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Abstract

We study deterministic polynomial identity testing (PIT) and reconstruction algo-
rithms for depth-4 arithmetic circuits of the form

Z[r]/\[dJ Z[SJ]—[[M.

This model generalizes Waring decompositions and diagonal circuits, and captures
sums of powers of low-degree sparse polynomials. Specifically, each circuit computes
a sum of r terms, where each term is a d-th power of an s-sparse polynomial of degree
5. This model also includes algebraic representations that arise in tensor decomposi-
tion and moment-based learning tasks such as mixture models and subspace learning.

We give deterministic worst-case algorithms for PIT and reconstruction in this
model. Our PIT construction applies when d > 12 and yields explicit hitting sets
of size O(r%s*n?ds3). The reconstruction algorithm runs in time poly(n, s, d) under
the condition d = Q(r*§), and in particular it tolerates polynomially large top fan-in r
and bottom degree 6.

Both results hold over fields of characteristic zero and over fields of sufficiently
large characteristic. These algorithms provide the first polynomial-time deterministic
solutions for depth-4 powering circuits with unbounded top fan-in. In particular, the
reconstruction result improves upon previous work which required non-degeneracy
or average-case assumptions [GKS20, BHKX22, CGK ™ 24].

The PIT construction relies on the ABC theorem for function fields (Mason-Stothers
theorem), which ensures linear independence of high-degree powers of sparse poly-
nomials after a suitable projection. The reconstruction algorithm combines this with
Wronskian-based differential operators, structural properties of their kernels, and a robust
version of the Klivans-Spielman hitting set.
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1 Introduction

Arithmetic circuits are directed acyclic graphs that compute multivariate polynomials
using addition and multiplication gates. They form the standard model for studying al-
gebraic computation, serving as the analogue of Boolean circuits in the arithmetic world.

The Polynomial Identity Testing (PIT) problem asks, given an arithmetic circuit that com-
putes a multivariate polynomial f(x), to decide whether f = 0. Randomized algorithms
for PIT have been known for decades, via the polynomial identity lemma,’ yet obtaining
a deterministic polynomial-time algorithm remains a fundamental open problem in de-
randomization. Hardness-randomness tradeoff results have shown a tight connection be-
tween PIT and lower bounds for arithmetic circuits [HS80, K104, DSY09, CKS19, GKSS22,
KST23, KS19]. PIT has received a great deal of attention in recent years. Deterministic
algorithms are now known for several restricted models, such as bounded-depth circuits,
bounded-read formulas, and read-once algebraic branching programs. Variants have also
been studied for orbits of these classes under affine transformations. For surveys on PIT,
see [SY10, Sax09, Sax14, DG24].

Closely related to PIT is the reconstruction problem. Instead of merely determining
whether f is identically zero, reconstruction seeks to recover, using only black-box ac-
cess to f, a circuit from a prescribed class that computes it. A deterministic reconstruction
algorithm immediately implies deterministic PIT for that class, while a black-box PIT al-
gorithm guarantees an information-theoretic form of reconstruction. If H is a hitting set for
circuits of size 2s, then the evaluation map

EV&lH Cr— (C(a))aeH

is injective for all circuits C of size at most s. The remaining challenge is to perform this
inversion efficiently. This step can be significantly more difficult: there are natural circuit
classes for which deterministic PIT is known, yet no efficient reconstruction algorithm is
available. There have been many works studying the reconstruction problem in different
models [BBB 00, KS06, SV14, FS12, GKL12, GKQ14], with a recent flurry of algorithms
for small-depth circuits [Shp09, KS09a, Sinl6, BSV21, 5in22, PSV24, BGKS22, BS25, BSV25,
SSV25].

A series of depth-reduction results [AV08, Koil2, Tav15, GKKS16] proved that any
polynomial computed by a small circuit can also be represented by a depth-4 circuit of
subexponential size (and, over characteristic zero, by a depth-3 circuit). Thus, providing
PIT or reconstruction algorithms for shallow arithmetic circuits is an outstanding task
that can have implications for general models of arithmetic circuits.

The search for efficient reconstruction is bounded by fundamental hardness results.
Starting with the work of Héstad [[Has90], it was shown that even computing tensor rank,
i.e., determining the smallest top fan-in of a set-multilinear depth-3 circuit is NP-hard
over Q and NP-complete over finite fields, even for degree-3 tensors. Extensions of this
result to approximation algorithms and to other models of computation were given in
subsequent papers [S518, FK09, KS09¢, Swel8].

1Often referred to as the Schwartz—Zippel-DeMillo-Lipton-Ore lemma [Ore22, DL78, Zip79, Sch80].



Because the tensor-rank problem is equivalent to minimizing the top fan-in of a set-
multilinear ZTTX circuit, these hardness results extend directly to reconstruction: proper
learning for such circuits is NP-hard and, in some instances, even undecidable [CGS23].
This motivated the search for efficient reconstruction algorithms for certain parameter
regimes or under additional restrictions on the circuit.

Reconstruction also connects naturally to learning theory. An arithmetic circuit can be
viewed as an algebraic hypothesis, and black-box evaluations of f correspond to exam-
ples (or membership queries). Thus, reconstruction corresponds to exact learning in the
noiseless setting, i.e., when we obtain the exact value of f on each and every query. This
stands in contrast to the approximate or noisy learning problems that are typical in machine
learning. This analogy has recently become concrete through work showing that some
important learning tasks, such as learning mixtures of Gaussians or subspace clustering,
reduce to learning polynomials of the form

f(x) = oafi(x)d + - 4 o, fr(x), (1)

where the f; are polynomials of degree 6 [GHK15, GKS20]. A representation as in (1) is
also called a LM ATTR! circuit. When § = 1, the reconstruction problem is equivalent to
symmetric tensor decomposition (Waring rank decomposition), which is fundamental in
many applications in machine learning, e.g., in moment-based methods for latent variable
models, cf. [GVX14, AGH"14, MR14, HS515, MS516, HS5516, KX25]. When 6 = 2, the
problem corresponds to learning mixtures of Gaussians and has been extensively studied,
cf. [SKO01, DS07a, ABG*14, RV17, LM21, dD23].

In recent years, an increasing number of works consider the case 5 > 2 [GKS20,
CGK™24, BHKX22, BESV24]. Garg, Kayal, and Saha [GKS20], and subsequent work by
Bafna, Hsieh, Kothari, and Xu [BHKX22], gave randomized reconstruction algorithms
for such polynomials in the noiseless case, running in time poly(n, d,r)®. Their algo-
rithm works under a non-degeneracy assumption that holds with high probability for
random polynomials but does not apply in the worst case. Chandra, Garg, Kayal, Mittal,
and Sinha [CGK " 24] extended this connection to noisy and smoothed settings, showing,
quite surprisingly, that lower-bound techniques for arithmetic circuits can be transformed
into robust learning algorithms for this model. The running time of their algorithm is
poly(n, d,r)® as well.

In the next section, we formally state our results, followed by a detailed comparison
with prior work.

1.1 Our Results
We consider the model of sums of powers of low degree sparse polynomials, denoted by

5 1] Al 5 [siyl8)

Here, each bottom product gate has degree at most 8. Above it, each addition gate com-
putes an s-sparse polynomial. Then we take the d-th power of each sparse polynomial
and sum these terms. This model naturally includes the classical ZA\L (Waring) model as



a special case. We give efficient deterministic hitting sets as well as a reconstruction algo-
rithm for this class in the worst case, without any genericity or average-case assumptions.
Our results hold both for characteristic zero fields and for fields with polynomially large
characteristic.

Our first result is a polynomial-size hitting set for ZM A TSI circuits, where the
powering degree is quadratic in the rank, namely, the top fan-in r. The following is a
simplified version of Theorem 3.2.

Theorem 1.1. Let n,d,1,s,8 € N such that d = Q(r?). Let T be a field of characteristic p =
0orp > rdd(s*n + 8). There is an explicit hitting set of size poly(s,n,d) for the class of
LN TISTT®) circuits defined over .2

To our knowledge, this is the first polynomial-size hitting set for any model of depth-4
circuits with unbounded top fan-in.
Theorem 1.1 is instrumental in obtaining a deterministic reconstruction algorithm.

Theorem 1.2. Let n,d,v,s,8 € N such that d > (r + 1)*5. Let IF be a field of characteristic
p =0o0rp > rdd(s*n+ 8). There exists a deterministic algorithm that, given black box access
to a polynomial £ computed by a T NIV LISTI® circuit, defined over F, with bit complexity B,
reconstructs f.

1. When p =0, the running time is poly(n, s, d, B).
2. Whenp > rd8(s*n + §) and |F| = q, the running time is poly(n,s, d, p,log q).

This is the first reconstruction algorithm for any model of depth-4 powering circuits
with unrestricted top and bottom fan-in.

1.2 Prior Work and Related Models

In what follows, £ represents a layer of addition gates of fan-in at most v, A4 represents
raising to power d, and 1! is a product gate of fan-in at most 6. Thus, Z"TT®'L is the class
of depth-3 circuits that consist of the sum of r terms, each a product of at most 6 linear
functions. A circuit is multilinear if each monomial in every gate is multilinear. A circuit
is set-multilinear if the input is composed of disjoint sets x = x; L x, LI - - - LI x5, and each
gate computes a polynomial in which each monomial contains at most one variable from
each set.

