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Abstract

Quantum computing promises exponential speedups for certain problems, yet fully universal
quantum computers remain out of reach and near-term devices are inherently noisy. Motivated
by this, we study noisy quantum algorithms and the landscape between BQP and BPP. We
build on a powerful technique to differentiate quantum and classical algorithms called the level-
` Fourier growth (the sum of absolute values of Fourier coefficients of sets of size `) and show
that it can also be used to differentiate quantum algorithms based on the types of resources
used. We show that noise acting on a quantum algorithm dampens its Fourier growth in ways
intricately linked to the type of noise.

Concretely, we study noisy models of quantum computation where highly mixed states are
prevalent, namely: DQCk algorithms, where k qubits are clean and the rest are maximally
mixed, and 1

2BQP algorithms, where the initial state is maximally mixed, but the algorithm is
given knowledge of the initial state at the end of the computation. We establish upper bounds
on the Fourier growth of DQCk, 1

2BQP and BQP algorithms and leverage the differences between
these bounds to derive oracle separations between these models. In particular, we show that
2-Forrelation and 3-Forrelation require NΩ(1) queries in the DQC1 and 1

2BQP models
respectively. Our results are proved using a new matrix decomposition lemma that might be of
independent interest.
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1 Introduction

Quantum computing promises to solve certain problems exponentially faster than classical com-
puters, as evidenced by numerous query complexity separations or oracle separations [DJ92, BV97,
Sim97, Aar10, AA15]. Yet, we haven’t been able to harness this, as we are far from being able to
build fully universal quantum computers. While BQP algorithms generally assume noiseless com-
putation, noise is arguably the most significant issue faced by near-term quantum computers and
all current quantum devices are inherently noisy. To better understand what quantum resources are
truly responsible for quantum advantage, researchers have proposed numerous intermediate models
of quantum computing like IQP,DQC1,NISQ and Boson Sampling [SB08, KL98, CCHL23, AA11,
ABKM17]. These models isolate specific quantum features – such as having a few clean qubits or
limited adaptivity – and allow us to probe the quantum landscape below BQP. Although these
models likely do not capture the full power of quantum computing, their precise relationship to
BQP and to each other remains poorly understood. This raises a natural question:

What does the landscape of quantum computation below BQP look like?

In our work, we study this question from a Fourier analytic perspective. In particular, we study
the level-` Fourier growth of the acceptance probability of algorithms (Definition 1.2). This is a
measure of how well-spread the Fourier coefficients are. In our work, we show that Fourier growth
is not just a tool for distinguishing quantum and classical models; it is a fine-grained tool capable
of differentiating quantum models based on the kinds of quantum resources they utilize. We focus
on noisy quantum algorithms and demonstrate that noise dampens the Fourier growth in ways that
are intricately linked to the type of noise present.

In particular, we study noisy models like DQCk, where k qubits are clean and the rest are
maximally mixed [KL98, MFF14], and 1

2BQP, where the initial state is maximally mixed, i.e., a
uniformly random computational basis state, but the algorithm is given knowledge of this initial
state at the end of the computation [ABKM17, JM24]. We prove Fourier growth bounds on
the acceptance probability of DQCk,

1
2BQP and BQP algorithms (Theorems 1.5 to 1.7) and use

the differences in these bounds to derive oracle separations between these models. In particular, we
show that 2-Forrelation and 3-Forrelation, which can be solved with two queries in the 1

2BQP

and BQP models respectively, require NΩ(1) queries in the DQC1 and 1
2BQP models respectively

(Corollaries 1.9 and 1.10), resolving two conjectures from [JM24] and establishing the first oracle
separation between 1

2BQP and DQCk, as well as a new oracle separation between BQP and 1
2BQP.

We believe that the noise-induced dampening of Fourier growth is a more general phenomenon,
and that the techniques developed here could shed light on other noisy models such as NISQ. Our
results are proved using a new matrix decomposition lemma that encodes information about indices
in a matrix product that might be of independent interest.

1.1 The Space Below BQP

The landscape of computational models between BQP and BPP is vast and intricate. There are
numerous intermediate models of quantum computation like IQP,DQC1,NISQ and Boson Sampling
[SB08, KL98, CCHL23, AA11] with constraints on the quantum resources. The study of such
intermediate models serves two key purposes: (1) to systematically delineate the boundary between
classical and quantum algorithms and pinpoint the minimal resources for quantum speedups, and
(2) to model the physical constraints of near-term quantum devices and reason about them.

One important issue that affects near-term quantum computers is noise. Unlike classical sys-
tems, quantum computers are highly susceptible to various types of errors due to decoherence,
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Figure 1: A d-query DQCk algorithm. The initial state on the first n+w qubits is maximally mixed.

imperfect gates, and environmental interactions. This prompts a natural question – how much
noise can quantum algorithms tolerate? How does noise change the quantum computational com-
plexity landscape? This is challenging to answer in general, as there are many different kinds of
noise that affect quantum algorithms. One way to simplify this challenge is to consider models that
have an extreme amount of noise. In this endeavor, researchers have proposed highly noisy models
of quantum computation like DQCk and 1

2BQP [KL98, MFF14, JM24] where all the noise is pushed
onto the initial state – the qubits start maximally or nearly maximally mixed, while the gates are
noiseless. These models provide a framework for understanding the minimal number of clean qubits
required to achieve quantum speedups. We describe these models below.

DQCk Drawing inspiration from the NMR approach to quantum computing where mixed states
are ubiquitous, Knill and Laflamme [KL98] introduced the one-clean qubit or DQC1 model as
an idealized version of a noisy quantum computer. In this model, one qubit is clean (noiseless)
and the rest are maximally noisy, and the algorithm can apply (noiseless) unitary gates on these
qubits and measure at the end. This model was later generalized to DQCk to allow k clean
qubits [MFF14, FKM+15]. This model does not seem to be universal for quantum computing
since all qubits except a few are maximally noisy and many oracle problems like Simon’s prob-
lem and order finding are not believed to be solvable in this model. Despite this, DQC1 can solve
problems that are believed to be classically hard, like estimating the trace and Pauli coefficients of
a unitary matrix described by a quantum circuit [KL98, DFC05], Jones polynomials [SJ08], par-
tition functions [CSS21]. Under complexity theoretic assumptions, this model is not classically
simulable [MFF14, FKM+18, Mor17]. There are exponential oracle separations between DQC1

and BPP [She10]. The communication version of the one clean qubit model provides exponential
speedups over classical randomized communication [AGL23]. The fact that quantum speedups per-
sist even under such extreme noise makes DQC1 a particularly intriguing model for further study –
it challenges our understanding of what minimal quantum resources are required for speedups.

1
2BQP. The 1

2BQP model was originally defined by [ABKM17] to capture the power of permuta-
tional computations on special input states. This model was revisited by [JM24] in the context of
delineating the boundary between BQP and DQC1. In this model, the initial state is maximally
mixed, i.e., a uniformly random computational basis state, but the algorithm learns this state at the
end of the computation and decides whether to accept or reject. One can equivalently define this
model as a quantum algorithm acting on one half of a maximally entangled EPR state and in the
end, we measure both halves and do classical postprocessing on the measurement outcomes. This
model is not believed to be universal for quantum computing as it allows a significant amount of
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Figure 2: A d-query 1
2BQP algorithm. The initial state on the first n + w qubits can be thought

of as maximally mixed, or as the pure state 2−(n+w)/2
∑

I∈{0,1}n+w |I〉; the resulting circuits are
equivalent.

noise, yet, this model encapsulates many known quantum speedups. It can solve the factoring prob-
lem and numerous oracle-based problems including Simon’s problem, Deutsch-Jozsa, order finding,
and the Forrelation problem and can simulate DQCk for any small k as well as IQP [JM24]. It
appears to be the weakest quantum model that is unlikely to be universal and yet captures most
known BQP speedups despite operating on maximally mixed states.

A powerful and natural framework to study the differences between DQCk,
1
2BQP and BQP is

query complexity. In this setting, there is a boolean function f : {−1, 1}N → {−1, 1} and the goal
is to compute f(x) for x ∈ {−1, 1}N while minimizing the number of queries to the oracle Ox.
This model strips away implementation details and captures the essence of what makes different
computational models powerful. The aforementioned quantum models can be formalized using this
framework and are depicted in Figures 1 and 2. (See Definitions 2.9 and 2.11 for more details.)
Query complexity has long been one of the most fruitful arenas for understanding the differences
between quantum and classical computation and gives us strong evidence for quantum advantage,
including provable exponential oracle separations between BQP and BPP. Over the years, the field
has also developed an impressive arsenal of lower-bound techniques for both quantum and classical
algorithms. While these techniques are powerful for distinguishing quantum from classical, they
are not designed to distinguish between quantum algorithms. Indeed, many of these methods –
including the polynomial method – apply uniformly to all bounded low-degree polynomials and
cannot capture the subtle differences between DQC1,

1
2BQP and BQP. This motivates the search

for more fine-grained analytic techniques.
The central contribution of this paper is to show that a Fourier analytic concept known as Fourier

growth provides exactly such a tool. While Fourier growth was historically used to distinguish
between quantum and classical algorithms, we demonstrate that it can also serve as a lens to
separate quantum models from each other. We show that noise dampens the Fourier growth of
quantum algorithms in ways that are intricately tied to the noise patterns. We now introduce
Fourier growth, provide its historical context and describe its importance.

1.2 Fourier Growth

Fourier growth has emerged as a central concept that allows us to distinguish quantum and
classical algorithms. To formally define Fourier growth, recall that every boolean function f :
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{−1, 1}N → R can be uniquely represented as a multi-linear polynomial

f(x) =
∑
S⊆[N ]

f̂(S) ·
∏
i∈S

xi

where f̂(S) are called the Fourier coefficients of f .

Definition 1.1 (Signed Fourier Growth). For level ` ∈ N, and signs αS ∈ [−1, 1] for S ⊆ [N ] with
|S| = `, define the α-signed level-` Fourier growth of f , denoted by Lα1,`(f) as

Lα1,`(f) :=
∑
S⊆[N ]
|S|=`

αS · f̂(S),

Definition 1.2 (Fourier Growth). For level ` ∈ N, the level-` Fourier growth of f , denoted by
L1,`(f), is the `1-norm of the level-` Fourier coefficients of f ,

L1,`(f) :=
∑
S⊆[N ]
|S|=`

∣∣∣f̂(S)
∣∣∣ = max

α∈[−1,1](
N
` )
Lα1,`(f).

Fourier growth bounds have been extensively studied and established for various classical mod-
els1, including small-width DNFs/CNFs [Man95], AC0 circuits [Tal17], low-depth decision trees [Tal20,
SSW23], low-degree GF(2) polynomials [CHLT19], low-depth parity decision trees [GTW21], low-
degree bounded polynomials [IRR+21], and more. Upper bounds on the Fourier growth, even
for the first few levels, give rise to quantum versus classical separations. Intuitively, while both
quantum and classical algorithms of small query complexity can be represented by low-degree poly-
nomials, the polynomials associated with quantum algorithms are a lot “denser” compared to their
classical analogues, and this density is captured by Fourier growth. In particular, it was shown
by [Tal20, SSW23] that for d-query classical algorithms, L1,`(f) is at most Õ`(d`/2); on the other
hand, for d-query quantum algorithms, L1,`(f) is at most O`(d`) ·N (`−1)/2 [IRR+21] and this can be
tight for certain algorithms. A key problem that exploits this difference in the Fourier growth is the
Forrelation problem. This was originally introduced by Aaronson and Ambainis [Aar10, AA15] to
show an oracle separation between BQP and BPP and was subsequently used by Raz and Tal [RT22]
in their breakthrough oracle separation of BQP and PH. Building on this, [BS21] generalized this
to the k-Forrelation problem and used it to show optimal separations between BQP and BPP. We
describe this problem below.

Definition 1.3 (k-Forrelation function). Let N = 2n. For x(1), . . . , x(k) ∈ {−1, 1}N , define

forr(k)(x(1), . . . , x(k)) := 〈v|HN ·Ox(1) ·HN ·Ox(2) · · · · · ·HN ·Ox(k) ·HN |v〉

where HN is the N ×N unitary Hadamard matrix as in Definition 2.1 and |v〉 = |0 . . . 0〉.

Definition 1.4 (k-Forrelation problem with parameter ε = Θ(1/ logkN)). Given input x ∈
{−1, 1}kN , return −1 if forr(k)(x) ≥ 2ε and 1 if forr(k)(x) ≤ ε.

1By Fourier growth of a model, we refer to the Fourier growth of the acceptance probability of an algorithm in
this model.
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Fourier Growth of
d-query algorithms

` = 1 ` = 2 ` = 3

BQP d Õ(d
√
N) Õ(dN)

[IRR+21], Theorem 1.7
1
2BQP O(d) Õ(d

√
N) O(d7

√
N)

Theorem 1.6

DQC1 O(d) O(d3) Õ(d3
√
N)

Theorem 1.5

BPP [Tal20, SSW23] O(
√
d) O(d

√
logN) O(

√
d3 logN)

Table 1: Upper Bounds on the Fourier growth of the acceptance probability of various d-query
algorithms.

Quantum algorithms in the BQP model can solve k-Forrelation using dk/2e quantum queries.
Furthermore, the results of [RT22, CHLT19, RT22, BS21] imply that any family of algorithms solving
k-Forrelation must have large Fourier growth at levels k, 2k, . . . , k(k − 1) (see Theorem 2.4
and Theorem 2.6 for a precise statement). These results effectively reduce the task of proving lower
bounds for the Forrelation problem to the task of establishing Fourier growth bounds. In particular,
2-Forrelation involves level-2 bounds and 3-Forrelation involves level-3 and level-6 bounds.
Since classical algorithms have small Fourier growth at all levels, it follows from the aforementioned
works that they cannot solve the Forrelation problem.

1.3 Our Results

In our work, we go beyond the idea of using Fourier growth to distinguish between quantum and
classical algorithms. We show that although Fourier growth can be large for quantum algorithms,
just how large it can be depends on the kind of quantum resources used and the types of noise
present. In particular, we establish Fourier growth bounds for DQCk,

1
2BQP and BQP algorithms.

The bounds we obtain for ` = 1, 2, 3 are summarized in Table 1 and depicted in Figure 3.

DQCk algorithms.

Theorem 1.5. Let f(x) be the acceptance probability of a d-query DQCk algorithm and ρ ∈
{−1, 1, ∗}N be any restriction. Then, for all ` ≥ 2, we have

L1,`(f |ρ) ≤ c` · d3 ·
√
K ·N (`−2)/2 · log`−2(N) ·

√
`!

for some constant c > 0 where K = 2k.

We prove the ` = 2 version of this in Section 4 and higher levels in Section 6 and show that
the dependence on k and N are individually optimal in Section 4.1. Here, the dependence on N
is particularly interesting. As we will see in Theorem 1.7, the Fourier growth of DQC1 algorithms
falls short of the growth of general BQP algorithms by a factor of

√
N at each level.

1
2BQP algorithms. For the 1

2BQP model, we are unable to prove L1,3 and L1,6 bounds. Currently,
we do not have any upper bounds on L1,3, L1,6 that are stronger than the ones for general BQP
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algorithms. Nevertheless, for our applications to Forrelation lower bounds, it turns out that we only
need to deal with a certain family of signs, which we are able to do 1.

Theorem 1.6. Let f(x) be the acceptance probability of a d-query 1
2BQP algorithm and ρ ∈

{−1, 1, ∗}3N be any restriction. Let γ, γ′ ∈ [−1, 1]3N and α(γ) ∈ [−1, 1](
3N
3 ), β(γ, γ′) ∈ [−1, 1](

3N
6 )

be signs as in Definition 2.5. Then,

L
α(γ)
1,3 (f |ρ) ≤ O(d7) ·

√
N,

L
β(γ,γ′)
1,6 (f |ρ) ≤ O(d10) ·

√
N3.

We prove the level-3 version in Section 5 and the higher levels in Section 6.1. We are unaware
if this bound is tight, or if one can derive a similar bound for all families of signs (see Section 1.7)2.

BQP algorithms.

Theorem 1.7. Let f(x) be the acceptance probability of a d-query BQP algorithm and ρ ∈ {−1, 1, ∗}N
be any restriction. Then,

L1,`(f |ρ) ≤ c` · d ·N (`−1)/2 · log`−1(N) ·
√
`!

We prove this in Section 6. The dependence on N is tight due to the k-Forrelation problem.
The best-known bound prior to this work is an upper bound of d` ·exp

((
`+1

2

))
·N (`−1)/2 for bounded

degree-d polynomials due to [IRR+21]. We see in this expression that the dependence on d, ` is of
the form d` · exp

(
`2/2

)
, which is quite large for ` '

√
d, in contrast to our dependence, which is

at most d ·
√
`!. In particular, in the regime where d ≥ Ω(

√
log(N)) and ` is constant, our bound

is an improvement. We are not aware if this dependence is tight and leave this for future work
(see Section 1.7).

We remark that variants of Theorem 1.5 and Theorem 1.7 hold even with classical pre-processing.
The proof of this is quite simple and similar to ideas in [GSTW24] and is deferred to Appendix A.3.

Comparison to Prior Works. While Fourier growth has been extensively studied for classical
algorithms, we are aware of only a few works that explicitly study the Fourier growth of quantum
algorithms [AG23, GSTW24, IRR+21]. Among these, [IRR+21] and [GSTW24] are closely related
to our work. As mentioned before, [IRR+21] establishes bounds on the Fourier growth of BQP
algorithms that is slightly weaker than ours; furthermore, their bounds apply to all bounded low-
degree polynomials and consequently cannot be used to distinguish between BQP, 1

2BQP and DQC1.
The work of [GSTW24] is especially closely related to our work. They study quantum algo-

rithms with k rounds of parallel queries and show that reducing the number of rounds even by
one can cause a large blowup in the quantum query complexity. They achieve this by showing
Fourier growth bounds for k-round quantum algorithms and leveraging the differences between the
bounds for different k. Our work shares some conceptual similarities with their work, particularly in

1 We observe that [BS21] show that to establish lower bounds for 3-Forrelation, one only needs to prove
signed-Fourier growth bounds for a particular family of signs. (See Definition 2.5 and Theorem 2.6 for more details.)
When we refer to the Fourier growth of 1

2
BQP algorithms, we typically mean signed-Fourier growth for signs as

in Theorem 2.6 and Definition 2.5.
2We remark for this family of signs, BQP algorithms can already achieve a significantly larger Fourier growth.

In particular, consider the acceptance probability f(x) of the two-query BQP algorithm that solves 3-Forrelation.
For γ = (1, . . . , 1), one can show that Lα(γ)

1,3 (f) = Ω(N).
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Fourier
growth
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DQC1 [This Work]
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2BQP [This Work]

4

poly logN

Figure 3: Fourier growth of acceptance probability of algorithms with d = poly logN queries.

leveraging Fourier growth bounds to distinguish between quantum models, and also in using similar
techniques for storing information about parities within matrix products. However, the models of
quantum computation we consider are completely different. In [GSTW24], the number of rounds
is constrained, while the number of clean qubits is unlimited and the initial state is the all-zeroes
state. In contrast, in our setting, the number of clean qubits is constrained and the initial state
is forced to be highly mixed, while the number of rounds is allowed to be large. These differing
constraints lead to fundamentally different behaviors. Consequently, our techniques diverge from
theirs and we require distinct ideas and develop new techniques.

It is worth emphasizing that the idea of using Fourier growth to distinguish between low-degree
polynomials arising from different types of algorithms traces back to the landmark oracle separation
of BQP and PH [RT22]. The core challenge in that setting was that both models admit low-degree
polynomial approximations, and Fourier growth was used precisely to tell these polynomials apart.

1.4 Applications

We study the complexity of the Forrelation problem and its variants in the DQCk and 1
2BQP

models. Combining our Fourier growth bound (Theorem 1.5) with the results of [RT22, CHLT19]
(see Theorem 2.4) and the upper bounds on 2-Forrelation from [Aar10, AA15], we immediately
obtain the following corollary.

Corollary 1.8. For any k ∈ N, the 2-Forrelation problem on 2k-bit inputs can be solved by a
DQCk algorithm with success probability at least 2/3 by making one quantum query, however, any
DQCk−t algorithm that makes d quantum queries has success probability at most 1

2 + Õ
(
d3
)
· 2−t/2.

In particular, any DQCk−t algorithm that succeeds with probability at least 2/3 must make at
least Ω̃(2t/6) queries. Setting k = logN , we obtain the following corollary.

