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On the Need for (Quantum) Memory with Short Outputs
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Abstract

In this work, we establish the first separation between computation with bounded and un-
bounded space, for problems with short outputs (i.e., working memory can be exponentially
larger than output size), both in the classical and the quantum setting. Towards that, we intro-
duce a problem called nested collision finding, and show that optimal query complexity can not
be achieved without exponential memory.

Our result is based on a novel “two-oracle recording” technique, where one oracle “records”
the computation’s long outputs under the other oracle, effectively reducing the time-space
trade-off for short-output problems to that of long-output problems. We believe this technique
will be of independent interest for establishing time-space tradeoffs in other short-output set-
tings.
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1 Introduction

Does quantum speedup need large memory? This question has been extensively studied in dif-
ferent contexts, including advice-aided computation [NABT14, CGLQ20] (preprocessing model),
online learning [LRZ23, CLL24] (streaming model), quantum pebbling [BHL22] (pebbling model)
and space-bounded computation with massive outputs [HM23, BKW24] (general model). These
works collectively demonstrate that quantum computation faces fundamental limitations when
restricted to a small amount of (classical/quantum) memory, whether in the form of advice or
working space.

One of the most important questions towards understanding the role of memory/space in
quantum computation, is the quantum collision finding problem. In this problem, one is given a
function f : [M] — [N] (modeled as a random function) and the goal is to find a pair of distinct
inputs = # ' such that f(z) = f(z'). Classically, an algorithm needs O(v/N) time to achieve the
goal, and it is tight due to the Birthday Paradox. The famous Pollard-Rho algorithm [Pol78] can
achieve this with O(v/N) and O(1) space. Quantumly, the BHT algorithm [BHT98] can solve this
problem with both time and space at most O(N'/3). Unlike its classical counterpart, we do not
know if N'/3 space is needed to achieve the optimal running time. More surprisingly, we do not
even know whether quantum algorithms require any nontrivial amount of memory ! to achieve
an advantage over classical algorithms. This question of understanding the time-space tradeoffs
for collision finding was also listed as one of the ten open challenges by Aaronson [Aar21], yet
little progress has been made.

One key difficulty in answering the above questions, stems from the fact that proving time-
space tradeoffs for problems with short outputs in the “generic model” is challenging even in
the classical setting. Here, the “generic model” refers to algorithms that perform computation on
bounded memory, can discard some used memory, and introduce new memory on demand. This
was already pointed out by Dinur [Din20]. Since the introduction of time-space tradeoffs by Cob-
ham [Cob66], establishing strong time-space tradeoffs for short-output problems is open; [FLVV05]
demonstrated some tradeoffs for short-output problems, but both time and space are only loga-
rithmic in the input size, making the statement not strong. Other models (preprocessing, stream-
ing and pebbling models) do not have a similar barrier and thus most results directly apply to
problems with short outputs. On the other hands, existing trade-off results in the “generic model”
only apply to large-output problems, where the required memory is at least as large as the output
size, like [Din20] in the classical setting and [HM23] in the quantum setting for multi-collision
finding. Given these challenges, we pose the following fundamental questions in this paper:

Can we establish strong classical and quantum time-space trade-offs for problems with short outputs?

More precisely we ask:
If a problem has a short output (poly(n) bits), does an optimal (quantum) algorithm need exp(n) space?

Short outputs are not an edge case: decision problems and most search problems in the RO/QROM
all fall into this regime. Technically, all previous method in the generic model (for long outputs)
seems to require certain progress measure, which is no longer well defined for short-output prob-
lems. Even partial results — say, ruling out 7" - S = o(N®) for some constant a > 0 on natural
short-output tasks — would represent a qualitative advance over the current logarithmic barrier
and bring us materially closer to Aaronson’s question.

! At least log N + log M to allow classical/coherent evaluations of the function f.



1.1 Owur results

In this work, we introduce the ¢-Nested Collision Finding problem for a constant ¢ > 1. Given two
random oracles H : [M] — [N]and G : [M*] — [No), the goal is to find two distinct ordered tuples
(z1, 29, ..., 30) # (2}, 7, ..., 7)) € [M"] such that:

o Zle H(x;) = Zle H(z}) =0, (here ) denotes summation mod N), and,
o G(z1,...,20) =G(x],...,x)).

We will sometimes call the problem as “finding a nested collision pair”. We can strengthen the
problem so that instead of asking the two /-sums equal to 0, we require the two ¢-sums to be any
fixed y or uniformly random y that is presented in the input. This strengthening will not change
any lemma below. For the simplicity, we will just define the problem with the /-sums being 0.

Note that the problem has a short output; the output is only of size poly-logarithmic in the size
of the input (if we treat as input the truth table of the oracles H,G). At a high level, the goal is
to find two ¢-tuples whose images under H have the same sum 0 and whose images under G are
identical. Although this formulation involves two random oracles, a single random oracle with
a sufficiently large domain can serve as both H and G. However, for clarity, we will continue to
work with two separate oracles throughout this paper.

Our main contribution is to show that the /-Nested Collision Finding problem has time-space
tradeoffs in both the classical and the quantum setting.

Quantum algorithms for short-output problems require space.

Theorem 1.1 (Main quantum theorem). For ¢ > 2, any quantum algorithm that solves the {-Nested
1
Collision Finding problem with constant probability with space S = Q(log N) = O <N<€+1>(2€+1)) and T

1 1
oracle queries must satisfy SETET=Q (NWH) Ny >

The main theorem has both parameters ¢ and Ny that are yet to be determined. By comparing
against the best algorithm we constructed (see Theorem 6.5 for the algorithm), the /-Nested Colli-
sion Finding problem establishes a separation between space-bounded and unbounded quantum
computation, provided that / > 4 . For clarity, we select the most straightforward parameter
choices and state a specific instance of our result Theorem 1.1 when ¢ = 4 and Ny = N.

Theorem 1.2 (Separation between space-bounded /unbounded quantum computation). Any quan-
tum algorithm that solves 4-Nested Collision Finding problem with oracles H : [M] — [N] and G :
[M%] — [N], with space S = Q(log N) = O(NY*®) and T oracles queries, must satisfy S°/>T =
Q( N0‘35).

As a special case, when S = ©(1), the quantum algorithm requires at least Q(N35) quantum queries to
solve the 4-Nested Collision Finding problem with a constant probability. Also, as long as S = o(N/150),
the optimal query complexity N''/3 can not be achieved. On the other hand, the optimal quantum algorithm
only requires O(N'/3) quantum queries (as well as O(N'/?) memory).

Classical algorithms for short-output problems require space.

We have a similar theorem in the classical setting.



Theorem 1.3 (Main classical theorem). For ¢ > 2, any classical algorithm that solves the (-Nested
1
Collision Finding problem with constant probability with space S = Q(log N) = O (N ﬁ) and T oracle

2_ 1
queries must satisfy ST =0 (Nz}e Ny )

On the other hand, we construct the following classical algorithm. For any ¢ > 1, there exists a

1
classical algorithm that uses O (N 7 N02Z> queries that solve the /-Nested Collision Finding Prob-

lem when Ny = O (N %> with constant probability. By setting ¢ = 2 and Ny = N?, we have the
following corollary:

Theorem 1.4 (Separation between space-bounded /unbounded classical computation). Any classi-
cal algorithm that solves 2-Nested Collision Finding problem with oracles H : [M] — [N]and G : [M?] —
[N?2], with space S = Q(log N) = O(N'/3) and T oracles queries, must satisfy S>/*T = Q(N°/4).

As a special case, when S = (1), the classical algorithm requires at least Q(N/*) classical queries to
solve the same problem with a constant probability. On the other hand, the optimal classical algorithm only
requires O(N) classical queries.

Again, this is the first example in the classical setting, where a short-output problem requires
exponential space to reach an optimal time.

1.2 Discussions and open questions

We discuss applications and directions related to our new framework.

Proof of space. By scaling down the parameter NN, the classical/quantum tradeoffs yield a non-
interactive proof-of-space in the random oracle model. The prover computes and returns a col-
lision pair for the Nested Collision Finding problem as the proof; any prover lacking sufficient
space incurs a longer running time to find such a collision. The main drawback is that the time
gap between space-bounded and unbounded provers is only polynomial. A potential remedy
could be to define a task that further nests the Nested Collision Finding problem, achieving an
exponential separation between space-bounded and unbounded algorithms.

Does quantum advantage require space? Another direction is to construct a short-output prob-
lem whose classical query complexity (with sufficient space) is strictly smaller than its bounded-
space quantum query complexity. This can be read as: quantum advantage requires space. If a
hash function satisfies this property, then in virtually any hash-based cryptographic protocol, one
could neutralize quantum advantages in attacks against the hash, as having access to exponential
space is unrealistic for practical purposes. We believe that our Nested Collision Finding problem
is such a candidate, but the current analysis is not tight enough for demonstrating the separation.

Distinguishing between quantum and classical space? All our results treat space as a whole, i.e.
we do not distinguish between quantum and classical space. This technical limitation also appears
in most prior works. Currently, there is no known general method for distinguishing quantum
and classical memory in this context. The only known approaches apply to the streaming setting,
such as the techniques developed in [LRZ23], are based on unproven conjectures [LMY25], or are
tailored to specific constructions [BHNZ25, BHV26].



2 Technical overview

We will only talk about lower bounds in the overview. The algorithm is relatively straightforward
and is presented in Theorem 6.5.

Time-space tradeoffs in massive-output problems.

We start by reviewing the ideas behind time-space tradeoffs in massive-output problems in the
general computation model and the difficulty of obtaining a tradeoff in the short-output setting.
We consider the problem of finding multiple two-collisions in [HM23]. The problem is, given a
random oracle H : [M] — [N], to find K pairs of disjoint inputs (z1,x2), ..., (z2x—1,Z2K) such
that H(x9;—1) = H(xy) forall i = 1,2,..., K, which was first studied by [Din20] in the classical
setting and by [HM23] in the quantum setting.

To achieve time-space tradeoffs in the general computation model, most (if not all) approaches
rely on the time-segmentation method [Bor93, KSW07]. Roughly speaking (see Figure 1), instead
of enforcing a strict space bound of S at every step of an algorithm’s execution, this method di-
vides time into L segments. The algorithm is then relaxed so that the space usage is only con-
strained to S when transitioning between segments, while no space bound is imposed within
each segment. In this model, the algorithm is allowed to output the answers on the fly; i.e., for the
multi-collision problem, at the end of each segment, it can output all the pairs of collision it finds
within that segment.

output register output register

[ TT1 A

uRliigi

time time

Space usage

Figure 1: Conversion from a space-bounded computation to a time-segmented computation with space
constraints applied only during transitions.

Therefore, if an algorithm with space constraint S in the time-segmentation framework can
find more than K pairs of disjoint collisions, it must be able to find at least K /L pairs of dis-
joint collisions within a single segment. The key idea in time-segmentation is to track progress
toward finding more than K disjoint collisions — i.e., how many disjoint collisions can be found
in each segment. By appropriately choosing parameters, [HM23] proved that any quantum algo-
rithm making 7'/ L queries cannot find more than K /L disjoint collisions, except with probability
exponentially small in S.

They further extended this argument to non-uniform algorithms with arbitrary S-qubit mem-
ory, modeling the memory passed from one segment to the next. By setting K/L ~ O(S), the
probability of a uniform algorithm finding K/ disjoint collisions is on the order of 2-©(%). Thus,
a piece of S-qubit advice can be removed by randomly guessing an advice state, introducing a
multiplicative factor of 2%. This factor is completely absorbed into 2-©(%), preserving the asymp-
totic order.



This is the general approach used to establish time-space tradeoffs in multi-collision finding
and other time-segmentation methods. However, several inherent barriers arise when dealing
with short-output problems. First, the notion of a progress measure becomes unclear. Since the
algorithm is only required to produce a short output, it does not necessarily follow a structured
computational pattern imposed by a predefined progress measure. Second, as the S-qubit mem-
ory is passed between segments, the only general approach to handling this memory is to guess
and remove it. This introduces a multiplicative factor of 2° in the overall success probability for
each segment. To ensure that this factor does not render the bound meaningless or trivial, the suc-
cess probability within each segment must be at least exponentially small in S. It appears that only
massive-output problems can safely absorb this factor without changing the asymptotic order of
the probability.

Nested Collision Finding problem.

From the above discussions, finding an appropriate progress measure for a short-output problem
is crucial for establishing a time-space tradeoff. Our starting point is the problem of finding a 3-
collision, where the goal is to search for three distinct inputs that all map to the same output. This
problem appears to be a promising candidate. Intuitively, an algorithm that finds a 3-collision
must first identify multiple 2-collisions, which, as shown in the previous section, already admits
a time-space tradeoff. Therefore, if we can transform an algorithm that finds a 3-collision into
one that efficiently finds multiple 2-collisions, the 3-collision problem will inherently exhibit a
non-trivial time-space tradeoff.

The above intuition serves as the key insight leading to our final construction and theorems.
However, reducing the problem of finding multiple 2-collisions to that of finding a 3-collision has
some technical difficulties, due to the following challenges:

1. Preserving time and space: The reduction must be both time- and space-efficient, as we aim
to maintain the time-space tradeoff properties throughout the reduction.

2. Applicability to general algorithms: The reduction may not hold for arbitrary (non-optimal)
algorithms. In particular, certain contrived algorithms may find a 3-collision without neces-
sarily discovering many 2-collisions along the way. For instance, consider an algorithm that
searches specifically for three distinct inputs mapping to zero and keeps only the preimages
of zero during its execution. While this algorithm eventually finds a 3-collision with polylog
space, extracting multiple 2-collisions from its execution could be challenging.

Although we are unable to apply this idea directly to the 3-collision finding problem, we imple-
ment the previous intuition through a different construction in the random oracle model. Recall
the ¢-Nested Collision Finding problem (see Section 6) for a constant ¢ > 1. Given two random
oracles H : [M] — [N] and G : [M‘] — [Ny], the goal is to find two distinct ordered tuples
(z1,29, ..., 30) # (2}, 2, ..., 7)) € [M"] such that:

o S H(x)=Y'_, H(x) =0,and G(x1,...,2) = Gz, ..., ).

Following the intuition from the 3-collision finding problem, we aim to establish the following
two parts:

¢ Part 1. Any algorithm that finds a collision pair for the Nested Collision Finding problem
can be transformed (while preserving both time and space complexity) into an algorithm
that outputs multiple /-tuples (z11,...,21¢), ..., (K1,-.., %K) satisfying the same sum



condition:

l l ¢

Y H(wiy) =Y H(woy)=---=) Hzxg;)=0.

J=1 J=1 J=1

We refer to this problem as “finding K /-tuples with the same sum”.
* Part 2. Establishing time-space tradeoffs for “finding K /-tuples with the same sum” in both
classical and quantum settings.

We elaborate on both parts in the following sections. The roadmap is given as in Figure 2.

A non-uniform algorithm B outputs

A queries both H, G and outputs many pairs of /-tuples with the same sum
a nested collision pair (step 4)
step 1J Tstep 3
A queries H step 2 A queries H and outputs
treats G as a write-only memory and —— many (K) pairs of /-tuples with the same sum
outputs a nested collision pair given access to a write-only memory

Figure 2: A roadmap in establishing our main results.

“Two-oracle recording” technique that preserve time and space (step 1).

We begin by considering the classical setting. Let .A be a classical query algorithm with oracle
access to both H and G. Typically, G is viewed as a pre-sampled random function. However, here
we adopt an alternative perspective by regarding G as a lazily sampled truth table. In the standard
formulation, a random oracle G : [M*] — [Np] is chosen uniformly at random from the set of all
functions. In contrast, the lazy sampling approach (often referred to as the “principle of deferred
decisions”) begins with G initialized to { L }®M y meaning that every output is initially undefined.
When a query x is made, if G(z) = L (i.e,, if its value has not yet been determined), we sample
a uniformly random y < [Ny] and then set G(z) := y. Since these two views are statistically
identical, we can freely switch between them in our analysis.

Our key observation is that, in the lazy sampling view, GG can be interpreted as an exponentially
large memory that records the computation of A. This allows us to view the computation of A
using the oracles H and G in an alternative way: A interacts with the oracle H as usual while
treating G as a memory that supports a specific form of write-only operation:

* Acan query H as a standard random oracle.

¢ A can write to the memory G by querying on . Initially, all entries of G are set to L, indicat-
ing that all memory cells are empty. When A queries G(z), if G(z) = L, a random y < [No]
is sampled, stored in the z-th memory block, and returned to .A. Otherwise, the stored value
is simply returned.

Although G returns y to the algorithm, y is chosen randomly and does not depend on prior
computation, so G can still be viewed as write-only memory. It is straightforward to see that this
write-only memory model is equivalent to the lazy sampling view of a random oracle.



By modeling a random oracle as a write-only memory, the computation with oracle access to
both H and G can now be interpreted as a computation with oracle access to H and a write-only
memory G. This conversion is illustrated in Figure 3. We refer to this perspective as the “two-
oracle recording” technique, which will serve as the foundation for our proofs.

G as write-only memory

A

[«F]
80
2
o —> cen
g H|\H|H|H H H|H|\H|\H H
& G|G|G|GE G
time time

Figure 3: The LHS represents computation with oracle access to both H, G. The RHS represents computa-
tion with only oracle access to H, whereas having access to an (exponentially large) write-only memory G.

The quantum “two-oracle recording” technique (step 1, quantum).

The above idea extends to the quantum case with additional efforts. [Zha19] shows a formulation
of lazy sampling for quantum accessible random oracle, called “compressed oracle”. Since quan-
tum queries can be made in superposition, a classical database/memory is no longer feasible to
track all the information. Zhandry showed that, the notion of a “database” is still meaningful if
the “database” itself is also stored in superposition. A quantum-query algorithm interacting with
a quantum-accessible random oracle can be equivalent simulated (informally) as follows:
e The database register is initialized as | L)®" *: the algorithm has not yet queried anything.
¢ When the algorithm makes a quantum query, the database register gets updated in super-
position: for a query |z) and a database | D), the simulator looks up z in D. If the z-th entry
is |L), it changes this entry to an equal superposition } _, [y) (up to normalization).
It then returns the z-th entry in the updated D also in superposition.

Any quantum computation of 4 using oracles H, G can be alternatively viewed as A using oracle
H and has access to a memory (the random oracle () that supports coherent write-only operation,
as described above. The above description provides a high-level idea, albeit slightly inaccurate.
Since a quantum algorithm can forget previously acquired information, a formal “compressed
oracle” necessitates an additional step to perform these forgetting operations. We leave the details
in Section 4.

Relating to massive-output problems (step 2).

Assume that an algorithm A finds a pair of nested collisions (z1,...,z¢) # (2},...,2}). By the
definition, we have
Y H(zi) =) H(a})=0

and



The classical case. Since A finds a collision under G, a standard lazy sampling argument implies
that there exists some value z such that at least 2(Ny/T) distinct ¢-tuples queried to G sum to z,
where T is the number of queries. This follows from the observation that if at any moment of
the computation, the number of such tuples is bounded by K, then the probability of finding a
collision in a single step is at most K /Ny. Given T queries, the total success probability is thus at
most (TK)/Ng>.

Therefore, if A successfully finds a nested collision with a constant probability, then by inter-
preting G as write-only memory (via the “two-oracle recording” technique), G must store at least
K = Q(Ny/T) pairs of {-tuples of the same sum.

In the actual proof, we further strengthen this argument by showing that the claim holds even
when K represents the expected number of such /-tuples of the same sum stored in the lazily
sampled database, where the expectation is taken uniformly at random over all possible G across
all time steps. Thus, to extract K pairs of /-tuples of the same sum, one can simply run .4 and halt
at a uniformly random time, outputting all pairs stored in G at that moment.