1.2.1 Polynomial Identity Testing for Small-Depth Circuits

The breakthrough of Limaye, Srinivasan, and Tavenas [LST25], followed by Andrews and
Forbes [AF22], established the first subexponential-size hitting sets for general constant-
depth circuits. Sharper bounds are known for several restricted subclasses.

For sparse polynomials, that is, polynomials computable by small ZIT circuits, deter-
ministic hitting sets were obtained in the classical work of Ben-Or and Tiwari [BT88],
Grigoriev, Karpinski and Singer [GKS90], and Klivans and Spielman [KS01].

2Here and later, if [F| is not large enough then the evaluation points come from an extension field.
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Building on the white-box PIT algorithm of Raz and Shpilka [RS05], Saxena [Sax08]
gave a deterministic polynomial-time PIT algorithm for Z™ A4 X circuits. In the black-
box model, [FS514, GKS16, GG20] constructed hitting sets of size '°6!°8™ poly(d, n), which
are superpolynomial in the width, but do not assume any relation between d and .

Rank-based methods yield polynomial-size hitting sets for Z™T4E circuits when the
top fan-in v is constant [DS07b, KS11, KS07, KS09b, 5513, S512]. Agrawal et al. [ASS5516]
introduced the Jacobian hitting technique, obtaining polynomial-size hitting sets when
the transcendence degree of the product terms is bounded. Their result also extends to
certain classes of higher depths.

Using rank-based ideas, Peleg and Shpilka, and Garg, Oliveira, and Sengupta [’S21,
GdOS25] gave polynomial-size hitting sets for ZETTITIOMW! circuits. Independently of
[GdOS25], Guo and Wang [GW25] gave a hitting set for ZBTTITOM circuits, under the
additional restriction that in one of the terms the multiplicity of each irreducible factor
is 1. Their approach is novel and based on algebro-geometric techniques. However, the
additional assumption simplifies the technical challenges encountered in earlier works.
Dutta, Dwivedi, and Saxena [DDS21] obtained quasipolynomial-size hitting sets for cir-
cuits whose top and bottom fan-ins are bounded by poly(logn), using the newly de-
veloped DiDIL technique. Quasipolynomial and later polynomial-size hitting sets were
also constructed for multilinear circuits with bounded top fan-in [KMSV13, SV18]. As in
the depth-3 setting, polynomial-size constructions are known only when the top fan-in is
bounded.

For sums of powers, i.e., M A4 TTB! circuits, Forbes [For15] constructed hitting sets
of size (nd)©®le7), Dutta et al. [DDS21] observed that existing techniques give hitting
sets of size s01081985) for size-s /A LA circuits. These results do not restrict the top fan-in
1, but the constructions remain superpolynomial in size.

To summarize, polynomial-size hitting sets are known for depth-2 circuits and for
depth-3 and depth-4 models with bounded top fan-in. For depth-4 powering circuits, all
known constructions are quasipolynomial (or slightly better but still superpolynomial)
and hold without any restriction on the top fan-in.

Theorem 1.1 gives the first polynomial-size construction, requiring only d = Q(r?).

1.2.2 Reconstruction

Shpilka [Shp09] and Karnin and Shpilka [KS09a] gave the first reconstruction algorithms
for ZI'MTX circuits, over small finite fields for r = O(1). Sinha [Sin16, Sin22] obtained
randomized polynomial-time reconstruction algorithms for Z2TTE circuits over R and C,
relying on Sylvester—Gallai type theorems. Saraf and Shringi [SS25] extended this to r = 3.
More recently, Saraf, Shringi, and Varadarajan [SSV25] solved the general v = O(1) case,
obtaining a quasipolynomial-time algorithm.

For Z/\X circuits, the first reconstruction algorithm dates back to Sylvester, who gave
an algorithm for binary forms provided r < |(d + 2)/2] in the generic® case [Syl51].
Kayal [Kay12] gave a randomized reconstruction algorithm for the generic case when r

can be as large as (n+§//2271). When d > 2r, Kayal’s algorithm can be derandomized.

3Being generic means belonging to a Zariski open subset.



Bhargava, Saraf, and Volkovich [BSV21] gave a deterministic polynomial-time algo-
rithm for multilinear and set-multilinear ~"TTL circuits with top fan-in r = O(1). In
particular, this yields exact tensor decomposition for constant rank (with r appearing in
the exponent of the running time). Peleg, Shpilka, and Volk [PSV24] extended this to
superconstant r, providing a randomized fixed-parameter algorithm with respect to r
(with poor dependence on the top fan-in). For set-multilinear depth-3 circuits, Bhargava
and Shringi [BS25] further obtained a deterministic fixed-parameter algorithm running in
time 27" poly(n, d). While these works resolve the question for fixed-parameter settings,
their dependence on r remains superexponential or tower-type.

Garg, Kayal, and Saha [GKS20] studied circuits of the form LM A TSI They ob-
tained randomized algorithms under non-degeneracy assumptions in the noiseless case,
with running time poly(n, r, d)®. In addition to the requirement that the input is generic,

they assume n > d? & < O(y/(logd)/(loglogd)), and that the field has size at least
d/8?

(nr)2®). On the other hand, they allow T to be as large as n®(4/5). An important aspect
of their work is the method they introduced for translating certain algebraic lower-bound
techniques to learning algorithms. Bafna et al. [BHKX22] extended the result of [GKS20]
to handle polynomially large noise and to allow, roughly, r = O(n?%/1%). The subsequent
work of Chandra et al. [CGK " 24] generalized the method of [GKS20] and enabled trans-
ferring lower-bound techniques also to the noisy case, assuming natural conjectures on
the largeness of singular values of certain random matrices. All these algorithms are ran-
domized.

Theorem 1.2 provides a deterministic polynomial-time reconstruction algorithm in the
worst-case noiseless setting, without assuming any non-degeneracy conditions.

Our requirement d = Q(r*§) is similar in spirit to the requirement that r < n
from [GKS20, BHKX22, CGK'24], since both conditions guarantee uniqueness of repre-
sentation: ours for the worst case, and theirs for the generic case.

Additionally, Theorem 1.2 is the first polynomial-time reconstruction algorithm for
any model of depth-4 circuits with unbounded top fan-in.

O(9d)

1.3 Proof Overview

Our proof of Theorem 1.1 is based on the ABC theorem for function fields, proved inde-
pendently by Mason [Mas84] and Stothers [Sto81]. We shall use an extension proved by
Vaserstein and Wheland [VWO03] (Theorem 2.1). Roughly speaking, the theorem shows
that high-degree, pairwise independent univariate polynomials with relatively few dis-
tinct zeros are linearly independent. Therefore, if we start with n-variate polynomials that
are high powers of sparse polynomials and project them to univariate polynomials in a
way that preserves pairwise independence, the theorem guarantees that their sum can-
not vanish identically. A simple interpolation then suffices to verify that the polynomial
is nonzero.

The reconstruction algorithm (Theorem 1.2) is more involved and requires several ad-
ditional ideas. At a high level, we first reduce the problem to reconstructing in the uni-
variate case and then lift the solution back to the n-variate setting. We next explain the
ideas used in each of the settings.



Reconstruction in the univariate case. Consider a representation f = Y [_; oifi(x)¢
with monic f;. Our approach is to find a differential operator of order r,

L= Z Qi(x)Vi, where V = dix'
i=0

such that L(f) = 0. The existence of L can be proved by considering the Wronskian
W(f,fd,...,fd), where W(gy, ..., gi) denotes the determinant of the k x k matrix whose
(i,j) entry is Vi—'g;. It is well known that the Wronskian of polynomials vanishes if and
only if they are linearly dependent, and this also holds for sufficiently large characteristic
(see Theorem 2.11). Expanding W(f, f{, ..., %) along the first column yields (after clear-
ing the gcd) the desired operator L and also provides an upper bound on the degrees of
the Qi-

The next crucial observation is that ker (L) is exactly the space spanned by {f¢,...,fd}.
This again follows from the ABC theorem, in a slightly more general form (Corollary 2.2),
which we also use to prove the uniqueness of L (Claim 4.3).

Given this, we can compute the unique L by solving a system of linear equations.

Another important observation is that each zero of each f; is also a zero of the lead-
ing coefficient Q. of L. In the theory of ODEs this is usually stated for poles of analytic
functions, but for polynomials one can work with roots instead of poles, and the same
argument applies in large characteristic (Claim 4.7).

We have thus reduced the problem to the following: we are given an r-dimensional
space of polynomials (the kernel of L) that contains r d-th powers of polynomials, whose
zeros are known (but not their multiplicities), and we need to recover the underlying
polynomials. A brute-force search over exponent vectors would require testing all (™;°)
possibilities, where m = deg(Q. ), but we will show a much more efficient algorithm that
is polynomial in all parameters.

The starting point is to prove, by analyzing how the Wronskian factorizes, that any
high-order root of the Wronskian must also be a root of one of the f; (in practice we work
with irreducible factors rather than with individual roots). This enables us to prune the
space span{f¢, ..., f4} and retain only the subspace of polynomials that vanish, with high
multiplicity, at some root of Q.. We can think of this as building a depth-5 tree in which
each node has m children labeled by the roots of Q.. Every path in the tree corresponds to
a sequence of roots with associated multiplicities. For each node we construct the space
of polynomials that vanish at these roots with given the multiplicities. At the leaves of
the tree sit the . The tree is still large, so we cannot check all its leaves. The idea is to
perform a depth-first search and prune any branch that can be certified not to yield a new
polynomial.