Corollary 1.9. The 2-Forrelation problem on N -bit inputs, which can be solved with logN clean
qubits and one quantum query, requires Ω̃(N c/6) queries in the DQC(1−c) logN model for all constants
c < 1. In particular, any DQC1 algorithm for 2-Forrelation must make Ω̃(N1/6) queries.
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We remark that Corollary 1.9 holds even if the algorithm is allowed to make Ω̃(N c/6) classical
pre-processing queries in advance (using clean bits). We derive the following implications of Corol-
lary 1.9.

A Hierarchy Theorem for DQCk. In this work, we quantify the power that each additional
clean qubit gives to quantum algorithms. It is not too difficult to show that any DQCk algorithm
can be simulated by a DQCk−t algorithm without additional queries but with a loss of 2Θ(t) in the
advantage (Claim A.8). Corollary 1.8 shows that this is tight, up to a constant in the exponent.
This shows that the number of clean qubits in a quantum algorithm cannot be efficiently reduced,
even with a large amount of classical pre-processing on clean bits.

The First Oracle separation between 1
2BQP and DQC1. We give the first oracle separation

between 1
2BQP and DQC1, resolving a conjecture of [JM24]. In particular, Jacobs and Mehraban

showed that 2-Forrelation on N -bit inputs is solvable in the 1
2BQP model with two quantum

queries and conjectured that it requires NΩ(1) queries in the DQC1 model (see open question #1 on
page 8 [JM24]). Our work (Corollary 1.8) proves this conjecture.

A New Oracle separation between BQP and 1
2BQP. Jacobs and Mehraban conjectured (see

open question #5 on page 8 [JM24]) that 3-Forrelation is not in 1
2BQP and our work (Corol-

lary 1.10) resolves this. By combining our Fourier growth bound (Theorem 1.6) with the results
of [BS21] (Theorem 2.6), we immediately obtain the following corollary.

Corollary 1.10. The 3-Forrelation problem on 3N -bit inputs, which can be solved by a BQP
algorithm with two quantum queries, requires Ω̃(NΩ(1)) queries in the 1

2BQP model.

We remark that while Corollary 1.10 is not the first oracle separation between BQP and 1
2BQP,

there are some advantages to this new separation. The prior separation (in [JM24]) is as follows:
given any oracle O of length 2n separating BQP and BPP, we can embed it into a larger oracle
O′ of length 22n whose first diagonal block is O and all other diagonal entries are 1. It is not too
difficult to show that O′ separates BQP and models like 1

2BQP,DQC1,NISQ, and this was formalized
in [CCHL23, JM24]. The key intuition is that these intermediate models operate on highly mixed
states and therefore assign only a vanishingly small weight to the relevant part of O′, namely O itself.
Embeddings of the Forrelation problem can thus separate BQP and 1

2BQP, but such separations
are somewhat unsatisfactory since they do not establish the hardness of the original problem and
apply uniformly to all models like 1

2BQP,DQC1,NISQ. Our lower bound technique circumvents this
limitation by directly proving a lower bound for the original 3-Forrelation problem in the 1

2BQP
model.

1.5 Technical Highlight: Matrix Decomposition Lemma

The main recurring technique in our paper is the use of a matrix decomposition lemma (see
Lemma 3.1). This lemma offers a way to encode information about the indices involved in a
matrix product and arises naturally in the context of quantum algorithms, as it allows us to encode
information about the Fourier coefficients within a sequence of matrix products. We think it might
be of independent interest.

Firstly, we observe that the acceptance probability of quantum algorithms can be expressed as
a product of matrices with bounded operator norms. To give some intuition, fix i1, id+1 ∈ [N ].
Consider a sequence of unitary matrices U1, . . . , Ud and let U [i|j] denote the (i, j)th-entry of U .
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Consider a BQP algorithm that starts with the initial state |i1〉, evolves it according to the unitary
operators U1, . . . , Ud, interleaved with phase oracles Ox and finally measures the qubits and accepts
if the outcome is |id+1〉. The acceptance probability of this algorithm is given by |f(x)|2 where

f(x) := 〈i1|U1 ·Ox · U2 ·Ox · · ·Ox · Ud |id+1〉

=
∑
i2,...,id

∏
t∈[d]

Ut[it|it+1]

 ·
 ∏
t∈[d]\{1}

xit


More generally, by allowing the matrices U1, . . . , Ud to be arbitrary matrices with spectral norm at
most 1 and by adding workspace, we can produce a similar expression for f(x) which equals the
acceptance probability of an arbitrary bd/2c-query BQP algorithm (see Claim 2.8). There are other
expressions for capturing the acceptance probability of DQCk and 1

2BQP algorithms using matrix
products (see Claim 2.10 and Claim 2.12). Now that we have an expression for the acceptance
probability, we need to compute the Fourier coefficients. Observe that for all S ⊆ [N ],

f̂(S) =
∑
i2,...,id

∏
t∈[d]

Ut[it|it+1] · 1 [S = {i2} ⊕ . . .⊕ {id}] .

Our main idea is to try and encode information about the Fourier coefficients inside a product
of matrices with bounded norms. The hope is that since f(x) itself is a product of matrices with
bounded norms, so are its Fourier coefficients. To illuminate the main idea, say we wish to multiply
the matrices U1, . . . , Ud to get a matrix U where

U [i1|id+1] =
∑
i2,...,id

∏
t∈[d]

Ut[it|it+1]

but additionally, we wish to retain information about the symmetric difference of the intermediate
indices {i2}, . . . , {id} until the very end. More formally, we wish to design a matrix Ũ whose rows
are indexed by i1 and columns by id+1Sd+1 such that

Ũ [i1|id+1Sd+1] =
∑
i2,...,id

∏
t∈[d]

Ut[it|it+1] · 1 [Sd+1 = {i2} ⊕ . . .⊕ {id}] .

Here, the indicator function ensures that for each Sd+1, the corresponding entry of the final matrix
only involves contributions from indices that satisfy the parity condition with respect to Sd+1. The
reason we want to do this is clear; the entry Ũ [i1|id+1S] precisely equals the Fourier coefficient f̂(S).
Thus, by reading off the entries of matrix Ũ restricted to rows corresponding to i1 and columns
corresponding to id+1, we would obtain the list of all Fourier coefficients. The challenge lies in
constructing such a matrix Ũ with bounded norms and this is precisely achieved by Lemma 3.1.
It embeds the required combinatorial information about the indices within a matrix product while
maintaining control over the norms of Ũ . We also show an improved matrix decomposition lemma
(Lemma 3.2) that allows slightly more complex predicates of the indices being summed over – in
particular, we allow the imposition of inequality constraints over indices being summed over.

We remark that [GSTW24] implicitly proves another matrix decomposition lemma with a few
key differences – their bounds are for algorithms with a small fixed number of rounds but can handle
parallel queries, and they only require bounds on the spectral norms of the underlying matrices. In
our work, to handle DQCk and 1

2BQP algorithms that can have a large number of rounds, we need
a different kind of matrix decomposition and crucially, we require bounds on the Frobenius norms
of the matrices in the decomposition, as well as the ability to impose inequality constraints over
indices being summed over. This part is fundamentally new and requires additional work to prove.
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|0〉 H • • • • • • H output

Figure 4: A simple example of a d-query DQC1 algorithm. The initial state on the first n qubits is
maximally mixed.

1.6 Proof Sketch

In general, proving Fourier growth bounds is quite challenging and technically involved. A major
challenge arises from the need to incorporate the signs αS ∈ [−1, 1] into the matrix product given by
the matrix decomposition lemma, and also from the need to sum over all sets S of size `. Introducing
the signs in a naive fashion often blows up the operator norms of the underlying matrices, making
it difficult to maintain control over the Fourier growth. The heart of our proof involves techniques
to incorporate these signs while keeping the operator norms bounded. This step turns out to be
especially challenging for 1

2BQP algorithms and we are unable to handle arbitrary signs αS . However,
we are able to successfully encode the signs that arise from the 3-Forrelation problem.

In this section, we present the simplest part of our proof: using the matrix decomposition
lemma (Lemma 3.1) to establish Fourier growth bounds for DQC1 algorithms. We will make some
simplifications: we only focus on level ` = 2; we will assume that there is no restriction ρ on the
inputs; and we will only consider algorithms with one clean qubit of a special form in Figure 4.
These simplifications are only for the proof sketch and still give enough intuition for the general
case.

Firstly, it is not too difficult to derive an expression for acceptance probability of the algorithm
in Figure 4. This is given by 1

2 + 1
2f(x) where

f(x) := 1
NTr (Ox · V1 ·Ox · V2 · · ·Ox · Vd)

=
1

N

∑
i1,...,id∈[N ]

∏
t∈[d]

Vt[it|it+1]

 ·
∏
t∈[d]

xit

 (1)

where V1 . . . , Vd are the N×N unitary matrices applied by the algorithm and we use the convention
that id+1 = i1. One can derive a similar expression for the acceptance probability of an arbitrary
DQCk algorithm (see Claim 2.10 for more details). Let us now compute the Fourier coefficients of
the acceptance probability, which equals (up to a factor of 1/2) the Fourier coefficients of f(x),
which are easy to read off of Equation (1). For any S ⊆ [N ], the S-th Fourier coefficient of f is
given by

f̂(S) =
1

N

∑
i1,...,id∈[N ]

∏
t∈[d]

Vt[it|it+1]

 · 1 [{i1} ⊕ . . .⊕ {id} = S] . (2)

The quantity we wish to bound is the level-2 Fourier growth of f , i.e., L1,2(f) = maxα L
α
1,2(f),

where
Lα1,2(f) ,

∑
|S|=2

αS · f̂(S) (3)

for signs αS ∈ [−1, 1] for S ⊆ [N ] of size 2. Fix any such signs α. Substituting the expression for
Fourier coefficients f̂(S) (Equation (2)) in the expression for Lα1,2(f) (Equation (3)), we see that
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our goal is to upper bound

Lα1,2(f) =
∑
|S|=2

αS ·
1

N

∑
i1,...,id∈[N ]

∏
t∈[d]

Vt[it|it+1]

 · 1 [{i1} ⊕ . . .⊕ {id} = S] . (4)

Decomposing Lα1,2 into a few terms. First, we will group the terms in Equation (4) into a few
terms. We will express L1,2(f)α as a sum over pairs (t1, t2) such that t1 6= t2 ∈ [d] of a quantity
∆α
t1,t2 . We describe this below.
Observe that for a term to contribute to Equation (4), the symmetric difference of i1, . . . , id

has size 2. In this case, there must exist a pair of indices t1 < t2 ∈ [d] such that it1 and it2
are distinct and the symmetric difference of the rest of the it is the empty set. More precisely, if
{i1} ⊕ . . .⊕ {id} = S for a set S of size 2, then

∃t1 < t2 ∈ [d] such that {it1 , it2} = S and ⊕t∈[d]\{t1,t2} {it} = ∅.

Conversely, any such t1, t2 ∈ [d] and i1, . . . , id satisfying the above equation defines a unique S =
{it1 , it2}. For any pair of indices t1 < t2 ∈ [d], let ∆α

t1,t2 be the contribution of the corresponding
terms to Lα1,2(f), i.e.,

∆α
t1,t2 :=

1

N

∑
it1 6=it2∈[N ]

α{it1 ,it2} ·
∑

it1+1,...,it2−1∈[N ]
it2+1,...,it1−1∈[N ]

∏
t∈[d]

Vt[it|it+1]

 · 1
 ⊕
t∈[d]\{t1,t2}

{it} = ∅

 . (5)

Ideally, we would like to say that Lα1,2(f) =
∑

t1<t2∈[d] ∆α
t1,t2 and to bound the latter quantity, we

observe that there are O(d2) choices of t1 < t2 ∈ [d] and for any such choice, we will show in the
second step that ∆α

t1,t2 ≤ 1, obtaining Lα1,2(f) ≤ O(d2) as desired. Unfortunately, it is not true that
Lα1,2(f) =

∑
t1<t2∈[d] ∆α

t1,t2 , as t1, t2 are not uniquely defined for a given set of indices i1, . . . , id.3

In order to address this, we take two different approaches for DQC1 and 1
2BQP algorithms. In the

former case, we let t1 denote the first time an element of S is seen, and let t2 denote the next time
an element of S is seen. As a result, we will have to modify the definition of ∆α

t1,t2 as follows.

∆α
t1,t2 :=

1

N

∑
it1 6=it2∈[N ]

α{it1 ,it2} ·
∑

it1+1,...,it2−1∈[N ]
it2+1,...,it1−1∈[N ]

∏
t∈[d]

Vt[it|it+1]

 · 1
 ⊕
t∈[d]\{t1,t2}

{it} = ∅


·
∏

t∈[1,t1)

1 [it 6= it1 ] ·
∏

t∈[1,t2)

1 [it 6= it2 ] .

For the 1
2BQP bound on the other hand, we take an alternate approach where we don’t uniquely

identify t1, t2, instead, we indeed sum over all ∆t1,t2 , each occurring with a coefficient that precisely
cancels out to give an expression for the Lα1,`(f). For the rest of the proof overview, we ignore these
subtleties and imagine for now that Lα1,2(f) =

∑
t1<t2∈[d] ∆α

t1,t2 for ∆α
t1,t2 as in Equation (5) and

proceed.
3We thank Francisco Escudero Gutierrez and Miquel Saucedo Cuesta for pointing this out.
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Showing that ∆α
t1,t2 ≤ 1. This is where we will use the matrix decomposition lemma (Lemma 3.1).

We will group the terms t ∈ [d] into circular intervals [t1, t2) and [t2, t1)4. We will apply the
matrix decomposition lemma on Vt1 , . . . , Vt2−1 to remember the symmetric difference of {it} for
t ∈ (t1, t2) and similarly on the matrices Vt2 , . . . , Vt1−1 to remember the symmetric difference of {it}
for t ∈ (t2, t1) and then enforce equality between these sets. More precisely, apply Lemma 3.1 (with
T = ∅) on the matrices V ρ

t1
, . . . , V ρ

t2−1 to obtain Ṽ[t1,t2) and to V ρ
t2
, . . . , V ρ

t1−1 backwards to obtain
Ṽ[t2,t1) such that for all it1 , it2 ∈ [N ], St2 ⊆ [N ],

Ṽ[t1,t2)[it1 |it2St2 ] =
∑

it∈[N ] for t∈(t1,t2)

 ∏
t∈[t1,t2)

Vt[it|it+1]

 · 1
 ⊕
t∈(t1,t2)

{it} = St2

 , (6)

Ṽ[t2,t1)[it1 |it2St2 ] =
∑

it∈[N ] for t∈(t2,t1)

 ∏
t∈[t2,t1)

Vt[it|it+1]

 · 1
 ⊕
t∈(t2,t1)

{it} = St2

 . (7)

Substituting Equations (6) and (7) in Equation (5), we see that

∆α
t1,t2 ,

1

N

∑
it1 6=it2∈[N ]

α{it1 ,it2}
∑

St2⊆[N ]

Ṽ[t1,t2)[it1 |it2St2 ] · Ṽ[t2,t1)[it1 |it2St2 ]

≤ 1

N

∑
it1 6=it2∈[N ]

∑
St2⊆[N ]

∣∣∣Ṽ[t1,t2)[it1 |it2St2 ]
∣∣∣ · ∣∣∣Ṽ[t2,t1)[it1 |it2St2 ]

∣∣∣ (since α{it1 ,it2} ∈ [−1, 1])

≤ 1

N
·
∥∥∥Ṽ[t1,t2)

∥∥∥
frob
·
∥∥∥Ṽ[t2,t1)

∥∥∥
frob

(Fact 2.3)

Firstly, observe that
max

(
‖Ṽ[t1,t2)‖frob, ‖Ṽ[t2,t1)‖frob

)
≤
√
N.

This is because both matrices have operator norm at most one and either have at most N rows or
N columns. This implies that ∆α

t1,t2 ≤ N
−1 ·N ≤ 1. This completes the proof sketch.

We now describe some of the additional ideas involved in generalizing this proof.

Generalizing to higher levels. We provide a general bootstrapping argument that proves higher
level Fourier growth bounds assuming bounds for lower levels. This is applicable to any restriction-
closed family of boolean functions and allows us to prove improved bounds on the Fourier growth
of BQP algorithms, as well as higher-level and level-6 bounds for DQCk and 1

2BQP algorithms
respectively.

1
2BQP algorithms. It is not too hard to show that the expression for the acceptance probability
of a d-query 1

2BQP algorithm is quite similar to Equation (1), except, there are 2d + 2 matrices
V1, . . . , V2d+2, and more importantly, there is an extra term of the form Fi1,id+1

∈ {0, 1} inside the
summation, which corresponds to the post-processing of the measurement outcomes of the initial
and final states. (See Equation (55) and Claim 2.12 for a formal expression.) This additional term

4We arrange 1, . . . , d in a clock-wise circle and define the intervals clock-wise. For instance, the interval [d− 2, 2]
refers to the set {d−2, d−1, d, 1, 2}. The intervals (t1, t2) and (t2, t1) are well-defined but would be empty if t2 = t1±1
modulo d. In each of these cases, it is understood that the summation over it1+1, . . . , it2−1 and it2+1, . . . , it1−1

respectively is to be ignored.
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Fi1,id+1
is challenging to incorporate while keeping the norms bounded. As a result, proving bounds

for 1
2BQP algorithms turns out to be more technically involved. We need to use an improved matrix

decomposition lemma (Lemma 3.6).
Furthermore, we are only able to prove level-3 and level-6 Fourier growth bounds for a particular

family of signs as in Definition 2.5. The reason why the signs α(γ) and β(γ) in Definition 2.5 are
easier to deal with than general signs, is that once we fix i2, α(γ)i1,i2,i3 becomes a product of three
terms, the first depending only on i1, the second on i3 and the third on γ in a product fashion.
Similarly, once we fix i2, i5, then β(γ)i1,...,i6 becomes a product of five terms, the first depending
only on i1, the second on i4, the third on i3, the fourth on i6, and the fifth on γ in a product fashion.
These kinds of signs that are products across the indices are much easier to handle than general
families of signs and often exhibit a Fourier growth that is much smaller than the Fourier growth
for arbitrary signs5. We then show that summing over the i2, or over the i2, i5 doesn’t blow up the
Fourier growth by much. (See Section 5 for more details.)

1.7 Outlook & Future Directions

Broadly, our results suggest that Fourier growth provides a powerful analytic lens to separate
models of quantum computation. Several natural next steps emerge in this direction and we highlight
some open questions in this section.

1. Fourier Growth of NISQ. Researchers have attempted to model NISQ (noisy intermediate
scale quantum) algorithms through the lens of query complexity, in the hopes of understanding
the computational power of near-term quantum devices [CCHL23, CHHK24]. There has been
recent interest in using 2-Forrelation to show quantum advantages in near-term experi-
ments [Geo25, Shu25] and this prompts the natural question, can we solve 2-Forrelation in
NISQ? If not, can we prove bounds on the Fourier growth of NISQ?

2. The Power of DQC1. Where does DQC1 fit within the landscape of classical complexity,
and in particular, is it contained in PH? The differences between the Fourier growth of DQC1

and PH are quite stark, but it is not clear how to leverage this into an oracle separation, as
existing approaches rely on the Forrelation problem, which is hard for DQC1. Developing new
techniques here would not only clarify the power of DQC1, but also expand the toolkit for
proving lower bounds on classical computation.

3. The Power of IQP. Another intriguing intermediate model is IQP, whose power derives from
its ability to perform Fourier sampling. How does this model compare to DQC1 and 1

2BQP?
Understanding the relationship between these models would help chart the intermediate land-
scape between BPP and BQP and reveal the relative power of various quantum capabilities
like Fourier sampling and trace estimation. It was shown by [JM24] that IQP can be simulated
by 1

2BQP and they conjectured that this containment is strict. Is 2-Forrelation solvable in
IQP 6 and if not, can we prove Fourier growth bounds?

4. Tight Bounds on the Fourier Growth of Quantum Algorithms. Finally, many of our
upper bounds on the Fourier growth are not known to be tight. Are the dependencies on d
and ` tight in Theorems 1.5 to 1.7? What is the Fourier growth of 1

2BQP with respect to
arbitrary families of signs? Tight bounds on Fourier growth could provide a precise handle for

5Indeed, for general bounded degree-d polynomials, the level-` Fourier growth with arbitrary signs can be as large
as NΩ(`), whereas for signs that are a product across the indices, the Fourier growth is at most dO(`) [IRR+21].

6This question has since been resolved affirmatively by [BC26].
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quantum computational power, and help map the landscape between classical, intermediate,
and fully quantum models.

1.8 Organization.

Section 2 consists of preliminaries, where we formally describe the various models of computation
and state the results we need from prior works on Forrelation. In Section 3, we describe and prove
some of the basic matrix decomposition lemmas (Lemmas 3.1 and 3.2). We prove our Fourier growth
bounds for DQCk in Section 4 (proof of Theorem 1.5), 1

2BQP in Section 5 (proof of Theorem 1.6)
and BQP in Section 6 (proof of Theorem 1.7).

