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Abstract

Error-correcting codes are a method for representing data, so that one can recover the original
information even if some parts of it were corrupted. The basic idea, which dates back to the revolutionary
work of Shannon and Hamming about a century ago, is to encode the data into a redundant form, so that
the original information can be decoded from the redundant encoding even in the presence of some noise
or corruption. One prominent family of error-correcting codes are Reed-Solomon Codes which encode
the data using evaluations of low-degree polynomials. Nearly six decades after they were introduced,
Reed-Solomon Codes, as well as some related families of polynomial-based codes, continue to be widely
studied, both from a theoretical perspective and from the point of view of applications.

Besides their obvious use in communication, error-correcting codes such as Reed-Solomon Codes
are also useful for various applications in theoretical computer science. These applications often require
the ability to cope with many errors, much more than what is possible information-theoretically. List-
decodable codes are a special class of error-correcting codes that enable correction from more errors than
is traditionally possible by allowing a small list of candidate decodings. These codes have turned out to
be extremely useful in various applications across theoretical computer science and coding theory.

In recent years, there have been significant advances in list decoding of Reed-Solomon Codes and
related families of polynomial-based codes. This includes efficient list decoding of such codes up to
the information-theoretic capacity, with optimal list-size, and using fast nearly-linear time, and even
sublinear-time, algorithms. In this book, we survey these developments.

ISSN 1433-8092



Contents

1

Introduction

1.1 Listdecoding . . . . . . . . 0 0 i e e e e
1.2 Polynomialsin coding theory . . . . . . . . . . . ... L
1.3 List decoding with polynomial codes . . . . . . . . . . . .. ... L
1.4 Organization and scope of thissurvey . . . . . . . . . . . ... L

Notation and definitions

2.1 List-decodablecodes . . . . . . . . . . . ..
2.2 Polynomials over finite fields . . . . . . . . . . ...
2.3 Some families of polynomial codes . . . . . . . . ... .. L
2.4 Bibliographic notes . . . . . . . . . . e e e e e e e

Algorithmic list decoding up to Johnson Bound

3.1 Unique decoding of Reed-Solomon Codes . . . . . . . ... ... ... ... ...,
3.2 List decoding Reed-Solomon Codes beyond unique decoding radius . . . . . ... ... ... ....
3.3 List decoding Reed-Solomon Codes up to the JohnsonBound . . . . . . . . ... ... ... . ....
3.4 Limitations on list decoding of Reed-Solomon Codes beyond the Johnsonbound . . . . . . . . . ...
3.5 Bibliographicnotes . . . . . . . . ... e e

Algorithmic list decoding up to capacity

4.1 List decoding multiplicity codes beyond unique decoding radius . . . . . . ... .. ... ... ...
4.2 List decoding multiplicity codes up to capacity . . . . . . . . .. ...
4.3 List decoding Reed-Solomon Codes over subfield evaluation points up to capacity . . . . . . .. . ..
4.4 BibliographiC notes . . . . . . . . . . L. e e e e e e e e

Combinatorial upper bounds on list size

5.1 Reed-Solomon Codes over random evaluation points . . . . . . . . . . . . . .. ...
5.2 Multiplicity codes . . . . . . . . e e e e
5.3 Reed-Solomon Codes over subfield evaluation points . . . . . . . . ... ... ... ... ...
5.4 Bibliographicnotes . . . . . . . . ... e

Near-linear time list decoding

6.1 Fast list decoding of Reed-Solomon Codes up to JohnsonBound . . . . . . . ... ... ... ....
6.2 Fast list decoding of multiplcity codes up to capacity . . . . . . . . . ... ...
6.3 Bibliographicnotes . . . . . . . . .. L. e

Local list decoding

7.1 Local correction of Reed-Muller Codes . . . . . . . . . ... ... ...
7.2 Local list decoding of Reed-Muller Codes beyond unique decoding radius . . . . . . . ... ... ..
7.3 Local list decoding of Reed-Muller Codes up to the Johnson Bound . . . . . .. ... ... ... ..
7.4  Local list decoding of multivariate multiplicity codes up to minimum distance . . . . . . . . ... ..
7.5 Bibliographicnotes . . . . . . .. L.

Conclusion and open problems

25
25
30
34
38

38
39
45
50
53

55
55
62
69

69
72
73
77
81
83

84



1 Introduction

The problems of communicating and storing data, robustly and efficiently, in the presence of errors or noise
is a fundamental problem of interest at the intersection of mathematics and engineering. The theory of error
correcting codes (or coding theory) was developed in the landmark works of Shannon [Sha48] and Hamming
[Ham50] in the 1940s/50s as an attempt towards formalizing and understanding these problems. The central
notion in this theory is that of an error correcting code (or simply a code). An error correcting code C' of
block length n over a finite alphabet ¥ is a subset of ™. The words in C are referred to as codewords, and
typically, we also associate a set M of strings (called messages) with the code C' such that there is a bijection
® (called an encoding map) from M to C.

The rate of a code C' is defined as R(C) := ;‘fgg(%)‘) and it measures the amount of the redundancy
in the code. Specifically, to use a code to communicate in the presence of noise, the idea is that if we want
to communicate a message m € M over a noisy channel, we instead encode it as ®(m) and send ®(m)
over the channel. The rate of the code then measures the number of possible messages one can encode
using the code, out of all possible length n strings over Y. The minimum (Hamming) distance of a code C
is defined as A(C') := minczoec Ac, ), where A(c, '), referred to as the Hamming distance between
c and ¢, is the number of entries on which ¢ and ¢’ differ. The minimum distance of a code is a measure
of how far in Hamming distance any two distinct codewords in C' are from each other, and consequently,
how noise tolerant the code might be. Specifically, the channel might corrupt some of the entries of ®(m)
during transmission and the receiver might receive a string w € ¥". However, if w and ®(m) differ on less
than # entries, then ®(m) (and hence m) can be recovered uniquely by the decoder by searching for the
unique codeword in C that is closest to the received word w.

The above discussion also highlights the innate tension between the rate and distance of codes - a larger
rate appears to force a lower distance (and hence, lower error tolerance). Understanding the precise tradeoff
between rate and distance of codes continuous to be a fundamental open problem at the heart of coding
theory. In particular, the classical Singleton Bound from the 60’s states that for a linear code C' C X" of
size |C| = ¥¥ it must hold that A(C) < n — k + 1. This in particular implies that 6(C) < 1 — R(C) for
any code C, where §(C') := ¥ is the relative distance of C'. Codes satisfying the Singleton bound with
equality are called maximum distance separable (MDS) codes, and by now we know of various families of
codes satisfying this property.

The aforementioned framework of using codes for communication in the presence of noise clearly also
highlights computational questions of great interest in coding theory, namely that of explicitly constructing
families of codes with non-trivial rate and distance and designing efficient encoding and decoding algorithms
for these codes. Moreover, such computational aspects are also of great interest to computer science, because
of the numerous surprising connections and applications that error-correcting codes have had to areas such
as complexity theory, cryptography, pseudorandomness, and algorithm design, which often require explicit
and efficiently decodable codes.

1.1 List decoding

If a code C has distance A(C'), then clearly, for any word w € X", the number of codewords at Hamming
distance less than # from w is at most one. Consequently, A(20) is called the unique decoding radius
of the code. The notion of list decoding, introduced in the works of Elias [Eli57] and Wozencraft [Woz57]
relaxes this error bound to beyond #. At this distance, the codeword closest to w need not be unique, but

we can still hope that the /ist of such codewords is small. More formally, for « > 0 and a positive integer




L, acode C C X" is said to be («, L)-list decodable if for every w € X", there are at most L different
codewords ¢ € C' such that the Hamming distance A(w, ¢) is at most an.

One of the ways to see that this notion of list decoding offers something more than the notion of unique
decoding is via a theorem of Johnson, which (informally) shows that every code C'is (v, L)-list decodable
with constant list size L as long as the parameter « is less than a function J(A) of the distance A of the
code. J(A) is referred to as the Johnson Bound (or the Johnson Radius) of the code, and it is always as
large as %, but can be much larger. Furthermore, an extension of the aforementioned Singleton Bound to the
setting of list decoding shows that any («, L)-list decodable code must satisfy that o < LLH(l — R). Note
that the L = 1 case corresponds to the classical Singleton Bound which implies that o < % < %, but for a
growing L, the bound comes close to twice as large. We say that a code achieves list-decoding capacity if it
approaches this bound, i.e., if it is (1 — R — €, O(1))-list decodable for any € > 0 (We will say that the code
achieves list-decoding capacity even if the list is bounded as a function of the block length). Once more,
by now we know of several families of capacity-achieving list-decodable codes, which by allowing a small
(constant-size) list, can tolerate almost twice as many errors than what is possible in the unique decoding
setting!

In the communication setting, list decoding may be useful when the receiver has some side information
about the transmitted message which enables the receiver to eliminate some of the codewords in the list,
and list decodable codes are also a useful building block in the construction of uniquely decodable codes.
Furthermore, list decodable codes serve as a bridge between the adversarial error model described above
(pioneered by Hamming [Ham50]) in which an adversary may corrupt an arbitrary subset of the codeword
entries, and the random error model (pioneered by Shannon [Sha48]) which assumes that each codeword
entry is corrupted independently with some fixed probability. It is well known that one can tolerate more
(roughly twice as many) errors in the random error model than in the adversarial model, and thus using list-
decodable codes, one can handle more errors than in the adversarial unique decoding setting in the presence
of both random errors (in which case the list will typically contain a single codeword) and adversarial errors
(by allowing a small list). List decodable codes also turned to be highly useful for applications in computer
science, like hardness results in complexity theory and explicit construction of various pseudorandom objects
like expanders, extractors and pseudorandom generators.

The applications described above highlight two main fundamental questions about list-decodable codes.
The first is a combinatorial question, where the goal is to bound the list size of various codes for a given
decoding radius. The second is a computational question about designing explicit list-decodable codes with
efficient list decoding algorithms which given a received word, output the list of close-by codewords. A
substantial fraction of such results were obtained for families of algebraic error correcting codes based on
low-degree polynomials (also motivated by the applications described above). Our goal in this survey is to
discuss some of these developments, with the focus being on polynomial-based families of codes that we
discuss next.

1.2 Polynomials in coding theory

Algebraic techniques, and in particular, the properties of low degree polynomials over finite fields have
played an outsized role in the developments in coding theory since the early years of this research area.
Indeed, the families of error correcting codes based on the evaluation of low degree polynomials (univariate
or multivariate) are among the most well studied families of codes.

The flag bearer of such a code family is undoubtedly the family of Reed-Solomon Codes. The codewords
of this code correspond to the evaluations of all univariate polynomials of degree less than k with coefficients



in a finite field IF, on a specified set ¥ C I, of n field elements. The distance of these codes stems from the
basic algebraic fact that two distinct univariates of degree less than &k cannot agree on more than k inputs. It
follows that Reed-Solomon Codes are MDS codes.

The mathematical properties of low degree polynomials at the core of Reed-Solomon Codes have
found vast generalizations and have led to numerous other fundamental and well studied code families.
Some classical examples are Reed-Muller Codes whose codewords correspond to evaluations of low degree
multivariate polynomials over a product set, BCH Codes where the codewords correspond to low-degree
univariate polynomials whose evaluations lie in a small subfield, and Algebraic Geometry (AG) codes where
the codewords correspond to evaluations of certain functions on rational points of some algebraic curve.

Besides their elegance and their fundamental mathematical properties, polynomial-based codes as above
in many cases achieve the best possible tradeoff between their rate and error-correction radius, in various
communication scenarios, and their algebraic structure also lends itself to fast encoding and decoding
algorithms. Furthermore, polynomial-based codes such as Reed-Solomon Codes are also widely used in
practice due to their good concrete parameters. The algebraic properties of these codes are also often useful
for computer science applications. For example, one such useful property is the multiplication property,
which guarantees that the point-wise multiplication of a pair of codewords (for example, evaluations of a
pair of degree k£ polynomials) is a codeword in another related code (corresponding to evaluations of degree
2k polynomials).

In this survey, we will focus on the list-decoding properties of polynomial-based codes, which we discuss
next.

1.3 List decoding with polynomial codes

The celebrated work of Sudan [Sud97] and Guruswami-Sudan [GS99] from the 1990s gave efficient
(polynomial-time) algorithms for list decoding Reed-Solomon Codes beyond the unique decoding radius, up
to the Johnson Bound. Note that up to this bound the list size is guaranteed to be constant, so the question is
only computational, namely, designing efficient list decoding algorithms which given a received word, output
the list of close-by codewords. This result led to significant interest in understanding the list decodability of
Reed-Solomon Codes beyond the Johnson Bound. Beyond this radius, the question is both combinatorial
and computational, namely, showing upper bounds on the list size, and if such upper bounds exist, then
also searching for efficient list decoding algorithms. While this continues to be an extremely active area of
research with many open research directions, the interest in this problem has been an important driving force
behind many other significant developments in this area.

This includes the discovery of variations of Reed-Solomon Codes that were shown to achieve list
decoding capacity, with a list size that matches the generalized singleton Bound, together with efficient list
decoding algorithms up to capacity for these codes. Some prominent examples of such codes are Folded
Reed-Solomon Codes, where one bundles correlated evaluations of a low-degree polynomial into a single
codeword entry, and multiplicity codes, where the encoding also includes evaluations of derivatives of a
low-degree polynomial.

Recent work in this area has also led to significant advances in the understanding of the combinatorial
list decodability of Reed-Solomon Codes beyond the Johnson Bound. Specifically, while it was shown that
certain Reed-Solomon Codes are not list-decodable well beyond the Johnson Bound with a list size that is
polynomial in the block length (let alone, a constant list size), it was also shown that Reed-Solomon Codes
over random evaluation points achieve list-decoding capacity, with a list size that matches the generalized
singleton Bound, with high probability. Finding explicit evaluation points satisfying this property, together



with an efficient list-decoding algorithm, constitutes a major open problem in this area by the time of writing
of this survey.

A distadvantage of all the aforementioned polynomial-based codes is that their alpahbet is very large
(polynomial in the block length). The alphabet size can be brought down to a constant by resorting to
appropriate variants of AG codes. With regard to efficiency, by now we know of fast near-linear time
implementation of the list-decoding algorithms mentioned above. Moreover, using Reed-Muller Codes and
multivariate multiplicity codes one can also obtain local list-decoding algorithms that are able to list-decode
individual codeword entries in sublinear time.

1.4 Organization and scope of this survey
The survey is organized as follows:

* In Section 2, we begin by presenting formal definitions and basic facts about list-decodable codes and
low-degree polynomials, and introducing some families of polynomial-based codes that will be the
focus of this survey.

* In Section 3, we present efficient (polynomial-time) algorithms for list decoding Reed-Solomon Codes
up to the Johnson Bound, and we also present combinatorial lower bounds on the list size of Reed-
Solomon Codes beyond the Johnson bound.

* In Section 4, we present efficient (polynomial-time) algorithms for list decoding multiplicity codes
up to capacity, and we also show that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms
in particular show that the list size of multiplicity codes at capacity is at most polynomial in the
block length, while the list-size of Reed-Solomon codes over subfield evaluation points is at most
sub-exponential in the block length.

* In Section 5, we present combinatorial upper bounds on the list size of polynomial-based codes at
capacity. Specifically, we show that the list size of Reed-Solomon codes over random evaluation points
and multiplicity codes is in fact a constant, independent of the block length (and even matches the
generalized Singleton bound), and that the list-size of Reed-Solomon codes over subfield evaluation
points can also be reduced to a constant (and the running time of the list decoding algorithm to a
polynomial) by passing to an appropriate subcode.

* In Section 6, we present faster near-linear time implementations for some of the list-decoding algo-
rithms presented in the previous sections.

* In Section 7, we present local list decoding algorithms for multivariate polynomial-based codes that
are able to decode individual codeword entries in sublinear time.

Some of the material presented in this survey is also covered by other surveys. Specifically, the unique
decoding algorithm for Reed-Solomon Codes presented in Section 3.1 is also covered in the online textbook
[GRS, Section 12.1] about error-correcting codes, and the list-decoding algorithms for Reed-Solomon Codes
presented in Sections 3.2 and 3.3 are also covered in [GRS, Section 12.2], and in Guruswami’s survey on
algorithmic list decoding [GurO6b, Section 4]. The algorithm presented in Section 4.1 for list decoding
of multiplicity codes beyond unique decoding radius follows the presentation of [GRS, Section 17] for the
related family of Folded Reed-Solomon Codes. The local correction algorithm for Reed-Muller Codes
presented in Section 7.1 is also covered in Yekhanin’s survey on locally decodable codes [ Yek12, Section 2].



This survey focuses solely on list-decoding properties of polynomial-based codes. Parallel to the time
of writing of this survey, it was discovered that certain families of expander-based codes have list-decoding
properties competitive to those of polynomial-based codes, in particular they can be list-decoded up to
capacity with optimal list-size over a constant-size alphabet, and in nearly-linear time [ST25, JMST25].

Finally, we do not discuss in this survey any of the applications of list-decodable codes. Some applications
in coding theory are surveyed in [Gur0O4, Section 11], and applications in theoretical computer science are
surveyed in [Sud00], [Tre04, Section 4], [Gur04, Section 12], [Gur06a], [Vad12, Section 5], and [GRS,
Sections 20 and 24]. List recovery, a certain generalization of the notion of list-decoding that is useful for
applications in coding theory and theoretical computer science, is surveyed in [RV25].

2 Notation and definitions

In this section, we first present some basic notations, and then we provide formal definitions and state some
basic facts about list-decodable codes and low-degree polynomials in Sections 2.1 and 2.2, respectively.
Finally, in Section 2.3 we introduce some families of polynomial-based codes that will be the focus of this
survey.

Notations. For a pair of strings u,v € X", the (Hamming) distance between u and v is the number
of entries on which v and v defer, and is denoted A(u,v) := |{i € [n]: u; # v;}|, and the relative
(Hamming) distance between u and v is the fraction of entries on which u and v differ, and is denoted
by 6(u,v) = w. We say that a string u € X" is a-close (a-far, respectively) to a string v € 3" if
d(v,u) < a (§(v,u) > a, respectively). For w € X" and o € (0, 1), we define the Hamming ball of
radius « centered at w as the set B(w, ) := {u € ¥" | §(u,w) < a}.

For any prime power g, we denote by [F, the finite field of ¢ elements. For a field F and u € F",
the (Hamming) weight |u| of w is the number of non-zero entries of , that is, |u| := |{i € [n] : u; # 0}/
Throughout, welet N := {0, 1, 2, ...} denote the set of non-negative integers. Foravectori = (i1,...,imy) €
N™, the weight wt(i) of i, equals wt(i) = > 7, 4;, and for i = (i1, ..., im),J = (J1,- ... Jm) € N, we

e () =TI, ().

2.1 List-decodable codes

Before formally defining list-decodable codes, we start with some basic notation and definitions about
error-correcting codes.

An (Error-correcting) code is a subset C' C X", We call X and n the alphabet and the block length of
the code, respectively, and the elements of C' are called codewords. The rate of a code C' C X" is the ratio

R := T}_‘Eg(‘cz')n, the (Hamming) distance of C'is A(C) := min..-cc A(c, ), and its relative distance

is 5(C) := 2,
We say that a code C' C X" is F-linear if ¥ = F* for some field IF and a positive integer s, and C'is an
F-linear subspace of ™. If ¥ = I, and C' is an F-linear code, then we simply say that C'is linear. For an [F-

%, and the distance of C' equals ming.cc |c|. A generator

matrix for a linear code C' of dimension k is a (full-rank) matrix G' € F"*¥ so that Image(G) = C, and a
parity-check matrix for C' is a (full-rank) matrix H € F("~F)x" 5o that ker(H) = C. The dual code of C

n /

is the code C~ C F™ containing all strings ¢’ € F™ satisfying that > ¢ =0forall c € C. It follows

linear code C' C X", the rate of C' equals



by definition that (C)+ = C, and that H is a parity-check matrix for C' if and only if H” is a generator
matrix for O

For a code C' C X" of relative distance d, and a given o < g, the problem of (unique) decoding from
an a-fraction of errors is the task of finding, given a string w € X", the unique ¢ € C (if any) which
satisfies 0(c, w) < a.

List decoding is a paradigm that allows one to correct more than a g fraction of errors by returning a
small list of close-by codewords. More formally, for o € (0, 1) and a positive integer L we say that a code
C C ¥"is (a, L)-list decodable if for any w € X" there are at most L different codewords ¢ € C' which
satisfy that §(c, w) < «. The problem of list-decoding from an «-fraction of errors is the task of finding,
given a string w € X", the list of codewords ¢ € C which satisfy that 0(c, w) < a.

The Johnson Bound. The Johnson Bound states that any code of relative distance ¢ is list-decodable from
a fraction of a < 1 — /1 — ¢ errors with a list size which depends on the proximity of a to 1 — /1 — 4.
Note that 1 — /1 -4 € (g, 9) for any § € (0, 1), so this bound improves on the unique decoding bound.

Theorem 2.1 (Johnson Bound). Let C' C X" be a code of relative distance 6. Then for any o < 1—+/1 — 6,

C'is (a, L)-list decodable with list size L = (1703{%

Proof. Let w € X" be a string, and let £ = {c € C | 6(c,w) < «a}. Our goal will be to show that
L:=|L|< %. The proof follows by providing upper and lower bounds on the average agreement
between a pair of distinct codewords in the list, given by Proccr ie[n] [c; = ¢}], and comparing the two
bounds.

For the upper bound, note that since C has relative distance §, we have that §(c, ¢’) > ¢ for any distinct
¢, € L. Consequently, we have that

Pr [ci=d] <1-4. (1
c#d €L i€n)

Next we show a lower bound on the above expression. For ¢ € [n], let ¢; be the number of codewords in
L which agree with w on the i-th entry, that is, ¢; := |{c € L | ¢; = w;}|. Note that since d(c, w) < « for
any c € L, we have that E;c[,,[t;] > L(1 — «). Consequently, we have that:

P = > P = = ws 2
c;éc’eﬁl;ie[n] [Cz Cl] o c;éc/eﬁl;ie[n} [Cz G wl] @

ti Eicints L(1—
o Eie[”](Q) > ( b ) > ( (2a)>
= L = L = y
(3) (3) (3)
where the one before last inequality follows by convexity.
The combination of the bounds given in (1) and (2) gives the following inequality:

<L<12_a>) ; @ 1

which rearranging gives the desired bound of L < %.




The generalized Singleton Bound. The classical Singleton Bound implies that any code of rate R and
relative distance § must satisfy that 6 < 1 — R. The generalized Singleton Bound extends this fact by
showing that any (a, L)-list decodable code of rate R must satisfy that o < 757 +1 - (1 — R). Note that the
classical Singleton Bound for unique decoding corresponds to the special case of L = 1, in which case
a<y< gt

Theorem 2.2 (Generalized Singleton Bound). Ler C' C X" be a code of rate R that is (v, L)-list decodable.
Then

< — (1 — 1
a_L+1 ( R+0L( )))

where for a fixed L, the term or,(1) tends to zero as the block length n tends to infinity.
Proof. Letb := L+1 - an, for simplicity assume that b is an integer.

We first claim that for any string v € X" 7?, there are at most L distinct codewords in C' whose prefix
is u. To see this, suppose on the contrary that there exists a string v € X" and L + 1 distinct codewords

€0, C1, - - -, cr, € C' whose prefix is u. Let w € 3" be a string whose first n — b entries agree with u, and for
1 =0,1,..., L, w and ¢; agree on the i-th subsequent block of length +1 (once more, assume that +1 is
an integer for simplicity). Then by construction for any ¢ € {0, 1,..., L},
L b
0 )< — = =
(wyes) < L+l n @

which contradicts the assumption that C'is («, L)-list decodable.
Now, since for any string u € X" °, there are at most L distinct codewords in C' whose prefix is u, we
have that |C| < ¥"~? . L, which rearranging and taking logarithms gives

log(|C)) log(L)
n-log(|X]) ~ n-log(|X])’

b
—<1-
n

Plugging into the above inequality the values R = T}_‘ifjg(%)‘) and b = £ . an gives
log(L) L
<t (1 _ (1-R+or(l
=T < wdos(x)) T Tx1 +or(l)),
which completes the proof of the theorem. O

The above generalized Singleton Bound in particular implies that (v, L)-list decodable codes must have
o < 1—R—eforsome e = ¢(L), which approaches zero as L grows (specifically, e = O( 1), or equivalently,
L= O( )). We say that a code C' C X" attains list-decoding capacity if it matches this coarser bound,
ie., itis (1 — R — €,0.(1))-list decodable for any € > 0!

2.2 Polynomials over finite fields

This survey is mainly concerned with algebraic codes, based on low-degree polynomials over finite fields.
In what follows, we introduce some definitions and gather several known facts about polynomials over finite
fields that will be used for defining these codes and analyzing their list decoding properties.

"'We will sometimes abuse notation and say that the code achieves list-decoding capacity even if the list is bounded as a function
of the block length.



2.2.1 Univariate polynomials

For a field F, we let F[X] denote the ring of univariate polynomials over I, and we let F(X) denote the
field of rational functions over F in the indeterminate X. The degree deg(f) of a polynomial f(X) =
>ien fiX® € F[X] is the maximum ¢ so that f; # 0. We let F4[X] (F<q[X], respectively) denote the
linear space of all univariate polynomials over I of degree smaller than d (at most d, respectively). A root of
a polynomial f(X) € F[X]is a point a € F so that f(a) = 0. It is well-known that a non-zero polynomial
f(X) € F[X] of degree d has at most d roots in F.

It will sometimes be useful for us to also count roots with multiplicities. To define this notion, we first
need to define the n0t10n of a (Hasse) derivative, which is a variant of derivatives that is more suitable
for finite fields. Let f(X) € F[X] be a non-zero univariate polynomial over a field F. For a non-negative
integer 7, the ¢'th order (Hasse) derivative f((X) of f is defined as the coefficient of Z* in the expansion

fxX+2)=> fO9x

ieN

In particular, for any a € F, substituting a, X — a into X, Z respectively in the above expression gives the

expansion
=> fDa)(X —a). 3)
i€N
The above expansion should be compared with the more familiar Taylor Expansion with respect to classical
derivatives, where the coefficient of (X — @)’ is divided by an additional factor of 4!. Eliminating this
additional factor of 4!, which could be zero over a finite field, turns out to be convenient, and tends to make
theorem statements cleaner.
The multiplicity of a polynomial f(X) € F[X] atapointa € [, denoted mult(f, a), is the largest integer
s such that for any non-negative integer i < s, we have that f()(a) = 0. Note that mult(f,a) > 0 for any
a € T, and that mult(f, a) > 0 for any root a of f. The following fact, which is a direct consequence of the
expansion given in (3), generalizes the well-known bound on the number of roots of a low-degree univariate
polynomial, taking into account also multiplicities.

Fact 2.3. Ler f(X) € F[X] be a non-zero univariate polynomial of degree d. Then

Z mult(f,a) <d

a€eF
. e d . .
In particular, for any positive integer s, mult(f,a) > s for at most a W-fmcnon of the points a € F.