The quantum case. The key difference in the quantum setting is that the random oracle G must
be simulated using the compressed oracle formulation. We establish the following quantum ana-
log:

Lemma 2.1 (Informal). If, at any moment during the computation, the compressed oracle database has
a bound of at most K on the number of (-tuples with the same sum, then given T queries, the total
success probability is at most (T?K)/Ny. By setting the probability to be a constant, we should have
K = Q(Ng/T?).

The proof follows from a more refined analysis using the compressed oracle technique [Zha19]
and is presented in Section 5. At a high level, each query increases the amplitude (rather than the
probability) of the final outcome by at most O(y/K/Ny). Consequently, after 7" queries, the total
amplitude is at most O(T'\/K/Ny), leading to a success probability bound of O(T?K/Ny). We
further strengthen this argument by showing that the claim remains true even when K represents
the expected number of such ¢-tuples, measured at a uniformly random time step. Thus, to extract
K = Q(Ny/T?) pairs of (-tuples, one can simply run A4, halt at a uniformly random time, measure
the database, and output all pairs obtained from the measurement outcomes.

Bounding the success probability in the massive-output case, with write-only memory
(step 3.1).

In steps 1 and 2, we reduce an algorithm with space S and query complexity T" to another algo-
rithm that, with the same time and space complexity, outputs K = Q(Ny/T?) (-tuples with the
same sum. The next objective is to establish a time-space tradeoff for this large-output problem,
which will then yield a corresponding tradeoff for the nested collision-finding problem. Similar
bounds have been derived in [HM23] for multi-collision finding. However, while the setting is
similar, our case presents additional challenges: in [HM23], the quantum algorithm can coher-
ently write to a quantum output register, with each write operation stored in a new register3 . In
contrast, our setting requires each output x to be stored in a designated register (the x-th register),
introducing potential interference/entanglement between the algorithm and the output register.
The approach in [HM23] (building on earlier works such as [Bor93, KSWO07, Din20]) relies on
the time-segmentation method. This technique partitions an algorithm into L segments, where

2In the actual proof, we give an even tigher bound K 2 /Ny, since K < T.
*More formally, each write operation coherently appends the output to the output register.
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each segment is a non-uniform algorithm with S (qu)bits and at most 7'/ L queries, with the goal
of outputting K /L (-tuples with the same sum. If one can show that such an algorithm, except
with negligible probability, fails to output more than K/ L tuples, then by a standard union bound,
the original algorithm cannot produce more than K tuples (except with small probability).

This approach fails when an algorithm interacts with a memory where two distinct write-only
operations can be applied to the same memory cell. Since we model the random oracle G as a
write-only quantum memory using the “two-oracle recording” technique, we must consider this
type of memory rather than the one analyzed in [HM23].

To explain the challenges we face, we consider the following simplified question (we call it
“Sparse-Write Tail-Bound Composition Problem”):

¢ Consider two algorithms A, 3, one working on registers AD and the other working on reg-
isters BD. All registers are initiated as all zeros; specifically, D consists of |0 é>.

e A can apply local unitary on A as well as controlled flip operation on AD jointly: |z) |y) —
|z) |y & e,) where e, has only one 1 at its z-th location. At the end of A, the probability that
measuring D yields a string y with hamming weight more than C'is at most e.

¢ Similar for B.

¢ Then the question is, can we show that if both A, B run with the same D, the probability that
measuring D yields a string y with hamming weight more than 2C' is bounded by poly(¢)?

This question is straightforward to prove in the classical setting by incurring a union bound. How-
ever, in the quantum case, the quantum union bound [Gao15, KMW19, OV22] does not apply since
potential interfence between .4 and B’s writing behaviors. Even more, if the above question is true,
it will imply another seemingly irrelevant question (“Fourier Tail-Bound Composition Problem”)
in the context of boolean functions:

e Let f,g : {~1,1}* — {—1,1} be two functions. Assume W>C(f) < e and W>%(g) < ¢
i.e., the Fourier weights of both functions at degrees above k are small. Then do we have
W=2C(f - g) < poly(e)?

As far as we know, this simple question in boolean function analysis has not been studied yet; all
standard tools seem not to work for this problem. Therefore, we do not know if the claim is true;
let alone for the original ‘Sparse-Write Tail-Bound Composition Problem.”

Bounding the expectation in the massive-output case, with write-only memory (step
3.2).

To address this, instead of looking at the composition of tail bounds, we look at the composition of
expectations. Namely, we will examine for every & = (z1, ..., zy) of interest, what is the probabil-
ity /expectation wy that the write-only memory G has recorded Z. By the linearity of expectation,
the final expected number is the summation of the expectation of all inputs of interests. We define
the following game:

e Let H, G be two random oracles.
* Let # be a uniformly random input of interest (i.e., form a /-tuple with the sum 0 under H).
* Run a (space-bounded) algorithm with oracle access to H, G except G(x) is replaced with a

uniform superposition |+)®'°8™; j.e. only G(x) is treated as a compressed oracle®.

“In the actual analysis, we will treat G as an oracle with binary outputs; i.e., split each output in [No] into log Ny
binary outputs and keep tracks the probability that each bit flipped. This is a minor difference and only introduces a
multiplicative log Ny for the expectation. We do not complicate the intuition here and only provide the game without
splitting outputs.

11



¢ Finally, measure the qubit in the Hadamard basis. The algorithm wins if and only if the
measurement outcome is not all “+-”, indicating the z-th entry is written.

We show that we can apply the time-segmentation on the above game to remove space con-
straints, resulting in L segments. Within each segment, there is a 7'/L query algorithm with S
qubits of advice and tries to maximize the expectation of the above game. Let wg) be the proba-
bility /expectation that the z-th entry is written. By a standard triangle inequality, we show that:

L
wa§L~ZZw¥).
z i=1 &

Therefore, if we can bound the maximum expectation in the above game with a non-uniform

algorithm of 7'/ L queries and S qubits by W (i.e., > wg) < W for every i), we can show thata T’
query and S space algorithm can have a maximum expectation L? - .

To prove an upper bound of the expectation by a non-uniform algorithm, we use the quantum
presampling tool introduced in [GLLZ21] and improved in [Liu22], which is a powerful technique
to remove the quantum advice by introducing a multi-instance version of the original game; for
which, we leave all the details to the main body. Eventually, we are able to reduce the problem
to a standard problem: how many distinct /-tuples with the same sum a uniform query-bounded
algorithm can find.

The time bound for finding many /-tuples with the same sum (step 4).

Previous works have established similar bounds by tracking the number of tuples discovered in
each step using the compressed oracle technique [Zha19]. For instance, [LZ19, HM23] analyzed
the case of finding multiple 2-collisions. However, most of these works considered only cases
where adding a new entry to the database introduces at most one new instance (e.g., a preimage
or a collision pair), focusing solely on disjoint instances. For example, if four points 1, x2, 3, 24
map to the same value, prior work would treat them as two disjoint collisions, whereas in our
setting, they correspond to six distinct collision pairs (i.e., any two distinct x;, z; can form a pair
of collisions).

The key challenge in our proof is that in our case, adding a single new entry can introduce
multiple new instances, given our target is to bound the number of /-tuples. Our proof proceeds
inductively based on the tuple size /.

* Base Case (/ = 1). We compute the probability that the algorithm finds a set of distinct
points that all map to the same value under the random oracle using the standard compress
oracle method.

¢ Inductive Step (¢ > 1). For larger tuples, we extend the base case by analyzing how smaller
tuples can be combined to form larger ones. The key observation is that an algorithm at-
tempting to find multiple /-tuples with the same sum can proceed in one of two ways:

— It already stores at least 7 distinct (¢ — 1)-tuples with the same sum in its database at
some point during execution.

- Alternatively, the following event occurs at least ¢/7 times: a newly added entry com-
bines with (¢ — 1) existing entries in the database to form at least one new ¢-tuple with
the target sum.

Here, 7 is a threshold that we will set later. The probability of the first case can be bounded
using the induction hypothesis. In the second case, by focusing on this specific event, we
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circumvent the challenge that arise when a single query introduces multiple new instances
at once.

The details can be found in Section 7.2. Finally, by combining all the steps, we are able to show a
time-space tradeoff for finding a single nested collision.

3 Preliminaries

We use [N] to denote the set {0,1,2,--- ,N —1}. A random oracle with domain [}/] and image
[N]1is a function H sampled uniformly from all functions mapping [M] to [N]. For two n-bit string
a,bwe use (a, b) to denote its inner product mod 2.

Lemma 3.1 (Chebyshev Bound). Let X be a random variable with expectation 1, and variance o, then

o
PrX —ul 2 K] < 7.

Lemma 3.2 (Grover Search, [Gro96]). Let f : S — {0,1} be a function. There exists an efficient

algorithm that finds a x € S such that f(x) = 1 with O ( %) calls to a 11y gate:

Iy o) = (17 |a)
if a uniform superposition over S can be efficiently generated from |0).

Lemma 3.3 (Jensen’s Inequality, [Jen06]). Let D, g be positive integers. Let cy,c1,-- - ,cp—1 be a distri-
bution over [D). Let po, p1,- -+ ,pp—1 € RY satisfies that Zie[D] cipi > 0. Then we have

g
Z Cipi < Z apl |-
] i€[D]

ie[D

4 Compress oracle and our model of computation

In this subsection, we recall the technique introduced by Zhandry [Zha19]. This part is adapted
from [CGLQ20]. We will show five equivalent oracle forms: the standard/phase oracle, the com-
pressed standard/phase oracle and the compressed Hadamard oracle.

In most cases in this paper, the computation is about a state on five registers.

¢ X is the register that stores either a oracle query or an answer waiting to be written.

¢ U is the register that stores the oracle’s response or is used to store phase for the output
process (will explain later).

* W is the register that stores as ancilla qubits in the computation.

* R is the output register that is used to store answers.

* D is the register that stores the random oracle H or its database D in the compressed oracle
view.

We will explain how R works in Section 7.2. Intuitively, it can always be viewed as the tensor
product of M’ sub-registers with n/-qubits each for some M’ and n’. The algorithm is only allowed
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to make Output gate that on state |z)x |u)y;. This gate will add u on the sub-register corresponding
to x on R. We will write this process as:

Output [2)x [u)y [w)w Mg @ [H)p = [2)x W)y [w)w |r @ (z,u))g ® |H)p -

Standard oracle. Now we switch to our normal oracle setting. Let H be a random oracle [M] —
[N] where N = 2". We can view an algorithm that runs in the random oracle model with respect
to H as the algorithm itself concatenating with a random oracle register D that is initialized to
>y |H)p (ignoring the normalizing factor). The register D stores the random function |H)p =
|H(1)) |[H(2))---|H(N)). The oracle unitary StO can be written as follows:

StO |2)x [w)y [w)w Mg @ [H)p = [2)x [u @ H(2))y [w)w [r)g @ |H)p,

Note that there are some format dismatch in X and U when running StO and Output. We can
assume that the algorithm itself can disambiguous on its own since it knows which type of query
it is using. In general algorithm consists of interleaving StO, Output, local quantum unitaries U;
operate only on registers X®@ U®W and a final computational measurement on the output register
R. The following proposition tells that the output distribution using a standard oracle is exactly
the same as using a random oracle.

Lemma 4.1 ([Zhal9, Lemma 2]). Let A be an (unbounded) quantum algorithm making oracle queries.
The output of A given a random function H is exactly identical to the output of A given access to a
standard oracle. Therefore, a random oracle with quantum query access can be perfectly simulated as a
standard oracle.

Phase oracle. Define the unitary V as (Ix ® H®" ® Iwgrep) Which applies H®™ on the answer
register U. Define the phase oracle operator PhO := VT .StO - V.

PhO |2)x |[u)y [w)w TR ® [H)p

1 u
=vt.st0. — Z (—1)< ) [2)x V) [w)w IN)r @ [H)p
\/NyE[N}

=VT-LE:(—1)<““”> [2)x [y + H(2))y [w)w [r)g @ [H)
\/Nye[N} X U \)\% R D

1 u )0
=5 O (D@D )y ) g © 1 H)p,

v,y €[N]

1 u,H (x ),y +u
— (0D S IO o)) by I © [

Y.y’ €[N]
=|z)x [wy w)w [r)g © (—1)fH ) H)p -
The following lemma states that a phase oracle is equivalent to a standard oracle.

Lemma 4.2 ([Zhal9, Lemma 3]). Let A be an (unbounded) quantum algorithm making queries to a
standard oracle. Let 13 be the algorithm that is identical to A, except it performs V and V1 before and after
each query. Then the output distributions of A (given access to a standard oracle) and B (given access to a
phase oracle) are identical. Therefore, a quantum random oracle can be perfectly simulated as a phase oracle.
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Compressed standard oracle. The compressed standard oracle can be viewed a type of lazy
sampling technique. Instead of initializing H at the very beginning, the compress oracle creates a
database |D)p = |D(1))p, |D(2))p, - |D(N))p, where D(z) € FyU{L} and |D) is initialized to
0)p = |L,L,---, L) where L is a symbol that indicates the lack of information of the algorithm
on certain function value. Let |D| denote the number of entries in D that are not L.

The database is initialized as an empty list Dy of length N, in other words, it is initialized as
the pure state |)) :== | L, L,---, 1). Let |D| denote the number of entries in D that are not L.

For any D and z such that D(z) = L, we define D U (z, u) to be the database D’, such that for
every 2’ # z, D'(2') = D(z) and at the input z, D'(z) = .

The compressed standard oracle is the unitary CStO := StdDecomp - CStO’ - StdDecomp, where

e CStO’ writes D(x) to the answer register U by writing « & D(z) into it when D(z) # L
as usual but does nothing when D(z) = L. Or to say that we can define addition for L:
u® L =u, Vu € [N]. Formally,

CSto’ [2)x Wy [w)w Mg ® |D)p = [2)x [u® D(2))y [w)w [r)r @ |D)p -

¢ When the algorithm queries, the database calls StdDecomp which unfolds the database and
samples a value y for positions that the algorithm does not know what the value is. More
specifically, StdDecomp |z)x |u) (s |[w)w [7)g®|D)p = |T)x [w)y [w)w ) g ®StdDecomp,, | D)p,
where StdDecomp,, works on D,.
- If D(z) = L, StdDecomp,, maps | L) to \/% > yen 19)-
- If D(x) # L, StdDecomp,, works on the z-th register, and it is an identity on ﬁ > yelN] (—1)®¥ |y)
for all u # 0; it maps the uniform superposition ﬁ 2yern lv) to | L).
More formally, for a D’ such that D'(z) = L,
1

(D" D'V (2, y))p = —= > (1P D' U (2,y))p forany u# 0,
]

1
StdDecomp, —— Z —
N N y€([N]

yE[N
and,
1
StdDecomp, —— D'U (z, =Dy .

Intuitively, it swaps a uniform superposition ﬁ >_yern lv) with [ L) on D, and does nothing
on other orthogonal basis. So it is a well defined unitary.

Zhandry proves that, StO and CStO are perfectly indistinguishable by any unbounded quantum
algorithm.

Lemma 4.3 ([Zhal9, Lemma 4]). Let A be an (unbounded) quantum algorithm making oracle queries.
The output of A given access to the standard oracle is exactly identical to the output of A given access to a
compressed standard oracle.

In this work, we only consider query complexity, and thus simulation efficiency is irrelevant
to us.
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Compressed phase oracle The compressed phase oracle is the unitary CPhO := StdDecomp -
CPhO’ - StdDecomp, where

CPhO' [z)x [u)y [w)w [T @ [D)p
=2)x (=1)" P [u) Jw)yy Ir)g @ |D)p
=[2)x [w)y [w)w [r)r ® (—1)P@) Dy .

Redefine the unitary V as (Ix ® H*"® Iwgrep)- Note that CPhO" = V1.CSt0’-V and V commutes
with StdDecomp. Thus

CPhO =StdDecomp - CPhQ’ - StdDecomp
=StdDecomp - V- CStO’ - V - StdDecomp
=V . StdDecomp - CStO’ - StdDecomp - V
=VT.CSt0 - V.
By this equivalence, we obtain the following corollary:

Corollary 4.4. Any quantum algorithm A equipped with a quantum random oracle can be perfectly simu-
lated by another algorithm B equipped with a compressed phase oracle.

The following lemma states that the size of the database is at most the number of queries.

Lemma 4.5 ([CGLQ20], Lemma 2.6). Let A be a quantum algorithm making at most T" queries to a
compressed phase oracle. The overall state of A and the oracle database can be written as

Z Oy w,w,r,D ‘SL’, u, w, ’I”> ® ‘D> .
z,u,w,r,D:|D|<T

Moreouver, it is true even if the state is conditioned on arbitrary outcomes (with non-zero probability) of
A’s intermediate measurements.

Here we further formalize the way an algorithm interacts with a compressed phase oracle. For
a quantum algorithm 4 interacting with a compressed phase oracle CPhO, suppose it makes T’
queries in total. Then the algorithm is equivalent to applying a sequence of unitaries on the joint
system X ® U ® W ® R ® D to a certain initialized state and then measuring the output register
R to obtain the output. Without loss of generality, we initialize the system to be

| Pinit) = [0)x [0)5 [0)w [0)r @ [0)pp -

The algorithm A could be characterized as a sequence of local unitaries and compressed phase
oracle queries,

(UT X ID) - CPhO - (UT_1 &® ID) - CPhO---CPhO - (U() X ID),

where Uy, - - - , Ur are unitaries on the algorithm space X ® U ® W ® R. Then,we denote |®;) to
be the intermediate system state after applying i oracle queries and some local unitaries,

;) = (U; ® Ip) - CPhO - (U;_1 ® Ipy) - CPhO - - - CPhO - (Uy & Ip) |®),,

where i € [T].
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We now relate the winning probability of the algorithm to the final state of the system, |®7).
For the scenario of an algorithm interacting with a compressed oracle, we determine whether it
wins or not by measuring the database D and output register R first, and then check whether the
outcoming database D and output r satisfy the goal of the algorithm. More formally, suppose that
we form the goal of the algorithm as a relation R over all pairs of possible output and database,
and the algorithm wins if and only if it outputs a pair of (D, r) such that (D, r) € R. For example,
in the case of the collision finding problem, R = {(r, D)|r = (z,2'),x # 2/, D(x) = D(2') # L}.
We then define Il,in as to be a projector onto all basis states |z)x |u)y |w)w ") g ® |D)p such that
(r, D) € R, in other words projecting on all "winning" output. Therefore, the winning probability
of A equals to ||TTyin| 7).

The following lemma establishes a connection between the winning probability when interact-
ing with a random oracle and when interacting with a compressed oracle.

Lemma 4.6 ([Zhal9, Lemma 5]). Consider a quantum algorithm A making phase queries to a random
oracle H and outputting tuples (z1,--- , 2k, Y1, - , Yk, 2). Let R be a collection of such tuples. Let p
be the probability that, A outputs a tuple such that (1) the tuple is in R, and (2) H(x;) = y; for all i.
Now consider running A with the oracle CPhO, and suppose the database register D is measured after A
produces its output. Let p' be the probability that, A outputs a tuple such that (1) the tuple is in R, and (2)
D(x;) = y; # L for all i. Then we have \/p < \/p’ + \/k/N, where N is the range size.

Remark 4.7. The Lemma 4.6 is a little different from the original statement of the lemma 5 in Zhandry’s
work [Zha19], but it is not hard to see that they are equivalent. In the original lemmalZha19], the algorithm
Ais making standard queries in the first scenario, and making queries to oracle CStO in the second scenario.
Here in the statement the algorithm use phase queries and CPhO oracle instead. However, since we show
previously that PhO := VT .StO - V, and that CPhO = V1. CStO - V, the analysis could similarly apply
to the phase oracle setting in Lemma 4.6.

