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Abstract

We revisit the setting of Interactive Proof Systems for Distribution Testing, introduced by
Chiesa and Gur (2018), showing that a simple twist on the task requirements may lead to
dramatic improvements, allowing verifiers with constant sample complexity. We define and
investigate the multi-prover and zero-knowledge versions of these interactive proof systems,
using as flagship example the task of farness verification – the “dual” version of closeness
testing. We hope that our results will inspire others to investigate and analyze the power and
limitations of multiple provers for distribution verification.

1 Introduction

Analyzing (very) large datasets to build accurate models is the workhorse of machine learning
and underlies most of the advances in machine learning over the past decade. These datasets are
increasingly seen as valuable assets, e.g., due to the difficulty in obtaining them (sensitive, regulated,
or carefully curated user data), generating them (computation-heavy processes), or trusting them
(poisoning attacks). For companies owning such datasets, this leads to a thorny issue: how to
convince interested customers that a dataset has the application-specific statistical properties they
need, while revealing as little data as possible?

One avenue forward, inspired by the success of interactive proofs in the functional setting,1

is that of proofs of proximity for probability distributions, proposed by Chiesa and Gur [CG18]. In
this setting, which brings together interactive proofs and (property) distribution testing [Bat+00a;
GGR98], one sees the “valuable dataset” as a probability distribution, and has an interested
customer (Arthur) who seeks to leverage interaction with an all-powerful yet untrusted prover
(Merlin) to verify whether this distribution p has a property of interest (or is far from it). This
direction of research has recently seen a surge of interest [HR22; HR23; HR24; HR25; GR25], with
results showing how to perform a range of fundamental testing tasks – for instance, testing any
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label-invariant property – much more efficiently, data-wise, than without access to a prover. Yet, in
spite of these impressive advances, two key limitations remain: first, these protocols do not “only”
convince the verifier Arthur that the desired property holds; they actually leak a lot of information
about Merlin’s dataset to him, enough to learn a the whole frequency profile of the data. Second, perhaps
even more problematic, they all require Arthur to have a significant number of data points on his
own – i.e., to himself hold a dataset of size at least Ω(

√
k), where k is the domain size, from the same

distribution as Merlin. This can be seen as deeply unrealistic in many scenarios: How can each
potential customer have access to this (sublinear, but still considerable) amount of data from the
very dataset they are trying to buy? If they obtain it from some secure, preliminary commitment on
the prover’s side, is Merlin disclosing large chunks of his data to buyers, one after the other?

Thus, a natural hope is to remove this strong and unrealistic assumption on Arthur, and seek
protocols which only require very little – ideally a constant number – of data point on the verifier’s
side. (Indeed, as we elaborate later, once this number is low enough, one can indeed justify and
envision such a “secure, preliminary commitment on the prover’s side” to provide Arthur with
these very few trusted samples.) Unfortunately, Chiesa and Gur [CG18] quashed this hope early
on, showing by a very simple and elegant simulation argument that this Ω(

√
k) sample complexity

requirement on Arthur’s side was necessary even to interactively verify2 a property as basic as
uniformity. This early information-theoretic lower bound seemingly justifies the assumption made
in follow-up works, which then focused on getting more bang for this O(

√
k) sample complexity

buck. Yet, this strong and often unrealistic limitation, even justified by an information-theoretic
lower bound, remains a strong and often unrealistic limitation: our work seeks to remove it.

Is there any interesting distribution verification task Arthur can perform with O(1) samples?

Perhaps unsurprisingly, given the above framing, we argue that the answer is not only yes,
but also that there are many such tasks. Our starting point is the following observation: while
uniformity testing is a fundamental distribution testing task, and a building block for many other
results [BKR04; Can+18; Gol20], it is not in itself a “goal” in the distribution verification setting. That is,
it is unlikely that Arthur, a party eager to obtain relevant and hard-to-obtain data for their machine
learning or data analysis purposes, hopes to be convinced the dataset on sale is actually “uniform
noise,” or even from a fixed distribution he could easily sample from by himself – and that the
seller Merlin’s pitch is that he will provide this easily samplable data to anyone willing to buy it.

Instead, one can much more easily motivate situations where Merlin wants to convince Arthur
his dataset is interesting in some way: some clusters or high-probability records Arthur would
be interested in learning more about, or some statistical artifacts worth paying a premium to
investigate. In other words, Merlin wants to prove to Arthur the probability distribution he holds
is very much not uniform. Now, while in the (non-interactive) distribution testing world these
questions are equivalent, in the interactive proof setting swapping completeness and soundness
might make all the difference: as we show (Theorem 1.1), there is a very simple protocol allowing
to verify non-uniformity with a constant number of samples! And this is not only the case for
(non-)uniformity: as we demonstrate, there exist other natural “dual” statistical tasks which allow
for constant-sample verification protocols (yet for which non-interactive testing remains hard).

2Throughout, we will use “verify” instead of “test” to emphasize the difference with the non-interactive distribution
testing setting, and to allow for generalizations of the tasks beyond the usual property testing formulation.
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Moreover, as we show, this verification can be made without revealing too much to Arthur – in a
sense which, following the considerable literature on Zero-Knowledge proofs, we make formal in
the distribution setting.

The work of Goldreich, Herman, and Rothblum. Concurrent to and independent from our
work, [GHR25] also considers the complement of the closeness promise problem in distribution
verification. Their motivation is, however, orthogonal to ours, as they focus on doubly-sublinear
single-prover proof systems where both verifier and prover only have sample access to the distri-
butions, and must have sample complexities o(

√
k) and o(k), respectively – that is, the verifier has

by themselves too few samples to test, and the prover too few to learn. Goldreich, Herman, and
Rothblum provide such a doubly-sublinear protocol, in which one can trade off verifier and prover
sample complexities. In contrast, our motivation is the use-case presented above, and our focus
is on minimizing the sample complexity of the verifier (Arthur), in a scenario where the prover
(Merlin) has already full knowledge of the distribution – but seeks to reveals as little about it as
possible (the Zero-Knowledge aspect).

1.1 Our contributions

“Lower bound arguments do not tell researchers the impossibility results exist. Researchers
already know that impossibility results exist. Lower bound arguments tell researchers how the
impossibility results can be bypassed.” G.K. Chesterton (mildly paraphrased)

The main contribution of this paper is conceptual: namely, revisiting interactive proof systems for
distribution testing (Definition 1.3), as introduced in [CG18], to enable a wider range of promise
problems – and show that many of these, which remain “hard” even in the Arthur-Merlin setting,
have a natural dual formulation which is not only practically relevant and motivated, but also
becomes easy.

Theorem 1.1 (Verifying farness from uniformity (Informal version of Theorem 4.1)). There exists
a simple one-round, communication-efficient protocol with the following guarantees: given a probability
distribution p known to Merlin and provided via sample access to Arthur,

• (Completeness) If p is far from uniform, then there exists a strategy for Merlin such that Arthur
accepts with probability at least 2/3;

• (Soundness) If p is close to uniform, then no matter what strategy Merlin uses, Arthur accepts with
probability at most 1/3.

Moreover, Arthur only takes a constant number of samples from p.

To put this in perspective, recall that this task has sample complexity Ω
(

k
log k

)
in the distribution

testing setting (no Merlin) [VV11]; and Ω
(√

k
)

samples on Arthur’s side in the interactive setting
when swapping completeness and soundness (via a rather involved protocol [HR22]).

3



Results have consequences. As a direct corollary of this positive result, we obtain a negative
one (Corollary 4.6): namely, that an efficient reduction between two tasks, Entropy Difference and
Statistical Difference, which underlies one of the completeness results for the class SZK (Statistical
Zero-Knowledge), is impossible in the blackbox-sampling model.

We further show in Section 4.3 how to build on our farness-from-uniformity verification protocol
to systematically obtain protocols to verify farness from a large number of properties: roughly
speaking, every class of distributions which can be learned with few samples (Theorem 4.10).
This includes, among others, the classes of monotone distributions, t-modal and t-histogram
distributions, log-concave distributions, and Poisson Binomial Distributions.

Defining MIP distribution verification. Our next contribution is definitional: inspired by the
Multi-prover Interactive Proof (MIP) setting [Ben+88], and motivated by well-studied distribu-
tion testing questions such as closeness testing [Bat+10; Cha+13b; DK16], independence [Bat+01;
ADK15], and testing properties of collections of distributions [LRR13; LRR12; DK16], we define
the multi-prover version of IP distribution verification, whereby each of ℓ distinct non-interacting
provers has full knowledge of (only) their own probability distribution pi, and Arthur, by interact-
ing with these ℓ untrusted “Merlins”, seeks to verify some property of the joint input (p1, . . . , pℓ).
This MIP distribution verification, which is formalized in Definition 1.4, captures scenarios where
distinct (possibly competing) data holders each hold their own dataset, and seek to convince a
potential buyer Arthur that it is of interest for him to do so: this justifies the assumption that
each “Merlin” only has knowledge of one distribution pi, and not the full tuple – in contrast to the
functional MIP setting of [Ben+88].

Farness verification. With this definition in hand, we turn to a second verification task: the dual of
closeness testing, which we term farness verification. Here, two provers – Merlin and Nimue – each
have full knowledge of only their own probability distribution, p and q, and seek to convince
Arthur that p and q are statistical far from each other. One could see this arising from a scenario
where Arthur is willing to get diverse, complementary data from different sources, to have a more
representative training set: and so two datasets coming from the same distribution are of little
appeal, while two datasets statistically far from each other will meet his goal. It is known that,
in the non-interactive testing setting, Ω(k2/3) samples are required from at least one of the two
distributions [Bat+10; Val11; Cha+13b; DK16] for this farness testing task (which is then equivalent
to closeness testing); and that by the same simulation argument as for uniformity, testing closeness
in the interactive proof setting necessitates Ω(

√
k) samples from Arthur [CG18].

Theorem 1.2 (Verifying farness (Informal version of Theorem 5.1)). There exists a simple one-round,
communication-efficient protocol with the following guarantees: given two probability distributions p and q,
with p known to Merlin and q to Nimue, respectively, and provided via sample access to Arthur,

• (Completeness) If p is far from q, then there exists a strategy for Merlin and Nimue such that Arthur
accepts with probability at least 2/3;

• (Soundness) If p = q, then no matter what strategy Merlin and Nimue use, Arthur accepts with
probability at most 1/2.