Note that the s = 1 case of the ’in particular’ part of the above fact corresponds to the standard bound
on the number of roots of a low-degree univariate polynomial.

We note the following basic properties of the Hasse Derivative, which follow directly from the definition
of the Hasse derivative.

Lemma 2.4. The following holds for any field F, univariate polynomials f(X),g9(X) € F[X], and non-
negative integers i, j:

1. (Linearity) (f(X) + g(X))(i) = f(i)(X) + g(i)(X)-
2. (Product rule) (f(X) - g(X))(i) = zzzg A (X) - gli="h) (X).
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3. (Iterative application) () (X)) = (HZ'J) - fUH(X).

Note that, as opposed to classical derivatives, the Hasse derivative is only iterative up to multiplication
by an additional binomial coefficient, but on the other hand, the product rule does not require multiplication
by an additional binomial coefficient.

Finally, for univariate polynomials f(X),h(X) € F[X], we use (f(X) mod h(X)) to denote the
unique remainder obtained by dividing f(X) by h(X). We also say that f(X) and g(X) are congruent
modulo h(X) (denoted by (f(X) = g(X) mod h(X)))if (f(X) — g(X)) is divisible by h(X).

2.2.2 Multivariate polynomials

The notions defined above can also be generalized to the setting of multivariate polynomials. Specifically,
for a field IF and a positive integer m, we let F[ X1, . . ., X,,,] denote the ring of m-variate polynomials over F,
and we let F(X7,..., X,,) denote the field of rational functions over I in the indeterminates X1, ..., X,,.
For ease of notation, we let X := (X7, Xo,...), and throughout the survey we also use the convention that
bold letters a, b, ... denote vectors over F. For i = (i,...,iy,) € N, we let X! denote the monomial
Xii= X{ o X,

The (total) degree deg(f) of a polynomial f(X) = >, fiX! € F[X] is the maximum weight wt(i) =
Zj i; of i so that f; # 0. As before, we let F4[X1, ..., X;n] (F<q[X1, ..., X,,], respectively) denote the
linear space of all m-variate polynomials over IF of (total) degree smaller than d (at most d, respectively).
In the multivariate setting, it will sometimes be useful for us to also consider a notion of weighted degree.
Specifically, for a vector b € N™, the b-weighted degree degy,(f) of a polynomial f(X) = >, fiX! €
F[X] is the maximum weighted sum } _, b; - i; of i so that f; # 0.

As in the univariate setting, we define a root of a polynomial f(X) € F[X] as a point a so that f(a) = 0.
The following well-known Schwartz-Zippel Lemma generalizes the well-known bound on the number of
roots of a low-degree univariate polynomial to the multivariate setting.

Lemma 2.5 ([Sch80, Zip79, DL78]). Let f(Xy,...,X,n) € F[Xy,...,X,,] be a non-zero m-variate
polynomial over a finite field F of (total) degree d. Then f has at most d - |F|"™ ! roots in F™.

The notion of a Hasse derivative can also be extended to the multivariate setting as follows. Let
f(X) € F[X] be a non-zero m-variate polynomial over a field F. For a vector i € N™, we define the i'th
(Hasse) derivative f)(X) of f as the coefficient of Z in the expansion

fx+2z)= 3 fOx)zt

ieN™

We define the multiplicity of f at a point a € F™, denoted mult(f,a), to be the largest integer s such that
for any i € N™ with wt(i) < s, we have that f()(a) = 0.
The following theorem extends the above Lemma 2.5 to also account for multiplicities of roots.

Theorem 2.6 ((DKSS13], Lemma 2.7). Let f(X) € F[X] be a non-zero m-variate polynomial over a finite
field TF of (total) degree d. Then

> mult(f,a) <d- [F|™

aclkm

In particular, for any positive integer s, mult(f,a) > s for at most a ﬁ-fmction of the points a € F™.
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Note that the m = 1 case of the above theorem corresponds to the above Fact 2.3, while the s = 1 case
of the ’in particular’ part corresponds to the above Lemma 2.5.
We also have the following extension of Lemma 2.4.

Lemma 2.7. The following holds for any field F, m-variate polynomials f(X), g(X) € F[X], andi,j € N™:
1. (Linearity) (f(X) + g(X))® = f0(X) + ¢®(X).
2. (Product rule) (f(X) - g(X)® =3, 1 yaees SO (X) - g®(X).

3. (Iterative application) (f® (X)) = (HI'J) - O (X).

2.3 Some families of polynomial codes

Next we introduce some families of polynomial codes that will be the focus of this survey. All codes are
defined over a finite field I, of ¢ elements, where ¢ is some prime power. We begin with the most basic
family of Reed-Solomon Codes.

Reed-Solomon (RS) Codes. Let aq,...,a, be distinct points in F, (called evaluation points), and let
k < n be a positive integer (the degree parameter). The Reed-Solomon (RS) Code RS, (a1, ..., an; k)
is a code which associates with any univariate polynomial f(X) € F,[X] of degree smaller than %k a
codeword (f(a1), ..., f(an)) € Fy. In the special case where n = ¢, we let RS, (k) := RS,(a1, ..., an; k).
It follows by definition that the Reed-Solomon Code RS, (a1,...,a,;k) is a linear code of rate %
Furthermore, since any two distinct univariate polynomials of degree smaller than k can agree on at most
k — 1 points in [ (since their difference is a non-zero univariate polynomial of degree smaller than %, and so
has at most £ — 1 roots in ), it follows that RS, (a1, ..., an; k) has distance at least n — k + 1, and relative
distance at least 1 — % So the Reed-Solomon Code attains the Singleton Bound (and so is an MDS code).

Another family of polynomial codes that will be at the focus of this survey are multiplicity codes, which
extend Reed-Solomon Codes by also evaluating derivatives of polynomials.

Multiplicity codes. As before, let aq,...,a, be distinct evaluation points in [F,, and let s be a positive
integer (the multiplicity parameter). Setting the multiplicity parameter s to be large allows us to choose
a degree parameter that is larger than the block length, specifically, we can choose the degree parameter k
to be any positive integer so that & < sn. The (univariate) multiplicity code MULTL(;”)(al7 coyap; k) s
defined similarly to the corresponding Reed-Solomon Code RS, (a1, ..., a,; k), except that each codeword
of the form (f(a1),..., f(a,)) is now replaced with the codeword (f(<$)(a1), A (an)), where for
a € Fy, weuse f (<9)(a) € [ to denote the vector which includes all (Hasse) derivatives of f at a of order
smaller than s, that is, f(<%)(a) = (f(a), fV(a),..., fC(a)).

It follows by definition that the multiplicity code MULTés) (a1,...,an; k) is an Fy-linear code over the
alphabet IE‘Z of rate ﬁ Furthermore, by Fact 2.3, MU LT((IS) (ai,...,an; k) has distance at least n — %, and
relative distance at least 1 — % Finally, note that Reed-Solomon Codes correspond to the special case of

multiplicity parameter s = 1.

Next we present multivariate extensions of the above codes. The first such extension are the Reed-Muller
Codes which extend Reed-Solomon codes to the setting of multivariate polynomials.
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Reed-Muller (RM) Codes. For simplicity, we only present here the definition of Reed-Muller codes
evaluated over the whole field. More specifically, as in the case of Reed-Solomon Codes, let k£ be a degree
parameter so that & < ¢, and let m be a positive integer. The Reed-Muller (RM) Code RM,, (k) is a code
which associates with any m-variate polynomial f(X1,...,X,,) € F;[X1,..., X,,] of degree smaller than
k a codeword (f(a))acFr -

It follows by definition that the Reed-Muller Code RM,, ,,,(k) is a linear code of block length ¢". Its
dimension is the number of monomials in m variables of degree smaller than & which equals (mts _1)
(")

, and

m

so this code has rate g Furthermore, by the Schwartz-Zippel Lemma (Lemma 2.5), RM, ., (k) has

relative distance at least 1 — £. Further note that the m = 1 case of the Reed-Muller Code defined above
corresponds to the Reed-Solomon code RS, (%), evaluated over the whole field.

Finally, we also present an extension of multiplicity codes to the multivariate setting.

Multivariate multiplicity codes. Once more, for simplicity, we only present here the definition of multi-
variate multiplicity codes evaluated over the whole field. As in the case of univariate multiplicity codes, let k
be a degree parameter and let s be a multiplicity parameter so that & < s- ¢, and as in the case of Reed-Muller
codes, let m be a positive integer. The multivariate multiplicity code MULTE,?,)n(k) is defined similarly to
the corresponding Reed-Muller Code RMg i, (k), except that each codeword of the form ( f(a))acrm is now

replaced with the codeword ( f(<*) (a))acrm, where similarly to the univariate multiplicity code case, we let

f(<s) (a) denote the vector which includes all m-variate (Hasse) derivatives of f at a of order smaller than

s, that is, f(<9)(a) = (f¥(a))jenm - wt(i)<s- Note that the length of this vector is the number of vectors
i € N™ of weight smaller than s which equals ("*571).

It follows by definition that the multivariate multiplicity code MU LTE,‘?,)n(k) is an F;-linear code over the

m-+s—1 m+k—1
alphabet IE‘S m ) and of dimension (mts 71), and so has rate Mﬂ. Furthermore, by Theorem 2.6,

MULT((Jf,Z,L(/@) has relative distance at least 1 — %.

2.4 Bibliographic notes

List decoding. The model of list decoding was first introduced by Elias [Eli57] and Wozencraft [Woz57].
The Johnson Bound is a classical bound in coding theory, and a bound in a similar form to the one stated
in Theorem 2.1 appeared in the context of list decoding in [GRS00, Section 4.1]. Our proof of Theorem
2.1 follows the proof of [Gur06b, Theorem 3.1] which is attributed there to Radhakrishnan. The Singleton
Bound is another classical bound in coding theory that is attributed to Singleton [Sin64], but also previously
appeared in [Jos58]. The Generalized Singleton Bound was stated and proved much more recently by
Shangguan and Tamo [ST20], and further improvements and extensions of this bound were given by Roth
[Rot22] and by Goldberg, Shangguan and Tamo [GST24].

In this section we only stated and proved simplified alphabet-independent versions of both the Johnson
Bound and the generalized Singleton Bound, as our focus in this survey is on polynomial-based codes that
are defined over a large alphabet, and achieve the best possible list-decoding radius. Alphabet-dependent
versions of the Johnson Bound can be found in [GurO6b, Section 3.1]. It is also known that over a g-ary
alphabet, the list-decoding capacity (i.e., the best possible list-decoding radius for codes of rate R) is
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H,'(1— R), where

1 1
Hy(a) = alog,(q — 1) + alog, (a) + (1 — a)log, <1 — a>
denotes the g-ary entropy function (see e.g., [Gur06b, Section 3.2]). It can be checked that H (1 -R)
approaches 1 — R for a growing alphabet.

Polynomial-based codes. Theorem 2.6 which bounds the number of roots of a low-degree polynomial,
counted with multiplicities, was stated and proved by Dvir, Kopparty, Saraf, and Sudan [DKSS13]. This
bound extends the classical bound for the number of roots without multiplicities, stated in Lemma 2.5, that
was proven independently by Schwartz [Sch80], Zippel [Zip79], and DeMillo and Lipton [DL78].

Reed-Solomon Codes are classical codes that were introduced by Reed and Solomon [RS60], while
Reed-Muller Codes were introduced by Muller [Mul54], and a fast decoder for these codes was presented
by Reed [Ree54]. The univariate version of multiplicity codes was introduced by Rosenbloom and Tsfasman
[RT97], while their multivariate extension was introduced more recently by Kopparty, Saraf, and Yekhanin
[KSY14].

3 Algorithmic list decoding up to Johnson Bound

In this section we focus on the most basic family of Reed-Solomon (RS) Codes, and show how to efficiently
list-decode these codes beyond the unique decoding radius, up to the Johnson Bound (cf., Theorem 2.1).
Note that up to this bound the list size is guaranteed to be constant, so the question is only computational,
namely, designing efficient list decoding algorithms which given a received word, output the list of close-by
codewords.

As a warmup, we first present in Section 3.1 below an efficient (polynomial-time) algorithm for unique
decoding of Reed-Solomon Codes up to half their minimum distance. Then, in Section 3.2 we present an
efficient algorithm for list decoding of Reed-Solomon Codes beyond half their minimum distance, while in
Section 3.3 we show how to extend this algorithm up to the Johnson Bound. Finally, in Section we present
combinatorial lower bounds on the list size of Reed-Solomon Codes beyond the Johnson bound, which in
particular imply that there is no efficient algorithm which list decodes general Reed-Solomon codes well
beyond the Johnson bound.

3.1 Unique decoding of Reed-Solomon Codes

In this section, we first present, as a warmup, an efficient (polynomial time) algorithm for unique decoding
of Reed-Solomon Codes up to half their minimum distance.

More specifically, fix a prime power ¢, distinct evaluation points a1, ..., a, € F,, and a positive integer
k < n. Recall that the Reed-Solomon (RS) Code RS, (a1, . . ., an; k) is the code which associates with each
polynomial f(X) € F,[X] of degree smaller than k a codeword (f(a1), ..., f(an)) € Fy. In order to avoid
annoying rounding issues, in what follows we shall assume for simplicity that k, n have the same parities.
Suppose that w € [y is a received word, and suppose that there exists a (unique) polynomial f(X) € F,[X]
of degree smaller than & so that f(a;) # w; for at most e := ¥ indices i € [n]. Thatis, f(a;) = w; for at

leastt :=n —e = ”TJ“’“ indices ¢ € [n]. Below we shall present an algorithm which finds f(X) (and so also
the associated codeword (f(a1), f(az2),..., f(ay))). In particular, if we let R := % denote that rate of the
RS,(a1, ..., an; k) code, then this algorithm will be able to decode from % fraction of errors.
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Overview. As will typically be the case, the decoding algorithm is divided into two main steps. The first step
is an interpolation step in which we find a non-zero low-degree bivariate polynomial Q(X,Y") € F,[X, Y]
so that Q(a;, w;) = 0 for any 7 € [n]. The second step is a root finding step in which we find a univariate
polynomial g(X) € F,[X] satisfying that Q(X, g(X)) = 0. To show correctness, we need to prove that such
a non-zero low-degree polynomial () exists, and that g(X ) = f(X). We also need to ensure that both steps
can be performed efficiently (in time polynomial in n and log(g)). In what follows, we describe separately
each of these steps, and analyze their correctness and efficiency.

Step 1: Interpolation. We start by describing the first step of interpolation, in which we would like to find
a non-zero low-degree bivariate polynomial Q(X,Y") € F,[X, Y] so that Q(a;,w;) = 0 for any ¢ € [n].
How can such a polynomial ) be found? Let

EX)= ][] X-a)
i:f(a;)Aw;

denote the error-locating polynomial whose roots are all the error-locations, i.e., all evaluation points a;
for which f(a;) # wj.
The main observation is that if we let

QX,Y) = E(X) - f(X) - E(X)-Y,
then for any 7 € [n] we have that
Q(a;, w;) = E(a;) - f(a;) — E(a;) - w; = 0.

To see that the above indeed holds, note that if f(a;) = w;, then we clearly have that Q)(a;, w;) = 0, and if
f(a;) # w;, then E(a;) = 0 by the definition of F, and so we also clearly have that Q(a;,w;) = 0 in this
case.
Motivated by the above, we would like to search for a non-zero bivariate polynomial Q(X,Y") over I,
of the form
QX,Y) = A(X) + B(X) - Y,

where A(X) has degree at most e + k — 1 = “t* — 1 and B(X) has degree at most e = "5* and which
satisfies that Q(a;, w;) = 0 for any ¢ € [n]. By the above, such a non-zero polynomial Q(X,Y") exists by
the choice of A(X) = E(X) - f(X) and B(X) = —E(X). Next we give an alternative linear-algebraic
argument for the existence of () that will later be useful when attempting to extend the unique decoding

algorithm to the setting of list decoding.

Lemma 3.1. There exists a non-zero bivariate polynomial Q(X,Y") over Fy of the form
Q(X,Y) = A(X) + B(X) Y,

where A(X) has degree at most ”T‘H"’ — 1 and B(X) has degree at most "2;]"’ and which satisfies that
Q(a;, w;) =0 forany i € [n].

Furthermore, such a polynomial Q(X,Y") can be found by solving a system of linear equations which is
obtained by viewing the coefficients of the monomials in A(X) and B(X) as unknowns, and viewing each
requirement of the form Q(a;,w;) = A(a;) + B(a;) - w; = 0 as a homogeneous linear constraint on these
unknowns.
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Proof. If we view the coefficients of the monomials in A(X ) and B(.X) as unknowns, then each requirement
of the form Q(a;, w;) = A(a;)+ B(a;)-w; = 0imposes ahomogeneous linear constraint on these unknowns.
Further note that the number of unknowns is (deg(A) + 1) + (deg(B) + 1) = n + 1, while the number of
linear constraints is 2, and consequently this linear system has a non-zero solution. O

Step 2: Root finding. In this step, we would like to find a univariate polynomial g(X) € F,[X] satisfying
that Q(X, g(X)) = 0, and we would like to show that g(X) = f(X). To this end, we first show that
Q(X, f(X)) = 0. This will follow by showing that the univariate polynomial P(X) := Q(X, f(X)) has
more roots than its degree.

Lemma 3.2. Suppose that Q(X,Y') is a non-zero bivariate polynomial over F of the form

Q(X,Y) = A(X) + B(X) Y,

where A(X) has degree at most "% — 1 and B(X) has degree at most "5*, and which satisfies that

Q(a;, w;) = 0 forany i € [n]. Let f( ) € Fy[X] be a univariate polynomial of degree smaller than k so
that f(a;) = w; for at least "~ indices i € [n]. Then Q(X, f(X)) = 0.

Proof. The polynomial P¢(X) := Q(X, f(X)) € F,[X] is a univariate polynomial of degree at most
”T*"“ — 1, which satisfies that Pf(a;) = Q(as, f(a;)) = Q(a;, w;) = 0 forany i € [n] for which f(a;) = w;.
Thus P¢(X) is a univariate polynomial of degree at most ”TJrk — 1 with at least "TH“ roots, and so it must be
the zero polynomial. O

The next lemma shows that f(X) is the unique polynomial satisfying that Q(X, f(X)) = 0.

Lemma 3.3. Suppose that Q(X,Y') is a non-zero bivariate polynomial over F of the form

Q(X,Y) = A(X)+ B(X) Y.
Then there exists at most one univariate polynomial f(X) € Fy[X] so that Q(X, f(X)) = 0. Furthermore,
ifQ(X, f(X)) =0, then B(X) # 0 and f(X) = &;

Proof. Assume that Q(X, f(X)) = 0 for some univariate polynomial f(X) € F,[X]. We first show
that B(X) # 0. Suppose on the contrary that B(X) = 0. Then by our assumption, we also have that
0 =Q(X, f(X)) = A(X), which implies in turn that Q(X,Y) = A(X) 4+ B(X) - Y = 0, contradicting
the assumption that Q(X,Y") is non-zero. By assumption that 0 = Q(X, f(X)) = A(X) + B(X) - f(X),

this implies in turn that f(X) = — gg{% , and so f(X) is uniquely determined. In particular, there exists at
most one univariate polynomial f(X) € F,[X] so that Q(X, f(X)) = 0. O

The full description of the algorithm appears in Figure 1 below, followed by correctness and efficiency
analysis.

Correctness. Suppose that f(X) € F,[X] is a univariate polynomial of degree smaller than k so that
f(a;) = w; foratleastt := ";k indices i € [n]. By Lemma 3.1, there exists a non-zero bivariate polynomial
Q(X,Y) satisfying the requirements on Step 1. By Lemma 3.2, we have that Q(X, f(X)) = 0, and by

Lemma 3.3 this implies in turn that B(X) # 0 and f(X) = —%,

correct f(X) on Step 2. Clearly, f(X) will also pass the checks on Step 3, and so the algorithm will return
f(X) as required.

and so the algorithm will compute the
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Unique decoding of RS, (a1, ..., an;k):

> For simplicity assume that n, k have the same parities.

« INPUT: w € F7.

* OUTPUT: A polynomial f(X) € F,[X] of degree smaller than k so that f(a;) = w; for at least “£* indices
i € [n] if such a polynomial exists, or L otherwise.

1. Find a non-zero bivariate polynomial Q(X,Y") over F, of the form
QX,Y) = A(X) + B(X) -Y,

where A(X) has degree at most “t* — 1 and B(X) has degree at most 5%, and which satisfies that
Q(a;,w;) = 0 for any i € [n].

Such a polynomial Q(X,Y") can be found by solving a system of linear equations which is obtained by viewing
the coefficients of the monomials in A(X) and B(X) as unknowns, and viewing each requirement of the form
Q(a;, w;) = A(a;) + B(a;) - w; = 0 as a homogeneous linear constraint on these unknowns.

2. If B(X) = O return L; Otherwise, find a univariate polynomial f(X) so that Q(X, f(X)) = 0 by letting

F(X) = =553

3. If f(X) is a polynomial of degree smaller than k so that f(a;) = w; for at least
(f(a1), f(az),..., f(an)); Otherwise, return L.

24F indices i € [n], return

Figure 1: Unique decoding of Reed-Solomon Codes

Efficiency. Step 1 can be performed in time poly(n,log(q)) by solving a system of n linear equations in
n + 1 variables using Gaussian elimination. Step 2 can be performed in time poly(n,log(q)) by performing
polynomial division using Euclid’s algorithm. Step 3 can also clearly be performed in time poly(n,log(q)).

3.2 List decoding Reed-Solomon Codes beyond unique decoding radius

In this section, we present an efficient algorithm for list decoding of Reed-Solomon Codes beyond half their
minimum distance.

As before, fix a prime power ¢, distinct evaluation points a1,...,a, € F,, and a positive integer
k < n, and let RSy(az, ..., an; k) be the corresponding Reed-Solomon Code. Suppose that w € Fy is a
received word. Our goal is to compute the list of all polynomials f(X) € F,[X] of degree smaller than
k so that f(a;) # w; for at most e := n — v/2kn — 1 indices i € [n]. That is, f(a;) = w; for at least
t:=n—e=+/2kn + 1 indices i € [n].

In particular, if we let R := % denote the rate of the RS, (a1, . .., an; k) code, then this algorithm will be
able to list-decodable from up to roughly (1 — \/ﬁ)—fraction of errors. It can be verified that this is strictly
larger than the unique decoding radius of % whenever the rate R is smaller than 0.17.

Overview. Recall that in the unique decoding setting, the decoding algorithm was divided into two main
steps: The interpolation step in which we searched for a non-zero low-degree bivariate polynomial Q(X,Y') €
Fy[X,Y] of the form Q(X,Y) = A(X) + B(X) - Y so that Q(a;, w;) = 0 for any ¢ € [n], and the root
finding step in which we searched for the (unique) univariate polynomial f(X) € [F,[X] satisfying that
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Q(X, f(X)) =0.

Inspecting the proofs of Lemmas 3.1 and 3.2, we observe that the main properties we needed out of )
were that the number of unknown coefficients in () is greater than the number n of constraints of the form
Q(a;, w;) = 0, and that the (1, k)-weighted deg, ;,)(Q) of Q is smaller than the agreement parameter t.2
The first property guarantees the existence of a non-zero (). The second property guarantees that for any
univariate polynomial f(X) € F,[X] of degree smaller than & so that f(a;) = w; for at least ¢ of the indices
i € [n], it holds that P¢(X) := Q(X, f(X)) is a univariate polynomial of degree smaller than ¢ that has at
least ¢ roots, and consequently P¢(X) = Q(X, f(X)) = 0.

In the list-decoding setting, the agreement parameter ¢ is smaller, which means that the (1, k)-weighted
degree of () is also required to be smaller. Consequently, () may potentially have less than n monomials,
and so we may not be able to argue the existence of a non-zero polynomial ). To cope with this, we now
no longer require that () has the special form Q(X,Y) = A(X) + B(X) - Y, but we only require that ¢
has a low (1, k)-weighted degree, which can potentially increase the number of monomials in (. It turns
out that this change indeed suffices for setting the agreement parameter ¢ to be significantly smaller than in
the unique decoding setting. We also need to ensure that the root finding step can be performed efficiently
when () has this general form.

In what follows, we describe separately the changes made in the interpolation and root finding steps, and
analyze their correctness and efficiency.

Step 1: Interpolation. In this step we would now like to find a non-zero bivariate polynomial Q(X,Y") €
F,[X, Y] with low (1, k)-weighted degree, so that )(a;, w;) = 0 for any i € [n]. As opposed to the unique
decoding setting, we now do not impose any additional structure on () beyond the requirement on its weighted
degree. The following lemma shows the existence of such a non-zero polynomial @ with (1, k)-weighted
degree that is significantly smaller than in the unique decoding setting.

Lemma 3.4. There exists a non-zero bivariate polynomial Q(X,Y') over Fy with (1, k)-weighted degree
at most \/2kn, and which satisfies that Q(a;,w;) = 0 for any i € [n]. Furthermore, such a polynomial
Q(X,Y) can be found by solving a system of linear equations which is obtained by viewing the coefficients
of the monomials in Q(X,Y") as unknowns, and viewing each requirement of the form Q(a;,w;) = 0 as a
homogeneous linear constraint on these unknowns.

Proof. 1f we view the coeflicients of the monomials in () as unknowns, then each requirement of the form
Q(a;, w;) = 0 imposes a homogeneous linear constraint on these unknowns. It thus suffices to show that the
number of monomials in () is greater than the number of linear constraints 7, and so this linear system has a
non-zero solution.

Let M denote the number of monomials in Q(X,Y"), and assume for simplicity that £ := /2n/k is an
integer. First note that by our requirement that deg; ;) (Q) < £k, the degree of the Y variable in Q(X,Y)
canbe any j € {0,1,...,/}, and for any monomial in which the degree of the Y variable is j, the degree of
the X variable can be any i € {0,1,...,k(¢ — j)}. Thus we have that

: % k
M = —kj+)=(—=—+1]- 1 — =n.
Z(M kj+1) <2+ ) (C+1)>=-=n
7=0
We conclude that the number of unknown coefficients in () is greater than the number of linear constraints
n, and so there exists a non-zero polynomial () satisfying the requirements of the lemma. O

*Recall that for a vector b € N™, the b-weighted degree degy, (f) of a polynomial f(X) = 3, fiX' € F[X] is the maximum
weighted sum > b - i; of i so that f; # 0.
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Step 2: Root finding. In this step, we would like to find all univariate polynomials f(X) € F,[X]
satisfying that Q(X, f(X)) = 0, and we would like to show that any univariate polynomial f(X) € F,[X]
of degree smaller than k so that f(a;) = w; for at least ¢t = /2kn + 1 indices i € [n] satisfies that

QX, f(X)) =0.

Lemma 3.5. Suppose that Q(X,Y') is a non-zero bivariate polynomial over F, which satisfies that
deg(1 1) (Q) < V2kn and Q(a;, w;) = 0 for any i € [n]. Let f(X) € Fy[X] be a univariate polynomial of
degree smaller than k so that f(a;) = wj for at least \/2kn + 1 indices i € [n]. Then Q(X, f(X)) = 0.

