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Abstract

We prove a general translation theorem for converting one-way communication lower bounds
over a product distribution to dynamic cell-probe lower bounds.
Specifically, we consider a class of problems considered in [Pat10] where:

e Sy,...,S8, €{0,1}"™ are given and publicly known.
e T €{0,1}" is a sequence of updates, each taking ¢, time.
o For a given Q) € [m], we must output f(Sq,T) in ¢, time.

Our main result shows that for a “hard” function f, for which it is difficult to obtain a non-trivial
advantage over random guessing with one-way communication under some product distribution
over Sg and T (for example, a uniform distribution), the above explicit dynamic cell-probe
problem must have max{t,,t,} > Q(log®?(n)) if m = Q(n%9). This result extends and unifies
the super-logarithmic dynamic data structure lower bounds from [LWY20] and [LY25] into a
more general framework.

From a technical perspective, our approach merges the cell-sampling and chronogram tech-
niques developed in [LWY20] and [LY25] with the new static data structure lower bound meth-
ods from [KW20] and [Ko025], thereby merging all known state-of-the-art cell-probe lower-bound
techniques into one.

As a direct consequence of our method, we establish a super-logarithmic lower bound against
the Multiphase Problem [Pat10] for the case where the data structure outputs the Inner Product
(mod 2) of Sg and T'. We suspect further applications of this general method towards showing
super-logarithmic dynamic cell-probe lower bounds. We list some example applications of our
general method, including a novel technique for a one-way communication lower bound against
small-advantage protocols for a product distribution using average min-entropy, which could be
of independent interest.
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1 Introduction

We consider the following general class of dynamic data structure problems, initiated by the so-
called Multiphase Program [Pat10].

e Si,...,5, €{0,1}" are given and publicly knownE]
e T c{0,1}" is given as a sequence of updates, using t, time per update.
e For any given i € [m], output f(S;,T) using ¢, time.

We analyze this dynamic data structure problem in the cell-probe model [Yao81], the most powerful
model of computation for data structures. An input is pre-processed into a data structure of s cells,
each with a word of size w-bits. In this model, we only charge for memory accesses (probes) of
cells, while all computation on top of the probed cells is free. Because of its unimaginable strength,
a lower bound in this model applies to any reasonable data structure.

The Multiphase Conjecture [Patl0, [Thol3| states that if f is two-party Disjointness between
S; and T with m = poly(n), then max{t,,t,} > n° for some constant § > 0. The Multiphase
Conjecture then implies polynomial lower bounds for Graph Reachability (for directed graphs),
Dynamic Shortest Path (for undirected graphs), and other interesting dynamic problems.

In this work, we consider a generalized version of the Multiphase Program, considering f to be
any function from a general class of functions. For instance, we consider f to be a “lifted” version
of some function 1. Suppose we divide n into blocks of size k each, denoted by S;[j], T[j] where
j € [n/k]. Let g be some inner gadget, g : {0,1}* x {0,1}* — {0,1}. Some standard inner gadgets
g include indexing functions (where the first k& bits have only one 1) or functions that output the
inner product of the two k-bit strings. Then consider f’s of the form

f(5i,T) = (g(Sil1], T[)), - ..., g(Si[n/k], T[n/K)).

For example, this captures both Disjointness and Inner Product (mod 2), by setting k = 1 and ¢
as the bitwise-AND function. If we take ¢ as \/, f is then Disjointness, while if we take ¢ as @, f
is then Inner Product (mod 2). This is the class of functions studied extensively in so-called lifting
theorems (see [RY18] BT22] and references therein).

1.1 Our Result

Our main result is to show a “lifting” type result for the dynamic data structure problem. If f
is “hard” against an n/polylog(n) length message (i.e., a lower bound against one-way commu-
nication) under a product distribution, then the Multiphase Problem for such a function f has
max{t,, t,} > Q(log¥?(n)). Thus we lift f which is hard against one-way communication (a more
tractable task) to hard against dynamic data structures, albeit only up to super-logarithmic hard-
ness. As a corollary, we obtain the state-of-the-art lower bound against the Multiphase Conjecture
[Pat10l, [(CGL15, BLI15L KW20, DL20), [Ko25] when the function in question is Inner Product (mod
2) instead of Disjointness, improving upon the previously known Q(log(n)) bound [CGL15, BLI5].

Formally, we consider the following set of explicit dynamic data structure problems, which we
denote as the generalized Multiphase Problem:

Tn the original Multiphase Problem, these are given as pre-processing inputs and are pre-processed into a data
structure.



e Si,...,8n € {{0,1}*}"* are given, where each Sg is divided into n/k blocks
Sol(l],...,Sq[n/k], each of size k.

o T = (T[1],...,T[n/k]) € {{0,1}*}"/* is given as a sequence of updates, using t, time per
update (in the cell-probe model with word size w).

e For any given @ € Q = [m], output

f(5q,T) =¥ (9(Sq[1}, T[1]), ..., g(Sqln/kl, Tln/k]))

in t, time.

Problem 1: Generalized Multiphase Problem

Note that the functions f we consider are precisely the set of functions used in the Pattern
Matrix Method [Shell], and Lifting Theorems ([RY18, [BT22] and references therein). Our main
result is showing super-logarithmic lower bounds (as in [LWY20, [LY25]) for a general class of “hard”
f’s which includes inner product (mod 2).

Before fully stating our main result, we would like to formally describe which f’s are “hard”
for our proof. As we also use the chronogram method, we will divide the n/k blocks of T" into
¢ epochs, {T;}{_,, where T} consists of n; blocks and |Tj| = k - n; =~ k -~'. v is a parameter to be
defined within the proof, and Y n; = n/k. If we fix all epochs other than 4, this results in our
function f becoming

fi(8q,Ti) = f(Sq,T)
; 15§ oIT;
With fixed S" and T';, we consider the real-valued matrix \Pilséi ., €L +1]2 "Q bl (assum-

ing without loss of generality that Pr%,Ti [f(So,T)=+1] > PrSé’Ti [f(Sq,T)=—1])

1 . B
Ui(SH, Ty) := {Prﬂf(SQT):HJ =1 if f(Sq,T) = +1

-1 otherwise

Observe that ¥; has been normalized so that for every setting of Ség, Er, [\I/Z-(Sé, ﬂ)] =0.

We need two technical components regarding ¥;. First, we cannot have min% o ‘\IIZ(S}Q,E)

be too small, which corresponds to having a lower bound of 5 (we will set the bound on /3 later in
the section) on

N {Prn [f(Sq,T) = 1] Pro[f(5q.T) = +1]} »
Prr,[f(Sg.T) = +1] Pro[f(Sg, T) = —1] J =

Otherwise, we cannot use the simulation theorem from [LY25]. This is equivalent to having the
function somewhat balanced, i.e.,

1-5

|Eq, [fi(SH. Ty)]| < 175

As the next component, we would like ¥; to be resilient against a short message. If a short
message dependent only on 7; is sent, we would like the corresponding distribution on ¥; to have
small discrepancy. This results in the following definition.




Definition 1.1 (One-way Discrepancy). Fiz S5ET_;. We define one-way discrepancy of ¥; under
the distribution p over T; as

odisc,, () == Eg; > Wi(SH.T) - (T
T;

with the parameter C' > 0 as follows

odiscc(V;) := M(Trir)l:?l\)/(IKC]EM [odiscy s (¥5)]

An intuitive interpretation of one-way discrepancy is to use the following communication game.
Suppose Alice is given 522 and Bob is given T;, distributed independently (i.e. a product distribu-
tion). Bob generates a message M of length at most C' (note that the message is independent of
Sé?) Alice then generates a guess {£1} that maximizes the advantage in [LY25] for the balanced
version of f. E| Since Bob’s message is independent of Alice’s input, we can simply take the expec-
tation over Sé to measure the expected advantage. The intuition of a “hard” function is f which
is resilient against a short message by Bob.

The above model is not new. Such a communication model was originally studied in [KNR95],
that is, the lower bound for one-way communication under a product distribution but in the small
constant-error regimeﬂ Here, we want to consider the low-advantage (high-error) regime.

The aforementioned two conditions can be summarized in the following definition of a hard f:

Definition 1.2. We say f is “hard” if for each i € [{/3, (], with probability > g; > Q(1) over Séi
and T_;, f; and its corresponding V; satisfy both

o (Balanced) Prg; [[Ex, [£(85,T)]| = 4] <02 with § > 2o/

e (Low Discrepancy) odiscc (¥;) < n~2 for C < n;/poly log(n)

Intuitively, this corresponds to saying that f is “hard” if for any given epoch i € [¢/3, ], the
corresponding f; is balanced and resistant against a short one-way message with good probability

over the remaining coordinates Sa and T_;.
Then for such a hard f, we prove the following super-logarithmic lower bound on max{t,,t,}.

Theorem 1.3 (Informal). For the explicit dynamic data structure Problem equipped with a hard
f, the update time t,, and query time t, with m = Q(n%9) must have

log®/? n
sl )
log*(wty,)
Therefore, our work essentially reduces proving a super-logarithmic dynamic cell-probe lower

bound to proving a lower bound against one-way communication over a product distribution (i.e.,
showing that the function f is “hard”).

2If the function is a balanced function, ¥; is simply a 41 matrix (or the usual communication matrix for fi)-
}[KNR95] made a connection between the VC-dimension d of f; with fixed S, in the small constant-error regime.
However, their bound does not apply in the low-advantage regime.



1.1.1 Comparison with Previous Results

Progress on dynamic cell-probe lower bounds has been slow but steady over the past three decades.
The seminal work of Fredman and Saks [FS89] provided the first Q(logn/loglogn) dynamic cell-
probe lower bound. It took another 15 years to remove the loglogn factor from the denominator.
Patragcu and Demaine [PD04, [PD06] gave an ©2(logn) bound for an explicit dynamic problem. Yet
achieving a super-logarithmic lower bound (i.e., w(logn) time lower bound on update/query time)
seemed elusive [Thol3].

Larsen [Larl2] gave an Q((logn/loglogn)?) bound for the 2-dimensional range sum problem,
breaking the logarithmic barrier for dynamic data structure lower bounds. Larsen’s result, however,
has a caveat. The number of output bits per query is O(logn). Therefore, max{t,,t,} per output
bit is still Q(log n). It took roughly an extra decade to finally provide a super-logarithmic lower
bound for a Boolean dynamic data structure problem, established in [LWY20], which gave an
Q(log3/ 2n) lower bound for the dynamic 2-dimensional range parity sum problem. [LY25] then
further extended the technique to dynamic graph s-t reachability (in a directed acyclic graph).

Multiphase Program On the other hand, the most promising avenue of attack in achieving a
super-logarithmic lower bound (or even a polynomial bound) on max{t,, t,} for the past decades has
been the Multiphase Program [Pat10, [Thol3], the holy grail in dynamic cell-probe lower bounds.