Moreover, Arthur only takes a constant number of samples from p and q.
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Along the way, we also establish some variants of the above theorem, allowing for stronger
soundness guarantees under more stringent assumptions on p, q. We further show in Section 5.4
how this farness verification protocol can be used as a building block to obtain a verification
protocol for non-clusterability of distributions (Theorem 5.10).

Zero-Knowledge. Having (re)defined IP distribution verification, and introduced its multi-prover
generalization, it is natural to ask how to address this first “key limitation” alluded to earlier: that
is, the fact that all existing IP distribution testing protocols in the literature leak a considerable
amount of information from Merlin to Arthur. Our next contribution is to define the natural
analogue of Zero-Knowledge proofs to the (single- and multi-prover) distribution verification setting
(Definition 1.6), both statistical and perfect. We also show that these definitions are achievable:
specifically, we show in Theorem 4.1 that the non-uniformity verification protocol of Theorem 1.1
satisfies our Statistical Zero-Knowledge definition, and, later on (Theorem 5.9), that a variant of our
farness verification protocol (under stronger assumptions) achieves Perfect Zero-Knowledge.

In view of our motivation for the multi-prover setting, we also introduce a new, weaker notion
of Zero-Knowledge proof, which is easier to attain yet does capture an important desirable property:
that is, “any given prover should not learn much about the other provers’ data.” This definition,
which we formalize in Definition 1.7, can be interpreted as follows: given an MIP distribution
verification protocol Π with ℓ provers, for every i ∈ [ℓ], there exists an algorithm which simulates
the view of prover Mi from Π in the completeness case (i.e., where everyone is honest), yet only is
given input pi and the same sample access to p1, . . . , pℓ as Arthur. In other words, this definition
ensures that whatever Mi learns about p1, . . . , pi−1, pi+1, . . . , pℓ when running a (valid) instance
of the protocol Π on a “yes-input”, it could have learned in an “isolated execution” involving
only himself and Arthur, pretending to run the protocol Π with none of the other provers. We show
that in Theorem 5.1 that the non-uniformity verification protocol of Theorem 1.2 achieves this
“One-Merlin-Out” Statistical Zero-Knowledge definition.

Repetition theorems. The completeness and soundness parameters set above to 2/3 and 1/3,
respectively, may seem arbitrary: as “standard” in randomized computation and the interactive
proof literature, one expects to be able to amplify them via repetition. In Section 6, we show that
this is indeed the case, establishing the analogues of repetition theorems from the (function) IP and
ZK literature for the distribution verification setting. In particular, the completeness parameter can
be made exponentially close to 1 and the soundness parameter exponentially close to 0, thanks to
guarantees provided by sequential repetition theorem (Theorem 6.1). Whether the same can be
achieved using parallel repetition is something we leave as a future direction.

Multi-prover lower bounds for uniformity testing. We note that, in contrast to the functional
MIP setting, allowing for multiple Merlin’s holding the same distribution does not systematically
provide more power, and in particular does not enable one to bypass the Ω(

√
k) sample complexity

lower bound for verifying uniformity. Indeed, the simulation argument from [CG18, Observa-
tion 3.10] carries over from the single-prover case, as Arthur could otherwise simulate the honest
provers strategies (answering consistently with the single, fixed yes-instance uk), obtaining from
interactive protocol a valid testing protocol with too-good-to-be-true sample complexity.
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1.2 Definitions: (Multi)-Prover distribution verification, and capturing Zero-Knowledge

We begin by recalling (and suitably extending) the definition of Chiesa and Gur:

Definition 1.3 (IP distribution verification (Slight generalization of [CG18, Definition 5.2])). Given
two disjoint properties P0,P1 ⊆ ∆(X ) over a known domain X of size k := |X |,3 an interactive
proof system for distribution verification Π of properties P0,P1 ⊆ ∆(X ) consists of an algorithm A
which interactively exchanges messages with a prover M such that at the end of the interaction the
following two conditions hold.

• (Completeness) for all p ∈ P0, there exists a prover strategy M such that

Pr[ Π(M(p), Ap) = accept ] ≥ 2/3 .

• (Soundness) for all p ∈ P1, for all prover strategy M∗,

Pr[ Π(M∗(p), Ap) = accept ] ≤ 1/3 ,

where Ap indicates that A has sample access to p. The sample complexity of Π is the (worst-case)
number of samples A draws from the distribution, the communication complexity of Π is the (worst-
case) total number of bits exchanged between the parties, and the round complexity of Π is the (worst
case) number of rounds of interaction, where each round consists of a message from one party to
the other and its reply. We say that Π is efficient when the algorithm A is running in time polynomial
in k and its sample complexity.

The above choice of 2/3 for the probability of success of the proof system may seem arbitrary,
and – as is the case in the standard non-interactive setting – easy to amplify by standard arguments.
However, amplification by repetition theorems are much less trivial in the interactive setting
(see, e.g., [Gol98, Appendix C.1] and [Gol25]). In Section 6, we expand on this, checking that the
argument for parallel and sequential repetition in the “functional” (single-prover) IP setting do
carry over to the (single-prover) distribution verification IP one.

“Functional” multi-prover interactive protocols (MIP) [Ben+88]. In the functional setting, an
ℓ-prover proof system for a language L is a protocol Π between ℓ (computationally unbounded)
provers (M1, . . . , Mℓ) and (probabilistic polynomial-time) verifier A such that (1) M1, . . . , Mℓ, A
are all given the input x, but for every i ̸= j, Mi does not see the messages between Mj and A; (2)
M1, . . . , Mℓ all have access to a read-only shared uniformly random string r ∈ {0, 1}∗, independent
of the input x; and, (3) Π satisfies the following correctness conditions:

• (Completeness) for all x ∈ L, Pr[ Π(M1, . . . , Mℓ, A)(x) = accept ] ≥ 2/3;

• (Soundness) for all x /∈ L, for all P ′
1, . . . , P ′

ℓ , Pr[ Π(P ′
1, . . . , P ′

ℓ, A)(x) = accept ] ≤ 1/3;

where the probability is taken over r and the provers and verifier’s own private randomness.
Importantly, in contrast to the single-prover case, while sequential repetition theorems are known
to increase the probability of success to be arbitrarily close to 1, success probability amplification
cannot be done in parallel in the blackbox way (see, e.g., [FRS94, Section 6]).

3As common in the property testing literature, we slightly abuse notation and refer to a property P corresponding to
a fixed size parameter k, instead of an (infinite) family P = {Pk}k∈N.
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Motivating the multi-prover model. In our case, for closeness testing:

1. The input is a pair of distributions (p, q).

2. There are two powerful provers M and N , and a sample-bounded verifier A.

3. M has access to p (but not q), N has access to q (but not p), and A has (sample) access to
(p, q).

4. Completeness: If dTV(p, q) ≥ 9/10, then Pr[ Π(M, N, A) = accept ] ≥ 2/3.

5. Soundness: If dTV(p, q) ≤ 1/10, then for all M ′, N ′ Pr[ Π(M ′, N ′, A) = accept ] ≤ 1/3.

We will in the remainder of this paper mostly focus on either the single-prover setting (between
Arthur and Merlin, abbreviated as A and M ) or the 2-prover setting (involving Arthur, Merlin, and
Nimue, abbreviated as A, M , and N ). However, for the sake of generality, and as we believe this
extension to be of interest, we define the ℓ-prover case, for arbitrary ℓ ≥ 2.

Definition 1.4 (MIP distribution verification). Given two disjoint propertiesP0,P1 ⊆ ∆(X1 × · · · × Xℓ)
over known domains X1, . . . ,Xℓ of size k1, . . . , kℓ, a multi-prover interactive proof system for distribu-
tion verification Π of properties P0,P1 consists of an algorithm A which interactively exchanges
messages with provers M1, . . . , Mℓ (which share a read-only uniformly random string r ∈ {0, 1}∗,
independent of everything else, but do not communicate with each other) such that at the end of
the interaction the following two conditions hold.

• (Completeness) for all (p1, . . . , pℓ) ∈ P0, there exists a prover strategy (M1, . . . , Mℓ) such that

Pr[ Π(M1(p1), . . . , Mℓ(pℓ), Ap1,...,pℓ) = accept ] ≥ 2/3 .

• (Soundness) for all (p1, . . . , pℓ) ∈ P1, for every prover strategy (M∗
1 , . . . , M∗

ℓ ),

Pr[ Π(M∗
1 (p1), . . . , M∗

ℓ (pℓ), Ap1,...,pℓ) = accept ] ≤ 1/3 ,

where Ap1,...,pℓ indicates that A has (independent) sample access to p1, . . . , pℓ. The sample complexity
of Π is the (worst-case) total number of samples A draws from the distributions, the communication
complexity of Π is the (worst-case) total number of bits exchanged between the parties, and the
round complexity of Π is the (worst case) number of rounds of interaction, where each round consists
of a message from one party to the other and its reply. We say that Π is efficient when the algorithm
A is running in time polynomial in k1, . . . , kℓ and its sample complexity.

Remark 1.5. In contrast with the “functional” MIP, here M1, M2 . . . , Mℓ only have partial access to
the input (p1, p2, . . . , pℓ). One the one hand, one can hope this weaker access to the input allows us
to obtain soundness guarantees with a constant number of samples; on the other, it makes proving
completeness more challenging, as even the “all-powerful provers” only have limited information.
This also makes for a richer landscape when it comes to defining notions of zero knowledge since
we can impose zero knowledge on the provers M1, . . . , Mℓ too: as we will now see.
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Figure 1: The MIP distribution verification setting. The ℓ provers (“Merlins”) share a read-only
random tape, independent of their respective inputs, but are not allowed to communicate otherwise.
The i-th Merlin is given full knowledge of their part of the input, namely, distribution pi, and does
not know or have access to pj for j ̸= i.

Defining Zero Knowledge for MIP distribution verifiers. We now introduce two different
notions of Zero-Knowledge for MIP distribution verification, starting with the direct analogue of
the (Statistical) Zero-Knowledge in the functional setting.

