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Abstract

It is a long-standing open problem in algebraic complexity to prove lower bounds against
multilinear algebraic branching programs (mABPs). The best lower bounds in this setting are
still quadratic (Alon, Kumar and Volk (Combinatorica 2020)). At the same time, it remains a
possibility that the “min-partition rank” method introduced by Raz (Theory Comput. 2006),
which is used to prove all known multilinear lower bounds, can also be used to prove superpoly-
nomial lower bounds on the size of mABPs.

In this paper, we analyze the potential of the min-partition rank method to prove lower
bounds on the size of mABPs and prove the following:

1. We relate this method to a purely combinatorial question regarding the minimum size of
a set system whose chains satisfy a discrepancy condition. In the case of set-multilinear
ABPs, this characterizes the best lower bound that can be achieved.

2. We prove a non-trivial upper bounds on the size of set systems with this combinatorial
property. This recovers a superpolynomial separation between mABPs and multilinear
formulas (Dvir, Malod, Perifel and Yehudayoff (STOC 2012)). Our proof is conceptually
different, and may have wider consequences.

3. The property we study extends combinatorial notions of “balancing sets” considered in
previous works, for which near-tight bounds are known via intervals. We show that inter-
vals are very far from satisfying our property. This showcases how our methods capture
combinatorial structure that evades previous techniques.

These results build a bridge between algebraic complexity theory and the behavior of random
walks. The upper bound uses the fact (Csdki, Erdés, and Révész (PTRF 1985)) that a random
walk of length n on the integers returns to its starting point once every < n/logn steps with
noticeable probability. To show the latter result, we prove that two independent random walks
are “far” from each other in discrete Fréchet distance.
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1 Introduction

Basic background. Algebraic complexity theory is the study of algebraic problems in models
such as algebraic formulas, branching programs and circuits. Analogous to the Boolean circuit
classes NC! € NL C NC?, in algebraic complexity we study complexity classes VF C VBP C
VP, and a central goal is to prove lower bounds against all classes in this chain.

Notable success has been achieved in the multilinear setting where we restrict each of the alge-
braic models to compute only multilinear polynomials (in a syntactic! way). In particular, this gives
us a multilinear hierarchy mVF C mVBP C mVP. Well-known results of Raz [Raz09, Raz06]
showed superpolynomial lower bounds on the size of multilinear formulas computing some explicit
polynomials in mVP, thus separating the first and third levels of this hierarchy. Subsequently,
Dvir, Malod, Perifel and Yehudayoff [DMPY12] proved a stronger separation between the first
and second levels of this hierarchy. There has been a large volume of follow-up work in algebraic
complexity (e.g. [RSY08a, RY09, RY 11, CLS19, AKV20, K522, K523, CKS524]) and it also found
applications in quantum computation [Aar04, RY11] and proof complexity [RT08, FSTW21]. De-
spite this interest, we have not yet been able to extend the lower bounds to higher classes in the
multilinear hierarchy such as mVBP. This is the question that motivates our work.

Multilinear algebraic branching programs (mABPs). The mABP computational model
is an algebraic analogue of Boolean branching programs, which model space-eficient (Boolean)
computation. An mABP is defined to be a directed acyclic graph G with a source a and sink b.
The edges of G are labelled with affine linear polynomials (e.g. 1 — 2z; + 22). The polynomial
computed is the sum, over all a-to-b paths, of the products of the edge-labels occurring along the
path. To keep the polynomial multilinear, we impose the condition that the same variable cannot
appear in more than one edge label along a path. Multilinear formulas and circuits are defined
similarly using algebraic analogues of Boolean formulas and Boolean circuits, but we omit their
formal definitions here as they are not crucial in what follows. The central open question we care
about is the following:

Question 1. Do there exist explicit n-variate multilinear polynomials P, that cannot be computed
by mABPs of size poly(n)?

As mentioned above, this question has been resolved positively for multilinear formulas by the
work of Raz [Raz09, Raz006]. For mABPs and the stronger model of syntactially multilinear circuits,
the best lower bounds are nearly quadratic [RSY08a, AKV20].

The lower bound method. Nearly all known lower bounds for multilinear models of computa-
tion (including all those mentioned above) can be proved using the “min-partition rank” technique
developed by Raz [Ra209]% and relies on ideas of Nisan [Nis01] and Nisan and Wigderson [N'W97].

Given a multilinear polynomial P(z1,...,%,) with n even and a partition II = (Y, Z) of the
underlying variable set into two parts, we define the coefficient matriz My (P) to be a 2Vl % 21Z]

We can also define a semantic notion of multilinearity, which coincides with the syntactic notion for formulas in
terms of computational power, but is potentially more powerful in the setting of branching programs and circuits. In
this paper, the word ‘multilinear’ will only refer to the syntactic variants.

2Tt should be noted that separations between different multilinear models require us to sometimes use specializa-
tions of this technique that yield a more fine-grained understanding. But the basic technique suffices to just prove a
lower bound.



matrix whose rows and columns are labelled by multilinear monomials my and my respectively.
The (my,mz)-th entry of M (P) is the coefficient of mymyz in P. We define the min-partition
rank of P by minimizing the rank of My(P) over all equipartitions (i.e. |Y| = |Z] =n/2):

I'(P) := ml_i[n rank(Mr(P)).

an equipartition

We call the polynomial P full-rank if I'(P) = 2/2. In other words, My has full rank for all II.
Using this notion of the complexity of a polynomial, Raz established the following.

Theorem 1.1 (Raz [Raz09, Raz06]). Let F be any field. Any multilinear formula computing a
full-rank multilinear polynomial P(z1,...,x,) € Flz1,...,x,] must have size at least nf¥1°g™),

Further, if F is infinite, then there exist multilinear circuits of size poly(n), and multilinear
ABPs and formulas of size at most n?1°8™) computing full-rank polynomials.?

Using the above theorem, Raz proved the existence of explicit sequences of n-variate polynomials
that have small multilinear circuits but no multilinear formulas of size < n°°87) A follow-up result
of Dvir, Malod, Perifel and Yehudayoff [DMP Y 12] exhibited a similar separation between mABPs
and multilinear formulas, but this was based on the fact that mABPs can compute a polynomial
that is full-rank with respect to a suitable subfamily of all equipartitions.

Known lower bounds on mABP size. While Theorem 1.1 shows that full-rankness is not
sufficient to prove a superpolynomial multilinear circuit lower bound, it could potentially prove
such a lower bound on mABP size. However, the best mABP lower bound we have (which is also
based on this method) is only Q(n?). We review this result [RSY08a, AKV20] below, as it naturally
leads to our new approach to mABP lower bounds.

Assume that a full-rank polynomial P(z1,...,z,) has an mABP of size s and assume for
simplicity that the mABP is ‘layered’ in the sense that vertices are divided into layers and edges
go from one layer to the next, and for all vertices v at layer 7, the set X, of variables seen on the
paths from a to v is a set of size 7. To prove a lower bound for such an mABP, we note that for
any ¢ € [n], the polynomial P can be decomposed as

P = Z Lv(Xv) : R’U(X \ X’U)7 (1)

v in layer i

where L, corresponds to the sum of all paths from a to v and R, the sum of all paths from v to b.
Proving a lower bound on the number of terms in any such decomposition yields a lower bound on
the number of vertices at layer 3.

To lower bound the number of terms in the decomposition, we turn to discrepancy. We show that
if the number of summands on the right hand side of (1) is small, then we can find an equipartition
IT = (Y, Z) such that each summand has low-rank for this choice of II. This can be guaranteed
by ensuring that, for each v, the induced partition II' = (Y N X,, Z N X,) of X, is sufficiently
‘imbalanced’. Informally, this ensures that the coefficient matrices of L, and R, are both ‘far from
square’ matrices and hence that My (f, - gy) is far from full-rank.

3Raz’s work actually proves this result for a suitable transcendental extension of any field but this can be circum-
vented over an infinite field by replacing the transcendental elements by random elements from (a large subset of)
F.



This leads to the combinatorial question of understanding the smallest set system where we
have such a discrepancy bound [RSY08a]. More precisely, fix an ¢ € [n]. Call a set system ) C ([?])
k-balancing if for any balanced function f : [n] — {£1} (representing the equipartition), there is
a'Y € Y such that |3 .y f(y)| < k. Then, the size of the smallest such k-balancing set system
represents the best lower bound we can prove for the number of vertices in layer i of the mABP.
Note that the answer to this is at most n, since the set of all intervals in {1,...,n} of size ¢ yields
a set system with discrepancy bound 1. This simple example is nearly tight for ¢ € [n/4,3n/4] and
small k: Alon, Kumar and Volk [AKV20] proved a tight lower bound of Q(n/k) on the size of such
‘balancing set systems’ for all k£ , which leads to a near-linear bound on the number of vertices in
each layer and hence a near-quadratic lower bound on mABP size.*

Our new technique. In order to prove a stronger lower bound, we suggest a modification of the
decomposition in (1). We observe that such a decomposition of P can be obtained by looking at
any vertex cut in the mABP separating the source a from the sink b. As long as we can find a
partition IT and a suitable cut C such that for each vertex v € C', the set X, is imbalanced with
respect to II, we obtain a lower bound. This gives us potentially exponentially many possibilities
to work with and hence a much better chance at proving a lower bound.

By graph-theoretic arguments, the non-existence of such a cut is equivalent to the existence of
an a-b path such that all the vertices v along the path are balanced. These vertices correspond to
a chain of subsets of the variable set, which naturally brings us the following definition.

Definition 1.2 (Balanced-chain set systems). Let X be a finite set with n elements and let X C
P(X) be a family of subsets of X. Denote by C(X) the set of mazimal chains of P(X) contained
in X; i.e., a chain (Cp,...,C)) is in C(X) iff | = n and |C;| = ¢ for each i € {0,...,1}.

For a function f: X — {—1,1} which we will call a partition, and S C X, let f(S) := > s f(x).
We say that f is balanced (or that f is a balanced partition of X) if f(X) = 0. We define the chain-

balance of X with respect to f as

cbal = i a Ci)|.
x(f) (o, B max (T3l

We define the chain-balance of X to be

bal(X) := bal .
cba ( ) balanced F%{X_} {-1,1} cba X(f)
We say that X is a k-balanced-chain set system if cbal(X) < k. <
The definition of chain-balance above resembles standard definitions in discrepancy theory.
Think of X as X = [n]. The set [n| has the canonical maximal chain C* = (&, [1],[2],...,[n]).
Every permutation 7 of [n] defines a maximal chain C™ by applying 7 on each interval in C* (that
is, CT = 7([7]) for all 7). The discrepancy of the permutations 1, ..., m,, is defined as

min max max |f(m;([2]))]

F:X—{x1} jelm] i€n] £ (i (D)
In a nutshell, we care about the most balanced partition f of [n]. There are several known bounds
on discrepancy of permutations (for example, the discrepancy is at most O(mlogn)), and it was
algorithmically studied in the offline and online settings (see e.g. [NNN12] and references within).

4The general ‘unlayered’ case is more complicated.



Our definition is “dual” to the standard one in that the order of quantifiers is reversed
(max s minc versus miny maxc). There are two additional differences between the standard formu-
lation and ours. First, instead of the algorithmic task of finding f that is as balanced as possible, we
care about “hardness” results that show that every f is not balanced. The second difference is more
subtle. Instead of an explicit list of permutations, we care about an implicit list of permutations.
The list of permutations we care about is described by all maximal chains in the given family of
sets X'. Later on, we shall see that we mostly care about the case that X can be described via a
small branching program. As we shall see below, there are many examples of exponentially large
families of permutations that can be described by a small branching program. This makes proving
lower bounds harder, but on the other hand, there are non-trivial constructions (upper bounds)
that have implications in algebraic circuit complexity.

