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Abstract

We construct 3-query relaxed locally decodable codes (RLDCs) with constant alphabet size and length Õ(k2) for
k-bit messages. Combined with the lower bound of Ω̃(k3) of [Alrabiah, Guruswami, Kothari, Manohar, STOC 2023]
on the length of locally decodable codes (LDCs) with the same parameters, we obtain a separation between RLDCs
and LDCs, resolving an open problem of [Ben-Sasson, Goldreich, Harsha, Sudan and Vadhan, SICOMP 2006].

Our RLDC construction relies on two components. First, we give a new construction of probabilistically check-
able proofs of proximity (PCPPs) with 3 queries, quasi-linear size, constant alphabet size, perfect completeness, and
small soundness error. This improves upon all previous PCPP constructions, which either had a much higher query
complexity or soundness close to 1. Second, we give a query-preserving transformation from PCPPs to RLDCs.

At the heart of our PCPP construction is a 2-query decodable PCP (dPCP) with matching parameters, and our
construction builds on the HDX-based PCP of [Bafna, Minzer, Vyas, Yun, STOC 2025] and on the efficient compo-
sition framework of [Moshkovitz, Raz, JACM 2010] and [Dinur, Harsha, SICOMP 2013]. More specifically, we first
show how to use the HDX-based construction to get a dPCP with matching parameters but a large alphabet size, and
then prove an appropriate composition theorem (and related transformations) to reduce the alphabet size in dPCPs.

1 Introduction
Probabilistically checkable proofs (PCPs, for short) are a central object of study in theoretical computer science, with
connections to hardness of approximation, cryptography, error-correcting codes, expansion in graphs and hypergraphs,
property testing, analysis of Boolean functions and more. The connection to error-correcting codes, which is the focus
of this paper, runs in both directions. In one direction, arguably all PCP constructions rely on error-correcting codes
(such as the Reed-Solomon, Reed-Muller and Hadamard codes) as building blocks. In the other direction, as we shall
see later on, strong PCPs are often building blocks in error-correcting codes with additional desirable properties. To
discuss PCPs and their parameters, we shift to the perspective of constraint satisfaction problems, defined as follows.

Definition 1.1. An instance Ψ of a constraint satisfaction problem (CSP) consists of a weighted uniform hypergraph
G = (V,E,P), where P : E → (0,∞) is a distribution over the edges, as well as an alphabet Σ and a collection of
constraints {Φe : Σ

q → {0, 1}}e∈E , one for each edge.
An assignment T : V → Σ is said to satisfy the constraint on e = (v1, . . . , vq) ∈ E if Φe(T (v1), . . . , T (vq)) = 1,

and the value of T is defined as the total weight of edges e ∈ E that are satisfied. The value of the instance Ψ is the
maximum value obtained by any assignment T .

The PCP theorem [FGL+96, AS98, ALM+98] asserts that there exists ε > 0 and a polynomial time reduction f
from 3-SAT to CSP instances on O(1)-uniform hypergraphs with constant alphabet size, such that:

1. Completeness: if φ is satisfiable, then f(φ) has value 1.

2. Soundness: if φ is unsatisfiable, then f(φ) has value at most 1− ε.
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Since the parameters of PCPs turn out to be of great importance in applications, subsequent research has put significant
effort into optimizing each one of them. These parameters include the blow-up of the reduction f (sometimes called
the length/size of the PCP), the number of queries q (the uniformity of the hypergraph), the structure of the constraints
Φe, the soundness error, and the alphabet size. Indeed, in applications, one ideally wants a nearly-linear size PCP (as
opposed to a polynomial blow-up as above) with as few queries as possible (optimally q = 2), and with soundness
close to 0 (as opposed to just bounded away from 1 as above).

1.1 PCPs of Proximity, Decodable PCPs and Their Combinatorial Analogs
It turns out that to optimize parameters of PCPs, one needs, as building blocks, PCPs that have more specialized
properties. In this section, we discuss two key such variants.

1.1.1 PCPs of Proximity

PCPs of proximity (PCPPs), also known as assignment testers, were initially introduced by the works [BGH+06,
DR06] to get PCPs of small size (say, nearly linear). They are variants of PCPs with a more subtle notion of soundness.
Whereas a PCP encoding of an assignment to 3-SAT can be used to check whether it is satisfying or not, a PCPP
enables checking if the encoded assignment is close to a satisfying assignment. Here and throughout, the distance
between a string and a language is the normalized Hamming distance, measuring the fraction of coordinates that need
to be changed to get an input in the language. Below is the formal definition of PCPPs.

Definition 1.2. Let q ∈ N and ε, η > 0. A q-query probabilistically checkable proof of proximity (PCPP) with
proximity parameter η and soundness 1 − ε for a language L ⊆ Σn

0 consists of a CSP instance Ψ = (X ∪
V,E,P,Σ, {Φe}e∈E) over a q-uniform hypergraph, where X has size n and is identified with the coordinates of
Σn

0 and Σ0 ⊆ Σ. On an input w : X → Σ0 it has the following properties:

• Completeness: if w ∈ L, then there exists an assignment A : X ∪ V → Σ extending w such that

Pr
e∼P

[Φe(A(e)) = 1] = 1.

• (η, ε)-Soundness: if w is η-far from all members of L, then for any A : X ∪ V → Σ extending w we have

Pr
e∼P

[Φe(A(e)) = 1] ⩽ 1− ε.

We note that in contrast to a standard PCP, where one has full access to the input w, in a PCPP one only has oracle
access to w. In particular, the number of locations read in w is also counted towards the query complexity. Thus, if
the input string is very close to the language, one cannot expect constant soundness to hold in a PCPP with constantly
many queries, and hence PCPPs must give soundness guarantees which are parameterized by the distance of the input
from the language.

The definition of PCPPs was originally motivated by considerations arising from composition of PCPs. In a
sense, a PCPP can be used to ensure that if an assignment A passes almost all of the constraints of a CSP, then it is
associated with some (unique) actual word from L. This assertion is helpful when composing PCPs with soundness
close to 1. In fact, using PCPPs, one can state generic composition theorems in the close-to-1 soundness regime;
see Section 1.3 for a more thorough discussion. This feature plays a crucial role in Dinur’s combinatorial proof of the
PCP theorem [BS08, DR06, Din07], which, among other things, is the first PCP construction of quasi-linear length
and soundness bounded away from 1.

Constructing PCPPs. The works [BGH+06, DR06] show composition theorems for PCPPs, which, alongside
Dinur’s gap amplification technique [Din07], yield a 2-query PCPP with small (but constant) η, ε > 0, see [Mie09].
As we will see, however, some applications require PCPPs with small soundness. That is, the 1 − ε above is re-
placed by a small positive ε, and intuitively this may be achievable if η is close to 1. The composition techniques
of [BGH+06, DR06] cannot achieve soundness better than 1/2, and we are not aware of any other previous attempts
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at establishing a small soundness PCPP with concretely small values of q, such as q = 2, 3 (one can always improve
the soundness by increasing the query complexity, of course). While PCPPs seem only slightly stronger than standard
PCPs, we are not aware of any black-box transformation from PCPs to PCPPs. For example, we are not aware of a
PCPP analogous to the construction of [MR10].

1.1.2 Decodable PCPs

The parallel repetition theorem of Raz [Raz98] is a generic method for improving the soundness of a 2-query PCP. It
is, however, incapable of giving soundness which is vanishing with the instance size. Additionally, it cannot give small
(but constant) soundness PCPs with nearly-linear length. Thus, to achieve such a size-efficient PCPs, one must resort
to other techniques, which all involve the composition of PCPs in one way or another. Unfortunately, composition is
considerably more difficult in the low-soundness regime. The works [RS97, AS03, DFK+11, DHK15] show how to
get low-soundness PCPs from a suitable composition theorem, but the number of queries their PCPs make grows as
the soundness decreases. In particular, their approach falls short of giving 2-query PCPs with small soundness.

The work of [MR10], later abstracted in [DH13], gives a novel composition technique in the low-soundness regime
that maintains the number of queries being 2. A key concept of that approach is decodable PCPs (dPCPs, for short).1

Below is a somewhat simplified definition sufficient for this introductory section, and we refer the reader to Defini-
tion 3.1 for the more precise definition that we actually use.

Definition 1.3. Let q, L ∈ N and ε > 0. A q-query decodable PCP (dPCP) for a language L ⊆ Σn
0 consists of a CSP

instance Ψ = (V,E,P,Σ, {Φe}e∈E), a collection of decoding maps {Dt : Σ
q → Σ0 ∪ {⊥}}t∈[n], and a collection of

decoding distributions {Pt}t∈[n] over E, one for each coordinate of L. It has the following properties:

• Completeness: for any w ∈ L there exists an assignment A : V → Σ satisfying that

Pr
e∼P

[Φe(A(e)) = 1] = 1, Pr
t∈[n],e∼Pt

[Dt(A(e)) = wt] = 1.

In words, there is an assignment to Ψ with value 1 that decodes to w.

• (L, ε)-List-decoding soundness: for any A : V → Σ we may find a list of words of size at most L, say
{y1, . . . , yL} ⊆ L, such that

Pr
t∈[n],e∼Pt

[Φe(A(e)) = 1 ∧Dt(A(e)) ̸∈ {(y1)t, . . . , (yL)t}] ⩽ ε.

In words, the probability that a randomly chosen edge e is satisfied by A but decodes to something inconsistent
with the list, is at most ε.

The size of Ψ is defined to be |V |+ |E|.

Intuitively, in the low-soundness regime, there is no hope of associating a single word from L with an assignment
A that satisfies a non-negligible fraction of the constraints, so one must resort to a list-decoding notion of soundness.
It turns out that requiring the local decoding feature is the crucial additional feature that enables generic composition
theorems, and we elaborate on this in Section 1.3.

Constructing dPCPs. Most known dPCP constructions are based on some variant of the manifold-versus-point test
(arising from Reed-Muller codes and low-degree testing). The only other known dPCP construction is by Dinur and
Meir [DM11, Theorem 1.6], which gives a 2-query dPCP construction with small soundness. Their construction,
though, only achieves polynomial size (as opposed to nearly-linear size), and has super-constant alphabet size. While
the fact that their dPCP is not of nearly-linear size seems inherent to their approach, their alphabet size being super-
constant is due to the lack of composition results for dPCPs.

1The work [MR10] uses concrete instantiations of this object and refers to them as locally decode/reject codes. The terminology, which by now
is more standard in the area, is from [DH13].
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1.1.3 Relaxed Locally Decodable Codes

The above variants of PCPs have close relations to locally testable codes, locally decodable codes, and relaxed locally
decodable codes, which can all be thought of as combinatorial variants of PCPs. Indeed, composition techniques in
the high-soundness regime often require constructions coming from locally testable codes, and in the low-soundness
regime, they often require constructions coming from locally decodable codes.

In the other direction, Dinur [Din07] shows how to obtain locally testable codes matching the parameters of her
PCP. The work [BGH+06] shows (and actually, defines) a relaxed variant of locally decodable codes, called relaxed
locally decodable codes (or RLDC in short), which is built upon their PCPP construction. RLDCs will be a central
object in this paper, and roughly speaking, they are codes in which individual message bits can be locally recovered
from a corrupted codeword, with the relaxation that the decoder may output a rejection symbol ⊥ upon detecting
corruption. Below is the formal definition.

Definition 1.4. A code C : {0, 1}k → Σn
0 is called q-query RLDC with decoding radius δ if there is a randomized

decoding algorithm Dec, which satisfies the following:

• Completeness: for every m ∈ {0, 1}k and i ∈ [k], Pr[Dec(C(m), i) = mi] = 1.

• Soundness: if w ∈ Σn
0 is δ-close to C(m) for some m ∈ {0, 1}k, then for every i ∈ [k] we have that

Pr[Dec(w, i) ∈ {mi,⊥}] ⩾ 2
3 .

• Success-rate: if w ∈ Σn
0 is δ-close to C(m) for some m ∈ {0, 1}k, then for at least (1 − 16δ − o(1))-fraction

of i ∈ [k] we have that Pr[Dec(w, i) = mi] ⩾ 2
3 .

The above relaxation of LDCs allows for constructions with dramatically better parameters compared to their
non-relaxed counterparts, where the decoder is not allowed to output ⊥. In particular, the construction in [BGH+06]
is an O(1)-query RLDC with nearly-linear length, while the best known construction of O(1)-query (non-relaxed)
LDCs has superpolynomial length [Yek08, Efr12]. These improved parameters, in turn, have led to many applications,
including in property testing lifting lemmas [GR18, CG18], data structures for code membership and polynomial
evaluation [CGdW09], distributions that defy the law of large numbers [BDG16], constructions of universal locally
testable codes [GG18], interactive proofs of proximity [GG21], quantum complexity separations [DGMT22], and
beyond.

However, despite the great attention that RLDCs have received (cf. [GGK19, GRR20, GL21, AS21, BBC+22,
CGS22, CY22, Gol24, KM24, CY24]), prior to this work, no separation result was known between RLDCs and
LDCs. This is since, other than the recent lower bound of Ω̃(k3) of [AGKM23] for 3-query LDCs, the known lower
bounds for RLDCs [GL21, DGL23, GGS25] nearly match the state-of-the-art lower bounds for non-relaxed LDCs
[KT00, WDW05].

Constructing RLDCs. There are two main paradigms for constructing RLDCs. In the low-query regime, construc-
tions start with a base code and augment each bit of the message with a PCPP that certifies consistency of the (relevant
local view of the) codeword with that bit. In the high-rate regime, constructions are closer to those for high-rate lo-
cally testable codes. Namely, they are obtained by iteratively alternating between transformations that reduce query
complexity at the expense of distance, and transformations that increase distance while only mildly worsening locality
(in the spirit of Dinur’s gap-amplification proof of the PCP theorem).

1.2 Main Results
In this section, we state our main results, which will be convenient to express in terms of the Circuit-SAT problem.

Definition 1.5. For a circuit φ : Σn
0 → {0, 1} we define the language SAT(φ) := x ∈ Σn

0 | φ(x) = 1.

We will also discuss the size of a circuit φ : Σn
0 → {0, 1}, which is defined in the standard way. A circuit is a

directed acyclic graph with a single vertex of out-degree 0 called the output. Each node has fan-in 0 or 2, and is labeled
either by an input variable if its fan-in is 0, or else by an arbitrary function from Σ2

0 to Σ0. The size of a circuit is the
sum of the number of nodes and the number of edges in the graph, and we say it computes φ if for any input x ∈ Σn

0 ,
the value of the output node is φ(x).
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1.2.1 Quasi-linear, Low-soundness 2-Query dPCPs and 3-Query PCPPs

Our first result is a new dPCP construction for SAT(φ) for any circuit φ, improving upon all previous constructions.

Theorem 1.6. For all ε > 0 there exists L ∈ N, such that for all Σ0 there is C ∈ N such that the following holds. If
φ : Σn

0 → {0, 1} is a circuit of size N , then the language SAT(φ) has a 2-query dPCP with size N logC N that has
(L, ε)-list-decoding soundness and Oε,|Σ0|(1) alphabet size.

It is clear that any dPCP must make at least 2 queries, so Theorem 1.6 achieves the best parameters possible, up to
the logarithmic factor in the size and the implicit dependency between L and ε (which for us is L = (1/ε)O(1)).

Using a straightforward transformation from dPCPs to PCPPs, we use Theorem 1.6 to conclude a 3-query PCPP
construction with small soundness.

Theorem 1.7. For all ε > 0 there is η > 0, such that for all Σ0 there is C > 0, such that the following holds. If
φ : Σn

0 → {0, 1} is a circuit of size N , then the language SAT(φ) has a 3-query PCPP with size N logC N that has
(1− η, 1− ε)-soundness and Oε,|Σ0|(1) alphabet size.

Intuitively, the construction in Theorem 1.7 is the same as the construction in Theorem 1.6, except that we query
a random index i of the supposed word w from L, decode it using the dPCP, and compare to wi. In other words, we
“spend” one query to check if the assignment to the CSP decodes to w. As long as one sticks to such a recipe, it seems
impossible to achieve query complexity smaller than 3. As far as we know, though, it may be possible to achieve a
small soundness, 2-query PCPP for certain languages of interest.

At the cost of paying one additional query, we can get a tight relationship between ε and η, which is important in
some applications. The statement below is meaningful when ε > 0 is thought of as small, and η can be taken to be
any value between 0 and 1.

Theorem 1.8. For all ε > 0, 0 < η < 1 and Σ0, there is C > 0 such that the following holds. If φ : Σn
0 → {0, 1} is

a circuit of size N , then the language SAT(φ) has a 4-query PCPP with size N logC N that has (η, η + ε)-soundness
and Oε,η,|Σ0|(1) alphabet size.

1.2.2 3-Query RLDCs are Strictly Stronger than 3-Query LDCs

We provide a new black-box transformation of PCPPs into RLDCs, which preserves query complexity. All prior
similar transformations led to an increase in the query complexity, and in particular, they cannot be used to get a 3-
query RLDC. Combining our transformation with Theorem 1.7, we construct RLDCs with 3 queries. More precisely,
we show the following.

Theorem 1.9. There are ε, δ > 0, constant C, and alphabet Σ0 such that for sufficiently large k, there is a 3-query
relaxed locally decodable code C : {0, 1}k → Σn

0 with decoding radius δ, distance ε and n ⩽ k2 logC k.

In words, Theorem 1.9 establishes the existence of a 3-query RLDC with constant decoding radius and dis-
tance, and roughly quadratic blow-up in the message length. All previous O(1)-query RLDC constructions (such
as in [BGH+06, GGK19, GRR20, AS21, CGS22]) require more than 3 queries. The significance of Theorem 1.9
achieving 3 queries is more apparent once it is compared to the lower bounds for LDCs of [AGKM23]:

Theorem 1.10 (Theorem A.2 in [AGKM23]). Suppose C : {0, 1}k → Σn
0 is a 3-query locally decodable code with

decoding radius Ω(1), distance Ω(1) and alphabet |Σ0| = O(1). Then n ⩾ Ω(k3/ log6 k).

In particular, combining Theorems 1.9 and 1.10 gives the following corollary, which asserts that 3-query RLDCs
achieve strictly stronger parameters than 3-query LDCs. This provides a separation between RLDCs and LDCs,
resolving an open problem due to Ben-Sasson, Goldreich, Harsha, Sudan, and Vadhan [BGH+06] (see also Goldreich’s
textbook [Gol10, Chapter 13.4.4] and recent surveys [Gol24, Gas24]).

Corollary 1.11. There is a family of 3-query RLDCs with constant decoding radius, distance, and alphabet size that
achieves polynomially better length than any family of 3-query LDCs with constant decoding radius, distance, and
alphabet size.
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Remark 1.12. The recent work [GKMM25] showed that linear 3-query RLDCs with a binary alphabet imply non-
relaxed LDCs with similar parameters. While our construction is not linear, this barrier suggests that a non-binary
alphabet is likely a prerequisite for achieving such polynomial separation.

Other Implications. Our results have a few direct implications using existing results in the literature, and we men-
tion one of them.

Using the connection between gaps of PSPACE-hardness for the q-CSP reconfiguration problem and parameters
of PCPPs established by [GRW25], we get the following two corollaries:

Corollary 1.13. For any constant η > 0 there is an alphabet Σ of size Oη(1), such that Gap1, 12+η 5-CSPΣ Reconfig-
uration is PSPACE-hard.

Corollary 1.14. For any constant η > 0 there is an alphabet Σ of size Oη(1), such that Gap1,0.9+η 2-CSPΣ Recon-
figuration is PSPACE-hard.

These results improve upon [HO24, GRW25], who proved that Gap1,0.9942+η 2-CSPΣ is PSPACE-hard for some
Σ of size Oη(1). We remark that for both of them, it is important that we use Theorem 1.8, which has a near-tight
relationship between the distance and rejection parameters.

1.3 Techniques in our PCP Constructions
In this section, we discuss the techniques in the proofs of Theorems 1.6 and 1.7. We begin with a general discussion
about how PCPs are constructed.

1.3.1 The General PCP Recipe

Essentially all known PCP constructions can be viewed as using the following high-level recipe. Starting with a
language L ⊆ Σn

0 , they consist of:

1. Outer PCP: is a fairly good PCP construction for the language L, except that its alphabet Σ is too large (being
either polynomial in n or sometimes even quasi-polynomial in n, provided it has small “decision complexity”,
a notion we will define shortly).

2. Inner PCP: is a PCP construction for a language L′ ⊆ (Σ′
0)

n′
that arises from the constraint structure or

the alphabet structure of the outer PCP. The key additional features of the inner PCP construction are that its
alphabet size is much smaller than that of the outer PCP, and that it satisfies a stronger notion of soundness
as discussed above. The inner PCP could be fairly “lossy” with respect to other parameters, such as its length
relative to n′. This is because the n′ we take is typically much smaller than the above n, as the intention here is
to encode an alphabet symbol of the outer PCP.

3. A composition procedure: this is a technique that combines the outer PCP and the inner PCP constructions to
yield a composed PCP. Roughly speaking, the soundness and completeness of the composed PCP are governed
by the soundness and completeness of the two components, the alphabet size of the composed PCP is inherited
from the inner PCP construction, and the size is the product of the sizes.

To illustrate this recipe, we define a special class of CSPs, which goes by the name Label-Cover.

Definition 1.15. An instance Ψ of Label-Cover consists of a weighted bipartite graph G = (A ∪ B,E,P), where
P : E → (0,∞) is a distribution over the edges, alphabets ΣA, ΣB and constraints {Φe : ΣA × ΣB → {0, 1}}e∈E .

1. The value of a pair of assignments TA : A → ΣA, TB : B → ΣB is the sum of weights of constraints they satisfy,
and the value of Ψ is the maximum weight of constraints satisfied by any TA, TB .

2. We say Ψ is a projection Label-Cover instance if for each edge e ∈ E, the constraint Φe is projection from ΣA

to ΣB . Namely, there exists a map ϕe : ΣA → ΣB such that Φe(σ, τ) = 1 if and only if τ = ϕe(σ).2

2The notion of projection Label-Cover is essentially equivalent to the notion of robust PCPs, which is sometimes used in the literature.
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Suppose we have an outer PCP construction Ψ = (G = (V,E,P),Σ, {Φe}e∈E) as in Definition 1.1 which is good
(in the sense that ε > 0 and q are absolute constants), but its alphabet Σ is too large. To discuss composition, it is first
convenient to convert Ψ into a Label-Cover instance Ψ′.

The instance Ψ′ is defined over the graph H = (A ∪ B,E′,P ′) whose sides A and B are the edge set E and the
vertex set V of Ψ respectively, its weight function P ′ is naturally derived from P by: sample e ∼ P , sample a vertex
v from e uniformly and output (e, v). For e = (v1, . . . , vq) ∈ A, we interpret the alphabet ΣA as an assignment of Σ
symbols to the variables v1, . . . , vq that satisfies the constraint Φe; for v ∈ B, we interpret the alphabet ΣB simply as
Σ. Finally, the constraint on (e, v) ∈ E′ is that the symbol assignment to e and the symbol assigned to v are consistent
with respect to the value given to v. Using error-correcting codes, the instance Ψ′ can be transformed into an instance
Ψ′′ over a similar graph (A∪C,E′′,P ′′) with similar constraints and alphabets, except that the alphabet ΣC now has
constant size, and for the sake of this introduction, we just take ΣC = {0, 1}.

Suppose for the sake of simplicity that the constraint Φe is the same for all edges e ∈ E. In this case, to reduce
the alphabet size of Ψ′, we would like to be able to encode assignments to H , so that we can check: (1) the hardcoded
condition in ΣA, which is morally how the constraint Φe is manifested, (2) the consistency between the assignment to
A and B, which ultimately ensures that the local assignments to the A side come from a legitimate assignment to V .
Towards this end, we may think of symbols in ΣA as strings of length n′, say ΣA ⊆ {0, 1}n′

, and take an inner PCP
construction suitable for the language

L′ = {x ∈ {0, 1}n
′
| x ∈ ΣA}.

At this point, it becomes clear that we care about the complexity of the language L′, otherwise there is no reason
we would have a decent PCP construction for it. This is the motivation for the notion of decision complexity, which
captures the circuit complexity of the constraints (in the context of CSP instances) or alphabet membership checks (in
the context of Label-Cover), and we define it formally later. In our applications, n′ and the circuit complexity of L′

will both be poly-logarithmic in n, and in particular much smaller than n.
In the high-soundness regime, the composition can now be performed by replacing a vertex in the A-side of Ψ′′

with a copy of the inner PCP of L′. Morally, this automatically takes care of issue (1) above, namely the hardcoded
condition in the alphabet ΣA. To address issue (2), namely the consistency between A and C, we require the inner
PCP to be a PCP of proximity for L′. In that case, we could actually reliably read off coordinates of the PCPP
corresponding to the coordinates in L′ and compare them to what they are supposed to be from the assignment to
the C side. This composed PCP can be either thought of as having more than 2 queries, or equivalently, as having 2
queries but soundness close to 1 (by simply running each one of the above-mentioned tests with probability 1/2).

Composing in the low-soundness regime is more challenging, since the two tests above need to be combined into
a single test in a way that preserves soundness. This is precisely where the notion of decodable PCPs comes in handy.
By definition, by reading off the locations corresponding to a constraint in a dPCP, we can – at the same time – check
a constraint and decode a coordinate from the supposed word of the language. With this description in mind, the main
challenges in proving Theorem 1.6 are as follows.

1. Starting point: no prior dPCP constructions achieve the parameters of Theorem 1.6, even if we relax the
requirement on the alphabet size and allow it to be somewhat large (so as to serve as the outer PCP in the above
recipe). The closest result in the literature is due to Dinur and Meir [DM11], but its length is significantly bigger
than quasi-linear.

2. Composition theorem: we are not aware of any prior composition results that yield a composed dPCP. As a
matter of fact, in the low-soundness regime, we are only aware of a single query-efficient composition result for
any variant of PCPs, namely the one in [MR10, DH13].

In the rest of this section we discuss the way we overcome both of these challenges.

1.3.2 Our Starting Point

Our starting point is the recent PCP construction of [BMVY25], which is based on high-dimensional expanders.
Roughly speaking, the bulk of their work goes into showing the existence of a quasi-linear, low-soundness PCP for

7



NP, with a quasi-polynomial alphabet and poly-logarithmic decision complexity. They then reduce its alphabet using
the techniques from [MR10, DH13].

We show that, after appropriate modifications, applying their construction on the PCPP of Mie [Mie09] gives a
decodable 2-query PCP (as opposed to just a normal PCP) with similar parameters. Since we are not aware of any
black-box transformation, our argument has to carefully go through the steps of their construction and show that they
all preserve the stronger notion of soundness. These steps include:

1. Embedding a given PCPP into an HDX: we use the same link-to-link routing protocol to transform a given
2-query dPCP to a 2-query dPCP over the base graph of a high-dimensional expander X , provided the latter
satisfies sufficiently good expansion properties.

2. Amplification via direct product testing: we show that the sparse direct product testing results in the low-
soundness regime of [BM24, BLM24, DD24a, DD24c, DD24b] as used in [BMVY25], can also be used in the
context of decodable PCPs to decrease the soundness of our HDX-based 2-query dPCPs.

Combining these two components gives a version of the 2-query dPCP of Dinur and Meir [DM11] with only quasi-
linear size. The next step in our argument is to show a way of reducing the alphabet size.

1.3.3 Our Composition Theorem

To reduce the alphabet size of our HDX-based dPCP, we also use a composition theorem, except that we have to prove
versions that yield dPCPs. To discuss our composition theorems we have to define a few additional parameters of
interest of dPCPs, and to do so we first give the appropriate definition of label-cover dPCPs.

Definition 1.16. Let L ⊆ Σn
0 be a language. A label-cover, decodable PCP for L is a tuple

D = ((A ∪B,E), {Pt}t∈[n],ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n]),

where (A ∪ B,E) is graph, {Φe : ΣA × ΣB → {0, 1}}e∈E is a collection of constraints, Pt is a distribution over E
for each t ∈ [n] and Dt : A×ΣA → Σ0 is a decoding map for each t ∈ [n]. We say that D is a projection dPCP if for
each e ∈ E, Φe is a projection constraint.

There are several differences between Definition 1.16 and Definition 1.3. First, the former uses bipartite graphs,
whereas the latter uses hypergraphs. Second, in the former, the decoding maps only read the left vertex and an
assignment to it, whereas in the latter, they read an assignment to an edge. These two differences are relatively minor
and are very natural in light of the transformation discussed in Section 1.3.1.

Besides the obvious PCP-related parameters (such as completeness and soundness, which are defined analogously),
we will also care about graph-theoretic parameters, such as left and right degrees of vertices. A somewhat less standard
parameter that will be important for us is the decoding degree:

Definition 1.17. Let D be a label-cover decodable PCP as in Definition 1.16. The decoding-degree of a vertex
a ∈ A, denoted by ddeg(a), is the number of indices it is in charge of decoding, namely |{t ∈ [n] | ∃b ∈ B, (a, b) ∈
supp(Pt)}|. The decoding-degree of D is defined as maxa∈A ddeg(a).

With this notion in place, we now discuss our composition theorem.

Composition when the decoding-degree is constant: our composition theorem applies in the case we have a pro-
jection label-cover dPCP D with constant decoding-degree. In this case, we show how to combine two copies of it,
one of the scale of n as an outer PCP and one at the scale of a much smaller n′ as an inner PCP, to get a projection
label-cover dPCP with similar parameters, except that its alphabet size is much smaller.

This construction is a natural extension of the abstract composition theorem of Dinur and Harsha [DH13], and
morally proceeds as follows. First, we use the standard right-alphabet reduction technique from [MR10, DH13] to
ensure that ΣB is constant. Next, in the context of standard PCPs, the alphabet ΣA is replaced by Σ′

A ⊆ Σ
deg(a)
B

reflecting the supposed assignments of all neighbors b ∈ B of A; only strings that are fully consistent with some
symbol in ΣA are allowed. This change in the alphabet of A is not quite valid in our setting of dPCPs since it is not
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clear how to use the decoders of D to construct decoders for the new construction. To remedy that, we actually replace
the alphabet ΣA with Σ′

A ⊆ Σ
deg(a)
B × Σ

ddeg(a)
0 , which is thought of as a string reflecting the assignments of all of the

neighbors b ∈ B of a, as well as of all of the t ∈ [n] that a is in charge of. Once again, in Σ′
A we only allow strings

that are fully consistent with some label σ to a from the original alphabet ΣA, which additionally decodes correctly
(under the decoding map Dt(a, ·)) on all t that a is in charge of.

In the simplified setting, all constraints Φe are the same, and a similar analysis as in [DH13] can be carried out. The
case that Φe may be different introduces several technical difficulties, stemming from the following technical issue.
In the composed PCP, a left vertex corresponds to a right vertex b in the outer PCP, and to the invocation of all of the
inner PCPs of neighbors a of b with a certain seed of randomness. Thus, we need the inner PCPs neighbors a of b to
be “aligned”; for example, it would be nice if they use the same seed of randomness. We show how to accomplish this,
and this requires a few fairly technical transformations of dPCP that manipulate its size while retaining its parameters.

Unfortunately, this composition result alone is insufficient for our purposes. As is clear from the above description,
the alphabet size of the composed PCP is at least exponential in the decoding degree of the outer PCP. With that in
mind, our HDX-based 2-query dPCP construction has poly-logarithmic decoding degree, so if we plainly apply the
aforementioned composition theorem, the alphabet size of the composed PCP will be (at the very least) 2poly(logn). In
other words, nothing was gained from the composition. Having a poly-logarithmic decoding degree seems inherent in
the HDX construction (due to the use of routing protocols). In particular, it is not clear how to use the composition
theorem we have just described to get a better dPCP.

Decoding-degree reduction: in light of the above, it makes sense to ask if there is a transformation that reduces the
decoding degree of a given dPCP without hurting the other parameters too much. Such transformations do exist for
more combinatorial notions, such as right degree and right alphabet size. While we do not have a generic result of
this form, we give a transformation that works provided that the dPCP satisfies an additional property called agnos-
ticism, which our HDX-based construction luckily possesses. To present it, we first introduce the complete decoding
distribution.

Definition 1.18 (Complete Decoding Distribution). Let D be a decodable PCP as in Definition 1.16. The complete
decoding distribution of D is the distribution Q over [n] × A × B, in which a sample is drawn by taking t ∈ [n]
uniformly, (a, b) ∼ Pt, and outputting (t, a, b).

Letting Q be the complete decoding distribution of a dPCP D, we denote by Q(t, ·, b) the marginal distribution of
a conditioned on t and b, and by Q(·, ·, b) the marginal distribution of (t, a) conditioned on b.

Definition 1.19. We say a dPCP D has agnostic decoding distributions if for all t and b, the marginal distribution of
Q(·, ·, b) on a is identical to Q(t, ·, b).

With this notion in mind, we can now describe our decoding-degree reduction transformation. Given a dPCP D
with an agnostic complete decoding distribution, we construct a new dPCP D2 as follows. We first replace a right-
vertex b ∈ B with copies (b, t) of it for t ∈ [n] such that there is a neighbour a of b such that (a, b) ∈ supp(Pt),
and modify the alphabets and constraints appropriately. Namely, denoting the right degree of D by d, the alphabet of
the right is now a subset of Σd

A × Σ0. Thinking of a right vertex b ∈ B and its neighbors a1, . . . , ad, a symbol
(τ1, . . . , τd, s) for (b, t) is allowed if all the projections ϕ(ai,b)(σi) are the same, and for any i such that t is in
the decoding neighbourhood of ai we have that Dt(ai, τi) = s. The constraint on the edge (ai, (b, t)) is that the
assignments σ to a and (τ1, . . . , τd, s) to (b, t) satisfy that σ = τi. The complete decoding distribution of D2 is defined
by choosing t ∈ [n] uniformly, then (a, b) ∼ Pt and output (t, (b, t), a). In particular, the side A of D is the right side
of D2, and the pairs (b, r) are the left side of D2. As per the new decoder, when Dt is run on ((b, t), (τ1, . . . , τd, s)),
the output is simply s.

In a sense, in this transformation we have created copies of b according to which t we want it to be able to decode,
and also we “flipped” the sides of the projections (by making the alphabet of (b, t) include an opinion for the label of
each neighbour of b). The latter step is similar to the flipping-of-sides transformation in [MR10, DH13].

Most of the features of the new dPCP construction, such as decoding degree (which is 1 in D2), alphabet size, and
so on, are rather immediate to analyze, and the key challenge is the soundness. If D were an arbitrary PCP, because
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we have split a vertex b into several copies depending on t, the extra knowledge of both b and t immediately reveals
from which decoding distribution Pt the constraint was sampled. When designing an assignment for (b, t), this gives
extra information about which vertex a is chosen to test the constraint, which breaks the soundness guarantee of D.
This is precisely where the fact that D has agnostic decoding distribution comes in handy, since in that case no extra
information about a is gained, and the soundness guarantee of D persists.

Remark 1.20. Our actual decoding-degree procedure in Section 8 has one minor difference, which is that we may
create several copies of each (b, t). This is related to the fact that we want to “align” the size of the inner PCPs as per
our earlier discussion.

1.4 Techniques in our RLDC Construction
We obtain our 3-query RLDC via a new query-preserving black box transformation from PCPPs to RLDCs.

While many RLDC constructions invoke PCPPs as a subroutine, prior approaches either employ multiple invoca-
tions of PCPP verifiers or introduce additional queries beyond those of the underlying PCPP.

Our starting point is the quadratic-length, O(1)-query construction in [BGH+06], which uses a PCP of proximity
to construct an RLDC as follows. Let C0 : {0, 1}k → {0, 1}n be a linear-time encodable code with constant distance
rate and distance, and let πi(·) be a PCP of proximity encoding for the language Li = {(z, y) | ∃x ∈ {0, 1}k, y =
C0(x), z = (xi)

n}. The code C constructed by [BGH+06] is given as:

C(x) = (C0(x))t ◦ (x)t
′
◦ π1(x

n
i , C(x)) ◦ · · · ◦ πk(x

n
i , C(x)), (1)

namely, the first part is t repetitions of the encoding of x under C0, the second part is t′ repetitions of x itself, and
the last part consists of a PCP of proximity for each bit in x. Here, the purpose of t, t′ is to balance the length of
the different parts, so that the code C has a constant distance. On input word w and index i ∈ [k], the basic decoder
of [BGH+06] proceeds by running the PCP of proximity on the oracle ((z, y), π), where (1) z is taken to be z = σn

where σ is the symbol appearing in a random place in the received word w that is supposed to be xi, (2) y is taken to
be a supposed random copy of C0(x), (3) π is taken to be the supposed PCPP encoding of Li. The query complexity
of this basic decoder is the same as that of the PCPP, and [BGH+06] show that it works provided that the PCPP for Li

has sufficiently small decoding radius η. This already implies that the PCPP must make Ω(1/η)-queries, which means
the RLDC construction above must make some unspecified, likely not-too-small, number of queries.

Our construction is syntactically similar, but with a few important distinctions. Since we wish to use Theorem 1.7,
whenever we apply a PCPP decode, we want it to be in the case that the word is very far from the relevant language.
In particular, we must take the code C0 : {0, 1}k → Σn

0 to have distance close to 1, and (more importantly) we cannot
afford to have the “x-part” as in the encoding in (1). We thus use the following variant:

C(x) = (C0(x))t ◦ π′
1,x1

(C(x)) ◦ · · · ◦ π′
k,xk

(C(x)), (2)

where again t is a suitable repetition parameter, and the PCPP part of the encoding is a bit different. To define π′
i,b we

first take πi,b to be the PCPP encoding for the language

Li,b = {w ∈ Σn
0 | ∃x ∈ {0, 1}k, C0(x) = w, xi = b}.

Denoting the alphabet of πi,b by Σ, the alphabet of π′
i,b is now Σ × {0, 1}, and the jth symbol in π′

i,b(w) is the jth
symbol in πi,b(w) with b appended to it.

The reason we need to use π′
i,b in place of πi,b is that, for a fixed i, upon reading a single symbol from πi,b(w), we

may not know whether we need to run the verifier of Li,0 or of Li,1. Appending b to each symbol resolves this issue.
With this construction in mind, when run on a word w and an index i ∈ [k], the RLDC decoder looks at ith part in

the PCPP part of (2) and invokes it on a randomly chosen copy of C0(x) from the first part of (2). Indeed, we show that
this decoder works (provided that the PCPP decoder has a few additional technical features, which hold in our case).
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1.5 Discussion and Open Problems
While Theorem 1.6 gives dPCPs with essentially the best possible query complexity, size, and soundness, the same
cannot be said about Theorem 1.7. Existing lower bounds for PCPPs [BHLM09] do not rule out quasi-linear 2-query
PCPPs with constant (but not Boolean) alphabet size that have small soundness, and we leave the problems of giving
better 2-query PCPP constructions or lower bounds to future research. We remark that in some applications, there may
be more context-dependent reductions that use our dPCP (instead of our PCPP) directly and thus do not suffer the loss
incurred from the additional query.

Another interesting question is whether one can establish a PCPP with a tight relationship between the proximity
parameter and the soundness, as in Theorem 1.8, but with a smaller number of queries. This will yield direct improve-
ments in some applications, such as better hardness gap in Corollary 1.14. Lastly, it would be interesting to come up
with a variant of our RLDC construction that is additionally locally testable (we suspect our code is locally testable,
but investigating it seems to require uniqueness properties from our PCP constructions, which go beyond the scope of
this work).

Lastly, our codes from Theorem 1.9 have 3 queries and nearly quadratic length, and in a companion paper we show
how to generalize these codes for any odd number of queries q ⩾ 3. We do not know if better 3-query RLDCs exist,
and it would be interesting to either prove lower bounds that match the performance of our codes, or come up with
sub-quadratic 3-query RLDCs.

