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Abstract

We present efficient quantum circuits that implement high-dimensional unitary irreducible
representations (irreps) of SU(n), where n ≥ 2 is constant. For dimension N and error ϵ, the
number of quantum gates in our circuits is polynomial in log(N) and log(1/ϵ). Our construction
relies on the Jordan-Schwinger representation, which allows us to realize irreps of SU(n) in the
Hilbert space of n quantum harmonic oscillators. Together with a recent efficient quantum Her-
mite transform, which allows us to map the computational basis states to the eigenstates of the
quantum harmonic oscillator, this allows us to implement these irreps efficiently. Our quantum
circuits can be used to construct explicit Ramanujan quantum expanders, a longstanding open
problem. They can also be used to fast-forward the evolution of certain quantum systems.
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1 Introduction
The special unitary groups SU(n), n ≥ 2, are a cornerstone of both physics and quantum informa-
tion theory (Cf. [18, 36]). On the one hand these groups determine the fundamental symmetries
of matter: SU(2), generated by the algebra of angular momentum operators, governs the physics
of spin systems and the electroweak interaction [29], and SU(3) underpins Quantum Chromody-
namics (QCD) and arises naturally in nuclear physics [3]. On the other hand, the groups SU(n)
are critical for investigating the complexity of Hilbert space: specific subsets of high-dimensional
SU(n) unitaries act as quantum expanders, which are operations that rapidly delocalize information
across a system [38, 25]. These “fast scramblers” are essential for modeling quantum thermaliza-
tion, chaos, and black-hole dynamics [44], and are intrinsically related with unitary designs [26].
Consequently, studying efficient quantum implementations of these high-dimensional unitaries is
a priority for quantum information, having important fundamental and practical applications in
quantum simulation and beyond, as we will discuss.

Formally, the SU(n) group is spanned by n × n unitary matrices of determinant 1. These
matrices determine the fundamental representation of SU(n). Nevertheless, the structure of the
group becomes more relevant when considering higher-dimensional representations, as they allow
for richer models of physics (e.g., a spin other than 1/2) and other essential quantum information
tasks. To describe such representations, we start from the definition of SU(n) via its Lie algebra
su(n). In the physicist’s convention, the fundamental representation for su(n) is given by n × n
Hermitian matrices {T1, . . . , Tn2−1} of trace zero that satisfy the commutation relations

[Ta, Tb] = TaTb − TbTa = i
n2−1∑
c=1

fabcTc . (1)

The coefficients fabc ∈ R for a, b, c ∈ {1, . . . , n2 − 1} are totally antisymmetric and constitute the
structure factors of su(n). Equation (1) is a main property of a Lie algebra, i.e., commutation
relations that are closed. Any element U in the fundamental representation of SU(n) can then be
specified with n2 − 1 real parameters θa, so that

U = exp

i
n2−1∑
a=1

θaTa

 ∈ Cn×n . (2)

It suffices to restrict θa ∈ [0, 4π) in our convention.
In general, it is useful to consider an abstract definition of a Lie algebra g, and also of its Lie

group G, that depends solely on the structure factors rather than a specific matrix representation.
In our case, we can specify g ≡ su(n) via a basis {T̃1, . . . , T̃n2−1}, together with a Lie bracket
[., .] : g × g 7→ g:

[T̃a, T̃b] = i
n2−1∑
c=1

fabcT̃c . (3)

The Lie bracket is bilinear, antisymmetric, and satisfies the Jacobi identity. This is similar to
Eq. (1), only that we are not alluding to any particular matrix representation of the vectors or
elements T̃a. That is, while the Lie bracket specifies the abstract Lie algebra, it is not a specific
formula like the commutator of Eq. (1) since the T̃a are abstract elements. Then, in the context
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of representation theory, any abstract element T̃a is identified with an N × N -dimensional and
Hermitian matrix Ta, such that the commutator, defined by [Ta, Tb] := TaTb−TbTa satisfies [Ta, Tb] =
i∑n2−1

c=1 fabcTc. That is, the Lie bracket is replaced by the commutator between matrices in the
representation, and both satisfy similar rules. Since now the dimension can satisfy N ≥ n in
general, this allows for higher dimensional representations of the abstract Lie algebra su(n), which
is the case we consider here. It also allows for higher-dimensional representations of the group
SU(n) by simply letting U = exp(i∑a θaTa) ∈ CN×N . See Ref. [16] for the basics of Lie algebras
and Lie groups.

A simple example to illustrate representation theory is that of SU(2), where the abstract Lie
algebra su(2) is spanned by elements T̃1, T̃2, and T̃3, which are related to the angular momentum
operators Jx, Jy, and Jz of a quantum system. That is, the fundamental representation of su(2) is
that of “spin-1/2” and obtained by half the Pauli matrices as Ta = 1

2σa ∈ C2×2. The next “spin-1”
representation is given by

T1 = 1√
2

0 1 0
1 0 1
0 1 0

 , T2 = 1√
2

0 −i 0
i 0 −i
0 i 0

 , T3 =

1 0 0
0 0 0
0 0 −1

 . (4)

Of particular interest in this work is the case where the dimension of the representation is N ≫ n.
Indeed, we will mainly consider cases where n is a constant (e.g., n = 2 or n = 3), and where N
can increase exponentially in some problem parameter r (e.g., N = 2r)1. We will also consider
faithful representations of su(n), meaning that there is a one-to-one correspondence between each
basis element T̃a and its matrix representation Ta, and irreducible representations or irreps, where
the matrix representations cannot be decomposed as direct sums of smaller matrices (i.e., there is
no invariant subspace other than the full space CN ).

Noting that high-dimensional representations of SU(n) are unitary matrices, it is natural to
consider their implementations and applications in quantum algorithms. That is, for a unitary
U = exp

(
i∑n2−1

a=1 θaTa

)
∈ CN×N in a representation of the group SU(n), we can think of U as a

quantum circuit acting on a Hilbert space CN of, say, r = log2N qubits. For quantum information
tasks, it is desirable that such quantum circuit’s complexity has a favorable scaling, particularly
in terms of the dimension N and precision ϵ. This has been a longstanding open problem, and
constitutes our main result. That is, we will show that U can be implemented within arbitrary
error ϵ > 0 with a quantum circuit of complexity polynomial in log(N) and log(1/ϵ).

Our result does not trivially follow from standard quantum algorithms. For example, while U
can be thought of as an evolution of a quantum system with Hamiltonian ∑a θaTa, the Hermitian
matrices in the representation satisfy ∥Ta∥ = Θ(N), and hence generic methods for Hamiltonian
simulation [10, 11, 37] would result in complexity that is polynomial in N rather than log(N). How-
ever, our main result shows that these SU(n) operations can be fast-forwarded. By fast-forwarding
we mean any quantum simulation approach that bypasses the no-fast-forwarding theorems, which
would give complexity Ω(t∥H∥) for simulating a Hamiltonian H for time t [10, 4, 22, 21].

Our solution approach considers oscillator realizations of SU(n). Essentially, it is possible to
construct an N × N -dimensional irrep of su(n) by considering specific operators acting on the
space of n quantum harmonic oscillators or bosonic modes. More importantly, we show how the
corresponding SU(n) unitaries in these bosonic systems can be implemented efficiently, in time

1Our results can be extended to the case where n = polylog(N) and can be directly applied to subgroups of SU(n).

4



polynomial in log(N) and log(1/ϵ). This, however, does not directly solve our problem, since we
have moved from the space CN of r qubits to that of the n harmonic oscillators, and we would
need an isometry that allows us to transform between spaces efficiently. Remarkably, we are able
to construct this isometry by leveraging a recent efficient quantum Hermite transform [31], that
maps basis states into Hermite states. These Hermite states are precisely the eigenstates of the
quantum harmonic oscillator, also known as Fock states [19]. Accordingly, our quantum circuit
to implement U acts on an enlarged space that is needed to accurately represent the quantum
harmonic oscillators.

In essence, our approach shares some similarities with Ref. [49]. There, a quantum algorithm
for implementing a high-dimensional SU(2) unitary is proposed. Their idea is to use spherical
harmonics rather than the Hermite states. Spherical harmonics also give rise to irreducible repre-
sentations of SU(2). However, the runtime of the algorithm in Ref. [49] is not carefully analyzed,
and that approach is not known to be efficient – see Sec. 1.3. We also remark that, in our case, the
dimension N cannot be arbitrary and needs to obey the relation N =

(M+n−1
n−1

)
, where M ≥ 0 is an

arbitrary integer. This is because the oscillator representation of SU(n) only produces the “totally
symmetric” irreps, constraining the possible dimensions2. Nevertheless, this poses no problem for
the applications we consider and N can still be arbitrarily large. Additionally, there is no constraint
for N when n = 2, in which case all irreps are totally symmetric.

An immediate consequence is that our efficient quantum algorithms for SU(2) unitaries can be
used to construct explicit Ramanujan quantum expanders. This was also a longstanding problem
in quantum information. It is implied by Refs. [38, 27, 25], where it is shown that there exists a
finite and explicit set of unitaries in SU(2) that give rise to an optimal quantum expander, where
the spectral gap in terms of the degree is the largest possible. Such quantum expanders are then
optimal scramblers of quantum information. We can then construct these expanders with arbitrary
accuracy ϵ > 0 efficiently. Another direct consequence is the ability to fast-forward the evolution
of certain quantum systems, such as the quantum kicked top in quantum chaos, adding to the
literature of physics models that can be fast-forwarded [21]. Ultimately, we expect our quantum
primitives to also open the door to other novel applications.

Our paper is then organized as follows. In Sec. 1.1 we define and formalize the “high-dimensional
SU(n) problem”, which seeks an efficient implementation of U ∈ SU(n), and summarize the main
results and corollaries in Sec. 1.2. In Sec. 1.3 we comment on related work, including Ref. [49],
and also comment on efficient quantum algorithms for the quantum Schur transform that address a
different but related problem. In Sec. 2 we describe how the high-dimensional irreps of SU(n) can
be obtained via the oscillator or Jordan-Schwinger representations, that is, via n quantum harmonic
oscillators or bosonic systems. There, we also show how the corresponding SU(n) unitaries can
be fast-forwarded and efficiently implemented. Moreover, since the quantum harmonic oscillators
are defined in the continuum and an infinite dimensional space, we need to approximate these
via discretization and hence describe their finite-dimensional versions in Sec. 3. In particular, in
Sec. 3.1 we show that it is possible to consider a sufficiently high-dimensional discrete quantum
harmonic oscillator to reproduce the results in the continuum with arbitrary accuracy. Next,
we construct the isometry that maps between spaces in Sec. 5, and also provide the full efficient
quantum algorithm for the high-dimensional SU(n) unitary there. We discuss potential applications
to quantum expanders and fast forwarding in Sec. 6 and conclude in Sec. 7.

2These symmetric irreps are characterized by Young tableaux of a single row.
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1.1 Problem statement

We formalize the problem of implementing a high-dimensional irrep of SU(n), which we refer to
as the high-dimensional SU(n) problem, in a way that relates directly with a totally symmetric or
oscillator representation for clarity. That is, there are infinitely-many representations of dimension
N (e.g., it is always possible to conjugate the Ta’s with an arbitrary unitary and obtain another
representation), but we will choose the standard ones that are determined by the Jordan-Schwinger
mapping. This guarantees that the matrices Ta are sparse and have a simple structure, among
other features.

For n ≥ 2 and N ≥ n, we let U ∈ CN×N be a unitary in the corresponding N -dimensional irrep
of SU(n). The goal is to approximate U with a quantum circuit using as few gates as possible
when N ≫ 1. To this end, we need to be careful in the way that U is specified. Ultimately, we
will describe U as the exponential of matrices that form a representation of the Lie algebra su(n)
and, to that end, we will use the standard Cartan-Weyl basis. In this basis, the Cartan subalgebra
gD is spanned by the vectors {H̃i}i, for 1 ≤ i ≤ n − 1, which correspond to a maximal set of
elements where the Lie bracket vanishes, i.e., [H̃i, H̃i′ ] = 0 for all i and i′. We also define certain
ladder elements or “root” vectors {Ẽj,k}j,k, for j, k ∈ {1, . . . , n} and j ̸= k, and the corresponding
Hermitian versions S̃j,k := 1

2(Ẽj,k + (Ẽj,k)†) and Ãj,k := i
2(Ẽj,k − (Ẽj,k)†), where (Ẽj,k)† = Ẽk,j .

The Lie bracket for su(n) is [Ẽj,k, Ẽl,m] = δklẼj,m − δjmẼl,k and [Ẽj,k, H̃i] is proportional to Ẽj,k.
The total number of operators is then (n− 1) + 2n(n− 1)/2 = n2 − 1, which matches the dimension
of su(n); indeed, a basis of the abstract Lie algebra su(n) is given by {H̃i, S̃j,k, Ãj,k}.

