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Abstract

We consider interactive proofs for the promise problem, called e-FARNESS, in which the
yes-instances are pairs of distributions over [n] that are e-far from one another, and the no-
instances are pairs of identical distributions. For any ¢ < n?/3, we obtain an interactive proof in
which the verifier has sample complexity O(t/€2) and the (honest) prover has sample complexity
poly(1/€) - (n/+/t). For t = n?/3 this result is the best possible, because (as proved by Batu and
Canonne (FOCS 2017)) the corresponding decision procedure has sample complexity Q(n?/3).

We also obtain interactive proofs for the promise problem in which the yes-instances are
distributions over [n] that are e-far from the uniform distribution, and the no-instance is the
uniform distribution. For any ¢ < \/n, we obtain an interactive proof in which the verifier has
sample complexity O(t/€2) and the (honest) prover has sample complexity poly(1/e) - O(n/t).
This stand in contrast to the fact (proved by Chiesa and Gur (ITCS 2018)) that the verifier in
any interactive proof for the complement promise problem must have sample complexity Q(y/n).

Contents

1 Introduction

1.1 The specific problems we consider . . . . . . . . . . ... .. ... .0 1
1.2 Ourresults . . . . . . . . e 2
2 Interactive proofs for promise problems regarding distributions 3
3 Proving FARNESS via reduction to an asymmetric tester for EQUALITY 5
4 Proving FARNESS via a direct construction 6
4.1 The basic protocol . . . . . . .. 7
4.2 A reduction yielding a laconic prover . . . . . . . . ... 11
5 A proof system for the complement of uniformity 13
References 15

ISSN 1433-8092



1 Introduction

The standard formulation of distribution testing problems specifies a set of distributions D and
considers inputs of the form (X, €) such that X is a distribution and € > 0 is a proximity parameter.
Specifically, the testing problem is defined as a promise problem in which instances are pairs of the
form (X, e€), YEs-instances are pairs (X, €) such that X is in D, and NO-instances are pairs (X ¢€)
such that X is e-far from D.!

In contrast, an alternative formulation, typically used in lower bounds, is obtained by fixing the
value of the proximity parameter (i.e., €). In this case, the testing problem is a promise problem in
which instances are distributions, YES-instances are distributions X that are in D, and NO-instances
are distributions X that are e-far from D. For simplicity, we shall use this formulation, but our
presentation can be easily adapted to the first formulation.

Turning to general promise problems (regarding distributions), we note that, from a technical
perspective, in the context of decision procedures, flipping the role of YES-instances and NO-instances
has no effect (assuming that one refers to two-sided error probability deciders).? In both cases,
the task is distinguishing between distributions in one set and distributions in another set. In
contrast, the symmetry breaks in the context of interactive proofs, because different requirements
apply to YES-instances and to NO-instances; that is, completeness (i.e., existence of a successful
prover strategy) applies to YES-instances, whereas soundness (i.e., failure of every possible prover
strategy) applies to NO-instances. Hence, a problem may have a more efficient proof system than
its complement.

We note that, from a conceptual perspective, there is no symmetry between the set D and the
set of distributions that are e-far from D. The former set is the primary, whereas the latter set
is secondary, as evident from the fact that it is defined with reference to the primary. Still, the
secondary set may be natural per se.

(We comment that an analogous discussion applies also in the context of testing properties of
functions (except that in that context two-sided error testers are not necessarily the norm). We
note that this discussion is related but different from the study of testing dual problems put forward
by Tell [19].)3

1.1 The specific problems we consider

The first promise problem we consider corresponds to one of the most popular distribution testing
problems, called UNIFORMITY.

Definition 1.1 (UNIFORMITY): For a fized n and € > 0, the instances are distributions over [n],
the YES-instances are distributions X such that X = U,, and the NO-instances are distributions X
that are e-far from U, where U, denotes the uniform distribution over [n] and X is e-far from Y if
the total variation distance between X and Y exceeds €.

'Recall that a distribution X is said to be e-far from a set of distribution D if, for every distribution Y in D, the
total variation distance between X and Y is greater than e.

2Recall that two-sided error probability is the common convention for testing distributions; this convention is
justified in [9, Sec. 11.1.1].

3In the context of “testing dual problems” (as in [19]), one defines a dual problem by fixing a set S and a distance
parameter J, and considering the set of all functions that are d-far from S, denoted F' = I'5(,S). But once this dual set
F is fixed, one considers testing it, which means distinguishing, for every € > 0, between functions in F' and functions
that are e-far from F. Furthermore, as shown by Tell [19], the set of functions that are §-far from F may be a proper
superset of S.



The complement promise problem, denoted e-FARfromUNI, consists of switching the YES and NO-
instances. That is, the YES-instances of e-FARfromUNI are distributions that are e-far from U,,
whereas the NO-instances are distributions X such that X = U,,.

These promise problems are a special case of a class of prblems in which we are asked to
distinguish between distributions that equal a fixed distribution D,, over [n] and distributions that
are e-far from D,,. Indeed, in Definition 1.1 we used D,, = U,,.

Going a step farther, we consider the problem of distinguishing between pairs of identical
distributions and pairs of distributions that are far away from one another. That is, in these
problems, instances consists of pairs of distributions (rather than of a single input distribution,
which is tested against a fixed distribution (as discussed above)). Hence, we consider the promise
problem that corresponds to EQUALITY, a very popular distribution testing problem.