2 Preliminaries
In this section we introduce several basic notions and tools that will be used in our arguments.

Notations. Throughout the paper, for n ∈ N we denote [n] = {1, . . . , n} and use t ∈ [n] to denote a uniformly
chosen element in [n]. Given a distribution Q over a finite set S, we write s ∼ Q to denote a random sample
distributed according to Q. For a subset U ⊆ S, Q(U) =

∑
s∈U Q(s) is the measure of U under Q. The total

variation distance between two distributions, Q,Q′ is defined as

TV(Q,Q′) =
1

2

∑
s∈S

|Q(s)−Q′(s)| = max
U⊆S

|Q(U)−Q′(U)|.

We say that Q is M -discrete if for every s ∈ S, there is w(s) ∈ N such that Q(s) = w(s)
M .

When Q is a multivariate distribution, say m-variate, we denote by Q(a1, . . . , ai, ·, . . . ·) the distribution of
ai+1, . . . , am conditioned on a1, . . . , ai. We use a similar notation when the coordinates we condition on are not
consecutive. We use the notation Q(a1, . . . , ai, ◦, . . . , ◦) to denote

∑
ai+1,...,am

Q(a1, . . . , ai, ai+1, . . . , am), i.e., the
marginal distribution of Q on the first i coordinates.

Given a length n vector v, we write vi to denote the ith coordinate of v. Given a function F over a domain X and
a subset Y ⊆ X , we denote by F |Y the restriction of F to Y .

We use standard big-O notation: for functions f, g : N → [0,∞), the notation f = O(g) means that there is an
absolute constant C such that f(n) ⩽ Cg(n) for all n ∈ N, and the notation f = Ω(g) means that there is an absolute
constant C > 0 such that f(n) ⩾ Cg(n) for all n ∈ N. Often we will have dependency on auxiliary parameters, and
we write f = Oε(g) or f = Ωε(g) if the constant C depends on ε. When we write polyε(N) we mean a polynomial
in N whose degree and coefficients may be increasing in 1/ε.

2.1 Error-Correcting Codes
An error-correcting code over an alphabet Σ is a map C : {0, 1}k → Σn. We refer to k as the message length and to
n as the blocklength of the code. Abusing notation, we will often use C to refer to both the map and its image, and it
will always be clear from context which we are referring to. We refer to the strings in C as codewords. The distance
between w,w′ ∈ Σn is the relative Hamming distance between them, namely

dist(w,w′) = Pr
i∈[n]

[wi ̸= w′
i].
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The relative distance of a set C is defined as

dist(C) = min
w,w′∈C,w ̸=w′

dist(w,w′).

Informally, when discussing error-correcting codes we will deal with sets C that have Ω(1) relative distance.
We will require an error-correcting code with message length k, quasi-linear time encoding, quasi-linear time

decoding, constant alphabet size, relative distance arbitrarily close to 1 and blocklength n = O(k). By quasi-linear
time encoding, we mean that there is a circuit of size Õ(k) that on input x ∈ {0, 1}k computes its encoding, and
similarly for decoding. There are multiple examples of such codes throughout the literature [Spi96, GI05, RS06], and
we use the following formulation from [GI05, Theorem 3].

Lemma 2.1. For every ε > 0, k ∈ N, sufficiently large alphabet Σ relative to 1/ε, and blocklength n = Oε(k) there
exists a quasi-linear time encodable/decodable code C : {0, 1}k → Σn with distance 1− ε. Furthermore, given k one
can construct in time kOε(1) a circuit of size Õε(k) computing C.

We will also require the well-known Johnson Bound, which bounds the number of codewords in C ⊆ Σn that lie
within proximity of a given string w ∈ Σn. We refer to [DH13, Fact 5.3] for a proof.

Fact 2.2. Let C ⊆ Σn be a code with minimum distance 1 − δ. Then, for any w ∈ Σn and η > 2
√
δ, the number of

w′ ∈ C such that dist(w,w′) ⩽ 1− η is at most 2
η .

2.2 Expanders and Bipartite Expanders
Our arguments will use bipartite expander graphs and the bipartite expander mixing lemma, and we introduce these
notions in this section. Let G be a weighted bipartite graph with sides U, V , and let w : E → R⩾0 be the weight
function. The weighted adjacency matrix of G is M ∈ R(U∪V )×(U∪V ) defined as M = D−1/2WD−1/2, where
W (u, v) = w(u, v) and the degree matrix D is a diagonal matrix with the entries D(u, u) =

∑
v w(u, v). The

transition matrix of G is defined as P = D−1MU,V , where MU,V ∈ RU×V is the matrix with MU,V (u, v) = w(u, v).
It is well known that the largest singular of P is 1, and is given by the vectors x ∈ RU where x(u) = D(u, u).
Therefore, the stationary distribution of G on each side is proportional to the weighted-degrees given in D. We denote
samples according to the stationary on U and V by u ∼ U and v ∼ V respectively. It is well known that the second
largest eigenvalue of M is the same as the second largest singular value of P , and we often refer to it as the second
singular value of G.

Lemma 2.3. Let G = (U, V,E) be a weighted bipartite graph whose second singular value is at most λ. Then for
any functions F : U → [0, 1], G : V → [0, 1] we have∣∣∣∣ E

(u,v)∼E
[F (u) ·G(v)]− µU (F )µV (G)

∣∣∣∣ ⩽ λ
√
µU (F )µV (G),

where µU := Eu∼U [F (u)], µV (G) := Ev∼V [G(v)].
In the special case where F and G are indicator functions of sets, say of A ⊆ U and B ⊆ V , we get∣∣∣∣ Pr

(u,v)∼E
[u ∈ A, v ∈ B]− µU (A)µV (B)

∣∣∣∣ ⩽ λ
√

µU (A)µV (B).

2.2.1 Constructions of Expanders and Bipartite Expanders

We will require the fact that expanders of arbitrary degree and size can be constructed efficiently.

Lemma 2.4. For integers n ⩾ d there is a polynomial time algorithm which constructs an (unweighted) d-regular
graph with n vertices and second singular value O(d−1/2).

Proof. The algorithm is by [Alo21] if n is sufficiently large and by brute force otherwise.
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We also require a version of the above lemma for bipartite, bi-regular expanders.

Lemma 2.5. For integers n1, n2, d1, d2 such that n1 · d1 = n2 · d2 and either n1 divides n2 or n2 divides n1, there
is a polyd1,d2

(n1, n2)-time algorithm which constructs an (unweighted) (d1, d2)-bi-regular bipartite graph with n1

vertices on the left and n2 vertices on the right and second singular value O ((min{d1, d2})−1/2
).

Proof. The algorithm is by [GM21] if n1, n2 are sufficiently large and by brute force otherwise.

2.3 High-Dimensional Expanders
In this section, we give some necessary background on high-dimensional expanders (HDXs).

2.3.1 Simplicial Complexes

A d-dimensional high-dimensional expander (HDX) on a ground set U is a downward closed collection of subsets
of U , typically denoted by X = (X(1), . . . , X(d)), where X(1) = U and X(i) consists of size i subsets of U . By
downwards closed we mean that for 1 ⩽ i ⩽ j ⩽ d, if I ⊆ J have sizes i and j respectively and J ∈ X(j), then
I ∈ X(i). We refer to X(1) as the vertices of the complex, and to X(k) as the k-faces of X .

For any I ⊆ U , one may consider the sets in X containing I . These form a smaller, (d−|I|)-dimensional complex,
which goes by the name the link of I .

Definition 2.6. Given a set I ∈ X(i) for 0 ⩽ i ⩽ d − 2, the link of I is the (d − i)-dimensional complex XI whose
k-faces are

XI(k) = {J \ I | J ∈ X(k + i), J ⊇ I}.

2.3.2 Measures and Walks on Complexes

A complex X = (X(1), . . . , X(d)) is equipped with a natural measure arising as the “push down” measure of the
uniform measure over X(d). More precisely, for each i ∈ [d], let µi denote the measure over X(i) obtained by
choosing U ∈ X(d) uniformly and then outputting a uniformly chosen A ⊆ U of size i. At times, when i is clear
from context, we drop i from the subscript and simply write µ to be the appropriate measure over X(i). We will write
U ∼ X(i) to denote a random U chosen according to the measure µi.

We also consider the above measure when restricted to a link of X . Specifically, for a set I ∈ X(i) where
0 ⩽ i ⩽ d − 2, we define the measure µI,j−i over XI(j − i) to be the measure obtained by choosing J ∼ X(j)
conditioned on J ⊇ I , and then outputting J \ I . At times, if the parameter j− i is clear from context, we drop it from
the subscript and simply write µI .

These measures also induce weighted graphs between layers of the complex. Throughout the paper we will con-
sider two graphs derived from a complex X = (X(1), . . . , X(d)).

The Base Graph. This is the graph with vertex set X(1) and edge set X(2). The edges are weighted by the measure
µ2 over X(2) and the stationary distribution of this graph is given the measure µ1 over X(1).

Inclusion Graphs. For two levels j < k, the inclusion graph between X(j) and X(k) is a bipartite graph with parts
X(j) and X(k). The edges of this graph are all pairs (V,U) ∈ X(j) × X(k) such that V ⊂ U and are weighted
according to the following natural distribution derived from X: choose U ∼ X(k), V ⊂ U uniformly of size j, and
output (V,U).

2.3.3 Direct Product Testing on HDX

We will need direct product testers over HDXs. Fix a complex X = (X(1), . . . , X(d)) and suppose that for k ∈ [d]
(thought of as a large constant but much smaller than d) there is a table T : X(k) → Σk assigning local functions
on each U ∈ X(k). We wish to determine if these individual functions assigned to each set of the complex actually
correspond to some global function, F : X(1) → Σ, meaning T [U ] = F |U . We will consider a natural 2-query tester,
given by the following definition.
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Definition 2.7. Let X be a d-dimensional complex and let k < d. Given a table T : X(k) → Σk, the (k,
√
k)-direct

product test can be described as follows.

• Sample D ∈ X(d) uniformly.

• Sample B ⊆ D of size
√
k uniformly.

• Sample A,A′ independently and uniformly at random conditioned on B ⊆ A,A′ ⊆ D.

• The test passes if and only if T [A]|B = T [A′]|B .

Definition 2.8. We say that the (k,
√
k)-direct product test on X has soundness δ if the following holds. Let T be any

table that passes the (k,
√
k)-direct product test with probability at least δ. Then there exists a function F : X(1) → Σ

such that
Pr

A∼X(k)
[dist(T [A], F |A) ⩽ δ] ⩾ poly(δ).

In words, if a table passes the (k,
√
k)-direct product test on X with probability at least δ, then it almost agrees with

a global direct product function on a sizable weight of the k-faces.

2.3.4 An Algebraic HDX Construction

We will require an HDX construction X as in [BMVY25], which is a variant of the constructions in [DD24b, BLM24].
Some key features of this construction that are important for us include the fact they have poly-logarithmic degree,
good expansion properties, and that the (k,

√
k)-direct product test on X has arbitrarily small soundness.

Theorem 2.9. [BMVY25, Theorem 2.13] For all δ ∈ (0, 1), C ∈ N, for sufficiently large k ∈ N and sufficiently large
d ∈ N the following holds. For any sufficiently large n ∈ N and q = Θ(logC(n)), there is an algorithm which takes
as input δ, C, d, k, n, q, and outputs in poly(n)-time, a d-dimensional complex X = (X(1), . . . , X(d)) which satisfies
the properties in [BMVY25, Theorem 2.13], as well as the following properties.

1. n ⩽ |X(1)| ⩽ Od(n).

2. Every vertex is contained in at most qO(d2) d-faces.

3. For any 1 ⩽ i ⩽ d, the second singular value of the weighted bipartite inclusion graph between (X(1), X(i))

is 1
i +

iO(1)

d .

4. For any vertex v ∈ X(1), the second eigenvalue of the graph (Xv(1), Xv(2)) is at most O(1/
√
q).

5. The (k,
√
k)-direct product test on X has soundness δ.

We think of δ, C, d, k, n, q as inputs to this algorithm and refer to δ as the direct-product soundness parameter, C as
the exponent, d as the dimension parameter, k as the direct-product dimension parameter, n as the target number of
vertices, and q as the prime.

Proof. All items, except for the third and fourth, follow from the statement of [BMVY25, Theorem 2.13]. The fourth
item follows from the proof in [BMVY25, Theorem 2.13], and more precisely from the paragraph “Local spectral
expansion of X” in the proof. The third item follows from [BMVY25, Lemma 2.8].

Since our arguments use several results from [BMVY25] in a black-box way, we make an implicit use of the
properties of X outlined in [BMVY25, Theorem 2.13]. We thus omit a detailed description of them (as well as the
set-up they require). The properties we mention in Theorem 2.9 will be used explicitly in our arguments.

We need the following (rather standard) sampling bound.

Lemma 2.10. [BMVY25, Claim 4.7] Let X be a d-dimensional complex satisfying Theorem 2.9 with prime q, and let
E ⊆ X(2) be a set of edges with measure µ2(E) ⩾ ε for some ε > 0. Then,

Pr
u∈X1(1)

[µu,2(E) ⩾
√
ε] ⩽

poly(d)

q · ε
.
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3 Decodable PCPs and Uniquely-Decodable PCPs
In this section we formally define dPCPs, their unique-decoding analog called uniquely-decodable PCPs, and give a
more precise version of Theorem 1.6, which is Theorem 3.12 below.

3.1 Decodable PCPs
The definition of dPCPs below expands Definition 1.3 as it includes the definitions of additional parameters of interest.

Definition 3.1 (Decodable PCP). Let Σ0 be an alphabet and let L ⊆ Σn
0 be a language. A decodable PCP (dPCP)

for L is a tuple
D =

(
A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Pt}t∈[n], {Dt}t∈[n]

)
where:

• Constraint Graph. (A ∪B,E) is a bipartite graph with parts A,B and edge set E.

• Left Alphabet. ΣA is the alphabet of the vertices in A. We allow each individual vertex a ∈ A to have a
constrained alphabet, which is a subset of ΣA.

• Right Alphabet. ΣB is the alphabet of the vertices in B. We allow each individual vertex b ∈ B to have a
constrained alphabet, which is a subset of ΣB .

• Constraints. For each e = (a, b) ∈ E, Φe : ΣA × ΣB → {0, 1} is a constraint on the edge e. We say that
an input satisfies it if it evaluates to 1 and unsatisfied if it evaluates to 0. If either input to the constraint is an
invalid alphabet symbol for a or b, then the constraint outputs 0.

• Projection Constraints. We say a constraint Φe is a projection constraint if for every σ ∈ ΣA, there is a unique
σ′ ∈ ΣB such that Φe(σ, σ

′) = 1. We say D is a projection dPCP if all of its constraints are projections.

• Decoding Distribution. For each t ∈ [n], Pt is a distribution over E.

• Decoder. For each t ∈ [n], the decoder Dt : A× ΣA → Σ0 receives the left vertex of a constraint along with a
symbol for it, and outputs a decoding for t.

We also define the following parameters related to dPCPs:

• Length. The number of vertices in the constraint graph.

• Alphabet Size. max(|ΣA|, |ΣB |), and typically this will be |ΣA|.

• Decision Complexity. Viewing ΣA = {0, 1}log |ΣA|,ΣB = {0, 1}log |ΣB |, the decision complexity is the maxi-
mum over all constraints (a, b) of the size of the circuit with inputs {0, 1}log |ΣA|+log |ΣB | that outputs 1 if the
constraint on (a, b) is satisfied and both alphabet symbols are valid and 0 otherwise.

• Projection Decision Complexity. In the case that the dPCP is a projection dPCP, its projection decision com-
plexity is the maximum over all constraints (a, b) of the size of the circuit with input σ ∈ ΣA thought of as an
element in {0, 1}log |ΣA|, outputs the unique ΣB symbol which satisfies the constraint on (a, b), and outputs ⊥
if σ is not a valid a alphabet symbol.

We note that the (standard) decision complexity is at most O(log |ΣB |) more than the projection decision com-
plexity.

• Decoding Complexity. Viewing ΣA = {0, 1}log |ΣA|, the decoding complexity is maximum over all a ∈ A of the
size of the circuit which computes the decoding function Dt(a, ·) : ΣA → Σ0.

• Neighborhoods and Degrees. The neighborhood of u ∈ A ∪ B is Γ(u) = {v ∈ A ∪ B | (u, v) ∈ E},
and the degree of u is deg(u) = |Γ(u)|. The left degree of D is maxa∈A deg(a) and the right degree of D is
maxb∈B deg(b).
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• Decoding-Neighborhoods and Decoding-Degrees. The decoding neighborhood of a ∈ A is Γdec(a) = {t ∈
[n] | a ∈ supp (Pt)} and the decoding-degree of a is ddeg(a) = |Γdec(a)|. The decoding degree of D is
maxa∈A ddeg(a).

We next move on to define the completeness and soundness of a dPCP. We will always use the notion of perfect
completeness (all of the constructions in this paper have it).

Definition 3.2 (Perfect Completeness). Let D be a decodable PCP for L. We say that D has perfect completeness if
for all w ∈ L there are assignments TA : A → ΣA and TB : B → ΣB such that

Pr
t∈[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) = wt] = 1.

As per the soundness notion, we use a list-decoding soundness in the style of [DH13].3

Definition 3.3 (List-Decoding Soundness). Let D be a decodable PCP for L. Given ε ∈ [0, 1], L ∈ N we say that D
satisfies (L, ε)-list-decoding soundness if the following holds. For any left assignment TA : A → ΣA there exists a
list {w1, . . . , wL} ⊆ L such that for any TB : B → ΣB ,

Pr
t∈[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {(wi)t}i∈[L]] ⩽ ε.

Agnostic Decoding Distributions. We recall the notions of complete decoding distribution and agnosticism.

Definition 3.4 (Complete Decoding Distribution). Let D be a decodable PCP for L. The complete decoding distri-
bution of D, denoted by Q, is the distribution over [n] × A × B generated by choosing t ∈ [n] uniformly, sampling
(a, b) ∼ Pt and outputting (t, a, b).

Definition 3.5 (Agnostic Decoding Distribution). For a decodable PCP, D, we say that its complete decoding distri-
bution Q is agnostic if for all b ∈ B, t ∈ [n], the distributions Q(t, ·, b) and Q(◦, ·, b) are the same.

3.2 Uniquely-Decodable PCPs
We will also consider a variant of decodable PCPs called uniquely-decodable PCPs. Uniquely-decodable PCPs can
be thought of as high-soundness versions of decodable-PCPs and were first introduced by Dinur and Meir [DM11].
Uniquely-decodable PCPs differ from decodable PCPs in three ways:

1. The constraint graph is not necessarily bipartite. We remark that in some cases it will be bipartite, and this will
be important for us.

2. The decoding distributions are over vertices, as opposed to being over edges.

3. The constraint graph is a weighted graph and in the soundness cases edges are sampled according to this weight-
ing. This should be thought of as the analog of the marginal distribution over edges of the complete decoding
distribution Q of a dPCP as in Definition 3.1.

Definition 3.6 (Uniquely-Decodable PCP). Let Σ0 be an alphabet and let L ⊆ Σn
0 be a language. A uniquely-

decodable PCP (udPCP) for L is a tuple

D =
(
V,E,Σ, {Φe}e∈E , {Pt}t∈[n], {Dt}t∈[n]

)
where:

3The more common definition in the literature asserts that the list w1, . . . , wL can be constructed from an assignment TB to the right side of
the given dPCP D. We chose the notion below as it is more convenient for us to work with, and in Appendix A.1 we show a relation with the more
usual one.
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• Constraint Graph: The constraint graph (V,E), which may have multi-edges, and we think of it as equipped
with the uniform measure.

• Alphabet. Σ is the alphabet and we allow each individual vertex v ∈ V to have a constrained alphabet Σv ⊆ Σ.

• Constraints. For each e ∈ E, Φe : Σ× Σ → {0, 1} is a constraint on the edge e.

• Decoding Distribution. For each t ∈ [n], Pt is a distribution over V .

• Decoder. For each t ∈ [n], the decoder Dt : V × Σ → Σ0 receives a vertex and a symbol for it, and outputs a
decoding for t.

We define the parameters length, alphabet size, decision complexity, decoding complexity, neighborhoods, decoding-
neighborhoods, degrees, and decoding degrees in the same way as in Definition 3.1.

For technical purposes, we will also want to distinguish when a uniquely-decodable PCP has bipartite constraint
graph and projection constraints (as defined in Definition 3.1). In the case that it does, we will also use a notion called
left-canonical, defined below.

Definition 3.7 (Bipartite and Projection Uniquely-Decodable PCP). We say that a uniquely-decodable PCP is bipartite
if its constraint graph is bipartite, and in this case we will denote its left and right alphabets separately. We say that a
bipartite uniquely-decodable PCP has projection constraints if all of its constraints are projections from the left side
to the right side.

Definition 3.8 (Left-Canonical Uniquely-Decodable PCP). We say that a projection bipartite uniquely-decodable PCP
is left-canonical if for every left vertex, and any labeling of its right neighborhood, there is at most one assignment to
the left vertex that satisfies all of the constraints involving that vertex.

In order for the decoding distributions to be meaningful they should be aligned with the uniform distribution over
E, in the following sense. Choosing t ∈ [n], u ∼ Pt, and v a random neighbor of u (weighted by multiplicities),
(u, v) is uniformly random in E. Indeed, this will always be the case for our uniquely-decodable PCP constructions. 4

Perfect completeness and unique-decoding soundness are defined similarly to Definition 3.2 and Definition 3.3.

Definition 3.9 (Perfect Completeness). Let D be a uniquely-decodable PCP for L. We say that D has perfect com-
pleteness if for all w ∈ L there is an assignment T : V → Σ such that

Pr
(a,b)∼E

[Φ(a,b)(TA[a], TB [b])] = 1, Pr
t∈[n],a∼Pt

[Dt(a, T [a]) = wt] = 1.

In words, the first condition says that the assignment is fully satisfying and the second condition says that the assign-
ment always decodes according to w.

Definition 3.10 (Unique-Decoding Soundness). Let D be a uniquely-decodable PCP for L. Given ε, η ∈ [0, 1], we
say that D has (η, ε)-unique decoding soundness if the following holds. For any assignment T : V → Σ satisfying

Pr
(a,b)∼E

[Φ(a,b)(T [a], T [b]) = 1] ⩾ 1− ε,

there exists w ∈ L such that
Pr

t∈[n],
a∼Pt

[Dt(a, TA[a]) ̸= wt] ⩽ η.

Finally, we define the complete decoding distribution for uniquely-decodable PCPs.

Definition 3.11 (Complete Decoding Distribution). Let D be a uniquely-decodable PCP for L. The complete decoding
distribution of D, denoted by Q, is the distribution over [n]×V generated by choosing t ∈ [n] uniformly, a ∼ Pt, and
outputting (t, a).

4Morally speaking, a uniquely-decodable PCP must satisfy this property, at least approximately, to have any useful notion of soundness.
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3.3 Main Decodable PCP Theorem
With the definitions above in mind, below we state a more detailed version of our main dPCP construction from The-
orem 1.6, specifying additional features of our new dPCP construction.

Theorem 3.12. For all ε > 0 there exist L,C ∈ N such that L = poly(1/ε) and the following holds for all alphabets
Σ0. If φ : Σn

0 → {0, 1} is a circuit of size N , then the language SAT(φ) has a 2-query, poly-time constructible dPCP
with the following properties:

• Length. O|Σ0|

(
N logC N

)
,

• Alphabet Size. Oε,|Σ0|(1),

• Complete Decoding Distribution. The marginal of the complete decoding distribution over the right vertices is
uniform, and the marginal of the complete decoding distribution over the left vertices is also uniform.

• Completeness. The dPCP has perfect completeness,

• Soundness. (L, ε)-list-decoding soundness.

Proof Outline. The proof of Theorem 3.12 spans Section 4 to Section 10, and proceeds as follows:

1. In Section 4 we give a uniquely-decodable PCP construction with constant alphabet size and quasi-linear length.

2. In Section 5 we show how to transform the previous result to a uniquely-decodable PCP construction over
the base graph of the high-dimensional expander X from Theorem 2.9. This increases the alphabet size to be
super-constant.

3. In Section 6 we perform the soundness amplification, transforming the HDX-based uniquely-decodable PCP to
a 2-query dPCP with small soundness, but large alphabet size. The goal in the rest of the argument is to reduce
the alphabet size of this construction.

4. In Section 7 we give dPCP variants of a few standard transformations on PCPs.

5. In Section 8 we show our decoding degree reduction transformation.

6. In Section 9 we prove our composition theorem.

7. In Section 10 we show how to combine the above tools to prove Theorem 3.12.

4 A Uniquely Decodable PCP Construction
Our starting point is a quasi-linear size uniquely-decodable PCP construction that is implicit in prior works [BS08,
Din07, Mie09]. Since we are unaware of an explicit reference we give it in full detail here. We start with [Mie09,
Theorem 1], stated below.

Theorem 4.1. There exists ρ > 0 such that for all η > 0 the following holds. For every circuit φ : Σn
0 → {0, 1} of

size N there is a poly-time constructible PCPP Ψ0 = (V0, E0,P0,Σ, {Φ0,e}e∈E0
) for SAT(φ), such that:

• Length. The constraint hypergraph has O|Σ0|(N · poly(log(N))) vertices and O|Σ0|(N · poly(log(N))) hyper-
edges, each of size k = O(1). The distribution P0 is uniform over the hyperedges.

• Alphabet size. |Σ| = O|Σ0|(1) .

• Completeness. The PCPP has perfect completeness.

• Soundness. If w ∈ Σn
0 is η-far from the language SAT(φ), then any assignment A extending w satisfies at most

(1− ρ · η)-fraction of the constraints.
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The rest of this section is devoted to deriving from Theorem 4.1 our initial uniquely-decodable PCP construction,
and the argument is organized as follows:

1. In Section 4.1 we show how to transform a PCPP into a uniquely-decodable PCP.

2. In Section 4.2 we show how to change the number of vertices in a uniquely-decodable PCP without affecting its
parameters too much. This transformation will be needed in Section 5 for technical reasons.

3. In Section 4.3 we show how to make a uniquely-decodable PCP right-regular.

4. In Section 4.4 we combine the transformations in prior sections and prove Lemma 4.5, which is the uniquely-
decodable PCP construction we use in subsequent sections.

4.1 Converting a PCPP into a udPCP
We now describe how to obtain a udPCP from the PCPP in Theorem 4.1. Our transformation is similar to the one
in [DM11, Proposition 6.12], but it has quasi-linear length rather than quadratic length at the expense of achieving a
weaker soundness guarantee.

Lemma 4.2. There exists k = O(1) such that for all η > 0 and any circuit φ : Σn
0 → {0, 1} of size N , there is a

poly-time constructible (k + 1)-left regular, left-canonical, projection bipartite udPCP

D = (A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]),

satisfying:

• Length. O|Σ0|(N · poly(log(N))).

• Alphabet Size. Both left and right alphabets are of size O|Σ0|(1).

• Complete Decoding Distribution. Letting Q be the complete decoding distribution, the distribution Q(◦, ·) is
uniform over A.

• Completeness. The udPCP has perfect completeness.

• Soundness. (η, ρ·η
2(k+1) )-unique decoding soundness, where ρ is the constant from Theorem 4.1.

Proof. Take Ψ = (V0, E0,Σ
′, {Φ0,e}e∈E0

) to be the PCPP from Theorem 4.1. We assume without loss of generality
that |E0|/n is an integer, otherwise we may add trivial edges to Ψ0 at the cost of at most halving the constant ρ in the
soundness guarantee. We construct the udPCP D as follows.

Vertices. The vertex set, which we denote by V , consists of two parts A,B, where B := V0; we recall that [n] ⊆ V0

by Definition 1.2. To construct A, we first partition the edges E0 evenly into n parts of equal size, which we denote
by {E0,t}t∈[n]. For each t ∈ [n] and e ∈ E0,t we add the vertex (e, t) to A, so in total |A| = |E0|. Writing an edge
e ∈ E0 as a k-tuple e = (v1, . . . , vk) ∈ Bk, we also think of (e, t) as (v1, . . . , vk, t). Throughout the proof, we will
refer to each vi as a vertex in e.

Edges. For each (e, t) ∈ A where e = (v1, . . . , vk), we add an edge from (e, t) to t and to each one of {v1, . . . , vk}.
Thus in total, the number of neighbors of (e, t) is k + 1.

Alphabets. We describe a constrained alphabet for each individual vertex. For each v ∈ B its alphabet is Σ′. For
each (e, t) = (v1, . . . , vk, t) ∈ A, the alphabet Σe,t consists of all maps Fe,t : {v1, . . . , vk} ∪ {t} → Σ′ such that the
assignment to e satisfies the constraint Φ0,e from Ψ0. If v = t or v is a vertex in e, we will write Fe,t(v) to denote the
value of the symbol corresponding to v.
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Constraints. For each (e, t) ∈ A and v ∈ B such that v is a vertex in e or v = t, the constraint Φe checks for
agreement. That is, for Fe,t ∈ Σe,t and σ ∈ Σv , the constraint is given by

Φ((e,t),v)(Fe,t, σ) = 1 ⇐⇒ Fe,t(v) = σ.

Decoding Distributions. For each t ∈ [n], the decoding distribution Pt chooses a uniform (e, t) ∈ {(e, t) | e ∈
E0,t}. One can check that choosing t ∈ [n] uniformly, and (e, t) according to the marginal of Pt, we have (e, t) is
uniform in A. This is because we split |E0| into n equal parts before appending the edges of each part with a unique
t ∈ [n]. Hence the condition on the complete decoding distribution is satisfied.

Decoder. The decoder is defined as Dt((e, t), Fe,t) = Fe,t(t).

We now move on to the analysis of of D. The length of our construction is |A| + |B| = |V0| + |E0| and this is
N · poly(log(N)). It is also clear that the alphabet size is O(1), that the constraint graph is (k + 1)-left regular and
bipartite, that the constraints are projections, and that the udPCP is left-canonical.

Perfect Completeness. Fix w ∈ L; then by the completeness of Ψ, there is an assignment A0 : V0 → Σ′ which
satisfies all of the constraints of Ψ0 and is equal to w on the vertices of V0 associated with [n]. Define the assignment
F : A → B by setting F (v) = A0(v) for each v ∈ B, and setting F ((e, t)) to be the restriction of A0 to the vertices
in (e, t) for each (e, t) ∈ A. It is easy to see that F assigns a valid alphabet symbol to each vertex, that it satisfies all
of the constraints in D, and that for any t and (u, v) ∈ supp(Pt), we have Dt(u, F (u)) = wt.

Unique Decoding Soundness. Fix η > 0, set ε = ρ·η
2k and suppose A : V → Σ is an assignment to D that satisfies

at least (1 − ε)-fraction of the constraints. We will show that there exists w ∈ L such that the decoding error with
respect to this w is at most η.

For each (e, t) ∈ A define p(e, t) = Prv∈(e,t)[A(v) ̸= A(e, t)(v)], and note that the assumption that A satisfies at
least (1 − ε)-fraction can be written as E(e,t)∈A[p(e, t)] ⩽ ε. Note that if p(e, t) > 0 for some (e, t), then it must be
the case that p(e, t) ⩾ 1

k+1 . Applying Markov’s inequality we conclude that

Pr
(e,t)∈A

[p(e, t) = 0] ⩾ 1− (k + 1)ε. (3)

In words, for at least (1− (k+1)ε)-fraction of (e, t) ∈ A, under the assignment A, there is perfect agreement with
all v appearing in e and with v = t. Consider the restriction A0 = A|B and view it as an assignment to the PCPP Ψ0.
Then

Pr
e∈E0

[Φ0,e(A0(e)) = 1] ⩾ Pr
(e,t)∈A

[p(e, t) = 0] ⩾ 1− (k + 1)ε ⩾ 1− ρ · η
2

, (4)

so A0 satisfies at least (1−ρη/2)-fraction of the constraints of Ψ0. Here, in the first transition we used the fact that for
a uniformly random (e, t) ∈ E, the distribution of e is uniform over E0, and also that if p(e, t) = 0, then A0 satisfies
the constraint Φ0,e. Combining (4) with the soundness guarantee of Theorem 4.1 we get that the restriction of A0|X
is η

2 -close to L. Namely, there exists w ∈ L such that

Pr
t∈[n]

[A0(t) ̸= wt] ⩽
η

2
. (5)

The decoding error of Ψ0 can now be bounded by:

Pr
t∈[n],(e,t)∼Pt

[Dt((e, t), A(e, t)) ̸= wt] = Pr
(e,t)∈E

[A(e, t)(t) ̸= wt]

⩽ Pr
(e,t)∈E

[A(e, t)(t) ̸= wt ∧A(e, t) = A0|(e,t)]

+ Pr
(e,t)∈E

[A(e, t) ̸= A0|(e,t)]

⩽
η

2
+ (k + 1)ε

⩽ η.
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By A0|(e,t), we mean the restriction of A0 to the vertices in e and t. In the last transition we bound the first term using
(5) and use the fact that when choosing (e, t) ∈ E the element t from the tuple is uniformly random in [n]. We bound
the second term by the probability that p(e, t) > 0, which is at most (k + 1)ε by (3).

4.2 Enlarging the Constraint Graph
Here, we describe how to enlarge the constraint graph of a bipartite, projection, left-canonical udPCP. When working
with standard PCPs, one can simply create multiple disjoint copies of the constraint graph and be done. It is not hard to
see that essentially all properties, including the soundness, of the PCP are preserved when copying the constraint graph.
This transformation does not work for udPCPs, since it does not necessarily preserve unique decoding soundness.
Indeed, there could be two completely different, fully satisfying assignments on each copy that decode to different
members of the language. We circumvent this issue by using the left-canonical property.

Lemma 4.3. Suppose that

D = (A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n])

is a bipartite, k-left-regular, projection, left-canonical udPCP for the language L ⊆ Σn
0 with (η1, η2)-unique decoding

soundness. Suppose additionally that the marginal of the complete decoding distribution over the vertices is uniform
in A. Then for all C ∈ N, there is a poly(C, |A|+ |B|)-time algorithm which takes as input D and outputs a udPCP
for L,

D′ = (A× [C] ∪B,E′,ΣA,ΣB , {Φ′
e}e∈E′ , {P ′

t}, {Dt}t∈[n])

with the following properties:

• Constraint graph. The constraint graph has C|A| + |B| vertices, and each (a, i) ∈ A × [C] is adjacent to the
same vertices that a is adjacent to in the original constraint graph.

• Degrees. The left degree and the left decoding degree of each vertex is preserved, while the right degree of each
vertex is multiplied by C.

• Soundness. D′ has (η1 + η2,
η2

2k )-unique decoding soundness.

Furthermore, the completeness, decision complexity, decoding complexity, and alphabet sizes of D and D′ are the
same, and the marginal of the complete decoding distribution over the vertices is uniform over A × [C]. If D has
projection constraints then D′ does as well and if D is left-canonical then D′ is as well.

Proof. Construct the new udPCP

D′ = (A× [C] ∪B,E′, {P ′
t}t∈[n],ΣA,ΣB , {Φ′

e}e∈E′ , {D′
t}t∈[n])

as follows. The edges are E′ = {((a, i), b) ∈ (A× [C])×B | (a, b) ∈ E}. The constraint on ((a, i), b) is the same as
that on (a, b) in the original udPCP, D. The new decoding distribution P ′

t is generated by choosing a ∼ Pt, choosing
i ∈ [C] uniformly at random, and outputting (a, i). The new decoder D′

t on vertex (a, i) is the same as the original
decoder Dt on vertex a.

It is clear that completeness is preserved, the alphabets are unchanged, the distribution of (a, i) ∈ A × [C] is
uniform in the complete decoding distribution of D′. It is also straightforward to see that D′ has projection constraints
if D has projection constraints and D′ is left-canonical if D is left-canonical. Furthermore, the conditions regarding
the constraint graph, and degrees are straightforward to check.

We complete the proof by showing D has (η1+ η2,
η2

2k )-unique decoding soundness. Suppose T1 : A× [C] → ΣA

and T2 : B → ΣB are a (1 − η′)-satisfying assignments to D′ for η′ := η2

2k . For each (a, i) ∈ A × [C], let p(a, i)
denote the fraction of constraints involving (a, i) that are not satisfied. Since each (a, i) has degree at most k, we have
that if p(a, i) ̸= 0 then p(a, i) ⩾ 1

k , and E(a,i)∈A×[C][p(a, i)] ⩽ η′. By Markov’s inequality, we have that

Pr
(a,i)∈A×[C]

[p(a, i) = 0] = E
a∈A

[
Pr

i∈[C]
[p(a, i) = 0]

]
⩾ 1− kη′. (6)
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By Markov’s inequality again, we have that for at least (1 − kη′)-fraction of a ∈ A, Pri∈[C][p(a, i) = 0] > 0, and
hence for (1 − kη′)-fraction of a, there exists an assignment in D to a which satisfies all of the constraints involving
a conditioned on the right side being assigned T2. We call such a good. Let T ∗ : A → ΣA be the table such that
T ∗[a] = T1[(a, i)] if there exists i ∈ [C] such that p(a, i) = 0, and T ∗[a] is arbitrary otherwise. Note that since D is
left-canonical, if a is good then T1[(a, i)] is the same for all i ∈ [C] such that p(a, i) = 0, so the assignment T ∗ is well
defined.

It follows that for the T ∗, T2 satisfy (1 − kη′)-fraction of the constraints in D. Since kη′ ⩽ η2 and D satisfies
(η1, η2)-unique decoding, we conclude that there exists w ∈ L such that

Pr
t∈[n],a∼Pt

[Dt(a, T
∗[a]) ̸= wt] ⩽ η1. (7)

We now bound the decoding error of T1, T2 in D′ as

Pr
t∈[n],a∼Pt,i∈[C]

[Dt((a, i), T2[(a, i)]) ̸= wt]

⩽ Pr
t∈[n],a∼Pt,i∈[C]

[T2[(a, i)] ̸= T ∗[a]] + Pr
t∈[n],a∼Pt,i∈[C]

[Dt(a, T
∗[a]) ̸= wt]

⩽ Pr
a∈A,i∈[C]

[a is not good ∨ p(a, i) ̸= 0] + η1

⩽ 2kη′ + η1

= η1 + η2

In the second transition we are using the assumption that a ∈ A is uniform in the complete decoding distribution of D
and that if a is good and p(a, i) = 0, then we must have T ∗[a] = T2[(a, i)] by definition of T ∗. In the third transition
we are using (6), (7) and the fact that at least (1− kη′)-fraction of a ∈ A are good.

4.3 Making the udPCP Right-Regular
The next step is to convert the construction in Lemma 4.2 into a bi-regular one. Towards this end we use the following
transformation (similar transformations have been used in the context of standard PCPs in [MR10, DH13]).

Lemma 4.4. Suppose L has a k-left-regular projection udPCP D =
(
A ∪B,E,ΣA,ΣB , {Dt}t∈[n], {Pt}t∈[n]

)
with

(η, ε)-unique decoding soundness and minimum right degree d0. Then for every integer d′ ⩽ d0, there is a polynomial
time transformation which takes D and outputs a udPCP, D′ =

(
A ∪B′, E′,ΣA,ΣB , {Dt}t∈[n], {P ′

t}t∈[n]

)
, for L

that is (d′k, d′)-regular and has (η, ε − O(d′−1/2))-unique decoding soundness. Furthermore |B′| = |E| = k · |A|
and if D is left-canonical, then D′ is as well.

Proof. Fix d′ as in the statement. By Lemma 2.5 we get that for every N ′ ⩾ d′ there is a poly(N ′)-time algorithm that
constructs a d′-regular bipartite expander graph with N ′ vertices on each side and second singular value O(d′−1/2),
and we will use these graphs in our construction.

