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Abstract

The algebrization barrier, proposed by Aaronson and Wigderson (STOC ’08, ToCT ’09),
captures the limitations of many complexity-theoretic techniques based on arithmetization. No-
tably, several circuit lower bounds that overcome the relativization barrier (Buhrman—Fortnow—
Thierauf, CCC ’98; Vinodchandran, TCS ’05; Santhanam, STOC ’07, SICOMP ’09) remain
subject to the algebrization barrier.

In this work, we establish several new algebrization barriers to circuit lower bounds by study-
ing the communication complexity of the following problem, called XOR-MISSING-STRING: For
m < 2"2 Alice gets a list of m strings z1,...,2, € {0,1}", Bob gets a list of m strings
Y1, .-, Ym € {0,1}", and the goal is to output a string s € {0,1}" that is not equal to z; ® y;
for any 7,7 € [m].

1. We construct an oracle A; and its multilinear extension :4v1 such that PostBPE“! has
linear-size Aj-oracle circuits on infinitely many input lengths. That is, proving PostBPE €
i.0.-SIZE[O(n)] requires non-algebrizing techniques. This barrier follows from a PostBPP
communication lower bound for XOR-MISSING-STRING. This is in contrast to the well-
known algebrizing lower bound MAg (C PostBPE) Z P/poly-

2. We construct an oracle Ay and its multilinear extension :4; such that BPE“? has linear-
size As-oracle circuits on all input lengths. Previously, a similar barrier was demon-
strated by Aaronson and Wigderson, but in their result, Ay is only a multiquadratic
extension of Ay. Our results show that communication complexity is more useful than
previously thought for proving algebrization barriers, as Aaronson and Wigderson wrote
that communication-based barriers were “more contrived”. This serves as an example of
how XOR-MISSING-STRING forms new connections between communication lower bounds
and algebrization barriers.

3. Finally, we study algebrization barriers to circuit lower bounds for MAg. Buhrman, Fort-
now, and Thierauf proved a sub-half-exponential circuit lower bound for MAg via alge-
brizing techniques. Toward understanding whether the half-exponential bound can be im-
proved, we define a natural subclass of MAg that includes their hard MAg language, and
prove the following result: For every super-half-exponential function h(n), we construct
an oracle A3 and its multilinear extension :4\;, such that this natural subclass of MA‘E‘3 has
h(n)-size Ag-oracle circuits on all input lengths. This suggests that half-exponential might
be the correct barrier for MAg circuit lower bounds w.r.t. algebrizing techniques.
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1 Introduction

Proving unconditional circuit lower bounds is one of the major challenges in theoretical computer
science, with the holy grail of proving NP & P/q,.  Unfortunately, our progress toward this
goal is barely satisfactory, as it is even open to prove a super-polynomial size lower bound for
huge, exponential-time classes such as NEXP. Only for even larger complexity classes such as
Y9EXP [Kan82], which are in (or beyond) the second level of exponential-time hierarchy, are super-
polynomial lower bounds known.

Our lack of progress in proving circuit lower bounds is partially explained by a series of barrier
results such as relativization [BGS75], natural proofs [RR97], and algebrization [AW09]. Among
these barriers, relativization and algebrization are particularly relevant to lower bounds against
unrestricted circuits for large complexity classes. For example, Wilson [Wil85] constructed an oracle
world where PNP has linear-size circuits, which explains our inability to prove fixed-polynomial size
lower bounds for PNP.

Missing-String: a duality-based approach to relativizing circuit lower bounds. Pre-
vious relativization barriers for circuit lower bounds are proved in an ad hoc fashion, which
involves carefully analyzing the interaction between the oracle and the machines to be diago-
nalized [Wil85, BFT98, Aar06]. A recent paper by Vyas and Williams [VW23] introduced the
MISSING-STRING problem as a systematic approach to such relativization barriers:

Problem 1.1 (MISSING-STRING(n,m)). Let n,m be such that m < 2". Given (query access to) a
list of length-n strings x1,To, ..., Tm, output a length-n string that is not in this list.

The query complexity of MISSING-STRING captures relativizing circuit lower bounds in the
following sense: relativization barriers to proving C-EXP Z P/p1y are essentially C%* lower bounds
for MISSING-STRING. (Here, C-EXP is the exponential-time version of C and C%* means the decision-
tree version of C.) This connection was made explicit in [VW23], who demonstrated an equivalence
between relativization barriers to exponential lower bounds for ¥E and the non-existence of small
depth-3 circuits for MISSING-STRING.!

Intriguingly, MISSING-STRING connects circuit lower bounds with circuit upper bounds and pro-
vides a duality-based approach to both: Decision tree upper bounds for MISSING-STRING imply
relativizing circuit lower bounds, and decision tree lower bounds for MISSING-STRING imply rela-
tivized worlds with circuit upper bounds (i.e., relativization barrier to circuit lower bounds). Besides
providing a clean and systematic method for relativization barriers, this “algorithmic” perspective
has indeed made progress in circuit lower bounds: By designing algorithms for the Range Avoidance
problem [KKMP21, Kor21, RSW22], which is the “white-box” version of MISSING-STRING,? recent
work [CHR24, Li24] proved an exponential-size, relativizing lower bound for the complexity class
Y9E (which also implies a quasi-polynomial size depth-3 circuit upper bound for MISSING-STRING,
settling the question in [VW23)).

The quest of algebrization. However, the relativization barrier does not capture many circuit
lower bounds that follow from nonrelativizing results such as IP = PSPACE [LFKN92, Sha92] and

'E = DTIME[2°™)] denotes single-ezponential time and EXP = DTIME[Q"O(”} denotes exponential time; classes

such as ¥oE and ¥2EXP are defined analogously. Exponential time and single-exponential time are basically inter-
changeable in the context of super-polynomial lower bounds by a padding argument.

In the Range Avoidance problem, we are given the description of a circuit C' : {0,1}™ — {0,1}""" and our goal
is to output a string y € {0,1}™%! that is not in the range of C. It is easy to see that relativizing algorithms for
Range Avoidance are equivalent to decision trees for MISSING-STRING.



MIP = NEXP [BFL91, BENWO3], whose proofs are based on nonrelativizing proof techniques such
as arithmetization. This includes circuit lower bounds for PP [Vin05] and MA [BFT98, San09],
both of which are provably nonrelativizing [BFT98, Aar06].

To shed light on the limitations of such proof techniques, Aaronson and Wigderson [AW09]
proposed the algebrization barrier: a lower bound statement C D algebrizes if C* ¢ DA for
all oracles A and all low-degree extensions A of A. Aaronson and Wigderson showed that many
arithmetization-based results indeed algebrize; in particular, MA’é 7 pA /poly for every oracle A and
low-degree extension Aof A [AW09, Theorem 3.17]. In fact, all super-polynomial lower bounds
against general circuits that we are aware of are algebrizing. Thus, algebrization is a more suitable
framework than relativization for capturing the limitations of our current techniques.

Unfortunately, our understanding of the algebrization barrier remains primitive. For instance,
several aspects of the algebrizing lower bound MAE Z P/, [BFT98] remain poorly understood
even with respect to algebrizing techniques:

e This lower bound only holds infinitely-often. That is, [BFT98] only exhibited a language
L € MAg where there are infinitely many input lengths on which L has high circuit complex-
ity. Recently, the relativizing infinitely-often lower bound for >sE was improved to almost
everywhere by [Li24], and it is tempting to ask whether the same improvement can be made
with respect to this lower bound. Does MAg require large circuit complexity on every input
length? If so, can we show this via algebrizing proof techniques?

e This lower bound is only sub-half-exponential. Roughly speaking, a function h is half-
exponential if h(h(n)) ~ 2". Half-exponential bounds appear naturally in many win-win
analyses in complexity theory [MVW99], and [BFT98] is no exception—it is only known how
to prove a size-h(n) lower bound for MAg when h is smaller than half-exponential. The re-
cent “iterative win-win paradigm” [CLOT23, CHR24, CLL25] provides new techniques for
overcoming the half-exponential barrier, which has indeed improved the circuit lower bound
for ¥9EXP to a near-maximum (2" /n) one [CHR24]. Can we use similar techniques to prove
an exponential size lower bound for MAg? If so, can we show this via algebrizing proof
techniques?

Our lack of understanding on algebrization barriers raises the following question:
Is there a duality-based approach to algebrization barriers?

In particular, can we establish algebrization barriers via lower bounds for MISSING-STRING? It
follows from [AWO09] that communication lower bounds for MISSING-STRING imply algebrization
barriers to circuit lower bounds.? Hence, a naive attempt is to prove communication lower bounds
for MISSING-STRING and translate them into algebrization barriers. Unfortunately, it turns out
that MISSING-STRING admits an efficient deterministic communication protocol by a simple binary
search.?

The main conceptual contribution of this paper is the following communication problem:

3In fact, lower bounds for MISSING-STRING in the algebraic query model suffices. However, we find the algebraic
query model somewhat counter-intuitive to work with (for example, the input to the query algorithms consists of a
MISSING-STRING instance along with its low-degree extension). The “transfer principle” [AW09, Section 4.3] allows us
to simulate such query algorithms by communication protocols, hence we choose to study communication complexity.

“Suppose that m < 2"/10, Alice has inputs z1, 22, ..., Zm € {0,1}" and Bob has inputs y1,%2,...,ym € {0,1}".
For each string s € {0,1}", it costs only O(logm) bits of communication to obtain the value f(s) := [{i : z; <
st + {i: yi < s}|. Hence, we can use binary search to find two (lexicographically) adjacent strings pred(s) and s
such that f(pred(s)) = f(s) by communicating O(nlogm) bits. Clearly, s is not in the set {z1,...,Zm,Y1,---;Ym}-



Problem 1.2 (XOR-MISSING-STRING(n,m)). Let n,m be such that m < 2"/2. Alice receives
m Strings Ti1,x2,...,Tm € {0,1}" and Bob receives yi,y2,...,ym € {0,1}". Their goal is to
communicate with each other and output an n-bit string s such that s is not equal to x; © y; for
every 1 <1i,7 <m. Here @ denotes the bit-wise XOR operation over strings.

We show that XOR-MISSING-STRING is hard for various communication complexity models,
and transfer our communication complexity lower bounds to algebrization barriers. We now discuss
our results in more detail.

1.1 Barriers to pr-PostBPE Circuit Lower Bounds

Our first result is an algebrization barrier to proving pr-PostBPE ¢ i.o.-SIZE[O(n)], i.e., an
almost-everywhere circuit lower bound for pr-PostBPE. Here, pr-PostBPE is the class of promise
problems decided by a probabilistic exponential-time machine with postselection [HHT97]: condi-
tioned on some event (which may happen with exponentially small probability), the machine out-
puts the correct answer with high probability. Postselection is a powerful computational resource:
PostBPP contains MA (thus NP) [HHT97] and PostBQP (polynomial-time quantum computation
with postselection) equals PP [Aar05].°

Theorem 1.3. There exists an oracle A1 and its multilinear extension E such that
pr-PostBPEA! C i.0.- SIZEA[O(n)).
In particular, this also implies
pr-MAZ! C i.0.-SIZEA1[O(n)].

The proof of pr-MAg € P/01y is algebrizing [BFT98, San09, AWO09]. Our result implies that
improving this circuit lower bound to almost-everywhere requires non-algebrizing techniques.
Theorem 1.3 follows from a PostBPP communication lower bound for XOR-MISSING-STRING:

Theorem 1.4. Let n > 1 and 20n < m < 22 be integers. Any PostBPP communication protocol
that solves XOR-MISSING-STRING(n, m) with error < 275" must have communication complezity

Assume that n < m < 2°™_ A trivial protocol for XOR-MISSING-STRING is to output a
uniformly random n-bit string, which has communication complexity O(n) and error m?/2". Thus,
Theorem 1.4 states that even if postselection is allowed, if we want to beat the error bound of
this trivial protocol (= 27"), then the amount of communication needed is close to the maximum
(Q(m)).

Moreover, since the error of any pseudodeterministic® communication protocol can be reduced
by a 27* factor by repeating the protocol ©(k) times and taking the majority answer, Theorem 1.4

5For example, a PostBPP machine can solve NP-complete problems as follows. With exponentially small proba-
bility, output “No” and halt. If this does not happen, choose an NP witness uniformly at random and “kill yourself”
if this witness is invalid (that is, we postselect on the event that our witness is valid). If the algorithm survives, it
outputs “Yes.” Conditioned on survival, with high probability, our algorithm outputs “Yes” on Yes instances and
outputs “No” on No instances.

SA randomized protocol for a search problem is pseudodeterministic [GG11] if there is a canonical output that is
correct and outputted with probability > 2/3. The trivial protocol for XOR-MISSING-STRING that outputs a random
guess is not pseudodeterministic, since running it two times using different randomness is likely to yield different
answers.



implies that any pseudodeterministic PostBPP protocol that solves XOR-MISSING-STRING(n, m)
(with correct probability, say, 2/3) must have communication complexity Q(m/n). This stands in
stark contrast to the case without pseudodeterministic constraints, as the trivial protocol is correct
with probability 1 —m?/2" > 2/3. We also remark that lower bounds against pseudodeterministic
PostBPP communication protocols suffice for constructing an oracle A such that PostBPE4 has
small A-oracle circuits; however, we will need the full power of Theorem 1.4 against every low-error

protocol to prove that the promise version of PostBPEA has small A-oracle circuits.

1.2 Barriers to BPE Circuit Lower Bounds

Our second result is an algebrization barrier to proving BPE Z SIZE[O(n)], i.e., an infinitely-
often circuit lower bound for BPE:

Theorem 1.5. There exists an oracle As and its multilinear extension :4; such that
BPEA2 C SIZEA2[O(n)].

Previously, Aaronson and Wigderson [AW09] constructed an oracle A and its multiquadratic

extension A such that BPEXPA C PA /poly- Their proof works with the algebraic query model
directly, and it is unclear how to prove the same result for multilinear extensions using their
techniques.

Besides demonstrating the power of our communication- and duality-based approach, an alge-
brization barrier w.r.t. multilinear extension also aligns better with the notion of affine relativiza-
tion [AB18]. A statement C C D is said to affine relativize if cA C DA for every A that is the
multilinear extension of some oracle A. The crucial difference from algebrization (in the sense of
[AWO09]) is that the left-hand side is also required to relativize with the multilinear extension. Affine
relativization is arguably a cleaner and more robust notion than algebrization.” It is important to
only take multilinear extensions, as [AB18] was only able to show that, e.g., PSPACE# C IP4 for
every multilinear oracle A; it is unclear if such a statement holds when A is merely multiquadratic.
(This is also why Aaronson and Wigderson [AW09] choose to relativize IP with the low-degree
extension of A but to relativize PSPACE with A itself.) In this regard, Theorem 1.5 also shows that
BPE & P/p1y is not affine relativizing (since BPEA C SIZEA[O(n)] C SIZEA[O(n))).