In the totally symmetric irrep of su(n), which is the one we consider, the dimension obeys

N =
(
M + n− 1
n− 1

)
, (5)

for arbitrary integer M ≥ 0. That is, N cannot be arbitrary for n ≥ 3, but there is no con-
straint on N for the case n = 2. The representations of the H̃i’s are given by diagonal matrices,
and the representations of the Ẽj,k’s are given by 1-sparse matrix where the nonzero entries are
off-diagonal. Specifically, we can construct the desired irrep by considering a proper labeling of
the basis vectors of CN . The standard way is to use the descending lexicographic ordering of
size n: |0⟩ ≡ |M, 0, 0, . . . , 0⟩ , |1⟩ ≡ |M − 1, 1, 0, . . . , 0⟩ , . . . , |M + 1⟩ ≡ |0,M, 0, . . . , 0⟩ , |M + 2⟩ ≡
|0,M − 1, 1, . . . , 0⟩ , . . . , |N − 1⟩ ≡ |0, 0, 0, . . . ,M⟩. For i ∈ {1, . . . , n}, let mi(ℓ) ∈ {0, . . . ,M} be
the value of the ith entry of |ℓ⟩ ≡ |m1(ℓ), . . . ,mn(ℓ)⟩, where 0 ≤ ℓ ≤ N − 1. We also have the
inverse mapping m−1 such that m−1(m1(ℓ), . . . ,mn(ℓ)) = ℓ ∈ {0, . . . , N − 1}.

Then, the totally symmetric irrep of su(n) is given by matrices that act on basis vectors as

Ej,k |ℓ⟩ ≡ Ej,k |m1(ℓ), . . . ,mj(ℓ), . . . ,mk(ℓ), . . . ,mn(ℓ)⟩

=
√

(mj(ℓ) + 1)mk(ℓ) |m1(ℓ), . . . ,mj(ℓ) + 1, . . . ,mk(ℓ) − 1, . . . ,mn(ℓ)⟩

≡
√

(mj(ℓ) + 1)mk(ℓ)|m−1(m1(ℓ), . . . ,mj(ℓ) + 1, . . . ,mk(ℓ) − 1, . . . ,mn(ℓ))⟩ . (6)

That is, the matrices are

Ej,k :

(Ej,k)ℓ,ℓ′ =
√

(mj(ℓ) + 1)mk(ℓ) if ℓ′ = m−1(m1(ℓ), . . .,mj(ℓ) + 1, . . .,mk(ℓ) − 1, . . .,mn(ℓ)),
(Ej,k)ℓ,ℓ′ = 0 otherwise.

(7)
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This automatically gives the Hermitian N -dimensional representations Sj,k and Aj,k of S̃j,k and
Ãj,k, respectively. To obtain the representation of H̃i we write H̃i = 1

2(Ẽi,i − Ẽi+1,i+1). The
representation of Ẽi,i is a matrix that acts on basis vectors as

Ei,i |ℓ⟩ ≡ Ei,i |m1(ℓ), . . . ,mi(ℓ), . . . ,mn(ℓ)⟩
= mi(ℓ) |m1(ℓ), . . . ,mi(ℓ), . . . ,mn(ℓ)⟩
≡ mi(ℓ) |ℓ⟩ . (8)

That is,

Ei,i :
{

(Ei,i)ℓ,ℓ = mi(ℓ),
(Ei,i)ℓ,ℓ′ = 0 if ℓ ̸= ℓ′

(9)

for 1 ≤ i ≤ n. For the case of n = 2, these representations are all the standard irreps in terms
of angular momentum operators. A reader with a physics background might have realized that
the action of the matrices Ej,k is similar to the action of corresponding creation and annihilation
bosonic operators on Fock states. This connection will be essential. See Appendix A.1 for details.

While a unitary in SU(n) can be expressed as an exponential of a combination of arbitrary
matrices Ta that represent su(n), it is also simple to express it as an exponential of matrices
representing the elements in the Cartan-Weyl basis.

High-dimensional SU(n) problem. Let n ≥ 2, M ≥ 0 be an integer, ϵ ≥ 0 be the error, and
N be the dimension satisfying N =

(M+n−1
n−1

)
. Consider the N -dimensional representation of su(n)

given by the Hermitian matrices {Hi, Sj,k, Aj,k} obtained from Eqs. (7) and (9). For 1 ≤ i ≤ n− 1
and 1 ≤ j < k ≤ n, let ςi ∈ [0, 4π), ϑj,k ∈ [0, 4π), and φj,k ∈ [0, 4π) be a set of n2 − 1 arbitrary
phases, and define the SU(n) unitary matrix

U := exp

i

n−1∑
i=1

ςiHi +
∑

1≤j<k≤n

ϑj,kSj,k + φj,kAj,k

 ∈ CN×N . (10)

The goal of the high-dimensional SU(n) problem is to construct a quantum circuit V ∈ CN ′×N ′

that approximates U within additive error at most ϵ in spectral norm, in the sense

∥(U |ψ⟩) |0⟩ − V |ψ⟩ |0⟩ ∥ ≤ ϵ , (11)

for all states |ψ⟩ ∈ CN . The quantum circuit V acts on an enlarged space where N ′ ≥ N , and |0⟩
is some zero state of an ancilla system.

We note that, instead of solving this problem directly, we solve a simplified version that regards
the fast-forwarding of simpler high-dimensional SU(n) unitaries. That is, we can consider instead
the problem of quantum circuits implementing the individual unitaries exp(iςHi), exp(iϑSj,k), or
exp(iφAj,k). This is because the unitary in Eq. (10) can always be approximated by a sequence of
these simpler unitaries, due to the generalized Euler angles.

More precisely, there is an efficient classical preprocessing that performs O(n3) operations (in-
cluding additions and multiplications) such that, when given the phases ςi, ϑj,k, and φj,k that
specify U in Eq. (10), it outputs a new set of angles to equivalently write U as a product of these
simpler exponentials. Concretely, we are able to decompose

U =
n2−1∏
b=1

exp(iϑbOb), (12)
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for some choice of angles ϑb ∈ [0, 4π] and where each Ob ∈ {Hi, Sj,k, Aj,k}.
The classical method uses the well-known Givens rotations and the minimal length of the

sequence is also n2−1, which coincides with the dimension of su(n). This can be achieved recursively
in a simple manner for our case: considering a fundamental representation of su(n), the procedure
is essentially a Jacobi method to diagonalize the n × n unitary matrix. In practice, there will be
small numerical errors. That is, to achieve error O(ϵ) in this decomposition, we need to provide
the phases and matrix entries in the input with O(log(1/ϵ)) bits of precision, since n is constant.
When considering high-dimensional representations where ∥Hi∥ = O(N), ∥Sj,k∥ = O(N), and
∥Aj,k∥ = O(N), we will need to set ϵ′ = O(ϵ/N) to obtain an error in the spectral norm that is
O(ϵ). Hence, the actual complexity of this classical preprocessing to produce the decomposition
of U with high precision is polynomial in n, log(N), and log(1/ϵ), without affecting the claimed
speedup. We point to Refs. [45, 47] for an efficient classical approach that provides such a sequence
if n is constant or n = polylog(N).

1.2 Summary of results

Our main result is an efficient quantum circuit for the high-dimensional SU(n) transform.

Theorem 1.1 (Efficient high-dimensional SU(n) circuits). Let n ≥ 2 be a constant and M ≥ 0
integer. There exists a quantum circuit V ∈ CN ′×N ′ that implements the SU(n) unitary in Eq. (10)
of dimension N =

(M+n−1
n−1

)
within additive error ϵ > 0, with complexity poly(n, log(N), log(1/ϵ)).

The dimension N ′ is polynomial in N and 1/ϵ, and the input phases ςi, ϑj,k, and φj,k are assumed
to be given within O(log(N/ϵ)) bits of precision.

More precisely, we will show it suffices for the dimension to be N ′ = O((M2.25/ϵ3.25)n) giving
an overall complexity O(n2(log(N) + log(1/ϵ))3 × log(1/ϵ)), which is dominated by the quantum
Hermite transform (QHT), and the factor n2 is due to the decomposition of U into O(n2) terms.
See Sec. 5.1 for more details.

As mentioned, we achieve this result by considering the oscillator representation of su(n) and a
recently developed QHT [31]. In general, U |ℓ⟩ = ∑N−1

ℓ′=0 αℓ,ℓ′ |ℓ′⟩ for all basis states where αℓ,ℓ′ ∈ C.
A sketch of our construction follows.

1. Apply a unitary V1 that converts |ℓ⟩ into the ℓ-th state by descending lexicographic order:

|ℓ⟩ 7→ |m1(ℓ), . . . ,mn(ℓ)⟩ . (13)

2. Apply a unitary V2 built from n QHTs (i.e., V2 = QHT⊗n) to map to the Hermite basis,

|m1(ℓ), . . . ,mn(ℓ)⟩ 7→ |ψm1(ℓ), . . . , ψmn(ℓ)⟩. (14)

The Hermite states |ψm⟩ belong to an enlarged space CL, where L = poly(N/ϵ).

3. Implement the corresponding unitary U acting on (CL)⊗n obtained from the oscillator repre-
sentation,

|ψm1(ℓ), . . . , ψmn(ℓ)⟩ 7→
N−1∑
ℓ′=0

αℓ,ℓ′ |ψm1(ℓ′), . . . , ψmn(ℓ′)⟩ , (15)

where the coefficients are according to the action of U and ∑n
i=1mi(ℓ) = ∑n

i=1mi(ℓ′) = M
in the sum. This Ū implemented as a sequence of O(n2) simpler unitaries.
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4. Apply the inverse of the n QHT’s followed by the inverse of V1,

|ψm1(ℓ′), . . . , ψmn(ℓ′)⟩ 7→
∣∣m1(ℓ′), . . . ,mn(ℓ′)

〉
7→
∣∣ℓ′〉 , (16)

where ℓ′ ∈ {0, . . . , N − 1}.

The overall result is the desired map

|ℓ⟩ 7→
N−1∑
ℓ′=0

αℓ,ℓ′
∣∣ℓ′〉 = U |ℓ⟩ . (17)

The unitary V1 in steps 1 and 4 can be efficiently constructed as we show in Sec. 4.1. In Sec. 3.1 we
provide a fast forwarding result that shows how the corresponding U in step 3 can be decomposed
into a product of diagonal operations and Fourier transforms using the oscillator representation.
These operations correspond to evolutions with operators that are quadratic in the spatial coordi-
nates or quadratic in the momentum coordinates of the bosonic systems. While the result would
deliver U exactly in the continuum, where the Hermite states |ψm⟩ are continuous eigenfunctions of
the quantum harmonic oscillator 1

2(x̂2 + p̂2), we must describe the quantum algorithm by acting on
finite dimensional spaces (of qubits). This requires us to define an appropriate finite-dimensional
quantum harmonic oscillator in CL, for which we show that the results in the continuum can be re-
covered with arbitrary accuracy by setting the dimension L properly. Proving these approximations
is one of the main technical contributions of this work.

Our efficient quantum circuits for high-dimensional SU(n) unitaries have an immediate appli-
cation to efficient and optimal quantum expanders due to Refs. [38, 27, 25].

Corollary 1.2 (Explicit Ramanujan quantum expanders). For any D = p + 1 where p is a prime
congruent to 1 modulo 4, there exists explicit quantum circuits that implement a Ramanujan quan-
tum expander of degree D and dimension N , within error ϵ > 0, in time polynomial in log(N) and
log(1/ϵ). For this quantum expander, the second eigenvalue can get arbitrarily close to the optimal
bound λ ≤ 2

√
D − 1/D.

To the best of our knowledge, this is the first known construction of explicit, efficient, and opti-
mal quantum expanders. Our construction matches the parameters of the proposals in Refs. [8, 25],
though these are, critically, non-constructive. We thus give an algorithm to make this construction
explicit. The details and proof are in Sec. 6 and Appendix C. Ramanujan expanders are optimal
in the sense that their spectral properties mimic those of a Haar random unitary, thereby provid-
ing the fastest mixing or scrambling rates. While we are unable to obtain the quantum expander
exactly, we note that the error ϵ can be arbitrarily small in our construction, which contrasts other
(inefficient) constructions, where the error is fixed by the dimension (Cf. [28]).

Our quantum circuits also have an application to exponential fast-forwarding the dynamics of
certain quantum systems. For such systems, the Hamiltonian H is a linear combination of matrices
or operators that are a high-dimensional irrep of su(n). The evolution operator takes the form of
Eq. (10), and it can then be simulated with complexity that is only polylogarithmic in ∥H∥ from
Thm. 1.1, an exponential improvement over no-fast-forwarding results. See Sec. 6 for examples.