Patragcu’s original approach for the Multiphase Program was to provide a lower bound for the
following communication game.

e Alice is given all the inputs but 7' € {0,1}". Bob is given all the inputs but S consisting of
Si,...,Sm € {0,1}". Merlin is given all the inputs but @ € [m].

e Merlin sends a message of length ¢, - n - w to Bob. Alice and Bob then proceed in a standard
two-party communication protocol to output f(Sg,T") after communicating t,w bits.

Problem 2: Multiphase Communication Game

There are results directly attacking the above communication game (namely, [CEEP12] [KW20),
DL20, [Ko25]). But we emphasize that attacking the communication game is a much harder problem
than the underlying dynamic data structure problem [KW20, Ko25|. For instance, the Multiphase
Communication Game has connections to a very old circuit lower bound problem [JS10].

Furthermore, there is a known separation between the communication model and the dynamic
data structure problem in question [Ko25]. There exists f (namely indexing) that is easy in the
communication model, but hard under the dynamic cell-probe model.

But even if we turn to a weaker dynamic cell-probe lower bound, only a logarithmic lower bound
is known. When f is Disjointness or Inner Product (mod 2), [BL15, [CGL15] showed max{t,,t,} >
Q (logn) f_fl

In summary, even though the Multiphase Problem is conjectured to be harder than problems
considered in [LWY20, [LY25], no super-logarithmic lower bounds were known for the Multiphase
Problem prior to our work, due to a technical challenge that we explain in Section

4From a technical perspective, this is under a weaker model, where the query algorithm has no knowledge of S
and therefore must probe for it as well. The setting we consider is slightly stronger as the querier already knows S.




1.2 Technical Contribution
1.2.1 One way simulation theorem of [LWY20]

One technical ingredient of our work is the one-way simulation theorem from [LWY20, LY25] which
pioneered “a recipe” for super-logarithmic dynamic cell-probe lower bounds. In this section, we
highlight the contributions in [LWY20, [LY25] to provide context for our technical contribution.

Consider a fixed dynamic data structure problem f : Q x T" — {£1}, where Q is the set of
queries, and 7' is the sequence of updates. Therefore if T is given as the sequence of updates, when
Q@ € Q is given as the query, the data structure must output f(Q,T).

The first building block for the one-way simulation theorem is the seminal chronogram technique
of Fredman and Saks [FS89]. A simple way to interpret chronogram techniques is as follows. As
the dynamic data structure must be ready to handle queries at any point during the sequence of
updates, in contrast to the static data structure, we can divide the update T into epochs of length
ni,...,np such that Zle n; = n/k, where each n; = yn;_; for some parameter . Therefore, they
are geometrically decreasing. The main observations in the chronogram technique are as follows:
(i) The average number of cells that are probed which were last updated in epoch i is ¢4 /¢; (ii)
The number of cells changed by all subsequent epochs is small, as the number of updates decreases
geometrically over the epochs.

Now we focus on a fixed epoch i to give a lower bound on t;,¢/¢. Such a static data structure
(for a fixed epoch i) has pre-initialized memory (updates performed in previous epochs) and a
cache (updates performed in subsequent epochs). Observe that a data structure in epoch i, with
n; updates, which would generate ¢,n; many updated cells, has ). . t,n; < o(n;) cells in cache,
and > i tulty cells in pre-initialized memory.

To prove a lower bound for such a static data structure, [LWY20, [LY25] introduce a one-way
communication game which can simulate a static data structure with pre-initialized memory and
a cache, to then argue that no “too-good-to-be-true” one-way protocol can exist.

J>i

e Bob is given all the updates {T;}¢_,, but not the desired query @ € Q.
e Alice is given all the updates, except the updates in epoch i (i.e., T;), and the desired query.

e Bob sends a one-way message M of length C-bits to Alice. Then Alice announces f(Q,T).

Protocol 1: One-way Communication Simulation Gy

Alice, without Bob’s message, can only generate the pre-initialized memory on her own. In the
extreme case where C' > w(t,n; +o(n;)), Bob can then send over the entire cache (which is at most
o(n;) cells) and the memory state generated in epoch i. Therefore, Alice will announce the correct
f(Q,T) every time. In fact, just sending T; would allow Alice to recover f(Q,T) for all Q € Q.
The goal is then to analyze the correctness of the protocol when C < n;.

As a measure of correctness of the one-way communication protocol, [LY25] introduces the
following quantity called the advantage of the protocol over the product distribution on the query
set and update set D = Dg x Dr.

— _
adv(Gf,Dg,Dr,C) = m]\é/}XEQM Bz [F(Q,T)|M]|]

where f : QxT — [—1, +1] is the normalized version of f so that for every Q € Q, Erp,.[f(Q,T)] =
0. Note that the normalization is only necessary when f is not a balanced function for every Q.




If f is completely balanced, i.e., the setting for [LWY20], no normalization is necessary, and the
above quantity exactly captures the small advantage over a fair random coin toss.

The remaining high-level argument of both [LWY20, [LY25] is as follows: (i) show that a “too-
good-to-be-true” data structure implies a “too-good-to-be-true” one-way communication protocol
with a short one-way message (small C') and good advantage (i.e., the simulation theorem); (ii)
show that such a “too-good-to-be-true” one-way communication protocol cannot exist.

As the main contribution in [LWY20, [LY25] is the one-way simulation theorem (i.e., step (i)),
let us focus on obtaining (i). To obtain (i), we would like to generate a short one-way message M
from the static data structure. The key technique to reduce the length of the one-way message
M is the cell-sampling technique [Sie04, PTW10]. A naive attempt is to sample each cell updated
in epoch i with probability 1/(t,w)®®) independently at random. Bob then sends the sampled
cells to Alice as the single-shot message, along with the cache. If all cells required to be read have
been sampled, then Alice can answer correctly. If not, she just randomly guesses the answer. Since
there is a non-negligible probability of sampling all required cells, this would result in some small
advantage. However, the technical challenge is that Alice cannot distinguish between the above
two cases just from the sampled cells alone. Alice cannot distinguish whether a cell she received
from Bob’s message has been touched during epoch ¢ or not.

The main technical centerpiece to resolve the above issue is the so-called “Peak-to-Average”
lemma [LWY20], which states the existence of a small subset of cells such that knowing their
contents gives a nontrivial advantage. Using the lemma (which can be interpreted as a clever
choice of cells for cell-sampling) and the chronogram technique [FS89], any “too-good-to-be-true”
dynamic data structure yields a static data structure (with pre-initialized memory and a cache)
that achieves a small advantage over random guessing.

The key insights in [Larl2, LWY20, [LY25] are to carefully subsample cells updated in epoch ¢
such that knowing the contents of such cells gives a non-trivial advantage over random guessing.
The cache and sub-sampled cells constitute a short one-way message M that achieves a non-trivial
advantage over random guessing.

All these technical components formally culminate in the following one-way simulation theorem
for a static data structure with pre-initialized memory and a cache.

Theorem 1.4 ([LWY20, LY25]). Let f : Q x T — [—1,41] be a data structure problem with
weights [—1,+1]. Dg x Dr be a (product) distribution over the queries and inputs such that
Erp, [f(Q.T)] = 0 for any Q € Q, and |f(Q,T)| > B for some B > 0. If there exists a data
structure with pre-initialized memory and a cache for f with at most S updated cells, Scqc cells in
cache, expected query time tior, and expected query time into updated cells ty, then for any p € (0,1),

2dv(Gp, Do, Dz, (89S + Seac)w)

> exp (=0 (108(1/p)(t + tn(ty 1ox(1/5) + 108(1/5) + 105(1/9) ) ) = exp (~52(S))

1.2.2 Our technical centerpiece

Our main point of departure from [LWY20, [LY25] is (ii): showing that no such one-way communi-
cation protocol can exist.

The one-way communication game G ¢ used in [LWY20| [LY25] is based on an explicit static data
structure lower bound on the Butterfly Graph [Pall]. While this was comparatively straightforward
for [LWY20], the primary technical challenge in [LY25] lies in proving a new static lower bound
on the Butterfly Graph, as this requires establishing a strong explicit static data structure lower



bound even for a small advantage over random guessing. This approach follows from a standard
encoding-decoding (and therefore a counting) argument, inspired by the static data structure lower
bound from [Pall].

A key distinction of our method is how it overcomes the limitations of the encoding-decoding
(or counting) arguments used in prior work [LWY20, [LY25] to establish one-way communication
lower bounds. This approach is effective when the query distribution, M, is uniform over a small
support, as a simple counting argument suffices (see, e.g., Section 5.2 of [LY25]). However, the
encoding-decoding strategy fails when the query set is sub-sampled from a distribution with a
much larger support. In this scenario, the one-way message can depend arbitrarily on the specific
queries chosen, adding a layer of complexity that makes a simple counting argument intractable.
This challenge was the primary bottleneck to applying the simulation lemma from [LWY20] to the
Multiphase Problem and necessitated our different approach.

More specifically, we need a lower bound for the following modified one-way communication
game where both Alice and Bob have access to S.

e Bobis given S = S1,...,S,, and all the updates {Tj}gzp but not the desired query Q € Q =
[m].

e Alice is given S =51,...,5n, al updates except those in epoch i (i.e., T;), and the desired
query Q.

e Bob sends a one-way message M of length C' bits to Alice. Then Alice announces f(Sg,T).

Protocol 2: Modified One-way Communication Game

The main technical challenge for the encoding-decoding argument is the dependence on S,
Alice and Bob both know S , and M can be interpreted differently depending on the specific S
that is chosen. Thus, we must account for all possible S , which essentially invalidates the counting
argument. The issue is compounded when proving the lower bound in the low-advantage regime,
i.e., where the advantage is n~(1).

Our technical contribution is the use of information-theoretic tools from [KW20, [Ko25| to essen-
tially “remove” the dependency on S when S; and T’s are generated under a product distribution.
Our work reduces the problem to a lower bound for the following one-way communication game,
which has been studied in various contexts and is far more tractable.

e Bob is given all the updates {Tj}le.

e Alice is given ¢, chosen from some distribution Do, and all updates except those in epoch i
(i.e., T;).

e Bob sends a one-way message M of length C' = n;/polylog(n) bits to Alice. Then Alice
announces f(s,7T).

Protocol 3: Reduced One-way Communication Game

We remark that our definition of “hard” (Definition exactly captures the lower bound for
Protocol [3 Hard functions do not have a short protocol with good advantage for Protocol 3] In
Section [] and Section [5| we list some examples of these hard functions including the usual Inner
Product mod 2. We remark that we need a lower bound of the form C > n/polylog(1/¢) for an




e-advantage (under a product distribution). We cannot expect such a lower bound for well-studied
Indexing or Disjointness, as a simple upper bound with n/poly(1/e) exists. We introduce a new
method of lower bounding Protocol |3| against small advantage under a product distribution using
average min-entropy.