After the DFS algorithm finds the set {f{}, we compute the coefficients «; by solving a
corresponding linear system.

Multivariate reconstruction. At a high level, we would like to project the blackbox mul-
tivariate polynomial to a univariate polynomial, apply the univariate reconstruction al-
gorithm, and then, given the resulting univariate polynomials, recover the original poly-
nomials.



To achieve this, we first observe that the projection must preserve non-associateness.*
This can be ensured relatively easily using known tools, such as the Klivans-Spielman
generator [KSO1]. However, we cannot allow the degree of the projected polynomial to
increase. This forces us to use projections of the form x =u+t - (u —v), where u, v will
come from appropriate sets.

We are then left with the task of recovering the original polynomials from their pro-
jected versions. Each such projection corresponds to restricting a multivariate polynomial
to a line. Consequently, reconstructing the polynomial requires its values on sufficiently
many different lines, and hence we must consider many distinct projections.

At this point, another difficulty arises. Each univariate reconstruction produces a list
of r polynomials, but these lists are not ordered. In particular, they are not aligned across
different projections. Therefore, we must first align the lists in order to obtain black-box
access to the projections of a single polynomial. This is accomplished by showing the
existence of a suitable ‘anchor’ point u that enables the alignment of all projections of the
formu+t- (u—v) — x, where v ranges over a sufficiently large (and structured) set. We
show that such a good “anchor’ point exists in any hitting set for 2 AV 20 circuits.

Finally, we show that once alignment is achieved, the available information, obtained
from the different v, suffices to reconstruct the original polynomials. This process is rem-
iniscent of erasure correction in error-correcting codes, except that our target objects (i.e.,
sparse polynomials) do not form a vector space. Nevertheless, the reconstruction can be
carried out using a robust version of the Klivans-Spielman hitting set [KSO1].

1.4 Organization

In Section 2 we introduce the basic mathematical tools. These include the ABC theorem
(Section 2.1), the robust Klivans-Spielman generator (Section 2.2), the Wronskian and its
properties (Section 2.3), and results on deterministic factorization of univariate polyno-
mials (Section 2.4).

We present our hitting sets in Section 3. In Section 4 we give our univariate recon-
struction algorithm and in Section 5 we give the algorithm for the multivariate case.

2 Preliminaries

For an integer r € N we denote [r] ={1,...,r}and [[v]] ={0,1,..., 7}

We say that two nonzero polynomials f, g € F[x] are associate if there exists a nonzero
scalar o« € F such that g(x) = «f(x). We say that a set of polynomials is non-associate if no
two polynomials in the set are associate. This is equivalent to saying that the polynomials
in the set are pairwise linearly independent.

2.1 The ABC theorem for function fields

An important tool in all proofs is the ABC theorem for function fields, known as the
Mason-Stothers theorem [Mas84, Sto81].

“Polynomials are associate if and only if they are linearly dependent.

7



We state the following strengthening due to Vaserstein and Wheland [VWO03]. For a
polynomial h € F[x], let v(h) denote the number of distinct roots of h over the algebraic
closure F.

While most of the results in [VWO03] are stated for fields of characteristic zero, an in-
spection of the proofs in [VWO03, Section 3] reveals that they also hold for fields of large
enough characteristic.”

Theorem 2.1 ([VWO03], Theorem 2.2(a)). Let D,r € N such that v > 2. Let F be a field of
characteristic p such that p =0 orp > rvD. Let hy,..., h, € F[x] satisfy

hi+--+h, =hy, ged(hy, ..., h) =1,

where max; deg h; < D, not all h; are constant and no nonempty subsum of hy, ..., h, vanishes.

Then .
deg(ho) < (r—1) (Zv(h») :
i=0

In other words, Theorem 2.1 asserts that if hy has “high” degree while each h; has
“few” distinct roots, then hy cannot be expressed as a linear combination of the other h;’s.
We will use the following corollary.

We note that we require an upper bound on deg(h;) only in the case of positive char-
acteristic.

Corollary 2.2. Let 1,m,0,e € N such that v > 2. Let F be a field of characteristic p such that
p =0o0rp > r(n+ed). Let Po(x)¢, P1(x)¢,...,Pr(x)¢ € Fx] be pairwise linearly indepen-
dent polynomials, such that for all i, deg(P;) < 8. Let go(x),...,g+(x) € FIx] be additional
polynomials, such that for all i, deg(g:) < . Assume that

e > (rP+1)(n+1).
Then the identity
gi(x) Pi(x)* =0

i=0

holds if and only if each g (x) is identically zero.

Proof. The “it” direction is immediate. For the converse, suppose

i giPy =0
i=0

is a nontrivial identity. Passing, if necessary, to a nontrivial relation of minimal support,
we may assume that every h; := g;P{ in the relation is nonzero, and hence each corre-
sponding g; is nonzero. Set

H(x) = ged(hy,..., h,), P(x) = gecd(Py, ..., Py).

>Vaserstein and Wheland were primarily interested in characteristic 0 or fixed characteristic independent
of the degrees and number of polynomials (see [VW03, Section 5]).
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Claim 2.3. There exists G(x) € F[x] such that H(x) = P(x)¢G(x) and deg G < (r + 1)n.

Proof. Clearly P¢ divides each h;, so P¢ divides H. As gcd((Py/P)¢, ..., (P:/P)¢) =1, we
get that
ged (go(Po/P)S, ..., g:(P;/P)¢) divides TI}_yg;.

Thus G := H/P¢ divides TT;g;, so

deg(G) = deg(H/P¢) Zdeggl < (r+1)n. O

Let S :={i: gi # 0} be the support, and choose t € S such that

Vsup 1= Max v(Pi/P) = v(P¢/P).
1€

Since the polynomials are non-associate, vs,, > 1. Define hi := hi/H. Then the equality
> i_ohi =0holds if and only if }_{_, hi = 0, and moreover

gcd(hy, ..., h) =1
By Theorem 2.1,if > {_, hi = 0 and not all i; vanish, then

e Voyp — deg(G) = ev(P/P) — deg(G)
deg((P,/P)°) — deg(G)
d

eg(h)

< (r—l)Zv(ﬁ)
j=0

<(r=1)) v(gi(P;/P)%)

j=0
< (T - 1)(1” + 1)(T] + Vsup)'

NN

Hence
e< (rP+r)n+1),

contradicting the assumption on e. O

We did not attempt to optimize the parameters in Corollary 2.2. In particular, for the
special case where all g; are scalars a tighter result is known.

Theorem 2.4 ([VWO3, Corollary 3.8]). Letr,d,d € Nsuch that v > 2. Let F be of characteristic
p =0orp > rdd. Let fy(x),...,fr(x) € F[x] be non- assocmte polynomials of degree at most §,
not all the f; are constant. If(r —1)2<d+1then ) [_,f(x) #0.



2.2 The Klivans-Spielman generator

We recall the generator construction of Klivans and Spielman [KS01], which converts a
sparse multivariate polynomial into a univariate polynomial while preserving its struc-
ture.

For a prime number g, an integer k < q let ¥y 4 : F[x] — F[y] be defined as

Wy q (xi) = y(kH mod q), (2)

with the natural extension to monomials and polynomials. Namely, for an exponent vec-
tore = (ey,...,en)

Wy (x€) = yZees(k Y moda),

Clearly,
deg(Wy q(x€)) < (q—1) Z ei = (q—1)deg(x). 3)

Theorem 2.5 (Corollary of Klivans-Spielman [KS01, Lemma 1]). Let f € F[x] be a nonzero
n-variate polynomial, such that f has at most s monomials and deg(f) < 8. Let q be a prime
satisfying q > max(8, (5)n) + 1. Then, for all but at most (3)(n — 1) values of k € [q —
1], the univariate polynomial Wy q(f) has the same number of monomials as f. Furthermore,
deg(Wy q(f)) < dq. Moreover, for all but at most (s — 1)(n — 1) values of k € [q — 1], the
univariate polynomial Wy 4 (f) is nonzero.

Corollary 2.6. Let f, g € F[x] be non-associate polynomials of individual degrees at most 5, each
with at most s monomials. Let q be a prime larger than max (8, s>n) + 1. Then, for all but at most
s(s —1)(n —1) values of k € [q — 1], the univariate specializations Wy o (f), Wi q(g) are linearly
independent over F.

Proof. By Theorem 2.5, for all but s(s — 1)(n — 1) values of k € [q — 1], the specializations
preserve the supports of f and g. If f and g have different supports, the property is im-
mediate. Otherwise, they share the same set of monomials but have linearly independent
coefficient vectors, and this linear independence is preserved under the substitution. [

We shall use the Klivans-Spielman generator in order to create a robust interpolation
set for sparse polynomials. That is, a set of points such that knowing the value of an s-
sparse polynomial on 1 — ¢ fraction of the points in the set, allows efficient recovery of the
polynomial.