Proof. By assumption that deg j)(Q) < V2kn, the polynomial Pr(X) := Q(X, f(X)) € F,[X]is a
univariate polynomial of degree at most v/2kn. Additionally, it satisfies that Q(a;, f(a;)) = Q(ai, w;) = 0
for any i € [n] for which f(a;) = w;. Thus P;(X) is a univariate polynomial of degree at most v/2kn with
at least v/2kn + 1 roots, and so it must be the zero polynomial. O

In order to ensure that the root finding step can be performed efficiently when @) has a general form,
we need to show that there are not too many polynomials f(X) of degree smaller than & satisfying that
Q(X, f(X)) = 0, and that these polynomials can be found efficiently. To this end we observe the following.

Lemma 3.6. Suppose that Q(X,Y’) is a non-zero bivariate polynomial over Fy, and f(X) € F,[X] is
a univariate polynomial so that Q(X, f(X)) = 0. Then Y — f(X) divides Q(X,Y) in the bivariate
polynomial ring Fo[X,Y].

Proof. Let D be the degree of Y in Q. So, we can write Q as Q(X,Y) = Eio Qi(X)Y. Clearly,
Q(X, f(X)) equals Zi’;O Qi(X)(f(X))!. Therefore,

D
QX,Y) = Q(X, f(X) = ) _Qi(X)(Y" - f(X)1).
=1

For every positive integer i, we note that (Y — f(X)?) factors as (Y — f(X))(Y* P+ Y 2f(X) +--- +
Y £(X)=2 + f(X)"1). In other words, every term in the sum Zi’;l Qi(X)(Y? — f(X)?) is divisible by
(Y — f(X)), and furthermore, the quotient is a polynomial in F,[X,Y]. Thus, Q(X,Y) — Q(X, f(X))
is divisble by (Y — f(X)) over Fy[X,Y]. So, if f(X) is such that Q(X, f(X)) is zero, then we get that
Q(X,Y) is divisble by (Y — f(X)) over F,[X,Y]. O

Thus, in order to find all univariate polynomials f(X) € IF,[X] satisfying that Q(X, f(X)) = 0, it
suffices to factorize Q(X,Y’) which can be performed in polynomial time by well known algorithms for
bivariate/multivariate polynomial factorization. We summarise the result we need in the following theorem
and refer to the cited references and [Gur0O6b, Section 4.5] for a description of the algorithm.

Theorem 3.7 (Bivariate factorization [Kal85, Len85]). Let IF be any finite field. Then, there is a randomized
algorithm that takes as input a bivariate polynomial Q(X,Y") € F[X,Y| and outputs all its factors of the
formY — f(X) where f € F[X] in time poly(log(|F|), deg(Q)).

The full description of the algorithm appears in Figure 2 below, followed by correctness and efficiency
analysis.
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List decoding of RS, (a1, ..., an;k):

* INPUT: w € Fj.

* OUTPUT: The list £ of all polynomials f(X) € F,[X] of degree smaller than k so that f(a;) = w; for at
least v/2kn + 1 indices i € [n].

1. Find a non-zero bivariate polynomial Q(X,Y") over F, with (1, k)-weighted degree at most v/2nk, and which
satisfies that Q(a;,w;) = 0 for any ¢ € [n].
Such a polynomial Q(X,Y’) can be found by solving a system of linear equations which is obtained by
viewing the coefficients of the monomials in Q(X,Y) as unknowns, and viewing each requirement of the
form Q(a;, w;) = 0 as a homogeneous linear constraint on these unknowns.

2. Find the list £’ of all univariate polynomials f(X) so that Q(X, f(X)) = 0 by factoring Q(X,Y") using the
algorithm in Theorem 3.7, and including in £’ all univariate polynomials f(X) so that Y — f(X) is a factor
of Q(X,Y).

3. Output the list £ of all codewords (f(a1), f(a2), ..., f(a,)) corresponding to univariate polynomials f(X) €
L' of degree smaller than k which satisfy that f(a;) = w; for at least v2nk + 1 indices i € [n].

Figure 2: List decoding of Reed-Solomon Codes

Correctness. Suppose that f(X) € [F,[X] is a univariate polynomial of degree smaller than k so that
f(a;) = w; for at least v/2nk + 1 indices i € [n], we shall show that f(X) € £. By Lemma 3.4, there exists
a non-zero bivariate polynomial Q(X,Y") satisfying the requirements on Step 1. By Lemma 3.5, we have
that Q(X, f(X)) = 0, and by Lemma 3.6 this implies in turn that Y — f(X) divides Q(X,Y), and so f(X)
will be included in £ on Step 2. Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also
be included in L.

Efficiency. Step 1 can be performed in time poly(n,log(q)) by solving a system of n linear equations
in O(n) variables using Gaussian elimination. Step 2 can be performed in time poly(n,log(q)) by the
algorithm in Theorem 3.7. Step 3 can also clearly be performed in time poly(n, log(q)).

3.3 List decoding Reed-Solomon Codes up to the Johnson Bound

In this section, we present an efficient algorithm for list decoding of Reed-Solomon Codes up to the Johnson
Bound (cf., Theorem 2.1).

Once more, fix a prime power g, distinct evaluation points ay, . . ., a, € Fy, and a positive integer £ < n,
and let RS, (a1, ..., an; k) be the corresponding Reed-Solomon code. Suppose that w € [y is a received
word. We shall show how to compute the list of all polynomials f(X) € F,[X] of degree smaller than
k so that f(a;) # w; for at most e := n — vkn — 1 indices i € [n]. That is, f(a;) = w; for at least
t:=n—e=+kn+ 1lindicesi € [n].

In particular, if we let R := % denote the rate of the RS, (a1, ..., an; k) code, then this algorithm will
be able to list-decodable from up to roughly (1 — v/R)-fraction of errors. This roughly shaves off a factor of
/2 from the agreement needed by the algorithm discussed in the previous section and matches the Johnson
Bound of Theorem 2.1 (recalling that the relative distance ¢ of the RS,(a1, ..., an; k) code satisfies that
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R<1-9).

Overview. The algorithm builds upon the ideas in the previous algorithms that we saw, and adds one new
technical ingredient to the framework, namely, the method of multiplicities. To describe this idea, we first
briefly recall a high level sketch of the algorithm in the last section.

The algorithm in Figure 2 essentially proceeds by finding a non-zero, low degree (in an appropriate
sense) bivariate polynomial Q(X,Y") with the following property: for every polynomial f(X) of degree
smaller than k, if the i*" entry w; of the received word satisfies w; = f(a;), then the univariate polynomial
Py(X) := Q(X, f(X)) has a zero at a;. Therefore, for an f whose encoding is close to the received word w,
the univariate Py has a lot of distinct zeroes and if the number of such agreements exceeds the degree of Py
(which is at most the (1, k)-weighted degree of (), then Py must be identically zero, or equivalently, f(X)
must be a root of () (when () is viewed as a univariate polynomial in the indeterminate Y, with coefficients
coming from the univariate polynomial ring F,[X]).

The polynomial () is obtained by solving an appropriate linear system in its coefficients which guarantees
that Q(a;, w;) = 0 for any 4, and we need to set the degree of @ to be not too low in order to guarantee a
non-zero solution. On the other hand, it is also crucial that the degree of () is not to high, since the minimum
number of agreements needed for this algorithm to work is essentially one more than the degree of P, and
hence the error tolerance is higher if () has low degree. These two requirements, that are in tension with
each other, determine the quantitative bounds needed for the algorithm to succeed.

At a high level, the main new idea that makes it possible to tolerate more errors is to obtain a Q(X,Y") in
the interpolation step with the stronger property that if a polynomial f(X') and the received word w agree on
some entry %, i.e., f(a;) = w;, then, the univariate polynomial P(.X) vanishes with high multiplicity at a;,
ie., PJSJ) (aj) =0forj =0,1,...,r—1 forasufficiently large parameter r, where P]EJ) (X)) denotes the j-th
Hasse Derivative (cf., Section 2.2). This intuitively seems to indicate that we now need fewer agreements
between f and w to ensure that P¢(X) is identically zero. To obtain a non-zero bivariate (X, Y") that
satisfies this property, the idea is to strengthen the interpolation step and look for a Q (X, Y") that (essentially)
vanishes on every point (a;, w;) with sufficiently high multiplicity. Since the number of constraints has
increased in the process, we now need to work with bivariates Q(X,Y") of somewhat higher (1, k)-weighted
degree for this system to have a non-zero solution.

Once again, these two steps are in tension with each other - the interpolation step is likely to succeed
if the (1, k)-weighted degree of () is not too low, while for P;(X) to be identically zero for a polynomial
f(X) of degree smaller than &, whose encoding is close to w, it helps to have the degree of Pf, which is at
most the (1, k)-weighted degree of ), to be low. It is apriori unclear that the quantitative bounds obtained
using this approach will be an improvement over the bounds obtained in the algorithm of Figure 2 that was
presented in the previous section. However, as we shall see, this is indeed the case, and the new algorithm
list decodes all the way up to the Johnson Bound.

We now describe the main steps of the algorithm formally.

Step 1: Interpolation.  The following lemma is a high multiplicity variant of Lemma 3.4 from the
previous section.

Lemma 3.8. There exists a non-zero bivariate polynomial Q(X,Y') over Fy with (1, k)-weighted degree
at most \/kn(r + 1)r, such that for every i € [n|, Q vanishes with multiplicity at least v on (a;,w;).
Furthermore, such a polynomial Q(X,Y’) can be found by solving a system of linear equations which is
obtained by viewing the coefficients of the monomials in Q(X,Y') as unknowns, and viewing each vanishing
constraint for a Hasse Derivative of Q as a homogeneous linear constraint on these unknowns.
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Proof. The proof is essentially the same as that of Lemma 3.4, which corresponds to the » = 1 case. We
view the coeflicients of () as variables, and notice that the property that any Hasse Derivative of () vanishes
at (a;,w;) is just a homogeneous linear constraint on the coefficients of ). Thus, if the parameters are set
in a way that the number of unknowns is more than the number of constraints, then this system must have a
non-zero solution. Thus, to complete the proof, we just count the number of variables and constraints in the
linear system.

The number of Hasse Derivatives of order less than r of a bivariate polynomial is equal to the number
of monomials in two variables of total degree at most (r — 1), which is at most (T;rl). Thus, for every
i € [n], we have (r;“l) homogeneous linear constraints, which gives n(r;“l) constraints in total. Let D be a
parameter (to be set soon), which denotes the (1, k)-weighted degree of Q(X,Y). If D is large enough to
ensure that the number of bivariate monomials of (1, k)-weighted degree at most D exceeds n (’;1) , then the
above homogeneous linear system has more variables than constraints, and hence has a non-zero solution.

Thus, by the same computation as in Lemma 3.4 (setting { = %), it suffices to choose D such that

(D+2;l(€D+k:)>n<r42—1>.

Setting D to be equal to y/kn(r + 1)r (which we assume is an integer for simplicity) satisfies this constraint.
O]

Step 2: Root finding. We now argue that any polynomial f(X) of degree smaller than k& whose encoding
has large agreement with the received word w satisfies that Q(X, f(X)) is identically zero. To this
end, we first observe that if Q(X,Y’) vanishes on a point (a;, f(a;)) with multiplicity at least r, then
P¢(X) := Q(X, f(X)) vanishes on a; with multiplicity at least r.

Claim 3.9. Let Q(X,Y) € Fy[X,Y ]| and f(X) € F,[X] be polynomials, and let Py(X) := Q(X, f(X)).
Suppose that Q(X,Y") vanishes on a point (a, f(a)) for some a € Fq with multiplicity at least r. Then
P¢(X) vanishes on a with multiplicity at least .

Proof. The statement follows by a standard application of the chain rule for Hasse Derivatives. In more
detail, recall from the definition of Hasse Derivatives that

fla+2)=> fDa)Z" = f(a) + Z- f(2),

%

E
Ju

I
=)

for some univariate polynomial f (Z). From the definition of Hasse Derivatives, we also get

Prla+2)=Qla+Z fla)+ Z- [(Z)) =) _ Q" (a, f(a)) 2T f(2)".

Now, by assumption that all Hasse Derivatives of order less than r of () are zero at (a, f(a)), we have that

Pila+Z)= Y  Q"a f(a))Z*""f(2)".

u,WEL>outv>T

Thus, the lowest degree of a monomial in Z that can possibly have a non-zero coefficient in P¢(a + Z) is at
least r, and hence, by the definition of multiplicity, we get that the multiplicity of Py at a is at least r. O
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The following lemma is analogous to Lemma 3.5 from the previous section.

Lemma 3.10. Suppose that Q(X,Y') is a non-zero bivariate polynomial over F, which satisfies that
deg(1 1) (Q) < Vkn(r + 1)r for r = 2kn. Suppose furthermore that Q) vanishes on each point (a;, w;) for
i € [n] with multiplicity at least . Let f(X) € Fy[X] be a univariate polynomial of degree smaller than k
so that f(a;) = w; for at least /nk + 1 indices i € [n]. Then Q(X, f(X)) = 0.

Proof. From the bound on the (1, k)-weighted degree of @, we have that P;(X) := Q(X, f(X)) is a
univariate polynomial of degree at most D := \/kn(r + 1)r. From Claim 3.9, we know that for any i € [n],
if f(a;) = wj, then Py has a zero of multiplicity at least  at a;. Thus, if f and w agree on greater than

D _ 7\/’“”(:*'1)’“ = 4/nk(1+ %) many distinct a;’s, we have from Fact 2.3 that Py must be identically zero.

T

For sufficiently large r, e.g. 7 > kn, we have that |/nk(1 + %) < v/nk + 1. Thus, by picking large enough

r (for example, r = 2kn), we get that more than v/nk agreements suffice for Py to be identically zero. [

Thus, as in the previous section, we get that any univariate polynomial of degree smaller than £ with
large agreement with w is contained as a root of Q(X,Y") and can be recovered using Theorem 3.7. Once
again, the time complexity of the list decoding algorithm is polynomially bounded in the input size, since the
main steps just involve solving a linear system of polynomially bounded size and a special case of bivariate
polynomial factorization. The full description of the algorithm is given in Figure 9 below.

List decoding up to Johnson Bound of RS, (a1, ..., a,; k):

> Let r := 2nk.
* INPUT: w € Fy.

* OUTPUT: The list £ of all polynomials f(X) € F,[X] of degree smaller than & so that f(a;) = w; for at
least vnk + 1 indices @ € [n].

1. Find a non-zero bivariate polynomial Q(X,Y) over I, with (1, k)-weighted degree at most \/nk(r + 1)r,
and which satisfies that Q(**)(a;,w;) = 0 for any i € [n], and for any u,v € N with u + v < 7.
Such a polynomial Q(X,Y’) can be found by solving a system of linear equations which is obtained by
viewing the coefficients of the monomials in Q(X,Y") as unknowns, and viewing each requirement of the
form Q") (a;,w;) = 0 as a homogeneous linear constraint on these unknowns.

2. Find the list £’ of all univariate polynomials f(X) so that Q(X, f(X)) = 0 by factoring Q(X,Y") using the
algorithm in Theorem 3.7, and including in £’ all univariate polynomials f(X) so that Y — f(X) is a factor
of Q(X,Y).

3. Output the list £ of all codewords (f(a1), f(a2), ..., f(an)) corresponding to univariate polynomials f(X) €
L’ of degree smaller than k which satisfy that f(a;) = w; for at least vnk + 1 indices i € [n].

Figure 3: List decoding of Reed-Solomon Codes up to Johnson Bound

3.4 Limitations on list decoding of Reed-Solomon Codes beyond the Johnson bound

In the previous section, we showed that Reed-Solomon codes are efficiently list-decodable up to the Johnson
Bound. That is, we presented an algorithm that efficiently outputs all polynomials of degree smaller than &
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whose encoding agrees with the received word on at least v/ Rn points. In this section, we shall present a
combinatorial lower bound on the list size of Reed-Solomon Codes, wlhich shows that Reed-Solomon Codes
are generally not list-decodable from a slightly smaller agreement of B2 "“n with a list-size that is polynomial
of n. This implies in turn that there is no polynomial-time algorithm that can list-decode Reed-Solomon
Codes up to this amount of agreement, and in particular, from an agreement arbitrarily close to R. This
bound follows as a consequence of the following theorem.

Theorem 3.11. Forany~y € (0,1), B € (v, /7). a sufficiently large integer m, and n. = 2™, there is a word

w € (Fy,)", so that there are at least n(1=F*)108(n) codewords in RS,,(n") that agree with w on at least n®
eniries.

Setting v := 1 — e and 3 := (3 — €) + (3 + €) in the above lemma (noting that 3 € (v, /7)), shows,
for infinitely many n, the existence of a word w € (F,,)", for which there exist a super-polynomial number
of codewords in RS,, (k) that agree with w on at least nz=<k2te = RaTep entries, where k = n1~¢.

The proof of the above Theorem 3.11 is based on subspace polynomials, defined as follows.

Definition 3.12 (Subspace polynomials). Let V' C Fom be an Fo-linear subspace of Fom. The subspace
polynomial for V' is defined by Py (X) := [],c (X —v).

The two main properties of subspace polynomials we shall use are that they have relatively many roots
(the whole subspace V'), and on the other hand, these polynomials are rather sparse, as shown by the following
claim.

Claim 3.13. Let V' C Fom be anFa-linear subspace of Fom of dimension d. Then there existby, by, ...,bs—1 €
Fom so that Py(X) = X2 + Y970 b, X7

Proof. Foranon-negative integer i, let f;(X) : V' — Fom denote the Fa-linear function given by f;(v) := v?'
for v € V. Next observe that the collection of [Fo-linear functions from V' to Fom forms an Fom-linear
subspace of dimension d, and so fo, f1,..., fq must have a non-trivial linear dependency. That is, there
exist scalars bg, by, ..., by € Fom, not all zero, so that P(X) := Z?:o bifi(X) = Z?:o b; X?' evaluates to
zero on any v € V. Furthermore, since V' has 2¢ elements, we must have that deg(P (X)) = 29, and we
may further assume that P(X) is monic. So P(X) and Py (X) are two monic polynomials of degree 2¢ that
vanish on all 27 elements of V/, and therefore we must have that Py (X) = P(X) = X2 + Zf;ol b X%
(since P(X) — Py (X) is a polynomial of degree smaller than 2¢ with at least 27 roots, and so must be the
zero polynomial). 0

We now turn to the proof of the above Theorem 3.11.

Proof of Theorem 3.11. Let v € (0,1), B € (v,+/7), let m be a sufficiently large integer. Let V' be the

fmot gm i

collection of Fy-linear subspaces V' C [Fom of dimension Sm. Then the size of V is [, om0 2

2B(1-p)m? (since to choose a subspace V' of dimension d in Fom, we need for each i = 0,1,...,d —1to
choose a vector which is not in the linear span of all previous ¢ vectors, and we also need to divide by the
number of options to choose d linearly independent vectors in V). Furthermore, by Claim 3.13, for each
V €V there exist by, by, - . ., bgm_1 € Fam so that Py (X) = X277 4 Y01, x2',

By the pigeonhole principle, there exist by, 1, bym42,...,bgm—1 € Fam such that the number of
subspace polynomlals Py (X) for V € V with their coefficient of X 2 equalto b; fori = ym+1,...,m—1
is at least 26(1=F)m / 2(B=7m* > 9(=F%m? et V' C V denote the collection of subspaces V' € V for
which Py (X) has this property.

24



Let P(X) := Z;Bg;ll 1 biX 2" and let w € (FF,,)" be the evaluation table of P(X) over Fom, where
n=2" ForV €V, let P{,(X) = Py(X)+ P(X). Then the polynomials P{,(X) for V € V' are a
collection of 200-8%)m* — (=8 log(n) distinct polynomials of degree at most 27" = n”. Moreover, for
each V € V', P{,(X) agrees with P(X) on all 2°m = nP elements of V. We conclude that there are at least
n(=F*)1g(n) codewords in RS, (n?) (the evaluations of P{,(X) over Fom for V' € V') that agree with w on

at least n” entries. O]

3.5 Bibliographic notes

The first efficient algorithms for unique decoding of Reed-Solomon codes were given by Peterson
[Pet60], Gorenstein and Zierler [GZ61], Berlekamp [Ber68b], and Massey [Mas69]. The unique decoding
algorithm for Reed-Solomon Codes described in Section 3.1 is due to Berlekamp and Welch [BW87], with the
exposition based on that of Gemmell and Sudan [GS92] (see also [GRS, Section 12.1]). The list-decoding
algorithm for Reed-Solomon codes beyond unique decoding radius described in Section 3.2 is due to
Sudan [Sud97], and the list-decoding algorithm for Reed-Solomon Codes up to the Johnson Bound
is due to Guruswami and Sudan [GS99] (see also [Gur06b, Section 4] and [GRS, Section 12.2]).

The root finding algorithm (Theorem 3.7) used in the algorithms for list decoding Reed-Solomon Codes
follows from the more general algorithms known for factorization of bivariate (and multivariate) polynomials,
for instance from the works of Kaltofen [Kal85] and that of Lenstra [Len85].

The limitation on list-decoding of Reed-Solomon Codes beyond the Johnson Bound, presented in Section
3.4, was discovered by Ben-Sasson, Kopparty, and Radhakrishnan [BKR10].

4 Algorithmic list decoding up to capacity

In the previous section, we presented efficient (polynomial-time) algorithms for list decoding of Reed-
Solomon Codes up to the Johnson Bound, and we also showed that Reed-Solomon Codes are generally not
list-decodable much beyond the Johnson Bound, and in particular, up to capacity.

In this section, we present algorithms for list-decoding variants of Reed-Solomon codes up to capacity.
Specifically, in Sections 4.1 and 4.2 we present efficient algorithms for list decoding multiplicity codes up to
capacity, and in Section 4.3 we also show that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms in
particular show that the list size of multiplicity codes at capacity is at most polynomial in the block length,
while the list-size of Reed-Solomon codes over subfield evaluation points is at most sub-exponential in the
block length. In Section 5, we shall present combinatorial upper bounds on the list size of these codes, which
effectively reduce the list size to a constant, independent of the block length.

4.1 List decoding multiplicity codes beyond unique decoding radius

Next we present efficient (polynomial-time) algorithms for list decoding the family of multiplicity codes,
which extend Reed-Solomon Codes by also evaluating derivatives of polynomials, up to capacity. Towards
this, we first present in this section, as a warmup, a simple list-decoding algorithm, similar to the unique
decoding algorithm for Reed-Solomon Codes presented in Section 3.1, that list decodes multiplicity codes
beyond the unique decoding radius. Then in Section 4.2, we shall show that augmenting this algorithm with
multiplicities, similarly to the list-decoding algorithm for Reed-Solomon Codes up to the Johnson Bound
presented in Section 3.3, leads to an algorithm that list decodes multiplicity codes up fo capacity.
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In what follows, fix a prime power ¢, distinct evaluation points a1, ..., a, € F,, and positive integers

s, k so that k& < sn. Recall that the multiplicity code MULTSIS) (ai,...,an; k) is the code which associates
with each polynomial f(X) € F,[X] of degree smaller than k a codeword (f(<*)(ay),..., f(<¥)(ay)) €
(F3)", where for a € Fy, <) = (f(a), fM(a),...,f(a)). For simplicity, in what follows
we shall assume that max{k, s} < char(F,). Suppose that w € (FF;)" is a received word, where w; =
(wi0,- .., wis—1) € Fy for any i € [n]. We shall show an algorithm, running in time roughly ¢°, which
computes the list of all polynomials f(X) € F,[X] of degree smaller than k so that f(<*)(a;) # w; for at

sn=k+1)=1 jndices i € [n]. Thatis, f(<%)(a;) = w; forat leastt := n —e = ntsh-1)+1

) parm indices

most € :=

i€ [n].
Note that the special case of s = 1 corresponds to the unique decoding algorithm for Reed-Solomon

codes presented in Section 3.1. Moreover, if we let R := % denote the rate of the multgs) (a1,...,an; k)

code, then this algorithm will be able to list decode from up to roughly 54%1(1 — s - R)-fraction of errors

in time roughly ¢°. It can be verified that this is strictly larger than the unique decoding radius of % for
any s > land R < é Furthermore, for any constant s and ¢ = poly(n) the running time (and list size) is
polynomial in the block length.

Overview. Recall that in the unique decoding algorithm for Reed-Solomon Codes (Algorithm 1), the
decoding algorithm was divided into two main steps: The interpolation step in which we searched for a
non-zero low-degree bivariate polynomial Q(X,Y) € F,[X, Y] of the form Q(X,Y) = A(X)+ B(X) Y
so that Q(a;, w;) = 0 for any ¢ € [n], and the root finding step in which we searched for the univariate
polynomial f(X) € F,[X] satisfying that Q(X, f(X)) = 0.

Furthermore, the main properties we needed out of () were that the number of unknown coefficients in
@ is greater than the number n of constraints of the form Q(a;, w;) = 0, and that the (1, k)-weighted degree
degy, k)(Q) of @ is smaller than the agreement parameter ¢. The first property guarantees the existence of
a non-zero (), while the second property guarantees that for any univariate polynomial f(X) € F,[X] of
degree smaller than & so that f(a;) = w; for at least ¢ of the indices ¢ € [n], it holds that Q(X, f(X)) is a
univariate polynomial of degree smaller than ¢ that has at least ¢ roots, and consequently Q(X, f(X)) = 0.

In the list-decoding setting, we would like the agreement parameter ¢ to be smaller, which means that
the (1, k)-weighted degree of @ is required to be smaller. Consequently, () may potentially have less than
n monomials, and so we may not be able to argue the existence of a non-zero polynomial ¢). In the list-
decoding algorithm for Reed-Solomon Codes beyond the unique decoding radius (Algorithm 2), we coped
with this by no longer requiring that ) has the form Q(X,Y) = A(X) + B(X) - Y that is linear in Y/,
which can potentially increase the number of monomials in ). For list decoding of multiplicity codes
beyond unique decoding radius we deal with this differently by setting @ to be a low-degree (s + 1)-variate
polynomial Q(X, Yy, ..., Ys_1) thatis linearinYy, . .., Ys_1, which can also potentially increase the number
of monomials in Q).

More specifically, in the interpolation step, we search for a non-zero (s + 1)-variate polynomial
Q(X,Yp,...,Ys 1) € Fy[X, Y0, ..., Ys_1] of the form

Q(X,Yp,...,Yso1) = A(X) + Bo(X) - Yo + -+ + Bs—1(X) - Ys1,

of (1,k,...,k)-weighted degree smaller than ¢, so that Q(a;,w;) = 0 for any i € [n] (where we view
w; = (Wi, ..., Wis—1) € IE‘; as an assignment to s variables in IF;). Then, in the root finding step, we search
for all univariate polynomials f(X) € F,[X] satisfying that Q(X, f(X), fM(X),..., f&=D(X)) = 0.
The analysis is similar to the algorithm for unique decoding of Reed-Solomon Codes, but a crucial point
exploited in the proof is that there are not too many polynomials f(X) solving the differential equation
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QX, f(X), f(X),...,f6=D(X)) = 0. In what follows, we describe separately the interpolation and
root finding steps, and analyze their correctness and efficiency.