2 Preliminary

2.1 Information Theory

In this section, we provide the necessary background on information theory and information com-
plexity that are used in this paper. For further reference, we refer the reader to [CT06].

Definition 2.1 (Entropy). The entropy of a random variable X is defined as

1
Pr| z]log ————.
Z X = allog 5
Similarly, the conditional entropy is defined as

1
X =z|Y =y

H(X|Y):=Ey | Pr[X =z|Y = y]log B

Fact 2.2 (Conditioning Decreases Entropy). For any random variable X and Y
H(X) = H(X|Y)

With entropy defined, we can also quantify the correlation between two random variables, or how
much information one random variable conveys about the other.

Definition 2.3 (Mutual Information). Mutual information between X andY (conditioned on Z)
is defined as
I(X;Y|Z) = H(X|Z) - HX|YZ).

Similarly, we can also define how much one distribution conveys information about the other dis-
tribution.

Definition 2.4 (KL-Divergence). KL-Divergence between two distributions p and v is defined as

Drcr(pllv) := Zu )log =

@
To bound mutual information, it suffices to bound KL-divergence, due to the following fact.

Fact 2.5 (KL-Divergence and Mutual Information). The following equality between mutual infor-
mation and KL-Divergence holds

I(A; B|C) = Eg ¢ [Dkr(Alp=b,c=c||Alc=c)] -

Fact 2.6 (Pinsker’s Inequality). For any two distributions P and Q,

1
2loge

1
1P~ Qlirv = 51— Qlh < /35Dl

9



We also make use of the following facts on Mutual Information throughout the paper.
Fact 2.7 (Chain Rule). For any random variable A, B,C and D
I(AD; B|C) = 1(D; B|C) + I(A; B|CD,).
Fact 2.8. For any random variable A, B,C and D, if I(B; D|C) =0
I1(A; B|C) < I(A; B|ICD).
Proof. By the chain rule and non-negativity of mutual information,

I(A; B|C) < I(AD; B|C) = I(B; D|C) + I(A; BICD) = I(A; B|CD).

O]
Fact 2.9. For any random variable A, B,C and D, if I(B; D|AC) =0
I(A; B|C) > I(A; B|ICD).
Proof. By the chain rule and non-negativity of mutual information,
I(A; B|CD) < I(AD; B|C) = I(A; B|C) + I(B; D|AC) = I(A; B|C).
O]

3 Proof of Main Theorem

Recall that the class of explicit dynamic problems that we would like to give a lower bound for is
the following.

o S1,...,Sm € {{0,1}F}"/* are given, each Sg divided into n/k blocks Sg[1], ..., Sg[n/k], each
of size k.

o T = (T[1],...,T[n/k]) € {{0,1}¥}*/* is given as a sequence of updates, using t, time per
update.

e For any given @ € Q = [m], output

f(5:T) = ¥ (9(Sq[L], T[1)), - - -, 9(Sqln/k], T[n/k]))

in t, time.

which we denote as the generalized Multiphase Problem. The original Multiphase Problem can
be easily represented as k = 1 with g being the standard bit-wise AND, v being \/, or @ if f is
computing inner product over Fs.

We formally prove the following result for the generalized Multiphase Problem.

Theorem 3.1. Suppose f is hard (as in Definition[1.9) and m = Q(n®%). Then it must be the

case that ,
1 3/2
ty> 0| ")
log*(wty,)

The main intuition behind phrasing our result in a generalized manner is that our result “lifts”
some hard function 1 (in a restricted model) to a super-logarithmic data structure lower bound.

10




Epochs To give a super-logarithmic lower bound, the first main technical component is the
chronogram technique [FS89], where we divide the sequence of n/k updates into epochs, each
containing n; := 4 blocks (of k bits each), and Zle n; = n/k. We denote the epochs of updates
as {Ti}le, and we process the updates in reverse order.

Then we also consider the associated coordinates in Sg. In particular, we denote S& as the
part of Sg associated with the i-th epoch T;. This notation can be further extended to work with
multiple indices in [m] and [¢]. Séi denotes S except Sé, analogously T_;. We use S to denote
the bundle over all @’s. Similarly, if we use a subset of [m] in the subscript, that denotes Sg’s in
the subscript.

Notations and Hard Distribution We will use 74, as the random variable for the number of
cells (total, across all epochs) probed in the query algorithm. 7, is used as the random variable for
the number of cells updated in epoch ¢ that are probed.

We assume each Sgli] is distributed ii.d. for all i € [n/k] and @ € [m], as well as all the
coordinates in T'. This implies that Sg[i]’s and T;’s are all independent.

We will use the overline notation to denote the normalized version of f. That is, with fixed
Séﬂ T_; assuming without loss of generality that Pr%jTi [f(SqQ,T)=+1] > Prs@,Ti [f(Sq,T) =—1],

1 . _
Fi(Sh,Th) = § Prrlfem=sr — 1 IS0, 1) =+
-1 otherwise

and vice-versa if Pr%m [f(SQ,T)=+1] < PrSg,Ti [f(Sq,T) = —1].

High Level Proof Strategy Before delving into the technical part, we would like to give an
overview of our overall proof strategy.

1. First, we want to select a “good” epoch i € [¢/3,5¢/6]. We show that there exists some epoch
i of the updates, and an associated event E; and query set Q; C Q which yield a “good” data
structure problem with pre-initialized memory and a cache.

2. Such a “good” data structure then yields a “too-good-to-be-true” protocol for the following
communication model from [LWY20, LY25]. Bob sends a one-way message M to Alice. Then

Bob
ST_;0

Merlin

-

S, T

Figure 1: Communication Model

Alice guesses the value of f(Sg,T) = f,-(Ség,Ti). The performance of the protocol is then
measured by the advantage of the protocol.

3. We show that a “too-good-to-be-true” dynamic data structure implies a “too-good-to-be-
true” one-way simulation in Section [3.1] Then in Section [3.2] we show that hard f’s cannot
have a “too-good-to-be-true” one-way simulation using information-theoretic tools, thereby
resulting in a contradiction.
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3.1 One-way simulation Theorem

In this section, we will prove the following simulation theorem (an analog of Theorem from
[ILWY20, [LY25]) which converts a “too-good-to-be-true” dynamic data structure for f to a one-way
communication protocol with a high advantage. Recall that our f in question satisfies the following

property.

Definition We say f is “hard” if for each i € [£/3,{], with probability > g; > Q(1) over Séi
and T_;, f; and its corresponding V; satisfy both

o (Balanced) Prg; HIETi [ fi(sgg,n)” > %} < n~2 with log(1/8) < o(log"/2(n)).

e (Low Discrepancy) odiscc (¥;) < n~=2 with C < n;/polylog(n).
For such f, we prove the following simulation theorem.

Theorem 3.2. Suppose for any g, there exists a dynamic data structure for Problem with f with

. . log3/2
update time t, = polylog(n), average query time Eq 1 [Tiot] = tiot < 0 (%). Then there

exists an epoch i € [€/3,50/6], an event E} and a query set Q; C Q that depend only on S=i T,
with Prg_; . [E}] > Q(g;) such that

|Qi| > gim/2

1_
VQ € Q;, Prl||Er [f(So,T)]|>—L| <n2, odisco(¥;) < n2.
ReQ sé'TZ[f(Q )H_lJrﬁ <n~7, odiscc(¥;) <n

Furthermore, there exists a sub-event E? C E} with Pr[E?|E} > 9/10, and a query set Q; C Q;
with | Q)| > (1 - 717(2)) |Qi| depending only on S,T_;, conditioned on which there exists a one-way
communication protocol that obtains
—
adv(G?i,DQ;,DTi,ni/poly log(n)) > n—o),

We will use Theorem as our main ingredient, which we reiterate below.

Theorem (ILY25]). Let P : Q x T — [—1,+1] be a data structure problem with weights, and
Do x Dr be a distribution over the queries and inputs such that Ep [P(Q,T)] = 0 for all Q € Q
and |P(Q,T)| > B for some B > 0. If there is a data structure D with pre-initialized memory and
a cache for P such that D has at most S updated cells, Scqc cells in cache, expected query time
tiot, and expected query time into updated cells t,, then for any p € (0,1), there exists a one-way
communication protocol Gp, such that

2dV(Gp, Dg, Dr, (89S + Seac)w)

> exp (=0 (108(1/p)(ty + tn(ty ox(1/5) + 108(1/5) + 105(1/9) ) ) = exp (~52S))

Remark 3.3. Note that the B in the simulation is the same (3 in the definition of hard f. Recall
that we normalize fl(Sb,TZ) so that the expectation is zero. We leave it to the reader to verify

that the balanced condition ‘ETi [fZ(SéQ,Tl)] ‘, 18 exactly the condition required to lower bound the
normalized absolute value.
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Proof of Theorem Before directly applying Theorem[I.4] we need to filter through a sequence
of events and query sets towards the final lower bound.

First, we prove the following claim, which gives a fixed epoch i € [¢/3,5(/6], an event E} and
query set Q; from S_'Li, T_; that are “good.”

Claim 3.4. There exists an epoch i € [(/3,5(/6], an event E}, and a query set Q; C Q depending
only on S~ and T_; such that:

Pr (BN > Q) |Qf> %"
S‘*i,T_i 2
1—
VQ € Q;, odisco(¥;) < n=2, Pr (|Er, [f(Sq,T)]| > Hg < n2
Sl

Q
8+ Lot 4. tiot
Bomim ol < 577 Bomym [mal < — 5=
2 gz . i gZ
Proof. First, a simple Markov argument shows that there must exist an epoch ¢ € [¢/3,5¢/6] such
that

EQ,g,T [Tq] S 2. ttot/‘g- (1)
Furthermore, due to our assumption on the underlying function f, we have that for each Q) € 9,
1
Pr Pr [|ETZ [f(Sq, 1| > ﬂ] >n"2 |V (odisco(¥;) >n"?) | <1-g,. (2)
555 T-i | \ 54 1+ 06
By Markov’s inequality, with probability at least 1 — % = Qf—igi > 4 over S~ and T_;, there
exists Q; C Q with |Q;] > %57 such that for all Q € Q;
1-— _
Pr[[Ex, (S0, 7 2 55| <
s, 1+

odiscc(0;) < n~2

Denote the event corresponding to this choice of S/, T_; as E}. Then as Pr[E}] > % and |Q;] >

957 this implies that

2 2
IEQEQZ',Sﬂi,Ti|Ei1 [TQ] < <gz> -2 ttot/g

2
2
Eoco. i myp [Ttor] < <g> trot-

(2

which completes the proof of the claim. O

Next, we proceed to the second filter, where we condition on St as well. Conditioned on E} we
would like to have a sub-event EE C E}, and query subset Q/ further conditioned on S°.
Claim 3.5. There exists an event E?, query set Q) C Q; with |Q}] > (1 — %) |Qi| (depending only
on S and T_;) such that
Pr [E?[E}] 2 9/10

=1

VQ S sz OdiSCC(\IIi) < 7'L72, ‘]ETl [f(SQ7T)H <

10 - tt t 5 - tt t
IEQ,TZ-IEZ-2 [Tq] < TX» EQ,TAEZ.? [Teot] < 720
g; - g

)

—_

—+

@

—_
@
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Proof. Now, we switch our attention to choosing Si and the respective Q) C Q; assuming El1 Then
there exists an event Ef depending on the additional S? such that

1-3 10
o [En e mi < 155 = (1-12).

that is, a choice of S% such that at most 10 of the resulting f(Sg,T)’s are not well-balanced. Then

by Markov’s inequality,
-2

1- pr [B}Ey<”

§i7§_ivT7i W

= 1/10.

