such that for all Iy, I € [M],S1,S441 C [N], and By € [N]7.

U[1151|14115411Bas1] = Z H UlIel Iig1] | -1 | Se41 = S1 @ {it}
Io,.... Iyc[M] \t€[l,d] te2,d\T
i <N
-1 [is; =iy, for all j € [p]] (equality constraints)
-1 [Bag1(j) =iy, for all j € [q]] . (memory constraints)

Furthermore, HﬁtHop <1 for all t € [d]. Let U? be the submatriz of U obtained by taking rows that
satisfy S1 = 0. Then, ||U°||fop < minge(q) || Ut|frob-

The proof of this lemma is deferred to Appendix A.3. The main ideas behind incorporating the
additional constraints is as follows. For memory constraints, the approach is very similar to how
we updated the parity information using update. We keep a set B; of all the indices remembered
until this point and at time ¢, we append the index i; into By if it needs to be remembered. For
equality constraints, we use another set A; to store the various i for ¢’ < ¢ that we have seen until
this point and for which we are yet to enforce equality constraints. Suppose at time ¢, we find that
(iy,i¢41) was a pair of equality constraints that we need to impose for some ' < t + 1, we use
Ay to enforce equality between iy and iy 1, then remove iy from A; to obtain A;y1, and proceed.
See Appendix A.3 for more details.

4 Fourier Growth of DQC,: Proof of Theorem 1.5

Since DQCy, algorithms are a sub-class of BQP algorithms, the bounds from Theorem 1.7 imme-
diately apply to DQCy algorithms and complete the proof when min <2k/ 2 VN ) = /N. Tt suffices

to handle the other case, i.e., min <2k/2, \/N) = 2K/2 which will be the focus of this section.
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Throughout this section, to simplify notation, we use the shorthand I; to denote (i, wy, k¢) where
iy € [N]),w; € [W], ky € [K] for N = 2" W = 2% K = 2F. We use I to denote the identity matrix,
where the dimension is implicit.

Let f(z) be the acceptance probability of a DQCy, algorithm and p be any restriction of the
input variables. We will now derive an expression for the Fourier coefficients of f|,(z). We may
assume without loss of generality that the first N coordinates are unfixed and the rest are fixed,
by permuting the matrices applied by the quantum algorithm appropriately. Thus, only Fourier
coefficients corresponding to S C [N | are non-zero and are described by the following claim.

Claim 4.1. Let f(z) be the acceptance probability of a d-query DQCy algorithm and let p €
{—=1,1,%}N be any restriction that leaves the first N coordinates unfized. Then, there exist ma-
trices VI, ...,V such that for all S C [N ],

flo(8) = (vw)=t 3" [[ Wikl ) 1| @ {iy=s

I,....Isq€[M] \t€[2d] te[2d)
with 1. <N

where V..., Vf, € CMM gatisfy |V |lop < 1 for t € [2d] and |V |lfob < VNW

The proof of this is fairly simple and is deferred to Appendix A.5.

4.1 Level-Y Fourier Growth

In this section, we will establish L; o bounds for DQC}, algorithms for general £ > 2 and complete
the proof of Theorem 1.5. The goal of this section is to upper bound

Lieflo) & max  LE(fl)= max Y ag- fl,(9). (9)

N
acg[-1,1] Y) ag[-1,1)\ ¢ Se(“;’])

Fix any ag € [—1,1] for each S € ([]Z}). From Equation (9) and Claim 4.1, we see that our goal is
to upper bound

Tlfl) =Y vw)ymt I Vil | -1 @ {id=5|-as  (10)

SC[N] I,....Iog€[M] \t€[2d] tef2d]
|S|=¢ with iy <N
Observe that if @, cl2d]ir< s1i¢} = S, then in particular, there must exist a subset T C [2d] of size

¢ such that {i; : t € T'} is a sequence of £ distinct elements in [N] and @ tepeapr it} = 0. Conversely,
with ;<N
for any T and {i}er satisfying the above conditions, it defines a unique S = {i; : ¢ € T'}. Fix

T C [2d] of size ¢ (this can be done in (2;) ways). Let the elements of T be ¢; < ... < t;. Define

Ar = Z Hth[It\ItH] -1 EB {i} =10

In,...I2q€[M] \t€[2d] te2d\T (11)
with 2t<N

-1 [z’tl, co iy, € [N] are distinct} Oy i}
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From the above paragraph, it follows that
«@ —1 2d
To(flp) = (NW) Z Ar < ’

> (NW)™!'. max Ar.
re(F)

re (B

We will now show that for all T € ([Qﬂ), we have Ap < M - K—1/2. N=2)/2 This, along with the
above equation (and the fact that M = KNW) would imply that L¢,(f[,) < VK - (2;{) . N(t=2)/2
as desired. We now show the desired bound of Ap < M - K~1/2. N(t=2)/2,

We will group the terms ¢ € [2d] into circular intervals [¢1,%2), [t2,t3) and so on until [ty 7).
Since these intervals cover [2d], 1 must belong to either [t1,¢2) (this happens when ¢; = 1) or [ty, 1)
(this happens when t; > 1). Assume without loss of generality that 1 € [t1,2), the argument for
the other case is similar. We apply Lemma 3.1 to the matrices V}/,...,V,?_| in this order (with

parameter T') to obtain 17[t1,t2) such that for all I;,, I;, € [M], S, C [N], we have

Vit to) 12 T2, S1,] = > I Wilial ) -1, = € {i}|. (12

It1+1,...71t2716[M} te[t1,t2) te(thEQ)
it <N

Since we assumed that 1 € [t1,t2) and since |V{||fop < /M /K, Lemma 3.1 implies that

||‘7[t1,t2)||frob < \/W (13)

Define a matrix ‘7[,527,51) so that for all Iy, , Iy, € [M], Sy, C [N], we have

Vit e St 111, ] = > I Wil 1S, = & {i}

It2+1,...,ft1_1€[M] te(ta,t1) te(ta,t1)\T (14>

W<N

-1 [itl, iy, € []\7] are distinct] SO i}

The above equation is well defined since ¢1, . .., t; belong to the circular interval [ta,t1]. From Equa-
tion (11), we have

Ar= Y VigwuSulln] - Viga) T 1, Se)

It Ity €[M]
Sty C[N]
< ||‘7[t1,t2)Hfrob : ||‘7[t2,t1)Hfrob (by Fact 2.3)
< VM/K - [Vt 1,)llfrob- (by Equation (13))

We will now control the second term Hf/[tz,tl)ufmb. Firstly, if £ = 2, then the proof is quite

simple. Observe that ‘7[1527751) is almost identical to the matrix 17[2’527“) that one would get on

applying Lemma 3.3 on the matrices Vi,,..., Vs —1 backwards, except, we need to multiply by
1 [itl,itz € [N] are distinct] and by a sign ag;, ;1. We have H‘A/Jit%tl)Hfrob < VM by Lemma 3.3.

Observe that multiplying by the aforementioned terms has the effect of zeroing some entries of 1%
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and multiplying some entries of 1% by signs, neither of which increase the Frobenius norm. Hence,
||Y~/[t27t1) | < v/M and this would complete the proof for £ = 2.

For levels £ > 2, the argument is more involved since we are multiplying by terms that involve the
indices being summed over. To handle this, we require an extra step. We will apply Lemma 3.3 on
the matrices V/ ,V;’l) _, backwards (with parameter 7') with memory constraints corresponding

I a
to tg,...,te, t1 (this is well-defined as t4,...,t; € [t3,t1]). We obtain a matrix ) such that for

!
N [ts,61
all I, I;; € [M] and Sy, Sy, C [N] and By, € [N]*"2, we have

Vits oy Ts Sts Bis e, Sl = ) I Wilnal ) -1|S, =5, @ {iu}| 15
Iy for te(ts,t1) \t€[t3,t1) te(ts,t)\T
Ww<N
'H[Bt;g = (%47%57“'7%@7%1)]7 (16)
furthermore, N
Ve llop < L. (17)
Similarly, we will apply Lemma 3.1 on the matrices Vt’; sy V;g _, to obtain a matrix 17[22 t3) such

that for all Iy,, I;, € [M] and S;, C [N], we have

Vi ol Sl = I[I VWil | 1|S, = P {i}].