An example: intervals. Identify X with the set [n]. Consider the set system Z of all intervals
contained in [n]:
T={li,j] |1 <ij<n}

As noted above, this set system provides minimum-sized examples of 1-balanced set systems con-
tained in ([’Z]) for any ¢. It is therefore natural to understand if they yield balanced-chain set
systems (the key new word is “chain”). This is a nice exercise, which we solve next.

The intervals set system, despite being balanced, is far from being a balanced-chain set system.
Consider e.g. f : [n] — {£1} given by

#) = {1 j € [n/4U[(3n/4) +1,n]

—1 otherwise

Pictorially, the graph of ¢ — f([i]) comprises a mountain of linear height and a valley of linear
depth. It can be shown that any chain in C(Z) contains a set S that is very much not balanced;
ie, |f(S)] > Q(n). Note that unbalance n/2 is the worst possible.

1.1 Results

Balanced-chain set systems and lower bounds. Our first result relates balanced-chain set
systems to the problem of proving mABP lower bounds. We show the following two-directional
equivalence.

Theorem 1.3. Let s = s(n) be any growing function of n with s > n. If any (log s)-balanced-chain
set system has size at least s, then any mABP computing a full-rank polynomial has size at least
s Conversely, if there is an O(1)-balanced-chain set system of size s, then there is an mABP
computing a full-rank polynomial of size at most s - poly(n).

The reader may find the forward direction fairly intuitive, given the discussion above. In the
other direction, it is possible to turn this purely combinatorial construction back into a polynomial
that satisfies the algebraic property of full-rankness.

Remark. The above theorem provides a near-tight characterization of the size of the smallest
mABP in terms of the size of the smallest balanced-chain set system. The two directions differ
only in the balance parameter: e.g., an mABP lower bound of the form s > n¢ requires us to show
that every €(clogn)-balanced-chain set system needs size n¢, but an upper bound of s < n® can



only be ensured by an O(c)-balanced-chain set system of size n°. We can close this gap completely
for the more restrictive setting of set-multilinear ABPs (defined below) where both directions use
a balance parameter that is ©(c). So at least in the set-multilinear setting, where the lower bound
question is still open [CKS524], we have a perfect characterization of the ABP complexity of full-
rank polynomials in terms of the combinatorial question.

The next question is to understand how to analyze and prove lower bounds on the minimal
size of a balanced-chain set system. A priori, this problem could be difficult as finding a partition
f X — {£1} with respect to which cbaly(f) is small could be hard. However, we show via a
simple covering argument that a uniformly random partition is as hard as a worst-case partition
in the following sense: if there is a small set system that contains a balanced chain for a random
partition with good probability, then there is also a small balanced-chain set system. We make this
precise below.

Definition 1.4. For ¢ € [0, 1] and k € R>(, we call an mABP set system X" an (e, k)-balanced-chain
set system if, for a uniformly random balanced f : X — {%1}, we have

Py [cbaly(f) < k] > e.

Note that a k-balanced-chain set system is also a (1, k)-balanced-chain set system. <

Lemma 1.5 (Worst-case to average-case reduction). If there is an (e, k)-balanced-chain set system
of size s, then there is a k-balanced-chain set system of size at most O(sn/e).

We use both directions of Theorem 1.3 and Lemma 1.5 in what follows.

An improved upper bound on the size of balanced-chain set systems. We note that
Theorem 1.3 in combination with the results of Raz (Theorem 1.1) immediately implies that there
is an O((logn)?)-balanced-chain set system of size n®1°8™) In fact, it is not hard to give a direct
proof of the slightly stronger fact that there is a 1-balanced-chain set system of size n®1°8™) This
is proved using an inductive construction, using the fact (already mentioned above) that the family
of intervals contained in [n] are tight for the ‘balancing set systems’ problem. The above lemma,
however, is still consistent with the fact that the mABP complexity of any full-rank polynomial
could be n2(1°8™) which is no better than the upper bound in Theorem 1.1.

Using a more sophisticated inductive argument, we are able to improve the easy upper bound
superpolynomially, marking the first such improvement.

Theorem 1.6. There is a 1-balanced-chain set system of size at most n@Uogn/loglogn)

Using Theorem 1.3, this immediately implies that there are full-rank mABPs of size
nOUogn/loglogn) = Ay immediate consequence (using Theorem 1.1) is that mABPs are superpolyno-
mially more powerful than multilinear formulas.

This recovers a superpolynomial separation between these models that was proved in [DMP Y 12].
Our result is weaker than this work both quantitatively (the superpolynomial lower bound) and
qualitatively (the construction of the set system and hence the mABP is not uniform). However,
we note that our proof is very different from that of [DMPY12]. While the proof of [DMPY12]
reveals more about the structure of multilinear formulas by showing that they are not full-rank
with respect to a much more restricted family of equipartitions (called arc-partitions), our proof



yields a better understanding of the computational power of mABPs, which is what we need to
prove lower bounds against the latter model.

From a broader computational complexity perspective, understanding the size of ABPs is closely
related to studying the computational power of dynamic programming. The construction above
shows that dynamic programs can be quite powerful. More concretely, consider the following non-
deterministic read-once branching program model. The devices in this model are directed acyclic
graphs with a designated source a and a designated sink b. The input is € {0,1}" for even n.
Each edge in the graph is labeled by two variables (z;,z;). On every directed path every variable
appears at most once. Assume that all a-to-b paths are of length exactly n/2. On input x € {0,1}",
an edge labeled by (z;, ;) is open iff z; + ; = 1 (in other words, it is balanced). The program
accepts x iff there is an open path from a to b. We care about such programs that accept x iff
the Hamming weight of x is exactly n/2. A program that achieves this functionality can actually
“prove” its correctness. If it accepts an input x, then the open path that verifies acceptance shows
that half of the entries of x are 1s and half are Os.

What is the smallest program with this functionality? It is not hard to inductively construct such
a program of size nOUogn) - The above theorem gives a non-trivial superpolynomial improvement.
The exact complexity remains an open question.

Intervals and random partitions. As outlined above, set systems based on intervals have
played an important role in previous investigations on multilinear lower bounds. Such families are
optimal for constructions of balanced set systems and furthermore, results that separate multilinear
circuits and ABPs from formulas [Raz06, DMPY12] are also based on combinatorial constructions
that use intervals.

It is therefore natural to ask if intervals can be used to construct k-balanced-chain set systems
for small k. We have already seen above that this family does not yield a good balanced-chain
set system for a worst-case f. However, Lemma 1.5 shows that if this set system yields a balanced
chain for a random partition, then that would allow us also to devise a somewhat larger set system
that has balanced chains for all partitions. We are able to rule out this possibility with a strong
negative result. This provides evidence that our technique may be able to prove superpolynomial
lower bounds against general mABPs.

Theorem 1.7 (Intervals vs. random partitions). There is a universal constant ¢ > 0 such that for
every large enough n, the set system Z of intervals defined above is not an (g, k)-balanced-chain set
system for ¢ > 27" and k < n®.

In particular, the above is a considerable generalization of a recent result of Chatterjee, Kush,
Saraf and Shpilka [CKS524], whose results imply such a bound for the subset Zy of Z that consists
only of intervals of the form [i] for i € {0,...,n}. The set system Zy contains just one maximal
chain, while the set system Z contains ezponentially many chains, which makes the arguments
from [CKSS24] inapplicable for Z. Using our results, we can prove the following lower bound for a
generalization of the sum of ordered set-multilinear ABPs model introduced by [CIKS524].

Corollary 1.8 (Lower bounds for sum of interval-mABPs). Let F be any field. Any ¥, mABP

program computing a full-rank polynomial P(xy,...,z,) € F[z1,...,x,] must have size at least
20n'/%)



The main technical part of the proof of Theorem 1.7 analyzes the discrete Fréchet distance
between two independent one-dimensional random walks. This is a basic problem of indepen-
dent interest. = We have two random walks, and we want to understand what is the best time
parametrization that makes them as close as possible. Here is a slightly more formal description
(but still not fully formal; for details see Section 4). A random walk defines a random function
f:4{0,1,...,n} — Z where f(t) is the position of the walk at time ¢. The Fréchet distance between
two functions f, g is

dr(f,9) = min max [f(a(t)) = g(B())]

)

where «,  are time parameterizations (that may depend on both f and g). We have two inde-
pendent (1-Lipschitz) random functions, we want to prove that we cannot hope to parametrize
time to make them close (even when we know the future). The property that makes this problem
challenging is the dependency on the future.

The set-multilinear setting. Two recent works have conducted investigations into the power of
set-multilinear ABPs (smABPs). It is not hard to show that proving lower bounds against mABPs
is at least as hard as the analogous problem for smABPs, and proving lower bounds against the
latter is still an open question. The work of Bhargava, Dwivedi and Saxena [BDS25] showed that
proving lower bounds on smABPs for low-degree polynomials implies general ABP lower bounds.
A follow-up result of [CKS524] showed restricted lower bounds against smABPs in both the low
and high-degree settings. As mentioned above, this latter paper implicitly proves a result that is a
special case of Theorem 1.7 above.

1.2 Outline of proofs

From ABPs to balanced-chain set systems and vice versa. We sketch the forward direction
of Theorem 1.3 by showing if there is an mABP of size s computing a full-rank polynomial P, then
there is an O(log s)-balanced-chain set system of size at most s. Let X denote the set of n variables.
We associate with each vertex v in the mABP a set X, C X of variables that appear on paths
from the source vertex to v. The set system X we consider is the set of all such X, (there are
some hidden technicalities here). If there is a balanced f : X — {£1} such that there is no
O(log s)-balanced-chain in X', then we can find a cut C separating source from sink in the mABP
containing only vertices v such that X, is, for example, 10 log s-imbalanced with respect to f. Using
the decomposition
P =) Ly(X,) Ru(X\ X,),
vel

we can show that P is not full-rank with respect to f, which is a contradiction.

In the setting of set-multilinear ABPs, we can get a tighter result by showing that there is an
O(log,, s)-balanced-chain set system of size at most s where m is the number of variables in each
part of the variable-set.

For the other direction, we start with a k-balanced-chain set system X of size s and show that
there is a combinatorial transformation that produces a 1-balanced-chain set system of size s-n*. In
the 1-balanced-chain setting, we use an idea that was first used by Raz [Raz06] to construct full-rank
polynomials. The observation is that, for a known equipartition Il = ({y1, ..., yn/2}, {21, - -, Zn/2})



of the n variables, the simple ‘gadget’ polynomial

n/2

Qu = [ + =)

=1

is full-rank with respect to II. To handle an unknown partition, we construct a polynomial that
is a sum of such polynomials for all possible equipartitions. A 1-balanced-chain set system gives
us a recipe for constructing such a polynomial efficiently. Given any equipartition IT = (Y, Z),
we know that there is a chain C = (Cp,...,C,) of sets in the set system such that each set has
chain-balance either 0 or 1 with respect to II. In particular, the even-sized sets Cy, Co,Cy,...,Cy,
all are perfectly balanced and Cyy2 = C; U {y;/241, 2i/241} for each even i < n. A natural choice
to construct a full-rank Qr is to pair up y;/241 with 2;/5,;1. It is possible to design an mABP
that computes the sum of all such @ for all chains in a given set system, as in [DMPY12]. To
ensure that the resulting polynomial is full-rank with respect to all equipartitions, we need to take
a suitable linear combination of all these Q1. Raz [Raz06] observed that this can be done over a
transcendental extension of the base field F by using these additional transcendental field elements
in the linear combination (the above gadget polynomial is actually from [RSY08b]). We note that
if the field F is infinite, these transcendental elements can be replaced by random elements of F,
giving us a full-rank polynomial over the base field. A similar construction (with a different gadget
polynomial) also works in the set-multilinear case.