The following lemma shows how CPhO affects the database under the standard basis:

Lemma 4.8 (([HM23], Lemma 4.1). If the operator CPhO is applied to a basis state |z)x |u)y |w)w ") g @
|D)p where u # 0 then the register |D(z))y,  is mapped to

(1)) .
o> v) if D(z) = L
VN
y€E[N]
(=1){w:D(@)) |L>+1+(71)<U’D(I)>(‘N72> D))
© v 1—(—1)(%1;\;_(_1)(%13(90)) lfD(x) € [N]
+ 2 ye N\ (D)) N ly)

and other registers are unchanged. If u = 0 then none of the registers are changed.

Hadamard Oracle Define [3), := \/Lﬁ e (=D [y)p, for v # 0 and 0)p, = |L)p,. De-
fine D_; := ®,¢[nm]— {2} Dar- Then we have

~

CPhO [z)x [u)y [w)w IM)g ® ld)p, ®|D)p_,
=StdDecomp - CPhO’ - StdDecomp |z)x |u)y [w)yy [7)g @ |d)p, ® |D)p__

/ (_1)<d’y>
=StdDecomp - CPhO’ |z) |u)y [w)w Mg @ | WMDDZ ® |D)p_.
yE[N]
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_ 1\ {dHuy)
(1)\/le y>Dz) ®[D)p_,

=|z)x [u)y [w)w Mg @ ld©u)p, @ [D)p__ .

=StdDecomp |z)x |u)y |w)w [7) g ® ( Z
yE[N]

The compressed Hadamard oracle HaO uses the database register under a different basis. De-
fine HaO [z)x [u)y [w)w [r)g @ [D)p = [z)x [u)y [w)w Ir)g @ |D & (z,u))p where D & (z,u) is
the database resulted by applying +u under Fy to the value on D, register on D. Since HaO and
CPhO are two identical operator defined under two different basis and the basis choice of D does
not affect the algorithm, we have the following lemma.

Lemma 4.9. Let A be an (unbounded) quantum algorithm making oracle queries. The output of A given
access to the compressed phase oracle is exactly identical to the output of A given access to a compressed
Hadamard oracle.

Proof. A Hadamard oracle is essentially a phase oracle under Hadamard basis. O

5 Finding collision implies many entries in the compressed oracle

Below we present a new lemma showing intuitively that, if an algorithm can find a pair of collision
with high probability, under the view of compressed oracle, the expected number of non-_L entries
in the compressed oracle can not be very small. Our main proof idea is to first bound the increment
in winning probability after each of the T" queries, then show that the overall winning probability
is bounded by a combination of each increment. In Proposition 5.5, we carefully bound the weight
increase on the basis where the database contains collision, by analyzing the evolution of the
database during oracle query separately according to their original non-_L entries numbers. Then
in Lemma 5.6, we combine the winning probability increment for each query together, and connect
it to the final winning probability.

We clarify that the lemma works for a slightly generalized version of the collision finding
problem, namely the Labeled Collision Finding problem, defined as following:

Definition 5.1 (Labeled Collision Finding). Given a random oracle G : [M] — [Ny], as well as a label
function Lbl : [M] — [N], for some fixed y* the goal is to find a pair (x,2") € [M]? such that:

o x£1.
e Lbl(x) = Lbl(z) = y*.
e G(z)=G(2).

We call the satisfying pair (x, x") a pair of label-y* collisions.

Notice that when the label function maps all input « € [M] to the same label, this problem
becomes the standard collision finding problem, which requires only G(z) = G(2'),z # 2’. For
nontrivial label functions, the problem is essentially finding a collision pair of random oracle G
that are also of the same label. We start by introducing a set of projectors on the joint system of
algorithm register and database, we may use them to categorize which condition the database is
on after or before each oracle query.

Definition 5.2. Given a label function Lbl : [M] — [N], we define the following projectors by giving the
basis states on which they project:

18



o 1I,: all basis states |z)x |u)y |W)w [7)g @ \ )p such that there is v non-_L entries of the label y*,
ie. Y e H{D(x) # L, Lbl(z) = y*} = v. Let |D|,. denote the number of non-L entries in D
with label y*

* P: all basis states |x)x |u)y |w)w |7)g ® |D)p such that | D)y contains a pair of labeled-collision,
ie,3x # 2/, D(x) = D(2') # L,Lbl(z) = Lbl(z") = y*.

* O: all basis states |x)x |u)y |w)w [7)g ® |D)p such that:

(1) there are no label-y* collisions in D; (2)Lbl(x) # y*.

* Q: all basis states |x)x |u)y |w)w [7)g ® |D)p such that:

(1) there are no label-y* collisions in D; (2) D(x) = L; (3) Lbl(z) = y*; (4) u # 0.

* R:all basis states |x)x |u)y |w)w [7)g ® |D)p such that:

(1) there are no label-y* collisions in D; (2) D(x) # L, (3) Lbl(x) = y*; (4) u # 0.

* S: all basis states |x)x |u)yy |w)w |7)g @ |D)p such that:

(1) there are no label-y* collisions in D; (2) u = 0.(3) Lbl(x) = y*.
e Also define P, =11, P, O, = 11,0, Q, = I,Q, R, =II,R, S, =1IL,S.

Then we have the following properties:

- ZUM:O I, = I.

-P+0+Q+ R+ S =1, and that P,0,Q, R, S are orthogonal.

- P+ 0Oy + Qy+ Ry, + S, =11, Vv € [0, M], and that P,, O,, Q,, R, S, are orthogonal.

- Vv # v/, their corresponding projectors are orthogonal, it also holds for P,, O,, Q,, R,, and
S

- Notice that the whether a state lies in the projected space of P and II, only depends on
the D register information of the state, so these projectors commute with local unitaries on
algorithm space, I1,(U ® Ip) = (U ® Ip)Il,, and it is the same for P,0,Q, R, S.

Based on the projectors, we could define the average non-empty size of the database, through-
out the process of an algorithm interacting with compressed oracle.

Definition 5.3. Suppose we have an algorithm A interacting with a compressed phase oracle CPhO, with
a total of T queries, CPhO corresponds to a database with M entries and each entry has an element in
Fn, U{L}. Consider the case when we measure the database register after i-th query, we define

Piw = [ITLy |:)]*

to be the probability of collapsing into a database with v non-_L entries with label y*, Vi € [T],v € [0, M].
Then, we define

M
‘/i = ZU *Diw
v=0

to be the expectation of the number of non-_L entries with label y* after i queries, Vi € [T']. Furthermore,
we define V' for the case when we randomly pick i < [T'] and measure the database register D after i oracle
queries,

V= Z ZZUHH |®;)]
i=1 zlvO

Remark 5.4. Notice that after i queries to the oracle, we have V; = Zv 0V " Diw. It seems that we are
adding up M terms, but from Lemma 4.5 we know that at the moment the database register only has support
over states that have at most i non-_L entries, and thus the maximal single-labeled non-_L capacity is also at
most i. Therefore, for v > i, we have p; , = 0, and V; = Zizo U+ Dip-
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Now we move on to prove a proposition, intuitively bounding the increase in success proba-
bility after each oracle query.

Proposition 5.5. For an arbitrary state |1) in joint space XUWRD), and arbitrary local unitary U on
algorithm space XUWR, we have

v—1 v—1
II

1P, - CPhO - (U @ Ip) - (I = P) [¢)]| <3 M1 [

where Ny is the range size of the compressed oracle, v > 0 and P,11,, P, are projectors defined in Defini-
tion 5.2.

Proof. Define |¢) = (U ® Ip) |¢). Recall that U ® Ip commutes with I — P, then
P, CPhO - (U® Ip) - (I — P)|¢) =P, - CPhO - (I — P)|4) . (1)

We now analyze the resulting state after applying CPhO to each support of (I — P) |¢), consid-

ering (I — P)[¢) = O¢) + Q|¢) + R|p) + 5 |¢).
We first consider CPhO - O |¢). Since Lbl(z) # y*, adding this point to the database does not
change the structure of the database on label-y* entries. We have

P,-CPhO-O|¢) =0

because P, |¢) = 0.

We then consider CPhO - @ |¢), which stands for the case of filling a new entry with label y*
into the database. Since Q|¢) = le)\io Qb |¢), we analyze them separately. Assume Q) |¢) =
Y D’ oz;bL wr D [T uw, ) |D'), where x,u, w, r takes arbitrary value from the register space
of X, U, W, R, and D' takes the value of all database that D’ (z) = L and |D g =0 Then by
Lemma 4.8, we have

M
P,-CPhO-Q|¢) =) P, - CPhO - Q,|¢)

b=0

M
= ZP” - CPhO Z aa(:z;,w,r,D’ |z, u, w, ) |D/>
b=0 z,u,w,r,D’
(D], b
M
b (_1)<u7y>
:Z Z agc,zz,w,r,D’P Ay | 2w, w, ) @ Z W DU (z,y))
b=0 x,u,w,r,D’ ye[No] 0
‘D|y*:b
= Z A |z, u, w,ry ® Z M\D'U(az y))
o ZB,’lL,UJ,T‘,D, ’ ’ ) )
xuw,r,D’ y€[No] \/ﬁo
|D|,»=v—1
_]_ (_1)<u7y>
= > alplruwn)e > SR DU,
! .
\%ﬁﬁlﬂ /D (2/)—y and Lbl(z)=y"

The fourth equality holds as we want |z, u,w,r) |D" U (z,y)) to be inside the projected subspace
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of I, so |D' U (z,y)| = b+ 1 = v. The fifth equality holds as we want |z, u,w,r) |D’' U (z,y)) to
be inside the projected subspace of P, so y needs to collide with one of the v — 1 existing different
value inside D’. Then, we have

2
(v—1) (f1)<u,y>

PUCPhOQ 2= O uw,r, D!
| 16)]l > > w0 N

z,u,w,r,D’ y s.t.
|D],« =v—1 3z’ ,D’ (2’ )=y and Lbl(z)=y*

1 (v—1) 2 2
<—— > D, , ()
— 7/ Yy z,u,w,r,D

No z,u,w,r,D’

| D]« =v—1
v—1 2
=2t P,

The inequality is because the number of y such that there exists 2’ such that D’(z’) = y and
Lbl(z) = y* is at most | D|,~. We now consider CPhO - R |$), which stands for rerandomizing an ex-

isting entry in the database. Similarly, we assume Ry, [¢) = >, , 4 .0 5a(clfv)t,w,r,D’,y |z, u,w,r) | DU (z,9)).
Here z,u,w, r takes arbitrary value; D’ still takes the value of all database that D’(z) = L and
|D'|,» = b—1,so that [D" U (z,y)| = b; and y takes all value in {1,2,---, No — 1} such that
D' U (z,y) has no label-y* collision, therefore the state lies in support of R;. Then by Lemma 4.8,

we have

P,-CPhO - R|¢)

M
=> P,-CPhO- Ry |¢)
b=0

M
:ZPU CPhO( Z BSBL,'LU,T,D’,y|xvu>w>T> |D/U("L"y)>>

z7u7w7T7Dl 7y
D]« =b—1,570

M
_ (®) (—pw T4 (D)@ (N —2)
_Z Z 6$,u,w,r,D’7yP'HU ‘CC,U,,U),T’)@ (m ’D>+ NO ’D U(l’,y»
b=0 =zu,w,r,D'y
| DI« =b—1,y#0
N Z 1— (_1)<u,y‘> _ (_1)<u,y> DU ()
No z,y
y'#y
v —1)(wy) v
- ¥ ﬂi,JB,T,D/,yP<\:c,u,w,r>®( L rm) D DR
z,u,w,r,D’ )y 0 z,u,w,r,D’ 1y
|D],«=v,y#0 |D],»=v—1,y7#0
14+ (=1)wv (N, —2 1 — (=1)wy) — (—1)(wy)
Ny o (LRI 22 ) 4 30 AU S Uy )
0 y'#y 0
) 1— (=1)wy) — (—1)fww)
- ¥ 3 B b 2, u,w,7) (D' U (2,9) -
T, u,w,r, Y NO

z,u,w,r,D’ )y y' s.t.
|D|,»=v—1,y#0 32’,D’ (z')=y’ and Lbl(z)=y*

Similarly, the fourth equality holds as we want the database corresponds to each state to have v
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non-_L entries. The fifth equality holds as given that there is no collisions in D U (xz,y), the only
term that could fall in the projected subspace of P is |z, u, w,r) |D’' U (z,y’)), conditioning on that
' needs to collide with one of the v — 1 existing different value inside D’. Then, we have

2
v 1— (_1)<u»y‘> — _1)<uvy>
|P,-CPRO-RIg)IP = Y > S —
z,uw,r,D Yy y' s.t. 0
|D|,«=v—1,y#0 32’,D’ (z')=y’ and Lbl(z)=y
1 v u,y* u 2
=S ARD DI - e B R CS VR G
z,uw,r,D Yy
DI« =v—1,y70
9(v —1) () 2
< NO Z Bx,u,w,r,D’,y‘
z,uw,r, Dy
| DI, =v—1,y70
_9(w—1) 2
== IR .
3)
We finally consider CPhO - S \ ¢), in which case the oracle query does not change the database.
CPhO |z,0,w,r) |D) = (=1){OP@) |z 0,w,r) |D) = |z,0,w,r) |D) for all z,w,r, D, so that
CPhO - S|6) = S |¢), | P, - CPhO - S|g)] = 0. (4)

Combining Equations (1) to (4), we have

[Py - CPhO - (U ® Ip) - (I = P) [4) ||
=[P, - CPhO - (I = P)|9)||
<[P, - CPhO- O ¢)[| + | P, - CPhO - Q)| + | P, - CPhO - R|¢) || + || P, - CPhO - Sg)||  (5)

< Qe el +3

Substituting |¢) = (U ® Ip) |¢), since (U ® Ip) commutes with Q,_1, R,, we have ||Q,—1 |¢)|| =
|(U® Ip)Qu—1|¥)|| = ||Qu-1|¥)|. Similarly, | R, |¢)|| = || Ry |¢)||. Finally, substituting these into
Equation (5), we have

LR, 19)]

[P, - CPhO - (U @ Ip) - (I = P) [9)| <

S 1Qur 1)+ 3y St IR

No 0
v—1 v—1
</t =, Y,
Y A A

We now proceed to the main helper lemma of this section.

Lemma 5.6 (Helper lemma on bounded capacity collision finding). For any fixed label function Lbl :
[M] — [N], let A be a quantum algorithm making T queries to a compressed phase oracle, its goal is to
find a pair of label-y* collision. Define V' according to Definition 5.3. Then its success probability is at most
O(T?V/Ny), where Ny is the range size. Also, the constant in O does not depend on Lbl.

The lemma basically shows that if we want a quantum algorithm to find collisions efficiently,
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the average non-_L entry number has to be sufficiently large. If an algorithm achieves the optimal
T=0 (Nol / 3) running time, then during its interaction with the compressed oracle, the database

has an average of O(T) non-_L entry. In other words, it is impossible to find an algorithm that can
achieve optimal time efficiency while only touching few entries in the database.

Proof. Define Il as a projector onto all basis states |z)x |u)y |w)w [r)g ® |D)p such that r =
(r1,r2) satisfies D(r1) = D(rg) # L,Lbl(r1) = Lbl(r2) = y*,r1 # ra. The projector describes the
case when the algorithm A outputs a valid pair of collision that could be verified by checking the
database, and the probability of such case equals to ||TIe| |P7)||?, while recall that |®7) is the final
state after 7-th query. By Lemma 4.6, we have

V Pr[A wins| < ||Ueo |P7)|| + +/2/No. (6)

Notice that the subspace that Il projects onto strictly contains the subspace that P projects
onto, as P only requires the existence of a collision inside D, while Il also requires the output
r to be that collision. In other words, we have Il P = Pll, = Ilc. Since projectors do not
increase the norm of a vector, we have

Mot [@7) || = [Teot P [27) || < || P @) - )
We then focus on the projected state P |®7),

P|®7) =P -CPhO - (Up—; ® Ip) - CPhO - -- CPhO - (Uy @ Ip) |Po)
—P - CPhO - (Up_1 ® Ip) - (P + 1 — P)-CPhO--- (P + I — P)-CPhO - (Uy ® Ip) - (P + I — P) |®p)
T
=" P-CPhO - (Ur_1 ® Ip)- P - CPhO - (Ur_2 @ Ip) -+ P - CPhO - (U;_1 ® Ip) - (I — P)
i=1
- CPhO - (UZ;Q X ID) - CPhO---CPhO - (Uo X ID) |(I)0> .

The summation in the last equation is over ¢, the last oracle query that the state is in I — P after the
query. Strictly speaking, there should also be a term P |®() added to the right hand side, but as
|®) stands for an empty database, we have |®y) = 0, so we omit this term. For ¢ € [T'], we define
|¢:) to be the state projected onto the case that: (1) before the i-th query there are no collisions in
the database; (2) the i-th query forms a collision. Specifically,

¢s) = P-CPhO - (U;_1 ® Ip) - (I — P) - CPhO - (Uj_5 ® Ip) - CPhO - -- CPhO - (Uy @ Ip) |®) .

Then, we have

T
P|®r) =) P-CPhO- (Ur_1 ® Ip)---P-CPhO - (U; ® Ip) |¢s) -
=1

Take the norm of the state, and apply the Cauchy-Schwartz inequality, we have

T
IP[®7)||> <T Y ||P-CPhO - (Ur—1 ® Ip)--- P- CPhO - (U; ® Ip) |¢3) |°
i=1

T
<7 |l
i=1
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i=1
Fori € [T], v € [0, M] we define |¢; ,) = II, |¢;) to represent the case when there are v non-_L

entries in the database, by the orthogonality of II,, we have

T

|P @) Z

=1

2 T M
=T > i)l 8)

=1 v=0

M
Z ’¢i,v>
v=0

Now we focus on how to bound |||¢; ,)||. For arbitrary i € [T, v € [0, M], we have

$iw) =Py - CPhO - (Ui—1 ® Ip) - (I — P) - CPhO - (U;—2 ® Ip) - CPhO - - - CPhO - (Up ® Ip) [Po)
—P,-CPhO - (Ui_1 ® Ip) - (I — P) |®;_1).

Also notice that P, = 0 when v = 0, as a database without non-_L entry cannot contain colli-
sions. Then, |¢; ) = 0. For other terms when v > 0, by applying Proposition 5.5, we have

quﬁwH\—HP CPhO - (Ui—1 ® Ip) - (I — P) |®;-1)]|

<3 HH @)l +

23\/ — \/pifl,v +4/ ;\/pifl,vfl?
No No

where p; ,, is defined in Definition 5.3. Applying another Cauchy-Schwartz inequality, we have

9(v —1 v—1
|||¢i,v>||2 <2 ( (No )pifl,v + ]Vopil,v1> .