Iy for te(ta,t3) tG[tQ,tg) tG(tQ,ég)
it <N

furthermore, H‘Nf[éz,m) Ilfrob < V/M. Define a new matrix ‘7[2’5’2,7%)

by It,S,, Bt such that for all I, € [M] and I, € [M], S;; C [N], By, € [N]*"2, we have

with rows indexed by I, and columns

‘7[;/2,1‘3) [It2 ‘[ts Stg Bt3] = ‘7[7/52,1‘,3) [Itz |It3 Sta]

18
- 1 [{ity, 115 } U By, has £ distinct elements] - OUf{ir, ity }UByy }- (18)

In other words, the matrix 17[2’2 ts -2

and each block is a submatrix of V[;Q ts) with some entries zeroed out and some multiplied by elements
in [-1,1] coming from «. Since H?[QQ ts)”frob < VM, it follows that

) consists of N*=2 blocks corresponding to the various By, € [N]

IV oy llrob < VM - V/N(E2), (19)

Finally, we observe that

<‘7[z/£,2,t3) ’ ‘7[23,1‘/1)]) [It2’Itlst1] = Z ‘7[2/2,t3)[1t2’1t3st3Bt3] ’ v[vlfg,tl)[It3St3Bt3’Itlst1]
ItSE[M]
Bt3€[N]['_2

= > [T winlhal]-1|s.= @ {id

I; for tE(tz,tl) tE[tz,tl) tE(tz,El)
iw<N
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10) @ i i ...... J-‘ J-- H output

n { Hy | | Opw | - Hy| |00 |

Figure 6: A d-query DQC; algorithm with n maximally mixed qubits.

-1 {itl, Sy, € [N] are distinct} Oy i)
(by Equations (16) and (18))
£ ‘f;v[tg,h)[ltzstluh]' (by Equation (14>)

Thus, we see that the entries of V/ | - V[ and that of Vi, are the same, just arranged
. [t2,t3) " [ts,t1)] [t2,t1)
differently. Thus, we have

Hv[tg,tl)Hfrob = Hv[;g;’t:;) : V[Q&tl)]”frob
< H‘/[:g;t?))nfrob : H‘/[;g&tl)]nop (by Fact 23)
<VM.NE2/2, (by Equations (17) and (19).)

This completes the proof.

4.2 Tightness of our Bounds for DQC;

In this section, we will show that the dependence on k and N is tight in Theorem 1.5.

Dependence on N. First, we consider the case k = 1 and show that DQC; algorithms can indeed
achieve level-¢ Fourier growth of roughly N¢=2)/2 ie. the dependence on N is tight in Theorem 1.5.
We will do so by producing an algorithm on inputs of length dN which makes d oracle queries and
whose level-¢ Fourier growth for £ = d is Q (N (=2)/ 2).

Let Hy be the Hadamard matrix as in Definition 2.1 and view this matrix as an n-qubit unitary
operator. For t € [d], let N; denote the interval ((t—1)N,tN] so that NyU...LUNg = [dN]. We view
the input = € {0, 1}V? as comprising of d input strings M. 2@ of length N each such that z(®)
is supported on N;. Instead of the oracle O, we will consider d oracles O,q),...,0,4 . Consider
the d-query DQC; algorithm as in Figure 6.” As we saw in Equation (1), is not too difficult to show
the bias of this algorithm is precisely

f([]?) = ﬁTI‘ (Ow(m . HN e Ox(d) . HN) .

We observe the Fourier coefficients of f correspond to subsets S C [Nd] that pick exactly one
element from each N;. There are N? such non-zero Fourier coefficients and they are given by

N o o 1
_ 1 i)+t id, Iy .
F(S) = ok E : (_1)<u ig) (iayi1) | Nz 1[S = {i1,...,iq}].
it €Ny
for te[d]
"Typically, we express DQC; in terms of a single oracle O, as opposed to d smaller oracles 0,104,

nevertheless, it is easy to embed the circuit in Figure 6 into a larger one consisting only of O, oracle calls for
T = (x(l), . ,x(d)) by applying the following sequence of operators d times: Hy ® I, followed O, followed by the
permutation matrix IT that maps |i) — |¢ — N (mod Nd)) for all computational basis states i € [Nd].
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Each such S uniquely identifies i; € Ni,...,iq € Ng and we set ag := (—1){2)++ai)  Thys,
we obtain that the level-d Fourier growth is at least

This completes the proof.

Dependence on k. It is clear to see that a DQC, algorithm can solve the Forrelation problem
on inputs of length 2¥, since we can run the k-qubit Forrelation circuit on the clean qubits. As the
Forrelation function on 2*-bit inputs has level-two Fourier growth of 2¥/2, this saturates the bound
from Theorem 1.5 for level two.

5 Fourier Growth of %BQP: Proof of Theorem 1.6

In this section, we will show Fourier growth bounds on %BQP algorithms. The level-3 bound uses
the basic matrix decomposition lemma (Lemma 3.1) from earlier and is presented in Section 5.1.
Since the level-6 bound is more involved, it requires the improved matrix decomposition lemma
(Lemma 3.3) and is presented in Section 5.2.

Throughout this section, to simplify notation, we use the shorthand I; to denote (i1, w;) where
i € [N],w e [W]for N =2"W = 2. We use I to denote the identity matrix, where the dimension
is implicit.

Given the expression for the acceptance probability of a d-query %BQP algorithm (Claim 2.14),
it is not too difficult to derive an expression for the Fourier coefficients under any restriction — this
part is similar to the proof of Claim 4.1 from Claim 2.12. We obtain the following claim, whose
proof is deferred to Appendix A.5. As before, we can assume without loss of generality that the
restriction p fixes all but the first N coordinates for some N < N, by permuting the matrices applied
by the quantum algorithm appropriately.

Claim 5.1. Let f(x) be the acceptance probability of a d-query SBQP algorithm and p € {—1,1,+}

° 2
be any restriction that leaves the first N coordinates free and fixes the rest. Then, there exist matrices
V. Ve € CM such that for all S C [N],

ls)y=m71 Y S Fnnn [] Wkl -1 B fiy=S5

I Ig2€[M]  In,....lq41€[M] te[2d+2] te[2d+2]\{1,d+2}
Iqy 3,0 2q42€[M] <N

(20)
where |V |lop < 1 for all t € [2d + 2].

Now that we have an expression for the Fourier coefficients, we turn our attention to proving
Fourier growth bounds.

5.1 Level-3 Fourier Growth

As mentioned before, we will only be able to bound Li(??)( flp) where v € [=1,1]3" and a(y) is

as in Definition 2.7. Fix any such a(y). As before, if @yejpqto)\(1,a4231i¢} = S, then there exist
i <N
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distinct t1, 2,13 € [2d + 2] \ {1,d + 2} such that

ity ity 115 € [N] are distinct and @ {it} =0,
te[2d+2\{1.d+2,t1 62,83}
<N
conversely, any t1,t2, 13, i, , it,, it; satisfying the above condition defines a unique S, up to a permu-
tation of the ¢, 2, t3. There are at most O(d?®) possibilities for distinct 21,22, 3 € [2d+2]\{1,d+2}.
Fix any such t1,?2,%3. We now recall Definition 2.7. Let A=AN[N],B=BnNI[N],C=Cn [NV].
For any iy, ,is,, i, € [N], for (V)i ity it £O be non-zero, one of {is,,is,,is, } must lie in A, B,C
each. Without loss of generality, i;, € A LUty € B J ity € C. Now, S uniquely identifies Uty s Uty btg-
Fix any i}, € B. (There are at most N possibilities for such iy,.) Define

A;yhtz,t:svi?; = Z Z Fridays H VO ]

I, €Ax[W] 1:€[M] for ¢t in te[2d+2]
Ty e{if, }x W] [2d+21\{t1,t2,t3}
It3 ECX[W]
(21)
-1 . {i} = 0] - a(Viey iz, iy -
t€2d+2]\{1,d+2,t1,t2,t3}
with i; <N
Substituting this in the expression for the Fourier growth, we have
LY (F0) 2 D2 a()s - F1,(9)
15|=3
=M1 Z Azl’t%tw% (from Equation (21) and Claim 5.1)
distinct t1,t2,t3
in [2d+2)\{1,d+2},
ir,€B
<M~ O(dN)- AL
- ( ) distinrga;f)l(,tg,tg t1,ta,t3,0,
in [2d4+2)\{1,d+2},
ir,€B
We will show that for each distinct ¢1, 2,3 € [2d+2]\ {1,d +2} and if, € B, we have Al s i)