The idea is quite simple given Theorem 2.5. Assume first the case of a characteristic
zero field. Consider the modified generator

Ay imoda) § 3
\yjkq)\(xi) = k?—l ) ] ’
79, y( mod q) 17&]

Observe that each monomial x€ is mapped to

i—-1

\J‘/j/k/q,A (xe) =A% . yzl ei(k[ ) mod q).
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Thus, if we know both ¥y o (x€¢) and ¥j  q(x€) then we can recover the exponent of x; from
each of the monomials. To adapt this to finite fields, we note that all we need A to satisfy
is that its order in the multiplicative group [*, is larger than 8. Since the order of the
group is |[F| — 1, we may have to pick A from an extension field. Similarly, to interpolate
a polynomial of degree 6q we would need a field of size at least 6q. This leads to the
following construction of a robust interpolating set.

For the construction we shall need the following specialization of ¥y A which we
denote with Wj y qa[a] : Flx] — F™, for any « € F:

A- (x(kifl mod q) i= j,

\yj,k,q,)\ [(X]i = {(X(kil mod q) i 75 J

In other words, V¥jxqalx] is obtained by substituting « into y in the vector
(W5,q2(x1), - -, Wi 1,90 (xn)). We also denote with Wy q[of : F[x] — F™ the map

Wy q [a]y = OC(kH mod q) ’

which is obtained by substituting « into y in the vector (Wy q(x1), ..., Wi q(xn)).
The following construction is far from being optimal in terms of its size, but it is rela-
tively simple to describe.

Construction 2.7 (Robust interpolating set for sparse polynomials). Let n,s,d € N and
e > 0 (e may depend onn,s,d). Let

28s°n?/e < q < 48s°n?/e
be a prime number. Let Ay 5,4, C F be a set of size
“An,é,q,s| = [2n6q/8—‘

If [F| is too small then we pick A s,q,e from an extension field | of size IF*> < |E| < 2ndq/e - |F|.
For A € F (or A € E if needed) denote

Sn,é,q,s,)\ -
{\yj,k,q,)\ [OC] | ] € [TL],k S [q - 1]/ x e An,é,q,s} U {Wk,q [OC] | k S [q - 1]; X € -An,é,q,e} .

Observe that
|Sn,6,q,£,)\| = (T‘L + 1)(q - 1)|-An,5,q,s| =0 (5T12q2/€) =0 (63n654/€3) .
We first prove that 8., 5,q,¢,A is @ good hitting set for sparsity 2s.

Lemma 2.8. Assume the notation of Construction 2.7. Let f € F[x] be an n-variate, 2s-sparse
polynomial of degree deg(f) = 8. Then, f vanishes on at most a fraction of = of the points in

Sn,é,q,s,}\-

11



Proof. By the “moreover” part of Theorem 2.5, the number of k € [q — 1] for which
Yy q(f) = 0is at most (2s — 1)(n — 1). For the rest of the ks, since deg(¥y (f)) < 8q,
it has at most 8q zeroes. Thus, the total number of points in 8, 5 4,,» on which f vanishes
is at most

2smn
(2s—1)(n—1)-(n+1)|An,5,q,£|+q-q5<( ! >|sn5qsx|< S nsaenl. O

We next prove that we can efficiently reconstruct from evaluations on a (1 —¢) fraction
of the points in 8,, 5 e -

Theorem 2.9. [et n,s,0 € Nand 0 < ¢ < 50%1 Let 8s'n < q < 28s*nbea prime number.

Assume that F is large enough to allow Construction 2.7. Let A € F* be an element whose
multiplicative order is larger than dq (if needed, pick A € E for an appropriate extension field |E).

There is an algorithm that with the following guarantee: Let f € F[x] be an n-variate, s-
sparse polynomial of degree deg(f) = 8. Denote with B the bit-complexity of f's coefficients.® Let
8" C 8n 5,q,e,n be any subset of size |8'| > (1 — €)|8n,5,q,e,|- Given the set of evaluations

{(B,f(B))IBEST,
the algorithm runs in time poly(n, s, d,1/¢, B) and returns f.
Proof. For eachj € [n], k € [q — 1] denote
Eixa =1(B,T(B)) | B =Yjxqnrlal, for some & € Ay 5,4, NS" .
Similarly, for each k € [q — 1] denote
=1(B,f(B)) | B =Yy qla, for some & € Ay 5,41 NS" .

By our assumption, and definition of 8,, 5 4, we have

(1—¢)[8n,5,qenl < |5|—Z Z €510l + Z |Ex| -

n] kelq—1] kelq—1]

Call k good if for every j € [n], it holds that |€; x x| > 6q and in addition, [Ex| > 6q.
Claim 2.10. At most (q — 1)/4 of the points k € [q — 1] are not good.

Proof. If k is not good then

|8k|+Zrejknr 8 + 1 Ansq,cl

j=1
1 3 |Sn5 s?\| 1
1)An 1— 2,45 1——
<(n+1)l ’5’q’£|< n+1+2n2) < q—1 4n

°If I is a finite field then B = s log |FF|.
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where we have used Ay 5,q,:| = [2ndq/e]. Thus, if there are b bad k’s, then we would
have

: = b
(1 - 5)’£n,6,q,e,7\| < |8 | - Z (’8k| + ; |81,k,ﬂ|> < |8n,6,q,5,7\| (] — m) .

kelq—1]
Hence b < 4enq < (q —1)/4. O

By our choice of q, Theorem 2.5 guarantees that at least half of all k € [q — 1] satisfy
that the univariate polynomial ¥y 4(f) has the same number of monomials as f. Denote
with K the set of all such k € [q — 1]. Then |K| > (q — 1)/2. Claim 2.10 implies that there
is some k € K which is good. We call such a k a good decoding point.

Let k be a good decoding point. Denote f = ) c¢x€. Then, for every j € [n] we have

Wi q(f) = Z ceyeei(K Y mod )

and y
Wqn(f) = 3 ceAciyZieilk moda)

By choice of k, the number of monomials in each of these polynomials equals that of f.
Furthermore, both polynomials have the same set of monomials and they differ only by
their coefficients. Moreover, by (3), they have degree smaller than deg(f) - q = 8q.

Thus, the evaluation points in £y give us enough information to interpolate Wy 4 (f).
Similarly, the evaluation points in &;x, give us enough information to interpolate
11]j,k,q,?\ (f) .

Since they have the same set of monomials, we can infer for each monomial

y=i ei(k" mod a) the term A%. As the order of A is larger than §, and in particular larger

than e; we can easily infer e; from A®. Since we can do that for every coordinate j, we can

infer the coefficient vector e corresponding to the monomial y ek mod a)  Giyen the
coefficients c. that we found, we have the complete representation of f. O

2.3 Wronskian and Differential Operators over Finite Fields

We recall the definition of the Wronskian.” Let gy,...,gn € Flx]. Their Wronskian is the
determinant of the n x n matrix whose (i,j)-entry, fori € [[n —1]] and j € [n], is Vmgj,
where

v = (id.
91(x) 92(x) e gn(x)
W(gi,...,gn) =det Vg?(x) Vg?(x) Vg?(x) e F[x]. 4)
Vg () VO Dgy(x) - Vg (x)

"The Wronskian can be defined for any collection of functions that are sufficiently differentiable on an
interval; here we consider only polynomials.
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We treat V as a linear operator on the space of polynomials, so it is well defined over any
field.

The Wronskian is a classical object in the theory of differential equations (see, e.g.,
[Tes12, §3.4]), but it also plays an important role for polynomials over finite fields. The
key fact is that if the characteristic of the field is sufficiently large, then the Wronskian
vanishes if and only if the polynomials are linearly dependent. For completeness, we
provide the proof of the following theorem in Appendix A.

Theorem 2.11. Let gy, ..., gn be polynomials over a field F of characteristic p. If the maximum
degree of any gi is d and p = 0 or p > d, then g4,...,gn are linearly dependent over F if and
only if their Wronskian W(qu, ..., gn) is identically zero.

The next theorem, an analogue of the fundamental theorem of linear homogeneous
ODEs for polynomials over arbitrary fields, states that the solution space of an operator
of order r has dimension at most .

Theorem 2.12. Let F be a field of characteristic p, and let®

ZQl ) V' € Fix|(V)

be a nonzero operator of order r, with Q. # 0. Fix D € Nand assume p = 0 or p > D. Then the
space
S<p = {geFx]: degg< D, A(g) =0}

has dll’l’lﬂr SgD < .

Proof. Since [F| > D, there exists a € F with Q,(a) # 0. Define the translated operator
A = Z Qi(x) Vi/ Qi(x) = Qi(x + a)/
i=0
and the translated polynomial §(x) := g(x+ a). Since ordinary derivatives commute with
translation, we have A(g) = 0 if and only if A(§) = 0. Write §(x) = Z?:o cix!, where
Co,...,Cp € I are indeterminates. Then

Vg=590) = ke (0<k<D).