Definition 1.6 (ZK for MIP distribution verification). An MIP proof system Π = (M1, . . . , Mℓ, A)
for distribution verification properties P0,P1 is said to be (honest-verifier) statistical zero-knowledge if
there is a randomized algorithm S and a non-increasing function δ : N→ [0, 1] such that, for every
(p1, . . . , pℓ) ∈ P0 and all t ∈ N,

dTV

(
Sp1,...,pℓ(t),

〈
Ap1,...,pℓ , M1(p1), . . . , Mℓ(pℓ)

〉
A

(t)
)
≤ δ(t) ,

where S has the same sample complexity as Π (up to constant factors), and
〈
A, M1, . . . , Mℓ

〉
denotes the view of the interaction (i.e., the transcript) between all parties, from Arthur’s perspective
(including its own randomness and samples from p1, . . . , pℓ). When δ = 0 (constant function), we
say that Π is (honest-verifier) perfect zero-knowledge.

As in the functional case, we emphasize that the simulator is only required to work in the
completeness case (when the input belongs to P0). However, there is an important difference with
the functional case: namely, that we do not enforce computational efficiency, but instead require
that the simulator only be given sample access to the input distributions (i.e., the same access as
Arthur) and uses a comparable number of samples.4 This sample complexity requirement is key, as
otherwise the simulator would be allowed to draw a number of samples sufficient to, e.g., learn the
input distributions.

Having defined ZK, which captures that Arthur should not learn much from the interaction, we
turn to the weaker, new notion we discussed earlier: a notion of Zero-Knowledge which captures
that any given prover should not learn much about the other provers’ inputs.

4Note that we allows some constant-factor slack here, to allow sufficient robustness in the definition.
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Definition 1.7 (HIPOZK for MIP distribution verification). An MIP proof system Π = (M1, . . . , Mℓ, A)
for distribution verification properties P0,P1 is said to be Statistical Honest Interactive Prover
Only (HIPO) zero-knowledge if there is a randomized algorithm S and a non-increasing function
δ : N→ [0, 1] such that, for every (p1, . . . , pℓ) ∈ P0, every i ∈ [ℓ], and all t ∈ N,

dTV

(
Sp1,...,pℓ(pi, t),

〈
Ap1,...,pℓ , M1(p1), . . . , Mℓ(pℓ)

〉
Mi

(t)
)
≤ δ(t) ,

where S has the same sample complexity as Π and
〈
Ap1,...,pℓ , (M1(p1), . . . , Mℓ(pℓ))

〉
Mi

(t) denotes

view of the interaction between all parties, from the i-th prover perspective. When δ = 0, we say
that Π is perfect HIPOZK.

Remark 1.8 (Generalizing HIPOZK to arbitrary subset of Merlins). Instead of simulating the interac-
tion between all parties from the i-th prover’s perspective as in Definition 1.7, we can also define
zero knowledge for a fixed subset of provers, i.e., among that subset of provers, they do not learn
more than the number of samples they could see from the protocol. This would capture the setting
where a few provers (companies) can collude to learn secretes of other provers (companies).

2 Related Work

Property testing, introduced in [RS96; GGR98], is the study of ultra-efficient randomized algorithms
for approximate decision-making on unknown massive objects. These algorithms, called testers, are
given local query access to an oracle representing the object, e.g., as a function f . With only a number
of queries sublinear in the size n of the object’s representation, the tester must decide whether f
is in the property P of interest, or ε-far (i.e., at distance at least ε) from every g ∈ P , where the
distance depends on the type of objects considered (e.g., Hamming distance for functions). See
[Fis01; Fis04; Ron08; Gol10; Gol17] for introductions.

In the distribution testing setting [GGR98; Bat+00a], the “objects” are probability distributions
over a discrete domain of size k, the type of queries is (typically) i.i.d. sample access to the
distribution, and the measure of distance is (again, typically) the total variation distance. Uni-
formity [GR99; Pan08], identity [Bat+01; ADK15], and closeness [Bat+00b; Ach+12; Cha+13b;
Bat+13; DK16] testing were some of the earliest and fundamental tasks considered, and all require
a sampling complexity polynomial in the domain size (Θ(

√
k/ε2) for uniformity and identity, and

Θ(max(k2/3/ε4/3,
√

k/ε2)) for closeness, respectively).
A more challenging task in property testing is that of tolerant testing [PRR06], where one seeks

to distinguish objects ε1-close to the property from those ε2-far from it. In the distribution testing
setting, this is a much more challenging task, with tolerant uniformity testing requiring Θ(k/ log k)
samples, for instance [VV11; Can+22]. Tolerant testing has been thoroughly investigated, especially
for the broad class of symmetric (label-invariant) properties (that is, properties closed under relabeling
of the domain), such as entropy and support size [Bat+05; GMV09; VV11; VV17; Ras+09; WY16].

The above are concerned with the non-interactive setting, in which the testing algorithm has
access to the “object” – but no external help. Rothblum, Vadhan, and Wigderson introduce Interactive
Proofs of Proximity (IPP) [RVW13] in the functional setting following work from [EKR04], where
an unbounded and possibly adaptively cheating prover receives x, interacts with a sublinear-time
verifier to decide whether x ∈ L or is ε-far from L. They answer the question of whether a proof
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system can improve complexity bounds for property testing by showing exponential improvements
over the standard property testing model for specific properties.

[BRV18], motivated by the question of whether a prover convince a verifier of correct computa-
tion if the verifier only reads a few bits of input, without revealing additional non-local information
about the input, defines the Zero-Knowledge Proof of Proximity (ZKPP) setting, where an un-
bounded and potentially malicious prover seeks to convince a sublinear-time verifier that the
unknown object is ε-close to a property, without revealing non-local information. Unlike classical ZK
[GMR89; GMW91] where a verifier sees the input x and learns whether x ∈ L (without revealing
anything else), ZKPP restricts the verifier to oracle access to the object (e.g., function f or graph G)
and reveals no information beyond what the queries.

Combining the above two then-disjoint lines of inquiry, Chiesa and Gur [CG18] introduced the
notion of proof systems for properties of distributions, Proofs of Proximity for Distribution Testing.
The question there was to understand whether an untrusted prover with complete knowledge (or,
alternatively, unbounded sample access) to a distribution can prove membership in a property to a
verifier who only has sample access – using significantly fewer samples than required for testing
the property. Chiesa and Gur initiated a systematic treatment of the question, introducing variants
of the models (MA, AM, and IP distribution testers), and investigated the power and advantages
conferred by public- and private-coin protocols, and interaction between prover and verifier. A line
of follow-up works by Herman and Rothblum [HR22; HR23; HR24; HR25] improved efficiency
first for symmetric properties, then for general properties; however, their results all require at least
Ω(
√

k) samples on the verifier’s side. [GR25] and [HR25] specifically investigate whether (and for
which properties) both verifier and prover could have sample complexity significantly smaller than
their “corresponding task” – namely, smaller than the testing sample complexity for the verifier,
and smaller than the learning complexity for the prover.

Finally, the (functional) setting of multiple provers was introduced in [Ben+88], and investigated
(among others) in [FRS94]. [CRR11; CRR13; GKR15; CLW25] then specifically consider this
multiprover setting in the context of delegated computation.

We finally mention two other relevant works. First, that of Goldwasser, Rothblum, Shafer, and
Yehudayoff [Gol+21], which introduces a setting analogous to that of Chiesa and Gur [CG18], but for
verifying PAC learning instead of testing. Second, that of Tell [Tel16], which, in the (noninteractive,
testing-only) setting, studies the dual problems of property testing in depth: namely, requiring that
the tester accept when the object is ε-far from a property P and reject if it is ε-far from the set of
objects that are ε-far from P . As a special case of [Tel16, Theorem 1.9], it is shown that the dual
of testing uniformity (testing farness from uniformity) is the same as testing uniformity (when
support size is sufficiently larger than 1/ε). Moreover, in general, when testing without provers,
dual problems are at least as hard to test as the original problems [Tel16, Observation 1.4]).

2.1 Future Directions: the Holy Grail (Arthur without samples)

Our results leave open how far Arthur’s sample complexity can be pushed while still certifying
interesting distributional properties. We highlight two complementary relaxations.

Hidden modes with game-theoretic incentives. Recent work shows that some tasks deemed
impossible or unfair in the standard cryptographic model can be recovered once the adversary is
associated with utility functions, and it wants to maximise its utility [Cle86; And+14; BK14; BB14;

10



BDD20; Chu+18; WAS22; TSW24]. Motivated by this, we could couple hidden modes with incentives:
Arthur sometimes has no samples, but crafts challenges whose distribution is indistinguishable from
those in rounds where he does have samples, so Merlin cannot tell the mode. Under a utility that
rewards Arthur’s acceptance and imposes a loss or 0 utility for Arthur’s rejection, Merlin maximizes
utility by responding exactly as if Arthur had samples in every round. This preserves soundness
and lets a small fraction of with-sample rounds lift completeness, thereby lowering Arthur’s
expected sample complexity. The main tasks are to (i) define and enforce mode-indistinguishability
at the transcript level, (ii) calibrate the with-sample fraction and payoff parameters to meet a target
δ-soundness and completeness, and (iii) prove robustness to collusion/adaptivity without leaking
the mode.

Cryptographic assistance. If we move away from the information-theoretic setting to a compu-
tational one where we allow computational or setup assumptions, we can let Merlin (or Merlins)
provide succinct, verifiable certificates (e.g., commitments plus short arguments) that shift cost
from Arthur’s sample complexity to communication. This points to protocols where Arthur, for
instance, uses only a constant or amortized subconstant number of fresh samples to spot-audit
a proof of “non-uniformity” computed over the full dataset. One has to characterize tradeoffs
between Arthur’s samples, argument length and verification time, and whether reusable certificates
can push per-instance sampling below current constants.

Along the way, we also state a few open problems of interest, starting with a very natural one.

Open Problem 1. Which other statistical tasks admit a dual version which can be verified with
only a constant number of samples?

Moreover, all our ZK guarantees hold are honest verifier guarantees. This raises the question of
whether they can be made secure even against a dishonest Arthur:

Open Problem 2. Which protocols for distribution verification can be made (malicious-verifier) ZK?
Is there, as in the functional setting, a general transformation from honest- to malicious-verifier?