VMW . Substituting this above, we would get
LYY (fl,) < ML O(@N) - VMW = O(d®) - VN - VNMW - M~' < O(d®) - VN,

t1 t2,t5,7,t < 'MW

Fix any distinct t1,t2,t3 € [2d + 2] \ {1,d + 2} and i}, € B. We will now use Definition 2.7 to
get

where we used the fact that M = NW. It now suffices prove the bound A}

a(’y)it17it27it3 = F(ih ) 1:2) : ﬁ(itw Z;tkg) iy " Vig, " Vitg

We will use this to encode the action of multiplication by a(7v);

iy i, vy USING & matrix product with

diagonal matrices. Define matrices P; as follows. Firstly, for ¢t € [2d + 2] \ {t1,t2,t3}, we have
P, = V/. Let Dy, Dy, Dy, be M x M diagonal matrices with [—1,1]-valued entries defined as
follows. For I, I,, Iy, € [M], let

o H(iy,,ir) ifiy, € A
Dtl[[tlutl] - {3/%1 ( ! t2) otht;rwise (22)
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Yix if ’it2 = ZI
Dy, [, I, = ¢ ™2 ? 23
talleo 11 {O otherwise. (23)
o Hi,it) i €C
Dyl |1y] = { T ) T € (21)
0 otherwise.
Let Py, := Dy, - V/, P, := Dy, - Vi, and P, := Dy, - V. Firstly, observe that
| Pillop < 1 for all t € [d], (25)
since v € [~1, 1> and || Dtlop; ||V |lop < 1. Secondly, observe that
[Pt [|frob < VIV, (26)

since Py, = Dy, - V;Z and multiplying by the matrix Dy, has the effect of zeroing out all but W rows
(only the rows indexed by 7}, survive), and each row of V;, has norm at most one. This construction
allows us to simplify Equation (21) as

AZ1,t2,t3vi¥2 - Z F1171d+2 ’ H Pt[It|It+1] 1 @ {Zt} =0f. (27>
In,....Iq42€[M] te[2d+2] te[2d+2]\{1,d+2,t1,t2,t3}
with 4t <N
We now break up this summation into terms Iy, ..., lgyo and Igi3, ..., Iog12. We apply Lemma 3.1
to the matrices Pp, ..., Pyy1 in this order with T' = {t1,%2,%3} to obtain a matrix Py 4,1) and to the
matrices Pyia, ..., Pagy2 in reverse order with T = {t1,t2,13} to obtain a matrix P2 442 such

that for all I, 1o € [N], Sq+2 C [N], we have

PygenhllazaSara] = Y [I Pllil] 1 (Su2= P {i}]| 28
Iy, lapr €[M] \te[l,d+1] te[2,d+11\{t1,t2,t3}
with ;<N
Pgo2a42) [ Tar2Saral 1] = > I PllLa] ) -1 | S = b
Tiys,.s]aq12€[M] \t€[d+2,2d+2] te[d+3,2d+2]\{t1,
tz,tg} with ZtSN
_ _ (29)
| Pr,agllfob < min [[Pillfob  and || Plgg2,2449]llfrob < min }”PtHfrob- (30)

te[l,d+1] teld+2,2d+2

Observe that [2,d 4+ 1] U [d+ 3,2d + 2] = [2d + 2] \ {1,d + 2}. Plugging in Equations (28) and (29)
into Equation (27), we have

Azl,tQ,t3,i;2 = Z Fry1y - Puasyiav2Sare) - Plato2d2) Lar2Sa+2] 1]

I, Ig2€[M]
Sa4+2C[N]

Z ‘13[1@] [11’Id+25d+2]‘ ' ‘f)[d+2,2d+2] Har2Sav2|l1]|  (since Fy g, , € {0,1})
I\ 1as2€[M)
Sa4+2C[N]

IN
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< ||]5[1,d+1]||frob : Hﬁ[d+2,2d+2]||frob~ (by Fact 2.3)

As before, it is easy to see that

max (Hﬁ[l,d—&—l]”from ‘|15[d+2,2d+2]||frob) <VM.

since these matrices have operator norm at most 1 (due to Equation (25)) and have either at most
M rows or at most M columns. This already tells us that A7 < M. We will now derive the

t1,t2,t3,07, —
improved bound of A7 o tasit, < VMW by showing that

min <”ﬁ[1,d+1]‘|frob: ”ﬁ[d+272d+2}Hfrob) < VW.

Since [1,d+1]U[d+2,2d+2] = [2d+2], t2 must belong to either [1,d+ 1] or [d+2,2d+2]. Assume
without loss of generality that t3 € [1,d + 1], the analysis for the other case is similar. Recall that
Py1,441) was obtained by applying Lemma 3.1 on the matrices P, ..., Pyi1. Since t2 appears in
[1,d + 1], Lemma 3.1 along with Equation (26) implies that

| Paspllfrob < | Pos [lfrob < VIV

This completes the proof for level 3. Next, we will prove the level-6 Fourier growth bound.

5.2 Level-6 Fourier Growth
Let v € [-1,1]*" and B(v) be as in Definition 2.7. We wish to upper bound

=" B()s - Flo09). (31)

|S]=6

Recall from Equation (20) in Claim 5.1 that the only level-6 non-zero Fourier coefficients correspond

to S C ([]g}) and are given by

—

flo(S) =M1 N > Fiiten | Pl 1 . {i} =5

I Igi2€[M]  Ia,....Jq11€[M] te[2d+2] te[2d+2]\{1,d+2}
Iqy 3, 12412€[M] <N

(32)

Let S C ([]g}). As before, if @Dicparo)\f1,d+2) 7t = S, then there exist six distinct #1,...,t6 €

iWw<N
[2d + 2]\ {1,d + 2} such that
Qtys- e it € [N] are distinct and @ {is} =0,
te[2d+2]\{1,d+2,t1,...,t6 }
it <N
conversely, any ti1,...,%6,%,,.. ., satisfying the above condition defines a unique S, up to a

permutation of the t;’s. There are at most O(d®) possibilities for distinct t1,...,t6 € [2d + 2]\
{1,d + 2}. Fix any such t,...,ts. Let A = AN[N],B = BN[N],C = C N [N] as before. For

any i, ... iy, € [N], for B(V)is, ,...rits to be non-zero, we must have two of {it,,..., iz} must lie
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in A, B,C each. Without loss of generality, iy, # it, € fl,itQ # iy € B,% # iy € C. With this
notation, S uniquely identifies it , ..., % up to the following swaps i, > i, i, <> Gy, ity <> Gt
Fix any i}, # i, € B. (There are at most N? possibilities for (i},,4},).) Define

Azl,...,tﬁ,i%,ijs = Z B(V)itlrigvi%v Z Fll’IdJr? ' H V;p[lt|lt+1]

Ity Ir, €Ax[W] ity sifssitg Ir€[M] for ¢ in te[2d+2)
Iy e{iz, (W] (2d+2]\{t1,-...t6}

I 4, } x[W]

Itg 7It6 eCx[W]

-1 @ {lt} = @ -1 [itl 7é it4 and itg 75 ’itﬁ] .
te[2d+2]\{1,d+2,t1,...,t6 }
with it <N

Substituting Equations (32) and (33) in Equation (31), we have

B(v) -1
Lig (flp) <M~ -0(1) > A’tyl,...,tg,ig,i;
distinct t1,....tg ?
in [2d+2)\{1,d+2},

i, #i7, €B
<M~ O(d°N?) max A
distinct t1,...,t¢ LoeensbBobigstiyg
in [2d+2]\{1,d+2},
it, #if, €B

We will now show that A) i ar < O(VMW) for all distinct ty,...,ts € [2d + 2] \ {1,d + 2}
PR b 27 5
and i}, # iy, € B. Substituting this in the above would imply that

LYY (fl,) <0(d% - N* VMW - M~ < O(d%) - N'

where we used the fact that M = NW. .
Fix any distinct t1,...,t¢ € [2d + 2]\ {1,d 4 2} and i}, # i}, € B. We now turn our attention
to proving that A} « < O(VMW). The first natural attempt is to apply Lemma 3.1 to

Lyest6501, ity
7 . as a matrix product. Recall from Definition 2.7 that

xpress A .
CXPICSS By te.if, if,

B(’Y)itl,i%;,it3 = @(W){itl,z‘;g,%} : O‘(V){it4,i§5,z‘t6} 1 [ig, # gy and iy, # dgg) -