Our construction involves many parameters, which we summarize in the following table for easy
record-keeping.
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Definition Property

n Dimension of the group SU(n) n ≥ 2
N Dimension of the irrep of SU(n) Exponentially large
ϵ Error in the implementation of U , in spectral norm ϵ > 0
M Total number of bosons in the oscillator representation N =

(M+n−1
n−1

)
L Dimension of each discretized harmonic oscillator L = poly(M/ϵ)
N ′ Dimension of the space for the quantum circuit N ′ = Θ(Ln)

Table 1: Description of parameters. See the following sections for details.

1.3 Related work

We now survey a number of related works, including prior attempts to solve the high-dimensional
SU(n) problem, related algorithmic tasks in basis transformation and Hamiltonian simulation, and
the current landscape of Ramanujan quantum expanders. Directions for future work are outlined
in Sec. 7.

1.3.1 Zalka’s construction

In Ref. [49], Zalka posed the problem of implementing high-dimensional irreducible representations
of SU(2) on a quantum computer and sketched a possible approach. Zalka’s proposal started from
the observation that SU(2) is a double cover of SO(3) and hence implementing the irreps of SU(2)
is essentially the same problem as implementing the irreps of SO(3), up to some minor technical
details. To implement the irreps of SO(3) the author proposed to exploit the fact that, for any
fixed ℓ, the spherical harmonic functions {Yℓ,m(x, y, z) : m = −ℓ, . . . , ℓ} transform under rotations
as an irreducible representation ρℓ : SO(3) → U(2ℓ+ 1), indexed by ℓ ∈ {0, 1

2 , 1,
3
2 , 2,

5
2 , . . .}. Here,

U(N) refers to unitary matrices of dimension N ×N .
Consider a superposition of the form

|Yℓ,m⟩ =
∑

x∈R3

Yℓ,m(x)f(|x|) |x⟩ , (18)

where f(|x|) is any envelope function yielding a normalized state (e.g., a Gaussian or a spherical
shell). Then, for any R ∈ SO(3)∑

x∈R3

Yℓ,m(x)f(|x|)
∣∣∣R−1x

〉
=
∑
m′

[ρℓ(R)]m,m′
∣∣Yℓ,m′

〉
. (19)

Consequently, if one can efficiently construct superpositions of the form Eq. (18) using poly(log(ℓ))
gates, then one can implement ρℓ as a quantum circuit of poly(log(ℓ)) gates as follows.

1. Given m construct |Yℓ,m⟩ in an ancilla register:

|m⟩ |0 . . . 0⟩ → |m⟩ |Yℓ,m⟩ . (20)

2. Uncompute m. This can be done using Kitaev’s phase estimation because |Yℓ,m⟩ transforms
under rotations about the z-axis as

Rz(ϕ) |Yℓ,m⟩ = eimϕ. (21)
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One must take care to ensure that Rz(ϕ) remains reversible despite the superposition ∑x∈R3

being necessarily discretized and truncated onto finite volume. This can be achieved by
decomposing the rotation into a sequence of shears as discussed in [49].

3. Apply the given rotation R ∈ SO(3) to |Yℓ,m⟩. By Eq. (19), this yields

|Yℓ,m⟩ →
∑
m′

[ρℓ(R)]m,m′
∣∣Yℓ,m′

〉
. (22)

Again, this rotation is to be implemented reversibly as a sequence of shears.

4. Lastly, one must implement the transformation
∣∣Yℓ,m′

〉
→ |m′⟩, i.e., extract the index m′ as

a bit string. This can be achieved by using phase estimation to extract m′ into an ancilla
register, and then running the gate-by-gate inverse of the state preparation circuit from step
1 to uncompute

∣∣Yℓ,m′
〉
.

The key challenge is the first step, of preparing the superposition |Yℓ,m⟩. Zalka proposed to do
this using the method of conditional rotations, that was previously introduced in [48] (and which
was further refined by Grover and Rudolph in [20]). This can be done efficiently provided integrals
of Y 2

ℓ,m(x) can be efficiently approximated on various finite regions of R3. In [49], Zalka conjectured
that this is indeed possible but pointed out that it was nontrivial because for exponentially large ℓ
the integrand Y 2

ℓ,m becomes highly oscillatory, with exponentially many nodes. To our knowledge,
this question has never been resolved.

Our approach is in some ways similar to Zalka’s original proposal in that we consider an isometry
to a space of continuous L2 functions. However, we circumvent the problem of integrating Y 2

ℓ,m(x)
by instead taking a more direct approach via a quantum Hermite transform [31], which avoids the
evaluation of any oscillatory integrals by using the Plancharel-Rotach formula.

1.3.2 Schur transform

While the problem we consider is distinct from the quantum Schur transform, there are some related
characteristics worth emphasizing. Let H = (Cd)⊗n be the Hilbert space of n d-dimensional qudits.
We can act on this Hilbert space by choosing an element u in the fundamental representation of
the unitary group U(d), which is a d× d unitary, and applying it to each qudit:

|ψ⟩ → u⊗n |ψ⟩ . (23)

We can also act on this Hilbert space H by choosing an element π ∈ Sn of the symmetric group
and correspondingly permuting the n qudits:

|ψ1⟩ ⊗ . . .⊗ |ψn⟩ → Mπ |ψ1⟩ ⊗ . . .⊗ |ψn⟩ = |ψπ−1(1)⟩ ⊗ . . .⊗ |ψπ−1(n)⟩, (24)

where u⊗n and Mπ are reducible unitary dn-dimensional representations of the unitary group U(d)
and the symmetric group Sn, respectively. These two actions on H commute.

The irreducible representations of Sn are in bijective correspondence with the partitions of n.
Any partition of n into at most d parts indexes an irreducible representation of U(d). U(d) has
infinitely many irreducible representations so, for any fixed n, these partitions only index a special
subset of them. As discussed in Ref. [6], there exists a unitary change of basis USchur such that

USchurMπu
⊗nU−1

Schur =
⊕

λ

ρλ(π) ⊗ νλ(u), (25)
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where λ ranges over all partitions of n into at most d parts. (If d < n then not all irreducible
representations of Sn appear in the decomposition of Mπ.)

In Refs. [24, 7, 6] it was shown that an ϵ-approximation of USchur can be constructed from
poly(n, d log(1/ϵ)) quantum gates. The efficiency of quantum Schur transforms for large d was
subsequently improved in Ref. [15] where, building upon Ref. [35], it was shown in that USchur can be
implemented using O(n4 poly(log d, log(1/ϵ))) gates. The implementation with the best scaling in
n is from Ref. [41], where it was shown that USchur can be implemented using O(nd4 poly(log(1/ϵ)))
gates.

Quantum circuits for Schur transforms give as immediate corollaries quantum circuits for imple-
menting irreducible representations of U(d) of dimension higher than d. Specifically, from Eq. (25)
we see that by applying the circuit for U−1

Schur, followed by u⊗n, followed by the circuit for USchur
we get a direct sum containing all irreducible representations of U(d) indexed by partitions of n
into at most d parts. This construction also yields irreducible representations of SU(d) because
the irreducible representations of U(d) remain irreducible when restricted to u ∈ U(d) such that
det(u) = 1. As discussed in later sections, the irreducible representations of U(d) and SU(d) are
indexed by a list of d integers, called a highest weight. The Schur transform does not yield an
efficient way to replicate our results in this paper, because we consider representations in which
the integers in the highest weight can be exponentially large, and these only arise in the Schur
transform when the number of qudits n is exponentially large.

1.3.3 Hamiltonian-based methods for Lie group representations

Using quantum Hamiltonian simulation one may attempt to implement exponentials of a represen-
tation of the Lie algebra g and thereby obtain the corresponding representation of the Lie group
G. Let ρ denote the representation. Given an arbitrary element of Γ ∈ G it is likely difficult to
implement eρ(γ) for a corresponding γ such that Γ = eγ when ρ has exponentially high dimension.
Instead, suppose we can find some polynomial-size set of generators {γ1, . . . , γm} ∈ g such that:

i) Given an arbitrary element Γ ∈ G, one can efficiently decompose it in the form

Γ =
m∏

j=1
eγjtj (26)

where t1, . . . , tm ∈ R are coefficients efficiently computable from G, and

ii) Each of eγ1t1 , . . . , eγmtm can be implemented by polynomial-size quantum circuits.

Then, one can concatenate these quantum circuits to obtain the representation eρ(γ) of G. In
particular, if γ1, . . . , γm are matrices of poly(log(N)) sparsity with efficiently computable matrix
elements, then for each j = 1 . . . ,m the unitary eγjtj might be implemented by a quantum circuit
of size O(∥γjtj∥) using known Hamiltonian simulation methods such as Ref. [12].

In Ref. [34] this approach is used to implement exponentially-high dimensional irreducible rep-
resentations of U(n), SU(n) and SO(n). Via the formalism of Gel’fand Tsetlin diagrams, an
irreducible representation of any of these Lie Groups can be specified by an n-tuple of integers,
called the highest weight3. The irreducible representations of U(n), SU(n), and SO(n), have di-
mension scaling as wO(n), where w is the maximum magnitude of any entry in the n-tuple specifying

3It can happen that different n-tuples index the same irrep. In particular, this occurs for SU(2).
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the highest weight. The norms of the Hamiltonians used in [33] grow polynomially with w and
are independent of n. Thus, although the methods of [33] efficiently implement exponentially high
dimensional irreps arising from fixed w and polynomially large n, they do not efficiently implement
the exponentially high dimensional irreps considered here, namely those arising from fixed n and
exponentially large w. This is related to the fact that the N -dimensional irreps of the vectors
of these algebras can have spectral norm that is linear in N , which is exponentially large in our
setting.

1.3.4 Almost Ramanujan quantum expanders

In Ref. [32] the authors present an efficient algorithm to produce almost Ramanujan expanders
from any expander. Their approach extends to the construction of almost Ramanujan quantum
expanders that are also efficient and explicit as in our case. Their results are formulated as a
bound on the degree D in terms of the “expansion parameter” λ, which is the second largest
eigenvalue. More precisely, they achieve D = O(1/λ2+oλ(1)), where oλ(1) scales as 1/

√
log(1/λ)

and is asymptotically zero as λ → 0. However, for small, constant D, the second eigenvalue is
λ > 0 and hence the dependence of D with λ is worse than 1/λ2 and suboptimal. In contrast,
our construction does not have this additional dependence and satisfies the Ramanujan condition
between D and λ even for small D.

2 Oscillator representation of SU(n)

In this section, we present essential concepts regarding the oscillator, or Jordan-Schwinger, repre-
sentation, which allows us to realize su(n) using n quantum harmonic oscillators. This will form
the core of our fast-forwarding method, enabling us to factorize these rotations into exponentials
of quadratic monomials in position and momentum. Later, in Sec. 3, we will discretize the repre-
sentation presented here to obtain bounds on the error of our procedure.

2.1 Jordan-Schwinger mapping

As mentioned, the N -dimensional representation of SU(n) of interest can be obtained by expo-
nentiating the corresponding N -dimensional matrices from the irreducible representation of the
algebra su(n). One way of obtaining the latter is via the oscillator representation, also known as
the Jordan-Schwinger mapping. In essence, we will use the fact that the group SU(n) is a subgroup
of the symplectic group Sp(2n,R), and the latter can be generated by certain bosonic operators.

To this end, we consider n bosonic modes, or quantum harmonic oscillators, where the total
number of bosons is set to some M ≥ 0. Let a†

j and aj be the creation and annihilation operators of
the jth bosonic mode. Then we define Êj,k := a†

jak and Ĥi = 1
2(a†

iai −a†
i+1ai+1), where 1 ≤ j < k ≤

n and 1 ≤ i ≤ n− 1. Accordingly, we define Ŝj,k := 1
2(Êj,k + (Êj,k)†) and Âj,k := i

2(Êj,k − (Êj,k)†).
The canonical commutation relations of bosonic operators are [aj , a

†
k] = δj,k, where δj,k is the

Kronecker delta. These in turn imply that such operators also satisfy the same commutation
relations in the abstract Lie algebra su(n), and hence they also span su(n). See Appendix A for
more details.