2 Preliminaries & Notation

Restrictions. For a restriction ρ ∈ {−1, 1, ∗}N and a vector x ∈ {−1, 1}N , the i-th coordinate of
the restricted vector ρ(x) ∈ {−1, 1}N is ρi if ρi ∈ {−1, 1} and xi if ρi = ∗ for i ∈ [N ]. For a boolean
function f : {−1, 1}N → R, and a restriction ρ ∈ {−1, 1, ∗}N , we use f |ρ to denote the restricted
function which maps x to f(ρ(x)) for x ∈ {−1, 1}N .

Sets. For x ∈ RN and S ⊆ [N ], we use χS(x) or xS to denote
∏
i∈S xi. For indices i1, . . . , ik ∈ [N ],

we use {i1}⊕ . . .⊕{ik} to denote the symmetric difference ⊕t∈[k]{it} and similarly S1⊕S2 denotes
the symmetric difference of the sets S1 and S2.

We will often use uppercase letters to denote 2 to the power of lowercase letters, in particular,
N = 2n,W = 2w,K = 2k and M = 2m.

Circular Intervals. For i, j ∈ [n], we use [i, j] to denote the clockwise sequence of points from i
to j when 1, . . . , n are arranged clock-wise in a circle. For example, [n, 2] = {n, 1, 2} and [1, 3] =
{1, 2, 3}. We use (, ] and [, ) and (, ) to denote half-open or open intervals.

Vectors and Inner Products. We identify the space {0, 1}n with [N ] under the natural cor-
respondence (a1, . . . , an) → 1 +

∑
i ai2

i−1. We also identify {0, 1}n with {−1, 1}n under the cor-
respondence that maps 0 to 1 and 1 to −1. For u, v ∈ [N ], we use 〈u, v〉2 :=

∑
i∈[n] uivi mod 2

to denote the inner product over F2 under the aforementioned correspondence. For u ∈ CN and
U ∈ CN×N , we use u†, U † to denote the conjugate-transpose. For complex vectors u, v ∈ CN , we
use 〈u | v〉, v†u, and 〈u, v〉 to denote

∑
i uivi, the complex inner product.

Matrices. We use I to denote the identity matrix, where the dimensions are clear from context.
We will often encounter matrices whose rows and columns are indexed by (i, w) for i ∈ [N ], w ∈ [W ],
or by (i, w, k) for i ∈ [N ], w ∈ [W ], k ∈ [K]. For ease of notation, we use I as a shorthand for (i, w)
or (i, w, k), where the distinction will be clear from the context. For It, It+1 ∈ [M ], we use either
Ut[It|It+1] or Ut[It, It+1] to denote the (It, It+1)-the entry of Ut. For matrices U1, . . . , Ud, we use
U[t1,t2] to denote the product

∏
t∈[t1,t2] Ut = Ut1 · · ·Ut2 of the matrices in the circular interval [t1, t2]

in clockwise order. We define U[t1,t2), U(t1,t2], U(t1,t2) analogously.

Definition 2.1 (Hadamard Matrix). For N = 2n, the Hadamard matrix HN is defined to be

HN =
1√
N

[
1 1
1 −1

]⊗n
.
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Matrix Norms & Inequalities. Let ‖·‖op and ‖·‖frob denote the spectral and Frobenius norm, or
equivalently, the Schatten-∞ and Schatten-2 norms. The following basic fact follows from Holder’s
Inequality for Schatten norms.

Fact 2.2. Let A,B,C be rectangular matrices with A = BC. Then,

‖A‖frob ≤ min(‖B‖op · ‖C‖frob, ‖B‖frob · ‖C‖op)

Proof. ‖A‖2frob , Tr
(
AA†

)
= Tr(BC ·C†B†) = Tr(B†B·CC†) ≤ ‖C‖2op·Tr(B†B·I) = ‖C‖2op·‖B‖2frob.

Applying the same argument on A† gives the other inequality.

The Cauchy-Schwarz inequality implies the following fact.

Fact 2.3. For rectangular matrices A,B, and any subset T of indices, we have∑
(i,j)∈T

|A[i|j]| · |B[i|j]| ≤ ‖A‖frob · ‖B‖frob.

2.1 Fourier Growth

Recall the definition of the Fourier growth as in Definition 1.1 and Definition 1.2. For a family
of functions F , we use L1,`(F) to denote maxf∈F L1,`(f).

Lower Bounds for Forrelation from Fourier Growth. The results of [RT22, CHLT19] imply
that to show lower bounds on the 2-Forrelation problem, it suffices to prove Fourier growth
bounds for level 2.

Theorem 2.4 ([RT22, CHLT19]). Let F be any family of 2N -variate boolean functions closed under
restrictions. Then, the maximum advantage with which F solves 2-Forrelation is at most

O

(
L1,2(F)√

N

)
.

The results of [BS21] imply that to show lower bounds on the 3-Forrelation problem, it
suffices to prove signed-Fourier growth bounds for level 3 and 6, for the following family of signs.

Definition 2.5. Partition [3N ] into A := [N ], B := (N, 2N ], C := (2N, 3N ] and fix any ordering
< of the elements in A,B,C. There is a natural correspondence B ↔ [N ] given by b ↔ b − N
for all b ∈ B and a similar correspondence C ↔ [N ] given by c ↔ c − 2N for all c ∈ C. Let
γ ∈ [−1, 1]3N , γ′ ∈ [−1, 1]3N . Define α(γ) ∈ [−1, 1](

3N
3 ) and β(γ, γ′) ∈ [−1, 1](

3N
6 ) as follows. Let

H ∈ {−1, 1}N×N be the matrix whose (i, j)-th entry is (−1)〈i,j〉2 = sign(HN [i|j]) for i, j ∈ [N ]. For
i1, i2, i3 ∈ [3N ], let

α(γ)i1,i2,i3 :=

{
H(i2, i1) ·H(i2, i3) ·

(∏
t∈[3] γit

)
if i1 ∈ A, i2 ∈ B, i3 ∈ C

0 otherwise.

For i1, . . . , i6 ∈ [3N ], let

β(γ, γ′)i1,...,i6 :=

{
α(γ)i1,i2,i3 · α(γ′)i4,i5,i6 if i1 < i4 ∈ A, i2 < i5 ∈ B, i3 < i6 ∈ C
0 otherwise.
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The following theorem is implicit in [BS21].7

Theorem 2.6 (Implicit in [BS21]). Let F be any family of 3N -variate boolean functions that is
closed under restrictions. Let γ, γ′ ∈ [−1, 1]3N and α(γ) ∈ [−1, 1](

3N
3 ), β(γ, γ′) ∈ [−1, 1](

3N
6 ) be as

in Definition 2.5. Then, the maximum advantage with which F solves 3-Forrelation is at most

max
γ,γ′∈[−1,1]3N

O

(
L
α(γ)
1,3 (F)

N
+
L
β(γ,γ′)
1,6 (F)

N2

)
.

2.2 Quantum Query Complexity

In the setting of quantum query complexity, the input is accessed by an oracle. This oracle is
typically an operator Õx for x ∈ {0, 1}N which maps |b〉 |i〉 → |b⊕ xi〉 |i〉 for b ∈ {0, 1}, i ∈ [N ]. One
can alternatively define an oracle Ox for x ∈ {−1, 1}N which maps |b〉 |i〉 to itself if b = 0 and to
|b〉 |i〉xi if b = 1 and i ∈ [N ]. It is not too difficult to show that these two definitions are equivalent,
up to a Hadamard gate on the first qubit. We will work with the oracle Ox and later introduce
some additional simplifications.

The most general model of a quantum query algorithm is the BQP model defined below. For the
following definition, we interpret n as the number of qubits on which the oracle acts and w as the
number of qubits of extra workspace. As mentioned before, we use I to denote the identity matrix,
where the dimension is implicit.

Definition 2.7 (BQP Algorithm with d Queries). Let n,w ∈ N, N = 2n,W = 2w and M = NW .
A BQP algorithm acts on n + w qubits initialized to |0, . . . , 0〉. Let U0, U1, . . . , Ud ∈ CM×M be
M ×M unitary matrices. The algorithm applies the unitary operators U0, . . . , Ud interleaved with
the oracle Ox ⊗ I and measures all the qubits at the end to obtain an outcome Id+1. The algorithm
accepts iff Id+1 ∈ F where F ⊆ [M ] is a subset. (See Figure 5 for a depiction.)

The following claim expresses the acceptance probability of a d-query BQP algorithm and is not
too difficult to prove.

Claim 2.8. The acceptance probability of a d-query BQP algorithm can be expressed as

f(x) := 〈v|O · V1 · · ·V2d−1 ·O|v〉

where O = Ox ⊗ I, V1, . . . , V2d−1 ∈ CM×M are matrices with ‖Vt‖op ≤ 1 for all t ∈ [2d − 1] and
v ∈ CM is a unit vector.

In the following sections, we will define DQCk and 1
2BQP algorithms.

2.3 DQCk algorithms

We interpret n as the number of qubits on which the oracle acts, k as the number of clean qubits,
and w as the number of qubits of extra workspace.

7In particular, see equation (5.7) and the equation above in [BS21] for the level-3 contribution and equation (5.13)
and the preceding paragraph for the level-6 contribution.

18



|0〉

U0

Ox

U1

Ox · · · · · ·

Ud−1

Ox

Ud
|0〉

· · · · · ·

n

|0〉

|0〉

w

Figure 5: A d-query BQP algorithm.

Definition 2.9 (DQCk Algorithm with d Queries). Let n,w, k ∈ N and N = 2n,W = 2w,K = 2k

and M = NWK. A DQCk algorithm acts on k clean qubits initialized to the |0 . . . 0〉 state and n+w
maximally noisy qubits which consist of n qubits on which the oracle acts and w qubits of workspace.
Let U1, . . . , Ud+1 ∈ CM×M be M × M unitary matrices. Let S = [NW ] × {1} be the set of all
possible starting basis states of the algorithm and F ⊆ [NWK] be the subset of final basis states
that is accepted by the algorithm. The algorithm starts with a uniformly random basis state sampled
from S, applies the unitary operators U1, . . . , Ud+1, interleaved with the oracle Ox ⊗ I, measures all
the qubits at the end and accepts if the outcome is in F . (See Figure 1 for a depiction.)

Remark. In our model, the oracles are not allowed to directly act on the clean qubits, nevertheless,
we can effectively implement this type of operation by swapping the clean qubits with the noisy
qubits, applying the oracle on those noisy qubits and swapping them back with the clean qubits.
While this transformation does require the use of k extra (potentially noisy) qubits to do the swap
operation, our formalism has the advantage that we can talk about oracle separations where k, the
number of clean qubits is significantly smaller than n, where the length of the input is 2n. This is
important, since when k � n, many problems become solvable with a few quantum queries with
O(k) clean qubits.

We will now provide an expression for the acceptance probability of a DQCk algorithm, which we
will prove in the appendix (Appendix A.5). As mentioned before, estimating the trace of a unitary
matrix described by a quantum circuit is known to be complete for the class DQC1 [KL98] and a
similar statement is true in query complexity as well.

Claim 2.10. The acceptance probability of a d-query DQCk algorithm can be expressed as

f(x) = (NW )−1 · Tr (O · V1 · · ·O · V2d)

where O = Ox ⊗ I, V1, . . . , V2d ∈ CM×M satisfy ‖Vt‖op ≤ 1 for t ∈ [2d], furthermore, ‖V1‖frob ≤√
NW .

2.4 1
2
BQP algorithms

We interpret n as the number of qubits on which the oracle acts and w as the number of qubits
of extra workspace.

Definition 2.11 (1
2BQP Algorithm with d Queries). Let n,w ∈ N, N = 2n,W = 2w andM = NW .

A 1
2BQP algorithm acts on n + w qubits initialized to |I1〉 for a uniformly random I1 ∼ [M ]. The

algorithm does not have knowledge of I1. Let U1, . . . , Ud+1 ∈ CM×M be M ×M unitary matrices.
The algorithm applies the unitary operators U1, . . . , Ud+1 interleaved with the oracle Ox ⊗ I and
measures all the qubits at the end to obtain an outcome Id+2. Finally, the algorithm then learns
I1. The algorithm accepts iff (I1, Id+2) ∈ F where F ⊆ [M ] × [M ] is a subset. (See Figure 2 for a
depiction.)
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We provide an expression for the acceptance probability of a d-query 1
2BQP algorithm, which is

proved in Appendix A.5.

Claim 2.12. The acceptance probability of a d-query 1
2BQP algorithm can be expressed as

f(x) := M−1
∑

I1,Id+2∈[M ]

FI1,Id+2
· 〈I1|U †1 ·O · · ·O · U

†
d+1 |Id+2〉 〈Id+2|Ud+1 ·O · · ·O · U1 |I1〉

where O = Ox ⊗ I, and U1, . . . , Ud+1 ∈ CM×M are matrices with ‖Ut‖op ≤ 1 for all t ∈ [d+ 1].

Some Remarks.

• While our way of defining DQCk and 1
2BQP doesn’t clearly subsume BPP, there is a simple way

to fix this. We can define variants of these models where the algorithm is allowed to make up to
d classical pre-processing queries on clean bits, and based on the query outcomes, choose a d-
query quantum algorithm to run. When defined this way, these models immediately subsume
BPP, since we can implement any BPP algorithm in the pre-processing part. Interestingly,
many of the results in our paper, especially the lower bounds hold even for algorithms with a
large amount of classical pre-processing. See Appendix A.3 for more details.

• Unlike [GSTW24], our model does not allow parallel queries. This is without loss of generality,
as our model has unrestricted depth and we can simulate k parallel queries by k adaptive
queries. If we allow parallel queries but limit the depth, we suspect that it might lead improved
Fourier growth bounds in terms of the depth of the algorithm, but we leave this to future work.

• In the rest of this paper, we will work with the oracle O′x which maps |i〉 to |i〉xi for all i ∈ [N ]
where x is of length N . Note that the aforementioned oracle Ox is the controlled version of
O′x and generally offers more functionality than O′x. However, in all our proofs, it suffices to
work with the oracle O′x since we allow restrictions ρ ∈ {−1, 1, ∗}N to act on our input. In
particular, if we consider O′x for bit-strings of length 2N and apply the restriction which fixes
the first N coordinates to 1, we obtain the oracle Ox on bit-strings of length N as desired.
Since all our Fourier growth bounds work even under restrictions of the input, it suffices to
work with oracles of the form O′x and all our Fourier growth bounds will carry over to oracles
of the form Ox if N is replaced by 2N . Henceforth, we will refer to the oracle O′x as Ox and
work with this oracle.

3 Main Technical Tool: Matrix Decomposition Lemma

The following matrix decomposition lemma is a recurring tool in this paper. It allows us to
encode information about the indices in a matrix multiplication by embedding them inside a larger
matrix multiplication. In this lemma, we have matrices U1, . . . , Ud where the rows and columns
of Ut are indexed by It and It+1 respectively. Here, I is a shorthand for either (i, w, k) or (i, w)
where i ∈ [N ] corresponds to indices we want to remember information about and w ∈ [W ], k ∈ [K]
corresponds to auxiliary workspace indices. The set T corresponds to the complement of matrices
whose index information we want to retain, i.e., we don’t care about the matrices in T . The set
L indicates that we do not store parity information for indices it with it /∈ L and the set Sd+1

corresponds to the information aggregated after multiplying the matrices.
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Lemma 3.1. Let U1, . . . , Ud be M ×M matrices with ‖Ut‖op ≤ 1 for t ∈ [d] and let T ⊆ [d] and
L ⊆ [N ]. Define a matrix Ũ such that for all I1, Id+1 ∈ [M ], Sd+1 ⊆ [N ],

Ũ [I1|Id+1Sd+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · 1
Sd+1 =

⊕
t∈[1,d]\T
it∈L

{it}

 .
Then, ‖Ũ‖frob ≤ mint∈[d] ‖Ut‖frob.

Proof of Lemma 3.1. Define a diagonal matrix Ox whose i-th entry is a variable xi if i ∈ L and
is 1 otherwise. Define matrices Vi(x) = Ui if i ∈ T and Vi(x) = Ox · Ui otherwise. Observe that
‖Vi‖op ≤ 1 for all i ∈ [d]. Consider the matrix-valued function M(x) := V1(x) · · ·Vd(x). Observe
that

M(x)[I1|Id+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · ∏
t∈[1,d]\T
it∈L

xit

Hence, for all S ⊆ [N ], we have M̂(S)[I1|Id+1] = Ũ [I1|Id+1Sd+1]. This implies that

‖Ũ‖2frob =
∑
S⊆[N ]

∑
I1,Id+1∈[M ]

M̂(S)[I1|Id+1]2

=
∑
S⊆[N ]

‖M̂(S)‖2frob = Ex
[
‖M(x)‖2frob

]
(by Parseval’s.)

Finally, let t ∈ [d] and x ∈ {±1}N . Observe that M(x) = V<t(x) · Vt(x) · V>t(x) where V<t(x) :=∏
t′<t Vt(x) and V>t(x) :=

∏
t′>t Vt(x) have operator norm at most 1, hence ‖M(x)‖frob ≤ ‖Vt(x)‖frob =

‖Ut‖frob. This completes the proof.

We will need a slightly more complicated version of this lemma that incorporates inequality
constraints over the indices being summed over.

Define functions g1, g2 : [N ]× [N ]→ R as follows. g1(i, j) = 1 [i 6= j] and g2(i, j) = (−1)1[i=j].

Lemma 3.2. Let U1, . . . , Ud be M ×M matrices with ‖Ut‖op ≤ 1 for t ∈ [d] and let t1 ∈ [d]. For
all γ ∈ [2], define a matrix Uγ such that for all I1, Id+1 ∈ [M ]

Uγ [I1|Id+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · ∏
t∈(t1,d]

gγ(it, it1).

Then, for all γ ∈ [2], ‖Uγ‖frob ≤ O(d)·mint∈[d] ‖Ut‖frob and ‖Uγ‖op ≤ O(d). Furthermore, ‖Uγ‖frob ≤
mint∈[t1,d](O(t) · ‖Ut‖frob,

√
M).

Corollary 3.3. Under the same hypothesis as Lemma 3.2, let T ⊆ [d] and L ⊆ [N ]. Define a
matrix Ũ such that for all I1, Id+1 ∈ [M ], Sd+1 ⊆ [N ],

Ũγ [I1|Id+1Sd+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · 1
Sd+1 =

⊕
t∈[1,d]\T
it∈L

{it}

 · ∏
t∈(t1,d]

gγ(it, it1).

Then, ‖Ũγ‖frob ≤ O(d) ·mint ‖Ut‖frob and ‖Ũγ‖frob ≤ O(
√
M).
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U1 U2 UtUt−1

Q(it )

t1

P (it1 )P (it1 )P (it1 )P (it1 )

U1 U2 UtUt−1

t1

=

it1 it1 it1 it1 it1

Figure 6: We use red and blue lines indexed by it1 to depict the insertion of Q(it1 ) and P (it1 )

respectively, where we omit the superscript γ.

Proof of Corollary 3.3 from Lemma 3.2. Define a diagonal matrix Ox whose i-th entry is a variable
xi if i ∈ L and is 1 otherwise, and define matrices Vt = Vt(x) = Ut if t ∈ T and Vt = Vt(x) =
(Ox ⊗ I) · Ut otherwise. Apply Lemma 3.2 to V1(x), . . . , Vd(x) to obtain a matrix Uγ(x) with

‖Uγ(x)‖frob ≤ O(d) ·min
t

(‖Vt(x)‖frob) = O(d) ·min
t

(‖Ut‖frob)

such that for all I1, Id+1 ∈ [M ],

Uγ(x)[I1|Id+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Vt(x)[It|It+1]

 · ∏
t∈(t1,d]

gγ(it, i1)

=
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · ∏
t∈[1,d]\T
it∈L

xit ·
∏

t∈(t1,d]

gγ(it, i1).

Observe that for all S ⊆ [N ], we have Û(S)[I1|Id+1] = Ũ [I1|Id+1S]. By Parseval’s,

‖Ũ‖2frob =
∑
S⊆[N ]

∑
I1,Id+1∈[M ]

∣∣∣Û(S)[I1|Id+1]
∣∣∣2 ,

∑
S⊆[N ]

‖Û(S)‖2frob = Ex
[
‖U(x)‖2frob

]
.

This completes the proof.

Proof of Lemma 3.2. For i ∈ [N ], and γ ∈ [2], define matrices P (i,γ) as follows. Define M ×M
matrices P (i,1), P (i,2), Q(i) as follows.