To obtain Theorem 1.5, we prove a lower bound for XOR-MISSING-STRING against multiple
pseudodeterministic BPP protocols simultaneously in the following model.

e There are ¢ communication protocols Q1,Q2,...,Q¢ and ¢ inputs (X1,Y7), (Xo,Y2), ...,
(Xt;Yt)'

e The goal of protocol @Q; is to solve the input (X;,Y;). However, each protocol is given the
inputs to other protocols as well. More precisely, in each @;, Alice gets (X1, Xo,...,X¢) as
inputs and Bob gets (Y1, Ys,...,Y;) as inputs.®

e We say that the protocols succeed if at least one of the protocols @); outputs a correct answer.

"For example, algebrization is not necessarily closed under modus ponens: Although it requires non-algebrizing
techniques to prove, say, NEXP & P/poly, it might still be possible to exhibit a complexity class C and prove both
C C NEXP and C € P/po1y via algebrizing techniques. In contrast, affine relativization is clearly closed under modus
ponens.

8We remark that in the case of XOR-MISSING-STRING, each X; and Y; is already a list of strings, which means
Alice and Bob get ¢ lists of strings each.



e For proving algebrization barriers, each @; and (X;,Y;) should have a different size and
correspond to different input lengths of the oracle, but we omit this detail in the informal
description here. We refer the reader to Theorem 4.1 for details.

The point of this model is that the protocols are allowed to look at other protocols’ inputs and
to perform win-win analyses: the correctness of (; may rely on the failure of some other protocol
Q.Y Indeed, this scenario models a variety of win-win analyses in complexity theory; see e.g.,
[CHR24, Section 1.4.2] and [LORS24, Section 5.2]. Circuit lower bounds for MA [BFT98, San09]
can also be modeled as win-win algebraic query algorithms for MISSING-STRING; see Section A.3.

We show that efficient pseudodeterministic protocols require large communication complexity
to solve XOR-MISSING-STRING, even if they receive multiple instances and are allowed to perform
win-win analyses in the above sense.

Theorem 1.6 (Informal and simplified version of Theorem 4.1). In the above model, suppose that
each (X;,Y:) is a XOR-MISSING-STRING(n;, m;) instance but the communication complezity of
each Q; is “much less” than m;. Then there exists a sequence of inputs {(Xi,Yi)}icy such that
every Q; fails to solve its corresponding instance (X;,Y;) pseudodeterministically.

1.3 Barriers to MAg Circuit Lower Bounds

Finally, we present algebrization barriers to improving the half-exponential lower bound for
MAEg [BFT98]. While we are unable to fully resolve the algebrizing circuit complexity of MAE,
we show that for a natural subclass of MAg which includes the hard language in [BET98], non-
algebrizing techniques are required to go beyond half-exponential bounds.

Recall that a standard algorithm M4 in MA‘E4 defines a hard language if, relative to this partic-
ular oracle Z, M4 satisfies the MA promise and defines a language without small A-oracle circuits;
we do not care about the behavior of M? for other oracles B. In contrast, we say that an MAg
machine M is a robust machine for defining a hard language (or simply “is robust”), if for any
oracle B and its multilinear extension B such that MB satisfies the MA promise, the language
computed by M?B does not have small B-oracle circuits. The use of interactive proofs in [BFT9S]
naturally leads to hard languages defined by robust MA machines; see Appendix A for details.!”

We use Rob-MA4 (resp. Rob—MA’é) to denote the class of languages computed by robust MA
(resp. MAE) algorithms with access to oracle A. Our main result is that proving a super-half-
exponential bound for languages in E or robust MAg would require non-algebrizing techniques:

Theorem 1.7 (Informal version of Theorem 5.4). There exists an oracle As and its multilinear

extension Z; such that both EA3 and RO‘b—I\/IAé3 admit half-exponential size As-oracle circuits.

91f the possibility of such win-win analyses sounds surprising, it may help to compare it with the following classic
puzzle. There are N prisoners, each assigned a (not necessarily distinct) number between 0 and N — 1. Each prisoner
can see others’ numbers but not their own. Each prisoner must guess their own number simultaneously. If at least
one prisoner guesses correctly, they are all set free; if none of them do, they are all executed.

There is a simple solution that guarantees the prisoners’ freedom. The i-th prisoner (0 < i < N — 1) assumes that
the total sum of all numbers is congruent to ¢ modulo N, and then infers their own number as

(i — sum of other prisoners’ numbers) mod N.

Exactly one assumption will be correct, so that prisoner will guess their own number correctly.

107y fact, the definition of robust MA resembles closer to the class MANcoMA compared to MA itself. This is natural
since single-valued FMA-constructions of hard truth tables (see, e.g., [CHR24, Section 1.2.1]) give rise to circuit lower
bounds for MA N coMA, and indeed the lower bound proved in [BFT98] is for hard languages in MAg N coMAg. For
ease of notation we use “robust MA” (Rob-MA) instead of “robust MA N coMA” (Rob-MA N coMA).



Why study robust MAE? We present two reasons for studying the notion of robust MAE.
Firstly, Theorem 1.7 is tight in the sense that, in the two cases of the win-win argument

in [BFT98], the hard language is either in E (i.e., deterministic exponential time), or in robust

MAEg. Therefore, a slight adaptation of [BFT98] proves that for every oracle A and its multilinear

extension g, EAURob—I\/IAé does not have sub-half-exponential size A-oracle circuits. This is shown
in Appendix A.

Secondly, while the classes E and Roby,(,)-MAg may initially appear arbitrary, they in fact
capture two fundamental types of failures for algorithms in MAg N coMAE:

e For M € Roby,)-MAE, if M A fails to achieve high circuit complexity, it must be due to an

input z on which M# is semantically incorrect. That is, the corresponding truth table entry
is undefined. We call this a failure due to no positive.

e In contrast, for M € E, the value M “T(:U) is always well-defined for all z, regardless of the

oracle A. If MA has low circuit complexity, it must be because its truth table is easy for
A-oracle circuits. We call this a failure due to a false positive.

In general, for an algorithm M € MAEg N coMAE, failure to achieve high circuit complexity can
be attributed to both types, depending on the oracle. Thus, E and Roby,,)-MAE represent two
extreme cases within MAg N coMAE.

Our proof of Theorem 5.4 entails techniques that can force the two types of failures to occur.
In this sense, the proof says something fundamental about MAg N coMAg. However, our current
methods are limited to handling algorithms that exhibit only a single failure mode. For more
general algorithms in MAg N coMAg that can have mixed types of failures, our understanding
remains incomplete.

Proof of Theorem 1.7 via a communication lower bound. To prove algebrization barriers
to circuit lower bounds for robust MAg, we need to understand the robust MA communication
complexity of XOR-MISSING-STRING. Here, an MA protocol P is called robust if on every input
(X,Y), Merlin (i.e., the prover) cannot convince the protocol to output a non-solution for (X,Y)
except with very small probability. Underlying Theorem 1.7 is the following lower bound stating
that efficient MA protocols for XOR-MISSING-STRING that are robust can only be correct on a
tiny fraction of inputs:

Lemma 1.8. Letn > 1,1 < m < 2n/2 pe parameters. Let P be a robust FMA communication
protocol of complexity C attempting to solve XOR-MISSING-STRING(n, m). Then the fraction of
wnputs that P solves is at most

9—Um/C)+0(C+n)

Intuitively, since there is no efficient way to verify whether a string is a solution, any protocol
that solves a large number of instances of XOR-MISSING-STRING is essentially guessing the answer
(similar to the naive protocol that succeeds with probability 1 — 2_0(")), which means that it must
make mistakes. Since robust protocols are not allowed to output false positives, they can only be
correct on a tiny fraction of inputs.

Although Lemma 1.8 is useful for analyzing the behaviors of robust MA protocols, it does not
directly imply any half-exponential bounds. Indeed, we need to carefully diagonalize against both
E4 and Robh(n)—MA‘E1 simultaneously, which leads to a half-exponential bound. We discuss this in
more detail in Section 1.4.



1.4 Technical Overview

Next, we briefly overview our proof techniques. In fact, the engine behind all of our communi-
cation lower bounds is the following observation about XOR-MISSING-STRING:

Lemma 1.9 (Informal version of Lemma 3.2). For every large enough rectangle R = X x Y and
every answer s, there is a large enough subrectangle R' = X' x Y (X' C X and V' CY) such that
s is a wrong answer for the XOR-MISSING-STRING problem on every input (X,Y) € R’.

With this lemma in hand, it is not hard to prove Theorem 1.4. We characterize a PostBPP
communication protocol as a distribution over labeled rectangles (using approzimate magjority cov-
ers [Kla03]), where for each input (X,Y’), the output of the protocol is given by the label of
a randomly selected rectangle that contains (X,Y). Using Lemma 1.9, for every large enough
labeled rectangle, there exists a large subrectangle in which the label is never a solution to
XOR-MISSING-STRING. Lemma 1.9 thus translates to a lower bound for the success probabil-
ity of large labeled rectangles (i.e., the probability that the label is a solution, over a random input
in the rectangle). This then translates to a lower bound for (weighted) average success probability
over a random input, because the distribution consists mostly of large rectangles when the pro-
tocol is efficient. This lower bound implies that efficient protocols cannot have very high success
probability.

However, more work needs to be done to obtain our other communication lower bounds and
algebrization barriers.

BPP communication lower bounds. We prove our pseudodeterministic BPP communication
lower bound in the “win-win model” (Theorem 1.6) via a reduction to the PostBPP communication
lower bound (Theorem 1.4). We first use an induction on the number of protocols; assume towards
a contradiction that Theorem 1.6 holds for any sequence of ¢ — 1 protocols but does not hold
for some sequence of ¢ protocols Q1,...,Q:. Then the following PostBPP communication protocol
solves XOR-MISSING-STRING efficiently: Given an input (X,Y’), guess t —1 inputs {(X, Y3) }iejr—1)
uniformly at random, set (X, Y;) := (X,Y), and postselect on the event that all of the first ¢ — 1
protocols fail. That is, for every 1 <i <t —1, Q; fails to solve (X;,Y;) given {(X;,Y;)}icpy- By our
induction hypothesis, this event happens with probability strictly greater than 0. If this happens,
then @, solves (X¢,Y;) correctly. This contradicts Theorem 1.4.

For clarity, we have made a crucial simplification in the above description: To obtain algebriza-
tion barriers, we also need to prove lower bounds against list-solvers for XOR-MISSING-STRING,
which are communication protocols that output a small set of answers such that one of the an-
swers is correct. Fortunately, it is not hard to adapt the proof of Theorem 1.4 to prove a PostBPP
communication lower bound for list solvers; see Section 3.2.

MA communication lower bounds against robust protocols. A robust protocol can be
described as a collection of randomized verifiers V,, , where Vi, »(X,Y) = 1 means that when the
input is (X,Y) and 7 is given as proof, the protocol accepts w as output. In the formal proof, we
apply error reduction on the verifiers, so that when w is not a solution to (X,Y), V;, (X, Y) =1
with extremely small probability.

Thus, if a protocol has large success probability, there must exist some answer string w and
some proof 7, such that over a random input (X,Y), Pr[V,, »(X,Y) = 1] is large. We inter-
pret this Vi, r as a distribution over labeled rectangles, and apply Lemma 1.9 to show that
conditioned on V,, (X,Y) = 1, the verifier makes many mistakes (i.e., Pr[V, »(X,Y) = 1 A



w is not a solution to (X,Y)] is large). This implies that the protocol must make mistakes on
some (X,Y), so it cannot be robust.

The half-exponential barrier for robust MAg. We formulate the problem in terms of refuting
communication protocols, where we need to refute a finite set of protocols (deterministic or robust)
on each input length. More formally, to construct an algebrized world with circuit upper bound
h(n), our oracle encodes one instance (X;,Y;) of XOR-MISSING-STRING(2?, 2"(®) for each input
length ¢. Each protocol being diagonalized is dedicated to solving the one instance that corresponds
to its input length (it can nevertheless see the other instances).

We employ an inductive approach to construct the oracle. At step i, we maintain a rectangle!!
R; of oracles, such that the rectangle is relatively large, and any protocol that works on input
length at most 4 fails to solve its instance on any oracle A € R;.

The goal of every step is then to slightly shrink the rectangle R;_; into R;, so that the protocols
working on length i are refuted. To achieve this, we employ a combination of two different strategies:

¢ Refuting deterministic protocols: Given a deterministic protocol P working on length
i and a large enough rectangle R;, we can always find a large subrectangle R’ C R; such
that P outputs the same answer on every oracle in R’ (this is by definition of deterministic
protocols). By Lemma 1.9, there exists a large subrectangle R” C R’ such that for any oracle
A € R", P does not solve (X;,Y;) on A. We then update R; < R” to refute P.

¢ Refuting robust protocols: Given a robust protocol @ working on length i and a large
enough rectangle R;, a random oracle from R; refutes () with high probability. This is true as
long as the density of R; is sufficiently larger than the success probability of @) on a uniformly
random input (as upper bounded in Lemma 1.8).

On their own, both strategies work extremely well: The first strategy is very similar to the proof
of NEXPA c P4 /poly by [AW09], and can be used to obtain much better circuit upper bounds
than half-exponential. For the second strategy, since robust protocols are very weak, a randomly
selected oracle would refute all robust protocols with high probability.

However, it is unclear how to combine the two strategies. On the one hand, after refuting a
deterministic protocol P by the first strategy, the resulting rectangle R; may be too small for the
second strategy to work. On the other hand, although the set of oracles R’ C R; that refutes
a robust protocol () is large, it may not be a rectangle, so we cannot use it to refute the next
deterministic protocol.

To integrate these two strategies, we refute each robust protocol at a carefully chosen time step.
Suppose that we refute a robust protocol @); working on length i after all deterministic protocols
working on lengths < k are refuted, where k£ = k(¢) is some function on . Also, recall that we want
to prove an algebrized circuit upper bound of size h(n).

e After refuting the deterministic protocols working on lengths < k, we end up with a rect-
angle that contains roughly a 2-2°" fraction of all oracles. This is because the determin-
istic protocols working on lengths < k run in time 2°%). In contrast, Lemma 1.8 implies
that @; only solves a = 22" fraction of oracles (since it attempts to solve an instance of
XOR-MISSING-STRING (2¢, 2))). Therefore, if 272" > 272" then we can refute Q;.

11\We interpret our oracles as the concatenation of Alice’s and Bob’s inputs, so it is reasonable to talk about a
“rectangle” of oracles.



e On the other hand, after refuting @);, we still need to refute the deterministic protocols working
on length k. Since these protocols attempt to solve XOR-MISSING-STRING (2¥, 2#(%))  to apply
Lemma 1.9, this requires our current rectangle Ry to have size at least roughly 2-2""  Since

Q; is equivalent to a deterministic protocol running in time 927 (by enumerating the random
o(i)
bits and Merlin’s proof), after refuting it, we still have a rectangle of density =~ 272" We

o(i)
thus need that 2—2° > 2_2h(k).