R
Uty stig sl

Inspired by the level-3 approach, let us define matrices P/ as follows. Firstly, for ¢ ¢ {t1,...,%s},
we have P/ = V. Let Dy,, Dy,, Dy, be diagonal matrices as earlier in Equations (22) to (24) and
let Dy,, Dy, Dy be diagonal matrices defined similarly to in Equations (22) to (24) but we change
the indices to Iy, to Iy, Iy, to Iy, if, to iy, and Iy, to Ii,. Similarly to Equations (25) and (26), we
have

|Pillop <1 forall t € [2d+2] and || Py |lfrobs | Pes llfrob, < VIV, (34)
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and, we can simplify the expression for A/ .. .. from Equation (33) as follows.
365 0g 0 Vg

Azl,...,tg,i;‘Q,iZS = Z Frio..- H Py[I¢| 11 11]
Il,...712d+2€[M] te[2d+-2]
(35)
1 & {is} =01 - 1[ig, # iz, and i, # iz, .
te[2d+2]\{1,d+2,t1,...,t6 }
with i, <N
The quantity Azl tosit it in Equation (35) is thus captured by a matrix product of the P;’s and we
EARAS) b 2?

would like to apply Lemma 3.1 as before, but the issue is that we need to enforce the constraints that
it, 7# it, and iz, 7# it,. As such, Lemma 3.1 is unable to enforce non-equality constraints between
the indices being summed over. However, it turns out that a variant of this lemma can enforce
equality constraints between indices. Inspired by this, we use the Inclusion-Exclusion principle to
get

1 [itl 7é it4 and it3 75 ’Lt()] =1-1 [itl == it4] -1 [th = itg] +1 [itl = ’it4 and itg = itg] (36)
For a € [4], we now define A" iz 4z to be identical to Al iz 4+ asin Equation (35), but we
AR b 2’ 5 ey ) 27 5
1 ifa=1
1l = fa—o
replace the term 1 [iy, # iz, and iy, # i4] by [l.tl Z.t4] 1 ¢ (37)
1 [igy = 4] ifa=3

1 [itl = it4 and it3 = itG] if a = 4.
From the inclusion-exclusion principle as in Equation (36), we see that
ol _ v,a c(—1)ee{2,3}] ~ v,a
AL toigyir, = 22 AN e i (51) <D AN i
ac4] a€l4]

Thus, for each a € [4], it suffices to show that

‘Nva < VMW,

tl,...,tﬁ,ig ,i?5 —

Ideally, we would like to use a decomposition similar to the one for the level-3 case but there is
a key difference, namely the equality constraints imposed by a. This is where Lemma 3.3 comes
into play. The main idea is to apply Lemma 3.3 for each a € [4] with appropriate constraints to

the matrices P, ..., P41 in this order to obtain Pﬁ 1] and to Pyyg,..., Pagqo in reverse order to
obtain ﬁ[ﬁl +2.2d42] such that
AZ{?,,%,@;Z,% = Z Fri 1405 Z P apnylillav2Sar2Basa) - Py 2qy9 [ La+2Sar2Bato| 1]
I 1gqo€[M] Sa+2C[N]
Bay2€[N]*
(38)

Imagine for now that we are able to do this. From here on, the proof is identical the level-3 approach.
In more detail, from Equation (38), we get

trtosity ity | S 1EfLarallirob * 1P 22042 llfrob-
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As before, we have
max (”Pﬁ,d-f—l]nfrobv ”P[?j+2,2d+2]||frob) <VvM

since these matrices have operator norm at most 1 and have either at most M rows or at most M
columns. Furthermore, from Equation (34) and Lemma 3.3, since to must belong to either [1,d + 1]
or [d+ 2,2d + 2], we have

min (|| P g s 152 009 lvob ) < VIV

< VMW as desired and this would complete the proof.

We will now show how to set the parameters and enforce constraints so that Equation (38) is
satisfied. We start with p=p' =0,q=¢ =0. Set T ={1,d+ 2,t1,...,ts}.

Altogether, we’'d get )AZ’“ .

y %k *
17--~7t671t271t5

e Suppose a = 1, we do not need to impose any equality constraints and we leave p,p’, q, ¢’

untouched and apply Lemma 3.3 for both Pﬁ} 1] and P[‘C‘l +2.2d+2]"

e Suppose a = 2, then we need to impose the constraint 1 [i, = it,]. There are two cases.

— Case 1: Both t1, 4 lie in the same interval in {[2,d + 1], [d + 3,2d + 2]}. Without loss of
generality, assume that both t1,¢4 lie in the first interval [2,d + 1], the analysis for the
other case is similar. We set the parameters p <— p + 1,q <= ¢ and (s1,1) < (t1,%1) in
the construction of PS a1y We leave p’, ¢’ untouched for the construction of Pioodry-

This has the effect of imposing the equality constraint ¢;, = i, within Jgﬁ A1)

— Case 2: t1,t4 lie in different intervals in {[2,d + 1], [d + 3,2d + 2]}. Without loss of
generality, assume that t; € [2,d 4+ 1] and ¢4 € [d + 3,2d + 2], the analysis for the
other case is similar. We will set the parameters p < p,q < ¢+ 1 and r; < t; in the
construction of ﬁ[a and set p’ < p/,¢ + ¢ + 1 and 1} + t4 in the construction

1,d+1]
of P[C:l +2,2d4+9]" This has the effect of storin~g it, in Bgio from the first half Pﬁ’ 1] and
storing 4;, in Bgio from the second half P[‘il +2.2d+42] and enforcing equality in between
using Bgyo.

e The analysis for a = 3 is identical to the case a = 2 by replacing t; by t3 and t4 by tg. We
also replace (s1,t1), (s],t]) by (s2,t2), (s5,t5) and r1,r] by re,rh.

e Suppose a = 4, then we carry out the a = 2 step for the constraints ¢1,t4 followed by the
a = 3 step for t3, tg.

It is not too difficult to see that this indeed ensures that Equation (38) is satisfied. This completes
the proof.

6 Fourier Growth of BQP: Proof of Theorem 1.7

In this section we will show Fourier growth bounds on BQP algorithms using our improved
matrix decomposition lemma (Lemma 3.3). Given the expression for the acceptance probability of
d-query BQP algorithm (Claim 2.10), it is not too difficult to derive an expression for the Fourier
coefficients under any restriction — this part is similar to the proof of Claim 4.1 from Claim 2.12.
We obtain the following claim, whose proof is deferred to Appendix A.5. As before, we can assume
without loss of generality that the restriction p fixes all but the first N coordinates for some N < N,
by permuting the matrices applied by the quantum algorithm appropriately.
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Claim 6.1. Let f(z) be the acceptance probability of a d-query BQP algorithm and p € {—1,1, #}V be
any restriction that leaves the first N coordinates unfized. Then, there exist matrices V', ..., Vzpd+1
such that for all S C [N],

flo8)="> o] [ [ Vlen]] vllzaa - 1|S= @ {id|, (39

I1,.... D442 te[2d+1] te(2,2d+1]
Zt<N

where V', ...,V | € CMXM satisfy ||V |lop < 1 for t € [2d + 1] and v € CM is a vector with first
coordinate 1 cmd the rest zeroes.

Now that we have an expression for the Fourier coefficients, we turn our attention to proving
Fourier growth bounds.

6.1 Level-¢Y Fourier Growth

Fix any signs ag € [—1,1] for each S € ([]X]). Our goal is to upper bound

N=Y" as fl,(9)

|S|=¢

From Equation (39) in Claim 6.1, we see that our goal is to upper bound

LY (fl) = D > o] | I Wikl | -ollaage] -1 |S= @ {i}] - as.