The udPCP D′ is constructed as follows. Recall that (A ∪ B,E) is the constraint graph of D and that for each
vertex b ∈ B, Γ(b) is the neighborhood of b in this graph. For each b ∈ B we construct a d′-regular bipartite expander
graph Hb = (Ab, Bb, Eb) with second singular value O(d′−1/2), and we identify Ab with Γ(b). With these expander
graphs in mind, the left side of D′ is A, while the right side of D′ is

⋃
b∈B Bb. The edges, E′, are obtained as follows.

For each b ∈ B, add the edges Eb from the graph Hb, where the left side, Ab, is identified with Γ(b) and the right side
is Bb. Overall, the edges are E′ = ∪b∈BEb. Note that choosing (a, b) ∈ E uniformly at random and b′ ∈ Bb adjacent
to a uniformly at random, the edge (a, b′) ∈ E′ is uniformly random.

The left and right alphabets of D′ are still ΣA,ΣB and the decoders of D′ are still {Dt}t∈[n]. For each (a, b′) ∈ E′,
if b′ ∈ Bb, the constraint on (a, b′) is the same as the constraint on (a, b) in D. Finally the decoding distributions for
D′ are the same as in D.

This completes the description of D′, and we now move on to the analysis. It is clear from the construction that
|B′| =

∑
b∈B |Γ(b)| = |E| = k|A|. Also, D′ is (d′k, d′)-regular as each neighbor b of a ∈ A in D contributes d′

neighbors for a in D′. We move on to showing that the left-canonical property is preserved (if D satisfies it) as well as
verifying completeness and soundness. Throughout, we write (a′, b′) ∼ Hb to denote a uniformly random edge from
Hb.
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The left-canonical property is preserved: suppose D is left-canonical, and consider any vertex a ∈ A, let b1, . . . , bk
be neighbors of a in D, and let b′1, . . . , b

′
k be neighbors of a in D′, where b′i ∈ Bbi for each i ∈ [k]. Fix any assignment

to b′1, . . . , b
′
k, and consider the same assignment to b1, . . . , bk. Since D is left-canonical, there is at most one assign-

ment to a satisfying all of the constraints in D, and since the constraints between (a, bi) in D and (a, b′i) in D′ are the
same, there is also at most one assignment to a satisfying all of the constraints in D′. Hence, D′ is left-canonical as
well.

Perfect Completeness: fix w ∈ L; by the perfect completeness of D, there are assignments T1 : A → ΣA and
T2 : B → ΣB that satisfy all of the constraints in D, and additionally for each t ∈ [n], the decoder Dt outputs wt with
probability 1. We take the assignments T1 and T ′

2 to D′, where T ′
2 : B′ → ΣB is defined by T ′

2[b
′] = T2[b] if b′ ∈ Bb.

It is clear that T1 and T ′
2 satisfy all of the constraints in D′ and that for all t ∈ [n], the decoder D′

t outputs wt with
probability 1.

Unique Decoding Soundness: fix assignments T1 : A → ΣA and T ′
2 : B′ → ΣB to D′, and suppose that T1, T

′
2

satisfy at least (1− ε′)-fraction of the constraints, where ε′ := ε−O(d−1/2). For each b ∈ B and σ ∈ ΣB define

Xb,σ = {b′ ∈ Bb | T ′
2[b

′] = σ} and Yb,σ = {a′ ∈ Ab | Φ(a′,b)(T1[a
′], σ) = 1}.

In words, Xb,σ is the set of vertices in Bb that are assigned σ under T ′
2, and Yb,σ is the set of vertices in a′ ∈ Γ(b) such

that the assignments a → T1[a
′] and b → σ satisfy the constraint on (a′, b) in D. It is clear that for each b ∈ b, the sets

{Xb,σ}σ∈ΣB
form a partition of Bb. Additionally, since the constraints in D are all projections, for all b ∈ B the sets

{Yb,σ}σ∈ΣB
form a partition of Ab. Define Fb,σ : Ab → [0, 1], Gb,σ : Bb → {0, 1} by

Gb,σ(b
′) := 1b′∈Xb,σ

and Fb,σ(a
′) := 1a′∈Yb,σ

,

and denote µ(Fb,σ) = Ea∈Ab
[Fb,σ(a

′)] and µ(Gb,σ) = Eb′∈Bb
[Gb,σ(b

′)]. Consider the randomized assignment
T ∗
2 : B → ΣB obtained by setting T ∗

2 (b) = σ with probability µ(Gb,σ). The expected fraction of constraints in D
satisfied by T1 and T ∗

2 is

E
b∼B

[ ∑
σ∈ΣB

µ(Gb,σ) · µ(Fb,σ)]

]
, (8)

where b ∼ B is sampled according to the stationary distribution over b ∈ B in the constraint graph of D. Next, the
fraction of constraints satisfied by T1 and T2 in D′ is

E
b∼B

[ ∑
σ∈ΣB

E
(a′,b′)∼Hb

[Fb,σ(a
′) ·Gb,σ(b

′)]

]
⩾ 1− ε′, (9)

where the inequality is because we assumed that T1, T2 satisfy at least (1− ε′)-fraction of constraints in D′.
Now fix a b ∈ B and a σ ∈ ΣB . We will attempt to relate the inner expectation from (9) to a product in the

summation of (8). By Lemma 2.3 we get

E
(a′,b′)∼Hb

[Fb,σ(a
′) ·Gb,σ(b

′)] ⩽ µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2) ·
√
µ(Fb,σ) · µ(Gb,σ).

Keeping b ∈ B fixed and summing this inequality over all σ ∈ ΣB , we get∑
σ∈ΣB

E
(a′,b′)∼Hb

[Fb,σ(a
′) ·Gb,σ(b

′)] ⩽
∑

σ∈ΣB

µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2) ·
√
µ(Fb,σ) · µ(Gb,σ)

⩽
∑

σ∈ΣB

µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2),
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where the second inequality uses Cauchy-Schwarz and the fact that
∑

σ∈ΣB
µ(Gb,σ) ⩽ 1 and

∑
σ∈ΣB

µ(Fb,σ) = 1.
Thus, we have

E
b∼B

[ ∑
σ∈ΣB

µ(Fb,σ) · µ(Gb,σ)]

]
⩾ E

b∼B

[ ∑
σ∈ΣB

E
(a′,b′)∼Hb

[Fb,σ(a
′) ·Gb,σ(b

′)]

]
−O(d′−1/2) ⩾ 1− ε′ −O(d′−1/2),

which is at least 1− ε by the choice of ε′. It follows that there exists a choice for T ∗
2 : B → ΣB such that T1 and T ∗

2

satisfy at least (1− ε)-fraction of constraints in D. By the (η, ε)-unique decoding of D, there exists w ∈ L such that

Pr
t∈[n],a∼Pt

[Dt(a, T1[a]) ̸= wt] ⩽ η.

Notice that this is exactly the same as the decoding error of D′ with assignments T1, T2. This is because for all t, Dt

and D′
t are the same function and the marginal distribution over A in Pt and P ′

t is the same. Thus, we have

Pr
t∈[n],a′∼P′

t

[D′
t(a

′, T1[a
′]) ̸= wt] = Pr

t∈[n],a∼Pt

[Dt(a, T1[a]) ̸= wt] ⩽ η.

It follows that D′ satisfies (η, ε−O(d−1/2))-unique decoding soundness.

4.4 A Bi-regular Uniquely-decodable PCP of Arbitrary Size
In this section we put all of the previous pieces together to obtain a final udPCP that will go into the routing transfor-
mation of the next round. We highlight the following important properties:

• The constraint graph is d′-regular and bipartite.

• The number of vertices in the constraint graph can be multiplied by any arbitrary C ∈ N.

• The marginal of the complete decoding distribution over the vertices is uniform.

We remark that the last item above is in contrast to our original udPCP, from Lemma 4.2, whose complete decoding
distribution has a marginal which is uniform over only a subset of the vertices.

Lemma 4.5. There is ρ′ > 0 such that for every η > 0 there is a sufficiently large d′ ∈ N such that the following
holds. For any alphabet Σ0, there exists a function s(N) = O|Σ0|,η (N · poly(log(N))) such that for any C ∈ N and
any size-N circuit φ : Σn

0 → {0, 1}, the language SAT(φ) has a udPCP which satisfies the following properties:

• Constraint Graph. The constraint graph is a d′-regular bipartite graph.

• Length. C · s(N).

• Alphabet Size. O|Σ0|(1).

• Degrees. The left and right degree are both d′ and the decoding degree is 1.

• Complete Decoding Distribution. The marginal of the complete decoding distribution over the vertices is uni-
form.

• Completeness. The udPCP has perfect completeness.

• Soundness. The udPCP has
(
η, ρ′ · η5

)
-unique decoding soundness.

Proof. Fix η > 0 and take the bipartite, (k+1)-left regular, projection, left-canonical udPCP D, from Lemma 4.2 with(
η, ρ·η

2(k+1)

)
-unique decoding soundness. Let (A∪B,E) be the constraint graph of this udPCP, set d′ = Θ(η−2), and

fix an arbitrary C ∈ N. Also set s(N) = 2d′(k + 1)|A| = O|Σ0|,η (N · poly(log(N))). Let {Dt}t∈[n] and {Pt}t∈[n]

be the decoders and decoding distributions respectively of D.
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We start by repeating every edge in D d′-times so that the minimum degree on the right hand side is d′. Now apply
Lemma 4.3 with repetition parameter C. At this point, we get a d′(k+ 1)-left regular udPCP which has C|A| vertices
on the left, |B| vertices on the right, and (η + ρη

2(k+1) ,
ρη

4(k+1)2 )-unique decoding soundness.

Next, we apply Lemma 4.4 with degree parameter d′ = O(η−2) chosen sufficiently large so that O(d′−1/2) is
sufficiently small relative to ρη

4(k+1)2 . Let R = d′2(k + 1). The resulting udPCP’s constraint graph has C|A| vertices
on the left, C|A|d′(k + 1) vertices on the right, is (R, d′)-bi-regular, and has (η + ρη

2(k+1) ,
ρη

5(k+1)2 )-unique decoding
soundness.

We then apply Lemma 4.3 one more time with repetition parameter d′(k+1) to obtain an R-regular udPCP. Since
the constraint graph is fully regular, the number of vertices is just twice the number on either side, so the length of the
resulting udPCP is 2Cd′(k+1)|A| = C ·s(N). Let D′ be the resulting udPCP and G′ = (A′∪B′, E′) be its constraint
graph. Note that G′ is R-regular and |A′| = |B′|. Since C was arbitrary, we can indeed obtain length C · s(N) for
any C ∈ N for D′. Since ρ and k are constants and d′ is large enough, one can check through Lemma 4.3 that D′ has
(1.1η, ρη

5(k+1)2R )-unique decoding soundness. Here we use the fact that

η +
ρη

2(k + 1)
+

ρη

5(k + 1)2
⩽ 1.1η.

It is also straightforward to verify that perfect completeness is preserved from D, the alphabets are the same as D, that
the left decoding degree is still 1 as in D, and that the marginal of the complete decoding distribution over the vertices
is uniform over A, the left side of the constraint graph.

Now we will further modify D′, to obtain a new udPCP, D′′ whose parts are as follows. In the below, recall that
each a ∈ A has decoding degree 1, so we denote by t(a) ∈ [n] its only decoding neighbor.

• Constraint Graph. Starting with G′, the constraint graph of D′, choose an arbitrary matching π : A′ → B′,
meaning the edges of the matching are {(a, π(a))}a∈A′ . Add R copies of this matching to the graph (meaning
between each a and π(a), we add R parallel edges). The resulting 2R-regular graph, G′′ = (A′ ∪ B′, E′′), is
the constraint graph of D′′.

• Alphabet. The alphabet for each vertex in A′ is the same as in D′.For each right vertex b ∈ B′, we require its
alphabet to additionally include one Σ0 symbol. It is intended that this symbol holds the t(π−1(b))-th index of
some satisfying assignment.

• Decoding Distribution. For each t ∈ [n], the decoding distribution P ′′
t now samples a ∼ Pt, and then outputs

one of a or π(a) uniformly at random.

• Decoder. For each a ∈ A′ and symbol σ for a, the decoder D′′
t (a, σ) is unchanged and outputs Dt(a, σ). For

b = π(a) ∈ B′, the decoder outputs the Σ0 symbol held in b’s symbol (we note that it supposedly corresponds
to what the decoder would have output if given the vertex t(π−1(b)) = t(a) and its label).

• Constraints. For each (a, b) ∈ E′′, if b ̸= π(a), then the constraint on (a, b) checks the constraint from
D′. Specifically, given labels σa for a and σb for b is as follows. Recall that σb contains a label for b in the
udPCP D′. Let σ′

b be this symbol. The constraint checks if σa, σ
′
b satisfy the constraint on (a, b) in D′. If

b = π(a), then the constraint checks the previous condition and in addition checks that the symbols held by a
and π(a) lead to the same decoding under D′

t. That is, given symbols σ, σ′, the constraint additionally checks if
D′

t(a, σ) = D′
t(b, σ

′).

We now verify that the guarantees of the lemma are still satisfied after the above modification. It is clear that the length
is unchanged, the alphabet size only increases by a constant factor, the constraint graph is 2R-regular, every vertex
has decoding degree 1, and perfect completeness is preserved. Regarding the new decoding distribution, it is clear that
choosing t ∈ [n] and sampling v ∼ P ′′

t , we have that v is uniformly random in A′′ ∪ B′′. This is because, choosing
t ∈ [n] and a ∼ P ′

t we have that a is uniformly random in the left side. Since π is a matching, if we then output a or
π(a) uniformly at random, the resulting vertex is uniform in the whole graph.
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Finally, we show that D′′ satisfies (1.11η, ρη
10(k+1)2R ) unique decoding soundness. Suppose T is an assignment to

A′ ∪B′ satisfying at least (1− ρη
10(k+1)2R )-fraction of the constraints in D′. Abusing notation, we will also think of T

as an assignment to D by removing the Σ0 symbol attached to each T (b).
Let us split the constraints into E0, consisting of the constraints in D, and E1 consisting of the new constraints

added from the matching. Since each of E0, E1 consists of half of the overall constraints, we get that the fraction of
satisfied constraints in both E0, E1 is at least

(
1− ρη

5(k+1)2R

)
-fraction of the constraints there, and hence applying

the unique-decoding soundness of D′, we get that there exists a w ∈ SAT(φ) such that

Pr
t∈[n],a∼P′

t

[D′
t(a, T [a]) ̸= wt] ⩽ 1.1η. (10)

On the other hand the decoding error of T in D′′ relative to w can be bounded by

Pr
t∈[n],a∼P′

t

[D′′
t (a, T [a]) ̸= wt ∨D′′

t (π(a), T [π(a)]) ̸= wt]

⩽ Pr
t∈[n],a∼P′

t

[D′
t(a, T [a]) ̸= wt] + Pr

t∈[n],a∼P′
t

[D′
t(π(a), T [π(a)]) ̸= D′

t(a, T [a])]

⩽ 1.1η +
ρη

5(k + 1)2R

⩽ 1.11η,

(11)

where in the third transition we bound the first term using (10) and the second term using the fact that it is at most
the fraction of unsatisfied constraints in E1. This shows that D′′ has (1.11η, ρη

10(k+1)2R )-unique decoding soundness
which is as desired because R = O(η−2).

5 Routing Onto an HDX
In this section, we show how to transform the udPCP construction from Lemma 4.5 into a udPCP whose con-
straint graph is the base layer of an HDX from Theorem 2.9, and for that we use the fault-tolerant routing protocol
of [BMVY25]. The main difference is that we analyze unique-decoding soundness, whereas [BMVY25] analyze the
standard notion of soundness.

Theorem 5.1. For every sufficiently small η > 0, any δ ∈ (0, 1), sufficiently large C ′, sufficiently large k ∈ N and
sufficiently large d ∈ N the following holds. Any circuit φ : Σn

0 → {0, 1} of size N has a udPCP D which satisfies the
following properties:

• Constraint graph. Let X be the complex constructed from the algorithm in Theorem 2.9 where the direct
product soundness, exponent, direct-product dimension, target number of vertices, and prime parameters are
set to δ, C ′, k, d, N · poly(logN), Θ(logC

′
(N)) respectively. The constraint graph of D is (X(1), X(2)),

where the multiplicity of each edge (u, v) is proportional to the weight of (u, v) in stationary distribution over
(X(1), X(2)). The udPCP has length |X(1)| = O|Σ0|,η,δ(Npoly(log(N)).

• Degrees. Each vertex in the constraint graph has degree polyδ(logN) and decoding degree polyδ(logN).

• Alphabet Size. O|Σ0|
(
2polyη,δ(log(N))

)
.

• Decision Complexity. O|Σ0|(polyη,δ(log(N))).

• Decoding Distribution. The marginal of the complete decoding distribution over the vertices is the stationary
distribution of (X(1), X(2)) over X(1).

• Decoding Complexity. O|Σ0|(polyη,δ(logN)).

• Unique-decoding Soundness. The udPCP has (η, η2/6)-unique decoding soundness.
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5.1 The Zig-Zag Product
In order to convert from a udPCP over an arbitrary constraint graph G = (V,E) into a udPCP over the base layer
(X(1), X(2)) of an HDX, we need a way to associate the vertices of G with the vertices X(1). As in [BMVY25], to
do so we rely on the zig-zag product of [RVW02], which we present next.

The zig-zag product takes a graph G = (V,E), with minimum degree m0, and a family of k-regular expander
graphs G = {Gm}m⩾m0

where Gm has m vertices, and outputs a k2-regular graph on 2|E| vertices. We denote
the output of the zig-zag product as ZZ(G,G). Typically, the family of graphs G is chosen to have second singular
value at most σ, for some chosen parameter σ. Before describing the zig-zag product, it is convenient to describe the
replacement product of G′ and G. We denote this graph by R(G,G), defined in the following way.

• For each vertex v, arbitrarily order its neighbors from 1 to deg(v). We will refer to the cth neighbor of v as the
vertex labeled c under this ordering.

• Replace each vertex v ∈ V ′ with a copy of Gdeg(v), where deg(v) is the degree of v in G′. Hence v is replaced
by a cloud of deg(v) vertices, and we also label these vertices by {v} × [deg(v)].

• Let (u, v) ∈ E′ be an edge where v is the c1th neighbor of u and u is the c2th neighbor of v, then we add the
edge ((u, c1), (v, c2)) to R(G,G). In addition, we add the edge ((v, c1), (v, c2)) to R(G,G) for all v and (c1, c2)
such that ((v, c1), (v, c2)) is an edge in Gdeg(v).

Note that R(G,G) has 2|E| vertices and is (k + 1)-regular. We define the zig-zag product, ZZ(G′,G) as follows.

• The vertex set is V (ZZ(G,G)) = V (R(G,G)).

• We add an edge ((u, c1), (v, c4)) to E(ZZ(G,G)) if there exist c2 and c3 such that all of ((u, c1), (u, c2)),
((u, c2), (v, c3)), ((v, c3), (v, c4)) are edges in E(R(G,G)). In words, the vertex (u, c1) is adjacent to (v, c4) if
the latter vertex can be reached, in R(G,G), by first taking a step in the cloud of u, then taking a step between
the clouds u and v, and finally taking a step in the cloud of v.

It is straightforward to verify that ZZ(G,G) has 2|E| vertices and is k2 regular.

5.2 Routing Protocols
We now discuss routing protocols and associated useful notations, and we start by explaining what a T -round routing
protocol on a graph G = (V,E) is. It has three stages: input, communication, and output, described as follows.
Input. Each vertex v ∈ V holds an initial message, which we think of as a symbol from some global alphabet Σ.
Communication. During each round r ∈ [T ], each vertex v ∈ V performs some computation and sends a message,
which is a symbol from Σ, to each of its neighbors. The message to each neighbor may be different. Moreover, the
computation v makes depends on its initial message and any messages received from its neighbors in prior rounds.
The history of messages v sent/received before step r is called the transcript of v in round r, so that v’s outgoing
messages during round r are functions of this transcript. For r = 1, v’s message depends only on its initial message.
Output. After round T , each vertex calculates an output (as some function of its transcript in round T ).

Definition 5.2. Given an arbitrary graph G = (V,E), a T -round routing protocol on G, which we denote by R,
consists of the following items.

• Initial Message. An initial message A : V → Σ where Σ is some alphabet.

• Out Maps. For each round r ∈ [T ], a map OUTr : 2E × Σ∗ → Σ, where OUTr(u, v, σ) denotes the message
that u sends to v in round r given that u’s transcript at round r is σ. Here 2E consists of all ordered pairs of
adjacent vertices, meaning each edge (u, v) ∈ E appears as (u, v) and (v, u) in 2E, and the map is defined
only for σ which represent a valid transcript of the protocol up to step r.

• In Maps. For each round r ∈ [T ], a map INr : 2E → Σ where for each r ∈ [T ], INr(u, v) should be thought
of as the message received by v from vertex u in round r of the protocol.
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• Output. A function AT : V × Σ∗ → Σ, where AT (v, σ) is the symbol output by v at the end of the routing
protocol given that its transcript at the end of the routing protocol is σ. We refer to AT as the function computed
by the protocol.

We will also have to consider a quantity known as the work complexity of a routing protocol.

Definition 5.3. The work complexity of a T -round routing protocol over G = (V,E) is the maximum over r ∈ [T ]
and (u, v) ∈ 2E, of the circuit complexity of the function OUTr(u, v, ·) : Σ∗ → Σ.

Although we are able to use the routing protocol of [BMVY25] in a black-box way, it will still be helpful to give
a brief description of why routing protocols are useful for transforming the constraint graph of udPCPs. We refer the
reader to [BMVY25] for a more detailed discussion.

In the setting of udPCPs, routing protocols are used as follows. Let D be an initial udPCP with bipartite, k-regular
constraint graph G = (A ∪ B,E), and suppose that G′ = (V,E′) is the target graph which we want to use as the
constraint graph of a new udPCP, D′. Suppose for this exposition that G is a matching, that |V | = |A| = |B|, and
let π : A → B denote this matching. Identifying both A and B with V , we can view π as a permutation on V ,
i.e. as a mapping π : V → V . Now the initial message A : V → Σ to the routing protocol should be thought of
as the assignment of A and the goal of the communication of the routing protocol is to pass the value A(v), which
is initially held at vertex v, to the vertex π(v). If this is done correctly, then each vertex π(v) can check if the
assignment A actually satisfied the constraint on (v, π(v)) in the original udPCP. Hence, the desired output function is
AT (π(v), σ) = A(v), where here σ is the transcript of the honest routing protocol received by vertex π(v). Assuming
π(v) correctly computes AT (π(v), σ) = A(v), it can check itself if A(v) and its own initial value A(π(v)) should
satisfy the constraint on (v, π(v)).

The above gives a high level overview of the connection between routing protocols and transforming constraint
graphs of udPCPs, and roughly speaking it describes what happens in the perfect completeness case. In order to show
soundness, one has to consider what happens to the routing protocol under adversarial edge corruptions.

Definition 5.4. We say that an edge (u, v) is adversarially corrupted if, for every round, the outgoing message from u
may be an adversarially selected symbol in Σ.

In [BMVY25], routing protocols are considered in a slightly different setting. There, the target graph G =
(X(1), X(2)) is the base layer of an arbitrary HDX, X , and one considers the zig-zag product Z = ZZ(G,G),
where G is an appropriately chosen family of expanders. Instead of considering a function directly over the vertices
of G, one considers a function over the zig-zag product, Z, which is then associated with G. Strictly speaking, the
zig-zag product is not necessary to describe the [BMVY25] routing protocol, but it is helpful to have it in mind as
it virtually appears in the definition of the initial messages and the function computed. We will similarly use Z and
below we describe how routing protocols over Z translate to protocols over G.

Let us label the vertices of Z as V (Z) = {(u, v) | u ∈ X(1), (u, v) ∈ X(2)} and let the initial messages over
V (Z) be given by A′

0 : V (Z) → Σ. Fix a permutation π : V (Z) → V (Z). The goal of the routing protocol
is to transmit A′

0(v) to A′
0(π(v)) for all v ∈ V (Z). The actual routing protocol should take place over G though,

so we would like a way to simulate the initial messages and final function (which are over V (Z)), as functions
over X(1). To this end, define H = {(j, u) | j ∈ V (Z), u ∈ Xj1(1)}, and define the function A0 : H → Σ,
where A0(j, u) = A′

0(j). Now, we think of the initial message of a vertex u ∈ X(1) as holding all of the symbols
(A0(j, u))j∈V (Z) such that u∈Xj1

(1). One can think of the function A0 as a function over the links of X: for each
j ∈ V (Z), each vertex u ∈ Xj1(1) contains the symbol of j (among other things). Then, the routing protocol over Z
naturally translates over to a link-to-link transfer protocol over G.

Below we describe the formal guarantee of the routing protocol from [BMVY25, Lemma 4.6]. In the soundness
case, we have the following lemma.

Lemma 5.5. There exist ε0, α > 0 and d0, C
′ ∈ N such that the following holds for sufficiently large n ∈ N. Let

G be a family of expanders, each with second singular value at most α
2 , and let X be any complex constructed as

in Theorem 2.9 with dimension parameter, exponent, target number of vertices, and prime set to d ⩾ d0, C ′, n, and
q = Θ

(
logC

′
(n)
)

respectively. Let Z = ZZ(G,G), and let π : V (Z) → V (Z) be any permutation over V (Z).
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Then there is a routing protocol on G = (X(1), X(2)) with round complexity T = O(log(n)) and work complexity
qO(d2) log |Σ| such that for any initial function A0 : G → Σ which satisfies

Pr
j∈V (Z)

[Maj0.99(A0(j, u)) | u ∼ Xj1(1)) ̸=⊥] ⩾ 1− ξ,

and for all possible adversarial corruptions of at most ε-fraction of edges with ε ⩽ ε0, the protocol computes a
function AT : G → Σ which satisfies

Pr
j∈V (Z)

[Maj0.99(AT (π(j), w) | w ∼ Xπ(j)1(1)) = Maj0.99(AT (j, u) | u ∼ Xπ(j)1(1))] ⩾ 1− ξ − 1

log n
.

In words, Lemma 5.5 gives, for any permutation π over V (Z), a routing protocol that is tolerant against up to ε
errors. If an overwhelming majority value exists in at least 1 − ξ of the links in the input message, then the same
overwhelming majority value exists in at least 1− ξ − 1

logn of the links in the output message.
The completeness of the protocol from Lemma 5.5 is stated in the following lemma.

Lemma 5.6. Let G = (X(1), X(2)) where X = (X(1), . . . , X(d)) is a d-dimensional complex, let G be an appropri-
ate family of expanders as above and let A0 : G → Σ′ be a function such that A0(j, v) is the same for all v ∈ Xj1(1).
Then for each permutation π : V (Z) → V (Z), an honest run of the protocol from Lemma 5.5 satisfies

A0(j, v) = AT (π(j), u)

for every (j, v), (π(j), u) ∈ G.

We will require the following fact from [BMVY25] which translates the uniform distributions over vertices and
edges of Z to the stationary distributions over vertices and edges of X .

Fact 5.7. Choosing j ∼ V (Z) uniformly at random and outputting j1, we have that j1 ∈ X(1) is distributed according
to the underlying distribution of X(1). Additionally, choosing an edge (j, j′) of Z uniformly at random and outputting
(j1, j

′
1) ∈ X(2), we have that (j1, j′1) is distributed according to the underlying distribution of X(2).

5.3 Proof of Theorem 5.1
In this section we prove Theorem 5.1.

5.3.1 The Construction

Fix η > 0, δ ∈ (0, 1), a size N circuit φ : Σn
0 → {0, 1} and set L = SAT(φ) ⊆ Σn

0 . Let

D′ =
(
A′ ∪B′, E′,Σ′, {Φe}e∈E′ , {P ′

t}t∈[n], {D′
t}t∈[n]

)
to be the udPCP for L guaranteed by Lemma 4.5 with

(
η

100 , ρ
′ ·
(

η
100

)5)
-unique decoding soundness. Note that by

Lemma 4.5, we may take the length of D′ to be C · s(N) for any C ∈ N, where s(N) = O|Σ0|,η(N · logc0(N)) for
some constant c0. Here we are slightly abusing notation as technically, there is a separate udPCP for each C, but let
us just refer to the udPCP as D′ for now and fix C later. The udPCP D′ is bipartite and d′-regular. We denote its
constraint graph by G′ = (A′ ∪B′, E′), write V ′ = A′ ∪B′, and set N ′ = |V ′|.

Take ε0, α, d0, C
′ to be the constants from Lemma 5.5 and let G be a family of O(α−2)-regular expander graphs

such that each graph has second singular value at most α
2 . In particular, we use Lemma 2.4 where d = O(α−2), and

obtain a family G with one graph of each size m for all m ⩾ Ω(α−2). Note that by Lemma 2.4, each graph in the
family G can be constructed in time polynomial in the number of vertices. We take the complex X from Theorem 2.9
so that the following items hold:

• the direct-product soundness parameter is set to the δ fixed above,

• the dimension parameter d ⩾ d0,
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• the number of vertices satisfies N · logc0+10(N) ⩽ |X(1)| ⩽ N · log10c0+10(N), and is sufficiently large in
accordance with Lemma 5.5,

• the prime q is set to q = logc
′
(N) for some constant c′,

• N · logc0+10(N) ⩽ |X(2)| ⩽ N · logc1(N), where c1 ⩾ c0 + 10 is some constant. This item is implied by the
fact that d is constant along with the prior two items and item 3 of Theorem 2.9.

Let us briefly argue why such a complex X can be constructed from Theorem 2.9. There, one can fix d arbitrarily
and then choose a desired number of vertices, say n′, arbitrarily. In our case, we set n′ to be in the range [N ·
logc0+10(N), N · log10c0+10(N)], and note that we can assume n′ is sufficiently large in accordance with Lemma 5.5
by assuming that the original circuit is sufficiently large. After n′ is fixed, we set q = Θ(logC

′
(n′)) and we run the

algorithm of Theorem 2.9 with direct-product soundness, exponent, dimension, target number of vertices, and prime
parameters set to δ, C ′, d, n′, q and direct-product dimension set arbitrarily. Theorem 2.9 guarantees that this X is
constructed in poly(n′) = poly(N) time.

Viewing (X(1), X(2)) as a multigraph. We will want to consider (X(1), X(2)) as a weighted graph according to
its stationary distribution and this is accomplished by having each edge (u, v) ∈ X(2) have multiplicity proportional
to its weight under the stationary distribution. Specifically, recall that the stationary distribution over (u, v) samples a
d-face U ∼ X(d) and then {u, v} ∈

(
U
2

)
uniformly, so the weight of (u, v) under this distribution is, m(u,v)

(d2)
, where

m(u, v) is the number of d-faces containing u and v, and is hence poly(log(N)). For each (u, v) ∈ X(2), we think of
it as having multiplicity m(u, v) in the multigraph (X(1), X(2)).

Identifying V ′ with V (Z) by adding a negligible number of vertices. The first step will be to modify G′ so that
it has size equal to |V (Z)|. Recall |V (Z)| = 2|X(2)|, so

N · logc0+10(N) ⩽ |X(2)| ⩽ N · logc1(N), (12)

for some c1 ⩾ c0. We can thus write |V (Z)| = s(N) · Q + R for integers Q and R satisfying log10(N) ⩽ Q ⩽
logc1−c0(N) and 0 ⩽ R < s(N). We set the repetition parameter C = Q, so that we have |V ′| = Q · s(N) and add
R vertices to the constraint graph of D′. On these R additional vertices we add an arbitrary bipartite d′-regular graph
with equality constraints. Note that these d′R extra equality constraints are at most d′R

d′·s(N)·Q ⩽ 1
log10(N)

fraction
of all constraints, so they can essentially be ignored. The decoders for D′ are unchanged after adding R additional
vertices (we can define the decoders arbitrarily when one of these R additional vertices is given as input). We define
the new decoding distributions as follows. Let ξ := R/|V ′|-so that the R-additional vertices account for ξ-fraction of
the vertices overall in G′ and divide the R additional vertices into equal parts of size n and label them 1 through n.
For each t ∈ [n], the decoding distribution P ′

t is modified as follows

• With probability 1− ξ choose u according to the old decoding distribution for t without the R extra vertices.

• With probability ξ choose one of the extra R vertices in the part labeled by t.

One can check that choosing t ∈ [n] and then u ∼ P ′
t as above, we still get that u is uniform in V ′ (with the R

additional vertices). Since ξ ⩽ 1
log10(N)

, it is easy to see that after adding the R-additional vertices, the udPCP still has(
η

100 ,
ρ′

2

(
η

100

)5)
-unique decoding soundness. It is also straightforward to check that the resulting udPCP has length

|V (Z)| and perfect completeness. Furthermore, alphabet size, d′-regularity, and left-decoding degree are maintained.
Henceforth, we slightly abuse notation and still refer to the modified constraint graph as G′ = (A′ ∪ B′, E′) and
assume that it has the same number of vertices as Z for the remainder of the section.

Breaking G′ into matchings and setting the routing protocols. Since G′ is a d′-regular bipartite graph we can
decompose E′ into d′ perfect matchings π1, . . . , πd′ . Since |V (Z)| = |V ′| we can associate V ′ with V (Z) in an
arbitrary manner, and we fix such an identification henceforth. Abusing notation, we view each πi as a function from
V (Z) → V (Z) satisfying that π2

i is the identity. In particular, for j ∈ V (Z) corresponding to some a ∈ A′, πi(a) is
the vertex in V (Z) corresponding to the vertex in B′ matched with a under πi, and vice-versa if j ∈ V (Z) corresponds
to some b ∈ B′.

30



In order to describe the construction, it will be helpful to define H = {(j, u) | j ∈ V (Z), u ∈ Xj1(1)} and
consider an initial function A0 : H → Σ′ where recall that Σ′ is the alphabet of D′. One should think of A0 as coming
from a satisfying assignment of D′, so that A0(j, u) is the Σ′ symbol assigned to the vertex in V ′ corresponding to j
under this satisfying assignment. Moreover, one should think of every A0(j, u) as being “held” at the vertex u ∈ X(1),
so that u ∈ X(1) holds many Σ′ symbols (and in particular, one for each link it is in). That is, an assignment to the
new udPCP is supposed to provide such values for each u ∈ X(1).

For each i ∈ [d′] let Ri be the routing protocol from Lemma 5.5 for the permutation πi. The protocols Ri all have
round complexity T for some T = O(logN). Here, one should think of the routing protocols as being run with the
initial maps A0 above. Then in words, for every j ∈ V (Z), the routing protocol Ri is meant to route an assignment
of the V ′ vertex corresponding to j from every vertex in the link Xj1 to every vertex in the link Xπi(j1)(1). For each
i ∈ [d′], r ∈ [T ], let INi,r and OUTi,r denote the in map and out map respectively during round r of protocol Ri.
Also, let Ai,T denote the output function of protocol Ri.

The description of D. We denote the new dPCP that we construct as

D =
(
X(1), X(2),Σ, {Φe}e∈X(2), {Dt}t∈[n], {Pt}t∈[n]

)
,

and define its parts as follows.

• Constraint Graph. The constraint graph is the base layer of X , i.e. (X(1), X(2)) (with the multiplicities
proportional to the weights of the stationary distribution of X(2) over X(1)).

• Alphabets: For each u ∈ X(1), an alphabet symbol for u consists of the following.

– Initial Messages: one Σ′ symbol for each j ∈ V (Z) such that u ∈ Xj1(1). This symbol is intended to be
the value A0(j, u) for each j ∈ V (Z) which is supposed to come from a satisfying assignment to D′ as
described above.

– Routing Transcript: the maps INi,r : 2E(G) → Σ for each i ∈ [d′] and r ∈ [T ]. For each i ∈ [d′] and
r ∈ [T ], this is the in map of round r for the protocol Ri. Recall that INi,r(u, v) should be thought of as
the message received by v from u during round r in the routing protocol for the matching πi.

In addition, we constrain the alphabet of u in the following ways.

– Hardcoding D′ Constraints: for each i ∈ [d′] and u ∈ V ′, we only allow symbols σ for u such that the
values in σ corresponding to A0(j, u) and Ai,T (πi(j), u) satisfy the constraint Φ′

(j,πi(j))
in D′, for every

j such that u ∈ Xj1(1).

– Hardcoding Decoding Consistency: for all t ∈ [n] and u ∈ V ′, we only allow symbols σ for u which
satisfy the following. Denoting by σj the symbol corresponding to A0(j, u) in σ, we require that D′

t(j, σj)
is the same for all j such that u ∈ Xj1(1) and j ∈ supp(P ′

t).

We denote the constrained alphabet for u as Σu.

• Constraints: For each (u, v) ∈ X(2), the constraint between u and v checks the following.

– For each j ∈ V (Z) such that u, v ∈ Xj1(1), check that

A0(j, u) = A0(j, v) and Ai,T (j, u) = Ai,T (j, v), ∀i ∈ [d′].

– For each i ∈ [d′] and r ∈ [T − 1], check that

INi,r+1(u, v) = OUTi,r(v, u) and INi,r+1(v, u) = OUTi,r(v, u).

In words, the first item checks that the initial message parts of the symbols assigned to u and v are consistent.
The second item checks that the routing transcripts of u and v are consistent, that is, for each protocol Ri and
every round r ∈ [T −1], the constraint checks that the message that v receives from u (according to v’s alphabet
symbol), is equal to the message that u sends to v (calculated based on the prior round in maps held at u’s
alphabet symbol), and vice-versa.
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• Decoding Distributions: For each t ∈ [n], the distribution Pt is as follows

– Choose j ∼ P ′
t and think of j ∈ V (Z) as a vertex in identifying V ′ (by the identification we have between

V ′ and V (Z)).

– Output u ∼ Xj1(1).

• Decoders: For each t ∈ [n], u ∈ supp(Pt) and label σ ∈ Σu for u, the decoder outputs

Dt(u, σ) = D′
t(j, σj),

where j is an arbitrary vertex in V (Z) such that u ∈ Xj1(1), and σj refers to the part of σ which contains a
label for A0(j, u). Note that the specific identity of j above does not matter due to the way the alphabet of Σu

is constrained (specifically, the second item) and hence the decoder is well defined.

5.3.2 Proof of Everything Except Unique-Decoding Soundness

We start by proving all of the properties except for unique decoding soundness, which is deferred to the next section.

Constraint Graph and Length. It is clear that the constraint graph is (X(1), X(2)) and hence the length is
|X(1)| = O|Σ0|,η(N · poly(log(N))) by construction of the complex X .

Degrees. Let Γ′,Γ′
dec denote neighborhoods and decoding neighborhoods in D′ and let Γ,Γdec be defined similarly

for D. The degree of each vertex in the constraint graph is polyδ(log n) by the properties of the HDX. In particular,
it follows from the fact that each vertex is contained in qO(d2) many d-faces by item 3 of Theorem 2.9. As for the
decoding degree, we have that t ∈ Γdec(v) if and only if there exists j ∈ V (Z) such that v ∈ Xj1(1) and t ∈ Γ′

dec(j).
Since |Γ′

dec(j)| = O(1) for all j ∈ V (Z), and the number of j ∈ V (Z) such that v ∈ Xj1(1) is polyδ(log n), the size
of v’s decoding neighborhood is polyδ(log n).

Alphabet Size. An alphabet for each vertex consists of the initial messages which the vertex holds, and the messages
it received throughout all of the rounds of the routing protocol. For the initial messages, each vertex v contains
one symbol from a O|Σ0|(1)-sized alphabet for each j ∈ V (Z) such that v ∈ Xj1(1). The number of such j is
polyδ(log(N)) since v has polyδ(log(N)) neighbors in (X(1), X(2)) and for each u, there are a constant number of
j ∈ V (Z) such that j1 = u. Thus, the initial message part of the alphabet consists of polyδ(log(N)) symbols from a
O|Σ0|(1)-sized alphabet. For the routing transcript part, the alphabet of a vertex v consists of one message per round
of the protocol. By the work complexity of the protocol, the message contains at most polyδ(log(N)) bits, and there
are T = O(logN) rounds. Altogether, this shows that each alphabet symbol for v can be written using polyδ(log(N))
symbols from a O|Σ0|(1)-sized alphabet and hence the alphabet size is 2O|Σ0|(polyδ(log(N))) as desired.