Overall, we require that k < h(i) and 2° < h(k). This implies that h must be super-half-
exponential.

1.5 Related Works

Prior work on super-polynomial circuit lower bounds. Kannan’s seminal work [Kan82]
proved a super-polynomial size lower bound for 3X3EXP; since then, a sequence of work has proved
circuit lower bounds for various complexity classes such as ZPEXPNP [KW98, BCG196], S,EXP [CCHO05,
Cai07], PEXP [Vin05, Aar06], MAgxp [BFT98, San09], ZPEXPMCSF [IKV18, HLR23], and more
[SM02, CLL25]. Such lower bounds are usually proved by Karp—Lipton theorems [KL80, BFNW93,
CMMW19]: If a large uniform class (usually PH or EXP) admits polynomial-size circuits, then it
collapses to a smaller uniform class (such as ¥3P). As explained in [MVW99] and [CHR24, Section
1.4.1], such a strategy naturally yields a half-ezponential bound. Recently, [CHR24, Li24] proved
near-maximum (2" /n) circuit lower bounds for the classes 32EXP, ZPEXPNP and SoEXP, improv-
ing upon previous half-exponential bounds. Near-maximum circuit lower bounds are also known
for several classes with subezponential amount of advice bits, such as BPEXPMCSP /. [HLR23]
and AMEXP /,.c [CLL25].

Algebrization. The interactive proof results such as IP = PSPACE [LFKN92, Sha92] and MIP =
NEXP [BFL91] generated much excitement among complexity theorists, as they are the first “truly
compelling” ([A1190]) non-relativizing results in complexity theory. There has been much discussion
on the extent to which these results are non-relativizing, and how to adapt the relativization
barrier to accommodate these results [AIV92, For94]. Arguably, the most influential work in this
direction is that of Aaronson and Wigderson [AW09] on the algebrization barrier, which nicely
captures interactive proof results and arithmetization-based techniques. However, Aaronson and
Wigderson’s algebrization barrier has its own subtleties (such as not being closed under modus
ponens, see Footnote 7), which leads to several proposed refinements of its definition [IKKO09,
AB18]. We also mention the bounded relativization barrier, recently proposed by Hirahara, Lu, and
Ren [HLR23|, which attempts to capture the interactive proof results entirely within the original
Baker—Gill-Solovay [BGST75] framework of relativization.

1.6 Open Problems

We think the most important open problem left in our paper is to study the algebrizing circuit
complexity of MAg. Can we strengthen Theorem 1.7 to hold for all of MAE instead of just “robust”
MAE algorithms? If not, can we prove an exponential size lower bound for MAg (potentially with
one bit of advice) using algebrizing techniques?

Another open question is to prove a PP communication lower bound for XOR-MISSING-STRING,
which would imply an algebrization barrier to proving almost-everywhere circuit lower bounds for
PEXP. Such circuit lower bounds are known in the infinitely-often regime [BFT98, Vin05].



Finally, our work did not examine the regime of fixed-polynomial circuit lower bounds. Using
algebrizing techniques, Santhanam [San09] proved that for every constant k > 1, MA/; & SIZE[n*].
Aaronson and Wigderson [AW09] speculated that it might be possible to eliminate the advice bit
and prove MA Z SIZE[n*] using “tried-and-true arithmetization methods,” but there has been no
progress in this direction. Is there an algebrizing barrier to proving MA & SIZE[n*]?

2 Preliminaries

Definition 2.1. A search problem f over domain X x ) and range O is defined using a relation
R C (X xY)xO. For any input (X,Y) € X x ), the valid solutions for f on (X,Y) are those
s such that (X,Y,s) € R (we say that s is a solution to f(X,Y)). We say that f is a total
problem, if for any (X,Y), there is at least one valid solution.

2.1 Complexity Classes

We assume familiarity with basic complexity classes such as P, NP, BPP and their exponential-
time versions EXP, NEXP, BPEXP. The reader is encouraged to consult standard textbooks [AB09,
Gol08] or the Complexity Zoo'? for their definition.

Definition 2.2 (PostBPP). A promise problem II = (Ilyeg, II,),) is in pr-PostBPP if there exist two
polynomial-time algorithms A, B, taking an input z € {0,1}" and randomness r € {0,1}P°¥ (")
(they take the same randomness), such that the following holds for every x € Ilyes U Il,,.

o If x € Ilyes, then Pr,[A(z,7) = 1| B(z,r) = 1] > 2/3.
o If z € II,,, then Pr.[A(z,r) =1| B(z,r) =1] < 1/3.
o Pr,[B(z,r) = 1] > 0.
We say that the algorithm postselects on the event that B(z,r) = 1.

Definition 2.3 (MA N coMA). A promise problem II = (Ilycs, Iyo) is in pr-(MA N coMA) if there
exist two polynomial-time algorithms (verifiers) Vp, Vi, taking an input x € {0,1}", a proof ™ €
{0,1}P°¥(™) and randomness r € {0,1}P°W(") (they take different randomness), such that the
following holds for every = € Ilyes U ILy,.

o If x € Ilyes, then V7 accepts x and Vj rejects .
o If x € Il,,,, then Vj accepts x and V7 rejects x.
Here, for £ = 0,1, we say that
e V. accepts z, if there exists a proof 7 such that Pr,[Vi(x,m,r) = 1] > 2/3.

o Vj rejects z, if for any proof 7, we have that Pr,[Vi(z,7,r) = 1] < 1/3.

2https://complexityzoo.net/, accessed Nov 15, 2025.
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2.2 Algebrization

In this section, we present some definitions regarding algebrization barriers. The definitions are
in accordance with [AW09], with slight modifications.

Definition 2.4 (Oracle). An oracle A is a collection of Boolean functions A, : {0,1}™ — {0, 1},
one for each m € N. Given a complexity class C, by C* we mean the class of languages decidable
by a C machine that can query A,, for any m of its choice.

We say that a separation C ¢ D does not algebrize, if there exist an oracle A and a low-
degree extension A of A, such that C* ¢ DA. Throughout this paper, we only consider multilinear
extensions, which are the simplest class of low-degree extensions.

Definition 2.5 (Multilinear Extension over Finite Fields). Let A,, : {0,1}"™ — {0, 1} be a Boolean
function, and let F be a finite field. The (unique) multilinear extension of A,, over F is the linear
function Zmﬁ : ™ — T that agrees with A,, on {0,1}".  Given an oracle A = (A,,), the
multilinear extension A of A is the collection of multilinear extensions gmyy, one for each
positive integer m and finite field F.

Given a complexity class C, by C4 we mean the class of languages decidable by a C machine
that can query XZIW]F for any m, F of its choice. Moreover, we assume that each query to levaF takes
O(m -log|F|) time.

An important property of multilinear extensions is that algorithms having access to A can be
simulated by communication protocols where Alice and Bob are each given half of A as input. This
reduces proving algebrization barriers to proving communication lower bounds. Formally, we have
the following theorem, which is a simple corollary of [AW09, Theorem 4.11].

Theorem 2.6. Let A be an oracle, and let Ay (resp. A1) be the subfunction of A obtained by
restricting the first bit to 0 (resp. 1). Let M be a deterministic algorithm that has oracle access
to A and runs in time T(|z|) when given x as input. There exists a deterministic communication
protocol P in which Alice (resp. Bob) is given x and the function Ay (resp. A1) as input, such that
P uses O(T(|z|)3) bits of communication, and agrees with M (x) on any input x and any oracle A.

We remark that the proof of [AW09, Theorem 4.11] can be generalized to produce random-
ized communication protocols from randomized algorithms, MA communication protocols from MA
algorithms, and so on.

3 An Infinitely-Often Algebrization Barrier for PostBPE

In this section, we prove the following algebrization barrier:

Theorem 1.3 (Restated). There exists an oracle A and its multilinear extension A such that

pr-PostBPEA C i.0.- SIZEA[O(n)].

3.1 PostBPP Communication Lower Bounds for XOR-MISSING-STRING
Theorem 1.3 follows from the following communication lower bound for XOR-MISSING-STRING:

Theorem 1.4 (Restated). Let n > 1 and 20n < m < 21/2 pe integers. Any PostBPP communica-
tion protocol that solves XOR-MISSING-STRING (n, m) with error < 275" must have communication
complexity Q(m).
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In this paper, PostBPP communication protocols are defined as follows:'?
Definition 3.1 (PostBPP communication protocols for search problems). Let f be a search problem
over domain X x ) and range O. A PostBPP communication protocol 11 for f is defined as
follows: Let k be the length of the public randomness used by II, and let {II,},¢ {0,1y+ be a set
of deterministic communication protocols, each having communication complexity ¢. On input
(X,Y) € X x Y, protocol II first samples a uniformly random string r € {0,1}*, then simulates
II,., whose output can be L or any value from . The communication complexity of II is defined
to be k +c.

We say that II solves f with error e, if for any input (X,Y) € X x ),

Pr[HT(X,Y) is a solution to f(X,Y) ‘ I (X,Y) # J_] >1—e.

We say that II is pseudodeterministic, if for any input (X,Y) € X x ), there exists some
answer s € O, such that

Pr [HT(X, Y)=s

I, (X,Y) # J_} > 2/3.

The main technical observation for our lower bound is that for any large enough rectangle R,
no single answer s € {0,1}" will be correct for every input (X,Y) € R. In fact, there is always a
2-9(") fraction of inputs in R on which s is not a valid solution.

To use this result in the lower bound, note that a PostBPP communication protocol can be seen
as a distribution of labeled rectangles (i.e., approximate majority covers, as defined in Section 3.1.2).
If a protocol has small communication complexity, then it must contain many large rectangles, so
we can apply the aforementioned lower bound on individual rectangles, which implies that the
protocol must have error 279,

3.1.1 A Lower Bound for One Rectangle

In this section, we prove the main technical lemma for the communication lower bound. It is
helpful to draw an analogy from the decision tree version of MISSING-STRING: Suppose that the
input is a list of m n-bit strings. Whenever the decision tree only queries the input on m — 1 bits,
there always exists a string in the input list that is not queried. In this case, regardless of the
decision tree’s answer, the adversary can arbitrarily modify the value of that string and make the
decision tree fail.

Here, we show that the XOR-MISSING-STRING problem has a similar property: If, conditioned
on the communication history, the rectangle formed by the possible inputs is large (this corresponds
to the decision tree making a small number of queries), then regardless of the protocol’s answer,
there always exists a significant portion of the rectangle, on which the protocol fails.

Lemma 3.2. Let n > 1,1 < m < 22 be integers. Let R C {0,1}" x {0,1}"™ be a rectangle
(i.e., R is of the form X x Y, where X, C {0,1}"™) of size at least 2"~ +2. Let s be any n-bit
string. Then there exists some R', which is a subrectangle of R and has size at least 272" 72| R,
such that for any (X,Y) € R, s is not a solution to XOR-MISSING-STRING on (X,Y).

'3There are many different definitions in the literature (see e.g., [GPW18]). Here, we choose a simple definition
that is best suited for proving the barrier.
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Proof. Without loss of generality, we only have to prove the lemma for the case where s = 0™.
When s # 0™, we consider a different rectangle R, in which every input string x for Alice in every
input list X € X is replaced by = & s. By the definition of XOR-MISSING-STRING, the lemma
holds for R and s if and only if it holds for R and 0™.

To prove the lemma, we need to show that there exists a large enough subrectangle R’ in
R, in which 0™ is never a solution to XOR-MISSING-STRING. Recall that R is equal to X x ),
where X is a set of Alice’s inputs and ) is a set of Bob’s inputs. For any string s € {0,1}", let
Xs ={X € X,s € X} denote the subset of X that contains the string s; Vs is defined similarly.

For any s € {0,1}", consider the subrectangle X5 x Vs C R. Since any input list (Alice’s or
Bob’s) in the subrectangle always contains s, 0 is never a solution in Xs X Ys.

In the remaining, we show that there exists some s such that X x ) is large enough (i.e.,
has size > 272""2|R|) using a counting argument. If we can show this, then the lemma follows by
letting R’ = X5 x V.

Let cxs = |Xs| denote the number of occurrences of string s in X'. Note that, if some input
X € X contains multiple copies of s, X is only counted once in cxs. Let x1,...,xon be all the
n-bit strings, sorted in non-increasing order of cx. Similarly define cys and y1,...,y2». We have

the following lower bound on the number of occurrences of x;:

Claim 3.3. For any 1 <1 < 2", cxy, is at least
X - —1)™
2 —g 41
Proof. Let k = Zi’zi CTy,, i.e., the sum of occurrences of x>;.
Consider the inputs X in X that only contain strings from x1,...,2;—1. The number of such

X is at most (i — 1)™. Therefore, at least |X| — (i — 1) inputs in X' contain at least one string
from x>;. Each of the |X| — (i — 1)™ inputs contribute at least one to the sum k. That is,

k:Zcxxi, > X —(i—1)™.

>4

Since x; occurs at least as frequently as any string in 41, . .., z2n, we have that k < cz,,-(2"—i+1).
Therefore,

k X — (@ —1)™
CTy; > > . o

T2 —g4+1 T 2 —g41

The same bound also applies to cy,,. Fix any 1 <4 < 2" and consider the strings x1,...,z; and
Yl,--.,Y2n—i+1. By the pigeonhole principle, there must exist some string s that appears in both
{z1,...,2;} and {y1,...,yan—i+1}. Using Claim 3.3, we can show that X x )y is large, that is,

> CTy;  CYyon_iiy (by definition of the lists x,y)
(X[ - G=D™ Y- =)

- 2n—g+1 1 ’
Let A = |X|,B = |)|. It now remains to show that, for any A, B such that 1 < A, B < 2" and

A - B > 22vm=m+2 there exists some 1 < i < 2" such that the rectangle chosen above is large
enough. That is,

(by Claim 3.3)

A—(Gi—1)™ B—-2" =)™
2n —i+1 ?

>927"2. 4. B, (1)
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Let i* > 1 be the largest integer such that 2(i* —1)™ < A. Note that 2-2™" > A, so we must have
i* < 2™. In this case, we have that 2(2" — i*)™ < B, since if not, then
20 )™ - 2(2" —i" )" > A- B (2(:*)™ > A by definition of *)

= (i*- (2" —i")™ > A B/4 > 22vmmm

= (2" =) > 22
which is impossible since i - (2" — i) < 22("=1 for any i. Therefore, by plugging i* into (1), we have
that

A—(i*=1)™ B— (2" —i*)m

2n —g* +1 7*
A/2 B/2 . '
> . _1\y" < no_ gE\m <
Z o i1 (2(¢* —1)™ < A and 2(2" — )™ < B)
A/2 B/2
> 2{1 . 2{L —9 =2 A.RB. O

Lemma 3.2 can be extended to the case where, in addition to (X,Y"), Alice and Bob also receive
some auxiliary input (which is independent of (X,Y")). This variant will be useful in Section 5.