IIHU 1]Pi-1)

Substituting that into Equation (8), we have

T M T M
IP1er)I* <T Y Y Mdin)l> =T Y- D i)l

i=1 v=0 i=1 v=1
T M T M
18(v —1 2
<y B,y 2,
i=1 v—=1 0 i=1 v—=1 0
_18T o7 M
_N ZZU Pi—-1v Fzzv'pifl,v
U —t i—=1 v=0
20T
>~ ZZU Di— 1v
NO =1 v=0
20T
— TV =V + V).
N

Notice that according to Remark 5.4, V; = Zizo v - piv, then Vy = 0. Therefore, we have

20T TV
P|® < —(T < 20—
P |®7)|? N (TV — V) <20 Ny )
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as Vr being a sum of probabilities has to be non-negative. Combining Equations (6), (7) and (9),

we have
) 2
5 2072V 2 T2V
Pr[A wins] < ( |P|® ~ ] < No| ~ TN )
r[A wins] < (H | T>!+\/;O> = (\/TOJF\/;O) O( No )

6 (-Nested collision finding and upper bounds

Definition 6.1 (¢-Nested Collision Finding). Let N be the size of the range, let Ny and M be polynomials
of N. For any constant integer ¢ > 0 and any target distribution D, the following problem is called a (-
Nested Collision Finding Problem:

e Input: two random oracles H : [M] — [N],G : [M*] — [No] and the target yy <+ D.
* The goal is to find two different (-tuples (x1, 2, - ,x¢), (2,25, - -, a}) such that

—0<s <z < << M,and0 <2} <ah < <ay, < M. Wewill call such tuples

valid tuples.
- Zle H(x;) = Zle H(x}) =y mod N.
- G(ZE1,$2, e 71:6) = G(l‘l, T2yt 7375)'

Remark 6.2. Two special cases of the problem would be:

* D is the uniform distribution. That is, the inputs are two random functions H, G and a random target

Y.
* D is the distribution with unique support y. For example, when y = 0 the problem becomes:

— Input: two random oracles H : [M] — [N],G : [M*] — [No].
— The goal is to find two different valid (-tuples (x1,xa, - -, x¢), (2], x, - - - , ) with sum 0 on
H such that G(x1,z2,- -+ ,x¢) = G(x1, 22, , Xp).

Now we present a classical algorithm and a quantum algorithm that solves this problem. In
later sections, we show that without sufficient classical/quantum memory, no algorithm can per-
form as good as them, in terms of query complexity. Before that, we need the following lemma:

Lemma 6.3. For any y and a random function H : [M] — [N]. If we query T points, the probability that
T

we get (%\2 (-tuples (formed by queried points) of sum y is constant.

Proof. Let S be the set of queried points. For |I| = ¢ being a subset of S define K be event that

the sum of the (-tuple on H formed by points in I is y. We have E[K;] = + and Var(K;) = ]\]IVQ .

Notice that { K;}; is pairwise independent. Thus

E[K] ZE( > KI) = > E(E)= <€>;{

ICS|I|=t ICS,|1|=t

Var(K) :Var( Z KI) = Z Var(Kp) = <€>NN_21

IS |1|=¢ IS |1|=t
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Define K' = }/cg;j=¢ K1 be the total number of (-tuples of sum y, by the Chebyshev bound
Lemma 3.1, -
T
Pr [ K< (5 )] < M 1
1

N T EK)P SN

l\')\}—t

O

1
Theorem 6.4. For any ¢ > 1, there exists a classical algorithm that uses © (N IN2 é) queries that solve

the ¢-Nested Collision Finding Problem with constant probability when Ny = O (N %)

Proof. The algorithm is as follows:

1
1. In the first step, the algorithm produces K = © <N02) (-tuples with the sum y by random

querying T} = © (K N %> points on H. This is done by setting an appropriate constant and
applying Lemma 6.3.

2. Query all the G values of these ¢ -tuples, this step costs 7> = K queries. Output a collision if
there is one.

1
The success probability of this algorithm is constant since K = © <N02> points of G are sufficient

for finding a collision with constant probability. When Ny = O (N %), the query complexity of
the first step is larger than the one in the second step, thus the overall query complexity when

2 1 L
No=0(NTT)is© <NzN024>. O

Theorem 6.5. For any ¢ > 2, there exists a quantum algorithm that uses © ( N 2£+1N o +1> q eries

3

that solves the ¢-Nested Collision Finding problem with constant probability when Ny = O N&=1) =

a(nt),
Proof. The algorithm is as follows:

1. In the first step, the algorithm produces K /-tuples with sum y by randomly querying 77 =
© (K ‘N %) points on H. This is done by setting an appropriate constant and applying

Lemma 6.3.
2. Query all G values of these /-tuples, this step costs 7o = K queries.
3. Query T3 individual H values different from the points queried in the first step. This will

produce © (T§_1> ¢ — 1 tuples.
4. Now we run a Grover search to find a /-tuple with:
e Sumyon H.
¢ Its ¢ — 1 sub-tuple (the ¢ — 1-tuple formed by the first £ — 1 elements) being one of the
¢ — 1-tuples founded in step 3. This means that we only need to run the Grover search
on the last element.
¢ Its G value collides with one of the /-tuples in step 2.
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The query complexity is © (w / % : szvl) when K = O(Ny) and T?f*l = O(N)by Lemma 3.2.
3

This is because we can run a Grover search on the last element of the /-tuple. For each such
element, the probability that there exists a £ — 1- tuple in step 3, with this element, adds up to

20onGis & Ny

N 271

1 05T
Set Tz = O (( ON)”1> and K = © <N°2 jl ) = (1) because Ny = {2 (N%> Now we have

Step 1 costs © N+, 22“) queries.

Z+1
Step 2 costs © ( queries. To make this step not a bottleneck, we need Ny = O (N %> .

Step 3 costs O (N 26+1 N, ”*1) queries. We also need 7% ~! = O(NNy). Adding the constraint

3

NO— <21

) again.
s 1
Step 4 costs © (N 241 NOQ"'“) queries.

7 The time bound for finding K /-tuples with the same sum

In this section, we first prove bounds on the probability that an algorithm on 7T oracle queries,
produces K (-tuples with the same sum. Here, the sum of a /-tuple (x1, 22, -+ ,2¢) is defined
by Zle H(z;) mod N where H is the random oracle which will be clear from the content. We
first prove the case where the algorithm is classical to demonstrate our idea. Then we shift to the
quantum case and use the compress oracle technique to derive a similar bound.

7.1 The classical bound

Theorem 7.1. Let H : [M] — [N] be a random oracle with sufficiently large polynomial M in N and let

K = Q(log N)¢. For any classical algorithm with T = Q(K) oracle queries, the probability that there are
Tt > K%

Kin/

K distinct {-tuples consist of only queried points with the same sum is at most O <

Remark 7.2. At the first glance, the bound may seem strange due to the superscript % on K. This is in fact

o ( K%)
natural, because if an algorithm queries O (K %) points, with probability () it gets value 0 on all

queried points and the task is done automatically. So one would expect the term K ¥ to exists in reasonable
bounds.

Proof. In the classical case, query strategy is meaningless since each point of the random oracle is
independent. Thus we assume that the algorithm just simply query points one-by-one. We prove
by induction on (. For ¢ = 1,lety € [N] and AY, be the probability that after ¢ queries one can find
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out at least k£ distinct queried points 1,2, - - -, zx such that H(x1) = H(z2) = --- = H(zg) = y.
We have

Al <AL 1k+N AVERNY

s () ()"

The probability that there are K distinct points x1, z2, - - -,z of the same value is at most

> Ay,

()6
(&)

Suppose that the statement holds for ¢/ = ¢* — 1, now we prove that the statement holds for ¢ = ¢*.

Thus

After T queries there are two cases: for the first case, one can find out at least K7 distinct £ — 1
tuples consist of only queried points with the same sum. The probability of this case, by induction,
1

Kt

is O ( — ) . The rest form the second case. Let y € [N]. Now we want to calculate how many
KTN

fractions of the second case satisfy that at some point one can find out at least K distinct ¢ tuples

with sum y. Note that number of distinct ¢ — 1 tuples with the same sum is at most K 7 since
we are in the second case. Thus we can relax the requirement by assuming that we can find K =
{-tuples of sum y whenever a new point is added for which there exists a —1 tuple in the database
such that its sum plus the value of the new entry is y. Let AZ . denote the probability that after
t queries there exists k queries out of these ¢ queries such that that queried point with all the
previous queried points can form a /-tuple of sum y that contains that queried point. Since there
are at most (¢ + ko)*~! possible sum for ¢ — 1 tuples consists of only queried points we have,

-1
N

stes (1) (55)

By union bound, the probability that an algorithm outputs K distinct /-tuples with the same sum
is bounded by the sum of probability that this algorithm outputs K distinct /-tuples with sum y
overally € [N]. If an algorithm outputs K distinct /-tuples with sum y, by above analysis, either

) Yy Yy
Al SO+ Ak

Thus

one can find out K7 distinct £ — 1 tuples with the same sum in its queried points or there exists
Kt queries out of these ¢ queries such that the queried point with all the previous queried points
can form a /-tuple of sum y that contains the queried point. Thus, the overall success probability
of any algorithm is bounded by

—

K¢

TK 1
ZA;K1+O( )

y€E[N] KiN
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Note that since ¢ > 0 is a constant, doing induction on it preserves the O(-) notation. O

Theorem 7.3. Let H : [M] — [N] be a random oracle with sufficiently large polynomial M in N and let
K = Q(log N). For any classical algorithm with T = Q(K) oracle queries, the probability that it outputs
1

K7
K distinct {-tuples with the same sum is at most O ( 1 > .
KN

Proof. For any algorithm A with T' = Q(K) oracle queries, we can construct an algorithm A’ such
that all outputted points are queried at some point by running A first and querying any index that
does not exist in its database at the end of the .A. By Theorem 7.1, we prove the statement. O

7.2 The quantum bound

In this section we are going to prove a similar result in the quantum setting. Suppose that we start
with an arbitrary state:

[st) = Z D [T)x [y [0)w M) g [D)p -

z,u,w,r,D

Define the following operators:

* We extend the phase oracle unitary CPhO and standard decompose unitary StdDecomp,, to
the case where z = L. In this case these unitaries acts as an identity over all registers. As a
special reminder, not like the case in the compressed oracle setting, here | L)y is orthogonal
to any |z)x for z € [M].

¢ Define II>, as the projector that projects to the subspace spanned by all state |z, u, w, r) | D)
such that D contains at least £ non-bot entries. Define I1_j, II; in the similar manner.

* Lety € [N], define Hi .. as the projector that projects to the subspace spanned by all state
|z, u,w,r) |D) such that D contains at least k distinct /-tuples with sum y. Define Hi’%, Hi‘%
in the similar manner. Also if y = * it means any y, for example, Hi}; projects to the subspace
spanned by all state |z, u,w,r) |D) such that D contains at least & distinct /-tuples with the
same sum.

e Lety € [N] and O be either the compressed phase oracle CPhO or StdDecomp, define i

Inc
as the operator that ‘projects’ to the state that after calling O the number of distinct /-tuples

with sum y increases. That is, 19 = >k (O‘lﬂézOHi’%). Note that although we use II,

Inc
this may not be a projection.

Theorem 7.4. For { > 0 be an integer. Let ko, ki1, ka, - - - , k¢ > 0 be integers. Assume the following:

® The number of non-bot entries in the database register is at most ko. In other words,
H>ko ‘wst> = 0.
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e Fori = 1,2,--- ¢, the number of i-tuples with the same sum is at most k;. In other words, for
i=1,2,- 01
HZ;;% W’st) =0

Let M be a sufficient large and let K > max’_, k;. Let Ky be the only real non-negative root of the
following function

TR k1 koo ki (T) = @ +Zk4 it —

Note that when x = 0, fx ky ko, k() = k¢ — K < 0 and when x — oo, f(x) — oo. Thus there must
be a real non-negative root. Also we know that this root is unique since all coefficients except the constant
term are positive, meaning that fi i, ko.... k, () is monotonically increasing when x > 0.

If Koo1 = Q(log N) then for any quantum algorithm with T' = Q(K') compressed phase oracle queries, and
T additional StdDecomp after that, the probability that at some point during the algorithm there are K
distinct {-tuples with the same sum in the database register under the view of compress oracle is at most

KSO
10 (%) ' More specifically,

sol

2 T£+1 Ksol

=0 .
()

sol

2T—1 j=2T-1 j=i—1
‘(Z [[ ©u)nsou H (Hi}@U))\wst>

= i+1

where we additionally define O; = CPhO when i < T and O; = StdDecomp otherwise. Here we use
Hj "1 to denote the product of terms in the reverse order. For example for unitaries {U;} we have
HJ =1 Uj = Ui—1U;—3 - - - Uy. To explain this term, i (O-index) goes over all possible positions that in-
dicate the first time that we can find K (-tuples of the same sum. The later part [[3=""" (Hi’*K(’)j Uj)
denotes the process before the i-th query where we cannot find K (-tuples of the same sum. The middle term
Hi’}(’)i U; means that the first time that we can find K (-tuples of the same sum is after the i-th query.

Proof. We prove by induction on ¢. For ¢ = 1, define AY 1. as the amplitude on states after ¢ queries
(from now on, if ¢ > T it means after the first ¢ — 7" Std Decom p) and at some point one can find out
at least k distinct points with value y in the database,

t—1 j=t—1 Jj=i—1
(Z H (OjUj)ngini H (HEZOjUj)) |¢st> .
0

=0 41

Since we assume that the number of distinct points with every value y € [N] in the database of
|1)st) are at most k; we have:

Aao = A&l = = Ag = 1. (10)
And
0= Ag ki+1 — Ag ki+2 — (11)

Now we try to calculate the recursion formula for AY, :

t—1 j=t—1 j=i—1
Ai{ﬁ‘(Z 11 ©ou)nziou: H (Hi’i@%)) )
=0 ¢+41
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IN

=t—2

2 j=t—2 Jj=i—1 Jj=t
= ( H (0;U;) OiUi H (Hi’%@jUj)) |Vst) | + H>k0t 1Ut—1 H (Hi’%@jUj) |1st)
0

=0 +1

t—2 j=t—1 j=i—1 j=t—2
<Z H;ZOiUi H (Hi’zojUg)) |Vst) | + H;%Ot—lUt—l H (HQZOjUj) [Vst)

% 0

t—

j=t—3

:A?—l,k—i_ H;ZOt—IHEZUt—IOt—QUt—2 H (Hi’szUj) ‘¢st>
0

]—t 2
<AL+ ’H>kOt 1H<k |1t) ‘ ‘ H ’%OjUJ) |Vst)
0

where [¢;) ngt*z (Hi%(’)j Uj> |thst) is the normalized state before the t¢-th oracle query. The

two terms in the first inequality correspond to the case that i < ¢ — 2 and the case that i = ¢ — 1.
Define the following projectors:

J Qil,i projects to all state spanned by |z, u, w,r) |D) such that there are k distinct ¢-tuples of
sum y, D(z) = L and u # 0.

J Ri‘% projects to all state spanned by |z, u, w, r) |D) such that there are k distinct ¢-tuples of
sum y, D(z) # L and u # 0.

J Si% projects to all state spanned by |z, u,w,r) |D) such that there are k distinct /-tuples of
sum y and u = 0.

Because each oracle query add at most one entry in the database we have that
j=t—2

11 (HE%OJUJ) |)st)
0

1, 1,
<AL+ ’HzZOt—l <Q b1 +R_k 1t —k 1> Wﬁ‘ HETART

1, 1,
A?,k SA?ttl,k + ‘HZZ(’)t,1H<Z W)t)‘

The reason that we can substitute the term ‘ngtﬂ (HL% o,U. j> [Vst)
part of [¢¢) that can pass H;k is inside Hi%q (which can be decomposed into Qi%q + Ri%q +

with AY |, | isthatthe only

Sl’y _,) since each query adds at most one entry in the database. Thus we can project |¢;) onto
AV, 1 Which has an amplitude of AY %_1- Tobound ’le’z(’)t_l (Qi%_l + Riz_l + Si’if_l) [,
we need to consider two cases:

e Whent < T, O;—1 = CPhO so we invoke Lemma 4.8. For |z, u,w,r) |D) in S_k , the state is

unchanged after O;_;. For |z, u, w,r) | D) in Q:’kfl, wehave [D(z))p, = >, en % ly")

after O;_;. Since only one uniform random value ' is added, we have ‘Hl’y O;_ 1Q1’y 1 1) ‘ <

/& For |z, u,w,7) |D)in RYY |, wehave [D(z))p, = SO | [y HHEDEAENN=D) by 4

VN
2y e[N\{D ()} () E(_l)(u’mw)) ly') after O;_1. Since the only case where a new value
(—1)(wy") —(—1){w.D())

y' is added has amplitude 1= 7 , we have ‘Hl’yOt_lRiz_l |1/)t>‘ <32
e Whent > T, O;—; = StdDecomp. For |z, u,w,r) |D) in S_k , the state is unchanged after
O;_1. For |z, u,w,r) |D) in Q:’%_l, we have |[D(z))p = \/ﬁ >_yen [¢)- Since only one uni-
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form random value ¥/ is added, we have H;ZOt—lQiZ—l |¢t>‘ < /4. For |z,u,w,r)|D) in
Riz_l,we have |D(z))p = N ]D(x))—kﬁ L) — % 2oy e IN\D(@)} |y') after O;_1. Since the

only case where a new value y’ is added has amplitude %, we have ‘H YO,_ IR_ P ] <
1

N

Combining all cases above, we obtain the following recursion formula for Aty %

combine with Equation (10) and Equation (11) we get

t "
Atn < (k —~ k1> (4 N)

for k > ki and y € [N]. The probability that at some point during the algorithm there are K
distinct points x1, z2, - - - , £ of the same value in the database is at most

2

297 —1j=2T—1 j=i—1
(X1 mmon I (o) )i
0

= 141

971 j=2T—1 j=ie1 2

S I eunou [T (nhou) )
0

ye[N] i=0 i+l

2T—13=2T-1 j=i—1
<N Y (Z 1 ouynsou [] (H?%OJUJ)) |1hst)
0

ye[N] I\ i=0 i+l

N Y (M)

yE[N]
e 2 /16) K
- K-k N
2 K—k1
o T ‘
(K — k1)2N

N is absorbed into the O(-) notation because K — k1 = Q(log N).

Suppose that the statement holds for ¢ = /* — 1, now we prove that the statement holds for ¢ = ¢*.
Imagine an algorithm that at some point one can find out at least K distinct ¢ tuples with the same
sum y in its database. This algorithm must satisfy:

IN

2

e Either at some point of this algorithm, one can find out at least Khg distinct £ — 1 tuples with
the same sum.

® Or there exists at least I; hﬁ" ‘effective” queries, meaning that after that query the queried
point, with known points in the database forms at least one new ¢ tuple of sum y.

Intuitively, this is because if an algorithm never stores Kinq distinct £ — 1-tuples with the same sum
in its database, each ‘effective” query can at most generate K,y — 1 ¢-tuples with sum y thus one
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need at least ‘ of them.