Worst-case to average-case reduction. Assume that we have an (e, k)-balanced-chain set
system X. The main observation is that, given a worst-case balanced partition f: X — {£1}, and
a uniformly random permutation 7 : X — X, the function fo is a uniformly random partition and
hence, the set system X contains a k-balanced-chain with respect to f o with probability at least
. This is the same as saying that the random set system X (obtained by permuting the elements
of each set in X’ according to 7) contains a k-balanced-chain with respect to f with probability at
least €. Choosing O(n/e) many such permutations 7 and taking the union of the corresponding set
systems allows us to increase this probability to 1 — 27", at which point the probabilistic method
guarantees the existence of a suitable set system that works for all partitions.

Constructing a 1-balanced-chain set system of size n@(cgn/loglogn) By the preceding argu-
ment, it suffices to construct a 1-balanced-chain set system of this size that contains a 1-balanced-
chain for a uniformly random balanced partition f with good probability (e.g. 1/poly(n)). To do
this, we identify the set X with [n] and view f : X — {£1} as a uniformly random walk of length
n on the integers that starts and ends at the origin 0 (also known as a random bridge). We note
that a maximal chain that is balanced with respect to f contains n/2 sets C' that are balanced with
respect to f. A random walk that returns to 0 many times would give us many intervals that satisfy
this criterion. A result of Cséki, Erdés and Révész [CEER&E5] tells us that a uniformly random walk
f, with probability > 1/ poly(n), returns to 0 at least once every m ~ n/logn steps. This implies
that the set of all intervals, while not balanced, does contain a non-maximal chain of balanced
intervals
o Cli] Sl € Clir) =

where each subsequent interval in the chain adds at most m elements to the previous one. To finish
the argument, we only need to add sets to ‘fill in’ the missing sets in the chain to make it maximal.



This can be formulated as the same problem for the smaller set size m. Implementing a recursive
construction leads to a set system of the given size.

Remark. While we only used the family of intervals in the above construction, it should be noted
that the overall family constructed above consists of sets that are very different from intervals. This
is because we need to carry out the aforementioned average-case to worst-case argument at each
stage, which is done by randomly permuting the elements in the sets. This does not preserve the
property of being an interval. It seems interesting to derandomize this “construction”.

Intervals and random partitions. Let Z denote the family of intervals of [n] as defined above.
Assume that f : [n] — {£1} is chosen uniformly at random (for the sake of exposition, we drop
for now the assumption that f is balanced). The claim is that the chance that there is a maximal
chain (Cy,...,Cy) of intervals that make f balanced is exponentially small.

For the sake of exposition, assume that the chain starts at C; = {n/2}. The random walk f
can be partitioned into two independent random walks: g that goes from n/2 to n and h that goes
from n/2 to 1. The random walk f is chain-balanced only if there are time parameterizations under
which g, h are close at all times (this is a discrete version of the Fréchet distance). We thus have
two independent random walks (each of length n/2) and the claim is that it is very unlikely that
there is a way to parametrize time so the distance between g, h is say k < n'/3. The main idea is
to first sample the random walk ¢ and identify a pattern in it that h can not possibly follow. Fix
the position of the random walk g at times that are multiples of some ¢. Let p; be the position of
g at time t¢ for t < T := n/(2¢). Typically, the distance between p; and p;,; is roughly v/¢. For
concreteness, think of the case that p, = 0 for even t and p; = /¢ for odd t. It remains to show

that there is no sequence of (strictly increasing) time steps 7 < 7o < ... < 77 such that h(r) is
close to p; for all ¢.
Let (Cy,...,Cy) denote any maximal chain in Z and assume that C; = {i}. We can decompose

f into two random functions g : [i{] = {+1} and h: [i+1,...,n] — {£1}. Each set C; in the chain
can be written as the disjoint union of two intervals I} = [i — 4’ + 1,d] and I} = [i + 1,1 + j — 7]
contained in the domains of g and h respectively. The quantity f(Cj) is g(I}) + h(I}) and thus the
balance of this chain with respect to f is equal to

k:= Injax l9(I}) + h(I])| = Hl]aX lg(I7) — (=h(I}))I.

Thinking of g and —h as random walks on the integers, the chain can be interpreted as an ‘align-
ment’ of these two random walks that ensures that they stay within distance k at all time steps,
or equivalently, these two random walks are at distance at most k from each other in discrete
Fréchet distance (defined formally below). The main technical part of the proof is to show that the
probability that k& < n©®) is exponentially small.

This is done by finding some pattern in one of the two walks, say g, that does not appear in the
other except with small probability. To simplify further, assume that g and h are random walks
of the same length n/2. We divide the time steps of g into epochs of some suitable length ¢ and
consider the positions of the random walk g at these various time steps. l.e.

p1=g([(n/2) = £,n/2]),p2 = g([(n/2) = 26,n/2]), . .. prjae = 9([n/2]).

As long as £ is large enough, there is enough randomness between any pair of time steps to ensure



that most pairs of consecutive positions are quite far from one another.” Conditioning on these

positions, we show that with high probability, there is no subsequence of (strictly increasing)
timesteps when the positions of —h are p},p),. .. ,p;L/% such that |p; — p;| < k for each t. This
implies that the two walks cannot be aligned as described above.

To see that —h cannot come close to the positions achieved by g, we think of the case when
pr=p3=ps=---=0and p) = py = pg = --- = VL. Intuitively, this is a bad case as 0 is the
most probable location of a random walk at any (even) time step and we expect a random walk to
travel a distance of V¢ every ¢ steps. Now, the expected number of times that a random walk of
length n/2 returns to 0 is O(y/n) and we can also prove a concentration bound on the upper tail
of this random variable. Thus, if we choose ¢ significantly smaller than /n, it is very unlikely that
the random walk —h can return to (a position close to) 0 at least (n/¢) many times.

1.3 Organization

We start with some preliminaries and then prove some combinatorial properties of the chain-balance
of set systems in Section 2, including the worst-case to average-case reduction (Lemma 1.5). We will
then show our main combinatorial theorems, starting with the construction of a 1-balanced-chain
set system of size n©@(l0gn/1oglogn) (Theorem 1.6) in Section 3, followed by the analysis of intervals
with respect to random partitions (Theorem 1.7) in Section 4. Finally, in Section 5, we prove the
formal connection between the combinatorial constructions and the mABP complexity of full-rank
polynomials (Theorem 1.3) and derive the consequences of our combinatorial theorems to algebraic
complexity.

2 Properties of balanced-chain set systems and their chain-
balance

In this section, we prove some properties of balanced-chain set systems related to bounds for the
size of these systems and conversions between different notions of chain-balance.

2.1 Upper and lower bounds for the size of balanced-chain set systems

Now let us define a natural class of set systems.

Definition 2.1. For every n,m € N, we denote by Z,, := Z, ,, the m-interval set system over [n]
defined as

Lnm ={0LU...UIL|I,...,I; are intervals of [n] and [ < m}.

<

Assume that m < n/2. Since any element of Z, ., is specified by the endpoints of the intervals,
using the usual bounds on the binomial numbers, we get that the size of the m-interval set system
is at most

[ Zn] < (n/m)O™.

We note below that using a simple inductive analysis, we can obtain a 1-balanced-chain set
system from intervals.

°In the actual argument, we vary the lengths of these epochs to ensure that every consecutive pair of positions
are indeed far from one another.
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Theorem 2.2. For every even number n € N, the chain-balance of the (2[lgn|)-interval set system
is 1.

Proof. We prove this theorem by induction on n. First note that the statement is trivial for n = 2.
Assume that n := 2m for m > 1. Let [ := 2[lgn] and f be a balanced partition of [n]. Our goal is
to construct a maximal chain of Z,,; such that its elements have balance at most 1 with respect to
f.

Informally, we start with the interval [1,n], and look for a point ¢ € [1,n] such that f([1,¢]) =0
(if no such a point exists, then we know that f(1) # f(n); so we can pair them by adding the sets
{1} and {1,n} to the chain and define 2 and n— 1 as new endpoints, and repeat this argument until
we find a point ¢ at the same level as the endpoints). We then choose ¢ to be the point satisfying
f([1,£1]) = 0 and is the closest to the endpoints 1 or n, which implies that ¢; has distance at most
n/2 to its closest endpoint tj. Now we consider f restricted to either the interval I’ := [t],#;] or
I' := [t1,t}], and, as [t) —t1| < n/2, we can obtain a maximal chain of I’ balanced w.r.t. f[; using
at most 2[lgn/2] intervals. We concatenate this chain after the chain that we already have, and
obtain a f-balanced chain for I’ using at most 2[lgn] intervals. Now we repeat the process until
we cover the whole interval [1,n].

Formally, we consider the following procedure to inductively build such a maximal chain
(Co,...,Cp). We start with the Cp := &, and set [y := 1, and 79 := n. and consider the fol-
lowing cases.

e If there is no t € [lg, o] such that f([lp,t]) = 0, then we know that f is either positive or
negative in [lo + 1,79 — 1], and we find the smallest h; > 0 such that there is a ¢t € [lp, ro] such
that | f([lo,t])| = hi1. We define, for every j € [hi],

CQJ',1 = 02];2 U {lg +7 - 1} and CQJ' = Cijl U {’l“(] -7+ 1}.

We set £1 = lyp + hy and 1 = 19 — hy. Note that these sets are unions of two intervals (one
starting at 1 and other finishing at n) and have balance at most 1.

e Otherwise, we set b1 := 0 and [ := 1, and 71 := n.

After the analysis above, we obtain [; and 71 such that f([l1,71]) = 0 and there is a t € [I1, 7] such
that f([l1,t]) = 0, and we have a maximal balanced chain (Cy, ..., Cp,) of [lo, {1 —1]U[r1+1, 7] that
uses sets that are union of at most 2 intervals (in particular, Cp, is the set [lg, 13 — 1] U [r1 4+ 1,70]).
Let ¢; be the element of [l1,71] closest to either I3 or r; (breaking ties arbitrarily) such that
f([l1,t1]) = 0. Now we consider two cases:

e If #; is closer to [1, then
M=t —L+1<(m—-01L1+1)/2<n/2,

and fi := fly, 4 1s a balanced partition of [l1,t1]. By applying induction on the interval
[l1,t1] and f1, we obtain a maximal chain (Cj, ..., C% ) such that Cj = @ and C) = [l1, 1],
and, for each j € [A1], the set C} C [l1,#1] is a union of at most 2[lg A1] intervals and

fr[ll,tﬂ(c‘;) S 1

11



e If ¢1 is closer to r1, then we perform similar operation to obtain
M=ri—t+1<(rm—-04L+1)/2<n/2

and a maximal chain (Cj, ..., % ) such that Cj = @ and C} = [t1,71], and, for each j € [A\],
the set C} C [t1,71] is a union of at most 2[1g A; | intervals and

fr[tlﬂ“l](C]/') S L.

In both cases, we now concatenate (Co, ..., Cp,) with (Cg, ..., ); formally, we define, for every
J €M,
Ch1+j =Ch, U CJI

Note that (Co,...,Ch +x,) is a chain with all elements in [1,¢;] U [r1,n] if ¢; is closer to Iy, and
[1,1]Ut1,n] if t; is closer to 1. Moreover, for every j € [A1], the set Cy,,; is the union of at most
2+ 2[1gA\1] < 2[lgn] intervals and

F(Chitg) = f(Cny) + £(C)) = f(C) < 1.