Consider the identities V* (A(g)) (0)=0fort=0,1,...,D —r. By Leibniz’s rule

0= V(A ZZ ()Vt 1Q1(0) Vi g:(0),

i=0 j=0

8Since x and V do not commute, we denote the noncommutative polynomial ring of differential opera-
tors with coefficients in F[x] by F[x](V).
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hence, using V' g;(0) = (1 +j)! ciyj,

T

uMﬁ

()vt 1Q:(0) (i4+j)lciyy =0, t=0,1,...,D—r. (5)

i=

In (5), the term with (i,j) = (r,t) equals

(t) Q:(0) (r+t)crre = Qila) (r+t) crye,

while all other terms involve only ¢y with k < r 4+t — 1. Because p = 0 or p > D, each
factorial (r + t)! is invertible in IF for 0 <t < D — 1, and Q,(a) # 0 by construction. Thus,
the coefficient of ¢, is nonzero. Therefore, for each t, we can solve uniquely for ¢,
in terms of cy,...,cr4¢—1. Inductively, all c,,...,cp are determined by the initial block
(co,...,cr—1) € F',sodimpS<p < 1. O

2.4 Polynomial Factorization

We shall need the following result on factorization of polynomials. The first result is the
famous LLL algorithm for factorization over Q.

Theorem 2.13 (Factorization over Q, [LLL82]). Let f € Q[x] have degree d and bit complexity
B. Then, there is a deterministic algorithm that outputs all irreducible factors of f whose running
time is poly(d, B).

For the following theorem, see, e.g. [vzG592, Section 9].

Theorem 2.14 (Factorization over Finite Fields). Let F be a field of size ¢ = p* and char-
acteristicp > 0. Let f(x) € Fq[x] be a polynomial of degree d. Then, there is a deterministic
algorithm that outputs all irreducible factors of f in time poly(p,logq, d).

3 Hitting set for LAY circuits with 12 < d

In this section we give a simple polynomial-size hitting set for M AYEEITE! circuits
when d = Q(1?).

Theorem 3.1. Let 1,d,s,n,6 € N such that (r —1)> < d + 1. Let q be a prime such that
q > max(§,1’s*n) + 1 and let t > q/e. Let F be a field of characteristic p such that p = 0
or p > rddq. Let f(x) € Flx] be a nonzero polynomial that is computable by a LAY LS8!
circuit. Then, except for at most v*s*n. values of k € [t], the specialization Wy o(f) defined as in
Theorem 2.5 is nonzero.

Proof. Let f = Y [, fd, such that each f; has degree at most § and at most s mono-
mials, and any two are non-associate. Let ¥y 4(f;) be as in Corollary 2.6. Then, by a
simple application of the union bound, except for at most r?s*n values of k, the poly-
nomials Wy 4(f1),..., ¥k q(fr) are non-associate of degree smaller than 5q. Fix a k that
guarantees such pairwise linear independence. Theorem 2.4 guarantees that Wy 4(f) =

Y Wi q(fi) #0. O
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Theorem 3.2 (Hitting set for =AY LTI circuits, when d = Q(1?)). Letn,v,s,d, 8 be as
in Theorem 3.1. Let F be a field of characteristic p such that p = 0orp > rdd(s’n + §). Then,
for every ¢ > 0 there is an explicit hitting set H of size |H| = O(r*s*n2d8%/¢) such that every
nonzero polynomial computed by a ZI AV circuit is nonzero on at least a (1— €) fraction
of the points in J.

Proof. By Bertrand’s postulate there exists a prime q € [r’s’n + & + 1, 2r’s>n + 28]. Set
t =2r2s>n + 28 + 1. For each k < t, evaluate Wy 4(f) on deg(Wy q(f))/¢ distinct points. By
Theorem 2.5, deg(Wx q(f)) < 8qd = O(8d(r*s*n +3)), so |H| = O(r*s*n?dd%/¢).

For each good k, Wy 4 (f) is nonzero on at least a (1 —¢) fraction of its evaluation points,
and at least (1 — ¢)t values of k are good. Hence f is nonzero on at least a (1 — 2¢) fraction
of the points in J{. O

Remark 3.3. Our construction of the hitting sets is not optimal and it can be improved with
more care.

4 Reconstruction of Univariate Sums of Powers

In this section, we consider black-box reconstruction of univariate polynomials of the
form

fx) = Y ou(fi(x))4 € Fix], deg(f) =8 <5, [fillo <s, (6)
i=1

where [ has characteristic 0 or characteristic p > 2rdé. As we allow coefficients «; € F,
we can assume w.l.o.g. that each f; is a monic polynomial.

We note that we only have an upper bound on the number of summands, 1, and in
reality, f can be represented as a sum of v’ < r terms. This distinction does not signifi-
cantly affect our algorithm, as we will simply try each v’ € [1,1]. Thus, for simplicity, we
assume that 1 is the exact number of summands, and we continue to denote it by r. From
now on, until we present the algorithm itself, we assume that f cannot be represented as
in (6) with fewer terms. In particular, this implies that the polynomials f{ are linearly
independent.

As f(x) is a univariate polynomial with deg(f) < d-8, we can interpolate its coefficients
to obtain a representation

ds
f(x) = Z Bixt.
i=0
Hence, we may assume that this representation of f(x) is given as input to the algorithm.

As described in Section 1.3, our approach is to learn a degree r differential operator L
such that L(f) = 0. We next describe some properties of the sought-after operator.
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4.1 The Differential Operator L

We shall consider the Wronskian of f, f¢, ..., fd (recall Section 2.3):

flx)  fix) - fAX)
e d
W(x) = W(f,£2,..., ) = det sz(") Vﬂ: x) ; Vfr: x) )
Vr{‘(x) vrff‘ (x) Ce vrff.(x)

Clearly, W(x) = 0 because the first column is a linear combination of the others. Ex-
panding the determinant along the first column yields

T

D (—1'Wi(x) Vi(x) =0, (8)

i=0

where Wi (x) denotes the determinant of the r x r minor obtained by deleting the i-th row
and the first column of the matrix in (7).

Claim 4.1. Each polynomial Wy (x), obtained from the Laplace expansion of the Wronskian, can
be written as .
Wie(x) = (Miemfd) Pr(x),

where Py (x) is a polynomial of degree at most 129.

Proof. Recall that deg(f;) = d; < 6. Fix k € [[r]]. For each i € [[r]] \ {k} and j € [r], we can
write

mejd = ﬂd’r Ji;j, with deg(gi;) =18 —1 < 715. )

Hence
Wi(x) = (=1 (Thier f577) det(9i,i (%)) i vy g st
Define
Pelx) = (1) det(gﬁ(X))ie[[rn\{k},je[r]'
Then 3
Wk(X) = (ﬂje[r]fjd_r) Pk(X).

Since each g;; has degree at most 19, Py (x) has degree at most 1?5, as claimed. O

Let P = gcd(Py, ..., P,) and denote P; = P;/P.

Corollary 4.2. Assume that p, the characteristic of IF, satisfies p = 0 or p > dd. Then the
differential operator

L= ) Pix) VY e FXI(V)
i=0

is not identically zero, and its solution space is spanned by {f¢, ..., £}, In particular, Uannihilates
both f and each f¢.
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Proof. The fact that L is not identically zero follows from Theorem 2.11, since L would
remain unchanged if f was replaced by any polynomial which is not a linear combination
of {fd, ..., fd}.

From Claim 4.1 and (8), we have

T

0=> (—1)'W;(x) Vi(x)
i=0

= (Memfd™)- Y Pilx) V()

i=0
= (Mem ™) P> Pi(x) V()
i=0
= (Memt") - P-L().

Since (ﬂjgm f]-d’r) - P is not identically zero, it follows that [(f) = 0. The same argument
applies to any linear combination of fg, ..., fd, hence

span{f{,..., f&} C ker (L).

By Theorem 2.12, the solution space of an operator of order r has dimension at most r.
As the f¢ are linearly independent, they form a basis of ker (L). O

We now set up a linear system whose solution yields the desired operator L from
Corollary 4.2. Consider the following system of linear equations with unknown coeffi-
cients yy; € [F:

T rd
Z(Z yi,jx]') Vif(x) = 0. (10)
i=0 \j=0

The system (10) consists of deg(f) + 1 linear equations in the unknowns vy; ;, with coeffi-
cients that are linear combinations of the coefficients of f.
Clearly, one solution is obtained by setting

Td
ZYi,ij = Pi(x),
=0

which corresponds exactly to the operator L in Corollary 4.2. We next show that any non-
trivial solution of the form >0 Q; VI satisfying ged(Q, ..., Q;) = 1 is a scalar multiple
of L. In particular, any nontrivial solution that minimizes deg(Q.) equals a scalar multiple
of L. For this, we rely on the ABC theorem for function fields discussed in Section 2.1.

4.1.1 Uniqueness of L

Claim 4.3. Assume that the characteristic of the field F satisfiesp = 0 or p > 2rds. Let [ €
F[x](V) be the operator from Corollary 4.2. Assume d > (v + 1)*6. Then any nontrivial operator

L' =31 ,Qi(x)V! satisfying deg(Qi) < 126 forall i, gcd(Qo, ..., Qy) =1, and L'(f) = 0
must equal a scalar multiple of L.
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Proof. Let L’ be as in the statement of the claim. We have that
=L'(f) = Z B;L’
= Z Z B;Qi(x)V'(f})

j=1 i=0

where Q; ; is defined similarly to (9), and ;L' (fjd) Q]fd . Observe that, as in (9),
deg(Q:;f] ") <126+ (I8 —1) + (r—1)5.
Hence, deg(Q]—) < (1% +1)$6. Since the f; are non-associate,
d—r>FT+D%—r=F+2r+1D)%—r> (P +1)((P?+1)d+1),

andp = 0orp > 2rdd > r((r* 4+ )5 + db), Corollary 2.2 implies that Qj = 0 for all j.
Consequently, L (de) = 0 for all j. Theorem 2.12 implies that the kernel of L’ is spanned
by f{. Observe now that the operator Q,-L = P, -L" has degree at most r—1 and its kernel

contains all f]fi. Hence, by Theorem 2.12 it must be identically zero. As gcd(Py,...,P:) =
gcd(Qq, ..., Qr) = 1 the claim follows. O

Corollary 4.4. Let p, d satisfy the requirements of Claim 4.3. Then there exists a unique operator

L=) Qi(x)V
i=0

satisfying deg Qi < 128 forall i, gcd(Qo, ..., Q) = 1, Q, monic, and L(f) = 0. Furthermore, L
can be computed in time poly(n).