Now let us formahze our proof. Define I' 1 as the amplitude on states after ¢ queries and at
some point there one can find at least K /- tuples with sum y in the database. In the following
computation, we iterate over all ¢y, c1, ¢, - - - , ¢; indicating the number of /-tuples of sum y that
one can find in the database.

t—1 j=t—1 j=i—1
Iy = (Z 1 ounnsou: ] (Hi%OjUjD |1hst)
0

=0 741

j=t—1

= > [T (e, ou;)ny, | ls)
0

C0,C1," " ,Ct
co<kp and Jis.t. ¢;>k

j=t—1

ST (n,.00)ne, |
0

€0O,C1, " ,Ct
Jist c;>ci 1+ King

IN

j=t—1

+ 3 1;[ (2, 0,05 ) I | [ve)

| €0,C1, 50t
Vi,c; <ci—1+Kihd
dist. c;>k

t—1 j=t—1 j=i—1
(ST eumtizonTT (tz00) ) o
0

=0 i+1

j=t—1

y 2 11 (12, 0,0;) 1, | )

€0,C1,5Ct
Z’L IH[CZ>CZ 1]>

Kthd

The first term is bounded by induction (we will show it later). Now we bound the second term
which are states that experience 7z k= k‘ ‘jumps’. We redefine AY 1 as the amplitude on states after ¢
queries and there exists k queries such that the number of dlstmct (-tuples with sum y increases

after it,

j=t—1 i=k—1 J=pi+1—2
Ay = > 11 ©@uy) 11 (e, - H Nonincy | | [¢)st)
O=po<pi< Pk 0

- <pp<t

Inc Inc

where Inc! = O; % u;, Noninc! = O; (I 149 ) U;. lterating over py,--- ,p, where ‘jumps’
happen, we have

j=t—1 i=k—1 J=pi+1—2

—k
Azk: Z H (0;U;) H '”C§i+1—1 H Nonlnc?; |st)
0 Di

0=po<p1< Pk
e <pp<t
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j=t—1 i=k—1 J=Pit+1—2
TJT. Yy Yy
S Z H (OJUJ) H Incpi+1_1 H Nonlncj W’st)
O=po<p1< Pk 0 Di
e <pp<t
i=k—1 _p7,+1 2
Yy
+ E H Incp,,, 1 H Nonlnc |thst)
0=po<p1<
s <pp=t
j=t—2 i=k—1 J=pit1—2
— TI7. Y Y
B Z H (0,U;) H Incpi+1—1 H Nonlncj |¥st)
O=po<p1< Pk 0 Di
e <pp<t—1
j=t—2 i=k—2 J=pit1—2
y,0t—1 y y y
+ > Ol Uy [ Nonine? T {Inch., oy ] Noninc’ | | |vs)
0=po<p1< Pk—1 0 Di
e <pr—1<t
Yy Y,0t-1
<A 1k+ Ot 11_[lnc Wﬁ’

j=t—2 i=k—2 J=pi+1—2

—k
Z H (0,U5) H Incgiﬂf1 H Nonlncjy. st )
0 pi

O0=po<p1< Pk-1
e <pp_1<t

where [1t) < D 0=po<pi< (Ut_l ngktf (O;U;) [Ti=F2 (Incp e Hgi:pi“_Q NonInc?)) |thst) is the

o <pr—1<t
state (normalized) before the ¢-th oracle query. Define the following projectors:

* () projects to all states spanned by |z, u, w,r) | D) such that D(z) = L and u # 0.
* R projects to all states spanned by |z, u, w,r) | D) such that D(z) # L and u # 0.
* S projects to all states spanned by |z, u, w,r) | D) such that u = 0.

Use these projectors we have
AV, <AY Op 110!
t,k =—t—1,k + t—144nc |7;Z)t>

j=t—2 i=k—2 J=Pit1—2

=k
Y Y
> II v IT (nch., oo I Noninc’ | feise)
O=po<p1< Pk—1 0 Di

"'<pk—1<t

<Akt ’Ot TP (Q+ R+ 8) |¢t>’ Akt

Inc

To bound |©;_11%9t- Q4+ R+ S) )|,

Inc

e Whent < T, O;_; = CPhO so we invoke Lemma 4.8. For |z, u,w,r) |D) in S the state is un-
changed after O;—;. For |z,u,w,r) |D) in R, we have |D(z))p, = >_ ey (% |y) after

Oy_1. Since only one uniform random value ¥/ is added, there are at most (¢ + ko) p0551-
ble value of 3’ such that it can form a /-tuple with sum y with ¢ — 1 elements already in the

database. Thus we have |0, _ 1Hy’ot 'Q ]z/zﬁ’ < 4/ % For |z,u,w,r)|D) in R, we have

Inc

34



—1){u,D(=z)) 1){u,D(x)) _(—1){w') _(_1){uw,D())
D(@))p, = F 1) D VD D))+ T e o)y e )

i . . (1)) _(_1){u,D(z))
after O;_4. Since the only case where a new value v/ is added has amplitude 1 (=)™ (1)
y P <

and there are at most (¢ + ko)*~! possible value of ¢ such that it can form a /-tuple with sum
y with £ — 1 elements already in the database, we have ‘(’)t 1Hy’0t "R || < M

Inc

e Whent > T, O;—; = StdDecomp. For |z,u,w,r)|D) in S the state is unchanged after O;-1.
For |z,u,w,r)|D) in @, we have |D(z))p = TIN > yern 1Y) after Op—1. Since only one

uniform random value ' is added, there are at most (¢ + ko)‘~! possible value of 3’ such
that it can form a ¢-tuple with sum y with ¢ — 1 elements already in the database. Thus

we have ‘(’)t 1Hﬁ1§9t 1Q\1/1 >‘ \/M. For [z, u,w,r)|D) in R, we have [D(z))p, =
Nl D(x)) + \/—N L) — % Zy ‘e[N\{D()} [¥) after O;_1. Since the only case where a new

value ¢/ is added has amplitude - and there are at most (¢ + ko)‘~! possible value of y’ such
that it can form a /-tuple with sum y with ¢ — 1 elements already in the database, we have

‘Ot— Hy Ot 1R‘wt>‘ S (t"!‘k](\)[)e_l.

Inc

Combining all cases above, we obtain the following recursion formula for A},

(t—}—ko)e_l
Ay <Ay1k+At ko1 (4 —~N

k—k,
AV t 4(t + ko)t1 .
tk T \k—Fky N

The probability that at some point during the algorithm there are K distinct /-tuples of sum y €
[N] in the database is at most

Thus

2

2T —1j=2T-1 j=i
(ST omntson TT (Hi}@@)) )

= i+1 0

2

2T—1j=2T-1 =i
< (Z ST ©@unton 1 (%0, U)) )
ye[N] i=0 i+l 0
27T—-13=2T-1 j=i—1 2
o S|S0 @onton T1 (1500) ) i)
ye[N] I\ i=0  i+1 0
2
<N > (T )
y€E[N]

<2T—1 j=2T—1 j=i—1 2

Z H (OjUj)Hé}é:dOiUi H ( ié:{f?U)) [Vst)

=0 i+1 0

2
j=2T—1

LN 3 11 (nﬁ_gHo U) | Jvsr)
0

C0,C1, " ,Ct
ZT Ilei>ci— 1]>

Kthd
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2 -2
“NO (T T+k0)

( 2

( soI ) < 7§{ch£>

T2(T+k (-2 16(2T + ko)1 T
§N0< o 0 ) V(%) (NO )

s King
K—ky
Kthd

T2(T + ko)
() v

We set Kihg in a way that K : K f is the only real non-negative root of the function

T2T k,£2
gNO( +0

sol

TRk o ke (T) = T +Zk2 it —

Since we know that K | is the only real non-negative root of the function

=2
FKngior ez, ko (2) = 2 4 Z kp—i—12" — Kina.
i=0
We have that K., = Kthdl. In other words, Ig(:hlzl is also the only real non-negative root of the

function fx,, ki ko, k., (). Proved by

f <K — k‘g)
Kind k1,k2, ko
' '\ Kind

K—k\"™7 & K — k'
= ko—i— - K
( King ) +Z§:% N\ King thd
(Kthd ) (K—@)ink (K—m)l ik
K — kg Kind P I\ K ‘
-1 :
o) () 2o ()
= + k,i - K
<K—kz King ; ¢ King

_ (K f K—Fke) _ 0
K _ k@ K7k17k/’27"'7ké Kthd

Finishing the computation, the probability that at some point during the algorithm there are K
distinct /-tuples with the same sum in the database is at most

K—kyp
K’ Kihd
T2(T + ko)~ 2\ ™ T?(T + ko)
NO( (K’ |) N + NO (Kkz)QN
S0 Kind
T2T + ko) =2\ "= T2(T + ko)1
<NO (—;—) +NO (42_—)
KsoIN KsoIN
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K2 N

sol

2 -1\ Ksol
<0 <T (T + ko) >

The N factor can be absorbed into the big-O notation because K¢, = Q(log V). Note that since
¢ > 0 is a constant, doing induction on it preserves the O(-) notation. O

8 The time bound for finding K /-tuples with the same sum with ad-
vice

Now we consider an algorithm starting with S-qubit advice state

1 .
[Vst) = \/W ; ‘wa>XUW ’T>R ’H>D )

where ¢y ) xyw 1S of size S. 7 is in the Hadamard basis representation and H is a standard
oracle representation. R contains M* qubits. Let Flar o, o)/ T(@1 w0, p) D€ the value on the
qubit in R corresponding to the tuple (z1, 2, -+ ,x¢). The structure of |¢)s) means that R, under
the Hadamard basis is a classical control register. We will use this fact in the next section. We also
introduce another random challenge register S initialized to |0)g and a memory qubit B initialized
to |0) .

For a sequence of target values {yn } yc(ym (we will just use {yx } later) and an algorithm A:

e Aisanisometry that receives S qubit advice |tst). Its purification A’ is a unitary (with access
to the oracle and the output register) on XUWARD where A is the purification register of
arbitrary size initialized to |0) 5.

e A’ only queries the oracle register by PhO at most 7" times.

e A’ only interacts with the output register by Output at most 7" times. It can interact with both
parts of the output register.

Remark 8.1. In general, the advice may not be a pure state. But later on we will see that all experiments
are linear which means we can take an average when the state is mixed. This will be used in later sections.

We may also consider other inputs for A’ other than [i)s) later in this section. Define
I
Pmixed = 95 )
XUW

Pstandard =Pmixed & |O>A <0| ® |0>R <O| ® NLM <Z |H>D> (Z <H|D> ® |0>S <0| ® |0>B <0|
H

H
1 . .
=pmixed @ [0) o (0] ® MM Z ")r [H)p Z (Plr (H|p | ®10)g (0] ® |0)g (0]
H H7

and

Pcompressed = Pmixed & ’0>A <0| ® ‘O>R <0| ® |J-a J-7 e 7J—>D <J-v J-’ e 7J—’ @ |0>S <0‘ & |0>B <0’
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which are inputs that the advice is removed.

: i ~ Jity PO A e 2
Step 1: We are interested in the probability Pry 1ot := |ivten ([¥st)[0)a [0)510))| where
/
H?Iié%it} is shown in Figure 4.
A’ s
HFIip'I{'eyst}:
Domain: XUWRDSB.
1. Apply the' unitary Gen that maps [0)g to 30, .. . ,yepne (@1, T2, @),
2. Apply unitary Store:
|T>R |(‘T17 T2, - 71,5))5 |b>B — |T>R |(IL‘1,$2, t 7x5)>s ‘b S (21,22, ,Iz)>B .
Which is a unitary that copies the output bit (in computational basis) on tuple (z1, z2, - - - , x¢) into the
memory register.
3. Run A".
4. Apply unitary Store'.

5. Project the state onto the state where

(a) The value on B is 1 under computational basis.
(b) The ¢-tuple on S is valid and has sum yz where H is the oracle on D.

S

Apply unitary Store again.
Run A'f (run A’ in the reverse order and change every unitary into its conjugate)
8. Apply Gen'Storef.

N

Figure 4: Challenge an algorithm for finding a random /-tuple.

The idea of this experiment is that we want to know the probability that the algorithm A’
recognizes a random ¢-tuple. A random /-tuple is stored in the register S and the projector projects
to the subspace where the bit corresponding to that /-tuple is flipped after running A" and that ¢-
tuples has sum yy. Ideally, we want to prove that the probability that any algorithm A" on any
starting state |t)st) recognizing a random /-tuple of sum y is extremely small when 7" is small. For
example, if an algorithm A’ can only output K valid ¢-tuples of sum yy, its success probability in
FlipTest is just % From the last section, we learn that for any uniform algorithm with 7" queries,
the chance of finding too many /-tuples of the same sum is very small. Even if we have a S-qubit
advice, it should only increase the success probability by 2° multiplicatively, which is not enough.
The above reasoning seems to work out; however, in fact it takes many steps to implement it. Here
is a road map that provides an intuition of our proof with links on these steps and connections

between these steps Figure 5 .
Step 2: We first bound the probability PF(lli;Test by the success probability of an alternating
experiment. We introduce a [MWO05]-form alternating experiment and prove the following re-

sult. Lemma 8.2, Lemma 8.3 and Lemma 8.4 are lemmas from [Liu22], we include the proof in
Appendix A for completeness.

’ k 2
Lemma 8.2 ([Liu22], Lemma 6.5). Let P,:(ﬁgTest = '(Héi;{ﬁg}ﬂmset) (Jtbst) [0) 5 [0)g |0) )| where

Ireset := ‘0>s <0| X |0>B <0| We have
1
(1) (k) -1
PFIipTest < (PFIipTest) :

Step 3: Now we try to substitute the advice state with a S-qubit maximally mixed state and
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Step 1: The probability that A’ on any Step 2: The probability that A’ on any starting

starting state |1/s) recognizing a } ima 8. state |7,ilst> wins [h/gV\foS]-éorm alt(lernatiln.g

random /-tuple of sum yp which is é game. The gajl?{e 1s} efined as an alternation
’ 2 NYH :
P test = [T (10st) 10) 10} 10)g)| between Ilpyrege and Mreser which reset
iples iples randomness that is needed in the challenge.
Lemma 8.3

Step 4: The probability that condition on A’

on maximally mixed state pstandard Step 3: The probability that A" on maximally
winning all but the last round of the i N mixed state psiandara wins [MWO05]-form

[MWO05]-form alternating experiment, it also ——iayy alternating experiment. The advice is

wins the last round. Which is the probability now removed and a factor of 2% is

that condition on Exptéi;)%’:t} (S) outputting multiplied but absorbed by the exponent.

PredicatePassed, also outputs Accepted.

ﬂLemma 8.5

Step 5: The probability that condition
on A’ winning all but the last round
of the alternating experiment, it also

succeeds in finding K /(-tuples
with sum yg in the last round.

Step 6: The probability that condition on A’
winning all but the last round of the
Lemma 8.6 alternating experiment, it also finds
K (-tuples with sum yx in the last round.
(in the compressed oracle model)Step 7: It
is at most the sum of two probabilities below.

/ Lemma 8.7 ﬂ
Step 8(a): The probability that condition on

A’ winning all but the last round of the Step 8(b): The probability that condition on
PR
alternating experiment, the state before the A Winning all .but the last round of the
last round has a bad structure where alternating experiment and a good structure
there are too many é-tuples with the on the resulting state, it also succeeds
same sum in the database for some i. in out'p gtting K-tuples with sum y;.
This is bounded by Lemma 8.8. This is bounded by Lemma 8.9.

Figure 5: An overview of this section.
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absorb the 27 factor by the exponent.

iform, (k k / k
Lemma 8.3. Let P;E;-?;:; (k) =Tr <<H;‘|lpi|%st}nreset) Pstandard <HresetHJ|:4|i;){TyeIs{t}> > We have

P

1
uniform,(S) | 25—1
FlipTest <2 (P i ) :

FlipTest

Step 4: Now we try to bound PFlT")f?;z ) and link it to a new experiment. Before that, we first

show a ‘'monotone’ theorem on each alternation.

Lemma 8.4 ([Liu22], Corollary 6.10). For k > 2 we have

uniform, (k) uniform,(k+1)
PFIipTest PFIipTest
uniform,(k—1) — uniform,(k)
PFIipTest PFIipTest
From this theorem, we can first bound P;IT'fTorm ) in the following way:
p lest
. S
S unlform (k) Punlform,(S)
unlform (S) H FllpTest FlipTest
FllpTest Punlform Huniform,(k—1) | = Puniform,(Sfl)
k=1 FlipTest FlipTest
(k) A wrh\* e - - - -
Define IL, /. = (H"esetHFli;)Test ) . Define the following experiment Figure 6. We can notice that
S ' S
. Ay A'{y
Pumform,(S) Tr ((thp{re}slt}ﬂreset) Pstandard (HresetHF“p{re}sIt}> )
FlipTest _
iform,(S—1) S—1 S—1
P2t Ay Ay
FlipTest Tr 1_[|:|,p{|-e}slt}Hreset Pstandard HresetHF“p{reZt}

A A,
Tr (HFllp{'Il'ieIs{t}Hglter )pStandafdnglter )HFIip%Zt}>

S S—1
Tr (H;ter )Pstandarnglter ))

Pr {{PredicatePassed,Accepted} - Expté;;%ft} (S)]

Pr [PredicatePassed € Exptégé,%zt}(S)}

Step 5: Now we turn to another new experiment Figure 7. Instead of examining whether a single
(-tuple is recognized, this experiment now cares about the probability of A" outputting at least K

(-tuples of the same sum. Here we say that A’ outputs a (-tuple (x1,22,--- ,2¢) if 7(3, 4y z,) 1S
non-zero. Intuitively, PredicatePassed/PredicateFailed in the output of EXptéh, qorg Means that

the algorithm passes/fails in the predicate test and Accepted /Rejected in the output of Exptéy,  4arq
means the algorithm is/isn’t able to find K /-tuples of the same sum.

Lemma 8.5. Forany k > 1 and K we have
r [PredicatePassed € Exptﬁ;")‘%}s’t}(k)}

=Pr [PredicatePassed € Expt“s“t;ndard (H(k Y K)]

alter
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A’ {yn},
EXptFlipTest

Parameters: A round number k.
Setup: The algorithm starts with the empty state pstandard-

1. Apply a 2-outcome measurement (H(kfl), I— H<k71)) to the whole state.

alter alter

e If the outcome state is in Hgﬁ;l), let R = {PredicatePassed}.

o If the outcome state is in I — I1.* ") let R = {PredicateFailed}.

alter

2. Apply a 2-outcome measurement (Héilﬁ{g’sf Yr— Héi/F;T{e'Zf h.

e If the result state is in Hﬁi;jT{eif ¥, output R U {Accepted}.

e If the result stateisin I — Hﬁi;’%’f }, output R U {Rejected}.

Figure 6: Challenge an algorithm for finding a random ¢-tuple with predicate.

A
EXptStandard'
Parameters: A projector Ilyedicate and a threshold K.
Setup: The algorithm starts with the state pstandard-

1. Apply a 2-outcome measurement (Ipredicate, I — Ipredicate) to the whole state.

e If the outcome state is in Ilpredicate, let R = {PredicatePassed}.
e If the outcome state is in I — Ilyredicate, let R = {PredicateFailed}.

2. For every y € [N], count how many distinct ¢-tuples outputted by the prover have sum y for every y.
If there exists y € [N] such that this number is at least K then let R < R U {Accept0}. Otherwise, let
R < R U {Rejected_0}.

3. Run the second stage of the algorithm A’. All oracle queries use PhO, interacting with the oracle
register H.

4. Forevery y € [N], count how many distinct /-tuples outputted by the prover have sum y for every y. If
there exists y € [IN] such that this number is at least K then output R U {Acceptl}. Otherwise, output
R U {Rejected_1}.