In the Jordan-Schwinger representation, an irreducible representation of su(n) is obtained by
considering the subspace spanned by the bosonic states of definite particle number M . This is the
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subspace spanned by Fock states

Bn,M :=

|m1,m2, . . . ,mn⟩ :
n∑

j=1
mj = M

 . (27)

The dimension of this subspace is N =
(M+n−1

n−1
)
. For now and for simplicity, |m1,m2, . . . ,mn⟩

represents the state with m1 bosons in the first site, m2 bosons in the second site, and so on. The
representation is obtained using the known properties of the bosonic operators, namely

a†
j |m1, . . . ,mj , . . . ,mn⟩ =

√
mj + 1 |m1, . . . ,mj + 1, . . . ,mn⟩ , (28)

aj |m1, . . . ,mj , . . . ,mn⟩ = √
mj |m1, . . . ,mj − 1, . . . ,mn⟩ . (29)

Consider now the standard descending lexicographic ordering for the basis Bn,M , given by strings
of size n. For example, B3,2 = {|3, 0, 0⟩ , |2, 1, 0⟩ , |2, 0, 1⟩ , |0, 3, 0⟩ , |0, 2, 1⟩ , |0, 0, 3⟩}. More generally,
labeling these states as {|ℓ⟩ : 0 ≤ ℓ ≤ N − 1}, the ordering gives a one-to-one map such that
|ℓ⟩ ≡ |m1(ℓ), . . . ,mn(ℓ)⟩. Then, Eqs. (28) and (29) imply

Êj,k |ℓ⟩ ≡ Êj,k |m1(ℓ), . . . ,mj(ℓ), . . . ,mk(ℓ), . . . ,mn(ℓ)⟩

=
√

(mj(ℓ) + 1)mk(ℓ) |m1(ℓ), . . . ,mj(ℓ) + 1, . . . ,mk(ℓ) − 1, . . . ,mn(ℓ)⟩

≡
√

(mj(ℓ) + 1)mk(ℓ)
∣∣ℓ′〉 , (30)

where ℓ′ is such that m1(ℓ′) = m1(ℓ), . . . ,mj(ℓ′) = mj(ℓ) + 1, . . . ,mk(ℓ′) = mk(ℓ) − 1, . . . ,mn(ℓ′) =
mn(ℓ). Also,

Ĥi |ℓ⟩ ≡ Ĥi |m1(ℓ), . . . ,mi(ℓ),mi+1(ℓ), . . . ,mn(ℓ)⟩
= (mi(ℓ) −mi+1(ℓ)) |m1(ℓ), . . . ,mi(ℓ),mi+1(ℓ), . . . ,mn(ℓ)⟩
≡ (mi(ℓ) −mi+1(ℓ)) |ℓ⟩ . (31)

The action of these operators on the basis Bn,M immediately gives an N -dimensional represen-
tation for them, where Ĥi, Ŝj,k, and Âj,k are represented by the Hermitian matrices Hi, Sj,k,
and Aj,k, respectively. Simple inspection shows that these matrices are the ones obtained from
Eqs. (7) and (9). That is, the Jordan-Schwinger representation provides the totally symmetric
representation of SU(n) of interest.

A viable path towards implementing the high-dimensional SU(n) unitary is then by implement-
ing the corresponding bosonic operators over the subspace spanned by the Fock states. These Fock
states are the eigenstates (eigenfunctions) of the quantum harmonic oscillator. That is, consider
the Hamiltonian

Ĥ := 1
2(x̂2 + p̂2) , (32)

where x̂ and p̂ are the position and momentum operators, acting on L2 functions as x̂f(x) = xf(x)
and p̂f(x) = −i∂xf(x). The eigenfunctions of Ĥ are the well-known (physicist’s) Hermite functions:

ψm(x) := 1√
2mm!

√
π
e−x2/2Hm(x) =⇒ Ĥψm(x) = (m+ 1/2)ψm(x) , (33)
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for all integer m ≥ 0. Here, Hm(x) is the mth Hermite polynomial that satisfies

Hm(x) = (−1)mex2 dm

dxm
e−x2

. (34)

Then, in our notation for Bn,M , we can express

|m1, . . . ,mn⟩ ≡
(∫

dx1 ψm1(x1) |x1⟩
)

⊗ · · · ⊗
(∫

dxn ψmn(xn) |xn⟩
)
, (35)

where |x⟩ represents the eigenstate of x̂, that is, x̂ |x⟩ = x |x⟩, and x ∈ R.
In the following, we will represent the eigenstates of the quantum harmonic oscillator as |ψc

m⟩ :=∫
dx ψm(x) |x⟩, so that |m1, . . . ,mn⟩ →

∣∣ψc
m1 , . . . , ψ

c
mn

〉
:=
∣∣ψc

m1

〉
⊗ . . . ⊗

∣∣ψc
mn

〉
also represent the

Fock states. (The superscript c denotes the states in the continuum.) This is useful to make the
distinction with the standard computational-basis states used in the description of our quantum
algorithm (i.e., the unitary U) and the states appearing in the discrete quantum harmonic oscillator.

Next we show how to efficiently implement U by showing how to implement the corresponding
Û in the N -dimensional subspace spanned by Fock states.

2.2 Fast-forwarding SU(n) in the oscillator representation

In the oscillator representation, any SU(n) unitary transformation Û can be written as a product
of simple unitaries, each involving the exponential of a single basis operator Ĥi, Ŝj,k, or Âj,k only.
We now show a way to fast-forward each of these operations. To this end, it is convenient to write
the creation and annihilation operators in terms of the position and momentum operators. That
is, for 1 ≤ j ≤ n, we define

x̂j := 1√
2

(a†
j + aj), p̂j := i√

2
(a†

j − aj). (36)

The commutation relations for a†
j and aj imply

[x̂j , p̂k] = iδj,k, [x̂j , x̂k] = [p̂j , p̂k] = 0 . (37)

The corresponding Lie algebra of position and momentum operators is known as the Heisenberg
algebra, and the Lie algebra of quadratic position and momentum operators is sp(2n,R), which
contains su(n). It follows that

Ĥi = 1
2
(
(x̂i)2 + (p̂i)2 − (x̂i+1)2 − (p̂i+1)2

)
, (38)

Ŝj,k = 1
2 (x̂j x̂k + p̂j p̂k) , (39)

Âj,k = 1
2 (p̂j x̂k − x̂j p̂k) , (40)

where 1 ≤ i ≤ n− 1 and 1 ≤ j < k ≤ n.
In the real-space basis where x̂j is diagonal (i.e., the basis spanned by |x⟩), we assume it is

“easy” to implement the corresponding unitaries obtained via exponentiation of position operators,
since these unitaries are diagonal. A similar result would follow for exponentials of momentum
operators, since position and momentum are related via conjugation with the Fourier transform,
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and this can also be implemented “easily”: p̂ = F̂−1x̂F̂ , where F is the Fourier transform in R.
However, exponentials of linear combinations involving both position and momentum are a priori
not easy to implement. Nevertheless, if one is able to decompose such exponentials as a sequence of
exponentials involving position or momentum operators only, then the corresponding exponentials
become easily implementable.

To show this is possible, we build upon the following known result [42, 31].
Claim 2.1. Let K1,K2,K3 be three operators in a Lie algebra obeying the commutation relations

[K1,K2] = −2K3, [K3,K1] = 2K1, [K3,K2] = −2K2. (41)

Then for all t ∈ R,

e(K1+K2)t = eαK2eβK1eαK2 , (42)

where

α =
tan

(
t/

√
2
)

√
2

, β =
sin
(√

2t
)

√
2

. (43)

Up to constant factors, the Lie algebra spanned by K1, K2, and K3 is the well known sp(2,R)
Lie algebra of the quantum harmonic oscillator. This claim is what allowed for the fast forwarding
result in Ref. [31], but we now use for n coupled quantum harmonic oscillators.
Lemma 2.2. Let ς, ϑ, φ ∈ [−π/2, π/2], n ≥ 2, and consider the operators Ĥi, Ŝj,k, and Âj,k of
Eqs. (38), (39), and (40), where 1 ≤ i ≤ n− 1 and 1 ≤ j < k ≤ n. Then,

eiςĤi = eiς1(p̂i)2
eiς2(x̂i)2

eiς1(p̂i)2
eiς1(p̂i+1)2

eiς2(x̂i+1)2
eiς1(p̂i+1)2

, (44)

eiϑŜj,k = eiϑ1p̂j p̂keiϑ2x̂j x̂keiϑ1p̂j p̂k , (45)

eiφÂj,k = e−iφ1x̂j p̂keiφ2p̂j x̂ke−iφ1x̂j p̂k , (46)

where ς1 = tan(ς/2)/2, ς2 = sin(ς)/2, ϑ1 = tan(ϑ/4), ϑ2 = sin(ϑ/2), φ1 = tan(φ/4), and φ2 =
sin(φ/2).
Proof. For the first result note that the operators for the ith mode commute with that of the (i+1)th

mode and hence exp
(
iςĤi

)
= exp

(
iς(x̂2

i + p̂2
i )/2

)
exp

(
iς(x̂2

i+1 + p̂2
i+1)/2

)
factorizes. Then we can

set K1 = i(x̂j)2/
√

2, K2 = i(p̂j)2/
√

2, and K3 = i(x̂ip̂i + p̂ix̂i)/2, that satisfy the commutation
relations in Claim 2.1, which would imply

eiς(x̂2
i +p̂2

i )/2 = e(ς/
√

2)(K1+K2) = eiς1(p̂i)2
eiς2(x̂i)2

eiς1(p̂i)2
. (47)

Next we apply the same analysis using the (i+ 1)th mode and obtain the expression.
For the second result we consider K1 = i

√
2(x̂j x̂k), K2 = i

√
2(p̂j p̂k), and K3 = i(x̂j p̂j + p̂kx̂k).

These also satisfy the commutation relations in Claim 2.1, implying

eiϑŜj,k = e(ϑ/(2
√

2))(K1+K2) = eiϑ1p̂j p̂keiϑ2x̂j x̂keiϑ1p̂j p̂k . (48)

Similarly, for the third result, we can choose K1 = i
√

2p̂j x̂k, K2 = −i
√

2x̂j p̂k, and K3 = i(x̂j p̂j −
x̂kp̂k). Then,

eiφÂj,k = e(φ/(2
√

2))(K1+K2) = e−iφ1x̂j p̂keiφ2p̂j x̂ke−iφ1x̂j p̂k . (49)
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Hence, we are able to factorize the exponentials of the operators in the desired way. Furthermore,
since any unitary U in SU(n) can be factorized as a sequence of simpler exponentials, then the
corresponding Û acting in the oscillator representation can be written as

U 7→ Û =
∏

b

exp
(
iϑbÔb

)
, (50)

where the Ôb’s are now quadratic monomials in position and momentum, that is,

Ôb ∈ {x̂j x̂k, x̂j p̂k, p̂j p̂k}. (51)

Moreover, the number of terms in the product is bounded as r = O(n2 − 1) since Lemma 2.2 shows
that each exponential is a product of at most six exponentials. Also, the phases ϑb can be bounded
by a constant (e.g., |ϑb| ≤ 1), since the phases in Lemma 2.2 are also bounded. More generally, if
the phases where to be larger than say π/2, we can simply split the exponential into a product of
exponentials involving smaller phases; for example, eiςĤi = (eiςĤi/T )T .

To obtain the desired circuit for U when acting on basis states, we would like to prove that
we can discretize and assume the space of the harmonic oscillator is finite dimensional without
incurring in large errors, while still preserving the fast-forwarding feature, and that we can prepare
the corresponding Hermite states efficiently. The last step is precisely what the quantum Hermite
transform (QHT) in Ref. [31] achieves. We will address these items next.

3 Discrete quantum harmonic oscillator
Equation (50) is an operator that acts in the continuous space of n quantum harmonic oscillators.
Our quantum algorithm runs on a system of qubits, and hence we will need to perform these
mappings within finite dimensional spaces. To this end, we consider a discrete, finite-dimensional
version of the quantum harmonic oscillator that allows us to recover the results of Sec. 2.2 in the
continuum. This is the same system studied in Refs. [46, 31].

A single discrete QHO. The discrete QHO is modeled by the L-dimensional Hamiltonian

H = 1
2
(
x2 + p2

)
, (52)

where

x :=
√

2π
L


−L

2 0 ... 0
0 −L

2 + 1 ... 0
...

... . . . ...
0 0 ... L

2 − 1

 (53)

is the discrete position operator and p := F−1xF the discrete momentum operator, and F is the
centered L-dimensional discrete Fourier transform. The dimension L needs to be set according to
the precision requirements, since it determines the discretization size

√
2π/L and the quality of the

approximation. For arbitrary integer m ≥ 0, we define the discrete Hermite states via

|ψm⟩ :=
(2π
L

)1/4 L/2−1∑
j=−L/2

ψm(xj) |j⟩ , (54)
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where ψm(x) is the mth Hermite function of Eq. (33) and xj := j
√

2π
L is a point in the discretized

space. In a “low-energy” subspace where m ≤ cL for some constant c < 1, these can be shown to
be approximately the eigenstates of H, and they recover many properties of the states |ψc

m⟩ in the
continuum.

