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Abstract

Range avoidance (Avoid) is the computational problem in which the input is an expanding
circuit C' : {0,1}" — {0,1}""! and the goal is to find a string y € {0,1}"*! that is not in the
image of C. Avoid was introduced recently by Kleinberg, Korten, Mitropolsky, and Papadimitriou
[ITCS 2021] as an example of a total search problem that appears not to live in TFNP but does
live in the second level of the total function polynomial hierarchy. Since then, Avoid has found
surprising applications throughout complexity theory, and in theoretical computer science more
broadly.

Our main results are as follows.

1. We show that any decision problem that efficiently reduces to Avoid is in AM N coAM (even
for promise problems, and even if the reduction is randomized and makes many adaptive
queries). This in particular shows that NP-hardness of Avoid would collapse the polynomial
hierarchy, answering an open question that has arisen numerous times in the literature.

2. We show an efficient randomized reduction from Avoid to a problem in TFNP that succeeds
with probability 1 — ¢ for any € > 1/ poly(n) (under complexity-theoretic assumptions).
This provides additional evidence that Avoid is unlikely to be NP-hard. And, it shows that,
though Avoid itself is almost certainly not in TFNP, it is in some sense extremely close
to lying in TFNP. The randomness in our reduction seems necessary, since Chen and Li
[STOC 2024] showed (under cryptographic assumptions) that Avoid ¢ SearchNP, while a
deterministic reduction from Avoid to a TFNP problem would place Avoid in SearchNP.

The high-level idea behind these two results is a rather simple “search Arthur-Merlin-Arthur
protocol for Avoid.” And, a key technical tool that we use in all of our results is a novel AM
protocol for upper bounding the size of the image of a circuit. This latter protocol can be viewed
as a sort of dual of the celebrated set-size lower bound protocol due to Goldwasser and Sipser
[STOC 1986]. Both protocols seem likely to be of independent interest.
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1 Introduction

Range avoidance (Avoid) is the computational problem in which the input is an expanding circuit
C:{0,1}" — {0,1}™ for m > n, and the goal is to find a string y € {0,1}" that is not in the image
of C'. We consider the hardest case when m = n + 1 (except where we explicitly state otherwise).

Avoid was introduced relatively recently by Kleinberg, Korten, Mitropolsky, and Papadim-
itriou [KKMP21] as a beautiful example of a total search problem that appears not to be in TFNP
but does live in the second level of the total function polynomial hierarchy (formally, TFZ5). Notice
in particular that Avoid is in fact a total search problem, since for every expanding function there
must be at least one element not in its image. Indeed, Avoid can be thought of as a computational
problem that captures the “dual weak pigeonhole principle,” which states that if there are many
more holes than pigeons, there must be an empty hole.

In fact, an instance of Avoid always has many solutions, in the sense that a random element
y ~ {0,1}""! will be a solution with probability 1 — [Im(C)|/2"*! > 1/2. This makes Avoid a
rather strange computational problem. On one hand, it is widely believed that Avoid ¢ FP, i.e.,
that there is not a deterministic polynomial-time algorithm that solves Avoid. On the other hand,
the trivial randomized algorithm that simply outputs a random string y ~ {0, 1}"*! solves Avoid
with probability at least 1/2!

Avoid grew in prominence due to Korten’s celebrated work showing that it is in a certain
precise sense “the hardest computational problem that is solved by a random string with decent
probability” [Kor21]. In particular, Korten showed reductions to range avoidance from the problems
of constructing two-source extractors, truth tables with high circuit complexity, pseudorandom
strings, rigid matrices, etc. All of these are objects that we do not know how to construct
deterministically in polynomial time, but in all cases a suitable random distribution will yield such
an object with good probability.

In the few years since [KKMP21] and [Kor21], Avoid has been the subject of intense study
(e.g., [Kor22, RSW22, GLW22, ILW23, CHLR23, GGNS23, CGL'23, CL24, KP24, GLV24, LORS24,
KS25a, Kor25, HV25, KPI25, LZ25, KS25b, FIM25, RWZ25, GGLS26]), due mostly to its intimate
connections with derandomization and circuit lower bounds. In particular, a series of recent exciting
breakthroughs on circuit lower bounds by [CHR24, Li24, CLL25] followed from showing non-trivial
algorithms for Avoid in exotic models of computation.

In fact, if we could actually prove that Avoid € FP, then we would immediately have explicit
constructions for many objects of interest, and we would have proven that BPP = P, and we
would have proven incredibly strong new circuit lower bounds! However, as we have already
mentioned, Avoid is widely believed to not be in FP. Indeed, work of Ilango, Li, and Williams
showed that Avoid ¢ FP under the assumption that NP # coNP together with a strong cryptographic
assumption [ILW23]. And, later work of Chen and Li and Ren, Wang, and Zhong even showed that
Avoid ¢ SearchNP under similarly strong assumptions from complexity theory and cryptography
(even when the input circuit is quite restricted) [CL24, RWZ25]. However, we do not have any
evidence for hardness of Avoid that simply works via reduction from a presumed hard problem.
(In particular, all of the explicit construction problems that Korten reduced to Avoid are widely
believed to be in FP, in spite of the lack of known algorithms.)

It would be particularly nice to reduce SAT to Avoid, thereby proving that Avoid is NP-hard
and therefore that Avoid ¢ FP under the minimal assumption that P # NP. Indeed, the question
of whether Avoid is NP-hard or whether NP-hardness of Avoid can be ruled out under standard
complexity-theoretic assumptions has arisen repeatedly in the literature (e.g., in [RSW22, ILW23,



CGL™"23, CL24]), including as Problem 3 in Korten’s survey on range avoidance [Kor25]. Prior work
has merely observed that reductions from SAT to Avoid with very large stretch m (or reductions
with relatively large stretch m that only make a small number of oracle calls) would imply that
NP = RP [ILW23, CGL'23]. (See Section 1.3.) But, prior work has not managed to rule out
NP-hardness of Avoid when the stretch is just m = n 4 1 and the reduction is unrestricted.

1.1  Our results
1.1.1 Range avoidance is probably not that hard

Here, we briefly present our two main results. In Section 1.1.3, we provide more discussion and
interpretation.

Range avoidance is “kind of in AMNcoAM.” Our first main contribution essentially settles the
question of whether Avoid is NP-hard by showing that such hardness would collapse the polynomial
hierarchy. This applies even for the hardest case when m = n + 1, and even under adaptive
randomized reductions that make many queries to an oracle for Avoid. In fact, we show that any
decision problem (or even promise problem) that reduces to Avoid must lie in the complexity class
AM N coAM. (Below and throughout the paper, we write prC to represent the promise-problem
version of a complexity class C.)

Theorem 1.1 (See Theorem 5.2). BPPAd C AM N coAM and prBPPA¥°d C prAM N prcoAM.

(Note that Theorem 1.1 places decision problems that reduce to Avoid into AM N coAM, but it
does not seem to directly imply that Avoid itself lies in any particularly natural complexity class.)

As a consequence of Theorem 1.1, NP-hardness of Avoid (even under randomized reductions
that make many adaptive queries) would collapse the polynomial hierarchy to AM [BHZ87], thus
answering [Kor25, Problem 3]. More generally, one can think of Theorem 1.1 as effectively placing
Avoid in a rather low level of the polynomial hierarchy. This is in contrast to the closely related
problem Empty (which is sometimes called “strong Avoid”) that was also defined in [KKMP21],
which is in fact NP-hard.

Range avoidance is almost in TFNP.  Our second main contribution gives a more direct upper
bound on Avoid by showing that it reduces via a (one-query) randomized reduction to a problem in
TENP, under the assumption that sufficiently strong PRGs exist.

What we mean by this is rather subtle, since in general randomized algorithms for search
problems are rather subtle. (See, e.g., [ABK24] for recent discussion of this.) In this context, we
mean that there is a single search problem T € TFNP such that for any ¢ := ¢(n) > 1/ poly(n),
there is a randomized reduction from Avoid to T that succeeds with probability at least 1 — e (after
making just one oracle query), as in the following theorem. Notice that this is much higher than
the success probability of 1/2 achieved by the trivial randomized algorithm.

Theorem 1.2 (Informal; see Theorem 6.1). Assuming that sufficiently strong PRGs exist, there is
a problem T € TENP such that for every e :== e(n) > 1/ poly(n), there is a (one-query) randomized
reduction from Avoid to T that succeeds with probability at least 1 — €.

In particular, under this assumption, any decision problem that reduces to Avoid is in BPPTFNP.



The specific version of PRGs that we need for this result are PRGs that fool NP circuits! (of
fixed polynomial size). Such PRGs are believed to exist, and they are even known to exist under
the quite likely assumption that E does not have 2°(")-size non-deterministic circuits [SS24]. (See
Sections 2.3 and 6 for more discussion.)

Theorem 1.2 can of course be interpreted as additional evidence that Avoid is unlikely to be NP-
hard. Specifically, the theorem of course implies that Avoid is not NP-hard unless SAT € BPPTFNP
(assuming the existence of sufficiently strong PRGs). See Section 6 for more discussion.

1.1.2 Two Arthur-Merlin protocols

A SearchAMA protocol for range avoidance. The high-level idea behind the proofs of both
Theorems 1.1 and 1.2 is a simple SearchAMA protocol for Avoid. This protocol may be of independent
interest, and we describe it in detail in Section 1.2.1. (Our definition of SearchAMA is rather delicate,
but the protocol itself is quite simple. See Section 1.2.1 for a nearly complete description of the
protocol and Section 2.5 for our definition of SearchAMA.)

Theorem 1.3 (Informal; see Theorem 4.1). Avoid € SearchAMA.

A range-size upper bound protocol. Finally, a key technical tool that we use to prove
Theorems 1.1, 1.2 and 1.3 is a novel AM protocol for upper bounding the image size of a circuit
C:{0,1}" — {0,1}™, as in the following theorem.

Theorem 1.4 (A range-size upper bound protocol; see Theorem 3.2). For any € := e(n) >
1/ poly(n), there is an AM protocol for the following promise problem. The input is a circuit
C :{0,1}" — {0,1}™ and an estimate T € [2"] of the size of the image, Im(C)|. It is a YES
instance if |[Im(C)| < 7 and it is a NO instance if [Im(C)| > 7 + £2™.

We expect that Theorem 1.4 will be of independent interest and have additional applications. In
particular, Theorem 1.4 is perhaps best viewed as complementing the celebrated Goldwasser-Sipser
set-size lower bound protocol [GS86]. Recall that the set-size lower bound protocol allows Merlin
to convince Arthur of a lower bound on the size of any set S C {0, 1} that can be recognized in
NP (or even AM; see Section 3.1) up to multiplicative error 1+ 1/ poly(n). (Unsurprisingly, we use
the set-size lower bound protocol from [GS86] as a key subroutine in our range-size upper bound
protocol.)

In particular, notice that the Goldwasser-Sipser protocol allows Merlin to convince Arthur
of a lower bound on the size of any set S C {0,1}™ that can be represented as the image of
a polynomial-size circuit C' : {0,1}" — {0,1}" (i.e., S = Im(C)). Our range-size upper bound
protocol allows Merlin to convince Arthur of an upper bound on the size of such a set S C {0, 1},
up to additive error 2"/ poly(n).