Figure 7: Verifying whether an algorithm succeeds in finding K distinct ¢-tuples the same sum with a
predicate.

and

Pr [{PredicatePassed, Accepted} C EXptA/’{yH}(k)]

FlipTest
8K , / k—1
SW Pr [PredmatePassed € Exptd,ndard (H;ter )»Kﬂ

+4Pr [{PredicatePassed,AcceptO} C Exptdy, 4o (H(k_l) K)]

alter

+4Pr {{PredicatePassed,Acceptl} C Exptd dord (H(k_l) K)] .

alter >

Alv{yH}
FlipTest (k)
and it is also the state after step 1 in Exptg\, 4..q- Thus the two probabilities in the first equation
are exactly the same:

Proof. Let ppass = Hglft;l) Pstandard Hgﬁ;l) (not normalized). This is the state after step 1 in Expt

Pr |PredicatePassed € Expté;;)%fs’t}(k)}
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=Tr (ppass)
=Pr [PredicatePassed € Exptg“t/andard < (k—1) K)}

alter >
Now we prove the second inequality. Define

L, = Z |H>D <H|®‘(l‘1,l‘2,"- ,W))s <($1?$27"' ,l‘g)|®|b>

H7(x17x27'“ 7x£) isa
valid ¢-tuple of sum y g

0]

R(Il,zzv“vze)

and
1_[Accepted = E ’H>D <H‘ ® ’T>R <T‘ :
H,r such that there are K
non-zero entries on r that correspond
to a valid ¢-tuple of sum y g
We have

Pr {{PredicatePassed, Accepted} C Expté;;)%gt}(k)}

2Ty (HOA’mGen - Ppass - GenTnlA’THO) +2Tr (HlA’HOGen  Dpass - GenTHOAlTl'Il)
<2Tr (HlGen * Ppass * GenTﬂl) +2Tr (HlA/ - Gen - Ppass - GenTA/Tﬂl)
<4Tr (11 Gen(7 — Taccepted) ppass(] — acceptea) Gen' I )
4Ty (Hl(I — Taccepted) A’ - Gen - ppass - Gen! AT (T — HAccepted)H1>
+4Tr (HlGenHAccepted : ppassHAcceptedGenTHI)
+4Tr (HIHAcceptedA/ - Gen - ppass - GenTA/TH/-\cceptedH1>
g% Tr (ppass) + 4 Pr | {PredicatePassed, Accept0} C Exptg“t/anda,d (Hgﬁ;l), K)}

+4Pr :{PredicatePassed,Acceptl} C Exptey,, ord <H(k_1) K)

alter
8K [ ’
gW Pr PredicatePassed € Exptg“tandard <H(k 2 ﬂ

alter

+4Pr {PredlcatePassed Acceptl} C EXptStandard

+4Pr {PredlcatePassed Accept0} C Exptdy 1. (Halter , )

alter ’ >

The reason why

K
Tr (HlGen(I - 1_[Accepted)ppass(l - 1_[Act:epted)GenJrl_h) < W Tr (ppass)

and

K
Tr (Hl (I - 1_[Accepted)~/4/ - Gen - Ppass * GenTAIT(I - HAccepted)H1> < W Tr (Ppass)

is that once the state is in the span of (I — ITaccepted) then the number of 1 that corresponds to a
valid ¢-tuple of sum yy is less than or equal to K. For a random challenge on S the probability
that the challenge hits one of the valid /-tuples of sum yp is at most % O
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Step 6: Now we switch the standard oracle into a compressed oracle.

A/
Ex ptCompressed :
Parameters: A projector Iyredicate and a threshold K.
Setup: The algorithm starts with the state pcompressed-

1. Define IT}, ogicare = Decom pressAll I edicate DecompressAll where DecompressAll is the unitary that applies
StdDecomp,, for every x € [M]. Apply a 2-outcome measurement (II} cgicate> I — Ipedicate) to the whole
state.

e If the outcome state is in IT,gicate, let R = {PredicatePassed}.

e If the outcome state is in I — IT,.gicate, let R = {PredicateFailed}.

2. For every y € [N], count how many distinct ¢-tuples outputted by the prover have sum y for every
y. To do this, first run DecompressAll to convert the compress oracle into a standard oracle, count it
and run DecompressAll" to recover. If there exists y € [N] such that this number is at least K then let
R + R U {Accept0}. Otherwise, let R < R U {Rejected_0}.

3. Run the second stage of the algorithm .A’. All oracle queries use CPhO, interacting with the database
D.

4. For every y € [N], count how many distinct ¢-tuples outputted by the prover have sum y for every y.
To do this, first run DecompressAll to convert the compress oracle into a standard oracle, count it and
run DecompressAll" to recover. If there exists y € [N] such that this number is at least K then output
R U {Acceptl}. Otherwise, output R U {Rejected_1}.

Figure 8: Verifying whether an algorithm succeeds in finding K distinct /-tuples the same sum with a
predicate.

Lemma 8.6. For any algorithm A’ the probability that any event occurs in the experiment Exptsiandard 1S
the same as that in the experiment Exptcompressed- 1hat is, for any K and any subset of results

R C {PredicatePassed, PredicateFailed, Accept0, Acceptl, Rejected_0, Rejected_1},
we have
Pr [R - Expté;/andard (Hpredicate7 K)]

=Pr [R - EXpté;mpressed (Hpredicatea K)] .

Proof. We prove that at any time the state on D, in Exptcompressed @nd in Exptsiangard differs by
exactly StdDecomp,. At some point, the state on D, in Exptcompressed 15

StdDecomp,, - H CPhOy;, | 1)
J

=StdDecomp,, - H (Sthecompm : CPhO;j : Sthecompm) | L)
J

~I1 (cPnoy, ) staDecomp, | 1)
J

=TTcphol, | 3 —<w

y€E[N]

where CPhO,,; are all gates that act on this register.
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One can see that using compress oracle queries in the middle and a StdDecomp at the end is equiv-
alent to initializing that database with a uniform random value and then using CPhO’ for each

oracle query. If you interpret the initialization | L) — <Zy€[ N ﬁ ]y>> as the initialization of H

you will find that these two approaches are exactly the same. Thus, these two experiments must
have the same result. O

Step 7: Now we consider another experiment Figure 9 that is similar to Figure 8 but another
structure projector is added between step 1 and step 2. The intuition on this experiment is that it
splits the state into two types. In the case where the state has a good structure, which means that
the number of i-tuples in the database is small for all 4, the success probability in later stages will
be bounded due to the lack of information on the tuples. We argue that it is unlikely for the state
to have a bad structure, which means that there are too many i-tuples of the same sum for some 4
that provide to much information in later stages.

Intuitively, GoodStructure/BadStructure in the output of Exptg‘\t/mctured(Hpredicate, K ko, k1, ko)

A’ .
ExptStructured‘
Parameters: A projector Ilyedicate, @ threshold K and integers ko, k1, - - - , ke.
Setup: The algorithm starts with the state pcompressed-

1. Define IT}, cgicare = Decom pressAll I edicate DecompressAll where DecompressAll is the unitary that applies
StdDecomp,, for every z € [M]. Apply a 2-outcome measurement (IL,cgicates I — Hpredicate) to the whole
state.

* If the outcome state is in IT,gicate, let R = {PredicatePassed}.
e If the outcome state is in I — IT}, gicates let R = {PredicateFailed}.

2. Define Msructare = 7% [T, H;’;ﬁ Apply a 2-outcome measurement (Istructure, I — structure) to the
whole state.

e If the outcome state is in Isrycture, let R < R U {GoodStructure}.
e If the outcome state is in 1 — Ilsructure, let R <— R U {BadStructure}.

3. For every y € [N], count how many distinct ¢-tuples outputted by the prover have sum y for every
y. To do this, first run DecompressAll to convert the compress oracle into a standard oracle, count it
and run DecompressAllT to recover. If there exists y € [N] such that this number is at least K then let
R <+ R U {Accept0}. Otherwise, let R < R U {Rejected_0}.

4. Run the second stage of the algorithm .A’. All oracle queries use CPhO, interacting with the database
D.

5. For every y € [N], count how many distinct ¢-tuples outputted by the prover have sum y for every y.
To do this, first run DecompressAll to convert the compress oracle into a standard oracle, count it and
run DecompressAll" to recover. If there exists y € [N] such that this number is at least K then output
R U {Acceptl}. Otherwise, output R U {Rejected_1}.

Figure 9: Verifying whether an algorithm succeeds in finding K distinct /-tuples the same sum with a
predicate and a structural test.

means that there doesn’t/does exist i € {0,1,--- ,¢} and y € [N] such that there are more than k;
i-tuples of sum y in the database after step 1.

Lemma 8.7. For any ki, ko, , k¢ < K. We can bound the success probability of the algorithm in the
standard experiment condition on the predicate test passed by, intuitively, the probability of acceptance
condition on a good structure on the database plus the probability of having a bad structure condition on
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predicate test passed:

Pr [{PredicatePassed, Accept0} C Exptdy i.q (Hgﬁ)er,K)}

alter’

Pr [PredicatePassed € EXptdy dard (H( ) K)}

Pr [{PredicatePassed,Acceptl} C EXptécandard(H(k) K)}

alter?

—+

alter’

Pr [PredicatePassed € Expté“t'andard (H(k) K)}

alter’

2Pr [{PredicatePassed7 GoodStructure, Accept0} C Expt“s“t/ructured (H( ) K, ko, ki,-- ,k‘g)j|
<

alter?

Pr [{PredlcatePassed GoodStructure} € EXptdy: ciured (H(k) K, ko, ky,- - ,kg)}

2Pr [{PredicatePassed, GoodStructure, Acceptl} C Exptétmctured(l'[(k)

alter’

K, ko, k1, -- ,kg)}

+

alter?

Pr {{PredicatePassed, GoodStructure} C Expté’mctured(ﬂ( ) K ko, ki, ,kig)}

4 Pr [{PredicatePassed, BadStructure} C Exptg‘lt/mctured(l'[( )

alter?

K, ko, k1, --- ,/-cg)}

+

alter’

Pr [PredicatePassed € Expt“é{mctured(ﬂ( ) K. ko, ki, - 7](35)}
Proof.

Pr [{PredicatePassed, Accept0} C Exptéc/andard (H(k) K)}

alter?

Pr [PredicatePassed € Expté, gard (Hgﬁ)er,K)}

Pr {{PredicatePassed, Acceptl} C EXptét/andard (H(k) K)}

alter?

+

Pr [PredicatePassed S Expté/andard(ngﬁlra K)}

Pr [{PredicatePassed, Accept0} C EXptéc;mpressed(H(k) K)]

alter’

alter’

Pr [PredicatePassed € Expté;mpressed (H(k) K)}

Pr [{PredicatePassed, Acceptl} C ExptéompreSSed(H(k) K)}

alter?

—+

alter?

Pr [PredicatePassed € Expt“c‘l;mpressed(l‘[(k) K)}

2Pr {{PredicatePassed,AcceptO} C Exptg“t/ructured(l'[( )

alter?

K, ko, ky,-- ,kg)}

alter’

Pr {PredicatePassed € Exptd erureg (L K kg, Ko, -+ ,k‘g):|

2Pr [{PredicatePassed, Acceptl} C Expt“s“t/ructured(l'[( )

alter?

K, ko, k1, -- ,k@):|

—+

alter?

Pr [PredicatePassed € EXpte ctured (H( ) K, ko, k1, - - ,k?g)]

2Pr [{PredicatePassed, GoodStructure, AcceptO} € EXptéy crured (H( )

alter?

K, ko, k1, -- ,kg)}

<

alter?

Pr [{PredlcatePassed GoodStructure} C Expté, iured (H( ) K, ko, k1, - - ,k‘g)}
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alter?

2Pr [{PredicatePassed, GoodStructure, Acceptl} C Exptg‘t/ructured(l'[( ) K ko, k1, - ,k@)}

—+

Pr {{PredicatePassed, GoodStructure} C Expté’mctured(ﬂ( ) K ko, ki, ,kig)}

alter’

alter?

4Pr [{PredicatePassed, BadStructure} C Exptdoueq %) | K, ko, k1, - ,/-cg)}

+

Pr [PredicatePassed € Expt“s“t/mctured(ﬂ( ) K ko, ki, 7]65)}

alter?

The constant 2 in the second equation is due to the additional 2-outcome measurement on the
structure. ]

Step 8(a): Now we prove that it is unlikely for the state to have a bad structure.

Lemma 8.8. For ko = 2kT and ky, - -- , ke, if T = Q(k;) for every k; then

S

k

K ko ki, .,k )}<é0 QkTZ+1

r |BadStructure € Exptéy, coured (H(k)
=1 k N

alter?

Proof. Consider the following algorithm 5:

1. Start with the state pcompressed @ [0,0,- - ,0)p (0,0, --- ,0] where P is a register that is used to
purify measurements.
2. Run Hglt)e , but for every projection (step 5(a) in Figure 4 and Il,eset) write the result of that

projection on P to purify the process.

The probability
A (k)
Pr |BadStructure € Exptg,yctured ( Wajeers £ Ko, k1, - -+ 5 Ko

is the probability that after running B on pcompressed One of the following happens:

1. The number of non-_1 entries on D is more than k.
2. Thereexistsi € 1,2,--- ,¢and y € [N] such that the number of i-tuple of sum y is more than
k.

Note that algorithm B queries the compress oracle for at most 2k7" times and the initial state

Pcompressed has an empty database. Thus, the first bullet above never happens. The second bullet
1

for a fixed ¢ happens with probability O (W) by Theorem 7.4. By union bound, we can
ki N
bound the probability by
1
¢ 041 5
' QkT
r |BadStructure € Exptg‘ltructured (Hgﬁlr,K, ko, ki,-+ -, )} < ZO —
i=1 k N

O]

Step 8(b): Now we prove that if the state has a good structure, the success probability of later
stages is bounded.
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Lemma 8.9. Condition on a the predicate passed and the structure being good, the success probability of
the last round is bounded if T' = Q(K):

alter?

Pr [{PredicatePassed, GoodStructure, AcceptO} € EXptét, crured (H( ) K ko, ki, ,kg)]

Pr [{PredicatePassed, GoodStructure} C Exptél, tured (H( )

alter?

K, ko, k1, -- ,k;g)}

alter?

Pr {{PredicatePassed, GoodStructure, Acceptl} C Exptg‘lt/ructured(ﬂ( ) K ko, Ky, - ,]{,‘5)}
_|_

Pr [{PredicatePassed, GoodStructure} C Expté’ructured(ﬂ(k)

alter? Ka kOa kl: ) k@)}
2 -1\ Kol
SO((kT) (KT + ko) ) |

K2 N

sol

forany ko and ki, - - - , k¢ < K where Ky is the only real non-negative root of the following function

TRk kg ke (T) = 2 +Zk2 i —

Proof. To bound

Pr {{PredicatePassed, GoodStructure, AcceptO} € EXptét, ciured (H(k)

alter?

K. ko, ky, - ,kg)}

Pr [{PredicatePassed, GoodStructure} C Expt“s“t'ructured(l'[( )

alter’

K, ko, k1, -- ,k@):|

in the last inequality, we consider the meaning of this probability. This probability is less than or
equal to the success probability of this algorithm By:

1. The initial state is

/ /
1_[structu "erredicate pcompressed HpredicateHstructure

Tr (HstructureH:)redicatepcompressedH;redicateﬂstructure)
where H;)red.cate Decom pressAIITHglt) DecompressAll.

2. Controlled by the content on R, let Q) = U%l’%m =1 {z1,22, - ,z¢} be all the points that
are contained in the algorithm’s output, swap them one by one to X and run StdDecomp
every time to completely decompress the oracle into the standard oracle in these points.

3. Count the maximum number of /-tuples that we can find in the compress oracle register D.
The algorithm succeeds if this number is at least K.

Note that algorithm By uses at most O(kT") StdDecomp because the number of 1s on R is at most
O(kT) according to the definition of 1% Thus by Theorem 7.4 the success probability of By is at

alter

- Ko
most O (WDEUGHEI) ™ similarly,

sol

K, ko, ki, -- ,kf)}

(k
aIter’

K, ko, k1, -- ,kg)]

Pr {{PredicatePassed, GoodStructure, Acceptl} C Exptéy, rureq(IT

Pr [{PredicatePassed, GoodStructure} C Expt“s“t/mctured(l'[( )

alter’

is less than or equal to two times (due to the 2-outcome measurement on step 3) of the success
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probability of this algorithm:
1. The initial state is

! !
1_[structu rerredicate pcompressed Hpredicatenstructure

/ /
Tr (Hstructu rerred icatePcompressed HpredicateHstructure)

where H’predicate = DecompressAIITHE(,]ft)er
2. Run A’. All oracle queries use CPhO.

3. Controlled by the content on R, let ) = UT( =
T1,%2: " Tp

are contained in the algorithm’s output, swap them one by one to X and run StdDecomp
every time to completely decompress the oracle into the standard oracle in these points.

4. Count the maximum number of /-tuples that we can find in the compress oracle register D.
The algorithm succeeds if this number is at least K.

DecompressAll.

1{z1, 22, -+, z¢} be all the points that

Note that algorithm B; uses at most O((k + 1)T") StdDecomp because the number of 1s on R is

at most O((k + 1)T") and at most O(T") CPhO during step 2. Thus, by Theorem 7.4 the success
(kT)Q(k’T-‘rk )Z—l Kol

(TP T ko) ) : O

sol

probability of By is also at most O (

Remark 8.10. One may wonder what if after projecting the state on Ilstrycture and run DecompressAll,
there still exists L entries in the oracle. This will not happen because the Hadamard basis is the eigenbasis
fOT 1—-[structure-

Theorem 8.11 (Success probability in finding a random ¢-tuple with advice). For all {yg} and all
algorithms A’ with T oracle query and T Output operations where T = Q(S?). Let |1)st) be any S-qubit
advice for the algorithm. The probability of A" successfully find a randomly generated (-tuple of sum y is

at most O <%) + 0 (%)S That is

n 2 52 ST)H1\*
PfgﬁZ)Test = )HFIip{TyeZt} ([thst) 10) o 10} |0>B)’ <O <W> +0 << ]\)[

Alv{yH}

where HFIipTest

is defined in Figure 4.
Proof. Set kg = 25T, k; = S**" and K = 25%.
Claim 8.12. Let K be the only non-negative real root for function
-1 ’ -1 o
fz) =zt + Z ko_izt — K =zt + Z Syt g%,
i=0 =0
We have that Ky > S.
Proof.
(S +1)f—5¢
(S+1)-5
<(S+ 1SS +1)F —25% <.

F(S+1)=(S+1)"+5° — 252

Since f(x) is monotonically increasing on (0, +00), Kso > S. O
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Now we assume that

Puniform,(S) > (16K> 25
FlipTest = MZ

cause Otherwise, this theorem holds immediately by

P

- . 16K\ 5T 32K
FlipTest <2 (Pur.uform,(S)> = <2 (> < —

FlipTest M@

Now we begin the proof:

2‘Punh“'orm,(S)

1
uniform,(S) ) 25—1 FlipTest
=2 (PFIipTest ) < Puniform,(S—l)
FlipTest

2Pr [{PredicatePassed, Accepted} C ExptAf’{yH}(S)}
<

(1)
PFIlpTest

FlipTest

Pr [PredicatePassed € Expté;;)%’;’t}(S)}

16K 8Pr [{PredicatePassed,AcceptO} C EXptay, dard (Hgﬁ;l),K)}

Pr [PredicatePassed € Exptéy, gard (Hgﬁ;”,[()}

8 Pr [{PredicatePassed,Acceptl} C EXptél, yard (H(S_l) K)}

alter

+

Pr [PredicatePassed € Exptéy, gard <Hgﬁ;1), K)]

-
alter

16K 16Pr [{PredicatePassed7 GoodStructure, AcceptO} € Exptéycrureq(I1 K, ko, ki, -- ,k?g)}

SME

alter

Pr [{PredicatePassed,GoodStructure} C EXptéy ctured (H( 2 K, ko, k1,-- ,k‘g):|

16 Pr [{PredicatePassed, GoodStructure, Acceptl} € EXptéy crured (H(S Y K ko, ki, - ,]{7@)}

alter

_l’_

alter

Pr [{PredicatePassed,GoodStructure} C Exptg‘lt'ructured(l'[( 2 K, ko, ky,-- ,kg)}

32 Pr [BadStructure € Exptd iureq (H(S Y K ko, ki, - k4>]

alter

_l’_

alter

Pr [PredicatePassed € Expte ctured <H( 2 K, ko, k1, -- ,k?g)}

1

kii
i+1
Zz o[ @sn™
16K (ST)(ST + ko)t=1\ " ! kN
+0 - + —
KN ‘ (HresetHA’,{yH})

HA/v{yH}

S—1
FlipTest Pcompressed < FlipTest Hreset>

S

k
1+1
Zz o[ @Dt
16K (ST)(ST + ko)t=1\ " ! ki N
2 +0 T +

sol

uniform, (.S)
PFIipTest
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S

k;
0 (2S8T) 1+1>
2 =1 Ksol Zl 1 (
16K+O<(ST) (ST + ko) ) 6

M? K2 N " (4)25
M7
(sT)it1) 5
<3252€ O((ST)€+1)S+O< SiN )
- M¢ N

25
S2£
(5%)
g2 (ST)+ S Gl-3pl+1 52
< i =z -
_0<M£)+o< 4 ) +o< 7 )
G2 (ST)EH S
< .
<o(37) +o(“F—)

Here are the reasons on why these inequalities hold:

The first and second inequality follows from Lemma 8.2, Lemma 8.3 and Lemma 8.4.