Decision Complexity. Fix an edge (u, v) ∈ X(2). The decision complexity of (u, v) is the sum of the following
2 parts: first, circuit sizes for checking that the alphabet symbols for u and v are valid symbols (i.e. that they satisfy
the hardcoded constraints), and second, checking that the constraint is satisfied. For the first part, let us describe the
circuit complexity for checking validity of u’s symbol, as the circuit complexity for checking v’s symbol is the same.
The circuit needs to check that for each of Oη(1) matchings π, the parts of the alphabet corresponding to A0(j, π(u))
and Ai,T (j, u) satisfy some constraint in D′ for every j such that u ∈ Xj1(1). Since the constraint in D′ is over
O|Σ0|(1) sized alphabet symbols, its circuit complexity is O|Σ0|(1). Moreover, there are at most poly(log(N)) many
such j’s. Altogether, this results in circuit complexity O|Σ0|(polyη(log(N))). For the second part, the circuit needs to
calculate the outgoing messages of u and v in each of the routing protocols R1, . . . ,Rd′ , and then check an equality
on the computed message. As the work complexity is O|Σ0|(poly(log(N))) and there are Oη(1) routing protocols, this
results in O|Σ0|(polyη(log(N))) circuit complexity as well. Overall, the decision complexity is O|Σ0|(polyη(log(N))).

Decoding Distribution. Choosing t ∈ [n] uniformly and j ∼ P ′
t uniformly, we have that j ∈ V (Z) is distributed

uniformly at random by the guarantee of starting udPCP D′ (specifically the fourth item of Lemma 4.5). Then the
decoding distribution of D chooses u ∼ Xj1(1), and we have u ∼ X(1) by Fact 5.7.
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Decoding Complexity. It is clear from the description of the decoder, that given a vertex u and a symbol σ for it, the
decoder can restrict σ to a symbol from the alphabet of D′ and run the decoder of D′ (which is another restriction of
the symbol to a symbol from Σ0). The circuit complexity for both of these tasks is on the order of logarithmic in the
left alphabet size (which is also the length of the circuit’s input), and hence it is O|Σ0|(polyη,δ(log(N))).

Completeness. Fix w ∈ L and let A′ : V ′ → Σ′ be the assignment to D′ which satisfies all of the constraints
and always decodes according to w. Now, define the initial messages according to A′ and run the routing protocols
R1, . . . ,Rd′ with these initial messages. Let A be the resulting assignment for D. We will show that A is a valid
assignment satisfying all of the constraints to D and that it always decodes according to w.

For the first part, it is clear that all of the constraints of D are satisfied, and it remains to check that A is a valid
assignment, i.e. it satisfies the harded constraints of the alphabets. Indeed, for any v, any of the matchings πi, and
any j such that v ∈ Xj1(1)∩Xπi(j)1(1), the alphabet symbols corresponding to A0(j, v), Ai,T (π(j), v) are precisely
A′(j) and A′(π(j)) by Lemma 5.6, so they satisfy the constraint in D′. For the decoding hardcoded constraints fix
any vertex v ∈ X(1) and j ∈ V (Z), t ∈ [n] such that v ∈ Xj1(1) and t is in the decoding neighborhood of j in D′.
Then by the completeness of D′, we have that D′

t(j, A
′(j)) = wt. Since the symbol corresponding to the initial value

of j under assignment A(v) is precisely A′(j), this shows that the folding for decoding consistency is satisfied.

5.3.3 Proof of Unique-Decoding Soundness

We will show that D satisfies (η, η2/6)-unique decoding soundness for a fixed η sufficiently small relative to the
constant ε0 from Lemma 5.5. Suppose there is an assignment to D that satisfies at least (1−ε)-weight of the constraints,
for ε := η2/6. Let A : X(1) → Σ be the assignment to D achieving this value. From A, we can derive the function
A0 : H → Σ′. Specifically, for each (j, v) ∈ H, we set A0(j, v) to be the part of the symbol A(v) corresponding to
an assignment for j from the alphabet of D′, Σ′. Now, define the following assignment, B : V ′ → Σ′:

B(j) = pluralityu∼Xj1
(1){A0(j, u)},

where the function plurality refers to the most common value A0(j, u) when choosing u ∼ Xj1(1). It is shown in
[BMVY25] that this assignment B is a nearly satisfying assignment for D′.

Lemma 5.8. [BMVY25, Lemma 5.3] Suppose that A satisfies (1− ε)-weight of the constraints in D. Then B defined

as above satisfies at least
(
1−O

(
1

logN

))
⩾
(
1− ρ′

2

(
η

100

)5)
-fraction of the constraints of D′.

Proof. The lemma is implicitly shown in the proof of the soundness claim in Lemma 5.3 of [BMVY25]. Specifically,
they argue that if A is a (1 − ε)-satisfying assignment to D, then for each of the routing protocols Ri the routing
transcript of Ri corresponding to the assignments of A corresponds to a routing on (X(1), X(2)) with at most ε-
fraction of adversarial edge corruptions.

Additionally, since A is (1− ε)-satisfying, one can show that for
(
1− 1

logN

)
-fraction of j ∈ V (Z), we have that

the probability a random vertex in the link Xj1(1) holds a value for j that is consistent with B, i.e. the probability
Pru∈Xj1

(1)[A0(j, u) = B(j)], is very close to 1 (in fact this statement is required for our proof of unique-decoding
soundness too, so the argument is reproduced, essentially in Lemma 5.9, below). As a result, the initial messages
A0 satisfy the condition in Lemma 5.5 and applying Lemma 5.5, we get that for

(
1− 1

logN

)
-fraction of j ∈ V (Z),

the values B(j) and B(πi(j)) are consistent with those held at some vertex u ∈ Xj1(1). By the hardcoding of the
alphabet of u, this shows that B satisfies the constraint on (j, πi(j)), and applying this over all routing protocols shows
that B satisfies almost all of the constraints in the original udPCP.

Because D′ satisfies
(

η
100 ,

ρ′

2 ·
(

η
100

)5)
-unique decoding soundness with respect to L for some constant ρ, there

exists w ∈ L such that
Pr

t∈[n],j∼P′
t

[D′
t(j, B(j)) ̸= wt] ⩽

η

100
. (13)
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We can bound the decoding error of the assignment A for the udPCP D as follows

Pr
t∈[n],u∼Pt

[Dt (u,A(u)) ̸= wt] = Pr
t∈[n],j∼P′

t,u∼Xj1 (1)
[D′

t(j, A0(j, u)) ̸= wt]

⩽ Pr
t∈[n],j∼P′

t

[D′
t(j, B(j)) ̸= wt]

+ Pr
t∈[n],j∼P′

t,u∼Xj1 (1)
[A0(j, u) ̸= B(j)]

⩽
η

100
+ Pr

t∈[n],j∼P′
t,u∼Xj1 (1)

[A0(j, u) ̸= B(j)].

(14)

In the first transition we used the fact that Dt (u,A(u)) = D′
t(j, A0(j, u)), in the second transition we used the

union bound, and in the third transition we used (13). Note that for any fixed j, we have

Pr
u∼Xj1

(1)
[A0(j, u) ̸= B(j)] ⩽ Pr

u,v∼Xj1
(1)

[A0(j, u) ̸= A0(j, v)].

This is because B(j) is defined to be the most popular value of A0(j, u) when sampling u ∼ Xj1(1). Plugging this
into (14) gives

Pr
t∈[n],u∈Pt

[Dt (u,A(u)) ̸= w(t)] ⩽
η

100
+ E

t∈[n],j∼P′
t

[
Pr

u,v∈Xj1
(1)

[A0(j, u) ̸= A0(j, v)]

]
. (15)

We say j ∈ V (Z) is bad if
Pr

u,v∈Xj1
(1)

[A0(j, u) ̸= A0(j, v)] ⩾ 2
√
ε. (16)

The expectation from (15) can be bounded by

E
t∈[n],j∼P′

t

[
Pr

u,v∈Xj1
(1)

[A0(j, u) ̸= A0(j, v)]

]
⩽ 2

√
ε+ Pr

t∈[n],j∼P′
t

[j is bad]. (17)

To bound the probability that j is bad, we will show that if j is bad, then the link Xj1(1) must contain many violated
constraints. To this end, let E ⊆ X(2) denote the set of constraints that are not satisfied by the assignment A. By
assumption, A satisfies at least (1−ε)-fraction of constraints, so µ2(E) ⩽ ε. On the other hand, if A0(j, u) ̸= A0(j, v)
for any j ∈ V (Z), and (u, v) ∈ Xj1(2), then the constraint on (u, v) is violated and (u, v) ∈ E . We can thus show the
following.

Lemma 5.9. If j is bad then µj1,2(E) ⩾
√
ε, and consequently Prt∈[n],j∼P′

t
[j is bad] ⩽ poly(d)

q .

Proof. Fix j that is bad and for each symbol for j in the original udPCP D′, σ ∈ Σ′
j , let

Uσ = {u ∈ Xj1(1) | A0(j, u) = σ}.

Then
µj1,2(E) ⩾ Pr

(u,v)∼Xj1 (2)
[A0(j, u) ̸= A0(j, v)] = 1−

∑
σ∈Σ′

j

Pr
(u,v)∼Xj1 (2)

[u ∈ Uσ ∧ v ∈ Uσ]. (18)

Now, we use the fact that the graph (Xj1(1), Xj1(2)) has second eigenvalue at most O
(

1√
q

)
by item 4 of Theo-

rem 2.9, so we can bound∑
σ∈Σ′

j

Pr
(u,v)∼Xj1

(2)
[u ∈ Uσ ∧ v ∈ Uσ] ⩽

∑
σ∈Σ′

j

µj1(Uσ)
2 +O(q−1/2)µj1(Uσ)

⩽ O(q−1/2) +
∑
σ∈Σ′

j

µj1(Uσ)
2.

(19)
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Combining (18), (19), and the observation that 1 −
∑

σ∈Σ′
j
µj1(Uσ)

2 = Pru,v∼Xj1
(1)[A0(j, u) ̸= A0(j, v)] we get

that

µj1,2(E) ⩾ 1−
∑
σ∈Σ′

j

µj1(Uσ)
2−O(q−1/2) = Pr

u,v∼Xj1 (1)
[A0(j, u) ̸= A0(j, v)]−O

(
1
√
q

)
⩾ 2

√
ε−O(q−1/2) ⩾

√
ε,

where the penultimate transition uses the assumption that j is bad from (16). This shows the first part of the lemma.
To obtain the “consequently” part of the lemma, recall that by Fact 5.7, when choosing j ∈ V ′ = A′∪B′ uniformly

at random and then outputting j1, the resulting j1 ∈ X(1) is distributed according to the stationary distribution over
X(1). On the other hand, choosing t ∈ [n] and j ∼ P ′

t, we have j uniformly distributed in V ′. Thus,

Pr
t∈[n],j∼P′

t

[j is bad] = Pr
t∈[n],j∼P′

t

[µj1(E) ⩾
√
ε] = Pr

j∈V ′
[µj1(E) ⩾

√
ε] ⩽

poly(d)

q
.

In the second transition we used the above observation on the distribution of j1. In the third transition we used
Lemma 2.10, µ2(E) ⩽ ε, and the fact that a uniformly random j ∈ V ′ is on the side A′ with probability 1/2.

We can now conclude the proof of unique decoding soundness.

Proof of Unique Decoding Soundness. Fix η > 0 sufficiently small, and suppose there is an assignment, A, to D that
satisfies at least (1− ε)-fraction of the constraints, for ε = η2/6. Then, combining (15), (17), and Lemma 5.9, we get
that there is w ∈ L such that the decoding error of A with respect to w is at most

Pr
t∈[n],u∼Pt

[Dt(u,A(u)) ̸= wt] ⩽
η

100
+ 2

√
ε+

poly(d)

q
⩽ η.

6 Gap Amplification
Starting from the udPCP construction from Theorem 5.1, we now obtain a dPCP with small list-decoding soundness
error by using a direct product based gap amplification.

Theorem 6.1. For all ε > 0 and a circuit φ : Σn
0 → {0, 1} of size N , the language SAT(φ) has a dPCP satisfying

the following:

• Length. O|Σ0| (N · polyε(logN)).

• Left Alphabet. For each left vertex a, the left alphabet of a is contained in Σk for some Σ ⊇ Σ0 of size
|Σ2| = 2O|Σ0|(polyε(logN)) and k = Oε(1). Hence the left alphabet size is 2O|Σ0|(polyε(logN)).

• Right Alphabet. The right alphabet is Σ
√
k where Σ and k are the same as in the left alphabet condition.

• Degrees. The left degree is Oε(1), the decoding degree is polyε(logN), and the right degree is polyε(logN).

• Decision Complexity. O|Σ0|(polyε(logN)).

• Decoding Complexity. O|Σ0|(polyε(logN)).

• Decoding Distribution. The complete decoding distribution is agnostic. Furthermore, denoting the complete
decoding distribution by Q, for every b ∈ X(

√
k) we have that

Q(◦, ◦, b) ⩽
polyε(logN)

N
.

• Completeness. The dPCP has perfect completeness.

• Soundness. The dPCP has (L, ε)-list-decoding soundness for L := ε−O(1).
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We now dsecribe the construction for Theorem 6.1. Fix ε > 0 and a size N circuit φ : Σn
0 → {0, 1} and set

L = SAT(φ). Set δ := δ(ε) > 0 sufficiently small relative to ε and take Dhdx to be the udPCP for SAT(φ) obtained
through Theorem 5.1 with the direct product soundness parameter there set to be δ/100 and η > 0 there to be a
small absolute constant so that the result holds. After setting δ, the other parameters are all chosen sufficiently large
as described in Theorem 5.1, and in particular, we have that the parameters of X are as follows. The direct product
parameter k = Oδ(1) is sufficiently large, the dimension parameter is d = Oδ(1) is sufficiently large, the number of
vertices is O|Σ0|,δ(N · poly(log(N))), the prime is q = polyδ(logN). Let us denote the parts of Dhdx by

Dhdx =
(
X(1), X(2),Σ, {Φhdx

e }e∈X(2), {Phdx
t }t∈[n], {Dhdx

t }t∈[n]

)
.

The amplified dPCP takes the form

Ddp =
(
X(k) ∪X(

√
k), E,Σk,Σ

√
k, {Φdp

e }e∈E , {Pdp
t }t∈[n], {Ddp

t }t∈[n]

)
.

Throughout the proof we will use boldface letters to denote vertices of Ddp. The components of Ddp are as follows:

• Constraint Graph. The bipartite inclusion graph with parts X(k) and X(
√
k). Throughout the section we will

use a to denote a generic vertex in X(k) and b to denote a generic vertex in X(
√
k). We remark that a and

b should also be thought of, respectively, as size k and
√
k subsets of X(1). For a ∈ X(k),b ∈ X(

√
k) we

include an edge between them in E if a ⊇ b.

• Left Alphabet: For each a ∈ X(k), its alphabet is a subset Σk and each symbol σ should be thought of as a
map from assigning a Σ symbol to each v ∈ a. We constrain the left alphabet of each a ∈ X(k) to only contain
maps σ : a → Σ that satisfy the following properties:

– Hardcoding Dhdx constraints. For any (u, v) ∈ X(2) such that both vertices are contained in a, σ(u) and
σ(v) satisfy the constraint on (u, v) from Dhdx.

– Hardcoding for decoding consistency. For any t ∈ [n], and any two u, v ∈ a such that t is in the decoding
neighborhood of both u and v in Dhdx, we have

Dhdx
t (u, σ(u)) = Dhdx

t (v, σ(v)).

• Right Alphabet. For each b ∈ X(
√
k), its alphabet is Σ

√
k, and we similarly think of each symbol as a map

from R → Σ assigning a Σ symbol to each v ∈ b.

• Constraints. For each edge of the constraint graph, e = (a,b), the constraint Φe checks that the assignments to
a and b agree. That is, if the left and right vertices are assigned symbols σ ∈ Σk, σ′ ∈ Σ

√
k respectively,

Φe(σ, σ
′) = 1 if and only if σ|b = σ′,

where σ|b ∈ Σ
√
k is the restriction of σ to the vertices in b.

• Decoding Distributions: Let Qhdx be the complete decoding distribution (over [n] × X(1)) of Dhdx wherein
one chooses t ∈ [n] uniformly, u ∼ Phdx(t), and outputs (t, u). The total decoding distribution of Ddp, denoted
by Qdp, is a distribution over triples (t, a,b) ∈ [n]×X(k)×X(

√
k) is as follows:

– Choose a ∼ X(k), and then b ⊆ a uniformly.
– Choose u ∈ b uniformly and choose t ∼ Qhdx(·, u).

Then the decoding distribution Pdp
t is defined as Qdp(t, ·, ·).

• Decoders: For (t, a,b) ∈ supp(Qdp) and left alphabet symbol σ ∈ Σk for a, the decoder outputs

Ddp
t (a, σa) = Dhdx

t (u, σa(u)).

where u ∈ X(1) is an arbitrary vertex contained in both a and supp(Phdx
t ). Due to the hardcoding for decoding

consistency, the above value is the same for any u and hence the decoder is well defined.

The above completes the description of the new dPCP, and the remainder of the section is dedicated to its analysis.
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6.1 Proof of Theorem 6.1: Everything Except the Soundness
In this section we analyze the length, alphabet size, decoding degree, decision complexity and the completeness of the
construction.

Length. The length is |X(k)|+ |X(
√
k)| = O|Σ0|(N · polyε(logN)) by the properties of X from Theorem 2.9.

Alphabet Size. The left and right alphabet sizes are at most |Σ|k and |Σ|
√
k respectively. Since k = Oε(1) and

|Σ| = 2O|Σ0|(polyε(logN)), both the left and right alphabet sizes are 2O|Σ0|(polyε(logN)).

Degrees. For a ∈ X(k), its degree is
(

k√
k

)
= Oε(1) and its decoding degree is at most the sum of the decoding

degrees, in Dhdx, of the vertices u ∈ a. Hence, the decoding degree is at most kpolyε(logN) ⩽ polyε(logN). For
b ∈ X(

√
k), its degree is at most d(b) ·dk, where d(b) is the number of d-faces of the complex X containing b. Since

d(b) ⩽ polyε(logN) by Theorem 2.9, the right degree is polyε(logN).

Projection Decision Complexity. Given a left alphabet symbol, it is clear that the unique right alphabet symbol
which could satisfy the constraint is simply a restriction, so it can be computed with a circuit of size O|Σ0|(polyε(logN)).
Additionally, the projection circuit needs to checking that the left alphabet symbol σ ∈ Σk satisfies (1) the hardcod-
ing of Dhdx constraints, and (2) checking that the left alphabet symbol σ ∈ Σk satisfies hardcoding for decoding
consistency.

The circuit complexity of (1) is O|Σ0|(polyε(logN)) as there are Oε(1) edges e ∈ X(2) contained in a and each
Dhdx constraint has circuit complexity O|Σ0|(polyε(logN)). The circuit complexity of (2) is also O|Σ0|(polyε(logN)).
This is because, by the decoding degree of D, there are polyε(logN) pairs of u ∈ a and t ∈ [n] such that t is in the
decoding neighborhood of u in Dhdx and the decoders Dhdx,t all have circuit complexity O|Σ0|(polyε(logN)) by
the decoding complexity of Theorem 5.1. Finally, computing the restriction and checking that is is equal to a given
string amounts to equality between two strings of O|Σ0|(polyε(logN)) bits, which can be done by a circuit of size
O|Σ0|(polyε(logN)). Altogether, this shows that the projection decision complexity is O|Σ0|(polyε(logN)).

Decoding Distribution. To see that Qdp is agnostic, note that for any (t,b) ∈ supp(Qdp(·, ◦, ·)), both of the distri-
butions Qdp(◦, ·,b) and Qdp(t, ·,b) are of a ∼ X(k) conditioned on a ⊇ b, so they are the same.

For the second property, we describe the following way of choosing (a,b) ∼ Q(◦, ·, ·):
• Choose U ∈ X(d) uniformly at random,

• Choose a ⊆ U of size k uniformly and b ⊆ a of size
√
k uniformly,

• Output (a,b).

It is clear by the above that for every b ∈ X(
√
k), we have

Q(◦, ◦,b) =
∑
a⊇b

Q(◦, a,b) =
∑
a⊇b

U∈X(d),U⊇a

1

|X(d)|
· 1(

d
k

)(
k√
k

) ⩽
polyε(logN)

N
. (20)

In the last transition, we use the fact that for a fixed b, the number of d-faces U and k-faces a that contain b is at most
polyε(logN)d ⩽ polyε(logN) (as the degree of X is polyε(logN)), and also that |X(d)| ⩾ N .

Decoding Complexity. It is clear that given a left vertex a and a symbol for it, σ, the decoder runs the decoder of
Dhdx on a restriction of σ, and hence the decoding complexity is O|Σ0|(polyε(logN)) by Theorem 5.1.

Perfect Completeness. Fix w ∈ L. By the perfect completeness of Dhdx, there is an assignment A′ : X(1) → Σ
which satisfies all of the constraints in Dhdx and decodes to wt with probability 1 for all t ∈ [n]. Now consider the
assignments T1 : X(k) → Σk and T2 : X(

√
k) → Σ

√
k such that T1[a] = A′|a for each a ∈ X(k) and T2[b] = A′|b

for each b ∈ X(
√
k). It is clear that the alphabet hardcoding is satisfied by T1[a] for every a ∈ X(k). Indeed, for any

e ∈ X(2) contained in a, the restriction of T1[a] to the vertices in e is consistent with A′ and hence the constraint e
is satisfied by the corresponding values of T1[a]. As for the hardcoding for decoding consistency, for any u ∈ a and
t ∈ [n] which is a decoding neighbor of u in Dhdx, we have that D′

t(u, T1[a](u)) = wt. This latter fact also shows that
T1, T2 decode to wt with probability 1 for all t ∈ [n]. Finally, it is straightforward to see that all of the constraints in
Ddp are satisfied.
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6.2 Proof of Theorem 6.1: Tools for List-Decoding Soundness
The proof of list-decoding soundness involves two steps. First, we show a list-decoding variant of the soundness
guarantee of the direct product test, informally saying that there is always a small list of functions fi : X(1) → Σ
which explains almost all of the passing probability of the direct product test in Ddp. Additionally, each fi, when
viewed as an assignment to Dhdx, is nearly a satisfying assignment of Dhdx. Second, we translate the list-decoding
guarantee above into a list-decoding guarantee relative to valid members of the language L. To accomplish this, we
combine the unique decoding soundness of Dhdx with fact that the fi’s are nearly satisfying assignments of Dhdx.

The first step outlined above is achieved via the following lemma.

Lemma 6.2. Let T1 : X(k) → Σk be a left assignment to Ddp and let δ be defined as in the construction of Ddp. Then,
there exists an absolute constant C such that, there is a list of at most L ⩽ δ−C functions f1, . . . , fL : X(1) → Σ,
along with disjoint sets U1, . . . ,UL ⊆ X(k) which together satisfy the following:

• for each i ∈ [L], we have µk(Ui) ⩾ δC and dist(fi|a, T1[a]) ⩽ δ for all a ∈ Ui;

• for any right assignment T2 : X(
√
k) → Σ

√
k, we have

Pr
a∼X(k),b⊆a

[T1[a]|b = T2[b] ∧ a /∈ ∪L
i=1Ui] ⩽

√
δ

10
.

Towards the proof of Lemma 6.2, we first show an auxiliary lemma which says that there exists an assignment
X(k) → Σk which has only trivial agreement with all possible functions F : X(1) → Σ.

Lemma 6.3. There exists a table T ∗ : X(k) → Σk such that for any function F : X(1) → Σ,

Pr
a∼X(k)

[
dist(F |a, T ∗[a]) ⩽

1

3

]
⩽

10√
d
,

where recall d is the dimension of the complex X .

Proof. We use the fact that the direct-product dimension parameter, k, in constructing Ddp is large and in particular
k ⩾ 8. First let us show that there exists a table T ∗ satisfying such that every pair for every pair a, a′ ∈ X(k) with
nonempty intersection, we have that T ∗[a] and T ∗[a′] disagree at every x ∈ a ∩ a′. Indeed, |Σ| is super-polynomial
in n whereas k · |X(k)| ⩽ nOε(1), and hence we can arrange that the T ∗[a] : a → Σ have disjoint image over all
a ∈ X(k).

Suppose for the sake of contradiction that this is not the case, and that there exists F : X(1) → Σ, such that

Pr
a∼X(k)

[dist(F |a, T ∗[a]) ⩽
1

3
] >

10√
d

(21)

Now consider the probability that, when choosing U ∼ X(d), b ⊆ U of size k− 1, and finally a, a′ of size k such
that b ⊆ a, a′ ⊆ U , we have both dist(F |a, T ∗[a]) ⩽ 1

3 and dist(F |a′ , T ∗[a′]) ⩽ 1
3 . For simplicity, let us refer to these

two events as E(a) and E(a′) respectively. Then,

E
U∼X(d),b⊆U

[
Pr

b⊆a,a′⊆U
[E(a) ∧ E(a′)]

]
= E

U∼X(d),b⊆U

[
Pr

a
[E(a) | U,b]2

]
⩾ E

U∼X(d),b⊆U

[
Pr

a
[E(a) | U,b]

]2
>

100

d
.

In the first transition we used the fact that a, a′ are independent, in the second transition we used the Cauchy-Schwarz
inequality, and in the third transition we used (21). Now using the fact that the probability of choosing a = a′ is at
most 1

d−k+1 ⩽ 100
d , we get there exist a and a′ distinct such that both E(a) and E(a′) occur. Then T ∗[a] and T ∗[a′]

disagree on at most 2
3k + 1 < k coordinates, which is a contradiction.
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Proof of Lemma 6.2. Initialize U1 = U⋆
1 = ∅ and i := 1. Also set T (1) := T1. While there exists F : X(1) → Σ such

that
Pr

a∼X(k)
[dist(F |a, T (i)[a]) ⩽ δ ∧ a /∈ U⋆

i ] ⩾ δC

pick such F , set fi = F , set Ui = {a ∈ X(k) | dist(F |a, T (i)[a]) ⩽ δ ∧ a /∈ U⋆
i }, and update U⋆

i+1 = U⋆
i ∪ Ui. Then

increment i by 1, and repeat. In the above we fix C to be some absolute constant which we can set arbitrarily large.
Note that this process must terminate in J ⩽ δ−C steps. Indeed, after each increment of i, the measure µk (U⋆

i )
increases by at least δC . At the end of the process, let f1, . . . , fJ and U1, . . . ,UJ be the functions and sets obtained
respectively, and let U⋆ :=

⋃
i∈[J] Ui. The following conditions hold:

• For each i ∈ [J ] and a ∈ Ui we have dist(fi|a, T1[a]) ⩽ δ.

• µk(Ui) ⩾ δC ,

• The sets Ui are disjoint.

• For any a /∈ U⋆, and any i ∈ [J ], we have dist(fi|a, T [a]) > δ.

• For any F : X(1) → Σ, we have

Pr
a∼X(k)

[dist(T [a], F |a) ⩽ δ ∧ a /∈ U⋆] ⩽ δC . (22)

We will now show that f1, . . . , fJ and U1, . . . ,UJ satisfy Lemma 6.2. First, note that the number of functions is indeed
J ⩽ δ−C for some absolute constant C and the sets Ui are indeed disjoint as required by Lemma 6.2. It is also clear
that the first item of Lemma 6.2 holds by construction of the Ui’s.

It remains to verify the second item. Let T ∗ be the table from Lemma 6.3 — which, recall, does not have significant
agreement with any function over X(1) — and define the table T ′ as follows. For a ∈ U⋆, set T ′[a] = T ∗[a] and for
a /∈ U⋆, set T ′[a] = T [a]. Suppose for the sake of contradiction that the second item fails, so that

Pr
a∼X(k),b⊆a

[T ′[a]|b = T2[b]] >
√
δ

10
. (23)

Choosing U ∈ X(d), b ⊆ U of size
√
k, and a, a′ of size k such that b ⊆ a, a′ ⊆ U according to the direct product

testing distribution, we have

Pr
U,a,a′,b

[T ′[a]|b = T ′[a′]|b] ⩾ E
U

[
Pr

a,a′,b
[T ′[a]|b = T2[b] ∧ T ′[a′]|b = T2[b]]

]
= E

U

[
Pr
a,b

[T ′[a]|b = T2[b]]2
]

⩾

(
E
U

[
Pr
a,b

[T ′[a]|b = T2[b]]
])2

⩾
δ

100
.

(24)

In the third transition we used by Cauchy-Schwarz, and in the last transition we used (23). Since the complex X
supports a direct product test with soundness δ/100, we get that there exists F : X(1) → Σ such that

Pr
a∼X(k)

[
dist(T ′[a], F |a) ⩽

δ

100

]
⩾ δC1 ,
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for some absolute constant C1 coming from the soundness of the direct product test as described in Theorem 2.9.
However, this is a contradiction because

Pr
a∼X(k)

[
dist(T ′[a], F |a) ⩽

δ

100

]
= Pr

a∼X(k)

[
dist(T ′[a], F |a) ⩽

δ

100
∧ a ∈ U⋆

]
+ Pr

a∼X(k)

[
dist(T ′[a], F |a) ⩽

δ

100
∧ a /∈ U⋆

]
⩽ Pr

a∼X(k)

[
dist(T ∗[a], F |a) ⩽

δ

100

]
+ δC

⩽
10√
d
+ δC

< δC1 .

where in the second transition we used (22) along with the construction of T ′ and in the third transition we used
δ/100 ⩽ 1/3 and Lemma 6.3. To obtain the contradiction in the last transition, we use the fact that the dimension
parameter of the HDX X is sufficiently large relative to 1/δ and the fact that the absolute constant C fixed at the
start of the proof can be chosen sufficiently large relative to the constant C1 coming from the direct product test
soundness.

6.3 Proof of Theorem 6.1: Proof of List-Decoding Soundness
We now accomplish the second step in the proof of the list-decoding soundness. Fix a left assignment, T1 : X(k) →
Σk, to Ddp. Let f1, . . . , fL and U1, . . . ,UL be the functions and subsets of X(k) obtained by applying Lemma 6.2
with respect to T1, and let T2 : X(

√
k) → Σ

√
k be any right assignment to Ddp. We start by observing that each

fi : X(1) → Σ is a nearly-satisfying assignment to Dhdx.

Lemma 6.4. For each i ∈ [L], we have

Pr
(u,v)∼X(2)

[Φhdx
(u,v)(fi(u), fi(v)) = 1] ⩾ 1− 3δ.

Proof. Fix i and let B ⊆ X(2) be the set of constraints not satisfied by fi, so that µ2(B) is precisely the probability
that a randomly chosen constraint, according to the measure of X over X(2), is not satisfied by fi. To prove the
lemma, we show µ2(B) ⩽ 3δ.

To start, notice that if there exists a ∈ X(k) such that T1[a](u) = fi(u) and T1[a](v) = fi(v), then we automati-
cally have Φhdx

(u,v)(fi(u), fi(v)) = 1 due to how the alphabet of a is hardcoded. This shows that a constraint is highly
likely to be satisfied if it is chosen by first choosing a ∼ Ui, and then choosing u, v ∈ a. In the sequence below, we
write a ∼ Ui to denote a chosen according to ∼ X(k), conditioned on being in Ui. After a is chosen, u and v are
chosen as uniformly random vertices inside a.

Pr
a∼Ui,u,v∈a,u̸=v

[(u, v) /∈ B] ⩾ E
a∼Ui

[
Pr

u,v∈a,u ̸=v
[T1[a](u) = fi(u) ∧ T1[a](v) = fi(v)]

]
⩾ E

a∼Ui

[
Pr
u∈a

[T1[a](u) = fi(u)]
2

]
− 1

k

⩾ (1− δ)2 − 1

k

⩾ 1− 2δ − 1

k
.

(25)

In the second transition we are going from a probability over distinct u, v ∈ a to a probability over u, v ∈ a indepen-
dent, and the −1/k term accounts for the probability that u = v. In the third transition we use the Cauchy-Schwarz
inequality and the fact that fi and T1[a] agree on at least (1− δ)-fraction of vertices in a for every a ∈ Ui.
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Next, by item 3 of Theorem 2.9 and the fact that d is sufficiently large relative to k, we get that the second singular
value of the bipartite inclusion graph (X(k), X(2)) is O(1/k). Applying Lemma 2.3 with the left and right subsets
are Ui and B respectively gives:∣∣∣∣∣ Pr

a∼X(k),{u,v}∈(a
2)
[a ∈ Ui, {u, v} ∈ B]− µk(Ui)µ2(B)

∣∣∣∣∣ ⩽ O

(
1

k

)
·
√
µk(Ui)µ2(B).

Dividing both sides by µk(Ui) and rearranging gives

µ2(B) ⩽ Pr
a∼Ui,{u,v}∈(a

2)
[(u, v) ∈ B] +O

(
1

k

)
·
√
µk(Ui)µ2(B)
µk(Ui)

⩽ 2δ +
1

k
+O

(
1

k
√
µk(Ui)

)
⩽ 3δ,

where in the transition we used (25), and in the last transition we used µk(Ui) ⩾ δC and the fact that k is sufficiently
large relative to 1/δ.

Now combining Lemma 6.4 with the unique decoding soundness assumption of Dhdx from Theorem 5.1, we get
that for each i ∈ [L], there is wi ∈ L such that

Pr
(t,u)∼Qhdx

[Dhdx
t (u, fi(u)) ̸= (wi)t] ⩽ 5

√
δ, (26)

and we recall that the marginal distribution of u in the probability above is the stationary over X(1). We are now ready
to prove list-decoding soundness of Ddp by showing that the wi obtained by (26) give the desired list.

Proof of List-Decoding Soundness for Theorem 6.1. Take L = δ−C and fi,Ui, wi as above for each i ∈ [L]. Set
U⋆ :=

⋃
i∈[L] Ui. Then

Pr
(t,a,b)∼Qdp

[
T1[a]|b = T2[b] ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L]

]
= Pr

(t,a,b)∼Qdp

[
T1[a]|b = T2[b] ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L] ∧ a ∈ U⋆

]
+ Pr

(t,a,b)∼Qdp

[
T1[a]|b = T2[b] ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L] ∧ a /∈ U⋆

]
⩽ Pr

(t,a,b)∼Qdp

[
Dt(a, T1[a]) /∈ {(wi)t}i∈[L] ∧ a ∈ U⋆

]
+ Pr

(t,a,b)∼Qdp

[T1[a]|b = T2[b] ∧ a /∈ U⋆]

⩽ Pr
(t,a,b)∼Qdp

[
Dt(a, T1[a]) /∈ {(wi)t}i∈[L] ∧ a ∈ U⋆

]
+O

(√
δ
)
,

where in the last transition, we are using the second item of Lemma 6.2 to bound

Pr
(t,a,b)∼Qdp

[T1[a]|b = T2[b] ∧ a /∈ U⋆] = Pr
a∼X(k),b⊆a

[T1[a]|b = T2[b] ∧ a /∈ U⋆] ⩽

√
δ

10
.

Next, we perform a union bound

Pr
(t,a,b)∼Qdp

[
Dt(a, T1[a]) /∈ {(wi)t}i∈[L] ∧ a ∈ U⋆

]
⩽

L∑
i=1

Pr
(t,a,b)∼Qdp

[Dt(a, T1[a]) ̸= (wi)t ∧ a ∈ Ui]

⩽ E
i∼[L]

[
Pr

(t,a,b)∼Qdp

[Dt(a, T1[a]) ̸= (wi)t | a ∈ Ui]

]
.
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In the last line we let i ∼ [L] be the distribution where i is chosen with weight proportional to µk(Ui). Then, the last
line follows from the fact that the Ui’s are disjoint, so the events a ∈ Ui are mutually exclusive. Fix i and examine a
probability from the last line more closely. Here, we unpack the joint distribution of (t, a) under Qdp. By definition,
this distribution is obtained by sampling a ∼ X(k), then a random u ∈ a and finally t ∼ Qhdx(·, u). We have

Pr
(t,a,b)∼Qdp

[Dt(a, T1[a]) ̸= (wi)t | a ∈ Ui] ⩽ Pr
a∼Ui,u∈a,t∼Qhdx(·,u)

[Dhdx
t (u, fi(u)) ̸= (wi)t]

+ Pr
a∼Ui,u∈a,t∼Qhdx(·,u)

[T1[a](u) ̸= fi(u)].
(27)

Now we bound each term individually. Towards the first term, define the function Hi : X(1) → [0, 1] as

Hi(u) = Pr
t∼Qhdx(·,u)

[Dhdx
t (u, fi(u)) ̸= (wi)t].

In particular, from (26) we have

µ1(Hi) := E
u∼X(1)

[Hi(u)] = Pr
(t,u)∼Qhdx

[Dhdx
t (u, fi(u)) ̸= (wi)t] ⩽ 5

√
δ. (28)

By Lemma 2.3 and the fact that the bipartite inclusion graph on (X(k), X(1)) has second singular value at most
O(1/k) by item 3 of Theorem 2.9 (and the fact that d is sufficiently large relative to k), it follows that∣∣∣∣ E

a∼X(k),u∈a
[1a∈Ui ·Hi(u)]− µk(Ui)µ1(Hi)

∣∣∣∣ ⩽ O

(
1

k

)
·
√
µk(Ui). (29)

Now note that the first term on the right hand side of (27) is

Pr
a∼Ui,u∈a,t∼Qhdx(·,u)

[Dhdx
t (u, fi(u)) ̸= (wi)t] = E

a∼X(k),u∈a
[Hi(u) | a ∈ Ui] =

Ea∼X(k),u∈a[1a∈Ui
·Hi(u)]

µk(Ui)
.

Thus, by (29),

Pr
a∼Ui,u∈a,t∼Qhdx(·,u)

[Dhdx
t (u, fi(u)) ̸= (wi)t] ⩽ 5

√
δ +O

(
1

k ·
√
µk(Ui)

)
⩽ 6

√
δ.

The first inequality follows by (28) and the second inequality follows from the fact that µk(Ui) ⩾ δC and k is
sufficiently large relative to 1/δ.

For the second term on the right hand side of (27), we have that

Pr
a∼Ui,u∈a

[T1[a](u) ̸= fi(u)] = E
a∼Ui

[dist(fi|a, T1[a])] ⩽ δ

by definition of fi and Ui. Altogether, we get that (27) is at most 6
√
δ + δ ⩽ 7

√
δ, and plugging this up gives that the

list-decoding error is at most O(
√
δ).

7 Transformations on dPCPs
Theorem 6.1 gives us constructions of quasi-linear length dPCPs with arbitrarily small error in the list-decoding
soundness, as required by Theorem 3.12, but with alphabet size that is super-polynomial, rather than constant. Our
goal now is to reduce the alphabet size in Theorem 6.1 down to a constant while maintaining all of the other desired
properties; namely, length and small soundness. As discussed in the introduction, we achieve this via a series of
transformations, and in this section we present a few of the basic ones here. The transformations in this section are
both variants of well known transformations for PCPs.
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7.1 Right Alphabet Reduction
We start with right alphabet reduction. This procedure is a simple application of error correcting codes along the lines
of [DH13, Section 5.2] except that for our purposes, we also need to keep track of the degree related parameters and
analyze the list-decoding soundness (rather than the standard soundness).

Lemma 7.1. Suppose a language L has a projection dPCP

D =
(
A ∪B,E,ΣA,ΣB , {Pt}t∈[n], {Dt}t∈[n]

)
with perfect completeness, (L, ε)-list-decoding soundness, and projection decision complexity ProjComp. Then for
every 0 < η < 1, there is a polynomial-time algorithm which takes D and outputs a new projection dPCP for L,

D′ =
(
A ∪ (B × [m]), E′,ΣA,Ω, {P ′

t}t∈[n], {Dt}t∈[n]

)
where m = Oη(log |ΣB |) and Ω is an alphabet of size Oη(1). Additionally, D′ satisfies the following:

• Degrees. The decoding degree of each vertex and right degree of each vertex are the same as in D. The left
degree of each vertex is m times its left degree in D.