P (i,1) := (I− |i〉 〈i|)⊗ I

P (i,2) := (I− 2 |i〉 〈i|)⊗ I

Q(i) := |i〉 〈i| ⊗ I.

Observe that ‖Q(i)‖op, ‖P (i,1)‖, ‖P (i,2)‖op ≤ 1, furthermore,

Q(i) = I− P (i,1) =
1

2

(
I− P (i,2)

)
. (8)

Secondly, the Q(i) are orthogonal, i.e., for all i, i′ ∈ [N ] we have

Q(i′) ·Q(i)† = Q(i)† ·Q(i′) = 0 if i 6= i′. (9)
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Q(i1) · P̃ (i1)
[1,5)

Q(i1) · U1 ·Q(i1) · U[2,5)

Q(i1) · P̃ (i1)
[1,1] · U2 ·Q(i1) · U[3,5)

Q(i1) · P̃ (i1)
[1,2] · U3 ·Q(i1) · U4

+ −

+ −

+ −

Q(i1) · U[1,4]

i1 i1 i1 i1

i1 i1 i1 i1

i1 i1 i1

i1 i1
i1

Figure 7: Our goal is to bound the operator norm of matrices like the one in the top left corner
of this figure. We instead add and subtract the three matrices below. Using the fact that Q(i) =
γ · (I− P (i,γ)) as in Equation (8), we see that the difference of every successive pair is given by the
matrices on the right, up to a factor of γ.

For γ ∈ [2], define P̃ i,γ)
t = Ut · P (i,γ) for all i ∈ [N ], t ∈ [t1, d− 1] and let P̃ (i,γ)

d = Ud. Observe that
for all γ ∈ [2],

Uγ = U[1,t1) ·
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)
t1

· · · P̃ (it1 ,γ)

d , U[1,t1) ·
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)

[t1,d] .

An example of this is depicted in Figure 6. Fix any t ∈ [t1, d] and γ ∈ [2]. We have

‖Uγ‖2frob ,

∥∥∥∥∥∥U[1,t1) ·
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)

[t1,d]

∥∥∥∥∥∥
2

frob

≤

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)

[t1,d]

∥∥∥∥∥∥
2

frob

(since ‖U[1,t1)‖op ≤ 1)

=
∑

it1∈[N ]

∥∥∥Q(it1 ) · P̃ (it1 ,γ)

[t1,d]

∥∥∥2

frob
(by Equation (9))

≤
∑

it1∈[N ]

∥∥∥Q(it1 ) · P̃ (it1 ,γ)

[t1,t)
· Ut
∥∥∥2

frob
(by Fact 2.2 and since other terms have ‖ · ‖op ≤ 1)

=

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t)
· Ut

∥∥∥∥∥∥
2

frob

(by Equation (9))

≤ ‖Ut‖2frob ·

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t)

∥∥∥∥∥∥
2

op

(by Fact 2.2)

Setting t = t1 and recalling that
∑

it1∈[N ]Q
(it1 ) = I, we get ‖Uγ‖frob ≤ ‖Ut1‖frob ≤

√
M . We

now show that
∥∥∥∑it1∈[N ]Q

(it1 ) · P̃ it1[t1,t)

∥∥∥
op
≤ O(t). By the telescoping sum, we have

Q(i1) · U[t1,t) −Q
(i1) · P̃ (i1,γ)

[t1,t)
=

∑
t′∈[t1,t−1]

Q(i1) · P̃ (i1,γ)
[t1,t′)

·
(
Ut′ − P̃

(i1,γ)
t′

)
· U(t′,t)
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=
∑

t′∈[t1,t−1]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·
(
I− P̃ (i1,γ)

)
· U(t′,t) (by definition)

=
∑

t′∈[t1,t−1]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ · γ ·Q(i1) · U(t′,t). (by Equation (8))

An example of this telescoping sum is depicted in Figure 7. Summing over i1 ∈ [N ] and using the
fact that

∑
i1∈[N ]Q

(i1) = I, we see that∑
i1∈[N ]

Q(i1) · P̃ (i1)
[t1,t)

= U[t1,t) − γ
∑

t′∈[t1,t−1]

∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[1,t′) · Ut′ ·Q

(i1) · U(t′,t).

Hence, using the fact that ‖Ut′‖op ≤ 1 for all t′ ∈ [1, d], we get∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t)

∥∥∥∥∥∥
op

≤ 1 + (t− 1) · γ · max
t′∈[t1,t−1]

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·Q(i1)

∥∥∥∥∥∥
op

.

We observe that γ ≤ 2 for all γ ∈ [2]. Finally, we observe that each of the terms inside the maximum
is at most 1, due to the following: ∑

i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·Q(i1)

 ·
 ∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·Q(i1)

†

=
∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·Q(i1) ·Q(i1)† · U †t′ · P̃
(i1,γ)†
[t1,t′)

·Q(i1)† (by Equation (9))

�
∑
i1∈[N ]

Q(i1) ·Q(i1)† = I (since
∥∥∥P̃ (i1,γ)

[1,t′) · Ut′ ·Q
(i1)
∥∥∥
op
≤ 1)

The desired operator norm is thus at most O(t), and we have argued that ‖Uγ‖frob ≤ O(d) ·
mint∈[t1,d] ‖Ut‖frob. The same argument as above implies that

‖Uγ‖op ≤

∥∥∥∥∥∥
∑
i∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,d]

∥∥∥∥∥∥
op

≤ 1 + 2d · max
t′∈[t1,d]

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · P̃ (i1,γ)
[t1,t′)

· Ut′ ·Q(i1)

∥∥∥∥∥∥
op

≤ O(d).

Finally, we see that

‖Uγ‖2frob ,

∥∥∥∥∥∥U[1,t1) ·
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)

[t1,d]

∥∥∥∥∥∥
2

frob

≤
∥∥U[1,t1)

∥∥2

frob
·

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 ,γ)

[t1,d]

∥∥∥∥∥∥
2

op

(by Fact 2.2)

≤ min
t∈[1,t1)

‖Ut‖2frob ·O(d2).

Altogether, we have ‖Uγ‖frob ≤ O(d) ·mint∈[d] ‖Ut‖frob. This completes the proof.
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3.1 Matrix Decomposition Lemma for DQC1

Lemma 3.4. Let U1, . . . , Ud be M ×M matrices with ‖Ut‖op ≤ 1 for t ∈ [d]. Let t∗ ∈ (1, d]. Define
a matrix U such that for all I1, Id+1 ∈ [M ],

Ũ [I1|Id+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · ∏
t∈[t∗,d]

1 [it 6= i1, id+1] .

Then, ‖Ũ‖frob ≤ O(d) · ‖Ut∗‖frob.

Corollary 3.5. Under the same hypothesis as Lemma 3.4, let T ⊆ [d] and L ⊆ [N ]. Define a
matrix Ũ such that for all I1, Id+1 ∈ [M ], Sd+1 ⊆ [N ],

Ũ [I1|Id+1Sd+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · 1
Sd+1 =

⊕
t∈[1,d]\T
it∈L

{it}

 · ∏
t∈[t∗,d]

1 [it 6= i1, id+1] .

Then, ‖Ũ‖frob ≤ O(d) · ‖Ut∗‖frob.

The proof of Corollary 3.5 from Lemma 3.4 is identical to that of Corollary 3.3 from Lemma 3.2
and is omitted. The proof of Lemma 3.4 is deferred to Appendix A.1.

3.2 Matrix Decomposition Lemma for 1
2
BQP

Let g : [N ]× [N ]→ R where g(i, j) = (−1)1[i=j] for i, j ∈ [N ].

Lemma 3.6. Let U1, . . . , Ud be M ×M matrices with ‖Ut‖op ≤ 1 for t ∈ [d]. Let t1 < t2 ∈ [2, d].
Define a matrix U such that for all I1, Id+1 ∈ [M ],

U [I1|Id+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · ∏
t∈(t1,d]

g(it, it1) ·
∏

t∈(t2,d]

g(it, it2).

Then, ‖U‖frob ≤ O(d4) ·mint∈[d] (‖Ut‖frob).

Corollary 3.7. Under the same hypothesis as Lemma 3.6, let T ⊆ [d] and L ⊆ [N ]. Define a
matrix Ũ such that for all I1, Id+1 ∈ [M ], Sd+1 ⊆ [N ],

Ũ [I1|Id+1Sd+1] =
∑

I2,...,Id∈[M ]

 ∏
t∈[1,d]

Ut[It|It+1]

 · 1
Sd+1 =

⊕
t∈[1,d]\T
it∈L

{it}


·
∏

t∈(t1,d]

g(it, it1) ·
∏

t∈(t2,d]

g(it, it2).

Then, ‖Ũ‖frob ≤ O(d4) ·mint∈[d] (‖Ut‖frob).

The proof of Corollary 3.7 from Lemma 3.6 is identical to that of Corollary 3.3 from Lemma 3.2
and is omitted. The proof of Lemma 3.6 is deferred to Appendix A.2.
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4 Fourier Growth of DQCk: Level-Two

In this section, we will show the ` = 2 case of Theorem 1.5, i.e., the level-two Fourier growth
of a d-query DQCk algorithm is at most O(d3

√
K). Since DQCk algorithms are a sub-class of BQP

algorithms, the bounds from Theorem 1.7 immediately apply to DQCk algorithms and complete the
proof when min

(
2k/2,

√
N
)

=
√
N . It suffices to handle the other case, i.e., min

(
2k/2,

√
N
)

= 2k/2

which will be the focus of this section.
Throughout this section, to simplify notation, we use the shorthand It to denote (it, wt, kt) where

it ∈ [N ], wt ∈ [W ], kt ∈ [K] for N = 2n,W = 2w,K = 2k. We use I to denote the identity matrix,
where the dimension is implicit.

Let f(x) be the acceptance probability of a d-query DQCk algorithm and ρ be any restriction
of the input variables. We will now derive an expression for the Fourier coefficients of f |ρ(x). Let
ρ keep the variables in L ⊆ [N ] alive and fix the rest. Thus, only Fourier coefficients corresponding
to S ⊆ [L] are non-zero and are described by the following claim.

Claim 4.1. Let f(x) be the acceptance probability of a d-query DQCk algorithm and let ρ ∈
{−1, 1, ∗}N be any restriction that leaves L ⊆ [N ] unfixed and fixes the rest. Then, there exist
matrices V ρ

1 , . . . , V
ρ

2d such that for all S ⊆ [L],

f̂ |ρ(S) = (NW )−1
∑

I1,...,I2d∈[M ]

 ∏
t∈[2d]

V ρ
t [It|It+1]

 · 1
 ⊕

t∈[2d]
with it∈L

{it} = S

 .
where V ρ

1 , . . . , V
ρ

2d ∈ CM×M satisfy ‖V ρ
t ‖op ≤ 1 for t ∈ [2d] and ‖V ρ

1 ‖frob ≤
√
M/K

The proof of this is fairly simple and is deferred to Appendix A.6. We will now establish L1,2

bounds for DQCk algorithms. The goal of this section is to upper bound

L1,2(f |ρ) , max
α∈[−1,1](

N
2 )
Lα1,2(f |ρ) = max

α∈[−1,1](
N
2 )

∑
S∈([N ]

2 )

αS · f̂ |ρ(S). (10)

Fix any αS ∈ [−1, 1] for each S ∈
(
L
2

)
. From Equation (10) and Claim 4.1, we see that our goal is

to upper bound

Lα1,2(f |ρ) =
∑
S⊆L
|S|=2

(NW )−1
∑

I1,...,I2d∈[M ]

 ∏
t∈[2d]

V ρ
t [It|It+1]

 · 1
 ⊕

t∈[2d]
with it∈L

{it} = S

 · αS (11)

Observe that if
⊕

t∈[2d],it∈L{it} has size 2, then there must exist a subset T = {t1, t2} ⊆ [2d]
for t1 6= t2 such that {it1 , it2} has two distinct elements in L and

⊕
t∈[2d]\T
with it∈L

{it} = ∅. For any fixed

S, there may be many such T , but to uniquely identify one, we define T to correspond to the first
times that variables in S appear. More precisely, let t1 be the first time t for which it ∈ S, and let
t2 be the first time t > t1 for which it ∈ S \ {it1}. This says that it1 is the first element of S to
appear, it2 is the next unseen element of S to appear. Conversely, for any T and {it}t∈T satisfying
the above conditions, it defines a unique S = {it : t ∈ T}.

26



Fix T ⊆ [2d] of size 2 (this can be done in
(

2d
2

)
ways) and let T = {t1, t2} for t1 < t2. Define

∆T :=
∑

I1,...,I2d∈[M ]

 ∏
t∈[2d]

V ρ
t [It|It+1]

 · 1
 ⊕
t∈[2d]\T
with it∈L

{it} = ∅


·
∏

t∈[1,t1)

1 [it 6= it1 ] ·
∏

t∈[1,t2)

1 [it 6= it2 ] · 1 [it1 6= it2 ∈ L] · α{it1 ,it2}.

(12)

From the above paragraph, it follows that

Lα1,2(f |ρ) = (NW )−1
∑

T∈([2d]
2 )

∆T ≤
(

2d

2

)
· (NW )−1 · max

T∈([2d]
2 )
|∆T | .

We will now show that for all T ∈
(

[2d]
2

)
, we have |∆T | ≤ O(d) ·M ·K−1/2. This, along with the

above equation (and the fact thatM = KNW ) would imply that Lα1,2(f |ρ) ≤
√
K ·O(d3) as desired.

We now show the desired bound of ∆T ≤ O(d) ·M ·K−1/2.
We will group the terms t ∈ [2d] into circular intervals [t1, t2), [t2, t1). Define matrices Ṽ[t1,t2)

and Ṽ[t2,t1) such that for all It1 , It2 ∈ [M ], St1 ⊆ [N ], we have

Ṽ[t1,t2)[It1St1 |It2 ] =
∑

It1+1,...,It2−1∈[M ]

 ∏
t∈[t1,t2)

V ρ
t [It|It+1]

 · 1
St1 =

⊕
t∈(t1,t2)
it∈L

{it}


·
∏

t∈(t1,t2)

1 [it 6= it2 ] , and

(13)

Ṽ[t2,t1)[It2 |It1St1 ] =
∑

It2+1,...,It1−1∈[M ]

 ∏
t∈[t2,t1)

V ρ
t [It|It+1]

 · 1
St1 =

⊕
t∈(t2,t1)
it∈L

{it}


·
∏

t∈[1,t1)

1 [it 6= it2 , it1 ] ,

(14)

Define α′{it1 ,it2} = α{it1 ,it2} ·1 [it1 , it2 ∈ L] for all it1 , it2 ∈ [N ]. Combining Equation (12) with Equa-
tions (13) and (14), and using the fact that∏

t∈[1,t1)

1 [it 6= it1 ] ·
∏

t∈[1,t2)

1 [it 6= it2 ] = 1 [it1 6= it2 ] ·
∏

t∈[1,t1)

1 [it 6= it2 , it1 ] ·
∏

t∈(t1,t2)

1 [it 6= it2 ]

we obtain that

∆T =
∑

It1 ,It2∈[M ]
St2⊆[N ]

Ṽ[t1,t2)[It1St1 |It2 ] · Ṽ[t2,t1)[It2 |It1St1 ] · α′{it1 ,it2} · 1 [it1 6= it2 ]

|∆T | ≤ ‖Ṽ[t1,t2)‖frob · ‖Ṽ[t2,t1)‖frob (by Fact 2.3)

It suffices to upper bound ‖Ṽ[t1,t2)‖frob · ‖Ṽ[t2,t1)‖frob. We consider two cases:
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HN Ox(d) · · · · · · HN Ox(1)

· · · · · ·

n

|0〉 H • • • • H output

Figure 8: A d-query DQC1 algorithm with n maximally mixed qubits.

Case 1: t1 = 1. In this case, observe that 1 ∈ [t1, t2). We observe that the matrix Ṽ[t1,t2)

in Equation (13) is obtained by applying Corollary 3.3 on the matrices V ρ
t1
, . . . , V ρ

t2−1 (with omitted
set T ) in reverse order with transposes and hence, ‖Ṽ[t1,t2)‖frob ≤ O(d) · ‖V ρ

1 ‖frob ≤ O(d) ·
√
M/K.

Since [1, t1) = ∅, the matrix Ṽ[t2,t1) is obtained by applying Lemma 3.1 on matrices V ρ
t2
, . . . , V ρ

t1−1

(with omitted set T ) in this order and hence, ‖Ṽ[t2,t1)‖frob ≤
√
M . In this case,

‖Ṽ[t1,t2)‖frob · ‖Ṽ[t2,t1)‖frob ≤ O(d) ·
√
M/K ·

√
M ≤ O(d) ·M/

√
K.

Case 2: t1 > 1. In this case, observe that 1 ∈ (t2, t1). Observe that the matrix Ṽ[t2,t1)in Equa-
tion (14) is obtained by applying Corollary 3.5 on matrices V ρ

t2
, . . . , V ρ

t1−1 (with omitted set T
and t∗ = 1, which is well-defined) in forward order, and hence, ‖Ṽ[t2,t1)‖frob ≤ O(d) · ‖V ρ

1 ‖frob ≤
O(d) ·

√
M/K. As before, the matrix Ṽ[t1,t2) in Equation (13) is obtained by applying Corollary 3.3

on the matrices V ρ
t1
, . . . , V ρ

t2−1 (with omitted set T ) in reverse order with transposes and hence,
‖Ṽ[t1,t2)‖frob ≤

√
M . In this case,

‖Ṽ[t1,t2)‖frob · ‖Ṽ[t2,t1)‖frob ≤ O(d) ·
√
M ·

√
M/K ≤ O(d) ·M/

√
K.

4.1 Tightness of our Bounds for DQC1

In this section, we will show that the dependence on k and N is tight in Theorem 1.5.

Dependence on N . First, we consider the case k = 1 and show that DQC1 algorithms can indeed
achieve level-` Fourier growth of roughly N (`−2)/2, i.e., the dependence on N is tight in Theorem 1.5.
We will do so by producing an algorithm on inputs of length dN which makes d oracle queries and
whose level-` Fourier growth for ` = d is Ω

(
N (`−2)/2

)
.

Let HN be the Hadamard matrix as in Definition 2.1 and view this matrix as an n-qubit unitary
operator. For t ∈ [d], let Nt denote the interval ((t − 1)N, tN ] so that N1 t . . . t Nd = [dN ]. We
view the input x ∈ {−1, 1}Nd as comprising of d input strings x(1), . . . , x(d) of length N each such
that x(t) is supported on Nt. Instead of the oracle Ox, we will consider d oracles Ox(1) , . . . , Ox(d) .
Consider the d-query DQC1 algorithm as in Figure 8.8 As we saw in Equation (1), it is not too
difficult to show the bias of this algorithm is precisely

f(x) = 1
2NTr (Ox(1) ·HN · · ·Ox(d) ·HN ) .

8Typically, we express DQC1 in terms of a single oracle Ox, as opposed to d smaller oracles Ox(1) , . . . , Ox(d) ,
nevertheless, it is easy to embed the circuit in Figure 8 into a larger one consisting only of Ox oracle calls for
x = (x(1), . . . , x(d)) by applying the following sequence of operators d times: HN ⊗ I, followed Ox, followed by the
permutation matrix Π that maps |i〉 → |i−N (mod Nd)〉 for all computational basis states i ∈ [Nd].
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We observe the Fourier coefficients of f correspond to subsets S ⊆ [Nd] that pick exactly one
element from each Nt. There are Nd such non-zero Fourier coefficients and they are given by

f̂(S) = 1
2N

∑
it∈Nt

for t∈[d]

(−1)〈i1,i2〉+...+〈id,i1〉 · 1

Nd/2
· 1 [S = {i1, . . . , id}] .

Each such S uniquely identifies i1 ∈ N1, . . . , id ∈ Nd and we set αS := (−1)〈i1,i2〉+...+〈id,i1〉. Thus,
we obtain that the level-d Fourier growth is at least

Nd · 1

2N
· 1

Nd/2
≥ Ω

(
N (d−2)/2

)
.

This completes the proof.

Dependence on k. It is clear to see that a DQCk algorithm can solve the Forrelation problem
on inputs of length 2k, since we can run the k-qubit Forrelation circuit on the clean qubits. As the
Forrelation function on 2k-bit inputs has level-two Fourier growth of 2k/2, this saturates the bound
from Theorem 1.5 for level two.

5 Fourier Growth of 1
2BQP: Level-Three

In this section, we will show the ` = 3 case of Theorem 1.6, i.e., the level-three Fourier growth
of a d-query 1

2BQP algorithm is at most O(d7
√
N). Throughout this section, to simplify notation,

we use the shorthand It to denote (it, wt) where i ∈ [N ], w ∈ [W ] for N = 2n,W = 2w. We use I to
denote the identity matrix, where the dimension is implicit.