3 Preliminaries

We will use throughout the standard O(·) notation, and write ∆(k) to denote the set of discrete
distributions supported on a domain X of size k (without loss of generality, assume that the domain
is [k] = {1, 2, . . . , k}). For two discrete distributions p ∈ ∆(k) and q ∈ ∆(k), the total variation
distance is defined as dTV(p, q) = supS⊆X p(S)− q(S) = 1

2
∑

x∈δ(k) |p(x)− q(x)|.
We now recall two results we will rely upon, the Polarization Lemma and the Pearson–Neyman

Lemma. While originally written for distributions sampleable from (explicitly given) circuits,
one can check by inspection of the proof that the former also applies to distributions provided
via samples only. For completeness, we restate a proof sketch of the Polarization Lemma in
Appendix A.

Lemma 3.1 (Polarization Lemma [Vad99, Lemma 3.1.12]). Let α, β ∈ [0, 1] be any two constants such
that α2 > β. There exists a polynomial-time computable mapping which, given sample access to two discrete
probability distributions p, q (over a domain of size k) and parameter δ ∈ (0, 1], provides sample access to
two discrete probability distributions p′, q′ (over a domain of size k′) such that
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• If dTV(p, q) ≥ α, then dTV(p′, q′) ≥ 1− δ;

• If dTV(p, q) ≤ β, then dTV(p′, q′) ≤ δ;

and k′ = ks, where s = (log(1/δ))
2 log(1/α)
log(α2/β)

+O(log(1/α))
. Moreover, one can efficiently sample from p′ or q′

given s samples from p and q.

Lemma 3.2 (Pearson-Neyman Lemma (Folklore; see, e.g., [Can22, Lemma 1.4])). Any (possibly
randomized) statistical test which distinguishes between p and q from a single sample must have Type I
(false positive) and Type-II (false negative) errors satisfying

Type I + Type II ≥ 1− dTV(p, q) .

4 Verifying non-uniformity

In this section, we prove our main theorem in the single-prover setting, before discussing its
consequences, extensions, and applications.

Theorem 4.1. There exists a one-round private-coin protocol Π = Π(A, M) with the following guarantees:
on input k ≥ 1, and constants δ ∈ (0, 1], ε1, ε2 ∈ [0, 1] with ε1 < ε2

2; and sample access to an unknown
probability distribution p ∈ ∆(k),

• (Completeness) If dTV(p, uk) ≥ ε2, then Pr[ Π(A, M) = accept ] ≥ 1− δ;

• (Soundness) If dTV(p, uk) ≤ ε1, then, for all M∗, Pr[ Π(A, M∗) = accept ] ≤ δ;.

Moreover, A takes (log(1/δ))O(1/ log(ε2
1/ε2)) = O(1) samples, and the protocol is (honest-verifier) Statistical

Zero-Knowledge.

Algorithm 1 Basic protocol for verifying non-identity
Require: Sample access to p (Arthur) over domain X , full knowledge of p (Merlin), full knowledge

of a reference distribution p∗ (Merlin), either known or samplable by Arthur.
▷ Arthur

1: Chooses b←R {0, 1},
2: Sample x0 ∼ p∗ and x1 ∼ p
3: Send xb to Merlin

▷ Merlin
4: Upon receiving xb, must guess b̂ ∈ {0, 1}
5: Send b̂ to Arthur

▷ Arthur
6: return accept if b̂ = b.

The proof of this theorem will rely on the following primitive to verify non-uniformity “with
small advantage.” Both for the sake of generality and in view of building upon this primitive later
on, we provide a more general statement, allowing to verify non-identity to a reference distribution
p∗. (Throughout, the reader may think of p∗ as uk.)
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Lemma 4.2. There exists a one-round private-coin protocol (A, M), Algorithm 1, with the following
guarantees: on input k ≥ 1, ε1, ε2 ∈ [0, 1] with ε1 < ε2, sample access to an unknown probability
distribution p ∈ ∆(k), and given a reference distribution p∗ ∈ ∆(k),

• (Completeness) If dTV(p, p∗) ≥ ε2, then Pr[ Π(A, M) = accept ] ≥ 1
2 + ε2

2 ;

• (Soundness) If dTV(p, p∗) ≤ ε1, then, for all M∗, Pr[ Π(A, M∗) = accept ] ≤ 1
2 + ε1

2 ;.

Moreover, A takes one sample, and the total communication is O(log k) bits.

Proof. The lemma will directly follow from the next two claims, which, respectively, establish
completeness and soundness of the protocol. Its sample and communication complexity are
immediate.

Claim 4.3 (Completeness). If dTV(p, p∗) ≥ ε2, then there exists a strategy M for Merlin such that the
protocol of Algorithm 1 returns accept with probability at least 1+ε2

2 .

Proof. Consider the so-called Scheffé set

Sp := { x ∈ X : p(x) ≥ p∗(x) }

which Merlin can compute explicitly, having full knowledge of the distribution p (and p∗). Merlin’s
strategy M is then simply to return the bit b̂ := 1Sp(xb), i.e., the indicator of whether the sample
sent by Arthur falls in this Scheffé set.

By standard facts about total variation distance, p(Sp)− p∗(Sp) = dTV(p, p∗) ≥ ε2; as a result,

Pr
[

b̂ = b
]

= Pr[ x0 /∈ Sp | b = 0 ] Pr[ b = 0 ] + Pr[ x1 ∈ Sp | b = 1 ] Pr[ b = 1 ]

= 1
2
(
p∗(Sp) + p(Sp)

)
= 1

2(1− p∗(Sp) + p(Sp))

≥ 1
2(1 + ε2) ,

as claimed.

Claim 4.4 (Soundness). If dTV(p, p∗) ≤ ε1, then there is no strategy M for Merlin such that the protocol
of Algorithm 1 returns accept with probability greater than 1+ε1

2 .

Proof. This follows from the characterization of total variation distance as best possible advantage
for distinguishing two fixed distributions given a single observation. Namely, any possibly ran-
domized strategy of Merlin to guess b can be seen as a distribution over deterministic strategies:
each such strategy M∗ corresponds to outputting the indicator of a subset SM∗ ⊆ X : but the total
variation distance is dTV(p, p∗) = supS⊆X (p(S) − p∗(S)) ≥ p(SM∗) − p∗(SM∗); and so, as in the
proof of the previous claim,

Pr
[

b̂ = b
]

= 1
2(1− p∗(SM∗) + p(SM∗)) ≤ 1

2(1 + ε1) ,

proving the claim for deterministic strategies, and, by convexity, for randomized ones as well.
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This concludes the proof of Lemma 4.2.

Given Lemma 4.2, it would be tempting to try and establish Theorem 4.1 by (parallel) repetition,
invoking Theorem 6.1. While this would indeed lead to the desired sample and communication
complexities (and only require ε1 < ε2 instead of the more stringent ε1 < ε2

2; though it would
increase the number of rounds), it would unfortunately not yield the claimed SZK property:
intuitively, the idea is that a simulator which does not know dTV(p, uk) exactly in the completeness
case (but only has a lower bound ε2 on it) can only simulate one instance of the protocol within total
variation 1−ε2

2 .5 After amplification over T repetitions, the total variation between distributions of
simulated and true transcripts could then grow roughly as Ω(min(T (1− ε2), 1)).

Proof of Theorem 4.1. In order to obtain a meaningful Zero-Knowledge guarantee, we instead
amplify the total variation distance in the completeness case (from ε2 to 1− δ) before running the
basic protocol of Lemma 4.2. To do so, we let Arthur run the mapping of the Polarization Lemma
(Lemma 3.1), so that with (

log(1/δ′)
)O(1/ log(ε2

1/ε2))

samples from p and uk (where δ′ is a parameter to be determined later, and we rely on the
assumption ε2

2 > ε1 in order to apply Lemma 3.1), Arthur and Merlin can run Algorithm 1 on
a distribution p′ over a new domain of size k′ = k′(k, ε1, ε2, δ) (with new reference distribution
p′∗ fully determined by p)6 such that (1) if dTV(p, uk) ≥ ε2, then dTV(p′, p′∗) ≥ 1− 2δ′, and (2) if
dTV(p, uk) ≤ ε1, then dTV(p′, p′∗) ≤ 2δ′. Thereafter, we can apply O(log(1/δ)) rounds of sequential
repetition to reduce the probability in the soundness case with Theorem 6.1. To show that it is SZK
(with deviation parameter δ), we give its simulator:

Algorithm 2 Simulator for Algorithm 1 after sequential repetition
Require: Sample access to p

1: t← O(log(1/δ))
2: for all i← 1 to t do

▷ Store bi in memory to use at the end.
3: Chooses bi ←R {0, 1}
4: Sample xi ∼ uk and x′

i ∼ p
5: Set the view to be (b1, . . . , bt, x1, . . . , xt, x′

1, . . . , x′
t, b̂1 = b1, . . . , b̂ = bt)

The transcript’s total variation distance from the true transcript is exactly the probability that
{b̂1 ̸= b1} ∨ · · · ∨ {b̂t ̸= bt} in the latter, which is (by completeness) at most δ′ · t = δ′ log(1/δ) by a
union bound. Setting δ′ = δ/ log(1/δ) suffices. This establishes Theorem 4.1.

4.1 An unexpected consequence of Theorem 4.1.

It was shown in [Vad99] (Theorem 3.4.8) that ENTROPY DIFFERENCE (ED) reduces to STATISTICAL

DIFFERENCE (SD): the definition of the two computational problems assume that the input distribu-
tions are encoded as Boolean circuits (so that sampling from p amounts to evaluating the circuit Cp

5To see why, note that the simulator, without knowledge of dTV(p, uk), cannot “know” whether the probability to
correctly guess b should be the lower bound 1

2 (1 + ε2), or arbitrarily close to 1.
6Note that p′∗ will not, in general, be uniform on [k′]: this is where we rely on the generalization of Lemma 4.2.
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on a string r of uniformly random input bits), and the reduction from ED to SD given in [Vad99,
Theorem 3.4.8] relies on this assumption. To the best of our knowledge, whether such a reduction
is possible even in the weaker blackbox sampling access model, was unknown.

A corollary of our results is that such a reduction given only sampling access to the distributions
is impossible. To see why, recall that SD reduces to its complement: in more detail (see, e.g., [Vad99,
Section 4.4]),

Theorem 4.5 (Reversing Statistical Difference [Vad99, Corollary 4.4.1]). There is a polynomial-time com-
putable function that maps pairs of distributions (p, q) (encoded as Boolean circuits) to pairs of distributions
(p′, q′) (encoded as Boolean circuits) such that

• if dTV(p, q) ≥ 2
3 , then dTV(p′, q′) ≤ 1

3 ;

• if dTV(p, q) ≤ 1
3 , then dTV(p′, q′) ≥ 2

3 .