Assuming EZ-Q, I yields a set Q; C Q; such that for every @ € Q’-,

1-—
1+

Q

odisco(¥;) < n 2, |Er, [f(So,T)]| <

=

Note that the first condition only depends on §*i,T_i, while the second condition depends on
S,T_;. Then over Q € Q, conditioned on E?, by a simple Markov argument,

10 1 2?2 10 -t
EQGQ’-,THE? [TQ] < —=- 10 () 2 ttot/g < 2 tot

10 1 4 - tior 5 - tiot
Egeor 1,152 [Ttot]) < — - . <
QeQ;,T;|E; 'to 9 1_— % 91'2 91'2

O]

Now we have the required definition of event E? and Q.. We proceed to apply Theorem
conditioned on E? and over the query set Q}. Given Claim we zoom into the event E2. Given
EZ-27 which is determined by S,T_;, there exists a data structure with updated cells S < t,n;

) ni—1 2tyn; n; : ; S-ttot
and cache S, < ZZ‘//<Z~ tungr = ty - < ~ < (fow)o > with expected query time p and

expected query time into updated cells 12 tt;t over some query set Q) C Q;, where the bound on S,
holds from setting v = (t,w)®). Theorem . then implies a one-way communication protocol for

f,(Sb,TZ) for any p € (0,1) with advantage

—
adv(G?_,DQQ,DTi, (8pS + Secac)w)

> exp (=0 (108(1/p) (12 + \tealta og(1/p) +1ox(1/9)) ) +106(1/8) ) ) - exp (-26S)  (3)

We set p :=
we get,

W Then observe that £ = Q(log, (n)) = Q (10?537;11) . Plugging in the bounds,

2, log(tuw) | t,, log(1/8)
e log(tull))( Lot +\/ tof Lol ;
B_O(l) ) 2 < 91.2 log,y(n) g? log.y(n) 91'2 _ eXp (_m> . (4)

(t,w)®W
Assuming t, = polylog(n), w = O(logn), n; > Q(n'/3) due to the epoch being i € [¢/3,5(/6], if
/2
we assume log(1/3) < o(log/?(n)), and t;o; < 0 (W), simplifies to

@) > p=OM . o) > poll),

Therefore, there exists a message of length W with n—°(1) = n, o(1) advantage for G?A O

14



3.2 Combinatorial Lower Bound

Next, we would like to show that no such one-way protocol exists. Before we delve into the proof
of impossibility, we briefly summarize the properties we attained in Section

Recap of Previous Section In the previous section, we showed that a “too-good-to-be-true”
dynamic data structure yields a “too-good-to-be-true” one-way communication protocol, which had
the following property:

e O, C Q which depends only on S~ and T_;, with size > g;m/2 such that all Q € Q; have:

1 —
B <,

l;_r |Ex, [f(Sq. T)]| = T75|=

Q
odisco(V;) < n=?;
e An event E? with probability Prg. [E?|E}] > 9/10 and a set of good queries Q) C Q; with
Q| > (1— %) |Q;| depending only on S, T_; where conditioned on E?

—

adv(G?_,DQQ,DTi,ni/poly log(n)) > n—oW.
We will first pick “good” S —i T_,; satisfying EZ1 as part of public randomness (i.e., we will assume
the event Ezl) Note that g_i,T ; reveals zero information about S and T; due to our hard

distribution being independent. Thus, conditioning on the event will not affect the distribution
over S* and T;.

Main Lower Bound We would like to show that these properties cannot be satisfied simulta-
neously. To that end, we prove the following combinatorial black-box theorem, which can be used
to derive the contradiction.

Theorem 3.6. If M| < C = poly”fogn, the mazimum advantage Bob can attain, conditioned on an
event E; determined by §, T ; is

—

adv(Gy.,Dg:, Dr;, C) < n~ W

Before delving into the main proof, we would like to give a brief overview of the proof, and what
combinatorial properties are necessary to derive a contradiction. Our main proof strategy roughly
follows the technique pioneered in [KW20] and subsequently [Ko25]. We show that a “too-good-to-
be-true” one-way message M achieving a large advantage leads to a “too-good-to-be-true” random
process Z which achieves (i) small information on T;; (ii) small information on S&; and (iii) little
correlation between S& and T;, while such Z cannot exist, as the underlying f is hard.

We define our “too-good-to-be-true” random process Z as follows (which would be guaranteed
by setting F; = 1). Let P be a non-overlapping random sequence of numbers in Q; of length [,
where [ is a parameter we will decide in the final part of the proof. Note that Q; is completely
determined by S —t T_;. Therefore, P reveals zero information about Si. We denote the number at
position j as pj. Then we also take a random number J € [l] uniformly at random. Let Bg denote
Bob’s response for query @ € [m], and a Boolean random variable Gg whether Q € Q). Our Z is
then defined as
B,_,,S

P<J TP<I M pe g

J

Then we attach Z along with p;, G, B,, and conditioning on E; = 1 to derive the contradiction.

Z = M,P<J,G

15



3.2.1 Technical Lemmas

Towards the proof of Theorem [3.6] we prove the necessary technical claims first. The main technical
deviation from previous works is on how to deal with the information on Sj, . Just as in [KW20],
Z reveals little information about 5’; , in terms of mutual information or KL divergence.

Claim 3.7 (Low information on SZ’,‘]).

z. D 5O+
EZ,pJ‘Eizl [D(SPJ’Z7PJ7E221|‘SPJ)] S u

Proof. Suppose we condition on the event E}. Then we use the analogous direct sum technique
from [KW20]. First observe that

I(S): Z,ps, E}|\E} =1) < I(S), ; M,P,B,_,,G,_,,S,_,,Ef, J|E} =1)
=I(S, ;M,E;,B,_,|P,S,_,,J.E} =1)

For any fixed J = j, note that
1

1(S),; M,E},B,_,,G,_,|P,S,_,J=3j,B =1) < —— j](sip<j; M,E},B,_,G,_,|S,_,E} =1)
< C+2j+1 < C+20+1 < 3(C+l)‘
- m-3 = m-1 - m
Then note that since Pr[EZ|E}] > 9/10, and
Bz 25— | Db 262115,)| = 105, 2,00, BIEL = 1),
this completes the proof of the claim, by writing F; = El1 A E'Z2 O

We will need to translate the bound on S/in from Claim using the following claim.

Claim 3.8.

. . (C+1) 200
EzpsG,,=1,5=1 |150,12,0,,G,,=1,8=1 — SPJIIJ <5 oy
Proof. We will upper bound [|S [7,,.¢ py=1,B,=1 — S? |1 using the triangle inequality, namely

155,

ZprGpy=1,8=1 — S 11 <18} 12,056, =121 — S| 2,p5mi=1]1 (5)
+155,12.p5,8=1 = S5, 11 (6)

First, we bound . If we consider any fixed Z, pyJ,

155, 12,05,Gp, =1,E:=1 = Sp, | 2,0, Bi=11l1 < 2-Pr[Gy, = 0|7, py, By = 1].
Then taking expectation over Z, p;

Ezps1G,,=1,5=1 O] < 2Bz, 6, =1,5=1[PrlG,, =0|Z, ps, E; = 1]]

<2-(Ez,, =1 [Pr[Gy; = 0|Z, ps, E; = 1]] + 2Pr[G,,, = 0|E; = 1))

60
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If we take expectation over @,
EZ,pJ|GpJ:1,Ei:1 [@] S EZ,/)J|E1:1 [@] + 4Pr[GPJ = O|EZ = 1]
. . 40
< EvaJ‘Eizl [HS;JJ‘Z’W»E@'ZI - S/Z?Jul] + n2’

The bound on Ez , ;-1 [||S;J Z,py Ei=1 — S;;J l1] can be attained immediately from Claim (3.7 due
to Pinsker’s inequality (Fact [2.6) and Jensen’s inequality.

- . : : 5(C +1)
Ezpsi5mt [15h, 12,0052 = S5, 1) < 2/Ez 121 [D(SS, |20, 11S5,)] <2 R
Combining all the bounds, we obtain
» » (C+1) 100
Ez,011G,,=1.B:=1 [HSZJ|Z,pJ,GpJ=1,Ei=1 - S;Zu”l} <5\~
completing the proof of the claim. O

We need the following claim as well to translate the advantage of the protocol to one-way
discrepancy of the underlying function,

Claim 3.9. Let A and B be some random variable which satisfies

1S? |aza — S 1 < 61

Esy, |[Eniinnn Fi(5h 1] || <62

then

<
= Pr[B=blA =d]

ES&J'A:a,B:b HETi|A:a,B:b [?i(szl’ Tl)] H —

Proof. As ‘ETi\A:a,B:b [f: (S} T)H < 1 for any setting of S;J,

Pyt

E5}3J|A:a HETilA:a,B:b Fl(S/ZJJ’TZ)] H < ES};J HETi|A:a,B:b [fl(SZU’Tl)] H + ||S/Z;J|A:a - SZ’JHl
< 02+ 61

Finally, since Pr[B = b|A = a| > 0, and ‘ETilA:a,B:b [TZ(S;J,T,)]‘ > 0, due to a simple Markov

argument, we get

= i do+9
ES};JIAza,B:b HET'L|A:a,B:b [fi(SpJ’Ti)] H < Pr[B 2: b]/; = q]

which completes the proof of the claim. O

We prove the final claim of this section, where we argue that Z,B,,,G,,,C,,, E; introduce

. P
little correlation between SZ; , and T;.
Claim 3.10 (Low Correlation).