Definition 1.2 (EQUALITY): For a fized n and € > 0, the instances are pairs of distributions over
[n], the YEs-instances are (X,Y) such that X =Y, and the NO-instances are (X,Y) such that X
s e-far from Y.

The complement promise problem, called e-FARNESS, consists of switching the YES and NO-instances.
That is, the YES-instances of e-FARNESS are pairs of distributions (X,Y’) such that X is e-far from
Y, whereas the NO-instances are (X,Y’) such that X =Y.

1.2 Our results

We consider interactive proof systems for properties of distributions in which both the verifier and
the prover can obtain samples from the unknown distributions (see definitions in Section 2). For
promise problems that refer to a single distribution, we prove the following result.

Theorem 1.3 (interactive proof systems for e-FARfromUNI): For every t = w(e 2 -log(1/€)) and
m = poly(1/€) - n/t such that t < m, there exists an interactive proof system for e-FARfromUNI in
which the verifier has sample complexity t, the honest prover has sample complexity 5(m/62), and
the communication complexity is O(t - logn). Furthermore, the prover is laconic (i.e., it sends a
constant number of bits).

We highlight the fact that the verifier in this proof system may use o(y/n) samples. This stands in
contrast to the fact (proved in [5]) that the verifier must use €2(y/n) samples in any proof system for
UNIFORMITY (i.e., the complement of e-FARfromUNI). Furthermore, the honest prover in the proof
system for FARfromUNI may use o(n) samples. (Note that a total sample complexity of Q(y/n) is
essential (for a proof systems for FARfromUNI) because a tester may emulate both parties.)

The foregoing result extends to being far from any distribution D,,; that is, the promise problem
in which the YES-instances are distributions that are e-far from D,,, and the NO-instances are
distributions that equal D,, (i.e., there is a single NO-instance — D,, itself). Hence, we obtain
doubly-sublinear proof system for all these promise problems; that is, proof systems in which
the verifier is more efficient than a decision procedure while the prover is more efficient than a
corresponding learning algorithm.

Our main result is a doubly-sublinear proof system for e-FARNESS. Here both the verifier and
the prover can obtain samples from each of the two the unknown distributions (and the prover’s
goal is to convince the verifier that the two distributions are e-far apart from one another, rather
than identical).



Theorem 1.4 (interactive proof systems for e-FARNESS): For every t = Q(1/€?) and m = Q(e 2 -
n/\/t) such that t < m, there exists an interactive proof system for e-FARNESS in which the verifier
has sample complexity t, the honest prover has sample complexity 5(m/62), and the communication
complexity is O(t - logn). Furthermore, the prover is laconic (i.e., it sends O(1) bits).

In particular, for any § € [0,1/3), we can use t = O(n??/e?) and m = O(n'=?/€e?). We highlight
the fact that the verifier in this proof system may use o(y/n) samples, and the honest prover in this
system may use o(n) samples. (In contrast, in any proof system for EQUALITY, the verifier must
use (y/n) samples, since UNIFORMITY is a special case of EQUALITY.) Note that a total sample
complexity of Q(n?/3) is essential (for a proof systems for FARNESS) because a tester may emulate
both parties (whereas, by [2], the sample complexity of testing EQUALITY is Q(n?/3)).

As evident from the foregoing description, our main focus is on doubly-sublinear interactive
proofs. Recall that these are proof systems in which the verifier is more efficient than a decision
procedure, while the prover is more efficient than a corresponding learning algorithm. Our starting
point is the fact, proved by Herman and Rothblum [17], that some natural (label-invariant) proper-
ties of distributions do not have doubly-sublinear interactive proofs of proximity, while they do have
interactive proofs of proximity [15, 16]. Recently, Goldreich and Rothblum demonstrated the exis-
tence of doubly-sublinear interactive proofs of proximity for distributions [12], but their demonstra-
tion utilizes properties that are not natural. Our main contribution is presenting doubly-sublinear
interactive proofs for natural (promise problems regarding) distributions.

Some laconic credits. Distribution testing emerged explicitly in the works of Batu et. al. [4, 3].
Interactive proof of proximity (for functions) emerged explicitly in [18], and interactive proof of
proximity for distribitions where first considered in [5]. Doubly-efficient interactive proofs (for
functions) emerged explicitly in [14], whereas doubly-efficient interactive proofs of proximity for
distributions have been recently considered in [16]. The study of doubly-sublinear interactive proofs
of proximity (for functions) was recently initiated in [1]. The notion of laconic provers emerged
explicitly in [11].

Organization. We present two different proof systems for FARNESS. The first proof system (pre-
sented in Section 3) is obtained by a reduction to a tester of EQUALITY that uses a different number
of samples from the two distributions. Such a tester, called asymmetric, was presented by Di-
akonikolas and Kane [6]. The second proof system (presented in Section 4) improves over the
performance of the first one, but its analysis is more complex. (Specifically, the first proof system
establishes Theorem 1.4 only for t = Q(y/n/e?).) As for Theorem 1.3, it is proved in Section 5.
But before all of these, in Section 2, by explicitly presenting the notion of an interactive proof for
promise problems regarding distributions.

2 Interactive proofs for promise problems regarding distributions

The notion of an interactive proof for promise problems regarding distributions is a generalization
of the notion of an interactive proof of proximity for distributions. We first present the generalized
notion for a single distribution (as in Definition 1.1), and then extend it to handle a pair of
distributions (as in Definition 1.2).