Corollary 3.4. Letn > 1,1 <m < 2%2 a >0 be integers. Let R C {0,117 x {0,1}"F¢ be a
rectangle of size at least 227 +20=m+2 (i o R is of the form X x Y for some X,Y C {0,1}"m+¢).
FEach element in R is interpreted as having the form (X ot,,Y oty), where (X,Y) is an input to
XOR-MISSING-STRING(n,m), and tg,t, are two a-bit strings.

Let s be any n-bit string. There exists some R', which is a subrectangle of R and has size at
least 272" 72| R|, such that for any (X ot,, Y ot,) € R/, s is not a solution to XOR-MISSING-STRING
on (X,Y).

Proof. This corollary cannot be obtained by applying Lemma 3.2 in a black-box way. However,
it is provable using the same techniques, i.e., by defining Xs = {s € X : (X ot,) € X} and
Vs ={s €Y :(Yot,) € Y}, and showing that Xs; x ), is large for some s. The details are
omitted. O

3.1.2 Reducing PostBPP Communication to Approximate Majority Covers

To use Lemma 3.2 in the lower bound proof, we use the characterization of PostBPP communi-
cation protocols by distributions of labeled rectangles called approzimate majority covers [Kla03].

Definition 3.5 (approximate majority covers). Let f be a search problem over the domain
X x Y and range O. An approximate majority cover for f is a (multi) set of labeled
rectangles AMC = {(R,s)}, where R C X x Y is a rectangle, i.e., R is of the form A x B for
some A C X,B C Y, and s € O is the label of R. The size of AMC is defined as the number of
labeled rectangles.

We say that the approximate majority cover solves f with error e, if for any (X,Y) € X x ),
we have that

Pr  [sis asolution to f(X,Y) | (X,Y)€eR| >1—e¢.
(R,8)~AMC

That is, when we randomly sample from AMC a labeled rectangle (R, s) that contains (X,Y), the
label s is a solution with probability 2/3.
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Claim 3.6. Let f be a total search problem over domain X x Y and range O. If there exists a
PostBPP communication protocol 11 that solves f with error ¢ and has complexity C, then there
exists an approximate majority cover that solves f with error ¢ and has size < 2¢.

Proof. Assume that II uses k < C bits of randomness. That is, II is the uniform distribution over
2F deterministic communication protocols {II, }, where each protocol II, has complexity C' — k.

Construct an approximate majority cover AMC as follows: Initially, AMC is empty. Each
deterministic protocol II, partitions the input space into at most 2¢~* pairwise disjoint rectangles,
where the answers of II,. in each rectangle are the same. For each such rectangle R of II,., suppose
the answer of I, on R is v, we add (R,v) to AMC if and only if v # L.

It is clear that the size of AMC is at most 2¢. Moreover, for any (X,Y) € X x ), there is a
one-to-one correspondence between the rectangles in AMC containing (X, Y’) and the protocols II,.
for which II,(X,Y) # L. Therefore, the value of II(X,Y") is distributed the same as the label of a
uniformly random rectangle in AMC that contains (X,Y). O

3.1.3 Putting Everything Together

With the components in place, we can now prove Theorem 1.4.

Theorem 1.4 (Restated). Let n > 1 and 20n < m < 21/2 pe integers. Any PostBPP communica-
tion protocol that solves XOR-MISSING-STRING (n, m) with error < 275" must have communication
complexity Q(m).

Proof. Let II be a PostBPP communication protocol that solves XOR-MISSING-STRING(n, m) with
error < 279" and let C denote the complexity of II. We convert II into an approximate majority
cover AMC using Claim 3.6. We have that AMC solves XOR-MISSING-STRING(n,m) with error
< 2757 and has size 2°(C). We now show that the size of AMC is at least 22(™)_ which proves the
lemma.

Let S = > (g s)eamc |R| denote the total size of the rectangles. Since AMC is correct, each
input (X,Y) € {0,1}™ x {0,1}™ must be contained in at least one rectangle, which means that
S > 22nm‘

Let

Ceorrect = Z Z [s is a solution to XOR-MISSING-STRING on (X,Y)].
(X,Y)e{0,1}7m x{0,1}7m (R,s)€AMC,R3(X,Y)

Since AMC solves XOR-MISSING-STRING(n, m) with error 2757, we have that

C’correct
> Z (1—2757). Z 1 (each (X,Y) is correct w.h.p.)
(X,Y)e{0,1}nm x {0,1}nm (R,s)€EAMC,R3(X,Y)
=(1-27". ) oo
(R,s)EAMC (X,Y)ER
=(1-27"").8.
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On the other hand,

Ccorrect

= Z Z [s is a solution to XOR-MISSING-STRING on (X, Y)]
(R,s)eAMC (X,Y)ER

= > Y [s s a solution to XOR-MISSING-STRING on (X,Y)]
(R,s)EAMC (X, Y)ER
|R|222nm—m+2
+ Z Z [s is a solution to XOR-MISSING-STRING on (X, Y)].
(R,s)EAMC (X,Y)ER
|R|<22nm—m+2

It follows from Lemma 3.2 that the first summand is at most

> @-27?)Rl<(1-27")-8

(R,s)e AMC
‘R| 222nm7'm+2

Let AMC| denote the size of AMC, then the second summand is at most

Z ’R‘ < ‘AMC’ . 22nm—m+2.
(R,s)eAMC
IR‘<22nm7m+2

< |AMC| - S/2m72. (since S > 22"m)

If JAMC| < 2"/2, then the second summand is at most 2=™/2%2. S, which is at most 273" - S since
m > 20n. Summing everything together, we have that

Ccorrect S (1 - 2—477, + 2—877,) : S,

which contradicts the previous bound of Ceoprect > (1 — 2_5") -S. Hence it must be the case that

|AMC| > 2m/2. O

Lower bounds for pseudodeterministic protocols. A consequence of Theorem 1.4 is that it
also applies to pseudodeterministic PostBPP communication protocols for XOR-MISSING-STRING
with constant error (say 1/3), as the error probability for such protocols can always be reduced to as
small as possible by running it multiple times and outputting the majority answer. In contrast, the
error probability of an arbitrary (non-pseudodeterministic) protocol cannot be amplified in general,
since it is unclear how to verify whether a string is a valid solution to XOR-MISSING-STRING.

Claim 3.7. Letn > 1,1 < m < 2/2 be integers. Let I be a pseudodeterministic PostBPP commu-
nication protocol that solves XOR-MISSING-STRING(n, m) with error 1/3 and has communication
complexity C. Then for any k > 1, there exists a pseudodeterministic PostBPP communication
protocol 11, that solves XOR-MISSING-STRING(n, m) with error 2790) and has communication
complexity O(C - k).

By setting k = O(n) in the above lemma and applying Theorem 1.4, we have:

Corollary 3.8. Letn > 1 and 20n < m < 22 be integers. Any pseudodeterministic PostBPP com-
munication protocol that solves XOR-MISSING-STRING(n, m) with error probability < 1/3 requires
communication complexity Q(m/n).
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3.2 An Extension: XOR-MISSING-STRING Lower Bound for List-Solvers

We prove a strengthened lower bound for XOR-MISSING-STRING against list-solvers, which
are protocols that output a list of strings, and are considered correct if at least one string in the
list is a solution. Although this strengthened lower bound is not needed for Theorem 1.3, it is
relevant in the context of almost-everywhere circuit upper bounds and will be useful in the proof
of Theorem 1.5.

Definition 3.9. Let f be a search problem over domain X x ) and range O. We say that a
communication protocol II is a list-solver for f, if it outputs a list of answers (i.e., its output is
in OF for some k).

For a PostBPP list-solver II, we say that it list-solves f with error e, if for any input
(X, Y)e X xY,

Prfone of the answers in II(X,Y") solves (X,Y) |II(X,Y) # L] > 1 —e¢.

Lemma 3.10. Let n > 1,1 < m < 2"2 k be parameters, where m > 20nk. Let Q be a
PostBPP list-solver of XOR-MISSING-STRING(n, m) that outputs k candidate strings. If Q list-
solves XOR-MISSING-STRING (n, m) with error < 27°"F then the complexity of Q is at least Q(m).

It is natural to require that the error probability is at least 2-9("%) since this bound is achieved
by a trivial protocol that outputs k random strings.

The proof is similar to Theorem 1.4: We use the lower bound on rectangles (Lemma 3.2) to
show that, for large enough rectangles, even when the protocol outputs k candidate strings, there
still exists a significant fraction of inputs in the rectangle on which all strings fail. We then use
approximate majority covers to translate this result into a communication lower bound.

Proof. We start by proving a stronger version of Lemma 3.2.

Claim 3.11. Let n > 1,1 < m < 2%2 k be parameters. Let R C {0,1}™™ x {0,1}"™ be a
rectangle of size at least 22"M—mA2+@n+2)k Lot g sp be any set of k n-bit strings. Then there
exists some R', which is a subrectangle of R and has size at least 2_(2"+2)'k|R|, such that for any

(X,Y) € R, none of s1,...,s is a solution to XOR-MISSING-STRING on (X,Y).

Proof. The proof is by repeatedly applying Lemma 3.2. Given R and si,..., sk, we first apply
Lemma 3.2 on R and s; to construct a subrectangle Ry C R, which has size at least 272"~2|R|, on
which s; is never a solution. Next, since |Ry| > 272" 72| R| > 22"m~m+2 we can apply Lemma 3.2
on R; and s, and obtain another subrectangle Ry C R;, on which so is never the solution. This
process can be repeated, and the end result is a subrectangle Ry that refutes every s;. o

Next, we convert () into an approximate majority cover.

Formally, define the k-fold XOR-MISSING-STRING(n, m) to be the search problem where, given
an instance (X,Y’) of XOR-MISSING-STRING(n, m), the task is to output k strings so that at least
one of them solves (X,Y"). Since @ is a protocol for this problem, we can use Claim 3.6 to obtain an
approximate majority cover AMC, such that AMC has size at most 2¢ (where C is the complexity
of @), and the label corresponding to each rectangle is a list of k strings. AMC satisfies that, for
any (X,Y) € {0,1}"™ x {0,1}"™,

Pr one of s1,..., 8 solves (X,Y X, Y)eR > 1 _9-5nk 9
(os ! k solves (X,Y) | (X,Y) € R] > 2)
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Finally, we show that AMC has size at least 2%0™) . Let

C’correct = Z Z [One of S1y...,S5k solves (X, Y)]
(X,)Y) (R,81,...,85) EAMC,(X,Y)ER

Let S = Z(R,817‘..7Sk)€AMS |R| denote the total size. The following computations are similar to
the proof of Theorem 1.4, where similar steps are simplified.
By (2), we have that

Ccorrect 2 (1 - 275nk) : S
On the other hand, using Claim 3.11, we have that

—(2n+2)-
Ceorrect < Z (1 -2 (2n+ )k) . |R| + Z |R|
REAMC:|R|>22nm—m+2+(2n+2)-k REAMC:|R|<22nm—m+2+(2n+2)-k
< (1- 2—(2n+2)-k:) .G 4 9C . g2nm—m+2+(2n+2)k

Since AMC solves every input, we must have that S > 227" Therefore, the second term is at most
2C . g=m+2+(2n42)k . G which is 27%™) . § since m > 20nk. We thus have that

For this to hold, it must be the case that C' = Q(m). O

3.3 Proving the Barrier

Theorem 1.3 (Restated). There exists an oracle A and its multilinear extension A such that
pr-PostBPEA C i.0.- SIZEA[O(n)].

Proof of Theorem 1.3. Let My, Ms,... be a syntactic enumeration of PostBPE algorithms each
running in time 2" (that is, each M; may or may not satisfy the PostBPP promise). If we can prove
a barrier for all such algorithms, then we can also prove a barrier for all algorithms running in time
20(") by a padding argument. We assume that each machine M; appears infinitely many times in
the list (MZ)’LEN

Let n; be a large enough constant and set n; = 4™~ for every ¢ > 1. Let m; = n?o for every
i > 1. Recall that logarithms are always base 2. The oracle A that we construct will have the
following structure: On input strings whose lengths are not of the form 2log m;, the value of A will
always be zero. For every ¢ > 1, the truth table of A on input length 2log m; will encode an instance
(X;,Y;) of XOR-MISSING-STRING(n;, m;). More specifically, the truth table of A N {0,1}2lem:
restricted to inputs whose first bit is 0 (resp. 1) will be equal to X; (resp. Y;) padded with zeros.
Note that the length of (X;,Y;) is 2m; - n; < 22108mi,

For every i > 1, the instance (Xj,Y;) is designed to diagonalize against MiA. More precisely, we
want the following property to hold: let GOOD; be the set of inputs = € {0,1}!°6™ such that the

execution of M (z) satisfies the semantics of PostBPP, then there exists a non-solution a € {0,1}™

of the XOR-MISSING-STRING instance (X;, Y;) such that a, = M;K(x) for every x € GOOD;. Note
that o = (X;)a @ (Y3)p for some a,b € [m;], hence by hardwiring a and b we can construct an A-
oracle circuit of size O(logm;) < O(logn;) whose truth table is equal to «, and it follows that the
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pr-PostBPE problem defined by Mi’Z on input length logn; can be computed by linear-size A-oracle
circuits. Therefore, it suffices to satisfy the aforementioned property. -
Note that, when considering the truth table of MZ-A on input length logn;, the algorithm MZA

can only access A on inputs of length < n;. Therefore, we only need to show that MiA =" fails to
solve (X;,Y;). Since 2logm;i+1 > n;, this implies that the algorithm only sees (X<;, Y<;).

We construct our oracle inductively. Suppose that we have constructed (Xj,Y;) for every
j < i, and we need to construct (Xj;,Y;). Let P; be the following PostBPP communication protocol
that tries to solve XOR-MISSING-STRING(n;,m;). Given an instance (X,Y'), define an oracle A
such that (X.;,Y.;) are the previously fixed values and (X;,Y;) = (X,Y). Then, Alice and Bob

A n; . .
output the “truth table” of M; =" on inputs of length logn;, denoted as tt € {0,1}™: for every

Acn.
z € {0,1}1°8" Alice and Bob simulate the computation of M; =" (z) using (the PostBPP version
of) Theorem 2.6 repeatedly for (1000n; + 1) times, and output the majority outcome as the z-th
bit of tt. (We use boldface to emphasize that tt is a random variable). Let GOOD;(X,Y’) denote

the set of inputs € {0,1}'°8™ such that the computation of MiAS"" (x) satisfies PostBPP promise,
and let f; : GOOD;(X,Y) — {0,1} denote the promise problem defined by MiA =ni

GOODY(X,Y) = {x e {0,1}8m . pr [M’Z< () =10 ‘ Mfﬁ"i (z) # J_} > 2/3},

GOOD;(X,Y) = GOODY(X,Y)UGOOD}HX,Y),

0 ifz e GOODY(X,Y);
fz(ﬂﬂ) = . 1
1 ifz € GOODHX,Y).