• Projection Decision Complexity. The decision complexity is ProjComp+O(log |ΣB |).

• Decoding Complexity. The decoding complexity is preserved.

• Preserves Agnosticity. If the complete decoding distribution of D is agnostic, then so is that of D′.

• Completeness. D′ has perfect completeness.

• Soundness. (L, ε+ 3η)-list-decoding soundness.

Proof. Fix η ∈ (0, 1) and let D denote the original dPCP. Let us arbitrarily identify ΣB with {0, 1}k for k = log(|ΣB |)
and take C : {0, 1}k → Ωm to be the code from Lemma 2.1 instantiated with relative distance 1 − η3, alphabet size
|Ω| = Oη(1), and blocklength m = Oη (k).

The new dPCP D′ is constructed as follows. The constraint graph is bipartite and has vertices A ∪ B × [m]. The
edges of the constraint graph are all (a, (b, i)) ⊆ A×(B × [m]) such that (a, b) ∈ E. The constraint on (a, (b, i)) is as
follows. Let σa be label for a and ω be a label for (b, i). Since D has projection constraints, there is a unique σb ∈ ΣB

satisfying Φ(a,b)(σa, σb) = 1. The constraint on D′ checks if C(σb)i = ω. The new decoding distributions P ′
t are

generated by choosing (a, b) ∼ Pt, choosing i ∈ [m] uniformly, and outputting (a, (b, i)). We proceed to verifying
the desired properties.

Degrees. It is clear that decoding degree is preserved, as each a ∈ A has the same decoding neighborhood in both
D and D′. The right degree is preserved because each (b, i) ∈ B × [m] has the same neighbors in the new constraint
graph as neighbors as b in the original constraint graph. For the left degree, note that each a ∈ A is adjacent to (b, i)
for all b that are adjacent to a in the original constraint graph and all i ∈ [m].

Projection Decision Complexity. Fix a constraint (a, (b, i)) in D′ and suppose the assignment to a is σ. The
projection circuit first computes the σ′ ∈ ΣB which is the unique b alphabet symbol that would satisfy the constraint
in D. This part has circuit complexity ProjComp. Then, the projection circuit calculates the encoding of σ′, under
the linear-time encodable code, and outputs its ith symbol. This part has circuit complexity O(log |ΣB |) since C is
linear-time encodable. Overall, this shows that the projection decision complexity is ProjComp+O(log |ΣB |).

Decoding Complexity. The decoder is unchanged and hence the decoding complexity is preserved.

Preserves Agnosticity Let Q and Q′ denote the complete decoding distributions of D and D′ respectively. Note that
for any (b, i) ∈ B × [m] and t ∈ [n], we have Q(·, ·, b) = Q′(·, ·, (b, i)) and Q(t, ·, b) = Q′(t, ·, (b, i)). It follows that
agnosticity is preserved.
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Perfect Completeness. Fix w ∈ L and let T1 : A → ΣA and T2 : B → ΣB be the assignment satisfying all of the
constraints to D and decoding to w with probability 1 for every t ∈ [n]. Then consider the assignment to D′ where the
left assignment is still T1 and the new right assignment, which we call T ′

2 : B × [m] → Ω is defined as

T ′
2[(b, i)] = C(T2[b])i.

It is straightforward to check that this assignment satisfies all of the constraints of D′ (and T1 still decodes to w with
probability 1 for every t ∈ [n] because it is unchanged).

List-Decoding Soundness. Fix an assignment to T1 : A → Σ and let w1, . . . , wL ∈ L be the list guaranteed by the
list-decoding assumption of D. For each a ∈ A and b ∈ B such that (a, b) ∈ E, we let T1[a]→b ∈ ΣB be the unique
symbol σ such that Φ(a,b)(T1[a], σ) = 1. Let Q be the complete decoding distribution of D generated by choosing
t ∈ [n], (a, b) ∼ Pt, and outputting (t, a, b). For each b ∈ B and σ ∈ ΣB , define

δb(σ) = Pr
(t,a)∼Q(·,·,b)

[T1[a]→b = σ ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L]].

For any T2 : B → ΣB , the expectation Eb∼Q[δb(T2[b])] is precisely the list-decoding error in D of T1, T2 relative to
the list {w1, . . . , wL}. Here and henceforth, b ∼ Q, refers to b sampled according to the marginal of Q over B. By
the list-decoding soundness assumption of D, we have

E
b∼Q

[δb(T2[b])] ⩽ ε. (30)

for any T2 : B → ΣB .
Now, fix an arbitrary right assignment T ′

2 : B × [m] → Ω for D′. We will show that the list-decoding error of T1

and T ′
2 relative to {w1, . . . , wL} is at most ε+ 3η. We can express this list-decoding error as follows:

E
b∼Q

[ ∑
σ∈ΣB

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i]

]
, (31)

so our goal is to now bound the expectation above. Fix a b ∈ B and examine the summation in the expectation.
Define listb to consist of all σ ∈ ΣB such that C(σ) agrees with at least η-fraction of the entries of the string
(T [(b, 1)], . . . , T [(b,m)]) ∈ Ωm. By the list-decoding bound in Fact 2.2 and the fact that η > 2η3/2, we have
that |listb| ⩽ 2/η. We define a right assignment, T ∗

2 : B → ΣB , for D as follows. For each b ∈ B, set T ∗
2 [b] to be the

alphabet symbol σ ∈ ΣB which maximizes δb(σ). Then, the summation from (31) can be bounded by∑
σ∈ΣB

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i]

=
∑

σ∈listb

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i] +

∑
σ/∈listb

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i]

⩽
∑

σ∈listb

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i] + η

⩽ δb(T
∗
2 [b]) ·

( ∑
σ∈listb

Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i]

)
+ η

⩽ δb(T
∗
2 [b]) ·

 Pr
i∈[m]

[∃σ ∈ listb, T
′
2[(b, i)] = C(σ)i] +

∑
σ ̸=σ′∈listb

Pr
i∈[m]

[T2(b, i) = C(σ)i = C(σ′)i]

+ η

⩽ δb(T
∗
2 [b]) · (1 + 2η) + η

⩽ δb(T
∗
2 [b]) + 3η.

In the second transition we used
∑

σ∈ΣB
δb(σ) ⩽ 1 and that Pri∈[m][T

′
2[(b, i)] = C(σ)i] ⩽ η for each σ /∈ listb. In

the third transition we used the definition of T ∗
2 [b]. In the fourth transition we used the inclusion-exclusion principle.
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In the fifth transition we used the fact that |listb| ⩽ 2/η and that for σ ̸= σ′ we have Pri∈[m][C(σ)i = C(σ′)i] ⩽ η3.
Plugging this bound back into the expectation from (31), we get that the list-decoding error of D′ is at most

E
b∼Q

[ ∑
σ∈ΣB

δb(σ) · Pr
i∈[m]

[T ′
2[(b, i)] = C(σ)i]

]
⩽ E

b∼Q
[δb (T

∗
2 [b])] + 3η ⩽ ε+ 3η,

where in the last transition we used (30) applied to the tables T1, T
∗
2 .

7.2 Right Degree Reduction
The goal of this subsection is to describe a procedure which transforms an arbitrary dPCP, D, into a right-regular dPCP
D′ with constant right degree. Additionally, in the complete decoding distribution of D′, the marginal distribution over
the right vertices is uniform. This transformation is similar to the one in Section 4.3, but some extra care is needed
since we deal with list-decoding soundness rather than unique-decoding soundness.

Lemma 7.2. Suppose a language L ⊆ Σn
0 has a projection dPCP

D =
(
A ∪B,E, {Pt}t∈[n],ΣA,ΣB , {Dt}t∈[n]

)
with (L, ε)-list-decoding soundness and suppose there exists M ∈ N such that for every (a, b) ∈ A×B, one can write
Q(◦, a, b) = w(a,b)

M for some w(a, b) ∈ N. Then for any d′ ⩾ mina,b w(a, b), there is a polynomial-time algorithm
which takes D and outputs a projection dPCP

D′ =
(
A ∪B′, E′, {P ′

t}t∈[n],ΣA,ΣB , {Dt}t∈[n]

)
,

for L such that the following hold:

• Length. |B′| = M and hence the length is |A|+M .

• Degrees. The left degree of every vertex is multiplied by d′, the decoding degree of every vertex is preserved,
and the right degree of every vertex is d′.

• Projection decision complexity. The projection decision complexity is preserved.

• Decoding complexity. The decoding complexity is preserved.

• Complete decoding distribution. Call the complete decoding distribution Q′. Then,

– Q′ is d′M -discrete.

– For every b ∈ B′, we have Q′(◦, ◦, b) = 1
M and hence the marginal of Q′ over B′ is uniform.

– For every a ∈ A, we have Q′(◦, a, ◦) = Q(◦, a, ◦)
– If Q is agnostic, then Q′ is agnostic as well.

• Completeness. The dPCP D′ has perfect completeness.

• List-decoding soundness. (L, ε+O(d′−1/2))-list-decoding soundness.

Proof. Let Gdisc be the bipartite graph on A ∪ B, where there are w(a, b) multi-edges between a and b for each
(a, b) ∈ A × B. The dPCP D′ is constructed as follows. For each vertex b ∈ B, let Γdisc(b) be the neighborhood of
b in Gdisc, where we view Γdisc(b) as a multiset. Specifically, each neighbor a is listed with multiplicity equal to the
number of edges going from b to a, so that |Γdisc(b)| = d(b). Then, let Hb = (Ab, Bb, Eb) be a d′-regular bipartite
graph with d(b) vertices on each side and second singular value O(d′−1/2), and identify Ab with Γdisc(b) ⊆ A. Recall
that such a graph can be constructed in polynomial-time by Lemma 2.5. We note that after this identification, there
may be multiple vertices in Ab that have been identified with the same vertex a ∈ Γdisc(b), so there may be multiple
edges between two vertices.
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The constraint graph of D′ has left side A and right side ∪b∈BBb. We include an edge (a, b′) if for the unique b
such that b′ ∈ Bb, it holds that a ∈ Γ(b) and (a, b′) ∈ Eb (we recall that each vertex in Ab is identified with a vertex
in A). The constraint on (a, b′) in D′ is the same as the constraint on (a, b) in D, where b′ ∈ Bb. The left and right
alphabets of D′ remain ΣA,ΣB . The decoders for D′ also remain the same and are still {Dt}t∈[n]. By this we mean,
for a left vertex a and a label σ in its alphabet, the decoder for D′ still outputs Dt(a, σ), and hence we still denote it by
Dt. Finally, the complete decoding distribution of D′ is Q′, which is generated by choosing (t, a, b) ∼ Q, sampling
a uniform b′ ∈ Bb that is adjacent to a in Hb and outputting (t, a, b′). The decoding distributions are thus given by
P ′
t = Q′(t, ·, ·).

It is clear that the algorithm preserves the left alphabet, right alphabet, projection decision complexity, decoding
complexity, and decoding degree. Furthermore, one can check that the left degree of each vertex in the constraint
graph gets multiplied by a factor of d′.

Complete Decoding Distribution. Fix a ∈ A and b′ ∈ B′ and suppose b′ appears in Bb for b ∈ B. Let us first
check that the complete decoding distribution is d′M -discrete. We have

Q′(◦, a, b′) = Q(◦, a, b) · cb(a, b
′)

d′
=

w(a, b) · cb(a, b′)
d′M

(32)

where cb(a, b
′) is the number of multiedges between a and b′ in the graph Hb, and is an integer in the range [0, d′]. To

see the first equality, note that in order for (a, b′) to be sampled from Q′, we first need (a, b) to be sampled from Q,
where b is such that b′ ∈ Hb. Then Q′ chooses a neighbor of a in Hb, so there is a cb(a, b′)/d′ probability of choosing
b′. The second transition is due to the assumption that Q(◦, a, b) = w(a,b)

M given by the lemma statement. It follows
that the complete decoding distribution is d′M -discrete

To see the second item, note that the probability that b′ is output by the complete decoding distribution Q′ is

Q′(◦, ◦, b′) = Q(◦, ◦, b) · 1

d(b)
=

(∑
a∈A

w(a, b)

M

)
1

d(b)
=

1

M
.

In the first transition we used the fact that conditioned on b, the right-vertex we output is uniform in Bb and |Bb| = d(b).
In the second transition we used Q(·, a, b) = w(a, b)/M . In the last transition we used the fact that

∑
a∈A w(a, b) =

d(b).
For the third item, fix a ∈ A, then

Q′(◦, a, ◦) =
∑
b∈B

∑
b′∈Bb

Q′(◦, a, b′) =
∑
b∈B

Q(◦, a, b)
∑
b′∈Bb

cb(a, b
′)

d′
=
∑
b∈B

Q(◦, a, b) = Q(◦, a, ◦).

In the second transition we used (32) and in the third transition we used the fact that the degree of a in Hb is d′.
For the fourth item, suppose that Q is agnostic and take b′ ∈ Bb. Note that Q(◦, ·, b) = Q′(◦, ·, b′), and for any

t ∈ [n] we have Q(t, ·, b) = Q′(t, ·, b′). It follows Q′ is agnostic.

Perfect Completeness. Suppose w ∈ L and let T1 : A → ΣA, T2 : B → ΣB be the assignments satisfying all of
the constraints in D that are decoded to w with probability 1 over Q. Define T ′

2 by setting T ′
2[b

′] = T2[b] for each
b′ ∈ Bb. It is straightforward to check that T1, T

′
2 satisfy all of the constraints in D′, and that T1 decodes to w with

probability 1 over Q′.

List-Decoding Soundness. Fix an assignment T1 : A → ΣA. Then by the (L, ε)-list-decoding soundness of D we
may find {w1, . . . , wL} ⊆ L such that for any T2 : B → ΣB , we have

Pr
(t,a,b)∼Q

[Φ(a,b)(T1[a], T2[b]) = 1 ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L]] ⩽ ε.

To establish the desired list-decoding soundness for D′, we will show that for any right-assignment, the list decod-
ing error relative to the same list {w1, . . . , wL} is small.

Fix any assignment T ′
2 : B′ → ΣB and for each b ∈ B and σ ∈ ΣB , define the sets

Xb,σ = {b′ ∈ Bb | T ′
2[b

′] = σ} and Yb,σ = {a′ ∈ Ab | Φ(a′,b)(T1[a
′], σ) = 1}.
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In words, Xb,σ is the set of vertices in Bb that are assigned σ under T ′
2, and Yb,σ is the set of vertices in a′ ∈ Ab

such that the assignments a → T1[a
′] and b → σ satisfy the constraint on (a′, b) in the original dPCP, D. It is clear

that the sets {Xb,σ}σ∈Σb
form a partition of Bb. Additionally, since the constraints in D are all projections, the sets

{Yb,σ}σ∈ΣB
form a partition of Ab. Define the functions Fb,σ : Ab → [0, 1], Gb,σ : Bb → {0, 1} where

Gb,σ(b
′) := 1b′∈Xb,σ

and Fb,σ(a) := 1a∈Yb,σ
· Pr
t∼Q′(·,a,b)

[
Dt(a, T1[a]) /∈ {(wi)t}i∈[L]

]
.

Abusing notation, we denote µ(Fb,σ) = Ea∈Ab
[Fb,σ(a

′)] and µ(Gb,σ) = Eb′∈Bb
[Gb,σ(b

′)]. Consider the randomized
assignment T ∗

2 : B → ΣB obtained by setting T ∗
2 (b) = σ with probability µ(Gb,σ). By the list-decoding soundness

applied with each fixing of T ∗
2 , we get

ε ⩾ E
T∗
2

[
Pr

(t,a,b)∼Q

[
Φ(a,b)(T1[a], T

∗
2 [b]) = 1 ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L]

]]
= E

(t,a,b)∼Q

[
Pr

b′∈Bb

[
Φa,b(T1[a], T2[b

′]) = 1 ∧Dt(a, T1[a]) /∈ {(wi)t}i∈[L]

]]
= E

b∼Q(◦,◦,·)

[ ∑
σ∈ΣB

µ(Gb,σ) · µ(Fb,σ)]

]
,

(33)

In the third transition, we are using the fact that conditioned on b, the distribution of a under Q is uniformly random
in Ab. On the other hand, the list-decoding error of the assignment T1, T

′
2 in D′ relative to the list {w1, . . . , wL}, can

be written as:

E
b∼Q(◦,◦,·)

[ ∑
σ∈ΣB

E
(a,b′)∈Eb

[Fb,σ(a) ·Gb,σ(b
′)]

]
. (34)

Hence, our goal is to now bound the expression above, and we will do so by relating it to (33) via the expander mixing
lemma. Fix a vertex b ∈ B and an alphabet symbol σ ∈ ΣB . Using Lemma 2.3 we get

E
(a,b′)∈Eb

[Fb,σ(a) ·Gb,σ(b
′)] ⩽ µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2) ·

√
µ(Fb,σ) · µ(Gb,σ).

Keeping b ∈ B fixed and summing this inequality over all σ ∈ ΣB , we get∑
σ∈ΣB

E
(a,b′)∈Eb

[Fb,σ(a) ·Gb,σ(b
′)] ⩽

∑
σ∈ΣB

µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2) ·
√

µ(Fb,σ) · µ(Gb,σ)

⩽
∑

σ∈ΣB

µ(Fb,σ) · µ(Gb,σ) +O(d′−1/2),

where the second inequality uses Cauchy-Schwarz and the fact that
∑

σ∈ΣB
µ(Fb,σ) ⩽ 1 and

∑
σ∈ΣB

µ(Gb,σ) = 1.
Thus, we have

E
b∼Q(◦,◦,·)

[ ∑
σ∈ΣB

E
(a,b′)∈Eb

[Fb,σ(a) ·Gb,σ(b
′)]

]
⩽ E

b∼Q(◦,◦,·)

[ ∑
σ∈ΣB

µ(Gb,σ) · µ(Fb,σ)

]
+O(d′−1/2) ⩽ ε+O(d′−1/2),

where in the last transition we used (33).

Lemma 7.2 gives a right degree reduction when the complete decoding distribution is M -discrete and results in a
dPCP of size at least M . For dPCPs with arbitrary complete decoding distribution, which may not be M -discrete for
any small M , we can still obtain a right degree reduction by slightly altering the complete decoding distribution first.
Below we state a simple fact about distributions that we will use for this task, which will also be used in subsequent
sections.
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Lemma 7.3. Let ∆ be a distribution over a support of size n, say [n]. Then for every ε > 0 and every integer M ⩾ n
2ε ,

there exist w(1), . . . , w(n) ∈ N such that
∑

i∈[n] w(i) = M and the distribution ∆disc, given by ∆disc(i) = w(i)
M ,

satisfies

• TV(∆,∆disc) ⩽ ε,

• for every i ∈ [n], |∆disc(i)−∆(i)| ⩽ 1
M ,

• supp(∆disc) ⊆ supp(∆).

As a consequence, every distribution with support size n is ε-close in total-variation distance to an Oε(n)-discrete
distribution.

Proof. Suppose supp(∆) has size n′ ⩽ n, and without loss of generality suppose supp(∆) = [n′]. For each i ∈ [n′],
let zi = ⌊M ·∆(i)⌋ and let r = M −

∑n′

i=1 zi. Note that r ⩽ n′. Now increment the each of z1, . . . , zr by 1 and keep
the remainder of the zi’s the same. Let the resulting values be z′i after incrementing.

We have
|z′i −M ·∆(i)| ⩽ 1, (35)

for all i ∈ [n′]. Now define the distribution ∆disc(i) by

∆disc(i) =

{
z′
i

M if i ∈ [n′],
0 otherwise.

Note that ∆disc(i) is indeed a distribution over [n] because
∑

i∈[n] z
′
i = M and by construction supp(∆disc) ⊆

supp(∆). Moreover, (35) implies that for every i ∈ [n], |∆disc(i)−∆(i)| ⩽ 1
M , and as a consequence,

TV(∆,∆disc) =
1

2

∑
i∈[n]

|∆(i)−∆disc(i)| ⩽
∑
i∈[n′]

1

2M
⩽

n

2M
⩽ ε.

The following result is a version of Lemma 7.2 in which the given dPCP D does not necessarily have a complete
decoding distribution whose marginal over the edges is M -discrete . Instead, we require D to have bounded decoding
degree, and we show how to modify the complete decoding distribution into a discrete one without affecting the rest
of the parameters by much. For sake of simplicity and because it suffices for our application, we focus on the case
where decoding degree is 1.

Lemma 7.4. Suppose a language L ⊆ Σn
0 has a projection dPCP

D =
(
A ∪B,E,ΣA,ΣB , {Dt}t∈[n], {Pt}t∈[n]

)
with (L, ε)-list-decoding soundness, left degree ld, and decoding degree 1. Then for every M ⩾ 200·ld·|A|

ε2·n and for
every d′ ∈ N, there is a polynomial-time algorithm which takes D and outputs a dPCP

D′′ =
(
A′′ ∪B′′, E′′,ΣA,ΣB , {Dt}t∈[n], {P ′′

t }t∈[n]

)
for L such that the following hold:

• Length. |B′′| = d′ · n ·M and A′′ ⊆ A, so the length is at most |A|+ d′ · n ·M .

• Degrees. The decoding degree of every vertex is 1.

• Projection decision complexity. The projection decision complexity is preserved.

• Decoding complexity. The decoding complexity is preserved.
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• Complete decoding distribution. The complete decoding distribution, which we call Q′′, is d′2 · n ·M -discrete
and its marginal over B′ is uniform. For any b ∈ B, we have

Q′′(◦, ◦, b) = d′

d′2 · n ·M
and for any a ∈ A we have

Q′′(◦, a, ◦) ⩽ max

{
1

nM
+

ε

10ld|A|
,Q(◦, a, ◦) + ld

nM

}
.

• Completeness. The dPCP D′ has perfect completeness.

• List-decoding soundness.
(
L, 9

8 · ε+O(d′−1/2)
)
-list-decoding soundness.

Proof. Let Q be the complete decoding distribution of D and let ld, ε and M be as in the lemma statement. For each
a ∈ A, we have that the decoding degree of a is 1, and we denote by ta its unique decoding neighbor. Since the
decoding degree is 1, we have∑

t∈[n]

| supp(Q(t, ·, ·))| ⩽
∑
a∈A

| supp(Q(ta, a, ·))| ⩽ ld · |A|.

Hence, taking S ⊆ [n] to be the set of t ∈ [n] such that | supp(Q(t, ·, ·))| ⩽ 10·ld·|A|
ε·n , we have by Markov’s inequality

that
Pr

t∈[n]
[t ∈ S] ⩾ 1− ε

10
. (36)

Now, for each t ∈ S, let ∆t be the discretized distribution over A × B obtained by applying Lemma 7.3 to Q(t, ·, ·)
with denominator M . For t /∈ S, let ∆t be an arbitrary distribution supported on supp(Q(t, ·, ·)) such that for each
(a, b) ∈ supp(Q(t, ·, ·)) we have either

∆t(a, b) =
1

M
·
⌈

M

| supp(Q(t, ·, ·))|

⌉
or ∆t(a, b) =

1

M
·
⌊

M

| supp(Q(t, ·, ·))|

⌋
.

It is straightforward to see that such a distribution indeed exists.
Now, let the distribution Q′ be generated by choosing t ∈ [n] uniformly at random, choosing (a, b) ∼ ∆t, and

outputting (t, a, b). We note the following items:

• The marginal over [n] of Q′ is uniform; this is clear by description of Q′.

• supp(Q′) ⊆ supp(Q); this is clear by construction of ∆t.

• For each (a, b) ∈ A×B, if ta ∈ S then |Q(◦, a, b)−Q′(◦, a, b)| ⩽ 1
nM , otherwise Q′(◦, a, b) ⩽ 1

nM + ε
10ld|A| ;

we explain this below.

• TV(Q,Q′) ⩽ ε
8 ; we explain this below.

To see the third item first fix an (a, b) ∈ A× B. If ta ∈ S, then Q(◦, a, b) = Q(ta, a, b), Q′(◦, a, b) = ∆ta(a, b) and
the item follows from the guarantee of Lemma 7.3. If ta ̸∈ S we have,

Q′(◦, a, b) ⩽ 1

n
·∆ta(a, b) ⩽

1

n
· 1 +M/| supp(Q(t, ·, ·))|

M
⩽

1

nM
+

ε

10ld|A|
.

For the fourth item, we use the fact that Q and Q′ have the same marginal distribution over [n], hence

TV(Q,Q′) =
∑
t∈[n]

Q(t, ◦, ◦) · TV(Q(t, ·, ·),Q′(t, ·, ·))

⩽
ε

10
+
∑
t∈S

Q(t, ◦, ◦) · TV(Q(t, ·, ·),Q′(t, ·, ·))

⩽
ε

8
.
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The first transition uses (36) and the second transition uses the fact that

TV(Q(t, ·, ·),Q′(t, ·, ·)) = TV(Q(t, ·, ·),∆t) ⩽
ε

40

for all t ∈ S by Lemma 7.3.
Let D′ be the dPCP obtained by taking D and changing its complete decoding distribution to D′. Note that the

length, projection decision complexity, and decoding complexity are unchanged. For the decoding degrees, note that
each a has decoding degree either 0 or 1 now. Completeness is preserved by the fact that supp(Q′) ⊆ supp(Q), stated
above, and D′ still has (L, 9ε/8)-list decoding soundness by the fact TV(Q,Q′) ⩽ ε/8, stated above.

Let us now write Q′(◦, a, b) = w(a,b)
n·M = d′w(a,b)

d′·n·M for w(a, b) ∈ N. In expressing Q′ this way, we are using the fact
that a has decoding degree 1. Here, we multiplied both the numerator and denominator by d′ to ensure that all of the
nonzero numerators are at least d′, in accordance with Lemma 7.2.

We now apply Lemma 7.2 on D′ where its complete decoding distribution is written with denominator d′nM ,
and the weight of each edge (a, b) is d′w(a, b). Call the resulting dPCP D′′ and let Q′′ be its complete decoding
distribution. The lemma follows by checking the guarantees from Lemma 7.2. In particular, the length, projection
decision complexity, decoding complexity, perfect completeness, and list-decoding soundness are immediate.

For the guarantee on the complete decoding distribution, we first note that by Lemma 7.2, Q′′ has uniform marginal
over the right side and is d′2nM discrete. This also implies that

Q′′(◦, ◦, b) = d′

d′2 · n ·M
.

For the remaining guarantee on the complete decoding distribution, fix a left vertex a. We start by using the third part
of the decoding distribution guarantee from Lemma 7.2 to get:

Q′′(◦, a, ◦) = Q′(◦, a, ◦) =
∑
b∈B

Q′(◦, a, b).

If ta /∈ S, then Q′′(◦, a, ◦) = Q′(◦, a, ◦) ⩽ 1
nM + ε

10ld|A| by the third item above and we are done. Otherwise,

|Q(◦, a, ◦)−Q′′(◦, a, ◦)| =

∣∣∣∣∣∑
b∈B

(Q(◦, a, b)−Q′(◦, a, b))

∣∣∣∣∣ ⩽ ld

nM
,

where in the last transition we use the fact that the summation has ld many nonzero terms and each is at most 1
nM by

the third item listed above. The above implies,

Q′′(◦, a, ◦) ⩽ Q(◦, a, ◦) + ld

nM
.

Finally, to get decoding degree 1, note that each vertex a ∈ A has decoding degree either 1 or 0, and we can delete
every vertex with decoding degree 0 without affecting any of the previous guarantees.

8 Decoding Degree Reduction
In this section we show how to reduce the decoding degree of a dPCP assuming that its complete decoding distribution
is agnostic. After performing this operation once, we will preserve constant decoding degree throughout the remainder
of our construction. At a high level, after Theorem 6.1 the decoding degree is poly(log(N)), and hence holding this
many Σ0-symbols itself already causes superpolynomial alphabet size. Therefore any method of reducing alphabet
size to a constant must first reduce decoding degree to a constant. This is a non-issue in standard PCPs (as there is no
decoding going on), and partly the reason earlier composition techniques did not apply to dPCPs.

The statement of our decoding degree transformation is as follows.
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Lemma 8.1. Suppose Σ0 is an alphabet and that the language L ⊆ Σn
0 has a projection dPCP

D = (A ∪B,E, {Pt}t∈[n],ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n])

with perfect completeness, (L, ε)-list-decoding soundness for L := poly(1/ε), agnostic complete decoding distri-
bution, projection decision complexity ProjComp, decoding complexity DecodeComp, and left degree, decoding de-
gree, right degree that are at most ld, ldd, d respectively. Let I = {(t, b) | ∃a ∈ A, (a, b) ∈ supp(Pt)}, and let
{Ct,b ∈ N |(t, b) ∈ I} be a collection of integers. Then L has a projection dPCP

D′ = (B′ ∪A,Σd
A × Σ0,ΣA, E

′, {P ′
t}t∈[n], {Φ′

e}e∈E′ , {D′
t}t∈[n]),

satisfying the following properties:

• Length. B′ =
⋃

(t,b)∈I{(t, b, i) | i ∈ [Ct,b]}, and in particular the length is |A|+
∑

(t,b)∈I Ct,b.

• Degrees. The left degree of every vertex is at most d, the right degree of every vertex is at most ld · ldd ·
max(t,b)∈I Ct,b, and the decoding degree of every vertex is 1. If D is d-right regular, then D′ is d-left regular.

• Projection Decision Complexity. O(d · (ProjComp+ DecodeComp)).

• Decoding Complexity. O(d log(|ΣA|) + log(|Σ0|)).

• Decoding Distributions. For each (t, b, i) ∈ B′ and a ∈ A, t is the unique index in the decoding neighborhood
of (t, b, i) and we have

P ′
t((t, b, i), ◦) =

Pt(◦, b)
Ct,b

and Q′(t, (t, b, i), a) =
Q(t, b, a)

Ct,b
,

where Q and Q′ are the complete decoding distributions of D and D′ respectively.

• Perfect Completeness. D′ has perfect completeness.

• List-Decoding Soundness. D′ has (L · poly(1/ε), 2ε1/5)-list-decoding soundness.

Proof. Let
D =

(
A ∪B,ΣA,ΣB , E, {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]

)
be a dPCP for the language L as in the premise of the lemma. Denote its complete decoding distribution by Q, namely
a sample is obtained by choosing t ∈ [n] uniformly, (a, b) ∼ Pt, and outputting (t, a, b).

We denote the new dPCP for L by

D′ =
(
B′ ∪A,Σd

A × Σ0,ΣA, E
′, {Φ′

e}e∈E′ , {D′
t}t∈[n], {P ′

t}t∈[n]

)
,

and define its components in the following way. Below, we use Γ and Γdec to denote the neighborhood and decoding
neighborhood functions in D respectively, and use Γ′ and Γ′

dec to denote the neighborhood and decoding neighborhood
functions in D′ respectively.

• Constraint Graph. The constraint graph is as follows:

– The left side B′ =
⋃

(t,b)∈I{(t, b, i) | i ∈ [Ct,b]}.

– The right side is A.

– The edge set E′ consist of all ((t, b, i), a) such that (a, b) ∈ E.

• Alphabets. The alphabets are as follows.
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– The left alphabet is ΣB′ ⊆ Σd
A × Σ0. For a fixed (t, b, i) ∈ B′, we think of a label to it as assigning a

ΣA label for each a ∈ Γ(b) and a Σ0 label for t. Furthermore, we hardcode constraints on the alphabet of
(t, b, i) ∈ B′ as follows. Writing Γ(b) = {a1, . . . , ad}, for a label σ ∈ Σd

A × Σ0 to (t, b, i) we denote by
σaj be the label assigned to aj in σ, and by σt the label for t in σ. We denote by σ

(b)
aj the unique value in

ΣB satisfying Φ(aj ,b)(σaj , σ
(b)
aj ) = 1 (recall that there is a unique such element in ΣB since the constraints

in D are projections). Then, we require that Dt(aj , σaj
) = σt for all i ∈ [d], and that σ(b)

aj is the same for
all j ∈ [d].

– The right alphabet is ΣA.

• Constraints. For each edge ((t, b, i), a) ∈ E′, the constraint Φ′
((t,b,i),a) : ΣB′ × ΣA → {0, 1} is defined as

follows. Given labels σ ∈ ΣB and σ′ ∈ ΣA, let σa be the label for a in σ. The constraint Φ′
((t,b,i),a)(σ, σ

′) is
satisfied if and only if σa = σ′.

• Decoders. For each t ∈ [n], the decoder D′
t : B′ × ΣB → Σ0 is defined as follows. For (t, b, i) ∈ B′ and

σ ∈ ΣB′ label for it, the decoder D′
t((t, b, i), σ) outputs σt, the label for t in σ.

We note that by the constraints on the left alphabet symbol in D, for any a ∈ Γ(b), letting σa be the label for a
in σ, we have that Dt(a, σa) = σt = D′

t((t, b, i), σ).

• Decoding Distributions. For each t ∈ [n], the decoding distribution P ′
t is defined as follows. To sample from

P ′
t, sample (a, b) ∼ Pt, i ∈ [Ct,b] uniformly, and then output ((t, b, i), a). Since we think of the side-decoding

distribution as uniform over [n], the complete decoding distribution, denoted Q′ is obtained by sampling t ∈ [n]
uniformly and then ((t, b, i), a) ∼ P ′

t. We remark that the complete decoding distribution Q′ can also be
obtained by choosing (t, a, b) ∼ Q and then choosing i ∈ [Ct,b] uniformly and outputting (t, (t, b, i), a).

Let us now analyze the parameters of the new dPCP D′. As usual, the main difficulty is in analyzing the list-
decoding soundness.

Length. It is clear that |B′| =
∑

(t,b)∈I Ct,b and hence the length is as described.

Degrees. It is clear that the degree of every vertex in B′ is at most d, as for each (t, b, i) ∈ B′, Γ′((t, b, i)) = Γ(b),
and in the case that D is right-regular, it is clear that D′ is left-regular. As for the degrees of each a ∈ A, it is clear
that its degree is at most ld · ldd ·max(t,b)∈I Ct,b as desired. Finally, the decoding degree of every vertex in B′ is 1, as
one can see that each (t, b, i) ∈ B′ is only responsible for decoding t.

Projection Decision Complexity. Fix a constraint ((t, b, i), a) and let σ be the symbols assigned to the (t, b, i). The
constraint must check that σ is a valid alphabet symbol. After that, the unique symbol to a that would satisfy the
constraint can be found by taking a restriction in σ, and this has circuit complexity at most ProjComp. To check that
σ is valid, the projection circuit must compute one projection from D and one decoding for each neighbor of b’s d
neighbors and perform d equality checks. Overall, this shows the projection decision complexity is O(d ·(ProjComp+
DecodeComp)).

Decoding Complexity. The decoder outputs the restriction to a single symbol from an alphabet of size |ΣA|d · |Σ0|
and hence the decoding complexity is O(d log |ΣA|+ log |Σ0|).

Perfect Completeness. Fix any w ∈ L. As D has perfect completeness, there are assignments T1 : A → ΣA and
T2 : B → ΣB which satisfy all of the constraints in D and decode to wt with probability 1 under Pt for every t ∈ [n].
Then we construct assignments T ′

1 : B′ → Σd
A×Σ0 and T ′

2 : A → ΣA in the natural way as follows. Set T ′
2 = T1. For

each (t, b, i) ∈ B′ write Γ(b) = {a1, . . . , ad}, and take T ′
1[(t, b, i)] = (T1[a1], . . . , T1[ad], Dt(a1, T1[a1]). In words,

this is the symbol in Σd
A × Σ0 which contains T1[ai] as the label for ai for all i ∈ [d], and Dt(ai, T1[ai]) as the label

for t (we note that by the hardcoded constraints it does not matter which ai we pick). Note that by the fact that T1 and
T2 satisfy all of the constraints in D and always decode to wt under Pt, this assignment indeed satisfies the constraints
on the left alphabet and is a valid assignment. It is straightforward to verify that these assignments satisfy all of the
constraints in D′ and decode to wt with probability 1 under P ′

t for every t ∈ [n], so D′ has perfect completeness.
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List-Decoding Soundness. Fix any left assignment T ′
1 : B′ → Σd

A ×Σ0. Based on T ′
1, we construct a candidate list

of words from L and show that it satisfies the list-decoding soundness. Recall that for each (t, b, i) ∈ B′ and a ∈ A
adjacent to it in D′, the assignment T ′

1[(t, b, i)] contains a symbol for a, which we denote by T ′
1[(t, b, i)]a. For each

a ∈ A, let cand(a) consist of all symbols σ ∈ ΣA such that

Pr
(t,(t,b,i))∼Q′(·,a,·)

[T ′
1[(t, b, i)]a = σ] = Pr

(t,b)∼Q(·,a,·),i∈[Ct,b]
[T ′

1[(t, b, i)]a = σ] ⩾ ε1/5.

where the first equality is by the observation regarding how to generate Q′ from Q made in the definition of D′ above.
Clearly, |cand(a)| ⩽ ε−1/5 := J for every a ∈ A. Therefore, one can find assignments T1,1, . . . , T1,J : A → ΣA

such that for every a ∈ A and every σ ∈ cand(a) there is some j ∈ [J ] such that T1,j [a] = σ. Since each T1,j

is a left assignment to D, we can apply the list-decoding soundness of D to it. Specifically, for each j ∈ [J ], let
Listj = {wj,1, . . . , wj,L} ⊆ L be the list guaranteed by the (L, ε)-list-decoding soundness of D for the left assignment
T1,j . Then by the list-decoding soundness of D we conclude that for any right assignment T2 : B → ΣB and any
j ∈ [J ], we have

Pr
(t,a,b)∼Q

[Φ(a,b)(T1,j [a], T2[b]) = 1 ∧Dt(a, T1,j [a]) /∈ {wj,1[t], . . . , wj,L[t]}] ⩽ ε. (37)

We show that List =
⋃

j∈[J] Listj satisfies the list-decoding soundness condition of D′ with size J ·L = L · poly(1/ε)
and error 2ε1/5. The size is clear, and next we show that for any right assignment T ′

2 : A → ΣA, the list-decoding
error of T ′

1, T ′
2 relative to List is small. We define the following events:

• Let E(t,b,i),a be the event that the constraint on ((t, b, i), a) is satisfied by assignments T ′
1[(t, b, i)] and T ′

2[a].

• Let Fj,(t,b,i),a be the event that D′
t((t, b, i), T

′
1[(t, b, i)]) /∈ {(wj,1)t, . . . , (wj,L)t}.