A key issue is that when we talk about “machines that are given an unknown distribution”
(as their input), we mean that such a machine is given oracle access to a sampling devise for this
distribution.* Hence, for a distribution X (over [n]) and a machine M, we let M X(n) denote the
output of M when given a sampling device to X. Hence, we denote by (P, VX (n)) the output of
a verifier V', when having access to a sampling device for X, after interacting with an arbitrary
prover P. Recall that a distribution X is said to be e-far from a set of distribution D if, for
every distribution Y in D, the total variation distance between X and Y is greater than € (i.e.,
>, [Pr[ X =z] — Pr[Y =2z]| > 2e).

Definition 2.1 (a verifier for the promise problem (D, D’)): Let D = J,,cy Pn and D' = U,,en Ds,
such that D, and D), are sets of distributions over [n]. A verifier, denoted V, for the promise
problem (D,D’) is a probabilistic interactive machine that, on input n € N and when given access
to a sampling device for an unknown distribution X over [n], satisfies the following two conditions
after interacting with a potential prover.

1. The verifier accepts distributions that belong to D: If X is in D,,, then there exists a prover
strategy P such that Pr[(P,VX(n))=1] > 2/3.

2. The verifier rejects distributions that are in D': If X is in D), then for every prover strategy
P it holds that Pr[(P,V*(n))=0] > 2/3.

We say that V' has sample complexity s : N — N if on input n it activates the sampling device s(n)
times (i.e., it obtains s(n) samples from X).

Note that an interactive proof of proximity for D is viewed as a special case in which D’ consists
of the set of distributions that are e-far from D.

An alternative formulation of Definition 2.1 specifies the (honest) prover strategy that is used
in the completeness condition (i.e., Condition 1). This is called for when wishing to discuss the
complexity of such honest prover strategies. Indeed, verifiers that admit an efficient proving strategy
(in case X is in D) are of natural interest, and are our main focus. In these cases, we provide these
prover strategies with samples of X and consider their sample complexity, which will be denoted
s’ : N — N. Hence, we use the following definition.

Definition 2.2 (an interactive proof for the promise problem (D,D’)): For (D,D’) and V as in
Definition 2.1, we say that (P, V') is an interactive proof for (D,D’) if P is an interactive machine
and Condition 1 (completeness) holds with P replaced by PX; that is, for every n € N and for
every X in D, it holds that Pr[(PX(n),VX(n))=1] > 2/3. We say that P has sample complexity
s’ : N = N if on input n it activates the sampling device s'(n) times (i.e., it obtains s’'(n) samples
from X).

We stress that V' also satisfies Condition 2 (soundness).

We say that (P, V) is a doubly-sublinear interactive proof for (D,D’) if (1) the sample complexity
of V is sublinear in the sample complexity of deciding (D, D’), and (2) the sample complexity of P
is sublinear in the sample complexity of learning D.

Lastly, we note that the definitions extend to pairs (or tuples) of input distributions, by pro-
viding the relevant machines with sampling devices to both (or all) input distributions. For sake
of clarity, the resulting definition is spelled out next.

“We note that an alternative model in which one is given the sampling device itself emerged in the context of
statistical zero-knowledge; see survey [13].



Definition 2.3 (Definition 2.2 adapted to pairs of distributions): Let D = |J,,cyDPn and D' =
Unen Dy, such that Dy, and D;, are sets of pairs of distributions over [n]. We say that (P, V') is an
interactive proof for (D,D’) if V. and P are interactive machines that, on input n € N and when
given access to sampling device for a pair of unknown distribution (X,Y) over [n], satisfies the
following two conditions.

1. The verifier accepts distributions that belong to D: If (X,Y) is in D, then it holds that
Pr(PXY (n), VAY () =1) > 2/3.

2. The verifier rejects distributions that are in D' If (X,Y) is in D), then for every prover
strategy P it holds that Pr[(P, VXY (n))=0] > 2/3.

We say that V' (resp., P) has sample complexity s : N — N if on input n it activates each sampling
device s(n) times (i.e., it obtains s(n) samples both from X and from Y').

We stress that MY means that the machine M can activate the sampling devices of both X
and Y (i.e., obtains samples from both X and Y'). In the actual description of our protocols, we
shall use less formal phrases; for example, we will say that the verifier “takes ¢ samples from a
distribution” (rather than saying that “it activates the sampling device ¢ times”).

3 Proving FARNESS via reduction to an asymmetric tester for EQUALITY

In this section, we use the asymmetric tester for EQUALITY provided in [6, Prop. 2.11]. On input
parameters n and €, this tester uses m; samples from one distribution and ms (additional) samples
from each of the two distributions, where

my = O(e~2 - max(n/\/m1,vVn)).

Focusing on m1 < n, we get mo = O(e >n/,/m7). Hence, this tester, hereafter called the DK-
tester, takes m = m1 + mo samples from one distribution, and ¢t = my < m samples from the other
distribution. Assuming that ma < m; (so that ¢+ < m), this means that t = O(e 2n/\/m) (equiv.,
m = Qe 2n/t)?), where m < 2my < 2n. In the following proof system, the sample complexity of
the verifier is t, whereas the sample complexity of the honest prover is m.

Protocol 3.1 (proof system for FARNESS, using an asymmetric tester for EQUALITY): On input
parameters n and €, the parties proceed as follows.

1. The verifier selects at random one of the two distributions, takes a sample of size t from it,
and sends the sample to the prover. Denote this sample by Sy .

(Recall that t = Q(y/n/€?).)