1.1.3 Some additional discussion

Perhaps the most obvious interpretation of Theorems 1.1, 1.2 and 1.3 is simply as evidence that Avoid
is unlikely to be NP-hard. Here, we list a number of additional interpretations and consequences of
our results.

!Circuits with parallel NP-gates.



Between two trivial algorithms for Avoid. = We recall two basic facts about Avoid that were
already observed when the problem was introduced in [KKMP21]. As we have already discussed,
there is a trivial efficient randomized algorithm that solves Avoid with probability 1/2. A closely
related fact is that Avoid € FZPPNP  i.e., there is a zero-error randomized algorithm with access to
an NP oracle.?

Theorems 1.2 and 1.3 tell us that something interesting happens between the zero-error regime
of the FZPPNP algorithm and the 1 /2 error regime of the trivial algorithm. Specifically, Theorem 1.2
shows that an oracle for a TFNP problem is sufficient if one is willing to accept failure probability
1/ poly(n) rather than zero error (assuming that sufficiently strong PRGs exist). And, Theorem 1.3
similarly shows that if one is willing to accept a small polynomial failure probability, then interaction
with Merlin is sufficient.

Avoid is almost certainly not in TFNP, but it comes pretty close. Notice that Avoid is
not in TFNP unless P = NP,? and under strong cryptographic assumptions, Chen and Li and Ren,
Wang, and Zhong showed that Avoid is not even in the (much larger) class SearchNP [CL24, RWZ25].
However, Theorem 1.2 says that Avoid in some sense is “surprisingly close to being contained in
TFNP.” Specifically, it reduces to a problem in TFNP (under a reasonable complexity-theoretic
assumption) via a randomized reduction. Indeed, it is easy to see that any problem that reduces to
a problem in TFNP under deterministic reductions must lie in SearchNP. So, the randomness in our
result is in fact necessary (under the cryptographic assumptions used in [CL24] or [RWZ25]).

Derandomization and algorithms for Avoid.  Recall that a celebrated result of Korten (closely
related to much earlier work of Jefabek [Jef04]) showed that ENP does not have circuits of size 2°(%)
if and only if Avoid reduces to a problem in NP under deterministic Turing reductions (i.e., if and
only if Avoid € FPNP) [Kor21]. Theorem 1.2 can be viewed as a variant of (one direction of) this
result. Specifically, Theorem 1.2 shows that an even stronger circuit lower bound (the assumption
that E requires exponential-size non-deterministic circuits) implies that Avoid actually reduces to a
problem that is not only in NP but is actually in TFNP—albeit under randomized reductions.

Theorem 1.2 can also be viewed as a variant of a beautiful result by Korten and Santhanam [KS25a].
[KS25a] showed that if even stronger PRGs exist, then the uniform variant of Avoid with sufficient
stretch is actually in FP. (In other words, for any poly(n)-time computable family of expanding
circuits Cy, : {0,1}™ — {0,1}", Avoid can be solved in deterministic polynomial time when restricted
to this family. See Section 1.3.) We show how to solve a notably harder problem (Avoid with minimal
stretch on arbitrary inputs) under a weaker assumption, but only via a randomized algorithm with
access to an oracle for a problem in TFNP. (Our proof was also inspired by the ideas in [KS25a], as
we discuss in Section 1.3.)

2Given access to an NP oracle, one can simply repeatedly sample a random string, use the NP oracle to check if it
is in the image of the circuit, and output it if it is not.

3This is because the formal definition of TFNP requires that there is a verifier that determines whether any candidate
solution is valid. Determining whether a given string is a solution to a given Avoid instance is a coNP-complete
problem, so an efficient algorithm for this would imply that P = NP. Notice that under this definition, it is easy to
find examples of search problems that are trivially in FP but also trivially not in TFNP or even FNP. (For example,
on input x, either output 0 or output a Turing machine that halts on input z.) So, the fact that Avoid is not in TFNP
unless P = NP really tells us relatively little about whether Avoid is easy.



Separating Avoid and the Linear Ordering Principle. = Theorem 1.1 separates Avoid from
LOP (the Linear Ordering Principle), which was recently defined by Korten and Pitassi [KP24]
and is closely related to Avoid. Indeed, [KP24, Problem 2] asked whether LOP can be reduced to
Avoid under FPNP reductions, as such a reduction would have very interesting complexity-theoretic
consequences. Since LOP is known to be hard for MA and even PP"MA [KP24, HV25], Theorem 1.1
implies that LOP does not reduce to Avoid unless PPMA C AM N coAM. (So, we rule out FP
reductions, and even suitable randomized efficient reductions. We do not expect to rule out FPNP
reductions, since it is thought that LOP e FPNP )

Generalization to a wider class of problems. We briefly note that Theorems 1.1, 1.2
and 1.3 can be generalized slightly. Specifically, these results apply not only to Avoid but to any
search problem such that (1) a random string is a solution with non-negligible probability; (2)
the problem of recognizing a solution is in coAM; and (3) the probability that a random string
is a non-solution can be upper bounded up to small error in AM (which we prove about Avoid in
Theorem 1.4). For example, our results apply to the variant of Avoid in which the circuit takes
as input an integer in [N] (represented appropriately) and outputs an integer in [M], provided
that M > N(1+ 1/poly(log N)),* and they also apply to the two harder variants of Avoid defined
in [CGL"23]. However, for simplicity, we simply work with Avoid. (Of course, Theorems 1.1, 1.2
and 1.3 also apply immediately to all of the problems that are now known to reduce to Avoid, and
particularly the explicit construction problems in [Kor21].)

1.2 Our techniques
1.2.1 “A SearchAMA protocol for Avoid”

As we mentioned above, the high-level idea behind our two main results is a simple “SearchAMA
protocol for Avoid.” (See Section 2.5 for the formal definition of SearchAMA.)

In the protocol, polynomially bounded Arthur and computationally unbounded Merlin take
as input a circuit C' : {0,1}" — {0,1}"". Let us assume for simplicity that Arthur knows
a = [Im(C)|/2"*L, i.e., Arthur knows the fraction o < 1/2 of elements in {0,1}"! that are in the
image of the circuit C. (In our actual protocol, we use Theorem 1.4 to allow Merlin to convince
Arthur of a good upper bound on «, which is sufficient.)

Arthur will sample 1, ...,ym ~ {0,1}"*! for some suitably large m := m(n) = poly(n) and
send them to Merlin. Notice that Arthur expects roughly am of the y; to be in the image of C' and
roughly (1 — a)m of them to lie outside the image. More precisely, the number of y; in the image of
C will be between, say, am — /nm and am + /nm with probability at least 1 — 272",

The idea is to have Merlin simply tell Arthur which of the y; are in Im(C) by simply providing
preimages for these y;. So, Merlin will respond to Arthur’s message with a list z1,..., 2, € {0,1}"
that is meant to be a complete list of preimages, in the sense that C'(x;) = y; for every i such that
y; € Im(C). (Of course, when y; ¢ Im(C'), we cannot hope to have C(z;) = v;.)

Arthur simply computes the number k := |[{i : C(z;) = y;}| of actual preimages provided by
Merlin. If & < am — y/nm, then Arthur assumes that Merlin has not in fact provided a complete list
of preimages, and Arthur simply aborts the protocol by outputting the special symbol L. Otherwise,

4This problem is known to be equivalent to Avoid under FPNP reductions [KKMP21], but it is not known to be
equivalent under efficient reductions without an NP oracle.



Arthur samples a uniformly random index i ~ {7’ : C(zy) # yi} and outputs y;. In other words,
Arthur outputs a uniformly random element y; from the list of elements for which Merlin has not
provided a preimage.

Notice that if the number of elements y; in Im(C;) is between aom — y/nm and am + y/nm then
(1) Arthur will always output a correct answer if Merlin is honest and sends a complete list of
preimages; and (2) if Merlin is dishonest, then Arthur will either output L, or Arthur will output a
correct answer with probability

{i : yr ¢ Im(C)}| (1 —a)m —
{i" + ye # Clai)}] — (1 —a)m +

So, honest Merlin causes Arthur to output a correct answer with very high probability (probability
at least 1 — 2_9(”)), and no matter what Merlin does, with probability at least 1 — 4/n/m — 2—8n)
Arthur will output either a solution or L. We can make the latter probability larger than 1 — ¢ for
any € :=¢(n) > 1/ poly(n) by taking m > n/e? to be a sufficiently large polynomial.

So, this protocol allows Arthur to “interact with Merlin to drastically lower the failure probability
of the trivial algorithm for Avoid from 1/2 to any € = 1/ poly(n).” See Section 4 for the formal
statement. This simple protocol is a first hint that perhaps there is something interesting about
range avoidance’s relationship with Arthur-Merlin protocols.

Before moving on, we wish to draw attention to one rather annoying technicality about the
above protocol. Formally, it is an AMA protocol, and not an AM protocol. Recall that in an AM
protocol, Arthur sends a uniformly random message to Merlin, Merlin responds, and then Arthur
must decide what to output deterministically based only on these two messages and the input. In an
AMA protocol, Arthur is allowed to flip additional random coins before deciding what to output.
It is known that any AMA protocol for a decision problem can be efficiently converted generically
into an AM protocol [Bab85, BM88] (and, in fact, any constant-round protocol can be converted
into a two-round AM protocol). But, for search problems we do not know how to convert an AMA
protocol into an AM protocol (perhaps because no such conversion is possible).

>1—4\/n/m.

BE

1.2.2 Reducing Avoid to a problem in TFNP

To reduce Avoid to a problem in TFNP, our idea is to replace the random strings yi,...,ym €
{0,1}"*! from the AM protocol described above by a fixed list of suitably pseudorandom strings.
In particular, suppose that for every n and every circuit size s there exists some canonical list of
strings y1, ..., yYm € {0,1}"! that can be computed in time poly(n, s) such that for every circuit
C :{0,1}™ — {0,1}"*! of size at most s, we have

am—em < |{i : y; € Im(C)}| < am+em

where o := [Im(C)|/2"! as above and, say, € < 1/n!?. In other words, the number of elements y;
in the image of C' is always close to what we expect.

Then, we can try to define a total search problem in which the input is a circuit C': {0,1}" —
{0,1}™*1, and the goal is to output x; such that C(z;) = y; for at least am — em different choices
of 4. This is in fact a total search problem by the above assumption that the number of y; in the
image is at least am — em. And, just like in the protocol described above, if we choose a random
element for which we have not received a preimage, it will be a solution to the Avoid instance with
probability at least 1 — O(g).



As described, however, this problem is probably not in TFNP. The problem is that it is not clear
how to verify that the number of preimages that we have received is in fact larger than am — em,
since we do not know a! For this, we modify the search problem slightly by also asking for the
solution to include a proof 7 that o := [Im(C)|/2"+! is actually small (specifically, small relative to
the fraction of preimages provided).