It is clear that the list-decoding error can be expressed and bounded as follows

Pr
(t,(t,b,i),a)∼Q′

E(t,b,i),a∧
 ∧

j∈[J]

Fj,(t,b,i),a


= Pr

(t,a,b)∼Q,i∈[Ct,b]

E(t,b,i),a∧
 ∧

j∈[J]

Fj,(t,b,i),a


= Pr

(t,a,b)∼Q,i∈[Ct,b]

E(t,b,i),a∧
 ∧

j∈[J]

Fj,(t,b,i),a

 ∧ (T ′
1[(t, b, i)]a ∈ cand(a))


+ Pr

(t,a,b)∼Q,i∈[Ct,b]

E(t,b,i),a∧
 ∧

j∈[J]

Fj,(t,b,i),a

 ∧ (T ′
1[(t, b, i)]a /∈ cand(a))


⩽ Pr

(t,a,b)∼Q,i∈[Ct,b]

E(t,b,i),a∧
 ∧

j∈[J]

Fj,(t,b,i),a

 ∧ (T ′
1[(t, b, i)]a ∈ cand(a))


+ Pr

(t,a,b)∼Q,i∈[Ct,b]

[
E(t,b,i),a ∧ (T ′

1[(t, b, i)]a /∈ cand(a))
]

⩽
∑
j∈[J]

Pr
(t,a,b)∼Q,i∈[Ct,b]

[E(t,b,i),a ∧ Fj,(t,b,i),a ∧ (T ′
1[(t, b, i)]a = T1,j [a])]

+ Pr
(t,a,b)∼Q,i∈[Ct,b]

[
E(t,b,i),a ∧ (T ′

1[(t, b, i)]a /∈ cand(a))
]

(38)

In the last transition we used the union bound, and we next bound the terms on the right hand side. We upper bound
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the second term on the right hand side of (38) as

Pr
(t,a,b)∼Q,i∈[Ct,b]

[
E(t,b,i),a ∧ (T ′

1[(t, b, i)]a /∈ cand(a))
]

⩽ E
a

[
1T ′

2[a]̸∈cand(a) Pr
(t,b)∼Q(·,a,·),i∈[Ct,b]

[T ′
1[(t, b, i)]a = T ′

2[a]]

]
⩽ ε1/5,

(39)

where in the last inequality we used the definition of cand(a).
We now go on to bound the first term on the right hand side of (38). We bound the summand corresponding to

each j ∈ [J ] separately, and we fix a j henceforth. Define

• E ′
j,(t,b,i),a be the event E(t,b,i),a ∧ Fj,(t,b,i),a ∧ (T1,j [a] = T ′

1[(t, b, i)]a),

so our task is now to upper bound Pr(t,a,b)∼Q,i∈[Ct,b][E ′
j,(t,b,i),a]. For any constraint of D, say (a, b) ∈ E, and label σ

for a, we denote by σ→b the unique label for b such that Φ(a,b)(σ, σ→b) = 1. Here, the uniqueness follows since D is
a projection dPCP. For each (t, b, i) ∈ B′, let T ′

1[(t, b, i)]→b be the label deduced for b in T ′
1[(t, b, i)]. In particular, by

the hardcoded alphabet constraints we have that T ′
1[(t, b, i)]→b = (T ′

1[(t, b, i)]a)→b for any a ∈ Γ(b).
We say a symbol σ ∈ ΣB is b-heavy if

Pr
(t,a)∼Q(·,·,b)

[T1,j [a]→b = σ] ⩾
√
ε. (40)

It is clear that for every b ∈ B, there are at most J ′ = 1/
√
ε many b-heavy symbols, hence we can find tables

H1, . . . ,HJ′ : B → ΣB such that for every b-heavy symbol σ, there is some j′ ∈ [J ′] such that Hj′ [b] = σ. Thus, we
may write

Pr
(t,a,b)∼Q

[E ′
j,(t,b,i),a] = Pr

(t,a,b)∼Q
[E ′

j,(t,b,i),a ∧ (T ′
1[(t, b, i)]→b is b-heavy)]

+ Pr
(t,a,b)∼Q

[E ′
j,(t,b,i),a ∧ (T ′

1[(t, b, i)]→b is not b-heavy)].
(41)

To bound the first probability, notice that if E ′
j,(t,b,i),a ∧ (T ′

1[(t, b, i)]→b is b-heavy) occurs, then for some j′ ∈ [J ′],
both events below occur:

• the assignments to a and b given by T1,j [a] and Hj′ [b] respectively satisfy the constraint Φ(a,b),

• Dt(a, T1,j [a]) /∈ {(wj,1)t, . . . , (wj,L)t}.

The first item requires unpacking the event E ′
j,(t,b,i),a. Indeed, if this event holds then T ′

1[(t, b, i)]a = T1,j [a], which
implies T ′

1[(t, b, i)]→b = T1,j [a]|→b. Hence, T1,j [a]|→b ∈ {H1[b], . . . ,HJ′ [b]} because T ′
1[(t, b, i)]→b is heavy. Now,

to bound the first probability in (41), notice that for a fixed j′ ∈ [J ′], the above two items occur simultaneously with
probability at most ε. Indeed, this follows by (37) applied to T1,j and Hj′ . Union bounding over all j′ ∈ [J ′] gives
that

Pr
(t,a,b)∼Q

[E ′
j,(t,b,i),a ∧ (T ′

1[(t, b, i)]→b is b-heavy)] ⩽ J ′ · ε.

We move on to bounding the second probability in (41), and here we will use the agnostic property of Q. We have

Pr
(t,a,b)∼Q,i∈[Ct,b]

[E ′
j,(t,b,i),a ∧ (T ′

1[(t, b, i)]→b is not b-heavy)]

⩽ Pr
(t,a,b)∼Q,i∈[Ct,b]

[T1,j [a]→b = T ′
1[(t, b, i)]→b ∧ T ′

1[(t, b, i)]→b is not b-heavy]

= E
(t,b)∼Q,i∈[Ct,b]

[
1T ′

1[(t,b,i)]→b is not b-heavy Pr
a∼Q(t,·,b)

[T1,j [a]→b = T ′
1[(t, b, i)]→b]

]
= E

(t,b)∼Q,i∈[Ct,b]

[
1T ′

1[(t,b,i)]→b is not b-heavy Pr
a∼Q(·,·,b)

[T1,j [a]→b = T ′
1[(t, b, i)]→b]

]
⩽

√
ε.

(42)
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The first transition is by definition of E ′
j,(t,b,i),a, the second transition is clear, the third transition uses the agnostic

property of Q, and the last transition uses the fact that the distribution of a in the probability of the fourth line is the
same as the distribution of a in (40) and hence the probability in the expectation of the fourth line is always at most√
ε by definition of not being b-heavy.

Altogether, this yields
Pr

(t,a,b)∼Q
[E ′

j,(t,b,i),a] ⩽ J ′ · ε+
√
ε.

Hence, going back to the list-decoding error expression in (38), we get that each term in the summation of the last
expression is at most J ′ · ε+

√
ε, and combined with (39) we get that the list-decoding error is at most

J · (J ′ · ε+
√
ε) + ε1/5 ⩽ 2ε1/5.

Hence D′ has (J · L, 2ε1/5)-list-decoding soundness, where J · L = L · poly(1/ε).

8.1 An Inner dPCP
Now we describe how to find a version of our dPCP that will be used as the inner dPCP for composition. Below, we
highlight a few technical properties of this inner PCP construction which will be used later on in the composition step.

• The decoding degree is 1.

• There is some integer J such that for every pair of vertices (a, b), the weight given by the complete decoding
distribution can be written as Q(◦, a, b) = w(a,b)

J for some integer w(a, b). Furthermore, for each a, we have
that the sum

∑
b∈B w(a, b) is the same. This latter condition also implies that the marginal of the complete

decoding distribution over the left vertices is uniform.

We will obtain these properties by using Lemma 8.1, which gives a dPCP with decoding degree 1, thereby estab-
lishing the first item above. To achieve the second item, we carefully choose the parameters Ct,b so as to adjust the
complete decoding distribution, following an approach similar to that of Lemma 7.3.

Lemma 8.2. Suppose the language L ⊆ Σn
0 has a projection dPCP

D = (A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n])

with perfect completeness, (L, ε)-list-decoding soundness, agnostic complete decoding distribution, projection deci-
sion complexity ProjComp, decoding complexity DecodeComp, and left degree, decoding degree, right degree that are
at most ld, ldd, d respectively. Then for every integer M ⩾ |B|, L has a projection dPCP

D′ = (Z ∪A,E′,Σd
A × Σ0,ΣA, {Φ′

e}e∈E′ , {D′
t}t∈[n], {P ′

t}t∈[n])

which satisfies the following properties:

• Length. The left side has the form Z = [n]× [M ], so the length is n ·M + |A|.

• Degrees. The decoding degree is 1 and the left degrees are at most d. Furthermore if D is right-regular, then D′

is left regular.

• Projection Decision Complexity. O(d · (ProjComp+ DecodeComp)).

• Decoding Complexity. O(d log |ΣA|+ log |Σ0|).

• Decoding Distribution. For each t ∈ [n], the marginal of P ′
t over the left vertices, Z, is uniform in {t} × [M ].

• Completeness. The dPCP has perfect completeness.

• List-Decoding Soundness.
(
L · poly(1/ε), 2ε1/5 + |B|

M

)
-list-decoding soundness.
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Proof. Fix M ⩾ |B| and take D to be the dPCP from the lemma statement. We start by using Lemma 7.3 to obtain a
discretized version of the marginal of Pt over B for each t ∈ [n]. We apply Lemma 7.3 with denominator there set to
M for each t ∈ [n], which yields the following. For each t ∈ [n], there are nonnegative integers z′t,b for each b ∈ B
such that M :=

∑
b∈B z′t,b, and ∣∣z′t,b −M · Pt(◦, b)

∣∣ ⩽ 1, (43)

for every b ∈ B. We let Rt be the distribution over B given by

Rt(b) =
z′t,b
M

.

Note that Rt is the discretized version of the marginal of Pt over B given by Lemma 7.3.
Apply Lemma 8.1 to D with the nonnegative integers Ct,b therein set to Ct,b = z′t,b to get a dPCP of the form

D2 =
((
∪t∈[n]St

)
∪A,E2,Σ

d
A × Σ0,ΣA, {Φe}e∈E2

, {D2,t}t∈[n], {P2,t}t∈[n]

)
,

where St =
⋃

b∈B{(t, b)} × [z′t,b] for each t ∈ [n]. Note that the sets St are disjoint and that when defining St, if
z′t,b = 0 we think of {(t, b)} × [z′t,b] as the empty set. Furthermore, for each t,

|St| =
∑
b∈B

z′t,b = M. (44)

By Lemma 8.1, D2 has perfect completeness, (L · poly(1/ε), 2ε1/5)-list-decoding soundness, and decoding degree 1.
Likewise, we get that if D is right-regular, then D2 is left-regular.

Next, we will modify the decoding distributions of D2 to obtain our final dPCP, D′
2. Our goal is to obtain a dPCP

whose complete decoding distribution has uniform marginal over the left vertices (and we will later show that this
implies the decoding distribution guarantee of the theorem statement). Let Q2 be the complete decoding distribution
of D2. By the decoding distribution guarantee of Lemma 8.1, we have that

Q2(t, (t, b, i), ◦) =
1

n
· Pt(◦, b)

z′t,b
=

1

n
· pt,b
z′t,b

The above shows that the marginal of Q2 over the left vertices is almost uniform, and hence we will only need to make
a small modification.

We note that for each t, b and i, the distribution of a ∼ Q2(t, (t, b, i), ·) is equal to Q(t, ·, b). Indeed, for any
a ∈ A, using the decoding distribution guarantee of Lemma 8.1 we have

Q2(t, (t, b, i), a)

Q2(t, (t, b, i), ◦)
=

Q(t, a, b)/Ct,b

Q(t, ◦, b)/Ct,b
=

Q(t, a, b)

Q(t, ◦, b)
,

where in the second transition we used the fact that (using the decoding distribution guarantee of Lemma 8.1 again)

Q2(t, (t, b, i), ◦) =
∑
a∈A

Q2(t, (t, b, i), a) =
∑
a∈A

Q(t, a, b)

Ct,b
=

Q(t, ◦, b)
Ct,b

.

On the other hand, consider the distribution Q′
2, generated by choosing t ∈ [n] uniformly, b ∼ Rt, a ∼ Q(t, ·, b),

i ∈ [z′t,b] uniformly and outputting (t, (t, b, i), a). Then for any t and (t, b, i), we have

Q′
2(t, (t, b, i), ◦) =

1

n
·
z′t,b
M

· 1

z′t,b
=

1

n
· 1

M
.

Now we show that Q′
2 is close to Q2 in TV-distance. First note that for every t, b and i, by definition the distributions

Q2(t, ·, b) = Q′
2(t, (t, b, i), ·), which in turn implies that, Q2(t, (t, b, i), ·) and Q′

2(t, (t, b, i), ·) are identical. There-
fore, the TV-distance between Q2 and Q′

2 is equal to the TV-distance between their marginal on (t, b, i). It follows
that

TV(Q2,Q′
2) ⩽

∑
t∈[n],b∈B,i∈[z′

t,b]

|Q2(t, (t, b, i), ◦)−Q′
2(t, (t, b, i), ◦)| ⩽

∑
t∈[n],b∈B,i∈[z′

t,b]

∣∣∣∣∣ 1n
(
pt,b
z′t,b

− 1

M

)∣∣∣∣∣ .
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Since the summation is only taken over t, b such that z′t,b ⩾ 1, so we can bound each summand there as

1

n

∣∣∣∣∣pt,bz′t,b
− 1

M

∣∣∣∣∣ = 1

n

∣∣∣∣∣Mpt,b − z′t,b
Mz′t,b

∣∣∣∣∣ ⩽ 1

nMz′t,b
,

where we used (43). Hence, putting everything together, we get

TV(Q2,Q′
2) ⩽

|B|
M

. (45)

Our final dPCP, which we call D′
2, is obtained by taking D2 and changing its complete decoding distribution to

Q′
2. In particular all of the parts of D′

2 are the same as in D2 except for the decoding distributions. We have,

D′
2 =

((
∪t∈[n]St

)
∪A,E2,Σ

d
A × Σ0,ΣA, {Φ′

e}e∈E2 , {D2,t}t∈[n], {P ′
2,t}t∈[n]

)
,

where for each t ∈ [n], the new decoding distribution P ′
2,t is the distribution over E2 given by Q′

2(t, ·, ·).
It is clear that D′

2 still has perfect completeness and the degree related parameters, projection decision complexity,
and decoding complexity are the same as in D2. By (45), D′

2 has (L · poly(1/ε), 2ε1/5 + |B|/M)-list decoding
soundness. Finally, for each t ∈ [n], it can be checked that the decoding distribution, P ′

2,t, chooses a vertex in St

uniformly at random, and furthermore |St| = M . Hence, we can view the left vertices as [n]× [M ] and the decoding
distribution P ′

2,t is indeed as described in the lemma.

We now describe how to obtain the inner dPCP that we will use for composition.

Theorem 8.3 (Inner dPCP). For every ε > 0 there exist L = poly(1/ε) and functions M,K : N× N → N satisfying

M(T,N) = OT (Npolyε(logN)) and K(T,N) = OT (polyε(logN))

such that the following holds. For every alphabet Σ0 of size at most T and circuit φ : Σn
0 → {0, 1} of size at most N ,

the language SAT(φ) has a projection dPCP of the form

D =
(
([n]× [M ]) ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]

)
which satisfies the following with M := M(T,N) and K := K(T,N)

• Length. OT (nM +Npolyε(logN)).

• Alphabet Sizes. The left and right alphabet sizes are 2(OT (polyε(logN))) and Oε(1) respectively.

• Degrees. D has decoding degree 1.

• Projection Decision Complexity. O|T |(polyε(logN)).

• Decoding Complexity. O|T |(polyε(logN)).

• Decoding Distribution. Let Q be the complete decoding distribution. Then, Q satisfies the following:

– For each (t, r) ∈ [n]× [M ] and b ∈ B we can write Q(◦, (t, r), b) = w((t,r),b)
nMK for some w((t, r), b) ∈ N.

– For each t ∈ [n], the distribution Q(t, ·, ◦) is uniform over {t}×[M ] and hence for every (t, r) ∈ [n]×[M ],∑
b∈B

w((t, r), b) = K

• Completeness. The dPCP has perfect completeness.

• List-Decoding Soundness. The dPCP has (L, ε)-list-decoding soundness.
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Proof. Fix ε > 0, fix sizes T and N and let φ : Σn
0 → {0, 1} be a circuit of size at most N with |Σ0| ⩽ T . We take

Ddp to be the dPCP for SAT(φ) in Theorem 6.1 with soundness parameter set to ε:

Ddp = (X(k), X(
√
k), Edp,Σ

k,Σ
√
k, {Φe}e∈Edp

, {Ddp,t}t∈[n], {Pdp,t}t∈[n]).

Now set M = OT (Npolyε(logN)) sufficiently large relative to |X
(√

k
)
| = OT (Npolyε(logN)). We also have

that there is some dr = polyε(logN) such that regardless of the initial circuit φ, the right degree of every vertex is at
most dr. We will transform Ddp into the desired inner dPCP.

Decoding Degree Reduction + Right Alphabet reduction. We first apply Lemma 8.2 with M set as above, and
then apply right alphabet reduction from Lemma 7.1 with sufficiently small η = poly(ε) on the resulting dPCP. Call
the dPCP after both transformations D2 and let its constraint graph be ([n] × [M ] ∪ B,E). Note that we can assume
such structure on the left vertices by Lemma 8.2. Call the resulting complete decoding distribution Q2. Let us list a
few properties we have that are straightforward to verify from Lemma 8.2 and Lemma 7.1.

• Length. |B| = |X(k)| · Oη(
√
k log |Σ|) = OT (Npolyε(logN)). This follows from the length guarantees

of Lemma 8.2 and the structure of the resulting constraint graph from Lemma 7.1. The length is therefore
nM + |B| = OT (nM +Npolyε(logN)).

• Alphabets. The left alphabet has size at most |Σ|k·dr ·T = 2OT (polyε(logN)) after applying Lemma 8.2, and this
is unaffected by Lemma 7.1. The right alphabet has size at most Oε(1) by Lemma 7.1.

• Degrees. The decoding degree is 1 after applying Lemma 8.2 and this is unaffected by Lemma 7.1. The degree
of each left vertex is at most OT (polyε(logN)). This follows from the left degree guarantee of Lemma 8.2
(which turns right degree of Ddp into left degree) and the fact that Lemma 7.1 multiplies the left degree by
Oη(

√
k log |Σ|) = OT (polyε(logN)). We refer to Theorem 6.1 to bound

√
k log |Σ| ⩽ OT (polyε(logN)).

• Projection Decision Complexity. OT (polyε(logN)). This is straightforward to check by using Theorem 6.1,
then Lemma 8.2, and finally Lemma 7.1.

• Decoding Complexity. OT (polyε(logN)). This is straightforward to check by using Theorem 6.1, then
Lemma 8.2, and finally Lemma 7.1.

• Decoding Distribution. The marginal of Q2 over [n]×[M ] is uniform and each left vertex (t, r) ∈ [n]×[M ] has
exactly one decoding neighbor, t. This follows from the decoding distribution and decoding degree guarantees
of Lemma 8.2,

• Completeness. D2 has perfect completeness because Ddp does and both Lemma 8.2 and Lemma 7.1 preserve
it.

• Soundness. D2 has (L · poly(1/ε), O(ε1/5)) soundness by Theorem 6.1, Lemma 8.2, and Lemma 7.1. Here we
use the fact that M is sufficiently large relative to |X(

√
k)|.

At this point, we have all of the desired properties, except for the discreteness of the marginal of the complete decoding
distribution over the edges (i.e., the first guarantee of the decoding distribution above). We resolve this next, and some
care is needed to accomplish this while also preserving a uniform marginal over the left vertices.

Discretizing the Complete Decoding Distribution in a Left Uniform Manner. We construct a discretized version
of the distribution Q2(t, (t, r), ·) for each (t, r) ∈ [n] × [M ]. Specifically, note that | supp(Q2(t, (t, r), ·))| is upper
bounded by the degree of (t, r), which is OT (polyε(logN)). We apply Lemma 7.3 with denominator set to a suf-
ficiently large M ′ = OT (polyε(logN)) and let ∆t,r,disc be the distribution obtained. Here we again note that we
can choose the same M ′ regardless of the specific circuit φ fixed at the start. By Lemma 7.3 and the fact that M ′ is
sufficiently large, we have

TV(∆t,r,disc,Q2(t, (t, r), ·)) ⩽ ε (46)

and supp(∆t,r,disc) ⊆ supp(Q2(t, (t, r), ·)). Now consider the following complete decoding distribution Q′
2:
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• Choose (t, r) ∈ [n]× [M ] uniformly.

• Choose b ∼ ∆t,r,disc.

• Output (t, (t, r), b),

and let D′
2 be the dPCP obtained by changing the complete decoding distribution of D2 from Q2 to Q′

2.
Since Q′

2 and Q2 have the same marginal distribution over [n]× ([n]× [M ]), we have

TV(Q′
2,Q2) =

∑
(t,r)∈[n]×[M ]

Q2(t, (t, r), ◦) · TV(Q′
2(t, (t, r), ·),Q(t, (t, r), ·))

=
∑

(t,r)∈[n]×[M ]

Q2(t, (t, r), ◦) · TV(∆t,r,disc,Q(t, (t, r), ·))

⩽ ε,

(47)

where the last transition uses (46). We now verify that D′
2 satisfies all of the desired properties. The length, degree,

projection decision complexity, and decoding complexity are all unchanged from D2 and hence follow by the items
above. Perfect completeness is preserved in D′

2 because supp(∆t,r,disc) ⊆ supp(Q2(t, (t, r), ·)) as noted above, and
D′

2 still has (L · poly(1/ε), O(ε1/5))-soundness because of (47). This shows the desired soundness condition because
ε can be taken arbitrarily small and we can reparameterize the list size. Finally, we check the two properties of the
decoding distribution. First, it is clear from the above that Q′

2 satisfies that for each t ∈ [n], the distribution Q′
2(t, ·, ◦)

over {t}× [M ] is uniform, so this takes care of the second condition there. For the first condition, we note that for any
(t, r) ∈ [n]× [M ], b ∈ B we can write

Q′
2(t, (t, r), b) =

1

n
· 1

M
·∆t,r,disc(b) =

w((t, r), b)

nMM ′ ,

for some w((t, r), b) ∈ N. Hence, the first condition follows for K(T,N) = M ′ = OT (polyε(logN)).

8.2 An Outer dPCP
The following result will be used as our outer dPCP. Compared to Lemma 8.2, the construction below has quasi-linear
length and a complete decoding distribution whose marginal over the right vertices is uniform.

Theorem 8.4. For every ε > 0 there exist d′, L = poly(1/ε) such that the following holds. For any alphabet Σ0 and
circuit φ : Σn

0 → {0, 1} of size at most N , the language SAT(φ) has a projection dPCP of the form

D = (A ∪B,E,Σ
polyε(logN)
B × Σ0,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n])

which satisfies the following

• Length. O|Σ0|(N · polyε(logN)).

• Alphabet Sizes. The left and right alphabet sizes are 2O|Σ0|(polyε(logN)) and Oε(1) respectively.

• Degrees. The dPCP has decoding degree 1.

• Projection Decision Complexity. O|Σ0|(polyε(logN)).

• Decoding Complexity. O|Σ0| (polyε(logN)).

• Decoding Distribution. The complete decoding distribution, Q, satisfies

– The marginal of the complete decoding distribution over A×B is K-discrete for some

K = O|Σ0|(Npolyε(logN)).
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– Writing Q(◦, a, b) = w(a,b)
K for integers w(a, b), we have

∑
a∈A w(a, b) = d′ for all b ∈ B and hence the

marginal over the right vertices is uniform.

– For each left vertex a,
∑

b∈B w(a, b) ⩽ O|Σ0|(polyε(logN)).

• Completeness. The dPCP has perfect completeness.

• List-Decoding Soundness. The dPCP has (L, ε)-list-decoding soundness.

Proof. Fix ε > 0, and let D1 = (X(k), X(
√
k), E1,Σ

k,Σ
√
k, {Φe}e∈E1 , {D1,t}t∈[n], {P1,t}t∈[n]) be the dPCP

from Theorem 6.1 with (L, ε)-list-decoding soundness where L = poly(1/ε). This dPCP has decoding degree,
left degree, and right degree that are polyε(logN), Oε(1), polyε(logN) respectively, and its complete decoding
distribution, which we call Q1, is agnostic and has marginal over X(k) × X(

√
k) which is K-discrete for some

K = Npolyε(logN). By the decoding distribution guarantee of Theorem 6.1, for each b ∈ X(
√
k), we have

Q1(◦, ◦,b) ⩽
polyε(logN)

N
. (48)

Starting from D1, we will first apply decoding degree reduction (Lemma 8.1) where all of the Ct,b therein are set to
1, and then apply right alphabet reduction (Lemma 7.1). We call the resulting dPCP D2, and obtain our final dPCP,
which we call D3, by applying right degree reduction on D2.

Decoding Degree Reduction + Right Alphabet Reduction. First, we note that D1 has agnostic complete decoding
distribution by Theorem 6.1, so we may apply Lemma 8.1 with the Ct,b therein all set to 1. We then apply Lemma 7.1
with η = O(ε). The resulting dPCP,

D2 =
(
A2 ∪B2, E2,ΣA,ΣB , {Φe}e∈E2

, {D2,t}t∈[n], {P2,t}t∈[n]

)
,

has the following properties, which are straightforward to verify.

• Completeness. Perfect completeness.

• Length. We have |A2| ⩽ |X(
√
k)| · polyε(logN) and |B2| ⩽ Oε(|X(k)| · log(|Σ|k)), so the overall length is

O|Σ0|(N · polyε(logN)).

• Degrees. The left degree is O|Σ0|(polyε(logN)), the decoding degree is 1, and the right degree is polyε(logN).

• Projection Decision Complexity. O|Σ0|(polyε(logN)).

• Decoding Complexity. O|Σ0|(polyε(logN)).

• List-Decoding Soundness. (poly(1/ε), O(ε1/5))-list-decoding soundness.

In order to apply right degree reduction next, we need to analyze the complete decoding distribution of D2, which
we call Q2. Fix an arbitrary a2 ∈ A2 and let us bound Q2(◦, a2, ◦). First, since the decoding degree is 1, there is some
t such that

Q2(◦, a2, ◦) = Q2(t, a2, ◦) = P2,t(a2, ◦)

Then, by the decoding distribution guarantee of Lemma 8.1, there is some b ∈ X(
√
k), such that

Q2(◦, a2, ◦) = P2,t(a2, ◦) = P1,t(◦,b) = Q1(t, ◦,b).

Now applying (48), we have

Q2(◦, a2, ◦) = Q1(t, ◦,b) ⩽ Q1(◦, ◦,b) ⩽
polyε(logN)

N
. (49)
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Right Degree reduction. Having analyzed the complete decoding distribution of D2, we are now ready to apply
Lemma 7.4 on it. Note that we need to apply the version of right degree reduction in Lemma 7.4, which changes the
complete decoding distribution, because we did not analyze the discreteness of the marginal of Q2 over the edges.

To this end, set

M = Θ|Σ0|

(
Npolyε(logN)

n

)
sufficiently large and degree parameter d′ sufficiently large relative to ε and apply Lemma 7.4 with these parame-
ters. To see that we have set M large enough to apply Lemma 7.4, we use the fact that D2 has left degree at most
O|Σ0|(polyε(logN)), and |A2| ⩽ Npolyε(logN). Call the resulting dPCP

D3 =
(
A2 ∪B3, E3,ΣA,ΣB , {Φe}e∈E3

, {D2,t}t∈[n], {P3,t}t∈[n]

)
,

and let Q3 be the complete decoding distribution of D3. By Lemma 7.4 there are positive integers w(a, b) for each
(a, b) ∈ A2 ×B3 such that we can write Q3(◦, a, b) = w(a,b)

d′2nM . Fix a left vertex a of D3. By the decoding distribution
guarantee of Lemma 7.4, we have that either,

Q3(◦, a, ◦) ⩽ Q2(◦, a, ◦) +
|Γ2(a)|
nM

⩽
O|Σ0|(polyε(logN))

N
(50)

or
Q3(◦, a, ◦) ⩽

1

nM
+

ε

10|A2|
⩽

1

N
. (51)

In the above inequalities, Γ2(a), denotes a’s neighborhood in D2, and the first inequality uses Lemma 7.4 while the
second inequality uses the fact that D2 has left degree O|Σ0|(polyε(logN)) and |A2| ⩾ N . We can now verify the
listed properties for D3

Length. The right side has size d′nM = O|Σ0|(polyε(N logN)) and the left side has size |A2|, so the final length
is O|Σ0|(Npolyε(logN)).

Alphabet Sizes. The left alphabet size is |ΣA| = 2O|Σ0|(polyε(logN)) and the right alphabet size is Oε(1) because we
applied Lemma 7.1.

Degrees. The decoding degree is 1 in D2 and this is preserved by Lemma 7.4 when going to D3.

Projection Decision Complexity. The decision complexity is O|Σ0|(polyε(logN)) in D2 and this is preserved by
Lemma 7.4.

Decoding Complexity. The decoding complexity is O|Σ0|(polyε(logN)) in D2 and this is preserved by Lemma 7.4.

Decoding Distribution. The complete decoding distribution is Q3 which is K-discrete for

K := d′2nM = O|Σ0|(N · polyε(logN)).

The second item in the decoding distribution condition, follows because the complete decoding distribution guarantee
of Lemma 7.4 results in Q3 having uniform marginal over the right vertices. The third item follows from (50) and (51)
as for any a we have ∑

b∈B

w(a, b) = K · Q3(◦, a, ◦) ⩽ O|Σ0|(polyε(logN)).

Completeness. We have perfect completeness in D2 and this is preserved by Lemma 7.4.

Soundness. It is straightforward to check that the D3 has (poly(1/ε), O(ε1/5))-list-decoding soundness by the list-
decoding soundness of D2 and Lemma 7.4.
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9 A Composition Theorem for Decodable PCPs
This section proves a composition theorem for dPCPs, which facilitates left alphabet reduction. In Section 10 we show
how to apply it on the constructions from Section 8 (with a final composition step with a standard Hadamard-code
based dPCP) to reduce the alphabet size from 2poly(log(N)) all the way down to O(1).

Our composition result is as follows. Throughout the proof, we will use bold letters (e.g., a,b) for outer dPCP
vertices, and non-boldface symbols for inner dPCP vertices (e.g. a, b).

Theorem 9.1. Suppose we have the following two dPCPs, which we call outer dPCP and inner dPCP.

• Outer dPCP. There exists C1 ∈ N such that for every ε > 0 there exist d1 ∈ N and functions F1,DecisionComp1,
DecodeComp1,K1, k1 : N× N → N such that every circuit φ : Σn

0 → Σ of size N over some alphabet Σ0 has
a dPCP as follows

– Parameters. Length S1(N, |Σ0|), left and right alphabets of sizes F1(N, |Σ0|) and Oε(1) respectively,
decoding degree Oε(1), projection decision complexity at most DecisionComp1(N, |Σ0|), and decoding
complexity at most DecodeComp1(N, |Σ0|).

– Complete Decoding Distribution. Call the complete decoding distribution Qout and the sides of the con-
straint graph Aout, Bout. Then, the following holds

* (Discreteness): for every a ∈ Aout, b ∈ Bout, Qout(◦, a, b) = wt(a,b)
K1(N,|Σ0|) for wt(a, b) ∈ N.

* (Right Uniform): for every right vertex b,
∑

a∈Aout
wt(a, b) = d1, and hence the marginal of Qout is

uniform over Bout.

* (Left Bounded): for every left vertex a, wt(a) :=
∑

b∈Bout
w(a, b) ⩽ k1(N, |Σ0|).

– Completeness. Perfect completeness.

– Soundness. (Lout(ε), ε)-list-decoding soundness where Lout = ε−C1 .

• Inner dPCP. There exists C2 ∈ N such that for every ε > 0 there are bivariate functions F2,DecisionComp2,

DecodeComp2,K2 : N × N → N and M : N → N such that every circuit φ : (Σ′
0)

n′
→ Σ of size at most N

over some alphabet Σ′
0 of size at most T ′ has a dPCP as follows.

– Parameters. Length S2(N
′, T ′), left and right alphabets of sizes F2(N

′, T ′) and Oε(1) respectively, de-
coding degree 1, projection decision complexity at most DecisionComp2(N

′, T ′), and decoding complexity
at most DecodeComp2(N

′, T ′).

– Complete Decoding Distribution. Call the complete decoding distribution Qin and the sides of the con-
straint graph Ain, Bin. Then the following holds:

* (Discreteness): for every a ∈ Ain, b ∈ Bin, we have Qin(◦, a, b) = wt′(a,b)
n′·M(N ′,T ′)·K2(N ′,T ′) for

wt′(a, b) ∈ N.

* (Left Uniform): the left vertices can be labeled as [n′] × [M(N ′, T ′)], so that for every t ∈ [n′], the
distribution Qin(t, ·, ◦) is uniform over {t} × [M(N ′, T ′)]. It follows that the marginal distribution
of Qin over the left vertices is uniform and for every left vertex a, wt′(a) :=

∑
b∈Bin,a

wt′(a, b) =

K2(N
′, T ′).

– Completeness. perfect completeness.

– Soundness.(Lin(ε), ε)-list-decoding soundness where Lin = ε−C2 .

Then for every ε > 0, and every circuit φ : Σn
0 → {0, 1} of size N , the language SAT(φ) has a projection dPCP with

the following properties, where we set

N ′ = O(k1(N, |Σ0|) + DecisionComp1(N, |Σ0|)) and T ′ = Oε,|Σ0|(1).

• Length. S1(N, |Σ0|) · (M(N ′, T ′) + S2(N
′, T ′)).
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• Left alphabet size. F2(N
′, T ′)d1 .

• Right alphabet size. Oε(1).

• Decoding Degree. Oε(d1).

• Projection Decision Complexity.

O(log(F1(N, |Σ0|))) +Oε,|Σ0|(DecisionComp2(N
′, T ′) + DecodeComp2(N

′, T ′)).

• Decoding Complexity. log(F1(N, |Σ0|)) + DecodeComp2(N
′, T ′).

• Complete Decoding Distribution. Call the complete decoding distribution Qcomp and the sides of the constraint
graph Acomp, Bcomp. Then the following holds:

– (Discreteness): Qcomp(◦, a, b) = wt′′(a,b)
J for wt′′(a, b) ∈ N and J = K1(N, |Σ0|) · M(N ′, T ′) ·

K2(N
′, T ′).

– (Left Uniform): The marginal of Qcomp over Acomp is uniform, and for every a ∈ Acomp we have∑
b∈B wt′′(a, b) = d1K2(N

′, T ′).

• Completeness. The dPCP has perfect completeness.

• Soundness. The dPCP has (poly(1/ε), ε)-list-decoding soundness.

Proof overview. Our proof strategy follows the lines of the proof of [MR10] and [DH13]. Specifically, we construct
a version of the inner dPCP for each left vertex a in the outer dPCP. The size of the circuit relevant for a given left
vertex is determined by (1) the projection decision complexity, (2) the parameter k1 which should be thought of as a
weighted version of left degree (with weights coming from the complete decoding distribution), and (3) the decoding
degree. In our application all of these are O|Σ0|(poly(log(N))) or Oε,|Σ0|(1), so the inner dPCP is run on a much
smaller scale.

In order to compose all of these smaller inner dPCPs into one overall dPCP, we attempt to check several constraints
“in parallel”. Namely, as in [MR10, DH13] we think of choosing a right vertex b of the outer PCP and checking all
of the inner PCPs of a that are neighbours of b. This requires some alignment between the inner PCPs of various
a, which is handled by the extra flexibility we have arranged in Section 8 in the size of the PCPs. Additional care
is needed to make sure that the decoding is still maintained throughout, and this aspect is where we differ from the
prior compositions mentioned. Indeed, this is why we went through extensive efforts in Lemma 8.1 to reduce the
decoding degree of the dPCP from Theorem 6.1 to 1. Roughly speaking, having small decoding degree allows us to
pass decoding to the inner dPCPs while not increasing their alphabet size by too much.

9.1 The Construction
Fix ε > 0 and a size N circuit φ : Σn

0 → {0, 1}. Our goal is to construct a dPCP for the language L := SAT(φ) ⊆ Σn
0 ,

and we have the outer dPCP Dout and the inner dPCP Din at our disposal. We will apply the outer dPCP to φ and the
inner dPCP for circuits φa of size roughly O(k1(N, |Σ0|)+O(DecisionComp1(N, |Σ0|)), which should be thought of
as much smaller than N .

The Outer dPCP. Take Dout to be the outer dPCP for L as in the premise with the soundness error set to δout :=
εC2+10. We denote its parts by

Dout =
(
Aout ∪Bout, Eout,ΣAout ,ΣBout , {Φout,e}e∈Eout , {Dout

t }t∈[n], {Pout
t }t∈[n]

)
.

Let q1 denote the decoding degree of Dout so that q1 = Oε(1) by assumption.
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Henceforth, it will be convenient to let Γdisc,out(a) denote the set of a’s neighbors listed with multiplicity wt(a,b).
In order to avoid confusion when referring to multiple copies of b (which appears in Γdisc,out(a) more than once if
wt(a,b) > 1), we refer to the members of Γdisc,out(a) as (b, i) where for each b ∈ Γout(a), i ∈ [wt(a,b)]. Hence,

Γdisc,out(a) =
⋃

b∈Γout(a)

{b} × [wt(a,b)].

Notice that choosing (b, i) ∈ Γdisc,out(a) uniformly, the marginal distribution of b is Qout(◦, a, ·).
The following notation will be useful.

Definition 9.2. For a symbol σ for a ∈ Aout and b ∈ Γout(a), let σ→b denote the unique ΣB symbol that satisfies the
projection constraint on (a, b). For each t ∈ Γdec,out(a), we write σ⇝t = Dout

t (a, σ). Here, the vertex a will always
be clear from context.

The Inner dPCPs. We will also construct an inner dPCP corresponding to each outer vertex a. For each a ∈ Aout

we start by defining a language
La ⊆ (ΣBout × Σq1

0 )
wt(a)

,

which is supposed to correspond to the set of valid alphabet symbols for a. Set,

T ′ = |ΣBout | × |Σ0|q1 = Oε,|Σ0|(1), (52)

to be the size of the alphabet which each of the languages La is over. In the definition of La, we identify [wt(a)] with
the multiset Γdisc,out(a). Let us now fix an a and define the language La.

For each w ∈ La, think of its wt(a) indices as being indexed by Γdisc,out(a) and for each (b, i) ∈ Γdisc,out(a) we
write w(b,i) as the symbol in w at index (b, i). The symbol w(b,i) is thought of as consisting of one ΣBout symbol
corresponding to an implied label for b, and q1 symbols from Σ0, corresponding to one implied label for each t ∈
Γout,dec(a). With this setup in mind, the members of La are exactly the w ∈ (ΣBout × Σq1

0 )
wt(a) such that there exists

σ ∈ Σa satisfying the following two conditions:

• for every (b, i) ∈ Γdisc,out(a), the ΣBout symbol in w(b,i), which we denote by
(
w(b,i)

)
b, is equal to σ→b,

• for every t ∈ Γout,dec(a) and (b, i) ∈ Γdisc,out(a), the symbol corresponding to t in w(b,i), which we denote by(
w(b,i)

)
t
, is equal to σ⇝t.

In words, the above two conditions mean that all of the symbols in w are consistent with a single σ ∈ ΣAout .
By the projection decision complexity of Dout and the bound on wt(a), the language La can be decided by a

circuit of size O(wt(a)+DecisionComp1(N)) = O(k1(N, |Σ0|)+DecisionComp1(N, |Σ0|)), and hence there exists
a uniform bound

N ′ = O(k1(N, |Σ0|) + DecisionComp1(N, |Σ0|)) (53)

such that for every a ∈ Aout, membership in the language La can be decided by a circuit of size at most N ′. Henceforth,
we fix

M = M(N ′, T ′) and K2 = K2(N
′, T ′), (54)

where M(·, ·) is the function related to the left vertices of the inner dPCP given by the theorem statement, and K2(·, ·)
is the function related to the complete decoding distribution of the inner dPCP given by the theorem statement.

Now, for each a ∈ Aout we take Din,a to be the inner dPCP guaranteed by the theorem statement for the language
La with soundness error set to

δin := ε.

Note that we can use the same value M and K2 here for every inner dPCP, Din,a. This is because the inner dPCP
assumption in the theorem statement, along with the fact that for all a ∈ Aout, the language La is over strings of length
at most k1(N, |Σ0|) with an alphabet of size at most T ′, and membership in La can be decided by a circuit of size at
most N ′.
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For each a ∈ Aout, we denote the parts of Din,a as

Din,a = (Ain,a ∪Bin,a, Ein,a,ΣAin,a ,ΣBin,a , {Φin,e}e∈Ein,a , {D
in,a
(b,i)}(b,i)∈Γout(a), {P in,a

(b,i)}(b,i)∈Γout(a)).