2. The honest prover takes a sample of size m from the first distribution. Denoting this sample
by Sp, the honest prover invokes the DK-tester with the samples Sy and Sp, and return 1 if
the tester accepts and 2 otherwise.’

(Recall that m = max(t, Q(e2n/t)?).)

5 Alternatively, this step can be replaced by a more symmetric version. Specifically, in this alternative, the honest
prover takes a sample of size m from each of the two distributions. Denoting these two samples by Si and S, for
each i € {1,2}, the honest prover invokes the DK-tester with the samples Sy and S;, and responds with ¢ if the ith
invocation accepts. (If both invocations decide identically, the honest prover responds with a random bit.)



3. The verifier accepts if and only if the prover’s answer fits the choice made by the verifier in
Step 1; that is, the verifier accepts if it selected the first (resp., second) distribution and the
prover answered 1 (resp., answered 2).

Soundness (with error probability 1/2) follows from the fact that, when the distributions are identi-
cal, the sample Sy reveals no information about the verifier’s choice. On the other hand, complete-
ness follows from the completeness and soundness of the DK-tester; that is, completeness (resp.,
soundness) guarantees that if the verifier chose the first (resp., second) distribution, then (whp)
the DK-tester accepts (resp., rejects).

Summary: For every ¢t = Q(e 2/y/n), the problem e-FARNESS has a proof system in which the
verifier’s sample complexity is ¢, the honest prover’s sample complexity is m = O((e 2n/t)?),
and the communication complexity is O(tlogn). Specifically, for every constant a € [0,1/6] and
€ >0, we can use t = O(n®5t%/e?) and m = O(n'=2%/¢2). Hence, this yields a doubly-sublinear
interactive proof for FARNESS.

The main deficiency of the foregoing result is that it holds only for ¢t = Q(y/n/e?). As stated in
the introduction, this deficiency is removed in the following section.

4 Proving FARNESS via a direct construction

In this section, we present a direct construction of an interactive proof system for FARNESS. This
proof system establishes Theorem 1.4.

The basic intuition is that e-FARNESS can be decided with a small but noticeable advantage
over a coin toss based on two sample-points that are either drawn at random from one of the
distributions or are each drawn from one of the two distributions. That is, in the first case we
select at random one of the two distributions and take two sample-points from it, whereas in the
second case we take a single sample-point from each of the two distributions. As shown next, the
probability that these two sample-points are identical is different in the two cases.

Specifically, let us denote the two input distributions by P = (p;)ic[n) and @ = (g;)ie[n)- Then,
the probability of a collision in the first case is % PP+ % - 7.2, whereas the probability of
collision in the second case is ), p;g;. The key observation is that

%-Zp?Jr%‘Zq?— > piai = %'Z(pi_Qi)Q > 0, (1)

i€[n] i€[n] i€[n] i€[n]

which is greater than 2¢2/n in case Dicpn) [Pi — @l > 2¢ (ie., if P is e-far from Q).

It is tempting to say that O(n/e?) pairs of sample-points suffice in order to distinguish between
the case that P is e-far from @ and the case that P = (. This is indeed true if p; + ¢; = O(1/n)
for every i € [n], but this condition does not hold in general. Furthermore, recall that the sample
complexity of deciding FARNESS is actually Q(n?/?), which is indeed due to the violation of the
foregoing condition.

For t,m € N, we aim at a proof system in which the verifier has sample complexity ¢ and the
honest prover has sample complexity m > t, we first observe that m = Q(nQ/ 3) must hold, since a
tester can emulate the interaction between the verifier and the honest prover. Next, we observe that
if we use a prover of sample complexity O(m/e?), then we may assume that p; + ¢; = o(1/m) for



every i, because i’s that violate this condition can be either ignored (if |p; — ¢;| = o(¢2/m)) or used
directly (if [p; — g;| = Q(€2/m)).6 We shall show that, under this assumption (i.e., p; +¢; = o(1/m)
for every i), FARNESS has a proof system in which the verifier uses ¢t samples and the honest prover
uses m >> t samples, provided that v/t -m = Q(n/€?). (In contrast, satisfying ¢ - m = Q(n/e?) does
not suffice.)”

4.1 The basic protocol

For parameters m and t, the protocol is as follows, assuming that each element in each of the
distributions appears in it with probability at most 0.01/m (or so).

Protocol 4.1 (interactive proof system for FARNESS, with parameters ¢ and m): The parties pro-
ceed as follows.

1. The verifier sends t samples, denoted s1, ..., ¢, to the prover, where each sample is selected
at random from one of the two distributions. That is, for each j € [t], the verifier selects
bj € {1,2} uniformly at random, and sets s; to be a sample from the b;-h distribution.

2. The honest prover takes a sample of size m from each of the two distributions. For each
(. k) € [t] x [m], let xjr(b) = 1 if s; appears as the k' element in its b'™® sample (and
X;j,k(b) = 0 otherwise). For each j € [t], the prover sends v; aef 2 kefm) Xak (1) =2 kepm) Xi.k(2)
to the verifier.®

Intuitively, v; represents a vote regarding bj; a positive (resp., negative) vote represents a
surplus of collisions with the first (resp., second) sample. If the two distributions are far
apart, then we expect that v; be positively correlated with (—1)b—1,

3. The verifier accepts if v def Zje[ﬂ(—l)bﬁ_l -vj > 0, rejects if v < 0, and accepts with proba-
bility 1/2 if v = 0.

That is, the verifier adds vj to the sum if bj =1, and adds —v; to the sum otherwise (i.e., if
bj =2).