Given the expression for the acceptance probability of a d-query 1
2BQP algorithm (Claim 2.12),

it is not too difficult to derive an expression for the Fourier coefficients under any restriction – this
part is similar to the proof of Claim 4.1 from Claim 2.10. We obtain the following claim, whose
proof is deferred to Appendix A.6.

Claim 5.1. Let f(x) be the acceptance probability of a d-query 1
2BQP algorithm and ρ ∈ {−1, 1, ∗}N

be any restriction that leaves the coordinates in L ⊆ [N ] free and fixes the rest. Then, there exist
matrices V ρ

1 , . . . , V
ρ

2d+2 ∈ CM×M such that for all S ⊆ L,

f̂ |ρ(S) = M−1
∑

I1,...,I2d+2∈[M ]

FI1,Id+2
·
∏

t∈[2d+2]

V ρ
t [It|It+1] · 1

 ⊕
t∈[2d+2]\{1,d+2}

it∈L

{it} = S

 (15)

where ‖V ρ
t ‖op ≤ 1 for all t ∈ [2d+ 2].

Now that we have an expression for the Fourier coefficients, we turn our attention to proving
Fourier growth bounds. Let Ã = A∩L, B̃ = B∩L, C̃ = C∩L, where A,B,C are as in Definition 2.5.
Let D = [2d + 2] \ {1, d + 2}. We use I to denote I1, . . . , I2d+2. As mentioned before, we will
only be able to bound L

α(γ)
1,3 (f |ρ) where γ ∈ [−1, 1]3N and α(γ) is as in Definition 2.5. Fix any

such α(γ). Recalling Definition 2.5, for α(γ)S to be non-zero, we must have S = {a, b, c} where
a ∈ Ã, b ∈ B̃, c ∈ C̃. Fix any such S. For

⊕
t∈D
it∈L
{it} = S, there exist distinct t1, t2, t3 ∈ D such

that
it1 = a, it2 = b, it3 = c and

⊕
t∈D\{t1,t2,t3}

it∈L

{it} = ∅,
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however, these t1, t2, t3 may not be unique. Instead of defining them uniquely, we add each of them
but with a multiplier function that cancels out redundancies.

Let g(i1, i2) = (−1)1[i1=i2] for i1, i2 ∈ [N ] be the function as before. For q ∈ [3], let

rtq [I] := (−1)#{t<tq ,t∈D|it=itq} =
∏

t<tq ,t∈D
g(it, itq). (16)

stq [I] := (−1)#{t>tq ,t∈D|it=itq} =
∏

t>tq ,t∈D
g(it, itq). (17)

Claim 5.2. Consider Φ(I) defined as follows.

Φ(I) :=
∑

t1,t2,t3∈D
distinct

rt1 [I] · 1 [it1 = a] · rt2 [I] · 1 [it2 = b] · rt3 [I] · 1 [it3 = c]

Whenever
⊕

t∈D
it∈L
{it} = {a, b, c}, we have Φ(I) = 1.

Proof of Claim 5.2. Consider

Φ(I) :=
∑

t1,t2,t3∈D
distinct

rt1 [I] · 1 [it1 = a] · rt2 [I] · 1 [it2 = b] · rt3 [I] · 1 [it3 = c]

=
∑

t2,t3∈D
distinct

rt2 [I] · 1 [it2 = b] · rt3 [I] · 1 [it3 = c] ·
∑
t1∈D
t1 6=t2,t3

rt1 [I] · 1 [it1 = a]

=
∑

t2,t3∈D
distinct

rt2 [I] · 1 [it2 = b] · rt3 [I] · 1 [it3 = c] · 1

where the last equality follows because for any fixed t2, t3, we have it1 = a for an odd number of t1
(because of the condition ⊕t∈D

it∈L
{it} = {a, b, c}) and any such t1 is distinct from t2, t3 (since b, c 6= a)

and as t1 varies over these possible times, the quantity rt1 [I] alternates between 1 and −1 (at the
first time it is +1, the second time it is −1, and so on). We can now repeat the same argument to
obtain

Φ(I) :=
∑
t2∈D

rt2 [I] · 1 [it2 = b] ·

∑
t3∈D
t3 6=t2

rt3 [I] · 1 [it3 = c]

 =
∑
t2∈D

rt2 [I] · 1 [it2 = b] = 1.

Therefore, for any a ∈ Ã, b ∈ B̃, c ∈ C̃ we have

1

⊕
t∈D
it∈L

{it} = {a, b, c}

 = 1

⊕
t∈D
it∈L

{it} = {a, b, c}

 · Φ(I)

=
∑

t1,t2,t3∈D
distinct

1

 ⊕
t∈D\{t1,t2,t3}

it∈L

{it} = ∅


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· 1 [it1 = a] · 1 [it2 = b] · 1 [it3 = c] · rt1(I) · rt2(I) · rt3(I)

Now, we multiply both sides by α(γ)a,b,c and sum over all possible a ∈ Ã, b ∈ B̃, c ∈ C̃ to obtain

L
α(γ)
1,3 [f |ρ] ,

∑
a∈Ã,b∈B̃,c∈C̃

α(γ)a,b,c · f̂ |ρ({a, b, c})

= M−1
∑

a∈Ã,b∈B̃,c∈C̃
I1,...I2d+2∈[M ]

FI1,Id+2
·
∏

t∈[2d+2]

V ρ
t [It|It+1] · 1

⊕
t∈D
it∈L

{it} = {a, b, c}

 · α(γ)a,b,c

(by Claim 5.1)

= M−1
∑

a∈Ã,b∈B̃,c∈C̃
I1,...I2d+2∈[M ]

FI1,Id+2
·
∏

t∈[2d+2]

V ρ
t [It|It+1] · 1

 ⊕
t∈D\{t1,t2,t3}

it∈L

{it} = ∅


·
∑

t1,t2,t3∈D
distinct

1 [it1 = a] · 1 [it2 = b] · 1 [it3 = c] · rt1(I) · rt2(I) · rt3(I) · α(γ)it1 ,it2 ,it3

= M−1
∑

I1,...I2d+2∈[M ]
t1,t2,t3∈D distinct

FI1,Id+2
·
∏

t∈[2d+2]

V ρ
t [It|It+1] · 1

 ⊕
t∈D\{t1,t2,t3}

it∈L

{it} = ∅


· 1
[
it1 ∈ Ã

]
· 1
[
it2 ∈ B̃

]
· 1
[
it3 ∈ C̃

]
· rt1(I) · rt2(I) · rt3(I) · α(γ)it1 ,it2 ,it3

where the last line follows from the fact that
∑

a∈Ã 1 [it1 = a] = 1

[
it1 ∈ Ã

]
. Fix any i∗t2 ∈ B̃ and

distinct t1, t2, t3 ∈ D. (There are at most N possibilities for such i∗t2 and O(d3) possibilities for
(t1, t2, t3).) Define

∆γ
t1,t2,t3,i∗t2

:=
∑

I1,...,I2d+2∈[M ]

FI1,Id+2
·
∏

t∈[2d+2]

V ρ
t [It|It+1] · 1

 ⊕
t∈D\{t1,t2,t3}

with it∈L

{it} = ∅


· 1
[
it1 ∈ Ã

]
· 1
[
it2 = i∗t2

]
· 1
[
it3 ∈ C̃

]
· rt1(I) · rt2(I) · rt3(I) · α(γ)it1 ,i

∗
t2
,it3

(18)

Substituting this in the expression for the Fourier growth, we have

L
α(γ)
1,3 = M−1

∑
distinct t1,t2,t3

in [2d+2]\{1,d+2},
i∗t2
∈B̃

∆γ
t1,t2,t3,i∗t2

(from Equation (18) and Claim 5.1)

≤M−1 ·O(d3N) · max
distinct t1,t2,t3

in [2d+2]\{1,d+2},
i∗t2
∈B̃

∣∣∣∆γ
t1,t2,t3,i∗t2

∣∣∣ .

We will show that for each distinct t1, t2, t3 ∈ [2d+2]\{1, d+2} and i∗t2 ∈ B̃, we have
∣∣∣∆γ

t1,t2,t3,i∗t2

∣∣∣ ≤
O(d4) ·

√
MW . Substituting this above, we would get

L
α(γ)
1,3 (f |ρ) ≤M−1 ·O(d7N) ·

√
MW = O(d7) ·

√
N ·
√
NMW ·M−1 ≤ O(d7) ·

√
N,
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where we used the fact thatM = NW . It now suffices prove the bound ∆γ
t1,t2,t3,i∗t2

≤ O(d4) ·
√
MW .

Fix any distinct t1, t2, t3 ∈ D and i∗t2 ∈ B̃. We will now use Definition 2.5 to get

α(γ)it1 ,it2 ,it3 = H(it1 , i
∗
t2) ·H(it3 , i

∗
t2) · γit1 · γi∗t2 · γit3

We will use this to encode the action of multiplication by α(γ)it1 ,i
∗
t2
,it3

using a matrix product with
diagonal matrices. Define matrices Pt as follows. Let Γt1 ,Γt2 ,Γt3 be M ×M diagonal matrices with
[−1, 1]-valued entries defined as follows. For It1 , It2 , It3 ∈ [M ], let

Γt1 [It1 |It1 ] =

{
γit1 ·H(it1 , i

∗
t2) if it1 ∈ Ã

0 otherwise.
(19)

Γt2 [It2 |It2 ] =

{
γi∗t2

if it2 = i∗t2
0 otherwise.

(20)

Γt3 [It3 |It3 ] =

{
γit3 ·H(it3 , i

∗
t2) if it3 ∈ C̃

0 otherwise.
(21)

Let P ′t1 := Γt1 ·V
ρ
t1
, P ′t2 := Γt2 ·V

ρ
t2
, and P ′t3 := Γt3 ·V

ρ
t3

and for all t 6= t1, t2, t3, set P ′t = V ρ
t . Finally,

define a diagonal matrix D(i∗t2
) = (I− 2 |i∗t2〉 〈i

∗
t2 |)⊗ I, or equivalently, for all I ∈ [M ], let

D(i∗t2
)[I, I] :=

{
−1 if i = it∗2
1 otherwise

.

For t ∈ D, t < t2, set Pt = D(i∗t2
) · P ′t and for all other t, set Pt = P ′t . Firstly, observe that

‖Pt‖op ≤ 1 for all t ∈ [d], (22)

since γ ∈ [−1, 1]3N and ‖D(i∗t2
)‖op, ‖Γt‖op, ‖V ρ

t ‖op ≤ 1. Secondly, observe that

‖Pt2‖frob ≤
√
W, (23)

since Pt2 = Γt2 · V
ρ
t2

and multiplying by the matrix Γt2 has the effect of zeroing out all but W
rows (only the rows indexed by i∗t2 survive), and each row of Vt2 has norm at most one. Further-
more, recalling the definition of rt2(I) in Equation (16), we see that multiplication by D(i∗t2

) in
the appropriate locations has the effect of multiplying by rt2(I). This construction allows us to
simplify Equation (18) as

∆γ
t1,t2,t3,i∗t2

=
∑

I1,...,I2d+2∈[M ]

FI1,Id+2
·
∏

t∈[2d+2]

Pt[It|It+1] · 1

 ⊕
t∈D\{t1,t2,t3}

with it∈L

{it} = ∅


· rt1(I) · rt3(I).

(24)

Because we are imposing the constraint
⊕

t∈D\{t1,t2,t3}
with it∈L

{it} = ∅, recalling Equations (16) and (17),

we must have
rt1(I) = st1(I) and rt3(I) = st3(I).
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This is because for all q ∈ {1, 3}, the number of times itq occurs prior to tq plus the number of times
itq occurs after tq must be even, otherwise, the set

⊕
t∈D\{t1,t2,t3}

with it∈L
{it} would contain itq .

Let DL = D ∩ [1, d + 1] and DR = D ∩ [d + 2, 2d + 2]. For q ∈ {1, 3}, let η(q) = DL if
tq ∈ DL and η(q) = DR if tq ∈ DR. Define matrices P̃[1,d+1] and P̃[d+2,2d+2] such that for all
I1, Id+2 ∈ [M ], Sd+2 ⊆ [N ], we have

P̃[1,d+1][I1S1|Id+2] =
∑

I2,...,Id+1∈[M ]

 ∏
t∈[1,d+1]

Pt[It|It+1]

 · 1
S1 =

⊕
t∈DL\{t1,t2,t3}

with it∈L

{it}


·

∏
q∈{1,3}:η(q)=DL

rtq(I)

(25)

P̃[d+2,2d+2][Id+2|I1S1] =
∑

Id+3,...,I2d+2∈[M ]

 ∏
t∈[d+2,2d+2]

Pt[It|It+1]

 · 1
S1 =

⊕
t∈DR\{t1,t2,t3}

with it∈L

{it}


·

∏
q∈{1,3}:η(q)=DR

stq(I)

(26)

Recall that DL ∪DR = D and [1, d + 1] ∪ [d + 2, 2d + 2] = [1, 2d + 2]. Plugging in Equations (25)
and (26) into Equation (24), we have

∆γ
t1,t2,t3,i∗t2

=
∑

I1,Id+2∈[M ]
Sd+2⊆[N ]

FI1,Id+2
· P̃[1,d+1][I1S1|Id+2] · P̃[d+2,2d+2][Id+2|I1S1]

≤
∑

I1,Id+2∈[M ]
Sd+2⊆[N ]

∣∣∣P̃[1,d+1][I1S1|Id+2]
∣∣∣ · ∣∣∣P̃[d+2,2d+2][Id+2|I1S1]

∣∣∣ (since FI1,Id+2
∈ {0, 1})

≤ ‖P̃[1,d+1]‖frob · ‖P̃[d+2,2d+2]‖frob. (by Fact 2.3)

It suffices to show upper bounds on ‖P̃[1,d+1]‖frob ·‖P̃[d+2,2d+2]‖frob. We consider two cases separately.

Case 1: η(1) 6= η(3). In this case, either t1 ∈ DL and t3 ∈ DR or t1 ∈ DR and t3 ∈ DL. For
simplicity, consider the case that t1 ∈ DL, t3 ∈ DR and the analysis for the other case is identical. In
this case, we see that {t ∈ D, t > t3} = (t3, 2d+2]. Thus, P̃[d+2,2d+2] is the matrix one would obtain
by applying Corollary 3.3 to the matrices Pd+2, . . . , P2d+2 (with parameters γ = 2 and t1 ← t3 and
omitted set {t1, t2, t3, 1}). This implies that

‖P̃[d+2,2d+2]‖frob ≤ O(d) · min
t∈[d+2,2d+2]

‖Pt‖frob.

Similarly, we see that {t ∈ D, t < t1} = [2, t1) and hence, the matrix P̃[1,d+1] is the matrix one would
obtain by applying Corollary 3.3 in reverse order to the transpose of the matrices P1, . . . , Pd+1 (with
parameters γ = 2 and t1 ← t1 and omitted set {t1, t2, t3, d+ 2}). This implies that

‖P̃[1,d+1]‖frob ≤ O(d) · min
t∈[1,d+1]

‖Pt‖frob.
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Altogether, since ‖Pt∗2‖frob =
√
W and ‖Pt‖frob ≤

√
M for all t ∈ [2d+ 2], we have

‖P̃[d+2,2d+2]‖frob · ‖P̃[1,d+1]‖frob ≤ O(d2) ·
√
MW.

Case 2: η(1) = η(3). In this case, either t1, t3 ∈ DL or t1, t3 ∈ DR. For simplicity, consider the
case that t1, t3 ∈ DR and the analysis for the other case is identical. In this case, observe that
{t > t1, t ∈ D} = (t1, 2d + 2] and {t > t3, t ∈ D} = (t3, 2d + 2]. Hence, P̃[d+2,2d+2] is precisely
the matrix obtained by applying Corollary 3.7 to the matrices Pd+2, . . . , P2d+2 (with parameters
t1 ← t1, t2 ← t3 and omitted set {t1, t2, t3, d+ 2}). This implies that

‖P̃[d+2,2d+2]‖frob ≤ O(d4) · min
t∈[d+2,2d+2]

‖Pt‖frob

Similarly, observe that P̃[1,d+1] is precisely the matrix obtained by applying Lemma 3.1 to the
matrices P1, . . . , Pd+1 in reverse order (with omitted set {t1, t2, t3, d+ 2}). This implies that

‖P̃[1,d+1]‖frob ≤ min
t∈[1,d+1]

‖Pt‖frob.

Altogether, since ‖Pt∗2‖frob =
√
W and ‖Pt‖frob ≤

√
M for all t ∈ [2d+ 2], we have

‖P̃[d+2,2d+2]‖frob · ‖P̃[1,d+1]‖frob ≤ O(d4) ·
√
MW.

This completes the proof.

6 Higher Level Fourier Growth from Lower Levels

In this section, we will present the bootstrapping argument that allows us to prove higher
level Fourier growth bounds from lower levels. A version of this argument originally appeared
in [CHLT19].

Theorem 6.1. Let F be any restriction-closed family of boolean functions on {−1, 1}N . Then, for

all ` ∈ [N ], we have L1,`+1(F) ≤ L1,`(F) ·O
(√

N log
(
N
`

)
logN

)
.

Using the fact that L1,1 of d-query bounded low-degree polynomials is at most O(d) [IRR+21],
we obtain the following corollary, which as a special case, includes d/2-query BQP algorithms.

Corollary 6.2 (Theorem 1.7). Let f be a degree-d polynomial bounded on {±1}N by [−1, 1] and ρ
be any restriction, then L1,`(f |ρ) ≤ c` · d ·N (`−1)/2 · log`−1(N) ·

√
`! for some constant c > 0.

Using the fact that L1,2 of d-query DQCk algorithms is at most O(d3) as proved in Section 4,
we obtain the following corollary.

Corollary 6.3 (Theorem 1.5). Let f be a d-query DQCk algorithm on oracle of length N and ρ be
any restriction, then L1,`(f |ρ) ≤

√
K · c` · d3 ·N (`−2)/2 · log`−2(N) ·

√
`! for some constant c > 0.

For 1
2BQP algorithms, combining Theorem 6.1 and the level-3 bound will only give a poly(d) ·N2

bound on the level-6 bound, which does not suffice to prove lower bounds for 3-Forrelation. We
will require a more refined analysis described in Section 6.1.
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Proof of Theorem 6.1. Fix any f ∈ F and any signs αS ∈ [−1, 1] for |S| = `+ 1. We wish to bound
Lα1,`+1(f) =

∑
|S|=`+1 αS f̂(S). We randomly partition [N ] into X t Y as follows. For each i ∈ [N ],

independently include it in X with probability 1/(`+ 1). Define

L(X) :=
∑
|S|=`+1

αS · f̂(S) · 1 [|S ∩X| = 1] =
∑
i∈X

T⊆[Y ],|T |=`

αT∪{i}f̂(T ∪ {i}). (27)

Observe that for any set S ⊆ [N ] of size ` + 1, the probability that |S ∩ X| = 1 is precisely

c(`) = (`+ 1) · 1
`+1 ·

(
`
`+1

)`
≥ Ω(1). This implies that

Lα1,`+1(f) = EX [L(X)] · 1
c(`) . (28)

Since c(`) ≥ Ω(1), it suffices to upper bound EX [L(X)] and we will in fact bound L(X) for any
partition X. To do this, we express f̂(T ∪{i}) as Ex∼{±1}X

y∼{±1}Y
[f(x, y) · xi · χT (y)] where the underlying

distributions are uniform – this follows from the definition of Fourier coefficients. Substituting this
in Equation (27), we obtain

L(X) =
∑
i∈X

T⊆[Y ],|T |=`

αT∪{i} · Ex∼{±1}X
y∼{±1}Y

[f(x, y) · xi · χT (y)]

= Ex∼{±1}X
y∼{±1}Y

f(x, y) ·
∑

T⊆[Y ],|T |=`

χT (y) ·
∑
i∈X

xi · αT∪{i}

 . (29)

Consider the function fx where fx(y) := f(x, y) for all y ∈ {±1}Y . By definition, we have f̂x(T ) =
EY∼{±1}Y [f(x, y) · χT (y)]. Substituting this above, we see that

L(X) = Ex∼{±1}X

 ∑
T⊆[Y ],|T |=`

f̂x(T ) ·
∑
i∈X

xi · αT∪{i}


≤ Ex∼{±1}X

 ∑
T⊆[Y ],|T |=`

∣∣∣f̂x(T )
∣∣∣ · max

T⊆[Y ],|T |=`

∣∣∣∣∣∑
i∈X

xi · αT∪{i}

∣∣∣∣∣
 .