Step 1: Interpolation. In this step, we search for a non-zero low-degree (s + 1)-variate polynomial
Q(X,Yo,...,Ys_1) sothat Q(a;,w;) = 0 for any ¢ € [n].

Lemmad.1. Lett = %}1)“ Then there exists anon-zero (s+1)-variate polynomial Q(X,Yp, ..., Ys_1)
over IFy of the form

Q(Xai/oa s 71/871) = A(X) + BO(X) : % + -+ Bsfl(X) : }/Sfla
where A(X) has degree smaller than t and each By(X) has degree smaller than t — k + 1, and which

satisfies that Q(a;, w;) = 0 for any i € [n] (where we view w; = (w0, ..., w;s—1) € Fy as an assignment
to s variables in IF ;).
Furthermore, such a polynomial Q(X, Yy, ..., Ys_1) can be found by solving a system of linear equations

which is obtained by viewing the coefficients of the monomials in A(X), By(X), ..., Bs—1(X) as unknowns,
and viewing each requirement of the form Q(a;, w;) as a homogeneous linear constraint on these unknowns.

Proof. If we view the coefficients of the monomials in A(X), Bo(X),...,Bs—1(X) as unknowns, then
each requirement of the form Q(a;, w;) = 0 imposes a homogeneous linear constraint on these unknowns.
Further note that the number of unknowns is

t+s-(t—k+1)=(s+1)-t—s-(k—1)=n+1,

while the number of linear constraints is n, and consequently this linear system has a non-zero solution. [

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) € F,[X] of degree
smaller than £ that solve the differential equation

Q (X, £00, FDX0),.... f70()) =0,

and we would like to show that any univariate polynomial f(X) € F,[X] of degree smaller than & so that
(<9 (a;) = w for at least ¢ indices i € [n] satisfies the above differential equation. We start with the latter.

Lemma 4.2. Suppose that Q(X, Yy, ...,Ys_1) is a non-zero (s + 1)-variate polynomial over F of the form
Q(X,Y0,...,Ys—1) = A(X) + Bo(X) - Yo + -+ + Bs—1(X) - Y51,

where A(X) has degree smaller than t and each By(X) has degree smaller than t — k + 1, and which
satisfies that Q(a;, w;) = 0 for any i € [n] (where we view w; = (wj, ..., w;s—1) € Fy as an assignment
to s variables in Fy). Let f(X) € Fy[X] be a univariate polynomial of degree smaller than k so that
(<) (a;) = w; for at least t indices i € [n]. Then

QX, f(X), fY(X),..., f7I(X)) =0.
)

Proof. The polynomial P;(X) := Q(X, f(X), fM(X),..., V(X)) is a univariate polynomial of
degree smaller than ¢, which satisfies that

Py(ai) = Qas, f(ai), fP(ar), ..., F* (@) = Qas, w;) = 0

for any i € [n] for which f(<*)(a;) = w;. Thus P(X) is a univariate polynomial of degree smaller than ¢
with at least ¢ roots, and so it must be the zero polynomial. O
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The main new ingredient in the list decoding algorithm for multiplicity codes is the next lemma which
bounds the number of univariate polynomials f(X) € F,[X] satisfying the differential equation.

Lemma 4.3. Suppose that Q(X, Yy, ...,Y,_1) is a non-zero (s + 1)-variate polynomial over F of the form
Q(X,Y0,...,Ys—1) = A(X) + Bo(X) - Yo + - + Bs—1(X) - Y1,

and let L be the list containing all polynomials f(X) € F[X]| of degree smaller than k so that

QX f(X), fV(X),..., fo7V(X)) =0

Then if max{k, s} < char(F,), then |L| < ¢~ .

Furthermore, L forms an affine subspace over ¥ of dimension at most s — 1. A basis for this subspace
can be found by solving a system of linear equations which is obtained by viewing the coefficients of f(X) as
unknowns, and viewing the requirement that each of the coefficients of Q(X, f(X), fM(X),..., fE=D(X))
is zero as a (non-homogeneous) linear constraint on these unknowns.

Proof. Firstnote that if there is no polynomial f (X) € F,[X]satisfying that Q(X, f(X), fM(X),..., fE~V(X)) =
0, then we are done, so we may assume that there exists a polynomial f(X) € F,[X] satlsfymg that

QX, f(X), fI(X),..., fE7D(X)) = 0. Next we observe that in this case By(X), ..., Bs_1(X) are not

all zero. To see this, suppose on the contrary that Bo(X),..., Bs_1(X) are all zero. Then by assump-

tion that Q(X, f(X), fM(X),..., fED(X)) = A(X) 4+ Y25Z; Be(X) - f(@( ) = 0, we also have that

A(X) = 0, which implies in turn that Q(X, Yy, ..., Ys_1) = A(X) + >_;_g Be(X) - Yy = 0, contradicting

the assumption that Q(X, Yp, ..., Ys_1) is non-zero. Without loss of generahty, we may further assume that
Bs_1(X) # 0, otherwise we prove the statement for the maximal value s’ < s for which By (X) # 0, which

implies the statement also for the value s. Finally, since B,_1(X) is a non-zero polynomial over [, there

exists an element a € F, so that Bs_1(a) # 0. The main observation is the following.

Claim 4.4. Foranyu € F;fl, there is a unique polynomial f(X) € Fy[X] of degree smaller than k so that
& a) = wand Q(X, f(X), fY(X),..., fe7D(X)) = 0.

Proof. To show this, fix u € Fg_l, and let f(X) € F,[X] be a polynomial of degree smaller than % so that
f<*=Y(a) = v and

Pr(X) = Q(X, f(X), fD(X),..., fe7D(X) +ZBg X) = 0.

By the definition of the Hasse Derivative, we can write f(X) = Zi‘:ol @) (a)- (X —a)’. It therefore suffices
to show that the values of f(<*~1)(a) determine the rest of the derivatives f(*~1(a),..., f*=D(a).

To show the above, we first compute the derivatives of P¢(X). By the properties of the Hasse Derivative
(Lemma 2.4), for any j € N we have that:

s—1

PY(X) = APV + 3 (B(X) - fO0))

=0
s—1 j
- +ZZBJ "X - (FOYD) (x)
(=0 h=0
s—=1 J h+t
= )+ 22( )B”h%waW”NX» (4)
(=0 h=0
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Fix j € {0,1,...,k — s}. Since P¢(X) is the zero polynomial, we have that P}j) (a) = 0, and so by the
above,

s—1 jJ
AD(@)+3 > (h . 6) By ™(a) - {9 (a) = 0.

=0 h=0

Inspecting the above expression, we see that the highest order derivative of f that appears there is fU*s—1) (a),
which is only obtained for the choice of £ = s — 1 and h = j. Furthermore, the coefficient multiplying
fUs=D(a) is (jifIl)BS_l(a), which is non-zero by assumptions that max{k, s} < char(F,) and that
Bs_1(a) # 0. Consequently, the derivative f+=1)(a) is a linear combination of lower derivatives
f(<its=1(a). In particular, f6=V(a),..., f®#Y(a), and so also the polynomial f(X), are uniquely
determined by f(<5=1)(a) = u. O

By the above claim, we clearly have that |£| < ¢*~!. The moreover part follows by the linear structure
of Q). ]

The full description of the algorithm appears in Figure 4 below, followed by correctness and efficiency
analysis.

List decoding of multés) (at,...,an;k):

* INPUT: w € (FF;)", where w; = (wi,...,w;s—1) € Fj foreachi € [n].

+ OUTPUT: The list £ of all polynomials f(X) € F,[X] of degree smaller than k so that f(<*)(a;) = w; for
n+s(k—1)+1

atleast t = e

indices ¢ € [n].
1. Find a non-zero (s + 1)-variate polynomial Q(X, Yy, ..., Ys_1) over I, of the form
Q(X,Yo,...,Yso1) = A(X) + Bo(X) - Yo + - + Bs—1(X) - Ys_1,

where A(X) has degree smaller than ¢ and each B,(X) has degree smaller than ¢ — k + 1, and which satisfies
that Q(a;,w;) = 0 for any i € [n] (where we view w; = (w;,...,w;s—1) € Fy as an assignment to s
variables in ).

Such a polynomial Q(X, Yy, ..., Y,_1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in @) as unknowns, and viewing each requirement of the form
Q(a;, w;) = 0 as a homogeneous linear constraint on these unknowns.

2. Find a basis for the list £’ of all univariate polynomials f(X) of degree smaller than % so that

QX, f(X), fI(X),..., fe7N (X)) = 0.

This basis can be found by solving a system of linear equations which is obtained by viewing the
k coefficients of f(X) as unknowns, and viewing the requirement that each of the ¢ coefficients of
QX, f(X), fO(X),..., f~D(X)) is zero as t (non-homogeneous) linear constraints on these unknowns.

3. Output the list £ of all codewords (f(a1), f(az2), - .., f(an)) corresponding to univariate polynomials f(X) €
L' of degree smaller than k& which satisfy that f(<*)(a;) = w; for at least ¢ indices i € [n].

Figure 4: List decoding of multiplicity codes
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Correctness. Suppose that f(X) € F,[X] is a univariate polynomial of degree smaller than k so that
f(<®)(a;) = w; for at least ¢ indices i € [n], we shall show that f(X) € £. By Lemma 4.1, there exists a
non-zero (s + 1)-variate polynomial Q(X, Yy, ..., Ys_1) satisfying the requirements on Step 1. By Lemma
4.2, we have that Q(X, f(X), f1(X),--, f5D(X)) = 0, and so f(X) will be included in £’ on Step 2.
Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s,log(q)) by solving a system of n linear equations
in n + 1 variables using Gaussian elimination. Step 2 can be performed in time poly(n, s,log(q)) by
solving a system of ¢ linear equations in k variables. By Lemma 4.3, Step 3 can be performed in time
|L] - poly(n, s,log(q)) < ¢° - poly(n, s,log(q)), where the latter bound is polynomial in the block length
for a constant s and ¢ = poly(n).

4.2 List decoding multiplicity codes up to capacity

We now show how to extend the list decoding algorithm of the previous section to an algorithm that list
decodes multiplicity codes up to capacity.

As before, let m ultfzs) (ai,...,an; k) be the multiplicity code, where ¢ is a prime power, a1, az, . . . , G, are
distinct points in [, and s, k are positive integers so that k < sn and max{k, s} < char(F,). Suppose also
that w € (IF)™ is a received word, where w; = (w;, ... w;s—1) € F; forany i € [n]. Letr € {1,2,...,s}
be a parameter to be determined later on. We shall show how to compute the list of all polynomials
F(X) € F,[X] of degree smaller than k so that f(<*)(a;) # w; for at most ¢ := =" tUrn_rth-D=1 i, jiceq

(s—r+1)(r+1)
i € [n]. Thatis, f(<%)(a;) = w; for atleast t :=n — e = (5_7(":_121?)’}5"]’:11))“ indices i € [n].

Note that the algorithm from the previous section corresponds to the special case that » = s. Moreover,

if we let R := ﬁ denote the rate of the multgs)(al, ..., an; k) code, then this algorithm will be able to
list decode from up to roughly a (1 — s R) -fraction of errors in time roughly ¢". Thus, for any

€ > 0, we can choose 7 = O(1/¢) and s = ©(1/€?) so that the fraction of errors is at least 1 — R — ¢ and the
running time (and list size) is roughly ¢" = ¢'/¢, which is polynomial in the block length for ¢ = poly(n).
Later, in Section 5.2 we shall show that the list size is in fact a constant independent of the block length (and
even matches the generalized Singlton Bound).

Overview. The improved algorithm is based on the method of multiplicities, similarly to the way the
algorithm presented in Section 3.3 for list decoding of Reed-Solomon Codes up to the Johnson Bound
improves on the algorithm presented in Section 3.2.

In more detail, recall that in the previous Algorithm 4 for list-decoding of the multiplicity code, in the
interpolation step, we searched for a non-zero low-degree (s + 1)-variate polynomial Q (X, Yp,...,Ys_1) =
A(X) + 3525 Be(X)Y; so that Q(a;,w;) = 0 for any i € [n], and in the root finding step, we searched
for all univariate polynomials f(X) € F,[X] of degree smaller than £ satisfying the differential equation
Q(th(X)a f(l)(X)7 U 7f(871)(X)) =0.

Furthermore, the main properties we needed out of () were that the number of unknown coefficients in
@ is greater than the number n of constraints of the form Q(a;, w;) = 0, and that the (1, k, . . ., k)-weighted
degree of () is smaller than the agreement parameter . The first property guarantees the existence of
a non-zero (), while the second property guarantees that for any univariate polynomial f(X) € Fy[X]
of degree smaller than k so that f(<*)(a;) = w; for at least ¢ of the indices i € [n], it holds that
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QX, f(X), fI(X),---, f=D(X)) is a univariate polynomial of degree smaller than ¢ that has at least ¢
roots, and consequently it is the zero polynomial.

In order to list-decode the multiplicity code up to capacity, we would like to set the agreement
parameter ¢ to be even smaller than in Algorithm 4. As was previously the case, this means that
QX, f(X), f1(X),---, f5~D(X)) has a smaller number of roots, which forces the degree of Q to
be smaller in order to argue that it is the zero polynomial. Consequently, ) may potentially have less than n
monomials, and so we may not be able to argue the existence of a non-zero polynomial Q).

To overcome this, we define () to be an (r + 1)-variate polynomial Q (X, Yp,...,Y,_1) for some r < s,
and we require that Q(X, f(X), f1(X),..., f"~D(X)) vanishes on a; with multiplicity s — r + 1 for
any point i € [n] for which f(<*)(a;) = w;. Thus Q(X, f(X), fM(X),---, f&=D(X)) has more roots,
counted with multiplicities, and consequently it can have higher degree and more coefficients, which may be
helpful in arguing the existence of a non-zero polynomial (). However, this also comes with a price, as we
also increased the number of constraints on () by a multiplicative factor of s — r 4 1, and consequently we
now require that () has more coefficients than before. It turns out however that this trade-off is favorable, and
allows to decrease the agreement parameter ¢ to the minimum possible for an appropriate setting of  and s.

In what follows, we describe separately the changes made in the interpolation and root finding steps, and
analyze their correctness and efficiency.

Step 1: Interpolation. In the interpolation step, we would now like to find a non-zero low degree (r + 1)-
variate polynomial Q(X, Yy, . . ., Y,_1) which satisfies that P (X ) := Q(X, f(X), fM(X), ..., fr=D(X))
vanishes on a; with multiplicity s — r + 1 for any point ¢ € [n] for which f (<s) (a;) = w;. In the algorithm
for list decoding of Reed-Solomon Codes up to the Johnson Bound (cf., Figure 3) this was guaranteed by
requiring that () vanishes with high multivariate multiplicity on any point (a;, w;) (cf., Claim 3.9). However,
requiring that () vanishes with high multivariate multiplicity on all these points turns out to be too costly in
the current setting, and instead we directly enforce the property that P;(X') vanishes on each a; for which
f(<#)(a;) = w; with high univariate multiplicity.>
To understand what requirement this imposes on (), recall that by (4), for any j € N, we have that

r—1

PY(X)=AD(x)+ ZJ:

("1 ) B oo,
£=0 h=0

Further note that in the case that f(<*)(a;) = w;, for any j € {0,1,...,s — r}, we have all derivatives of
the form f("*+9(q;) for ¢ € {0,1,...,7 — 1} and h € {0,1,...,} available for us.

Lemmad.5. Lett = (S_ijgig(gzl))ﬂ . Then there exists anon-zero (r+1)-variate polynomial Q(X, Yo, ..., Yr_1)
over IFy of the form
Q(X,Yo,..., Y1) = A(X) + Bo(X) - Yo + - - - + Br—1(X) - Vo1,
where A(X) has degree smaller than (s—r+1)-t and each By(X) has degree smaller than (s—r+1)-t—k+1,
and which satisfies that

r—1 7

. h+/¢ -
AU (a;) + Z Z ( Z >B‘£] h)(ai) Wi hte =0 )

=0 h=0

3Specifically, as we show below, enforcing that P; vanishes with univariate multiplicity at least s —r +1 on a; imposes s — 7+ 1
linear constraints on the coefficients of ), while enforcing that () vanishes with mulivariate multiplicity at least s — r 4+ 1 on a;

imposes (<T+1)+£f1’"“>*1) = (5F]) ~ s" linear constraints on the coefficients of Q.
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foranyi € [n]and j =0,1,...,s— .

Furthermore, such a polynomial Q(X, Yy, . .., Y,_1) can be found by solving a system of linear equations
which is obtained by viewing the coefficients of the monomials in A(X), Bo(X), ..., By—1(X) as unknowns,
and viewing each requirement of the form (5) as a homogeneous linear constraint on these unknowns.

Proof. If we view the coefficients of the monomials in A(X), Byo(X), ..., By—1(X) as unknowns, then each
requirement of the form (5) imposes a homogeneous linear constraint on these unknowns.
Further note that the number of unknowns is

(s=r+1)-t+r-((s—r+1)-t—k+1)=(r+1)-(s—r+1)-t—r-(k—1)=(s—r+1)-n+1,

while the number of linear constraints is (s — r 4 1) - n, and consequently this linear system has a non-zero
solution. O

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) € Fy[X] of degree
smaller than k satisfying that Q(X, f(X), fM(X),..., f7=D(X)) = 0, and we would like to show that
any univariate polynomial f(X) € F,[X] of degree smaller than k so that f(<*)(a;) = w; for at least ¢
indices 7 € [n] satisfies that Q(X, f(X), fM(X),..., f"=D(X)) = 0. We have already shown how to
perform the former in Lemma 4.3, the following lemma shows the latter.

Lemma 4.6. Suppose that Q(X,Yy,...,Y,_1) is a non-zero (r + 1)-variate polynomial over F, of the form
Q(X,Yb, cee 7Yv7'71) = A(X> + BO(X) ’ Yb + -+ Brfl(X) : Yvrfla

where A(X) has degree smaller than (s—r+1)-t and each By(X ) has degree smaller than (s—r+1)-t—k+1,
and which satisfies (5) foranyi € [nland j = 0,1,...,s—r. Let f(X) € F,[X] be a univariate polynomial
of degree smaller than k so that f(<*)(a;) = w; for at least t indices i € [n]. Then

QUX. F(X), FD(X),..., FD(x)) = 0.

Proof. The polynomial Pp(X) = Q(X, f(X), fV(X),..., f"~1(X)) is a univariate polynomial of
degree smaller than (s — 7 + 1) - t. Furthermore, by (4), for any i € [n] for which (<) (a;) = w;, it holds
that:

Pa) = AD@)+ Y

forany j = 0,1,...,5 —r. So P¢(X) vanishes on a; with multiplicity s — r + 1 for any ¢ € [n] for which
f<*)(a;) = w;. Thus P;(X) is a univariate polynomial of degree smaller than (s — r + 1) - ¢ with at least ¢
roots of multiplicity s — 7 + 1, and so by Fact 2.3 it must be the zero polynomial. O

The full description of the algorithm appears in Figure 5 below, followed by correctness and efficiency
analysis.
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List decoding up to capacity of MULTEIS) (a1,...,an;k):

* INPUT: w € (F;)", where w; = (wip,...,w;s—1) € F; foreachi € [n].

+ OUTPUT: The list £ of all polynomials f(X) € F,[X] of degree smaller than k so that f(<*)(a;) = w; for
(s—r+1)n+r(k—1)+1
(s—r+1)(r+1)

at least t = indices i € [n].

1. Find a non-zero (r + 1)-variate polynomial Q(X, Yy, ..., Y,_1) over Fy of the form
Q(X7Y07 s 7Yr—1) = A(X) + BO(X) ' }/0 +- Br—l(X) ' }/7’—1;

where A(X) has degree smaller than (s—r+1)-t and each B(X) has degree smaller than (s—r+1)-(t—k+1),
and which satisfies that

h+/¢ i
( )Béj " (a;) - wipye =0

foranyi € [n]Jand j =0,1,...,8 —r.

Such a polynomial Q(X, Yy, ..., ¥;_1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in ) as unknowns, and viewing each requirement as above as a
homogeneous linear constraint on these unknowns.

2. Find a basis for the list £ of all univariate polynomials f(X) of degree smaller than k so that

QX, f(X),..., fr7 V(X)) = 0.

This basis can be found by solving a system of linear equations which is obtained by viewing the
k coefficients of f(X) as unknowns, and viewing the requirement that each of the t coefficients of
QX, f(X), fN(X),..., f=D(X)) is zero as t (non-homogeneous) linear constraints on these unknowns.

3. Output the list £ of all codewords (f(a1), f(a2), ..., f(an)) corresponding to univariate polynomials f(X) €
L' of degree smaller than k which satisfy that f(<*)(a;) = w; for at least ¢ indices i € [n].

Figure 5: List decoding of multiplicity codes up to capacity

Correctness. Suppose that f(X) € F,[X] is a univariate polynomial of degree smaller than k so that
(<) (a;) = w; for at least ¢ indices i € [n], we shall show that f(X) € £. By Lemma 4.5, there exists a
non-zero (r + 1)-variate polynomial Q(X, Yy, ..., Y,_1) satisfying the requirements on Step 1. By Lemma
4.6, we have that Q(X, f(X), fD(X),..., f~D(X)) = 0, and so f(X) will be included in £’ on Step 2.
Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s,1og(q)) by solving a system of (s —r + 1) - n linear
equations in (s — 7 + 1) - n + 1 variables using Gaussian elimination. Step 2 can be performed in time
poly(n, s,log(q)) by solving a system of ¢ linear equations in k variables. By Lemma 4.3, Step 3 can be
performed in time |L| - poly(n, s,log(q)) < ¢" - poly(n, s,1log(q)), where the latter bound is polynomial in
the block length for a constant r and ¢ = poly(n).
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4.3 List decoding Reed-Solomon Codes over subfield evaluation points up to capacity

We now turn back to the basic family of Reed-Solomon Codes, and consider a special subclass of these codes
which are defined over an extension field, and evaluated over a subfield. We show that an algorithm similar
to the one presented in Section 4.1 can be used to list decode these codes up to capacity, albeit with only a
slightly non-trivial sub-exponential running time. This in particular implies a sub-exponential upper bound
on the list size of these codes, and later on, in Section 5.3 we shall show that the list-size can be reduced
to a constant independent of the block length (and the running time to polynomial in the block length) by
bypassing to a (carefully chosen) subcode.

In more detail, in what follows fix a prime power g, distinct points az, ..., a, € Fg4, a positive integer
k such that k£ < n, and a positive integer s, and consider the Reed-Solomon Code RSys (a1, ..., a,; k) that
is defined over the extension field F,s. We shall show that RSys(a1,. .., an; k) can be list-decoded with
similar guarantees to that of the list-decoding algorithm for multiplicity codes beyond the unique decoding
radius (Algorithm 4). Suppose that w € (Fys)" is a received word. Let r € {1, ..., s} be a parameter to be
determined later on. We shall show how to compute the list of all polynomials f(X) € Fgs[X] of degree

r=FD =1 indices i € [n]. Thatis, f(a;) = w; for at

smaller than k so that f(a;) # w; for at most e = T

leastt :=n—e = %}DH indices i € [n].

The main advantage however of the Reed-Solomon Code RSys (a1, ..., an; k) over the corresponding
multiplicity code MULT' (ay, . .. , an; k) is that the rate of RSys (a1, . . ., an; k) is higher by a multiplicative
factor of s. More specifically, if we let R := % denote the rate of the RSys(a1,...,an; k) code, then this
algorithm will be able to list decode from up to roughly a = (1 — R)-fraction of errors in time roughly ¢"*.
In particular, for any constant ¢ > 0, we can choose 7 = ©(1/¢) and s = ©(1/¢?) so that the fraction of
errors is at least 1 — R — ¢, and the running time (and list size) is roughly ¢"* = ¢°**, which is sub-polynomial
in the number qSk of distinct codewords. Later, in Section 5.3, we shall show that the list size can be reduced
to a constant independent of the block length (and the running time to polynomial in the block length) by
passing to an appropriate subcode.

Overview. The list-decoding algorithm is very similar to the list-decoding algorithm for multiplicity codes
beyond the unique decoding radius (Algorithm 4). Recall that in Algorithm 4, in the interpolation step, we
searched for a non-zero low-degree (s + 1)-variate polynomial Q(X, Yp, ..., Ys_1) of the form

Q(X71/E]7"'>1/:9—1) :A(X)+BO(X) 'Yv(]"i""_"Bs—l(X)'Yrs—la

so that Q(a;, w;) = 0 for any 7 € [n], and in the root finding step, we searched for all univariate polynomials
f(X) € F,[X] satisfying that

QX, f(X), fY(X),..., f7I(X)) = 0.

The main observation we shall use for list decoding of Reed-Solomon Codes over subfield evaluation
points is that for any polynomial f(X) = Zf:_ol ;X" over the extension field F,s and for any point a in the

base field I,

k—1 4 7 k-1 o k-l '
(f(a))? = (Z fm‘) =Y (f)%a?)' = (fi)d,
i=0 i=0 i=0

where the second equality uses the fact that raising to the power of ¢ is an [Fy-linear transformation,
and the third equality uses the fact that a? = a for any a € [F,. Motivated by this, for a polynomial
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f(X) = Zi':ol X € Fps[X], weleto(f) = Z;:Ol(fi)qu € [Fys[X]. Under this notation, we have that
(f(a))? = o(f)(a) for any polynomial f(X) € F,s[X] and point a € F,.
Using the above, in the list-decoding algorithm for RSs (ai,...,an; k), in the interpolation step, we
once more search for a non-zero low degree (r + 1)-variate polynomial of the form Q(X) = A(X) +
z;é By(X) - Y* (with coefficients in the extension field Fg4s). But now in the interpolation step, we require
that

Q (ai, ws, (wi)q, ey (wi>qril) =0
for any ¢ € [n]. Then in the root finding step, we we search for all univariate polynomials f(X) € Fgs[X]
satisfying that
Q (X, f(X)v U(f)(X)a ce ’O-T_l(f)(X)) =0.
In what follows, we describe separately the interpolation and root finding steps, and analyze their
correctness and efficiency.

Step 1: Interpolation. In this step, we would like to find a non-zero low-degree (7 + 1)-variate polynomial
Q(X,Yp,...,Y,_1) satisfying that (ai, wi, (w;)9, ..., (wi)qr_l) = 0. The proof of the following lemma
is identical to the proof of Lemma 4.1.