We first observe that if the two distributions are identical, then, no matter how the prover behaves,
the verifier accepts with probability 1/2. This is the case because the s;’s reveal no information
about the b;’s. Hence, for each choice of (vy, ..., v;), for some p € [0,0.5], the value of Eje[t](—l)bfl-
v; is positive with probability p, negative with probability p, and 0 with probability 1 — 2p.

Next, we shall show that if the distributions are e-far apart, then the honest prover convinces
the verifier with high constant probability. Intuitively, as shown next, if the two distributions are
far part, then collisions with the same distribution are more likely than collisions with the other
distribution. Hence, each s; is more likely to collide with the honest prover’s sample of the b;-h

5Details are postponed to the end of Section 4.1.

"The failure of the latter intuitive requirement (i.e., t - m = Q(n/€®)) is not surprising given that a tester can
emulate the interaction between the verifier and the honest prover, whereas (by [2]) a tester must have sample
complexity Q((n/e?)?/?). Indeed, note that t = m = o((n/€2)?/?) violates v/i-m = Q(n/e?) but not t-m = O(n/e?)).

81t may be more natural to have the honest prover sends the index of the sample with which s; collides, but this
presupposes a single collision. The foregoing step avoids this assumption, and provides the full tally of collisions for
each s;.



distribution than with the sample of the (3 — b;)*® distribution. The quantitative version of this
assertion depends not only on the distance between the two distributions but also on an upper
bound on the max-norm of the two distributions. The latter bound is captured by the second
condition below, where 7 > 0 is a free parameter to be set to a small constant.

Lemma 4.2 (completeness of Protocol 4.1): Denoting the first distribution by P = (pi)ic[n and
the second distribution by Q) = (Qi)ie[n]; suppose that the following three conditions hold:

e The total variation distance betwen P and Q is greater than €; that is, Zie[n] |pi — qi| > 2e.
e For each i € [n], it holds that p;,q; < T/m.
e \Vt-m>2n/e.

Then, the verifier accepts with probability 1 — O(T).

Looking at the third condition, note that in the uninteresting (for us) case of ¢ = m it implies
m > (2n/€?)?/3, which matches the sample complexity bound in [8]. More interestingly, for any
B € (0,1/3), we can use t = n*% and m = O(n'=#/¢?).

Proof: Let s} (resp., s}) denote the k'™ element in the sample of the first (resp., second) distri-
bution taken by the prover. Note that Pr[s), =s;j|bj=1] = >, p? and Pr[s|, =s,|b; =2] = >, pigi;
likewise, Prls{=s;|b;=2] = Y, ¢? and Pr[s] =s;|bj=1] = >_. ¢;p;. Also note that each of the three
sums is upper-bounded by 7/m, since p;, q; < 7/m for each i.

For each j € [t| and k € [m], recall that x; (1) =1 if s; = s}, (and x; (1) = 0 otherwise), and
Xjk(2) =1if s; = s}, where s; is the 4" element in the sample taken by the verifier and that this
element is taken from the b;-h distribution. Hence, x;x(b;) is the indicator of the event in which
either s; = s and b; = 1 or s; = s{ and b; = 2. (Likewise, x;x(3 — b;) is the indicator of the
event in which either s; = s} and b; = 1 or s; = s} and b; = 2.) Recalling that b; is uniformly
distributed in {1, 2}, it follows that

Prix;r(b)=1] = % D i % D g
il et
Prlx;x(3 —bj)=1 = - Z pidi + % : Z 4ipi
il el
Now, let
Ge = (=11 (e(1) = x56(2) = x5 (b5) — xj6(3 — by). (2)

In particular, (jr = 1 if x;(bj) = 1 and x;x(3 — bj) = 0, whereas (j = —1if x; (3 —b;) =1
and x;x(bj) = 0. Actually, the case x;x(b;) = x;j (3 — bj) = 0 is far more likely, and in this case
Gk = 0. (Indeed, (j1 = 0 also holds in the more rare case in which x;x(b;) = x;r(3 —b;) = 1.)
Combining the foregoing, we get

ExplGjr] = Explx;r(bj)] — Exp[x;r(3 — bj)]
1
= S| w2 d |- D pa
1€[n] i€[n] i€[n]
1
= 3 Z(Pz’ —¢)%,
1€[n]



which is greater than 2¢?/n since Y, [p; — ¢i| > 2¢. Letting u o Exp[(j,x], we have

Jk)€Et] x

Exp{ > cj,k]t-m-u. (3)
(4,k) [m]

We shall show that, with high probability, Z(M)me[m] ¢jk > 0. For starters, recall that Var[(j ;] <
Exp| fk] and observe that Exp]| ng] = Pr[|¢j x| =1], whereas

Pr(|Grl=1]

IN

Pr[x;x(bj) 21] + Prlx;r(3 — b;) =1]

= Z(; pﬁr* qZ> sz%

i€[n]

1
= 9 Z(pi+Qi>

i€[n]

which is at most 27/m since |p; + ¢;| < 27/m. Hence, Var[(;i] < 27/m. Applying Chebyshev’s
inequality, we have

V
Pr [ Y. Ge< tm-u/2] < af[Z()t(m t/];) ) k] "
(4,k)E€lt]x[m] W

2
Exp |:< Z Cj,k) ] (5)
(:k)€[t]x[m]

= Z Exp [Zjl,kl : ij,kg]