; 4C 25
I(S;J;T”Z’pJvBPJ?GPJ =LE =1)< e + n
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Proof. Towards the proof, we introduce an auxiliary event, C,, for the analysis, which is true if a
setting of Z, p is picked such that

1-Pr[G,,|Z,ps, B =1] <

N | =

Then recall that due to our definition of E? (from Claim ,

10
Ezpsm=1[1 = Pr[Gp,|Z, ps, Bs = 1]] < 2
Due to a simple Markov argument
20
1- P C, |E=1< — 7
Z,Pj\fgi:l[ ol Ei ] n? (7)

With C,, defined, the bound on I(SZJ;TL-]Z, pJ:By,,G,, =1, E; = 1) can be decomposed as

I(S;J;EIZ7pJ7BP‘]’GpJ = ]-aEz = ]-) < I(S;JBpJ;E|Z)pJ7GPJ = 1aE’L = 1)
=Pr[Cy, =1|G,, =1, E;=1]-1(S) B, ,: T;|Z,p;,Gp, =1,Cp, = 1,E; = 1) (8)
+Pr[C,, =0|G,, =1,E; =1]-I(S) B,,; T}|Z,ps,Gp, =1,Cp, = 0,E; = 1) (9)

Then we bound and @D separately. For @D, observe that for any fixed Z, py
(S}, By, TilZ,p3,Gp, = 1,Cp, = 0,E; =1) < m;

while from a simple application of Bayes’s rule,

Pr[C,, =0AG,, =1|E;=1] _%.1 20
Pr[C,, =0|G,, =1,E;,=1] = £1 Py ! <2<
Gy = 01Gp, =1, B =1] Pr[G,, = 1|E; = 1] T 1107 e
which therefore leads to a bound of
@<%J—20 (10)
~n?2 n
On the other hand, can be bounded by
(S}, By Ti|Z,py, Gy =1,Cp, =1, B = 1)
I(SY B,,;Ti|Z,p;,G,,,Cy, =1, E; = 1) .
it A bt s Mt B <2-I1(S! B,,;Ti|Z,ps,Gp,,Cpy =1, E; =1
PGy, = 112,01, Cyy = LB =1] = 2 1o BosiTilZ 00 G Coy = 1L B = 1)

where the bound on Pr[G,, = 1|Z,p;,C,, = 1, E; = 1] follows from our definition of C,,. Then
I(SZJB,,J;Z/HZ,pJ,GpJ,CpJ =1,FE; = 1) can be bounded as

I(S;JBPJ;TilzﬂpJvGPJ’CPJ =1L E = 1)
= I(S;JBPJ;E‘ZHOJ’CPJ =1,E =1) +H(GPJ‘Z7IOJ76PJ =1L,E =1)

<n—1
I(S;JBpﬁTi‘Z pJ, Ei =1)
Pr[Cy, = 1|E; = 1]

. 1
+ = <2-1(S},Byi Tl Z.ps B = 1) +

1
n
where the second inequality follows from

Pr[C,, = 1|E; = 1]-I(S} By ,; Ti|Z,ps,Cp, = 1,E; = 1) < I(S), B, ;; Ts|Z,py, Ei = 1).
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Then we bound the I(SZJBPJ;ZIHZ, pJ, Ei =1) term.

I(S;JBPJ71—:L|Z’ PJ,Ei = 1) = I(SZ)JBPJ;E|M7p<«]’pJ7BP<J7
< I(S},B,,;Ti|M,P,B,_,,5,_,,J,E; =1)

pP<IrMp<y?
l

1 ) )
=3 > I(S, B,;;T;|M,E; =1,P,B,_,,S}_)
j=1

Sy, Ei=1)

S, Bp; T;|M, E; = 1, P)
l
where the first inequality holds as P is chosen independently at random, thus conditioning on p< s

increases mutual information from Fact Then the I (gi,Bp;I}]M ,E; = 1,P) term can be
bounded by

1(S%, Bp; Ti|M, E; = 1,P) = I(S'; T)|M, E; = 1,P) + I[(Bp; T;|M, 5, E; = 1,P) < C

<c =0

where I(Bp; Tjy|M, E; = 1,51, P) = 0 as M, S fully determine B;, Gy’s for all i € [m], and

I(S%T)|M,E; = 1,P) < I(S', M, T}|E; = 1,P) = I(S; T}| E; = 1, P) +1(S; M|T;, E; = 1,P) < C.

=0

as F; is determined by S ,T_;, and the distribution over T; remains unchanged. Therefore, we get

that

; 2C 1
I(SZJBPJ;E|ZapJaG,OJ70pJ = 1aE’L = 1) S T + ﬁ

which then implies the bound on as

®<2(

This completes the proof of the claim as

= 4+ =

2C¢ 1 4 2
=+
l > l n

n
I(S;JBPJ;I-;:’Z7PJ7GPJ:17E7::1) S 7+*+7 < 7—’_7

3.2.2 Proof of Theorem [3.6

With all the technical ingredients in place, we are now ready to prove Theorem which then
contradicts Theorem [3.21

Theorem If M| <C= pol;liogn’ the mazimum advantage Bob can attain, conditioned on an
event E; determined by S,T_; is
—
adv(Gy ,Dg:, Dr;, C) < n~ W

Proof. Suppose for every setting of S, conditioned on the event E;, there exists a one-way message
M and guessed value Bg (depending on M and @) such that

Euqeo; [|Br, [Bq - fi(Sq. Th)]|] = n~W
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which then implies B
Eg vgearm Bz [Ba - Fi(Sq ][] = n~W.

As our setting of random process Z is fully determined by the above S , M, Q (modulo independent
randomness),

EZ7BPJ’S;J‘EZ"GPJ7PJ HET [ pJ fl( Py’ )]H Z nio(l)' (11)

For the rest of the proof, we will show that cannot be the case. Without loss of generality,
we will assume the following for any fixed py and Z = z

Pr(Bg|Z = z,pj = pj,Gp,, Ei) > 0™t (12)

by incurring a cost of only n~%! in the advantage due to the following observation: With probability

n~%1 flip the guessed value. The loss in the advantage then is at most n~%!, which is polynomially
small (compared to n=°M).
Recall that we can write the advantage over random guessing as

Gy [Bos - TS5, T[] (13)

EvaJaBpjvs/igJ‘GpJ7Ei H T|ZBPJ7pJ7SpJ7

Then we can upper bound (13)) as
. . 1
[13) < Ez,pJ,BpJ,S;J\GpJ,Ei H]ETAZ,B,)J,pJ,S;,J,GpJ,E [f (Spw )]H
=E2,,,B,,Gs, Fi [ES;J|Z,B,,J,W,GPJ,E H TS5 2By 09.Gey Bi LFi SpJaT)]m
< EvaJ’BPL]'GPJ:Ei [EszjlszPszJvGPJ7Ei H]ETi'ZvBPJ’pJ’GPJ’ [fl( P’ )] H] (14)
B2y By, Gy e (B 125, 0 Gy 2 W1 2.8,, 0.5 Gy i = T 2,800 Gymli] | (1)

Now if we focus on the term, we get

" = EZ19J7BPJ|GPJ7E1' |:|‘S;J|ZprJ7pJ7GpJ7Ei X ZZ—HZ:BPJ)pJ:GPJ) (SpJ7T) GPJ’E2||1]
. c 1
g\/2I(S;}Jsz|Z7PLBpJ7GpJ:1>Ez:1)§20 7_‘_* (16)
n

due to Claim and Pinsker’s inequality (Fact [2.6)).
Next, we proceed to bound using Claim and Claim We first consider a fixed Z = z
py and B, = b conditioned on E;,G,,. That is,

Bsi 12=2,B,,=b,p.Gy,.Bi HETZ-|Z=z,BpJ=b,pJ,G B i (SprT)]H (17)

P> P>

Now we are ready to use Claim to bound . Claim implies that for any fixed setting of
Z,pyand B,, =0,

(A
Esi 12=2p.B,,=bGy, E; HETi|Z=z,pJ,BpJ=b,GpJ,E [fi(S5,. T, )]H

155, 12=21,50Gay = S, I+ Esy [|Briz=s ) 5,06,y (TS, T |
PI‘[BPJ = b|Z =Z,PJ, GpJ, Ez]

20



Now we would like to take expectation over Z and B,; and p; conditioned on the event G,
and F;. Decomposing the upper bound for , we obtain

15, 12=2.5:.Gpy = S, [l
<E pJ e Teg LI 18
‘.' ZpJvBPJ‘GPJ’ Pr[BpJ = b‘Z =z, pJaGpJ = 17EZ] ( )
+E ES,@J [ETi\Z:ZwaBM:b’G"J’Ei r SpJ’T)] H (19)
Z,pJ7BPJ‘GPJ’ Pr[BpJ :b’Z:Z,PJ;GpJ = 17E’L]

The bound on follows immediately from Claim

(C+1) 100
m

[18) <5-

While for , rewriting the expectation and applying , we get

(19) < nt. Ezva7BPJ|GPJ’Ei [ESZ HET|Z z,05:Bp 1,Gp 5, Ei [fl( PJ’T)] ‘H .

Now we would like to use the assumption about f; to upper bound:

n

B 7.0.5,B0,1Gy, . F: {ES@ HETIZ =205.B, Gpy 1 L i SpJvT)]m
Ti|Z:z7pJ7BPJ7GPJ1Ei r SpJ’T)]H:| (20)

Recall that due to our assumption on f;, in particular, the low discrepancy condition, we have that
for any S,T_;, Q € Q', message M which is at most C bits,

=Eg;, [Ez,pJ,BpﬂGpJ,Ei [

Eq e [Enygr, [Erie [Wilsh,, T[] <072 2y
Recall that
Z = M7P<J7Gp<w p<I?SZ<J’J'

then implies (by taking the expectation over ,57;), as M and S fully determine all the random
variables, that for any fixed gf) , (chosen independently, thus no relationship to S°)

B2.p1.B,,1G,, E; HETszzz,pJ,Bp(,:b,GpJ,Ei [Fi(sp, T)] H

_ . I .
- EM7P<J7GP<J’BP<J’SI J’prBPJ|GPJ7Ei HETi|Z:ZvPJ:BPJ:vaPJ7Ei [fi(ng’ TZ)] H

A

ETi\M,gi,J,pJ,G E; r ng’T)]H

Py

<E

MS JPJIGPJ7 [
. . . (- ;
- ]Esi7J7pJ‘GPJ’EiEM|Si’J7pJ7GPJ7Ei [‘ETi‘M7Si’J)pJ7GPJ)Ei |‘7Z(<’0‘]77—;):| H ’

We remark that AS?Z', J,ps,Gp,, E; are all independent of T;, therefore M|§Z, J,ps,Gp,, E; is a C-bit

message about T;. Then taking expectation over gé , ~ U, we get

) - . - = :
E%JNM ES’LNLleGP‘]7EiEM‘Si7J7pJ7GPJ=E HETi|M75iaJ=pJ7Gp]7E [fl(ng’Tz)]H]

) . . —2
EngNu |:EM|Si7J7pJ7GPJ7E HETL"Mvsi7J7pJ7GPJ7E r ng7T)] Hi| S n

<n-2 via

=Eg
S’L Jp]lGPJ7
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This in turn implies a bound on ,
[9) < n®. n=2 =pn1o,

Finally we get the bound on assuming ©+) o =) which is true as m = Q(n%9) and

m 1
by choosing I = n%?, as n; < n¥ (since the number of blocks n; < n/k and i < 5¢/6). This results

in
_ C+1 100 _
which then implies our main bound on (13) as
c 1
[@3) <n M 420 T < n~ ),
n

a contradiction.