SC[N] 11, 124+2€[M] te(2d+1] t€[2,2d+1]
|S|=¢ W <N

(40)

Observe that if @tep 2d+1] i,<n1it} = S, then in particular, there must exist a subset 1" C [2, 2d+

1] of size £ such that {i; : t € T} is a sequence of £ distinct elements in [N] and Dicp2ar\riic) = 0.

with i, <N
Conversely, for any T' and {i; };er satisfying the above conditions, it defines a unique S = {i; : t €
T}. Fix T C [2,2d + 1] of size £ (this can be done in (25) ways). Define

Ari= Y on]- | [ VIIle] ] vl
I,....,Ja2441€[M] te[2d+1]
(41)
1| P i =0] ap, a1 [itl,...,ite € [N] are distinct] .
te[2,2d+1\T
with 4, <N

From the above paragraph, it follows that

N 2d
1e(flp) = Z Ar < <£> ~TE(I[I21%§+1]) Ar.
4

TE( 2 2d+1 )
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We will now show that for all T' € ([Q’QZJFH), we have Ap < N=D/2 Thig, along with the above

equation would imply that Lf"g( flp) < (22[1) - NU=1/2 35 desired. We now show the desired bound
of Ap < N=1D/2,

Let T = {t1,...,t} where 2 <t} < ... <ty <2d+ 1. We partition [1,2d + 2) into intervals
[1,t1) U [t1,te) U [te,2d +2). Apply Lemma 3.1 to the matrices Vi, ..., V;,—1 in this order to obtain
‘7[17,51) and the matrices V,,..., Vo441 in reverse order to obtain ‘7'[t£72d+2) such that

Vi (W10 Se] = ) I Wil ) 1|8, = P {ir}

In,.. 0y —1 \t€[l,t1) te(Lty)
=N (42)
‘N/[t,_;,2d+2) (L1, St | T2a+2] = Z H VI Lia] | - 1| Sh, = @ {ick]
Tty15ed2a+1 \tE€[te,2d+2) te(te,2d+2)
<N
HV[Ltl)HOP <1 and HV[tg,2d+2)Hop <1 (43)
Define a third matrix ‘7[;1%) with rows indexed by I3, S;; and columns by I;,S;, so that
Vi i [T Se e, Se) o= ) I Wil | -1|S, =5, @ {i}
Ly stvety—1 \t€[t1,te) te(ty,t)\T (44)
Ww<N

T | [itl, ..., iy, € [N] are distinct} )

By combining Equations (41), (42) and (44), we see that

Arc N oI Vie) [ Su) - Vit o e Sl 1St Vi 2a2) T, St Taa2] - v[Taa o]
I, I2q412€[M]
Ity ¢, €[M]
51,51, C[N]
< HUH ’ HV[l,tl)HOP ’ HV[zltl,tg)”or) ’ ||V[1/t[,2d+2)H0p ’ ||UH

< H‘/[;ﬁ,tg)nop' (by Equation (43) and since ||v|| = 1.)

It thus suffices to bound the operator norm of 17[21 te)" Observe that %’51 t) is almost equal to
the matrix one would get by applying Lemma 3.3 on the matrices V;tl; sy VtZ _1, but not quite

— the difference is that we only need to sum over distinct it,,..., i, € [N], as well as multiply
by a sign Qi iz, - 1O et around this, we will use an idea similar to the one we used in the
proof of Theorem 1.5. We will apply Lemma 3.3 to the matrices Vtﬁl’, cees V;’Z _; with memory con-
straints defined by 4,,%,,...,%,_,. There are £ — 1 memory constraints that are well defined since

Qs it,_y € [it,0t,). We obtain a matrix \N/[thm with |H7[t17t£)||op < 1 whose rows are indexed by
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I, € [M], Sy, C [N] and columns by I;, € [M], Sy, C [N], B, € [N]*"!, with entries satisfying

Vin oo Sl Se Bl = | [ VPl | -1 [ S = B {is} 15
te[l,tl) tG(t1,tg)\T ( )
<N

-1 [Btg == (itlaitga" . 7itl71):| :

We now define a matrix V' with rows indexed by I;, € [M], Sy, C [N], B, € [N]*~! and columns by
Ij, € [M], S}, € [N] whose entries are given by

V/[Itesttheué[Ség] =1 [Ite = Iéé and S;, = 521{] -1 [{it,} U By, has ¢ distinct elements] - (i, }UBy, -
- N (46)
Observe from Equations (44) to (46) that V[th = Vit 4y - V' and thus,

Vit e llop < 1Viey ttllop - 1V llop < 1V llop-

Finally, we show that [|[V'|lop < N ((=1)/2 " To see this, observe that V' is block-diagonal with respect
to It,S,. Fix any such I;,S;, and consider the resulting block. This is a N*~! x 1 matrix whose
entries are [—1, 1]-valued, hence, we have ||V'|op < N~1/2. This completes the proof.
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A Appendix

A.1 Quantum Algorithms with Classical Pre-Processing.

In this section, we prove a variant of Theorems 1.5 to 1.7 in a more general setting of algorithms
that can perform classical pre-processing. We now describe this model more formally. A d-query
DQCy (respectively %BQP, BQP) algorithm with classical pre-processing consists of two phases:

e CLASSICAL PHASE: The algorithm performs d classical queries on clean workspace.

e QUANTUM PHASE: Based on the results, the algorithm chooses a d-query DQCy, (respectively
%BQP, BQP) algorithm to run and returns the output.

Theorem A.1. Let F denote the family of acceptance probabilities of a class of algorithms without
classical pre-processing. Let f(x) be the acceptance probability of an algorithms with d classical pre-

N
processing queries. Let p € {—1,1,%}" be any restriction and a € [—1, 1](2) signs. Then, there
exist f' € F such that

/o4 oo
FUPEDS <£ _ k) s L)),
k=0

where the mazimum is over o, another family of signs. Furthermore, if o are level-f signs as
in Definition 2.7, then so is o when k = £

Corollary A.2. Analogues of Theorems 1.5 to 1.7 hold even for algorithms with classical pre-
processing.

Proof of Theorem A.1. We view the classical phase as a decision tree of depth d with 2¢ leaves where
each leaf y selects an algorithm f, to run. Furthermore, we view each leaf y as a partial assignment
in {—1,1,*}" where the coordinates that are queried are assigned 1 depending on the outcome of
the query, and the coordinates not queried are assigned *. We use y~!(*) to denote the coordinates
of y that are alive. We know that |y~!(x)| > N — d. This defines a restriction p, € {—1,1,*}" of
the variables which restricts the i-th coordinate to y; if y; € {—1,1} and leaves it alive otherwise.
We can assume that any y that is ever traversed is consistent with p. For any such y, let f,(z)
be the acceptance probability of the algorithm chosen conditioned on receiving y in the first stage.
Consider:

Te(flp)

= ]Ezw{fl,l}N Z ag - f|p(x) : Xs(x)

|S|=¢

=By consistent with p | B pop 13y | O as - fy(p()) - xs(x)
consistent with y |S|=¢

l
= Ey consistent with p E z~{—1,1} Z Z aS1USs fy([)(x)) * XSy (1’) * XS ((13)
consistent with y | k=0 S1Cy=1(%)
S2CIN]\y~*(*)
|S1|=k,|S2|=0—k
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Fix a leaf y that maximizes the above quantity. Since we are only taking expectations over x
consistent with y, we can replace xs,(z) by xs,(y) in the R.H.S. above and similarly, p(z) only
depends on the variables in S;. Once we do this, x is completely free of y and we can replace the
expectation of x ~ {—1,1}" consistent with y by simply = ~ {—1,1}". We obtain

l
Sl SB[ D) D asus,  xs(®) - fylp(@) - xs, (2) (47)
k=0  S1Cy (%

)
S2CIN]\y (%)
|S1|=k,|S2|=t—k

Since |xs,(y)| < 1, applying Triangle Inequality gives

14
LYl <> ). Epofayy | . asus, - fy(p(a)) - xs, (2) (48)
k=0 Sy C[N]\y—1 (%) S1Cy~1(x)
|S2|=t—k |S1|=k

Define v € [~1,1]Y by ; = 1 if i € y~ () and 0 otherwise. For any fixed k& € {0,...,¢} and
Sy C [N]\ y~ () of size £ — k, define signs 2 that are non-zero only for S; C [N] with size k so

that

agf 1= aug,u8, * X8 (7)-

Observe that xs, () = 1 if S; C y~1(*) and 0 otherwise. Thus,

Z aSlUSQ X51 Z a51U52 XS1( XSl Z Ol XSl

S1Cy~1(x) S1C[N] S1C[N]
|S1|=k |S1|=k |51 |=k

Finally, we observe that

Ozs
Epf—1,13n E a§f~fy(p(w))~xs1(:r) £ E 0451 fy‘ (S )A 1,k2(fy‘p)-
S1C[N] S1C[N]
|S|=k |S|=k

Substituting this in Equation (48), we get

S/ d ,
NS () maxii).
k=0

where we used the fact that N — |y~!(x)| < d. Furthermore, when k = ¢ (i.e., when Sy = (), it
is easy to see that if o is a family of signs as in Definition 2.7, so is the result family o. This
completes the proof. O

Proof of Corollary A.2 from Lemma 3.3. Let F (respectively F') denote the class of d-query DQC;,
algorithms with (respectively without) classical pre-processing. Applying Theorem A.1, we have

L/ d ,
VEED Sl P I AE)
k=0
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We now apply Theorem 1.5 to bound each Li’k( fly) and this gives

¢
d 2d 3d
F) < . LN (E=2)/2 CAr(e—2)/2
L )_k§0<€_k> (k> N _(5) N

as desired. The proof for BQP algorithms is identical and we obtain a bound of (3;[) . NWED/2,

Let F (respectively F') denote the class of d-query $BQP algorithms with (respectively without)
classical pre-processing. Let a be a valid signing of the level-3 Fourier coefficients as in Definition 2.7.
Applying Theorem A.1, we have

?5(F) < max (& +d? - L) (F) +d - Liy(F) + LE5(F))

By the guarantee of Theorem A.1, o/ is a valid set of signs for level-3 as long as « is a valid set of
signs for level-3 as in Definition 2.7. Thus, applying Theorem 1.6 gives us L‘f"lg (F') < O(d®*V/N). For
levels k < 3, we can apply Theorem 1.7 to conclude that L‘f‘:l(}"’ ) < O(d) and L‘f‘:z (F') < O(d*V/N).
Combining these, we get L{5(F) < O(d?) - VN as desired.