Lemmad.7. Lett = % Then there exists a non-zero (r+1)-variate polynomial Q(X, Yy, ..., Y,_1)
over Fys of the form

Q(X,Yy,....,Y, 1) = A(X) + Bo(X) - Yo+ --- + B, _1(X) - Y; 1,

where A(X) has degree smaller than t and each By(X) has degree smaller than t — k + 1, and which
satisfies that

Q (ai, wy, (W), ..., (wi)qpl) =0

forany i € [n].
Furthermore, such a polynomial Q(X, Yy, . .., Y,_1) can be found by solving a system of linear equations
which is obtained by viewing the coefficients of the monomials in A(X), Bo(X), ..., By—1(X) as unknowns,

r—1

and viewing each requirement of the form (ai, wi, (w4, ..., (w;)4 ) = 0 as a homogeneous linear

constraint on these unknowns.

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) € Fys[X] satisfying
Q (X, f(X),0(f)(X),...,a" 1 (f)(X)) = 0, and we would like to show that any univariate polynomial
f(X) € Fgs[X] of degree smaller than k so that f(a;) = w; for at least ¢ indices i € [n| satisfies that
Q (X, f(X),0(f)(X),...,a"1(f)(X)) = 0. We start by showing the latter.

Lemma 4.8. Suppose that Q(X, Yy, ..., Y,_1) is a non-zero (r + 1)-variate polynomial over F s of the form
Q(X,Yo,..., Y1) = A(X) + Bo(X) - Yo+ - + Br—1(X) - Y1,

where A(X) has degree smaller than t and each By(X) has degree smaller than t — k + 1, and which
satisfies that

Q (X, f(X),0(f)X),....0" HHX)) =0
forany i € [n]. Let f(X) € Fys[X] be a univariate polynomial of degree smaller than k so that f(a;) = w;
for at least t indices i € [n]. Then

Q (X, f(X),0(£)(X),...,a"H())(X)) =0.
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Proof. The polynomial P¢(X) := Q (X, f(X),o(f)(X),...,0"(f)(X)) is a univariate polynomial
over Fys of degree smaller than ¢, which satisfies that
Pr(a;) = Q(ai, f(ai),o(f)(ai),....o" (f)(a))
= Q (@ (@), (Fla). ., (@) )
= Q (aiywi7(wi)qy--w(wi)qTil) =

for any i € [n] for which f(a;) = w;. Thus Pr(X) is a univariate polynomial of degree smaller than ¢ with
at least ¢ roots, and so it must be the zero polynomial. O

The next lemma bounds the number of univariate polynomials f(X) € Fys[X] satisfying the equation

Q (X,f(X),U(f)(X), ce 7Jr71(f)(X)) = 0.

Lemma 4.9. Suppose that Q(X, Yy, ..., Y,_1) is a non-zero (r + 1)-variate polynomial over F s of the form
Q(X,Yo,..., Y1) = A(X) + Bo(X) - Yo + - - - + Br—1(X) - Vo1,
and let L be the list containing all polynomials f(X) € Fys[X] of degree smaller than k so that
Q (X, f(X),0(f)X),....0" (X)) =0.

Then |£| < q(r=1k,

Furthermore, L forms an affine subspace over F, of dimension at most (r — 1)k. A basis for this subspace
can be found by solving a system of linear equations over ¥y which is obtained by viewing the coefficients of
f(X) (represented as strings in Fy) as unknowns, and viewing the requirement that each of the coefficients
of Q (X, f(X),0(f)(X),...,0" H(f)(X)) is zero as a (non-homogeneous) Fy-linear constraint on these
unknowns.

Proof. Asin the proof of Lemma 4.3, we may assume that there exists an element a € Fj so that B,_1(a) # 0.
Without loss of generality, we may further assume that a = 0, since otherwise we can translate all polynomials
A(X),By(X),...,By—1(X) by a, which corresponds to translating all polynomials in £ by a, which does
not change the size of L.

Let f(X) = Z?;é f;X7 be a polynomial of degree smaller than k over IFys satisfying that

Pr(X) = Q(X, f(X),0(f)(X),...,a" H(f)(X))

r—1
= AX)+ ) B(X)- o' (f)(X)
=0

r—1 k—

—

.
= AX)+)) BiX)D ()7 X
(=0 §=0
= 0.
We shall show that for any j € {0,1,...,k — 1}, given the first j — 1 coefficients fo, f1,..., fj—1, there are

at most ¢" ! options for f;, and consequently |£| < ¢("=D*,

To show the above, fix j € {0,1,...,k — 1}. Since P¢(X) is the zero polynomial, the coefficient of
X7 in P¢(X) must be zero. On the other hand, inspecting the above expression for Py(X), we see that the
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coefficient of X7 in P;(X) can be written as y; + >_;_ Be(0) - (fj)qz, where y; € Fys is determined by

vafla cee 7fj71-

Let
B(X) := By(0) - X + B1(0) - X9+ -+ + B,_1(0) - X4
Then by the above, f; € Fys must satisfy that B(f;) = —y;. On the other hand, by assumption that
B,_1(0) # 0, B(X) is a non-zero polynomial of degree ¢"~!, and so it attains any value for at most ¢"~*
assignments in Fys. Consequently, for any j € {0,1,...,k — 1}, given prior coefficients fo, ..., fj—1, there
are at most ¢" ! options for the coefficient fj, which implies in turn that |£] < gk,

The moreover part follows by the linear structure of (), and by the fact that raising to a power of ¢ is an

[F-linear transformation. O

The full description of the algorithm appears in Figure 6 below, followed by correctness and efficiency
analysis.

List decoding of RS.: (a1,...,an; k) fora,,...,a, € Fg:

o INPUT: w € (Fy)".

* OUTPUT: The list £ of all polynomials f(X) € F,«[X] of degree smaller than k so that f(a;) = w; for at
n+r(k—1)+1
1

least t = "

indices ¢ € [n].
1. Find a non-zero (r + 1)-variate polynomial Q(X, Y, ...,Y,_1) over F, of the form
Q(X, Yo, ..., Y1) = A(X) + Bo(X) - Yo+ + Br1(X) - Yoy,

where A(X) has degree smaller than ¢ and each B,(X) has degree smaller than ¢ — k + 1, and which satisfies
that Q(a;, (w;)?, ..., (w;)? ') =0 foranyi € [n].

Such a polynomial Q(X, Yy, . .., Y;._1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in ) as unknowns, and viewing each requirement of the form
Q(a;, (w;)e, ..., (wi)qkl) = 0 as a homogeneous linear constraint on these unknowns.

2. Find a basis for the list £’ of all univariate polynomials f(X) over Fy- of degree smaller than & so that

Q (X, f(X),0(f)(X),....0a" 1 ())(X)) =0.

This basis can be found by solving a system of linear equations over IF; which is obtained by viewing the
k coefficients of f(X) (represented as strings over [F;) as unknowns, and viewing the requirement that each
of the ¢ coefficients of Q (X, f(X),o(f)(X),...,o" 1 (f)(X)) is zero as ¢ (non-homogeneous) F,-linear
constraints on these unknowns.

3. Output the list £ of all codewords (f(a1), f(az2), ..., f(an)) corresponding to univariate polynomials f(X) €
L' of degree smaller than k which satisfy that f(a;) = w; for at least ¢ indices i € [n].

Figure 6: List decoding of Reed-Solomon Codes over subfield evaluation points

Correctness. Suppose that f(X) € Fgs[X] is a univariate polynomial of degree smaller than & so that
f(a;) = w; for at least ¢ indices ¢ € [n], we shall show that f(X) € £. By Lemma 4.7, there exists a
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non-zero (r + 1)-variate polynomial Q(X, Yp, ..., Y,_1) satisfying the requirements on Step 1. By Lemma
4.8, we have that Q (X, f(X),o(f)(X),...,o"1(f)(X)) = 0,and so f(X) will be included in £ on Step
2. Clearly, f(X) will also pass the checks on Step 3, and thus f(X') will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s,log(q)) by solving a system of n linear equations
in n + 1 variables using Gaussian elimination. Step 2 can be performed in time poly(n, s,log(q)) by
solving a system of ¢ linear equations in ks variables. By Lemma 4.9, Step 3 can be performed in time
|L|-poly(n, s,1og(q)) < ¢" V¥ poly(n, s,1og(g)), where the latter bound is sub-polynomial in the number
qSk of distinct codewords for r < es.

4.4 Bibliographic notes

In [GRO8], Guruswami and Rudra introduced the family of Folded Reed-Solomon (FRS) Codes, and
gave an efficient algorithm for list decoding these codes up to capacity, which gave the first explicit family of
codes that can be efficiently list-decoded up to capacity. Folded Reed-Solomon Codes are defined similarly
to Reed-Solomon Codes, except that each codeword entry f(a;) is replaced with a tuple of evaluations
(f(ai), f(v-ai),....f(v*"1-a;)) € [F5, where 7 is a generator of the multiplicative group Fy, s > 1is a
folding parameter, and all sets {a;, ya;, . .., v*1a;} fori € [n] are pairwise disjoint. Guruswami and Rudra
showed that for a sufficiently large s (depending on the gap to capacity ¢), these codes are list-decodable up
to capacity, with an algorithm similar to the one presented in Section 3.3 for list decoding of Reed-Solomon
Codes up to the Johnson Bound. Later, Kopparty [Kop15] showed that a similar algorithm can also be used
to list decode multiplicity codes up to capacity.

The algorithm for list decoding multiplicity (and FRS) codes up to capacity with an interpolating
polynolmial ) with a linear structure, presented in Section 4.2, was discovered by Vadhan [Vad12, Section
5.2.4] and Guruswami and Wang [GW13]. The simpler algorithm for list decoding multiplicity codes beyond
the unique decoding radius, presented in Section 4.1 as a warmup, follows the presentation of [GRS, Section
17.2] for list-decoding of Folded Reed-Solomon Codes.

It was shown by Bhandari, Harsha, Kumar, and Sudan [BHKS24b] that list-decoding algorithms
for Folded Reed-Solomon Codes and multiplicity codes can be extended to the more general family of
polynomial-ideal codes that includes both Folded Reed-Solomon Codes and multiplicity codes as a special
case. The algorithm for list-decoding of Reed-Solomon Codes over subfield evaluation points up to capacity,
presented in Section 4.3, was discovered by Guruswami and Xing [GX22].

All the aforementioned list-decoding algorithms can also be extended to the setting of list recovery,
where one is given for each codeword entry a small list of £ possible values, and the goal is to return the list
of all codewords that are consistent with most of these lists (list-decoding corresponds to the special case of
¢ = 1). We refer the reader to the survey [RV25] for motivation and more information on the list recovery
model and the extension of the above algorithms to the setting of list recovery.

S Combinatorial upper bounds on list size

In the previous section, we presented efficient (polynomial-time) algorithms for list decoding multiplicity
codes up to capacity, and we also showed that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms in
particular imply combinatorial upper bounds on the list sizes of these codes, however, the obtained bounds
were quite large. Specifically, the list size was a large polynomial n®0/9) for multiplicity codes, and only
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slightly sub-exponential N for Reed-Solomon codes over subfield evaluation points, where n, N denote the
block length and code size, respectively, and e denotes the gap to capacity.

In this section, we present tighter combinatorial upper bounds on the list size of these codes. Specifically,
we first show in Section 5.1 below that Reed-Solomon Codes over random evaluation points are (combina-
torially) list decodable up to the generalized Singleton Bound, and so are in particular list-decodable up to
capacity with list-size O(1/¢). Then, in Section 5.2, we show that multiplicity codes attain the generalized
Singleton Bound over any set of evaluation points. Finally, in Section 5.3, we show that a certain subcode
(i.e., a code formed by only picking a subset of the codewords) of Reed-Solomon Codes over subfield
evaluation points is (efficiently) list-decodable up to capacity with a constant list size (depending on ¢).

5.1 Reed-Solomon Codes over random evaluation points

In this section, we show that Reed-Solomon Codes, evaluated over random points, chosen from a sufficiently
large (exponential-size) field, are list-decodable all the way up to the generalized Singleton Bound (cf.,
Theorem 2.2), with high probability. The proof relies on two main ingredients: higher-order MDS codes
and hypergraph connectivity. We first review each of these ingredients in Sections 5.1.1 and 5.1.2 below,
and then use these to establish the result about random Reed-Solomon Codes in Section 5.1.3.

5.1.1 Higher-order MDS codes

The Singleton Bound states that for any code C' C %" of distance A and size |C| = X* it must hold that
A < n —k+ 1 (which in particular implies that 6 < 1 — R). The code C'is said to be maximum distance
separable (MDS) if it attains the Singleton Bound, that is, A = n — k + 1. It is well-known that a linear
code C'is an MDS code if and only if its dual code C is an MDS code. In Section 2.1, we presented the
generalized Singleton Bound (cf., Theorem 2.2) which extends the notion of MDS codes to the setting of
list decoding. In this section, we shall present another extension of the notion of /inear MDS codes which
we shall refer to as higher-order MDS codes. Later, in Section 5.1.3, we shall connect the two notions by
showing that if C'is a higher-order MDS code then its dual code C* attains the generalized Singleton Bound.

Let C C F”" be a linear code of dimension k, and let G € F"** be a generator matrix for C, where
G1,...,Gy € F" denote the columns of G. For a string w € F”, let Z(w) := {i € [n] | w; = 0} denote the
set of zero entries of w. Note that any column G ; of G is a non-zero codeword of C, and so, if C' is an MDS
code, then G has weight at least n — k + 1, or equivalently, | Z2(G;)| < k — 1. The following fact extends
this observation by stating that for a linear MDS code, any ¢ columns of G have at most k¥ — ¢ common zeros.

Fact 5.1. Suppose that C C F™ is a linear MDS code with generating matrix G € F™* with columns

Gi,...,Gy. Then ‘ Njes 2(Gj)| < k —|J| for any non-empty subset J C [k].

Proof. Assume towards a contradiction that there exists a non-empty subset J C [k] of size ¢ so that
‘ﬂjej Z(Gj)’ > k —t+ 1. Without loss of generality we may assume that J = {1,2,...,¢} and
Njes 2(G5) 2{1,2,...,k—t+1}. Let A denote the top k x k minor of G. Then Ahasa (k—t+1) x ¢
block of zeros on its top left corner, and so its first £ columns have rank at most ¢ — 1, and so are linearly
dependent. Consequently, A is not full rank, and so there exists 0 # m € F* so that A - m = 0. But

this implies in turn that G - m is a non-zero codeword of C of weight at most n — k, which contradicts the
assumption that C' is an MDS code. O

Higher-order MDS codes are codes which satisfy the converse of the above fact, i.e., for any zero patterns
satisfying the intersection condition given by the above fact, there exists a generator matrix for the code with
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this zero pattern. More formally, we say that a series of (not necessarily distinct) subsets 27, Za, ..., Zx C [n]
is a generic zero pattern (GZP) if ’ Njes Zj‘ < k—|J|forany @ # J C [k]. Further, we say that a matrix
G € F™** with columns G1, ..., Gy, € F* attains 71, ..., Zy if Z; C Z(G;) for all j € [k].

Definition 5.2 (Higher-order MDS codes). Let C' C F” be a linear MDS code of dimension k. We say that
C' is a higher-order MDS code if for any GZP Z, ..., Zy C [n], there exists a generator matrix G for C
which attains 7, . . ., Zp.

5.1.2 Hypergraph connectivity

To relate the notion of higher-order MDS codes to list decoding we shall use a certain notion of hypergraph
connectivity. To describe this notion, we shall first need to introduce some notation and definitions. A
hypergraph H = (V, E) consists of a ground set of vertices V' = {v1,...,v,} and a collection (possibly a
multiset) of (hyper-)edges E = {ey, ..., e, } which are (possibly empty) subsets of the vertices V. We define
the weight wt(e) of an edge e € F as wt(e) := max{|e| — 1,0}, and the weight wt(H) of the hypergraph
H as the total edge weight wt(H) := Y " wt(e;). For U C V, let H|y denote the sub-hypergrpah
H|y = (U,E|y), where E|yy :=={e1NU,...,e,, NU}.

A hypergraph H = (V, E) is said to be k-edge connected if for any non-empty proper subset U C V/,
the number of crossing edges between U and V' \ U (i.e., the number of edges e € E with at least one vertex
in U and at least one vertex in V' \ U) is at least k. The k = 1 case corresponds to the standard notion
of hypergraph connectivity which requires that there is a path between any pair of vertices in VV.* By the
Hypergraph Menger’s Theorem [Kir03, Theorem 1.11], the £ > 2 case is equivalent to the property that
every pair of vertices in V have k edge-disjoint paths between them.

The notion of k-partition connectivity is a strengthening of the above notion of k-edge connectivity
which requires that for any integer ¢ > 2, and for any partition P of V' into ¢ parts, the number of crossing
edges (i.e., the number of edges which are not contained in a single part of the partition) is at least k(¢ — 1).
Note that k-edge connectivity corresponds to the special case of ¢ = 2. We shall use the following weakening
of partition connectivity.

Definition 5.3 (Weak partition connectivity). A hypergraph H = (V, E) is k-weakly partition connected
if for every partition P of V into t parts, it holds that:

> max{|P(e)| — 1,0} > k(t - 1),

eclb
where |P(e)| denotes the number of parts in the partition intersecting e.

Note that for any partition P, any crossing edge e € E contributes at least 1 to the left-hand side of
the above inequality, and so k-partition connectivity implies k-weak partition connectivity. Moreover, for a
partition P into two parts, the left-hand side of the above inequality equals the number of crossing edges,
and so k-weak partition connectivity also implies k-edge connectivity.

Next we show that any hypergraph of large weight has a sub-hypergraph that is weakly partition connected.

Lemma 5.4. Let H = (V, E) be a hypergraph with at least two vertices and of weight at least k(|V| — 1).
Then there exists a subset U C V of at least two vertices so that H |y is k-weakly partition connected.

*A path in a hypergraph H = (V, E) is a sequence v1, €1, ve, €5, . .., ve—1, €p_1, Ve, Where v, ..., ve € V,el,...,ep_1 € E,
and v;,vit1 € €} foralli =1,...,0— 1.
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Proof. Let U C V be an inclusion-minimal subset with |[U| > 2 so that
wt(H|v) = k(|U[ - 1). (©)

Note that for any subset U’ C V' of size one, wt(H |7) and k(|U’| — 1) are both zero, and so by minimality
of U, for any non-empty U’ C U, we have that

wt(H|[yr) < k(U] = 1). ©)

Let P be a partition of U into ¢ parts P;, P», ..., P, we shall show that

> max{|P(e)| — 1,0} > k(t — 1),

66E|U

and so H|y is k-weakly partition connected. If ¢ = 1, then we clearly have that both sides in the above
inequality are zero, and so the inequality holds. Hence we may assume that ¢ > 2.
Then we have that:

> max{|P(e)| - 1,0} = > (Wt(@_zwt(mpﬁ)

e€E|y e€E|y i=1
t
= Z wt(e) — Z wt(e N Fy)
e€E|y =1 ecE|y

v
=
S

|
Nt
|

2
&S
0
Nt

=1
= k(-1 -(PI- D)
= k(t-1),

where the inequality follows by (6) and (7) (noting that P; is a non-empty proper subset of U for any ¢ € [t]
by assumption that ¢ > 2). O

The main property of weakly-partition-connected hypergraphs we shall use is that they can be oriented.
A directed hypergraph H = (V, E) is a hypergraph where in each edge e € FE, one vertex is assigned as
the head, and the rest of the vertices are assigned as tails. The in-degree deg;,(v) of a vertex v € V' is the
number of edges for which v is the head. A path in H is a sequence vy, €], v2, €5, ..., v¢_1,€,_;, vy, Where
Vi, .., €V, €, =€/£—1 € E,and forall i = 1,...,¢ — 1, vertex v; is a tail of the edge e}, and vertex
v;4+1 is the head of €. An orientation of an (undirected) hypergraph is obtained by assigning head to each
hyperedge.

Theorem 5.5. A hypergraph H = (V, E) is k-weakly-partition-connected if and only if it has an orientation
such that for some vertex v (the 'root’), every other vertex u has k edge-disjoint paths to v.
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The proof of the above theorem is beyond the scope of the current survey. The interested reader is
referred to [Frall, Theorem 9.4.13 and 15.4.4].

Finally, the following lemma relates the notion of weakly-partition-connected-hypergraphs to the notion
of GZPs, discussed in the previous section.

Lemma 5.6. Let H = (V, E) be a k-weakly-partition-connected hypergraph with V- = {vy,...,v,} and
E = {e1,...,em}, wheren > 2. Fori € [n], let Z; = {j € [m] | v; & e;} C [m]. Then there exist
non-negative integers 61, . . . , 0, summing to m — k so that taking §; copies of each Z; gives a GZP.

Proof. Consider the orientation of H given by Theorem 5.5. Without loss of generality, we may assume that
vy is the root in this orientation. Let d; := deg;, (vi) — k and §; := deg;, (v;) forany ¢ > 1. Then we clearly
have that §; > 0 for ¢ > 1, and we also have that §; > 0 since there are k edge-disjoint paths from vs to v1,
and so deg;, (v1) > k. Moreover, since there are m edges, the d;’s must sum to m — k.

It remains to show the GZP property. Consider an arbitrary non-empty multiset U C V' such that each

vertex v; appears at most §; times in U. We shall show that ‘ ﬂmi cv Zi| < Zmi%U d;, and so

] N zl<Y si=m-k- 3 si<m—k—|Ul

;€U 0, ¢U v, €U

which gives the GZP property.

To show that ‘ Mo Zi’ < > g Ois first observe that the left-hand side in this inequality equals the
number of edges in £ which do not contain any vertex from U. This number is clearly at most the sum of the
indegrees in vertices not in U, which equals the right-hand side in the case that v; € U. Next assume that
vy ¢ U, and fix an arbitrary vertex v; € U. Then there are k edge-disjoint paths from v, to v1. Each of these
paths must contain an edge whose head is not in U, but contains some vertex from U. Thus, the left-hand
side is at most (Z“h ¢U deg;,(vi)) — k, which also equals the right-hand side in the case that v; ¢ U. [

5.1.3 Reed-Solomon Codes over random evaluation points are list-decodable up to the generalized
Singleton Bound

Next we use the notions of higher-order MDS codes and hypergraph connectivity, introduced in the previous
sections, to show that Reed-Solomon Codes over random evaluation points, chosen from an exponentially-
large field, are list-decodable up to the generalized Singleton Bound. To do so, we shall use the following
notion of agreement hypergraph.

Definition 5.7 (Agreement hypergraph). For strings cg,ci,...,co,w € X", we define the agreement
hypergraph of cy,c1,...,c, and w as the hypergraph on vertex set {0, 1, ... 0} whose edges are e; :=
{7€{0,1,...,0} | (¢j)i = w;i} €{0,1,...,¢} fori € [n] (i.e., each edge e; corresponds to all strings c;
which agree with w on the i-th entry).

Claim 5.8. Suppose that co,ci,...,co,w € X" are strings so that A(cj,w) < g_%l - (n — k) for any
j€{0,1,...,¢}. Then the agreement hypergraph H of ¢y, c1, . . ., cq and w has weight at least { - k.
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Proof. We have that:

wt(H) = Z wt(e;)

v
7
T
\
=

i=1
n 4

= 2| [ 2 Y= | 1
=1 7=0

= —n—i—Z A(w, ¢j))

—n—i—(@—l—l)n—ﬁ(n—k)zﬁ-k.

v
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The following theorem says that the dual code of a higher-order MDS code attains the generalized
Singleton Bound.

Theorem 5.9. Let C’ C F™ be a linear MDS code of rate R, and suppose that C* is a higher-order MDS
code. Then C'is (+ 111 — R), L)-list decodable for any positive integer L.

Proof. The theorem clearly holds for L = 1 by assumption that C' is MDS. Next assume that C' is not
(L#_l(l — R), L)-list decodable for some integer L > 2. Then there exist a string w € F" and distinct

codewords cg, c1,...cr € C so that A(w, ¢;) < Lﬁl(l R)n = L+1( — k) forany j € {0,1,...,L},
where k = dim(C) = Rn. Let H = ({0, 1, ..., L}, E) be the agreement hypergraph of co, c1, ..., cr and
w. Then by Claim 5.8 we have that wt(H) > L-k. By Lemma 5.4, there exists asubset J C {0, 1,..., L} of
at least two vertices so that H | s is k-weakly partition connected. Without loss of generality, we may assume
that J = {0,1,...,¢} forsome ¢ € [L]. For j € {0,1,...,¢},1let Z; = {i € [n] | (¢j); # w;} C [n]. B
Lemma 5.6, there exist non-negative integers do, 01, . .., summing to n — k so that taking d; copies of
each Z; gives a GZP.

By assumption that C is a higher-order MDS code, there exists a generating matrix G € F*("=k) for
C* so that G attains the above GZP. Then H := G € F(»~k)*" is a parity-check matrix for C. Since
Hc = 0 for any ¢ € C, we have that Hw = H(w — ¢;) for any j € {0,1,...,¢}. Furthermore, by the
definition of the Z;’s, forany j € {0, 1, ..., ¢}, the entries in Hw = H (w — ¢;) which correspond to Z; are
zero. We conclude that Hw = 0, and sow € C. Finally, since £ > 1, there must exist some j € {0, 1,...,¢}
so that w # ¢;. So w and ¢; are two distinct codewords so that A(w, ¢;) < L+1( —k)<n—k+1, Wthh
contradicts the assumption that C' is MDS. O

Next we would like to apply the above theorem to Reed-Solomon Codes. To do so, we need to show that
the dual of a Reed-Solomon Code is higher-order MDS. It is well-known that the dual of a Reed-Solomon
Code RS, (k), evaluated over the whole field, is also a Reed-Solomon Code RS, (n — k). For a Reed-Solomon
Code RSy(a1, ..., an; k), evaluated over a subset of field elements, it is known that there exist non-zero
scalers by, ..., b, € [, so that the dual code contains all codewords of the form (by - ¢1,...,by - ¢,) for
(c1,...,cn) € RSq(a1,...,an;n — k). Note that if G is a generator matrix for RS, (a1, ...,an;n — k),
then B - G is a generator matrix for RS, (a1, ..., an; k)L, where B is a diagonal matrix with diagonal entries
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bi,...,by. Since G and B - G have the same zero entries, to show that RS, (a1, ..., an; k:)L is higher-order
MDS, it suffices to show that RS,(ay, ..., a,;n — k) is higher-order MDS.

We shall show that with high probability, a Reed-Solomon code with random evaluation points is
higher-order MDS. The proof relies on the following theorem, known as the ’Generator-Matrix--MDS (GM-
MDS)’ Theorem (the proof of this theorem is beyond the scope of the survey, and we refer the reader to
[Lov21, YH19] for more details). In what follows, for Z C [n], let fz denote the (n + 1)-variate polynomial
given by fz(X,Y1,...,Y,) = [[;c,(X = Yi). Also, for a field F, let F(Y1,...,Y,) denote the field of
rational functions over [F in the indeterminates Y7, ..., Y.

Theorem 5.10 (GM-MDS Theorem, [Lov21, YH19]). Let I be a field, and let Z1, . . ., Zy, C [n] be a GZP.
Then the polynomials fz,, fz,, ..., fz,, when viewed as univariate polynomials in X with coefficients in
F(Y1,...,Y,), are linearly independent over F(Y1,...,Y,).

Corollary 5.11. Let q be a prime power, and let k, n be positive integers so that k < n and 2" - (kn) < q.