We say that tt is consistent with f; if for every x € GOOD;(X,Y), tt,; = fi(z). Since the com-

putation of MiA ="i (1) is repeated (1000m; 4+ 1) times, the probability that tt is consistent with f; is
at least 1 — 27107 On the other hand, note that the behavior of P; is the same as some PostBPP
algorithm that has oracle access to A and runs in time O(n3) (since it considers n; possible inputs,
simulates M; for O(n;) times on each of them, and each simulation takes O(n;) time), hence Theo-
rem 2.6 implies that P; can be implemented by a PostBPP communication protocol of complexity
O(nf) = o(m;). It follows from Theorem 1.4 that P; cannot solve XOR-MISSING-STRING(n;, m;)
with success probability more than 1 —27°"; in other words, there exists some (X,Y) such that tt
is a non-solution of (X,Y) w.p. at least 27°". By a union bound, there is a non-zero probability
that both of the following hold simultaneously: tt is consistent with f; and tt is a non-solution

of (X,Y). This means that there is a non-solution o € {0,1}" of (X,Y) such that for every

A,
x € GOOD;(X,Y), M, =i (x) = ag. Setting (X;,Y;) = (X,Y), this establishes the property we
want for 4, and we can continue our construction for 7 + 1. ]

4 Alternative Almost-Everywhere Algebrization Barrier for BPE

In [AWO09], the authors proved almost-everywhere algebrization barriers for many common
complexity classes such as NEXP and BPEXP. However, their barriers were constructed using
multiquadratic extensions, which are more difficult to manipulate than multilinear extensions,
and are arguably less clean. Barriers based on multiquadratic extensions also fail to imply affine
relativization barriers in the sense of [AB18]. It was unknown whether these barriers can be
proven using only communication complexity. In this section, we use the techniques developed for

19



XOR-MISSING-STRING to show that these almost-everywhere algebrization barriers can indeed be
proven using communication complexity only.

Theorem 1.5 (Restated). There exists an oracle A and its multilinear extension A such that
BPEA C SIZEA[O(n)).

4.1 Reducing to Communication Lower Bounds for XOR-MISSING-STRING

We first show that certain communication lower bounds suffice for proving our barrier result.
Roughly speaking, we consider a setting where there are many inputs Z;,7Zs,...,Z; and many
protocols Py, Pa, ..., Py, every protocol P; receives every input (Zy,...,Z,), and the goal of P; is
to solve the problem on input Z;. We want to prove lower bounds of the following form: there is
a sequence of bad inputs (Zy,...,Z;) such that no protocol P; could solve Z; correctly, even after
seeing the inputs of other protocols. This setting captures win-win analyses: for example, if P; fails
to solve Z;, then Z; might contain useful information that helps P; solve Z;. In fact, this is indeed
what happened in many win-win analyses in complexity theory: see e.g., [CHR24, Section 1.4.2],
[LORS24, Section 5.2], and Section A.3 of this paper.

We set the following parameters. Let n; = 2¢ for some sufficiently large constant C' and
n; = n} , for every i > 1. For every i > 1, let m; = n!% the i-th input will be an instance of
XOR-MISSING-STRING (14, m;). We also define a sequence of error thresholds {p;};en: let p; = 0.6
and p; = p;_1 + 1/(1042) for every i > 1, then p; < 0.8 for every i. Looking ahead, it will be useful
in the proof of Theorem 4.1 that there is a non-trivial gap (of 1/(10i2)) between each p; and p; 1.

We need the following communication lower bound:

Theorem 4.1. Let t > 1 be an integer and {Q; j}1<j<i<¢ be a set of randomized communication
protocols satisfying the following:

o In each Q; ;, Alice receives X = (X1,...,X:) and Bob receives Y = (Y1,...,Y:), where each
(Xi,Y3) is an instance of XOR-MISSING-STRING(n;, m;).

e The communication complexity of each Q;; is at most n} and each Q;; outputs a string of
length n;.

Then there exists a sequence of inputs {(X;,Y;)}i<t such that every Q; ; fails to solve the instance
(X:,Y;). More formally, for every 1 < j <i <t:

e cither no string is outputted by Qm-()_(',?) with probability > py; or

e the (unique) string outputted with probability > py is not a solution to XOR-MISSING-STRING
on the input (X;,Y;).

Proof of Theorem 1.5 from Theorem 4.1. Similar to the proof of Theorem 1.3, our oracle encodes
a sequence of XOR-MISSING-STRING instances. An infinite sequence of instances {(X;,Y;)}ien
where each (X;,Y;) is an instance of XOR-MISSING-STRING(n;, m;) corresponds to an oracle A
defined as follows:

e For every ¢ > 1, the truth table of A on input length 2logm; encodes the instance (X;,Y;).
More precisely, the truth table of A N {0,1}21°8™i restricted to inputs whose first bit is 0
(resp. 1) is equal to X; (resp. Y;) padded with zeros. Note that the length of (X;,Y;) is

2mi Ny S 2210gmi‘
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e If the input length is not of the form 2logm;, then A always returns 0.

Oracles of this form are called well-structured oracle. When the oracle A corresponds to a finite
sequence of ¢ instances {(X;, Y;)}i<: (that is, (X;,Y;) is the all-zero string for every i > t), we say
that A is a truncated oracle at level t. Note that we consider oracles that are much “denser” than
those considered in Theorem 1.3, in the sense that the lengths of adjacent XOR-MISSING-STRING
instances encoded in the oracle are much closer to each other. (Recall that we set n; = nf_l in this
section but we set n; = 4™-1 in Theorem 1.3.)

Converting algorithms to communication protocols. Let M, M>,... be a syntactic enu-
meration of BPE algorithms, each running in time 2". For any integer ¢ > 1,5 > 1, let F; ; be the

communication protocol that outputs the truth table of M ]A on inputs of length less than logn;:

e Alice (resp. Bob) receives as inputs the subfunction Ag (resp. A;) of a well-structured oracle A,
where Ag (resp. A1) denotes the subfunction of A where the first bit is restricted to 0 (resp. 1).
Note that since M; runs in 2logni — p; time, for some large enough b; := O(logn,), it only
has access to the instances (X;,Y;) for j < b;. Hence one can view P;; as a communication
protocol where Alice (resp. Bob) receives (Xi,...,Xp,) (resp. (Y7,...,Ys,)) as inputs.

e Then, for every £ < logn;, Alice and Bob simulate the execution of M jA on inputs of length £
and obtains a truth table tt,. They output the concatenation of tt;, for every ¢ < logn;; this
is a bit-string of length n; — 1, and we append a bit 0 at the end to make the output length
equal to n;.

e On each input of Mjg, Alice and Bob simulate the execution of Mj‘Z for ©(n;) times and

output the majority answer. This means that when Mj‘Z satisfies the semantics of a BPP
algorithm, P; ; successfully computes the truth table with probability > 1 — 2~ 8ni)

Using (a generalization of) Theorem 2.6, P; j can be implemented by a randomized communication
protocol with complexity O(n}) < n} if n; is large enough.

Constructing the oracle. For each k& € N, define S to be the set of truncated oracles at level
bi (i.e., instance sequences {(X;, Y;)}i<p, ) such that for every 1 < j < i <k, the protocol P, ; fails
to solve (X;,Y;) with probability threshold 0.8. Using Theorem 4.1, we can show that

Claim 4.2. For any k > 1, Sy is nonempty.

Proof. This is a consequence of Theorem 4.1. More specifically, we use by as the parameter ¢ in
Theorem 4.1, let Q;; = F;; for every ¢« < k, and @Q;; be a trivial protocol for ¢ > k. Note that
each @); ; is a communication protocol with complexity < n;-l. Hence, by invoking Theorem 4.1, we
obtain a truncated oracle A at level by, on which every protocol P; ; fails with probability threshold
pp, < 0.8. It follows that A € Sj. o

Let t; < t5. For instance sequences (i.e., truncated oracles) AN = {(Xi(l),l/;(l))}igtl and
A®) = {(XZ»(Z),YZ-(Q))}z‘StQ, we say that A is a prefiz of A?) if (ngl), Y-(l)) = (Xi(z), Yi(z)) for every

7
1 < t1; that is, they agree on the first ¢; instances. We say that a truncated oracle A € S; extends
infinitely if there exist infinitely many oracles in |J,~,; Sk for which A is a prefix. The following

two properties of { Sk} are easy to see:

e For any A € S; and any j < i, there exists an oracle in S; that is a prefix of A.
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e The empty oracle (corresponding to the empty sequence of instances) extends infinitely (this
follows from Claim 4.2).

We construct a sequence {(X;, Y;) }ien as follows. Suppose we have constructed a finite sequence
Ay = {(Xi,Y:) }i<e, we maintain the invariant that A, extends infinitely. We start from ¢ = 0 and
Ay being the empty oracle. To construct (Xypi1,Ysy1), we simply find any (X1, Ysy1) that would
maintain our invariant that {(X;,Y;)}i</41 extends infinitely. Since there are only finitely many
options for (Xy41, Yp41), such a choice of (X411, Y1) always exists.

Let A denote the well-structured oracle corresponding to the sequence {(X;, Y;) }ieny and we now

prove that BPEA C SIZEA[O(n)]. Consider a machine M JA and a sufficiently large input length n.
Let i be the integer such that n € [logn;_1,logn;). In this case, we have that n > (logn;)/4. Since
n is sufficiently large, we may assume that ¢ > j. Note that the behavior of F; ; on A is the same as
its behavior on Ay, = {(Xy,Yy)}i<p, (as M; on input length logn; can only access these inputs).
Since Ay, € S;, we have that P, ; fails to solve the instance (X;,Y;) with probability threshold 0.8.
There are two cases:

e Either M jg does not satisfy the BPP promise. In this case, we are done.

e Or M jg satisfies the BPP promise but the unique string outputted by P; ; is a string of the
form z & y where x € X; and y € Y;. In this case, there is an A-oracle circuit of size
O(log m;) = O(log n;) that outputs the truth table of MJA on inputs of length < logn;. From

this, we can construct a circuit which agrees with ]\4}Z on inputs of length n and has size
O(logm;) = O(n). O

4.2 Proof of Theorem 4.1

We prove Theorem 4.1 by induction. The base case where ¢ = 1 follows from Corollary 3.8.
Now assume that for some ¢ > 1, Theorem 4.1 holds for ¢ — 1 but not for ¢, and {Q; ;}1<j<i<t is a
set of protocols that witnesses the failure of Theorem 4.1. We show that {Q; ;} can be transformed
into a single PostBPP protocol @ for list-solving XOR-MISSING-STRING(n;, m;) that is impossibly
efficient in the sense that it contradicts our communication lower bound (Lemma 3.10).

Let (X¢,Y:) be an input for XOR-MISSING-STRING (n¢, m¢). For 1 < j <i <, let Q; ; be the
protocol that takes as input a truncated oracle at level ¢ — 1, combines it with (X, Y}) to form
a truncated oracle at level ¢, and then simulates the execution of @);; on the combined oracle.
Consider the protocols Q' for 1 < j <i<t—1. Since Theorem 4.1 holds for ¢t — 1, there must
exist a truncated oracle A at level t — 1 on which all these protocols fail. That is, when we combine
this oracle A with (Xy,Y;) to form an oracle A’ and run the original protocols {Q; ;} on A’, every
protocols Q; ; with ¢ <t — 1 would fail. However, one of the protocols ); ; must succeed on A’. In
this case, the protocol that succeeds must have i = ¢, which means that its output solves (X4, Y}).

The above discussion naturally leads to the following PostBPP communication protocol for list-
solving XOR-MISSING-STRING(n¢,m;): randomly guess a truncated oracle A at level t — 1, use
postselection to ensure that Q/ fails for every 1 < j <1 < t—1, and simulate the protocols Q] ¢+ to
list-solve the instance (X3, Y}). We remark that the combined protocol ) needs to use postselection
even though the original protocols @; ; do not; nevertheless, we can still reach a contradiction as
Lemma 3.10 applies to PostBPP communication protocols as well.

See Algorithm 1 for a formal description of the PostBPP communication protocol Q.

Let K denote the number of bits encoded in a truncated oracle of size ¢ — 1, formally, K =
> ict 2min;. Note that K = O(t -ny_1 - my_1) = O(nY) < my.
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Algorithm 1: The protocol @

Input: Alice gets X; and Bob gets Y;, where (X4, Y;) is an input to
XOR-MISSING-STRING (14, ).

Output: A list of ¢ ng-bit strings, or L.

fori+— 1tot—1do

[uny

2 L (Xi,Y;) « uniformly random input of XOR-MISSING-STRING(n;, m;);

3 A < the truncated oracle at level ¢ that encodes (X<¢, Y<¢);

4 p (pr—1+pt)/2;

5 fori< 1tot—1do

6 for j « 1 toido // Check whether @;; fails
7 Simulate the execution of @; ; on input A,

8 repeat for K - ¢! times using independent randomness;

9 s < the empirical majority answer;

10 Pemp < empirical probability of outputting s;

11 if pemp > p and s is a solution to (X;,Y;) then

12 ‘ return |;
13 for j < 1 to t do // 1f all protocols QQ«;; fail, run () <; for answers
14 Simulate the execution of @) ; on input A,

15 repeat for (n;)? times using independent randomness;

16 sj < the empirical majority answer;
17 return (si,...,S¢).

Complexity of (). Recall that the complexity of a PostBPP communication protocol is defined
as k + ¢, where k is the length of the public randomness and c is the number of bits communicated
(Definition 3.1). The complexity of @ consists of the following parts:

e Sampling (X, Y4): This costs at most K = O(n}") random bits.

e Simulating the protocols @); ; for each 1 < j < ¢ < ¢: This requires communicating at most
2. (ny)t - K - 10 = O(n{®) bits.

Hence, the complexity of Q is O(n}%) < my.

We remark that @) also needs to check whether the outputs of Q; ; is a solution of (X;,Y;) for
each 1 < j <i <t — 1. However, since (X<, Y<;) is sampled using public randomness, this costs
no communication.

Success probability of ). For a fixed input (X;,Y;), let E;_; denote the following event: for
the oracle A constructed in Algorithm 1, all the protocols @; ; with 1 < j <14 <t —1 fail on A with
probability threshold p;—;. Let E; denote the event that all these protocols (i.e., {Qi;}1<j<i<i—1)
fail with probability threshold p;. Note that E;_; implies E;, which means that Pr[E;_;] < Pr[Ey].