(30)

We now use the fact that fx ∈ F due the restriction-closed property and that
∑

T⊆[Y ],|T |=`

∣∣∣f̂x(T )
∣∣∣ =

L1,`(fx) ≤ L1,`(F) to conclude that

L(X) ≤ L1,`(F) · Ex∼{±1}X max
T⊆[Y ],|T |=`

[∣∣∣∣∣∑
i∈X

xi · αT∪{i}

∣∣∣∣∣
]
.

Fix any T ⊆ [Y ] with |T | = `. We now observe that when x ∼ {±1}X , the random variable∑
i∈X xi ·αT∪{i} is a sum of |X| many independent [−1, 1]-random variables where |X| ≤ N , hence,

Pr

[∣∣∣∣∣∑
i∈X

xi · αT∪{i}

∣∣∣∣∣ ≥ t√N
]
≤ exp(−Ω(t2)).
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We now set t = Θ(
√

logN ·
√

log
(
N
`

)
) so that we can union bound over all T ⊆ [Y ] with |T | = `,

to conclude that with probability at least 1− 1/N over x ∼ {±1}X , for all T ⊆ [Y ] with |T | = `,∣∣∣∣∣∑
i∈X

xi · αT∪{i}

∣∣∣∣∣ ≤ O
(
√
N ·

√
log

(
N

`

)
·
√

logN

)
.

For all x ∈ {±1}X , we have that the L.H.S. above is at most N . This, along with the above implies
that

Ex∼{±1}X

[
max

T⊆[Y ],|T |=`

∣∣∣∣∣∑
i∈X

xi · αT∪{i}

∣∣∣∣∣
]
≤ 1

N
·N +

√
N ·

√
log

(
N

`

)
·
√

logN

≤ O

(√
N log

(
N

`

)
logN

)
+ 1.

Finally, we observe that if ` = N , then L1,`+1(F) = 0 and if ` < N , then log
(
N
`

)
≥ 1, and hence

we can ignore the +1 factor in the R.H.S. by absorbing into the O(). This completes the proof.

6.1 Improved Bootstrapping for 1
2
BQP algorithms

Theorem 6.4. Let F be a restriction-closed family of boolean functions of degree at most d on
{±1}3N . Let γ, γ′ ∈ [−1, 1]3N and α(γ), β(γ, γ′) be signs as in Definition 2.5. Then, for any
restriction ρ on [3N ], Lβ(γ,γ′)

1,6 (f |ρ) ≤ maxγ′′(L
α(γ′′)
1,3 (F)) · O(d3N), where the maximum is over

γ′′ ∈ [−1, 1]3N .

Using the bound on Lα(γ)
1,3 for 1

2BQP algorithms, we obtain the following corollary.

Corollary 6.5 (Theorem 1.6). Let γ, γ′ ∈ [−1, 1]3N and β(γ, γ′) be signs as in Definition 2.5. Let
f be a d-query 1

2BQP algorithm on oracle of length N . Then, Lβ(γ,γ′)
1,6 (f) ≤ d10 ·N3/2.

Proof of Theorem 6.4. Our goal is to upper bound

L
β(γ,γ′)
1,6 (f) =

∑
i1<i4∈A
i2<i5∈B
i3<i6∈C

β(γ, γ′)i1,...,i6 · f̂({i1, . . . , i6})

Let A = [N ], B = (N, 2N ], C = (2N, 3N ] as in Definition 2.5. Partition these sets as A = XA t
YA, B = XB t YB, C = XC t YC , where for each element, we independently include it in the
corresponding X with probability 1/2. Let X = XA ∪XB ∪XC . Define

L(X) :=
∑

i1∈XA,i2∈XB ,i3∈XC
i4∈YA,i5∈YB ,i6∈YC

β(γ, γ′)i1,...,i6 f̂({i1, . . . , i6}). (31)

Observe that for any i1 < i4 ∈ A, i2 < i5 ∈ B, i3 < i6 ∈ C, the probability over X that this term
contributes to L(X) is precisely the probability that {i1, i2, i3} ⊆ X and {i4, i5, i6} ⊆ Y which is
exactly 2−6. Therefore,

L
β(γ,γ′)
1,6 (f |ρ) = EX [L(X)] · 1

26
.
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It thus suffices to upper bound L(X) for any partition X. As before, we will express f̂({i1, . . . , i6})
as Ex∼{±1}X

y∼{±1}Y

[
f(x, y)

∏
t∈[6] xt

]
, where the underlying distributions are uniform – this follows from

the definition of Fourier coefficients. Substituting this in Equation (31), we see that

L(X) =
∑

i1∈XA,i2∈XB ,i3∈XC
i4∈YA,i5∈YB ,i6∈YC

β(γ, γ′)i1,...,i6Ex∼{±1}X
y∼{±1}Y

f(x, y)
∏
t∈[6]

xt



= Ex∼{±1}X


∑
i1∈XA
i2∈XB
i3∈XC

α(γ)i1,i2,i3 · xi1xi2xi3 · Ey∼{±1}Y


∑
i4∈YA
i5∈YB
i6∈YC

[
f(x, y) · α(γ′)i4,i5,i6 · yi4yi5yi6

]



(32)

where in the last line, we used the fact that β(γ, γ′)i1,...,i6 = α(γ)i1,i2,i3 · α(γ′)i4,i5,i6 . As before,
we define a function fx such that fx(y) := f(x, y) for all y ∈ {±1}Y . Define a function g(x) at
x ∈ {±1}X by

g(x) := Ey∼{±1}Y


∑
i4∈YA
i5∈YB
i6∈YC

[
f(x, y) · α(γ′)i4,i5,i6 · yi4yi5yi6

]
 ,

∑
i4∈YA
i5∈YB
i6∈YC

α(γ′)i4,i5,i6 · f̂x({i4, i5, i6}) (33)

where the last equality follows by the definition of Fourier coefficients. Substituting Equation (33)
in Equation (32), we obtain

L(X) = Ex∼{±1}X


∑
i1∈XA
i2∈XB
i3∈XC

α(γ)i1,i2,i3 · xi1xi2xi3 · g(x)

 =
∑
i1∈XA
i2∈XB
i3∈XC

α(γ)i1,i2,i3 · ĝ({i1, i2, i3}) (34)

where again, the last equality follows by the definition of Fourier coefficients. Furthermore, by
defining γ′′ to be equal to γ in X and 0 otherwise, we see that the R.H.S. of Equation (34) equals
L
α(γ′′)
1,3 (g). Observe from Equation (33) that g(x) is a polynomial in x of degree at most d, since

f(x, y) is of degree at most d. We now use the level-3 bounds for bounded low-degree polynomials
from [IRR+21] to conclude that

L
α(γ′′)
1,3 (g) ≤ O(d3N) · max

x∈{±1}X
|g(x)| .

We will now show that |g(x)| is bounded for all x ∈ {±1}N . Since F is restriction closed, we have
fx ∈ F . Furthermore, setting γ′′ to be equal to γ′ on Y and 0 otherwise, and recalling Equation (33),
we obtain that

|g(x)| =

∣∣∣∣∣∣∣∣∣∣
∑
i4∈YA
i5∈YB
i6∈YC

α(γ′)i4,i5,i6 · f̂x({i4, i5, i6})

∣∣∣∣∣∣∣∣∣∣
= max(L

α(γ′′)
1,3 (fx), L

−α(γ′′)
1,3 (fx)) ≤ max

γ′′
(L

α(γ′′)
1,3 (F)).

This completes the proof.
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A Appendix

A.1 Proof of Lemma 3.4

Proof of Lemma 3.4. For i1 ∈ [N ], let P (i1) be the M ×M projection matrix (I − |i1〉 〈i1|) ⊗ I for
i1 ∈ [N ] and letQ(i1) = I−P (i1) = |i1〉 〈i1|⊗I. Define P̃ (i1)

t = Ut·P (i1) for all i1 ∈ [N ], t ∈ [t∗−1, d−1]

and P̃d = Ud. For i1, id+1 ∈ [N ], let P (i1,id+1) = P (i1) · P (id+1), and let P̃ (i1,id+1)
t = Ut · P (i1,id+1) for

t ∈ [t∗ − 1, d− 1]. As before, we have

Q(i′)† ·Q(i) = Q(i)† ·Q(i′) = 0 if i 6= i′, (35)∑
i

Q(i) =
∑
i

Q(i)† ·Q(i) =
∑
i

Q(i) ·Q(i)† = I, (36)

Q(i) = I− P (i). (37)

Observe that
U =

∑
i1,id+1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1,id+1)
[t∗−1,d−1] · P̃d ·Q

(id+1).
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Define

U ′ =
∑

i1,id+1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,d−1] · P̃d ·Q

(id+1)

=
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,d−1] · P̃d (since

∑
id+1∈[N ]Q

(id+1) = I.)

Observe that U ′ is precisely the matrix we would get by an application of Lemma 3.2 to the matrices
U[1,t∗−1), Ut∗−1, Ut∗ , Ut∗+1, . . . , Ud with γ = 1. By Lemma 3.2, we have

‖U ′‖frob ≤ O(d) · ‖Ut∗‖frob.

We now compare U and U ′. We observe that the only difference between U and U ′ comes P̃ (i1,id+1)
[t∗−1,d−1]

versus P̃ (i1)
[t∗−1,d−1]. As before, we use the telescoping expansion to obtain

U ′ − U

=
∑

t′∈[t∗,d]

∑
i1,id+1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′−1) ·

(
P̃

(i1)
t′−1 − P̃

(i1,id+1)
t′−1

)
· P̃ (i1,id+1)

[t′,d−1] · P̃
(i1)
d ·Q(id+1)

=
∑

t′∈[t∗,d]

∑
i1,id+1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′−1) ·

(
P̃

(i1)
t′−1 ·Q

(id+1)
)
· P̃ (i1,id+1)

[t′,d−1] · P̃
(i1)
d ·Q(id+1)

(by definition and Equation (37))

=
∑

t′∈[t∗,d]

Wt′1
, where

Wt′1
=
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′−1] ·

∑
id+1∈[N ]

Q(id+1) · P̃ (i1,id+1)
[t′,d−1] · P̃

(i1)
d ·Q(id+1)

︸ ︷︷ ︸
Z

(i1)

t′1

.

We will show that for all t′ ∈ [t∗, d], we have ‖Wt′‖frob ≤ O(1) · ‖Ut∗‖frob and this would complete
the proof. Suppose t′ = t∗, then the corresponding term is

Wt∗ :=
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
t∗−1 ·

∑
id+1∈[N ]

Q(id+1) · P̃ (i1,id+1)
[t∗,d−1] · P̃

(i1)
d ·Q(id+1)

Observe that

‖Wt‖2frob =
∑

i1,id+1∈[N ]

∥∥∥Q(i1) · U[1,t∗−1) · P̃
(i1)
t∗−1 ·Q

(id+1) · P̃ (i1,id+1)
[t∗,d−1] · P̃

(i1)
d ·Q(id+1)

∥∥∥2

frob

(Equation (35) applied to Q(i1), Q(id+1))

≤
∑
i1∈[N ]
id+1∈[N ]

∥∥∥Q(i1) · U[1,t∗−1) · P̃
(i1)
t∗−1 ·Q

(id+1) · Ut∗
∥∥∥2

frob

(by Fact 2.2 and since the rest of the terms have ‖ · ‖op ≤ 1)

=
∑

id+1∈[N ]

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
t∗−1 ·Q

(id+1) · Ut∗

∥∥∥∥∥∥
2

frob

(Equation (35) applied to Q(i1))
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≤
∑

id+1∈[N ]

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
t∗−1

∥∥∥∥∥∥
2

op

·
∥∥∥Q(id+1) · Ut∗

∥∥∥2

frob
(by Fact 2.2)

≤ 4
∑

id+1∈[N ]

∥∥∥Q(id+1) · Ut∗
∥∥∥2

frob
(by Lemma 3.2 applied to U[1,t∗−1])

= 4
∑

id+1∈[N ]

Tr
(
Q(id+1) · Ut∗ · U †t∗ ·Q

(id+1)†
)

= 4Tr(Ut∗ · U †t∗) = 4‖Ut∗‖2frob. (by Equation (36) applied to Q(id+1))

We will now show that for t′ > t∗, ‖Wt′‖frob ≤ O(d) · ‖Ut∗‖frob. To do this, we first claim that
‖Z(i1)

t′1
‖op ≤ 1. To see this, observe that

Z
(i1)
t′1
· Z(i1)†

t′1
,

∑
id+1

Q(id+1) · P̃ (i1,id+1)
[t′,d−1] · P̃

(i1)
d ·Q(id+1)

 ·
∑
id+1

Q(id+1) · P̃ (i1,id+1)
[t′,d−1] · P̃

(i1)
d ·Q(id+1)

†

=
∑
id+1

Q(id+1) · P̃ (i1,id+1)
[t′,d−1] · P̃

(i1)
d ·Q(id+1) ·Q(id+1)† · P̃ (i1)†

d · P̃ (i1,id+1)†
[t′,d−1] ·Q(id+1)†

(Equation (35))

�
∑
id+1

Q(id+1) ·Q(id+1)† = I. (since
∥∥∥P̃ (i1,id+1)

[t′,d−1] · P̃
(i1)
d ·Q(id+1)

∥∥∥
op
≤ 1.)

Therefore, we obtain

‖Wt′‖2frob ,

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′−1] · Z

(i1)
t′1

∥∥∥∥∥∥
2

frob

=
∑
i1∈[N ]

∥∥∥Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′1−1]

· Z(i1)
t′1

∥∥∥2

frob
(Equation (35))

≤
∑
i1∈[N ]

∥∥∥Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′1−1]

∥∥∥2

frob
(since ‖Z(i1)

t′1
‖op ≤ 1)

=

∥∥∥∥∥∥
∑
i1∈[N ]

Q(i1) · U[1,t∗−1) · P̃
(i1)
[t∗−1,t′1−1]

∥∥∥∥∥∥
2

frob

(Equation (35))

≤ O(1) · ‖Ut∗‖2frob
(by an application of Lemma 3.2 to matrices U[1,t∗−1], Ut∗ , . . . , Ut′1−1 with t1 = 1.)

Thus, we get ‖U‖frob ≤ O(d) · ‖Ut∗‖frob. This completes the proof.

A.2 Proof of Lemma 3.6

Lemma A.1. For k ∈ [K] let Xk ∈ CM×N , Yk ∈ CN×M and C ∈ CN×N . Suppose for a constant
a > 0, we have

∑
k∈[K]X

†
kXk � a2 · I,

∑
k∈[K] Y

†
k Yk � I. Then,∥∥∥∥∥∥

∑
k∈[K]

XkCYk

∥∥∥∥∥∥
frob

≤ a · ‖C‖frob.
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Proof of Lemma A.1. Consider

∥∥∥∥∥∑
k

XkCYk

∥∥∥∥∥
2

frob

=

∥∥∥∥∥∥∥
[
X1C . . . XkC

]
·

Y1
...
Yk


∥∥∥∥∥∥∥

2

frob

≤
∥∥[X1C . . . XkC

]∥∥2

frob
·

∥∥∥∥∥∥∥
Y1

...
Yk


∥∥∥∥∥∥∥

2

op

where the last inequality follows by Fact 2.2. Firstly, we observe that∥∥∥∥∥∥∥
Y1

...
Yk


∥∥∥∥∥∥∥

2

op

=

∥∥∥∥∥∥∥
[
Y †1 . . . Y †k

]
·

Y1
...
Yk


∥∥∥∥∥∥∥
op

=

∥∥∥∥∥∥
∑
k∈[K]

Y †k Yk

∥∥∥∥∥∥
op

≤ 1.

Next, we observe that

∥∥[X1C . . . XkC
]∥∥2

frob
= Tr

∑
k∈[K]

XkCC
†X†k

 = Tr

∑
k∈[K]

X†kXk · CC†
 ≤ a2 · ‖C‖2frob.

Fact A.2. For matrices A1, . . . , AK we have
(∑K

k=1Ak

)†
·
(∑K

k=1Ak

)
� K ·

∑K
k=1A

†
kAk.

Proof of Fact A.2. Observe that for all pairs k < k′ ∈ [K], we have

(Ak −Ak′)†(Ak −Ak′) � 0 =⇒ A†kAk′ +A†k′Ak � A
†
kAk +A†k′Ak′ .

Summing this over all k < k′ ∈ [K] and adding
∑K

k=1A
†
kAk on both sides gives the desired inequality.

Lemma A.3. For i, j ∈ [N ], let F (i,j) ∈ CM×M be a matrix. Furthermore, assume that for some
parameter K ∈ N, there exist matrices F (i,j)

1 , . . . , F
(i,j)
K such that F (i,j) =

∑K
k=1 F

(i,j)
k and for all

k ∈ [K], we have

∑
i,j

F
(i,j)†
k · F (i,j)

k � I,
∑
i

∑
j

F
(i,j)†
k

 ·
∑

j

F
(i,j)
k

 � I

∑
j

(∑
i

F
(i,j)†
k

)
·

(∑
i

F
(i,j)
k

)
� I,

∑
i,j

F
(i,j)†
k

 ·
∑

i,j

F
(i,j)
k

 � I.

Then, the same inequalities hold for F (i,j) with the R.H.S. above replaced by K2 · I.

Proof of Lemma A.3. We apply Fact A.2 to the matrices F (i,j) =
∑K

k=1 F
(i,j)
k and then sum over

i, j to obtain ∑
i,j

F (i,j)† · F (i,j) � K ·
∑
i,j

K∑
k=1

F
(i,j)†
k · F (i,j)

k � K2 · I
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it1 it1 it1 it1 it1

it2 it2 it2

it1

it2

U1 U2 UtUt−1

Q(it )

t1

P (it1 )P (it1 )P (it1 )P (it1 )

=

t2

Q(it )
P (it2 )

P (it2 )

t1

t2

Figure 9: We use red, blue, orange and green lines to denote insertions of Q(it1 ),P (it1 ),Q(it2 ) and
P (it2 ) respectively.

We apply Fact A.2 to the matrices
∑

j F
(i,j) =

∑K
k=1(

∑
j F

(i,j)
k ) and then sum over i to obtain

∑
i

∑
j

F (i,j)†

 ·
∑

j

F (i,j)

 � K ·∑
i

K∑
k=1

∑
j

F
(i,j)†
k

 ·
∑

j

F
(i,j)
k

 � K2 · I

The same calculation works when the roles of i and j are swapped. We apply Fact A.2 to the
matrices

∑
i,j F

(i,j) =
∑K

k=1(
∑

i,j F
(i,j)
k ) to obtain∑

i,j

F (i,j)†

 ·
∑

i,j

F (i,j)

 � K · K∑
k=1

∑
i,j

F
(i,j)†
k

 ·
∑

i,j

F
(i,j)
k

 � K2 · I.

Proof of Lemma 3.6. Define M ×M matrices P (i), Q(i) as follows for i ∈ [N ].

P (i) = (I− 2 |i〉 〈i|)⊗ I

Q(i) = |i〉 〈i| ⊗ I

Observe that ‖Q(i)‖op, ‖P (i)‖op ≤ 1 for all i ∈ [N ], furthermore,

Q(i) =
1

2

(
I− P (i)

)
. (38)

Secondly, the Q(i) are orthogonal, i.e., for all i, i′ ∈ [N ], we have

Q(i) ·Q(i′)† = Q(i′)† ·Q(i) = 0 if i 6= i′. (39)

Finally, we have ∑
i

Q(i) =
∑
i

Q(i)† ·Q(i) =
∑
i

Q(i) ·Q(i)† = I. (40)

Let P (it1 ,it2 ) = P (it1 ) · P (it2 ). Let P̃ (it1 )
t := Ut · P (it1 ) if t ∈ [t1, d − 1] and P̃ (it1 ,it2 )

t := Ut · P (it1 ,it2 )

for t ∈ [t2, d− 1]. Let P̃ (it1 )

d = P̃
(it1 ,it2 )

d = Ud. Observe that

U = U[1,t1) ·
∑

it1 ,it2∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2) ·Q
(it2 ) · P̃ (it1 ,it2 )

[t2,d]
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i

Ut Ut

j

=

i i i i i i

j j j j j j j j j

i i i i i i i

X
(i,j)
t Y

(i,j)
t

Figure 10: Our goal is to show that the Frobenius norm of the above matrix (summed over i, j) is
at most the Frobenius norm of any Ut appearing in this sequence (up to poly(d) factors). To do so,
we split the decomposition into the part before t (call it X(i,j)) and the part after t (call it Y (i,j))

and our goal then becomes to show that
∥∥∥∑i,j X

(i,j)UtY
(i,j)
∥∥∥
frob
≤ poly(d) · ‖Ut‖frob.