Then with probability at least 1 — w over the choice of independent and uniform ay, ... ,a, € Fy, it
holds that RS,(a1, . .., an; k) is a higher-order MDS code.

Proof. Fix aGZP Z, ..., Z; C [n], and note that by the GZP property, |Z;| < k — 1 for any j € [k]. For
j € [k], let f’Zj (X) = fz;(X,a1,...,a,) = Hiezj (X — a;), and note that f/Zj is a univariate polynomial
over [, of degree smaller than k. We shall show that with probability at least 1 — k?” over the choice of
ai, ..., an € Fg, f7 (X),..., f7, (X) are linearly independent over F,.

To see the above, consider the £ x k matrix M whose j-th column is the coefficient vector of the polynomial
fz;, when viewed as a univariate polynomial in X with coefficients in F,(Y1,...,Y,). By Theorem 5.10,
fz.,--., fz,, when viewed as univariate polynomials in X with coefficients in F,(Y7,...,Y},), are linearly
independent over Fy(Y7,...,Y},), and so M is a full-rank matrix over F (Y7, ..., Y}, ). Further note that each
entry in /M is a multilinear polynomial in F,[Y7, . .., Y},], and consequently, det(M) over F, (Y7, ...,Y},)isa
non-zero polynomial in [F,[Y7, ..., Y, ] of total degree at most k- n. By the Schwartz-Zippel Lemma (Lemma
2.5), with probability at least 1 — k'T” over the choice of a1, ..., a, € Fy, the matrix M "e F’; <k obtained
from M by assigning a1, . .., a, to the indeterminates Y7, ..., Y}, has a non-zero determinant over [, and
so is full rank. But note that the columns of M are precisely the coefficient vectors of f (X), ..., f7 (X),
and so if M is full rank, then these polynomials are linearly independent over FF,,.

Next assume that 7 (X), ..., f7 (X) are linearly independent, and let G € Fng be the matrix whose
columns are the codewords of RS, (a1, ..., an; k) corresponding to these polynomials. Then the columns
of G are k linearly independent codewords in RS, (a1, ..., ay; k), and consequently we clearly have that
Image(G) = RSy(ai,...,an;k), and so G is a generating matrix for this code. Furthermore, by the
definition of f7 (X),..., f7 (X), we also clearly have that G attains Z, ..., Z.

So we conclude that for any GZP Z1, ..., Zy C [n], with probability at least 1 — ’“'T" over the choice of
ai,...,a, € Iy, there exists a generator matrix for RS,(a1, ..., an; k) which attains 7, . .., Z. Since the
number of GZPs Z1, ..., Z;, C [n] is at most 2¥", by a union bound, we conclude that with probability at
least 1 — 2k . £ gver the choice of ai,...,an € Fy,forany GZP 71, ..., 7 C [n], there exists a generator
matrix for RS, (a1, ..., a,; k) which attains 7, ..., Z. O

Combining the above corollary with Theorem 5.9, we conclude that Reed-Solomon Codes over random
evaluation points, chosen from an exponentially large field, attain the generalized Singleton Bound with high
probability (and in particular, are list-decodable up to capacity with high probability). With some more
effort, it can be shown that the field size can be reduced to polynomial, and even linear, in n, but at the cost
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of only approximately attaining the generalized Singleton Bound, that is, achieving a list-decoding radius of
LLH (1— % — ¢€) for any positive itneger L and constant € > 0 (which can be shown to be necessary), we refer
the reader to [AGG™25] for more details. Interesting open problems are to find explicit evaluation points
so that Reed-Solomon Codes evaluated on these points achieve list-decoding capacity, as well as efficient

list-decoding algorithms for Reed-Solomon Codes up to capacity.

5.2 Multiplicity codes

In this section, we show that multiplicity codes attain the generalized Singleton bound over any set of
evaluation points. More specifically, we first present in Section 5.2.1 below a simple probabilistic argument
which shows that multiplicity codes are list-decodable up to capacity with a constant list size that depends
exponentially on 1/e. This argument is quite general and applies to any linear code that is list-decodable
up to capacity with a list that is contained in a low-dimensional subspace. Later, in Section 5.2.2, we shall
show that multiplicity codes even attain the generalized Singleton Bound (and in particular the list size only
depends linearly on 1/¢), using more specific properties of multiplicity codes.

5.2.1 Constant list size

In this section, we show that multiplicity codes are list decodable up to capacity with a constant list size
(depending on the gap to capacity ¢), based on a simple probabilistic argument which shows that for a linear
code of large distance, the list cannot contain many codewords coming from a low dimensional subspace.

More specifically, we shall prove the following fairly general lemma which applies to any linear code,
and which says that if C'is a linear code of relative distance ¢ that is list-decodable from a (§ — €)-fraction
of errors with a list that is contained in a linear subspace of dimension at most 7, then the list size is in
fact upper bounded by a quantity that only depends on 4, ¢, and 7. In particular, if d, €, r are all constants,
independent of the block length, than so is the list size.

Lemma 5.12. Let F be a finite field, and let C C ¥ be an F-linear code of relative distance 0. Suppose
furthermore that C' is list decodable from a (0 — €)-fraction of errors with a list L that is contained in an
F-linear subspace V- C C' of dimension r. Then

] < <6(17“_(5)>0<e<11w'10g(1l;)) |

Recall that multiplicity codes of rate R have relative distance at least § = 1 — R, and that by Lemma
4.3, these codes are list-decodable from a (§ — €)-fraction of errors with a list that is contained in an [F-linear
subspace of dimension = O(1/¢). The above lemma then implies that these codes are list-decodable from
an (1 — R — €)-fraction of errors with a constant list size on the order of (1/¢)°(1/<*). Later, in Section 5.2.2,
we shall show that the list size can be further reduced to O(1/¢) (and even all the way up to the generalized
Singleton Bound!), using some additional properties that are more specific to multiplicity codes. We now
turn to the proof of the above Lemma 5.12.

Proof of Lemma 5.12. The proof is algorithmic: we will give a simple randomized algorithm Prune, which
when given the received word w € X", either outputs a vector v € V or outputs L. The guarantee is that
for any v € L, v is output by the algorithm Prune with probability at least pg = po(J, €, ), which implies in
turn that |£] < pio.
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The algorithm Prune works as follows. For some parameter ¢, to be determined later on, it picks entries
i1,%2,...,% € [n] uniformly and independently at random, and lets I := {i1,...,%;}. Then the algorithm
checks if there is a unique v € V that agrees with w on I (that is, v; = w; for all ¢ € I). If so, it outputs that
unique element v; otherwise (i.e., either there are zero or greater than one such v’s) it outputs L.

We would like to show that for any v € L, the algorithm outputs v with constant probability pg (depending
only on 4, €, and r). Fix suchav € L. Let E; be the event that v agrees with w on I, and let E; be the event
that two different codewords in V' agree on I. Note that the algorithm will output v if and only if the event
E holds and the event Ey does not hold, so the probability that v is output is at least Pr[E;| — Pr[E3]. The
following two claims give lower and upper bounds on the probabilities of the events F'; and Fs, respectively.

Claim 5.13. Pr[E1] > (1 — 6 + €)'

Proof. Follows since v € L, and so v; = w; for at least a (1 — § + ¢)-fraction of the entries i € [n], and since
i1,...,1; € [n] are chosen uniformly and independently at random. O

T

Claim 5.14. Pr[Ey] < (1 - 6)t- (ﬁ) .
Proof. Fori € [n],let A;:={ve C|v;,=0}1letVy:=V,andforj=1,...,¢ let
V; =V NA; ﬂAiQQ‘--ﬂAZ‘j,

and r; := dimp(V;). Observe that r = 9 > 71 > ... > 1, and that the event E5 holds if and only if 7, > 0.
Note also that |v| > dn for any non-zero v € V, since V' C C and C' has relative distance 0.

Next we claim that for any j = 0,1,...,¢ — 1, it holds that r;; < max{0,r; — 1} with probability
at least ¢ over the choice of ;1. To see this, note first that if ; = 0, then 7,11 < r; < 0 and so we
are done. Otherwise, if 7; # 0 then there exists a non-zero vector v € V;. Recalling that V; C V, we
have that |v| > dn, and so v;, ., # 0 with probability at least J over the choice of 4;, . But recalling that
Vis1 C Ai]. .1 this implies in turn that v ¢ Vji1. So in this case there exists a non-zero v € V; so that
v ¢ V41, and so the dimension of V. is strictly smaller than that of V.

Finally, note that if 7, > 0, then it must hold that ;11 > max{0,r; — 1} for at least t — r + 1 of the j’s
in0,1,...,¢t — 1. By the above and the union bound, the probability of this event is at most

R

By the above Claims 5.13 and 5.14, we conclude that any v € L is output by the algorithm Prune with
probability at least

O]

Po = Pr(B1] = Pr{By] > (1 -6+ ) = (1-9)"- <1f(s>
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Finally, by setting ¢ := 3 - 6(1’; 5 log (6({_ 6)> in the above expression we get that

me = -ard - -0 (1)

> a-ojure- (155) ]
> (-5 [(ﬂ?“_é))g'r_<3.€(1:;)2.1og<6(1’"_5)>)1
> (1-0)

> (1-o)° (@)

)

where the penultimate inequality holds when the ratio ﬁ is sufficiently large. This implies in turn that

)

oL (o \olaselas)) o olases(as)
”_po_<1—5> (41-@)

which concludes the proof of the lemma. O

5.2.2 Generalized Singleton Bound

In this section, we show that multiplicity codes (approximately) attain the generalized Singleton Bound of
Theorem 2.2, which in particular implies that the list size of multiplicity codes only depends linearly on 1/e.

More specifically, in what follows, fix a prime power g, distinct evaluation points a1, ..., a, € Fg4, and
positive integers s,k so that & < sn and max{k,s} < char(F,), and let multés) (a1,...,an; k) be the
corresponding multiplicity code. We shall show that for any positive integer L < s, mult((f) (a1, ...,an; k)

is («, L)-list decodable for o < Liﬂ(l — m) In particular, if we let R := ﬁ denote the rate of

this code, then it is list decodable from a Liﬂ(l =y
e > 0, we can choose s = O(L/¢), so that the fraction of errors is at least Liﬂ(l — R — ¢). In particular,
we can choose s = O(1/¢2) so that the multiplicity code multés) (a1,...,an; k) is list decodable from an
(1 — R — e)-fraction of errors with list size O(1/¢).

By Claim 5.8, this would be a consequence of the following lemma.

R)-fraction of errors with list size L. So for any

Lemma 5.15. Let q be a prime power, let ay,...,a, be distinct points in Fy, and let s,k,{ be positive
integers so that { < s, k < sn, and max{k, s} < char(F,). Let w € (F;)" be a string, let co, c1, .. .,cq be

distinct codewords in mult((]s) (a1,...,an; k), and let H be the agreement hypergraph of co, c1, . . . , ¢y and w

(cf., Definition 5.7). Then wt(H) < ﬁ - k.

Before we prove the above lemma, we show that this lemma implies that m ultés) (a1,...,an; k) is (o, L)-

list decodable for o < LLH (1— m) To see this, suppose on the contrary that mult((ls) (a1,...,an;k)is

not (a, L)-listdecodable. Then there existastringw € (IF)" and codewords o, c1 ..., cp, € mult((ls) (a1,...,an; k)

so that A(w, ¢;) < Liﬂ(n - s—§+1) forany j € {0,1,...,L}. Let Hkbe the agreement hypergraph of

€0, €1, .. .,cr and w. Then by Claim 5.8, H has weight at least L - .—7—7
Lemma 5.15.

which contradicts the above

47



For the proof of Lemma 5.15, we first recall that in Section 5.2.1 we showed that for any F-linear code
C C X", and for any F-linear subspace V' C C, the dimension of the intersection V N A; for a random
i € [n] is typically small, where 4; := {v € C' | v; = 0}. For the proof of Lemma 5.15, we first show a
tighter bound on the expected dimension of V' N A; for a random i € [n] for the special case of multiplicity
codes.

Lemma 5.16. Let q be a prime power, let a1, . .., a, be distinct points in ¥y, and let s, k be positive integers
so that k < sn and max{k, s} < char(F;). Let V C multés)(al7 ..., ap; k) be an F-linear subspace of
dimension r < s, and fori € [n], let A; := {v € mult((f) (a1,...,an; k) | vi = 0}. Then we have that:

r

dim(A; N V)< — .
Z im( ﬂv)_s—r—l—l

i=1
Proof. Let c1,...,c, be abasis for V, and let f1(X),..., fr(X) € (Fq)<x[X] be the polynomials corre-

sponding to these codewords. Let W (X) be the r x » Wronskian matrix over the polynomial ring F,[X]
given by

A
wio - | N :<X> £ :<X> £ :<X> |
A /) - Y

and let D(X) := det(W (X)) € F,[X].

Then D(X) is a polynomial of degree at most (k — 1) - . Next we claim that D(X) # 0. Interestingly,
one way to see this is using Lemma 4.3 which shows that the list of multiplicity codes is contained in a
low-dimensional subspace. In more detail, suppose on the contrary that D(X) # 0. Then W (X) is singular
over the field of rational functions F,(X), and so there exists a non-trivial linear combination of rows that
sums to zero. That is, there exist By(X), B1(X),...,B,—1(X) € F4[X], not all zeros, so that for any
t=1,...,r,

Bo(X) - fu(X) + By(X) - f(X) 4 -+ B (X) - £77(X) = 0.

Lemma 4.3 then implies that f1(X),..., fr(X) lie in an (r — 1)-dimensional subspace, which contradicts
our assumption that they span an r-dimensional subspace.

Next we show that for any ¢ € [n], D(X) vanishes on each element a; with multiplicity at least
(s —r+1)-dim(A4; NV). To this end, fix ¢ € [n], and let r; := dim(A4; N'V). We would like to show
that D(X) vanishes on a; with multiplicity at least (s — r + 1) - r;, which by the definition of the Hasse
Derivative, is equivalent to the property that (X — a;)®~"+17: divides D(X).

To show the above, first note that performing elementary operations on the columns of W (X) only
changes D(X) by a constant multiplicative factor, and hence we may assume without loss of generality that
fi(X), ..., fr,(X)areabasis for A,NV, andsoft(j)(ai) =0foranyt =1,2,...,7andj =0,1,...,s—1.
So fi(X),..., fr,(X) all vanish on a; with multiplicity at least s, and so (X — a;)® divides all these
polynomials. Furthermore, (X — a;)*~"*! divides ft(j) (X)foranyt=1,2,...,mand j =0,1,...,7— 1
since taking derivative reduces the degree of each monomial by at most 1. So we conclude that (X —a;)5~" 1

divides each entry in the first 7; columns, which implies in turn that (X —a;) (s=r+1)7i divides the determinant
D(X) of W(X).
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So we conclude that D(X) is a non-zero polynomial of degree at most (k — 1) - r, which vanishes on
each a; with multiplicity at least (s — r + 1) - dim(A; N V). Consequently, we have that

i(S—T—Fl)-dim(AimV) <(k-1)-r
=1

Dividing both sides in the above inequality by s — r + 1 gives the desired conclusion. O
We now turn to the proof of Lemma 5.15, based on the above Lemma 5.16.

Proof of Lemma 5.15. The proof is by induction on ¢. For the base case £ = 1, consider a string w €
(F3)™ and a pair of distinct codewords co,c1 € mult((f)(al, ...yan; k), and let H = ({0, 1}, F) be the
corresponding agreement hypergraph. Then we have that

wt(H) = 3 max{lel = 1,0} = [{i € [n] | (co): = (c1)i = wi}| <1 — Alco, 1) < S
eckE

which proves the ¢ = 1 case.
For the induction step, fix 1 < ¢ < s. We shall assume that Lemma 5.15 holds for any 1 < ¢’ < ¢, and
we shall show that it also holds for £. Let w € (IFZ)” be a string, and let cg, ¢y, . . ., c¢ be distinct codewords

in multgs)(al, ...,an; k). Without loss of generality, we may assume that ¢g = 0, since otherwise we

can translate w and cg, cy,...,co by co. Let H = ({0,1,...,¢}, E = {e1,...,en}) be the corresponding
agreement hypergraph, and assume towards a contradiction that wt(H) > ¢ k.

s—0+1
Let V := span{cy,ci,...,ce}, let r := dim(V'), and note that 1 < r < ¢ by assumption that ¢y = 0.
Without loss of generality, we may further assume that cy, ..., ¢, is a basis for V. Let P be a partition of

{0,1,...,¢} into r + 1 parts Py, Py, ..., P, where for t € {0,1,...,r},
P, :={j €[l ]|cjespanf{cy,c1,...,c:} \ span{cp,c1,...,c—1}}.

Fori € [n],let A; := {v € mult((f) (a1,...,an; k) | v = 0}. Then the main observation is the following.

Claim 5.17. For any i € [n], it holds that dim(A; N V) > max{|P(e;)| — 1,0}, where |P(e;)| denotes the
number of parts in the partition intersecting e;.

Proof. Fix i € [n]. The claim clearly holds if e; = (), so assume next that e; # (), and let V; = span{c;|j €
e; } denote the span of all codewords in e;.

Assume first that w; = 0. In this case the i-th entry of all codewords in V; is zero, and so V; C A, N V.
Furthermore, we have that cg = 0 € e;, and so e; intersects Fy. Suppose that e; intersects additional ¢ parts
in the partition P. Then e; contains ¢ linearly independent vectors, and so ¢ < dim(V;) < dim(4; NV). So
in this case we have that dim(A; NV) >t = |P(e;)| — 1.

Next assume that w; # 0, and let ¢; be an arbitrary codeword in e;. Then since all codewords in e; agree on
the i-th entry, we have that all codewords in e; are contained in ¢;+A;NV, and so dim(V;) < dim(A;NV)+1.
Furthermore, 0 ¢ e; and so e; does not intersect Py. Suppose that e; intersects ¢ parts in the partition P.
Then e; contains ¢ linearly independent vectors, and so ¢t < dim(V;) < dim(A4; N'V) + 1. So in this case we
also have that dim(A; N V) >t —1 = |P(e;)| — 1. O
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By the above claim, and using the same calculation as in the proof of Lemma 5.4, we have that

> dim(A;nV) > > max{|P(e)| - 1,0}

i€[n] ecl

= () = 3 wi(Hlr)

¢ 1P| —1
> — —
s—04+1 Zs—|Pt\+2

l ‘k_Zt:0(|Pt|_ )k‘

T s—0+2

— D el
s—{0+1 s—f4+1

-

s —/04+1

where in the second inequality we used our assumption that wt(H) > ﬁ - k, and that by the induction

hypothesis wt(H |p,) < S‘j}‘;‘}r? -kforanyt € {0,1,...,r} (since P is a proper partition). Finally, recalling

that r < ¢, the above inequality contradicts Lemma 5.16, which concludes the proof of this lemma. 0

5.3 Reed-Solomon Codes over subfield evaluation points

In this section, we show that a certain subcode of Reed-Solomon Codes over subfield evaluation points is
(efficiently) list decodable up to capacity with a constant list size (depending on the gap to capacity €). For
Reed-Solomon Codes over subfield evaluation points, Lemma 4.9 only gave a linear upper bound on the
dimension of the list, and so the methods for reducing the list size from Section 5.2.1 do not apply in this
setting.

The main observation that lets us reduce the list size in this setting is that the proof of Lemma 4.9
in fact shows that the list has a more refined low-dimensional periodic structure. Namely, there exists
an [F,-linear subspace vV C [Fys of constant dimension 7 = O(1/¢) so that the following holds: Any
polynomial f(X) = Z?:_ol i € Fys[X] whose associated codeword is in the list satisfies that for any
i€{0,1,...,k — 1}, given the first i coefficients fy, f1,..., fi_1 € Fys, the next coefficient f; belongs to
an affine shift of V (where the affine shift only depends on fy, f1,..., fi—1).> This motivates the following
definition. In what follows, for a vector v € F**, we let v = (Vs,1,---,Vs k), Where vg; denotes the i-th
block of v of length s.

Definition 5.18 (Periodic subspace). Let F be a finite field, and let k, s,r be positive integers. A linear
subspace V. C F** is a (k, s, r)-periodic subspace if there exists a linear subspace V CF® of dimension
7, so that the following holds: Foranyv € V andi € {1,2,... k}, there exists z; € F*, that only depends
ON Vs 1,...,Vsi-1, SO that vs; € z; + V.

3This follows by recalling from the proof of Lemma 4.9 that for any i € {0,1,...,k — 1}, f; must satisfy that B(f;) = —y;,
where y; only depends on fo, fi,..., fi—1, and B(X) = ZZ;; Bg(O)qu. Consequently, we have that f; € z; + V, where
vV C [Fgs denotes the set of roots of B(X), and z; € Fgs is such that B(2;) = —y;. Finally, note that by the linear structure of
B(X), V is an Fy-linear subspace of dimension at most  — 1.
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By the above, the Reed-Solomon Code over subfield evaluation points RSys (a1, . . . , an; k) fora, ..., a, €

[F, is list decodable from an (1 — R —e)-fraction of errors, where the polynomials whose associated codewords
are in the list are contained in a (k, s, r)-periodic subspace for r = O(1/¢) (when viewing each polynomial
f(X) € Fys[X] of degree smaller than & as a concatenation of k coefficients in Fys, identifying F,s with Fy
via some [ -linear bijection, and identifying (IFZ)’I€ with IE‘Z’“ in the natural way). This periodic structure can
lead to an [F-linear subcode with lists of constant dimension (and so also of constant size by Lemma 5.12)
when only keeping in the code codewords whose associated polynomials fall in a periodic evasive subspace,
which is a large subspace whose intersection with any periodic subspace has a low dimension.

Definition 5.19 (Periodic evasive subspace). Let F be a finite field, and let k,s,r,t be positive integers.
A linear subspace W C F** is a (k, s, r,t)-periodic evasive subspace if dim(W N'V) < t for any
(k, s,)-periodic subspace V. C T,

One way to obtain a periodic evasive subspace is via the notion of a subspace design, which is a collection
of large subspaces of F®, whose intersection with any low-dimensional subspace has low dimension on
average.

Definition 5.20 (Subspace design). Let F be a finite field, and let k, s, r,t be positive integers. A collection
of k subspaces Hy, ..., Hy, C F* is an (r,t)-subspace design ifo:l dim(V N H;) < t for any linear
subspace V- C IF? of dimension r.

The next claim shows that if Hy, ..., Hy is a subspace design, then H; x Hg X --- X Hj is a periodic
evasive subspace with the same parameters.

Claim 5.21. Let F be a finite field, and let k, s, r,t be positive integers. Suppose that a collection of k
subspaces Hy, ..., H C F* is an (r,t)-subspace design. Then W := Hy x Hy X --- x Hy, C Fsk is a
(k, s, 7, t)-periodic evasive subspace.

Proof. Let V C F** be a (k, s, r)-periodic subspace, and let V/ := V' N W. Since both V and W are linear
subspaces over [, then so is V. Thus, to show that VV’ has dimension at most ¢, it suffices to show that V"’
has size at most ¢'.

To see the above, recall that since V' is a (k, s, r)-periodic subspace, there exists a subspace V C F* of
dimension at most 7, so that for any v € V and i € {1,...,k}, there exists z; € F* that only depends on
Ug,1y---,Vsi—1,50thatvg; € 2; +V. By the definition of W, this implies in turn that forany v € V' = VW
and i € {1,...,k}, there exists z; € F* that only depends on vy 1,. .., vs 1, 80 that vs; € (2; + V) N H;.

Thus, given the values of v 1, . . ., vs ;—1, there are at most qdim(vmH ) possible values for v ;. Consequently,
V' has total size at most .
. > k . >
H qdlm(VﬂHl‘) — qzizl dlm(VﬁHi) S qt’
i=1
where the upper bound follows since H, ..., Hy is a (k, s, r,t)-subspace design. O
The next theorem gives an explicit construction of a subspace design with large subspaces Hi, ..., Hi

whose total intersection with any low-dimensional subspace is small. Interestingly, the construction relies
on the list decoding properties of multiplicity codes!

Theorem 5.22. For any prime power q, a prime d, and positive integers k, s, r satisfying that s < 2rk,
d_ . .. . .
max{2r, s} < char(F,), and k < 91, there exists an explicit construction of an (r, )-subspace design

Hy, ..., Hy C Fy, where each subspace H; has co-dimension 2rd.
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Proof. We first note that Lemma 5.16 implies a version of this theorem for d = 1 and k < q. To see this, let
ai,az,...,ay be distinct elements in Fy, and for i € [k], let

Hy = {F(X) € F<alX] | fa) = fD(a) =+ = 7 D(a) =0},

where we view a polynomial f(X) € (IFy)<s[X] as a vector of coefficient in ;. Then each H; has co-
dimension at most 2r since any requirement of the form f () (a;) = 0 imposes a single linear constraint on
the coefficients of polynomials in H;. Let V C (F,)<s[X] be an r-dimensional subspace. For i € [n], let
A; be the set of codewords in multgzr) (ai,...,ax;s) corresponding to the polynomials in H;, and let V' be
the set of codewords in this code corresponding to the polynomials in V. Then applying Lemma 5.16 with
k distinct evaluation points, multiplicity parameter 2r, and degree parameter s, we have that

Zdim(Hiﬁf/) :Zdim(AiﬂV) < -5 <s.

i=1 i=1 Cr+l

To extend the proof to d > 1, and obtain a larger collection of subspaces H;, one can pick the a;’s from
the extension field Fqa. In more detail, let a1, ag, . . ., a;, be elements in F 4 so that all elements of the form

a?e fori € [k]and ¢ € {0,1,...,d— 1} are distinct. Note that if d is a prime, then any elementa € Fa \F,

has distinct powers a, af,..., a?’™". So in this case, one can find at least & = a’—q = 9 elements ai,...,a
inside F ,a which satisfy the above requirement.
Similarly to the d = 1 case, for i € [k], let
£

Hy = { f(X) € (F)<[X] | flaf) = fDaf) == s (af ) =0forany ¢ =0,1,....d 1},

where we view a polynomial f(X) € (F,;)<s[X] as a vector of coefficient in IF;. Then it can be verified that
each H; has co-dimension at most 2rd. Moreover, the proof of Lemma 5.16 shows that

. r s
> dim(H;NV) < -—— s <
B d-(r+1) d

for any 7-dimensional subspace V C (F,)< s[X]. O

By setting d = 5> (assuming that 7 < <) in the above Theorem 5.22, we get the following corollary.

Corollary 5.23 (Explicit subspace design). For any prime power q, € > 0, and positive integers k,s,r
satisfying that s < 2rk, s < char(F,), ¢° > (k - %)27"/ ‘,and r < 5, there exists an explicit construction
of an (r, 2{)-subspace design Hy, ..., Hy C Iy, where each subspace H; has co-dimension €s.