Also note that Cp, 1), is again the union of two intervals [lg, l2] U [r2, 7] for some Iy and ra. We
now repeat the analysis above using ls instead of [y and ro instead of rg, until we cover the whole
interval [1,n] with a maximal chain of Z,,; that is balanced w.r.t. f. [

In Section 3, we use a probabilistic result about random balanced partitions, instead of the
structural result used in our algorithm above (i.e., the existence of the point ¢1), to obtain a
1-balanced-chain set system of size n@U8n/18lgn),

Remark. We also note that using previous results about balancing systems, we can prove a Q(n?/k)
lower bound for the size of any k-balanced-chain set system for k < n/5. More specifically, a result
by Alon, Kumar, and Volk [AKV20] can be rephrased as follows: for every k € N and sufficiently
large n € N, if a collection Sy, ..., Sy C [n] of sets satisfies that 2k < |S;| < n— 2k for every i € [m]
and, for every balanced partition f of n, there is an 7 € [m] such that |f(S;)| < 2k, then

Hence, for any 2k-balanced-chain set system X over [n], we can consider, for every [ € {2k,...,n—
2k}, the collection
X ={SeX||S| =1}

As cbal(X) < 2k, every balanced partition f has a maximal chain (Cy,...,C,) of X such that, for
every i € [n], the set C; satisfies |C;| = ¢ and

[f(C)] < 2k.
By the lower bound above, we obtain that |X;| > Q(n/k), which implies that

x| > Q((n — 4k)n/k).

12



2.2 Conversion of (p,l)-balanced-chain systems into [-balanced-chain systems

As mentioned in the introduction, we can prove a worst-case to average-case reduction for balanced-
chain set systems.

Lemma 2.3 (Lemma 1.5). Let n € N be an even number, and X be a set of n elements. Let
[ €[n] and p € (0,1]. If X is a (p,[)-balanced-chain set system, over X, of size s, then there is an
I-balanced-chain set system ), over X, of size O(sn/p).

Proof. Let r := [n/(plge)]. Let o := (01,...,0,) be r independent random permutations of X.
Let Y be the set system defined by the union of X with all the set systems obtained from applying
each permutation o; to each element of X, that is,

YV:i=XU(U_o;X),

where 0; X := {0;(5) | S € X}. We claim that, with positive probability over o, the set system )
has chain-balance cbal()) at most . Therefore, there is a sequence of permutations such that the
corresponding ) is an [-balanced-chain set system of size (r + 1)s.

Let us now prove this claim. Let

B :={f| f is a balanced partition of X}

and
By :={f € B|cbalx(f) <l}.

Let g € B be a fixed balanced partition of X, and let m be a random permutation of X. Note that,
for f ~ Unif(B), we have

P.[Vh € Bx,g # hon 1| =P;[Vh € By,gom # h]
= Pf[Vh € By, f # h]

=P[f ¢ Bx]
= 1—Pf[f EB)(]
<l-p<e®

Thus, we obtain

,
P,[Vi € [r], Vh € Bx,g #hoo; '] = [ Ps,[Vh € Bx,g #hoo; '] <e™?,
i=1
and, as a consequence,
P,Vg€ B, Ji€[r], 3h € By s.t. g=hoo; | > 12" > 0.
Note that, for every ¢ in the event
E:={Vge B, die€[r], 3h € By s.t. g = hoa{l},

we have that, for every g € B, there are i € [r] and h € By such that

h = goo;.

13



As h € By, there is a chain C := (Cy,...,C,) of X such that, for every j € [n],
[h(Cj)] < L.

By the definition of ) and o;X, we know that (o;(Cp),...,0;(Cy)) is a maximal chain of Y such
that, for every j € [n],

19(i(C5)) = |(g 0 0:)(C5)] = |M(Cj)] < L.
Therefore, for every o € E, we have that, for every g € B,

chaly(g) <1,

which implies that cbal(Y) <. [ ]

2.3 Conversion of [-balancedness to 1-balancedness

Let us now prove a combinatorial lemma that shows how to convert an [-balanced-chain set system
into a 1-balanced-chain set system with some size blow-up.

Lemma 2.4. Let n € N be an even number, and let X be a finite set with n elements. If X' is an
[-balanced-chain set system, over X, with size s, then there is a set system ) over X such that

e ) has chain-balance 1; and
e the size of Y is at most s(|§l|).

Proof. Let n := |X| and let m := n/2. We define the set system ) as follows:

y:_{S\T’SeX,Te (;D}

pi=i().

Let us now prove that ) is 1-balanced. Let f be a balanced partition of X. As X is [-balanced,
we know that there is a chain C' := (Sy,...,Sy,) of X such that, for every S € C,

If(9)] <L

Let 7: [n] — X be the bijection corresponding to the order in which elements of X are added in
C. Consider the following process:

First note that

1. Let Ty := @, and My := &, and [y := 0.
2. For every i € [n]:

o if T;_1 = @, then we set
T% = {7T(’L)}, lz = lifl-

Otherwise, let 2 € T;_; be the element of T;_; with maximum 7~1(z).

14



o If f(z) # f(m(i)), then we set
Ti:=Tia \{z}, lLi:=lL1+2, M, =M, ,U{(z,7(3))},

and v, := (i) and vy, := z, and we say that v;, and v;, were matched by this process.
(

o If f(z) = f(w(i)), then
E = ﬂ_l U {71'(7,)}, lz = li—l-

This process can be interpreted as an online algorithm that receives elements of [n] in the order
defined by C and defines a perfect matching of [n] such that the elements of each matched pair
are in different parts of the partition f. By induction on ¢ € [n], we can prove that the following
loop-invariant properties are true:

e We have that T; C S;, and |f~!(T})| < 1 (i.e., all elements of T} are in the same block of f),
and f(S; \ T;) = 0, which implies that f(S;) = f(7T;) and

T3] = [f(T3)| = | f(Si)| < min{l,n — i}
as (' is an [-balanced chain.

e The set M;, is a perfect matching of the set S; \ T; (i.e., V(M) = S;\ T;) such that |M;,| =1;
and every element (u,v) € M, satisfies f(u) # f(v).

e The matching M;, , is a submatching of M;,.

Moreover, we can show that the sets { ;|7 € [n]} and {2i|i € {0,...,m}} are the same. For every
i € [m], we define

Ci—1 := V(Mai—2) U{ug;}, and Cy; 1=V (Maj—2) U {ug;, va; }.

Let us now prove that C’ := (Cy, ..., C,) is a 1-balanced chain of ). By the loop-invariants above,
we know that, for every i € [m],

Cagim1) = V(Ma;—2) C V(My;) = Cy,
and that |V (My;—2)| = 2i — 2 and |V (My;)| = 2i. Moreover, there is a j € [n] such that
V(Mz) = S\ Tj,

where S; € X and T C S; with |T}]| <[, so Cy; = V(Ma;) € Y. Using a similar argument, we can
show that
Coim1 €.

Hence, C’ is a maximal chain of ). By the definition of My;, we have that, for every i € [m],
f(Cai) = f(V(Mz;)) = 0 and [f(Cai—1)| = |f(Cu)[ +1=1.

Thus, C’ is a 1-balanced chain of ) with respect to f. As f is an arbitrary balanced partition of
X, we conclude that ) is a 1-balanced-chain set system. |

15



3 Construction of a 1-balanced-chain set system of size n?(»n/nnn)

In this section, our goal is to prove Theorem 1.6. Our proof uses concepts from one-dimensional
random walk theory (Definition 3.1) and a result about the probability distribution of the length
of the longest excursion in a random bridge (Lemma 3.2). In Section 5.3, the main result of this
section is used to obtain a separation between multilinear formulas and mABPs.

Definition 3.1. Let n € N and let f: [n] — {—1,1}. We associate a function Wy: {0,...,n} — Z
to f as follows: let W¢(0) := 0 and, for every i € [n],
Wi (i) == f([i])-

We call W; the walk defined from f, and n the length of W;. Note that the definition above is a
bijection between f and W;. Thus, for a given walk W, we denote by fy, the function such that
W = Wy, Sometimes we also consider Wy to be the sequence (W (0),..., W(n)).
We say that Wy is a bridge if f satisfies f([n]) = 0. We say that Wy is a excursion if Wy is a
bridge and, for every i € [n — 1],
Wiy(i) # 0.

For f sampled uniformly at random from the set of all functions from [n] to {—1,1}, we say
W := Wy is a random walk of length n, that is,

W o~ Unif({ Wy | f: [n] = {-1,1}}.
Simarly, for even n, we define a random bridge B of length n as
B~ Unif({ Wy | £ [n] — {~1,1}, f([n]) = 0}).

Let B be a random bridge of length n and f := fp. We say that a point ¢ € {0,...,n} is a zero
of B if

f((t]) =0,

or, equivalently, B(t) = 0. Let Z(B) be the (random) set of zeros of B. Note that {0,n} C Z(B) by
the definition of bridge. Let {zo,..., 2} := Z(B) be the elements of Z(B), where zp < 21 < ... < z.
Let A(B) be the random variable defined as follows:

A(B) := max z; — z;_1.
i€l

We call A\(B) the length of the longest excursion in B. |

Lemma 3.2 (Lemma 10 from [CER&5]). Let n € N and let B be a random bridge of length 2n.
There are universal real constants 0 < C; < Cy and 8 > 0 such that, for every a > n?/3, we have

Pp\(B) < 2a] = C(n,a) min{(n + 1)"2, a2} exp(—Bn/a),
for C; < C(n,a) < Cs.
Let us now prove our main theorem.

Theorem 3.3 (Theorem 1.6). For every sufficiently large even number n € N, there is a 1-balanced-

chain set system X, over [n] of size nO(nn/Inlnn)
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Proof. For every n € N, let N(n) be the minimum size of a 1-balanced-chain set system over [n],
and let A, be a fixed 1-balanced-chain set system of size N(n). Our goal is to obtain a recursive
upper bound for N(n).

For any m € [n], let By, be the set system defined as follows:

By, ={[1,i]]© A |t € [m],0 <i<n-—t},
where we define [1,i] ©® A; as
[Lilo A= {1, U{it+iljeR}|Re A,

which can be interpreted as the translation of the set system A; to the end of the interval [1,1].
Note that B,, is a set system over [n] of size at most n?N(m). Let f be a uniformly random
balanced partition of [n]. We say that a point ¢ € [n] is a zero of f if } ;. f(i) = 0, and we say
that a set system A is f-balanced if cbals(f) < 1. Let E,, be the event that the maximum gap
between two consecutive zeros of f is at most m, and let

5m = Pf[Em].

Note that, by the definition of B,,, we get that if f € E,,, then B,, is f-balanced. This follows
from the fact that if f € F,,, then the maximum gap between two consecutive zeros z; and z; 1 of
f is at most m, so we use the set system

[1,2z]® A

Ri+1—%

to find a subchain of By, that is (f[[., ., ,j)-balanced, and then we just concatenate all these chain
to find a f-balanced chain of B,,. By Lemma 3.2 and interpreting its result about random bridges
B in the language of random balanced partitions f, there are positive universal constants b,c € R
such that, for every even m € [n] such that (n/2)%? < m/2, we have

5m = PaIN(B) < m] > en™ Y2 exp(—=bn/m).
Now fix the value of m to m := 2[n/(2Inn)], which implies that
=6 > ¢/n"t/2,

Hence, for this choice of m, we have that B,, is a (,1)-balanced-chain set system over [n]. By
Lemma 2.3, there is a 1-balanced-chain set system A, over [n], of size

|A| < O(|Bm|n/8) < (n®N(n/Inn))n®*? < niN(n/Inn),
for a positive constant d. By solving the recurrence relation N(n) < n?N(n/Inn), we obtain that

N(n) < nO(lnn/ lnlnn).
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4 The chain-balance of interval set systems and the Fréchet dis-
tance of random walks

In this section, our main goal is to prove Theorem 1.7. In order to prove this theorem, we establish
a connection between the chain-balance of interval set systems and the Fréchet distance between
two random walks (Lemma 4.2), and prove that, with very high probability, the Fréchet distance
of two random walks of length n is at least n(!) (Lemma 4.3). In Section 5.5, the main result of
this section is used to obtain lower bounds on the size of sum of interval-mABPs computing full
rank polynomials.

4.1 Fréchet distance of random walks

Let us start by defining the Fréchet distance of two discrete functions [EM94].