That is, Somma (Ref. [46]) showed that there exist constants c, γ ∈ (0, 1) such that, for all
L > 0 sufficiently large and all 0 ≤ m,m′ ≤ cL,∣∣∣⟨ψm′ |xapb |ψm⟩ − ⟨ψc

m′ | x̂ap̂b |ψc
m⟩
∣∣∣ ≤ exp(−γL). (55)

Here, a and b are constant and non-negative integers (e.g., a, b ≤ 4). Furthermore, for 0 ≤ m ≤ cL,

∥(H − (m+ 1/2)) |ψm⟩ ∥ ≤ exp(−γL) , (56)

and there are similar approximations for other quantities. The last equation implies these Hermite
states are almost eigenstates of H. In the case of the SU(n) transformation, and since the relevant
space is of dimension N =

(M+n−1
n−1

)
, we will choose L large enough so that cL ≫ M4. The fact

that these errors are exponentially small in L will be advantageous.

Many discrete QHOs. In contrast with Ref. [31], here we need to invoke n ≥ 2 discrete quantum
harmonic oscillators. The Hilbert space is then (CL)⊗n, of dimension Ln. For each system i ∈
{1, . . . , n}, we define the corresponding operators as

xi := 1l⊗(i−1) ⊗ x⊗ 1l⊗(n−i), pi := 1l⊗(i−1) ⊗ p⊗ 1l⊗(n−i). (57)

We also consider the tensor product of Hermite states in (CL)⊗n:

|ψm1 , . . . , ψmn⟩ := |ψm1⟩ ⊗ . . .⊗ |ψmn⟩ (58)

The error bounds in Eqs. (55) can be then directly carried to the case of n quantum harmonic
oscillators, where we can now consider products of the xi’s and pi’s. In the next section, we will
use these bounds to show that the fast-forwarding identities of Sec. 2.2, which are exact in the
continuum, remain valid up to exponentially small error on a desired low energy subspace of the n
harmonic oscillators, if the local dimension L is chosen appropriately large.

3.1 Discretization errors

Thus far we showed that the unitary in Step 3 of Sec. 1.2 could have been implemented exactly via
a simple product of exponentials of quadratic monomials in x̂j and p̂k, if we were allowed to work in
the continuum. This is the unitary Û in Eq. (50). Now we show that it is possible to discretize the
space and implement that unitary within arbitrary, exponentially small errors, which we call U . To
this end, we will replace x̂j → xj and p̂j → pj in each exponential of Lemma 2.2, giving us U . We
assume n ≥ 2 to be a constant, however the results might be adapted for the case n = polylog(N).

Lemma 3.1. Let Û be the unitary of Eq. (50) that implements the SU(n) operation in the oscillator
representation, where the number of terms in the product is r ≥ 1. Consider its action on an
arbitrary Fock state as

Û |ψc
m1 , . . . , ψ

c
mn

⟩ =
∑

m′
1,...,m′

n

βm1,...,mn

m′
1,...,m′

n
|ψc

m′
1
, . . . , ψc

m′
n
⟩ , (59)

4Numerical simulations show that the constant satisfies c ≥ 3/4.
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where the sums are such that
∑

imi = ∑
im

′
i = M . Consider the corresponding finite-dimensional

unitary U , obtained by replacing x̂j → xj and p̂j → pj in Eq. (50). Then, if the dimension of each
discrete quantum harmonic oscillator satisfies L ≥ c′2rM , for some constant c′ > 1, we obtain

∥U |ψm1 , . . . , ψmn⟩ −
∑

m′
1,...,m′

n

βm1,...,mn

m′
1,...,m′

n
|ψm′

1
, . . . , ψm′

n
⟩∥ ≤ exp(−γL) , (60)

where γ > 0 is a positive constant.

This Lemma essentially shows that Step 3 in Sec. 1.2 can be implemented using simple unitaries,
which are exponentials of quadratic monomials of the discrete position and momentum operators,
within exponentially small error. Each such exponential is either a diagonal unitary, or a diagonal
unitary conjugated by the centered Fourier transform, and hence they can be fast-forwarded using
standard techniques.

The error is exponentially small in L. At the same time, we need to choose L = Ω(2rM) for the
result to work, where r = O(n2). If n is constant, as we assumed, this is L = Ω(M). For error ϵ,
then setting some L = O(M + log(1/ϵ)) suffices. However, due to the requirements of the QHT in
Ref. [31], we will ultimately need to choose a much larger L = O(M2.25/ϵ3.25). This will imply that
the error in the transformation due to discretization in Lemma 3.1 could be much smaller than ϵ.

We split the proof Lemma 3.1 using the following three results.

Lemma 3.2. Consider the simpler unitary Ŵ = exp(iϑx̂j x̂k) acting on two quantum harmonic
oscillators, and the corresponding discretization W = exp(iϑxjxk). Then, if Ŵ |ψc

mj
, ψc

mk
⟩ =∑∞

m′
j ,m′

k
=0 αm′

jm′
k
|ψc

m′
j
, ψc

m′
k
⟩, we obtain

W |ψmj , ψmk
⟩ =

∞∑
m′

j ,m′
k

=0
αm′

jm′
k
|ψmj , ψmk

⟩ . (61)

Proof. We will assume without loss of generality that j = 1 and k = 2. The proof for all other cases
follows in the exact same manner, even when j = k. First, we observe that the discrete Hermite
states satisfy a similar recurrence than that of the Hermite functions. That is

x̂ |ψc
m⟩ =

√
m

2
∣∣ψc

m−1
〉

+
√
m+ 1

2
∣∣ψc

m+1
〉

=⇒ x |ψm⟩ =
√
m

2 |ψm−1⟩ +
√
m+ 1

2 |ψm+1⟩ . (62)

Then, we write Ŵ and W as (convergent) Taylor series:

Ŵ =
∞∑

k=0

(iθ)k(x̂1x̂2)k

k! =
∞∑

k=0

(iθ)kx̂k
1x̂

k
2

k! , W =
∞∑

k=0

(iθ)kxk
1x

k
2

k! . (63)

For each k, we write without loss of generality

x̂k
1x̂

k
2|ψc

m1 , ψ
c
m2⟩ =

∑
m′

1,m′
2

γ
(k)
m′

1,m′
2
|ψc

m′
1
, ψc

m′
2
⟩, (64)

and the coefficients follow from the recurrence in Eq. (62). This recurrence also implies

xk
1x

k
2|ψm1 , ψm2⟩ =

∑
m′

1,m′
2

γ
(k)
m′

1,m′
2
|ψm′

1
, ψm′

2
⟩, (65)
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with exactly the same coefficients. Thus, combining terms over all k, we can obtain αm′
1,m′

2
=∑∞

k=0 γ
(k)
m′

1,m′
2

in both the discrete and continuum cases, proving the desired result:

W |ψm1 , ψm2⟩ =
∞∑

m′
1,m′

2=0
αm′

1m′
2
|ψm1 , ψm2⟩ . (66)

Note that, since |ψm⟩ are defined in the space of dimension L, they eventually become linearly
dependent in the above sum. Nevertheless, we can still write the action of W in that form, and
also note that later we will cutoff the sums at proper values for m. The result also holds for other
unitaries in Lemma 2.2 that are exponentials of x̂2

i , if we replace them by exponentials of x2
i , since

the recurrence relation applies for the position operators. Next we prove an analogous result for
momentum operators.

Lemma 3.3. Consider the simpler unitary Ŵ = exp(iϑp̂1p̂2) acting on two quantum harmonic
oscillators, and the corresponding one W obtained via discretization where p̂i is replaced by pi. Let
the phase be ϑ ∈ [−1/2e, 1/2e]. Then, if Ŵ |ψc

m1 , ψ
c
mk

⟩ = ∑∞
m′

j ,m′
k

=0 αm′
jm′

k
|ψc

m′
j
, ψc

m′
k
⟩, we obtain

∥W |ψmj , ψmk
⟩ −

∞∑
m′

j ,m′
k

=0
αm′

jm′
k
|ψm′

j
, ψm′

k
⟩∥ ≤ exp(−γ̃L) (67)

for all mj ,mk ≤ c′L, where c′ < 1 and γ̃ > 0 are positive constants.

Proof. Again, we assume without loss of generality that j = 1, k = 2. We would like to follow
the same proof as in Lemma 3.2, but unfortunately the recurrence relation does not apply to the
discrete momentum operators. Hence, we make use of the L-dimensional centered Fourier transform
F that maps x 7→ p 7→ −x, and write

W |ψm1 , ψm2⟩ = (F−1 ⊗ F−1)V (F ⊗ F )|ψm1 , ψm2⟩ , V := exp(iϑx1x2) . (68)

Since the Hermite states |ψm⟩ are not exactly the eigenstates of H, they are not eigenstates of F ,
which contrasts the case in the continuum. However, they can be proven to be almost eigenstates
and Ref. [46] shows

∥F |ψm⟩ − im |ψm⟩ ∥ ≤ exp(−γL) (69)

if m ≤ cL, where γ > 0 and c < 1 are positive constants. Using a Taylor series expansion for V , it
follows that

V (F ⊗ F )|ψm1 , ψm2⟩ = im1+m2V |ψm1 , ψm2⟩ + O(exp(−γL))

= im1+m2
∞∑

k=0

(iϑ)k(x1x2)k

k! |ψm1 , ψm2⟩ + O(exp(−γL))

=
∞∑

m′
1,m′

2=0
γm′

1,m′
2
|ψm′

1
, ψm′

2
⟩ + O(exp(−γL)) , (70)
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where the last line follows from Eq. (62). The coefficients γm′
1,m′

2
match those of the continuum,

that is

V̂ (F̂ ⊗ F̂ )|ψc
m1 , ψ

c
m2⟩ = im1+m2 V̂ |ψc

m1 , ψ
c
m2⟩

= im1+m2
∞∑

k=0

(iϑ)k(x̂1x̂2)k

k! |ψc
m1 , ψ

c
m2⟩ (71)

=
∞∑

m′
1,m′

2=0
γm′

1,m′
2
|ψc

m′
1
, ψc

m′
2
⟩ , (72)

since the Hermite functions are exact eigenfunctions of the Fourier transform F̂ in R, of eigenvalue
im. The last line follows from the same recurrence relation in Eq. (62). Also, recall that the
Fourier transform maps x̂ 7→ p̂ 7→ −x̂, so that Ŵ = (F̂−1 ⊗ F̂−1)V̂ (F̂ ⊗ F̂ ). This in turn implies
αm′

1,m′
2

= (−i)m′
1+m′

2γm′
1,m′

2
in the lemma.

Consider now the sum in Eq. (70). To complete the action of W , we would need to act with
F−1 ⊗ F−1. However, since the sum ranges over all m′

1 and m′
2, we cannot directly use the error

bound in Eq. (69). To fix this, we note that if we were able to cutoff that sum so that m′
1,m

′
2 ≤ cL,

then Eq. (69) and Eq. (70) would imply

W |ψm1 , ψm2⟩ = (F−1 ⊗ F−1)
cL∑

m′
1,m′

2=0
γm′

1,m′
2
|ψm′

1
, ψm′

2
⟩ + δ + O(exp(−γL))

=
cL∑

m′
1,m′

2=0
(−i)m′

1+m′
2γm′

1,m′
2
|ψm′

1
, ψm′

2
⟩ + δ + O(L2) × O(exp(−γL))

=
∞∑

m′
1,m′

2=0
(−i)m′

1+m′
2γm′

1,m′
2
|ψm′

1
, ψm′

2
⟩ + 2δ + O(exp

(
−γ′L

)
)

=
∞∑

m′
1,m′

2=0
αm′

1,m′
2
|ψm′

1
, ψm′

2
⟩ + 2δ + O(exp

(
−γ′L

)
) , (73)

where δ is the error due to cutting off the sum at m′
1,m

′
2 ≤ cL. The term O(L2) × O(exp(−γL))

is a worst case bound coming from adding the O(L2) errors in the action of the Fourier transform.
It is exponentially small in L, giving the constant γ′ > 0.

Next we show that the contribution δ in Eq. (73) can also be made exponentially small. This
error satisfies

δ ≤

∥∥∥∥∥∥
∑

m′
1≥cL,m′

2≥cL

(−i)m′
1+m′

2γm′
1,m′

2
|ψm′

1
, ψm′

2
⟩

∥∥∥∥∥∥ (74)

≤

∣∣∣∣∣∣
∑

m′
1≥cL,m′

2≥cL

γm′
1,m′

2

∣∣∣∣∣∣× O(
√
L) , (75)

since ∥ |ψm⟩ ∥ = O(L1/4) for all m ≥ cL, which follows from |ψm(x)| ≤ 1 for the Hermite functions.
The inequality now involves the same coefficients obtained by the action of V̂ . Note that from the
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recurrence
∥(x̂)k |ψc

m⟩ ∥ ≤
√
m+ 1∥(x̂)k−1 ∣∣ψc

m+1
〉

∥ ≤
√

(m+ 1) . . . (m+ k) . (76)
Then, if m1 ≤ cL/2 and m2 ≤ cL/2, and k ≥ cL,∥∥∥∥∥(iϑ)k(x̂1x̂2)k

k!
∣∣ψc

m1 , ψ
c
m2

〉∥∥∥∥∥ ≤ |ϑ|k

k!