(41,k1),(d2,k2) €[t] x [m]

= > ValGal+ > Exp(Cjy by - Caa)  (6)

(4,k)Elt]x[m] (d1,k1,52,ke)€T'UT"

Letting Zj,k def Gik — M, We get

Var [ Z Cj,k]
(4,k)€E[t]x[m]

where T {(j, k1, j, ko) € ([t] x [m])? : k1 # ko} and T < {(j1, k, jo, k) € ([t] x [m])?: j1 # jo}.
Recalling that Var[(j ] < 27/m, we have

> Var[Gg] <2t-T (7)

(k) €[t x[m]

For each (4, k1, J, k2) € T, we have

EXp[Zj,kl 'Zj,kQ] < Exp[Gk - Gk
< PrlGg = Gk, # 0],



where the last inequality relies on (; 5, € {—1,0,1}. The key observation is that Pr[(jx, = (jk, 7# 0]
is upper-bounded by >, piT—Hh -(pi +qi)?, since this event requires s; to collide with both the k{h and
kSt sample taken by the prover (from either of the two distributions). Using w S(pi+ @) <
max; {p; + ¢} < (27/m)?, we get

Z EXP[Zj,kl ‘Zj,kg] <t-m®- (27’/m)2. (8)

(J9,k1,5,k2) €T’

Likewise, for each (ji, k, j2,k) € T" we have

EXP[Zjl,k 'ng,k’] < EXp[thk ) ijk}
< Pr[Cij = Cjz,k‘ 7é 0]7

which is at most (27/m)2. Hence,

> EBxpl( - Cul S8 me (27/m), 9)
(J1,k,32,k) €T’

Combining Eq. (5) & (6) with Eq. (7)-(9), we get

Var S Gal| <24t 44 m, (10)
(oK)t X m]

Combining Eq. (4) with Eq. (10), we get

(2t + 4t + (4t27/m)) - T

Pr > Gr<tm-p/2| <
b t 2 2
(G k) Elt] X [m] (tmpu/2)
o) -t O(t2/m) 72
+
(tmpu)? (tmypu)?

which is O(t1/(tmp)?) provided t = O(m/7). Assuming t < (tmu)? (equiv., vVt -m > 1/u), we
get an error probability of O(7). Recalling that u > €2/2n, we need v/t - m > 2n/e?, which is
gauarntred by the third condition in the lemma. M

Getting rid of the assumption max;{max(p;,¢)} < 7/m. Essentially, the honest prover can
identify ¢ such that p; > 7/m (or ¢; > 7/m) and act accordingly. Specifically, such i’s can be
ignored by the honest prover (if their contribution to the distance between P and @ is small) or
used by it (otherwise), depending on the case. Details follow.

Let H = {i € [n] : max(p;,q;) > 7/m} and D = {i € H : |p; — q;| > Te/4m}. If Y. p |pi — qi| >
€/4, then the prover notifies the verifier that this is the case. In that case, rather than executing
Protocol 4.1, the verifier selects at random one of the two distributions, sends the prover a single
sample from this distribution, and asks the prover to tell the origin of this sample point. The prover
guesses that the sample point came from P (resp., @) if hits the set S = {i € D : p; > ¢;} (resp.,

10



D\ S), and answers at random otherwise (i.e., if the sample point is not in D). Observe that the
probability that the honest prover is correct equals

%. S+ Y pic05 +%- g+ > q-05

€S i€[n]\D i€D\S i€[n]\D
1 1 1 1
= 1 Z (pi+qz‘)+1'2(pi+qz‘)+1'Z(pi—qz‘)JrZ Z (¢ — pi)
1€[n]\D €D i€S i€D\S
1 1
= Z'Z(pi+Qi)+1'Z|pi_Qi|
1€[n] €D
S 1 n 1 €
2 4 4
Amplification by O(1/€?) repetitions is employed in order to boost the gap between the completeness

and soundness bounds from €(e) to any desired constant level (e.g., 1/3).

Otherwise (i.e., > ,cp |Pi — @] < €/4), when executing Protocol 4.1, the prover just ignores each
i € H (where ignoring means reporting no collisions with such a sample), while relying on the fact
that their total contribution to ), |p; — ¢;| is at most

€ 1 TE
Z\pi—qﬂ + Z pi —ail < 5+ Tim Im
€D i€H\D

which equals €/2.

We warn that the foregoing description is a bit hand-waved, because the prover does not know
whether a given 7 is in H and ditto in D (and in S). Nevertheless, approximate decisions are good
enough. Specifically, for each i € [n], it suffices to estimate p; (resp., ¢;) upto an additive deviation
of (say) 0.017e - max(p;, 1/m) (resp., 0.017¢ - max(g;, 1/m)). Such an estimate can be obtained if
the honest prover uses a sample of size O(m/e?) rather than of size m. Hence, we obtain

Theorem 4.3 (an interactive proof system for e-FARNESS:) For every t = Q(1/€?) and m = Q(e2-
n/\'t) such that t < m, there exists an interactive proof system for e-FARNESS in which the verifier
has sample complexity t, the honest prover has sample complexity 6(m/62), and the communication
complexity is O(t - logn).

This falls short of establishing Theorem 1.4, because the prover is not laconic (i.e., the prover sends
O(tlogn) bits).? This gap is closed in the next subsection.