The proof of this statement relies on combining three reductions: (1) reduction from SD to ED,
(2) reduction from ED to its complement, and (3) reduction from ED to SD. Of these, inspection of
the proof shows that (1) carries over to the blackbox sampling model, and so does (2) (which is
immediate). Moreover, all three steps are efficient: for Boolean circuits with m input gates and n
output gates (i.e., inducing probability distributions over {0, 1}n), (1) and (2) only require a constant
number of circuit evaluations (or, equivalently, samples), while (3) only requires poly(m, n) of them
(a polylogarithmic dependence on the domain size k = 2n).

From the above, it is apparent that if one could obtain a version of (3), the reduction from ED
to SD, in the blackbox sampling access model, using t samples from p or q, then the statistical
difference reversal of Theorem 4.5 would be possible in the blackbox sampling access model as
well, and require only O(t) samples from p and q to sample from p′ and q′. But then, once could
use this reduction from SD to its complement on (p, uk) to reduce verifying uniformity (a task known
to require Ω(

√
k) samples from Arthur) to verifying non-uniformity (which, by Theorem 4.1, can be

done with O(1) samples from Arthur)! This implies that any mapping reducing ED to SD in the
blackbox sampling access model cannot be efficient, i.e., must require t = Ω(

√
k) = Ω(2n/2) samples

from the input distributions:

Corollary 4.6. Any reduction from ENTROPY DIFFERENCE to STATISTICAL DIFFERENCE in the blackbox
sampling access model (for probability distributions over {0, 1}n) requires Ω(2n/2) samples.

4.2 Some non-unexpected consequences of Theorem 4.1.

While the above was, for the sake of exposition, focusing on non-uniformity, the algorithm and
its proof immediately generalize to non-identity, non-closeness, and (not quite as immediately)
non-independence. We now state these easy extensions.

Corollary 4.7 (Verifying non-identity). There exists a one-round private-coin protocol Π = Π(A, M)
with the following guarantees: on input k ≥ 1, constants δ ∈ (0, 1], ε1, ε2 ∈ [0, 1] with ε1 < ε2

2, full
knowledge by all parties of a known reference distribution p∗, and sample access to an unknown probability
distribution p ∈ ∆(k),

• (Completeness) If dTV(p, p∗) ≥ ε2, then Pr[ Π(A, M) = accept ] ≥ 1− δ;

• (Soundness) If dTV(p, p∗) ≤ ε1, then, for all M∗, Pr[ Π(A, M∗) = accept ] ≤ δ;.
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Moreover, A takes (log(1/δ))O(1) = O(1) samples, and the protocol is (honest-verifier) Statistical Zero-
Knowledge.

The proof is immediate by inspection, replacing uk by p∗ in the proof of Theorem 4.1. (One
could also go the long and winding road to establish this result, leveraging the (now-standard)
reduction from testing identity to an arbitrary fixed distribution q over a domain of size k to that of
testing uniformity over a domain of size O(k) (see [DK16; Gol20], or [Can22, Section 2.2.3]). The
only caveat is that the mapping underlying the aforementioned reduction only preserves total
variation distances up to a constant factor, which then would slightly restrict the parameters in the
completeness and soundness cases to differ by at least a constant factor, e.g., ε1 < ε2/2.)
One can also easily verify (!) that the above protocol extends to verifying farness between two
unknown distributions in the one-prover case (i.e., when Merlin has full knowledge of both p, q). We
emphasize that this is a setting we find less motivated, and differs from our study of farness in the
two-prover case (Section 5):

Corollary 4.8 (Verifying one-prover farness). There exists a one-round private-coin protocol Π =
Π(A, M) with the following guarantees: on input k ≥ 1, , constants δ ∈ (0, 1], ε1, ε2 ∈ [0, 1] with ε1 < ε2

2,
and sample access to two unknown probability distribution p, q ∈ ∆(k) (both explicitly known by Merlin),

• (Completeness) If dTV(p, q) ≥ ε2, then Pr[ Π(A, M) = accept ] ≥ 1− δ;

• (Soundness) If dTV(p, q) ≤ ε1, then, for all M∗, Pr[ Π(A, M∗) = accept ] ≤ δ;.

Moreover, A takes (log(1/δ))O(1) = O(1) samples, and the protocol is (honest-verifier) Statistical Zero-
Knowledge.

Another nearly-immediate consequence of Theorem 4.1 is for non-independence verification,
whereby Merlin seeks to convince Arthur that the two variables (X, Y ) of a joint distribution pXY

are not independent – an important task, e.g., if one intends to fit a model to learn the statistical
relation between two features of a dataset.

Corollary 4.9 (Verifying non-independence). There exists a one-round private-coin protocol (A, M),
with the following guarantees: on input kX , kY ≥ 1, ε1, ε2 ∈ [0, 1], ε1 < ε2/3 and sample access to an
unknown probability distribution pXY ∈ ∆([kX ]× [kY ]),

• (Completeness) If dTV(pXY , qX ⊗ qY ) ≥ ε2 for every qX ∈ ∆(kX), qY ∈ ∆(kY ), then

Pr[ Π(A, M) = accept ] ≥ 1
2 + ε2

2 ;

• (Soundness) If dTV(pXY , qX ⊗ qY ) ≤ ε1 for some qX ∈ ∆(kX) and qY ∈ ∆(kY ), then, for all M∗,

Pr[ Π(A, M∗) = accept ] ≤ 1
2 + 3ε1

2 .

Moreover, A takes two samples, and the total communication is O(log kX + log kY ) bits.

Proof. The proof follows from the fact that we can simulate pX ⊗ pY given sample access to pXY :
take two independent samples (x1, y1), (x2, y2) ∼ pXY and return (x1, y2). This problem then
reduces to Lemma 4.2 by setting ε2 = 0.
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For the completeness case, i.e., when pXY is far from independent, we note that

dTV(pXY , pX ⊗ pY ) ≥ dTV(pXY , qX ⊗ qY ) ≥ ε2 .

For the soundness case, by [Bat+01, Proposition 1], we have that dTV(pXY , qX ⊗ qY ) ≤ ε1 implies

dTV(pXY , pX ⊗ pY ) ≤ 3ε1

Therefore, checking farness of pXY and pX ⊗ pY suffice.

4.3 Application: Verifying farness from any efficiently learnable property

Having obtained ultra-efficient, zero-knowledge proof systems for farness to uniformity and
identity leads to a very natural question: is there more out there? And indeed, were the answer
negative, then this revisiting of interactive proof systems for distribution testing would have less
appeal.

In this section, we provide a positive answer to this question, with a general result regarding
farness verification of properties. At a high level, our result can be summarized as the verification
counterpart of the testing-by-learning framework (and its refinements, see, e.g., [Can+18; ADK15]):
“if a property C can be efficiently learned, then farness from it can be efficiently verified.” (We also
show that this statement is again specific to farness from C, and does not extend to closeness, for
which the Ω(

√
k) sample complexity lower bound still applies.)

Theorem 4.10. Let C ⊆ ∆(k) be a property of distributions with admits a semi-agnostic learner with
sample complexity q = q(k, ε, δ) and semi-agnostic constant C ≥ 1.7 Then, there exists a one-round
private-coin protocol Π = Π(A, M) with the following guarantees: on input k ≥ 1, and constants δ ∈ (0, 1],
ε1, ε2 ∈ [0, 1] with ε1 < min( ε2

2(C+2) ,
ε2

2
4(C+1)); and sample access to an unknown probability distribution

p ∈ ∆(k),

• (Completeness) If dTV(p, C) ≥ ε2, then Pr[ Π(A, M) = accept ] ≥ 1− δ;

• (Soundness) If dTV(p, C) ≤ ε1, then, for all M∗, Pr[ Π(A, M∗) = accept ] ≤ δ;.

Moreover, A takes q(k, ε1, δ/2) + (log(1/δ))O(1/ log(ε2
1/ε2)) = O(q(k, ε1, δ/2)) samples, and the protocol is

(honest-verifier) Statistical Zero-Knowledge.

As an example of such properties, we have that of monotone distributions with (q(k, ε, δ) =
O((log(k/δ)/ε3)), as well as, for instance, the classes of unimodal, t-modal, t-histograms, (discrete)
log-concave, convex, concave, Monotone Hazard Rate (MHR), and t-piecewise degree-d distribu-
tions (and mixtures thereof), which for t, d = O(1) all have poly(1/ε) or poly(log(k), 1/ε)-sample
semi-agnostic learners [Cha+13a; Cha+14]. This also applies to other structured classes, such as
Poisson Binomial Distributions (q(k, ε, δ) = Õ(log(1/δ)/ε2) by [DDS15]) and Sums of Independent
Integer-Valued random variables (t-SIIRVs) (q(k, ε, δ) = poly(t, 1/ε) by [Das+13]).

We emphasize that we do not claim a full characterization of the properties whose farness can
be efficiently verified. Our goals are much more modest: first, to show that there are many such
(natural) properties; and, second, to show how to use Theorem 4.1 (or, specifically, Corollary 4.7), in
a blackbox way, to verify farness from them.

7Recall that a semi-agnostic learner for a class C is an algorithm which, on input ε, δ, takes i.i.d. samples from
an arbitrary distribution p, and outputs a distribution p̂ such that, with probability at least 1 − δ, dTV(p, p̂) ≤ C ·
minq∈C dTV(p, q) + ε, where C ≥ 1 is an absolute constant. If C = 1, the learning algorithm is simply said to be agnostic.
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Proof of Theorem 4.10. Fix any property C satisfying the assumptions of the theorem, for the cor-
responding agnostic learning complexity q, and let L be a semi-agnostic learning algorithm for
C achieving this sample complexity (and with semi-agnostic constant C ≥ 1). The protocol then
proceeds as follows:

1. Arthur runs L on samples from p with distance parameter ε1 and error probability δ
2 , obtain-

ing a hypothesis distribution p̂.

2. Arthur then computes (without any samples – this is purely computational) dTV(p̂, C). If
dTV(p̂, C) ≥ 1

2ε2, it outputs accept.