√
(m1 + 1) . . . (m1 + k)(m2 + 1) . . . (m2 + k) (77)

≤ |ϑ|k

k! (cL/2 + 1) . . . (c′L+ k) (78)

≤ |ϑ|k(cL/2 + k)k

k! (79)

≤
(
e|ϑ|(cL/2 + k)

k

)k

(Stirling’s) (80)

≤ (3/4)k . (81)
Here we have used the fact that e|ϑ| ≤ 1/2. The terms in Eq. (75) are indeed generated by the
action of (x̂1x̂2)k for k ≥ cL. Thus we have

δ ≤

∣∣∣∣∣∣
∑

m′
1≥cL,m′

2≥cL

γm′
1,m′

2

∣∣∣∣∣∣× O(
√
L) (82)

≤
∞∑

k=cL

(3/4)k × O(
√
L) (83)

≤ exp
(
−γ′′L

)
(84)

where the constant γ′′ > 0 can be easily obtained from the inequalities.
Combining all results we have shown the exponentially small error∥∥∥∥∥∥W |ψm1 , ψm2⟩ −

∞∑
m′

1,m′
2=0

αm′
1m′

2
|ψm′

1
, ψm′

2
⟩

∥∥∥∥∥∥ ≤ exp(−γ̃L) (85)

where the positive constant γ̃ > 0 can also be obtained from the inequalities.

As a note, the numerical results of Ref. [46] show that c ≥ 3/4, and hence c′ ≥ 3/8 for this
Lemma. Furthermore, a similar result on an exponentially small discretization error applies to
exponentials involving x̂j p̂k, if they are replaced by exponentials of xjpk. This is necessary to
include all the exponentials appearing in Lemma 2.2 or Eq. (50). We remark that the only such
terms satisfy j ̸= k, allowing us to commute the position and momentum operators and obtain a
very similar bound to Lemma 3.3.
Lemma 3.4. Consider the simpler unitary Ŵ = exp(iϑx̂j p̂k) acting on two quantum harmonic oscil-
lators, and the corresponding discretization W = exp(iϑxjpk). Let the phase be ϑ ∈ [−1/2e, 1/2e].
Then, if Ŵ

∣∣∣ψc
mj ,mk

〉
= ∑∞

m′
j ,m′

k
=0 αm′

jm′
k

∣∣∣∣ψc
m′

j ,m′
k

〉
, we obtain

∥W
∣∣∣ψmj ,mk

〉
−

∞∑
m′

j ,m′
k

=0
αm′

jm′
k

∣∣∣ψm′
j ,m′

k

〉
∥ ≤ exp(−γ̃L) (86)

for all mj ,mk ≤ c′L, where c′ < 1 and γ̃ > 0 are positive constants.
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The proof steps are essentially the same as those in Lemma 3.3.
We are now ready to prove the main result of this section, namely Lemma 3.1.

Proof. The unitary Û of Eq. (50) is a product of exponentials of monomials quadratic in x̂j and p̂j .
The number of terms r is quadratic in n, i.e., a constant for constant n. Each of these exponentials
is replaced by the discrete version. We can naively add up the error accrued by each term of this
product by applying Lemmas 3.2, 3.3, and 3.4, but this does not suffice.

Recall that these lemmas apply to a Fock input state, and after the action of the first term
in the product, the state can now be a linear combination of infinitely many Fock states. The
hypothesis of Lemmas 3.2, 3.3, and 3.4, however, require the mi’s to be sufficiently small, and each
of these exponentials can create Fock states where the m′

i’s can be arbitrarily large. Nonetheless,
in the proof of Lemma 3.3, we have shown that it is possible to perform Taylor series expansions
of the exponentials and drop terms with sufficiently large k. In particular, we saw that it suffices
if k ≥ 2c′L, if the input state has mi ≤ c′L. In the context of the unitary Û , which involves
a product of r = O(n2) exponentials, this means that if the initial state is

∣∣ψc
m1 , . . . , ψ

c
mn

〉
with

mi ≤ M ≤ c′L/2r < c′L, then it suffices to cutoff the Taylor series of the first exponential at
c′L/2r−1. The state after the cutoff, which is the input state to the second exponential, is a linear
combination of Fock states with mi ≤ c′L/2r−1. We can then cutoff the second exponential at
c′L/2r−2 ≤ c′L, and so on until the last exponential at c′L.

Applying a union bound over all r = O(n2) terms in Û and using the trivial bound where
mi ≤ c′L for all steps, the overall error incurred in all these truncations would be at most

O(n2(c′L)n/2 × exp(−γ̃L)) . (87)

This is the error of approximating each exp
(
iϑbÔb

)
in Û by the corresponding truncated Taylor

series. We can then invoke Lemmas 3.2, 3.3, and 3.4 to replace these Taylor series by those of
the finite-dimensional operators, and then approximate those series by the corresponding finite-
dimensional unitaries exp

(
iϑbOb

)
that define U . This is possible since the unitaries are now

acting on Fock states that have bounded mi ≤ c′L. This will bring an additional error term
O(n2(c′L)n/2 exp(−γ̃L)). Assuming n to be a constant, we combine all these errors in the term
exp(−γL), for a properly defined γ > 0.

Moreover, in each of the Lemmas we assume an upper bound on mi. In particular, for the first
exponential we have M ≤ c′L/2r, placing the lower bound L ≥ 2rM/c′.

4 Isometry
We now discuss steps 1 and 4 of Sec. 1.2. That is, we give a procedure to perform the descending
lexicographic ordering step and outline our application of the Hermite transform. Together, these
steps will allow us to implement the isometry mapping the standard basis into the more convenient
Fock basis of Hermite states.

4.1 Descending lexicographic ordering

For given n ≥ 2 and M ≥ 0, the first step in Sec. 1.2 concerns a unitary that maps basis states as

V1 |ℓ⟩ 7→ |m1(ℓ), . . . ,mn(ℓ)⟩ ; (88)
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in particular |0⟩ 7→ |M, 0, 0, . . . , 0⟩, |1⟩ 7→ |M − 1, 1, 0, . . .⟩ and so on until |N − 1⟩ 7→ |0, 0, 0, . . . ,M⟩.
Recall that the dimension satisfies N =

(M+n−1
n−1

)
. This V1 performs then a descending lexicographic

ordering, with the constraint that ∑n
i=1mi = M and mi ≥ 0.

The functions mi(ℓ) can computed efficiently and the same applies to the inverse function
that satisfies m−1(m1(ℓ), . . . ,mn(ℓ)) = ℓ. Then we can use reversible circuits for these compu-
tations and perform the desired mapping coherently. The standard strategy is to first compute
|ℓ⟩ 7→ |ℓ⟩ |m1(ℓ), . . . ,mn(ℓ)⟩ and then uncompute the |ℓ⟩ register by reversibly computing m−1 and
performing the map |ℓ⟩ |m1(ℓ), . . . ,mn(ℓ)⟩ 7→ |m1(ℓ), . . . ,mn(ℓ)⟩. The overall complexity is that of
the computation plus the uncomputation steps.

Lemma 4.1. There is a quantum circuit which implements the map V1 with gate complexity O(n2 log3M).

The proof is contained in Appendix B. There we first show how given ℓ ∈ {0, . . . , N − 1}, we
can obtain the digits m1(ℓ), . . . ,mn(ℓ) such that rankdesc(m1(ℓ), . . . ,mn(ℓ)) = ℓ, where rankdesc
is the ranking. This reduces to a partitioning task where we can recursively compute the digits
m1(ℓ) all the way to mn−1(ℓ). The last digit is determined by the constraint ∑n

i=1mi = M . Each
digit is obtained via a binary search approach, based on counting the number of partitions before
any string that starts with m1, . . . ,mj . Next we show how given the digits m1, . . . ,mn, we can
compute rankdesc(m1, . . . ,mn). To this end we efficiently compute how many configurations have
the first digit less than m1, then how many configurations have the first digit m1 and the next less
than m2, and so on. Adding all these configurations determines the ranking. The complexity of
the approach is mostly dominated by that of computing corresponding binomial coefficients, and
can be shown to be O(n2 log3(M)) in the worst case.

4.2 Quantum Hermite transform

To complete the isometry to map basis states into Hermite states of n quantum harmonic oscillators,
we will use the recent quantum Hermite transform (QHT) of Ref. [31].

Theorem 4.2 (Efficient quantum Hermite transform, adapted from Ref. [31]). Let M > 0 be the
dimension of the subspace for the Hermite transform and ϵ > 0 the error. Then, there exists a
quantum circuit of complexity O((logM+log(1/ϵ))3 × log(1/ϵ)) that can perform the following map
with error ϵ:

M−1∑
m=0

αm |m⟩ 7→
M−1∑
m=0

αm |ψm⟩ . (89)

The coefficients αm ∈ C are arbitrary and normalized, i.e.,
∑

m |αm|2 = 1. The Hermite states
|ψm⟩ are the ones described in Sec. 3 and of dimension L = O(M2.25/ϵ3.25).

In Ref. [31], the QHT is simply a basis change and hence the Hermite states can be defined up
to a phase. Nevertheless, it is simple to show that the resulting phase of that construction is exactly
+1 for all m when the Hermite states |ψm⟩ in Eq. (89) are according to the definition of Sec. 3. If
this were not the case, then the unitary Û of SU(n) in the oscillator representation, corresponding
to U , would be the desired one up to conjugation with a diagonal unitary that contains the phases.
That is, we would not be implementing U exactly with our quantum algorithm as specified in
Secs. 1.1 and 2, but rather U up to this conjugation. The resulting transformation would still be
a valid irrep of SU(n) but not exactly the one we want.
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The construction of the QHT in Ref. [31] follows simple state preparation steps. For each m,
first it maps |m⟩ 7→ |m⟩ |ϕm⟩, where the |ϕm⟩ have constant overlap with the |ψm⟩. This can
be done using some simple oscillatory approximations to the Hermite functions. Next it maps
|ϕm⟩ 7→ |ψm⟩ using a combination of quantum phase estimation (eigenstate filtering) and fixed
point amplitude amplification. Then it maps |m⟩ |ψm⟩ 7→ |0⟩ |ψm⟩ to uncompute the |m⟩ register,
also using quantum phase estimation. These steps perform the right operation on arbitrary states
due to linearity. The efficient complexity results from the ability to prepare the |ϕm⟩ efficiently
and a corresponding fast forwarding result that enables efficient quantum phase estimation. The
dimension requirement for L being polynomial in M and 1/ϵ is mainly due to a proof that shows
constant overlap between |ϕm⟩ and |ψm⟩, but might be improved with better analyses.

Then, we can complete the isometry for the SU(n) transform by n uses of the QHT, each within
error ϵ/n and corresponding dimension L. That is,

(QHT)⊗n |m1, . . . ,mn⟩ 7→ |ψm1 , . . . , ψmn⟩ (90)

within error ϵ. This is the unitary V2 in step 2 of Sec. 1.2. Note that we are interested in performing
this map for up to M Hermite states, and since M < N (i.e., N =

(M+n−1
n−1

)
), the resulting

complexity is polylogarithmic in N and 1/ϵ. Furthermore, in comparing the requirements on L
from Lemma 3.1 and Thm. 4.2, a suitable choice of L = O(N2.25/ϵ3.25) will suffice for overall error
ϵ.

5 Quantum algorithm
Our main quantum algorithm for the high-dimensional SU(n) problem essentially follows the four
steps in Sec. 1.2. Let ϵ > 0 be the error, N > 0 be the dimension of the irrep determined via
N =

(M+n−1
n−1

)
, and n ≥ 2 be the dimension of the group SU(n). Let ϑ ∈ [0, 4π) be the phase

given within O(log(N/ϵ)) bits of precision, T ∈ {Hi, Sj,k, Aj,k} ∈ CN×N be a Hermitian matrix in
the N -dimensional representation of su(n) as in Sec. 1.1, and consider the implementation of the
exponential exp(iϑT ). We let T̂ be the corresponding T in the space of the n quantum harmonic
oscillators (replacing Hi 7→ Ĥi, Sj,k 7→ Ŝj,k, or Aj,k 7→ Âj,k). Similarly, Ōb is the corresponding Ôb

but in the space of the discrete quantum harmonic oscillator.

Algorithm 1: Efficient high-dimensional SU(n) circuit
1 Compute the local dimension L = O(M2.25/ϵ3.25) and consider the space (CL)⊗n.
2 Implement the lexicographic ordering unitary V1 as described in Sec. 4.1.
3 Apply V2 = QHT⊗n as described in Sec. 4.2.
4 Factorize exp

(
iϑT̂

)
= ∏r

b=1 exp
(
iϑbÔb

)
according to Lemma 2.2.