Proof. The claim regarding the uniqueness follows immediately from Claim 4.3 and the
fact that we chose Q. to be monic and of minimal degree.

Since we can find, in polynomial time, a basis for the solution space of (10), by simple
diagonalization we can find a solution that minimizes deg(Q-) such that Q. is monic. [

We next show how to extract the polynomials f; given L.

4.1.2 Properties of the Solution Space of L

Claim 4.5. Given the solution space of L, if v* + 1 < d then there are at most v polynomials in the
solution space that are powers of d.
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Proof. Assume there is a polynomial q(x) such that L(q(x)?) = 0 and q is not a scalar
multiple of any of the fj. Since {fi!}ic;;] span the solution space of L, there are scalars
o such that 3, o fd = q9. However, by choice of d and ¢, and since the polynomials
{fi} U{q} are non-associate, we get a contradiction to Corollary 2.2. O

Thus, our task is finding all polynomials that are d-th powers in ker (L). We next show
that each root of each fj is also a root of Q.

Definition 4.6 (ord.(g)). Let g(x) be a polynomial. We define ord,(g) to be the multiplicity
of z as a root of g(x). Similarly, for an irreducible polynomial ¢(x) we define ord4(g) to
be the largest power e such that ¢°¢|g.

Claim 4.7. If d > r then the leading coefficient Q. (x) of L = Y I_, Qi(x)VV) vanishes at every
root z of every f;.

Proof. Fix a zero z € F of some fj, of mult1pl1c1ty 1. Then, ord (f{) =m >d > It
follows that fori < r—1, ord, (V‘(f)d)) —i>m—r=>0. Assume Q+(z) # 0. We now
have

r—1
0=L(f) =Q,V'(f) + ) Q:iVi(f)
i=0
Thus,
m—1 =ord, (QTVT( ) = ord, ( Zlel m-—r+1,

in contradiction. O]

Corollary 4.8. Each irreducible factor, over F, of each f; is an irreducible factor of Q.. Further-
more, the factorization of Q, can be computed efficiently.

Proof. This follows immediately from Claim 4.7 by considering minimal polynomials of
roots. The claim about efficiency follows from Theorem 2.13 and Theorem 2.14, depend-
ing on the underlying field. O]

Remark 4.9. Corollary 4.8 tells us that, upon factorizing the leading coefficient Q.(x), we
obtain a set of m irreducible factors ¢, ..., $, of Q;.

Hence, we can iterate over all possible multiplicity vectors e, of which there are at
most (m“’) (r28)®, to construct candidate polynomials

ge(x) - ﬂie[m](bjej‘

For each such g, we can apply L to g? to test whether g¢ € ker(L). This yields an
algorithm with running time poly(n, d, (v5)?).

However, our goal is to design an algorithm whose running time is polynomial in all
the parameters.
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4.2 Efficiently Recovering the f;

We first note that a basis for ker (L) can be computed in polynomial time. Indeed, consider
dd + 1 unknowns a; and consider the linear system of equations

T od
Z Qj (Z aixi> =0. (11)
=0 i=0

Clearly, this system is solvable in time poly(d, 5). Furthermore, since deg(f{') < d§, each
f{! lies in the solution space. As these polynomials span ker (L), we are guaranteed to find
a basis to ker (L) in this process.

Let hy, ..., h, be the basis found for ker (L). Thus,

ker (L) = span{f{, f5,..., f%} = span{h; (x), ha(x), ..., h+(x)}, Vi€ [1], deg(hi(x)) < &d.

Therefore, our goal is to find all fjd given the h;. We achieve this by the following
observation: if some g € ker (L) has a root z such that ord,(g) > d, where d is large
enough, then z must be a root of one of the fj.

Claim 4.10. Assume d > 2v%8. If z is a root of order t > 128 + (v — 1) of some polynomial
he span{f]-d : j € [r]}, then it is a root of one of the f;.

Proof. Denote h = Y, cif?. Assume, w.lo.g., that ¢; = 1. Consider the order (r —1)
Wronskian _
W(ff, ceey fS) S F[X], W = det(Vlff)ie[[T_l]],je[r] .

As c; =1, we can replace the first column of the matrix in the Wronskian with the vector
whose i-th entry is (V'h), without affecting W. Since ord, (h) = t > 1, each entry satisfies
ord,(V'h) =t —1 >t — (r — 1). Consequently, z is a root of W of order at least t — r + 1.
As in the proof of Claim 4.1, the Wronskian factorizes as ﬂie[ﬂff_T*lW’ , where W' is a
polynomial of degree at most r?5. Since

ord, (W) >t —1 > 128 > deg(W’),
we conclude that ord,, (TT;¢ [y ff’”l) > 0. Hence, z is a root of one of the f;. O
The following simple corollary is at the heart of our algorithm.

Corollary 4.11. Let d be as in Claim 4.10. The subspace of all polynomials that have a root at z
of order at least d is spanned by all the f3 that have z as a root.

Proof. Assume w.l.o.g., that among {f{} only f{, ..., fd have z as a root, and hence it is a
root of order at least d at each of them. Assume for contradiction that some nonzero
polynomial h € span{f{,,, ..., f¢} satisfies ord,(h) > d. Applying Claim 4.10 to h €
span{f Ry f4} shows that z must be a root of some fj for k < j <1, a contradiction. [

Corollary 4.12. Let ¢ € F[x] be an irreducible polynomial. Let d be as in Claim 4.10. The
subspace of all polynomials that have ¢ as a factor is spanned by all the £ such that ¢ is a factor

Of fi.
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Proof. Apply Corollary 4.11 to any root of ¢. O

Armed with Corollary 4.12, our next step is to sieve the polynomials in ker (L) that
have a factor of high multiplicity.

Claim 4.13. Given an irreducible & € F[x] such that deg(¢$) < o, and e < d, we can find in
time poly(d, , 8) a basis for the space of polynomials

{g € span{h,..., h.} ‘ orde(g) > el

Proof. Let by,..., b, and ay,...,Asa—cdeg(¢) b€ indeterminates. Solve the homogeneous
linear system
dd—edeg(d)

(be ’ Z aixi = i bihi .
i=0 i=1

Any basis for the solution space immediately gives a basis for the requested subspace. [

As explained in Section 1.3, we recover the monic polynomials f¢ by performing a
DFS (with pruning) on a suitable tree. To ease the reading, we repeat the main idea. Let
{};}jem) denote the irreducible factors of Q.. As proved in Corollary 4.8, this set contains
all factors of each f;. Hence, each f; corresponds to an exponent vector e; defined by
eij = ordy, (fi). Equivalently,

fi(x) = ﬂje[m]d)]%-

Clearly, for each i, we have Z]. ei; deg(d;) = deg(fi) < o.

Consider now a rooted tree of depth 6, where each node has m children, and the edge
to the j-th child is labeled by ¢;. Every root-to-leaf path in the tree corresponds to an
exponent vector, counting the multiplicities of the ¢; encountered along the path. Label
each node with the exponent vector defined by the path from the root to that node, and
associate to each such node the subspace of polynomials in ker (L) that have ¢! as a factor
with multiplicity equal to the number of times ¢; appears along the path.

Note, however, that this tree is highly redundant, since many distinct nodes corre-
spond to the same subspace. Moreover, the tree has m® leaves.

Our algorithm performs a “smart” depth-first search (DFS) on this tree to recover the
f; in the lexicographic order of their exponent vectors. Importantly, the algorithm visits
only those vertices that are guaranteed to lead to previously undiscovered polynomials,
and thus visits in total only poly(r, 8) vertices overall.

Theorem 4.14. Let {1, ..., b} be the set of irreducible factors of Q.. Assume d > (r+1)*8 and
the characteristic is p = 0 or p > 2drd. Then there exists a deterministic algorithm that, given
a basis {hy, ..., h,} for ker (L), recovers all ¢ in time poly(m,t,, d), or poly(m,t,,d,logp)
when p > 0.