4.2 A reduction yielding a laconic prover

Suppose that we have an arbitrary interactive proof system for FARNESS in which the verifier
uses t samples from each distribution, and the prover uses m samples from each distribution. For
simplicity, assume that this proof system has error probability at most 1/3 in both completeness and
soundness conditions. We construct an interactive proof system of similar sample complexities, but

9We can easily improve the length of the message sent by the prover (in Protocol 4.1) by observing that almost
all v;’s are zero. Hence, rather than sending (v1, ..., v:), the prover may send (4, v;)i:v;20, which means that it need
only sent O(¢~2logn) bits.

11



in which the prover sends a single bit. The system proceeds as follows, when the input distributions
are P = (pi)ien) and Q = (¢i)ic[n)-

1. The (new) verifier selects one of the two distributions, uniformly at random, takes a sample
of size t from it, and sends the sample to the prover. Denote this sample Sy .

That is, the (new) verifier selects b € {1,2} uniformly at random, and lets Sy be a t-size
sample of P if b =1, and a t-size sample of @ otherwise (i.e., if b = 2).

2. The (new) honest prover emulates both parties in the original interactive proof system, while
providing the original verifier with Sy as the first sample, instead of a t-sized sample of P.
We stress that the second t-sized sample given to the original verifier is always drawn from
Q, whereas the two m-sized samples given to the original honest prover are drawn from P
and @), respectively.

Hence, when b = 1, the (new) honest prover emulates the execution of the original interactive
proof system on the input (P, Q), and otherwise (i.e., when b = 2) it emulates an execution
in which the original verifier gets two t-sized samples of Q.

If the original verifier (emulated by the new honest prover) accepts, then the (new) honest
prover sends 1 to the (new) verifier. Otherwise (i.e., the emulated original verifier rejects), it
sends 2.

3. The (new) verifier accepts if and only if the prover guessed correctly the identity of the
distribution it chose in Step 1 (i.e., if the (new) prover’s message equals b).

Evidently, if P = @, then the (new) verifier accepts with probability at most 1/2, because in
this case Sy carries no information about the (new) verifier’s choice (i.e., b). On the other hand,
we claim that if P is far from ), then the probability that the verifier accepts when interacting
with the honest prover is at least 2/3. Specifically, letting 7. and 1, denote the completeness and
soundness error of the original protocol, we claim that the completeness error of the new protocol
is % “Me + % -ns. This is show by considering the initial choice of the new verifier.

e With probability 1/2, the sample Sy is taken from P (equiv., b = 1). In this case, the new
honest prover emulates the real execution of the original interactive proof system on samples
drawn from P and ). By the completeness condition of the original proof system, the original
verifier accepts with probability at least 1 — 7, (since P is far from @), and the new honest
prover sends 1, which leads the new verifier to accept.

e Otherwise (i.e., with probability 1/2), the sample Sy is taken from @ (equiv., b = 2). In
this case, the new honest prover emulates an execution of the original proof system when the
original verifier gets two t-sized samples of (). By the soundness condition of the original
proof system, the original verifier rejects with probability at least 1 — 1y (regardless of the
behavior of the (original) prover), and the new honest prover sends 2, which leads the new
verifier to accept.

Hence, the new verifier accepts with probability 3 - (1 — ) + 5 - (1 — n,). It follows that the new
proof system has completeness error (1. + 7s)/2 < 1/3, and soundness error 1/2. Instantiating
the resulting proof system with the proof system of Theorem 4.3 (and using error reduction), we
establish Theorem 1.4.
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5 A proof system for the complement of uniformity

In this section, we prove Theorem 1.3. Recall that we wish to accept distributions that are e-
far from U, and reject U, (i.e., the uniform distribution over [n]). Here we use the fact that a
distribution of the former type has collision probability exceeding (1 + 4¢2)/n, whereas U, has
collision probability 1/n.

Aiming at an interactive proof system in which the verifier has sample complexity ¢ and the
honest prover has sample complexity m > t, we first observe that m = Q(nl/ 2), since a tester can
emulate the interaction between the verifier and the honest prover. Analogously to Section 4, we
also observe that we may assume that the input distribution P = (p;);e[, satisfies p; < 1/m for
every i, because i’s that violate this condition can be either ignored (if [p; — (1/n)| = o(¢?/m)) or
used directly (if |p; — (1/n)| = Q(€2/m)).

We shall first show that, under this assumption (i.e., p; < 1/m for every i), FARfromUNI has
an interactive proof system in which the verifier uses ¢t samples and the honest prover uses m >t
samples, provided that t - m = Q(n/e*). (Later, as in the case of FARNESS, we shall get rid of the
foregoing assumption, and also derive a laconic prover.)

Protocol 5.1 (interactive proof for FARfromUNI, with parameters ¢ and m): The parties proceed
as follows.

1. The verifier sends t samples, denoted s1, ..., S, to the prover, where each sample is selected at
random either from P or from the uniform distribution. That is, for each j € [t], the verifier
selects bj € {0, 1} uniformly at random, and sets s to be a sample of P if bj =1 and uses a
uniformly distributed s; € [n] otherwise.

2. The honest prover takes a sample of size m from P. For each j € [t], the honest prover sends
the number of occurrences of s; in this sample.!® Let us denote this tally by vj.

3. The verifier accepts if Zje[t](fl)bﬂ'_l -vj > 0, and rejects otherwise.
That is, the j*™ term in the sum is vj if bj =1, and is —v; otherwise (i.e., if b; = 0).

Alternatively, for sake of easier analysis, we may have the verifier accept if and only if the
following three conditions hold.

def | (.
(a) Zje[t]:bjzl v; > tim - (1 + 3€?)/n, where t; = |{j € [t] : bj = 1}].