4 Applications

In this section, we list some applications of our black-box theorem. Note that we only need to show
that some particular function f is “hard.” We introduce some additional preliminaries towards that
goal.

4.1 Preliminaries for Min-Entropy

We will need the following properties of min-entropy for the proof of one-way communication lower
bounds.

Definition 4.1. We define the renyi entropy H2(A) and min-entropy Hoo(A) as

Hy(A) :== —log (Z Pr[A = a}2>

Hy(A) :=—log (mgxPr[A = a])
Fact 4.2 (Renyi Entropy). Let A be a random variable. Then

H(A) > Hy(A) > Hyo(A)
In particular, for any fired b we have
Hy(A|B =b) > Hy(A|B = b)
We use the following lemma on “average” min-entropy.
Definition 4.3 (Average Min-Entropy).
Hoo(A|B) = — log (EM [mgx Pr[A = a|B = b]]) — _log (EbNB [2*Hoo<AlB=b>])

Lemma 4.4 (Lemma 2.2 of [DORS0S]). Let A, B be random variables. Then if B has at most 2*
possible values, then

Hoo(A|B) > Hoo(A,B) — A > Hoyo(A) — A,

22



Claim 4.5. N B
Hoo(A|B,C) < Hool(A|B)

Proof. We first proceed with showing the following inequality,

Ecnc|poy [méler[A =a|lB=0b,C= c]} > mgXPr[A =a|B = 1. (22)
Let a* := arg max, Pr[A = a|B = b]. Then
Pr[A = a*|B =b] = Eoecy,_, [Pr[A = a*|B = ,C = ] < Epogy,, [maxPr[A = a|B =b,C =

With established, we are ready to prove the claim. Recall that
Hoo(A|B,C) := —log (Eb’CNB7C [mgxPr[A =a|lB=0b,C= C]D
Taking expectation over B on both side of , we have
Epc~B,C max Pr[A=a|B=0,C = c]] > EpoB {méxx Pr[A=a|B = b]}

Therefore, we get

Ho(A|B,C) = —log (EbchB,C [m(?XPr[A =a|lB=0b,C= C]D

< —log (EM [mC?XPr[A — a|B = b]D — Hoo(A|B)

We can also bound the support size of the distribution using the min-entropy.

Claim 4.6. Let the distribution on a random variable X € {0,1}" conditioned on some random
variable M = m be supported over the set Ty, C {0,1}". Then |T;,| > 2= (XIM=m)

Proof. Recall that
Hoo(X|M =m) := —logmax (Pr[X = z|M =m]).

Therefore, we have

o HoeXIM=m) | | > 3" Pr[X = o|M =m] =1,
.’EGTm

which completes the proof of the claim. O

The main technical issue with using min-entropy instead of KL-divergence is that chain-rule
does not hold for min-entropy. Nevertheless, we have the following strong chain-rule if we are
willing to “spoil” a few bits.

Theorem 4.7 ([Skol9]). Let X be a fized alphabet, and X = (X1,...,X;) be a sequence of (possibly
correlated) random variables each over X, equipped with a distribution p. Then for any € € (0,1)
and § > 0, there exists a collection B of disjoint sets on X' such that

e 3 can be indexed by a small number of bits, namely

log |B| =t - O (loglog | X| + logloge™" + log(t/5))
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o BB almost covers the domain

d uB)=1-¢

BeB
e Conditioned on B, block distributions X;|X<; are nearly flat. That is

vea' e B, 2-00) < Ml}) < 900)
wlzilz’,)

e For every B € B, for every index i € [t], and for every set I C [i — 1], we have
1. The chain-rule for min-entropy
Hoo(Xi| X1, B) + Hoo(X1|B) = Hoo (X, X1|B) £ O()
2. The average and worst-case min-entropy almost match
Hoo(Xi| X1, B) = Hoo(Xi| X1, B) £ O(6)
The corollary of Theorem that we will need is the following

Corollary 4.8. For any fired B € B
t ~
> Hoo(Xi|X<i, B) = Hyo(X|B) £t O(5).
i=1

In other words, if we take a uniform distribution over [t],

~ H.(X|B
Biey [H(XiX2i,B)] = =B 4 05)

Proof. We prove by induction on the number of summands. Consider the base case. If there is a
single summand,

Heo(X1|B) = Huo(X1|B)
thus this is trivially true. Now assume (as inductive hypothesis) that
j—1

> Hoo(Xi|X<i, B) = Hoo(X1, ..., X;-1|B) £ (j — 1) - O(9).
=1

Then for Hoo (X1, ..., X;|B), Theorem implies that

Hoo(X1,. .., X;|B) = Hoo(X;|X<j, B) + Hoo(X ;| B) + O(5)
j—1
= Hoo(X;|X<j, B) + Y Hoo(Xi|X i, B) £ - O(5)
i=1
where the second equality holds by the inductive hypothesis. This then completes the proof. ]

For our application, we will take £ = n 1), By setting ¢ as such, even if we condition on being

inside the support of B, the advantage of the one-way protocol is not affected.
We will use the following corollary /variant of KKL Theorem. We follow the standard notations
from [O’D14], to which we refer the reader for Fourier Analysis on Boolean functions.
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Lemma 4.9 (KKL-Theorem). Let T C {0,1}", and 6 € [0,1]. Let f be a function supported on T
such that for all z € T, |f(x)] < 1+¢. Suppose we write f(S) := 182" gy

[T
_ on \ 26
> oSIfs? < e ()

SC[n]

Proof. Follows from the usual proof of KKL-Theorem using Hypercontractivity. Let p = 1+, and

p=+/p—1. Then
2/p 2/p 2/p
b b TN 7|
\Wﬁ=<§ﬁhﬁ> <(u+a-yj -—u+a?<yj

zeT

IT,(NI3 =D 17(s)

SC[n]

Dividing both sides by (|T'|/2")?, and using the well-known Hypercontractivity which states || T,(f)]|3

||f|]12,, we obtain
Z e <|T!)

which completes the proof. O

4.2 Super-Logarithmic Lower Bound for the Multiphase Problem
We simply need to show that inner product (mod 2) is “hard” as in Definition [1.2]
Lemma 4.10. IP satisfies Definition|[1.2

Proof. For any fixing of S ' T_;, indeed the function is balanced with high probability. As long as
S& is not all zero string. The function is perfectly balanced. The probability of such event is at
most 27" < 2*”1/4, thereby satisfying the balanced condition.

It remains to show that f; has low discrepancy. f; also has low discrepancy due to the following

observation. The corresponding ¥, is the Hadamard matrix. Then we can use the following well-
known lemma to bound the discrepancy.

Fact 4.11 (Lindsey’s Lemma). Let H be a Hadamard matriz. Let P and Q be distributions. Then
PTHQ < || P||Qll2 - 2"/
Fact then implies that T; under the distribution T;|a;—, (the prior on T; conditioned on

the message M = m) has

Hoo (Tj|M=m)
2

odiscr,,_,. () = vh - Hy - Tilvem < 2772wl - | Tilpemllz <27
—_— —

—92—"n;/2 - Hoo (T;|M=m)
S0 — T

where v, € {i2_”i}2"i is a vector that matches the sign per coordinate of Hy, - T;| pr=m, justifying
the norm of such vector.

Since M is of length at most ¢ = and recall that we have defined

Uz
poly log(n)

odisc.(V;) := MII|1]33|>(<CEM [OdISCT|M(‘I’ )}
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_Hoo (T3 | M=m)

Hoo (T;| M)
Eas [odiscr, 1 (W:)] < B [2 7] < \/IEM (2~ Hoo(Ti[M=m)] = g~ "=
where the second inequality holds from Jensen’s inequality (on \/z) and the equality holds from
the definition of average min-entropy. Lemma then implies that Hoo(T;|M) > n; — ¢, which in
turn implies
odisc.(;) < 272,

thereby satisfying the low discrepancy if ¢ = W{;g(n). O

Remark 4.12. Note that the inner product is way stronger than what is necessary for our proof.
Nevertheless, this gives the state-of-the-art bound for the Multiphase Problem [Pat1(].

4.3 A Simple Lifting Theorem

Lifting technique refers to translating a lower bound for a weaker model to a lower bound for
a stronger general model. A classic example of the lifting theorem is Sherstov’s Pattern Matrix
method [Shell] which translates approximate degree lower bounds (a structural lower bound for a
weaker model) into approximate-rank and communication lower bounds.

Unfortunately, we cannot make a full translation, as we require the underlying hard distribution
to be a product distribution, instead of a general distribution. In order to completely trans-
late between the some algebraic properties of ¢ such as its approximate degree (See [BT22] and
references therein), to its communication complexity, we need to consider all possible distribution,
instead of just product distribution.

Nevertheless, the following lemma from [Shell|] can be used to create hard functions. We would
like to lift the function using the following composition, f = v o g where g (the so-called inner
gadget) is

9((4,0), (Tit1,- - Titk)) = b @iy

Now the task in our one-way communication is the following. Alice is given ¢ € ([k] x {£1})",
Bob is given (Xy,...,X,) € ({:l:l}k)n Bob sends a one-way message for Alice to compute

f(§,X) = w<g<§17 Xl)? S ag(g'mXTb))'

We consider the composition, ) = ¢(1,...,%,). The only property we need about ¢ is that when
1_;’s are fixed, ¢ value is still undetermined. That is ¢} := 1|y, satisfies the “hard” condition.
For example, it is relatively straightforward to see that if v; is balanced, then @le 1 is also
balanced. For \/f:1 1;, we need to have 1; biased to say min{Pr[s; = +1], Pr[t); = —1]} > £~1, the
trick introduced in [LY25].

A straightforward connection can be achieved using the following lemma, which can be viewed
as a generalization of Fact

Lemma 4.13 ([Shell]).
. j— n n [ . 7|S|/2
|0, || = £/ 2k (2K) Smcz%;c] (‘w(S)‘ k )

Directly applying the bound by [Shell] and the argument introduced in Section [4] to a uniform
distribution over ¢, we get

odisc,(T;) < 29/2. ma W(S)) .kf|sw/2)
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connecting the spectral property of the underlying 1 to its odisc. Note that this is matching (i.e.
with Section [4)) when ) is a parity function.

Remark 4.14. In standard communication complexity setting, Lemma |4.15 can be used to obtain
a close relation between algebraic properties of v and the communication complexity of f (i.e.
so-called lifting technique). Unfortunately, this is not the case for our application. We need a
lower bound against a product distribution between Alice’s input and Bob’s input. But the lower
bound achieved through comnections to algebraic properties of ¢ is not necessarily for a product
distribution.