Recall that by Lemma 4.9, the Reed-Solomon Code over subfield evaluation points RSys (a1, .. ., an; k)
foray,...,a, € Fyand s = ©(1/€?) is list decodable from an (1 — R — ¢)-fraction of errors, where the
polynomials whose associated codewords are in the list are contained in a (k, s, )-periodic subspace for

= O(1/e). Let Hy,..., Hy, be the subspace design given by the above corollary for these parameters,
and recall that by Claim 5.21, W := H; x Hy x --- x Hy is a (k,s,, %)—periodic evasive subspace.
Let C' C RSys (al, ..., an; k) be the subcode which consists of all codewords associated with polynomials
f(X) =3 5 ZXZ € Fys[X] sothat f; € H;4q foranyi € {0,1,...,k — 1}. Then C has rate R — € and
is list-decodable from an (1 — R — ¢)-fraction of errors with list of dimension O(1/e?) (which by Lemma
5.12, also implies that this subcode has a list of size at most exp(poly(1/e))).
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Finally, note that C can be list decoded up to capacity in polynomial time as follows. First note
that by Lemma 4.9, one can find a basis for the (k,s,r)-periodic subspace V' containing the list of
RSgs(a1,...,an; k) in polynomial time by solving a system of linear equations. Then one can find a
basis for the O(1/¢?)-dimensional subspace V' containing the list of C' in polynomial time by solving an-
other system of linear equations to find the intersection of V' with the subspace containing the encodings of
all degree k polynomials with coefficients in W = H; x --- x Hj,. Finally, since the size of V" is ¢©(1/ ),
one can find all elements in the list in time ¢©(/ ), which is polynomial in the block length for a constant ¢

and ¢ = poly(n).

5.4 Bibliographic notes

Higher-order MDS codes. The notion of higher-order MDS codes was introduced independently by
Brakensiek, Gopi, and Makam [BGM22] and Roth [Rot22]. In [Rot22], higher-order MDS codes were
defined as codes achieving the generalized Singleton Bound, while in [BGM22], they were defined based on
the dimension of the intersection of the subspaces spanned by subsets of columns of their generator matrix.
The definition of higher-order MDS codes presented in Section 5.1.1, based on size of the intersection of the
zero-patterns of columns of the generator matrix, was given later in another paper of Brakensiek, Gopi, and
Makam [BGM25]. In the same paper it was also shown that all the above three definitions are equivalent
(up to duality). Fact 5.1 was called the MDS condition in [DSY 14], and its proof seems to be folklore.

Hypergraph connectivity. Kirély [Kir03] introduced the notion of edge connectivity for hypergraphs,
and proved the Menger Theorem for hypergraphs which says that edge connectivity is equivalent to having
multiple edge-disjoint paths between any pair of vertices (this theorem generalizes the well-known Menger
theorem for graphs [Men27]). The notion of (weak) partition connectivity for hypergraphs is well-studied in
combinatorics [FKKO03a, FKKO03b, Kir03] and optimization [JMS03, FK08, Fral 1, CX18], and it generalizes
the well-known notion of graph partition connectivity (In particular, the well-known Nash-Williams-Tutte
Tree-Packing theorem shows that in graphs, partition connectivity is equivalent to having edge-disjoint
packing trees). Our proof of Lemma 5.4 follows the proof of [AGG'25, Lemma 2.4]. Theorem 5.5 about
hypergraph orientaitons is stated most explicitly in [Fral1], but is also implicit in [Kir03, FKK03b].

Reed-Solomon Codes over random evaluation points. Shangguan and Tamo [ST20] conjectured that
random Reed-Solomon Codes are higher-order MDS codes and proved several special cases of this
conjecture, and this conjecture was proven in full in [BGM25]. We present an alternative view of their
proof, based on hypergraph connectivity, that was presented by Alrabiah, Guo, Guruswami, Li, and Zihan
[AGG™25], and was based in turn on a hypergraph perspective on list-decoding that was first suggested by
Guo, Li, Shangguan, Tamo, and Wootters [GLS*24]. Lemma 5.6 which connects weak partition connectivity
with generalized zero-patterns follows [AGG™25, Corollary A.4]. Theorem 5.9 which says that duals of
higher-order MDS codes (according to the GZP-based definition) satisfy the generalized Singleton Bound
follows the proof of [AGG*25, Theorem 2.11]. The GM-MDS Theorem (Theorem 5.10) was proven
independently by Lovett [Lov21] and Yildiz and Hassibi [YH19], following a conjecture made by Dau,
Song, and Yuen [DSY14]. Corollary 5.11 follows the proof of [BGM25, Proposition 4.5].

An exponential lower bound on the field size of higher-order MDS codes was shown in [BGM22,
Corollary 4.2], while in [AGG™25] it was shown that random Reed-Solomon Codes over a linear-size
alphabet approximately attain the generalized Singleton Bound [GZ23, AGG™'25]. An alternative approach
for showing that random Reed-Solomon Codes attain the generalized Singleton Bound was given by Levi,
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Mosheiff, and Shagrithaya [LMS25]. This approach was based on showing that random Reed-Solomon
Codes behave similarly to random linear codes with respect to list-decodabability properties (and more
generally, any local property, see below).

Multiplicity codes and Reed-Solomon Codes with subfield evaluation points. The probabilistic argu-
ment, presented in Section 5.2.1, which shows that any linear code that is list decodable up to capacity
with a constant dimensional list is also list-decodable up to capacity with a constant list size was discovered
by Kopparty, Ron-Zewi, Saraf, and Wootters [KRSW23, Lemma 3.1] (some improvements and extensions
were later given by Tamo [Tam24]). The proof that multiplicity codes (as well and FRS codes) attain the
generalized Singleton Bound, presented in Section 5.2.2, was discovered by Chen and Zhang [CZ25], and an
algorithmic version was given in [AHS26]. Lemma 5.16 that is used in this proof was proven by Guruswami
and Kopparty [GK16b]. Brakensiek, Chen, Dhar, and Zhang [BCDZ25] extended the proof of [CZ25] by
showing that multiplicity codes (as well as Folded Reed-Solomon Codes) satisfy any local property that is
satisfied by random linear codes (Informally speaking, local properties [MRR ™24, LMS25] are properties for
which non-membership can be certified using a small number of codewords, and they include list decoding
and list recovery as special cases).

The approach for reducing the list size for a subcode of Reed-Solomon Codes over subfield evaluation
points using subspace designs, presented in Section 5.3, was suggested by Guruswami and Xing [GX22].

AG codes. A disadvantage of all the explicit capacity-achieving list decodable codes we discussed so far is
that their alphabet is a large polynomial in the block length (at least n'/ < where n is the block length, and € is
the gap to capacity). To reduce the alphabet size to a constant, one can resort to algebraic-geometric (AG)
codes. Loosely speaking, AG codes are an extension of Reed-Solomon Codes to the setting of function
fields, in which codewords correspond to the evaluation of certain functions on rational points of some
algebraic curve over some finite field F. Reed-Solomon Codes then correspond to the special case in which
the algebraic curve is the affine line over IF and the functions are low degree polynomials on the line. As the
affine line has only |F| rational points, this forces the alphabet of the Reed-Solomon Code to be at least as
large as its block length. The advantage of AG codes is that algebraic curves can generally have many more
rational points, and so the alphabet can potentially be much smaller than the block length. In particular, by
a certain choice of parameters, the alphabet size can be made constant for increasing block lengths.

Algebraic-geometric codes were first introduced by Goppa [Gop83]. Guruswami and Sudan [GS99]
showed that their algorithm for list-decoding of Reed-Solomon Codes up to the Johnson Bound , presented
in Section 3.3, can be extended to the setting of AG codes. Later, Guruswami and Xing [GX22] introduced
versions of folded AG codes, as well as AG codes with subfield evaluation points, and used these to extend the
results that Folded Reed-Solomon Codes and Reed-Solomon Codes over subfield evaluation points achieve
list-decoding capacity, presented in Section 4.2 (for the related family of multiplicity codes) and Section
4.3, respectively, to the setting of AG codes. More recently, Brakensiek, Dhar, Gopi, and Zhang [BDGZ25]
extended the result that random Reed-Solomon Codes achieve the generalized Singleton Bound, presented in
Section 5.1, to the AG code setting. The approach for reducing the list size for a subcode of Reed-Solomon
Codes using subspace designs, presented in Section 5.3, was also used by Guruswami and Xing [GX22]
to reduce the list-size of a subcode of AG codes to nearly-constant (on the order of log*(n)), and later to a
constant by Guo and Ron-Zewi [GR22].
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6 Near-linear time list decoding

In this section, we discuss faster versions of the list decoding algorithms for Reed-Solomon Codes and
multiplicity codes. Recall that we have already seen versions of such algorithms in Sections 3 and 4 that
run in polynomial time in the input size, and decode Reed-Solomon Codes up to the Johnson Bound and
multiplicity codes up to list decoding capacity. The goal now is to see alternative algorithms for these
problems whose time complexity is much faster - they run in nearly linear time in the input size, in certain
regime of parameters. We start with such an algorithm for Reed-Solomon Codes in Section 6.1 below,
followed by a fast list decoding algorithm for multiplicity codes in Section 6.2.

6.1 Fast list decoding of Reed-Solomon Codes up to Johnson Bound

In this section, we present a near-linear time list decoding algorithm for Reed-Solomon Codes up to a radius
approaching the Johnson Bound. Specifically, in what follows, fix a prime power ¢, distinct evaluation
points ai,...,a, € Fy, and a positive integer £ < n, and let RS,(a1,...,an; k) be the corresponding
Reed-Solomon Code. We shall show an algorithm which for any € > 0, list decodes this code from

(1- \/% — ¢)-fraction of errors in time n - poly(%,log(g),log(n), 2). Thus, when both € and the rate

R:= % of the code are constant, the running time of this algorithm is n - poly(log(n), log(q)). Note that as
opposed to the polynomial-time list-decoding algorithm for Reed-Solomon Codes presented in Section 3.3,
the algorithm we present in this section does not achieve the Johnson Bound, but it only approaches it.

Overview. Recall that the polynomial-time algorithm for list decoding of Reed-Solomon Codes up to
the Johnson Bound, presented in Section 3.3 (cf., Figure 3), consists of two main steps, namely, that of
constructing a non-zero bivariate polynomial that encodes all the close enough codewords in its belly, and
that of finding roots of a bivariate polynomial. Moreover, the first step is done by setting up and solving a
linear system, while the second step relies on some off the shelf root computation algorithm for bivariate
polynomials. While the time complexity of both these steps turns out to be polynomially bounded, it is
unclear whether the time complexity can be improved to something that is nearly linear in the input size.
In fact, even for the seemingly simpler linear system that appears in the interpolation step of the unique
decoding algorithm for Reed-Solomon Codes, presented in Section 3.1, it is unclear if the system can be
solved in nearly linear time. Indeed, even fast unique decoding algorithms for Reed-Solomon Codes, that
have been known since the 60’s rely on some non-trivial insights.

The fast list decoding algorithm we present in this section has two main technical components. The
first component shows that the interpolation step in the algorithm of Figure 3 can indeed be performed in
nearly linear time using appropriate lattices over the univariate polynomial ring. The second component,
essentially uses (off the shelf) an algorithm of Roth and Ruckenstein [RR00] for computing low degree roots
of bivariate polynomials. We now discuss these ideas in some more detail.

6.1.1 Fast implementation of the interpolation step

Let w € Iy be the received word. Our goal in this step is to find, in nearly linear time, a non-zero bivariate
polynomial Q(X,Y") of small (1, k)-weighted degree, such that for every 7,  has a high multiplicity zero at
(ai,w;). To this end, we start with some definitions that, apriori, might appear to be slightly mysterious.
Let R(X) be the unique polynomial of degree at most n — 1 such that for every i, R(a;) = w;. R can
be obtained in nearly linear time using the standard fast interpolation algorithms for univariate polynomials
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based on the Fast Fourier Transform (e.g Algorithm 10.22 in [vzGG13]). The utility of R stems from the
following simple observation: if f(X) is such that f(a;) = w;, then X — a; divides f(X) — R(X), or
equivalently, f(X) = R(X) mod (X — a;). Let £,m € N be parameters with ¢/ < m to be set later, and
for every j € {0,1,...,m — 1}, let P;(X,Y) be the bivariate polynomial defined as follows.

Vje{0,1,...,0—1}, Pi(X,Y) :=(Y — R(X))’ - ﬁ(X — )t
=1
Vie{lt+1,....om—1}, PiX,Y):=Y — R(X))

Let us now consider the set of bivariate polynomials in the F;[X]-linear span of Py, Py, ..., Py_1, that
is,

m—1
£Em = &5 gi(X) - Pi(X,Y) : g; € Fy[X]
j=0

The set £5™) could be alternatively thought of as follows. We view each Pj as a univariate in Y with
coefficients from the ring F,[X]; and thus, P; can be thought of as a vector of dimension m (namely the
coefficient vector, when viewed as a univariate in Y'), where every entry is an element of F,[X]. The set
L™ is then the [F,[X] linear span of these vectors. Furthermore, we note that since the Y-degree of P;
equals j (and hence is distinct), the coefficient vectors of P; (when viewed as univariates in Y") are linearly
independent over the field F,(.X).

Recall that over the ring of integers, the notion of a lattice is defined as follows: for any postive integer
n and linearly independent n dimensional vectors vy, . .., v,, over real numbers, the lattice generated by
V0, V1, - - ., Uy is defined as {D ; a;v; : a; € Z}. There are some obvious syntactic similarities in the above
definition of integer lattices and the definition of the set L&) in both cases, we have integral domains
(integers and F,[X ] respectively) and we take a set of vectors that are linearly independent over an underlying
field containing these domains (the field of real numbers and the field of fractions (X)) respectively) and
consider their weighted linear combinations, where the weights come from the respective integral domains.
Furthermore, both of the integral domains are in fact Euclidean. Given these syntactic similarities, we follow
the convention of referring to £(“™) as a lattice generated by Py, Py, ..., P,,_1 throughout this survey.

The following lemma shows the relevance of the lattice £(“™ to the interpolation step of the list decoding
algorithm for Reed-Solomon Codes.

Lemma 6.1. Ler Q(X,Y) be any non-zero polynomial in the lattice L™, Then for everyi € [n], Q(X,Y)
vanishes with multiplicity at least ¢ at (a;, w;).

Proof. Let u,v be non-negative integers such that v + v < ¢. Then, for the proof of the lemma, it
suffices to show that the Hasse Derivative Q(**) of @ vanishes at (aij,w;). Recall that @ is of the
form Z?Zol 9;(X)P;(X,Y). Thus, by linearity of Hasse Derivatives, it suffices to show that the (u,v)-
Hasse Derivative of every summand g;(X)P;(X,Y’) vanishes at (a;, w;). From the product rule of Hasse
Derivatives (cf., Lemma 2.7), we have that

(G (X)PX Y)Y = 3 B(X, V) gy (X)),
0<u’ <u,0<v'<v
(u' )

and it therefore suffices to show that P; vanishes at (a;, w;) for any v’ + v < £.

To see the above, we consider two cases depending on j, since the structure of P; changes when j > /.
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e j > { : From its definition, we have P; = (Y — R(X))’. We now argue that for any non-negative

u’, v’ such that v’ + v < ¢, Pj(u,’v/) is divisible by (Y — R(X)). This would complete the argument

since (Y — R(X)) (and hence Pj(“,’v,)) evaluates to zero at (a;, w;).

To see the divisibility claim, we consider Pj(X + Z1,Y + Zs) = (Y + Zy — R(X + Z1))?. Viewing
R(X + Zj) as a polynomial in Z;, we get that R(X + Z7) equals R(X) + Z; - I'(X, Z;) for some
bivariate polynomial I'. Thus, P;(X + Z1,Y + Z2) = (Y — R(X)) — (Z11(X, Z1) — Z3))’. From
the binomial theorem, we further get that

J )
Pj(X + Z1,Y + Z3) = Z (i) (Y — R YT — Zo)".
t=0

By definition of Hasse Derivatives, we have that Pj(u,’v/) equals the coefficient of Z”f/ Zé’/ in the above
expansion. Note that every monomial in the polynomial (Z;T" — Z5)! has total degree at least ¢ in the
Z variables. Thus, the coeflicient of Zf“/ Z%’/ in Pj(X + Z1,Y + Z) equals the coefficient of Z}‘/ Zgl
in the truncated sum 21‘:6”/ ()Y — R)=Y(ZiT" — Z»)!. Furthermore, from ¢ < v’ + v’ < £ and
¢ < j, we get that each of the terms in the sum above is divisible by (Y — R) (which has Z-degree
zero). Thus, P\"""") must be divisible by (¥ — R).

* j < £ :This case also proceeds along the lines of the above case, albeit with a little more care. For j < /,
we have from the definition of P; that P;(X,Y) = (Y — R(X))’ [[}=, (X — a¢)*~J. For notational
convenience we can re-write P; as Pj(X,Y) = (Y — R(X)) - (X —a;)* 77 - [Tin(X = a;)'7. The
advantage of this rearrangement is that both (Y — R) and (X — a;) are zero at (a;, w;). Thus, counted
with multiplicities, P; has at least ¢ factors that vanish at (a;,w;). Intuitively, this should indicate
that the multiplicity of P; at (a;, w;) must be at least ¢ and hence its (u/, v")-Hasse Derivative should
vanish at (a;, w;) for all v’ 4+ v’ < £. This intuition can be made formal by using the definition of
Hasse Derivatives to conclude that Pj(“l’v/) can be written as a sum of terms, each of which is divisible
by either (Y — R(X)) or (X — a;) (or both). We skip the formal proof of this claim here.

This completes the proof of the lemma. O

Lemma 6.1 shows that every non-zero polynomial in the lattice £(>™) vanishes with high multiplicity at
(ai, w;) and hence satisfies the interpolation conditions in the algorithm of Figure 3 (for a careful choice of ).
Thus, if we can somehow find a polynomial in this lattice that is non-zero and has low (1, k)-weighted degree
in nearly linear time, we would have made excellent progress towards a fast list decoder for Reed-Solomon
Code.

The main insight is to associate a notion of norm or length to the vectors in the lattice £ such that
under this norm, the question of finding a non-zero low (1, k)-weighted degree polynomial Q(X,Y") in this
lattice is precisely the question of finding a short (under this norm) non-zero vector in this lattice. Thus,
proving a bound on the norm of this short vector and finding one in nearly-linear time will together complete
a fast implementation of the interpolation step. We now discuss the details, starting with the definition of
the notion of lattices over the univariate polynomial ring and the length of the vectors in the lattice.

Lattices over the univariate polynomial ring. We start with a couple of definitions. Let IF be a finite
field, and let P = { Py, P, ..., Pn—1} C F[X]" be a set of m vectors in F[X]". A lattice £ generated by
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P over the ring F[X] is defined as

m—1
L= {Z gi(X)-Pi:gi(X) € IF[X]} :
=0

A set P C F[X]" is said to be a basis for a lattice £ in F[X]" if P generates the lattice £ in the above sense,
and the vectors in P are linearly independent over the field F(X) of rational functions in X over F. The
size of a basis of a lattice is a fundamental property of the lattice and in particular, all bases of a lattice have
the same size. Note that the vectors in P can alternatively be thought of as coefficient vectors of bivariate
polynomials in F[X, Y] when they are viewed as univariates in Y. We switch between these views in the
course of discussion in this survey as per convenience.

For our applications in this survey, we confine ourselves to lattices that are full rank in the sense that
they are generated by a basis P C F[X]™ such that |P| = m, i.e. the size of the basis equals the dimension
of the ambient space. For instance, we note that the lattice £(“™) defined earlier in this section is full rank.
To see this, observe that the generators of this lattices, i.e the bivariate polynomials Fy, Py, ..., Py,_1 have
distinct Y-degrees, and so they are linearly independent over F,(X).

For a basis P of a full rank lattice £ over F[X], we define the determinant of P, denoted by det(P) to be
the determinant of the square matrix whose columns are the vectors in P. Recall that det(P) is a polynomial
in the variable X. As is the case with full rank lattices over the ring of integers, the determinants of all bases
for a lattice £ are all equal to each other, and this is a fundamental property of the lattice £, that we denote
by det(L).

Next we define a notion of norm of vectors in these lattices.

Definition 6.2 (Degree norm). For any vector P = (po, p1,...,pr—1) € F[X]", we define the degree norm
of P, denoted as j1(P) as
P):= ma, deg(p;),
u(P) e g(pj)
where deg(p;) is the maximum degree (in X ) of any entry p; € F[X] of P.
In other words, 11(P) is the degree in the variable X of the bivariate polynomial Z;;(l) p;i(X)Y7.

The following theorem is a combination of the key technical result of Alekhnovich in [Ale05] and a
classical theorem of Minkowski for lattices. The theorem is implicit in [Ale05] and we refer to Section 3.3
in [GHKS24] for a more detailed discussion on this.

Theorem 6.3 ([Ale05]). Ler £ C F[X|™ be a full rank lattice over F|X| generated by a basis P. Then,
there is a non-zero vector v in L such that

deg(det(L)).

pu(v) < %

Moreover, there is an algorithm that when given the basis P as input finds a non-zero vector v € L which
satisfies the above inequality, and runs in time O(u(P)) - poly(m), where ji(P) equals maxpep pu(P).

Given this brief digression to the properties of lattices, we now get back to the task of obtaining a fast
implementation of the interpolation step of the algorithm of Figure 3, and prove the following lemma.

Lemma 6.4. Let Py(X,Y),..., Pm_1(X,Y) be the polynomials and let L™ be the lattice as defined
earlier in this section with respect to a received word w € ¥y and evaluation points ai, . .., an € Fg, and

58



let k < n be a positive integer. Then, there is a non-zero polynomial Q(X,Y) in L™ of (1, k)-weighted

degree at most
n(l+1)¢ N (m—1)k
2m 2 ’

Moreover, there is an algorithm that when given the coefficient vectors of Py, P, . . ., P,,—1 as input, outputs
the coefficient vector of Q in time O(n) - poly(m).

Proof. In order to argue about the (1, k)-weighted degree of polynomials in £Em) it would be helpful
to instead work with the following related lattice (£')(“™) generated by the F,[X] span of the bivariates
Py, Pl,..., P _, defined as

Vi e {0,1,...,0—1}, P{(X,Y) =(X*Y — R(X)) - ﬁ(X —a)t
=1
Vi€ {6 l+1,...,m—1}, P|(X,Y) :=(X*Y — R(X)) .

We again view these polynomials as univariates in Y with coefficients in [F;[X]. Thus, Pj’ is a polynomial
with Y degree equal to j and for j < ¢, its leading coefficient equals X*7 - [T, (X — a;)*~7, whereas for
j > 4, its leading coefficient equals X*7. Thus, if we look at the m x m matrix consisting of the coefficient
vectors of P]{ (we think of each of them as a polynomial in Y of degree at most m — 1), we get a triangular
matrix, with the diagonal entries corresponding to precisely the leading coefficients of Py, P;,..., P} ;.
Hence, the lattice generated by them is full rank and its determinant is the product of the diagonal entries of
this matrix, which equals

-1 n m—1

T1x TJx = a7 | - | TT x*

=0 i=1 Jj=£

m—1)k
2

to (£/)(4™) to get that there is a non-zero polynomial Q(X,Y") in (£')(“™ such that 11(Q), which equals its

X-degree, is at most

Thus, the degree of the determinant of £™) equals <"(€J2rl)e + ) We now invoke Theorem 6.3

1 (nl+1)0 mm-—1)k _ n(l+1)¢ (m—1)k
() - (M ).

m 2 2 om 2

Moreover, since the X-degree of any PJ( is at most (mk + nf), there is an algorithm that when given
Py, ..., P! _ asinputs, outputs () in O(mk + nf) - poly(m) < O(n) - poly(m) time. Since @ is in
(L&) and P, Py, ..., P! _, are linearly independent over the field F, (X ), we have that there are unique
univariate polynomials go, g1, . .., gm—1 € Fq[X] such that Q= Z;n:_ol gj (X)P]((X, Y). Let Q(X,Y) be
the polynomial defined as

m—1
QIX,Y) = gi(X)F(X,Y).
j=0

From the definition of Q, Py, P1,...,Ppn_1,P},P|,..., P} it follows immediately that the (1,k)-

yt m—1»

weighted degree of @ is at most the X-degree of (), which is at most <"(€+1)e + (mgl)k>. Moreover,

2m
there is an algorithm that when given the coeflicient vector of Q. outputs the coefficient vector of () in nearly
linear time in the input size.
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To see the moreover part, we just observe that in each P!, we have the property that the coefficient of Y
is divisible by X*. Since Q is obtained by taking an I, [X]-linear combination of such polynomials, this
property continues to be true for Q. Finally, to obtain @) from Q, we just need to divide the coefficient of Y
in Q by X*, for every i, and this operation can be done in nearly linear time in the description of Q, and
hence has time complexity at most O(n) - poly(m).

Thus, the overall time complexity of obtaining @, given Iy, P, ..., Prn—1 includes the time complexity
of obtaining P}, P{,..., P}, _, from Py, Py, ..., Py,_1, invoking Theorem 6.3 to obtain (), and then doing

the aforementioned transformation on @ to obtain (. We have already bounded the time complexity of each
of these steps, apart from the complexity of constructing P}, ..., P} _, by O(n) - poly(m). Finally, since
P{(X,Y) equals P;(X, X *Y"), we can obtain the coefficient Vector of P/ by multiplying the coefficient of
Y%in Pj(X,Y) by X* for every i < m. This takes an additional O(n) - poly(m) time, and gives us the
desired bound of O(n) - poly(m) on the total complexity. O

To complete the interpolation step of the algorithm of Figure 3, we now invoke the above Lemma 6.4
with the right setting of parameters, and account for the time complexity of obtaining P;.

Lemma 6.5. Let q be a prime power, let ay, ..., ay be distinct elements of Fy, and let k < n and { € N
be parameters. Then there is an algorithm that runs in time n - poly(log(n),log(q),?, ), and on any

input w € F7, outputs a non-zero bivariate polynomial Q(X,Y') with (1,k)-weighted degree at most
V/nk(l 4 1)¢, such that for every i € [n], QQ vanishes with multiplicity at least £ on (a;, w;).

Proof. The algorithm proceeds by first setting the parameter m such that m satisfies n(¢+1)¢ = m(m—1)k.
For simplicity, we assume that m can be chosen to be a positive integer while satisfying this equation. So,
m = O(l\/F).

Next, we construct, via fast univariate polynomial interpolation, the polynomial R(X) of degree at most
n — 1 such that for every ¢ € [n], R(a;) = w;. This can be done in n - poly(log(q),log(n)) time. We now
construct the basis Py, P, ..., P,,_1 of the lattice L£Em) ag follows. We focus on J < £ since the argument
for larger j is similar (and only easier). For j < ¢, P; is defined as (Y — R(X))’ - [T}, (X — a;)*"7. By
expanding (Y — R(X))/ and rearranging the terms, we get

szgyt« >RJ tH —a;)* )

Thus, for every ¢, the coefficient of Y in P; is a polynomial in X of degree at most O(nm). Furthermore,
given the coeflicient vector of R (that we have already computed above) and ay, a9, . . . , a, we can compute
the polynomial R/~ [}, (X — a;)*~/ using O(nm) arithmetic operations over the underlying field using
the standard FFT based algorithms for fast polynomial multiplcation. Thus, each P; (and hence, the entire
basis) can be computed in time 7 - poly(m, log(n),log(q)), which is at most n - poly(log(n),log(q), ¢, )
for our choice of . = O (¢, /).