In the following, we lower bound Pr[Q is correct | Q(X,Y’) # L] by considering the behavior of
() under three events:

1. Bad case: Conditioned on —E;, @ outputs L with high probability (Claim 4.4). Therefore,
this case only negligibly affects Pr[@ is correct | Q(X,Y) # L].
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2. Good case: Conditioned F;_1, with high probability, @) does not output L (Claim 4.4), and
is correct (Claim 4.5). We also show that Pr[FE;_1] is large (Claim 4.3), so that this case has
a big contribution to Pr[Q is correct | Q(X,Y) # L].

3. Intermediate case: Conditioned on F; A =F;_1, @ behaves abnormally, in that we cannot
bound Pr[Q(X,Y) # L | Ey A =E;_1]. However, we know that conditioned on Ey A ~F;_
and Q(X,Y) # L, Q is correct with high probability (Claim 4.5). Therefore, regardless of
Pr[Q(X,Y) # L | Bt A —E;_1], this case does not hurt Pr[@ is correct | Q(X,Y) # L].

Let S denote the event that, when running the simulation, one of the output strings si,...,s;
solves (Xy,Y;). We define S in such a way that S is independent from whether Q(X¢,Y;) outputs
1. That is, it is possible that although Q(X,Y:) outputs L, had @ performed the simulation, it
would have solved (X¢,Y;). In this case, we say that S holds.

We start by proving that the good case happens with significant probability:

Claim 4.3. Pr[E,_q] > 27K,

Proof. Consider the protocols {Q; ;} (1 < j < i < t), where @Q; ; takes a truncated oracle A’ of
size t — 1, combines it with (X¢,Y;), and then simulates @; ; on A. Since Theorem 4.1 holds for
t — 1, applying it on {Q;J} implies that there exists at least one truncated oracle A’ of size t — 1,
on which all Q;’ y fail with probability threshold p;_1. o

Next, we prove bounds for Pr[Q (X, Y;) # L] in the good and bad cases:
Claim 4.4. The following items hold:

e Bad case: Pr[Q(X;,Y;) # L | =E] < 272K,

e Good case: Pr[Q(Xy,Y;) # L | E;_q] > 1 — 272K,

Proof. 1f E; does not happen, then there exists 1 < j <4 < t such that when running @; ; on A,
there exists a (unique) string s outputted with probability > p;, and s is a valid solution to (X, Y;).
Using a straightforward Chernoff bound, when running Lines 5-12 in Algorithm 1, with proba-
bility 1—272K | the empirical probability pemp of outputting s will be greater than p;-(1—0.01/t%) >
(pt + pt—1)/2. This means that Q outputs L with probability > 1 — 272K,
The second bullet can be proved similarly. o

Finally, in the good and intermediate case, we show that S holds with high probability.

Claim 4.5. In Algorithm 1, for a truncated oracle A at level t — 1, if E; holds for A, we have that
Pr[S | A is sampled] > 1 — 9= U(m)?)

Proof. By our assumption on ¢, for any possible A, at least one of the protocols Q; ; (1 < j <1i <t)
does not fail with probability threshold p;. If E; happens, then all the protocols Q; ; with i < ¢ (i.e.,
those that operate on smaller input lengths) fail on A with probability threshold p;. Therefore,
at least one of the protocols @); ; succeeds on A. In this case, when we simulate @Q;; in @, with
probability 1 — 2_9(”?)7 the empirical majority answer s; is indeed the majority answer of Q) ;,
which is a valid solution for (X, Y}). o

Combining the previous results proves that ) succeeds with high probability.
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Claim 4.6. When running the combined protocol Q on any input (X, Yy),
Pr[S | Q(Xy,Yy) # 1] > 1 — 272,
Proof. Let G = E;_; V —E; (note that E;_; and —F; are disjoint). We have that

Pr[S | Q(X:, Y1) # L]
> min{Pr[S | Q(X;,Yy) # L AG], Pr[S | Q(X4, Yi) # LA =G} 3)

The second term is at least

i Pr|S X, Y, LAAI led
A:G does not hIgllclinfor the oracle A I"[ ‘ Q( b t) 7& 1§ sathple ]’
which is at least 1 — 2= by Claim 4.5 (note that =G = —E,_1 A Ey, which implies that E,
holds for A).
For the first term, we have that

Pr[S | Q(X,,Y)) # L AG]
Pr[SAQ(X:, V) # 1 | G
T PriQ(Xy, Y:) # L |G
S Pr[SAQ(Xy,Y;) # L NG|
T PrQ(Xy, Y1) # L | Eva] - Pr[Ey | G] + Pr[Q(Xe, Yy) # L | ~Ey] - Pr[—Ey | G
S Pr[SAQ(X:, Y:) # LA Ei_q]
~ Pr(Q(Xy, Vi) # L | Eva] - Pr(Eya] + Pr(Q(Xy, Vi) # L | ~EY]
S Pr(S | By—1] - Pr(Q(Xy, YY) # L | Eyy] - Pr[Ey_q]
T Pr[Q(Xy, Vi) # L | Eea] - Pr[Ey] + Pr[Q(Xe, Vi) # L | —Ey]

where the last line uses the fact that S and Q(X;,Y;) # L are independent.
Using Claim 4.4 and Claim 4.5, we have that

(B¢ is contained in G)

(1—2790m)). (1 —272K) . Pr[E, 4]

PriS| Q(X:,Y;) # LAG] > Pr[E; 4] + 272K

Since Pr[E;_1] > 27K by Claim 4.3, we have that

(1—279m)). (1 —272K).9-K
2—K +2—2K

PrS | Q(X,, Yi) # L | G > > 1900,

Therefore, both terms in (3) are at least 1 — 272(). o

Putting everything together. Finally, we prove Theorem 4.1:

Proof of Theorem 4.1. The base case of t = 1 follows from Corollary 3.8.
For t > 1, assume that the lemma holds for ¢ — 1 but not for ¢. This implies that Algorithm 1
is a PostBPP communication protocol @) that:

e takes an input of XOR-MISSING-STRING(n¢, m¢), and outputs t n;-bit strings,
e has complexity < O(n}%) = o(m;), and
e succeeds with probability > 1 — 270((n)?*) > 1 — g—w(net) op any input.

Such a protocol is impossible by Lemma 3.10. O

25



5 Almost-Everywhere Algebrization Barrier for Robust MAg

5.1 Definitions

Definition 5.1. An MA N coMA algorithm M is associated with two verifiers Vp, V1, which are
randomized algorithms that take an input x and a proof = from Merlin. We say that

e A verifier Vi, accepts z, if there exists a proof m such that Pr[Vj(z, ) = 1] > 2/3.
o A verifier Vi, rejects x, if for any proof m, we have that Pr[Vy(z,7) = 1] < 1/3.

We define the notion of robust algorithms. Intuitively, an MA algorithm is robust if its truth
table is never easy for A-oracle circuits. We do however allow an algorithm to be semantically
incorrect on some oracle, which is not considered as an error.

Formally, we say that M is robust w.r.t. h(n) on length n if, for any oracle A and any
2"-bit string w that has h(n) size A-oracle circuits, there exists at least one input = of length n,

such that Vuﬁ rejects . That is, Merlin cannot convince Arthur to output the truth table w.

The following definitions characterize FMA communication protocols. Such protocols are able
to compute the truth tables of MA N coMA algorithms.

Definition 5.2. An FMA communication protocol P for a search problem f (over domain
X x Y and range O) is defined as a set of randomized protocols P, ,, for each pair of answer
w € O and proof 7 from Merlin. Let k denote the length of the proof. That is, = € {0, 1},

We say that P solves (X,Y), if

e For some w, 7w where w is a solution to (X,Y), Pr[P, »(X,Y) =1] > 2/3.
e For any w, 7 where w is not a solution to (X,Y), Pr[P, »(X,Y) =1] <1/3.

The complexity of P is defined as k+C', where C' is the maximum complexity of any randomized
protocol P, . Here, the complexity of a randomized protocol is defined as the maximum number
of bits communicated on any input, plus the number of random bits used by the protocol. Note
that we only allow public randomness (which is available to both Alice and Bob but not Merlin).

A protocol P is robust, if for any (X,Y") and for any w, 7w where w is not a solution to (X,Y),
Pr[P, -(X,Y)=1] <1/3.

5.2 XOR-MIssSING-STRING Lower Bounds Against Robust Protocols

The main engine of our barrier is the following lemma, which shows that robust protocols are
much weaker than general protocols.

Lemma 1.8 (Restated). Let n > 1,1 < m < 2%? be parameters. Let P be a robust FMA com-
munication protocol of complexity C attempting to solve XOR-MISSING-STRING(n,m). Then the
fraction of inputs that P solves is at most

9—Q(m/C)+0(C+n).
Proof. We only prove the lemma for the case where C' < m/2, since otherwise the bound is straight-
forward.

As an FMA communication protocol, P can be viewed as a collection of at most 2" - 2¢ ran-
domized protocols, where each protocol P, » corresponds to a pair (w, ) of candidate answer and
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proof, and P, outputs 1 if and only if Arthur accepts Merlin’s proof 7, which proves that w is a
solution.

Let Py, . denote an error-reduced version of P, . Specifically, P,, ; runs P, , repeatedly for
©(m/C) times, each time using independent randomness, and then outputs the majority answer.

We choose the number of repetitions carefully, so that
1. P, . has complexity < m/2.
2. On input (X,Y), if w is not a solution, then

Pr[P,, (X, Y) = 1] < 27%m/O), (4)

3. If P solves XOR-MISSING-STRING on (X,Y’), then for some (w, ) where w is a solution to
(X,Y), we have that

P[P}, ((X,Y) = 1] > 1 — 27%m/O),
Item 3 means that the fraction of inputs solvable by P is at most

(142700 3 7 Pr [P (X,Y) =1],
(Xy)
w,m
where the probability is over the choice of (X,Y) and the internal randomness of Py, .. To bound
this value, we think of Py, . as a distribution of deterministic protocols. For each deterministic
protocol, we have the following claim, which is a relation between the probabilities of true and false
positives.

Claim 5.3. Let w be an n-bit string, and let P be a deterministic protocol of complexity C, which
outputs 0 or 1. Let

= Pr |[P(X,)Y)=1
p ()&)[ (X,Y) =1],
Puwrong = Pr [P(X,Y) =1Aw does not solve (X,Y)].
(X,Y)
We have that
p < 27mt2. 9 + Puwrong * 2742,

Proof. P can be characterized as a collection of at most 2¢ rectangles that are pairwise disjoint
and cover the entire input space, such that the output of P is the same for inputs that belong to
the same rectangle. We say that a rectangle is large if it has size > 22"™~"+2 and say that a
rectangle is small otherwise.

We fix one large rectangle, and consider its contribution to p and pwrong. Using Lemma 3.2,
when a rectangle R is large, there must exist a 27272 fraction of input in R, on which w is not
a solution. Therefore, if P outputs 1 on R, then R contributes |R|/2?"™ to p, and contributes at
least |R| - 2_(2”+2)/ 22nm 4 Dwrong- We therefore have the following relation between p and pyrong:

b < 2—m+2 : 20 + Pwrong - 22n+2’

where the first term upper bounds the total size of small rectangles. o
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For each Pl’wr, by applying Claim 5.3 on each deterministic protocol in its distribution, we have
that

()Ey)[P{”’“(X’ Y)=1<27m2.2¢ ¢ (;’7{/)[P{UJ(X, Y) = 1 Aw does not solve (X,Y)]-22"+2,
()

By (4), whenever w does not solve (X,Y), we have that Pr[P,, (X,Y) =1] < 2-920m/C) " \where the
probability is over the internal randomness of Py, .. Summing over all (X,Y’), we have that

()?g/)[leu,ﬂ(X,Y) — 1 Aw does not solve (X,Y)] < 2-m/C),

Plugging this into (5), we thus have that

(X,Y) w,m ) >~

Summing this over for every P, ., we have that (note that the number of pairs w,n is at most
20(0+n))

(14 2700/, Pr [P _(X,Y) = 1] < 27¥m/C)+0(C4n) O

5.3 The Barrier

We say that a function h(n) is super-half-exponential, if h is strictly monotonically increasing,
h(n) = w(n), and h(h(n)/n) > 2™. In the rest of this section, let h(n) be any fixed super-half-
exponential function.

Let Roby,(,)-MAE denote the class of languages decidable by algorithms that are in MAENcoMAg
and are robust w.r.t. h(n) on every input length. We present the following barrier result.

Theorem 5.4. There exists an oracle A such that (E’Z U (Robh(n)—MAE)g) C SIZEA[h(n)], where

A denotes the multilinear extension of A.

5.3.1 Oracle Structure

In this proof, we say that an oracle A is well-structured, if it encodes one instance of
XOR-MISSING-STRING for each input length . Formally, for every i € N, the truth table of A on
inputs of length h(i) encodes an instance (X;, Y;) of XOR-MISSING-STRING (n; = 2%, m; = 2"(0)/10)
(note that this instance can be described in 2n;m; < 2"% bits), where X; (resp. Y;) is encoded in
the truth table for A on inputs that start with 0 (resp. 1). When querying A on an input of length
other than h(i) for some i, the oracle returns 0.

These parameters are chosen such that, if an algorithm M is semantically correct and does
not solve (X;,Y;) (i.e., its truth table on inputs of length = i is not a solution), then there exists
an A-oracle circuit of size less than k(i) that computes the truth table of M4 on inputs of length
i. Indeed, the truth table must be of the form = @ y, where z € X; and y € Y;. Such strings can
be computed by A-oracle circuits of size 2logm; + O(i) < h(i), by hardcoding the index of = and
y in X; and Y; respectively.
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5.3.2 Converting Algorithms to Protocols

Similar to the previous barriers, we start by enumerating the algorithms in E and in Roby,,,)-MAE.
The two types of algorithms are enumerated separately. For E, let M7, Mo, ... be an enumeration
of deterministic algorithms in DTIME[2"]. Let P;; be a deterministic protocol that outputs the

truth table of M jA on inputs of length i. Note that P; ; runs in time 2001, We aim to ensure that,
for any sufficiently large i and 1 < j <4, P;; does not solve (Xj,Y;).

For Roby,)-MAE, let (Vj/,m Vj’ 1)jen be a syntactic enumeration of pairs of verifiers, where each
verifier is a randomized algorithm that receives an input z and a proof 7 and runs in time 2/ (in
particular, the length of 7 is at most 2‘“3|). Let MJ’ be the MA N coMA algorithm associated with

( j”O, Vj’l) Fori e Nand 1 <j <4, let Q;; be the FMA protocol of complexity 20() that outputs

the truth table of (M;)‘Z on inputs of length 4, in the case that the algorithm is robust. More
formally, ); ; is defined as follows.

o If (Mj’.)(_) is not robust w.r.t. h(i) on inputs of length 4, then Q; ; rejects every pair (w, ) of
candidate answer and proof (i.e., it is the trivial robust protocol).

e Otherwise, @, ; simulates the execution of (M J'-)‘Z on inputs of length i (repeatedly for 20()
times on each input) and outputs its truth table.

