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Abstract

We initiate a systematic study of the computational complexity of property testing, focusing
on the relationship between query and time complexity. While traditional work in property test-
ing has emphasized query complexity—often via information-theoretic techniques—relatively
little is known about the computational hardness of property testers. Our goal is to chart the
landscape of time-query interplay and develop tools for proving time complexity lower bounds.
Our first contribution is a pair of time-query hierarchy theorems for property testing. For all
suitable nondecreasing functions q(n) and t(n) with t(n) ≥ q(n), we construct properties with

query complexity Θ̃(q(n)) and time complexity Ω̃(t(n)). Our weak hierarchy holds uncondition-
ally, whereas the strong version—assuming the Strong Exponential Time Hypothesis— provides
better control over the time complexity of the constructed properties.

We then turn to halfspaces in Rd, a fundamental class in property testing and learning theory.
We study the problem of approximating the distance from the input function to the nearest
halfspace within additive error ε. (The distance approximation problem is known to have roughly
the same complexity as tolerant property testing for appropriate setting of parameters.) For the
distribution-free distance approximation problem, known algorithms achieve query complexity
O(d/ε2), but run in time Θ̃(1/εd). We provide a fine-grained justification for this gap: assuming
the (integer) k-SUM conjecture, any algorithm must have running time (1/ε)⌈(d+1)/2⌉−o(1). This
fine-grained lower bound yields a provable (under a well-established assumption) separation
between query and time complexity for a natural and well-studied (tolerant) testing problem. We
also prove that any randomized Statistical Query (SQ) algorithm under the standard Gaussian
distribution requires (1/ε)Ω(d) queries if the queries are answered with additive error up to εΩ(d),
revealing a fundamental barrier even in the distribution-specific setting.
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1 Introduction

We initiate a systematic investigation of computational complexity of property testing, focusing
in particular on the relationship between query and time complexity. Property testing [RS96,
GGR98]—along with related models of tolerant testing and distance approximation [PRR06]—was
introduced to study extremely efficient algorithms that run in sublinear time and therefore do
not even have time to read the entire input. However, most prior work in the area analyzes only
the query complexity of property testers, not their running time. Property testing textbooks (see,
e.g., [Gol17, BY22]) also focus on query complexity because we understand it better than time
complexity and can, in particular, prove lower bounds on query complexity using information-
theoretic arguments. In many cases, property testers are computationally very simple and have
similar query and time complexity. However, this is not always the case. The goal of our work is
to understand the landscape of query-time interplay in property testing and to develop tools for
proving computational hardness of property testers.

Our first contribution is time-query hierarchy theorems for property testing. For all appropriate1

nondecreasing functions q(n) and t(n), with t(n) = Ω̃(q(n)), where n represents the length of the
input, we exhibit properties with query complexity Θ̃(q(n)) and time complexity Ω̃(t(n)). These re-
sults show the existence of properties with any desired query complexity and arbitrarily higher time
complexity. We provide two hierarchy theorems: weak and strong. The weak hierarchy theorem
holds unconditionally whereas the strong one assumes the Strong Exponential Time Hypothesis
(SETH). The latter provides better control over the time complexity of the constructed proper-
ties: the weak hierarchy guarantees time complexity at most 2poly(t(n)), whereas the strong version
guarantees time complexity at most Õ(t(n)1+γ) for arbitrarily small γ > 0.

Next we focus on a specific, fundamental class of properties: halfspaces in Rd. This class has been
widely studied in property testing [MORS10a, MORS09, MORS10b, BBBY12, Har19, BFH21,
CP22] and PAC learning [DEM96, KKMS08, DKZ20, DKK+21, BMR22, RV23, GKSV24]. It is
one of the simplest classes that exhibit a gap between query and time complexity of known sublinear-
time algorithms—specifically, for tolerant testing and the related task of distance approximation.
In the (distribution-free) distance approximation problem for a property P (in our case, P is the
set of halfspaces in Rd), the goal is to estimate the distance from a function f to the nearest g ∈ P
with additive error ε ∈ (0, 1) and high probability, given sample access to a distribution D over
the domain and query access to f , where the distance between f and g is P

x∼D
[f(x) ̸= g(x)]. The

query and time complexity of this problem are nearly the same as for tolerant testing of P (with
appropriate setting of parameters) [PRR06, PRW22].

To approximate the distance to H, the class of halfspaces in Rd, one can take a sample from
distribution D and return the empirical distance, that is, the fraction of sample points that need
to be changed to make the sample consistent with a halfspace. Since H has VC-dimension d+1, a
sample of size s := O( d

ε2
) suffices [VC71, SB14]. However, no computationally efficient algorithms

are known for this task. The fastest known algorithm is implied by the work of Matheny and
Phillips [MP21] who showed how to approximate maximum bichromatic discrepancy for halfspaces
in d-dimensions in time Θ̃(s + 1/εd), which allows us to estimate the empirical distance—and
thus the distance to H—in time Õ(1/εd). This leaves a huge gap between the query complexity
and the running time of the known distance approximation algorithms for halfspaces: O( d

ε2
) vs.

1In our hierarchy theorems, t(n) = Ω(log2 n). We do not optimize polylogarithmic factors, as they are sensitive
to model details we consider insignificant; for instance, reading the input length n already takes Ω(log n) time.
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Θ̃( 1
εd
). While this problem is NP-hard when the dimension d grows with the size of the input2

[GR09, FGKP09], it is not known whether this gap is necessary for any constant dimension d ≥ 3.

We justify this gap under the k-SUM conjecture, a widely used assumption for proving conditional
lower bounds across computer science (see the lecture notes [WW20]). We demonstrate that, under
the (integer) k-SUM conjecture, the exponential dependence on d is necessary for distribution-free
distance approximation to H: specifically, for all constant d ∈ N and γ > 0, there is no distribution-
free distance approximation algorithm for halfspaces over Zd running in time (1/ε)⌈(d+1)/2⌉−γ . E.g.,
for d = 4, our result gives a (conditional) separation of O( 1

ε2
) vs. at least (1ε )

3−o(1). Our fine-grained
lower bound yields a provable (under a well-established assumption) separation between query and
time complexity for a fundamental (tolerant) testing problem.

Our hardness result for distribution-free distance approximation for halfspaces raises a natural
question: does the hardness persist for standard, well-structured input distributions, or does it arise
only for carefully constructed worst cases? We provide evidence that the problem remains hard even
for well-behaved distributions by proving a lower bound for Statistical Query (SQ) algorithms—a
broad class of algorithms that can only access the input distribution via estimates of expectations of
bounded query functions, rather than seeing individual samples directly. Specifically, we show that
every SQ algorithm for distance approximation (and thus for agnostic learning) of halfspaces under
the standard Gaussian distribution over Rd must use time at least (1/ε)Ω(d) when the dimension
d is constant. This unconditional lower bound in the SQ model implies that any faster general
algorithm must exploit structure beyond what can be learned from simple expectation estimates
alone, echoing the fine-grained distribution-free bound and revealing a fundamental computational
barrier in the distribution-specific setting.

To summarize, our time-query hierarchies and time/query separations for concrete problems shed
light on fundamental differences between information-theoretic and algorithmic barriers.

1.1 Motivation: known gaps between query and time complexity

There are many examples of property testing problems for which all known algorithms have much
higher time complexity than query complexity. The first examples appear in the seminal work
of Goldreich, Goldwasser, and Ron [GGR98], which studied multiple graph properties, including
bipartiteness, k-colorability, ρ-clique, ρ-cut, ρ-bisection, and other graph partition problems. In
the table of results on p. 667, all properties except bipartiteness exhibit significantly different
query complexity and running time upper bounds: while the query complexity is polynomial in
the relevant parameters, the running time is exponential. (The query complexity bounds for some
of these problems have been improved in subsequent work [FR21, BS23, SS24], but the bounds
on running time remain exponential.) Moreover, [GGR98] argued that if the time complexity
of testing k-colorability (and other NP-complete problems) is polynomial in 1/ε then NP⊆BPP,
because when ε is sufficiently small, a property tester solves the exact decision problem. Note
that our time-query hierarchies hold for constant ε, so the argument that, for small enough ε, the
corresponding property testing problems require solving exact decision problems does not apply.

Next, we mention several problems where the gap between the best upper bounds on query and
time complexity scales with the input length n. A textbook [BY22, §10.3.5] highlights the following
example: although every graph property is testable with a number of queries independent of n on
minor-free graphs [NS11], the running time of the best known algorithms [NS11, Ona12], which

2The hardness results in [GR09, FGKP09] are stated for learning, but the hard instances used imply the same
lower bounds for distribution-free distance approximation.
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involve a brute-force search, has a large dependence on n. For testing monotonicity of functions
over partially-ordered domains, [FLN+02, Ras03] gave an algorithm with query complexity O(

√
n),

but no sublinear in n bound on the time complexity is known. For testing whether the input string
has a sufficiently small period (up to logn

6 ), [LN11] designed an algorithm that makes poly(log log n)
queries, but runs in time poly(n).

Recent work on testing and learning decision trees has established one setting where a query-time
gap can be formally justified: [KST23] showed that distribution-free testing whether a Boolean
function over n variables is a size-s decision tree (for s = O(n)), for constant distance parameter
ε, is NP-hard by reducing from VertexCover instances of size nΩ(1). In contrast, the sample
complexity of testing this class is at most its VC-dimension, which is O(s log n). Thus, sufficiently
strong superpolynomial time lower bounds for SAT would imply a query-time separation for this
problem.

For tolerant testing and distance approximation, to our knowledge, the only formal justification
for a query-time gap comes from recent work of [BKST23] on junta testing, which showed the NP-
hardness of tolerantly testing k-juntas over n-variable Boolean functions in the distribution-free
setting; as noted in [BHK25], implicit in [BKST23] is an nk−o(1) time lower bound for this problem
under SETH, which is larger than the O(2k + log

(
n
k

)
) sample complexity upper bound from VC

dimension theory. However, many gaps between query and time complexity of known algorithms
remain unjustified. One family of examples comes from work on geometric properties [BMR22,
EGR25]: halfspaces in Rd and triangles, convexity, and connectedness in R2. For connectedness,
the gap is exponential in relevant parameters, while for halfspaces for constant dimension d ≥ 3,
triangles, and convexity, it is polynomial. In fact, [BMR22] (a journal version of [BMR16]) had a
distance approximation algorithm for halfplanes with query complexity Θ(1/ε2) and time Θ(1/ε3),
but it turns out the running time can be improved to Õ(1/ε2) using techniques in subsequent
work of [MP21]. This raises the fundamental question: When are the gaps in the query and time
complexity intrinsic to the problems and cannot be improved?

1.2 Overview of our results and techniques

Time-query hierarchy. Our (unconditional) weak and (conditional) strong time-query hierar-
chies are stated in Theorems 3.3 and 3.4, respectively. They are inspired by the query complexity
hierarchies of Goldreich et al. [GKNR12]. To establish time–query hierarchies, we construct prop-
erties by combining two orthogonal sources of hardness: one component enforces the specified
query complexity using a 3CNF property (constructed in [BHR05]) that requires a linear num-
ber of queries to test, but is easy to decide given the entire input, while the other enforces the
specified time complexity by encoding a language that is either provably hard to decide (for the
unconditional weak hierarchy) or assumed hard under SETH (for the strong hierarchy). To link
the hardness of the language to property testing, we map the language through an error-correcting
code of Spielman [Spi96], which is efficiently constructable, encodable, and decodable.

The final property stitches these parts together through repetition (to adjust input sizes to match
the desired query and time bounds) and concatenation (to ensure both forms of hardness coexist). A
key concatenation lemma guarantees that the combined property inherits both the query and time
lower bounds while remaining testable within the claimed upper bounds. This modular design
allows us to compose query and computational hardness in a clean, general way, yielding rich
hierarchies.

Our hierarchy theorems cover bounds ranging from polylogarithmic to nearly exponential in the
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input size, and therefore a precondition for formally stating and proving those results is a suitable
computational model for property testing. In Section 2, we develop a model of property testing in
random-access machines (RAMs), which are well-suited to algorithm design and analysis as well
as standard in fine-grained complexity. Our model extends the logarithmic cost RAM model of
Cook and Reckhow [CR73] and captures both property testing (with query access to the input)
and classic computation; the logarithmic cost model is important to enable principled reductions
between instances of vastly different input sizes, which is a key component of our proof.

Distribution-free distance approximation for halfspaces. Our fine-grained (1/ε)⌈(d+1)/2⌉−γ

time lower bound for distribution-free distance approximation for halfspaces over Zd under the k-
SUM conjecture is stated in Theorem 4.3. The proof builds on well-known connections between
k-SUM and geometric degeneracy problems: specifically, the hardness of detecting whether any d+1
given points in Rd lie on a non-vertical hyperplane. Our reduction adapts a standard construction
from computational geometry—embedding k-SUM instances as configurations of points that are
affinely dependent iff the original instance is a YES instance—and then carefully modifies this point
set to produce a labeled sample distribution that encodes the same combinatorial structure.

To ensure that distinguishing YES from NO instances reduces to estimating the distance to the
class of halfspaces, the construction augments each point with a small vertical “witness” gadget:
each original point is replaced by a pair of nearby points just above and below its hyperplane,
labeled oppositely. Any halfspace that fits the data must cut correctly between these pairs, so
approximate distance estimation with fine enough additive error effectively solves the underlying
k-SUM instance. By working in the integer grid and bounding coordinates, the reduction avoids
trivial hardness due to input encoding and matches a realistic RAM model. The result is a nearly
tight time lower bound for distribution-free testing of halfspaces in low dimension under a standard
fine-grained complexity assumption.

The cost of tolerance. One implication of our result is that, for distribution-free testing of halfspaces
in low-dimensional space, tolerance is more expensive in terms of time than queries. Specifically,
for constant dimension d, the query complexity of standard testing is Θ̃(1/ε), while the query
complexity of tolerant testing is Θ̃(1/ε2) by VC theory and [BMR22]; hence the query gap between
standard and tolerant testing is quadratic up to logarithmic factors. In contrast, standard testing
can be done in poly(d/ε) time via linear programming, from which our (1/ε)Ω(d) tolerant lower
bound (under the k-SUM conjecture) establishes an arbitrarily large polynomial separation for
time complexity.

SQ lower bound under the Gaussian distribution. The SQ model, introduced by [Kea98]
as a natural restriction of the PAC learning model of [Val84], allows access to the input f only via
approximations to the expectations E [q(x, f(x))] of bounded query functions q (see Section 5.1 for
a formal definition). A sample complexity lower bound against SQ algorithms serves as evidence
of a time complexity lower bound against general algorithms in the sense that any faster algorithm
must go beyond estimating expectations E [q(x, f(x))] from independent samples. SQ is attractive
because unconditional lower bounds can be proved for this model, yet it still captures a wide variety
of learning algorithms (see [Rey20] for a survey).

Our (1/ε)Ω(d) lower bound for (randomized) SQ distance approximation algorithms for halfspaces
under the Gaussian distribution is stated in Theorem 5.2. The starting point of our proof is an
SQ lower bound of dpoly(1/ε) for agnostically learning halfspaces under the Gaussian distribution in
the high-dimensional setting where d≫ poly(1/ε) [DKZ20]. That work constructed, from packing
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number lower bounds on the sphere, sets of Boolean functions which are correlated with halfspaces,
yet hard to learn using statistical queries. Our proof builds upon their work via two key components:
1) a packing number lower bound for the low-dimensional sphere, which we obtain by analyzing the
limit distribution of angles in random packings from [CFJ13] in our precise asymptotic regime; and
2) a “pseudorandom” Boolean function on Rd, which is adversarially constructed to be uncorrelated
with the queries of a given SQ algorithm, and serves as the NO instance in our proof.