This is depicted in Figure 9. Let us fix any t ∈ [t2, d). We will now show that ‖U‖frob ≤
O(d4) · ‖Ut‖frob. To do so, we will split this quantity around Ut, as depicted in Figure 10. To do so,
we use the fact that P̃ (it1 ,it2 )

t = Ut · P (it1 ,it2 ) to conclude that

U = U[1,t1) ·
∑

it1 ,it2∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2) ·Q
(it2 ) · P̃ (it1 ,it2 )

[t2,t)︸ ︷︷ ︸
X

(it1
,it2

)

t

·Ut · P (it1 ,it2 ) · P̃ (it1 ,it2 )

(t,d]︸ ︷︷ ︸
Y

(it1
,it2

)

t

Since ‖U[1,t1)‖op ≤ 1, we have

‖U‖frob ≤

∥∥∥∥∥∥
∑

it1 ,it2∈[N ]

X
(it1 ,it2 )
t · Ut · Y

(it1 ,it2 )
t

∥∥∥∥∥∥
frob

. (41)

This brings us to the form where we wish to apply Lemma A.1, but the various Y (it1 ,it2 )
t unfortu-

nately don’t satisfy hypothesis of Lemma A.1. To get around this, we are going to use a telescoping
sum to expand Y (it1 ,it2 )

t into terms that do satisfy the hypothesis, furthermore, the number of terms
is small, poly(d).

For ease of notation, let R̃(i,j)
t′ := P (i,j) · Ut′ for t′ ∈ (t, d] and let R̃(i)

t′ := P (i) · Ut′ for t′ ∈ (t, d]

and observe that Y (it1 ,it2 )
t , R̃

(it1 ,it2 )

(t,d] . For r, r′ ∈ (t, d], define

U ′ := U(t,d]

W (i)
r := R̃

(i)
(t,r) ·Q

(i) · U[r,d]

W
(i,j)
r,r′ :=

{
R̃

(i,j)
(t,r′) ·Q

(j) · R̃(i)
[r′,r) ·Q

(i) · U[r,d] if r > r′

R̃
(i,j)
(t,r) ·Q

(i) · R̃(j)
[r,r′) ·Q

(j) · U[r′,d] if r ≤ r′

(42)

By Equation (38) and the telescoping argument depicted in Figure 11, for all it1 , it2 ∈ [N ],

Y
(it1 ,it2 )
t = U ′ − 2

∑
r∈(t,d]

W
(it1 )
r − 2

∑
r′∈(t,d]

W
(it2 )

r′ + 4
∑

r,r′∈(t,d]

W
(it1 ,it2 )

r,r′ .
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j j

i i

Y
(i,j)
t =

i i

j j

i

j

=

U ′

j j

i i

W
(i,j)
r,r′

i i

j

r

r′

=

j j

i i i i

j j jj j j j j

r

− 2
∑
r

j j j

W
(j)
r′

r′

i i i i

W
(i)
r

r

−2
∑
r′

−2
∑
r

+ 4
∑
r,r′

Figure 11: We express Y (i,j)
t by a telescoping sum using Equation (38). Firstly, we replace occur-

rences of P (i) by I from right to left, producing the telescoping expansion in the top. Then, for
each of the resulting terms, we replace occurrences of P (j) by I from right to left, producing the
telescoping expansion in the bottom.

Substituting the above in Equation (41), we have

‖U‖frob ≤

∥∥∥∥∥∥
 ∑
it1 ,it2

X
(it1 ,it2 )
t

 · Ut · U(t,d]

∥∥∥∥∥∥
frob

+O(d) · max
r∈(t,d]

∥∥∥∥∥∥
∑
it1

∑
it2

X
(it1 ,it2 )
t

 · Ut ·W (it1 )
r

∥∥∥∥∥∥
frob

+O(d) · max
r′∈(t,d]

∥∥∥∥∥∥
∑
it2

∑
it1

X
(it1 ,it2 )
t

 · Ut ·W (it2 )

r′

∥∥∥∥∥∥
frob

+O(d2) · max
r,r′∈(t,d]

∥∥∥∥∥∥
∑
it1 ,it2

X
(it1 ,it2 )
t · Ut ·W

(it1 ,it2 )

r,r′

∥∥∥∥∥∥
frob

.

(43)

We will now use Lemma A.1 to control each term in the R.H.S. above.

Claim A.4. For all r, r′ ∈ (t, d], the matrices W (i)
r ,W

(i,j)
r,r′ as in Equation (42) satisfy the hypothesis

of Lemma A.1, playing the role of Y ′s, i.e.,∑
i

W (i)†
r ·W (i)

r � I

∑
i,j

W
(i,j)†
r,r′ ·W

(i,j)
r,r′ � I

Proof of Claim A.4. Recalling the definition of W (i)
r ,W

(j)
r,r′ , we see that∑

i

W (i)†
r ·W (i)

r =
∑
i

U †[r,d] ·Q
(i)† · R̃(i)†

(t,r) · R̃
(i)
(t,r) ·Q

(i) · U[r,d]
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�
∑
i

U †[r,d] ·Q
(i)† ·Q(i) · U[r,d] (since ‖R̃(i)

(t,r)‖op ≤ 1)

= U †[r,d] · U[r,d] � I. (by Equation (40) applied to Q(i))

Similarly we show the desired inequality for r ≤ r′ and the proof for r > r′ is identical. Consider∑
i,j

W
(i,j)†
r,r′ ·W

(i,j)
r,r′ =

∑
i,j

U †[r′,d] ·Q
(j)† · R̃(j)†

[r,r′) ·Q
(i)† · R̃(i,j)†

(t,r) · R̃
(i,j)
(t,r) ·Q

(i) · R̃(j)
[r,r′) ·Q

(j) · U[r′,d]

�
∑
i,j

U †[r′,d] ·Q
(j)† · R̃(j)†

[r,r′) ·Q
(i)† ·Q(i) · R̃(j)

[r,r′) ·Q
(j) · U[r′,d]

(since ‖R̃(i,j)
(t,r)‖op ≤ 1)

�
∑
j

U †[r′,d] ·Q
(j)† · R̃(j)†

[r,r′) · R̃
(j)
[r,r′) ·Q

(j) · U[r′,d]

(by Equation (40) applied to Q(i))

�
∑
j

U †[r′,d] ·Q
(j)† ·Q(j) · U[r′,d] (since ‖R̃(j)

[r,r′)‖op ≤ 1)

� U †[r′,d] · U[r′,d] � I. (by Equation (40) applied to Q(j))

Claim A.5. Let
X

(it1 ,it2 )
t , Q(it1 ) · P̃ (it1 )

[t1,t2) ·Q
(it2 ) · P̃ (it1 ,it2 )

[t2,t)
.

Then,
{
X

(it1 ,it2 )
t

}
it1 ,it2

,
{∑

it2
X

(it1 ,it2 )
t

}
it1

,
{∑

it1
X

(it1 ,it2 )
t

}
it2

, and
{∑

it1 ,it2
X

(it1 ,it2 )
t

}
all satisfy

the hypothesis of Lemma A.1, playing the role of X ′s with a = O(d2), i.e.,∑
it1 ,it2

X
(it1 ,it2 )†
t ·X(it1 ,it2 )

t � O(d4) · I

∑
it1

∑
it2

X
(it1 ,it2 )†
t

 ·
∑

it2

X
(it1 ,it2 )
t

 � O(d4) · I

∑
it2

∑
it1

X
(it1 ,it2 )†
t

 ·
∑

it1

X
(it1 ,it2 )
t

 � O(d4) · I

∑
it1 ,it2

X
(it1 ,it2 )†
t

 ·
∑
it1 ,it2

X
(it1 ,it2 )
t

 � O(d4) · I

(44)

Assuming the above claim, the proof is immediate. Applying Lemma A.1 on each term in Equa-
tion (43) and using the bounds from Claim A.5 and Claim A.4 would show that

‖U‖frob ≤ O(d2) ·O(d2) · min
t∈[t2,d)

‖Ut‖frob. (45)

Before proving Claim A.5, we proceed to analyze the other cases. Now suppose t = d or t ∈ [1, t1).
Then using the fact that P̃ (it1 ,it2 )

d = Ud, we get

‖U‖frob =

∥∥∥∥∥∥U[1,t1) ·
∑

it1 ,it2∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2) ·Q
(it2 ) · P̃ (it1 ,it2 )

[t2,d−1] · Ud

∥∥∥∥∥∥
frob
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≤

∥∥∥∥∥∥
∑

it1 ,it2∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2) ·Q
(it2 ) · P̃ (it1 ,it2 )

[t2,d−1]

∥∥∥∥∥∥
op

·min
(∥∥U[1,t1)

∥∥
frob

, ‖Ud‖frob
)

(since ‖Ud‖op, ‖U[1,t1)‖op ≤ 1 and by Fact 2.2)

≤ min
(∥∥U[1,t1)

∥∥
frob

, ‖Ud‖frob
)
·O(d2)

where the last bound on the operator norm follows from a calculation similar to Claim A.5 where
we obtained bounds of O(d2) on the operator norms of

∑
it1 ,it2

X
(it1 ,it2 )
t . This proves that

‖U‖frob ≤ O(d2) · min
t∈[1,t1)∪{d}

‖Ut‖frob (46)

Finally, we consider any t ∈ [t1, t2). Observe that

‖U‖2frob ≤

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2) ·

 ∑
it2∈[N ]

Q(it2 ) · P̃ (it1 ,it2 )

[t2,d]

∥∥∥∥∥∥
2

frob

(since ‖U[1,t1)‖op ≤ 1)

=
∑

it1∈[N ]

∥∥∥∥∥∥Q(it1 ) · P̃ (it1 )

[t1,t2) ·

 ∑
it2∈[N ]

Q(it2 ) · P̃ (it1 ,it2 )

[t2,d]

∥∥∥∥∥∥
2

frob

(by Equation (39))

≤
∑

it1∈[N ]

∥∥∥Q(it1 ) · P̃ (it1 )

[t1,t2)

∥∥∥2

frob
·

∥∥∥∥∥∥
∑

it2∈[N ]

Q(it2 ) · P̃ (it1 ,it2 )

[t2,d]

∥∥∥∥∥∥
2

op

. (by Fact 2.2)

For any it1 ∈ [N ], we see that the matrix
∑

it2∈[N ]Q
(it2 ) · P̃ (it1 ,it2 )

[t2,d] is precisely obtained by apply-
ing Lemma 3.2 with γ = 2 to the matrices Ut2 ·P (it1 ), Ut2+1 ·P (it1 ), . . . , Ud−1 ·P (it1 ), Ud and therefore,
its operator norm is at most O(d). Therefore, we get

‖U‖2frob ≤ O(d2)
∑

it1∈[N ]

∥∥∥Q(it1 ) · P̃ (it1 )

[t1,t2)

∥∥∥2

frob

= O(d2)

∥∥∥∥∥∥
∑

it1∈[N ]

Q(it1 ) · P̃ (it1 )

[t1,t2)

∥∥∥∥∥∥
2

frob

(by Equation (39))

≤ O(d4) min
t∈[t1,t2)

(‖Ut‖2frob)

(by an application of Lemma 3.2 to the matrices Ut1 , . . . , Ut2−1 with γ = 2.)

This shows that
‖U‖frob ≤ O(d2) min

t∈[t1,t2)
‖Ut‖frob (47)

Combining Equations (45) to (47) gives us the desired bound of

‖U‖frob ≤ O(d4) ·min
t
‖Ut‖frob.

All that remains is to prove Claim A.5.
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X
(i,j)
t =

j j j

i i i

=

j j j

i

−2
∑
r

i

r

j j

j jj

i

=

j

i

− 2
∑
r

j

r′
j

i i i

−2
∑
r

i

r

j j

i i i

+4
∑
r,r′

i

j

r

r′

A(i,j)

D
(i,j)
r,r′

B
(i,j)
r′

C
(i,j)
r

i i

ii

Figure 12: We express X(i,j)
t by a telescoping sum using Equation (38). We leave Q(i) and Q(j)

untouched. Firstly, we replace occurrences of P (i) by I from right to left, producing the telescoping
expansion in the top. Then, for each of the resulting terms, we replace occurrences of P (j) by I
from right to left, producing the telescoping expansion in the bottom.

Proof of Claim A.5. While it can be shown that
∑

it1 ,it2
X

(it1 ,it2 )
t ·X(it1 ,it2 )†

t � I using an argument

similar to what we did for W (it1 ,it2 )

r,r′ , what we wish for is
∑

it1 ,it2
X

(it1 ,it2 )†
t ·X(it1 ,it2 )

t � I. To show

this, we are again going to use a telescoping sum to express X(it1 ,it2 )
t as a sum of O(d2) matrices

which satisfy the hypothesis of Lemma A.3. We will then use Lemma A.3 to conclude that X(it1 ,it2 )
t

satisfies itself the hypothesis of Lemma A.1 with a = O(d2). To express X(it1 ,it2 ) as desired, we will
apply the telescoping identity on the terms P̃ (it1 )

[t1,t2) and P̃
(it1 ,it2 )

[t2,t)
. Define matrices as follows. For

i, j ∈ [N ], and r ∈ (t1, t), r
′ ∈ (t2, t), let

A(i,j) := Q(i) · U[t1,t2) ·Q(j) · U[t2,t)

B
(i,j)
r′ := Q(i) · U[t1,t2) ·Q(j) · P̃ (j)

[t2,r′)
·Q(j) · U[r′,t)

C(i,j)
r :=

{
Q(i) · P̃ (i)

[t1,r)
·Q(i) · U[r,t2) ·Q(j) · U[t2,t) if r ≤ t2

Q(i) · P̃ (i)
[t1,t2) ·Q

(j) · P̃ (i)
[t2,r)

·Q(i) · U[r,t) if r > t2

D
(i,j)
r,r′ :=


Q(i) · P̃ (i)

[t1,r)
·Q(i) · U[r,t2) ·Q(j) · P̃ (j)

[t2,r′)
·Q(j) · U[r′,t) if r ≤ t2

Q(i) · P̃ (i)
[t1,t2) ·Q

(j) · P̃ (i,j)
[t2,r)

·Q(i) · P̃ (j)
[r,r′) ·Q

(j) · U[r′,t) if t2 < r ≤ r′

Q(i) · P̃ (i)
[t1,t2) ·Q

(j) · P̃ (i,j)
[t2,r′)

·Q(j) · P̃ (i)
[r′,r) ·Q

(i) · U[r,t) if r > r′

(48)

Again, by the telescoping expansion described in Figure 12, we have

X
(it1 ,it2 )
t = A(it1 ,it2 ) − 2

∑
r′∈(t2,t)

B
(it1 ,it2 )

r′ − 2
∑

r∈(t1,t)

C
(it1 ,it2 )
r + 4

∑
r′∈(t2,t)
r∈(t1,t)

D
(it1 ,it2 )

r,r′ .

We will now show that the matrices in Equation (48) satisfy the hypothesis of Lemma A.3. This
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i

A(i′,j′)† = = A(i,j)

i′

jj′

i = i′∑
i = I

j = j′∑
j = I

Figure 13: How to show that A(i,j) satisfies the hypothesis of Lemma A.3.

is done by a case by case analysis. For ease of notation let it1 = i and it2 = j. We now show the
desired bound for A(i,j), B

(i,j)
r′ , C

(i,j)
r and D(i,j)

r,r′ .

Analysis for A(i,j). Consider A(i,j) = Q(i) ·U[t1,t2) ·Q(j) ·U[t2,t). This is depicted in the top right
of Figure 13. We wish to take

∑(∑
A(i,j)†) · (∑A(i,j)

)
, where we intentionally omit the identity

of the indices being summed over in the inner summation – it could be the empty summation,
the summation over i, the summation over j, or the summation over both i and j, and the outer
summation is always understood to be over the remaining variables, if any. For all the resulting
expressions, we wish to show that the result is � I. In all these cases, the expression consists of a
sum over possibly i′, j′ of the † terms and a sum over possibly i, j of the regular terms. We first
present the high level intuition and then the calculation. As before, we observe that the inner terms
consist of Q(i′)† ·Q(i) and by the orthogonality of the Q(i), the cross terms corresponding to i 6= i′

to vanish and we can pull the
∑

i outside. Furthermore, we can sum over i to obtain the identity
matrix, as the terms before and after do not depend on i. Then, we can strip away the matrices
between Q(j′)† and Q(j), as these only have operator norm at most 1 and do not depend on j, j′.
We then use the orthogonality of the Q(j) to argue that the cross terms corresponding j 6= j′ vanish
and we can pull the

∑
j outside. Furthermore, we can sum over j to obtain the identity matrix,

as the terms before and after do not depend on j. This process is depicted in Figure 13 and is
mathematically described below.

∑(∑
A(i,j)

)
·
(∑

A(i,j)
)

=
∑
i

(∑
U †[t2,t) ·Q

(j)† · U †[t1,t2)

)
︸ ︷︷ ︸

independent of i

·Q(i)† ·Q(i)︸ ︷︷ ︸
sum to I

·
(∑

U[t1,t2) ·Q(j) · U[t2,t)

)
︸ ︷︷ ︸

independent of i

(Equation (39) applied to Q(i))

=
∑(∑

U †[t2,t) ·Q
(j)†
)
· U †[t1,t2) · U[t1,t2) ·

(∑
Q(j) · U[t2,t)

)
�
∑(∑

U †[t2,t) ·Q
(j)†
)
·
(∑

Q(j) · U[t2,t)

)
=
∑

U †[t2,t) ·Q
(j)† ·Q(j)︸ ︷︷ ︸
sum to I

·U[t2,t) = U †[t2,t) · U[t2,t) � I. (Equation (39) applied to Q(j))

.
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j jj

i

j′j′ j′

i

B
(i′,j′)†
r′ = = B

(i,j)
r′

i = i′∑
i = I

j′j′ j′ j jj

j = j′

jj

∑
j = I

Figure 14: How to show that B(i,j)
r′ satisfies the hypothesis of Lemma A.3.

Analysis for B(i,j)
r′ . Consider B(i,j)

r′ = Q(i) ·U[t1,t2) ·Q(j) · P̃ (j)
[t2,r′)

·Q(j) ·U[r′,t). This is depicted in

the top right of Figure 14. We wish to control
∑(∑

B
(i,j)†
r′

)
·
(∑

B
(i,j)
r′

)
The strategy is as follows.

As before, we observe that the inner terms consist of Q(i′)† · Q(i) and by the orthogonality of the
Q(i), the cross terms corresponding to i 6= i′ to vanish and we can pull the

∑
i outside. Furthermore,

we can sum over i to obtain the identity matrix, as the terms before and after do not depend on
i. Then, we can strip away the matrices between the closest pair of Q(j′)† and Q(j), as these only
have operator norm at most 1 and are independent of j, j′. We then use the orthogonality of the
Q(j) to argue that the cross terms corresponding j 6= j′ vanish and we can pull the

∑
j outside.

Finally, we strip away all the terms except for the outermost Q(j)† and Q(j), which we can do as
these matrices have operator norm at most one. Finally, we can sum over j to obtain the identity
matrix, as the terms before and after do not depend on j. This process is depicted in Figure 14 and
is mathematically described below.∑(∑

B
(i,j)
r′

)
·
(∑

B
(i,j)
r′

)
=
∑
i

(∑
U †[r′,t) ·Q

(j)† · P̃ (j)†
[t2,r′)

·Q(j)† · U †[t1,t2)

)
︸ ︷︷ ︸

independent of i

·Q(i)† ·Q(i)︸ ︷︷ ︸
sum to I(∑

U[t1,t2) ·Q(j) · P̃ (j)
[t2,r′)

·Q(j) · U[r′,t)

)
︸ ︷︷ ︸

independent of i

(Equation (39) applied to Q(i))

=
∑(∑

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)†

)
· U †[t1,t2) · U[t1,t2) ·

(∑
Q(j) · P̃ (j)

[t2,r′)
·Q(j) · U[r′,t)

)
(Equation (40) applied to Q(i))

�
∑(∑

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)†

)
·
(∑

Q(j) · P̃ (j)
[t2,r′)

·Q(j) · U[r′,t)

)
=
∑
j

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)† ·Q(j) · P̃ (j)

[t2,r′)︸ ︷︷ ︸
norm ≤1

·Q(j) · U[r′,t) (Equation (39) applied to Q(j))

�
∑
j

U †[r′,t) ·Q
(j)† ·Q(j)︸ ︷︷ ︸
sum to I

·U[r′,t) �
∑
j

U †[r′,t) · U[r′,t) � I. (Equation (40) applied to Q(j))
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j = j′∑
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Figure 15: How to show that C(i,j)
r satisfies the hypothesis of Lemma A.3.