It remains to show how to construct (1) a list yi,...,ym € {0,1}"T! of such pseudorandom
strings; and (2) a proof 7 that the range size of a circuit is small. In fact, it is relatively easy
to see that such a list of pseudorandom strings can be constructed if there exists a PRG that
fools NPy circuits. (See Lemma 2.9.) Furthermore, the existence of such a PRG implies that
AM = NP [KvM99]. Therefore, if such a PRG exists, then the range-size upper bound AM protocol
in Theorem 1.4 can be converted into an NP proof m with the desired property. Indeed, such strong
PRGs are known to exist under the assumption that E does not have 2°("-size non-deterministic
circuits [SS24]. See Sections 2.3 and 6 for more detail.

Putting all of this together, we obtain a problem that is in TFNP (assuming such strong PRGs
exist, which is in turn implied by circuit lower bounds against non-deterministic circuits) and a
randomized reduction from Avoid to this problem. Notice that the reason that the reduction is
randomized is more-or-less exactly the same as the reason that the protocol that we described in
Section 1.2.1 is an AMA protocol rather than an AM protocol.

1.2.3 An AM N coAM protocol for decision problems that reduce to Avoid

We now describe our proof that any decision problem that reduces to Avoid must be in AM N coAM.
The high-level idea behind the proof is again the simple protocol for Avoid described in Section 1.2.1.
Recall that in this protocol, given some circuit C : {0,1}" — {0,1}"*! with approximate image
size a =~ [Im(C)|/2"*! (a should be confirmed with the protocol from Theorem 1.4, but we ignore
this for now), Arthur sends Merlin m uniformly random strings y1, ..., ym ~ {0,1}""! and Merlin
responds with z1,...,zy € {0,1}" such that C(z;) = y; for roughly am indices 7. Arthur then
samples a uniformly random j from the set {i : y; # C(x;)} of indices for which he has not received
a preimage and outputs y;.

So, suppose that L is some decision problem that reduces to Avoid. In other words, suppose that
there exists some polynomial-time oracle algorithm B® such that if O solves Avoid then B (x) = 1 if
and only if x is a YES instance. (For simplicity, we are being slightly less general here. In particular,
we are assuming that B is deterministic, and we are assuming that L is a true decision problem,
rather than a promise decision problem. In Section 5, we handle randomized reductions and promise
problems as well.)

It is natural to then try to convert B% into an AM N coAM protocol® for L by simply replacing
all oracle calls made by BY with the protocol for Avoid from Section 1.2.1. In more detail, we can
consider the protocol in which Arthur simulates BC. Each time that B® makes an oracle call on
some circuit C : {0,1}" — {0,1}**!, Arthur sends y1,...,ym ~ {0,1}"*! to Merlin, receives an
appropriate response x1,. ..,y € {0,1}" from Merlin, and then chooses a uniformly random y; for
which he did not receive a preimage. Arthur then continues running B?, taking y; as the output of
the oracle on input C'. When he encounters the next oracle query, Arthur engages in another such
protocol with Merlin with the new circuit corresponding to the new query.

SHere, we mean an AM protocol with the property that honest Merlin will cause Arthur to output the right answer
(either YES or NO) with high probability on any input, and regardless of Merlin’s behavior, with high probability
Arthur will either output the right answer or 1. Having such a protocol is equivalent to lying in AM N coAM.



This will yield a correct and sound protocol for L, but the resulting protocol will have roughly 2q
rounds, where ¢ is the number of oracle queries made by B®. Since we want to handle reductions that
make polynomially many oracle queries, this yields a protocol with polynomially many rounds, which
is not useful. (Indeed, any language in PSPACE has an Arthur-Merlin protocol with polynomially
many rounds [Sha92]! So, this argument would only allow us to prove that L is in PSPACE, which
is trivial.)

We could of course try to lower the number of rounds by running some or all of the interactions
with Merlin in parallel. If the queries made by B® are non-adaptive (i.e., if each query depends only
on the input and not on the responses of the oracle to earlier queries), then this will work. But, if
each query made by BY can depend on the answers to the previous queries, then Merlin will need
to know which response y; is chosen by Arthur as the simulated oracle response to one query before
he can send the preimages z; to help Arthur respond to the next query. So, it seems that we must
either run the queries in series (in which case we obtain a useless protocol); or we need to somehow
provide Merlin with enough information to compute y; himself, which seems like it would violate
soundness because a dishonest Merlin who knows how we will choose the index j in advance can
easily cause us to pick an invalid y;.

Notice that the fundamental issue here is again the fact that the protocol from Section 1.2.1 is
an AMA protocol, rather than an AM protocol. We get around this issue as follows.

We build a protocol in which Arthur and Merlin take as input many circuits Cq,...,Cp :
{0,1}" — {0,1}™"!, which we think of as ¢ instances of Avoid (together with estimates aq, ..., ay
with a; =~ [Im(C;)|/2" !, which we ignore here). In this new protocol, Arthur samples many strings
vij ~ {0, 1}7”rl for 1 <i < /fand 1 < j < m for some suitable m and sends them to Merlin.
Merlin now responds with many strings x; ; € {0,1}" purporting to contain a preimage for each
Y;,; that has one, and Arthur then deterministically outputs some of these strings y1 j,,...,¥e,
in a very careful way. Specifically, Arthur chooses j; to simply be the minimal index j for which
Ci(x4,5) # yi,j. Arthur then performs a rather careful check on the preimages provided to see if he
suspects Merlin of cheating. (Specifically, Arthur will check whether for every index j, Merlin has
provided notably less than the expected number of preimages for y ;,...,9.;.) If so, he outputs L.
Otherwise, he outputs 1 j,, ...,y ,. In particular, notice that this is an AM protocol, rather than
an AMA protocol.

Arthur’s acceptance criteria are such that if Merlin is honest, then with high probability over the
Yi,j, Arthur will not abort and the y; j, will be solutions to the respective Avoid instances, i.e., for
all 4, y; j, ¢ Im(C;). However, for any dishonest Merlin, with high probability over the y; ;, either

Arthur will abort or Arthur will output y, it Yt with the property that j; = jiT for at least,
2J1 sJp

say, £ — m®V/{ values of i. (We will take £ > m?¢ so that this is a large fraction of the i € [(].) In
other words, while a dishonest Merlin can cause Arthur to output a few different strings, nearly all
of Arthur’s output is unaffected by Merlin’s message (unless, of course, Arthur aborts).

So, compared to the much simpler protocol from Section 1.2.1, we have paid a bit of a price in
that we now have ¢ different Avoid instances and we are only likely to solve £ — m®/{ of them. But,
for this price, we have (1) gotten rid of the final random coins generated by Arthur; and (2) greatly
constrained Merlin’s ability to control Arthur’s output.

We then use this protocol to obtain a protocol for L as follows. We imagine running ¢ copies of
B in parallel. Each time that these ¢ parallel reductions make ¢ parallel queries Cj, . .., Cy to the
Avoid oracle, we run the above protocol to receive ¢ responses y1 j,, ..., y1,4, € {0, 1}"*1 which we
treat as the oracle’s responses to the respective queries.



This might seem like an unnecessarily complicated variant of the same idea, but notice that
because y;j, only depend on Arthur’s initial message and Merlin’s response (and not on any
additional random coins), Merlin can determine the next circuit queried just based on Arthur’s first
message. It follows that all of these subprotocols can be run in parallel. This therefore yields a
two-round protocol.

And, the soundness guarantee on our subprotocols means that for each of the ¢ queries made
by BP, out of the ¢ responses generated by our protocol, at most m®/? of them will not be
solutions to their respective Avoid instance (with high probability, assuming that Arthur does not
abort). Therefore, the total number of wrong answers that we receive cumulatively in all ¢ parallel
simulations is bounded by gm¢v/2. If we take £ >> m?¢¢?, then gqmV/{ < £, and it follows that the
majority of our parallel simulations will terminate with the right answer.

In fact, our subprotocol is sufficiently robust that we can even handle randomized reductions and
promise problems, with very little additional work. In more detail, we are able to handle randomized
reductions precisely because of the fact that when Arthur does not abort, most of the y; ;, will be
the same regardless of Merlin’s answer.

1.2.4 A range-size upper bound protocol

Finally, we describe the range-size upper bound protocol from Theorem 1.4. In other words,
we show a protocol in which Merlin can convince Arthur that [Im(C)| is small for some circuit
C:{0,1}" — {0,1}™.

For this, we recall the celebrated Goldwasser-Sipser set-size lower bound protocol [GS86]. This
protocol allows Merlin to convince Arthur that a set S C {0,1}" is large, provided that membership
in S can be recognized in AM, i.e., provided that Merlin can convince Arthur that x € S whenever
x is in fact in S. (The Goldwasser-Sipser protocol is commonly described as working for sets S that
are recognizable in NP, but it naturally extends to AM and even to prAM. We include a proof in
Section 3.1 for completeness.)

So, in order to build our protocol, we would like some way to reduce the problem of showing
that the image of a circuit is small to the problem of showing that certain recognizable sets are
large. To do so, we first note a simple double-counting identity, which says that

2”1
Im(C)] = 2" = Y [Sil,
=2

where
Sii={y {0, 13" : |C (y)| >i}.

In other words, S; is the set of all elements with at least ¢ preimages. This identity shows that in
order to prove that |Im(C')| is small, it suffices to show that the sum is large.

We then “apply Goldwasser-Sipser twice.” In particular, notice that membership in C~!(y) can
be recognized in NP C AM (i.e., given x and y, one can simply check if C(z) = y to determine
whether 2 € C~(y)). So, by Goldwasser-Sipser, it follows that membership in S; can be recognized
in AM.% Therefore, by applying Goldwasser-Sipser again, we can obtain a lower bound on |S;|.

SHere, we have ignored the fact that Goldwasser-Sipser only allows us to approzimately estimate set size. (Computing
such set sizes exactly is of course #P-complete.) This means that Goldwasser-Sipser only lets us distinguish elements
that are in .S; from elements that are not even in S(1_1/ poly(n))i- This leads to some additional technicalities, but the
high-level idea does not change.



Finally, we show that we can replace the sum 2", |S;| by a much coarser sum

poly(n)

Z ﬁj|‘9ij|
j=1

for carefully chosen indices ¢; and weights /3; without incurring much error.

Putting everything together, we can use the Goldwasser-Sipser protocol polynomially many
times (in parallel) to obtain lower bounds on S;; for a suitable choice of polynomially many indices
ij, which in turn yields an upper bound on [Im(C)].

1.3 Related work

There is already a large body of literature on Avoid. Here, we describe some of the work that is
most closely related to the present work.

Korten and Santhanam showed that under very strong derandomization assumptions, certain
uniform versions of Avoid can be solved by efficient deterministic algorithms [KS25a]. In more detail,
they show that for any poly(n)-time computable family of circuits Cy, : {0,1}" — {0, 1}, there is
an efficient deterministic algorithm that solves Avoid on C,,, where depending on the strength of
the derandomization assumption their algorithm works for either m = poly(n), m = n - poly(logn),
or m =n+ o(n). Our Theorem 1.2 requires a weaker derandomization assumption, and it solves a
harder problem in that it works for any input (rather than just poly(n)-time computable families)
and for m = n+ 1 (the hardest choice). (Indeed, the problem that we solve is widely believed to not
be solvable by efficient deterministic algorithms.) But, our algorithm is randomized and requires
access to an oracle for a problem that is in TFNP. In short, we place a weaker upper bound on a
harder computational problem under a weaker computational assumption.