1.3 Prior work on hierarchies in property testing

In addition to the query hierarchies in terms of the input size n by [GKNR12] that inspired our
query-time hierarchy theorems, there is a query hierarchy in terms of the distance parameter ε
by [Gol19]. It states that “for essentially every function q : (0, 1] → N, there exists a property of
Boolean functions that is testable” with O(q(Ω(ε))) queries but not with o(q(O(ε))) queries. We
believe our techniques can be used to extend this result to query-time hierarchies in terms of ε.

Additionally, [CG18] showed an adaptivity hierarchy for property testing by constructing properties
that are easy to test (using Õ(k) queries) for algorithms with k rounds of adaptivity, but require
Ω̃(n/k2) queries for algorithms with k − 1 rounds.

1.4 Open questions

One open question is to resolve the exponential gap in the time upper and lower bounds in
our unconditional query-time hierarchy theorem. A hierarchy of the form BPTIME[t(n)1+γ ] ̸⊆
BPTIME[t(n)] in the RAM model would improve this gap to an upper bound t(n)1+γ for the lower
bound t(n). Currently, the best known randomized time hierarchy also has an exponential gap
between the time upper and lower bounds (through brute forcing all possible random tape initial-
izations).

In Section 1.1, we collected many specific testing problems with unexplained gaps in query and
time complexity. Specifically, for halfspace distance approximation (and tolerant testing), our
results partially justify this gap for dimension d ≥ 4. For d = 3, the problem remains open. It
is open as well (for all constant d ≥ 3) for the uniform distribution (e.g., over a unit cube or
sphere). For the Gaussian distribution, it is unknown whether (1/ε)Ω(d) time is required for this
problem, or whether our SQ lower bound can be circumvented by some non-SQ algorithm (in the
high-dimensional setting, the dpoly(1/ε) SQ lower bound for agnostic learning shown by [DKZ20] is
supported by a cryptographic hardness result based on the LWE problem [DKR23]). Can these
algorithmic gaps be closed by new, more efficient algorithms, or do they reflect inherent complexity
that can be formalized through fine-grained or cryptographic lower bounds?

Organization. The rest of this paper is organized as follows. In Section 2, we formalize our
computational model and lay out technical preliminaries for the rest of the paper. In Section 3, we
prove our time-query hierarchy theorems. In Section 4, we prove our fine-grained hardness result
for distribution-free distance approximation for halfspaces. Finally, in Section 5 we prove our SQ
lower bound for distance approximation for halfspaces under the Gaussian distribution.

2 Our model and setup

We use ⟨O⟩ to denote the binary representation of O: for integers, this is the standard base-2
encoding; for other objects, the representation will be specified as needed.
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2.1 Computational model

To precisely characterize time complexity in property testing, we must choose an appropriate com-
putational model. While oracle machines (e.g., [Gol17]) suffice for analyzing query complexity,
RAM models are better suited for fine-grained time analysis and yield sharper bounds than Turing
machines. (The best known simulation of a time-t RAM by a Turing machine takes time t2). RAM
models are standard in fine-grained complexity (e.g., [Vas15]).

We propose a natural augmentation of the classic logarithmic cost RAM model of [CR73] for prop-
erty testing. In that model, the program has access to an infinite sequence of registers X1, X2, . . . ,
each holding an integer; basic operations on register Xi incur cost3 log(|Xi|), where |Xi| is the
absolute value of the integer stored at Xi; and the indirect operations of reading and writing from
register XXj incur additional cost log(Xj). The machine can read from an input tape and print to
an output tape.

In the original model, the input tape holds a finite binary string, and the operation Read(Xi) reads
the next symbol from the input tape into registerXi. To model property testing (see Definition 2.2),
we replace the single input tape with two: the parameter tape holding p, readable bit by bit via
the operation ReadParam, and the input tape holding a binary string x, accessible via arbitrary
queries using the operation QueryInp(Xj , Xi), which loads the Xj-th bit of x into Xi.

To handle property testing, we let n := |x| and place p = ⟨n⟩ on the parameter tape,4 so the
algorithm can first read the input length and then query bits of x. We define the query complexity
of a tester as the maximum number of QueryInp calls on inputs of length n. To recover standard
computation (without queries), we place the input on the parameter tape and leave the input tape
empty. Algorithm A computes a function f : {0, 1}∗ → {0, 1}∗ in time t if, given input p on the
parameter tape and emtpy input tape, it prints f(p) and halts after executing operations with total
time cost at most t. In both settings, A accepts if it prints 1, and rejects if it prints 0. Randomized
algorithms may fail with with some probability over their internal randomness.

Table 1 summarizes the list of operations in the model, along with the time cost of each operation.
While [CR73] only included addition and subtraction as the built-in arithmetic operations in their
model, noting that multiplication could be simulated but was unnecessary for the algorithms studied
in that paper5, we explicitly model multiplication and division between registers Xi and Xj as taking

O(log n log logn) = O(log1+o(1) n) time6 when |Xi| ≤ n and |Xj | ≤ n. We also include the operation
FlipCoin to support randomized algorithms.

2.2 Property testing

Next, we formalize property testing in our model.

Definition 2.1 (Property, distance). For n ∈ N, a property Pn (over inputs of length n) is a set
Pn ⊆ {0, 1}n. Denote the property {Pn}n∈N (over inputs of all lengths) by P. Given n-bit strings
x and y, let dist(x, y) = P

i∈[n]
[xi ̸= yi] denote the relative Hamming distance between them. For

property P, define dist(x,P) := min
y∈Pn

dist(x, y) . String x is ε-far from property P if dist(x,P) ≥ ε.
3Formally, the cost should be log(max(2, |Xi|)), but we omit this technical detail for simplicity.
4We fix the alphabet {−1, 0, 1} and stipulate that the input and parameter tapes consist of the binary strings x

and p, respectively, followed by the symbol −1 in all the remaining tape cells.
5The algorithms literature features a vast diversity of RAM model variations; see [GJ22] for a discussion.
6This matches the complexity in multitape Turing machines [HvdH21]; we do not optimize polylogarithmic factors.
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Table 1: Operations and their costs in the logarithmic cost RAM model for property testing.

Category Operation Description Time cost

Input &

Output

ReadParam(Xi) read next bit of p into Xi O(1)

QueryInp(Xj , Xi) read Xj-th bit of x into Xi O(log(Xj))

Print(Xi) output Xi in binary notation O(log(|Xi|)

Arithmetic

& Control

Xi ← C, C any integer constant assignment O(1)

Xi ← Xj +Xk addition O(log(|Xj | · |Xk|))
Xi ← Xj −Xk subtraction O(log(|Xj | · |Xk|))
Xi ← Xj ·Xk multiplication O(log1+o(1)(|Xj | · |Xk|))
Xi ← ⌊Xj/Xk⌋ integer division O(log1+o(1)(|Xj | · |Xk|))
Jump(m,Xi > 0) jump to line m if Xi > 0 O(log(|Xi|)

Indirection
Xi ← XXj indirect fetch O(log(Xj) + log(|XXj |))
XXj ← Xi indirect store O(log(Xj) + log(|Xi|))

Randomness FlipCoin(Xi) put uniformly random bit in Xi O(1)

Definition 2.2 (Tester). For a property P and a parameter ε ∈ (0, 1), an ε-tester for P is a
randomized algorithm A such that, for each input length n ∈ N and x ∈ {0, 1}n, when A is run with
⟨n⟩ on the parameter tape and x on the input tape, A accepts with probability at least 2

3 if x ∈ P
and rejects with probability at least 2

3 if x is ε-far from P. Tester A has time complexity t(n) if the
maximum time it takes to terminate on inputs of length n is t(n). Tester A has query complexity
q(n) if the maximum number of queries it makes on inputs of length n is q(n).

Remark 2.3. Definition 2.2 places a lower bound of Ω(log n) on the time complexity of most
nontrivial property testing algorithms, as this is the time required to read the input length n (and
to read a general bit of x). We limit our attention to Ω(log n)-time algorithms because below this
threshold, the model choice becomes overly influential and the study too brittle to be meaningful.

Remark 2.4. In Section 3, we treat ε > 0 as a constant and part of the problem definition, whereas
in Section 4, the parameter ε is given to the tester (on the parameter tape).

2.3 Notation

Asymptotic behavior of functions. A function k : N→ N is eventually surjective if its image
omits only finitely many natural numbers. Given nondecreasing f : N→ R and function g : N→ R,
f has slope O(g(n)) if there exists a constant c ∈ N such that f(n) − f(n − 1) ≤ c · g(n) for all
but finitely many n ∈ N. A set S ⊂ {0, 1}∗ is almost everywhere (a.e.) nonempty if S ∩ {0, 1}n is
nonempty for all but finitely many n ∈ N.

Computable and invertible functions. A function f : N→ N is computable in time t : N→ R
if there exists an algorithm A such that, on each n ∈ N, when ⟨n⟩ is placed on the parameter tape,
algorithm A computes f(n) in time t(n).

Given a function f : N→ N, the function f † : N→ N is a right inverse of f if, for all n in the image

7



of f , it holds that f(f †(n)) = n. For nondecreasing f , we define its minimum inverse f−1 : N→ N
as follows: for each n ∈ N, let f−1(n) := n′ where n′ ∈ N is the smallest number satisfying
f(n′) ≥ n. Then f−1 is a right inverse of f , and we have f(f−1(n)) ≥ n and f−1(f(n)) ≤ n.

String notation. For a string x and natural numbers s ≤ t, we write xt for the concatenation of
t copies of x, and x[s : t] for the length-(t− s+1) substring of x between indices s and t, inclusive.

3 Time-query hierarchies in property testing

In this section, we prove our hierarchy theorems (Theorems 3.3 and 3.4).

Definition 3.1 (Admissible query and time functions). The set of admissible query and time
functions is the set of nondecreasing, unbounded functions q, t : N→ N (query and time functions,

respectively) satisfying the following conditions7: q(n) ≤ min
{
n, t(n)

log2.01 n

}
; q(n) is eventually sur-

jective and computable in time O(q(n) log q(n)); t(n) is computable in time O(t(n)); and t−1(n) is
computable in time O(n).

Definition 3.2 (Query and time complexity functions and classes). Given a property P and a
constant ε ∈ (0, 1), let Qε,n(P) and Tε,n(P) be functions of n ∈ N that denote the query and time8

complexity of ε-testing P on inputs of length n, respectively. Given ε ∈ (0, 1) and nondecreasing
functions q(n), t(n), let QueryTimeε(q(n), t(n)) be the class of properties ε-testable by algorithms
that make O(q(n)) queries and run in time O(t(n)).

Theorem 3.3 (Unconditional weak hierarchy). Let ε ∈ (0, 1) be a sufficiently small constant. Let
q, t : N→ N be admissible query and time functions (as in Definition 3.1) such that q−1(n) is com-

putable in time O(t◦ q−1(n)). Then there exists a property9 P ∈ QueryTimeε

(
q(n), 2t(n)

2.01 log4.05 n
)

such that Qε,n(P) ≥ Ω
(

q(n)
log q(n)

)
and Tε,n(P) ≥ Ω (t(n)) .

Assuming SETH, we obtain a similar hierarchy, where the time complexity of the properties is more
tightly characterized. Specifically, for all suitable q(n) and t(n), there exist properties with query
complexity Θ̃(q(n)) and time complexity within a small polynomial factor of t(n).

Theorem 3.4 (Strong hierarchy from SETH). Let ε ∈ (0, 1) be a sufficiently small constant and
γ > 0 be any arbitrary constant. Let q, t : N→ N be admissible query and time functions (as in Def-

inition 3.1) such that t(n) ≤ 2
O
(

q(n)
log q(n)

)
and log t(n) log log t(n) has slope o(1). Then, under SETH,

there exists a property P ∈ QueryTimeε
(
q(n), t(n)1+γ log n)

)
such that Qε,n(P) ≥ Ω

(
q(n)

log q(n)

)
and

Tε,n(P) ≥ Ω
(

t(n)

log2.01 n

)
.

The condition that log t(n) log log t(n) has slope o(1) can be viewed as a pointwise analogue of

7The constant 2.01 could be replaced with 2 + γ for any γ > 0. This is also true for the constant 2.01 appearing
in Theorem 3.3 and Theorem 3.4.

8The query complexity Qε,n is a well-defined number for each n. In contrast, the time complexity Tε,n(P) is
defined for uniform algorithms and thus only admits asymptotic bounds.

9We do not try to optimize the constant 2.01 in the exponent. We remark that a direct diagonalization argument
in the log-cost RAM model for randomized algorithms would suffice to make the constant 1.01 instead.
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t(n) ≤ 2o(n/ logn). We argue this requirement is mild and explain its role in our arguments. The
slope condition is satisfied by natural choices such as t(n) = polylog n, poly(n), 2polylogn, 2n

α
for

α ∈ (0, 1), and 2n/ log
1+γ n for γ > 0. It suffices for log t(n) log log t(n) to be o(n) and concave.

This condition arises because our lower bounds use a repetition scheme that embeds many small
instances (of length k) into a larger input (of length n ≫ k), reducing from the small to the
large instance. For this to work, the mapping n 7→ k(n)—essentially log t(n) log log t(n)—must
be surjective. The o(1) slope ensures surjectivity and allows us to efficiently compute and invert
this mapping within our reductions.10 A similar surjectivity condition appears in [GKNR12] for
query complexity hierarchies. Although a weaker “dense range” requirement could work, it would
complicate our reductions (e.g., requiring careful padding of k-SAT encodings). Since the current
condition already covers typical t(n), we prioritize simplicity.

Organization of Section 3. Section 3.1 constructs languages that are hard for randomized
algorithms in our model. Section 3.2 describes codes used to map these languages to hard properties.
In Section 3.3, we design a property with near-maximal query complexity that is still efficiently
testable. Finally, we combine these elements to obtain the main results: we present a general
construction in Section 3.4, and then apply it to prove Theorems 3.3 and 3.4 in Section 3.5.

3.1 Hard languages

In this section, we construct languages that are hard to decide, i.e., with high randomized time
complexity. In Section 3.1.1, we unconditionally prove the existence of such languages in the RAM
model. The best upper bound known for deciding such languages is exponential in the lower
bound.11 In Section 3.1.2, we prove the existence of a language that is hard to decide and has a
nearly matching upper bound, assuming SETH.

3.1.1 Hard language in the RAM model

In this section, we construct a language that is hard to decide in the randomized RAM model.
Our construction proceeds via diagonalization for the classical Turing machine (TM) model. To
translate between computation models, we use [CR73, Theorem 2], stated next.

Theorem 3.5 ([CR73]). If a language A is decided by a RAM within time T (n) > n, then A
is decided by some multitape TM within time T (n)2. Conversely, if a TM decides A within time
T (n) ≥ n, then some RAM decides A within time T (n) log T (n).