For level-6, doing a similar calculation gives us

6
T6(F) < max (Z dik . L?,/k(f/)> .
k=0
For k = 6, we use Theorem 1.6 to conclude that Lf‘:k(}"') < O(d®) - NY5. For levels k < 4, we
use Theorem 1.7 to conclude that L‘l":k(]:’) < O(d*) - N==1/2 < O(d) - N5, We run into a com-
plication here which is that for level-5, the bound given by Theorem 1.7 is already Q(N?). We will
instead show an upper bound of O(d”) - N*®, which is d times the bound given by Theorem 1.6 for
algorithms without pre-processing. To show this, we will revisit the proof of Theorem A.1 and in
particular consider Equation (48). By the above discussion, we only need to consider the contribu-
tion of terms Sy C [N]\ y~!(*) with |Se| = 1. Thus, it suffices to bound A := D ie[N\y-1(x) 1Dl

where

Ai=E, iy | Y, asu - fup@) xs (@) 2 D asuu - fulp(S1)-
S1Cy~' (%) S1Cy~" ()
|S1]1=5 [S1]=5
Since |[N]\ y71(*)] < d, we have A < d - max; A;. Fix any i € [N]\ y~!(x) that maximizes this
and we will show a bound on A; as follows. Recall that f,(p(x)) is the acceptance probability of a
certain d-query %BQP algorithm 4. Consider the (d+ 1)-query %BQP algorithm A’ that applies A,
computes x; using an additional qubit and conditioned on this qubit starting in the |0) state, XORs
the outcome z; with the output of A. It is not too difficult to show that the acceptance probability

of A’ is given by

Flla) =1 fylp) + B2 r (o)) + B55 (1~ f,(p(x)))
=1 Logit b fylp(@) + Lz fy(pl)).

We now consider the signed level-6 signed Fourier growth of both sides of the above equation with
respect to a. Since i € [N]\ y~!(*) and p restricts all such coordinates, we get

Yl = 5 LSs(fl) 5 D aggus, - fulo(S1) = 3LS6(fylo) + 34
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Figure 7: Simulating a DQC algorithm by a DQCj_; algorithm.

Rearranging this equation and applying Theorem 1.6 on A and A’ implies that
|A;| < O(db) - N1,

This completes the proof and results in an overall bound of O(d”) - N for the level-6 Fourier
growth of d-query %BQP algorithms with d classical pre-processing queries. O

A.2 Simulating DQC,;, algorithms by DQC,_, algorithms.

Claim A.3. Let g(x) be the bias of a d-query DQCy algorithm. Then, there is a d-query DQCy_;
algorithm whose bias is g(x) - 2771,

Proof of Claim A.3. Given a d-query DQC;, algorithm with n 4+ w noisy bits, consider a DQCy_;
algorithm which uses n+w -+t + 1 noisy bits and k —t clean qubits as follows. Firstly, the algorithm
applies the X gate to the last £ + 1 noisy qubits and applies a Toffoli controlled on these qubits
with the target as the final clean qubit. Then, apply the DQC algorithm on the first n 4+ w noisy
qubits and the first k£ clean qubits. Finally, measure the last clean qubit. If it results in an outcome
1, then return the outcome of the DQCy, algorithm, otherwise, return a a random bit (by taking an
additional noisy qubit for instance).

Observe that this algorithm behaves identically to the original one whenever the t+1 noisy qubits
are in the all-zeroes state, which happens with probability 27¢*1. In all other cases, the algorithm
returns a uniformly random bit. Thus, the bias of the resulting algorithm is 27'=! . g(x). O

A.3 Proof of Improved Matrix Decomposition Lemma

Proof of Lemma 3.5. To prove this lemma, we will show by induction on ¢ € [d] that there ex-
ist matrices Uy, ...,Uy with spectral norm at most 1 such that for all ¢ € [d], for all I, ;11 €
[M], S¢, St+1 € [N], and Ayq € {0,...,N}?, Biyq € {0,..., N}7, we have

ﬁ[l,t] 1151 I141St41 A1 Beya] = Z H Up [Ty | Iy 1]
In,...,.I:€[M] \t'€[1,t]

1 [ St =51 @ {ip} (a)

tERIN\T
iy <N
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-1 [is; =iy, for all j € [p] with t; <t +1] (b)

Ar1(j) = {

is;

=

for j € [p] with s; <t,t+1<¢ (©)
c
0  otherwise

iy,

J

1

Bii1(j) = {

for j € [q] with r; < t]

0 otherwise.

where as mentioned before, we use ﬁ[lﬂ to denote (71 e (775. We explain these conditions below.

Think of ¢ as a clock that runs in {1,...,d} and think of the the s1,t1,...,8p,tp,71,...,7¢ @8
moments in time. At the start of the ¢-th timestep, we get to see I;S; A:B; and at the end of the
timestep, we see I;115t11A¢+1Bs11. Suppose the current time is ¢ and we are considering the matrix
ﬁ[l,t]. Then, Equations (a) to (d) impose the following constraints on the Io, ..., I;:

e Equation (a): The set S must be equal to the symmetric difference of Sy and all the {ig}
for t' € [2,d] \ T with iy < N — these are the relevant iy that have appeared by the start of
the current timestep t.

e Equation (b): For all t; <t 4 1 that we will have been seen by the end of the current time
step, we must have enforced the constraint that is; = ;.

e Equation (c¢): For all s; that we have seen by the start of the current timestep ¢ and any t;
that lies ahead beyond time ¢ + 1, we must retain information about is; using A;41(j) so that
we can check equality with i;; in the future.

e Equation (d): For all r; that we have seen by the start the current timestep ¢, we must retain
information about I, using Byy1(j) until the very end.

Finally, when ¢ = d, we will have imposed the constraints that is; = i, for all j € [p], Agy1 will
be the all-zeroes string since there no more time left, and we will have remembered all the i, for

J € [q] inside Bgy1. We will now show how to define (71, cee Uy so as to satisfy all these constraints.
First, we first define some auxiliary functions that turn out to be useful.

update: For t € [d], define the update function which for T' C [N] and i; € [N] satisfies

S@{it} ifte[2,d\Tandi; <N

S otherwise.

update, (S, it) = {
This function captures the information we need to remember about the parity of the indices.

add: Let add;(A, ) denote the function that takes A € {0,..., N}? and i € [N] and replaces the
j-th entry by ¢ for j € [p]. We overload notation and use add;(B,) to denote the function that
takes B € {0,..., N}? and replaces the j-th entry by ¢ € [N] for j € [q].

remove: Finally, let remove;(A), remove;(B) be the function that takes A, B and replaces the j-th
element by 0.
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For t € [d], we will define a matrix fft with rows and columns indexed by I;S;A; By and I;11.S:+1
Ayy1Byyq respectively where I, Iy € [M], Sy, Spr1 € [N] and By, Biyq € {0,..., N}, Ay, Ay €

(0, ..

., N}P. Set Ay, B; to be the all-zeroes string and S; = (). Set U[[1StAiBi|l1+1Si+1A1+1Bi+1]

to be either Uy[I¢|I;11] or 0, where it is the former if and only if the following conditions are satisfied.

1.

Firstly, for all ¢t € [d], we always have S;y1 = update, (S, i¢). This, by induction, ensures that
condition (a) is satisfied. We will now describe the constraints on A, B;.