5 Generalization of 0-XOR

As a further illustration of our method, we consider a generalization of a hard function (so-called
0-XOR) used in [LY25].

0-XOR Function Fix an epoch ¢ € [¢]. We have the following function. If n;, the size of epoch
i, is small (say less than log®(n)), we have f; := 0. For any other epochs, we consider the following
function. We divide the updates to say log ¢ columns and R = O(logn)-rows. For fixed column d,
we select one entry per row, denoted as ¢;[d]. Then we take AND over the columns. Therefore our
function in question becomes

fi(si, Ti) == ANDE, ({(si[d], T3)) -

Then we take OR over the epochs i € [¢]. Note that regardless of which ¢; we select, if T;’s are
distributed i.i.d. all bits being By, f; is 1 with probability 2~ = %. This ensures that our
function OR(fy,... fi—1, fit+1, fe) is 1 with probability at most 1/2 for any i € [¢/2,¢]. In particular,
the function is indeed balanced as from Definition 1.2

5.1 Reinterpretation of [LY25]

[LY25] uses a distribution over ¢;[j]’s which are highly correlated one another, stemming from the
fact that the choice of ¢; derives from a distribution on the underlying graph (the butterfly graph).

This leads to the distribution over ¢; used in [LY25] not having a small odisc, as shown in Section
5.2 of [LY25]. This occurs due to odisc-quantity highly depending on the distribution over ¢, while
they need a specific distribution over ¢ due to their dependence on the underlying Butterfly Graph
and the reduction to Graph Connectivity.

Instead, they show k-XOR version of the underlying problem is hard. In fact, one could then
phrase their technical communication lower bound (on so-called Meta-queries) in Section 5.2 as the
following in our notation.

Lemma 5.1 (Lemma 5.4 of [LY25)]). There exists a distribution M (which is a uniform distribution
over its support of size n**)) on k-tuples (s}, ...,sF) with k = n/polylog(n) such that if [M| <

7
o(n/polylog(n)), then the advantage for outputting @?Zlfi(gf,Ti) is at most 2~ klogn),

Observe that @é?:lfi(gl-j, T;) is hard (as in Definition with the parameter n~**) instead of
n~2. Since a too-good-to-be true dynamic data structure (with query time t;,; and update time
t, = polylog(n)) for 0-XOR implies a data structure with query time k - ¢4, this implies a one-way
message M of length |M| < o(n/polylog(n)) with advantage n=°*), a contradiction.

Though we omit the details as this is simply a reinterpretation, and do not imply any new result,
our argument can further be extended to the settings where we select some subset of k-tuples (of

size nQ(k)) from the support of M, instead of selecting all elements of M as the query set.
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5.2 Independent Instances of 0-XOR

Our goal in this section to exhibit another useful example of our method and show that a general-
ization of 0-XOR when the queries are independently formed is “hard.”

The main technical challenge here is that other than IP considered in Lemma [£.10, which more-
or-less follows from the quasi-random property of the underlying Hadamard matrix (Fact ,
there does not seem to be a general technique for bounding the e-advantage one-way protocols with
the lower bound of the form Q(n/polylog(1l/e)) under a product distribution as far as we are
aware of (See [Wat20] and references therein). And such a bound is what is necessary to satisfy
Definition

In this section, we develop novel technical tools to show 0-XOR function is “hard” using the
average min-entropy and its relation to KKL Theorem, which can be of independent interest. We
suspect connections to lower bounds in other models of computation such as streaming (See Chapter
2 of [Rould]).

Theorem 5.2. Suppose g;[j]’s are selected independently at random. There exists some D =
Q(logn) such that f = \/f:1 fi with f; :== ANDL_, ((;[d], T})) is hard as in Definition .

Observe that balancedness of Definition [1.2] is given for free due to the choice of ¢;’s. All it
remains to show is that for any M of length < n;/poly log(n),

Ens [odiscry,,_,. (¥5)] < n2
Here is the rough outline of the proof.

1. By increasing the length of the message by attaching a message from B, “spoiling” few bits,
that is giving up on some 2=""* fraction of the input, and dividing the updates into blocks
of size K = log®(n), we can make the distribution easy for min-entropy (i.e. Theorem [4.7).
This allows us to use (i) near chain-rule; (ii) KKL Theorem when conditioned on the message,
two crucial components of the proof. We consider a set of “good” messages M and B, which
again constitute all but exponential fraction of the input. (See Lemma

2. For every choice of d € [D], using the chain-rule, we argue that since the min-entropy on
parts of the input must be large, the min-entropy (over a random choice of blocks) must be
large. We show a stronger statement which states that with all but n~*(1) choice of blocks,
the min-entropy must be large. (See Lemma

3. Using a variant of KKL Theorem in our context, we show that a large min-entropy over some
small set of coordinates translates to small average bias. (See Lemma [5.7))

4. Tteratively apply step 2 and step 3 per d € [D]. Via union bound over d € [D], this shows
that for all but n=*Y choice of ¢[d]’s, the advantage must be n~*(1) when conditioned on
M and B.

Notations We introduce the following notations for the proof. As we will divide the updates
into blocks of size K each, these blocks will be arranged so that D columns and R rows will have
integer number of blocks. Recall that ¢;[d] corresponds to a vector which chooses exactly one entry

per row. Denote Ti(d’r’j) as j-th block of K := logk(n) updates associated with the column d, row
n;

r. There will be D rows, R columns. So there are 57 many possible blocks for the index j. We

denote T.(d’r) )

d.

as all the blocks in column d, row r. Then we denote T,L»(d as all the blocks in column
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5.2.1 Constructing B for min-entropy

Without loss of generality, we can assume that our message M is “good,” in a following sense.

Proposition 5.3. Write T; := {Tl(d,r,j)

; Then there exists partitioning of

}de[p],re[R],jehf&(J
Ti|sr=m, say B of size log |B| = O(™loan 4 knilogloany o that

® > pepPr[BIM =m]>1- exp(n~W), that is the partition covers most of Tj.

e Conditioned on B € B, block distributions Tij]Tfj are nearly flat. That is

J | < —
v, 1/ e B, 2700 < LM = Bl q00
Pr[T} T/~ M = m, B]

e Suppose we give lexicographic ordering to (d,r,j)’s. For every B € B, for every index (d,r,j),
and for every set J whose elements are all less than (d,r,j), we have

1. The chain-rule for min-entropy
min{Hoo (T, |T/ = t, B, M = m)} + Hoo(T| B, M = m)
= Hoo (T T |B,M = m) £ 07!

2. The average and worst-case min-entropy almost match

ﬁoo(Ti(d,r,j)uﬂiJ’ B,M =m) = mtin{Hw(E(d’r’j)|ﬂJ —t,B,M =m)} + nl

Proof. This is a direct corollary of Theorem in our setting. By setting 6 = n=!, e = n=),
and log |X| = logF(n) on the distribution of T} conditioned on M = m, Theorem implies the
existence of such B with the claimed parameters. O

Note that we can also make log |B| = n;/polylog(n) via adjusting the block size parameter K
to match with the length of the message M. Thereby, we can attach the partitioning B along with
the message M = m as our one-way message from Bob. Without loss of generality, we will denote
By as the “spoiled” part, that is a set of T; not covered by B.

This implies the following lemma in our context, which states that the average min-entropy
must be large when conditioned on M = m and B.

Lemma 5.4. Recall that |M|+ |B| = O(n;logn/K).

Pr [ad €[D], He (Ti(d>|T§<d>,M = m, B) < % — (M| +|B])| < 27"
Proof. Due to Lemma and the independence of Ti(d) and Ti(<d) (without conditioning on M
and B) we know that for any fixed 7D = (<D

2 K3

Hoo (TS50 = 459, M, B) = ~log E o e (Tt )]

MBTSD =<

n;
>t
2 5 — (IM]+B])
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which in turn implies

- |:2_H00(Ti(d) ITi<<d):t£.<d) ,M:m,B)} < 2_%_s-(|M|—HB|)

M,B,T<D
Due to a simple Markov’s inequality, for a fixed d € [D]

Pr [ET(<d>|M i [Q—Hoo(Ti(d)|Ti(<d):tE<d)VM:m,B)] > 2—%+2(|M|+|B|)} < 9—(IM|+|B]) (23)
MBLT; =m,B= - -

Then applying union bound over d € [D] with (23),

H (d)yp(<d) pr <M < .o (IM+B) ~ 9g—nl/?
P [ade[D], Heo <T <D M m,B>_D 2(\M|+\B|)} <D-2 <2

O]

We will denote the set of message and partition pair M = m, B induced from Lemma [5.4] as
Gm,B- That is define

G = {(m,B)]Vd € [D], Hoo <Ti(d)|TZ.(<d),M =m, B) > % —o(|M| + \B\)} . (29)

For the rest of the inductive arguments, we will only consider (m, B) pairs from G, p.

5.2.2 Large Min-Entropy per random choice of Blocks

For brevity denote Oy as the event AND?;% ({(si[7], T3)) = 1. As inductive hypothesis, we assume
that we have chosen ¢;[j]’s for j € [d — 1] such that

d—1 d—1
1 — p00) 1+ n—00
PO —m, B € <2> (5™ )

Note that as a base case, when d = 1, the statement is trivially true, by assuming AND over null
arguments to be 1.

Lemma 5.5. Suppose (m, B) € Gy, p and as inductive hypothesis, assume holds for d € [D].

~ . R
P ({70} S0 = m,B.00) < (1= )R] < exp(-062R)
Jurir€U| phw r=1

Proof. We consider the following random variables (over the random choice of j,’s) to apply Mec-
Diarmid’s Inequality by considering the real-valued function

~ . R
h(jl: v 7jR) = HOO <{111'(d7r7]r)} 1 ’T‘Z‘(<d)7 M = m, B: Od) .

For completeness, we state the McDiarmid’s Inequality here.