More specifically, @); j corresponds to the following set of verifiers {V}, »}: Vi, » interprets 7 as
a concatenation of proofs {m, : z € {0,1}'}, one for each input of length i. For each input x

of length ¢, Vi, » checks whether the 2-th bit of w (denoted as w,) is the output of (M]’-)g(x),
by simulating the execution of (M )4 () for 2 times. In each simulation, V,, , checks whether

(M J’-)’Z () = w, when given the proof 7,. If for every x, the majority of simulations accept,
then V,, » outputs 1; otherwise, it outputs 0.

Each V,, » has complexity 20() " and the length of 7 is also 20(). Therefore, the complexity
of Q;; is 200 Moreover, Qi ; is a robust protocol for (X;,Y;). This is because MJ’ is robust,
which means that for any non-solution w of (Xj,Y;), there exists some z such that (VJ' Sm)A
rejects x. Therefore, when V,, » checks x, the majority of simulations will reject.

In the following construction, we aim to ensure that, for any sufficiently large ¢ and 1 < j <4,
Qi,; does not solve (X;,Y;). If this holds, then for any algorithm Mj’ in Roby,n)-MAE, there exists

a family of A-oracle circuits of size h(i) that computes the truth table of (M. J’»)A.

Note that for every i € N and 1 < j <14, since P;; and (; ; both simulate algorithms that run
in time 2¢, both protocols only access the oracle A on inputs of length < 2°. In other words, when
20 < h(i'), these protocols cannot access (X, Yy).

5.3.3 The Inductive Guarantee

We construct the oracle A inductively, where at step i, we maintain a rectangle R; of well-
structured oracles (i.e., R; = A; x B; where A; is a subset of Alice’s inputs and B; is a subset of
Bob’s inputs). The goal is to refute all protocols by shrinking the rectangle, where we hope to
guarantee that for any i, the protocols P<; j, Q<; ; fail on any oracle in R; (in reality, we achieve a
weaker guarantee; see below).

The following constant parameters are used in the construction. The big-O notations will not
hide any dependence on these constants.
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Let ¢; > 1 be a constant such that any protocol F; ; or Q; ; have complexity at most 201t — n;t.

Let ¢o > 1 be a constant such that, for any i > iy and any robust protocol @) of ccomplexity
n;' attempting to solve XOR-MISSING-STRING(n;,m;), @ solves at most 2—c2mi/n;' fraction
of all inputs. Such a constant exists by Lemma 1.8.

Let c3, ¢4 be constants such that ¢; < c3 < ¢4.

Let igp be a sufficiently large constant that depends on c¢; through c4. We only refute the
protocols F; ;, Q; ; where i > ig.

We ensure the following properties for R;. Intuitively, Ry D Rs D ... is a sequence of rectan-
gles representing increasingly stronger restrictions on the oracle A, where R; (ideally) refutes all
protocols Py ;, Qy ; where 49 < i’ <.

1.
2.

Containment: For any i > 1, R; is a subrectangle of R;_.
Measurability: To decide whether an oracle A is in R;, we only need to look at the first
h(i) instances (X<p(s), Y<n(iy) of A.

Although R; is a set of uncountably many oracles, measurability implies that we can treat it
as a set of finite oracles (up to length h(i)). Hence, we can reasonably talk about the “size”
of R;, as well as the “uniform distribution” over R;.

Common prefix: All the oracles in R; agree on the first 7 instances (X<;, Y<;). We denote

this common prefix as (Xixed yjfixedy —(xfixed yfixed) Gince for each i > 1, Riyq is a
subrectangle of R;, we have that (Xfixed yfixed) (xfixed yfixed) jg also a prefix of every
Ry (1,/ > ’L)

. _n°3 .
Largeness: R; contains at least a 27" fraction of oracles that agree on (XIxed yfixed),

Formally, for a random well-structured oracle A,

3

f;lr[A € R; | A agrees with (Xg’i‘ed, Sﬁl’.‘ed)] > 9 n°

Refuting deterministic protocols: For ig < i < i, 1 < j <4 and any oracle A € R;,
Py ; does not solve (Xy,Yy) on A.

. Refuting robust protocols: For iqp <7 <i, 1< 75 <4

(a) Small protocols: If 2 < h(i), then for any oracle A € R;, Qy ; does not solve
(Xy,Yir) on A. (In this case, Qy ; only has access to the first ¢ instances in A, which are
equal to {(Xfxed ylixed)y,, ;)

(b) Large protocols: If 2 > h(i), then
I,)qr[Q",’j solves (X, Yy)on A| A€ R;] < g—camy /ny +nit

We provide some intuition about this requirement, in particular about the right-hand
side 27™/m A1 The first term camy /n;' is the exponent in the upper bound of
Lemma 1.8, which is the probability that Q) ; solves (X;,Yy) on a random oracle.
Since R; is only a subset of all oracles, the probability of Q; ; solving a random oracle
in R; might be larger, and this probability could increase as we reduce the size of R;.

This behavior is captured by the second term n;* in the exponent.
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Why half-exponential? The probability bound of Property 6b is the reason that our proof
requires h(n) to be super-half-exponential. In order for (6b) to be nontrivial, we require that
g=czmu/mi+nit 1 for any i',i > iy such that 2/ > h(i). Recall that m; = 2h(D/10 and n,; = 2¢,
this requirement loosely translates to h(i’) > i whenever 2 > h(i) (up to some polynomial).
Assuming that h is monotone, h(i') > i is equivalent to h(h(i')) > h(i), and our requirement
becomes h(h(i')) > 2% for any ', i.e., h must be super-half-exponential.

Formally, given that h is super-half-exponential, we can show that:

Claim 5.5. For ip < i < i and 1 < j < i such that h(i — 1) < 2" < h(i), we have that
2—02mi//n§,1+nf4 <1

Proof. The above inequality is equivalent to
my > ng' - ngt/ca.

Recall that ny = 27 and my = 2M9)/10 Taking logarithm on both sides, this is equivalent to
showing that

h(i")/10 > ¢y - i' +c4 i+ O(1) =cq-i- (1 + 0o(1)).
Suppose that this does not hold. Then we have
h(i")/O(cy) <i— 1.
Since h is monotone, we have that
h(h(i")/O(cq)) < h(i —1).

However, since h is super-half-exponential, we have that h(h(i')/i') > 2¢. This contradicts 2 >
h(i —1). O

If we can construct such a sequence of rectangles, then the oracle Afixed —= (Xiﬁxed,Yiﬁxed)
(formally, Af*ed(z) = 1 if and only if A'(x) = 1 for every A’ € R,, where n is sufficiently large)
proves the theorem, because it lies in every rectangle R,, and thus refutes every protocol.

5.3.4 The Construction

When ¢ < ig, we let (Xg’ged, Yg?‘ed) be an arbitrary prefix, and let R; be the set of all oracles
that agree with (Xfxed yfxed)

When i > i, suppose that we have constructed R;_;. To construct R;, we start by letting
R? < R;_1, then gradually shrink R,? to ensure that the above properties are satisfied.

Step 1: Refuting the deterministic protocols. We start by finding a large subrectangle in
R? on which all deterministic protocols fail. Note that we only have to consider protocols P; ; for
each 1 < j <, since the other protocols P.; ; already fail on every oracle in R;_;.

For each 1 < j < i, since the deterministic protocol P;; runs in time n;', there exists a
subrectangle R’ of R?, such that R’ contains at least 2~ fraction of R?, and P; ; outputs the
same string for any oracle in R’.

Next, we use Corollary 3.4 to find a subrectangle R” of R', such that R” contains at least 279
fraction of R’, and that for any oracle A € R”, P; ; does not solve (X;,Y;) on A.
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Corollary 3.4 (Restated). Let n > 1,1 < m < 2%2 a > 0 be integers. Let R C {0,1}""F¢ x
{0,1}"™*4 be a rectangle of size at least 2*"m+20=m+2 (i e R is of the form X x Y for some
X,Y C {0,1}"™*®). Each element in R is interpreted as having the form (X ot;,Y ot,), where
(X,Y) is an input to XOR-MISSING-STRING(n, m), and t,,t, are two a-bit strings.

Let s be any n-bit string. There exists some R', which is a subrectangle of R and has size at
least 272" =2 R|, such that for any (X oty, Y ot,) € R, s is not a solution to XOR-MISSING-STRING
on (X,Y).

Note that Corollary 3.4 is not naively applicable to R, because the oracles in R’ are infinitely
long. However, by the property of measurability (2), we may pretend that the oracles in R’ only
encode finitely many instances (X, Ys). It is then possible to interpret the instances (X.;, Y;) as
the auxiliary input and apply Corollary 3.4. Finally, we update R? < R to refute P, ;.

After considering all 1 < j < i, we have that, for any 1 < j < i and any oracle A € R?, P ;
does not solve (X;,Y;) on A. Let RZ1 denote the resulting rectangle after refuting all F; ;. Note that
the size of Ri1 is at least a 2~+0(m;") > 2-0(m") fraction of the size of R;_1. After this, the current
rectangle Ri1 satisfies all properties except 3 and 6:

e Containment is satisfied because we only shrink the rectangle.

e Measurability is satisfied because it was satisfied by R;_;, and we only look at the first h(7)
instances of A to decide the answer of each P; ;. Also, when applying Corollary 3.4, it suffices
to check the value of (Xj;,Y;). To see this, recall that in Corollary 3.4, the subrectangle is
constructed by fixing some n;-bit string s, and restricting the rectangle to those oracles for
which both X; and Y; contain s.

. . c O(e1)
° Ri1 is still large because we only shrink it by a factor of 27" v

c O(eq) c
P;lr[A € R} | A agrees with (Xg’;e_dl, ylxedy) > 97l = gm0y, (6)

Note that this is not exactly the same as Largeness (Property 4) because we have not yet
fixed (‘X*Zﬁxed7 }/iﬁxed) .

° Ri1 refutes all deterministic protocols because R;_; already refutes all Py ; where ig < ¢’ <i—1,
and we have just ensured that R} refutes all P ;.

As for the robust protocols, we now have the following guarantee: For ig <14’ <14, 1 <75 <7/,

(a) Small protocols: If 2" < h(i — 1), then for any oracle A € R}, Qy; does not solve (X;/, Yir)
on A. This holds by transitivity from R;_1.

(b) Large protocols: If 2 > h(i — 1), then
12’41"[@1»/7]4 solves (X, Yy)on A| A€ R}] < g—camy /nyl +0(nily). (7)

For ' < 4, this holds because R;_ 1 satisfies Property 6 on 7 — 1, i.e., it refutes the protocol

. L s . O(e1) -
Qg j if ' < i. Since we only shrink R} by a 27" ! factor, the success probability of Qy ;
O(cy) c
only increases by a 2™ = 20(iLy) factor.
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For i’ = i, our bound comes from applying Lemma 1.8 to the set of all oracles (that agree
with (XBed ylxed)). Note that

P,)Ar[Qi’j solves (X;,Y;) on A | A agrees with (Xg’i‘e_dl,Yg‘fcll)] < g-eami/ni! (8)

which is a corollary of Lemma 1.8. Indeed, if (8) does not hold, then we can fix an infinite

sequence (Xbad yPad) of instances, such that

P,)qr[Qi’j solves (X;,Y;) on A | A agrees with (Xg’ﬁdl, yixedy and (xhad ybad)] > gemi/ni!

Using this, we can construct a robust protocol ) that breaks the bound of Lemma 1.8: On

input (X;,Y;), @ combines it with (Xg’i‘e_dl, Ygﬁl’-‘f‘%) and (Xbad ybad) £ form a well-structured

oracle A, then simulates @); j on A. The success probability of @) is exactly the above proba-
bility, which contradicts Lemma 1.8.

Combining (8) and (6), we have
l;r[Qi,j solves (X;,Y;) on A| A€ R}] < g—emi/nit +O0(n;2))
for every 1 < j <.

Step 2: Extending the common prefix. Next, we find an instance (Xiﬁxed, Y;ﬁxed), and let R;
be the restriction of R} to the set of oracles that agree with (Xfxed yfixed) In the following, we

show that there exists a choice of (Xl-ﬁxed, Y;ﬁxed) such that every property is satisfied. The proof is
by showing that a random instance (X;,Y;) satisfies every property with nonzero probability.

As the other properties are straightforward, we only show that Properties 4 and 6 are satisfied.
More precisely, we show that:

Lemma 5.6. There exists a choice of (Xlﬁxed, Yiﬁxed), such that when R; is set to be the subset of
oracles in R} that agree with (X, yfire?

S0 YY) we have that

e Largeness:

11341"[14 € R; | A agrees with (Xj;"fed,Ygfed)] > 97"
e Refuting robust protocols: Fori',j such that io <1 <1, 1< j <4, we have that

(a) Small protocols: If 2" < h(i — 1), then for any oracle A € R;, Qij does not solve
(X, Yy) on A.

(b) Large protocols: If 2" > h(i — 1), then

1’:’41“[@2-/,]- solves (Xy,Yy) on A| Ae R] < geamy [ngf +nit

Note that the property stated for robust protocols is different from Property 6, in that the large
protocols are defined to be those that satisfy 2 > h(i — 1) instead of 2 > h(i). However, as we
will show in Claim 5.9, Lemma 5.6 implies Property 6.

Proof. We first show that largeness is satisfied with nontrivial probability, then show that condi-
tioned on largeness being satisfied, each robust protocol is refuted with high probability.
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Largeness. For an instance (X;,Y;), let p(x, y;) denote

P;‘r[A € R} | A agrees with (Xg’i‘e_dl, yixedy A A agrees with (X;, Y;)],

i.e., the fraction of R} among the oracles that agree with (Xg’i‘e_dl, Yg‘fﬁ) and (X;,Y;). In order to

satisfy Property 4, we must choose an instance (Xj,Y;) such that p(x, y,) > 27" Let

= Pr [pix.y) =27 ).
Parge = P, )[P(XZ,YZ) > ]
Intuitively, since Pr[A € R} | A agrees with (Xg’ﬁdl,Ygﬁfffll)] is guaranteed to be large, p(x,y;)
should be large on average. By applying a simple Markov bound, we can show that p(x, y;) is also
large with decent probability:

Claim 5.7. pigrge > 27"
Proof. Using the notation p(x, y;), (6) directly translates to

Ex, v lPox,vl 2 9-0(nity),

Since Pr(x, v;)[P(x,v;) < 1] = 1 by definition, we have that

c,
—nS3

E(Xin) Lp(Xi,Yi)] < Plarge - 1+ (1 - plarge) $27
_n3
< Dlarge +27".