Our proof of Theorem 1.2 is heavily inspired by Korten and Santhanam’s work. Indeed, [KS25a]
similarly uses a suitably pseudorandom string to effectively derandomize the basic idea of using
a random string as a solution to Avoid. However, in [KS25a], they need to argue that a single
sufficiently pseudorandom string can itself be used as a solution to an Avoid instance consisting of a
sufficiently expanding uniform circuit, while we need the much simpler observation that a sufficiently
pseudorandom [ist of strings must contain many solutions to any Avoid instance (of a given size).
(The technical difficulty in proving Theorem 1.2 is in showing how to use this pseudorandom list of
candidate solutions to reduce Avoid to a problem in TFNP.)

To the authors’ knowledge, prior to the present work the only result showing a barrier to proving
hardness of Avoid was the following simple observation in [ILW23, CGL*23]. (To be clear, this
observation was not the focus of either [ILW23, CGL"23].) Suppose that SAT reduces to Avoid
via a reduction that makes ¢ queries to the Avoid oracle on circuits C : {0,1}" — {0,1}""* with
q < 2°. Then, we can conclude that SAT € RP (which implies that NP = RP), since a randomized
algorithm can simply simulate solutions to the oracle queries with random strings and succeed with
probability at least 1 — ¢27°. Both works asked whether any barriers can be shown to proving
NP-hardness of Avoid with a larger number of queries ¢, smaller stretch s, or both. We resolve this
by showing such a barrier for any (polynomial) number of queries and minimal stretch s = 1.

Ilango, Li, and Williams [ILW23] Chen and Li [CL24], and Ren, Wang, and Zhong [RWZ25]
showed that Avoid is hard under strong cryptographic and complexity-theoretic assumptions.
[CL24, RWZ25] even showed that Avoid ¢ SearchNP under strong cryptographic assumptions (even
for restricted classes of input circuits). These proofs are beautiful but rather indirect, and it is

10



natural to ask whether we can simply show a reduction from a presumed hard problem to Avoid,
ideally an NP-hard problem. Our Theorem 1.1 effectively rules this out by showing that any
reduction from an NP-hard problem to Avoid would collapse the polynomial hierarchy. The results
of [CL24, RWZ25] also show that the randomness in Theorem 1.2 is necessary, since any problem
that reduces to TFNP deterministically must lie in SearchNP.

Like us, Chen, Li, and Liang also provide “an Arthur-Merlin protocol for Avoid” [CLL25].
However, for their application, they must construct a single-valued protocol (i.e., a protocol in which
Arthur is likely to output some canonical solution, regardless of any randomness or what Merlin says).
To obtain a single-valued protocol, they require non-uniform advice and quasi-polynomial time,
and they only solve uniform Avoid instances for infinitely many different input lengths. ([CLL25]
then uses this protocol to prove breakthrough circuit lower bounds in AMEXP /2ne!) We do not
know of any direct relationship between their protocol and ours, but we do note that both protocols
rely on the same fundamental properties of Avoid—that a random string is a solution with decent
probability and that a solution can be verified in coAM (in fact, solutions to Avoid can be verified
in coNP, but both protocols work with the weaker property of verifiability in coAM).

[CGL*23] showed how to build cryptography under the assumption that no efficient randomized
algorithm can solve Avoid with probability 1 — 1/ poly(n). Our Theorems 1.2 and 1.3 show that
Avoid can be solved with this probability with access to a TFNP oracle or via interaction with
an all-powerful prover Merlin, respectively. This shows that the problem of solving Avoid with
probability 1 — 1/ poly(n) in some sense lives rather low in the polynomial hierarchy, similar to
nearly all known problems whose hardness implies cryptography.

Finally, we note that Fortnow [For87] presented a protocol that is similar to our range-size upper
bound protocol from Theorem 1.4. Formally, Fortnow gave a protocol that allows Merlin to convince
Arthur of an upper bound on the size of a set S, provided that Arthur has the ability to sample
a random element from S. For example, if the circuit C' is somehow known to be regular (i.e., if
every element in the image has the same number of preimages), then Fortnow’s protocol allows
Merlin to convince Arthur of an upper bound on the size of the image (in fact, with multiplicative
error, whereas we only achieve additive error). (We thank Korten for bringing this similarity to our
attention.)

1.4 Future directions

We briefly list some possible future directions.

First, recall that we show that BPPA'd C AM N coAM. In other words, any decision problem
that reduces to Avoid must be in AM N coAM. This effectively rules out NP-hardness of Avoid, but
it does not rule out the possibility of a reduction from some presumed hard decision problem in
AM N coAM to Avoid. (E.g., cryptographers study many problems that are thought to be hard but
are in AM N coAM and even in much smaller classes.) So, perhaps we can still reduce a well-studied
presumed hard problem to Avoid.

11



Alternatively, perhaps BPPAv°id or (PAvid) Jies in an even smaller complexity class. Indeed,
since there is no known reduction from a presumed hard decision problem to Avoid, we see no
fundamental barrier to proving that decision problems that reduce to Avoid lie in much smaller
complexity classes than AM N coAM.” Perhaps a natural first subclass of AM N coAM to consider is
SZK, though our current protocols are certainly not SZK protocols.

In a different direction, recall that we have shown that there is a randomized reduction from
Avoid to a problem in TFNP (under a complexity-theoretic assumption). Chen and Li’s proof that
Avoid ¢ SearchNP (under cryptographic assumptions) shows that we are unlikely to derandomize
this reduction. However, we can hope to improve on it in a different direction. In particular, the
specific problem T € TFNP that we reduce to is rather artificial. So, we ask whether there is a
(necessarily randomized) reduction from Avoid to a more natural problem in TFNP. For example,
as was already observed in [KKMP21], Avoid seems closely related to the subclass PWPP C TFNP.
Informally, PWPP is the complexity class that captures “computational problems whose totality is
proven via the (weak) pigeonhole principle” while Avoid corresponds to “computational problems
whose totality is proven via the dual (weak) pigeonhole principle.” It is quite natural to ask whether
there is a reduction between Avoid and PWPP in either direction or whether one can show an oracle
separation. The same problem is interesting for any of the well-studied subclasses of TFNP.

Finally, we note that the range-size upper bound protocol described in Theorem 1.4 seems
like quite a general tool that complements the celebrated Goldwasser-Sipser protocol [GS86]. We
therefore ask whether it has additional applications. (In particular, our protocol works for any
circuit and does not require the circuit to be expanding.)
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2 Preliminaries

2.1 Search problems

A search problem is different from a decision problem in that it may have a multi-bit output and
some (or all) inputs may have multiple possible solutions. Search problems are therefore formalized
as relations.

Definition 2.1. A search problem is a relation R C {0,1}* x {0,1}*. We say that y is a solution
to R on input x if (x,y) € R. We write R(x) to denote {y : (x,y) € R}.

An important complexity class in this context is TFNP, which consists of search problems for
which (1) there always exists a solution; and (2) solutions are efficiently checkable.

Definition 2.2. A relation R is in TENP if the following conditions hold:

TAs far as we know, it is even plausible that BPPAYd = BPP, even if Avoid itself is hard. For example, letting
Avoid,, be the version of Avoid in which the input circuit maps n bits to m := m(n) bits, BPPAvoidm — BPP for any
m > n + w(logn) [ILW23, CGL123], but it is still certainly plausible (perhaps likely) that Avoid,, ¢ FP. Similarly,
the problem of outputting an n-bit string with large Kolmogorov complexity is provably uncomputable (and therefore
certainly not in FP), but for suitable parameters any decision problem that reduces to it is again in BPP.
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1. R is total: for all x € {0,1}*, there exists y € {0,1}* such that (z,y) € R.
2. R is polynomial: For all (xz,y) € R, |y| < poly(|z]).

3. There exists a polynomial time Turing machine M such that (z,y) € R if and only if
M(l‘, y) =1

While the notion of a reduction from one decision problem to another is clear, what it means
for one search problem to reduce to another can be rather tricky since search problems may have
multiple solutions. The situation becomes more complicated still when the reduction is a randomized
Turing reduction. We will be somewhat informal about this (as is standard in the literature) and
simply consider the strongest type of randomized reduction MP? from A to B that succeed with
probability 2/3 whenever the responses of O to queries are solutions to B. The weaker type is where
the oracle O is fixed in advance and the reduction should work for all fized oracles O solving B. We
will not dwell on this distinction except to say that our results always hold for whichever type of
reduction gives the stronger result. In particular, the results in Section 5 hold even when we work
with the weaker notion of randomized Turing reductions to Avoid and the results in Section 6 hold
even when we work with the stronger notion of randomized Turing reductions to a search problem.

2.2 Avoid

The following useful lemma tells us that we can always “upward self-reduce” Avoid simply by
padding the input and output.

Lemma 2.3. There is a (simple) linear-time, deterministic, single-query reduction from Avoid on
a circuit C : {0,1}"* — {0, 1} with |C| = s to Avoid on a circuit C" : {0,1}" — {0, 1} ! where
|| < n/? for any n' > s.

Proof. The reduction constructs a circuit C” : {0,1}" x {0, 1}~ — {0,1}**! such that C'(z, z') =
C(z) o 2. Tt is not hard to see that |C’| < s + O(rn/) = O(n’) which is less than n’? for sufficiently
large s. We feed C’ to our range avoidance oracle to get back an avoided element y € {0, 1}"/+1.
We decompose y = y; o y2 such that y; € {0,1}"*! and output y;. The reduction clearly runs in
O(s + n') time since all we need to do to construct C’ is pad C with n’ — n extra input and output
bits. To see that y; is not in the range of C, simply observe that if it were and had preimage z; in
C, then y; o y2 would be in the range of C’ since C'(x1,y2) = C(x1) o y2 = y1 © Y2. d

2.3 Pseudorandom generators against NP circuits

One of the key assumptions that we will make is the existence of pseudorandom generators against
NP circuits. We first define non-deterministic circuits and pseudorandom generators.

Definition 2.4. A non-deterministic circuit C : {0,1}"™ — {0,1} is a circuit which has along with
its usual n bit input, m non-deterministic bits as input. We say that the circuit evaluates to 1 on
input x € {0, 1}" if there exists an assignment of the m non-deterministic bits that causes the circuit
to output 1, and 0 otherwise.

We note that non-deterministic circuits are different from NP, circuits, which is how one may
initially think to formalize non-deterministic circuits.
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Definition 2.5. An NP oracle circuit is a circuit with oracle gates to SAT where all oracle queries
are made in parallel (i.e. non-adaptively).

Definition 2.6. A distribution X on n bits is e-pseudorandom for a class C of functions, if for
every C € C,

Pr[Cy)=1—- Pr [C(y)=1]|<Le.
LRl =1= D [C)=1]=<
A function G : {0,1}¢ — {0,1}" is an e-PRG for C if G(X) is e-pseudorandom for C where
X ~{0,1}¢ is a uniformly random seed.
Our key assumption will be the existence of PRGs against NP, circuits. This assumption can

itself be based on the plausible assumption that E (the set of problems solvable in 20(n) time) requires
exponential size non-deterministic circuits. One should view this as a variant of the classic result of
Impagliazzo and Wigderson that if E requires exponential size circuits, then we have PRGs good
enough to get BPP = P [IW97], and it follows from a long line of work [IW97, KvM99, SU06, SS24].
The precise version that we use is from [SS24, Theorem 2.8].