CdftFE ey, rg, s, 8p,tt — 1,0ty — 1, then Ay = Ay, By = By

. If t is equal 7; for some j € [g], then we enforce By 1 = add;(By,4;) and A;11 = A;. This has

the effect of adding i; to B;+1 and by induction ensures that condition (d) is satisfied.

. Similarly, if ¢ is equal s; for some j € [p], we enforce Ay1 = add;(Ay, ;) and By = B;. This

has the effect of adding i; to A;4; and by induction ensures that condition (c) is satisfied.

. If t+1 = t; for some j € [p], then we enforce A;(j) = i¢11, Ar+1 = remove;(A;) and By = By.

This has the effect of comparing ;11 to the value of is, that we have stored in A; (since s;
must have appeared already), enforcing equality and erasing this value from A;y; and by
induction ensures that conditions (b), (c) are satisfied.

. We remark that it is possible that conditions 4 and 5 hold simultaneously, this happens when

t = s; for some j € [p] and t 4+ 1 = tj for some j' € [p] with j* < j. Note that for each point
in time, there can only be one j,j’ for which this collision happens. In this case, we must
enforce both 4 and 5 in this order. More precisely, we enforce A; 1 = remove;s(add;(Ay,4¢)),
(add;(A¢,4))(5") = d¢41 and Byp1 = By, This by induction ensures that conditions (b), (c)
are satisfied. Similarly, conditions 3 and 5 could also hold simultaneously, in which case we
enforce both. More precisely, we enforce B;1 = add;(By,i;) and A;11 = remove;(A;) and
Ay(7) = 4441. This by induction ensures that conditions (c), (d) are satisfied.

The above discussion shows that this choice of (71, e ﬁt ensures that the inductive step holds. We
will now turn our attention to proving bounds on the norms of the matrices Uy, ..., U,.

Bounds on the Spectral Norm. We now bound the spectral norm of the matrices and will
show that ||5t|]op < 1forall t € [d]. For any t € [2,d], consider U;. The rows and columns are
indexed by ISy, Ay, By and I;11S¢41, Arr1, Biy1 respectively. We now examine each block in this
matrix and do a case-by-case analysis depending on which of the above conditions Items 1 to 6 are
satisfied.

1.

In Item 1, if we rearrange the rows either according to groups of update(Si,i;), the ma-
trix is block-diagonal with respect to Sy;1 since the non-zero entries correspond to Siy1 =
update,(St, i:). We now bound the operator norm of each block.

. Suppose Item 2 holds, i.e., t # 71,...,7¢,51,...,8p,t1 —1,...,t, — 1, and the matrix is block-

diagonal with respect to A;, By since the non-zero entries correspond to Ay 1 = Ay, Byrq =
B;. Furthermore, each block is a sub-matrix of Uy (by the same argument as in the proof
of Lemma 3.1). Hence, ||Ut|lop < 1.

. Suppose Item 3 holds, i.e., t is equal r; for some j € [g]. We see that the non-zero entries

correspond to Ay = A1 and hence, the matrix is block-diagonal with respect to A;. Since
this is the first point in time that r; is seen, we have enforced By(j) = 0 and By11(j) = i
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and for all other 7/ # j, we have B(j') = Bi+1(j’). This means that the rows can be
rearranged into groups according to i; which makes the matrix is block-diagonal with respect
to By41, furthermore, each block is a sub-matrix of U; (by the same argument as in the proof
of Lemma 3.1) and hence ||l7t||0p <1

4. Similarly, if ¢ is equal s; for some j € [p], the analysis for is identical to the above one
using Item 4 and we obtain ||Uy|lop < 1.

5. Suppose Item 5 holds, i.e., t +1 = t; for some j € [p]. From Item 5, the matrix is block-
diagonal with respect to B; since we enforce By = B;. Since t 4 1 = ¢;, this means that we
had already seen s; by the start of the current step and had set A;(j) = is;. Therefore, when
we enforce A;(j) = 4441, we are enforcing i;y; = is;- This means that given columns labels
Ai1 and 441, it uniquely identifies a row label A; = add;(Ayt1,%41). Thus, rearranging
the columns according to groups of add;(As41,%¢+1), the matrix becomes block diagonal with
respect to A; as well. Furthermore, each block is a sub-matrix of U; (by the same argument
as in the proof of Lemma 3.1) and hence ||[7t||op <1

6. The analysis for Item 6 involves carrying out Item 4 (or Item 3) and Item 5 one after the
other.

Bounds on the Frobenius Norm. We now restrict our attention to the matrix U” obtained by
taking the rows of U corresponding to S; = . Let Ulw be the matrix obtained by taking the rows
of Uy with S; = (). We have U? = U?. Uy - Uy. Fix any t € [d]. As before, since ||Uy[lop < 1 for all
t € [d], by Fact 2.2, we have

1T lob £ 107 - Ua - - Ualltrob < 107 - U -+~ Uillsvab 2 U] 4 llrob-

To control Hﬁ& 1 |Ifrob, We like to use the earlier approach of applying Lemma 3.3 in reverse i.e., to

the matrices UJ, UL |,...,U{ in this order. To do this, we will need to define the new parameters
5;, t;, r; that correspond to the reverse of s;,t;,7;.

First, rearrange the (s;,t;) for j € [p] so that for the first p’ pairs, we have t; < t 4+ 1 (these

are the pairs for which ﬁ[u] will have imposed equality constraints due to Equation (b)) and for
the next ¢ pairs, we have s; < t,t +1 < t; (these are the elements that ﬁ[l,t] retains information
about in A1 due to Equation (c)). Rearrange the r; so that for the first ¢ elements, we have
rj <t (these are the elements that ﬁ[l,t] retains information about in By; due to Equation (d)).
Set ¢ = ¢" + ¢"”. We will define s} > ¢, .. .,s;, > t;, and ) > ... > r’q,+q,, as follows.

o For j € [p/] set s} :=t; and ¢} := s;.

o For j € [¢"] set 7} =1;.

/l/]

o For j € [¢"] set riy, ;= spij.
e Set 7" to be T.

We would like apply Lemma 3.3 in reverse i.e., to the matrices Ul Ut:C Lreees UlT in this order with
these parameters. Set S;11 = (). This gives us a matrix U’ such that

Ul $1Bi] = Y <HU§F[It'+1\It'])'1 Si= @ {iv}

In,.., It €[M] \t'=t t'e[2,]\T
iy <N
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-1[13,

/
J

1 [Bl(j) = ir; for all j € [q”]]

— iy, for all j € [p]]

-1 [Bl (¢"+7j) = ir/”+_ for all j € [q”’]] (by Lemma 3.3)
q J

= Z (H Ut’[It’|It’+1]> 1|51 = @ {iv}

Ip,....I;e[M] \t'=1 t'e2,4\T
iy <N

-1 [is; = iy; for all j € [p] with t; <t +1]

Bi(j) = ir, for j € [q] withr; <t
1 0 otherwise.

=

is, for j € [p] with s; <t,t+1 <t

0 otherwise

-1

Bi(¢"+7) = {

= Up gl Ti1, AY, By (by Equations (a) to (d))

] (by construction)

where B] consists of By restricted to coordinates j € [¢"”'] and zeroes everywhere else and A) consists
of Bj restricted to the coordinates j € [¢" + 1,¢'] and zeroes everywhere else. Observe that this
gives a bijective correspondence between (Bj, A’ 1) and B;. Thus, we see that the entries of U’ and
U[1 ¢ are the same, just arranged differently. Hence, ||U IIfrob = HU[1 #|llrob- Consider

||C7/||frob £ ||ﬁt/ ) ﬁt/—l e ﬁ{”frob < Hﬁénfrob‘

We now recall the construction of ﬁt’ from Lemma 3.3. Recall that ﬁt’ satisfies for all Iy, [;11 €
[M], S C [M], we have

~ ULT4]1, S O A =B 0
Ué[1t+l|ItStAtBt] — {Ot [ t+1| t] 1 t @7 " .

otherwise.

We see that ﬁ{ is identical to U} when restricted to columns S; = () and A; = B; = 0 and zero on
the other columns. This implies that ||U/]|fob = ||Ut||frob and completes the proof. O

A.4 Acceptance Probability of Quantum Algorithms
DQC;, algorithms.