5 for b ∈ [r] do
6 Compute t = ⌈2eϑb⌉ and define ϑ′

b = ϑb/t.
7 Perform t repetitions of exp

(
iϑ′

bOb

)
to satisfy the conditions of Lemmas 3.2 to 3.4.

8 Implement the inverse of the n QHTs and the inverse of V1.

This algorithm implements the desired U as (V1)†(V2)† exp
(
iϑT

)
V2V1, where exp

(
iϑT

)
=∏r

b=1 exp
(
iϑbOb

)
.
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5.1 Complexity

We now prove our main result in Thm. 1.1. Thus far we showed that the complexity of V1 and the
n QHTs is polylogarithmic in 1/ϵ and N . More specifically, the isometry can be implemented with
complexity

O(n2 × log3(N) + n((log(M) + log(1/ϵ))3 × log(1/ϵ)) . (91)

For constant n, this is O((log(M) + log(1/ϵ))3 × log(1/ϵ)) and dominated by the QHTs. More
generally, we can write O(n2((log(N) + log(1/ϵ))3 × log(1/ϵ)) for this complexity.

The additional complexity comes from the implementation of exp
(
iϑT

)
. For each diagonal

unitary, such as an exponential of xjxk and ϑ is given with O(log(N/ϵ)) bits of precision, the
unitary can be implemented with cost O(log2(N/ϵ)) using standard techniques. If the operation is
not diagonal, we need to add the cost of the centered Fourier transform of dimension L, which is
O(log2 L) or O(log2(N/ϵ)).

For a general U in the high-dimensional irrep of SU(n) as in Thm. 1.1, there will be n2 − 1
phases and exponentials. Hence, the complexity of implementing the corresponding unitary in the
oscillator representation will be O(n2 log2(N/ϵ)), since there are O(n2) terms in the product.

The resulting complexity for a general U is then

O(n2(log(N) + log(1/ϵ))3 × log(1/ϵ) + n2 log2(N/ϵ)) (92)

or simply O(n2(log(N) + log(1/ϵ))3 × log(1/ϵ)). This is the actual complexity in the result in
Thm. 1.1.

6 Applications
We begin with a concrete application of the SU(2) transform to optimal quantum expanders and
later comment on potential applications of the transforms to quantum simulation problems.

6.1 Explicit Ramanujan quantum expanders

We provide the proof of Corollary 1.2. A quantum expander is a generalization of a classical
expander using quantum channels instead of Markov chains. A quantum expander’s goal is to
randomize an input quantum state quickly, acting like a depolarizing channel. They are useful in
physics and quantum information; for example, they can be be used to probe quantum chaos since
they are fast scramblers, they play a role in matrix product states, and are related to constructions
of unitary designs (Cf. [9, 28, 25]). The definition of a quantum expander relies on the spectral
properties of the channel. Let ρ ∈ CN×N be a density matrix and ε(·) be the quantum channel.
Formally, we say ε is an (N,D, λ) quantum expander if it satisfies:

(i) ε(1lN ) = 1lN is the unique fixed point,

(ii) ε(ρ) = ∑D
d=1AdρA

†
d, where Ad are Kraus operators, and

(iii) the second largest eigenvalue of the ε is at most λ < 1.
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This last condition is equivalent to

sup
X∈CN×N :tr(X)=0

∥ε(X)∥Fr/∥X∥Fr ≤ λ < 1, (93)

where ∥.∥Fr is the Frobenius norm. (We assume all other eigenvalues to be at most λ in magnitude.)
The degree of the expander is D and we are interested in cases where D is also a constant indepen-
dent of N . Intuitively, the larger the gap 1−λ between the two largest eigenvalues is, the faster the
expander scrambles. Optimal quantum expanders, also known as Ramanujan quantum expanders,
are then those that satisfy an optimal relationship between λ and D, namely λ ≤ 2

√
n− 1/D. If

this eigenvalue relationship is not satisfied exactly, but only satisfied up to a very small and arbi-
trary difference ϵ > 0, we refer to such quantum expanders as approximate Ramanujan quantum
expanders.

It turns out that exact Ramanujan quantum expanders can be explicitly constructed from cer-
tain SU(2) unitaries and, since we can implement these unitaries with arbitrary accuracy, our
construction gives approximate and efficient Ramanujan quantum expanders for D ≥ 2. That is,
of interest to quantum computing are those quantum expanders ε that can be simulated with com-
plexity that is polylog(N). In particular, Refs. [17, 13] provide a result on quantum expanders from
SU(2): there is a particular finite set {U1, . . . , UD} of unitaries in the N -dimensional representation
of SU(2) such that the quantum channel ε(ρ) = 1

D

∑
d UdρU

†
d is a quantum expander. Furthermore,

it is possible to construct exact Ramanujan quantum expanders from SU(2) unitaries derived from
the LPS construction [38, 25]. However, prior to this work, an efficient implementation of these
unitaries was not known.

Our efficient SU(n) transform can then be used to construct such efficient and (approximate)
Ramanujan quantum expanders. This construction is explicit and specified by a sequence of ro-
tation angles and axes that determine the Ud’s; see Appendix C for details. This contrasts other
constructions of approximate Ramanujan quantum expanders based on random quantum circuits.
For example, Ref. [28] shows that approximate Ramanujan quantum expanders can be obtained
from D ≥ 2 Haar random unitaries. In that case it is possible to show that the eigenvalue relation-
ship is satisfied up to an additive term O(1/

√
N), with overwhelming probability 1 − O(exp(−cN)

for some c > 0. However, this construction is not efficient since Haar random circuits need expo-
nentially many gates5. To bypass this efficiency problem, Refs. [14, 30, 23] investigate the related
problem of constructing t-designs from efficient random quantum circuits that are local or have
all-to-all connectivity. Those results suggest that quantum expanders can be constructed from ran-
dom quantum circuits if the depth is sufficiently large, but they are not known to be Ramanujan,
even approximately. Furthermore, for D constant, those constructions require using Ω(polylogN)
random bits for the random gates, while constructions based on SU(2) only require a constant
number of random bits to implement the channel.

Another approach for constructing Ramanujan quantum expanders might be to use recent
efficient constructions of t-designs in extremely low depth [43] to try to reproduce the pseudoran-
domness needed in the proof that Haar random unitaries are Ramanujan quantum expanders [28].
However, to the best of our knowledge, the eigenvalue relation property uses poly(N) moments
of the Haar random distribution (as written they use Θ(N2/15) moments). It’s possible that the
analysis could be refined to get ε-close to the Ramanujan bound with fewer moments, but this is

5In addition we note that, while the additive term to the eigenvalue relationship is small, it depends on N and
cannot be made arbitrarily small for fixed N . In our SU(2) constructions, we can take ϵ → 0 independently of N .
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not straightforward. It is known that t-designs require depth t circuits, hence the circuit complexity
of such an approach would necessarily be poly(N) without further insight.

In Appendix C we give a concrete example for a Ramanujan quantum expander based in SU(2),
for arbitrary dimension N ≥ 2 and certain degrees D ≥ 4. We also work out the specific case D = 6,
where the second largest eigenvalue satisfies λ ≤ 2

√
5/6 for all N ≥ 2. Setting the rotation angle

to θ = 2 arccos
(
1/

√
5
)
, we define the quantum channel εsu(2) that samples a random unitary

U±
a = exp(±iθJa), where a = x, y, z and Ja is the angular momentum operator. In Fig. 1 we show

the spectral gap of this quantum channel and how it satisfies the optimal bound. In combination
with our results that prove these unitaries can be implemented with complexity polylog(N) and
polylog(1/ϵ), the result is an efficient and explicit approximate Ramanujan quantum expander.

Figure 1: The spectral gap of the quantum expander εsu(2) as a function of the dimension N ≥ 10
of the representation. The spectral gap satisfies the optimal bound 1 − λ(N) ≥ 1 − 2

√
5/6.

6.2 Fast-forwarding quantum simulation

We can also consider applications to quantum simulation. Within the context of simulating quan-
tum evolution, our quantum circuits for SU(n) transforms give yet other examples to the growing
literature of fast-forwarding (Cf. [4, 5, 21, 31, 2]). In general, for simulating a Hamiltonian H for
time t, the complexity is Ω(∥H∥t), where ∥H∥ is some norm like the spectral norm. In our case,
where the Hamiltonian is spanned by the corresponding representation of the Lie algebra su(n),
the spectral norm can satisfy ∥H∥ = Θ(N), yet our quantum transforms allow us to simulate
this evolution exponentially faster, in time polylog(N). A main example is the one underlying our
construction, where we readily showed how to fast forward the dynamics of n quantum harmonic
oscillators, where the Hamiltonian takes the form

H =
n∑

j,k=1
αj,ka

†
jak . (94)
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While this Hamiltonian acts on the infinite-dimensional spaces, we also showed that with proper
discretizations and dimension cutoff, we can recover the properties in the continuum with excellent
accuracy. This result, however, does not necessitate the quantum Hermite transform since it is a
bosonic system by definition and the evolution is a transformation over the Hermite states. We
showed how to do this efficiently via the Jordan-Wigner representation.

Another interesting example is that of the quantum kicked top, which is a model used to study
quantum chaos, and was a motivation for Ref. [49]. In this case, the periodic and time-dependent
Hamiltonian is H(t) = γJy + β(Jz)2∑

n δ(t − nT ), where T is the period, and Ja the angular
momentum operators in the N -dimensional representation of su(2). The evolution U(t) induced by
H(t) can be expressed in terms of the Floquet operator V = e−iβ(Jz)2

e−iγJy ; that is, U(kT ) = V k.
Then, this can also be fast forwarded since: i) our results show how e−iγJy can be fast forwarded,
and ii) the operator e−iβ(Jz)2 is a diagonal unitary, which can implemented efficiently using standard
techniques for diagonal unitaries.

7 Conclusion & open questions
We provided efficient quantum circuits to implement unitaries in the N -dimensional representations
of the group SU(n). The circuits leverage a recently proposed quantum Hermite transform (QHT),
and the Jordan-Schwinger representation of the Lie algebra su(n) using n quantum harmonic os-
cillators. To obtain complexity polylogarithmic in the dimension N , we showed that the dynamics
of the n quantum harmonic oscillators induced by the corresponding (quadratic) operators can be
fast forwarded, and then we proved a similar result upon discretizing these systems. Our findings
work for the totally symmetric representations, and we leave open the case of implementing SU(n)
unitaries using other representations.

We presented applications to efficient and explicit Ramanujan quantum expanders and to fast-
forwarding time dynamics of specific quantum systems. In those cases, we assumed n ≥ 2 to be
constant, but also notice that our results can be extended to the case where n = polylog(N) in
a straightforward way. This opens up the possibility of fast-forwarding other quantum systems.
Beyond, we expect that our results will unlock other novel applications.

We note that our quantum circuits might not be optimal in terms of gate count, which is
an important problem when investigating actual practical applications. The complexity of the
high-dimensional SU(n) unitary is dominated by that of the QHT in our case, which in turn is
dominated by some state preparation steps requiring reversible and coherent arithmetics. Hence,
any significant improvement might result from improvements to the corresponding steps of the
QHT. Finally, we end with some open questions for future work.

• Can we use our construction to implement the Fourier transform for the groups SU(n) effi-
ciently?

• Given that we only implement the totally symmetric irreps, can we also implement all the
other high-dimensional irreps of SU(n) efficiently?

• Can we construct explicit Ramanujan quantum expanders for all degrees and dimensions?
This would be a quantum analog of a celebrated line of work [39, 40, 1].

• What are the optimized gate counts for implementing N -dimensional irreps of SU(2) for
reasonably large values of N?
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A Irreducible representations of the Lie algebra su(n) using bosonic op-
erators

The oscillator representation of su(n), also known as the Jordan-Schwinger representation or map-
ping, provides a path to generating the su(n) algebra from the bosonic operators associated with
distinct bosonic modes or distinct quantum harmonic oscillators.