We have that the alphabet sizes are

|ΣAin,a | ⩽ F2(N
′, T ′) and |ΣBin,a | = Oε(1). (55)

For, convenience, we will express Ain,a as Γdisc,out(a)×[M ], rather than [wt(a)]×[M ], where recall that |Γdisc,out(a)| =
wt(a). Also, for simplicity, we refer to members of Γdisc,out(a)× [M ] as (b, i, r) (rather than ((b, i), r).

We will also use the following simplifying notation, which is similar to that in Definition 9.2, but now specified
for the inner dPCP.

Definition 9.3. Given a symbol σ ∈ ΣAin,a for (b, i, r) ∈ Ain,a, recall that Din,a
(b,i)((b, i, r), σ) outputs a ΣBout symbol

for b and one Σ0 symbol for each t ∈ Γout,dec(a). We let
(
σ⇝(b,i)

)
b denote the ΣBout symbol part of the output

from Din,a
(b,i)((b, i, r), σ). Likewise, for each t ∈ Γdec,out(a), we write

(
σ⇝(b,i)

)
t

to denote the Σ0 symbol for t in

Din,a
(b,i)((b, i, r), σ). When we use this notation, the identity of r ∈ [M ] will be clear from context.

By design of the language, the output of the decoder, Din,a
(b,i) consists of one ΣBout symbol for b and one Σ0 symbol

for each t ∈ Γdec(a). The list-decoding soundness of Din,a
(b,i) translates to the following claim, which morally states

that one can view Din,a as a decodable PCP for the language of valid a-alphabet symbols, with (Lin, δin)-list decoding
soundness.

Claim 9.4. For every a ∈ Aout the following holds. For any left assignment TAin,a : Γdisc,out(a) × [M ] → ΣAin,a to
Din,a, there is a list {σa

1, . . . , σ
a
Lin
} ⊆ Σa such that for any right assignment TBin,a : Bin,a → ΣBin,a

Pr
b∼Qout(◦,a,·),i∈[wt(a,b)],r∈[M ],b∼P in,a

(b,i)((b,i,r),·)
[E1 ∧ E2] ⩽ δin.

Here E1 and E2 are the following events over the sampled (b, i) ∈ Γout,dec(a), r ∈ [M ], b ∈ Bin,a.

• E1. the constraint on (b, i, r) and b is satisfied by TAin,a [(b, i, r)] and TBin,a [b].

• E2. the symbols for (b, i) and t ∈ Γout,dec(a) output by the decoder are not (simultaneously) equal to
(
σa
j

)
→b

and
(
σa
j

)
⇝t

for any j ∈ [Lin]. That is, for each j ∈ [Lin], either(
Din,a

(b,i)((b, i, r), TAin,a [(b, i, r)])
)

b
̸=
(
σa
j

)
→b

or there is t ∈ Γout,dec(a) such that(
Din,a

(b,i)((b, i, r), TAin,a [(b, i, r)])
)
t
̸=
(
σa
j

)
⇝t

.

Proof. Fix TAin,a . Applying the list-decoding soundness of Din,a, we get a list of words {w1, . . . , wLin} ⊆ La such
that for any right assignment TBin,a , the list-decoding error of TAin,a and TBin,a relative to this list is at most δin.
We can translate this list, {w1, . . . , wLin}, into a corresponding list of Lin symbols σa

1, . . . , σ
a
Lin

∈ Σa. Specifically,
for each wℓ ∈ {w1, . . . , wLin}, by definition of being in La, we have that there exists σ ∈ Σa such that for any
(b, i) ∈ Γdisc,out(a) and t ∈ Γout,dec(a)

(wb,i)b = σ→b and (wb,i)t = σ⇝t.

We set σa
ℓ to be this symbol and if for some w ∈ {w1, . . . , wLin} there exist multiple such σ ∈ Σa, we choose one of

them arbitrarily to be σa
ℓ . Now it is straightforward to see that the list-decoding soundness of Din,a for the language La

relative to the list {w1, . . . , wLin} translates exactly into the statement of the claim with the list {σa
1, . . . , σ

a
Lin
} ⊆ Σa.

Here, we use the fact that sampling (b, i) in the multiset, Γdisc,out(a), uniformly, we have b ∼ Qout(◦, a, ·) and i
uniform in [wt(a,b)].
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Finally, let us write the complete decoding distribution of each inner dPCP, Din,a, as Qin,a. Using the discreteness
property of the inner dPCP’s complete decoding distribution, we have that for every ((b, i, r), b) ∈ Ain,a ×Bin,a, there
is wt′a((b, i, r), b) such that

Qin,a(◦, (b, i, r), b) = Qin,a((b, i), (b, i, r), b) =
wt′a((b, i, r), b)
wt(a) ·M ·K2

. (56)

By the third property of the complete decoding distribution of the inner dPCP, for all a ∈ Aout and (b, i, r) ∈ Ain,a
we have ∑

b∈Γa,in((b,i,r))

wt′a((b, i, r), b) = K2, (57)

where in the above Γa,in denotes the neighborhood of a vertex in Din,a. We emphasize that, by assumption, K2 above
is the same for all of the inner dPCPs, Din,a. We are ready to describe our composed dPCP.

The composed dPCP Dout ◦ Din.

• Constraint Graph: The constraint graph is bipartite with the following left and right sides respectively:

Acomp := {(b, r) : r ∈ [M ] and b ∈ Bout},

Bcomp := {(a; b) : a ∈ Aout, b ∈ Bin,a} =
⋃

a∈Aout

{a} ×Bin,a.

Let us explain how the vertices in the composed PCP should be thought of. First, take the inner constraint
graphs, (Ain,a ∪ Bin,a, Ein,a), for each a ∈ Aout. Viewing each left side as Γdisc,out(a) × [M ], we see that for
each b ∈ Bout and r ∈ [M ], there are d1-many vertices of the form (b, i, r) which appear in Acomp. This is
because of the assumption that ∑

a∈Aout

wt(a,b) = d1, (58)

from the outer dPCP’s complete decoding distribution. Henceforth, when we are in the context of the composed
dPCP, we will denote the copy of (b, i, r) in Ain,a by (a;b, i, r).
The left side of the composed constraint graph is obtained by identifying, for each b ∈ Bout and r ∈ [M ], the
vertices of (a;b, i, r) over all a adjacent to b and i ∈ [wt(a,b)]. One can think of the vertex (b, r) ∈ Acomp as a
cloud consisting of all (a;b, i, r) appearing over all copies of the inner dPCPs Din,a.

The right side of the composed constraint graph is the union of the right sides of the inner constraint graph, and
the edges are the same after identification.

• Left Alphabet: Fix a vertex (b, r) ∈ Acomp. For each a ∈ Γout(b) and i ∈ [wt(a,b)], there is a vertex (a;b, i, r)
coming from the inner dPCP of Din,a. Then, the composed vertex (b, r) holds a symbol from ΣAin,a,a for each
(a;b, i, r). Overall, using (58) see that these are d1 inner left alphabet symbols.

If σ is an alphabet symbol for (b, r), we use σ{a, i} to denote the ΣAin,a symbol corresponding to a label for
(a;b, i, r). We also constrain the alphabet of (b, r) to only contain σ as follows.

– Hardcoding Outer Constraints. We require that (σ{a, i})⇝b is the same for all a ∈ Γdisc(b) and i ∈
[wt(a,b)]. Henceforth, we denote this value as σ⇝b so that

σ⇝b =
(
Din,a

(b,i)((a;b, i, r), σ{a, i})
)

b
. (59)

On the right side, we are first running the inner decoder from Din,a, where the index to decode is (b, i),
the left vertex is (a;b, i, r) ∈ Ain,a, and the symbol is σ{a, i}. We then take the symbol for b given
by the output symbol. We note that whenever we use the notation of (59), the symbol σ will satisfy the
hardcoding outer constraints, so all the possible a lead to the same value.
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– Hardcoding Decoding Consistency. For any t ∈ [n] and all a, i such that (a,b) ∈ supp(Pt) and i ∈
[wt(a,b)], we require that the decoded values

(
Din,a

b ((a;b, i, r), σ{a, i})
)
t

are the same, and we denote
this value by σ⇝t.

We denote the left alphabet by ΣAcomp .

• Right Alphabet: The right alphabet is ΣBin,a .

• Constraints: By our construction, ((b, r), (a; b)) ∈ Ecomp if and only if there is an i such that (b, i) ∈
Γdisc,out(a) and, in Din,a, the vertex (a;b, i, r) is adjacent to (a; b). Let us describe the constraint on this edge
now.

Given valid labels σ ∈ ΣAcomp and σ′ ∈ ΣBin,a for (b, r) and (a; b) respectively in the composed dPCP, the
constraint on ((b, r), (a; b)) checks that, for all such a, i as above, where (b, i, r) is adjacent to b in Din,a, the
inner constraint of Din,a, between (a;b, i, r) and (a; b) is satisfied by the labels σ{a, i} ∈ ΣAin,a and σ′ ∈ ΣBin,a .
That is,

Φ((b,r),(a;b))(σ, σ
′) = 1

if and only if
Φin,((a;b,i,r),(a;b))(σ, σ

′) = 1

over all a, i such that (a;b, i, r) is adjacent to (a; b) in Din,a. In the second equality, the constraint is coming
from Din,a.

• Decoding Distributions: Let Qout be the complete decoding distribution of the outer dPCP. Then the complete
decoding distribution of the composed dPCP, Qcomp, is generated as follows.

– Choose (t, a,b) ∼ Qout, and i ∈ [wt(a,b)] uniformly at random.

– Sample r ∈ [M ] uniformly.

– Choose (a; b) ∼ Qin,a((b, i), (a;b, i, r), ·),
– Output (t, (b, r), (a; b)).

It is clear that the marginal of Qcomp over [n] is uniform, and for each t ∈ [n] we take the decoding distribution
to be Pcomp

t = Qcomp(t, ·, ·).

• Decoder. For (b, r) ∈ Acomp and label σ, the decoder outputs Dcomp
t ((b, r), σ) = σ⇝t.

This completes the description of the composed dPCP, Dout ◦ Din, and we will now show that it satisfies the require-
ments of Theorem 9.1.

9.2 Basic Properties of the Composed PCP
In this section we establish all of the properties of Dout ◦ Din as promised in the statement of Theorem 9.1, except for
the list-decoding soundness, which is deferred to the next section. In the below, recall that T ′ is given by (52), N ′ is
given by (53), K2 and M are given by (54).

Length. By construction, left side has size at most |Bout| ·M vertices and the right side has size
∑

a∈Aout
|Bin,a|, so

overall the length is
S1(N, |Σ0|) ·M(N ′, T ′) + S1(N, |Σ0|) · S2(N

′, T ′).

Alphabet Sizes. The left alphabet size is at most |ΣAin,a |d1 . Indeed, fix a left vertex (b, r). Then for every a ∈ Aout

and i ∈ [wt(a,b)], (b, r) holds one symbol from ΣAin,a , corresponding to a label to (a;b, i, r) in Din,a, which by (58)
is a total of d1 symbols from ΣAin,a . Hence the alphabet size is F2(N

′, T ′)d1 , where we use (55) to bound the size of
|ΣAin,a |. The right alphabet is ΣBin,a and its size is Oε(1) by (55).
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Decoding Degree. The decoding degree is Oε(d1). Each (b, r) is responsible for decoding t if there is a ∈ Γout(b)
such that t ∈ Γout,dec(a). The decoding degree bound follows from the fact that |Γout,dec(a)| ⩽ Oε(1) and that
|Γout(b)| ⩽ d1 by (58).

Projection Constraints. It is straightforward to check that the composed dPCP has projection constraints because
the inner dPCPs are all projection dPCPs.

Projection Decision Complexity. Fix a constraint ((b, r), (a; b)) and let σ be the left alphabet symbol. Recall that σ
contains, as its restrictions, one ΣAin,a symbol for each of d1 vertices corresponding to all a, i such that a ∈ Γdisc(b), i ∈
[wt(a,b)].

The projection circuit needs to do the following: (1) check that the left alphabet symbol satisfies hardcoding of
outer constraints, (2) check that the left alphabet symbol satisfies hardcoding decoding consistency, and (3) compute
the unique right alphabet symbol that satisfies the constraint.

Each of (1) and (2) can be done by computing a restriction of the given left alphabet symbol and then running the
inner decoder d1 times and then checking an equality between d1 symbols of either ΣBout , in the case of (1), or Σ0 in
the case of (2). Altogether, the circuit complexity of (1) and (2) is a constant multiple of

log(F1(N, |Σ0|)) + d1 · (DecodeComp2(N
′, T ′) + log |ΣBout |+ log |Σ0|)

= log(F1(N, |Σ0|)) +Oε,|Σ0|(DecodeComp2(N
′, T ′)).

To accomplish (3), the projection circuit runs the projection circuit of the inner dPCP, Din,a, on a restriction of the
given left alphabet symbol which requires circuit complexity

log(F1(N, |Σ0|)) + DecisionComp2(N
′, T ′).

Overall this gives projection decision complexity that is,

O(log(F1(N, |Σ0|))) +Oε,|Σ0|(DecisionComp2(N
′, T ′) + DecodeComp2(N

′, T ′)).

Decoding Complexity. The decoder restricts its input to obtain a symbol for the inner dPCP and runs the decoder of
the inner dPCP. Hence, the decoding complexity is log(F1(N, |Σ0|)) + DecodeComp2(N

′, T ′).

Complete Decoding Distribution. Fix (b, r) ∈ Acomp and (a; b) ∈ Bcomp. Then

Qcomp(◦, (b, r), (a; b)) = Qout(◦, a,b) · 1

M
· E
i∈[wt(a,b)]

[
Qin,a((b, i), (a;b, i, r), (a; b))
Qin,a((b, i), (a;b, i, r), ◦)

]
= Qout(◦, a,b) · 1

M
· E
i∈[wt(a,b)]

[
wt′a((a;b, i, r), (a; b))

K2

]
=

wt(a,b)
K1MK2

E
i∈[wt(a,b)]

[wt′a((a;b, i, r), (a; b))]

=

∑
i∈[wt(a,b)] wt

′
a((a;b, i, r), (a; b))

K1MK2

(60)

In the first transition, we are using the definition of Qcomp. In the second transition, we are using (56) to plug in
the term inside the expectation, and then (57). In the third transition, we are writing out Qout(◦, a,b). In the final
transition, we are expanding out the expectation from the second line.

By the above, we get that the first property of the complete decoding distribution holds with discreteness parameter

J = K1 ·M ·K2 and wt′′((b, r), (a; b)) =
∑

i∈[wt(a,b)]

wt′a((a;b, i, r), (a; b)). (61)

We move onto the second property which requires showing that the marginal over Acomp is uniform. From the
description, it is clear that

Qcomp(◦, (b, r), ◦) = Qout(◦, ◦,b) · 1

M
=

d1
K1(N, |Σ0|)M

.
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In the second equality, we use the fact that Qout(◦, ◦,b) = d1

K1(N,|Σ0|) , by the right uniformity property of the outer
dPCP’s complete decoding distribution. It follows that for any (b, r) ∈ Acomp∑

(a;b)∈Bcomp

wt′′((b, r), (a; b)) =
Jd1

K1(N, |Σ0|)M
= d1K2,

as desired.

Completeness. Since the outer dPCP Dout has perfect completeness, for any w ∈ SAT(φ) there are assignments
TAout : Aout → ΣAout and TBout : Bout → Bout such that all of the constraints in Dout are satisfied and the decoder
outputs wt with probability 1 for all t ∈ [n]. Now, for each a ∈ Aout, using the value TAout [a], one can construct
win,a ∈ (ΣBout × Σq1

0 )
wt(a) such that for every (b, i) ∈ Γdisc,out(a) and t ∈ Γout,dec(a), we have that the ΣBout

part of (win,a)(b,i) equals (TAout [a])→b, and the symbols corresponding to t ∈ Γout,dec(a) in (win,a)b are consistent
(TAout [a])⇝t. For each such win,a, which is in La, one can then use the perfect completeness of the inner dPCP’s to
construct TAin,a : Ain,a → ΣAin,a and TBin,a : Bin,a → Bin,a which satisfy all of the constraints on the inner dPCP
Din,a and always output a decoding that is consistent with (win,a)→b for all (b, i) ∈ Γdisc,out(a) and (win,a)⇝t for all
t ∈ Γout,dec(a).

From these assignments, we construct the composed assignments TAcomp : Acomp → ΣAcomp and TBcomp : Bcomp →
ΣBcomp as follows:

• For every (a; b) ∈ Acomp, note that b is a right vertex in Din,a, and hence we set TBcomp [(a; b)] = TBin,a [b].

• For each (b, r) ∈ Acomp, TAcomp [(b, r)] consists of the label TAin,a [(b, i, r)] for each a ∈ Γout(b) and i ∈
[wt(a,b)].

One can check that this assignment indeed satisfies all of the constraints of the composed dPCP and the decoder
outputs wt with probability 1 for all t ∈ [n].

9.3 Proof of List-Decoding Soundness
This section is devoted to the proof of the following lemma, establishing the list-decoding soundness of Theorem 9.1
and thereby completing its proof.

Lemma 9.5. The composed dPCP constructed above has decoding error δin + Lin · δout = ε+ ε10 relative to a list of
size Lin · Lout = εC1+C2+10, and hence satisfies (poly(1/ε), O(ε))-list-decoding soundness.

Proof. Fix an assignment. TAcomp : Acomp → ΣAcomp We will first define a list of assignments for Dout. Specifically,
we will have a left outer assignment, T (j)

Aout
: Aout → ΣAout , for each j ∈ [Lin].

Obtaining assignments to the left side of the Outer PCP. For each a ∈ Aout, we will attempt to obtain candidate
assignments to a in the outer dPCP by using the list-decoded values of the inner dPCP, Din,a. To do so, we first use
TAcomp to obtain an assignment TAin,a for Din,a, and subsequently apply the list-decoding condition of Din,a to these
assignments. Set

TAin,a [(a;b, i, r)] := TAcomp [(b, r)]{a, i}, ∀(a;b, i, r) ∈ Ain,a.

Now that TAin,a is an assignment to Din,a, we can apply the list-decoding guarantee from Claim 9.4. We get that there
is a list Listin,a = {ya

1, . . . , y
a
Lin
} ⊆ Σa such that the following holds for any right assignment T ′ : Bin,a → ΣBin,a ,

Pr
(b,i)∈Γdisc,out(a),r∈[M ],(a;b)∼P in,a

(b,i)((a;b,i,r),·)
[Ein,1 ∧ Ein,2] ⩽ δin. (62)

Here, Ein,1 and Ein,2 are the following events:

• Ein,1 (the inner constraint is satisfied): this is the event that TAin,a [(a;b, i, r)] and T ′[(a; b)] satisfy the constraint
on ((a;b, i, r), (a, b)) from Din,a.
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• Ein,2 (the inner decoding fails): this is the event that the inner decoder does not output something consistent with
the list. That is, the symbols for b and t ∈ Γout,dec(a) output by the decoder are not (simultaneously) equal to(
ya
j

)
→b

and
(
ya
j

)
⇝t

for any j ∈ [Lin].

Using Listin,a we can now define Lin assignments to Aout. More specifically, for each j ∈ [Lin], define the assignment
T

(j)
Aout

: Aout → ΣAout by

T
(j)
Aout

[a] = ya
j , ∀a ∈ Aout.

Outer List decodings for each T
(j)
Aout

. Fix a j ∈ [Lin] and consider one of the left outer assignments T (j)
Aout

. By the

list-decoding condition of Dout, there exists a list List(j)out = {w(j)
1 , . . . , w

(j)
Lout

} ⊆ L such that for any assignment to

the right side of the outer dPCP, TBout : Bout → ΣBout , the list-decoding error relative to List
(j)
out is bounded by δout.

Specifically, we have that for each j ∈ [Lin] and any right assignment TBout ,

Pr
t∈[n]

(a,b)∼Pout
t

[Eout,1 ∧ Eout,2] ⩽ δout, (63)

where the events above are as follows:

• Eout,1 (satisfied outer constraint): this is the event that Φout,(a,b)

(
T

(j)
Aout

[a], TBout [b]
)
= 1, meaning that the outer

constraint is satisfied on (a,b).

• Eout,2 (the outer decoding fails): this is the event that Dout
t (a, T (j)

Aout
[a]) /∈

{(
w

(j)
ℓ

)
t

}
ℓ∈[Lout]

, meaning that the

decoding does not agree with any member of List(j)out.

Showing List-Decoding Soundness. We are now ready to show that the composed dPCP for L satisfies (Lout ·
Lin, δin + Lin · δout)-list-decoding soundness. The list-decoding soundness will be with respect to the following list
from L:

Listcomp :=
⋃

j∈[Lin]

List
(j)
out = {w(j)

ℓ }j∈[Lin],ℓ∈[Lout].

Fix any right assignment TBcomp : Bcomp → ΣBin,a . For each a ∈ Aout define the following inner right assignment:

TBin,a [(a; b)] := TBcomp [(a; b)], ∀(a; b) ∈ Bin,a.

Let us also define a candidate right assignments for the outer dPCP. For each (b, r) ∈ Acomp, recall that TAcomp [(b, r)]b
gives an assignment to b ∈ Bout. For each r ∈ [M ], recalling the notation from (59), we define a table T

(r)
Bout

as

T
(r)
Bout

[b] = TAcomp [(b, r)]⇝b.

Now, we define the following events:

• Ecomp,1: this is the event that the constraint on (b, r) and (a; b) is satisfied in the composed dPCP:

Φcomp,((b,r),(a;b))
(
TAcomp [(b, r)], TBcomp [(a; b)]

)
= 1.

Unpacking the definition of the constraint, this is also the event that the constraint on the edge ((b, r), (a; b)) of
the inner dPCP is satisfied by the induced assignments, TAin,a [(a;b, i, r)] and TBin,a [(a; b)].

• Ecomp,2 (the composed decoding is outside the list): is the event that

Dcomp
t ((b, r), TAcomp [(b, r)]) /∈

{(
w

(j′)
ℓ

)
t

}
j′∈[Lin],ℓ∈[Lout]

meaning the output of the decoder for the decoding set t is not consistent with wj
ℓ for any j ∈ [Lin] or ℓ ∈ [Lout].
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In the notation of the events above, showing list-decoding soundness of the composed dPCP amounts to showing the
following inequality, where the term on the left hand side is precisely the list-decoding error.

Pr
(t,(b,r),(a;b))∼Qcomp

[Ecomp,1 ∧ Ecomp,2] ⩽ δin + Lin · δout. (64)

It will be convenient now to define a few events. Call the event on the left hand side of (64) E = Ecomp,1 ∧ Ecomp,2

and define the following events over t, (b, r), (a; b) output by the distribution from (64):

• E1 is the event that there does not exist j ∈ [Lin] such that TAcomp [(b, r)]⇝b =
(
ya
j

)
→b

and TAcomp [(b, r)]⇝t =(
ya
j

)
⇝t

for all t such that (a,b) ∈ supp(Pout
t ).

• E2 is the complementary event of the above. That is, that there does exist j ∈ [Lin] such that TAcomp [(b, r)]⇝b =(
ya
j

)
→b

and TAcomp [(b, r)]⇝t =
(
ya
j

)
⇝t

for all t such that (a,b) ∈ supp(Pout
t ).

It is clear that E = (E ∧ E1) ∨ (E ∧ E2) so the probability of interest is

Pr
(t,(b,r),(a;b))∼Qcomp

[E ] = Pr
(t,(b,r),(a;b))∼Qcomp

[E ∧ E1] + Pr
(t,(b,r),(a;b))∼Qcomp

[E ∧ E2]

⩽ Pr
(t,(b,r),(a;b))∼Qcomp

[E ∧ E1] + Pr
(t,(b,r),(a;b))∼Qcomp

[Ecomp,2 ∧ E2].
(65)

We start by bounding Pr[E ∧ E1]. We think of (t, (b, r), (a; b)) ∼ Qcomp as being sampled in the following manner.
First, a ∼ Qout(◦, ·, ◦) is sampled, then (b, i) ∈ Γdisc,out(a), r ∈ [M ] are chosen uniformly at random. Finally, t
is chosen according to the marginal Qout(·, a,b), and (t, (b, r), (a; b)) is output. Rewriting the distribution in this
manner, one can check that we have

Pr
(t,(b,r),(a;b))∼Qcomp

[E ∧ E1] ⩽ E
a∼Qout(◦,·,◦)

[
Pr

(b,i)∈Γdisc,out(a),r∈[M ]
[Fa,b,i,r ∧ E1]

]
, (66)

where Fa,b,i,r is the event that the assignments, TAin,a [(a;b, i, r)] := TAcomp [(b, r)]{a, i} and TBin,a [(a; b)] := TBcomp [(a; b)],
satisfy the constraint on ((a;b, i, r), (a; b)) in Din,a. We note that the event E1 contains the event that the inner decoding
on Din,a for (b, i) is not consistent with any member of Listin,a. That is, that for every j ∈ [Lin], either,(

Din,a
(b,i)((a;b, i, r), TAin,a [(a;b, i, r)])

)
b
= TAcomp [(b, r)]⇝b ̸=

(
ya
j

)
→b

or for some t ∈ Γdec,out(a),(
Din,a

(b,i)((a;b, i, r), TAin,a [(a;b, i, r)])
)
t
= TAcomp [(b, r)]⇝t ̸=

(
ya
j

)
⇝t

.

In the above two equations we are using the hardcoding of the alphabet of (b, r). Specifically, the equality in the
first equation is by the “hardcoding outer constraints” and the equality in the second equation is by the “hardcoding
decoding consistency”.

Hence for each a, the inner probability on the right hand side of (66) is at most the list-decoding error of Din,a
applied to left and right assignments TBin,a , TAin,a . This probability is at most δin by Claim 9.4, so

Pr
(t,(b,r),(a;b))∼Qcomp

[E ∧ E1] ⩽ δin,

and going back to (65), we get

Pr
(t,(b,r),(a;b))∼Qcomp

[E ] ⩽ δin + Pr
(t,(b,r),(a;b))∼Qcomp

[E2 ∧ Ecomp,2]. (67)

It remains to bound the probability on the right hand side of (67). To this end, for each j ∈ [Lin], r ∈ [M ]

let Ej,r be the event that T (j)
Aout

[a] and T
(r)
Bout

[b] satisfy the outer constraint, Φout,(a,b), or equivalently, the event that
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(T
(j)
Aout

[a])→b = (ya
j)→b

. Also define the event Fj to be the event that Dout
t (a, T (j)

Aout
[a]) /∈ {(ya

1)⇝t , . . . ,
(
ya
Lin

)
⇝t

}.
The probability on the right hand side of (67) can be bounded as

Pr
(t,(b,r),(a;b))∼Qcomp

[E2 ∧ Ecomp,2] ⩽ E
r∈[M ]

 Pr
(t,(b,r),(a;b))∼Qcomp

 ∨
j∈[Lin]

Ej,r ∧ Fj

∣∣∣∣∣ r


⩽
∑

j∈[Lin]

E
r∈[M ]

 Pr
t∈[n]

(a,b)∼Pout
t

[Ej,r ∧ Fj ]

 .

(68)

In the first transition, we use the observation that r ∈ [M ] is chosen uniformly and independently of t,b, a, b in the
distribution of the probability on the left. In addition, we use the fact that if E2 occurs, it must be the case that for some
j ∈ [Lin], T

(j)
Aout

[a] is consistent with TAcomp [(b, r)] on b and all t such that (a,b) ∈ supp(Pout
t ). Hence, if E2 ∧ Ecomp,2

occurs, then there must exist j ∈ [Lin] such that

(T
(j)
Aout

[a])→b = (ya
j)→b and Dcomp

t ((b, r), TAcomp [(b, r)]) = Dout
t (a, T (j)

out [a]) /∈
{(

w
(j′)
ℓ

)
t

}
j′∈[Lin],ℓ∈[Lout]

.

This takes care of the first transition. The second transition is by a union bound. Now fix a j ∈ [Lin] and notice that
the probability, in the summand of the last line is precisely the list-decoding error of T (j)

Aout
, T

(r)
Bout

, and hence for any
j ∈ [Lin] and r ∈ [M ],

Pr
t∈[n]

(a,b)∼Pout
t

[Ej,r ∧ Fj ] ⩽ δout.

Plugging this into (68) and going back to (67) we get that the list-decoding error is

Pr
(t,(b,r),(a;b))∼Qcomp

[E ] ⩽ δin + Lin · δout.

10 The Final dPCP
We are now ready to construct our final dPCP, using the constructions and tools developed up to this point. For the
remainder of the section, fix a size N circuit φ : Σn

0 → {0, 1} and let L := SAT(φ).

10.1 An Intermediate dPCP with Nearly Constant Alphabet Size
Our starting point is the dPCP for L given by Theorem 8.4 which we denote by D1. By composing it with the inner
dPCP from Theorem 8.3, we get the following result.

Theorem 10.1 (Intermediate dPCP). For every ε > 0 there exist L = poly(1/ε) and M = O|Σ0|(polyε(logN)),
d = Oε(1), k = O|Σ0|(polyε(log log logN)) such that the following holds. The language L has a projection dPCP of
the form

D =
(
A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]

)
which satisfies the following

• Length. O|Σ0| (N · polyε(logN)).

• Alphabet Sizes. The left and right alphabet sizes are 2O|Σ0|(polyε(log log logN)) and Oε(1) respectively.

• Decoding Degree. Oε(1).

• Projection Decision Complexity. O|Σ0| (polyε(log log logN)).

• Decoding Complexity. Oε,|Σ0|(1).
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• Complete Decoding Distribution. Call the complete decoding distribution Q. Then the following holds:

– For all a ∈ A, b ∈ B, we can write Q(◦, a, b) = wt(a,b)
M for some integer wt(a, b).

– For every b ∈ B,
∑

a∈A wt(a, b) = d.

– For every a ∈ A,
∑

b∈B wt(a, b) = k.

• Completeness. The dPCP has perfect completeness.

• Soundness. The dPCP has (poly(1/ε), ε)-list-decoding soundness.

Proof. Let us start by recalling the parameters of our Outer dPCP and inner dPCP in Table 1 and Table 2. Ultimately
we will compose two times, where both times the inner dPCP is taken from Table 2 (although instantiated on differ-
ent languages and hence different language-related parameters N ′, n′, T ′). Throughout all tables in this section, we
abbreviate complete decoding distribution as CDD. Also, once we specify that a complete decoding distribution is M -
discrete and can be written as Q(◦, a, b) = wt(a, b)/M , we refer to the left weighted degrees as the sum

∑
b∈B wt(a, b)

for each left vertex a, and the right weighted degree as the sum
∑

a∈A wt(a, b) for each right vertex b. Viewing the
bipartite constraint graph as having wt(a, b) edges between a and b for each pair of vertices a and b, these quantities
indeed correspond to degrees in this graph. Finally, all of the dPCPs in this section have perfect completeness, and all
of the transformations we use preserve perfect completeness, so we do not include perfect completeness in any of the
tables.

Henceforth, fix the circuit φ : Σn
0 → {0, 1} from the theorem statement. We will construct a dPCP for SAT(φ).

Parameter Outer dPCP: D1

Length O|Σ0|(N · polyε(logN))

Left alphabet size 2O|Σ0|(polyε(logN))

Right alphabet size Oε(1)

Decoding Degree Oε(1)

Projection Decision Complexity O|Σ0|(polyε(logN))

Decoding Complexity O|Σ0|(polyε(logN))

List-Decoding Soundness (poly(1/ε), ε)

CDD Marginal over Edges O|Σ0|(Npolyε(logN))-discrete

Left Weighted Degree all at most O|Σ0|(polyε(logN))

Right Weighted Degree all equal and Oε(1)

Table 1: The parameters of the dPCP from Theorem 8.4 applied to the language SAT(φ) with list-decoding soundness
error ε.

73



Parameter Inner dPCP: D2

Length OT ′(N ′2 · polyε(logN ′))

Left Vertices [n′] · [M ] for M = OT ′(N ′polyε(logN
′))

Left alphabet size 2OT ′ (polyε(logN ′))

Right alphabet size Oε(1)

Decoding Degree Oε(1)

Projection Decision Complexity OT ′(polyε(logN
′))

Decoding Complexity OT ′(polyε(logN
′))

List-Decoding Soundness (poly(1/ε), ε)

CDD Marginal over Edges n′ ·M ·OT ′(polyε(logN
′))-discrete

(so that K(T ′, N ′) from Theorem 8.3 is OT ′(polyε(logN
′)))

Left Weighted Degree all equal and OT ′(polyε(logN
′))

Table 2: The parameters of the dPCP from Theorem 8.3 applied to the language SAT(φ′) for some circuit φ :
(Σ′

0)
n′ → {0, 1} of size at most N ′ over an alphabet of size |Σ′

0| ⩽ T ′ with list-decoding soundness error ε.

First Composition. We apply the composition of Theorem 9.1 with outer dPCP D1 and with inner dPCPs given
Theorem 8.3. Referring to the parameters from Table 1 and Table 2, one can check that we get a dPCP, called D3,
with parameters as described in Table 3. In particular, the parameters N ′, T ′ arising in the composed dPCP guarantee
of Theorem 9.1 are O|Σ0|(polyε(logN)) and Oε,|Σ0|(1) respectively.

Parameter Composed dPCP: D3

Length O|Σ0| (N · polyε(logN))

Left alphabet size 2O|Σ0|(polyε(log logN))

Right alphabet size Oε(1)

Decoding Degree Oε(1)

Projection Decision Complexity O|Σ0| (polyε(log logN))

Decoding Complexity O|Σ0| (polyε(log logN))

List-Decoding Soundness (poly(1/ε), ε)

CDD Marginal over Edges O|Σ0|(N · polyε(logN))-discrete

Left Weighted Degree all equal and O|Σ0|(polyε(log logN))

Table 3: Composing D1 and D2. In D2, the parameters N ′ and T ′ are O|Σ0|(polyε(logN)) and Oε,|Σ0|(1) respectively.

Let A3 ∪ B3 be the sides of the constraint graph, and call Q3 the complete decoding distribution of D3. By the
discreteness of the marginal of Q3 over the edges, we can thus write, for every (a, b) ∈ A3×B3, Q3(◦, a, b) = wt(a,b)

J
for some wt(a, b) ∈ N, where J = O|Σ0|(N · polyε(logN)).

The alphabet size is now significantly smaller but is still super-constant. We would like to compose again to
further reduce the alphabet size, but we note that now D3 does not satisfy all of the requirements of the outer dPCP
in Theorem 9.1. In particular, Theorem 9.1 requires the outer dPCP’s complete decoding distribution to have uniform
marginal over the right vertices — a property that we do not have in Table 3.
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To fix this, we set d′ = O(1/ε100), multiply all of the weights by d′, and then apply Lemma 7.2 with degree d′.
We let the resulting dPCP be D′

3, and let its constraint graph have sides A3 ∪B′
3 with complete decoding distribution

Q′
3. It is straightforward to check that D′

3 has all of the same parameters as D3 in Table 3, except for the following
changes

• The length becomes d′J , where J = O|Σ0|(Npolyε(logN)) is the discreteness parameter of the complete
decoding distribution’s marginal over the edges.

• The discreteness parameter of the CDD Marginal over edges is multiplied by d′ and is still O|Σ0|(N ·polyε(logN)).

• The right weighted degrees are all d′ = Oε(1).

• The left weighted degrees are all multiplied by d′ and are still all equal to some O|Σ0|(polyε(log logN)).

Now we can compose D′
3 with the inner dPCP from Theorem 8.3 one more time using Theorem 9.1 and again

apply Lemma 7.2 with degree d′ on the resulting dPCP. This time, the inner dPCPs are applied with parameters N ′

and T ′ that are O|Σ0|(polyε(log logN)) and Oε,|Σ0|(1). Altogether, we obtain the dPCP, D4, whose parameters are
listed in Table 4. We note that, similarly to in D′

3, all of the parameters except for weighted right degrees come
from Theorem 9.1. The weighted right degrees from Table 4 are obtained by applying Lemma 7.2 which changes the
length to Oε(1) times the discreteness parameter of the complete decoding distribution’s marginal over the edges, and
increases all of the other parameters by an Oε(1) factor which is absorbed.

Parameter Composed dPCP: D4

Length O|Σ0| (N · polyε(logN))

Left alphabet size 2O|Σ0|(polyε(log log logN))

Right alphabet size Oε(1)

Decoding Degree Oε(1)

Projection Decision complexity O|Σ0|(polyε(log log logN))

Decoding Complexity O|Σ0|(polyε(log log logN))

List-Decoding Soundness (poly(1/ε), ε)

CDD Marginal over Edges O|Σ0|(N · polyε(logN))-discrete

Left Weighted Degree all equal and O|Σ0|(polyε(log log logN))

Right Weighted Degree all equal and Oε(1)

Table 4: Composing D′
3 and D2. In D2, the parameters N ′ and T ′ are O|Σ0|(polyε(log logN)) and Oε,|Σ0|(1) respec-

tively.

10.2 The Final dPCP with Constant Alphabet Size
Now we are finally ready to prove our main dPCP theorem, Theorem 3.12, which we restate below for convenience.

Theorem 10.2. For all ε > 0 there exists C ∈ N and L = poly(1/ε) such that the following holds for all size N
circuits φ : Σn

0 → {0, 1} over some alphabet Σ0. The language SAT(φ) has a 2-query, poly-time constructible dPCP
with the following properties

• Length. O|Σ0|

(
N logC N

)
,

• Alphabet Size. Oε,|Σ0|(1),
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• Complete Decoding Distribution. The marginal of the complete decoding distribution over the right vertices is
uniform and the marginal of the complete decoding distribution over the left vertices is uniform.

• Completeness. The dPCP has perfect completeness,

• Soundness. (L, 2ε1/5)-list-decoding soundness.

Theorem 10.2 is obtained from Theorem 10.1 by performing yet another composition step. This time, though, we
will compose with a Hadamard-code based dPCP construction, which has a constant size alphabet (but an exponential
length). Starting from D4, however, this exponential size dPCP is applied to a circuit of size poly(log log logN), hence
the overall length increase is only a factor of poly(log(N)), which is affordable to us. Below we state the properties
of the Hadamard dPCPs, which can be found in slightly different forms in [DH13, BMVY25].

Theorem 10.3 (Hadamard dPCP). For every ε > 0 there exist L = poly(1/ε) and functions M,K : N × N → N
satisfying

M(T,N) = 2Oε,T (N2) and K(T,N) = Oε(1)

such that the following holds. For every alphabet Σ0 of size at most T and circuit φ : Σn
0 → {0, 1} of size at most N ,

the language SAT(φ) has a projection dPCP of the form

D =
(
([n]× [M ]) ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]

)
which satisfies the following with M := M(T,N) and K := K(T,N).

• Length. O(nM).

• Alphabet Sizes. The left alphabet size is Oε,T (1) and the right alphabet size is Oε(1).

• Degrees. D has decoding degree 1.

• Projection Decision Complexity. Oε,T (1).

• Decoding Complexity. Oε,T (1).

• Decoding Distribution. Let Q be the complete decoding distribution. Then, Q satisfies the following:

– For each (t, r) ∈ [n]× [M ] and b ∈ B we can write Q(◦, (t, r), b) = wt((t,r),b)
nMK for some wt((t, r), b) ∈ N.

– For each t ∈ [n], the distribution Q(t, ·, ◦) is uniform over {t}×[M ] and hence for every (t, r) ∈ [n]×[M ],∑
b∈B

w((t, r), b) = K.

• Completeness. The dPCP has perfect completeness.

• Soundness. The dPCP has (L, 2ε1/5)-list-decoding soundness.