Assumption 2.7. For every constant ¢ > 1, there exists a constant o > 1 such that for every
sufficiently large m, there is a G : {0,1}*1°8™ — [0, 1} that is a ric -PRG for NP\ circuits of size
mE. Furthermore, G is computable in time poly(m).

Theorem 2.8 ([IW97, KvM99, SU06, SS24]). If E requires exponential size mon-deterministic
circuits, then Assumption 2.7 holds.

We now prove the following useful lemma which tells us that the output G(1),...,G(k) of a
PRG against NP circuits will contain roughly as many solutions to an Avoid instance as a random
list of strings.

Lemma 2.9. Let G : {0, 1}*1os(n+1) — 10 137+ pe g n—lg,—PRG which is secure against NP circuits
of size at most n3. Let C : {0,1}" — {0,1}" ! be a circuit of size at most n®>. Then

Cm©)] _ 1

iN[(EL)a}[G(Z) € Im(C)] ol | = 8
Proof. Let D : {0,1}"*! — {0,1} be the NP circuit which on input y € {0,1}"*! outputs 1 if
there exists an x such that C'(z) = y and outputs 0 otherwise. There is the minor subtlety that
writing the statement 3z, C'(x) = y as a SAT instance incurs some blowup, so D may be slightly
larger than C. However, we can safely bound the blowup so that |D| < n?,
Notice also that

[Im(C)|
P D =1| =
y~{0,1r}”+1 ) ] ontl

The result follows by observing that G is a —5-PRG which fools size n®

3 circuits, including D. [

2.4 Checkability

Intuitively, a relation R is checkable if we have an algorithm which, when given oracle access to an
oracle O which claims to solve R, our algorithm either solves R or correctly reports that O in fact
does not solve R. Checkability is a notion originally defined in [BK95].

For a relation R C {0,1}* x {0,1}*, we say that y € {0,1}* U{L} is a solution to R(x) if
y€R(z) orif R(z) =@ and y = L.
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Definition 2.10 ([BK95, MX10]). Let R C {0,1}* x {0,1}* be a relation. R is checkable if there
exists an efficient randomized oracle algorithm A such that for all oracles O, the following holds.

« Completeness: Suppose that for all x, O(x) is a solution to R(x). Then for all x, A®(z) is
also a solution to R(x).

« Soundness: For any O and x, with overwhelming probability A°(z) € R(z) U {L}.

We are particularly interested in the checkability of SAT. The question of whether SAT is
checkable was first proposed in [BK95] and remains open to this day. It seems there is no consensus
on whether SAT should be checkable or not. However, [MX10] showed that a randomized Turing
reduction from SAT to any TFNP problem would imply checkability of SAT, thereby giving a barrier
against showing such a reduction.

Theorem 2.11 (]MX10]). If SAT € BPPTFNP " then SAT is checkable.

2.5 Arthur-Merlin protocols

Crucial to our results will be the notion of Arthur-Merlin protocols [Bab85]. Informally, we say that
a language L C {0,1}* has a k-round Arthur-Merlin protocol if there is a k-round game between a
prover M (Merlin) and a verifier A (Arthur) where if x € L, then an honest Merlin can convince
Arthur of that fact; and if ¢ L, even a dishonest Merlin cannot convince Arthur that x € L. The
protocol begins with Arthur sampling some randomness r; and sending it to Merlin, who sends
back a message m; = M(x,r1) which only depends on the randomness sampled so far. Arthur then
samples some new randomness ro which he sends to Merlin and Merlin sends back a new message
mg = M(z,r1,m1,72). This continues until k£ messages have been sent in total, at which point A,
given access to all the messages sent so far decides if x € L. We now define 2-round AM, which by
[BMS8S] is known to be equivalent to any k-round AM for any constant k.

Definition 2.12. We say that a promise problem II = (Ilygs, IIno) is in prAM ;) () if there exists
a polynomial time algorithm A and some (poly(n)-time computable) m := m(n) < poly(n) such
that the following conditions hold.

o Completeness: there exists a (computationally unbounded) prover M such that if x € Tlygs,
then
Pr (A M) = 1] = e(n).

o Soundness: If x € Tyo, then for all (computationally unbounded) provers M,

T —
Tw{lzo)ﬁ}m[A(xaTaM (.T,’I”)) - 1] S S(ﬂ)

We say that a promise problem I is in prAM if 11 is in prAMy/31/3. A language L C {0,1}* is in
AM if (L,L) is in prAM.

We will often work with promise problems in AM and use standard properties of Arthur-Merlin
protocols which hold in the promise problem setting as well.

Theorem 2.13 ([FGM'89, BGG93, Drul0]). Let p(n),q(n) be any polynomials. If a promise
problem 11 is in prAM () 11 /p(n),s(n), then 11 is also in prAMy 5 g@n) .
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Theorem 2.14 ([Bab85, GS86, BM88|). Let k be any constant. If a promise problem II has a
k-round Arthur-Merlin protocol, then 11 € prAM.

We will also be interested in Arthur-Merlin-like protocols that solve search problems (namely
Avoid). We therefore define SearchAMA.

Definition 2.15. Let R be a search problem. We say that R € SearchAMA () s(n) if there exists
an efficient verifier A and some (poly(n)-time computable) m := m(n) < poly(n) such that the
following holds.

o Completeness: There exists a (computationally unbounded) prover M with polynomially
bounded output length such that for all x € {0,1}"™ with R(x) # &,

P{% 1}m[A(x,r1,M(x,r1),r2) e R(z)] > e(n).

« Soundness: For all (computationally unbounded) provers M' and all x € {0,1}"?,

Pr  [A(z,ri, M(z,71),m2) € R(z) U{L}] > 1 — s(n).
ri,r2~{0,1}m

We now highlight a few differences between AM and SearchAMA. The first difference is that,
unlike in the case of decision problems in AM, where parallel repetition allows us to boost the success
probability, we do not know whether the success probability can be boosted for SearchAMA. So,
we parameterize SearchAMA () 5(n) by the completeness ¢(n) and soundness error s(n) respectively.
The second difference is that we allow Arthur randomness after he sees the prover’s answer in
SearchAMA—this is what makes this SearchAMA and not SearchAM. In the case of decision problems,
this extra randomness is known to be irrelevant (i.e., AMA = AM [Bab85, BM88]). It is unclear if
one can show a similar result in the case of search Arthur-Merlin protocols.

Finally, we note that under the strong (but standard) derandomization assumption presented in
Assumption 2.7, we can derandomize prAM.

Theorem 2.16 ([KvM99]). If Assumption 2.7 holds, then prAM = prNP.

2.6 Pairwise independent hashing

We will need a family of pairwise independent hash functions, which we define as follows.

Definition 2.17. A family of functions H = {h : S — [M]} is called a family of pairwise independent
hash functions if for all x #y € S and all u,v € [M],

1
hlzl;_l[h(x) =u and h(y) =v] = ek
Lemma 2.18. Let n be an integer and p be a prime. There exists an explicit family of pairwise
independent hash functions H = {h : {0,1}" — [p]} that are computable in time poly(n,logp).

Lemma 2.19. Let H = {h : [N] — [M]} be a family of pairwise independent hash functions and let
S C [N] be an arbitrary subset. Then,

Pr [y e S h(y)=v] > Prlh(y) =v]— > Prlh(y) =v,h(y) =]

hNvaN[M] yes hyv y,y/es U
y#y'
_ 181 _[81dsi=1)
M 2M? '
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2.7 The Chernoff-Hoeffding bound
We will need the following version of the Chernoff-Hoeffding bound.

Lemma 2.20. If X1,...,X, € {0,1} are independent Bernoulli random variables (not necessarily
identical) with = Y5_, E[X;], then for any m > 1,

pr[]ﬁxi | = vimt] <2700
=1

3 A range-size upper bound protocol

In this section, we present a key technical result, showing how to upper bound the size of a given
circuit’s range in AM. To that end, we consider the following promise problem.

Definition 3.1. For any € := &(n) > 0, the e-GapRangeSize problem is a promise problem defined
as follows: the input consists of a circuit C : {0,1}" — {0,1}™ and a size threshold .

. HYES . \Im(C)] S T
e IlNno: |Im(C)\ > 7+ e2"
We will build towards proving the following theorem.

Theorem 3.2. e-GapRangeSize is in prAM N prcoAM for any € := e(n) > 1/ poly(n).

3.1 The Goldwasser-Sipser protocol

We recall the celebrated Goldwasser-Sipser set-size lower bound protocol from [GS86]. This protocol
is typically presented as a protocol in which Merlin can convince Arthur that a certain set S has size
at least 7 when we in fact have |S| > (1 4 )7, provided that membership in S can be recognized in
NP. We need a slight generalization of this in which we replace NP-recognizable languages with
AM-recognizable promise problems, as follows. The original proof in [GS86] immediately applies to
this more general setting, but we include our own proof for completeness.

Definition 3.3. Let Il = (II{gg, IIo) be any promise problem where g, o € {0, 1}* x {0, 1}*.
For any § > 0, the (1+ 6)-GapSizer, problem, parameterized by the promise problem Il is a promise
problem defined as follows on input x, 1™ and a size threshold T.

o Ilves: Migs, ()] = (1+6)7
o TIno: 2" — [yg ()| < 7
where Igs , (x) == {y € {0,1}" : (z,y) € s} and Ilyg ,, (x) := {y € {0,1}" : (z,y) € o}

Theorem 3.4 (The Goldwasser-Sipser protocol [GS86]). (1 + ¢)-GapSizer, is in prAM for any
IT' € prAM and any 6 := 6(n) > 1/ poly(n).
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Proof. We assume without loss of generality that 6 < 1/10. We show a 4-round protocol achieving
an additive poly(d) gap between completeness and soundness. This is sufficient as the probability
can be amplified and the number of rounds can be compressed to 2 due to Theorems 2.13 and 2.14.
Since II" € prAM by assumption, it follows from Theorem 2.13 that II' € prAM; 5. (L.e., we
can boost completeness to 1 and soundness to 27™.)
Now, on input z, 1", and 7, Arthur and Merlin behave as follows.

1. Arthur samples a pairwise independent hash function h : {0,1}" — [p] and a uniformly random
v ~ [p] and sends them to Merlin, where p is the smallest prime satisfying that p > 2[(1+4)7].

2. Merlin replies with an element y € {0,1}" that is meant to satisfy that y € II{gs ,(z) and
h(y) = v.

3. Next, Arthur and Merlin perform the protocol for II' guaranteed by the fact that II" € prAM; 5—n
on input (z,y), which takes 2 rounds.