Theorem 3.5 is stated only for deterministic machines. However, since coin tosses have O(1) cost
in both the TM and RAM model, the theorem extends to randomized computation as well. Next,
we use Theorem 3.5 to construct a hard language in the RAM model.

Theorem 3.6. Given a function t(n) > n that is computable in time O(t(n)), there exists a
language L that is a.e. nonempty, which cannot be decided by a randomized RAM within time

O(t(n)), but can be decided by a deterministic RAM in time O
(
2t(n)

2.01
)
.

Proof. Let L be the language decided by the following procedure:

“On input x of length n, where x = ⟨M⟩ for some probabilistic TM M ,

10In fact, a sufficiently small constant slope would also suffice.
11A randomized time hierarchy theorem would suffice to overcome this shortcoming.
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• Simulate M(x) for t(n)2.005 steps on all random branches.

• If M halts on all branches and outputs bit b on at least 2
3 of them, output b; else, output 0”.

The language L cannot be decided by an O(t(n)2)-time probabilistic TM. Moreover, L is a.e.
nonempty, because beyond a certain length, the TM recognizing the empty language appears at
every input length, and the negation of its output is a 1. By Theorem 3.5, no O(t(n))-time
randomized RAM decides L. However, L is decidable in time 2t(n)

2.005
by a deterministic TM, and

thus in time O
(
t(n)2.005 · 2t(n)2.005

)
= O

(
2t(n)

2.01
)
by a deterministic RAM.

Remark 3.7. The language L is hard to decide even infinitely often for RAMs running in time
O(t(n)), because once the machine description ⟨M⟩ appears in our sequence of inputs, it appears
at every input length hence (due to paddability of machine descriptions), and is thus diagonalized
against at every subsequent input length.

3.1.2 Hard language from SETH

Assumption 3.8 (SETH). For all γ ∈ (0, 1), there exists k ∈ N such that no randomized algorithm
decides k-SAT instances on n variables in time 2(1−γ)n with error probability at most 1

3 .

By the Sparsification Lemma [IPZ01], we can assume that the k-SAT instances above have only
m = O(n) clauses.

Fact 3.9 (Application of the Sparsification Lemma [IPZ01]). Under Assumption 3.8, for all γ > 0,
there exist kγ ∈ N and Cγ > 0 such that no randomized algorithm decides kγ-SAT instances with
n variables and at most ⌊Cγn⌋ clauses in time 2(1−γ)n with error probability at most 1

3 .

Next, we define a hard language that serves as a key ingredient in our reductions.

Definition 3.10. Fix a binary encoding of CNF formulas and a constant D > 0, such that for
every k-CNF formula ϕ with n variables and at most m clauses, its encoding ⟨ϕ⟩ has Dkm log n
bits. Fix γ > 0. Let kγ ∈ N, Cγ > 0 be the corresponding constants from Fact 3.9. For each N ∈ N,
let n :=

⌊
N

DCγ/2kγ/2 logN

⌋
and define the language L(γ) :=

⋃
N∈N L

(γ)
N , where

L
(γ)
N :=

{
⟨ϕ⟩ : ϕ is a satisfiable instance of kγ/2-SAT on n variables and

⌊
Cγ/2n

⌋
clauses

}
.

This is well-defined because N bits suffice for the encoding by the choice of D.

Combining SETH with the näıve upper bound of 2n poly(n) for k-SAT gives the following.12.

Lemma 3.11 (Bounds for hard language). For all constant γ > 0, there exists a constant Aγ > 0

such that the language L(γ) is decidable in O
(
2

N
Aγ logN

)
time. Furthermore, under Assumption 3.8,

no randomized algorithm decides L(γ) in 2
(1−γ)N
Aγ logN time with error probability at most 1

3 .

12Although faster exponential-time randomized algorithms for k-SAT exist (e.g., [PPSZ05]), they do not help our
argument, as our bounds are only tight up to constant factors in the exponent.
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Proof. Let Aγ := (1 − γ/4)DCγ/2kγ/2 for the constants D,Cγ/2, kγ/2 from Definition 3.10. The

näıve brute force algorithm decides L(γ) in time 2n poly(n), where n =
⌊

N
DCγ/2kγ/2 logN

⌋
is the

number of variables in the k-SAT instance. For all sufficiently large N , this upper bound is

2n poly(n) ≤ 2
N

DCγ/2kγ/2 logN poly(N) = 2
(1−γ/4)N
Aγ logN

+O(logN) ≤ 2
N

Aγ logN .

On the other hand, under Assumption 3.8, by Fact 3.9, any randomized algorithm deciding L(γ)

with error probability at most 1
3 runs in time at least

2(1−γ/2)n = 2
(1−γ/2)

⌊
N

DCγ/2kγ/2 logN

⌋
≥ 2

(1−γ/2)
(

(1−γ//4)N
Aγ logN

−1
)
≥ 2

(1−γ/2)
(

(1−γ/2)N
Aγ logN

)
≥ 2

(1−γ)N
Aγ logN .

3.2 Efficiently constructable, encodable, and decodable codes

Our reductions use error-correcting codes with constant rate and relative distance in two ways:

1. To transform inputs to a hard decision problem into well-separated codewords, which serve
as inputs for a property that is hard to test.

2. To transform a family of hard property testing problems with an efficient non-uniform decision
procedure into a problem with an efficient algorithm by encoding advice into the input. (The
code ensures that distance is preserved.)

Since we care about both query and time complexity, we need codes with efficient construction,
encoding, and decoding. We get this by combining the linear-time encodable and decodable codes of
[Spi96] with efficient constructions of expander graphs. Specifically, we use the Zig-Zag construction
of [RVW00], which, as noted in [BN13], is linear-time in the Word RAM model. In our log-cost
RAM model, this yields near-linear time.

Theorem 3.12 (Adapted from [Spi96]). There exist constants r, δ ∈ (0, 1), where 1
r ∈ N, and a

family E = {En}n∈N of error-correcting codes such that each En : {0, 1}n → {0, 1}n/r has relative
distance at least δ (and rate r). Moreover, O(n log n) time suffices for constructing En, encoding
messages of length n, and decoding codewords of length n

r .

In Theorem 3.12, we choose r so that 1
r is an integer, without loss of generality, as the theorem in

[Spi96] holds for all sufficiently small constant r. Theorem 3.12 is obtained by replacing the Ra-
manujan graphs in the construction of [Spi96, Section 5] with the Zig-Zag graphs from [RVW00].
Spielman’s proof (in [Spi96, Theorem 19]) requires base graphs with the second eigenvalue arbi-
trarily small compared to the degree d, a condition satisfied by the Zig-Zag graps, as stated next.

Theorem 3.13 (Implicit in [RVW00]). For all constant ε ∈ (0, 1), there exist constant d ∈ N and
an O(n log n)-time algorithm that, given n ∈ N, constructs a d-regular graph on Θ(n) vertices with
second-largest eigenvalue at most εd.

3.3 A property requiring Ω(n/ log n) queries and O(n log n) time to test

In this subsection, we construct a property Q such that testing Qn has nearly maximal query
complexity, but can be done in near-linear time. Our construction is based on the result of [BHR05]
establishing the existence of 3CNF properties that are hard to test. They exhibit a family {φm}m
of 3CNF formulas with O(m) clauses on m variables such that testing whether an assignment
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x ∈ {0, 1}m satisfies φm requires Ω(m) queries. It is easy to check whether an assignment satisfies
a fixed φm in O(m logm) time.

Fact 3.14 ([BHR05]). Let S(φm) ⊂ {0, 1}m be the set of satisfying assignments for a 3CNF formula
φm on m variables and Sφ := {S(φm)}m be the property obtained from a given family {φm}m of
3CNF formulas. There exist constants ε0 ∈ (0, 1) and A > 0, and a family {φm}m∈N of 3CNF
formulas with at most Am clauses on m variables such that ε0-testing Sφ requires Ω(m) queries.

At first glance, the property Sφ appears to meet our needs. However, the issue is that the procedure
for checking satisfying assignments is non-uniform: for each m, there exists a hard-to-test formula
φm with a corresponding efficient verifier, yet no single algorithm works for all m. The formulas
in [BHR05] are derived from random codes using random expander graphs with strong unique-
neighbor expansion, for which no explicit (let alone near-linear time) constructions are known.13

To address this, we construct a new property Q as follows. For input length n, we define Qn to
contain strings formed by concatenating: (1) an encoding of a 3CNF formula ψm with at most Am
clauses onm variables, and (2) a satisfying assignment for ψm. Since encoding ψm takes Θ(m logm)
bits, we choose m = Θ(n/ log n). To ensure that the strings obtained via this construction are far
from Qn when the assignment is far from S(ψm), we encode ψm as E(⟨ψm⟩), where E is the code
from Theorem 3.12 and ⟨ψm⟩ is the binary representation of ψm. Because the assignment is only
Θ(n/ log n) bits, we apply a repetition code to expand it to Θ(n) bits. The resulting property Q
is hard to test (via Fact 3.14) but admits a linear-time tester that simply reads and decodes ψm,
extracts the assignment, and checks whether it satisfies the formula.

Definition 3.15. For all m ∈ N, let Ψm be the set of 3CNF formulas on m variables with at most
Am clauses, where A is as defined in Fact 3.14. Let D > 0 be a constant such that formulas in Ψm

can be encoded in ℓm := ⌊Dm logm⌋ bits.

Definition 3.16 (Property with near-linear query and time complexity). Let r ∈ (0, 1) be the
rate parameter from Theorem 3.12. Define the property Q = {Qn}n∈N as follows. Let n ∈ N be

sufficiently large so that m :=
⌊

nr
2D logn

⌋
≥ 1. For each 3CNF formula ψm ∈ Ψm with encoding

⟨ψm⟩ of length ℓm, and each satisfying assignment x ∈ S(ψm), let n′ := n − ⌊ℓm/r⌋, t := ⌈n′/m⌉,
and y(x) := xt[1 : n′]. Finally, let

Qn := {E (⟨ψm⟩) ◦ y(x) : ψm ∈ Ψm and x ∈ S(ψm)} ,

where E is the code from Theorem 3.12. For small n ∈ N yielding m = 0, let Qn := ∅.

We now show that Qn satisfies our requirements on query and time complexity.

Lemma 3.17 (Query lower bound). Let ε > 0 be a sufficiently small constant. Then ε-testing
property Q from Definition 3.16 requires Ω(n/ log n) queries.

Proof. We reduce testing Sφ (on inputs of lengthm obtained from n as in Definition 3.16) to testing
Qn. Suppose T is an ε-tester for Qn. We give a 4ε-tester A for Sφ that works as follows. On input

13Explicit constructions of related structures, like lossless expanders (see e.g., [CRVW02]), have been extensively
studied. However, [BHR05] relies on two-sided expansion, which is generally harder to achieve and remains an active
area of research [CGRZ24, HMMP24, HLM+25, Che25].
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x ∈ {0, 1}m, tester A computes E(⟨φm⟩) for formula φm from Fact 3.14 using no queries, and then
simulates T on z := E(⟨φm⟩) ◦ y(x), using at most one query to x per query of T to z. The query
complexity of A is at most that of T . So, if A is a valid tester for Sφ, then by Fact 3.14, T must
make Ω(m) = Ω(n/ log n) queries.

First, suppose x ∈ Sφ. Then, by construction, z ∈ Qn, so A accepts with probability at least 2
3 .

Now suppose x is 4ε-far from Sφ. We claim that z is ε-far from Qn. Indeed, let z∗ be a closest
string to z in Qn. Then z∗ = E(⟨ψ∗

m⟩) ◦ y(x∗) for some ψ∗
m ∈ Ψm and some satisfying assignment

x∗ ∈ S(ψ∗
m). We claim that dist(z, z∗) ≥ ε, and consider two cases to prove the claim. First,

suppose φm ̸= ψ∗
m. Then dist(E(⟨φm⟩), E(⟨ψ∗

m⟩)) ≥ δ, where δ is the distance of the code from
Theorem 3.12. Since ⌊ℓm/r⌋ = Ω(n) by Definition 3.15, it follows that dist(z, z∗) ≥ ε as long
as ε is smaller than δ by a sufficiently small constant factor. Second, suppose φm = ψ∗

m. Then
dist(x, x∗) ≥ 4ε because x is 4ε-far from Sφ while x∗ ∈ Sφ, and hence dist(y(x), y(x∗)) ≥ 2ε (the
factor of 2 accounts for a possibly partial last repetition of x inside y(x), and similarly for x∗). But
|y(x)| = |y(x∗)| = n− ⌊ℓm/r⌋ ≥ n/2, so dist(z, z∗) ≥ ε. Hence z is ε-far from Qn, so A rejects with
probability at least 2

3 .

Lemma 3.18 (Time upper bound). There exists an O(n log n)-time decider (i.e., a 0-tester) for Q.

Proof. Let T be a tester that, on input z, queries all of z, computes m and ℓm from Definitions 3.15
and 3.16, and tries to use the decoder from Theorem 3.12 to compute a decomposition z = E(⟨ψm⟩)◦
y(x). Tester T rejects if decoding the first ⌊ℓm/r⌋ bits fails or does not yield a valid formula in
Ψm, or if the remaining bits are not of the form y(x) for some x ∈ {0, 1}m. Otherwise, T accepts
iff the assignment x satisfies the formula ψm.

Since querying the entire input, decoding the code from Theorem 3.12, and checking whether the
assignment x satisfies ψm all take O(n log n) time, tester T runs in time O(n log n).

We claim that T answers correctly with probability 1. Clearly, T accepts if z ∈ Qn. Now, suppose
z /∈ Qn. Suppose z is of the form E(⟨ψm⟩) ◦ y(x), since otherwise T rejects. Then x ̸∈ S(ψm) (since
otherwise z would be in Qn), and hence T rejects, as desired.

3.4 Construction

We start by defining operations on properties and summarizing their features.

3.4.1 Concatenated properties

To prove the time-query hierarchy theorems, we first construct properties achieving the desired
query and time bounds separately. The following definitions and lemmas show how to combine
them to obtain both guarantees simultaneously.

Definition 3.19 (Concatenation of properties). Let n1, n2 ∈ N. Let P(1)
n1 and P(2)

n2 be properties

over inputs of length n1 and n2, respectively. Then their concatenation Concat(P(1)
n1 ,P

(2)
n2 ) is the

property over inputs of length n1 + n2 given by Concat(P(1)
n1 ,P

(2)
n2 ) :=

{
xy : x ∈ P(1)

n1 ; y ∈ P
(2)
n2

}
.

Definition 3.20 (YES query provider). Let t : N → N be a function, possibly sublinear in n. A
t(n)-time YES query provider for a property P is an algorithm A that, given ⟨n⟩ for which Pn ̸= ∅,
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runs in t(n) time to produce an implicit representation of x(n) ∈ Pn, and then answers each query

i ∈ [n] with x
(n)
i in O(log1+o(1) n) time.14

We summarize features of properties obtained via concatenation using notation from Definition 3.2.

Lemma 3.21 (Concatenation Lemma). Given a.e. nonempty properties P(1) and P(2), define

property P by setting P2n := Concat(P(1)
n ,P(2)

n ) and P2n−1 := ∅ for each n ∈ N. Let ε ∈ (0, 1).
Then the following hold.

1. Qε,2n(P) = O
(
Qε,n(P(1)) +Qε,n(P(2))

)
and Qε/2,2n(P) = Ω

(
Qε,n(P(1)) +Qε,n(P(2))

)
.