The proof appears in Appendix A. On a high-level, the construction is identical to the one in [BMVY25, Theorem
7.7], with minor additional considerations in the analysis.

We can now complete the proof of Theorem 10.2 by composing D4 with the Hadamard dPCP from Theorem 10.3
which we denote by DHad.

Proof of Theorem 10.2. We use Theorem 9.1 with D4 as the outer dPCP, and the Hadamard based dPCP DHad from The-
orem 10.3 as the inner dPCP. When applying DHad, the parameters N ′ and T ′ are polyε(log log logN) and Oε,|Σ0|(1)
respectively. We also have to apply Lemma 7.2 again on the resulting dPCP to obtain regularity for the right weighted
degrees (and hence uniformity of the marginal of the complete decoding distribution over the right vertices). We call
the resulting dPCP D5 and list its parameters in Table 5. Here, we remark that it is important that the dPCP given by
Theorem 9.1 has complete decoding distribution whose marginal over the edges is O|Σ0| (N · polyε(logN))-discrete,
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so the length blowup from applying Lemma 7.2 is controlled. Similar to in the previous two compositions, all of the
parameters in Table 5 are given by Theorem 9.1, except for the weighted right degrees. These are obtained by applying
Lemma 7.2 which changes the length to Oε(1) times the discreteness parameter of the complete decoding distribution’s
marginal over the edges, and increases all of the other parameters by an Oε(1) factor which is absorbed.

Parameter Composed dPCP: D5

Length O|Σ0| (N · polyε(logN))

Left alphabet size Oε,|Σ0|(1)

Right alphabet size Oε(1)

List-decoding soundness (poly(1/ε), ε)

CDD Marginal over Edges O|Σ0| (N · polyε(logN))-discrete

Left Weighted Degree all equal

Right Weighted Degree all equal

Table 5: Composing D4 and DHad. In DHad, the parameters N ′ and T ′ are O|Σ0|(polyε(log log logN)) and Oε,|Σ0|(1)
respectively.

11 Applications
In this section we describe applications of our main dPCP result (Theorem 3.12) to PCPPs, RLDCs, and CSP-
reconfiguration.

11.1 Proof of Theorem 1.7
Our 3-query PCPP construction is based on the dPCP from Theorem 3.12, along with an additional consistency check.
Due to the latter, we have to take into account the list size of the dPCP, which makes our PCPP effective only for words
which are very far from the language.

Theorem 11.1. For any ε > 0 the following holds for any alphabet Σ0. For all circuits φ : Σn
0 → {0, 1} of size N ,

there exists a 3-query PCPP Ψ = (X ∪ A ∪ B,E,P,Σ0 ∪ ΣA ∪ ΣB , {Φe}e∈E) for the language SAT(φ) with the
following parameters:

• Length. |A|, |B| = O|Σ0|(N · polyε logN), |X| = n and the edge set E ⊆ X × A × B consists of O|Σ0|(N ·
polyε logN) hyperedges, each has size 3 and includes one vertex from each one of A,B and X .

• Distribution. The marginal distribution of P on B is uniform.

• Alphabet Size. Vertices in A,B have alphabets ΣA,ΣB of size O|Σ0|,ε(1) each, the alphabet of X is Σ0.

• Soundness. There exists a universal constant C > 0 such that for any η ⩾ 1 − εC+1, if w : X → Σ0 is η-far
from SAT(φ) then for any TA : A → ΣA, TB : B → ΣB ,

Pr
(x,a,b)∼P

[Φ(x,a,b)(wt, TA[a], TB [b]) = 1] ⩽ 2ε.

Proof. Fix ε > 0. We use Theorem 3.12 to construct a dPCP for SAT(φ):

D =
(
A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Pt}t∈[n], {Dt}t∈[n]

)
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with (L, ε) list-decoding. Then, we construct a PCPP Ψ = (V ′, E′,P ′,Σ′, {Φ′
e}e∈E′) with X ⊆ V ′ as follows:

V ′ = A ∪ B ∪ X where |X| = n, E′ = {(t, a, b) : t ∈ X, (a, b) ∈ supp(Pt)}, Σ′ = ΣA ∪ ΣB ∪ Σ0. For an
edge (t, a, b) ∈ E′, the satisfying assignments of the constraint Φ(t,a,b) are tuples (σ, α, β) such that (α, β) satisfies
the constraint Φ(a,b) of D, and Dt(a, α)) = σ. Finally, the distribution P ′ is the complete distribution of D, which we
denote by Q.

The completeness, query complexity, number of vertices, edges and alphabet size of Ψ follow directly from the
construction. The marginal distribution over B is uniform as Q(◦, ◦, ·) = P ′(◦, ◦, ·) is uniform by Theorem 3.12.

We prove the soundness condition. Suppose w ∈ Σn
0 is η-far from SAT(φ), and fix assignments TA : A → ΣA and

TB : B → ΣB to the dPCP D. By the list-decoding property of the dPCP, there exists a list {u1, . . . , uL} ⊆ SAT(φ)
such that

Pr
(t,a,b)∼Q

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {(ui)t}i∈[L]] ⩽ ε. (69)

We conclude that

Pr
(t,a,b)∼P′

[Φ(t,a,b)(wt, TA[a], TB [b]) = 1]

= Pr
(t,a,b)∼Q

[Φ(a,b)(TA[a], TB [b]) = 1 ∧ (wt = Dt(a, TA[a]))]

= Pr
(t,a,b)∼Q

[Φ(a,b)(TA[a], TB [b]) = 1 ∧ (wt = Dt(a, TA[a])) ∧Dt(a, TA[a]) /∈ {(ui)t}i∈[L]]

+ Pr
(t,a,b)∼Q

[Φ(a,b)(TA[a], TB [b]) = 1 ∧ (wt = Dt(a, TA[a])) ∧Dt(a, TA[a]) ∈ {(ui)t}i∈[L]]

⩽ ε+ Pr
(t,a,b)∼Q

[wt ∈ {(ui)t}i∈[L]]

⩽ ε+
∑
i∈[L]

Pr
(t,a,b)∼Q

[wt = (ui)t]

⩽ ε+ L · (1− η),

where in the third transition we us (69), in the fourth transition we use the union bound, and in the last transition we
use the fact that ui ∈ SAT(φ), that w is η-far from SAT(φ) and that the marginal distribution of Q over t is uniform.
Since L = 1/εC for some absolute constant C > 0, given that η ⩾ 1− εC+1 we conclude the the soundness error is
at most 2ε.

11.2 Proof of Theorem 1.8
Our 4-query PCPP with optimal proximity/soundness guarantees is constructed via a similar transformation as in The-
orem 11.1 with an additional encoding idea.

Theorem 11.2. For any ε > 0 the following holds for any alphabet Σ0. For all circuits φ : Σn
0 → {0, 1} of size N

over Σ0, there exists a 4-query PCPP Ψ = (X ∪ Y ∪ A ∪ B,E,P,Σ0 ∪ Σ ∪ ΣA ∪ ΣB , {Φe}e∈E) for the language
SAT(φ) with the following parameters:

• Length. |A|, |B| = O|Σ0|(N · polyε log(N)), |X| = n, |Y | = Oε(n) and the edge set E ⊆ X × Y × A × B
consists of O|Σ0|(N · polyε log(N)) hyperedges, each has size 4 and includes one vertex from each one of
A,B,X, Y .

• Alphabet Size. Vertices in A,B have alphabets ΣA,ΣB of size O|Σ0|,ε(1) each, the alphabet of X is Σ0 and
the alphabet of Y , denoted by ΣY , has size Oε(1).

• Soundness. For any η > 0, if w : X → Σ0 is η-far from SAT(φ) then for any TA : A → ΣA, TB : B →
ΣB , TY : Y → ΣY ,

Pr
(x,y,a,b)∼P

[Φ(x,y,a,b)(wx, TY [y], TA[a], TB [b]) = 1] ⩽ 1− η + ε.
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Proof. Let C : Σn
0 → Σn/ρ be a linear time encodable code with distances 1 − µ as in Lemma 2.1; we will choose

the parameter µ later and then ρ = ρ(µ) > 0 is picked. Define the circuit φ′ : Σn
0 × Σn/ρ → {0, 1} which on input

(m,m′) ∈ Σn
0 × Σn/ρ outputs 1 only if C(m) = m′ and φ(m) = 1. Note that since φ is of size N and the encoding

circuit is linear in n, the size of φ′ is Õ(N + n/ρ). Also, we have

SAT(φ′) = {(m,m′) ∈ Σn
0 × Σn/ρ |m ∈ SAT(φ),m′ = C(m)}.

Let d ∈ N be a parameter to be chosen later, and let S ⊆ [n] × [n/ρ] be the edges of a bipartite expander with
sides [n]× [n/ρ] and right degree d, left degree d/ρ and second singular value at most O(1/

√
d). We note that S can

be constructed in polynomial time by Lemma 2.5.
Consider the circuit φ′′ : (Σ × Σ0)

|S| → {0, 1} defined as follows. Given an input w′′ : S → Σ × Σ0, define
w : [n] → Σ0 by picking for each i ∈ [n] an arbitrary j that (i, j) ∈ S and then defining w(i) = w′′(i, j)|i, and
similarly define u : [n/ρ] → Σ. The output φ′′(w′′) is 1 if:

1. For all (i, j) ∈ S, w′′(i, j) = (w(i), u(j)).

2. ϕ′(w, u) = 1.

We note that the size of φ′′ is Õ(|S|) plus the size of φ′, which is Õd,ρ(N). Using Theorem 3.12 we get a dPCP for
the language SAT(φ′′) with (L, ε)-list decoding, which we denote as

D =
(
A ∪B,E,ΣA,ΣB , {Φ(a,b)}(a,b)∈E , {P(x,y)}(x,y)∈S , {D(x,y)}(x,y)∈S

)
.

We denote the complete decoding distribution of D by Q. We think of the decoder on (x, y) ∈ S as outputting two
elements, which we call D(x,y)(·, ·)x and D(x,y)(·, ·)y .

We construct the PCPP for SAT(φ) as Ψ = (X ∪ Y ∪ A ∪ B,E′,P ′,Σ0 ∪ ΣA ∪ ΣB , {Φe′}e∈E′) where |X| =
n, |Y | = n/ρ, the edge set is

E′ = {((x, y), a, b) | (x, y) ∈ S, (a, b) ∈ supp(P(x,y))}

and the distribution P ′ is taken to be Q. The alphabet of A is ΣA, the alphabet of B is ΣB , the alphabet of X is Σ0

and the alphabet of Y is Σ. For ((x, y), a, b) ∈ E′, a tuple ((σ, τ), α, β) satisfies the constraint Φ((x,y),a,b) if (α, β)
satisfies Φ(a,b), D(x,y)(a, α)x = σ, and D(x,y)(a, α)y = τ .

The size and the other parameters of the PCPP follow from the parameters of the dPCP from Theorem 3.12 where
the circuit size is |φ′′|, and in the rest of the argument we argue the soundness of Ψ. Let w : X → Σ0 be η-far from
SAT(φ), and fix TA : A → ΣA, TB : B → ΣB and TY : Y → Σ. By the list-decoding soundness property of the D
there exists a list {w′′

i }i∈L ⊆ SAT(φ′′) such that

Pr
((x,y),a,b)∼Q

[Φ(a,b)(T [a], T [b]) = 1 ∧ D(x,y)(a, T [a]) /∈ {w′′
i (x, y)}i∈[L]] ⩽ ε. (70)

As w′′
i ∈ SAT(φ′′) we conclude that there exists ui ∈ SAT(φ), such that we have w′′(x, y) = ui(x), C(ui)y for all

(x, y) ∈ S, and we fix such ui henceforth. Let E be the event that Φ(a,b)(TA[a], TB [b]) = 1 ∧ D(x,y)(a, TA[a])x =
wx ∧ D(x,y)(a, TA[a])y = TY [y]. The soundness of the PCPP is thus Pr((x,y),a,b)∼P′ [E ], which can be written as

Pr
((x,y),a,b)∼Q

[E ] = Pr
((x,y),a,b)∼Q

[E ∧ D(x,y)(a, TA[a]) /∈ {w′′
i (x, y)}i∈[L]]

+ Pr
((x,y),a,b)∼Q

[E ∧ D(x,y)(a, TA[a]) ∈ {((ui)x, (C(ui))y)}i∈[L]].

The first term is at most ε by (70), and we now focus on the second term. Let Ey be the event that there are i ̸= i′′ such
that C(ui)y = C(ui′)y . We get that

Pr
((x,y),a,b)∼Q

[E ∧ D(x,y)(a, TA[a]) ∈ {((ui)x, (C(ui))y)}i∈[L]]

⩽ Pr
((x,y),a,b)∼Q

[E ∧ D(x,y)(a, TA[a]) ∈ {((ui)x, (C(ui))y)}i∈[L] ∧ Ēy] + Pr
((x,y),a,b)∼Q

[Ey].
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Note that for any i ̸= i′, the words C(ui), C(ui′) agree on at most µ fraction of coordinates, so by the union
bound Pr((x,y),a,b)∼Q[Ey] ⩽

(
L
2

)
µ. As for the other term on the right hand side, note that as E requires that

D(x,y)(a, TA[a]) = (wx, TY [y]) we get

Pr
((x,y),a,b)∼Q

[E ∧ D(x,y)(a, TA[a]) ∈ {((ui)x, (C(ui))y)}i∈[L] ∧ Ēy]

⩽ Pr
(x,y)∈S

[(wx, TY [y]) ∈ {((ui)x, (C(ui))y)}i∈[L] ∧ Ēy].

If the event above holds, then the values {(C(ui))y} are all different, so at most one of them is equal to TY [y]. Defining
AI = {y : Ēy ∧ (C(uI))y = TY [y]} and BI = {x : wx = (uI)x} for I ∈ [L], we get that

Pr
(x,y)∈S

[(wx, TY [y]) ∈ {((ui)x, (C(ui))y)}i∈[L] ∧ Ēy] =
∑
I∈[L]

E(x,y)∈S [1y∈AI
· 1x∈BI

]

⩽
∑
I∈[L]

Ey∈[n/ρ][1y∈AI
] · Ex∈[n][1x∈BI

] +
1√
d
·

√
|AI |
n/ρ

· |BI |
n

⩽ 1− η +
L√
d
.

In the second transition we used Lemma 2.3, and in the last transition we used the fact that Ex∈[n][1x∈BI
] ⩽ 1− η for

all I (as w is η-far from SAT(φ)) and that
∑

I∈[L] Ey∈[n/ρ][1y∈AI
] = Pr((x,y),a,b)∼Q[Ēy] ⩽ 1.

Combining all of the above, we get that

Pr
((x,y),a,b)∼Q

[Φ(a,b)(TA[a], TB [b]) = 1 ∧ D(x,y)(a, TA[a])x = wx] ⩽ 1− η +

(
L

2

)
· µ+

L√
d
.

As L = 1/εC for some absolute constant C by Theorem 3.12, choosing µ = ε2C and d = 4ε−2C , we get that the error
is at most 1− η + ε.

11.3 A Query-Preserving PCPP to RLDC Transformation
To prove Theorem 1.9 we describe a generic transformation that converts a sufficiently good 3-query PCPP into a
3-query RLDC.

Theorem 11.3. Suppose for some absolute constant C > 0 we have the following two ingredients:

• For any alphabet Σ0, constant δ > 0, and circuit φ : Σn
0 → {0, 1} of size N there is a 3-query PCPP Ψ =

(X ∪A ∪B,E,P,Σ0 ∪ Σ, {Φe}e∈E) satisfying:

– Length. O|Σ0|(N · polyε(logN)).

– Queries. Each hyperedge e = (e1, e2, e3) ∈ E satisfies e1 ∈ X, e2 ∈ A, e3 ∈ B, and choosing e
uniformly, e1 is uniformly random in X , e2 is uniformly random in A, and e3 is uniformly in B.

– Soundness. For all η ⩾ 1 − δC , if w : X → Σ0 is η-far from SAT(φ), then for any TA : A → ΣA, TB :
B → ΣB

Pr
(t,a,b)∼P

[Φ(t,a,b)(wt, TA[a], TB [b]) = 1] ⩽ 2δ.

• For any δ ∈ (0, 1) there is ρ > 0, an alphabet Σ0 of size Oδ(1), and a code C0 : {0, 1}k → Σ
k/ρ
0 with relative

distance δ, that is both quasi-linear time encodable and decodable.

Then for all µ ∈ (0, 1) sufficiently small, and sufficiently large k, there is a 3-query RLDC with message length k,
blocklength k2 · polyµ(log k), alphabet size Oµ(1), distance 1−µ

2 , and decoding radius µ. Furthermore, for all δ > 0,
the RLDC has success-rate 1− 16δ − o(1) on inputs that are δ-close to a valid codeword.
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Proof. Fix µ > 0 sufficiently small and take ρ > 0 and a code C0 as per the second item with distance 1 − µ, rate
ρ, and appropriate alphabet Σ0. For an index i ∈ [k] and a bit b ∈ {0, 1}, let φi,b : Σ

k/ρ0

0 → {0, 1} be a circuit that
given a word w of length k/ρ, outputs 1 if w is a member of C0, and furthermore the i’th bit of the encoded message
is equal to b. More precisely on an input w ∈ Σ

k/ρ
0 , run the decoding map to get m = DecC0(w), then output 1 if and

only if C0(m) = w and mi = b. Since the code C0 is quasi-linear time encodable and decodable, the circuit size of
φi,b is Õµ(k). Define Li,b := SAT(φi,b).

Unifying the proof length for PCPP invocations. For i ∈ [k], b ∈ {0, 1}, take

Ψi,b = ([k/ρ] ∪Ai,b ∪Bi,b, Ei,b,Σ, {Φe}e∈E ,Pi,b)

to be the PCPP from the premise of the statement for the language Li,b. Without loss of generality, we assume that
all the PCPPs have the same alphabet which has size Oε(1). The code we construct will contains multiple encodings
of the message and relevant proofs, but we first address a small technical issue. The PCPPs are guaranteed to have
length that is bounded by k · logC k (as the circuit size is Õµ(k)), but Ai,b (as well as Bi,b) may differ in size across
i and across b. Since each proof should be contained in a predefined part of the codeword we construct below, we
must ensure that the right and left sizes of the PCPP have the same size across all invocations. Towards that, we set
C ′ = C + 10 and let K = k · logC

′
k. Given assignments to the PCPP TAi,b

: Ai,b → Σ and TBi,b
: Bi,b → Σ

construct πi,b = (πi,b,A, πi,b,B) as follows:

• πi,b,A =
(
T

⌊K/|Ai,b|⌋
Ai,b

, νK−⌊K/|Ai,b|⌋·|Ai,b|
)

, that is, repeat TAi,b
in full ⌊K/|Ai,b|⌋-times, and put ν in the rest

to make the overall size exactly K. Here, ν is an arbitrary symbol outside of Σ.

• πi,b,B =
(
T

⌊K/|Bi,b|⌋
Bi,b

, νK−⌊K/|Bi,b|⌋·|Bi,b|
)

, that is, repeat TBi,b
in full ⌊K/|Bi,b|⌋-times, and put ν in the rest

to make the overall size exactly K.

Note that the uniform distribution over [K] and the distribution over [K] which is uniform over the subset [⌊K/|Ai,b|⌋·
|Ai,b|], are 1/ log10 k-close in statistical distance; similarly for Bi,b. We think of the PCPP as the string πi,b =
(πi,b,A, πi,b,B) of length 2K over alphabet symbols from Σ. We denote by πi,b(w) an arbitrary assignment to the PCPP
in the completeness case for w. By the perfect completeness of the PCPP, it is guaranteed that such an assignment
exists which satisfies all of the constraints with w.

The construction. Let Σ′ = Σ× {0, 1}. We define C : {0, 1}k → Σ
r·k/ρ
0 × (Σ′)2K·k as follows:

C(m) = C0(m)rπ′
1,m1

(C0(m)) · · ·π′
k,mk

(C0(m))

for r = 2ρK, where the proof π′
i,mi

are constructed as follows. We first construct πi,mi
(C0(m)), and to get

π′
i,mi

(C0(m)) we append the bit mi to each entry of πi,mi
(C0(m)). This results in doubling the alphabet size of

the proof. Overall, we get that a codeword consists of two equal length blocks:

• The first block consists of r repetitions of C0(m).

• The second block consists of the concatenation of π′
i,mi

(C0(m)) for i = 1, . . . , k, where each entry of the proof
has the bit mi “appended”.

Moreover, the second block can be further partitioned into two equal sized blocks consisting of the “A”-vertices and
“B”-vertices of each PCPP.

The decoder. Given an index i ∈ [k] and w ∈ Σ
r·k/ρ
0 × Σk·r, the decoder Dec(w, i) proceeds in the following way:

1. Choose a random repetition of out of the r repetitions in the first block of w. Call this w0.
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2. Sample a uniform index b′ in [K], and read π′
i,mi,B

at index b′. If that symbol is ν output ⊥, and else proceed.

Recall that π′
i,mi,B

contains multiple copies of assignments to the right-side Bi,mi
. The index b′ corresponds to

a vertex in b ∈ Bi,mi
, and the distribution we chose is (1/ log10 k)-close to being uniform over Bi,mi

. We note
that as the supposed value of mi is not known to the decoder yet, it does not know the correct distribution over
the locations that need to be read in the PCPP (as they may be different for each one of the languages Li,mi ).
However, since the distribution over the query on the B-side is uniform for each of Li,mi

, the query we made in
this step is sampled according to a distribution which is statistically close to the correct distribution.

3. Let x be the bit appended, so that supposedly x = mi.

4. The decoder now knows which language Li,x was supposedly used for the PCPP encoding, and in particular
the decoder can calculate the length of Ai,x. Thus, the decoder also knows which locations in the A-part of
πi,x(C0(m)) are the non-ν ones. The decoder samples a uniformly random index j ∈ [⌊K/|Ai,x⌋] and looks at
the jth copy of πi,x(C0(m)) from the A-part. The verifier samples (t, a,b) ∼ Pi,x conditioned on b = b, and
then queries the locations corresponding to a in the jth copy of the A-part of πi,x(C0(m)) and t in w0.

5. If the read assignment to a does not have the bit x appended, output ⊥. Else, remove the appended bit from
each of the read symbols and proceed.

6. If the read assignment satisfies the constraint on (t, a, b) of Ψi,x, output x. Otherwise, output ⊥.

Analysis of the construction. We now analyze the construction. It is easy to see that the code has distance at least
1−µ
2 due to the repetitions in the first block. The length and completeness for relaxed local decoding are clear from

the corresponding properties of the PCPP.
For the success rate, suppose the codeword, w, is δ-close to some valid codeword w′. Let I1, I2, and I3 be the

C0(m)r part, the A-parts of the proofs, and the B-parts of the proofs respectively. The queries of the decoder are
distributed as follows. Over a uniformly random index to decode, the marginal distribution of the queries of the
decoder is: (1) a uniformly random query in I1, (2) a query according to a distribution which is o(1)-close to uniform
over I2, and (3) a uniformly random query in I3. Let δs be the fraction of locations in Is on which w and w′ differ,
so that 1

2 |I1|δ1 + 1
4 |I2|δ2 + 1

4 |I3|δ3 is the Hamming-distance between w and w′ and hence at most δ · 4Kk. As
|I1| = 2Kk, |I2| = Kk and |I3| = Kk we get that δ1 + 1

4δ2 +
1
4δ3 ⩽ 4δ. By the union bound, the probability that

any of the queries of the decoder is a location in which w and w′ differ is at most

δ1 + δ2 + δ3 + o(1) ⩽ 4(δ1 +
1

4
δ2 +

1

4
δ3) + o(1) ⩽ 16δ + o(1).

In this case, the decoder acts on w as it would act on w′, hence it outputs the correct bit by the completeness. We
conclude that the success rate is at least 1− 16δ − o(1).

We now analyze the soundness of the decoder. Suppose that there is a message m ∈ {0, 1}k such that

dist(w, C(m)) ⩽ µ,

and fix an i ∈ [k] to decode. Choosing the copy w0 of the supposed encoding of m under C0 from the first block
uniformly, we get that,

E
w0

[dist(w0, C0(m))] ⩽ 2µ.

Thus, by Markov’s inequality with probability at least 9/10 we have that the w0 chosen satisfies

dist(w0, C0(m)) ⩽ 20µ. (71)

Now the decoder, as described above, looks at the proof π′ from the second block which is supposedly the proof
π′
i,mi

(w0). If one of the proof queries has the bit mi appended, then the decoder will output either mi or ⊥, and we
are done. Otherwise, they both have the bit mi ⊕ 1 appended. In that case, the verifier of the PCPP of Li,mi⊕1 is run,
and we lower bound its rejection probability. By (71) and the fact C0 has distance 1−µ, we get that dist(wi,Li,mi⊕1) ⩾
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(1− µ)− 20µ = 1− 21µ. In this case, the decoder will output ⊥ with probability at least 1− 2 · (21µ)1/C − 1
log10 k

for some fixed constant C > 0, by the soundness of the PCPP.5 In particular, for sufficiently large k and sufficiently
small µ, the decoder outputs either the correct bit or ⊥ with probability at least

9

10
·
(
1− 2 · (21µ)1/C − 1

log10 k

)
⩾

2

3
,

where the inequality follows by setting µ to be sufficiently small.

Proof of Theorem 1.9. Invoke Theorem 11.3 with the PCPP from Theorem 11.1 and the codes from Lemma 2.1.

11.4 Improved PSPACE Inapproximability of CSP-Reconfiguration
The reconfiguration inapproximability problem [HO24, CM24, GRW25] studies the complexity of moving between
two given solutions to a given CSP instance, by modifying the value of only a single variable at each step, and only
going through assignments that satisfy a large fraction of the constraints. More precisely:

Definition 11.4 (Gap1,ε q-CSPΣ Reconfiguration). Let q ⩾ 1 be an integer, ε ∈ (0, 1], and Σ be a finite alphabet. An
instance of Gap1,ε q-CSPΣ Reconfiguration is specified by a q-CSPΣ instance Φ and two solutions σ, σ′ ∈ Σn. The
task is to distinguish the following two cases:

• Yes Case. There exist assignments σ(0), . . . , σ(t) ∈ Σn such that σ(0) = σ, σ(t) = σ′, each σ(i), σ(i−1) differ
on at most one coordinate, and each σ(i) satisfies all constraints in Φ.

• No Case. There exist no assignments σ(0), . . . , σ(t) ∈ Σn such that σ(0) = σ, σ(t) = σ′, each σ(i), σ(i−1) differ
on at most one coordinate, and each σ(i) satisfies at least ε fraction of the constraints in Φ.

The recent work of [GRW25] establishes a formal connection between PCPPs and hardness of CSP reconfiguration
problems, where the better the parameters of the PCPPs are, the better of a gap one obtains for the reconfiguration
problem.

Theorem 11.5 (Theorem 2, [GRW25]). Suppose for some η ∈ (0, 1), there is an alphabet Σ0 such that we have the
following two ingredients:

• Any error-correcting code C : {0, 1}n → Σk
0

6 with relative distance η ∈ (0, 1) that is encodable in space
poly(n).

• For any constant δ < η/2 and every circuit φ : Σn
0 → {0, 1} of size N there is a q-query PCPP which is con-

structible in space polynomial in |Σ0|, N , (δ, ε(δ))-soundness, randomness O(logN), alphabet size Oδ,|Σ0|(1).

Then for all δ < η/2, there is an alphabet Σ of size Oδ,|Σ0|(1), Gap1,1−ε(δ) (q+1)-CSPΣ Reconfiguration is PSPACE-
hard.

Since our PCPP from Theorem 11.2 achieves strong relation between the proximity and rejection probability we
can use it to instantiate the theorems above with it.

We can now prove Corollaries 1.13 and 1.14.

Proof of Corollary 1.13. Take the code from Lemma 2.1 with distance greater than 1− δ for some arbitrarily small δ
and take the 4-query PCPP of Theorem 11.2, which rejects 1−δ

2 -far inputs with probability 1−δ
2 +ε for some ε = ε(δ)

arbitrarily small relative to δ. Then, the result follows by plugging these two pieces into Theorem 11.5.

Proof of Corollary 1.14. The result follows by a simple reduction from Gap1,1−ε (q + 1)-CSPΣ to Gap1,1− ε
q+1

2-
CSPΣ,

5The 1
log10 k

term is because the query we made to the B-side is only 1
log10 k

-close to uniform in total variation distance.
6In [GRW25], a binary code (rather than a code over a larger alphabet) is used. However, an inspection of their argument shows that they only

use the fact the messages are binary. Thus, the alphabet size of the encoding could be taken as a large constant.
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A The Final Inner dPCP (Hadamard dPCP)
In this subsection we prove Theorem 10.3. We do so in three steps:

• We present the notion of right-assignment decoding soundness, which most dPCP constructions in the literature
satisfy. We show that it implies our notion of list-decoding soundness.

• We recall the definition of robust dPCPs from [DH13]. A construction of such dPCPs yields the desired structure
of the left-vertices in the inner dPCPs for composition (see Theorem 8.3).

• Then we show that the folklore Hadamard dPCP (taken from [BMVY25, Lemma 7.7]) satisfies all of our re-
quirement for the inner dPCP.

A.1 Right-Assignment Decoding to Left-Assignment Decoding
Below is the more commonly used list-decoding soundness for dPCPs. In it the list is constructed from a fixed
assignment to the right side of the dPCP, as opposed to Definition 3.3 wherein it is constructed from a fixed assignment
to the left side of the dPCP.

Definition A.1. Let D be a decodable PCP for L. Given ε ∈ [0, 1], L ∈ N we say that D satisfies right-assignment
(L, ε)-list-decoding soundness if the following holds. For any right assignment TB : B → ΣB there exists a list
{w1, . . . , wL} ⊆ L such that for any TA : A → ΣA,

Pr
t∈[n]

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {(wi)t}i∈[L]] ⩽ ε.

In the definition above, the right-assignment TB is fixed and induces a list of candidate words in the language,
whereas in our definition of list-decoding soundness it is the left-assignment TA that is fixed. In the following we
show a simple transformation between the two notations:

Lemma A.2. Suppose a language L has a projection dPCP D =
(
A ∪B,E,ΣA,ΣB , {Pt}t∈[n], {Dt}t∈[n]

)
with

right-assignment-decoding (L, ε)-list-decoding soundness. Then D also satisfies (L · ε−1/5, 2ε1/5)-list-decoding
soundness for the language L.

Proof. First, note that since D is a projection dPCP, for each a ∈ A and an assignment to it σ, each neighbour b ∈ Γ(a)
has a unique assignment that would satisfy the constraint Φ(a,b), and we denote it by (σ)b (the vertex a will always be
clear from context). Let Q be the complete decoding distribution of D.

Fix an assignment TA : A → ΣA, and consider the following candidate list: for each b ∈ B, let cand(b) be
the set of symbols σ ∈ Fq such that Pra∼Q(◦,·,b)[TA[a]b = σ] ⩾ ε1/5. One can find J = 1/ε1/5 assignments
T ′
1, ...T

′
J : B → ΣB , such that for every b ∈ B and every σ ∈ cand(b) there is some j ∈ [J ] such that T ′

j [b] = σ. We
use the assignments T ′

1, ..., T
′
J to invoke the right-assignment list-decoding property of the dPCP with respect to fixed
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right assignments (and with TA being the left assignment). Thus, for each j we get a list L′
j = {wj

1, . . . , w
j
L} ⊆ L

such that
Pr

t∼[n],
(a,b)∼Pt

[Φ(a,b)(TA[a], T
′
j [b]) = 1 ∧Dt(a, TA[a]) /∈ {(wj

i )t}i∈[L]] ⩽ ε.

Define the list list L′ = ∪j∈[J]L
′
j . To complete the proof, we will show that for any TB : B → ΣB we have

Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J]] ⩽ J · ε+ ε1/5 ⩽ 2ε1/5.

First, note that the probability on the left hand side can be written as

Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J]]

= Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J] ∧ TA[a]b ∈ cand(b)]

+ Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J] ∧ TA[a] /∈ cand(b)].

The second term is bounded by ε1/5 by the definition of the cand(b) list. For the first term, we use union bound:

Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J] ∧ TA[a]b ∈ cand(b)]

= Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J] ∧ (∪j∈[J]TA[a]b = T ′

j [b])]

⩽
∑
j∈[J]

Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], TB [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj
i [t]}i∈[L],j∈[J] ∧ TA[a]b = T ′

j [b])]

=
∑
j∈[J]

Pr
t∼[n],

(a,b)∼Pt

[Φ(a,b)(TA[a], T
′
j [b]) = 1 ∧Dt(a, TA[a]) /∈ {wj

i [t]}i∈[L],j∈[J])]

⩽ J · ε.

In this third transition we used the fact that if Φ(a,b)(TA[a], TB [b]) = 1 and TA[a]b = T ′
j [b], then we must have

TB [b] = T ′
j [b]. In the last transition we used the right-assignment (L, ε)-list-decoding soundness of D.

A.2 Going from Robust dPCPs to dPCPs
In order to present the Hadamard dPCP from prior work, we need to first present an alternative definition of dPCPs,
called robust dPCPs, introduced by [DH13]. The main difference between robust dPCPs and our notion of dPCP is
that robust dPCPs have a different notion of list-decoding soundness.

Definition A.3 (Robust Decodable PCPs). Let φ : Σn
0 → {0, 1} be a circuit of size N . A PCP decoder for the

language SAT(φ) over a proof alphabet Σ is a probabilistic polynomial-time algorithm D that on an input circuit
φ : Σn

0 → {0, 1} of size N and an index j ∈ [n], tosses r = r(N) random coins to sample from a distribution Pj

supported over tuples containing (I, f) which are:

(1) A sequence of q = q(N) locations I = (i1, . . . , iq) in a proof of length m(N) over the alphabet Σ; the
parameter q is referred to as the query complexity of D.

(2) A (local decoding) function f : Σq → Σ0 ∪{⊥} whose corresponding circuit has size at most s(N), referred to
henceforth as the decision complexity of the decoder.
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For functions δ : Z+ → [0, 1] and L : Z+ → Z+, we say that a PCP decoder D is a dPCP for SAT(φ) with soundness
error δ and list size L if the following completeness and soundness properties hold for every circuit φ : Σn

0 → {0, 1}
of size N :

• Completeness. For any y ∈ Σn
0 such that φ(y) = 1, there exists a proof π ∈ Σm, also called a decodable PCP,

such that
Pr
j,I,f

[f(πI) = yj ] = 1,

where j ∈ [n] is chosen uniformly at random and I, f are distributed according to Pj and the verifier’s random
coins.

• Soundness. For any π ∈ Σm, there is a list of 0 ⩽ ℓ ⩽ L strings y1, . . . , yℓ satisfying φ(yi) = 1 for all i, and
furthermore

Pr
j∈[n],(I,f)∼Pj

[
f(πI) /∈ {⊥, y1j , . . . , y

ℓ
j}
]
⩽ δ.

• Robust Soundness. We say that D is a robust dPCP system for SAT(φ) with robust soundness error δ if the
soundness criterion can be strengthened to the following robust condition:

Ej∈[n],(I,f)∼Pj
[agr(πI ,BAD(f))] ⩽ δ,

where BAD(f) := {w ∈ Σq | f(w) /∈ {⊥, y1j , . . . , y
ℓ
j}}.

We have the following correspondence between robust dPCPs as in Definition A.3 and our more usual notion of
dPCPs.

Lemma A.4. Suppose a language L ⊆ Σn
0 has a robust dPCP with the following parameters

• Length. m.

• Query complexity. d1.

• Proof alphabet. Σ.

• Randomness Complexity. r.

• Completeness. Perfect completeness.

• Soundness. Robust soundness error ε with list size L.

Then L has a dPCP with the following parameters

• Length. The left vertex set has the form [n]× [2r] and the length is m+ n · 2r.

• Alphabets. The left alphabet is a subset of Σd1 and the right alphabet is Σ.

• Degree. Decoding degree is 1.

• Complete Decoding distribution. Let Q be the complete decoding distribution and let the left and right sides be
A and B respectively. Then the complete decoding distribution satisfies the following.

– The marginal over A is uniform.

– For each a ∈ A, the distribution Q(◦, a, ·) is uniform over d1 vertices in B.

• Completeness. Perfect completeness.

• Soundness. (L · ε−1/5, 2ε1/5)-list-decoding soundness.
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Proof. Fix a robust dPCP for L as in the premise. We construct a dPCP D for L, whose parts are

D = (A ∪B,E,ΣA,ΣB , {Φe}e∈E , {Dt}t∈[n], {Pt}t∈[n]),

as follows. The right vertices correspond to the proof locations of the robust dPCP. The left vertices are labeled as
[n] × [2r] and they correspond to ever possible pair of index t ∈ [n] and randomness ℓ ∈ [2r] when choosing the
queries given index t. By the randomness complexity of the robust dPCP, each query set corresponds to one of 2r

random strings. The edges e correspond to all pair (t, ℓ) ∈ A and b ∈ B such that the decoder of the robust dPCP
given index t and randomness ℓ queries the location corresponding to b in the proof. The left alphabet is Σd1 . For the
vertex (t, ℓ) ∈ A, we think of an alphabet symbol as corresponding to answer to the d1 queries made by the robust
dPCP given index t and randomness ℓ. It also corresponds to a labeling of its d1 neighbors on the right side. We
constrain the alphabet to only consist of values which would have made the robust dPCP verifier accept. The right
alphabet is Σ, and each constraint between (t, ℓ) ∈ A and b ∈ B checks that both assignments agree on the value
assigned to b. The decoder is the same as in the robust dPCP. That is, it thinks of the symbol assigned to (t, ℓ) ∈ A
as the d1 answers to its queries in the robust dPCP and decodes accordingly. Finally, for each t ∈ [n], the decoding
distribution Pt chooses ℓ ∈ [n] randomly, chooses one of d1 many b ∈ B adjacent to (t, ℓ) uniformly at random, and
outputs (t, (t, ℓ), b).

It is straightforward to check that D has the desired length, alphabets, decoding degree, and properties for the
complete decoding distribution. For perfect completeness, for any w ∈ L, using the perfect completeness of the robust
dPCP we get that there is an assignment to B such that the robust dPCP always accepts and decodes to wt. Then, we
assign the left side according to the assignment to B. That is, for each (t, ℓ) ∈ A, the assignment to (t, ℓ) consists of
the d1 symbols from Σ assigned to its d1 neighbors. It is straightforward to check that all of the constraints of D are
satisfied and the decoder for D decodes wt with probability 1 for all t ∈ [n]. Finally, it is straightforward to see that
the definition of robust soundness corresponds directly to right-assignment (L, ε)-list-decoding soundness. Then, the
desired list decoding soundness follows by applying Lemma A.2.

A.3 The Hadamard dPCP
We are now ready to present the Hadamard dPCP and prove Theorem 10.3. The result follows by plugging the robust
(Hadamard) dPCP presented in [BMVY25] into the transformation of Lemma A.4.

Lemma A.5 (Lemma 7.7 from [BMVY25]). For every T,N ∈ N and ε > 0 the following holds. Let φ : Σn
0 → {0, 1}

be a circuit of size at most N over an alphabet of size at most T . There exists q = 1/εO(1) such that the language
SAT(φ) has a robust dPCP (according to Definition A.3) with the following parameters:

1. Length. m(N) = qO(N2).

2. Alphabet Size. q.

3. Randomness complexity. r(N) = O(N2 log(q)).

4. Query Complexity. qO(log |Σ0|).

5. Soundness. Robust soundness ε with list size 1/εO(1).

Proof of Theorem 10.3. The result follows by plugging the robust dPCP of Lemma A.5 into the transformation of
Lemma A.4. The projection decision complexity and decoding complexity follow from the fact that each can be
implemented as a circuit which outputs 0 or 1 and has an input consisting of at most two symbols from alphabets
of size at most Oε,T (1). Finally, the complete decoding distribution condition follows from the complete decoding
distribution guarantee of Lemma A.4.
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