4. Finally, Arthur accepts if and only if both h(y) = v and Arthur accepts in the subprotocol.
Completeness: Let S := HQES’n(x), and suppose that the input is a YES instance so that
|S| > (14 6)7. Then, there exists an S’ C S such that [S’| = [(1 + §)7]. By Lemma 2.19,

Pr[dy € S, h(y) = v] > Pr[Ty € S’ h(y) = v]

hv h,v
1108 -1 1
p 2 p?
Z € — 52 )

> |8

where € := [(14 )7 /p =~ /2.
The probability that the subprocedure rejects is at most 27". Hence the overall completeness is
at least ¢ — % — 27",

Soundness: Let S := {0,1}" \ Tlo ,(7) and suppose that the input is a NO instance so that
|S| < 7. By a simple union bound, for any hash function h, we have
M) _ ISl =
D D 146

So, except with probability at most /(1 + ¢), Merlin will not be able to provide a y € S satisfying
h(y) = v. In this case, either h(y) # v, in which case Arthur rejects, or y € Iy (@), in which case
the subprocedure rejects with probability at least 1 — 27™. Hence, the overall soundness is at least
1-2""—¢/(1+459).

By the above analysis, the gap between the completeness and soundness probabilities is at least

S p— —2"“25(1—5—1)—2”+1

Prl3y € 5,h(y) = ] <

1+6 1+6
1)
— . 72—TL—|—1
5<1+5 6)
2
> —
— 10

The result follows by noting that, e.g., & > §/4 (since there is always a prime between = and 2z). [
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3.2 An approximation of the range size

We now show a convenient approximation of the range size of a circuit.

For a circuit C': {0,1}" — {0,1}™ and r € R, let s¢(r) := |[{y € {0,1}™ : |C~(y)| > r}| be
the number of elements in the range with at least r preimages. Notice that though the more natural
domain for s¢ is integers between 1 and 2", we allow for arbitrary real number inputs r, which will
be convenient. Notice also that s¢(1) = [Im(C)| is the size of the image of C, the quantity that we
would like to upper bound.

In particular, instead of upper bounding sc(1), we try to lower bound 2" — s¢ (1) using the
following simple lemma.

Lemma 3.5. For any circuit C' : {0,1}" — {0,1}™,
27l
2" —s0(1) = / so(r)dr .
1
Proof. Notice that by double counting,
2”
2" =3 kl{y € {0,1}" : [C7}(y)| =k}
k=1
2n
=> Hye{o.1}™ : |C7(y)| = 5}
=1

‘77
277,
—sc()+ [ sclr)dr,
1
as needed. O

It is then natural to define T' := 2" — s¢(1) = f12n sc(r)dr. In order to approximate T', we
further define two (easier to compute) quantities. In particular, for a fixed integer £ > 1, we define

In In
Toga i= (1-271/0) 3 22i=1)/(20) 5 (9(2i-1)/(20)) Toven 1= (1-271/4) 3" 220/ (20) 5, (9(20)/20))
i=1 i=1

These are good approximations of T', as captured in the following lemma.
Lemma 3.6. The following inequalities hold.

o Toaa > 2010 —s50(1).

o Teven <T.

Proof. Since s¢(r) is non-increasing in r, we see that for any i,

9(2i+1)/(2¢) 1/6\6(2i+1)/(20) (2i-1)/(20)
_ 9 i+ i—
/2@1.,1)/@@ so(r)dr < (1-271/7)2 sc(2 ),

i/t

[ semydr > (1= 2702 b se 20 (1)
2(i—1)/¢
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For the first inequality, we know

2”
T:/ sc(r)dr
1

91/(20)

2’)’1
— /1 so(r)dr + /zl/@f) sc(r)dr
)

1/(2¢ ‘n
< /2 so(r)dr + (1 —271/6) 3™ o@D/ 5 (o(271)/(20))
1

B i=1
In
— (21/(2@) _ 1)86’(1) + 21/((1 _ 2—1/@) Z 2(2’i—1)/(2()80(2(21'—1)/(2@)
i=1
= (2YC _ 1)so(1) + 2 Tpgq .
Rearranging and recalling that 7" := 2" — s¢(1), we have

Toga = 2" M0 — 27/ C0Og (1) > 210 — 56(1) .

For the second inequality, summing Equation (1) from i = 1 to ¢n, we see that

In 91/t n ) ) /
— > _o=1/0\9i/t . (oi/ly _
T ;/2(1'—1)/1% sc(r)dr > ;(1 2 12 50(2"°) = Teven ,
as needed. -

Intuitively, if we have good lower bounds for SC(Qj/ (%)), we can convert them into a good
lower bound for T" and hence a good upper bound for |Im(C')|. We now show how to lower bound
5¢(27/(20) by “applying Theorem 3.4 twice.”

Lemma 3.7. For any circuit C : {0,1}" — {0,1}", integer 1 < ¢ < poly(n), 1 < i < ¥¢n and a
threshold value T, the following promise problem II is in prAM:

o Tlygs :sc(2V/) > 7
o TIno : sc(20-0/0) < 2-1/¢. ¢
Proof. Consider the following promise problem II' = (I gg, Iy ):
o Mes: {(Cy) : |C7Yy)| > 27/}
o Oyo : {(Cry) : [CHy)| < 26-1/%

Notice that for any circuit C' and y € {0,1}™, the set C~!(y) = {z € {0,1}" : C(z) = y} can be
decided in P (by simply checking if C(z) = y). More specifically, the promise problem (in fact a
language) (C~(y),C~1(y)) is contained in P C prAM. It follows from Theorem 3.4 that IT’ is in
prAM.

Since IT’ is in prAM, again by Theorem 3.4 we know that II is also in prAM. In particular,
by definition we have so(27/¢) = TIygs ,, (C)] and so(20-1/8) = om TINo m (C)], following the
notations of Theorem 3.4. Ul
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3.3 An AM protocol for upper bounding range size

We are now ready to show that upper bounding the range size is contained in AM.

Proof of Theorem 3.2. The fact that GapRangeSize is in prcoAM is immediate from Theorem 3.4.
So, we only need to present an AM protocol for GapRangeSize. To that end, we present a 3-round
AM protocol for GapRangeSize as follows. One can then compress the number of rounds to 2 via
Theorem 2.14.

Set £ := [2/log(1l + ¢)]. For each i € [1,¢n], Merlin sends a value s; € [2"], claiming that
30(2(%*1)/ (%)) = 8;. Arthur then runs the protocol from Lemma 3.7 (with parameters 7/ = s;,
¢’ =20 and i’ = 2i—1) for each i € [1, ¢n] in parallel (note that we would use a protocol in prAM; -
guaranteed by Theorem 2.13). Arthur rejects if any of these ¢n protocols reject.

Arthur then proceeds by computing

In
T o= (1-2716) % o=b/@h,
i=1

He accepts if and only if T >t _ 7.

Completeness: Suppose that Merlin is honest and |[Im(C)| < 7. In particular, s; = s¢(2(21)/(20)
for all 7 € [1,¢n]| and all executions of Lemma 3.7 would accept. And we have from Lemma 3.6.

T:Todd ZQn_l/Z—T.

Soundness: Suppose that Arthur accepts at the end of the protocol.
By a union bound over all polynomially many executions of the protocol from Lemma 3.7, we
know that for each i € [1,/¢n], sc(2(2-1/(20) > 2-1/20 s, We have

In
QUIT = (127103 9 1/C0 g1/,

=1

In
< (1—27V% Z 2(20)/(20) 91/t . g (2(2=2)/(20))

i=1

In
< (1 - 271/Z) 22(22)/(22) . 22/€ . 80(2(21')/(24)) + (1 o 271/2)22/580(1)
i=1
— 22/6Teven + (22/[ _ 21/Z)SC(1)
< 2% (Teen + sc(1)) = 2'*s0(1)
<22/t g — ol (1)
where the last inequality follows from Lemma 3.6 and the fact that 7'+ s¢(1) = 2™.

Combining the above with the fact that Arthur accepts so that T > on-1/t _ T, we see that
on — ol/tr < 92/t 9n _ 91/65 (1), which after rearranging gives

sc(l) <t4e- 2"V <rpe.om,

as needed. O
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4 An “AM protocol for Avoid”

Combining the high-level outline from Section 1.2.1 with the tools from Section 3, we now show an
AMA protocol for Avoid that succeeds with probability 1 — 1/ poly(n).

Theorem 4.1. For any s(n) > 1/ poly(n), there is a SearchAMA| _y-n 4,y algorithm for Avoid on
circuits C : {0,1}" — {0,1}"+1L.

Proof. Let € = (s —27™)/2. Without loss of generality, we assume that the AM protocol from
Theorem 3.2 has two rounds, completeness 1, and soundness error 272" via Theorem 2.13.
The protocol consists of two parallel parts:

1. Part A: For i € [[1/e]], set 7; = i€2™. Arthur runs the protocol from Theorem 3.2 with
parameters (¢/ = e, 7" = 7;), all in parallel.

2. Part B: Arthur samples y1, ...,y uniformly from {0,1}"*! and sends them to Merlin for
T = [n/e%]. Merlin is expected to send to Arthur zy,...,zr where C(z;) = y; for any
y; € Im(C) (and arbitrary z; for y; ¢ Im(C)).

Next, we specify Arthur’s behavior upon receiving Merlin’s response from the two parallel parts.

Let j € [[1/¢]] be the smallest index such that Arthur accepts the range-size upper bound
protocol. In particular, we have that [Im(C)| < 7; 4 2™,

Let t := |{i : C(x;) = y;}|. Arthur rejects if t < jeT — v/nT. Otherwise, Arthur outputs a
uniformly sampled string from {y; : C(z;) # i }.

Next, we proceed to analyze the correctness of the protocol. Let Y; be a random variable such
that ¥; = 1 if and only if y; € Im(C). Let o := I Lot ¥ = S°7 | ¥;. By the Chernoff-Hoeffding
bound, we have

2nT
P}’/r[|Y —aT| >vnT] < 26Xp<—7;> =221,

Completeness: Let j be the index such that 7; < |Im(C)| < 7j41. In particular, o7 > jeT and
PrlY < jeT — v/nT] < 2e~2". Moreover, the range-size upper bound protocol for [Im(C)| > 7; errs
with probability at most 272". The overall completeness is at least (1 —2e™2" —2727) <1 — 27",

Soundness: By soundness of Theorem 3.2, we know that [Im(C')| < 7j41 except with probability
2727 In particular, with probability (1 —2e~2") we have Y < (j + 1)eT + v/nT. We also have that
t > jeT — +/nT. The probability that Arthur outputs a string in the image of C' is at most:

Y—t<6T+2\/nT<25'
T—-t T -

By union bound, the overall soundness error is at most 272" 4+ 272" 4 2¢ < s. O

5 Any decision problem that reduces to Avoid is in AM N coAM

We now show that any decision problem that reduces to range avoidance (even under randomized
reductions that make many oracle queries adaptively) lies quite low down in the polynomial hierarchy,
specifically in AM N coAM. In particular, this implies that range avoidance cannot be NP-hard
unless the polynomial hierarchy collapses (to AM [BHZS87)).
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We will first need a rather technical proposition that instantiates the ideas described in Sec-
tion 1.2.3. To that end, for C': {0,1}" — {0,1}"* and y1,...,ym € {0,1}"", we define

firstAvoid(C, y1, ..., ym) :=min{j : y; ¢ Im(C)} .