3. Otherwise, Arthur sends the description of p̂ to Merlin,8 before running the farness protocol
of Corollary 4.7 on p (with reference p̂ and error probability δ

2 ) to verify that dTV(p, p̂) ≥ ε2
2

(versus dTV(p, p̂) ≤ (C + 1)ε1). Arthur then only accepts if this protocol returns accept.

The sample complexity and SZK properties are immediate from the description of the protocol, and
the guarantees of Corollary 4.7 (note our assumptions on ε1, ε2 ensure that (C + 1)ε1 < (ε2/2)2). To
establish correctness, we argue completeness and soundness separately. By a union bound, both
the learning algorithm and the verification protocol simultaneously satisfy their requirements with
probability at least 1− δ: we hereafter assume this holds.

Completeness. Assume dTV(p, C) ≥ ε2. If dTV(p̂, C) > 1
2ε2, then Arthur accepts, and the protocol

succeeds. If not, dTV(p̂, C) ≤ 1
2ε2, and by the triangle inequality

dTV(p, p̂) ≥ ε2 −
1
2ε2 = ε2

2
and so Merlin, in the farness protocol of Corollary 4.7, has a strategy leading to accept.

Soundness. Assume dTV(p, C) ≤ ε1. Then, by the guarantees of the learning algorithm L, we have
that

dTV(p, p̂) ≤ C · dTV(p, C) + ε1 ≤ (C + 1)ε1

and in particular, by the triangle inequality,

dTV(p̂, C) ≤ dTV(p, p̂) + dTV(p, C) ≤ (C + 2)ε1 <
1
2ε2 ,

(the last inequality from our assumption on the parameter range) so Arthur does not output
accept in the second step. Moreover, since dTV(p, p̂) ≤ (C + 1)ε1, Merlin, in the farness
protocol of Corollary 4.7, has no strategy leading to accept.

This concludes the proof.

To conclude this section, we highlight that verifying closeness (resp. membership) to these
properties, instead of farness remains hard – i.e., requires Ω(

√
k) samples from Arthur (regardless of

zero-knowledge). This follows by combining the hardness of verifying uniformity with the lower
bound framework of [Can+18, Section 6], which carries over to verification: namely, any proof
system for verifying (closeness or membership to) a property C which (1) contains the uniform
distribution, and (2) admits an o(

√
k)-sample semi-agnostic learning algorithm yields a proof

system for verifying (closeness or membership to) uniformity.
8Note that this distribution has a short description, as it was obtained from only q samples, and so can be described

with O(q log k) bits.
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5 Verifying farness

In this section, we describe and analyze our two-prover protocols for verifying farness of distri-
butions: Merlin holds a distribution p, Nimue a distribution q, and they seek to convince Arthur
that dTV(p, q) is large. We begin by a very simple (but very much non-Zero-Knowledge) protocol
in Section 5.1, before building up to more satisfying (but similarly efficient) protocols in Section 5.2:
one for general distributions in Section 5.2.1, then one with slightly better communication for the
specific case of “flat” distributions in Section 5.2.2, and finally a perfect-ZK one (but for a very
stringent parameter regime) in Section 5.3.

As a baseline, we recall that testing farness (without a prover) is as hard as testing closeness,
and thus requires Ω

(√
k/ε2 + k2/3/ε4/3

)
even to distinguish p = q from dTV(p, q) ≥ ε. In the IP

for distribution testing world, verifying closeness also requires Ω
(√

k/ε2
)

samples for Arthur, by
the same simulation argument as for uniformity from [CG18]. As we will see, verifying farness is
again drastically easier – with Arthur only required to have a constant (with respect to k) number of
samples.

5.1 Verifying farness is easy

Algorithm 3 Naive protocol for verifying farness
Require: Sample access to p, q (Arthur) over domain X , full knowledge of p (Merlin), full knowl-

edge of q (Nimue)
▷ Arthur

1: Chooses b←R {0, 1},
2: Samples x0 ∼ p and x1 ∼ q
3: Sends xb to Merlin

▷ Merlin
4: Upon receiving xb, sends τ (real number p(xb)) to Arthur

▷ Arthur
5: Upon receiving τ , sends xb and τ to Nimue

▷ Nimue
6: Receives τ , computes b̂← 1{τ<q(xb)}.
7: return accept if b̂ = b.

Theorem 5.1. There exists a two-round private-coin protocol (Algorithm 3) Π = Π(A, M, N) with the
following guarantees: on input k ≥ 1, ε1, ε2 ∈ [0, 1] with ε1 < ε2 and sample access to two unknown
probability distributions p, q ∈ ∆(k) (where A has oracle access to both, M full knowledge of and access to
p only, and N full knowledge of and access to q only),

• (Completeness) If dTV(p, q) ≥ ε2, then Pr[ Π(A, M, N) = accept ] ≥ 1+ε2
2 ;

• (Soundness) If dTV(p, q) ≤ ε1, then, for all M∗, N∗, Pr[ Π(A, M∗, N∗) = accept ] ≤ 1+ε1
2 ;.

Moreover, A takes O(1) samples.

Proof. Since Nimue will have both "full" information (since Arthur will be relaying p(xb)) from
both p and q, this proof follows from single prover non-identity verification as in Corollary 4.7.
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While the above result appears promising, it is unsatisfying in two ways: first, its communica-
tion complexity is unbounded, as sending the threshold τ (a real number) may require an arbitrarily
large number of bits. (As we will see later in our “better” protocol (Algorithm 4), this issue can be
relatively easily handled.) Second, and much more critical, it is very much not zero-knowledge,
and indeed blatantly fails to satisfy even the weaker notion of SK we introduced, Definition 1.7 in
an inherent way: Merlin learns something about Nimue’s distribution he could not have learned
by himself, or even with the help of (sample-bounded) Arthur only.

5.2 Verifying farness with Zero-Knowledge

5.2.1 General distributions

In this section, we establish the following result:

Theorem 5.2. There exists a O(1)-round private-coin protocol Π = (A, M, N) with the following guar-
antees: on input k ≥ 1, constants δ ∈ (0, 1], ε1, ε2 ∈ [0, 1] with ε1 < ε2 and sample access to unknown
probability distributions p, q ∈ ∆(k),

• (Completeness) If dTV(p, q) ≥ ε2, then Pr[ Π(A, M, N) = accept ] ≥ 1− δ;

• (Soundness) If dTV(p, q) ≤ ε1, then, for all (M∗, N∗), Pr[ Π(A, M∗, N∗) = accept ] ≤ δ;.

Moreover, A takes O(1) sample from either p or q, and the total communication is O(log k) bits. In addition,
this protocol achieves perfect HIPO Zero Knowledge.

The proof of this theorem will follow from the “basic” building block (Lemma 5.3) below,
combined with the sequential repetition theorem (Theorem 6.1) (and the fact that δ, ε1, ε2 are
constant).

Algorithm 4 Basic protocol for verifying farness
Require: Sample access to p, q (Arthur) over domain X , full knowledge of p (Merlin), full knowl-

edge of q (Nimue)
▷ Arthur

1: Chooses b←R {0, 1},
2: Sample x0 ∼ p and x1 ∼ q
3: Send xb to both Merlin and Nimue ▷ O(log k) bits

▷ Merlin
4: Upon receiving xb, sends τ (an approximation of p(xb)) to Arthur ▷ O(log log k

ε2−ε1
) bits

▷ Nimue
5: Upon receiving xb, sends λ (an approximation of q(xb)) to Arthur ▷ O(log log k

ε2−ε1
) bits

▷ Arthur
6: Receives τ, λ, computes b̂← 1{τ<λ}.
7: return accept if b̂ = b.

Lemma 5.3. There exists a one-round private-coin protocol Π = (A, M, N), Algorithm 4, with the
following guarantees: on input k ≥ 1, ε1, ε2 ∈ [0, 1] with ε1 < ε2 and sample access to unknown probability
distributions p, q ∈ ∆(k),
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• (Completeness) If dTV(p, q) ≥ ε2, then Pr[ Π(A, M, N) = accept ] ≥ 1
2 + ε1+ε2

4 ;

• (Soundness) If dTV(p, q) ≤ ε1, then, for all (M∗, N∗), Pr[ Π(A, M∗, N∗) = accept ] ≤ 1
2 + ε1

2 ;.

Moreover, A takes one sample from either p or q, and the total communication is O
(
log k

ε2−ε1

)
bits. In

addition, this protocol achieves perfect HIPO Zero Knowledge.

Proof of Lemma 5.3. The lemma will directly follow from the next two claims, which, respectively,
establish completeness and soundness of the protocol. Its sample complexity is immediate; the
communication complexity will be addressed shortly.

Claim 5.4 (Completeness). If dTV(p, q) ≥ ε2, then there exists a strategy M, N for Merlin and Nimue

such that the protocol of Algorithm 4 returns accept with probability at least 1+ 1
2 (ε2+ε1)

2 .

Proof. Let α := ε2−ε1
4ε2

, and denote by S̃p,q the “approximate Scheffé set” corresponding to p and q,
defined as

S̃p,q :=
{

x ∈ X : p(x) > max
(

(1 + αε2)q(x), αε2
k

) }
and by Sp,q the actual Scheffé set (i.e., Sp,q = S0

p,q). Then

p(S̃p,q)− q(S̃p,q) = p(Sp,q)− q(Sp,q)−
(
p(Sp,q \ S̃p,q)− q(Sp,q \ S̃p,q)

)
≥ ε2 − αε2q(Sp,q \ S̃p,q)− αε2

k
· k

≥ (1− 2α)ε2 = 1
2(ε2 + ε1) .

Considering the approximate Scheffé set instead of the “true” one allows Merlin and Nimue to be
able to round the value τ, λ to send, as it suffices now to consider only O(log log k

αε2
) = O(log log k

ε2−ε1
)

possible values.9 This enables the stated communication complexity. The probability of acceptance
is then

Pr
[

b̂ = b
]

= Pr[ τ < λ | b = 0 ] Pr[ b = 0 ] + Pr[ τ ≥ λ | b = 1 ] Pr[ b = 1 ]

= 1
2
(
Pr
[

x0 ∈ S̃p,q
]

+ Pr
[

x1 /∈ S̃p,q
])

= 1
2
(
p(S̃p,q) + 1− q(S̃p,q)

)
≥ 1

2

(
1 + 1

2(ε2 + ε1)
)

,

as claimed.