We first give the pseudocode of the algorithm (Algorithm 1) and then prove that it
satisfies the claim in the theorem.
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Algorithm 1 DFS-RECOVER-f{
Require: Basis By of V(0) = ker(L); irreducible polynomials ¢y, ..., $, of degree at

most &
Ensure: A list U containing all ¢
LU+ o > set of recovered polynomials f{
2: procedure DFS(e, B, U) > e is a multiplicity vector and B, spans the current

ambient space

3: if dimspan B, = 1 then

4: let g be the unique monic polynomial in span B,

5: F(x) « (M 57)  g(x)

6: U < U U {F}; return

7: end if

8: U(e) «+ {q/(ﬂj‘lld)).e")d :qevuy, (ﬂjn;ld)jej)d | g} > reduce U to the current ambient
space V(e)

9: forj=1tomdo

10: Aj(e) < {g € spanB. : ordy,(g) > d}

11: if Aj(e) # {0} and A;(e) € spanlU(e) then

12: Bere; < {9/d5 1 g €Dbasis(Aj(e))}

13: DFS(e + ej, Bere;, U)

14: end if

15: end for

16: end procedure
17: DFS(0, By, U)
18: return U

Proof. We naturally identify nodes in the tree by their multiplicity vectors e, where the
root corresponds to the all-zero vector.
Denote by Tpgs the tree defined by the DFS algorithm. That is, there is an edge between
a node that is labeled by the multiplicity vector e to its child e; only if the condition in
Step 11 holds.
Define the vector space
V(0) =ker (L) .

We associate to each node u € Tpps with multiplicity vector e two linear spaces V(e) and

A(e) that are defined recursively (starting from V/(0)):

Aj(e) ={g € V(e):ordy(g) >d} and V(e+ej):{g/d)]fi:geA]-’(e)}. (12)

We next show the relation of these spaces to the algorithm.

Claim 4.15. For every node w € Tprs with multiplicity vector e, and j € [m] such that e + e;
satisfy the condition in Step 11, the following hold:

(D) Aj(e) =Aj(e).
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(II) V(e) is spanned by

d
fi . _ o
3(6) = { (W) : O?’dd)j(fl) = €; \V/]} .

(II1) It holds that B. = B(e).

Proof. The proof is induction on the depth of the DFS tree, starting at the root.
For the root, e = 0, and B(0) = B, = ker (K). Thus, V(0) = ker (L) = span{fg,..., fd},
so (II) and (III) hold. Now, inspecting Step 10 we see that (I) holds as well.
Induction step. Assume (I),(I),(III) hold at a node u with multiplicity vector e, and fix
j € [m] such that the node with multiplicity vector e + e; is in Tprs. By the induction
hypothesis
Aj(e) =Aj(e) ={g e V(e): ordy,(g) = d}.

Applying Corollary 4.12 to V(e) with spanning set (in fact, basis) B(e) = B, gives
Aj(e) =span{h € B(e): ordg,(h) > d}

)
d
= Span { (ﬁ) : ord¢j(fi) = €; +1, Orddjt(fi) = ey Vt}

Dividing by ¢1' yields

d
V(e + ;) :span{( fi ,> : ordg, (fi) > ef Vt},

e
t
ML by

where e; = e, for t # j and e/ = ¢j + 1, establishing (II). Moreover, since B(e) = B,
we see that B, ¢, defined in Step 12 satisfies Be,e; = B(e + €;) so (III) holds. Similarly,
we see that for every i € [m] for which there is an edge from e + e; to e + e; + ey, the
definitions of Ai(e + e;) and A{(e + e;) coincide. ]

For simplicity, we slightly abuse notation and use A;(u) and V(u) whenever we are at
anodeu € TDFS-
As a consequence of the claim we get that for every leaf u (where dim V(u) = 1), there

exists a unique k such that
) d
_ k
V(u) = span { <”{“:1¢>f‘> },

and for the unique monic g € V(u) we have
(M bs) glx) = (%),

thus identifying the recovered polynomial, which justifies Step 5 of the algorithm.
At node u with vector e, define

U(e) = {q/(M )% ge U, (M54 q} C V().
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We recurse into child j only if
Aj(u) Z spanU(e).

If Aj(u) € spanU(e), then V(u;) C spanU(e + e;) and cannot yield a new leaf. Other-
wise, the branch contains a new f¢. Hence each f¢ is discovered exactly once, and the
recursion terminates after all are found. In particular, there are r leaves.

Running time. Each recursive descent increases ) ; e; by one, so at most }_; degf; <
16 nodes are visited. Each node requires poly(m,,, d) linear-algebra operations, hence
the total running time is poly(m, 1,9, d), or poly(m,r,6,d,logp) when p > 0. O

4.3 The Univariate Reconstruction Algorithm

We now give the full reconstruction algorithm in the univariate case. In what follows we
assume that the characteristic of F is either p = 0 or p > 2rdds. We further assume that
d> (r+1)%.

Algorithm 2 RECOVER UNIVARIATE SUMS OF POWERS

Require: Black-box access to f(x) € F[x]; parameters r, d, 6.
Ensure: Representation f(x) = ) |_; & fi(x)¢ with monic f;.

1: Interpolation. Since degf < do, query f at dd 4+ 1 points and interpolate f(x) =
Zfio Bix.

2: Perfect-power test. Decide if f = «g? for some scalar o and polynomial g with
deg(g) < o (e.g., via repeated gcd(f, Vf) / squarefree decomposition). If yes, rescale
g to be monic and return {(o, f1)} = {(«, g)}.

3: Annihilating operator (normalized). Find the minimal ' < r and polynomials
Qo, ..., Q. with deg Q; < 1?6 such that L = Z]T/:O Qj;(x) VI satisfies L(f) = 0. Among
all such solutions, choose one with minimal deg Q,, and rescale so that Q. is monic
(as in Corollary 4.4).

4: Factor. Using Theorem 2.13 or Theorem 2.14, compute the set {¢;} of all irreducible
factors of degree at most & of Q./(x). By Corollary 4.8, {¢;} contains all irreducible
factors of the f;’s.

5: Solution space. Compute a basis {h;, ..., h,/} of V = ker (L) by solving (11).

6: Recover the fd. Run Algorithm 1 on input ({hi}, {¢;}) to obtain U = {fg,..., fd}.

7: Recover the coefficients ;. Solve the linear system (with unknown «;) f(x) =
2 i oaff.

8: return {(o, fi)}I_,.

Theorem 4.16 (Correctness and bit complexity of the univariate reconstruction). Let
r,d, b € Nwith d > (r+ 1)*5. Let IF be a field of characteristic p = 0 or p > 2rds.
Suppose a nonzero univariate polynomial f € F[x] admits a minimal representation

f(x) =) oaifi(x)9,  deg(f)<s  1'<rT,
i=1
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where each f; is monic, and the polynomials {f;}I_, are non-associate. Denote the total bit com-
plexity of the representation with B.” Then Algorithm 2 outputs, in time poly(r,$,d, B) (or
poly(r,5,d,p,log|F|) if F is a finite field of characteristic p), a set {(«,f!)}I_, such that, for
some permutation T,

f) =) o{fi(x)*  and  f{=faq), of = &)
i=1

Proof. By assumption deg(f) < do, so interpolation is efficient. Similarly, since p = 0 or
p > 2rdd > deg(f), testing whether f is a dth power can be done via repeated computation
of gcd(f, Vf) (or by Theorem 2.13/Theorem 2.14).

Corollary 4.4 guarantees that we can compute the required operator L efficiently. De-
pending on the field, Theorem 2.13 and Theorem 2.14 allow us to compute all irreducible
factors of Q,, yielding the set {¢;}; by Corollary 4.8 this set contains all irreducible factors
of each f;. A basis for ker (L) is obtained by solving (11). By Theorem 4.14, we can recover
all f¢ efficiently.

Since 1* < d, Theorem 2.4 guarantees that the polynomials {f{} are non-associate.
Hence, there is a unique solution to the linear system f(x) = Y [, «fd. As we know
f,f1,..., fr we can solve the system to recover o, ..., ;.

Uniqueness (up to permutation) follows from Theorem 2.4 and the fact that the f; are
monic. [

5 Reconstruction of I Aldl ZEITTE Circuits

In this section we solve the reconstruction problem for £ Ald) IITTBI circuits: We are
given black-box access to a polynomial

f(x) =) oifi(x)* € Flx], (13)
i=1

where each f; € F[x] is an unknown s-sparse polynomial of degree < . Furthermore, the
fi are non-associate. We also assume that [ satisfies the requirements of Theorem 1.2.

Overview. The idea behind the algorithm is as follows. At a high level, we wish to
reduce the problem to the univariate reconstruction problem, for which we have Algo-
rithm 2. For that, we shall restrict our input to well chosen lines, run Algorithm 2 for the
restricted polynomials, and reconstruct the original polynomials from that information.
In more detail, let 35, be the hitting set given in Theorem 3.2 for ZZ A ZRsITTE]
circuits, with parameter 3, = # Let 3,7 be the robust interpolating set for n-variate,
s-sparse polynomials of degree 8, given in Construction 2.7, for parameter ¢, ; =

For every (u,v) € Hs, x H,; we define the univariate polynomial

_1
100mr2*

Fuu(t) =flu+tlv—u)) = i oifi(u+tv—u))?,

i=1

? As before, when F is a finite field, the bit complexity is /5 log [F|.
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We will show that for most points (u,v) € H;, x H, 7, Fy, v cannot be represented as a sum
of fewer than r powers. Therefore, Algorithm 2 will return for each “good” (u,v) a list of
T pairs (A wv, hiuv(t)) such that, up to reordering, A yvhiwy(t)d = o fi(u + t(v —u))d.
In particular, Ai yvhiwv(1)¢ = oifi(v)?4. Thus, we have access to evaluations of f; on
enough points of H, ;. This will enable us to interpolate f; and conclude the algorithm. An
important point is that we will have to “align” the outputs of the algorithm when run on
different v € 3, ; so that we know to map each output to a unique f;. This will be done by
noting that with high probability over the choice of u, the labels ot fi(u)? = A yyhiwy(0)¢
are distinct.
We next give the description of the algorithm and then its formal analysis.