The third inequality follows from a direct interpretation.

The fourth inequality follows from Lemma 8.5.

The fifth inequality follows from Lemma 8.7.

The sixth and seventh inequality follows from Lemma 8.8, Lemma 8.9 and an interpretation
of the term

Pr |PredicatePassed Expt“sé‘tlructured (H( 2 K, ko, k1, -- ,k}g)} .

alter

¢ The eighth inequality holds because we assume P;IT;?;:; (5) > (11\%() >,

O

Corollary 8.13 (Success probability in finding a random /¢-tuple with mixed advice). For all {yx}
and all algorithms A’ with T oracle query and T Output operations where T = Q(S?"). Let

1 R .
Pst = rarohit Z(PHf)XUW ® |P)g (F| @ [H)p (HI,

be any S-qubit mixed state advice for the algorithm. The probability of A’ succeeds in finding a randomly

1\ S
generated (-tuple of sum yp is at most O ( ) +0 (%) .

Proof. In Theorem 8.11, the probability is linear in the input state |¢st). By averaging, you get the

same bound for any mixed state advice. O

9 The time-space bound for finding K /-tuples with the same sum

9.1 The classical bound

In this section we bound the probability of a classical algorithm outputting K /-tuples with the
same sum using S-bit space and T oracle queries. The model we are considering is that there is a
write-only M*-bit classical memory where each bit indicates whether its corresponding ¢-tuple is
added to the output (0 for no and 1 for yes). The algorithm can only access this part of the memory

50



by making an oracle call to the FLIP(x1, 2, - - - , ) functionality that flips the bit that corresponds
to the /-tuple (1,22, -+ ,2¢). The function FLIP will also reply to the algorithm with a random
generated value g(;, 4,... ,) that is only generated once for the first time that the algorithm calls
FLIP(x1,z2,- - - , z¢) and remains the same for later calls. We say that the algorithm finds K ¢-tuples
with the same sum iff all bits that are 1 correspond to tuples with the same sum and the number
of such bits is at least K. Here we provide a statement stronger than what we need. Instead of
proving a time-space bound for finding K /-tuples of sum y, we prove a time-space bound for
finding K /-tuples with the same sum.

Theorem 9.1. Let H : [M] — [N] be a random oracle with sufficiently large M polynomial in N. For
1

¢ > 2 and for any classical algorithm with space S = Q(log N) = O <N €2—1> and T oracle queries on

either H or FLIP. Then the expectation of the maximum number of {-tuples with the same sum found by

21
the algorithm is O (W) .

Nt

Proof. Divide the algorithm into L = T/T’ segments with each of them querying the random

oracle for T' = ¢StNt = Q(S*) times. By setting ¢ properly, by Theorem 7.3, we can guarantee
that the probability of outputting at least S¢ (-tuples with the same sum is at most ﬁ for all
segments since M is a polynomial of N. This is because the advice for each segment (i.e. the
internal state at the start of that segment) is of size S and thus only provides a boost of 2% on the

probability in Theorem 7.3. The exponent, K T=9= Q(log N) makes it possible to absorb 2° into
any factor that is polynomial in V into the constant c. With such ¢, the expected number of ¢-tuples
with the same sum found in every segment is at most S* + 1. Thus the overall expectation of the
maximum number of /-tuples with the same sum found by the algorithm is at most O (LS¢) =

21
N¢

9.2 The quantum bound

Now we bound the sum-{yg} ¢-tuple capacity(Definition 9.2) of the state after an algorithm with
S-qubit space and T oracle queries to two oracles H : [M] — [N], G : [M*] — [No]. That is to say,
we take the imaginary process of measuring D to obtain H, and measure R to obtain 7, then look
at the entries with indices (z; - - - , z¢) that have sum yy, and then count the number of non-zero
entries among these entries. We specifically ask that the algorithm queries G through HaO.

We first describe the settings of all registers. Considering that a space-bounded algorithm can
introduce ancilla qubits into the working registers and discard some of them on the fly, we specify
an ancilla register A to include these qubits. A can be of arbitrary size, and an algorithm could
apply unitary across A and XUW, but it can only pass the state in working registers XUW to
the next timestep but not A. In other words, different steps of algorithms can only access disjoint
parts of A. The registers XUWADR are initialized as:

1 0 ~
Sst)xuwapr = ———— O 144 xuwa H)D [G)r
e

where |¢§3}G> <UWA 18 the purification of the advice under H, G, while the algorithm could only

access the mixed state in XUW. For a uniform algorithm, we set |¢1(§)G>XUW A= |0)xuwa for all
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H,G. Here, |G) is the Hadamard basis state corresponding to G € {0, 1} !, we can also write it as
a tensor product of entry-wise Hadamard basis,

A 1 1 N __
Gr = \/W Y DPIRE= Q@ Na > DO R@))R, = Q) IG0)g

Re{0,1}M° i€[MY] re{0,1} ie[M?)

with R; being the i-th entry of the register with size Nj.

We specify that all queries made to G need to be performed through HaO (in this section all
HaO refers to the Hadamard oracle query to ), which is consistent with the setting in the last sec-
tion. Specifically, here we consider the HaO oracle applied on R, HaO |z, u, w, a, H)xywap | B)r =
|z, u, w,a, H)xgywap |R ® (z,u))g. Then, if we compare HaO on R and the Output operator for
outputting ¢-tuples, they are identical. The initialization of registers here is also consistent with the
last section. Specifically, for uniform algorithms, R is initialized as |0, - - - ,0) = —~— 3" Gefo, 1M |CA¥>

/ N Mt
No

Therefore, we could transform all results on algorithms with H queries and Output operations
to results on algorithms with H queries and HaO G queries. We denote the final state in the
registers XUWADR as:

b6 — Z fln @
| |n>XUWADR \/WHG| H,G XUWA| >D| >R

where |¢f'” ) is the state in XUWA after running algorithm A under oracle H, G. We describe
the final state as a pure state, since we can always extend the ancilla register A to purify the entire
state. We further define our target rigorously, which we call sum-{yy} ¢-tuple capacity, as the
expected value of an observable on our final state |¢sin).

Definition 9.2 (sum-{yy } (-tuple capacity). For any state in registers XUWADR, we define its sum-
{yu} (-tuple capacity:

e For R € [Ng]M Z, define its subset-Y capacity relative to a subset Y C [M"],

Capy(R) = Y 1{R; # 0}.

€Y

e For R € [No)™', view it as a M* entry table, then each entry has ny = log Ny qubits, define its
subset-Y j-th qubit capacity relative to Y C [M*],

Cap{!) (R) = > " 1{the j-th bit of R; = 1}.
€Y

* Relative to a sequence {yp }, define observable K {yu}, 38 well as observable K vt} for j=1,---,no,

K, =Ixowa @ Y _ Capy, (R) - |H)(H|p ® |R)(R|g ,

H,R
RY) | —Ixuwa ® 3 Cap{) (R) - |H) (H|p @ |R)(Rlg
H,R

while recall Yy is the set of (-tuples with sum yy decided by {yy } and H.
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 For algorithm A, let the final state on XUWADR be |¢5in). We define the sum-{yp} (-tuple
capacity Ky, (A) and sum-{yy } j-th qubit (-tuple capacity Kg)H}(A) of A relative to {yp },
by taking the expected value of the observables on its final state,

Ky (A) 1= (6] Ky |00, KL (A) = (il R?y)H} | Hfin) -
In other words, K Ejy L}(A) essentially measures the output register R after running the algo-
rithm A, and counts the number of entries with j-th qubit being flipped and indices constrained by
{yu}, while Ky, 1(A) counts the index-constrained entries with any bit being flipped. To bound
this property, we adopt a reordering procedure for oracle G, to help the analysis of Ky, (A).

The process follows an observation that Ky,,3(A) < >77°% K g )H} (A), as a non-zero entry im-
(o
G as a concatenation of ng one-bit oracles, gV, - - - , (") ¢ {0, 1}M£, which leads to the first step
of reordering, splitting output oracle G. We split the register R into n registers R(}), ... R("0),
where they each have the same number of entries as R, and one qubit per entry. R\ simply takes
the j-th qubit from every entry in R, and therefore stores ¢\/) in Hadamard basis. The second step

is fixing all but one of these n( oracles. Let R = ®j/¢jR(j') be the ny — 1 registers other than

RY), notice that the measurement of observable K g; )H

these ng — 1 oracles {g\)};1.; as G’ € {0,1}"°"! and examine the observable value for each ',

plies at least one non-zero bit. Therefore we turn to bound each K }(A) individually, by viewing

}(A) acts trivially on R(~7), so we could fix

and then take expectation to get K g )H}(A). For fixed G’, we remain the HaO queries to g¥/), and

replace all HaO queries to other g (' # j) with a fixed unitary hardcoded by g, then the al-
gorithm A could be simplified as a G’-hardcoded algorithm A[j, G’] that queries ¢g\) and H. This
way, we focus on bounding K7y, 1 (A[j, G']), reducing the problem to the case when the oracle g\
in the output register R\ (stored in computation basis) is a one-bit oracle.

We then introduce our theorem in bounding Ky, 1 (A).

Theorem 9.3. Let H : [M] — [N], G : [M*] — [No] be two random oracles. For any {yy} and
any uniform quantum algorithm A with space S = Q(logN) = O (N m), T queries to H,
and T HaO queries to G. Then, we have the sum-{yy} (-tuple capacity Ky, 1(A) is upper bounded
by O (S”“TQN_H%).

Proof. We first apply the reordering process to algorithm A. First, we split oracle G into ng one-bit

oracles, where ng = log Ny, viewing G as an ng-bit oracle. Define one-bit oracles gM, g@ ... gno) .

[M?] = {0,1}, where g\%) maps any input z to the j-th bit of G(z). Denote g/’ := g1)(x) as the one-

bit entry of ¢¥/) indexed by =, then G(z) can be represented by a F° vector (gg(gl), 95(52), BRI gé"”)).
We also split the output register R into RM, ... R() where for each j, RY) is an M f—entry,
one-qubit-per-entry register that takes the j-th qubit of R.

For each HaO query to G, we view it under the Hadamard basis. Let G, = G(z), and G_,
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denotes the concatenation of values in all M* — 1 entries other than the z-th entry, then

HaO - |x7uvwvav H>XUWAD |§>R = HaO - |$’uawaa7H> ’é;>R |§\*I>R,z

= HaO0  |z,u,w,a, H) ® Z TG"” |TR ‘G )R,
T’E[NO
1
= |z,u,w,a, H DG |r gy G_,
| 19 3 3 (0o, e
r€[No]
= (1)) |z, u,w, 0, H) |G g, |G ),

= (-1) (u,G) |z, u, w,a, H) |G>R

Therefore, HaO actually applies a phase kick-back onto the state controlled by the oracle G in
register R. Moreover, after we split R into R, R() ... R(™)  we have,

no

o
- ). (J)
HaO - ’xvuawaa7H>XUWAD® |g(])>R(J') = H(—l)u] |z, u,w,a H>XUWAD®|9 JRG) >
j=1 j=1 j=1

where u) is the j-th bit of u € [Np]. Then, it could be viewed as the process of querying
g1, g® ... ¢(m) in parallel, with phase kick-back multiplied together.
We then switch our target from bounding Ky, (A) to bounding Kg/ L}(A) for each j =
1,---,ng. Notice that for any R € [No]™", Capy (R) < P Capy)(R). Then, we have Ky, 1(A) <
> K (A). We therefore only need to bound K b ) }(A) for each j = 1,--- ,ng. We further

{yu} {v
denote RY) € {0, l}M as the one-bit table to take the j-th bit of R on each entry, then

RY) | = Ixuwa ® Inn @ Y Capy, (RD) - |H)(Hlp © [RY)RD g0
H,R()

tIxuwa @ Ig-i) ® (H{J('),{?JH}>

RG)
where we define Hg) (y} 8 its nontrivial projector on register DRU).

Now that we are working on K {(j ) }(A) for some fixed j, we apply the second step of reorder-

ing, fixing the oracle in R(-9). For each G € {0,1}("0~1"M* we define a G’-hardcoded algorithm

Alj, G, wh1ch essent1a11y effects the same as running A with R(~7) initialized as |G’ ). We parse
G'as G’ = g M- )gu=D)gu+D]] - - - ||g(0), viewing it as a concatenation of ny — 1 one-bit
oracles. We further describe A[j, G'] in details:

¢ Runs on registers XUWADRY), with RY) being the output register with one qubit per
entry. It has query to oracle H, and HaO query to oracle g);

o Starts with state |¢£{’G/)

_ 1 (0) I
)= /Ny 2MT ZH,g(j) |¢H,g<1>7.‘. 79(n0)>XUWA |H)p |99) g
e For the operations, whenever A applies a local unitary or an H-query, A[j, G’] does the same;

whenever A queries G by HaO, A[j, G'] applies a HaO query to g¥/) (denoted as HaO? v here)
and a unitary UHao|G']. We define the G’-hardcoded unitary Unao[G'] : |z, u, w)xuyw —

(—1)wG) gy ,w)xuw, Where u(77) denotes the concatenation of the ng — 1 bits of u
other than its j-th bit. Notice that Uy,0[G] is a local unitary that only acts on XUW, it also
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extends to other registers trivially. We show that these two operations essentially simulate a
HaO query to G, where G is the ng-bit oracle induced by ¢'/) and G/,

— —

() ; CEINel w@).qW) -
UHaO[G/] -Ha0v" - |$vuvwaaaH>XUWAD |g(])>R(j) = (*1)< PG (*1) o |l‘ u,w a7H> |g(])>R(j)

(~1) ) |, 0,0, H) |gD) g

where we obtain the same phase kick-back.
¢ Has the same amount of quantum space as A, which is the size of XUW, as well as T’ queries
to H, and T HaO queries to g);

¢ Terminates with final state |¢]E;J;GI ) =

WZHgﬁ YR ... PEn— o 199V Re-

We then show that it suffices to bound Ky, 1 (A[j, G']). Since A[j, G'] has RY) as its output

register, then here we have K{yH} = Ixuwa ® (H( ), {yH})R( v therefore,
J

E [Kiyy (Al &)

1 (G,g=N)
- 9(no—1)M?* Z K{yH} |¢f >XUWADR<J‘>
g(=9)

2

—

1 K fi i
= 9(no—1)M? > |Ixuwa @ (H(J')v{yH})Rm > V) g0 ) xrwa D 199 RG)

) N. QMZHgm
2

Y RY T 15D
= o O |K 3 > W .. g0 H)p [99)ro) 1987 )R-

2(no=1) g9 ton \/ngm o

2
Z ST o eo) D 19D) R0 19 s
c {yH} / 2n0M1’ = - ,g(no

_ J ] _ 70
= |R{),) own)|[ =KD, (A)

(12)

The third equation comes from the form of IA{? ) y acting on registers with output register R, and

/\

that | g(=7)) has norm 1; the fourth equation comes from the orthogonality of {|g(~7))} for different
g9) € {0, 1}(no—1)-M",

Therefore, we only need to focus on bounding the sum-{yy } ¢-tuple capacity Ky, }(Alj, G'])
for the G’-hardcoded algorithm A[j, G'], with fixed j = 1,--- ,ng,and G’ € {0, 1}(”0_1)'MZ. For the
simplicity of the following part of the proof, we denote A[j, G’] as B3, denote g\/) as g, and denote
RU) as R/

Then, by the constraint on A in the theorem statement, we have: 3 is a uniform algorithm with
space S and T queries to H, T' HaO queries to g, running on registers XUWADR’. We will be
working on algorithm B until the very end of the proof.

We then apply the L-slicing process onto B as follows. View B as a sequence of local unitaries,
H queries and HaO queries to g, then slice it into L = 27'/T" segments By, B, - - - , B, where each

1
segment B; has at most 77 = ¢S~! N7 overall queries to H and g, ¢ is some constant we will fix
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at the end of analysis. Denote |¢o)xywapr’ @S the initial state before running algorithm, where

|w1($)9>XUW , s all zero for any H, g. The registers XUWA are initialized to be all zero since Bis a
uniform algorithm. Foreacht =1,2,--- , L, denote

1

’¢t>XUWADR/ = Z |¢g)9>XUWA |H>D ‘§>R/
VNMoME e

to be the purified state after running segments from B, - - - to B;.

We hereby specify the access to ancilla register A = ®th0 A;. where each sub-register A; is
disjoint and of arbitrary size. From the perspective of B;, the state before its operation has a purifi-
cation across registers A - - - A;_1, but it has no access to Ay - - - A;_1 and can only apply unitaries
over XUW and A;. In the following analysis, we may just use A in subscript for simplicity. For
each induced segment B;, it is a non-uniform algorithm with S-qubit advice, where the advice is
the mixed state in register XUW after running B, - - - , B;—1. Specifically, adopting a view back
to without purifying oracles, H, g is classically sampled at the beginning, then algorithm B; takes

advice with purification lwg_gl)

and obtain \wg) g XUWA"

We then analyze the output register R’ after applying each slicing-induced B;. For any t =
1,---,L, B; has an S-qubit mixed state advice and less than 7" queries. Due to the range upper
bound of S, we have 7" = Q(S5%).

To characterize the constraint on such a non-uniform algorithm, we define the FlipTest game
in Figure 10. We will later see that the average-case version of this game is equivalent to the
random entry challenge game Figure 4, where the lazy-sampling process of oracle g corresponds
to viewing R’ as an output register. This allows us to use the bound on the success probability of
the game from the last section.

The game FlipTest is parameterized by fixed oracles H, g and a sequence {yg}. Let Yy 1,1 C
[M*] denote the subset of indices which is an ¢-tuple with sum yy, i.e. Yo fyuy = 10 = (i1, ,ie) |

)xuwa and apply some H, g-integrated local unitary (U g) s)XUWA,

Zf‘:1 H(i;) = yu}. For simplicity, we will refer to it as Y in the following context. Denote
R, = ®,,R) and g_; as the M* — 1 entries oracle from [M¢]\{i} to {0, 1} copied from g. We
maintain the notation of ancilla register A, parsing it into A = AyA;, where the other half of
advice purification is in A, and A is the unbounded extra space for 5.

Remark 9.4. The reason that A exists is that the S-qubit advice state can be a mixed state and A serves
as its purification, though it does not participate in any computation.
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FllpTest{yH}.

Player: an algorithm B, with purified advice state \wgfg>xuw A

Parameters: H,g,{ynu}.

Randomly sample an index 4 & [M]".