Consider the creation and annihilation operators a†
j and aj , respectively, satisfying the commu-

tation relations

[aj , a
†
k] = δj,k, [a†

j , a
†
k] = 0, [aj , ak] = 0, (95)

where 1 ≤ j, k ≤ n. We define the operators Êj,k := a†
jak, being quadratic in bosonic operators and

also “number preserving”. That is, while a†
j creates a boson in the jth bosonic mode, ak annihilates

a boson in the kth bosonic mode. Accordingly, we define

Ŝj,k := 1
2(Êj,k + Êk,j) , (96)

Âj,k := i
2(Êj,k − Êk,j) , (97)

where 1 ≤ j < k ≤ n, and Êk,j = (Êj,k)† = a†
kaj . These are Hermitian and, for 1 ≤ j < k ≤ n,

there are n(n− 1) such operators. We also define the diagonal operators

Ĥi := 1
2(a†

iai − a†
i+1ai+1) , (98)

where 1 ≤ i < n. These are also Hermitian, number preserving, and there are n− 1 such operators.
The connection with su(n) is readily apparent. Indeed, it is simple to show that {Hj , Sj,k, Aj,k}

also span the real Lie algebra su(n) from the commutation relations in Eq. (95), which imply

[Êj,k, Êl,m] = δk,lÊj,m − δj,mÊl,k , (99)
[Êj,k, Ĥi] = δk,iÊj,i − δj,iÊi,k − δk,i+1Êj,i+1 + δj,i+1Êi+1,k , (100)
[Ĥi, Ĥi′ ] = 0 . (101)

The structure factors of these commutations match those of the commutation relations between
the n× n matrices Ej,k, which readily provided an irreducible representation of su(n). Hence, the
operators Ŝj,k, Âj,k, and Ĥi specify an su(n) Lie algebra as well.

The next step is to construct irreducible representations of su(n) from these operators. To this
end, consider n different bosonic modes, where the total number of bosons is M ≥ 0 and fixed.
This subspace is spanned by the following Fock states:

Bn,M :=

|m1,m2, . . . ,mn⟩ :
n∑

j=1
mj = M

 . (102)
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A useful ordering for Fock states is the descending lexicographic ordering discussed in Sec. 2. Note
that the action of the bosonic operators is such that

Êj,k |m1, . . . ,mj , . . . ,mk, . . . ,mn⟩ =
√

(mj + 1)mk |m1, . . . ,mj + 1, . . . ,mk − 1, . . . ,mn⟩ . (103)

This action automatically gives a representation of su(n) using Fock states. Furthermore, the action
is irreducible since there is always a sequence of operators Êj,k that connects any two arbitrary
Fock states of M bosons. The overall dimension of this irreducible representation N is given by
the composition of M with n non-negative integers. The formula is

N(n,M) =
(
M + n− 1
n− 1

)
, (104)

which can be obtained from the recursion N(n,M) = ∑M
m=0N(n − 1,m) and N(1,m) = 1. This

dimension is not arbitrary unless n = 2, in which case N(n,M) = M + 1, and we can set M
accordingly. More generally, these dimensions refer to the “totally symmetric” representations of
SU(n). For n ≥ 3, these are a strict subset of all representations.

We can illustrate this with an example. Consider the case n = 3 and M = 2. The dimen-
sion of the representation is N(3, 2) = 6 and the Fock states that span this space, in descending
lexicographic ordering, are

B3,2 = {|2, 0, 0⟩ , |1, 1, 0⟩ , |1, 0, 1⟩ , |0, 2, 0⟩ , |0, 1, 1⟩ , |0, 0, 2⟩} . (105)

Using this ordering we can compute the representations of the Êj,k; for example

Ê1,2 =



0
√

2 0 0 0 0
0 0 0

√
2 0 0

0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, Ĥ1 =



1 0 0 0 0 0
0 0 0 0 0 0
0 0 1/2 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1/2 0
0 0 0 0 0 0


. (106)

A.1 High-dimensional representation of su(2)

Another standard example is when n = 2. In this case, we can obtain all the irreducible represen-
tations. For general M , considering the basis

B2,M = {|M, 0⟩ , |M − 1, 1⟩ , . . . , |0,M⟩}, (107)

which is readily given in the descending lexicographic ordering, we obtain

Ê1,2 =


0

√
M 0 . . . 0

0 0
√

(M − 1)2 . . . 0
...

...
... . . . ...

0 0 0 . . .
√
M

0 0 0 . . . 0

 , (108)
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which is the well-known su(2) raising angular momentum operator J+, and also

Ĥ1 = 1
2


M 0 · · · 0
0 M − 2 · · · 0
...

... . . . ...
0 0 · · · −M

 , (109)

which is the angular momentum operator Jz.

B Ranking in the descending lexicographic ordering
We would like to perform the mapping |ℓ⟩ 7→ |m1(ℓ), . . . ,mn(ℓ)⟩ and its inverse, by using coherent
arithmetics. Next we describe the corresponding classical computation and uncomputation steps
and their complexities, which also determine the quantum complexities.

B.1 From an index to a lexicographically ordered partition

Given ℓ ∈ {0, . . . , N − 1}, we want to obtain m1(ℓ), . . . ,mn(ℓ), where ∑imi(ℓ) = M . This is
a partitioning task, which can be thought of as placing M balls into k ≤ n bins, and there are(M+k−1

k−1
)

ways of doing this. First we fix M and k = n − 1, and define Nr to be the number of
partitions with r balls in the first bin. From the prior formula, we obtain

Nr =
(
M − r + k − 1

k − 1

)
. (110)

Now, define Sr := ∑M
k=r Nk. By a simple combinatorial argument, we have

Sr =
M∑

r′=r

(
M − r′ + k − 1

k − 1

)
=
(
M − r + k

k

)
. (111)

This counts the number of partitions that are in descending lexicographic ordering before encoun-
tering any other partition whose first element is r − 1.

Our algorithm to compute m1(ℓ), . . . ,mn(ℓ) will proceed recursively: find the smallest r such
that Sr ≤ ℓ. This can be done via binary search in time logM , since Sr is monotonically decreasing
in r. This will readily give m1(ℓ). Then place r balls in the first bin and solve the task recursively
with ℓ → ℓ−Sr, M → M − r, and k → k− 1, up to k = 1. This will give the first n− 1 digits, and
the digit mn(ℓ) is automatically determined by the constraint ∑imi(ℓ) = M .

The worst-case complexity of this computation is O(n× log(M) ×n× log2M) = O(n2 log3M).
One factor of n is from running k = n − 1 to k = 1. Another factor log(M) is from binary search
at each step. In each binary search we need to compute the binomial coefficient

(M−r+k
k

)
, which

involves O(n) multiplications with bitstrings of size log2(M), giving the final complexity.

B.2 From a lexicographically ordered partition to an index

To obtain the desired formula, it helps considering the ascending lexicographic ordering first. The
ordering is such that the string m1, . . . ,mn is bigger than m′

1, . . . ,m
′
n if there is a j ∈ {1, n} such
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that mj′ = m′
j′ for all j′ < j and mj > m′

j . This allows us to rank the strings easily by considering
each digit mi in ascending order. That is, a larger m1 implies a larger ranking, determining the most
relevant floor for the ranking. For given m1, a larger m2 also implies a larger ranking, determining
the next relevant floor for the ranking, and so on. Our goal is to add the magnitudes of these floors
and determine ℓ.

More specifically, let M ≥ 0 and n ≥ 2 be fixed. The constrain is mi ≥ 0 and ∑imi = M .
Consider the string m1, . . . ,mn. If m1 > 0 then we know in the ascending order that the strings
with first digit m′

1 being m1 − 1, . . . , 0 are ranked below this one. For a fixed m′
1, we need to count

how to arrange M ′ = M − m′
1 into d′ = n − 1 bins. The formula for this is the one we already

know, i.e.,
(M ′+d′−1

d′−1
)
. This gives us the additive term in the ranking

r1 =
m1−1∑
m′

1=0

(
M −m′

1 + n− 2
n− 2

)

=
(
M + n− 1
n− 1

)
−
(
S1 + n− 1
n− 1

)
, (112)

where S1 = M −m1 = ∑
i>1mi. In the context of bosonic states, this is the number of bosons to

the right of m1.
Next we need to rank according to m2. That is, for fixed m1 and m2, we need to add the terms

due to arranging M ′ = M −m1 −m′
2 into d′ = n− 2 bins. The formula is similar:

r2 =
m2−1∑
m′

2=0

(
M −m1 −m′

2 + n− 3
n− 3

)

=
(
M −m1 + n− 2

n− 2

)
−
(
S2 + n− 2
n− 2

)
. (113)

Here, S2 = ∑
i>2mi. Next we keep adding the terms r3 all the way up to rn−1, since rn will be

fixed from these due to the constraint ∑imi = M . The result is

rankasc(m1, . . . ,mn) =
n−1∑
k=1

(
Sk−1 + n− k

n− k

)
−
(
Sk + n− k

n− k

)

= N +
n−2∑
k=1

(
Sk + n− k − 1
n− k − 1

)
−

n−1∑
k=1

(
Sk + n− k

n− k

)
(114)

= N − 1 +
n−1∑
k=1

(
Sk + n− k − 1
n− k − 1

)
−
(
Sk + n− k

n− k

)
, (115)

where S0 := M and recall N =
(M+n−1

n−1
)
. This can be computed classically in time O(n2 log2M) or

O(n2 log2N) for n ≪ N , since there are O(n) terms in the sum, each involving O(n) multiplications
with strings of size O(logN). Note that the exponent can be improved with faster than textbook
multiplication.
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For the descending lexicographic ordering, we simply obtain

rankdesc(m1, . . . ,mn) = (N − 1) − rankasc

=
n−1∑
k=1

(
Sk + n− k

n− k

)
−
(
Sk + n− k − 1
n− k − 1

)
. (116)

We can compute this also in time O(n2 log2M). Note that this is the desired function: ℓ(m1, . . . ,mn) ≡
rankdesc(m1, . . . ,mn).

C Ramanujan quantum expanders from SU(2)

We discuss briefly the construction of optimal quantum expanders from SU(2) transforms.. The
LPS construction [38, 27] gives the rotation angles from the integer solutions to the quaternion
equation

a2
0 + a2

1 + a2
2 + a2

3 = p , (117)

where p is a prime and usually p = 1 mod 4. That is, we are interested in integer quaternions of
(squared) length p. Here the degree is D = p + 1, and the quantum channel is constructed from
D unitaries U1, . . . , UD, so that ε(ρ) = 1

D

∑D
d=1 UdρU

†
d. Each of these unitaries can be explicitly

written as

Ud = exp
(
−iθd(nd

xJx + nd
yJy + nd

zJz)
)
, (118)

where Jx, Jy, and Jz are the SU(2) angular momentum operators, 0 ≤ θd ≤ 2π, and n⃗d =
(nd

x, n
d
y , n

d
z) ∈ R3 satisfies ∥n⃗d∥ = 1. The rotation angles and axes satisfy

θd = 2 arccos
(
ad

0√
p

)
, n⃗d = 1√

p− (ad
0)2

(ad
1 , a

d
2 , a

d
3), (119)

where the supraindex d refers to the dth solution to Eq. (117). (Note that many of the solutions
are related via multiplication by imaginary units, so we only keep the p+ 1 “distinct” solutions.)

We illustrate this with an example for p = 5, where D = 6. The distinct solutions are

(1, 2, 0, 0), (1,−2, 0, 0), (1, 0, 2, 0), (1, 0,−2, 0), (1, 0, 0, 2), (1, 0, 0,−2). (120)

We compute all the rotation angles and axes:

θ1 ≃ 126.87◦, n⃗1 = (1, 0, 0) =⇒ U1 = exp
(
−iθ1Jx

)
, (121)

θ2 ≃ 126.87◦, n⃗2 = (−1, 0, 0) =⇒ U2 = exp
(
iθ2Jx

)
, (122)

θ3 ≃ 126.87◦, n⃗3 = (0, 1, 0) =⇒ U3 = exp
(
−iθ3Jy

)
(123)

θ4 ≃ 126.87◦, n⃗4 = (0,−1, 0) =⇒ U4 = exp
(
iθ4Jy

)
, (124)

θ5 ≃ 126.87◦, n⃗5 = (0, 0, 1) =⇒ U5 = exp
(
−iθ5Jz

)
, (125)

θ6 ≃ 126.87◦, n⃗6 = (0, 0,−1) =⇒ U6 = exp
(
iθ6Jz

)
. (126)
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All the angles are the same since a0 = 1 in all these solutions. The result for the spectral gap of
the superoperator is shown in Fig. 1 for this case.

Even for the case p = 3, D = 4, we can achieve optimal Ramanujan quantum expanders. The
relevant solutions to Eq. (117) imply a0 = 0 or θd = π for all 1 ≤ n ≤ 4. The relevant rotation axes
are n⃗1 = (1, 1, 1)/

√
3, n⃗2 = (1, 1,−1)/

√
3, n⃗3 = (1,−1, 1)/

√
3, and n⃗4 = (−1, 1, 1)/

√
3. Simulation

results are in Fig. 2.

Figure 2: The spectral gap of the quantum expander obtained from Eq. (117) as a function of the
dimension N ≥ 10 of the representation for the D = 4 case. The spectral gap satisfies the optimal
bound 1 − λ(N) ≥ 1 − 2

√
3/4.
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