(If all y; are in Im(C'), then we simply say that firstAvoid is undefined. This will be a low probability
event over uniformly sampled y; when m is reasonably large, so we will not be concerned with this
case.) In other words, firstAvoid is the index of the first solution to the Avoid instance C' among
the list of candidate solutions 1, ..., ¥m € {0,1}"*1. For a list C := (Cy, ..., Cy) of such circuits
and a list ¥ := (i j)1<i<e,1<j<m of such strings, we write

firstAvoid(C, y) := (j1, ..., je) := (firstAvoid(Ci, yi1, - - -, Yim))1<i<t € [m]é

for the list of indices obtained by applying firstAvoid to (Ci, yi 1, ..., yim) for each i.

From our perspective, the only important property of firstAvoid is that y;, is a solution to
the Avoid instance C; and it is uniquely determined by C and y. In other words, we think of
firstAvoid(C, y) as representing a canonical choice of solutions y;, to Avoid for each of the instances
C1,...,Cp:{0,1}" — {0,1}™*! from the candidate solutions y.

Finally, for two lists j := (j1,...,j¢),4" = (j1,-..,4,) € [m]® of indices, we write

A(g.3") =i = Ji # 5}l

for the number of indices in which they differ.
With this, we can now present our main technical result, which essentially says that there is “an
Arthur-Merlin protocol for computing 5’ such that A(firstAvoid(C,y), ") < Ve

Proposition 5.1. There is a deterministic polynomial-time algorithm A (Arthur) and a (simple
but computationally unbounded) function M (honest Merlin) with the following properties.

o (Syntax of honest Merlin.) M takes as input a list of circuits Cy,...,Cy : {0,1}" —
{0, 1} (possibly with duplicates) and bit strings y; ; € {0,1}"* for1<i<land1<j<m
and outputs a list of strings x; j € {0,1}".

+ (Syntax of Arthur.) A takes as input circuits Cy,...,Cy: {0,1}" — {0, 1}, bit strings
yij € 0,1} and x;; € {0,1}" for 1 < i < £ and 1 < j < m, and approximations
Ty,..., Ty € [2"] of [Im(C;)| and either outputs L or a list of indices j1,...,je¢ € [m].

o (Completeness.) For any list of circuits C := (Cy,...,Cy), any m, and T := (T1,...,Ty) €
[27]¢ with T; < |Tm(Cy)| for all i,

Pr [A(C,y, M(C,y),T) = firstAvoid(C,y)] > 1 — g2~
yN({071}n+l)mé

(In particular, Arthur’s output (j1, . .., je) will satisfy thaty; j, ¢ Im(C;) for alli with probability
1—¢27%m) )

+ (Soundness.) For any function M', any list of circuits C := (Cy,...,Cy), any m, and any
T := (Ty,...,T;) € [2"¢,

(o riymed A(C,y, MY(C,y),T) : j =L or A(firstAvoid(C, y), j) < E] > 1-£27°(") |
yr~ 071 n m
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Figure 1: A visualization of how Arthur parses his input in the protocol described in Proposition 5.1. If the
box (4, j) contains a blue checkmark, then y; ; has a preimage under C; (which Arthur does not necessarily
know). If (¢,j) has a red checkmark, then Merlin provided a preimage for z; ; such that C;(z; ;) = v; ;
(which Arthur does know). Green shaded boxes indicate Arthur’s candidate indices j;. In this case, Arthur’s
candidate indices are (j1 = 2,j2 = 1,j3 = 1,44 = 2,45 = 3,j6 = 1,j7 = 2,js = 1,49 = 4,510 = 1). Gray
shaded boxes are ignored by Arthur because they occur in boxes (i, j) with j; < ¢. During execution, Arthur
will find A; = {1,...,10}, A2 = {1,4,5,7,9}, As = {5,9}, Ay = {9}, A5 = & and during our analysis in
Proposition 5.1, we will find that ¢ = 8,0, =3,03=1,04, =1,¢5 =0.

where

¢
15 Im(Cy)| — T;
E :=m \/Z-i-mzlmax{T,O}
(In other words, Arthur is likely to either output L or a list that matches firstAvoid(C,y) in
all but at most E places.)

Proof. The function M representing honest Merlin is quite simple. Merlin sets x; ; to be any element
x;j € C; 1(yi7j) when this set is not empty. In other words, he provides Arthur with one preimage
of y; ; whenever such a preimage exists. (The choice of preimage does not matter, nor does it matter
what value z; ; takes when y; ; ¢ Im(C}).)

Figure 1 gives a schematic representation of the behavior of Arthur.

On input Cy,...,Cp: {0,1}" — {0, 1}n+1, (yi,j)ie[é],je[m]a ($i,j)ie[ﬁ],je[m]a and T1,...,Ty € [2"],
the function A representing Arthur behaves as follows. Arthur first simply generates a candidate
list j1,...,j¢ of indices by taking j; to be minimal such that y; ;, does not have a preimage in the
list—i.e., j; :=min{j : v;; # Ci(z;;)}. (If there is some ¢ such that all of the y; ; = C;j(x; ;) for all
Jj, then j; is not defined and Arthur outputs L. This will be a low-probability event.)

Arthur will then either output the indices ji, ..., je or L, depending on the following test. Define
for each j € [m] the set A; :={i € [¢] : j; > j}. In other words A; is the set of indices i for which
Arthur received a preimage for y; ; for all j* < j. (Arthur simply ignores x; ; when ¢ ¢ A;.) And, let

T.
bj = Z an—l .

iEAj
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Notice that if T; = [Im(C;)|, then a uniformly random string in {0, 1}"*! will be in the image of C;
with probability T;/2"!. And notice that for i € A;, we will have i € A;4 if and only if Arthur
received a preimage for y; ;. We therefore expect |A;41| ~ b; if Merlin is honest, and Arthur should
therefore be suspicious if A;41 is significantly smaller than this (since this would suggest that Merlin
has failed to provide some preimages or that 7; is not a good estimate for [Im(Cj;)|). Therefore,
Arthur outputs L if there exists a j such that

vml
Al < b —
Otherwise, Arthur outputs j1, ..., js.
Clearly Arthur is efficient and both Arthur and Merlin have the claimed syntax.
To prove completeness and soundness, we first simply observe that the probability that there

exists an index 4 such that for all j we have y; ; € Im(C}) is at most

. (Im(C; " —m
£ (1)

So, in what follows, we may assume that this does not happen. In particular, this means that the j;
are well defined.
Let 4j :=={i € A; : y;; € Im(C;)}| and

.. [Im (C3)|
b= Tonil

iEAj

Notice that if Merlin is honest, then |A; ;| = ¢;, and notice that ¢; is a sum of |A;| < ¢ indepen-
dent Bernoulli random variables, with expectation E[(;] = b;. By the Chernoff-Hoeffding bound
(Lemma 2.20) and the union bound, we have that

. vml
16 = bj| < 5 (2)

for all j € [m] except with probability at most m2~4™) < 27 gver the y; ;.

We first claim that Equation (2) implies completeness. In particular, if 7; < |Im(C;)| then
clearly b; < b%. And if Merlin is honest, then |A4;1] = ¢;. So, if Equation (2) holds, then Arthur
will not output L. It is immediate that if Arthur does not output L and Merlin is honest, we have
Ji = firstAvoid(Cj, yi1, - - - , Yi,m) for all i. So, completeness holds.

For soundness, consider an arbltrary Mt and let jT = (jir, cen jg) € [m]’ be the indices
generated by Arthur on input C, y, M'(C,y), and T. We claim that if Equation (2) holds, then
either Arthur outputs | or A(57, first Avoid(C,y)) < E. To see this, notice that for any 7, £ ]A]_H]
is precisely the number of elements y; ; with i € A; that are in the image of C; but that MT has
(very rudely) not provided a preimage for. It follows that

m

A5, first Avoid(C, y)) Z —|Aj]) -

We therefore proceed to show that ¢; — |A;11| < E/m for all j, assuming that Merlin provides
enough preimages so that Arthur does not output L.
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Indeed, recall that Arthur will output L unless

Vm/l

|Aj 1| > bj — 5

for all j. So, if Equation (2) holds and Arthur does not output L, then we have for all j that

Im(C;)| — T; d Im(C;)| — T} E
lj—|Ajpa] < Vml+b; —bj = Vml+ > ’m(%l < VmE—l—ZmaX{M,O} =
iGAj =1

The result follows. t

From this (together with the range-size upper bound protocol from Section 3), we derive the
main result of this section.

Theorem 5.2. BPPA!d C AM N coAM and prBPPAY C prAM N prcoAM. In other words, any
(promise) decision problem that efficiently reduces to Avoid (even via randomized reductions that
make many adaptive oracle queries) is in (promise) AM N coAM.

In particular, Avoid is not NP-hard (even under randomized reductions that make many adaptive
oracle queries) unless the polynomial hierarchy collapses (to AM ).

Proof. Let B® be a randomized reduction from some problem L to Avoid—i.e., if @ is an oracle for
Avoid, then B®(x) outputs 1 with probability at least 2/3 for any YES instance 2 of L and outputs
0 with probability at least 2/3 for any NO instance x of L.®

We present a four-round Arthur-Merlin protocol in which Arthur outputs either YES, NO, or L
such that if Merlin is honest then for all YES instances of L Arthur outputs YES with probability at
least 1 — 272" and for all NO instances of L Arthur outputs NO with probability at least 1 — 27,
And, if Merlin is dishonest, Arthur either outputs the correct answer or L with probability at least
1 — 279 Notice that this immediately implies that both L and its complement have four-round
Arthur-Merlin protocols. And, by Theorem 2.14, these can be converted into a two-round protocol,
and we immediately see that L € AM N coAM (or prAM N prcoAM if L is a promise problem), as
claimed.

To that end, let R := R(n) < poly(n), Q := Q(n) < poly(n), and 10n < N := N(n) < poly(n)
be such that on any input of length n, B® flips at most R coins, makes at most @ queries to its
oracle, and such that all queries are on circuits with input length at most N. By possibly padding
the input lengths as in Lemma 2.3, we may assume without loss of generality that all oracle queries
are made on circuits C' : {0,1}V — {0,1}¥+! that take precisely N bits of input. We may also
assume without loss of generality that the reduction always makes precisely @) oracle queries.

On input = € {0,1}", Arthur and honest Merlin behave as follows. Let m := 10N@ and
¢ :=100Q*m*. Arthur first samples r1,...,7, ~ {0,1}# (random coins to be used to run B) and
yl(l;) ~ {0,1}¥*! (candidate solutions to various instances of Avoid) for 1 <i </, 1 < j < m, and
1 <k < Q. Arthur then sends all of this to Merlin.