Claim 5.5 (Soundness). If dTV(p, q) ≤ ε1, then there is no strategy M, N for Merlin and Nimue such
that the protocol of Algorithm 4 returns accept with probability greater than 1+ε1

2 .
9The encoding will work by first dividing [0, 1] into O(log k) buckets of a geometric series form:

{[0, 1
k

], ( 1
k

, 2
k

], . . . , ( 2⌊log k⌋

k
, 1]} – since we only need multiplicative approximation to encode S̃p,q. Then within each

bucket, we will create uniform buckets of interval αε2. Encoding the location of the final bucket takes O
(
log log k

αε2

)
bits.
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Proof. This again follows from the characterization of total variation distance as best possible
advantage for distinguishing two fixed distributions given a single observation. Namely, one can
consider a “friendly but forgetful” Arthur which does not remember b after Line 3, but gets the full
knowledge of p, q from Merlin and Nimue to help him figure it out: then, any strategy M, N yields
a strategy for Arthur to guess b from a single sample from a distribution promised to be either p or
q. The best probability of success for this augmented Arthur is 1

2(1 + dTV(p, q)).

Claim 5.6 (Perfect HIPOZK). There exists a simulator Sp,q(p, t), when given sample access access to p, q
(sample complexity same as Π), and pi’s full description, can simulate M ’s view of Π in the completeness
case

dTV

(
Sp,q(p, t),

〈
Ap,q, M(p), N(q))

〉
M

(t)
)

= 0,

Algorithm 5 Simulator for Algorithm 4
Require: Sample access to p, q and p’s full description.

1: Chooses b←R {0, 1}
2: Sample x0 ∼ p and x1 ∼ q
3: Set the view to be (xb, p(xb))

Proof. It is not hard to see that Algorithm 5 exactly simulates Merlin’s view.

This concludes the proof of Lemma 5.3.

Note that the above protocol, while (perfect) HIPOZK, is not SZK. We leave as an open problem
whether one can achieve SZK for farness verification of general distributions:

Open Problem 3. Can one obtain similar guarantees as in Theorem 5.2 (farness verification for
general distributions), but with Statistical ZK?

As a step towards this, we provide in our next section a protocol for flat distributions which,
while also not SZK, we conjecture can be more easily made so.

5.2.2 Flat Distributions

We here focus on the specific case of flat distributions, i.e., distributions which are uniform on their
support. While the resulting farness verification protocol we provide under this promise, Lemma 5.7,
will only provide HIPO SZK, it achieves better communication from the provers. Further, we be-
lieve – as discussed at the end of the previous subsection – that it can provide some valuable insight
into how to achieve Statistical Zero Knowledge.
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Algorithm 6 Protocol for verifying Flat Distributions (Lemma 5.7)
Require: Sample access to p, q (Arthur) over domain X , full knowledge of p (Merlin), full knowl-

edge of q (Nimue)
▷ Arthur

1: Chooses b1 ←R {0, 1}, b2 ←R {0, 1}
2: If b1 = 0 Then x1 ∼ p; Else x1 ∼ q.
3: If b2 = 0 Then x2 ∼ p; Else x2 ∼ q.
4: Send x1 to Merlin and x2 to Nimue.

▷ Merlin
5: Upon receiving x1, sends b̂1 ← 1p(x1)>0 to Arthur

▷ Nimue
6: Upon receiving x2, sends b̂2 ← 1q(x2)>0 to Arthur

▷ Arthur
7: return accept if b̂1 = b1 ∨ b̂2 = b2.

Lemma 5.7 (Verifying Flat Distributions). There exists a one-round private-coin protocol Π = Π(A, M, N)
with the following guarantees: on input k ≥ 1, ε ∈ [0, 1) and sample access to two unknown probability
distributions p, q ∈ ∆(k) promised to be uniform on their support (where A has oracle access to both,
M full knowledge of and access to p only, and N full knowledge of and access to q only),

• (Completeness) If dTV(p, q) ≥ ε, then Pr[ Π(A, M, N) = accept ] ≥ 3+ε
4 ;

• (Soundness) If dTV(p, q) = 0, then, for all M∗, N∗, Pr[ Π(A, M∗, N∗) = accept ] ≤ 3
4 ;.

Moreover, A takes 2 samples, and the communication complexity is O(log k) and via Algorithm 5 this
protocol is perfect HIPO ZK.

Proof. A takes b1, b2 ∼ Bern(1/2) and samples x1 ∼ p (x2 ∼ p) if b1 = 0 (b2 = 0 resp.) and x1 ∼ q
(x2 ∼ q) if b1 = 1 (b2 = 1 resp.). Then A sends x1 to M and x2 to N for them to guess the value of b1
and b2 respectively. Arthur will accept if Merlin or Nimue’s response is correct.
(Completeness). We first look at the completeness case and give Π, i.e., what A, M and N will do
when dTV(p, q) ≥ 1 − ε: M will return 0 if p(x1) > 0 and 1 otherwise; Likewise, N will return 0
if q(x2) > 0, and 1 otherwise. A will accept if one of the answer is correct return accept. Denote
r(M) as the response from M . Without loss of generality, assume that | supp(p)| ≤ | supp(q)|: This
means that p(x) ≥ q(x) for x ∈ supp(p)

dTV(p, q) = sup
S

(p(S)− q(S)) =
∑

x:p(x)≥q(x)
p(x)− q(x) =

∑
x∈supp(p)

p(x)− q(x).

Effectively, M knows the Sheffé set for “free” – without communication from N or A, and thus we
have the following

Pr[r(M) = b1] = Pr[r(M) = 0 ∧ b1 = 0] + Pr[r(M) = 1 ∧ b1 = 1]

= Pr[r(M) = 0|b1 = 0] · 1
2 + Pr[r(M) = 1|b1 = 1] · 1

2
= 1

2 + Pr
x1∼q

[p(x1) > 0] · 1
2

= 1
2 + dTV(p, q)

2
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And

Pr[r(N) = b2] = Pr[r(N) = 0 ∧ b2 = 0] + Pr[r(N) = 1 ∧ b2 = 1]

= Pr[r(N) = 0|b2 = 0] · 1
2 + 1

2
= Pr

x2∼p
[q(x2) > 0] · 1

2 + 1
2 ≥

1
2 .

Overall, the correct probability in the completeness case is:

Pr [Π∗(A, M, N) = accept] = 1− Pr [r(M) ̸= b1 and r(N) ̸= b2]

≥ 1−
(1

2 −
dTV(p, q)

2

)
·
(

1− 1
2

)
= 3

4 + ε

4 .

(Soundness). When dTV(p, q) = 0, then by Lemma 3.2: For any M∗, N∗

Pr[r(M∗) = b] ≤ 1 + dTV(p, q)
2 ≤ 1

2 and Pr[r(N∗) = b] ≤ 1
2 .

Therefore, for any strategy M∗, N∗ employs, Arthur will accept if one of them guess b1 (b2 resp.)
correctly, which happens with probability:

Pr [Π(A, M∗, N∗) = accept] = 1− Pr [r(M) ̸= b1 and r(N) ̸= b2] ≤ 1−
(1

2

)2
= 3

4 .

This concludes the proof.

Remark 5.8. As mentioned in the previous section, while this protocol is not, as stated, SZK (but
only (perfect) HIPO ZK), we conjecture it can be adapted to be made SZK, and see this as a stepping
stone towards answering Open Problem 3.

5.3 Is Perfect Zero-Knowledge a dream?

As a counterpoint to the above, we now provide a protocol for farness (in a very specific, yet
non-trivial parameter regime) which does provide perfect ZK, showing that this requirement is
indeed achievable.

Theorem 5.9. There exists a one-round private-coin protocol Π = Π(A, M, N) with the following guaran-
tees: on input k ≥ 1, ε ∈ [0, 1) and sample access to two unknown probability distributions p, q ∈ ∆(k)
(where A has oracle access to both, M full knowledge of and access to p only, and N full knowledge of and
access to q only),

• (Completeness) If dTV(p, q) = 1, then Pr[ Π(A, M, N) = accept ] = 1;

• (Soundness) If dTV(p, q) ≤ ε, then, for all M∗, N∗, Pr[ Π(A, M∗, N∗) = accept ] ≤ 1
2 + ε

2 ;.

Moreover, A takes one sample, and the protocol is (honest-verifier) Perfect Zero-Knowledge.

Proof. We provide the completeness, soundness, and zero knowledge analysis below; the protocol
is given in Algorithm 7.
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Algorithm 7 Perfect Zero Knowledge protocol for verifying disjointness
Require: Sample access to p, q (Arthur) over domain X , full knowledge of p (Merlin), full knowl-

edge of q (Nimue), distance parameter ε.
▷ Arthur

1: Chooses b←R {0, 1}
2: Sample x0 ∼ p and x1 ∼ q
3: Send xb to both Merlin and Nimue ▷ O(log k) bits

▷ Merlin
4: Upon receiving xb, sends b̂1 (a guess for b) to Arthur

▷ Nimue
5: Upon receiving xb, sends b̂2 (a guess for b) to Arthur

▷ Arthur
6: return accept if b = b̂1 = b̂2.

Completeness. Merlin and Nimue’s strategy is to send the indicator of whether the received
sample belong to the support of their distribution: that is, b̂1 = 1supp(p)(xb) and b̂2 = 1supp(q)(xb).

If dTV(p, q) = 1, then supp(p) ∩ supp(q) = ∅ and as a result Pr
[

b = b̂1 = b̂2
]

= 1, as desired.

Soundness. Here again soundness directly follows from the hypothesis characterization of total
variation distance.

Perfect Zero-Knowledge. There is an obvious simulator for Arthur’s view of the interaction in
the completeness case:

Algorithm 8 Simulator for Algorithm 7
Require: Sample access to p, q

1: Chooses b←R {0, 1}
2: Sample x0 ∼ p and x1 ∼ q
3: Set the view to be (b, x0, x1, xb, b̂1 = b, b̂2 = b)

The transcript (over the choice of b, x0, x1) has then exactly the same distribution as Arthur’s
view of a honest interaction with Merlin and Nimue in the completeness case.