Definition 4.1. Let n € N, and let [,r € [n] such that [ + 7 = n. Let X: {0,...,l} — R and
Y:{0,...,7} — R be two functions. We define the (discrete) Fréchet distance dp(X,Y) between
X and Y as

dp(X.,Y) = minmasx X (a(t)) ~ Y (3(0)],

where the minimum ranges over all non-decreasing functions
a:{0,...,n} = {0,...,l} and B: {0,...,n} — {0,...,r}
satisfying the following properties:
e a(0) = 0= p5(0);
e a(n)=1and B(n) =r;
e For every t € [n], we have a(t) < a(t—1)+ 1, and 5(t) < f(t — 1) + 1, and
a(t)—a(t—1)+8(t) - Bt —-1) =1.

Now let us state the main technical lemmas of this section.

Lemma 4.2 (Discrepancy and Fréchet distance). Let n € N be an even number, and let Z := 7, ; be
the 1-interval set system (Definition 2.1). Let [,r € [n] such that [+ = n, and let W, := (W;, W}.)
be a pair of two independent random walks W; and W, (Definition 3.1) of length [ and r, respectively.
For f being a uniformly random balanced partition, and W := (X,Y) := W, ;,, and X; := XT[g, 1y
and Y, := Y[y 3, we get that, for every k € R,

Pf[cbalz(f) < k] < O(n®?) max Py [dp(X,, Yn_r) < k.

ren]
Proof. This lemma is proved in Section 4.2. |

Lemma 4.3 (Fréchet distance of two random walks). There is a positive constant ¢; € R such
that, for every sufficiently large n € N, and every [ := [(n) € [n], and every ¢ := ¢(n) € (0,1/4)
such that nl/4—¢ > %ln n, we have, for (X,Y) =W =Wy,

Pw|dr(X,Y) < n'/47%] < exp(—c; - min{n/47% n<}).
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Proof. This lemma is proved in Section 4.4. |
Let us now prove Theorem 1.7.

Theorem 4.4 (Theorem 1.7). There is a universal constant ¢ > 0 such that, for every sufficiently
large even number n € N, the 1-interval set system Z, ;1 is not an (e, k)-balanced-chain set system

for € > 2_C”1/5 and k < nl/5.

Proof. Suppose T := T, is an (e, k)-balanced-chain set system for any ¢ > 9-en'’® and k < nl/5
with ¢ := ¢;/2. By Lemma 4.2, we have that

P¢[cbalz(f) < n'/?] < O(n/?) mz[au](IP’W[dF(XT, Vo) < n'/?),
rein

and, by Lemma 4.3,
max Py [dp(X,, Yoy) < n'/°] < exp(—c1n'/?).

ren]

Hence,
P¢[cbalz(f) < k] < Pylcbalz(f) < n'/?] < O(n®/?) exp(—c1n/?) < exp(—e1nt/?/2) = exp(—enl/?),

a contradiction. [ |

4.2 Proof of Lemma 4.2

Let Z := 7,1 be the l-interval set system over [n]. By the definition of chain-balance (Defini-
tion 1.2), we know that, for any balanced partition f of [n] satisfying cbalz(f) < k, there is a
maximal chain C' := C of Z such that | f(S)| < k for every S € C. Let s and e be the first and last
elements of [n] added to the chain C, and let P := [s,¢] be the cyclic interval® with extremities s
and e such that s+ 1 € P, and N := [n] \ P be the complement interval of P. For each element R
of C with size m := |R|, let

Si(m):=RNP, and S_(m) := RN N.
Note that for every nonempty Si(m) and S_(m), there are a,, and by, in [n] such that
Si(m) = [s,an] and S_(m) = [by,, s — 1], (2)

where [s, a,,] is the cyclic interval with extremities s and a,, that intersects P, and [b,,,s — 1] is
the cyclic interval with extremities b,, and s — 1 that does not intersect P. Let

[ :=|P| and r := |N|, (3)
and, for every m € {0,...,n}, let
a(m) 1= 84 (m)| and B(m) := S_(m)|. (1)

Thus, the functions a:: {0,...,n} — {0,...,l} and 5: {0,...,n} — {0,...,r} satisfy the following
properties:

5We say that a set I C [n] is a cyclic interval if there is a pair (s, e) such that: if s < e,then I = {x € [n]|s < z < e};
ifs>e then I ={ze€n]|s<z}U{zen]|z<e}

19



e a(0) =0=p(0);
e a(n) =1and f(n) =r;
e For every t € [n], we have a(t) < a(t — 1) + 1, and B(¢) < f(t — 1) + 1, and
alt) —a(t—=1)+p(t)—pt—1)=1.
Also note that, for every R in C' with size m := |R)|, the set {S;(m), S_(m)} is a partition of R, so

f(R) = f(S4(m)) + f(S-(m)).

Furthermore, as C' is a maximal chain of 7 avoiding the set of k-unbalanced elements, with respect
to f, of Z, we get that

k= [f(R)] = [f(S¢(m)) + F(S-(m))],

Therefore, for every s and e in [n], there is an injection from

the set F; . of balanced partitions f of [n] such that cbalz(f) < k and its chain Cy has s as first
element and e as last element

to

the set of pairs (X,Y') of functions such that, for [, := 1 and rs. := r defined from s and e as in
Equation 3, X and Y are walks (Definition 3.1) of length | and r, respectively, and dp(X,Y) < k.

This injection can be defined as follows. For each balanced partition f, we obtain the sequence
(@m)mefn) and (bm)mefn) (as defined by Equation 2) and the function « and 3 (Equation 4). Then
we map f to the pair (X,Y") of walks of length [ and r defined as follows:

e X(0):=0=:Y(0);

e For every i € [I] and j € [r], let z; and y; be respectively the i-th and j-th distinct values of
the sequences (am)mejn] and (b)) mepn) and let

X (i) :== f([s,z;]) and
Y(5) = —f(lyj s = 1]).

Note that, for every t € [n],

X(a(t) = f([s; aa@)+sw)]) = f([s, a:]) and
Y (B(t) = = f([bagy+sw),5 — 1) = = f([br; s — 1]).
Therefore, we get that X and Y are walks of length | and r, respectively, and, for every ¢ € [n],
(X (a(t)) =Y (B = |f([s,a]) = (= f([br: s = 1)) = [f(S+(1)) + F(S-())| < &,

which implies that dp(X,Y) < k. Note that this mapping from f to (X,Y) is an injection, because
we obtain X and Y from f by considering the sequences (s+1,...,e) and (s—1,...,e—1) (i.e., (am)m
and (b, ), without repetitions) and then defining X (i) = f([s,s +i]) and Y = —f([s — i, s — 1]).
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Finally, by the union bound over the first and last elements added to the chain C, we get that,
for g being a uniform random partition of [n] (i.e., g ~ Unif ({—1, 1}["])),

Pylcbalz(f) < k| =Pg[Ts,e € [n] s.t. f € Foel < Y Pyf € Fuel

s,e€[n]
= Z Pylg € Fs,elg is balanced]
s,e€n]

<Om'?) Y Pylg € Fil
s,e€[n]

<o(n'?) > Pwld(X,,,.Ys,,) <K
s,e€[n]

<On'?) > Pwld(X e Yaisel)) < ]
s,e€[n]

< 0(n°?) %%Pw[dF(Xl,Yn—l) < k.

4.3 Properties of random walks

In this section, we will prove some technical lemmas regarding properties of random walks that will
be useful in the proof of Lemma 4.3. Our first lemma (Lemma 4.5) shows an asymptotic bound for
the probability distribution of the first passage time of a random walk through a point.

Lemma 4.5. Let g be a random walk of length n. For any § € N, let Fs be the random variable
defined as follows:
Fs:=inf{t>0]g(t) = d}.

Then, for any § := 6(n) € Nxg and 2z := z(n) € N such that Q(6%) < 2z < n/2, we have

Fs > =0 ().

Proof. For every y € N such that y + § is an even integer, we can use a standard fact about
the distribution of first passage times for simple random walk (e.g. see Theorem 2 in Page 89
from [Fel68] or Equation 3.7 in page 29 from [BW21]) to obtain that

o [y

If y > ocoand y —§ — 0o as n — oo, we can apply Stirling’s approximation and obtain

e ! v
folfs =v =0 <y2y W1 = 6/ (yzﬂS)w(@)w)

_ @< 5 1 )
V(o) (1 -6/
- yf/ exp(~0(8%/y)).
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Note that if y > Q(62), then the estimate above become

1)
Pg[Fé = y] =0 (yg/Q> )

and, as a consequence, for z satisfying (%) < z < n/2, we have

P,[Fs > 2] = yz:Pg[Fa —yl=0 (\2) .

Lemma 4.6 below analyses the probability distribution of the sum of independent first passage
random variables and shows a lower tail bound.

Lemma 4.6 (Lower tail bound for sums of first passage random variables). There is a positive
constant ¢4 € R such that, for every r,n € N, and every 6 := §(n) € N and k := k(n) € N such that

k6% < cqn and (k6)? = w(n),
and for g being a random walk of length r, we have that if FO . F® are k independent copies
of the random variable Fj(g), then

k

» PO < n] < exp(—Q((k6)*/n)).

=1

Py

Proof. Let t € [n/2] be a parameter to be optimized later. For each i € [k], let Cy; = Lipw>y
be a random variable. Note that Cj1,...,C}y are i.i.d. Bernoulli random variables with success
probability p; := Py[Fs > t]. Let C; := Zle Ct,; be a random variable and let p; := E[Cy] be its
expectation. Note that, by Lemma 4.5, there is a positive constant ¢ such that if c6? < t < n/2,
then

e = kpy > ckd/ V1,

and, by the Chernoff bound (see e.g. [DP09, Theorem 1.1]), we have
Hi —Q(pe)
< =< .
]P)g [Ct 5 :| (&

Moreover, if Zle F(#) < n holds, then C; < n/t holds. Hence, we obtain

Py

k
ZF(i) < n] < tgfi?z] Py[Cy < n/t]
i=1 t>ch?

n/t<cké/(2v/'t)

< min P, Cy < py/2
ten/2] ol e/
t>ch?
n/t<cké/(2v't)
< min e*Q(k‘s/‘/z).
te[n/2]
t>ch2

n/t<cké/(2V't)
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Note that, for
b (20
" \cké)
the following hold:
o n/t < ck§/(2V1);
e if (k6)%2 > w(n), then t < n/2 for sufficiently large n;

o if k62 < ¢yn for ¢y := 2/03/2, then

Therefore, we obtain

Py

k
SR < n] < e ORIV = = UR0)? ),
=1

Lemma 4.7 shows that we can find, with high probability, a long spread sequence of points in
the image of a long random walk ¢. In the next section, we will use such a sequence as a sequence
of ‘milestones’ for g and show that an independent random walk A is very unlikely to hit the same
milestones and this will allow us to bound the Fréchet distance of g and h.

Lemma 4.7. Let g be a random walk of length n and A := A(n) € N with A > 2logn. We
say that a sequence {x;}icp C [n] is a (g,A)-sequence of length [ if, for every i € [I], we have
lg(zi)—g(xzi—1)| > A, with xg := 0. Let La be the random variable equal to the maximum length of
a (g, A)-sequence. Then, there is an universal positive constant cs such that, for [(n, A) := n/c3A3,
we have

Py[La < U(n, A)] < exp(—2(A)).

Proof. Let c3 € R be a sufficiently large positive constant, whose value is defined later, and let
[ :=1(n,A). Let Da be the random variable defined as follows:

Da i=inf{t > 0]|g(t)| = A).