2. Tε,2n(P) = O
((
Tε,n(P(1)) + Tε,n(P(2))

)
log n

)
.

3. Suppose Tε/2,2n(P) = O(t(n)). For all i ∈ [2], if P(i)
n has an O(t(n) log1+o(1) n)-time YES

query provider, then Tε,n(P(3−i)) = O(t(n) log1+o(1) n).

Proof. Item 1. We prove the upper and lower bounds separately.

Let A1 and A2 be ε-testers for P(1)
n and P(2)

n that have error probability at most 1
6 . Construct the

following ε-tester A for P2n. On input xy, where |x| = |y| = n, algorithm A runs A1 on x and A2

on y, accepting iff both A1 and A2 accept. We show that this is a valid ε-tester for P2n. If input
xy ∈ P2n, thenA1 andA2 accept x and y, respectively, with probability at least 5

6 each, soA accepts
with probability at least 2

3 (by a union bound). If input xy is ε-far from P2n, then, by an averaging

argument, x or y must be ε-far from P(1)
n or P(2)

n , respectively. Thus, A1 or A2 rejects (and then so
does A) with probability at least 5

6 . By standard probability amplification, there exist algorithms

A1 and A2, as specified above, that make O(Qε,n(P(1))) and O(Qε,n(P(2))) queries, respectively.
The query complexity of A constructed from such A1 and A2 is O

(
Qε,n(P(1)) +Qε,n(P(2))

)
.

Given an ε
2 -tester T for P2n, we construct an ε-tester T1 for P(1)

n as follows: on input x ∈ {0, 1}n,
algorithm T1 fixes any y ∈ P(2)

n (which exists since P(2) is a.e. nonempty) and simulates T on xy.

If x ∈ P(1)
n , then xy ∈ P2n, so T1 accepts with probability at least 2

3 . If x is ε-far from P(1)
n , then xy

is ε
2 -far from P2n, so T1 rejects with probability at least 2

3 . Since the query complexity of T1 is at

most that of T , we conclude that T makes at least Qε,n(P(1)) queries. Analogously, it also makes
at least Qε,n(P(2)) queries. Thus, ε

2 -testing P2n has query complexity Ω
(
Qε,n(P(1)) +Qε,n(P(2))

)
.

Item 2. By standard probability amplification, there exist algorithms A1 and A2, as specified in
the previous part, with running time O(Tε,n(P(1))) and O(Tε,n(P(2))), respectively. The running
time of A constructed from such A1 and A2 (allowing for simulation overhead, including a potential
log n blow-up in the cost of queries by the combined tester15) is O

((
Tε,n(P(1)) + Tε,n(P(2))

)
log n

)
.

Item 3. Let T be an ε
2 -tester for P2n running in time O(t(n)) and B be an O(t(n) log1+o(1) n)-time

YES query provider for P(2)
n . We obtain an ε-tester T1 for P(1)

n as follows. On input x ∈ {0, 1}n,
14Formally, we can define this via two algorithms, Preprocess and Query: Preprocess, given ⟨n⟩ on the param-

eter tape, runs in t(n) time and puts O ∈ {0, 1}∗ to registers; Query, given ⟨i,O⟩, computes x
(n)
i in O(log1+o(1) n)

time, where x(n) ∈ Pn is uniquely determined by O. For clarity, we use the “interactive” version instead.
15Specifically, tester A2 may have low-indexed queries to y which are inexpensive, but those queries still cost

O(logn) for the tester simulating it. While this blow-up does not occur in queries to x by A1, we allow a global logn
overhead in our upper bound for simplicity. We do not incur a log t1 or log t2 overhead for simulating register access
by either algorithm, since we can interleave the registers used by A1 and A2 in our construction of A.
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tester T1 uses B to fix some y ∈ P(2)
n (which exists since P(2) is a.e. nonempty) and simulates T on

xy: when T queries a bit from xy, tester T1 either queries a bit from x or uses B to query a bit from
y in O(log1+o(1) n) time. Then, as in Item 1, algorithm T1 is an ε-tester for P(1). By construction,
the running time of T1 is O(t(n) log1+o(1) n). An identical argument works for T2.

Remark 3.22. For Item 3 of Lemma 3.21, if the tester for P succeeds only on infinitely many
input lengths (as opposed to the usual notion of almost every input length), then we get testers for
P(1) and P(2) that also succeed on infinitely many input lengths.

3.4.2 Intermediate complexity regimes by repetition

We first construct properties with maximal query or time complexity, and then obtain intermediate
complexities using instance repetition, as in [GKNR12, KLR25].

Definition 3.23 (Repeated instances [GKNR12]). Given a property P and a function k : N → N
satisfying k(n) ≤ n, define the repeated instances property P(k) by

P(k)
n :=

{
xr[1 : n] : x ∈ Pk(n) and r =

⌈
n

k(n)

⌉}
.

We summarize features of properties obtained via repetition using notation from Definition 3.2.

Definition 3.24. Given a property P, we write LenSupp(P) := {n ∈ N : Pn ̸= ∅}. A set S ⊆ N is
decidable in time t : N → R if there is an algorithm which, on input n ∈ N given as ⟨n⟩, halts in
time O(t(n)) and accepts iff n ∈ S. Given a function f , we write Im(f) for the image of f .

Observation 3.25. If f : N→ N is eventually surjective, then Im(f) is decidable in time O(1).

Lemma 3.26 (Repeated instances lemma). Given a property P and a function k : N→ N satisfying
k(n) ≤ n with a right inverse k† and such that LenSupp(P) \ Im(k) is finite, consider the repeated
instances property P(k). Let ε ∈ (0, 1) be a constant. The following are true.

1. [GKNR12] If Qε/2,n (P) = q(n) then Qε,n

(
P(k)

)
= O (q(k(n)) and Qε/4,n

(
P(k)

)
= Ω(q(k(n)).

2. If Tε/2,n (P) = O(t(n)) and k(n) is computable in O(t(k(n))) time, then

Tε,n
(
P(k)

)
= O(t(k(n)) + log1+o(1) n).

3. Suppose Tε/2,n
(
P(k)

)
= O(t(k(n))). For all γ > 0, if Im(k) is decidable and k†(n) computable

both in O(t(n) log1+γ k†(n)) time, then Tε,n (P) = O(t(n) log1+γ k†(n)).

Proof. Item 1. We prove the upper and lower bounds separately.

Let A be an ε
2 -tester for P. Construct the following ε-tester A′ for P(k). First, A′ repeats the

following O(1/ε) times: uniformly select a j ∈ [k(n)] and r ∈ [(n/k(n)) − 1] and check whether

x[r · k(n) + j] = x[j]. If the check succeeds, A′ simulates A on x[1 : k(n)]. If x ∈ P(k)
n , then the

first test always passes and A accepts with probability at least 2
3 , so A

′ accepts with probability at

least 2
3 . Suppose x is ε-far from P(k)

n . If x[1 : k(n)] is less than ε
2 -far from Pk(n) and x is less than

ε
2 -far from being a repeated instance of x[1 : k(n)], then x is less than ε-far from Pk(n). Thus, with
probability at least 2

3 , at least one of the checks fails and A′ rejects. If A makes q(n) queries, then
A′ makes q(k(n)) +O(1/ε) queries, which is O(q(k(n))) since ε is a constant.
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Given an ε
4 -tester T for P(k)

n , we obtain an ε
2 -tester T

′ for P as follows. On input x of sufficiently
large length n, tester T ′ first checks whether n ∈ Im(k), and rejects if this is not the case. Since
LenSupp(P)\Im(k) is finite, this only ignores finitely many nontrivial input lengths. Otherwise, T ′

computes n′ = k†(n), which satisfies k(n′) = n. Tester T ′ then creates the instance y = x⌈n
′/n⌉[1 :

n′] and simulates T on y. If x ∈ Pn, then y ∈ P(k)
n′ , and T ′ accepts. If x is ε

2 -far from Pn, then y is
ε
4 -far from P

(k)
n′ (the factor of 2 accounts for a possibly partial last repetition of x inside y), and T ′

rejects. If T makes q′(n) queries, then T ′ makes q′(n′) queries, implying q′(n′) ≥ q(n) = q(k(n′))
for infinitely many n′ ∈ N.

Item 2. We use the same construction of A′ as in the first part of Item 1. Correctness thus follows
immediately, and we only have to prove the runtime. Computing k(n) takes time O(t(k(n)), and
then for each of the O(1/ε) queries to check repetition, we incur a cost of O(log n) for sampling
random bits, a cost of O(log1+o(1) n) for computing the index modulo k(n) (note that k(n) ≤ n
here), and a cost of O(log n) to make the actual queries. If A runs in O(t(n)) time, then its
simulation takes O(t(k(n))) time. In total, the running time of A′ is O(t(k(n)) + log1+o(1) n)

Item 3. We use the same construction of T ′ as in the second part of Item 1. Correctness thus
follows immediately, and we only have to prove the runtime. By assumption, checking whether
n ∈ Im(k) and subsequently computing n′ = k†(n) takes O(t(n) log1+γk†(n)) time. For each query
made by T , tester T ′ requires O(log1+o(1) n′) time to convert it to the corresponding query in x
via integer division. If T runs in time O(t(k(n))), then T ′ runs in time O(t(k(n′)) log1+o(1) n′ +
t(n) log1+γ k†(n)) = O(t(n) log1+γ k†(n)) time, as desired.

Remark 3.27. For Items 1 and 2 of Lemmas 3.21 and 3.26, if the same testers A1, A2, and
A achieve both the time and query upper bounds for P(1), P(2), and P, respectively, then the
constructed testers A and A′ also achieve the time and query upper bounds simultaneously.

Remark 3.28. For Item 3 of Lemma 3.26, if the tester for P(k) succeeds only on infinitely many
input lengths and Im(k)∆LenSupp(P) is finite, then we get a tester for P that succeeds on an
infinite subsequence of LenSupp(P).

3.4.3 Languages to properties

To construct properties with a target time complexity, we first start with a language that is hard
to decide, and then map it through a suitable code so that Yes and No instances of the language
are ε-far, meaning testing for this version of the language is as hard as deciding the original hard
language. Below, we formalize this construction.

Definition 3.29 (Properties from languages). Let L ⊂ {0, 1}∗ be a language. Define the property
C = E(L) by C := {E(x) : x ∈ L}, where E is the code from Theorem 3.12.

The following lemma translates the computational complexity of deciding language L to that of
testing property E(L).

Lemma 3.30. Let L ⊂ {0, 1}∗ be a language, and code E and rate r be as in Theorem 3.12. Let
C := E(L). Then for all sufficiently small constant ε > 0, the following statements hold:

1. If L is decidable with error probability at most 1
3 in O(t(n)) time, then there exists an ε-tester

for C using n queries and O(n log n+ t(⌊r · n⌋)) time.
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2. If ε-testing C can be done in O(t(⌈r · n⌉)) time, then there exists a decider for L with error
probability at most 1

3 running in time O(n log n+ t(n)).

Proof. Item 1. Let A be an O(t(n))-time randomized algorithm for deciding L. We give a decider
(i.e., 0-tester) T which works as follows. On input w of length n, tester T immediately rejects if n
is not an integer multiple of 1

r . Otherwise, T runs the decoder from Theorem 3.12 on w. If w is
not a valid codeword, T rejects. Otherwise, if there is a message x (with |x| = r · n = ⌊r · n⌋) such
that E(x) = w, the tester simulates the algorithm A on input x and accepts iff A accepts.

Correctness and query complexity follow directly from the construction. For the time complexity,
checking the divisibility of n by 1

r takes time O(log1+o(1) n); querying all of w and decoding it both
take time O(n log n); and running algorithm A takes time O(t(|x|)) = O(t(⌊r · n⌋)).

Item 2. Let T be an ε-tester with running time O(t′(n)). We give a randomized algorithm A for
deciding L as follows. On input x of length m, the algorithm first computes n := m

r and runs the
encoder from Theorem 3.12 to obtain string w := E(x) of length n. Then, A simulates the tester
T on input w, and accepts iff T accepts.

We first show correctness. When x ∈ L, we have w ∈ Cn by the construction of C, so T accepts
with probability at least 2

3 , and so does A. When x ̸∈ L, the string w is ε-far from every other
codeword for sufficiently small ε by Theorem 3.12, so in particular w is ε-far from C. Hence T
rejects with probability at least 2

3 , and so does A.

We now analyze the time complexity of A. Computing w = E(x) takes time O(m logm) by
Theorem 3.12, and simulating T takes times O(t′(n)) = O(t′(m/r)). If t′(n) = O(t(⌈r · n⌉)), then
this is at most O(t(m)). Hence the overall running time of A is O(m logm+ t(m)).

Remark 3.31. For Item 2 of Lemma 3.30, if the tester for C succeeds on infinitely many input
lengths that are multiples of 1

r , then we get a decider for L that succeeds on infinitely many input
lengths.

3.4.4 Combining the constructions

The next definition is used to produce problem instances with prescribed time complexity. Suppose
a hard problem P has time complexity T (k) for inputs of length k, with Tℓ(k) ≤ T (k) ≤ Tu(k).
Given a target function t(n), we aim to construct, for each n, an instance of P of length k = k(n)
requiring time T (k) ≈ t(n) to solve. If T were invertible, we could take k(n) = T−1(t(n)), but since
this may not hold, we use the following definition.

Definition 3.32 (Attainment). Let F, Tℓ, Tu, t : N → R be nondecreasing and k : N → N be a
function We say the pair (Tℓ, Tu) attains t up to gap F with length function k if, for all large
enough n ∈ N, we have Tℓ(k(n)) ≥ t(n) and Tu(k(n)) ≤ F (t(n)).

The next definition gives the “recipe” by which, given a property Q with nearly maximal query
complexity and a language L that is hard to decide, as well as target query and time complexity
functions, we construct a property attaining the desired query and time complexities. We then
obtain our hierarchy theorems by plugging in specific choices for Q and L.

Definition 3.33 (Hard property). Let Q ⊂ {0, 1}∗ be an a.e. nonempty property satisfying the
following conditions.
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1. Tε,n(Q) = O(n log n) for all constant ε ∈ (0, 1) and Qε,n(Q) = Ω
(

n
logn

)
for some sufficiently

small constant ε > 0.

2. Q has an O(n log n)-time YES query provider (Definition 3.20).

Let Tℓ, Tu : N → R be Ω(n log n) nondecreasing functions satisfying Tℓ(n) ≤ Tu(n) for all large
enough n ∈ N, and let L ⊂ {0, 1}∗ be an a.e. nonempty language satisfying the following condition.

3. L is decidable with error probability at most 1
3 by an O(Tu(n))-time randomized algorithm,

but no O(Tℓ(n))-time randomized algorithm.

Let q : N→ N and t, F : N→ R be nondecreasing functions and k∗ : N→ N be a function such that
the following conditions hold.

4. q(n) is eventually surjective, and satisfies q(n) ≤ n for all n and q(n) log q(n) = O
( t(n)

log1.01 n

)
.

Moreover, q(n) is computable in O(q(n) log q(n)) time.

5. The pair (Tℓ, Tu) attains t up to gap F : N→ R with eventually surjective length function k∗
(Definition 3.32).

6. k∗(n) = O(q(n)) and k∗(n) ≤ r · n, where r ∈ (0, 1) is the constant from Theorem 3.12.
Moreover, k∗(n) is computable in time O(Tu(k∗(n))) and has a right inverse k∗

† such that
k∗

†(n) is computable in time O(Tℓ(n)).