Analysis for C(i,j)
r . The analysis for this case is very similar to that of B(i,j)

r′ . We omit the details
and describe the strategy in Figure 15 for r > t2 and the analysis for the other case r ≤ t2 is similar,
just with operations performed in a different order.

Analysis for D
(i,j)
r,r′ . For simplicity, consider the case r ≤ t2. In this case, we have D(i,j)

r,r′ =

Q(i) · P̃ (i)
[t1,r)

· Q(i) · U[r,t2) · Q(j) · P̃ (j)
[t2,r′)

· Q(j) · U[r′,t). The term D
(i,j)
r,r′ is depicted at the top right

of Figure 16. We wish to take
∑(∑

D
(i,j)
r,r′

)
·
(∑

D
(i,j)
r,r′

)
and and show that the result is � I.

Firstly, we observe that the inner terms consist of Q(i′)† · Q(i) and by the orthogonality of the
Q(i), the cross terms corresponding to i 6= i′ to vanish and we can pull the

∑
i outside. Now, for

each i, we can strip away the matrices between the outer Q(i)† and Q(i), as these only depend on i
and have operator norm at most 1. We then sum over i to obtain the identity matrix, as the terms
before and after this pair do not depend on i. Then, we again strip away all the terms until the
remaining pair of Q(j)† and Q(j′), as these have operator norm at most 1 and are independent of
j, j′. Then, we can use the orthogonality of the Q(j) to argue that the cross terms corresponding
j 6= j′ vanish and we can pull the

∑
j outside. Now, we strip away all the terms until the closest pair

of Q(j)† and Q(j) as these have operator norm at most 1. We then sum over j to obtain the identity
matrix, as the terms before and after don’t depend on j. This process is depicted in Figure 16 and
is mathematically described below.

∑(∑
D

(i′,j′)
r,r′

)
·
(∑

D
(i,j)
r,r′

)
=
∑
i

(∑
U †[r′,t) ·Q

(j)† · P̃ (j)†
[t2,r′)

·Q(j)† ·
(
U †[r,t2) ·Q

(i)† · P̃ (i)†
[t1,r)

·Q(i)†
))

·
(∑(

Q(i) · P̃ (i)
[t1,r)

·Q(i) · U[r,t2)

)
·Q(j) · P̃ (j)

[t2,r′)
·Q(j) · U[r′,t)

)
(Equation (39) applied to Q(i))

=
∑
i

(∑
U †[r′,t) ·Q

(j)† · P̃ (j)†
[t2,r′)

·Q(j)†
)
·
(
U †[r,t2) ·Q

(i)† · P̃ (i)†
[t1,r)

·Q(i)†
)

︸ ︷︷ ︸
independent of j
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Figure 16: How to show that D(i,j)
r,r′ satisfies the hypothesis of Lemma A.3 for r ≤ t2.

·
(
Q(i) · P̃ (i)

[t1,r)
·Q(i) · U[r,t2)

)
︸ ︷︷ ︸

independent of j

·
(∑

Q(j) · P̃ (j)
[t2,r′)

·Q(j) · U[r′,t)

)

�
∑
i

(∑
U †[r′,t) ·Q

(j)† · P̃ (j)†
[t2,r′)

·Q(j)†
)

︸ ︷︷ ︸
independent of i

·U †[r,t2) ·Q
(i)† ·Q(i)︸ ︷︷ ︸
sum to I

·U[r,t2)

·
(∑

Q(j) · P̃ (j)
[t2,r′)

·Q(j) · U[r′,t)

)
︸ ︷︷ ︸

independent of i

=
∑(∑

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)†

)
· U †[r,t2) · U[r,t2) ·

(∑
Q(j) · P̃ (j)

[t2,r′)
·Q(j) · U[r′,t)

)
(Equation (40) applied to Q(i))

�
∑(∑

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)†

)
·
(∑

Q(j) · P̃ (j)
[t2,r′)

·Q(j) · U[r′,t)

)
=
∑
j

U †[r′,t) ·Q
(j)† · P̃ (j)†

[t2,r′)
·Q(j)† ·Q(j) · P̃ (j)

[t2,r′)︸ ︷︷ ︸
norm ≤1

·Q(j) · U[r′,t) (Equation (39) applied to Q(j))

�
∑
j

U †[r′,t) ·Q
(j)† ·Q(j)︸ ︷︷ ︸
sum to I

·U[r′,t) � U
†
[r′,t) · U[r′,t) � I. (Equation (40) applied to Q(j))

The analysis for the other cases is similar, and for completeness, we depict the strategy to handle
t2 < r ≤ r′ in Figure 17 and r > r′ in Figure 18. This completes the proof of Claim A.5.

53



j j

i i i i

j

i

jj′

i′ i′ i′

j′ j′

i = i′

j j

i i i

j jj′ j′ j′

i ii

j = j′

j

i

j

i

jj

i′ i′

jj

∑
i = I

∑
j = I

j′

j′

D
(i′,j′)†
r,r′ = = D

(i,j)
r,r′

Figure 17: How to show that D(i,j)
r,r′ satisfies the hypothesis of Lemma A.3 for t2 < r ≤ r′.

A.3 Quantum Algorithms with Classical Pre-Processing.

In this section, we prove a variant of Theorem 1.5 and Theorem 1.7 in a more general setting
of algorithms that can perform classical pre-processing. We now describe this model more formally.
A d-query DQCk (respectively BQP) algorithm with classical pre-processing consists of two phases:

• Classical Phase: The algorithm performs d classical queries on clean workspace.

• Quantum Phase: Based on the results, the algorithm chooses a d-query DQCk (respectively
BQP) algorithm to run and returns the output.

Theorem A.6. Let F denote the family of acceptance probabilities of a class of algorithms without
classical pre-processing. Let f(x) be the acceptance probability of an algorithm with d classical pre-
processing queries. Let ρ ∈ {−1, 1, ∗}N be any restriction and α ∈ [−1, 1](

N
` ) signs. Then, there

exist f ′ ∈ F such that

Lα1,`(f |ρ) ≤
∑̀
k=0

(
d

`− k

)
·max

α′
Lα
′

1,k(f
′|ρ),

where the maximum is over α′, another family of signs.

Corollary A.7. Analogues of Theorems 1.5 and 1.7 hold even for algorithms with classical pre-
processing.

Proof of Theorem A.6. We view the classical phase as a decision tree of depth d with 2d leaves where
each leaf y selects an algorithm fy to run. Furthermore, we view each leaf y as a partial assignment
in {−1, 1, ∗}N where the coordinates that are queried are assigned ±1 depending on the outcome of
the query, and the coordinates not queried are assigned ∗. We use y−1(∗) to denote the coordinates
of y that are alive. We know that |y−1(∗)| ≥ N − d. This defines a restriction ρy ∈ {−1, 1, ∗}N of

54



j

i i i

j

i

j

= D
(i,j)
r,r′

i i

j′

i′i′ i′

j′

i′

j′

D
(i,j)
r,r′ =

i′ i′
i = i′

j′

i i

j′

i

j′

i

j

i i

j

i

j

i

j = j′

i

j

i i

j

i∑
j = I

i i∑
i = I

Figure 18: How to show that D(i,j)
r,r′ satisfies the hypothesis of Lemma A.3 for r′ < r.

the variables which restricts the i-th coordinate to yi if yi ∈ {−1, 1} and leaves it alive otherwise.
We can assume that any y that is ever traversed is consistent with ρ. For any such y, let fy(x)
be the acceptance probability of the algorithm chosen conditioned on receiving y in the first stage.
Consider:

Lα1,`(f |ρ)

= Ex∼{−1,1}N

∑
|S|=`

αS · f |ρ(x) · χS(x)


= Ey consistent with ρ

E x∼{−1,1}N
consistent with y

∑
|S|=`

αS · fy(ρ(x)) · χS(x)



= Ey consistent with ρ

E x∼{−1,1}N
consistent with y


∑̀
k=0

∑
S1⊆y−1(∗)

S2⊆[N ]\y−1(∗)
|S1|=k,|S2|=`−k

αS1∪S2 · fy(ρ(x)) · χS1(x) · χS2(x)



 .

Fix a leaf y that maximizes the above quantity. Since we are only taking expectations over x
consistent with y, we can replace χS2(x) by χS2(y) in the R.H.S. above and similarly, ρ(x) only
depends on the variables in S1. Once we do this, x is completely free of y and we can replace the
expectation of x ∼ {−1, 1}N consistent with y by simply x ∼ {−1, 1}N . We obtain
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Lα1,`(f |ρ) ≤ Ex∼{−1,1}N


∑̀
k=0

∑
S1⊆y−1(∗)

S2⊆[N ]\y−1(∗)
|S1|=k,|S2|=`−k

αS1∪S2 · χS2(y) · fy(ρ(x)) · χS1(x)

 (49)

Since |χS2(y)| ≤ 1, applying Triangle Inequality gives

Lα1,`(f |ρ) ≤
∑̀
k=0

∑
S2⊆[N ]\y−1(∗)
|S2|=`−k

∣∣∣∣∣∣∣∣∣Ex∼{−1,1}N

 ∑
S1⊆y−1(∗)
|S1|=k

αS1∪S2 · fy(ρ(x)) · χS1(x)


∣∣∣∣∣∣∣∣∣ (50)

Define γ ∈ [−1, 1]N by γi = 1 if i ∈ y−1(∗) and 0 otherwise. For any fixed k ∈ {0, . . . , `} and
S2 ⊆ [N ] \ y−1(∗) of size `− k, define signs αS2 that are non-zero only for S1 ⊆ [N ] with size k so
that

αS2
S1

:= αS1∪S2 · χS1(γ).

Observe that χS1(γ) = 1 if S1 ⊆ y−1(∗) and 0 otherwise. Thus,∑
S1⊆y−1(∗)
|S1|=k

αS1∪S2 · χS1(x) =
∑

S1⊆[N ]
|S1|=k

αS1∪S2 · χS1(γ) · χS1(x) ,
∑

S1⊆[N ]
|S1|=k

αS2
S1
· χS1(x).

Finally, we observe that

Ex∼{−1,1}N

 ∑
S1⊆[N ]
|S|=k

αS2
S1
· fy(ρ(x)) · χS1(x)

 ,
∑

S1⊆[N ]
|S|=k

αS2
S1
· f̂y|ρ(S1) , Lα

S2

1,k (fy|ρ).

Substituting this in Equation (50), we get

Lα1,`(f) ≤
∑̀
k=0

(
d

`− k

)
·max

α′
Lα
′

1,k(fy|ρ),

where we used the fact that N − |y−1(∗)| ≤ d. This completes the proof.

Proof of Corollary A.7 from Theorem A.6. Let F (respectively F ′) denote the class of d-query DQCk
algorithms with (respectively without) classical pre-processing. Applying Theorem A.6, we have

L1,`(F) ≤
∑̀
k=0

(
d

`− k

)
· Lα′1,k(f |ρ′).

We now apply Theorem 1.5 to bound each Lα′1,k(f |ρ′) and this gives

L1,`(F) ≤
∑̀
k=0

(
d

`− k

)
· ck · d3 ·N (k−2)/2 · log(N)k−2 ·

√
k! ≤ Õ

(
d`+3 ·N (`−2)/2 ·

√
`!
)

as desired. The proof for BQP algorithms is identical and we obtain a bound of Õ
(
d`+1 ·N (`−1)/2 ·

√
`!
)
.
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Figure 19: Simulating a DQCk algorithm by a DQCk−t algorithm.

A.4 Simulating DQCk algorithms by DQCk−t algorithms.

Claim A.8. Let g(x) be the bias of a d-query DQCk algorithm. Then, there is a d-query DQCk−t
algorithm whose bias is g(x) · 2−t−1.

Proof of Claim A.8. Given a d-query DQCk algorithm with n + w noisy bits, consider a DQCk−t
algorithm which uses n+w+ t+1 noisy bits and k− t clean qubits as follows. Firstly, the algorithm
applies the X gate to the last t + 1 noisy qubits and applies a Toffoli controlled on these qubits
with the target as the final clean qubit. Then, apply the DQCk algorithm on the first n+ w noisy
qubits and the first k clean qubits. Finally, measure the last clean qubit. If it results in an outcome
1, then return the outcome of the DQCk algorithm, otherwise, return a random bit (by taking an
additional noisy qubit for instance).

Observe that this algorithm behaves identically to the original one whenever the t+1 noisy qubits
are in the all-zeroes state, which happens with probability 2−t−1. In all other cases, the algorithm
returns a uniformly random bit. Thus, the bias of the resulting algorithm is 2−t−1 · g(x).

A.5 Acceptance Probability of Quantum Algorithms

DQCk algorithms.

Proof of Claim 2.10. Consider a d-query DQCk algorithm and let U1, . . . , Ud+1 be the unitary op-
erators of the algorithm and S = [NW ] × {1},F ⊆ [NWK] be the set of initial and accepting
final states as in Definition 2.9 and Figure 1. The final state of the algorithm can be expressed
as a uniform mixture over I1 ∈ S of the pure state Ud+1 · (Ox ⊗ I) · Ud · · · (Ox ⊗ I) · U1 |I1〉. Let
F ⊆ [NWK] be the subset of final basis states that is accepted by the algorithm. We can thus
express the acceptance probability of the algorithm as an average over I1 ∈ S of∑

Id+2∈F
|〈Id+2|Ud+1 ·O · Ud · · ·O · U1 |I1〉|2

Since there are NW elements in S, the overall acceptance probability of the algorithm is given by

f(x) := 1
NW

∑
I1∈S
Id+2∈F

|〈Id+2|Ud+1 ·O · Ud · · ·O · U1 |I1〉|2

= 1
NW

∑
I1∈S
Id+2∈F

〈I1|U †1 ·O · · ·U
†
d ·O · U

†
d+1 |Id+2〉 · 〈Id+2|Ud+1 ·O · Ud · · ·O · U1 |I1〉
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= 1
NW

∑
I1∈S
Id+2∈F

Tr
(
U1 |I1〉 〈I1|U †1 ·O · · ·U

†
d ·O · U

†
d+1 |Id+2〉 〈Id+2|Ud+1 ·O · Ud · · · · U2 ·O

)

= 1
NW Tr

U1

∑
I1∈S
|I1〉 〈I1|

U †1 ·O · · ·O · U
†
d+1

 ∑
Id+2∈F

|Id+2〉 〈Id+2|

Ud+1 ·O · · ·U2 ·O

 .

We will further simplify this expression by introducing M ×M matrices V1, . . . , V2d as follows. Let
V1 =

∑
I1∈S U1 |I1〉 〈I1|U †1 . For t ∈ [2, d], let Vt := U †t . Let Vd+1 =

∑
Id+2∈F U

†
d+1 |Id+2〉 〈Id+2|Ud+1

and for t ∈ [d− 1], let Vd+1+t := Ud−t+1. This allows us to express f(x) as

f(x) = (NW )−1 · Tr (V1 ·O · V2 ·O · · ·V2d ·O) .

This gives us the desired expression. Finally we observe that ‖Vt‖op ≤ 1 for all t, and V1 is (up to
multiplication by unitary matrices) equal to a diagonal matrix with at most |S| = NW non-zero
entries of value 1, hence ‖V1‖frob ≤

√
NW .

1
2BQP algorithms.

Proof of Claim 2.12. Let F be the accepting pairs of initial and final states of a 1
2BQP algorithm

and U1, . . . , Ud+1 be unitary operators as in Definition 2.11 and Figure 2. For I1, Id+1, we use
FI1,Id+1

to denote 1 when (I1, Id+1) ∈ F and 0 otherwise. It is fairly straightforward to see that the
acceptance probability f(x) of the algorithm is given by

f(x) := M−1
∑

I1,Id+2∈[M ]

FI1,Id+2
· |〈Id+2|Ud+1 ·O · Ud · · ·O · U1 |I1〉|2

= M−1
∑

I1,Id+2∈[M ]

FI1,Id+2
· 〈I1|U †1 ·O · · ·O · U

†
d+1 |Id+2〉 〈Id+2|Ud+1 ·O · · ·O · U1 |I1〉

as desired.

A.6 Fourier Coefficients of Quantum Algorithms

DQCk Algorithms.

Proof of Claim 4.1. From Claim 2.10, the acceptance probability f(x) of a d-query DQCk algorithm
is given by f(x) where

f(x) = (NW )−1 · Tr ((Ox ⊗ I) · V1 · · · (Ox ⊗ I) · V2d)

= (NW )−1
∑

I1,...,I2d∈[M ]

∏
t∈[2d]

(Vt[It|It+1] · xit) (51)

with the convention that I2d+1 = I1. We now replace x by ρ(x) in Equation (51) to obtain

f(ρ(x)) = (NW )−1
∑

I1,...,I2d∈[M ]

∏
t∈[2d]

(Vt[It|It+1] · ρ(x)it) (52)

Since the coordinates in L are unfixed and the rest are fixed,

ρ(x)it =

{
xit if it ∈ L
ρit if it /∈ L

.
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In particular,

∏
t∈[2d]

ρ(x)it =

 ∏
t∈[2d]

with it /∈L

ρit

 ·
 ∏

t∈[2d]
with it∈L

xit


Substituting this in Equation (52), we get

f(ρ(x)) = (NW )−1
∑

I1,...,I2d∈[M ]

∏
t∈[2d]

(Vt[It|It+1]) ·

 ∏
t∈[2d]

with it /∈L

ρit

 ·
 ∏

t∈[2d]
with it∈L

xit

 . (53)

To simplify this expression and get rid of the ρit , we will define a M ×M diagonal matrix Dρ and
M ×M unitary matrices V ρ

t for t ∈ [2d] as follows. For I ∈ [M ], define Dρ to be a diagonal matrix
whose I-th diagonal entry is ρi if i /∈ L and 1 otherwise. Define V ρ

t = Dρ ·Vt for all t ∈ [2d]. Observe
this allows us to simplify Equation (53) and obtain

f(ρ(x)) = (NW )−1
∑

I1,...,I2d∈[M ]

 ∏
t∈[2d]

V ρ
t [It|It+1]

 ·
 ∏

t∈[2d]
with it∈L

xit


From here, we see that the only non-zero Fourier coefficients correspond to S ⊆ L and satisfy the
defining equation as in Claim 4.1. The bounds on the norms of V ρ

t follow immediately from the
corresponding bounds on Vt from Claim 2.10 and the fact that ‖Dρ‖op ≤ 1.

1
2BQP Algorithms.

Proof of Claim 5.1. Recall from Claim 2.12 that the acceptance probability of a d-query 1
2BQP

algorithm is given by f(x) where

f(x) := M−1
∑

I1,Id+2∈[M ]

FI1,Id+2
· 〈I1|U †1 ·O · · ·O · U

†
d+1 |Id+2〉 〈Id+2|Ud+1 ·O · · ·O · U1 |I1〉 . (54)

To simplify notation, for all t ∈ [d + 1], we define Vt := U †t and V2d+3−t = Ut. Substituting this
in Equation (54), we get

f(x) := M−1
∑

I1,Id+2∈[M ]

FI1,Id+2

∑
I2,...,Id+1∈[M ]

Id+3,...,I2d+2∈[M ]

 ∏
t∈[2d+2]

Vt[It|It+1]

 ·
 ∏
t∈[2d+2]\{1,d+2}

xit

 . (55)

Substituting ρ(x) in place of x in Equation (55), we get

f(ρ(x)) = M−1
∑

I1,Id+2∈[M ]

FI1,Id+2

∑
I2,...,Id+1∈[M ]

Id+3,...,I2d+2∈[M ]

 ∏
t∈[2d+2]

Vt[It|It+1]



·

 ∏
t∈[2d+2]\{1,d+2}

with it /∈L

ρit

 ·
 ∏
t∈[2d+2]\{1,d+2}

with it∈L

xit

 .

(56)
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As in the proof of Claim 4.1, we will simplify this expression by defining Dρ to be a diagonal matrix
whose I-th diagonal entry is ρi if i /∈ L and 1 otherwise and let V ρ

1 = V1, V
ρ
d+2 = Vd+2 and let

V ρ
t = Dρ · Vt for t 6= 1, d+ 2. This allows us to simplify Equation (56) as

f(ρ(x)) = M−1
∑

I1,...,I2d+2∈[M ]

FI1,Id+2

∏
t∈[2d+2]

V ρ
t [It|It+1] ·

 ∏
t∈[2d+2]\{1,d+2}

with it∈L

xit

 .

From here, we see that only Fourier coefficients with S ⊆ L are non-zero and are given by the
defining equation in Claim 5.1. The norm bounds on V ρ

t follow immediately from the corresponding
bounds in Claim 2.12. This completes the proof.
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