Let us first obtain an upper bound for Py[Da > c3A3]. Consider the first T := c3A3? steps of g and
call this random walk h. Split & further into A segments (hy,...,ha), each of length T/A. In the
event that Da > T, it must be the case that the random walk A is in the range [-A, A] after each
of the segments (hq,. .., h;). In particular, this implies that the random walk h; is contained in the
range [—2A,2A] for each i € [A]. Note that for each i € [A]

Pp, [—2A < hi(j) < 2AVj € [e3A%]] < Py, [Faa > c3A%] < 024/ (e34%)1?) < 1/2,

where the second to last inequality follows from Lemma 4.5 and the last inequality from choosing
c3 to be a sufficiently large constant. Hence, by considering all the segments hq,...,ha of h, we
get

Py[Da > c3A%] <275,
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Let DD ... DO be [ independent copies of Da (recall [ = n/c3A3). Note that if Zé:l D < p,
then La > I, by defining a (g, A)-sequence from the points obtained by each D). Therefore, we
obtain

l
Py[La < 1] <P, [Z DY >n| <PyFie[l] st. DD > n/l]

=1

!
< Pq [D(i) > 03A3] <272 < 9—A+log(n/csA?)
i=1
< e~ UA)

I

where the last inequality follows from A > 2logn. |

4.4 Proof of Lemma 4.3

Informal outline. We consider two random walks g and h of total length n. Assume w.l.o.g.
that g has length at least n/2. Let A be a parameter that we will choose later. Using Lemma 4.7,
we observe that w.h.p. there are approximately k ~ n/A3? points in g such that every consecutive
pair of points is A-far from each other. We then analyze the probability that h can reach close to
each of these points (which is required for the Fréchet distance between them to be small). The
number of steps to go from one of these points to the next is captured by a first passage random
variable Fs with distance parameter 6 = O(A). For the Fréchet distance to be small, the sum of
k independent copies of these random variables must be at most n. However, we can bound the
probability of this using Lemma 4.6. This probability is small as long as k262 > n which is true
for small enough A.

We now give the formal details. Assume without loss of generality that the random walk X has
length [ greater than the length r := n—1 of Y. Let d := n'/*~¢ and A := 3d, and L := n/(2c3A%).
For the random walk Y and for every zi, ...,z € Z, define the following random variables:

T, :=inf{t>0]|Y(t) — z1| < d},
and, for every i € {2,...,k}, let
Topzy i=inf{t > T o | Y () — 2] < d} (5)
Note that
Pwldp(X,Y) <d] =Pw[drp(X,Y) <dALA(X) < L]+ Pw[drp(X,Y) <dA LA(X) > L]
and, by Lemma 4.7,
Pwldp(X,Y) < d] <exp(—Q(A)) +Pw[dr(X,Y) <dA La(X) > L].

Condition on any X in the event {dr(X,Y) < dALaA(X) > L}, and let {x;};ier, (x) € Z be a fixed
(X, A)-sequence. Let z; denote X (z;) for each ¢ € [L], and note that |z; — z;—1| > A for all ¢ € [L]
(for zp := 0).
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By the definition of the Fréchet distance, if dp(X,Y) < d, then we know that, for every strictly
increasing sequence (ay, ..., am,) of {0,...,1}, there is a strictly increasing sequence (by,...,by,) of
{0,...,r} such that

[ X (a;) =Y (b;)| < d

for every i € [m]. This implies that Tx (4., x(z;)(Y) < 7, thus

Py[dp(X,Y) <dALaA(X)> L | X] <Pw[Ts, ..., (V) <71

2L
By the definition of T3, ., (Equation 5) and the translation invariance of random walks, we have