Honest Merlin does the following. He simulates ¢ different runs of the reduction B® in
parallel, using r; as the random coins of BY in the ith instance. When the reductions make
their kth oracle queries, C¥ = (CF,... ,C’f), Merlin computes X* := M(C,y*) for y* =

8In fact, our protocol works even if B® only outputs the correct answer with probability at least 2 /3 when O is
sampled uniformly at random from the set of all Avoid oracles. But, we do not make this formal.
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(yﬁj)lgi§g71§j§m, where M is the honest Merlin algorithm from Proposition 5.1. And, Merlin
sets TF := ([Im(C¥F)|, ..., |Im(CF)|). Let (jF,...,5F) < A(CF,y*, X* T*) be the output generated
by honest Arthur in the protocol from Proposition 5.1. (If A outputs L, then the protocol simply
fails.) Merlin continues simulating the ¢ parallel reductions using yfjjk € {0,1}N*! as the oracle’s

response to the query C¥ : {0,1}" — {0, 1}V +1,
Finally, once all queries are made, Merlin sends X',..., X% and T, ..., T? to Arthur.
Arthur then runs the same simulation as Merlin. In other words, he first uses random coins
r1,...,7¢ to run £ parallel copies of the reduction to compute £ circuits C! := (Ci,..., C}) cor-
responding to the first query made in each parallel run. Then, for £ = 1,...,Q, he computes
(5%, ... 38« A(CF yk, X TF), uses y b a8 the response to the kth oracle query in the ith

parallel run of the reduction. If any of these subprocedures output |, Arthur outputs 1. Otherwise,
each parallel simulation of BY terminates and outputs either YES or NO. Arthur takes the majority
output as his provisional output, but he will not output it yet.

Instead, Merlin and Arthur then engage in Q)¢ parallel runs of the range-size upper bound
protocol from Theorem 3.2 on input (C¥, TF)1<;<p1<k<q With € := 1/¢ > 1/poly(n) and using
Theorem 2.13 to boost the soundness to, say, 2~~. In other words, “Merlin convinces Arthur that
[Im(C¥)| < TF in such a way that Arthur will catch a cheating Merlin with probability at least
1 — 27N if Im(CF)| > TF + 2V If Merlin fails to convince Arthur in any of these runs, Arthur
outputs L. Otherwise, Arthur outputs the provisional answer from above.

Completeness of the protocol is then more-or-less immediate from completeness of the protocols
from Theorem 3.2 and Proposition 5.1. In particular, completeness of the protocol for Proposition 5.1
implies that if Merlin is honest then y I will be a valid solution to C”c for all ¢ and k except with

probability at most £Q2~2(m) < 2- Q(") When this happens, correctness of BY together with the
Chernoff-Hoeffding bound from Lemma 2.20 implies that the majority of the simulated reductions
will output the correct answer except with probability at most 276 < 2-2") T fact, we will need
a slightly stronger fact below—that with probability 1 — 2~%(") at least, say, 3 /5 of the simulated
reductions will output the correct answer. And, completeness of the protocol from Theorem 3.2
implies that Arthur will output the resulting majority vote in this case (i.e., he will not output L
because one of the range-size upper bound protocols fails).

To see that the protocol is sound, first notice that soundness of the range-size upper bound
protocol from Theorem 3.2 implies that Arthur will reject with probability at least 1 — 27") ynless
we have [Im(CF)| — TF < £2" simultaneously for all 4 and k. Let

l
E = 1.5 V<
m*SVIE 4+ em 100
The soundness property of the protocol from Proposition 5.1 then implies that except with
probability at most Q2 %M < 272 Arthur either outputs L or for all k we have that
A(firstAvoid(C*, y*), 5¥) < E. If this happens, then we see that the simulated responses yf‘jk

in this interaction agree with the simulated responses yf G in an interaction with honest Merlin

(with the same randomness 71, ..., 7¢) for all but at most QF choices of i and k.? Therefore, with

9There is a subtlety here that we wish to call attention to, though our proof manages to aV01d discussing it explicitly.
The subtlety is that it would not be enough to argue that with high probability most of the y I are valid solutions to

their respective Avoid instances C¥. In particular, it could be the case that B® outputs the Wrong answer if yl ik is a
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probability at least 1 — 27" either Arthur outputs L or £ — QE > 9¢ /10 of the simulated runs of
the protocol will be identical to the runs in an honest interaction with Merlin. Since in an honest
interaction with Merlin we have already established that with probability at least 1 — 27 at least
3¢/5 of the runs of the protocol will output the correct answer. The result follows. O

6 Avoid is almost in TFNP

The Avoid problem is in TFX5 rather than TFNP; although Avoid is total, one needs an NP
oracle to verify any proposed solution. In fact, since checking if 0 is in the range of a circuit
C :{0,1}™ — {0,1}"*! is coNP-hard, putting Avoid in TFNP would imply P = NP. (See Footnote 3.)

However, to our surprise, we find that under plausible derandomization assumptions, Avoid has
a randomized reduction to a TFNP problem which succeeds with very high probability.

Theorem 6.1. Assuming Assumption 2.7, there exists a TENP problem A such that for any constant
¢, Avoid has a randomized one-query reduction to A which succeeds with probability at least 1 —1/nc.

Proof. Let G : {0,1}18(+1) — {01} 1 be a L-PRG which fools n® size NP|| circuits, whose
existence we have assumed by Assumption 2.7. By Theorem 2.16, the existence of such a G in
particular implies that prAM = prNP. Since by Theorem 3.2, e-GapRangeSize is in prAM for, say,
e := 1/n°, it follows that e-GapRangeSize is in prNP. Formally, there exists a polynomial-time
verifier V' such that for any circuit C : {0,1}" — {0,1}™, if [Im(C)| > 7 + 2", then for all 7,
V(C,1,m) =0, but if |Im(C)| < 7, then there exists a 7w such that V(C,r,7) = 1.

The problem A is defined as follows. For sufficiently large n, given a circuit C : {0,1}" — {0, 1}"*!
where |C| < n?, output both of the following.

1. 7 € [27], 7 € {0,1}P°Y(") such that V(C,7,7) = 1. In other words, an estimate 7 of the range
size of C' and a proof w that 7 > 7% — ¢2", where 7* := |Im(C)].

2. Wi, Wipgnye € {0,1}" such that for at least a sier — # fraction of ¢ € [(n + 1)%],
C(w;) = G(37).

We first show that A is a TENP problem by showing that A is an FNP problem and that it is
total. Since V is efficient and since checking if C'(w;) = G (i) for sufficiently many i € [(n + 1)¢]
can be done efficiently, there is a simple efficient procedure for verifying solutions to A, and A is
therefore in FNP. To see that A is total, we claim that there is always a solution to A with 7 = 7*.
Indeed, if 7 = 7%, then by the definition of V', there exists a polynomial size witness 7 such that
V(C,7,m) =1. And, for 7 = 7%, Lemma 2.9 tells us that at least a

T 1
on+1 o ﬁ
fraction of the Gi(i) must have a preimage under C. So, there exist solutions w1, ..., w41)e in this

case.

valid solution but if it depends on the random coins r; of B in some way. This is a bit worrisome, because in our
protocol we have sent r; to Merlin, so one might worry that a malicious prover could cause Arthur to generate valid
solutions yfjk to the Avoid instances while still causing the protocol to fail. We are therefore being careful to point

out that most of the yfjk are not only valid solutions to the Avoid instance C¥. They are in fact equal to specific valid

solutions yf GFYy that are independent of r;—specifically, the same valid solutions that Arthur finds when interacting
with honest Merlin.
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We now show how to reduce Avoid to A. By Lemma 2.3, we can reduce our avoid instance
C : {0,1}" — {0,1}"! where |C| = s to an Avoid instance C’ : {0,1}" — {0,1}"'*! where
|C'] < n'* and n’ > n¢ in polynomial time. Notice that solving Avoid on €’ with probability at
least 1 — 1/n’ will yield a solution to Avoid on C' with probability at least 1 — 1/n¢. We will
therefore assume without loss of generality that we only wish to solve range avoidance on circuits
C:{0,1}" — {0,1}"*! where |C| < n? with probability at least 1 — 1/n.

We show a randomized reduction from Avoid on C : {0,1}" — {0,1}""! where |C| < n? to A
such that the reduction succeeds with probability at least 1 — 1/n. The reduction feeds our circuit
C to an oracle for A to get back 7, m (a witness that 7 2 77), and w1, ..., wpy1)e € {0,1}". Let
I :={i:C(w;) # G(i)}. The reduction samples i* uniformly from I and outputs G(i*).

The reduction clearly runs in polynomial time. We now show correctness of the reduction. Let
J:={i:G(i) ¢ Im(C)}. In other words, G() is a solution to the Avoid instance if and only if i € J.
Since we must have J C I, it follows that the reduction succeeds with probability exactly |J|/|I].
So, it remains to prove that |J|/|I| > 1 —1/n.

We will first bound |I| and |J| separately. First, by Lemma 2.9, we have

S R ST | P
(n+1)e 2ntl J| = pd

|J] T* 1
> —_

(n+1)0 = onFl  p3°
We now bound |I|. By the definition of A,

Rearranging gets us

|| T 1 TF—e2" 1 T 2

(n4 1) = ontl

Let k = 7%/2"*1. Note that k < 1/2. We first bound |I| — |.J| and will then use that to bound
|J|/|I]. We have

1 =171 <+ 1) (1= k+2/n%) — (1 =k = 1/n)) = 3(n+1)*/n°.

Therefore,
|J| || —|J| 3(n+1)%/n3 3/n3 3/n3
==-=1--——->1-—-——>1-———>1-———>1-1
|| Il — || - 1—k+2/n3~ 1/24+2/n3 — /m

as needed, where the last inequality holds for sufficiently large n. O

The following corollary follows immediately from combining Theorem 6.1 above with Theorem 2.8
(the fact that sufficiently strong circuit lower bounds imply sufficiently strong PRGs).

Corollary 6.2. If E does not have 2°) -size non-deterministic circuits, then there exists a TENP
problem A such that for all constants c, there exists a randomized reduction from Avoid to A which
succeeds with probability at least 1 — 1/nc.

We are now able to use Theorem 6.1 to show that if plausible derandomization assumptions
hold and SAT is not checkable, then Avoid is not NP-hard. This is an alternative proof (under less
standard assumptions than PH # AM) that Avoid is not NP-hard.
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Corollary 6.3. If Assumption 2.7 holds and SAT is not checkable, then Avoid is not NP-hard
under randomized Turing reductions. Consequently, if E requires exponential size mon-deterministic
circuits and SAT is not checkable, then Avoid is not NP-hard under randomized Turing reductions.

Proof. We will show that if Assumption 2.7 holds, and Avoid is NP-hard, then SAT is checkable.
Say there is a randomized Turing reduction from SAT on an instance of length n to Avoid which
runs in time n¢ for some constant ¢. We assume without loss of generality (by standard probability
amplification techniques) that the randomized reduction succeeds with probability at least 99/100.
Since Assumption 2.7 holds, by Theorem 6.1, there exists a TFNP problem A such that Avoid has a
randomized reduction to A which succeeds with probability at least 1 — 1/n¢t!. Chaining these two
reductions together, we see that we have a Turing reduction from SAT to A which succeeds with
the following probability.

c

99 (1— ! ) > —eam 5 99 (1—©(1/n)

100 netl) = 100 =100
Therefore, SAT has a randomized reduction to the TFNP problem A that succeeds with probability
at least 2/3. It follows from Theorem 2.11 that SAT is checkable. O
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