Initialize registers XUWADR' as: |wg)’)9>XUWA0 10)a, 1 H)p [9)r/-

Replace the i-th entry of R’ with |0), obtaining |w§?’>9>XUWA0 0)a, H)p [9=)r:  [0)g:-

Run B on XUWA,, with H queries onto D and HaO queries onto R’.

Measure the i-th entry R in computational basis, obtain outcome R;, the player wins if both are true:

(a) R; #0;
(b) i € Y.

G » N

Figure 10: Challenge an algorithm for finding a random ¢-tuple when H, g are fixed.

We further define game AvgFlipTest!¥#} as the average-case version of FlipTest, while it runs
FlipTest under {yx} and uniformly chosen H,g. We now argue that AvgFlipTest!¥#} is almost
identical to the game defined in Figure 4 except the algorithm is equipped with HaO instead of
Output.

Claim 9.5. For arbitrary {yg }, any non-uniform algorithm B with oracle queries to H and HaO queries
to g, denote B as the algorithm obtained by only substituting all Output operations to HaO in B. define
(pst) XUWRD to be the mixed state being initialized, with another half purification in Ay, then we have

’ 1
Pr | B wins AnghpTest{yH}} = IgEg Pr [B wins FI|pTest{yH}} ’Hfl,j%;t} (pst 10) o, s (0]) (Hf”;{.?gE)

where in the middle term we are taking expectation over uniformly sampled random oracles H, g.

Proof. We first look at the projector ngl/i’p{%/;t} defined in Figure 4. Notice that register S is initialized

to be the superposition over [M*], then controls over the choice of index in R/, then measured in

standard basis. This is equivalent to classically sample ¢ & [MY].

Then, with random index i fixed, the unitary Store applies a generalized CNOT (we just use
CNOT with a slight abuse of notation) acting on two single qubit registers R and B before and af-
ter running the algorithm B', where CNOTg,p denotes R; controlling B. Notice that SWAPg:p =
CNOTr/CNOTRr/gCNOTRR/, also that algorlthm B only interacts with register R by Output op-
erations, which stabilizes states in the Hadamard basis, therefore it commutes w1th CNOTgRr:-
Also notice that the initial state on B is |0), and we measure B in computational basis, which also
commutes with CNOTgg,. Thus, with fixed random index i, replacing the two CNOTg/g with
two SWAPR/g does not affects the game. In this way, it is equivalent to the procedure in Fizgure 10
that swaps a |0) onto R/ and then measure this entry.

Then consider the initialization of registers. In Figure 4, ps; is the reduced state of some

\/ﬁ >n7 Ve xuwa [M)r 1H)p, with 7, H in uniform superposition. Since [7) [H) is or-
NM2

thogonal for different 7, H, it is equivalent with averaging over the same game on all possible
7, H, which corresponds to AvgFlipTestv#} as 7, § are of same function in the process.

Bl:{yH}

FlipTest and B winning AngIipTest{yH}

Therefore, we shown the equivalence of B’ projected onto IT
with corresponding advice state.

O
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Then, by Corollary 8.13, any B; has the following property:

20 T+ S
Y{yu}, p?y)H} := Pr[B, wins AvgFlipTest] < p. = O (iﬂ) +0 <(SN)> ,

where p, is obtained by taking a proper constant in the big-O notation. We denote such a property

as p.-bounded flipping, namely winning the AvgFlipTest!¥#} with at most probability p, for any
{yn}. We then glue the property on each B; together with the following lemma:

Lemma 9.6 (Quantum union bound on random sample game). For any sequence {yr}, let B be an
arbitrary algorithm with H queries and HaO queries to one-bit oracle g, let (By, - - -, Br,) be an L-slicing of
B. Assume that V't = 1,--- , L, the non-uniform algorithm By is p.-bounded flipping, then the sum-{yp }
(-tuple capacity of B is bounded:

Ky (B) < L - M'pe.

Proof. For L-slicing induced non-uniform algorithms B, - - - , By, denote ng} as the probability

of B; winning the game AvgFlipTest{#}. Recall that we have specified the behavior of B; under
fixed H, g as follows:

. (t—1) . e (t—1) .
e takes advice (p Ha )XUW, which has a purification [} ) XUWAQA, A, L

¢ clarifies that it can only access registers XUWA;
) ) .
9) XUWA’

with registers A, - - - Ay, still being all zeros.

¢ applies H, g-integrated unitary (U I(;

* obtains |¢§2g>XUWA =U 1(;,)9 |¢g;)>xUWA’

We then look at the algorithm B in a whole. Under any H, g, the registers XUWA is initialized

as |¢$}Q>XUW A = |0)xuwa, and then the algorithm applies unitary Up,, = I({L ; U 1(12 )gUI(i)Q

over registers XUWA, and obtain |¢§£;>XUW A = Ulgl0)xuwa- Denote |¢1)xywapr as the
final state after running algorithm B. Then the sum-{yy} (-tuple capacity of the final state is
(DLl Ky [oL)-

We first represent Y

() forany 1 <t < L. For any g and s € {0, 1}, define g* to be the oracle

obtained by replacing the i-th entry of g by s while others remain. We consider the process of B;

playing FIipTestE’”g{ } for each pair of oracles H, g. On il [M*] being sampled as the random index
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in step 1 of Figure 10, the entire state in XUWADR’ evolves as follows:

t—1 —~
05 Y scowa [ H)D 198

replace R/, 1 .
W(t e )>XUWA |H)p ‘g_i>RLi |0>R;
1 _1 -
:\ﬁ Z Wg,g )>XUWA [H)p l9-i)w: , [$)gr:
s€{0,1}
Bt .
runs Z U z s |wH,g >XUWA ‘ >D |g—7,>1:{/_Z ’§>R;
56{0 1}
Z U stH,g >XUWA‘ >D |g f Z Sr|r R,
SE{O 1} re o}
1 sr -1 -
= > 5 2 COTU 9 xowa | DD 00R, I1)m;
re{0,1} s€{0,1}

then when measuring R}, suppose we get r with probability Pr(r; = r | i,B;, H,g|. Then, the
overall winning probability is

Pty =P [z €Yy Ari=1]4 B, H, g}
(t) (t) 2
4Me Z ‘ Ultgio ~ UHg“) W)Hg >XUWA‘ '

ZEYH

We could then represent the p.-bounded flipping property of B; by

o _ 1 (t) (t-1) 2
Plyyy = MY gﬂg zy: ‘(UI—Lgivo - g 1) W) >XUWA ‘ < Pe. (13)
’ 16 o

Then, we represent K{yH} in a similar way. For any H and i € [M"], define projector II; iy =

Ixuwa ® [H)(H|p ® Ir' , ®[1)(1|,, then with we notice that K{yH} could be written as a sum of
projectors:

K{ZUH} = Ixuwa ® ZCaPYH(R) [H){H|p ® |R)(R|g, = Z Z 1L 1,
HR H €Yy

where each Yy relative to H is induced by the fixed {yy }. We then calculate the expected value of
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I1; i on the final state |¢1)xywapgr: for any H and i € [M*].

(@uI i 61) = (6r] (Ixuwar:, @ [H) (H|p @ [1)(1g; ) |ér)

L —~ =
'\/W Z |¢§i,; XUWA| )D ’9—@'>Rgi \1><1’R; ’9(2)>R;

2

1 L _—
= g | f(w,,gm W50 ) s D 15 0Re | D

—1

2

__ 1 (L) _
= 2NM2M[ Z <|¢Hg7 O> |¢H,givl> >XUWA |H>D |9*1>R’ﬂ ’1>R{L

—1i

1
= oNMoM? Z WJHg“’>XUWA |wH9”>XUWA’

—1

1 @ [
= g 2 |Wipea) = i)
g

@ \|?
4NME ‘ngzo WH,gi,J

The fourth equation is by the orthogonality of states with different g_; in |g_i)g, , and the fifth

equation is by ignoring the norm-1 subsystem states in registers D, R’ ,, R/, while we omit the
subscript XUWA afterwards. Therefore, adding the expected value of these projectors together,

we have

2
Ky (B) = 01 Ry 160) = 1 £ | 3 [ 1645000 — [041).0)

Hyg €Yy

Then, we bridge the gap from p(t) to K B). For any fixed H, g, we bound the L2-distance
& gap {yu?} {ym} y

of the final states WEL]L;Z-& and Wg;i,ﬁ by the distance independently imposed by each segment

B:. Here, for t; < t9, denote Uf};” = Uﬁng}?;l e Uglg); for t; > t9, denote UE;”Q = 1. We

60



finally obtain

Kiy,1(B)
1 I I 2
:Z E Z ) |¢1(q’2]10> - |¢Eg7)gzl)
g ieYH

1 1—>L (1—1L) (1—1L) (1—1L)
g I (o v w5 (o Hgm)m]
ZEYH €Yy

2

1
ng Z

LieYy

L
(t+1—L) 1%7&) (t—L)7(1—=t-1)
Z( ngl Hg’LO UnglUHg'LO )‘0>
2]

L
Z (U(t+1—>L)U(1—>t) U(t—>_L)U(1—?t—1)> 10)

2.

H gl 0 H gz 1 Hygz,O H7gz,1
iEYH t=1
1
<IE LZ U (U U ) U o)
7 ’LGYH t=1
L 2
LY (080 - U ) U )| ]
ZEYH t=1
L - Ny (1) (t-1) |2
g}E ZZ‘( zl_U zO) ’ngzO +ZZ’<UI(‘IglO UHg11>‘wH,gi11>
. ZeYH t=1 €Yy t=1
L
L 2
ZIEE ZZ’( gt ngo>|¢Hg >‘
lEYHt 1

4 2 4
—LZMp{y , < L2 M.

where the first inequality is by Cauchy-Schwarz inequality; the fourth equation is by that unitaries

are norm-preserving. The last equality and the last inequality are by Equation (13).
O

By Lemma 9.6 and the bound on p., we have K{yH}(A[j, G')) = Kyy,y(B) < L? - Mp,, for any
j €. Therefore, by Equation (12), we also have KEZ’L}(A) = Ear Ky, (A[5,G') < L? - M'p.. We
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now switch back to our primary target Ky,,}(A). By carefully picking constant ¢, we have

no .
Ky (A) <30 K, (A)
j=1

<ng- L*M* - p.

oo (o (o (37) o (7))

_ 2 20
:O <1T12MZ (37 + canery)
(cSTIN#T)

-0 (SQZHT?N‘Z%) .

For the first equation, we choose c3 larger than the constant in all big-O notations in Theorem 8.11,
then absorb all terms into a single big-O notation where we omit the logarithmic term ng. The

second equation comes from the choice of ¢ when we set T" = ¢S™IN #1. Since M = poly(NV),
S = Q(log N), we choose c1,c; > 0 such that M < N, § > cylogN. Then, we pick ¢ =

2_01/0%;1/(“1), which guarantee that (c3 - ¢‘+1)° < ﬁ

O
10 The time-space bound for solving /-Nested Collision Finding

10.1 The classical bound

Theorem 10.1. For ¢ > 2, any classical algorithm that solves the (-Nested Collision Finding problem
1
with constant probability with space S = Q(logN) = O (N 5274) and T oracle queries must satisfy

2
ST =0 (N%N(%).

Proof. Let K to be the expectation of the number of /-tuples with the same sum one can find in
all its queried tuples on G after the algorithm finishes. Then it must satisfies TK = Q(Ny). Thus

constraints are:
SERT
K=0 T
Nzt

TK = Q(No)

2_ 1
Combine two equations we have § ST =0 <N 2 Ny > .
O

Theorem 10.2. For any ¢ > 2 and any No = © (N°) where 3 < € < ;% the corresponding (-Nested
Collision Finding Problem has a space-time tradeoff for classical algorithms.

Proof. By Theorem 10.1, any classical algorithm that solves the /-Nested Collision Finding Problem
when ¢ > 2 and Ny = © (N°) with constant probability using S bit space and T oracle queries must

2_ €
satisfy S ST =0 (N iJ@) . This implies that with limited space, say S = O(log V), any classical
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algorithm that succeeds with constant probability should use 7" = 2 (N ?1e+§) oracle queries. But
with enough space, the classical algorithm described in Theorem 6.4 solves this problem when
No =0 (N %> with constant probability using 7' = O (N %+2%> oracle queries which is strictly
better than the bound when ¢ > 2. O

10.2 The quantum bound

Theorem 10.3. For ¢ > 2, any quantum algorithm that solves the (-Nested Collision Finding problem
1
with constant probability with space S = Q(log N) = O (N <Z+1)<22+1>> and T oracle queries must satisfy

sHT=0 <N2<f1+1)N0‘1*>.

Proof. By the definition of /-Nested Collision Finding Problem, the algorithm is given a target
y sampled from an arbitrary distribution D. We will prove that for any fixed y, the algorithm

~ 1
solving problem will have S Fr=0 (N Gy N04> . Then, for any distribution D, if an algorithm
A solves the /-Nested Collision Finding Problem with respect to D, take y* from the support of
D such that A has largest winning probability with y* as target, then A also solves the /-Nested
~ 1
Collision Finding Problem for y*, and therefore also satisfy the bound S Sy =N Ny .

We now consider the case when the target y is fixed, we fix {yg} such that yg = y for all
H. We have shown that the algorithms having each of CPhO, HaO and CStO as the oracle query
form are equivalent, therefore without loss of generality, we consider an arbitrary algorithm .4
interacting with random oracle G in HaO, and all registers XUWADR are therefore initialized as

) A
|®0) = o 2 nc|0xuwa G)r H)p-
Fort = 1,---,T, we look at the state in all registers after ¢ oracle queries, let K*) be the ex-

pected sum-{y; } {-tuple capacity of state |®;) with respect to our fixed {y; }. Let K = = SELK®.
By Theorem 9.3, algorithm up to time step ¢ has t < T queries, we have

1
T

M=

K ) (S%JFQT?N’H%) -0 (S%“TQNV%) . (14)

t=1

We can also define the value of sum-{yx} ¢-tuple capacity for any fixed H. Since we could view
H as classically uniform-randomly sampled, then whenever we look at the state in XUWADR
and project it to subspaces where D is |H)y,, their corresponding projected component all have
the same amplitude. Also, if we denote |®; i) x ywapgr as the normalized state after projecting it

to the subspace where D is |H)p, |®;) = ﬁ >y |®i m). Therefore, define KS) as the expected

sum-{yp } {-tuple capacity of |®; i), and Ky = 7 ST Kg), we have K = Ey [Kp].

Now we look at the probability of finding collisions in G with bounded expected same-sum
¢{-tuple capacity by applying Lemma 5.6. Notice that in the original setting of Lemma 5.6, G oracle
is purified in register D, initialized as |L,- - , L), where the algorithm queries it using CPhO,
R is used to output collisions, and there is no oracle H; for fixed label function, V' is defined by
looking at register D in compressed basis and count its non-_L entries among the designated label.

Here, we argue that this is equivalent to our current scenario under each fixed H € [N]*. Now
output the collisions in some pre-determined positions of XUW. We set the domain of G oracle
to be [M?], G is purified in R, initialized as |0, - - - , 0)g, where the algorithm queries it using HaO.
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Notice that HaO is essentially a CPhO under Hadamard basis of register R, the current standard
basis state |0) is [0) = |L) under Hadamard basis, so it is also consistent. For our fixed H, we
define its induced label function Lbly : [M*] — [N], where Lblg (21, -+ ,2¢) = >_jH(zj) mod N,
therefore /-tuples with label yy are /-tuples with sum yz. With fixed H, the state after ¢-th query
becomes |®; x), and Ky exactly characterizes the expected same-label capacity averaging over all
timesteps from 1 to 7.

Therefore, we could safely borrow Lemma 5.6. For any fixed H and label function Lbly as
defined above, the probability of A outputting a pair of labeled-collision in G is exactly the prob-
ability of A outputting a pair of colliding ¢-tuples in G of target sum y, we denote this probability
as Py, then

(15)

Finally, the algorithm that solves the ¢-Nested Collision Finding problem (defined in Defini-
tion 6.1) finds a pair of colliding /-tuples in G of the target sum y with randomly sampled H,
therefore Ex [Pr] = €2(1). Then we have

K=E[Ky] =9 (T7N) - E[Pu] =0 (T7*No) . (16)

Since the constant in the O-notation in Lemma 5.6 does not depend on H, we can take this expec-

- 1
tation over H. Combine Equation (16) and Equation (14), we have S Fr=0 (N 2 N04> . O

Theorem 10.4. For any { > 4 and any Ny = © (N€) where %‘%gff_?’ < € < 725 the corresponding

(-Nested Collision Finding Problem has a space-time tradeoff quantum algorithms.

Proof. By Theorem 10.3, any quantum algorithm that solves the /-Nested Collision Finding Prob-
lem when ¢ > 2 and Ny = O (N¢) with constant probability using S qubit space and T or-
acle queries must satisfy S ST =0 <N Wilﬂﬁi). This implies that with limited space, say
S = O(log N), any quantum algorithm that succeeds with constant probability should use T" =
Q (N ﬁJ&) oracle queries. But with enough space, the quantum algorithm described in Theo-

rem 6.5 solves this problem when Ny = O (N 1’%1) with constant probability using 7' = © (N %>

oracle queries which is strictly better than the bound when € > 5 éej‘f_s. But notice that only when

. 40+6 3
¢ > 4 there exists e such that 57=75 <€ < 725. u
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A Proof for Lemma 8.2, Lemma 8.3 and Lemma 8.4

A.1 Proof for Lemma 8.2

Proof. Let {(|u;) , |”i>}ie[ D] be the Jordan basis of projectors II Adyrt ang II,ecet. We can rewrite the
initial state as:

FlipTest

|thst) [0)g [0)g = Z ci |vi) .

i€[D]

Then the final state is

A,
(AT ) (0 00 ) = 37 " )
i€[D]
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where p; = |(u;|v;)|?. By Jensen’s inequality Lemma 3.3, we have

2
k A, k
Plgli[))Test = ‘ <HFliin§s{Hreset> (|¢st> ’0>S |0>B)

2 2k—1
:E CiD;
1€[D]
2k—1

> > &

1€[D]

(1 2k—1
= (PFIi;)JTest) :

A.2 Proof for Lemma 8.3

Proof. Replacement of the advice state to a maximally mixed state can only affect the success prob-
ability by 2% since the advice is a S-qubit state.

1
uniform,(S)\ 25-1
(PFlipTest )

1
L s )
= (25PFlipTest>

1
L1 s 25-1
>3 <QSPFIipTest>
1 o)
2§PFIipTest‘

A.3 Proof for Lemma 8.4

Proof. It is equivalent to prove for k£ > 2:

2, 2k—1 2, 2k+1
g 2 ie[p] GiPi <5 - 2 ie[D] GiPi
k=1 -= 2. 2k—3 — Pk T ) 2 2k—1°
Zie[D] G p; ie[D] G Pi
. c?pzk_s 2 Oéip? 2
Define o; = W, we have Sk = ZzE[D} a;p;. Let ,81 = T where H = ZZG[D] a;p; -
S (X2
8; _aipzz
=
7
2%—1
C?Pi
- 2, 2k—3
Zie[D} Gp; TH
2%k—1
Cgpz‘

Y ierp) Cpi T (Zie[D} it/ <Zz’e[D] C?P?k_3>>
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2 2k—1
GD;

2, 2k—1°
Zz'e[D} CiD;

Thus Sy, = 3, Bip;. Now it we prove that ;¢ ) Bipf > 3,c(p) @ip; instead, which is

2

> api = | D i (17)
]

i€[D] i€[D

when multiple p on both sides. Let P be a random variable that takes value p? w.p. «;. We have
E[P] = 3 ;c(p) v} and E[P?] = 37, 1) aip}. Equation (17) follows from Var[P] = E[P?|-E[P]* >
O
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