Topyer, V) = Fiyryy . 0))—2pl—d + Tz (Y),

~~~~~

which implies that

L
Toree (V) =D Py oy (V) —ni]—d-
=1
As |Y(T%,,... 2 1 (9)) — zi—1| < d for all ¢ € [L], we have that
A<lzi—zial <z =Y (Tegpzins V) + Y (T2 (V) — zica| < 2 = Y (T2, (V) +
and, consequently, Fa_sq < Flzi—Y(TzO 77777 v (V)| —d- Thus, we obtain

- (%)
ZFAZ—M < 7“] )

i=1

Py [Te,.er (V) < 7] <Py

for ngZd, . ,Fg:)m being L independent copies of Fa_o4. Let k := L and § := A — 2d = d so

that

n A2 n

A n
2 _ _
for sufficiently large n. Thus, by Lemma 4.6 using k and § defined above, which satisfies the
lemma’s hypothesis by Equation 6, we get

Py [T, 2, (Y) <7] <Py

= (2)
ZFAzde < T]

i=1

k
ZF(;@) < n/2]

i=1
< exp(—Q((kd)*/n))

com (-0 (3259 )

< exp(—Q(n/d")).

<Py

Therefore, we obtain
Pw(dr(X,Y) < d] < exp(—Q(A)) + exp(—Q(n/d*))
< exp(—Q(min{d,n/d*}))

< exp(—c; - min{n'/47¢ n*}),

for some absolute constant c;.
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5 Full rank multilinear ABPs and balanced-chain set systems

In this section, our goals are to show a relationship between constructions of mABPs computing
full rank polynomials and balanced-chain set systems, and use this relationship together with our
results from Sections 3 and 4 to, respectively, obtain a separation between the power of multilinear
formulas and mABPs to compute full rank polynomials, and prove lower bounds for the size of sums
of interval-mABPs computing full rank polynomials. We first recall the definition of coefficient
matrix used by the min-partition rank criterion and the main properties of its rank (Section 5.1.2),
and then we proceed to prove the conversion from balanced-chain set systems to full-rank mABPs
(Section 5.2) and its consequences (Section 5.3), and the conversion from full-rank mABPs to
balanced-chain set systems (Section 5.4) and its consequences (Section 5.5).

5.1 Preliminaries
5.1.1 Multilinear and Set-Multilinear polynomials

Given a set X of variables, a multivariate polynomial P(X) is multilinear if it is a linear combination
of multilinear monomials, i.e. monomials in which the individual degree of each variable is at most
1.

Given a partition P := {Xy,..., X, } of X, we say that a multivariate polynomial I5(X) is set-
multilinear w.r.t. P (or just set-multilinear if P is clear from context) if P is a linear combination
of set-multilinear monomials, which are monomials that are a product of exactly one variable from
each X;. In what follows, we will mostly be interested in the case when P is an equipartition, i.e.
| X1| =[Xo| = =[Xp[=N.

A set-multilinear ABP w.r.t. P is defined similarly to an mABP except that every edge is
labelled with a homogeneous linear polynomial in one of the variable sets in the partition P and
no two edges in a path can be labelled with polynomials over the same variable set. Note that
the paths from any vertex u to any vertex v in such an ABP always compute a set-multilinear
polynomial w.r.t. a partition P’ C P.

5.1.2 Coeflicient matrices

We defined already the notion of a coefficient matrix above but we repeat the definition here and
also widen it to include set-multilinear polynomials.

Definition 5.1 (Coefficient matrices for multilinear and set-multilinear polynomials). Let X be a
set of variables and P(X) be a multilinear polynomial. Recall that we define by a partition as a
function f: X — {£1}.

For a partition f, we define the corresponding coefficient matrix My (P) to be the following 2" x 2°
matrix where r := |f71(1)| and ¢ := |f~!(—1)|. The rows of M;(P) are labelled by multilinear
monomials in f~1(1) and the columns by multilinear monomials in f~'(—1). Given multilinear
monomials my, over f~1(b) for each b € {£1}, we define the (m, m_1)th entry of M(P) to be the
coefficient of their product mim_; in the polynomial P.

Now we consider the case of a set-multilinear polynomial P(X) w.r.t. a partition P :=
{X1,..., Xy} of X. In this case a partition is defined by f: P — {—1,1}, and the corresponding
coeflicient matrix M f(P) has rows and columns labelled by set-multilinear monomials w.r.t. the
partitions f~1(1) and f~'(—1) respectively. The entries of the coefficient matrix are defined in the
same way. <
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The following simple properties of the above notion will be useful.
Fact 5.2. The coefficient matrix defined above satisfies the following properties:

1. Subadditivity: Assume that a multilinear polynomial P(X) is the sum of multilinear poly-
nomials Q1(X),...,Qs(X). Then, for any partition f,

rank(Mp(P)) <> rank(Mf(Q:)).
=1

This is also true if P,@1,...,Qs are all set-multilinear w.r.t. the same partition.

2. Disjoint multiplicativity: Assume that a multilinear polynomial P(X) is the product of
two multilinear polynomials Q(X’) and R(X \ X’) on disjoint sets of variables. Then

rank(My(P)) = rank(My ,(Q)) - rank(MﬂX\X, (R))

where f|xs and f|x\ x+ represent the restriction of f to X "and X \ X' respectively.

A similar fact is also true in the case that P(X) is a set-multilinear polyomial w.r.t. P :=
{X1,...,X,} and Q, R are set-multilinear polynomials w.r.t. P’ C P and P \ P’ respectively.

3. Trivial bound: The rank of any matrix is bounded by the number of rows and the number
of columns of the matrix. In the multilinear case, this implies

rank(M; (P)) < 20 O (Dl

for any f: X — {£1}.

In the case of a set-multilinear polynomial P w.r.t. an equipartition P := {Xy,..., X,,} and
a partition f: P — {41}, we have similarly

rank(M;(P)) < NS WL D1
where N := | X;| =--- = |X,]|.

We now define the notion of a full-rank polynomial, which is the main hardness criterion that
is used to prove lower bounds in the multilinear setting [Raz09, Raz06].
Definition 5.3 (Full-rank polynomials). We start with the multilinear case. Let X be a set of n
variables with n even. A multilinear polynomial P(X) is said to be full-rank if its rank w.r.t. every
balanced partition f : X — {#1} is as large as possible, i.e. 22 More generally for p,e € [0, 1]
the polynomial P is said to be (p, e)-almost full-rank if for a uniformly random balanced partition
f

P |rank(Mf(P)) > 22| > p.

We have identical definitions for set-multilinear polynomials w.r.t. an equipartition into n sets
of size N each, except that the maximum rank is N™/2. <
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5.2 Construction of full rank multilinear ABPs from balanced-chain set systems

In this section, our goals are to prove our main construction of full rank mABPs from 1-balanced-
chain set systems (Theorem 5.4) and generalize it to the case of I[-balanced-chain set systems
(Theorem 5.5). In order to obtain our generalization, we use a combinatorial lemma (Lemma 2.4)
that shows how to convert an [-balanced-chain set system into a 1-balanced-chain set system with
some size blow-up.

We start with the 1-balanced case. As is standard [Raz00], we will start by proving it by
enlarging the field by adding transcendental elements. Later on, we will show how to remove the
transcendental elements at the expense of making the polynomial less ‘explicit’ (by replacing these
elements by random elements from the field).

Theorem 5.4. Let n € N be an even number, and let X be a set of n elements. Let Wx = { wy|t :=
(i,u) € [n] x X} and Vx := {x; |i € X} be two disjoint sets of variables with, respectively, n? and
n elements. If X' is a 1-balanced-chain set system over X, then there is a polynomial Py over the
variables Vx U Wx such that the following hold:

e All coefficients of Py are 0 or 1;

e For every field F, the polynomial Py is full rank over F(Wx)[Vx] and can be computed by
an mABP of size at most |X| over F(Wx).

Proof. Let | := n/2 and m := |X|. For any maximal chain C € C(X), let m¢: [n] — X be the
bijection defined by the order in which the elements of X are added in the chain C'. We define the
0/1 polynomials Q¢ over the variables Vx and Pg over the variables Vy U Wx as follows:

l

Qo = H(xnc(mel) + Tre(2i)), and
i=1
2

Pe:=Qc - Hwiﬂrc(z’)-
=1

Then let Py be the following 0/1 polynomial over the variables Vx U Wx:

P := Py := Z FPc.
cec(x)

For any field F, let us first construct an mABP M of size at most m computing P over F(Wx).
We add all the elements of the set system X with even cardinality to the nodes of M, and choose
the source and sink of M to be the nodes corresponding to the empty set and [n] respectively. For
every chain (R, S,T') in X between two sets R and T with even cardinality and

T] =[S +1=|R[+2,

let u,v be the elements of X such that {u} = S\ R and {v} =T\ S. We then add the edge (R,T)
to the edges of M and label it with the following linear form of F(Wx)[Vx]:

IR, T) = wig)u(Tu + Tp)Wp|,0- (7)
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By the definition of P, we can show that M computes P, as there is a bijective correspondence
between the source-to-sink paths and their labels in M and the maximal chains C' € C(X) of X
and their corresponding terms

!
H W1 70 (2i—1) (Tre (2i-1) F T (20)) Wi o (20)

=1

in the polynomial P. It is also not hard to show that M is syntactically multilinear, as the variables
x,,’s appear at most once in each computational path of M (again using the correspondence between
the source-to-sink paths of M and the maximal chains of X’). Note that we consider M an mABP
over the field F(Wx), so the labels are linear forms.

Now let us prove that P is a full rank polynomial over F(Wx). Let f be a balanced partition of
X. By the definition of chain-balance (Definition 1.2) and the fact that & is 1-balanced, we know
that there is a maximal chain C' := C} of X’ such that every element S of C satisfies | f(5)] < 1.
Note that if we also interpret the polynomial P as a polynomial in F[Vx U Wx], then we get that

Qc = Pliw, ,=[rc(i)=u] Vie[n], ueX}s (8)

which is a polynomial in F[Vx]. By standard inequalities between rank of polynomial matrices after
substitution by zero and one values, we get

ranky(yy ) (Mg (P)) > rankp(M(Qc)),

since any rank-1 decomposition of Mp(P) over F(Wx) can be converted into a rank-1 decomposition
of M¢(Qc) over F by using the substitution in Equation 8. As the i-th term of the product in Q¢
is a polynomial with respect to {zr(2i-1), Tr(2s)} and f(7(2i — 1)) # f(m(27)) (by the fact that C is
a 1-balanced chain w.r.t. f), we get that

l

rankg(M;(Qc)) = [ [ ranks (M (zr2i-1) + Zr(2i)))
=1

l
=[]2=2"
=1

where the first equality follows from the multiplicative property of the coefficient matrix with
respect to a partition of the variables (Fact 5.2). Therefore, for every balanced f,

ranks () (Mg (P)) > ranks(My(Qo)) > 2
thus P is a full rank polynomial over F(Wx). [

More generally, we have the following stronger version of Theorem 5.4 for [-balanced-chain set
systems.

Theorem 5.5. Let n € N be an even number, let [ € [n] and X finite with n elements. Let
Wx = {w|t:= (i,u) € [n] x X} and Vx := {x; | i € X} be two disjoint sets of variables with,
respectively, n? and n elements. If X is a [-balanced-chain set system over X, then there is a
polynomial Py over the variables Vx U Wx such that
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o All coefficients of Py are 0 or 1;

e For every field F, the polynomial Py is full rank over F(Wx)[Vx]| and can be computed by
an mABP of size at most |X|(;) over F(Wx).

Proof. By applying Lemma 2.4 to the [-balanced-chain set system X given as input for Theorem 5.5,
we obtain a 1l-balanced-chain set system ) over X with size at most |X ](gl) Now we apply
Theorem 5.4 to Y and obtain the polynomial Py over the variables Vx U Wy such that

o All coefficients of Py are 0 or 1;

e For every field F, the polynomial Py is full rank over F(Wx)[Vx] and can be computed by
an mABP of size at most |y|(gl) over F(Wx).

Therefore, Py is a polynomial satisfying the properties required by Theorem 5.5. |

5.3 A separation between multilinear formulas and mABPs

As mentioned in the introduction, we can use Theorem 1.3 together with Theorem 3.3 to obtain
a superpolynomial separation between multilinear formulas and mABPs. We show this separation
(Corollary 5.7) in this section, after we prove the following formal version of the second part of
Theorem 1.3.

Theorem 5.6 (Second part of Theorem 1.3). Let n € N be an even number, let [ € [n] and X
finite with n elements. If X is a [-balanced-chain set system over X, then, for every infinite field
F, there is an n-variate full rank polynomial Py over F that can be computed by an mABP over F
with size at most |X[(Z)).

Proof. Let m :=n/2. By applying Theorem 5.5 with the [-balanced-chain set system X', we obtain
a polynomial P over the variables Vx U Wy (as defined in Theorem 5.5) such that, for every field
F, the polynomial P is full rank over F(Wx)[Vx] and can be computed by an mABP of size at
most | X[(Z,) over F(Wx). By the definition of full-rank polynomial (Definition 5.3), we have that,
for every balanced partition f of X, there is a 2™-square submatrix My := M (P)[Rys,Cy], for
some sets Ry and Cy, of M;(P) with nonzero determinant (as a polynomial over F(Wx)). By
Definition 5.1 and the fact that the degree of Py over the variables in Wx is at most n, we know
that all the entries of M¢(P) are polynomials of F[Wx] of degree at most n, so the determinant of
My is a non-zero polynomial of degree at most A := n2™. We denote by Dy the determinant of
My:
Df = det(Mf).

Let By, be the set of all balanced partitions of [n], and let S C F be a fixed subset of F of cardinality
| Br|A|Wx|. By Ore-DeMillo-Lipton-Schwartz-Zippel lemma [Ore22, DL78, Sch&0, Zip79], we know
that, for w being a uniformly random element of Vx|

and, consequently,
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Hence, there is a w € S such that, for every f € B,,, we have

Dy(w) # 0.

Let @ € F[Vx] be the polynomial obtained by substituting all the variables in Wx of P by the
corresponding value in w. Note that, for every f € B,, all the entries of M(Q) are equal to the
value of the corresponding entry of M¢(P) evaluated at w. Thus, we obtain

det(M¢(Q)[Ry, Cfl) = det(My(P)[Ry, Cfl)(w) = Dy(w) # 0,

which implies that M(Q) has rank at least 2. Therefore, @ € F[Viy] is a full rank polynomial
over F.

Finally, we just need to prove that ) can be computed by an mABP over F with size at most
|X|(Z,). This follows from the fact that we can change all linear forms on the labels of any mABP
computing P over F(Wx) to the evaluation of this label on w (which is a linear form over F) in
order to obtain a mABP of the same size computing Q. |

Now let us use Theorem 5.6 and Theorem 3.3 to prove a separation between of multilinear
formulas and mABPs.

Corollary 5.7. Let n € N be a sufficiently large even number, and F be an infinite field. Then

there is a n-variate polynomial P, over F computed by a mABP of size n@(nn/Inlnn)

multilinear formula computing P, has size at least nf*(nn).

, but any

Proof. Let X := X, be the 1-balanced-chain set system over [n] of size n@(n"/ ) ohtained from

Theorem 3.3. Let P := P, be the n-variate polynomial obtained from Theorem 5.6 using X as
its 1-balanced-chain set system. Hence, P is a full rank polynomial that can be computed by an
mABP of size at most

‘X|TL — nO(lnn/lnlnn)

and, by Theorem 1.1, any multilinear formula over F computing P has size at least nfn7), |

5.4 Construction of balanced-chain set systems from full-rank multilinear ABPs

In this section, our goal is to prove our formal version of the first part of Theorem 1.3. In particular,
we are going to prove a more general theorem (Theorem 5.13), which allows to relax the hypothesis
from the first part of Theorem 1.3 to average-case almost-full-rank guarantees.

Notation. Given an mABP A with source a and sink b, and a vertex v of A, we use X, (A) to
denote the set of all variables that appear in the label of an edge on a a-v path. Similarly, we use
X,(A) to denote the set of all variables that appear in the label of an edge on a v-b path. If the
mABP A is clear from context, we simplify the notation to X, X,.

We will now define a structured kind of mABP for which some arguments are simpler. The
following notion may be thought of as an analogue of ‘homogeneous ABPs’ in the multilinear
setting.

Definition 5.8 (Valid labelings and layered mABPs). Fix an mABP A computing a polynomial