Proof of Claim 2.12. Consider a d-query DQCy, algorithm and let Uy,...,Uzy; be the unitary op-
erators of the algorithm and & = [NW] x {1},F C [NWK] be the set of initial and accepting
final states as in Definition 2.11 and Figure 1. The final state of the algorithm can be expressed
as a uniform mixture over Iy € S of the pure state Ujiq - (O @ I) - Ug--- (Of @I) - Uy |I1). Let
F C [NWK] be the subset of final basis states that is accepted by the algorithm. We can thus
express the acceptance probability of the algorithm as an average over I; € S of

> Wat2|Uspr -0 -Uq--- O - Uy |I)|?
Id+2€]:
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Since there are NW elements in S, the overall acceptance probability of the algorithm is given by

f@) = Y a2l Ugpr-O-Uq---O - Uy L)

I eS
Id+2€]:

=57 > (L|U] -0 US-0- U}, 11as2) - (Iaso| Ugsr - O - Uq-- O - Ur | 1)

L eS
Id+2€]'-

=57 > Tr(U1|11><11|U1T-0---U§~0-U§+1\Id+2><1d+2|Ud+1-O-Ud----Ug-O)

L eS
Id+2€.7:

— e (U [ Sy ol o0l | S Hass) Uagal | Ugsn -0 Uz -0
I eS T4 o€F

We will further simplify this expression by introducing M x M matrices Vi, ..., Voq as follows. Let
Vi=YresUrlh) (1| Uf. For t € [2,d], let V; := U} Let Vgy = Yip0eF Ul Haso) (Taa| Ugir
and for ¢ € [d — 1], let Vgy14¢ := Ug_¢11. This allows us to express f(x) as

fl@)=OW)" - Tr(Vi-0-Vy-0--Vaq-0).

This gives us the desired expression. Finally we observe that ||V;||op < 1 for all ¢, and V; is (up to
multiplication by unitary matrices) equal to a diagonal matrix with at most |S| = NW non-zero
entries of value 1, hence ||Vi]|frob < VNW. O

% BQP algorithms.

Proof of Claim 2.14. Let F be the accepting pairs of initial and final states of a %BQP algorithm
and Uj,...,Ugq1 be unitary operators as in Definition 2.13 and Figure 2. For I, I;,1, we use
Fr, 1,,, to denote 1 when (I1,I4,1) € F and 0 otherwise. It is fairly straightforward to see that the
acceptance probability f(x) of the algorithm is given by

f@)=M" > Friu, [Tawe|Usr-O-Ug---O- Uy |
Il,IdJrQe[M]

=M™ > Fhi, (L|Uf-0---0 U}, |lay2) (Igg2|Uar - O+ O - Ur | 1)
11,1d+2€[M]

as desired. O

BQP algorithms.

Proof of Claim 2.10. Let Uy,...,Ugy1 be the M x M unitary matrices applied by the algorithm
and F' C [M] be the set of accepting final states as in Definition 2.9 and Figure 5. Let Il be the
M x M diagonal matrix whose i-th entry is 0 if ¢ ¢ F and 1 otherwise. Let I = |0...0). Observe
that the acceptance probability of the algorithm on input x is precisely

fl@)=(nuf-0---U}-0-Ul,, - lp-Ugey-0---0-Ui|L)

where O = O, ® I. Define matrices V; for i € [2d + 1] as follows. For i € [d], V; := U;, Vir =
U(Lrl g - Ugyr, and for i € [d], Vagia—; = U;. Observe that ||Villop < 1 for all i € [2d + 1],
furthermore,

flz) = (LVi-0---0 Vagyi|l) .
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This completes the proof. O

A.5 Fourier Coefficients of Quantum Algorithms
DQC; Algorithms.
Proof of Claim 4.1. From Claim 2.12, the acceptance probability f(z) of a d-query DQCj, algorithm
is given by f(z) where
f@) = (NW) ™ Tr ((0p @1) - Vi (0, @ T) - Vo)
=vw)t S [ Ml - @) (49)

Ii,...,J54€[M] t€[2d]

with the convention that Is4; = I1. We now replace x by p(x) in Equation (49) to obtain

flp@) = W)=t Y7 T (Villlen] - p(e)i,) (50)

Ii,..., Ing[M] tE[Qd]

Since the first N coordinates are unfixed and the rest are fixed,

(@) z, ifig <N
X)i, = ~ .
A P S

In particular,

H p(z)i, = H Piz | - H Ty
te(2d] te[2d] te(2d]
with i:>N with iy <N

Substituting this in Equation (50), we get

flp@)=mow)=t > T Wt | 1T e || II @ |- (51)

In,...,Izq€[M] te[2d) te(2d) te[2d)

with i;>N with 4, <N

To simplify this expression and get rid of the p;,, we will define a M x M diagonal matrix D? and
M x M unitary matrices V) for t € [2d] as follows. For I € [M], define D” to be a diagonal matrix
whose I-th diagonal entry is p; if i > N and 1 otherwise. Define V}’ = D? - V; for all t € [2d].
Observe this allows us to simplify Equation (51) and obtain

flp(z)) = (NW)~H Y I Wil ) - 11 =
I,....Joq€[M] \t€[2d] te(2d]
with i, <N
From here, we see that the only non-zero Fourier coefficients correspond to S C [N | and satisfy the
defining equation as in Claim 4.1. The bounds on the norms of V}” follow immediately from the

corresponding bounds on V; from Claim 2.12 and the fact that || D?|/op < 1. O
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% BQP Algorithms.

Proof of Claim 5.1. Recall from Claim 2.14 that the acceptance probability of a d-query %BQP
algorithm is given by f(x) where

fl@):=M" > Fr,, (I ul-0---0- U;H [a+2) (Tat2|Ugrr - OO - Uy |I) . (52)
I, 442€[M]

To simplify notation, for all ¢ € [d + 1], we define V; := UtT and Va4y3_¢+ = U;. Substituting this
in Equation (52), we get

flay=M="" Y Fpi, > [I viltelfa] |- 11 i, |- (53)
1,141 2€[M)] In,.... g1 €[M] te[2d+2] te[2d+2]\{1,d+2}
Id+3,“.,[2d+2€[M]

Substituting p(z) in place of x in Equation (53), we get

flo@) =M1 >" Frn., > T VilZel i)

It Ia2€[M) Iy, Jgp1 €[M]  \t€[2d+2]
Igy3,.., J2q42€[M]

(54)
H pPiy | - H Ty
te[2d+2]\{1,d+2} te[2d+2]\{1,d+2}
with i, >N with it <N

As in the proof of Claim 4.1, we will simplify this expression by defining D” to be a diagonal matrix
whose I-th diagonal entry is 1 if i < N and p; otherwise and let VI = Vi, VJ, = V42 and let
V= DF -V, for t #1,d + 2. This allows us to simplify Equation (54) as

flp@) =M1 > Fpo,, > T Vil Tei] - I =

I, 1411 €[M)] Io,..,I;€[M]  te[2d] te[2d]\{1,d+1}
Tayo,.Tqq2€[M] with i <N

From here, we see that only Fourier coefficients with S C [IN] are non-zero and are given by the
defining equation in Claim 5.1. The norm bounds on V}” follow immediately from the corresponding
bounds in Claim 2.14. This completes the proof. O

BQP Algorithms.

Proof of Claim 6.1. Let f(x) be the acceptance probability of a d-query BQP algorithm. We will
derive an expression for the Fourier coefficients of f. Let v = |0...0). Recall from Claim 2.10 that

f(a;) ZZUT'VI'O;r""/Qd'O;r'V2d+l‘U

(55)
= > ol | I Vil | vllaas) - | [T =4
Ila---7l2d+2 tE[2d+1] t€[2,2d+1}
for matrices Vi, ..., Vagy1 € CMXM with spectral norm at most 1 and v € CM with ||v||z < 1.
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Let p € {—1,1,+}" be any restriction such that the first N coordinates are free and the rest are
fixed. Define an M x M diagonal matrix D? exactly as in the proof of Claim 4.1, i.e., the i-th entry
if p; if i > N and 1 otherwise. Define V;” = DP-V; for t € [2,2d+ 1] and V¥ = V; for t € {1,2d 4 2}.
With this notation, from Equation (55), we have

flo@ = > ol | [ V]| -ollaas)- | J]
11,...,Igd+2 t€[2d+1] t€[2,2d+1}
it <N
From here, it is easy to see that the only non-zero Fourier coefficients of f|, correspond to S C [N]
and satisfy the defining equation in Claim 6.1. The norm bounds on V}’ follow immediately from

the corresponding bounds on V; from Claim 2.10. O
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