Let C := E(L) be the property from Definition 3.29, and define k : N→ N by k(n) := k∗(n)
r . Define

the hard property P as follows: for each n ∈ N, let P2n−1 := ∅ and P2n := Concat
(
Q(q)

n , C(k)n

)
.

The following lemma bounds the complexity of testing the hard property from Definition 3.33.

Lemma 3.34 (Complexity of testing the hard property). Let ε > 0 be a sufficiently small constant.
Let Q be a property, L be a language, and q : N→ N and t, F, Tℓ, Tu : N→ R be functions satisfying
Definition 3.33 with theresulting property P. Then the following statements hold:

1. ε-testing P2n requires Ω
(

q(n)
log q(n)

)
queries and Ω

(
t(n)

log2.01(n)

)
time.

2. There exists an ε-tester for P2n using O(q(n)) queries and O(q(n) log2 n + F (t(n)) log n +
log2+o(1) n) time.

Proof. We prove the lower and upper bounds separately.

Item 1. First, we show the query complexity lower bound. By Lemma 3.26, using the assumption
that q is eventually surjective and the assumed query complexity lower bound for testing Qn (Def-

inition 3.33.1), Q2ε,n

(
Q(q)

)
= Ω

( q(n)
log(q(n))

)
. Also, Q(q) is a.e. nonempty by Definition 3.23 and the

assumption that Q is a.e. nonempty. Since L is a.e. nonempty, so is C(k) by Definitions 3.23 and 3.29
and because k(n) is an integer multiple of 1

r . Thus, Qε,2n(P) = Ω
( q(n)
log(q(n))

)
by Lemma 3.21.1.

Next, we show the time complexity lower bound. Since by assumption (Definition 3.33.3), L cannot
be decided by any randomized O(Tℓ(n))-time algorithm and Tℓ(n) = Ω(n log n), Lemma 3.30.2
implies that there is no O(Tℓ(⌈r · n⌉))-time tester for C.

We claim this implies, via Lemma 3.26.3, that there is no O(Tℓ(r · k(n))/ log1.005 n)-time tester for

C(k)n . First, note that k(n) ≤ n since k(n) = k∗(n)/r and k∗(n) ≤ r · n (Definition 3.33.6). Also,
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LenSupp(Cn)\ Im(k) is finite because LenSupp(Cn) only contains integer multiples of 1/r by Defini-
tions 3.23 and 3.29, while Im(k) contains a.e. integer multiple of 1/r because k∗(n) is eventually sur-
jective. Since k∗

†(n) is computable in time O(Tℓ(n)) by Definition 3.33.6, a right inverse k†(n) of k
is computable (by first performing an integer division by 1/r) in time O(log1+o(1)(n)+Tℓ(⌊r · n⌋)) =
O(Tℓ(⌊r · n⌋)), and similarly Im(k) is also decidable in this time. Hence applying Lemma 3.26.3
with parameter γ = 0.005 and function t′(m) = Tℓ(⌊r ·m⌋)/ log1.005 k−1(m) yields that there is no

O(Tℓ(r · k(n))/ log1.005 n)-time tester for C(k)n .

Since Tℓ(r · k(n)) = Tℓ(k∗(n)) ≥ t(n) by attainment (Definition 3.32), we conclude that there is no

O(t(n)/ log1.005 n)-time tester for C(k)n . By assumption (Definition 3.33.2), Q has an O(n log n)-time
YES query provider, which we can use together with the computability of q(n) in O(q(n) log q(n))

time to derive an O(q(n) log q(n))-time YES query provider for Q(q)
n . Because O(q(n) log q(n)) =

O(t(n)/ log1.01 n) by assumption (Definition 3.33.4), an O(t(n)/ log2.01 n)-time tester for P2n would

yield by Lemma 3.21.3 an O(t(n)/ log1.005 n)-time tester for C(k)n , which is a contradiction.

Item 2. First, we show the query complexity upper bound. Since Qn is trivially testable using
n queries, Lemma 3.26.1 implies that Qε,n(Q(q)) = O(q(n)). By Lemma 3.30, Qε/2,n(C) = O(n),

so applying Lemma 3.26.1, Qε,n(C(k)) = O(k(n)), which is O(q(n)) by Definition 3.33.6. Applying

Lemma 3.21.1 to Q(q)
n and C(k)n , we obtain that Qε,2n(P) = O(q(n)).

Next, we show the time complexity upper bound. By assumption (Definitions 3.33.1 and 3.33.4),
Tε/2,n(Q) = O(n log n) and q(n) is computable in time O(q(n) log q(n)), so applying Lemma 3.26.2,

Tε,n(Q(q)) = O(q(n) log q(n) + log1+o(1) n).

By Definition 3.33.3 and Lemma 3.30.1, Tε/2,n(C) = O(n log n+Tu(⌊r · n⌋)) = O(Tu(⌊r · n⌋)), recall-
ing that Tu(m) = Ω(m logm). By Definition 3.33.6, k∗(n) is computable in time O(Tu(k∗(n))), and
hence k(n) = k∗(n)/r is computable in time O(Tu(k∗(n)) + log1+o(1)(k∗(n))) = O(Tu(r · k(n))).
Hence Lemma 3.26.2 implies that Tε,n(C(k)) = O(Tu(r · k(n)) + log1+o(1) n) = O(Tu(k∗(n)) +

log1+o(1) n) = O(F (t(n))+ log1+o(1) n), where the last step is valid by attainment (Definition 3.32).

Applying Lemma 3.21.2 toQ(q)
n and C(k)n , we get that Tε,2n(P) = O(q(n) log q(n) log n+F (t(n)) log n+

log2+o(1) n) = O(q(n) log2 n+ F (t(n)) log n+ log2+o(1) n).

By Remark 3.27, the same tester achieves both the query and time complexity upper bound.

Remark 3.35. Lemma 3.34.1 also admits the following infinitely often version. If we strengthen
the hypothesis of Definition 3.33 by requiring that the Tℓ(n) lower bound for deciding language
L holds even against algorithms that succeed on infinitely many input lengths, and then weaken
the notion of attainment in Definition 3.32 by only requiring the inequality Tℓ(k(n)) ≥ t(n) on
infinitely many n ∈ N, then a straightforward modification of the proof of Lemma 3.34.1 (using
Remarks 3.22, 3.28 and 3.31) yields that any tester for P2n that succeeds in the usual sense (i.e.,

at a.e. input length) must use Ω
(

t(n)

log2.01 n

)
time (on infinitely many input lengths).

3.5 Hierarchy theorems

3.5.1 Unconditional weak hierarchy theorem (proof of Theorem 3.3)

In this subsection, we combine the property Q from Section 3.3 with the hard language L obtained
in Section 3.1.1 to satisfy the requirements of Definition 3.33, and then use Lemma 3.34 to establish
Theorem 3.3.
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We start with the preconditions of Theorem 3.3. Specifically, we are given a constant ε ∈ (0, 1),
and nondecreasing, unbounded functions q, t : N→ N which satisfy the following conditions.

1. The function n 7→ q(2n) is eventually surjective, q(n) is computable in time O(q(n) log q(n)),
and q−1(n) is computable in time O(t ◦ q−1(n)).

2. t(n) is computable in time O(t(n)) and t−1(n) is computable in time O(n).

3. q(n) ≤ min
{

r·n
2 ,

t(n)

log2.01 n

}
, where r is the constant from Theorem 3.12.

We make the following definitions.

1. Let Q be the property from Definition 3.16.

2. Let q∗ : N→ N and t∗ : N→ R be given by q∗(n) := q(2n) and t∗(n) := t(2n) log2.01 n.

3. Let Tℓ, Tu : N→ R be given by Tℓ(n) := t∗ ◦ q−1
∗ (n) and Tu(n) := 2Tℓ(n)

2.01
.

4. Let L be the language from Theorem 3.6 with parameter16 Tℓ.

5. Let k∗ : N→ N be given by k∗(n) := q∗(n).

6. Let F : N→ R be given by F (n) := 2n
2.01

.

Lemma 3.36. The choices above of Q, Tℓ, Tu, L, q∗, t∗, k∗, F satisfy the conditions of Definition 3.33.

Proof. Conditions on Q. The first condition, that Q be a.e. nonempty, holds by the construction
in Definition 3.16. Definition 3.33 also requires ε-testing property Qn to have query complexity
Ω( n

logn) and time complexity O(n log n), which is guaranteed by Lemmas 3.17 and 3.18, respectively.
Finally, Q must have an O(n log n)-time YES query provider. This is easy to ensure for any
reasonable scheme for encoding 3CNF formulas into binary strings (which we leave implicit for
brevity); for example, we can use an empty formula with a trivial all-0s assignment, and the
encoder from Theorem 3.12.

Conditions on Tℓ, Tu, L. The first condition is for Tℓ(n) and Tu(n) to be nondecreasing and
Ω(n log n), with Tℓ ≤ Tu. By assumption, t(n) ≥ q(n) log2 n and q(n) ≤ n. This yields

t∗ ◦ q−1
∗ (n) ≥ t(2 · q−1(n)/2) ≥ q(q−1(n)) log2 n ≥ n log2 n ,

giving us that Tℓ(n) = Ω(n log n). Definition 3.33 also requires L to be a.e. nonempty; decidable
by an O(Tu(n))-time randomized algorithm but not by any O(Tℓ(n))-time randomized algorithm,
which are all true by Theorem 3.6.

Conditions on q∗, t∗. The conditions that q∗, t∗ be nondecreasing, that q∗(n) be eventually surjec-
tive and satisfy q∗(n) ≤ n and q∗(n) log q∗(n) = O(t∗(n)/ log

1.01 n), and that q∗(n) be computable
in O(q∗(n) log q∗(n)) time all hold by the assumptions on q, t and the construction of q∗, t∗.

Attainment. Definition 3.33 requires the pair (Tℓ, Tu) to attain t∗ up to gap F with length
function k∗. By construction, Tℓ(k∗(n)) = t∗ ◦ q−1

∗ (q∗(n)) = t∗(n) for infinitely many n ∈ N. Since
16Formally, we invoke Theorem 3.6, but with a slightly better exponent in the upper bound (say, 2.009) and a

function t′∗(n) ≥ t∗(n) obtained by approximating log2.01 n by an integer (a constant-factor approximation suffices).
By assumption, computing q−1(n) and hence q−1

∗ (n) takes time O(t ◦ q−1(n)) = O(t∗ ◦ q−1
∗ (n)), and subsequently

computing t′∗ ◦ q−1
∗ (n) takes time O(t′∗ ◦ q−1

∗ (n)), meaning Tℓ is efficiently constructible and the call to Theorem 3.6
is legal.
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the construction from Theorem 3.6 rules out infinitely often decidability, then by Remark 3.35,
relaxing the definition of attainment to infinitely many input lengths is still valid.

For the upper bound, we have

Tu(k∗(n)) = 2Tℓ(k∗(n))
2.01

= F (Tℓ(k∗(n))) = F (t∗ ◦ q−1
∗ ◦ q∗(n)) ≤ F (t∗(n)).

Conditions on k∗. The conditions that k∗(n) = O(q∗(n)) and k∗(n) ≤ r·n follow from construction
and the assumptions on q. For computability of k∗(n), we use the assumption on the computability
of q(n) and the lower bound on Tu(n) to get that k∗(n) is computable in time O(k∗(n) log k∗(n)) =

O(Tu(k∗(n))). Similarly, for the computability of k†∗(n), we use the assumption on the computability

of q−1(n) and the lower bound on Tℓ(n) to get that k†∗(n) is computable in time O(t ◦ q−1(n) +
log1+o(1) q−1(n)) = O(t∗ ◦ q−1

∗ (n)) = O(Tℓ(n)).

Combining Lemmas 3.34 and 3.36 yields the following corollary, which implies Theorem 3.3.

Corollary 3.37. Let P be the hard property obtained by applying Definition 3.33 with the choices

above. Then ε-testing P2n requires Ω
(

q∗(n)
log q∗(n)

)
= Ω

(
q(2n)

log q(2n)

)
queries and Ω

(
t∗(n)

log2.01 n

)
= Ω(t(2n))

time. Moreover, there exists an ε-tester for P2n using O(q∗(n)) = O(q(2n)) queries and

O(q∗(n) log
2 n+ F (t∗(n)) log n+ log2+o(1) n) = O(2t(2n)

2.01 log4.05(2n)) time.

3.5.2 Strong hierarchy theorem from SETH (proof of Theorem 3.4)

In this subsection, we combine the property Q from Section 3.3 with the hard language L obtained
from SETH in Section 3.1.2 to satisfy the requirements of Definition 3.33, and then use Lemma 3.34
to establish Theorem 3.4. Toward this goal, assume the hypotheses of Theorem 3.4. Specifically,
let ε, γ > 0 be sufficiently small constants and q, t : N→ N be nondecreasing unbounded functions
satisfying the following conditions.

1. The function n 7→ q(2n) is eventually surjective and q(n) is computable in timeO(q(n) log q(n)).

2. t(n) is computable in time O(t(n)), and t−1(n) is computable in time O(n).

3. q(n) ≤ min
{

r·n
2 ,

t(n)

log2.01 n

}
, where r is the constant from Theorem 3.12.

4. log t(n) log log t(n) has slope o(1) and t(n) ≤ 2
O
(

q(n)
log q(n)

)
.

We then make the following definitions.

1. Let Q be the property from Definition 3.16.

2. Let L be the language L(γ) from Definition 3.10.

3. Let Tℓ, Tu : N → R be given by Tℓ(n) := 2
(1−γ)n
Aγ logn and Tu(n) := 2

n
Aγ logn , where Aγ > 0 is the

constant from Lemma 3.11.

4. Let q∗, t∗ : N→ N be given by q∗(n) := q(2n) and t∗(n) := t(2n).

5. Define the auxiliary function f : N→ R by f(m) :=
Aγ

1−3γ logm log logm. Then k∗ : N→ N is
an explicit computable function, specified in Lemma 3.38 below, and |k∗(n)− ⌊f(t∗(n))⌋| ≤ 1.

6. Let F : N→ R be given by F (n) := n
1

1−4γ .
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Lemma 3.38. The choices above of Q, L, Tℓ, Tu, k∗, q∗, t∗, F satisfy the conditions of Definition 3.33.

Proof. Conditions on Q have already been established in Lemma 3.36.

Conditions on L. The first condition is for Tℓ(n) and Tu(n) to be nondecreasing and Ω(n log n),
with Tℓ ≤ Tu; this is true by construction. Definition 3.33 also requires the language L to be a.e.
nonempty, which we satisfy by choosing an appropriate encoding scheme for formulas into binary
strings in Definition 3.10. Finally, L must be decidable by an O(Tu(n))-time randomized algorithm
but not by any O(Tℓ(n))-time randomized algorithm, which is true by Lemma 3.11.

Conditions on q∗, t∗. The conditions that q∗, t∗ be nondecreasing, that q∗ be eventually surjective
and satisfy q∗(n) ≤ n and q∗(n) log q∗(n) = O(t∗(n)/ log

1.01 n), and that q∗(n) be computable in
O(q∗(n) log q∗(n)) time hold by the assumptions on q, t and the definition of q∗, t∗.