P in the variable set X. A wvalid labeling of A is an assignment to each vertex v a subset Y, C X
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such that X, C Y, C X \ X; further, if (u,v) is an edge of A, it must be the case that Y, C Y,.
Note that the assignment Y, := X, (A) in particular meets the conditions of this definition.

A layered mABP is an mABP along with a valid labeling such that the following holds. Partition
the vertex set V' of the mABP into subsets Vj, ..., V,, where n = | X|, where the i-th layer contains
exactly those vertices v such that their vertex label Y, has size ¢. Then

All edges go from vertices in layer i, for some i, to layer ¢ + 1. Further, the label of an edge (u,v)
is a linear polynomial in the unique variable in Y, \ Yy, or a field constant.

The following two statements showcase how we will use valid labelings.

Observation 5.9. If A is an mABP, we note that X,(A) N X,(A) = @ for any vertex v of A.
Further, if we consider the sub-mABPs A! and A! obtained by redefining v as the sink or
source respectively, we note that the polynomial L, computed by A} is a multilinear polynomial
in the variables X, (A) and the polynomial R, computed by A% is a multilinear polynomial in the
variables X ,(A).
If Y C X is such that X,(A) CY C X, (A), we can also consider L, as a multilinear polynomial
in Y and R, a multilinear polynomial in X \ Y.

Lemma 5.10 (mABP decomposition based on any vertex cut). Let A be any mABP over a set of
variables X with a valid labeling. Let C' be any cut in A separating the source a from the sink b.
Then we can decompose the polynomial P computed by A as

P=) L(%,) Ry(X\Y,)
veC

where for each v, the set Y,, C X is the label of v, and the polynomials L, and R, are multilinear
polynomials on the specified subsets of X.

Proof. We prove the lemma by induction on the size of the cut C.

If |C| = 0, then there are no a-b paths in the ABP and the polynomial computed by the ABP
is 0. Thus the lemma follows trivially in this case.

Otherwise, let v € C' be any fixed vertex in C. Removing v from A yields an mABP A’ and
a cut ¢’ := C\ {v} of smaller cardinality than C. We note that the same labeling is still a valid
labelling for A’. By the induction hypothesis, we have

P'= " Ly(Yy) Ry(X\Yy).

v'eC’

Finally, we observe that the difference P — P’ is the sum, over all paths 7 in A containing v,
of the product of the labels of edges in 7. This sum can be factored into the corresponding sum of
all a-v paths and the sum of all v-b paths. Using Observation 5.9, we are led to the factorization

P— P =L,(Y,) Ry(X\Y,)

where L, corresponds to the sum of all a-v paths and R, to the sum of all v-b paths. This implies
the lemma statement. |

With the above lemma in hand, we can prove the main result for layered mABPs.
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Lemma 5.11 (Balanced-chain set systems from layered mABPs). Let n € N be an even number,
and X be a set of n variables. Let p := p(n) € [0,1],¢ := ¢(n) € (0,1]. Fix any layered mABP A
of size s computing a (p, €)-almost full-rank polynomial P over the variables X, and let Y, denote
the label of each vertex v € V(A) under the valid labeling guaranteed by the definition of layered
mABPs. Then

Xi={Y,|ve V(A

is a (p,lg(s/e))-balanced-chain set system.

Proof. Since A is (p, e)-almost full-rank, we know that for a uniformly random balanced partition
f: X — {£1}, we have

P; [rank(M;(P)) > e2"/2| > p. 9)

We will show that X as defined in the statement of the lemma is (1 + 1g(s/e))-balanced w.r.t. any
f that satisfies the event in (9) above, which will prove the lemma. For the rest of the lemma, fix
such an f.

Define k := 1g(s/e) and let U denote the set of vertices v whose labels that are k-imbalanced
w.r.t. f,ie.,

U= {veV(A) | [f(¥,)] > k).

If there is a path from the source a of A to its sink b that avoids all the vertices in U, then we
are done because the labels of the vertices along the path yield a maximal chain of subsets in X
that is k-balanced w.r.t. f.

On the other hand, if there is no such path, then the set of vertices U form an a-b cut. In this
case, we will derive a contraditicon to the fact that M (P) has high rank. By Lemma 5.10 above,
we can write

P =) L,(Y,)Ry(X\Y,)
vel
for multilinear polynomials L, and R, in the given sets of variables. By the subadditivity and
multiplicativity (Fact 5.2) of the rank of the coefficient matrix, we see that

rank(M;(P)) < Z rank(My (L, - Ry))
vel

<s- magcrank(Mf(Lv “Ry))
veE

= 5-max rank(My|,. (Lv)) - rank(My) ... (Ry))

where f|y represents the restriction of f to Y. Fix any v € U and note that My, (L) is a matrix
with dimensions 2™ x 2° where

’TU - Cv’ = ‘f(}/v)| > k.

Thus we have
rank(Mf‘Y (Lv)) < 2min{rv,cv} < 2(TU+CU)/2—|TU—CU|/2 < 2(rv+cv)/2—k/2'

In a similar way, we also see that

My, (Ry) < 207l < (ote)/2olrt—cll/2 o olote)/2-k/2,
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where My, (Ry) is a 270 x 2¢% matrix, and
Il — | =In—1y— (n—cy)| =|ry — | > k.
Plugging these rank bounds into the computation above, we get

- 22 < rank(My(P;)) < s - max 2o )/ 2H(rute)/2=k — o gn/2-k (10)
! vel

which is a contradiction since k = 1g(s/e). [ ]

To finish the proof of the main theorem of this section, we show how to convert any mABP to
a layered mABP with a not too large blowup.

Lemma 5.12 (General mABPs to layered mABPs). Let A be any mABP of size s computing a
multilinear polynomial P is a set X of n variables. Then, there is a layered mABP A’ of size O(s?n)
computing P.

Proof. We construct A’ by starting with the mABP A and adding more vertices. We also start
with the valid vertex labeling that assigns to each vertex v the set Y, := X, (A). This partitions
the vertex set into n + 1 layers Vp, ..., V, depending on the size of Y,.

To fulfill the condition that edges go from one layer to the next (see the item in Definition 5.8),
we proceed as follows. Call an edge e := (u,v) bad if it joins w in layer ¢ with v in layer j # i + 1.
Since we have a valid labeling, it must be the case that Y, C Y, and hence that j > i. Hence for a
bad edge, we have either j =i (both endpoints are within the same layer) or j > ¢ + 1 (endpoints
in different layers).

We remove the bad edges in two steps (at all times maintaining a valid labeling).

Bad edges within the same layer. Arrange the vertices of the mABP in topological order
ul = a,...,us ‘= b. As long as there are bad edges within the same layer, we repeat the following.
We start with a bad edge e := (u;, u;) with length len(e) := |i — j| as small as possible. The label of
e must be a field constant a as u; and u; are in the same layer (and hence Y,, = Y,,;). We remove
the edge e and then do the following.

e If i # 1, we add in the edge €’ := (u, u;) for each edge (ug,u;) in the mABP. The label of ¢’
is set to « times the label of (ug, u;).

e Ifi =1, then note that j # s (otherwise the polynomial computed by the mABP is a constant
and the lemma is trivial). In this case, we add the edge ¢’ := (u;, uy) for each edge (uj,ug)
in the mABP. The label of ¢ is again set to « times the label of (u;, ug).

In both cases, each path containing e is replaced by a different path computing the same polynomial.
Hence, the polynomial computed by the new mABP is the same. Further, the same labeling remains
valid. Finally, the above process can create parallel edges, which can be handled by replacing them
with a single edge whose label is the sum of the labels of the parallel edges.

This way, we reduce the number of bad edges with the smallest possible length and only create
bad edges of a greater length. Repeating this process removes all bad edges between the same layer.
Note that this process maintains the size of the mABP.

From now onwards, we will assume that there are no more bad edges within the same layer.
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Bad edges between different layers. Fix any bad edge e := (u,v) where u € V; and v € V;
for j > i+ 1. The label of e is a linear polynomial which is w.l.o.g.

r
o + E ST
=1

Note that {z1,...,2,.} CY,\Y,. By adding some more summands to the label of e with coefficient
0, we can assume w.l.o.g. that in fact Y, = Y, U{x1,...,z,} and hence r = j —i > 1. We now
remove e, and add a simple layered gadget with O(n) vertices between vertices v and v that will
simulate the presence of e. The gadget is given in Figure 1. Note that the gadget computes the
polynomial ag + > ., oyz;. It is also naturally layered in r + 1 layers as shown. Assigning every
vertex w in layer 4, for i € {2,...,r}, the label

Y, =Y, U {1‘1, e ,Qj‘z;l}
leads to a valid labeling for the mABP.

_ 7/ \ 7/ 7/ \ 7/ \
> / / / -
// a\O + 041’#1 \\ , \\ , \\ , \\ // \\

I I I I
I | ! | ! | ! | ! | I |
I ! i A7 I I < | )/ |
| | a2X2 a3X3 q4X4 1 I | )
\ " 1 I Ofrxry J

\

Figure 1: The gagdet construction used in Lemma 5.12. All unlabeled edges are assumed to have
the label 1. The dashed ellipses show the natural layering of the gadget into ¢ + 1 layers 0, ..., t.

Repeating the above process for all the bad edges leads to a layered mABP A’ computing the
same polynomial. Since A has size s and we add O(n) edges for each edge of A, the mABP A’ has
size O(s%n). This concludes the proof of the lemma. [

The above results directly imply a stronger version of the first part of Theorem 1.3 from the
introduction.

Theorem 5.13 (Balanced-chain set systems from layered mABPs (first part of Theorem 1.3)). Let
n € N be an even number, and X be a set of n variables. Let p := p(n) € [0,1],¢ := &(n) € (0, 1].
Fix any mABP A of size s > n computing a (p, £)-almost full-rank polynomial P over the variables
X, Then there exists a (p, O(log(sn/¢))-balanced-chain set-system X of size at most O(s?n).

Proof. Follows directly from the statements of Lemma 5.12 and Lemma 5.11. |

5.5 Lower bounds against interval-mABPs

We show in this section how to use the combinatorial results in Section 4 and the connection
between multilinear ABPs and balanced-chain set systems to obtain a stronger version of a result
of [CIKXS524]. While we state the result for multilinear ABPs, the same idea also works in the
set-multilinear setting.

Let X be a set of n variables. Given a bijection 7 : X — [n], we denote by Zx . the set system
consisting of intervals with respect to 7 contained in the set X. Formally, we have

IX,’R‘ = {{wﬂ(i)vwﬂ(i+l)7 e 7x7r(])} ‘ 1 S Zvj S TL}
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Interval-mABPs. A 7-interval mABP is defined to be an ABP whose vertices are divided into
n + 1 layers. Each vertex v is labelled with a m-interval Y, € Zx », and all vertices from the i-th
layer are labelled with sets of size i. All edges go from vertices in layer i, for some 4, to vertices in
layer i + 1. An edge (u,v) from vertex w in layer ¢ to vertex v in layer i + 1 is labelled by either a
linear polynomial in the unique variable z € Y, \ Y,,, or a field constant. We say that an ABP A is
an interval mABP if there is a bijection 7 such that A is a m-interval mABP.

We make a simple observation regarding interval mABPs that follows easily from their definition.

Remark. Fix any vertex v in a w-interval mABP. Then all paths from the source a to v are only
labelled by variables in Y, and paths from v to the sink b are only labelled by variables in X \ Y.
In particular, for any 7, a m-interval mABP A is indeed an mABP, and the labelling {Y, },cv (4 is
a valid witness for the fact that A is a layered mABP (Definition 5.8).

We denote by ¥, mABP the computational model that is a sum of interval mABPs (possibly
with respect to different orderings 7).” The size of an instance is the sum of all the sizes of the
individual mABPs that make up the instance.

Comparison with [CKSS24]. This model is a generalization of the model considered
in [CKS524] who prove a lower bound for the sum of ordered (set-)multilinear ABPs. The dif-
ference between the ordered and interval settings is that in the former, all the X, are intervals of
the form [i] for some i € {0,...,n}. Note that the underlying set system has only one maximal
chain in the ordered case, but exponentially many chains in the interval setting. This makes our
result below more challenging.

An exponential lower bound. We show the following strong lower bound against >, mABP.

Theorem 5.14 (Corollary 1.8). Let n € N be sufficiently large even number, and X be a set of n
variables, and F be any field. Let P be a full rank polynomial in F[X]. If A is a X, mABP of size
s computing P, then

5 > 2n'/?),
Proof. The proof is an easy consequence of our previous results. As A is a X, mABP that computes
P, it can be specified as an explicit sum of interval mABPs

A=A+ + A

where each A; is an interval mABP with respect to an ordering m; : X — [n| computing a polynomial
P;.

Let f: X — {—1,1} be a uniformly random balanced partition of X. It follows from the
subadditivity of matrix rank that

on/2 — rank(My(P)) < Zrank(Mf(B)),
i€lt]

and hence by averaging, there is an i such that P; is (1/¢,1/t)-almost full-rank. Since A4; is
layered with valid labelling comming from the set-system Zx r,, Lemma 5.11 implies that Zx ,, is a

"The notation here is from [CKSS24] but we add an additional subscript ‘r’ to recall that the mABPs are all
interval mABPs.
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(1/t,1g(st))-balanced-chain set-system. Note that ¢ < s and hence Tx ., is a (1/s, 21g(s))-balanced-
chain set-system.

On the other hand, it follows from Theorem 4.4 that Zx ., is not an (¢, k)-balanced-chain set-
system, for k < n'/> and some & = exp(—Q(n'/?)). This implies that s > exp(Q(n'/?)), proving
the theorem. n

5.6 The set-multilinear case

Both parts of Theorem 1.3 work also in the set-multilinear setting with nearly the same proofs.
We sketch the ideas here, noting only the points of departure in the proofs. We assume that we
are working with set-multilinear polynomials w.r.t. an equipartition P := {Xy,..., X, } into sets
of size N.

For the second part of Theorem 1.3, we note that the proofs of Theorem 5.4, Theorem 5.5 and
Theorem 5.6 above work almost without change in the set-multilinear case. The only difference in
the construction above is that in (7), we replace the polynomial x, + z, by a set-multilinear ABP
of size O(n) computing the inner product between the corresponding variable sets X, and X,.%

For the first part of Theorem 1.3, we note that we can get something stronger in the set-
multilinear setting by showing that if a set-multilinear ABP of size s computes a (p, €)-almost full-
rank polynomial, then there is a (p, O(logy (sn/e))-balanced-chain set-system of size O(s?n). The
improvement is in the chain-balance parameter in the set-system where the base of the logarithm is
now N instead of 2. The source of this improvement can be traced to the ‘layered’ case Lemma 5.11
(defined similarly in the set-multilinear case), where the base of the exponent is N instead of 2 in
all the rank bounds.

In the interesting case that N = n®1) the above paragraphs show that we get a tight connection
between the smallest set-multilinear ABP computing a full-rank polynomial. For any ¢, there is
a set-multilinear ABP of size n?©) computing a full-rank polynomial if and only if there is an
O(c)-balanced-chain set-system of size n(),

Finally, these results can be used to argue the lower bound for sums of interval-set-multilinear
ABPs just as for the multilinear case.

6 Further questions

The main questions related to our work are the following:

O(lnn/Inlnn)

e Can we close the gap between the lower bound 2(n?/k) and upper bound n for

the size of k-balanced-chain set systems?

e Can we obtain a uniform construction of full rank multilinear ABPs of size n°™™? A possible
approach for this question is a derandomization of our construction. In particular, it is
sufficient to derandomize our application of the worst-case to average-case reduction, which
uses random permutations of a given set system (Lemma 2.3).

8There is nothing special about Inner Product: any non-singular bilinear polynomial in X, U X, would also work
just as well, assuming that it has a set-multilinear ABP of linear size.
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