(0) X jen—ovi < (t—ti)m - (1+¢€)/n.
(¢) For every j € [t], it holds that v; € {0,1,...,O(logn)}.

If P equals the uniform distribution, then the s;’s reveal no information about the b;’s. In this
case, assuming t = w(e 2 -log(1/€)) (equiv., €2 -t = w(logt)), for every choice of vy,...,v; €
{0,1,...,0(logn)} and o € {0,1}, for a random choice of by, ...,b; € {0,1}, the sum Zje[t]:bj:o vj is
concentrated around its expectation (which is > ;cryv;/ 2).1' However, Conditions 3a and 3b are
in conflict (since the former requires a noticeably larger sum than the latter). It follows that if P
is uniform over [n], then the verifier accepts with probability o(1).

10 Again, it may be more natural to have the honest prover indicate whether a collision occurred, but this presupposes
a single collision.
"Tn particular, wvhp, t; = (1 £ o(1)) - t/2.
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We shall show that if P = (p;)ic[n) is e-far from the uniform distribution, then the honest
prover convinces the verifier with probability 1—o(1). Essentially, it suffices to show that, for every
distribution Q = (¢;);e[n) (Wwhere we actually care about P and about the uniform distribution),
with high probability, the number of collisions between t' ~ t/2 samples of P and m samples of
Q approzimates t'm - Y. pigi, provided the latter is Q(1/n). Applying the claim with @ = P, it
follows that Condition 3a is satisfied with high probability, because >, p? > (1 + 4¢?)/n. Likweise,
applying the claim with Q = U,, it follows that Condition 3b is satisfied with high probability,
because Y. p;/n = 1/n. (Furthermore, using p; < 1/m for every ¢ € [n], Condition 3c is satisfied
with high probability.) For sake of good order, we restate the claim before proving it.

Claim 5.2 (on approximating the number of collisions): Let P = (p;)icn) and Q = (gi)ic[n) be two
distributions such that Zie[n]\pz’% = Q(1/n) and p;,q; < 1/m for every i € [n]. Then, for every
n > 0, with probability 1 — O(n/(n* - tm)), the number of collisions between a t-sized sample of P
and an m-sized sample of Q is (1 £n)-tm-Y . pig;.

Proof: For each j € [t] and k € [m], let (;x = 1 if the j' sample of the verifier (i.e., s;)
equals the k™ sample of the prover. We shall show that, with high probability, Z( J k)l x[m] Cik =
(1£mn)- >, pigi- Specifically, letting p def Exp([¢x] = >, pigi = Q(1/n) and applying Chebyshev’s
inequality, we have

Var>2 ik elgxim) ikl

(- tm - p)? =

Pr Z Gk — tm-pul > n-tm-p| <

(4,k)€lt]x[m]
The analysis proceeds very much as in the proof of Lemma 4.2, where the exception is that in the
current case we have better upper bounds on the variance of (;j as well as on the covariances of

le,kl and Cjz,kr Specifically, Vaf[gj,k] < EXP[ fk] = EXP[Cj,k] = 1, whereas Exp[gjhklgjmz] equals
Pr((j, k1 = Cjo,ke = 1], which in turn is upper-bounded by p - max;{max(p;,q;)} < p/m (provided
(j1,k1) # (Jo2, k2)). Hence, we get

Var Z Gr| < mt-p+ (m*t+t*m) - u/m (12)
(d:k)E[t]x[m]
which equals (1 + 1+ (¢/m))-mt-pu < 3mt- p (since t < m). Combining this with Eq. (11), we get
a error probability bound of

Varl i wyerxm Gkl 3mt - p

(- tm - p)? = (n-tm-p)?
3

n?-tm - p

and the claim follows since = Q(1/n). M

Conclusion. Using Claim 5.2 (with = €2), we obtain the desired interactive proof system (i.e.,
the verifier uses t = ©(e~?logn) samples whereas the honest prover uses m = O (¢ *n/t) samples),
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under the assumption that p; < 1/m for every i € [n].12, Next, we get rid of the latter assumption
by applying the same strategy as in the end of Section 4.1, where here 7 = 1 (and ¢; = 1/n for
every 7). Hence, we obtain

Theorem 5.3 (an interactive proof for FARfromUNI:) For every t = w(e 2 -log(1/€)) and m =
poly(1/€) -n/t such that t < m, there exists an interactive proof system for e-FARfromUNI in which
the verifier has sample complexity t, the honest prover has sample complexity 5(m/e2), and the
communication complezity is O(t - logn).

Lastly, we can obtain a laconic prover by following the strategy of Section 4.2. Specifically, here
the new verifier selects Sy to be either a t-sized sample of P or a t-sized sample of U,; that is, if
b = 1 then Sy is a sample of the input distribution P and otherwise it is a sample of the uniform
distribution. As in Section 4.2, the new honest prover sends 1 if and only if the original interactive
proof (emulated by it) accepts. This establishes Theorem 1.3.

Generalization to being far from any fixed distribution. Using the techniques in [9,
Sec. 11.2.2], for any fixed distribution @ (over [n]), the foregoing interactive proofs can be gen-
eralized to interactive proofs for the problem of being far from (). Specifically, this is done by using
the reduction of testing equality to a fixed distribution (i.e., to @) to testing uniformity, where
these reductions operate by distance preserving “filters” (see [9, Sec. 11.2.2]).
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