Attainment. Definition 3.33 requires that the pair (Tℓ, Tu) attain t∗ up to gap F with length
function k∗. We first show that Tℓ(k∗(n)) ≥ t∗(n) for all sufficiently large n. Since t∗ is unbounded,
for all sufficiently large n, we have

k∗(n) ≥
⌊

Aγ

1− 3γ
log t∗(n) log log t∗(n)

⌋
− 1 ≥ (1 + 0.1γ)Aγ

1− γ
log t∗(n) log log t∗(n)

and hence, as desired,

Tℓ(k∗(n)) = 2
(1−γ)k∗(n)
Aγ log k∗(n) ≥ 2

(1+0.1γ) log t∗(n) log log t∗(n)

log

(
Aγ

1−3γ ·log t∗(n) log log t∗(n)

)
≥ 2

(1+0.1γ) log t∗(n) log log t∗(n)

log((log t∗(n))1+0.1γ) = 2log t∗(n) = t∗(n) .

We now show that Tu(k∗(n)) ≤ F (t∗(n)) for all sufficiently large n. As above, for all sufficiently
large n, we have

k∗(n) ≤
⌊

Aγ

1− 3γ
log t∗(n) log log t∗(n)

⌋
+ 1 ≤ Aγ

1− 4γ
log t∗(n) log log t∗(n)

and hence, as desired,

Tu(k∗(n)) = 2
k∗(n)

Aγ log k∗(n) ≤ 2

log t∗(n) log log t∗(n)

(1−4γ) log

(
Aγ

1−3γ log t∗(n) log log t∗(n)

)
≤

(
2

log t∗(n) log log t∗(n)
log log t∗(n)

) 1
1−4γ

= F (t∗(n)) .

Conditions on k∗. We now complete the definition of k∗ and show that it is eventually surjec-
tive with k∗(n) = O(q∗(n)) and k∗(n) ≤ r · n, and moreover that k∗(n) is computable in time
O(Tu(k∗(n))) and k∗

†(n) is computable in time O(Tℓ(n)).

We use the following fact from numerical analysis, see e.g., [Bre76]: given a number x with ℓ bits of
precision, it is possible to compute log x up to ℓ bits of precision in time O(ℓpolylog ℓ). It follows

that the function f(m) =
Aγ

1−3γ logm log logm may be computed up to arbitrarily small constant
additive error in time O(logm poly log logm).

We first complete the definition of k∗(n) by specifying the algorithm computing it in timeO(Tu(k∗(n))).
Note that the desired upper bound is

O(Tu(k∗(n))) ≥ O(Tℓ(k∗(n))) ≥ O(t∗(n)) ,

where the last step is valid by attainment. Recall that k∗(n) must satisfy |k∗(n)− ⌊f(t∗(n))⌋| ≤ 1.
Now, t∗(n) is computable in time O(t∗(n)) by the assumption on t, and given t∗(n), using the
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observation above we may estimate f(t∗(n)) up to additive error at most 1
8 – call this estimate f̃

– in time O(log t∗(n) poly log log t∗(n)) = O(t∗(n)). We then define k′(n) :=
⌊
f̃
⌋
, and observe that

it satisfies |k′(n)− f(t∗(n))| ≤ 1. Thus the computability claim holds.

Second, we claim that k∗ is eventually surjective with k′(n) = O(q∗(n)) and k∗(n) ≤ r · n.
The first claim holds because the function n 7→ f(t∗(n)) has slope o(1) by the hypothesis that

log t(n) log log t(n) has slope o(1), along with the definition of k∗(n) above. Since t(n) ≤ 2
O
(

q(n)
log q(n)

)
,

which implies that t∗(n) ≤ 2
O
(

q∗(n)
log q∗(n)

)
, we get k∗(n) = O (log t∗(n) log log t∗(n)) = O(q∗(n)), as de-

sired. Finally, since log t∗(n) log log t∗(n) has slope o(1), we get k∗(n) = O (log t∗(n) log log t∗(n)) =
o(n), so k∗(n) ≤ r · n for all sufficiently large n.

Finally, we claim that k∗
†(n) is computable in O(Tℓ(n)) time. That is, there is an algorithm which,

on input n, outputs some n′ ∈ N satisfying k∗(n
′) = n in the announced time. The desired upper

bound is
O (Tℓ(n)) = O

(
Tℓ(k∗(n

′))
)
≥ O(t∗(n

′)) ,

where the last step is valid by attainment. The algorithm works as follows: on input n, it first per-
forms exponential search to find an integerm satisfying f(m) ∈

[
n+ 1

4 , n+ 3
4

]
, which exists because

s 7→ f(t∗(s)) has slope o(1). Specifically, there exists n′ ∈ N satisfying
∣∣f(t∗(n′))− (

n+ 1
2

)∣∣ ≤ 1
16 ,

so by estimating f(mi) up to additive error 1
16 in time O(logmi poly log logmi) in each step i of the

exponential search and stopping when this estimate is within distance 1
8 of n+ 1

2 , we can find integer
m satisfying

∣∣f(m)−
(
n+ 1

2

)∣∣ ≤ 1
4 , as desired. Since m satisfies m ≤ O(2n) and n ≤ O(log2m),

the exponential search takes O(n) steps, and hence m can be found in time O(polylogm).

Then, the algorithm uses the invertibility of t to compute in O(m) time the number n′ satisfying
t∗(n

′ − 1) ≤ m ≤ t∗(n
′), and outputs n′. We claim that k∗(n

′) = n. Note that f(t∗(n
′ − 1)) ≤

f(m) ≤ n + 3
4 , which implies that f(t∗(n

′)) ≤ n + 3
4 + 1

16 = n + 13
16 since s 7→ f(t∗(s)) has slope

o(1). It follows that k∗(n
′) =

⌊
f̃
⌋
≤

⌊
n+ 13

16 + 1
8

⌋
= n. Similarly, f(t∗(n

′)) ≥ f(m) ≥ n + 1
4 , and

hence k∗(n
′) =

⌊
f̃
⌋
≥

⌊
n+ 1

4 −
1
8

⌋
= n. Thus k∗(n

′) = n, as claimed. The total running time is

O(polylogm) +O(m) = O(m) ≤ O(t∗(n
′)), as needed.

Combining Lemmas 3.34 and 3.38 yields the following corollary, which implies Theorem 3.4.

Corollary 3.39. Let P be the hard property obtained by applying Definition 3.33 with the choices

above. Then under Assumption 3.8, ε-testing P2n requires Ω
(

q∗(n)
log q∗(n)

)
= Ω

(
q(2n)

log q(2n)

)
queries and

Ω
(

t∗(n)

log2.01 n

)
= Ω

(
t(2n)

log2.01(2n)

)
time. Moreover, there exists an ε-tester for P2n using O(q∗(n)) =

O(q(2n)) queries and O
(
t∗(n)

1
1−4γ log n

)
= O

(
t(2n)

1
1−4γ log(2n)

)
time.

4 Distribution-free distance approximation for halfspaces

In this section, we prove a fine-grained hardness result for distribution-free distance approximation
to halfspaces in the low-dimensional setting. We first formally define distribution-free distance
approximation and the halfspace property over Zd.

Definition 4.1 (Distribution-free distance approximation). Let X be a universe set and P ⊂
{0, 1}X be a property of Boolean functions over X . Define the distance from a function f : X →
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{0, 1} to property P with respect to a distribution D over X as

distD(f,P) := inf
g∈P

distD(f, g) , where distD(f, g) := P
x∼D

[f(x) ̸= g(x)] .

A randomized algorithm A is a distribution-free distance approximation algorithm for property P
if, for each probability distribution D over X and function f : X → {0, 1}, given input parameters
ε, δ ∈ (0, 1), algorithm A uses labeled samples of the form (x ∼ D, f(x)) and queries to f to output
a number α̂ which, with probability at least 1− δ, satisfies |distD(f,P)− α̂| ≤ ε. By default, δ = 1

3 .

Definition 4.2 (Hyperplanes and halfspaces). A (d−1)-dimensional hyperplane H in Rd is the set
of points x ∈ Rd satisfying ⟨w, x⟩+ θ = 0, where w ∈ Rd and θ ∈ R are the parameters defining H.
A function f : Zd → {0, 1} is a halfspace if there exists a hyperplane H with parameters w, θ such
that f(x) = 1 [⟨w, x⟩+ θ ≥ 0] for all x ∈ Zd. We denote the class of halfspaces over Zd by H.

Our result is the following.

Theorem 4.3. Under the integer k-SUM conjecture, for all constants d ∈ N and γ > 0, there
is no distribution-free distance approximation algorithm for halfspaces over Zd running in time
(1/ε)⌈(d+1)/2⌉−γ (as a function of ε). This lower bounds holds17 even if the input distribution D is
promised to be supported on points with absolute coordinate values at most (1/ε)Od(1).

We use the same RAM model as in Section 3, with modifications to match the setting of Theo-
rem 4.3. The input tape is intially empty. The dimension d ∈ N is part of the problem description,
and the error parameter ε is given on the parameter tape, encoded in O(log(1/ε)) bits.18 To model
access to a distribution D and a function f : Zd → {0, 1}, we add two unit time operations:

DrawSamp: Clears the input tape and resets its head, then samples (x, f(x)) with x ∼ D, and
writes x1, . . . , xd, f(x) on the input tape (recall that x ∈ Zd and f(x) is a bit).

QueryFunc(Xj): Clears the input tape and resets its head, sets x := (Xj , . . . , Xj+d−1) using d
machine registers (see Table 1), and writes f(x) on the input tape.

We prove Theorem 4.3 via a reduction from the integer k-SUM problem, stated next.

Problem 4.4 (k-SUM). Given k lists A1, . . . , Ak of n distinct integers each, where each integer lies
in the range [−n2k, n2k], is there set of choices ai ∈ Ai for each i ∈ [k] such that a1+· · ·+ak−1 = ak?

Our hardness result is based on the following standard conjecture on the time complexity of the
k-SUM problem (see the lecture notes [WW20] for further background on this conjecture).

Conjecture 4.5 (k-SUM conjecture [AL13]). For each constant k ≥ 2 and γ > 0, no randomized
algorithm can solve Problem 4.4 in O(n⌈k/2⌉−γ) time with error probability at most 1

3 .

Remark 4.6. To align with our RAM model in Section 3 and avoid complications with real-number
representation, we study distance approximation over Zd rather than Rd. Our arguments extend

17The significance of stating the lower bound for distributions supported on points with bounded coordinates is
that, in our RAM model with logarithmic cost, one could obtain trivial lower bounds by constructing inputs that are
arbitrarily expensive to read. The stated bound implies only a polylogarithmic overhead for reading the input, which
keeps the bound meaningful.

18If ⟨ε⟩ is too long, we can reduce ε by at most a factor of 2 to get the desired length without affecting asymptotics.
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to the real setting under a suitable real RAM model and the k-SUM conjecture; see Remark 4.8.

4.1 Proof of Theorem 4.3

Distance approximation for halfspaces is closely related to geometric decision problems known to
be k-SUM hard. For example, the Geombase problem19 is a classic 3-SUM hard problem [GO95],
and deciding whether d+1 points in Rd lie on a hyperplane is (d+1)-SUM hard [Eri96]. We build
upon this theme by reducing from (d+ 1)-SUM to distance approximation for halfspaces.

The starting point for our proof is a construction from [FHKS17] for the following high-dimensional
version of the Geombase problem. A (d−1)-dimensional hyperplane in Rd is vertical if it contains
a vertical line, i.e., two distinct points p, q ∈ Rd satisfying pi = qi for all i ∈ [d − 1]; otherwise, it
is non-vertical. The problem is: given n points in Rd, do any d + 1 of them lie on a non-vertical
(d− 1)-dimensional hyperplane? This problem is (d+ 1)-SUM hard and was used by [FHKS17] to
prove lower bounds for linear separability of probabilistic point sets. We state the (d + 1)-SUM
hardness result in the real-valued setting, which is the norm in computational geometry.

Theorem 4.7 (Implicit in [FHKS17, Theorem 5.1]). Consider determining whether any d+1 of the
given n points in Rd lie on a non-vertical (d− 1)-dimensional hyperplane. Under the (real-valued)
k-SUM conjecture, no randomized algorithm solves this problem in time n⌈(d+1)/2⌉−γ for any γ > 0.

Their reduction is as follows. Let P = (p(1), . . . , p(d)) be the vertices of a convex polygon embedded
in the hyperplane {xd = 0} ⊂ Rd. Let c = 1

d

∑
i∈[d] p

(i) be the center of mass of the vertices. For

j ∈ [d], let ej denote the the j
th standard basis vector. Given a (d+1)-SUM instance A1, . . . , Ad+1,

map each value ai ∈ Ai for i ∈ [d] to the point a∗i := p(i) + ai · ed ∈ Rd. Then map each value
ad+1 ∈ Ad+1 of the last input set to the point a∗d+1 := c+

ad+1

d ·ed ∈ Rd. Let S be the set of (d+1)n
points given by this reduction. It follows that the (d+1)-SUM instance is a YES instance iff there
exist d+ 1 points in S that lie on a non-vertical (d− 1)-dimensional hyperplane.

To prove our distribution approximation lower bound, we modify the above construction as follows:

1. Multiply all points by d to ensure integer coordinates.

2. Replace each point a∗i with two nearby points: one slightly above, labeled 1 by f ; one slightly
below, labeled 0.

3. Let D be the uniform distribution over these points; we provide access to labeled samples
from D and f and query access to f .

We will show that if we start with a YES instance of (d+1)-SUM, then some halfspace correctly
labels (d+1)(n+1) points. If we start with a NO instance, then every halfspace labels at most
2(d+1)n

2 + d = (d+1)(n+1)− 1 points correctly. Thus, approximating distD(f,H) to additive error
Od(1/n) solves the (d+1)-SUM problem. Setting ε = Θ( 1n) yields Theorem 4.3.

We now formalize this argument.
Proof of Theorem 4.3. Given a (d+1)-SUM instance with input lists A1, . . . , Ad+1, each of length n,
we reduce to distribution-free distance approximation for halfspaces over Zd with parameter ε =
Θ( 1n) using the following construction.

19Given n points (x1, y1), . . . , (xn, yn) on the plane, with yi ∈ {0, 1, 2} for all i ∈ [n], do any three of these points
lie on a non-horizontal line?
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p(1) = (0, 0, 0)

p(2) = (3, 0, 0)

p(3) = (0, 3, 0)

c = (1, 1, 0)

Figure 1: The polygon in the reduction
for d = 3.

p(1)

p(2)

p(3)
c

β(a∗1)
α(a∗1)

β(b∗1)
α(b∗1)

β(a∗2)
α(a∗2)

β(b∗2)
α(b∗2)

β(a∗3)
α(a∗3)

β(b∗3)
α(b∗3)

β(a∗4)
α(a∗4)

β(b∗4)
α(b∗4)

Figure 2: An illustration of our reduction for
d = 3 and n = 2.