5.4 Application: Verifying non-clusterability

To conclude this section, we briefly sketch how to use a farness verification protocol (such as the one
of Theorem 5.2), as a blackbox, to verify non-clusterability. Recall that a collection of ℓ distributions
p1, . . . , pℓ ∈ ∆(k) is said to be (t, α)-clusterable if there exists a partition of [ℓ] into t lists L1, . . . , Lt

such that, for every r ∈ [t] and every i, j ∈ Lr, dTV(pi, pj) ≤ α [LRR13, Definition 7.1]
For α = O(1/

√
k), Levi, Ron, and Rubinfeld provided in [LRR13] an algorithm for testing

(t, α)-clusterability in the query model (where the algorithm can choose, at each step, which of the ℓ
distributions to sample) which, for constant ε, has sample complexity Õ(ℓ · k2/3). Moreover, any

25



testing algorithm must have sample complexity Ω(k2/3), even for α = 0.10

We show how to adapt the algorithm of [LRR13] to the multiprover setting, to verify farness
from (t, α)-clusterability, with no restriction on the range of α.

Theorem 5.10. There exists a t-round private-coin protocol Π = Π(A, M1, . . . , Mℓ) with the following
guarantees: on input k ≥ 1, 1 ≤ t ≤ ℓ, constants ε ∈ [0, 1), δ ∈ (0, 1], 0 ≤ α < 1

2ε and sample access to ℓ
unknown probability distributions p1, . . . , pℓ ∈ ∆(k) (where A has oracle access to all, and each Mi full
knowledge of and access to pi only),

• (Completeness) If p1, . . . , pℓ are ε-far from (t, α)-clusterable, then Pr[ Π(A, M1, . . . , Mℓ) = accept ] ≥
1− δ;

• (Soundness) If p1, . . . , pℓ are (t, α)-clusterable, then, for all prover strategies M∗
1 , . . . , M∗

ℓ , we have
Pr[ Π(A, M∗

1 , . . . , M∗
ℓ ) = accept ] ≤ δ;.

Moreover, A takes Õ
(
t2) samples, and the protocol is (honest-verifier) Statistical Zero-Knowledge.

Proof sketch. The algorithm is a relatively straightforward adaptation of [LRR13, Algorithm 5],
using our farness verification protocol as a building block instead of a tolerant testing algorithm:
The claimed round and sample complexities (for constant α, δ) are immediate from the algorithm

Algorithm 9 Protocol for verifying non-clusterability
1: Arthur picks the first representative, r1, u.a.r. from [ℓ];
2: for all 1 ≤ i ≤ t do
3: Arthur selects a set S of O(log(t)/ε) indices u.a.r. from [ℓ]
4: for all j ∈ S do
5: for all 1 ≤ i′ ≤ i do
6: Run the farness verification protocol (Theorem 5.2) with Mri′ and Mj (on pri′ and

pj) with ε1 = α, ε2 = ε
2 , and error probability δ

(t+1)2|S|

7: if there is some j ∈ S for which all i verification protocols returned accept then
8: Set ri+1 = j ▷ pj is far from all current clusters
9: Continue to the (i + 1)-th iteration of the outer loop

10: else
11: return reject ▷ no distribution requiring opening a new cluster was found
12: return accept

and Theorem 5.2. Turning to the correctness: by a union bound, all runs of the farness verification
protocol will be successful overall with probability at least δ: assume this event holds.

Completeness. Suppose p1, . . . , pℓ are ε-far from (t, α)-clusterable. Then, the analysis from [LRR13,
Algorithm 5] (their Theorem 7.2) establishes that as long as i ≤ t cluster representatives have
been found, the number of distributions among p1, . . . , pℓ which are ε/2 far from all current
representatives is at least ε/(2ℓ), and so, from the setting of |S| and by a union bound, with
high probability at least one will be included, at each iteration of the outer loop, in the

10Moreover, as before, the by-now usual simulation argument carries over to show that Ω(
√

k) samples are necessary
from Arthur to verify (t, α)-clusterability, even for t = 2 and α = O(1/

√
k).)
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randomly selected set S – and will then be verified to be far when running the corresponding
farness verification protocol, becoming the next representative. Thus, Line 12 will be reached
at the end, and the protocol will return accept.

Soundness. Assume now that p1, . . . , pℓ are (t, α)-clusterable. Since the protocol only returns
accept if at least t + 1 cluster centers are found, the only way this outcome is reached is if at
least t + 1 farness verification protocols return accept (even though by assumption there is
no pairwise α-far set of t + 1 distributions). But this cannot happen, as this would violate the
soundness of this protocol.

This concludes the (sketch of the) proof.

Open Problem 4. Which other properties considered in the collection of distributions setting are
amenable to ultra-efficient verification protocols – and which general statements can be made on
the connection between the two models?

6 Repetition theorems

Theorem 6.1 (Sequential repetition for MIP distribution verification). Suppose an MIP proof system
Π(M1(p1), . . . , Mℓ(pℓ), Ap1,...,pℓ) for distribution verification of properties P0,P1 exists with completeness
parameter 1/2 + ∆c and soundness parameter 1/2 + ∆s, where ∆c > ∆s. Then, for any t ∈ N, there
exists an MIP proof system Π′(M1(p1), . . . , Mℓ(pℓ), Ap1,...,pℓ) for verification of properties P0,P1 with
completeness parameter 1− 2−Ω(t) and soundness parameter 2−Ω(t), where Π′ is obtained by sequentially
repeating the original MIP protocol O

(
t/(∆c −∆s)2) times.

Proof Sketch. The proof follows as for sequential repetition of IP protocols in the functional setting
(see, in particular, Theorem 1.4 in [Vas21]). In our case, the sequential repetition with m repetitions
works as follows: Run the protocol Π m times in sequence, and let ρ be the fraction of times
the protocol Π accepts. Then the overall protocol Π′ accepts if and only if ρ ≥ (1 + ∆c − ∆s)/2.
The required soundness and completeness guarantees then follow from the Chernoff bound as
in [Vas21]. As a technical subtlety, we note that Theorem 1.4 in [Vas21] essentially relies on the
observation that if the soundness error does not decay exponentially with sequential repetition as
expected, then there exists a single round cheating prover that has soundness error more than what
the original protocol Π claims (which is a contradiction). In the functional IP setting of [Vas21],
this cheating prover can be realized in two ways: either by simulating interaction with verifier
and conditioning on an event, or by hard-coding the desired simulated transcript in the prover
(see proof of Theorem 1.2 and the remark thereafter in [Vas21]). In our MIP setting, however, a
prover is oblivious of the inputs of the other provers, whereas the verifier has access to samples
from distribution of every prover, which means that a cheating prover cannot simulate interaction
with verifier. Thankfully, though, the hard-coding argument still goes through, which is why we
can borrow arguments from the functional IP setting.

Open Problem 5 (Parallel repetition for MIP distribution verification). We conjecture that the thresh-
olding protocol as in the sequential repetition above leads to an exponential decay in soundness
parameter for parallel repetition in the single-prover following arguments in [Gol25].
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A Recap: Proof sketch of the Polarization Lemma (Lemma 3.1)

We recapitulate the proof of polarization lemma in [Vad99]. In what follows, ℓ, m, r ≥ 1 are
parameters to be optimized. Note that one can simulate a distribution resulting from the XOR
Lemma ([Vad99, Lemma 3.1.16], with parameter ℓ) and the Direct Product Lemma (Lemma 3.1.15
in [Vad99], with parameter m) using ℓ and m samples respectively. In what follows, we assume
without loss of generality that δ ∈ (0, c] for a sufficiently small absolute constant c > 0 (c = 1/8
suffices), as one can replace δ by min(δ, c) at the cost of only constant factors in the claimed result.

• Apply the XOR lemma on p, q ℓ times to get p′′′, q′′′. Then

dTV(p, q) ≥ α =⇒ dTV
(
p′′′, q′′′) ≥ αℓ

dTV(p, q) ≤ β =⇒ dTV
(
p′′′, q′′′) ≤ βℓ

• Apply the Direct Product lemma on p′′′, q′′′ m times to get p′′, q′′. Then

dTV
(
p′′′, q′′′) ≥ αℓ =⇒ dTV

(
p′′, q′′) ≥ 1− 2e− mα2ℓ

2

dTV
(
p′′′, q′′′) ≤ βℓ =⇒ dTV

(
p′′, q′′) ≤ mβℓ

• Finally, apply the XOR lemma r times on p′′, q′′ to get p′, q′. Then

dTV
(
p′′, q′′) ≥ 1− 2e− −mα2ℓ

2 =⇒ dTV
(
p′, q′) ≥ (1− 2e

mα2ℓ

2

)r

≥ 1− 2re− mα2ℓ

2

dTV
(
p′′, q′′) ≤ mβℓ =⇒ dTV

(
p′, q′) ≤ (mβℓ

)r

Overall, generating a sample from p′ or q′ takes s := ℓmr samples from p, q. To get a concrete
bound, set

t = 2 ln 1
δ

, λ := min
{

α2

β
, 2
}
∈ (1, 2], ℓ := ⌈logλ 4t⌉ , m := λℓ

2α2ℓ
≤ 1

2βℓ
, r :=

⌈
log 1

δ

⌉
;
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one can verify that (mβℓ)r ≤
(

1
2

)r
≤ δ, and that

2re− mα2ℓ

2 = 2r exp
(
−λℓ

4

)
≤ 2r exp

(
−λlogλ 4t

4

)
= 2r exp(−t) = 2

⌈
log 1

δ

⌉
· δ2 ≤ δ;

(the last inequality as δ ≤ c); and since

m = λℓ

2α2ℓ
≤ 1

2
λlogλ(4t)+1

α2(logλ(4t)+1)

= 1
2

4tλ

α2 · αlogα 4t·2 log α
log λ

≤ 1
2

4tλ

α2 · (4t)
2 log α
log λ

= λ

2α2 (4t)1− 2 log α
log λ

≤ λ

2α2 (4t)
1+2 log(1/α)·max

(
1

log(α2/β)
,1
)

≤ min
( 1

2β
,

1
α2

)
(4 log(1/δ))1+ 2 log(1/α)

log(α2/β)
+2 log(1/α)

.

and so, in particular,

s = ℓmr ≤ (log(1/δ))
2 log(1/α)
log(α2/β)

+O(log(1/α))
.

This concludes the proof.
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