Fact 5.6 (McDiarmid’s Inequality). Let f: X} X ... x X, — R satisfy the following property: there

erists c1, ..., ¢y Such that for all x1 € X1, ..., 2z, € Xy
sup ‘f(xl,...,xi,...,xn)—f(xl,...,xg,...,xn)‘ <g¢
.TQEXZ'

Then if X1,...,X, are chosen independently at random from X1,..., X, respectively,

2
Prf(X1,...,X0) —Ex,.. x,[f(X1,...,Xn)] < —¢] < exp <23862>
=1 "
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Note that due to the chain rule property, replacing a single coordinate can only lead to a
difference of at most K +n~! in h. Therefore Fact directly implies

202
P i1, ..., 0r) <Elh] —a] < —_—— . 2
L TiGed) S - ) < exp (gt s ) (20

To transform to a desired form, we calculate the expected value of h. Observe that we can

decompose h (upto n~! error) as
R [ A ‘ 1
h(]’h . JR) — Z Ho <Ti(d’r’]7')’Ti(d’<r’J<r), T;(<d), M =m, B, Od) :I:ﬁ (27)
r=1
::hr(j17~--,jR)
Observe that h, only depends on ji,...,j.. Consider a fixed r. For any choice of ji, ..., j-_1,
DRK ~ ; ;
Ejr [hr] — — Z Hey, (E(dﬂ"dr)|Ti(d,<7’:J<r)7Ti(<d)’ M =m,B, Od)
7 .
Jr
DRK -~ ; 1
> Hy (T;(dar)u"i(da<7“’]<r), T;(<d), M =m,B, Od) 4+ =
n; n
DRK 1

> A (E(d,r)‘Ti(dKr)’Tin)?M _ m,B,Od> "

where the first inequality follows from Claim and the chain-rule property induced by B. The

second inequality follows from Claim

il DRK ~ (d,r) ) al(d,<r) p(<d) -1
B[R] = > Bl = = 3 (Hoe (197100, 150, M = m, B,Og) — 207"
r=1

ng

DRK |~
> PR (H (14110, M = m, B,Og) — 4Rn ™)

n;

DRE (= /(@) (<d) -1 1
> Heo (TTEY M = m, B) — 4Rn™" — 1 2
oy < (l T " ) Bn OgPr[Od]M:m,B] (28)

where the last bound holds due to the definition of O4 and average min-entropy, which implies

TN D M=m,B.0u) _ o—Hoo (TV[T\"D M=m,B)

Pr[Og|M = m, B] - g1 ( <2
Recall that due to our assumption that (m, B) € G, B,
Hoo (11759, M = m, B) = Z = 2(|M| + |B)) = & = O(n; log n/K)

as well, then

ADR?K DRK 1
Elp] 2 RK —O(DRlogn) - n-ng on +log Pr[Og|M =m,B]
—o(RK)

This implies that

Ji,JREU

< Pr_ [h(ji,--o0dr) <E[B] = (v + 0(1))RK] < exp <;V23)

J1,--JREU

completing the proof of the lemma. O
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5.2.3 Large Min-Entropy Implies Small Average Bias

We would like to then show that assuming M = m, B, Og4, the “average” bias over chosen coordi-
nates are small using Lemma

Suppose we take the set ¢;[d] as those induced by selecting one coordinate per row r, but
restricted to be in j, block of the input. Then there are K® possible choices of such ;[d]. Consider
a uniform distribution over such ¢;[d] as Uj, ....jn- A simple observation here is that the original
uniform distribution U over ¢;[d] (i.e. uniformly selecting one entry per row at random) can be
decomposed as
=U

Ejlv-n,jRGu[D%K] [ujlv---ij]

Now suppose we consider (ji,...,jr) that satisfies Lemma Denote such (ji,...,7r) as Jq.
That is

~ i R
Ty = {(jl, iR e <{T§d’ I T M = m,B,0d> >(1- v)KR} (29)

We can show the following lemma for (ji,...,jr) € Jy using Lemma
Lemma 5.7. Assume the premise of Lemma . Suppose (ji,...,Jr) € Ja. Then

VR 2
E |:XS({T%(d7T7]r)} )‘M =m, B, Od:| < 2Rlog(4’y)

r=1

,,,,, VR

Proof. By the property guaranteed by Theorem .7, Proposition [5.3, we know that

. R
Pr {{T}d“”)}  =tM=m,B, Od]
— €1+ O0(Rn™Y)

. R
Vt,t/ c supp({j'wi(d,’!‘JT)} - |M:m,B,Od)7 ] R
"~ Pr [{T}d”*)} — ¢|M = m, B, Od]
r=1
(30)
YR
Thus, if we simply consider the function g : {Ti(d’r’”)} — R20 as

r=1

d7 a'?" R da 7.7‘ R
g(x) :=Pr [{TZ( 7 )}r_l =z|M = m,B,Od} . SuPP({T,’( " )}r_l |M=m.B,0y)] ;
as (30)) implies that
R 14+ O(Rn~!
Pr |:{j"i(d771:]r)} — CL’|M =m, B, Od:| < + (Rn )
r=1 d, 7.7‘
suPP({Ti( i )}rzl ’M:m,B,Od)

we have the guarantee that for any x in the support of g,
g(z) <1+ O(Rn™1).
Then Lemma [.9] implies that for any § > 0,

26

Y. 3998 < (1+O(Rnh)?
SC[RK]
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Observe that g(5) term is exactly

2RK

0S)= s > o) xs()

R
ze{0,1}RK SUPP({T(d”T)}Tzl |M=m,B,04)

R
—E [XS({T(d”T)}T_lﬂM - m,B,Od} ,

while we can bound

RK _ (dyrir) VE _
2 < oK Hoo({Ti }Til‘Mfm,ByOd))

. R
d7 WJT
supp({ T} [11em0,)

due to Claim As (j1,...,Jr) € J4, and due to Claim we can rewrite as

3 551[*][ {i(d’r’jT)}R_l)\M:m,B,Odr

SC[RK]
< (14 O(Rn™1Y))22¥0RE

Select 0 as 27% Then by considering ;[d] ~ Uj, ... ip,

21+R+Rlog(27K) Rlog K __ 21+Rlog(4'y)

AAAAA

R 2
E |:X§l[d]({ (d’ ’]T)}T:1)|M = mngOd:|

O]

A simple Markov’s inequality implies the following corollary, which we will use towards our
main proof.

Corollary 5.8. Assume the premise of Lemma and (j1,...,jr) € Jq. Then

Pr [[2Pr[0d+1]M m,B,0g — 1| > 2% } < 91-2R
Sildl~Uj,

Proof. Observe that

2Pr[Oyq|M =m.B.Oyl — 1| = |E @i\ N BLO
[2Pr[Og11] m, B,04] — 1| Xalg) (Y T r:1)| m, B, 0y

and that Lemma [5.7 along with Markov’s inequality implies

i) R 2 914+ Rlog(4y)
Pr [E [xgi[d]({Ti(d’ ’”)}T:l)lM = m,B,Od] > 2Rl°g<87>] < regey =2 "

sildl~Ujy,...ip
O

Taking v to be a suﬂiciently small constant, while taking large enough R = ©(logn) , we obtain
the bounds for Lemma [5.5] and Corollary [5.8 with

9 Rloi(S'y)

exp(—1.572R) < n~ 100, <o(n7?), 2172 < 7100,

33



5.2.4 Combining All
Applying Lemma [5.5] and Lemma [5.7] iteratively leads to the following lemma.

1—-n2\" [1+n2\" < 99
2 ' 2 -
Proof. Let

Fyim {gi[d] pE, plOas|M = m. B,Od) € [(1 _QH_Q) ) (1 +2n_2)“

If we choose ¢[1] € Fi,...,[d —1] € Fgq_1,
1—n2\"" /14 p 2\
(=-) () |

Then for such choice of ¢;[1],...,¢[d — 1], Lemma [5.5| and Corollary [5.8| implies that

Lemma 5.9.

[Op|M = m, B] ¢

Pr [ Pr
si[1],...,si[D]~UP | T;|M=m,B

Pr [O4/M =m,B] €
Ti|M=m,B

1 — Pr [Fy) < 2n7 100
Sild]

and furthermore, choosing ¢;[d] from F; would further give

0]

Iteratively applying the argument, if Vd € [D], ¢;[d] € Fy,

SERCRI|

As each ¢;[d]’s are chosen independently at random, the probability of

Pr [Ogt1|M =m,B] €
T;|M=m,B

Pr [OD|M = m,B] S

Pr  [Vd € [D],gld € Fg)>1—-2Dn 10 >1-pn=%
Q;[l],...,Ci[D}

as D is some linear factor of logn, which completes the proof of the lemma. O

Now we are ready to complete the proof of Theorem [5.2] with Lemma [5.9]

Proof of Theorem [5.2]
We would like to show that ¥; induced by f; and underlying f satisfies Definition [I.2] For any
setting of ¢;’s over ¢ € [¢],

Pr{OR(A(Th), .. fim1(Tie), fir1(Tiv), fo(T2)) = +1] =1 — (1-27P)".

The choice of D was ensured to guarantee that the above quantity is (1), that is with probability
gi > (1), fi(T;) matters. Furthermore, for any setting of ¢;,

Pr(fi(T) = +1]=2""=0("),
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making the function balanced with the balanced parameter 3 = ©(¢~!). This is good enough as
B > 2-oWlogn)  Therefore, our f satisfies the first condition of Definition
Now observe that due to normalization

+1 if fi(si,T;) = +1

-D .
_1—2% +1= —1327_13 otherwise

Ui(s, T;) = {

We would like to show that the above matrix ¥; has small odisc for |[M| = ¢ < n/polylog(n)
where

odiscr,,,_,. (¥i) :=Eq, | Wi(s, Ty) - Pr[T;|M = m)]
T;

odisc.(¥;) := ‘IE?,S)(CEM lodiscyy,,_,. (4]

Recall that for any M, we can create a further partitioning B, which would then

Epes |:OdiscTi‘M=m,B(\Ili):| =Eges |Eg Z W,(si, T3) - Pr[T;|M = m, B]
T;

> E, [Epes | Y Vi(si, Ti) - Pr[T;|M = m, B || > odiscq,,,_. (¥;) — exp(n=?1))
T;

where the last bound follows from

> " [Eges [Pr[T;|M = m, B]] — Pr[T;|M = m]| < exp(n~ )
T;

due to the property of B.
Our goal is then to bound E,; {Egeg [OdiSCTi\M:m,B(‘I’i)” as

EM [OdiscTilJW:m(\Ili)] S ]EM [EBGB [OdiscTih\{:m,B(Wi)iH +exp(n*9(1))
We consider odiscr,|,,_,. » (U;) for some fixed M = m, B. Suppose M = m, B satisfies
vde D), Ha (T M =m, B) < %~ 2(M| + |B)). (32)

Lemma [5.9] implies that for such choice of M = m, B,

<1 —2n_2>D7 <1 +2n_2>D” < =% (33)

Pr [ Pr  [Op|M =m,B] ¢

§Z[1],,§Z[D] TZ|M:m7B
As per choice of ¢;[1],...,¢[D], the advantage can be written as
2—D
a Op|M =m,B| = ———5(1—_ P Op|M =m,B
1
=———| Pr [OplM=mB]-2" "
1—27P Tz‘|M:rmvB[ ol ™ Bl ‘ (34)
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implies that with probability all but n=% over [1],...,s[D], is then at most
-D

5D : -5 (11797 =1) <o)

B4) <
which then concludes that if M = m, B satisfies ,

odisc; |, 5 (¥i) < o(n™?)

Lemma then implies that the fraction of M = m, B that does not satisfy is at most 2~""°.
Therefore,

Ens [odiscry),,_,. (¥5)] < Eun [EBeB [OdiSCTi|M:m73(‘I’i)H + exp(n™?W) < o(n72)
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