Let P = (p(1), . . . , p(d)) be the polygon in the hyperplane {xd = 0} ⊂ Rd, where p(1) is the zero
vector and p(i) := d · ei−1 for all i = 2, . . . , d. Let c be the center of mass of the vertices of P , i.e.,
c = 1

d

∑d
i=1 p

(i) = (1, . . . , 1, 0). Initialize a point set S = ∅ and a function f : Zd → {0, 1} to be

zero on the entire domain. For each i ∈ [d] and ai ∈ Ai, define a
∗
i := p(i) +4dai · ed; for the last set

Ad+1, for each ad+1 ∈ Ad+1, define a
∗
d+1 := c+4ad+1 · ed. For each i ∈ [d+1] and ai ∈ Ai, add two

points to the set S:
α(a∗i ) := a∗i − ed, and β(a∗i ) := a∗i + ed,

and set the labels of these points to f(α(a∗i )) := 0 and f(β(a∗i )) := 1. This completes the construc-
tion of the set S of 2(d+ 1)n points and of the Boolean function f : Zd → {0, 1}.

To finish the reduction, let D be the uniform distribution over S and set ε = 1
5(d+1)n . If the

distance approximation algorithm executed on the constructed instance returns an estimate at
most |S|−(n+1)(d+1)+1/2

|S| , accept; otherwise, reject.

It remains to prove the correctness of the reduction and analyze the efficiency of the simulation.

Correctness. For each list Ai in the k-SUM instance, all points created from the numbers in Ai

using α and β functions are on the same line (see Figure 2); specifically, they only differ in the
coordinate d. For all i ∈ [d + 1] and all ai, bi ∈ Ai such that ai < bi, we have ai ≤ bi − 1, since ai
and bi are integers. Consequently, the points a∗i and b∗i differ by at least 4 in coordinate d, which
implies α(a∗i ) ≺ β(a∗i ) ≺ α(b∗i ) ≺ β(b∗i ).

Now suppose that A1, . . . , Ad+1 is a YES instance of the (d + 1)-SUM problem. Then there exist
a1 ∈ A1, . . . , ad+1 ∈ Ad+1 such that

∑d
i=1 ai = ad+1, which implies 1

d

∑d
i=1 a

∗
i = a∗d+1. Hence, the

unique hyperplane H passing through points a∗1, . . . , a
∗
d also passes through point a∗d+1. Therefore,

there exists a halfspace h which agrees with f on at least all of the points α(a∗i ), β(a
∗
i ) for i ∈ [d+1],

plus at least half of the remaining α(·), β(·) points in S. Hence, f agrees with h on at least
2(d+1)n

2 + (d+ 1) = (d+ 1)(n+ 1) points of S, and thus distD(f,H) ≤ |S|−(n+1)(d+1)
|S| .
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Next, suppose that A1, . . . , Ad+1 is a NO instance of the (d+ 1)-SUM problem. We claim that

distD(f,H) ≥
|S| − (n+ 1)(d+ 1) + 1

|S|
.

The claim follows if we show that, for every halfspace h, the function f agrees with h on at most
2(d+1)n

2 + d = (d + 1)(n + 1) − 1 points of S. Suppose for contradiction that f and h agree on at
least (d + 1)(n + 1) points of S. Then for each i ∈ [d + 1], there must be some ai ∈ Ai such that
h correctly labels both α(a∗i ) and β(a∗i ). This implies that the separating hyperplane H passes
between these two points for each i ∈ [d+ 1].

Since A1, . . . , Ad+1 are sets of integers and form a NO instance of the (d+ 1)-SUM problem,∣∣∣∣∣
d∑

i=1

ai − ad+1

∣∣∣∣∣ ≥ 1 , and thus

∣∣∣∣∣1d
d∑

i=1

4dai − 4ad+1

∣∣∣∣∣ ≥ 4 .

Therefore, for every choice of λi ∈ [−1, 1] for each i ∈ [d+ 1], the triangle inequality implies that∣∣∣∣∣1d
d∑

i=1

(4dai + λi)− (4ad+1 + λd+1)

∣∣∣∣∣ ≥ 2 > 0 .

Consequently, no hyperplane can pass within vertical distance 1 of every point a∗i for all i ∈ [d+1],
which contradicts the previous conclusion that H passes between points α(a∗i ) and β(a

∗
i ) for each

i ∈ [d+ 1], completing the proof of the claim.

We conclude that, if the distance approximation algorithm is run with parameter ε = 1
5(d+1)n <

1
2|S| ,

the reduction algorithm correctly answers for both YES and NO instance with probability at least 2
3 .

Efficiency. To simulate a distance approximation algorithm A, we first read the entire input
A1, . . . Ad+1 and sort each list Ai in increasing order. This takes O(n polylog(n)) time. To answer
a query f(x) from A, we spend O(polylog(n)) time to perform binary search and check whether
x = α(a∗i ) or x = β(a∗i ) for some ai ∈ Ai; if so, we return the corresponding label, and otherwise
return 0. When A requests a labeled sample (x ∼ D, f(x)), we use random bits to take a sample
from the point set S and compute its label as discussed. This also takes O(polylog(n)) time.

Suppose A runs in time O
(
(1/ε)⌈(d+1)/2⌉−γ

)
. Then we can solve our (d+1)-SUM instance in time

O
(
(1/ε)⌈(d+1)/2⌉−γ polylog(1/ε)

)
, a contradiction. This completes the proof.

Remark 4.8 (On the use of integrality). Aside from our choice of RAM model, the proof of
Theorem 4.3 also relies on the integrality of the input to ensure that a NO instance of (d+1)-SUM
maps to a point set that cannot be well-approximated by any halfspace. Specifically, any hyperplane
that does not pass through the exact point a∗i cannot lie sufficiently close it to still separate α(a∗i )
and β(a∗i ), preventing “almost-satisfiable” instances.

If we replicated our construction in the real-valued setting, with an appropriately adapted real
RAM model, the only caveat is that, under arbitrary real-valued inputs, we no longer obtain this
robust separation property for free; although we could place the points α(a∗i ) and β(a

∗
i ) arbitrarily

close to a∗i , it seems difficult to choose this distance a priori without solving a k-SUM-like problem.

However, this issue disappears if we assume that the real-valued k-SUM problem, in the real RAM
model, is still difficult even if the input is promised to be integer. Indeed, not only does this
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seem natural enough (the real RAM model is not “supposed” to distinguish between integers and
non-integers), but the original work of [GO95], who systematized the notion of 3SUM-hardness,
made precisely the assumption that 3SUM is difficult on integer inputs in the real RAM model.
We therefore view the real-valued analogue of Theorem 4.3 as equally plausible.

5 Statistical query lower bounds for the Gaussian distribution

In this section, we present evidence for a time complexity lower bound for distance approximation of
halfspaces under the standard Gaussian distribution over Rd, in the low-dimensional regime where
d is a constant, in the form of a sample complexity lower bound against Statistical Query (SQ)
algorithms.

For a fixed d ∈ N, let H denote the class of halfspaces over Rd, each of which is an Rd → {±1}
function, and N (0, I) denote the standard multivariate Gaussian distribution over Rd.

Definition 5.1 (Distribution-specific distance approximation in the SQ model). Let d ∈ N. A
randomized SQ algorithm A is a distance approximation algorithm for halfspaces under N (0, I) if,
given parameters ε, δ ∈ (0, 1) and access to input function f : X → {±1} via a Stat oracle (see
Definition 5.3), algorithm A outputs a number α̂ which, with probability at least 1 − δ, satisfies
|distN (0,I)(f,H)− α̂| ≤ ε.

The main result of this section is the following lower bound, which qualitatively matches the fine-
grained, distribution-free lower bound in Theorem 4.3.

Theorem 5.2. Let d ≥ 2 be a constant in N. Then every randomized SQ distance approximation
algorithm for halfspaces under N (0, I) with success probability at least 0.51 requires20 (1/ε)Ω(d)

queries to Stat(εΩ(d)).

We prove Theorem 5.2 by extending an argument of [DKZ20], who showed an SQ lower bound of
dpoly(1/ε) for agnostic learning of halfspaces under the Gaussian distribution in the high-dimensional
regime where d≫ poly(1/ε). Our argument combines a packing number result for the unit sphere
in the low-dimensional regime, the construction of a “pseudorandom” function that serves as the
No instance for the distance approximation task, and a nonuniform derandomization argument.

The rest of this section is organized as follows. Section 5.1 defines the SQ model and introduces
the key notion of SQ dimension. Section 5.2 extracts the result we use from [DKZ20]. Section 5.3
establishes the packing result. Section 5.4 constructs the pseudorandom function for SQ algorithms.
Section 5.5 combines these ingredients to give a set of functions with high SQ dimension, which
implies a lower bound against deterministic SQ algorithms. Finally, Section 5.6 proves Theorem 5.2.

5.1 SQ algorithms and SQ dimension

We start by formally defining the SQ model.

Definition 5.3 (Stat oracle, SQ algorithm [Kea98]). Let X be a domain, f : X → [−1, 1] be a func-
tion, D be a probability distribution over X , and τ > 0 be a tolerance parameter. Given a statistical

20By Ω(d), we mean cd, where c is an absolute constant.
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query q : X×[−1, 1]→ [−1, 1], the oracle Stat(τ) outputs v ∈ R satisfying
∣∣∣ E
x∼D

[q(x, f(x))]−v
∣∣∣ ≤ τ .

A Statistical Query (SQ) algorithm accesses its input f only via calls to a Stat oracle.

Given a domain X , distribution D over X , and functions21 f, g : X → R, we call E
x∼D

[f(x)g(x)] the

correlation between f and g. In our setting, D is the standard multivariate Gaussian.

Definition 5.4 (SQ dimension [BFJ+94]). Let X be a domain, F be a class of X → [−1, 1]
functions, and D be a probability distribution over X . The SQ dimension of F under D, denoted
SQdim(F ,D), is the largest s ∈ N such that there exist distinct functions f1, . . . , fs ∈ F satisfying∣∣∣ E
x∈D

[fi(x)fj(x)]
∣∣∣ ≤ 1

s for all distinct i, j ∈ [s].

Blum et al. [BFJ+94] showed that a lower bound on SQdim(F ,D) implies a lower bound for SQ
algorithms that weakly learn F . Concretely, we have the following result, whose simplified proof
by [Szö09] we adapt to obtain a lower bound for distance approximation.

Theorem 5.5 (SQ dimension bound for weak learning). Let X be a domain, F be a class of X →
[−1, 1] functions, and D be a probability distribution over X with SQdim(F ,D) = s. Then every
(deterministic) SQ algorithm that, on input function f ∈ F , outputs a function g : X → [−1, 1]
whose correlation with f is E

x∼D
[f(x)g(x)] ≥ s−1/3 requires at least s1/3

2 − 1 queries to Stat(s−1/3).

Correlation queries. As observed by [BF02], in the distribution-specific setting, it suffices to
consider statistical queries of the form q(x, f(x)) = g(x)f(x) with g : X → [−1, 1]. Given g, the
oracle returns a value v satisfying

∣∣ E
x∼D

[g(x)f(x)] − v
∣∣ ≤ τ . Any general query can be simulated

with two such queries, so we restrict attention to this form.

5.2 Prior work: high SQ dimension from packing numbers on the sphere

Diakonikolas, Kane and Zarifis [DKZ20] proved an SQ lower bound of dpoly(1/ε) for weakly learning
halfspaces over Rd under the Gaussian distribution in high dimensions. Their proof constructs a
set of Boolean functions with large SQ dimension, each correlated with a halfspace. This is done
by selecting a large set of nearly orthogonal unit vectors in Rd and mapping each vector u to a
Boolean function by projecting along u a one-dimensional k-alternating function satisfying a certain
moment-matching condition.

Our proof builds upon the construction of [DKZ20], but we use a different packing bound suited
to the low-dimensional setting. We start by extracting the following result from [DKZ20].

Theorem 5.6 (Implicit in [DKZ20]). Let d, n, k ∈ N and ρ ∈ (0, 1). Suppose there exist vectors
u1, . . . , un ∈ Sd−1 satisfying |⟨ui, uj⟩| ≤ ρ for all distinct i, j ∈ [n]. Then there exist functions
f1, . . . , fn : Rd → {±1} satisfying the following conditions.

1. For each i ∈ [n], there exists a halfspace hi : Rd → {±1} such that E
x∼N (0,I)

[fi(x)hi(x)] ≥ 1
2k .

2.
∣∣∣ E
x∼N (0,I)

[fi(x)fj(x)]
∣∣∣ ≤ 2ρk+1 for all distinct i, j ∈ [n].

21For simplicity, we omit from our statements tedious remarks about measurability of functions.
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5.3 Packing slightly uncorrelated vectors on the low-dimensional sphere

We begin with a result from [CFJ13] on the asymptotic distribution of the minimum and maxi-
mum angles among n vectors drawn independently and uniformly from the unit sphere Sd−1, for
constant dimension d. In contrast, [DKZ20] (via a lemma from [DKS17]) relies on a different result
from [CFJ13] applicable to the high-dimensional setting.

Theorem 5.7 (Theorem 2 of [CFJ13]). Let d ≥ 2 be an integer. Let u1 . . . , un be sampled indepen-
dently and uniformly at random from Sd−1, and let θmin, θmax denote the minimum and maximum
angles, respectively, between any pairs of vectors ui, uj for distinct i, j ∈ [n] Then as n → ∞,
the random variables n2/(d−1)θmin and n2/(d−1)(π − θmax) converge weakly to the distribution with
cumulative distribution function (CDF)

F (x) =

{
1− e−Kdx

d−1
if x ≥ 0 ,

0 if x < 0 ,

where Kd > 0 is a constant that depends only on d.

Theorem 5.7 establishes weak convergence of distributions, i.e., pointwise convergence of the CDFs
Fn to F . The following standard fact shows that, since F is continuous, convergence is uniform:
for each δ > 0, we can choose large enough n so that |Fn(x)− F (x)| ≤ δ for all x.

Fact 5.8. Suppose (Xn)n∈N is a sequence of real-valued random variables converging weakly to X.
Let Fn and F be the CDFs of Xn and X, respectively. If F is continuous, then Fn → F uniformly.

We now prove our packing lemma.

Lemma 5.9 (Packing slightly uncorrelated vectors on the sphere). Let d ≥ 2 be a fixed integer.
Then for all constant a > 0 and b ∈

(
0, d−1

4d

)
, and all sufficiently small ε > 0, there exists a set S

of at least (1/ε)bd vectors on Sd−1 such that, for all distinct u, v ∈ S, it holds that |⟨u, v⟩| ≤ εaε.

Proof. Let n :=
⌈
(1/ε)bd

⌉
≤ 2(1/ε)bd and S = (u1, . . . , un) be a sequence of points sampled uni-

formly and independently from Sd−1. We show that with positive probability, every pair ui ̸= uj

in S with i ̸= j satisfies
∣∣〈ui, uj〉∣∣ ≤ εaε, thus establishing the existence of such a set S.

Let u, v ∈ Sd−1 be distinct and θ ∈ [0, π] be the angle between them. Let α := εaε. Since u, v are
unit vectors, |⟨u, v⟩| = |cos θ|. Thus,

|⟨u, v⟩| ≤ α ⇐⇒ |cos θ| ≤ α ⇐⇒ θ ∈ [arccos(α), arccos(−α)] . (1)

We lower bound α by α = εaε = e−aε ln(1/ε) ≥ 1− aε ln
(
1
ε

)
. Since arccos is a decreasing function,

a sufficient condition for (1) to hold is

θ ∈ [arccos(1− aε ln(1/ε)), arccos(−1 + aε ln(1/ε))] .