The claim holds because c3 is sufficiently large (note that n; = 2%). o

Refuting robust protocols. Next, we apply a union bound over the robust protocols, and show
that conditioned on p(x, y;) > 2_"?3, with high probability, every protocol satisfies the property
stated in the lemma.

Let ip < i <iand 1 < j < 4. In the small case (i.e., 2" < h(i — 1)), Qi ; does not solve
(X4, Yy) on any oracle in R;, and this property is preserved regardless of (X[ixed yfixed) " Therefore,
we only need to consider the case where 2/ > h(i — 1). For any Qyj and (X;,Y;), let gy j (x,.v;)
denote

ar[Qir’j solves (Xy,Yy) on A| A € R} A A agrees with (X;,Y;)],

i.e., the fraction of oracles in R; that @ ; solves, if (Xiﬁx"d,YiﬁXCd) is chosen to be (X;,Y;). We
show that for a random instance (X;,Y;), conditioned on p(x, y,) > 2_"53, Qi j(X,,Y;) is small with
high probability. Again, the proof holds by a simple Markov bound, where we use the fact that

Qy ; only solves a small fraction of oracles in RZ-I.
Claim 5.8. Letig < i’ <i, 1< j <4, be such that 2" > h(i —1). We have that

— i ‘.:,1 4 —ng3 —1
bl gy > 270 I oy 2 27 <27
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Proof. The proof is by investigating the value E(x, y;)[9x j,(x,,v;)  P(x,,v;)], Which is the probability
that @y ; solves a random oracle in Ril (conditioned on the common prefix). Indeed, we can show
that this is equal to

P;r[Qi’vj solves (Xy,Yy) on AN A€ R} | A agrees with (Xg’ﬁdl, yixedy),

Formally, we have that (for simplicity, let B denote the event [Q; ; solves (X;,Y;) on AAA € R}])

Ex, volaw jx,.vi) - Pxva)

:T%miz:(mw\A%mxmm@@ﬁhﬁ%ﬁAA%m%wmuxgm>

(X4,Y3)
o2, Z Pr[B A A agrees with (X;,Y;) | A agrees with (X5ed, ylxed)]
= o Pr[A agrees with (X;,Y;) | A agrees with (Xg’;i(il,ygfiff%)}

Pr[B A A agrees with (X;,Y;) | A agrees with (Xg’i“jdl, Ygﬁg‘f‘})]

_ 2—2nimi E
2—21’L2’m¢

(Xi,Y3)
= Z Pr[B A A agrees with (X;,Y;) | A agrees with (Xg’i‘e,dl, Ygﬁﬁ(})]
(X:,Y3)
= Pr[B | A agrees with (Xg’i‘eﬂ, Yg‘f?)].

Using (6) and (7), we can upper bound Pr[B | A agrees with (Xg’i‘idl,Yg‘f‘%)] by

Pr[B | A agrees with (nge_dl,Yiiffcll)]

= P.)Ar[Qi/’j solves (Xy,Yy) on ANA € R} | A agrees with (Xg’;e_dl, ylxedy)

= Pr[Qy j solves (X;,Yy) on A| A € R}]-Pr[A € R} | A agrees with (Xg’ﬁdl, ylxedy)

< g—cami/n' +O(n2 ) (by (7))
Now assume that the claim does not hold. Then we have that

Ex, vlar j.x:.vi) - Pxvi)

_n°3 _n°3 _n°3
> Eoxvolanjoayy 27 Ipaayy 2270 ] (Prolpeyy 227 ]
_ L, InCl pc4 3 3 L ImCl L4
> Pr [qi’,j,(Xi,Yi) > 9, /gy | DY) > 927" ] .97 L 9T eem,; /ni+n; * Plarge
(X4,Y5)
> g—camy /ng+ng*(1—o(1))
Since ¢4 is sufficiently large, this contradicts (by (7)). o

The union bound. By applying an union bound over all Q; ;, Claim 5.8 show that, when
we randomly select an instance (X;,Y;), conditioned on DX,Yi) 2 2*"53, with high probability,
Qi j (X, 18 small for every ig < 7 <iand 1 < j <. Combining this with Claim 5.7, which shows

that there exist instances that satisty p(x, ;) > 2_”53, we conclude the proof of Lemma 5.6. 0
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Analysis for step 2. Finally, we show that the rectangle obtained from Lemma 5.6 satisfies
Property 6. Note that the property stated in Lemma 5.6 is only different from Property 6 on the
requirement for protocols Qy ; with h(i — 1) < 2 < h(i). It then remains to show that:

Claim 5.9. Let R; be as constructed in Lemma 5.6. For ig < ¢ < i and 1 < j < i’ such that
h(i — 1) < 2" < h(i), and for any oracle A € R;, Qu j does not solve (Xy,Yy) on A.

Proof. Note that, since @Qy ; is simulating an algorithm M that runs in time 2 it only uses the
value of the oracle on the instances (X<;,Y<;). Since all oracles in R; agree on (X<;, Y<;), if Qi ;
solves (X, Y;) on some oracle in R;, then it does so on every oracle in R;. Therefore, we only have
to show that

1?41“[@1-/’]- solves (X;,Yy)on A| A€ R;| < geamy/nf tnit g

This holds by Claim 5.5. O
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A On the Circuit Lower Bound of Buhrman—Fortnow—Thierauf

We verify that the proof of [BFT98] indeed gives a sub-half-exponential circuit lower bound
for E U Roby,)-MAE that algebrizes. We also interpret this proof as a “win-win” algorithm for
MISSING-STRING in the algebraic decision tree model of [AW09].

A.1 Some Preliminaries

In this section, when we relativize space-bounded computations, we take the query tape into
account when measuring space complexity. That is, a SPACE# [s(n)] machine can only make queries
of length at most s(n) to its oracle A. The class PSPACE# in our context equals to the class
PSPACEAPOY! in [AW09).

We say that h(n) is a sub-half-exponential function, if h(h(n)¢) < 2" for every constant ¢ > 1.
We say that h(n) is nice, if there is a deterministic algorithm that on input n, outputs the value of
h(n) in poly(n) time.

We use the notation (P, V)(z) to denote the outcome of the interactive protocol with prover
P, verifier V, and common input z (which is a random variable). We use IP4 to denote the class
of languages that can be decided by an interactive protocol where the prover is computationally
unbounded and the verifier is a randomized polynomial-time machine with oracle access to A.
Formally, L € IP? if there exists a randomized polynomial-time verifier V with oracle access to A
such that for every z € {0,1}*:

e If x € L, then there is an (unbounded) prover P such that Pr[(P, V) (x) accepts| = 1.
o If z ¢ L, then for every (unbounded) prover P, Pr[(P,V')(z) accepts] < 1/3.

We need the algebrizing version of IP = PSPACE [LFKN92, Sha92].
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Theorem A.1 ([AW09]). For every oracle A and every multilinear extension A of A,
PSPACE# C IPA.

Moreover, the honest IP prover can be implemented in PSPACE‘Z.

We remark that Theorem A.2 can be proved by either IP = PSPACE, MIP = NEXP [BFL91], or
the PCP theorem [AS98, ALM 198, Din07]. In fact, in Section A.3, we will see another proof using
PCP of Prozimity [BGH'06].

A.2 Reviewing the BFT Proof

Theorem A.2. Let h(n) be a nice and sub-half-exponential function. For every oracle A and every

multilinear extension A of A,
(E* URoby ) -MAZ) Z SIZEA[1(n)].

Proof. Assuming EA C SIZEA[h(n)], we will prove that Robh(n)—MA‘é Z SIZEA[h(n)].
First, let Lﬁard denote the language whose truth table on input length n is the lexicograph-

ically smallest length-2" truth table that requires A-oracle circuit complexity more than h(n).
Clearly, Lyaq € SPACEA[O(h(n))] \ SIZEA[h(n)]. (We stress two details here. First, there is a

fixed SPACE[O(h(n))] oracle machine M}(l;r)d independent of the oracle A such that M. ; com-
putes Lfard. Second, M}grd only makes queries of length at most h(n) to the oracle A.) Let
(L) )™ = {(z,b) : L _,(z) = b}, then it follows from Theorem A.1 and a padding argument that
(L,.)" admits an interactive proof (P, V) where V runs in randomized poly(h(n)) time and the

honest P runs in 2P°Y((") time; both the verifier and the prover need access to A.

Now we consider the following Robh(n)—MA’él algorithm M. The algorithm receives an input
x € {0,1}" and a proof 7 from Merlin, where 7 consists of a bit b, as the purported value of
Lypard(z), and an A-oracle circuit P’ of 2™ size, treated as an IP prover for Ly,q. (Note that the
input length of P’ is poly(h(n)).) Then, M accepts if and only if (P',V)(z,b) accepts, i.e., P’
convinces V' that Ly,q(z) = b. Note that M corresponds to the pair of verifiers (Vp, V1) where V,
accepts iff M accepts and the first bit of 7 is equal to b.

We can see that:

e First, M is an (MAE N coMAE)4 algorithm that is robust w.r.t. h(n) on every input length
n. To see the robustness of M, fix an arbitrary oracle B and its multilinear extension E,
and consider a truth table w that has h(n)-size B-oracle circuits. Then, there exists an input
z € {0,1}" such that LZ ,(z) # w,. By the soundness of V, it holds that for every circuit
P’ that Merlin could send,

Pr[(P', V) (x,w,) accepts] < 1/3,
Hence VEC rejects x.

e Second, if EA C SIZEA[h(n)], then M4 computes a function whose circuit complexity is larger
than h(n). This is because there is a prover P running in 2P°Y(*(™) time with oracle access
to A such that for every input « € {0,1}", Pr[(P(x,—), V)(z,b) accepts] > 2/3. Therefore,
under our assumption that EA C SIZE“[h(n)] and noting that the input length of P is
poly(h(n)), P can be implemented by an A-oracle circuit of size h(poly(h(n))) < 2" and

Merlin can send this circuit. It follows that every 2 € {0,1}" is easy and M4 computes
Lit O
hard
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A.3 BFT as Algorithms for Missing-String

In this sub-section, we interpret the lower bound in [BFT98] as algebraic query algorithms for
MISSING-STRING, more clearly illustrating its win-win analysis.

PCP of proximity. Our algebraic query algorithm makes use of PCPPs (probabilistically check-
able proofs of proximity) [BGHT06]. Let L C {0,1}* x {0,1}* be a pair language where the first
input is called the ezplicit input and the second input is called the implicit input. A PCPP verifier
for L is a query algorithm V with the following specification:

Inputs: V takes (x,r) as inputs where z is the explicit input for L and r is the internal
randomness of V.

Oracles: V has oracle access to the implicit input y and a PCPP proof .

Completeness: If (z,y) € L, then there exists an honest PCPP proof 7 such that

Pr[V¥7™(x,r) accepts] = 1.
T

Soundness: If y is d-far from the set {y : (x,y’) € L}, then for every PCPP proof ,
Pr[V¥7™(x,r) accepts] < 1/3.
T

Here, § > 0 is called the proximity parameter for the PCPP.
We need the following construction of PCPP in [Mie09]:

Theorem A.3. Let L be a pair language with explicit input length n and implicit input length K,
such that L € NTIME[T'(n + K)] for some non-decreasing function T(-). For every constant 6 > 0,
L admits a PCPP wverifier with prozimity parameter §, randomness complexity |r| = logT(n) +
O(loglogT'(n)), query complexity O(1), and verification time poly(n,log K,logT(n + K)).

Moreover, for every (x,y) € L, given a valid witness w for (z,y), a valid PCPP proof m for
(z,y) can be computed in deterministic polynomial time.

Algebraic query complexity. In the algebraic query model, the algorithm has query access
to the multilinear extension of its input. Thanks to the PCPP, the only property of multilinear
extensions we need in this sub-section is that it is a systematic error-correcting code.

An error-correcting code with distance § > 0 is a function Enc : {0,1}" — {0, 1}¢ such that for
every two different n-bit inputs x1, z9, the number of indices i € [¢] such that Enc(z;); # Enc(xs);
is at least 0 - £. The code is systematic if the first n bits of Enc(z) are always equal to x itself.

Fix any systematic error-correcting code Enc (such as the one that maps an input to its mul-
tilinear extension), an algebraic query algorithm for a problem L is an algorithm that receives
Enc(z) as inputs and produces the output L(z). Note that since Enc is systematic, the algorithm
can access its input x in verbatim by looking at the first n bits of Enc(x).

Now we show that [BFT98] can be interpreted as win-win algorithms for MISSING-STRING in
the algebraic query model:

Theorem A.4. Let h(n) be a nice and sub-half-exponential function, h'(n) = h(n)® for some large
enough universal constant C. Let Xi be an instance of MISSING-STRING(n, h(n)), and Xy be an
instance of MISSING-STRING(h/(n),2"). There are two (query) algorithms Ay and Aa which both
receives Enc(X1) and Enc(Xs) as inputs, such that:
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o A is a robust MAY algorithm with query compleity poly(n) that outputs a string of length
n: No malicious prover (Merlin) can convince the algorithm to output a wrong answer for X
except with probability < 1/3.

o Ay is a deterministic algorithm with query complexity poly(h(n)) that outputs a string of
length W' (n).

o [or every inputs X1, X, either Aj(X1, Xa) solves the instance X1, or Az(X1, X2) solves the
instance Xs.

Proof. Let L be the language consisting of (a, Enc(&X’)), where a € {0,1}" is the explicit input, X is
a MISSING-STRING(n, h(n)) instance and Enc(X) is the implicit input, and (a, Enc(X)) € L if and
only if a is the lexicographically smallest missing string of X. Let d be the distance of Enc, and V'
be the PCPP verifier for L with robustness parameter § as specified in Theorem A.3.

Let a* be the lexicographically smallest missing string of X;, and m be the PCPP proof for
(a*,Enc(X1)) € L. If C is a large enough constant, then |r| < h'(n). The algorithm Ay simply
outputs 7 (padded with zeros if |7| < h/(n)), which can be computed in deterministic poly(h(n))
time. Clearly, if 7 does not appear in X, then As(AX}, X) solves the instance X.

The MA% algorithm A; receives a proof from Merlin, which contains a string a € {0,1}"
and an index j € [2"]. The intended meaning is that a is the lexicographically smallest missing
string of A, and that X[j] (the j-th string in Xs) is a valid PCPP proof that (a,Enc(X})) € L.
The MA% algorithm runs the PCPP verifier VE"C(Xl)’XQM(a) and accepts if and only if the PCPP
verifier accepts. Clearly, if 7 appears in Xa, then A; (X, X2) solves the instance X;. Moreover,
the soundness of the PCPP verifier implies that no malicious Merlin can convince 4; to output
a wrong answer except with a small probability: if a is not the lexicographically smallest missing
string of A, then Enc(X;) is d-far from {Enc(X) : (a,Enc(X)) € L}, hence the verifier rejects with
high probability. O
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