Algorithm 3 Multivariate ™ A4l £I$ITT18) Reconstruction

Require: Sets H;,, H,7; blackbox access to f = Y| | o f; parameters r, ¢, d, .

Ensure: Output{(A;, hi)}, such that > {_, Ajhi(x)? = f(x).
1: forall (u,v) € H;, x H>7 do > Run univariate recovery for each (u,v)
2: Let

Fuv(t):=flu+tlv—u)), and fiy.(t):="fi(u+t(v—u))

Run Algorithm 2 on Fy, 5,
if the algorithm did not abort then
Let {(Aiwv, hiwv(t))}"] be its output

end if
end for
T < MaXyy Tuy
forallu € Hs, do > Define good v’s per u
10: Vu +{veH,; : r=ry, and the r labels A; ,, yhi . (0)9 are nonzero and distinct }
11: end for
120 U {u: Vol = (1—e(}))|Hks| } > Define good u’s
13: Fixsomeu € U
14: forallv € V, do > Align indices across different v’s
15: Reorder {(Ai v, Niuv(t))}_; so that for every v #v' € V,,

}\i,u,vhi,u,v (0) 4= }\i,u,v’hi,u,v/ (0) d ’

and denote A; , := A yvhiuv(0)4
16: end for
17: forallv € V,, do > Reconstruct the g;
18: fori=1tordo
19: hiu(v) ey
20: end for
21: end for
22: Apply Theorem 2.9 to reconstruct each h; ,, as a degree & s-sparse polynomial
23: return the set of pairs {(A;y, hi)}

Theorem 5.1. Let 7,d,8 € N with d > (r + 1)*5. Let F be a field of characteristicp = 0
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or p = rdd(s*n + 8). Then, Algorithm 3 runs in time poly(n,s,d) and its output satisfies
Y i Aiuhiu(x)d = f(x).

Proof. As the sets involved have polynomial size and each step requires polynomial time,
the claim regarding the running time is clear. We next prove correctness.

The proof is composed of several claims. We shall first prove that U is non-empty and
that foreveryu € U, [Vy| > (1— 100n ——)|F(>7|. We shall then show that the alignment process
succeeds and that it gives access to evaluations of the different f;. We then claim (using
Theorem 2.9) that since V,, is large and the alignment process succeeded, the g; that we
reconstructed are scalar multiples of the f;.

Claim 5.2 (Many good u’s). Let I, be the hitting set as above. Then, all but at most
e32 (14 (3)) 1Hsal < 31H2| points w € Hs , satisfy the following simultaneously:

u) #0forallie [r], and
2. the values A\; := a;fi(u)? are pairwise distinct.
We call the points w € J5, that satisfy both requirements good.

Proof. Since each f; is s-sparse, we get from Theorem 3.2 and the union bound that there
are at most €5 ,7|J5,|, on which any of the f; vanishes. Next, consider the ( ) polynomials

Pi,j (X) = O(ifi(X)d — O(jfj (X)d.

Clearly, P; ; is a L2 A £ 2ITT) circuit. Theorem 3.2 and the union bound imply that there
are at most €3, (;) |H;52|, on which any of the P;; vanishes. Combining the two estimates,
with our choice of ¢;, = 1/2r%, we conclude the proof. O

We next prove that for any such good u, the set V,, is large.

Claim 5.3 (V,, is large for a good u). Let u € JH;, be a good point. It holds that [V,| >
(1—eo7 (;) )|H 7| and for every v € Vy, the following sets of labels are equal

{}\i,u,vhvi,uv d | i E } {(Xl d | 1 S ]}
Proof. For 1 <1i < j < rdenote
gi,i(x) == fj(u)fi(x) — fi(u)fj(x) € Flx].

Since u is good we have that f;(u), fj(u) # 0. As the f; are non-associate, we conclude
that gi; # 0. From Corollary 2.6 and the union bound we conclude that all but at most
€27(}) 1427 points v € K, satisfy g ;(v) # 0 for every i < j. Let v be such a point (on
which no g; ; vanishes). We next show thatv € V,,.

We first note that the univariate polynomials

fiuy = fi(u+t(v—u))
are non-associate. Indeed, if fi, v ~ fj v then this would give

fi(v) _ fi,u,v(l) _ fj,u,v(l) _ f]' (V)
fi(u) fi,u,v(o) fj,u,v(o) fj (u) ’
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implying g ;(v) = 0, in contradiction. Consequently the representation
Fuv (t) = Z o Fiuy (t) d
i=1

has minimal top fan-in exactly r, so Algorithm 2 returns exactly r polynomials. Since
the representation is unique we have that up to reordering, Ai yvhiwy (1) = ot fiw (1)
Consequently,

AN (04 = aifin (004 = ofi(u)? .

This concludes the proof regarding the size of V,,.

Now, observe that for any v € V,,, since Algorithm 2 returned exactly r polynomials,
it must be the case that the f; ,, , are linearly independent, and the same argument implies
that {}\i,u,vhi,u,v(o)d | ie [T]} - {O‘ifi(u)d | ie [T]} O]

Combining Claim 5.2 and Claim 5.3, we conclude that the set U is not empty (in-
deed, it is quite large) and that for every u € U, for each v € V,, the set of labels equals
{oqfi(u)d 1€ [r] } In particular, we can align the labels A; , vhi v (0)¢ across different
v € V4. Thus, we can assume without loss of generality that for every v € V,, it holds that

)\i,u,vhi,u,v (O)d - o‘ifi,u,v(o)d - (xifi(u)d .

Hence, by uniqueness of representation as small sum of d-th powers (Theorem 2.4), we
have that for all v € V,, it holds that

Ai,u,v hi,u,v (t) 4= “ifi,u,v (t) d .
Recall that Algorithm 2 returns monic polynomials, so each h ,,,, is monic. As the leading
coefficient of t in fi,,,(t) equals fi(v — u) we have that A, = oifi(v — u)%. From this

we obtain that A; 4 = Ajy forall v,v' € V,;. We can thus rename A; ., to A; . Note
that the polynomial h; y , (t) := hiu(t)/hiu(0) satisfies hyi 1 (0) = 1. Moreover,

~ . hi,u,v(t) d o fi,u,v(t) ¢
hi,u,v(t)d - (hi,u,v(0)> o ( fl(u) )

Since f;.,+(0)/fi(u) = 1, we obtain that Fli,u,v(t) = fiun(t)/fi(u). Le, it is the unique

d
d-th root of the polynomial (fﬁé?'(vlf;)) whose value at 0 equals 1 (other roots evaluate to
different roots of unity). In particular, ﬁi,u,v(l) = flf‘:(vlf)l) = :1‘ ((:i)) Thus, the function h; ,,

defined in Step 19 satisfies that for allv € V,,,

hi,u,v (1 )

= ﬁi,u,v(l) = fi(v)/fi(u).
Since f; is an s-sparse polynomial of degree 6, and we have its evaluations on allv € V,,

which consists of at least [Vy| > (1 — €7(5))1Hos| = (1 — 555=)|Ho7| points of H,; we
conclude by Theorem 2.9 that Step 22 returns the polynomial f; (v)/fi(u).
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Observe that if (3; satisfies

then

fi(v)\ ¢ _
B+ (fi(u)) = (Xifi(\’)d ,

Bi — ‘xifi(u)d — }\i,u,vhi,u,v(o)d — }\i,u .

Thus, the algorithm indeed returns (A, hi ) satisfying

Aiuhin(x)? = o fi(x)?.

This concludes the analysis of Algorithm 3. O
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A Linear Independence and Wronskian

We prove Theorem 2.11. We recall its statement.

Theorem 2.11. Let gy, ..., gn be polynomials over a field F of characteristic p. If the maximum
degree of any gi is dand p = O or p > d, then gy, ..., gn are linearly dependent over F if and
only if their Wronskian W(qu, ..., gn) is identically zero.

Proof. The’if” direction is immediate. For the converse, assume that g, ..., g are linearly
independent. Since the determinant is invariant under elementary column operations, we
may assume, without loss of generality, that g, ..., g have distinct degrees.

Let their degreesbe d; > d, > --- > d,, > 0, and write g; = cjxdi + (lower terms) with
¢; # 0. By multilinearity of the determinant, the leading term of the Wronskian equals
the Wronskian of the leading monomials, provided its coefficient is nonzero:

W(LM(g1),...,LM(gn)) = W(cix%, ..., cnx®).
The determinant of the matrix of derivatives of cjxdi is

det(cj (dj) deii)ie[[n—lﬂz

jemnl]
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where (d;); = dj(d; —1)---(dj — i+ 1) is the falling factorial (defined to be 1 for i = 0).
Factoring out c; from each column and collecting powers of x yields

Wilen®, ..., enx®) = (ITy¢5) (Miciajen(d — di) (T (dy) 1) x5 4,

Because p = 0 or p > d, all integers d; and differences (d; — d;) are nonzero in I, and
each falling factorial (d;)n—1 is nonzero. Since each c; # 0, the product above is nonzero,
so W(gi, ..., gn) is not identically zero. l
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