By the series expansions for x→ 0+,

arccos(1− x) =
√
2x+O(x3/2) ≤ 2

√
x ,

arccos(−1 + x) = π −
√
2x−O(x3/2) ≥ π − 2

√
x.
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Thus, for sufficiently small ε, it suffices if θ ∈ [C, π − C] where C := 2
√
aε ln(1/ε). Equivalently,

θ ≥ C and π − θ ≥ C . (2)

By Theorem 5.7, all ui, uj ∈ S with i ̸= j satisfy (2) and hence (1), except with probability at most
P [θmin < C] + P [π − θmax < C]

= P
[
n2/(d−1)θmin < n2/(d−1)C

]
+ P

[
n2/(d−1)(π − θmax) < n2/(d−1)C

]
. (3)

For sufficiently small ε > 0, the RHS in the inequalities above is

n2/(d−1)C ≤ 2
(
2(1/ε)bd

)2/(d−1)√
aε ln(1/ε)

= 2
√
a · 41/(d−1) · ε

1
2
− 2bd

d−1

√
ln(1/ε) ≤ O(1) · εΩ(1) ,

where the first step uses the bound n ≤ 2(1/ε)bd and the value of C, and the last step uses the
assumption that b < (d− 1)/4d.

By Theorem 5.7 and Fact 5.8, for all sufficiently small ε (i.e., all sufficiently large n), each of the
probabilities from (3) is approximated by the limit CDF F from Theorem 5.7 up to an additive
error of (say) 0.1. Thus, each of the probabilities from (3) is at most

0.1 + F (O(1) · εΩ(1)) = 0.1 + 1− e−Kd(O(1)·εΩ(1))d−1
= 0.1 + 1− e−O(1)·εΩ(1)

< 0.11 .

Thus, S satisfies the desired property with positive probability.

5.4 A pseudorandom function for SQ algorithms

Combining Theorem 5.6 and Lemma 5.9, we obtain a large set F of Boolean functions with low
pairwise correlations, where each f ∈ F is correlated with a halfspace. To derive an SQ lower
bound for distance approximation (as in the proof of Theorem 5.5 for weak learning by [Szö09]),
we would like to argue that an SQ algorithm cannot distinguish such an input f from “random
noise”, because an adversarial Stat oracle can consistently answer 0 until many queries are made.

However, we wish to obtain a lower bound for distance approximation of functions, not of random-
ized labelings (i.e., joint point-label distributions). Intuitively, a random function f : Rd → {±1}
is indistinguishable from noise, but formally, such a function may not even be measurable, so it
would be unsuitable as an input in the SQ model. To handle this, we construct a “pseudorandom”
function f0 that is sufficiently uncorrelated with every halfspace and every query of a target deter-
ministic algorithm A. To construct such f0, we argue that the set of queries algorithm A makes on
all inputs is finite and use this fact together with the connection between between VC dimension
and covering numbers (for the class of halfspaces) to discretize the space Rd into sufficiently small
cells, and then make f0 balanced within each cell.

Our argument requires the queries of A to come from a finite set, regardless of the oracle’s an-
swers. To enforce this, we define a discretized oracle as follows. For all x ∈ R and τ ∈ (0, 1), let
roundτ (x) denote the integer multiple of τ that is closest to x, with rounding towards zero; that is,
roundτ (x) := sign(x) ·τ · ⌊|x|/τ⌋. A τ -rounding oracle answers query g : X → [−1, 1] with the quan-

tity roundτ
(

E
x∼D

[g(x)f(x)]
)
. Such an oracle is a valid Stat(τ) oracle. If E

x∼D
[g(x)f(x)] ∈ (−τ, τ),

then the τ -rounding oracle outputs 0, implementing the desired adversarial behavior.
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Lemma 5.10. Let d ∈ N and τ, ε > 0. Let A be a deterministic SQ algorithm that takes a bounded
number of bits of advice22 and makes a bounded number of queries to a τ -rounding oracle. Then
there exists a function f0 : Rd → {±1} such that:

1. distN (0,I)(f0,H) ≥ 1
2 −

ε
100 .

2. For each function f : Rd → {±1}, every query g : Rd → [−1, 1] made by A on input f satisfies∣∣∣ E
x∼N (0,I)

[g(x)f0(x)]
∣∣∣ ≤ τ

2 .

Proof. Since each output of the τ -rounding oracle comes from the finite set of integer multiples of τ
in [−1, 1], and A takes a finite number of bits of advice and terminates after finitely many queries,
there are finitely many sequences of oracle outputs seen by A regardless of its input. Since A is
deterministic, there exists a finite set G such that every query g made by A comes from G.

Now, since the class H of halfspaces over Rd has finite VC dimension, a standard result in learning
theory [Hau95, Corollary 1] says that H has finite covering number with respect to the Gaussian
distribution, that is, there exists a finite set R of reference halfspaces such that every halfspace h
in Rd satisfies distN (0,I)(h, r) ≤ ε/100 for some r ∈ R.

For each x ∈ Rd, let its color C(x) be the tuple containing all labels of x by the (rounded) query
functions from G and the reference halfspaces from R:

C(x) :=
((

roundτ/2(g(x))
)
g∈G , (r(x))r∈R

)
.

The number of possible colors is finite. For each such color c, definite set Pc = {x ∈ Rd : C(x) = c}.
Then sets Pc partition Rd. For each part Pc, let Lc ∪Rc be a partition of Pc of balanced Gaussian
measure, i.e., a partition satisfying P

x∼N (0,I)
[x ∈ Lc] = P

x∼N (0,I)
[x ∈ Rc]. Define the function f0 as

follows: for all colors c and x ∈ Pc, let f0(x) = +1 if x ∈ Lc and f0(x) = −1 if x ∈ Rc.

Now we prove the two items of Lemma 5.10. For the first item, let h be a halfspace in Rd. By
construction, f0 is 1

2 -far from every reference halfspace r ∈ R under the Gaussian distribution,
since for each part Pc, halfspace r gives all of Pc the same label, whereas f0 gives label +1 or −1
with equal conditional probability. Using the covering property, let r ∈ R be a reference halfspace
satisfying distN (0,I)(h, r) ≤ ε/100. Then, by the triangle inequality,

distN (0,I)(f0, h) ≥ distN (0,I)(f0, r)− distN (0,I)(h, r) ≥
1

2
− ε

100
.

Hence distN (0,I)(f0,H) ≥ 1
2 −

ε
100 , as claimed.

For the second item, let function g ∈ G be a query of A. By the construction of f0,

E
x∼N (0,I)

[
roundτ/2(g(x))f0(x)

]
= 0 , (4)

because for each part Pc, every x ∈ Pc has the same value of roundτ/2(g(x)), whereas f0 gives label
+1 or −1 with equal conditional probability. By applying (4) and then Jensen’s inequality together

22We allow advice because in the final stage of the proof of Theorem 5.2, we convert a randomized algorithm to a
deterministic algorithm with advice.
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with the fact that |f0(x)| = 1 for all x ∈ Rd, we get∣∣∣∣ E
x∼N (0,I)

[g(x)f0(x)]

∣∣∣∣ = ∣∣∣∣ E
x∼N (0,I)

[(
g(x)− roundτ/2(g(x))

)
f0(x)

]∣∣∣∣
≤ E

x∼N (0,I)

[∣∣g(x)− roundτ/2(g(x))
∣∣] ≤ τ

2
.

5.5 Lower bound for deterministic algorithms

We combine the ingredients above to prove a lower bound for deterministic SQ algorithms for
distance approximation of halfspaces. Our proof builds on the simplified argument of [Szö09] for
weak learning (Theorem 5.5), which uses the correlation bound in the definition of SQ dimension
to show that each statistical query, if answered adversarially, can rule out only a limited number
of inputs.

Theorem 5.11. Let d ≥ 2 be a constant. Then every deterministic SQ distance approximation
algorithm for halfspaces under N (0, I) with a bounded number of bits of advice requires (1/ε)Ω(d)

queries to Stat(εΩ(d)).

Proof. Let γ ∈ (0, 1) be a constant. First, we apply Lemma 5.9 with parameters a = d and

b = γ(d−1)
4d . This yields a set of s = (1/ε)

γ
4
(d−1) unit vectors with pairwise correlation at most

ρ = εdε. We apply Theorem 5.6 with parameter k = 1
ε − 1 to this set of vectors to get a set F of s

functions of the form Rd → {±1} satisfying the following conditions.

1. For each f ∈ F , there is a halfspace h : Rd → {±1} satisfying E
x∼N (0,I)

[f(x)h(x)] ≥ 1

2k
≥ ε

2
,

and consequently, distN (0,I)(f,H) is at most

distN (0,I)(f, h) = P
x∼N (0,I)

[f(x) ̸= h(x)] =
1

2

(
1− E

x∼N (0,I)
[f(x)h(x)]

)
≤ 1

2
− ε

4
.

2. For all distinct f, f ′ ∈ F , we have
∣∣∣ E
x∼N (0,I)

[f(x)f ′(x)]
∣∣∣ ≤ 2ρk+1 = 2εd ≤ ε

γ
4
(d−1) = 1

s , where

the second inequality holds for small enough ε > 0.

Let A be a deterministic SQ algorithm that makes less than s1/3−1
2 queries to a τ -rounding oracle

with τ = s−1/3. We apply Lemma 5.10 to get a function f0 that has correlation at most τ
2 with

all queries made by A and satisfies distN (0,I)(f0,H) ≥ 1
2 −

ε
100 . We define our “adversarial” oracle

to always respond with 0 to queries made by A. Then f0 is consistent with all query answers. We
will show that some f∗ ∈ F is also consistent with all query answers. Then A cannot distinguish
f0 from f∗, thereby failing to approximate the distance to H well.

We use the inner product notation ⟨f, g⟩ := E
x∼N (0,I)

[f(x)g(x)]. Fix a query g : Rd → [0, 1]. By

definition, it has norm ∥g∥ ≤ 1. Let the bad set B := {f ∈ F : ⟨g, f⟩ ≥ τ}. Then
〈
g,
∑

f∈B f
〉
≥

|B|τ . On the other hand, by the Cauchy-Schwarz inequality and condition 2 on the set F ,

〈
g,

∑
f∈B

f

〉2

≤

∥∥∥∥∥∥
∑
f∈B

f

∥∥∥∥∥∥
2

=
∑

f,f ′∈B

〈
f, f ′

〉
≤

∑
f∈B

(
1 +
|B| − 1

s

)
≤ |B|+ |B|

2

s
.
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Combining the two inequalities and then substituting τ = s−1/3, we obtain |B| ≤ s
sτ2−1

= s
s1/3−1

.
Similarly, at most s

s1/3−1
functions in F have correlation at most −τ with g. Hence, at most

2s
s1/3−1

functions in F are inconsistent with the answer 0 to query g. Since A makes less than

s1/3−1
2 queries, some f∗ ∈ F is consistent with every query answer being 0. By construction, f0

is also consistent with every query answer being 0. However, distN (0,I)(f0,H) ≥ 1
2 −

ε
100 , whereas

distN (0,I)(f∗,H) ≤ 1
2 −

ε
4 . Thus A cannot approximate distance to H with parameter ε

16 . Because

s1/3 = (1/ε)
γ
12

(d−1), this concludes our proof.

5.6 Lower bound for randomized algorithms

We now extend the lower bound in Theorem 5.11 to randomized SQ algorithms via a nonuniform
derandomization argument. The key observation is that the lower bound for deterministic algo-
rithms from Theorem 5.11 applies to nonuniform algorithms. Since a randomized algorithm with
sufficiently high success probability implies, via a probabilistic argument, a deterministic algorithm
with advice, we obtain a lower bound for randomized algorithms. A similar observation for weak
learning algorithms appears in [BF02].

Proof of Theorem 5.2. Any algorithm with success probability at least 0.51 can be boosted to
succeed with probability 1 − δ by running the algorithm O(log(1/δ)) times and outputting the
median of the estimates. Thus, fixing any constant γ ∈ (0, 1), it suffices to show that every algorithm
with failure probability < ε

γ
2
(d−1) requires (1/ε)Ω(d) SQ queries. Let B be a randomized SQ distance

approximation algorithm for halfspaces underN (0, I) with failure probability< ε
γ
2
(d−1). By a union

bound over the set F ∪ {f0} from the proof of Theorem 5.11, which consists of (1/ε)
γ
4
(d−1) + 1 <

(1/ε)
γ
2
(d−1) functions, there is a random seed r such that algorithm B run with random seed r

outputs an accurate estimate on all of these functions. Let A be a deterministic algorithm obtained
from B by using r as advice instead of the random seed. Then A succeeds on F ∪ {f0} and has
the same query complexity as B. By Theorem 5.11, we conclude that A (and hence B) requires
(1/ε)Ω(d) queries to Stat(εΩ(d)).
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May 19-21, 2002, Montréal, Québec, Canada, pages 474–483. ACM, 2002.

[FR21] Nimrod Fiat and Dana Ron. On efficient distance approximation for graph properties.
In Dániel Marx, editor, Proceedings of the 2021 ACM-SIAM Symposium on Discrete
Algorithms, SODA 2021, Virtual Conference, January 10 - 13, 2021, pages 1618–1637.
SIAM, 2021.

[GGR98] Oded Goldreich, Shari Goldwasser, and Dana Ron. Property testing and its connection
to learning and approximation. Journal of the ACM (JACM), 45(4):653–750, 1998.

[GJ22] Etienne Grandjean and Louis Jachiet. Which arithmetic operations can be performed
in constant time in the RAM model with addition? CoRR, abs/2206.13851, 2022.

[GKNR12] Oded Goldreich, Michael Krivelevich, Ilan Newman, and Eyal Rozenberg. Hierarchy
theorems for property testing. Comput. Complex., 21(1):129–192, 2012.

[GKSV24] Aravind Gollakota, Adam R. Klivans, Konstantinos Stavropoulos, and Arsen Vasilyan.
An efficient tester-learner for halfspaces. In The Twelfth International Conference on
Learning Representations, ICLR 2024, Vienna, Austria, May 7-11, 2024. OpenRe-
view.net, 2024.

[GO95] Anka Gajentaan and Mark H. Overmars. On a class of O(n2) problems in computa-
tional geometry. Comput. Geom., 5:165–185, 1995.

[Gol17] Oded Goldreich. Introduction to Property Testing. Cambridge University Press, 2017.

[Gol19] Oded Goldreich. Hierarchy theorems for testing properties in size-oblivious query
complexity. Comput. Complex., 28(4):709–747, 2019.

[GR09] Venkatesan Guruswami and Prasad Raghavendra. Hardness of learning halfspaces
with noise. SIAM J. Comput., 39(2):742–765, 2009.

[Har19] Nathaniel Harms. Testing halfspaces over rotation-invariant distributions. In Timo-
thy M. Chan, editor, Proceedings of the Thirtieth Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA 2019, San Diego, California, USA, January 6-9, 2019,
pages 694–713. SIAM, 2019.

[Hau95] David Haussler. Sphere packing numbers for subsets of the Boolean n-cube with
bounded Vapnik-Chervonenkis dimension. J. Comb. Theory A, 69(2):217–232, 1995.

37



[HLM+25] Jun-Ting Hsieh, Ting-Chun Lin, Sidhanth Mohanty, Ryan O’Donnell, and Rachel Yun
Zhang. Explicit two-sided vertex expanders beyond the spectral barrier. In Michal
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