Now, from Lemma 6.4, we have that there is an algorithm that takes the basis of the lattice £(4) as input
and outputs the coefficient vector of a non-zero Q(X,Y') in this lattice in time n - poly(m) < n - poly(¢, %),

such that the (1, k)-weighted degree of @) is at most ( (“1)6 + (mgl)k) For our choice of m, the two

terms in this weighted degree bound are equal to each other, and hence the (1, k)-degree of () is at most

nk(EEDEm=1) < k(0 + 1)L
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Finally, from Lemma 6.1, we get that this polynomial () vanishes with multiplicity at least £ on (a;, w;)
for every i € [n]. This observation together with the fact that the overall running time of the algorithm is at
most 1 - poly(log(n),log(q), ¢, ) completes the proof of the lemma. O

6.1.2 Fast implementation of the root finding step

We first note that from the properties of the polynomial () constructed in Lemma 6.5, the following observation
follows.

Lemma 6.6. Let Q(X,Y) be the polynomial constructed in Lemma 6.5, and let f(X) € F,[X] be a

/nk(t+1)¢
7

univariate polynomial of degree less than k so that f(a;) = w; for at least

Then, Q(X, f(X)) = 0.

many indices i € [n].

Proof. The lemma follows immediately from Claim 3.9, analogously to the proof of Lemma 3.10. We just
sketch the details, while keeping track of the changed parameters. From the same argument as in the proof of
Lemma 3.10, we have that Q(X, f(X)), which is a univariate polynomial of degree at most y/nk(¢ + 1),
vanishes with multiplicity at least £ on every a; where f(a;) = w;. Thus, if the number of agreements of f
and w is at least w, it must be the case that Q (X, f(X)) is identically zero. O

One final technical tool needed for the fast variant of a list decoding algorithm for Reed-Solomon Codes
is the following theorem of Roth & Ruckenstein [RRO0]. The theorem gives a faster algorithm for finding
roots of bivariate polynomials than what is given by Theorem 3.7 in certain settings of parameters. We refer
to Theorem 1.2 in [Ale05] for a proof of the theorem.

Theorem 6.7 ([RR00], [Ale05]). Let I be any finite field. Then, there is a randomized algorithm that takes
as input the coefficient vector of a bivariate polynomial Q(X,Y) € F[X,Y] and outputs all its factors of
the formY — f(X) where f € F[X] in time O(degx (Q)) - poly(degy (Q), log(|F|)).

6.1.3 Fast list decoding of Reed-Solomon Codes up to the Johnson Bound

By setting the parameters appropriately, we can now prove the following theorem which gives a fast list-
decoding algorithm for Reed-Solomon Codes approaching the Johson bound.

Theorem 6.8. Let g be a prime power, let a1,az, ..., ay, be distinct points in [Fy, let k < n be a positive
integer, and let € > 0 be a parameter. Then the Reed-Solomon Code RS,(a1, . .., an; k) can be list decoded
Sfrom (1 — % — €)-fraction of errors in time n - poly(%,log(q), log(n), %)

Proof. Given the parameter ¢ > 0 in the theorem, we set the parameter ¢ to be the smallest natural number

greater than % Note that for this choice of ¢, we have 7”%(@”1)( < (1+e€)Vnk.

We now invoke Lemma 6.5 with the given received word as input. This gives us a non-zero bivariate
polynomial Q(X,Y’) that, as Lemma 6.6 shows, has the property that any polynomial f(X) € F,[X] of
degree less than k with agreement at least (1 + €)v/nk with the received word satisfies Q(X, f(X)) = 0. We
now invoke Theorem 6.7 to compute all such roots f(X) of Q(X,Y") and output the ones that have degree
less than k& and have sufficiently large agreement with the received word.

The time complexity of the algorithm depends on the time complexity of the interpolation step (Lemma 6.5),
which is

n n 1
- poly (1og(n).Jog(a) £ 1) < - poty (log(n). os(a). 7. 7 )
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and the time complexity of the root finding step (Theorem 6.7), which is

Oldetx(@) - poly(dety (Q).og(a)) < vk - poly ( . log(nk) Tog(a). - )

€

where we used the fact that degy (Q) is at most the (1, k)-weighted degree of () and hence is at most
O(v/nk/e) and degy (Q) is at most 1 of the (1, k)-weighted degree of () and hence is at most O/%- 1.
Finally, recalling that k& < n gives us the upper bound on the time complexity of - poly (7, log(q),log(n), %)
of the algorithm, and completes the proof of the theorem.

O]

6.2 Fast list decoding of multiplcity codes up to capacity

In this section, we build upon the ideas discussed in the preceding section to get an algorithm that list decodes
multiplicity codes up to capacity in nearly linear time (in an appropriate parameter regime). In what follows,
fix a prime power g, distinct evaluation points a1, . .., a, € [y, and positive integers k, s so that k£ < sn and

max{k, s} < char(F,), and let MULTEIS) (ai,...,an; k) denote the corresponding multiplicity code. We
shall show that for any constant § := 1 — % and constant € > 0, and sufficiently large s (depending on ¢),

the multiplicity code MU LTSZS) (ai,...,an; k) canbe list decoded from (1 — R — €)-fraction of errors in time
O(n) - polylog(q), where R := % is the rate of the code.

Overview. The fast algorithm for list decoding multiplicity codes up to capacity is essentially a fast
implementation of the polynomial-time algorithm for list decoding multiplicity codes up to capacity that was
presented in Section 4.2. We will proceed by first describing a faster algorithm for the interpolation step
that lets us construct an ordinary differential equation of high order satisfied by all close enough codewords.
This is based on the machinary of lattices over the univariate polynomial ring that we have already seen. The
second part of the proof is a fast algorithm for solving these differential equations whose solutions are low
dimensional subspaces, and recovering a basis for the subspace of solutions. Eventually, we will observe
that a constant size (depending on ¢) list of close enough codewords can be recovered in nearly linear time
using the results of Section 5.2.1.

6.2.1 Fast implementation of the interpolation step

Let w € (IF;)” be the received word, where w; = (wjp,...,w;s—1) for any i € [n], and let r < s
be a parameter. Our goal in this step is to find, in nearly-linear time, a non-zero low-degree (r + 1)-
variate polynomial Q(X,Yp,...,Y,—1) that is linear in Yp,...,Y,_; which satisfies that P;(X) :=
Q(X, f(X), fI(X),..., f=D(X)) vanishes on a; with high multiplicity for any point i € [n] for which
f (<5)(a,;) = w;. The following definition will be helpful in stating some of the technical statements
succinctly.

Definition 6.9 (Derivative operator). The derivative operator  is an F,-linear map that maps polynomials
inFy[X,Yy,...,Y,_1] that are linear in Yy, . .., Y,_1 to polynomials in F[ X, Yy, ..., Y,] that are linear in
Yo, ..., Y, as follows:

r—1 r—1
T (A(X) +y Be(X)Ye> =AW+ (Bé”(X) Y+ (£ 4+ 1)Be(X) - Yeﬂ) .
(=0 /=0
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More generally, for a non-negative integer j, let ) denote the following linear operator:

r—1 r—1 7
h+/¢
70) <A(X) + 3 By(X)Y, ) = AU(X +ZZ< * )BU N(X) Yo
(=0 {=0 h=0
Thus, the image of T9) is contained in Fo[X, Y0, ..., Yo 14j].

Note that by (4), for any polynomials Q(X) = A(X) + Y—4 Be(X)Yz and f(X) € F,[X], if we let
Pi(X) = Q(X, f(X), fD(X),..., fr=D(X)), then we have that
rD(@Q)(X, F(X), FVX),.... fr-14D(x)) = PP (X),

for any non-negative integer j.
The following lemma is a faster version of Lemma 4.5.

Lemma 6.10. There is an algorithm that takes as input a received word w € (F3)", runs in time O(n) -
poly(s), and outputs a non-zero (r + 1)-variate polynomial Q(X, Yy, ...,Y,_1) over F, of the form

Q(X, Yo, Yo1) = A(X) + Bo(X) - Yo + -+ Br_1(X) - Yoy
such that:

1. The X-degree of Q) is at most n(s T—H).

2. Foranyi € [n]and j € {0,1,...,s —r}, we have that
T(]) (Q)(al7 Wi, 0, Wiy - - 7wi,$—1) =0.

Proof. We will start by defining an appropriate lattice over the ring F,[X] such that all polynomials in the

lattice have degree at most one in Yy, Y7,..., Y, and satisfy the constraints in the second item in the
lemma above. We then show that there is a polynomial in this lattice with X-degree at most ”(S;f 1), and

hence the shortest vector with respect to X -degree being the measure satisfies this property. Based on these
observations, the algorithm is quite natural - it will construct a basis for this lattice and then run the algorithm
given in Theorem 6.3 to find a shortest vector in this lattice.

In more detail, let Ry, Ry, ..., R,—1 € Fy[X] be polynomials with degree at most sn — 1, (s — 1)n —
1,...,(s —r+41)n — 1 respectively such that for every ¢ € {0,1...,7—1},j€{0,1,...,s —¢—1} and

i € [n], we have that
; (47
R (@) = < j )wi,eﬂ‘-

Clearly, such polynomials exist due to degree considerations, and in fact are unique and can be found in
time O(ns) using FFT based algorithms (algorithm 10.22 in [vzGG13]). Given these R;’s, let us consider
the lattice £ defined as follows.

{ )T r+1+de (Yo — Re(X ))1§,go,---79r1€Fq[X}}

=1

We first show that for every polynomial @ € £,i € {1,2,...,n},andj € {0,1,...,s—r}, itholds that
T(j)(Q)(CLZ‘, Wi,0, Wi 1,...,Wis—1) = 0. To prove the claim, it suffices to show that the property sought is
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true for every polynomial of the form §(X) - [T{; (X — a;)* " and of the form g,(X) - (Yy — Ry(X)) for
¢ e€{0,1,...,r—1}. Since every polynomial in the lattice is an F,-linear combination of polynomials of these
form, the claim will follow via the F4-linearity of 7. Moreover, the property is immediate for polynomials
of the form §(X) - [Tj~, (X — a;)*~" ! since for polynomials with no Y variables, the operator 7 is just the
derivative operator with respect to X. So we just focus on polynomials of the form g,(X) - (Y; — R¢(X)).
The property is clear for j = 0 by the definition of the R;’s, next we discuss the argument for j = 1, since
the extension for larger j is very similar.
By definition of 7, 7(1) (g,(Y; — Ry)) equals

T (ge(Ye = Re)) = 7 (X) (Y2 = Re(X)) + go(X) (£ + 1)Yer1 — RV (X)) .

Setting X to a;, Yy to w; ¢ and Yy 1 to w; 441, we notice that both (w; s — Ry (a;)) and ((¢4+1)w; ¢11 —Rél) (a;))
are zero from the definition of R,. Thus, 7'(1)(95()/4 — Ry)) is zero on the input (a;, w; 0, Wi, ..., Wis—1).
This argument naturally extends to 7() for larger values of j by carefully following the definition of the
operator 7() and the interpolation constraints on R.

Next we show that there exists () € £ of X-degree at most "(S;J:;r U The generators of the lattice £,
when viewed as an (7 + 1)-dimensional vector space with entries from F,[X | (where entries 0,1,2...,r—1
correspond to the coefficient of Yy, Y7, ..., Y,_ respectively, and the r-st entry is the Y-free term) form a
triangular system. Thus, we have a full rank lattice at our hand. Thus, the determinant of the (r+1) x (r+1)
dimensional matrix whose columns correspond to these generators has a non-zero determinant. Moreover,
this determinant is a polynomial in F[X] of degree at most the degree of [[}-_; (X — a;)*~"*!, and hence is
at most n(s — r 4+ 1). Therefore, from Theorem 6.3, we get that there is a polynomial in £ that is non-zero

and has X -degree at most % Moreover, there is an algorithm that takes the generators of this lattice
as input and outputs this non-zero vector in time O(n) - poly(s). O

6.2.2 Fast implementation of the root finding step

Next observe that from the proof of Lemma 4.6, we have that for any polynomial ) constructed in Lemma 6.10
and any univariate f of degree less than k such that f agrees with w on at least
(s=r+Dn+(r+1)(k-1) n k-1

t:= =
(s—r+1)(r+1) r+1 s—r+1

evaluation points, we have that

QUX, F(X), fN(X),..., fr (X)) = 0.

Moreover, similarly to the discussion in the beginning of Section 4.2, the parameters s, r can be set based on
€ such that this error tolerance gets us e-close to list decoding capacity as desired.

Therefore, to complete the list decoding task, it suffices to solve the above equation. To be able to do this
in nearly linear time, we first recall that by Lemma 4.3, the solution space of polynomials of degree less than
k satisfying Q(X, f(X), fM(X),..., f"=D(X)) = 0 is an affine space over the field F, of dimension at
most . Hence, this subspace can be described by specifying a basis (whose total description size is at most
O(kr -log(q)))-

Moreover, by Lemma 5.12 the number of codewords contained in this affine space that are close enough
to w is a constant (depending only on e, the relative distance J of the code, and the dimension 7). To complete
the algorithm, we shall describe a randomized nearly-linear time algorithm that outputs these codewords.
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This is essentially immediate from the proof of Lemma 5.12: Recall that in this lemma we described a
randomized algorithm Prune, which when given w € X", outputs any codeword in the list with constant
probability (depending on €, §, and ), and used this to conclude that the list size is constant. Thus, we can
simply run Prune for a constant number of times and return the union of the output lists. By a union bound,
all close-by codewords will appear in the union of the output lists with high (constant) probability. Finally,
note that the algorithm Prune proceeds by sampling constantly many entries in [n] at random, and solving a
linear system of equations on these entries, and so this step can be implemented in near linear time in n by
using the standard linear system solver.
Thus, it suffices to show how to find the subspace of solutions to the differential equation

QX, f(X),....f" (X)) =0

in nearly-linear time.
Such an algorithm is given in the following lemma.

Lemma 6.11. Suppose that Q(X,Yo,...,Y,_1) is a non-zero (r + 1)-variate polynomial over F, of the
form
Q(X,Y0,..., Y1) = A(X) + Bo(X) - Yo+ + Br—1(X) - Yy

and of degree at most D. Let L be the list containing all polynomials f(X) € F,[X] of degree smaller than
k so that

QX, f(X), fI(X),.... fr D (X)) =0.

Then if max{k, s} < char(F,), then L forms an affine subspace over F, of dimension at most r — 1, and
there is an algorithm that takes as input the coefficient vector of Q and k and outputs a basis of this affine
space of solutions in time O(D + k) - poly(r,log(q)).

n(s—r+1)

Note that for our choice of D = and r < s, the algorithm runs in time O(D + k) -
poly(r,log(q)) = n - poly(s,log(q),log(n)). In the rest of this section, we sketch some of the main
ideas in the proof of the above lemma, and we refer the interested reader to [GHKS24, Theorem 5.1] for a
full proof. In particular, for notational simplicity, we only focus on the cases of small 7, namely » = 0 and
r = 1, which already contain most of the technical insights.

Solving the r = 0 case.  Forr = 0, we are just looking for f of degree less than & such that A(X )+ f(X)-
B(X) = 0. Thus, in this case, the solution f(X) to this equation, if it exists is unique and is equal to the
quotient when A(X) is divided by B(X ). Thus, a natural way of solving this problem will be to compute the
quotient and remainder when A(X) is divided by B(X) and output the quotient if the remainder is zero and
the quotient has degree less than k. This task can be done in nearly linear time in the input size using known
classical algorithms in computational algebra that are based on the Fast Fourier Transform. We describe the
sketch of one such algorithm below based on divide and conquer. As we shall see later, some of the ideas
behind this algorithm will naturally lead us towards the case of larger 7.

For the discussion below, let us assume that & is a power of 2. First observe that any polynomial f
of degree smaller than k can be uniquely written as f = fo(X) + X k/2 f) (X)) where fo, f1 are (possibly
zero) polynomials of degree less than g The idea is to try and recover fy and f1 by solving equations
of smaller size, and then put them together to compute f. The first point is to note that if f satisfies

A(X) + f(X) - B(X) = 0, then it satisfies

A+ f-B=0 mod X*. (8)
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Moreover, since f has degree less than k, it suffices to recover f modulo X k. So, to solve the original
equation, we will instead solve the above modular equation and then check if the solution satisfies the
original equation. To solve the modular equation above, we try to understand the properties that fj, f; must
satisfy.

By substituting f = fo + X*/2f; in (A+ fB =0 mod X*), we get that

A+ fo-B+X"2f . B=0 mod X*.

Now, every monomial in the term X k/2f, . B has degree at least % Thus, the above equation holds if and
only if
A+ foB=0 mod X*/? )

and
(A+ foB)+ X*2fiB=0 mod X*

Moreover, for any fo satisfying (A+ foB =0 mod X*/?), we have that A + fyB equals AXP¥/2 for some
polynomial A(X). Thus, f; must satisfy

Xk/Qfl—i—Xk/QleEO mod X%,

which is equivalent to .
A+ 1B=0 mod X*/2. (10)

Thus, to solve for f in Equation (8) it suffices to solve Equation (9) and then construct A and solve Equation
(10). Moreover, in Equation(9) and Equation (10), the polynomials A, B, Acanbe replaced by their residues
modulo X*/2. Thus, we have reduced the original problem of solving Equation (8) to solving two problems
of exactly half the size. If at any stage of the recursion, we end up with an equation with no solution, we get
that the original equation did not have a solution. Moreover, if any of these equations has a solution, it is
unique (modulo X ky.

Finally, to argue about the running time, we note that to solve instances where we work modulo X*, we
make two recursive calls sequentially, each involving working modulo X k/2 " Since we are only interested
in solutions modulo X* (or lower powers of X) in these modular equations, we can assume without loss
of generality (by just ignoring all monomials of degree greater than k, since they do not participate in any
computation modulo X*) that A and B are also of degree at most k. Constructing the problem instance for
the first recursive call (9) takes O(k) time, and given a solution fj to this instance, we need to construct the
polynomial A to make the second recursive call (10). Given fy, we can obtain A by computing the polynomial
(A+ foB) mod X in time O(k) (using the Fast Fourier Transform for polynomial multiplication). Given
solutions fo and f; of the two subproblems, the solution f := fo + X*/2f; can be again constructed in time
O(k). Thus, the overall time complexity 7'(k) can be upper bounded by the recurrence

k
T(k) < 2T(5) + Flog*(F),
for some fixed constant ¢, where ¢ just depends on the complexity of Fast Fourier Transform over the
underlying field F.

This gives the desired near linear upper bound on the running time.
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Solving the » = 1 case.  We now consider the case of » = 1. This case essentially captures all of the main
ideas of the proof of the above Lemma 6.11 for large r, but keeps the exposition simpler in terms of notation.
Recall that for » = 1, we are looking for solutions to the following differential equation:

A+ fBo+ fYB = 0.

Without loss of generality, we assume that B;(X) is a non-zero polynomial (else we are in the » = 0 case),
and moreover, B1(0) is non-zero, else, we shift X to X + a for an a which is not a root of Bj. Such a shift
can be found in time O(D) deterministically (using fast algorithms for univariate multipoint evaluation, e.g.
Chapter 10 in [vzGG13]) or by simply taking a random a from the underlying field.

Once again, it will be helpful to work with the modular equation instead.

A+ fBo+ fYB; =0 mod X*. (11)

A natural first attempt for this problem is again to try and recover f by recovering fy, f1 recursively as in
the » = 0 case. However, there is an issue here - unlike in the = 0 case, equations of the form of (11) can
have multiple solutions. Thus, even if we set up modular equations for fy and f; and solve them, the number
of candidate solutions f of the original problem that are obtained by a combination of these can be as large
as the product size of the solution sets for fy and f;. This explosion of potential solutions appears to be an
issue that needs to be handled for this strategy to work.

To get around this issue, we rely on the fact that the space of solutions of (11) is an affine space over [,
of dimension 1. Furthermore, the proof of Lemma 4.3 (cf., Claim 4.4) tells us more about the structure of
this affine space: if B1(0) # 0 (which we have assumed here without loss of generality), then any solution
f of (11) is uniquely determined by its constant term, i.e. f(0).® This simple observation, combined with
elementary linear algebra, leads to the following claim that turns out to be very useful.

Claim 6.12. Let g(X), h(X) be the unique polynomials of degree less than k with constant term zero and
one respectively that are solutions of (11) (assuming that B1(0) # 0). Then, g, h form a basis of the affine

space of solutions of degree less than k (over the field F) of (11). In other words, the set of such solutions
equals the set {\g + (1 — A\)h : A € F}.

Proof. Let g, h be any solutions to (11). Thus, we have that A + ¢By + ¢V B; = 0 mod X* and
A+ hBy+hYB; =0 mod X*. Now, for any \ € F, we claim that A\g 4+ (1 — A\)A is also a solution of
(11). To see this, we observe using the linearity of the derivative operator that

A+ g+ (1= Nh)Bo+ (Ag+ (1 - N DBy = A+ A (gB0 + g(l)B1> NGy (hBO + h(l)Bl) .

Since g, h are solutions to (11), we observe that (gBo +¢VB; = -4 mod Xk) and
(hBy + hYB; = —A mod X*). Thus,

A+ <gBo + g(l)Bl> NGy (hBo + h(l)Bl) = A+ A(—A)+(1—\)(—4) mod X*,

which is 0 modulo X*. So, we get that every element of the set {\g + (1 — A\)h : A € F} is a solution of
(11), if g and h are solutions.
Furthermore, we note that

Mg+ A —=Nh: AeF}={ANg—h)+h:XeF}

®Note that here, we are still looking at solutions modulo X k.
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and thus this set is indeed an affine space of dimension one whenever (g — h) is non-zero (which is the case
here, since the constant terms of g and h are distinct). Since we had already argued that the solutions to (11)
form an affine space of dimension at most one, we have that {\g + (1 — A\)h : A € F} is indeed the set of all
such solutions. O

Given the above claim, a natural strategy towards solving (11) is to try and recover the unique polynomials
fo, f1 of degree less than k, with constant term zero and one respectively that are solutions of the equation.
It turns out that the uniqueness of solutions to (11), once the constant terms are fixed, makes this subproblem
amenable to a divide and conquer like strategy.

Let us consider a solution f of degree less than k of (11) with constant term «. Thus, f(X) can be
written as f(X) = a + Xg(X) for a polynomial g of degree less than k£ — 1. Since f is a solution, we have
the following sequence of identities.

A+ fBo+ fYB; =0 mod X*
— A+ (a4 Xg)By+ (a+ Xg)B; =0 mod X*
— (A4 aBy) + (XBo+ B1)g+ XBig") =0 mod X*

Thus, for every « such that f = a4+ X g is a solution of (11), g must satisfy that
(A+ aBy) + (XBy+ By)g+ XBig¥ =0 mod X*. (12)

The above new differential equation, while being similar in structure to (11), has the useful property that
there is a unique polynomial g(X) of degree less than (k — 1) which satisfies this equation. To see this,
note that by the proof of Lemma 4.3 (cf., Claim 4.4), it suffices to show that the constant term ¢(0) of g is
uniquely determined. To see this, we note that evaluating the left hand side of (12) at zero gives the following
equation:

(A(0) + aBo(0)) + B1(0)g(0) = 0.
Since B1(0) is a non-zero field element (by our assumption at the beginning of this section), the above degree
one equation in ¢g(0) has a unique solution given by ¢g(0) = _%@@B)o(o).

The uniqueness of solutions now enables us to use a natural divide and conquer style algorithm, almost
identical to the one we discussed for the r = 0 case. We write g as ¢ = go + X"/2g; for polynomials
go, g1 of degree less than % and try to understand the conditions that gg, g1 must satisfy. If g is a solution of
Equation (12), then, working modulo X k/2 and discarding terms that are divisible by X k2 we get that gg
must satisfy

(A+ aBy) + (XBy+ Bi)go + XBlg(()l) =0 mod X*/2.

Moreover, for any g satisfying the above equation, we have that (A + aBy) + (XBy + Bi)go + X B gél)

is divisible by X k/2 and hence equals X k/2 A for some polynomial A, and g; must satisfy
k/2 F k/2 E k/2 (1) _ k
X A+ X XBg—i- 1—|—2 Bl g1—|—X XB191 =0 mod X".
This is equivalent to

. k
A+ <XB0 + <1 + 2) Bl> g1+ XBigtY =0 mod X*/2.
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Thus, we have reduced the question of finding g to the question of finding gg, g; that satisfy similar differential
equations, but now, we are working modulo X /2. Thus, the instance size has effectively halved. Moreover,
these new instances can be generated in nearly linear time in the input size. Thus, a divide and conquer based
algorithm will find g in nearly linear time.

As mentioned above, the setting of larger r can be handled using very similar ideas, but with some care.
We skip the details here, and refer the interested reader to [GHKS24].

6.3 Bibliographic notes

The question of designing nearly linear time encoding and decoding algorithms has been an important
theme of study in algebraic coding theory. The Berlekamp-Massey algorithm (Chapter 7 in [vzGG13])
discovered in the 1960s decodes Reed-Solomon Codes (and BCH Codes) in the unique decoding regime
in nearly linear time. The algorithm is based on an algorithm of Berlekamp [Ber68a] for decoding BCH
Codes. Massey [Mas69] gave a simplified description of this algorithm and showed that it can also be used
to solve other problems in computational algebra, notably the problem of computing minimal polynomials
of linear recurrent sequences. These algorithms essentially gave a reduction from the problem of decoding
Reed-Solomon Codes (or BCH Codes) in the unique decoding regime to the well studied problem of rational
function reconstruction. Subsequently, rational function reconstruction was shown to be solvable in nearly
linear time using a near linear time algorithm for computing the GCD of univariate polynomials, thereby
giving a near linear time algorithm for unique decoding of Reed-Solomon Codes. The half GCD algorithm
is also referred to as the Knuth-Schonhage algorithm, and we refer the interested reader to Chapter 11 of
[vzGG13] for a description of the algorithm and detailed references.

In the list decoding setting, Roth & Ruckenstein [RR00] gave a faster (though not near linear time)
implementation of the algorithms of Sudan and Guruswami-Sudan for list decoding Reed-Solomon Codes.
On the way to their algorithm, they designed a faster algorithm for root computation for bivariates stated in
Theorem 6.7. In a subsequent work, Alekhnovich [Ale05] introduced lattice based techniques and relied on
some of the ideas in [RR0O0] to give nearly linear time algorithms for list decoding Reed-Solomon Codes of
constant rate in parameter regimes approaching the Johnson Bound. For multiplicity codes (as well as folded
Reed-Solomon Codes), near linear time algorithms for list decoding up to capacity (again in the constant
rate regime) were described in a work of Goyal, Harsha, Kumar and Shankar [GHKS24]. The presentation
in this chapter follows the presentation in [GHKS24].

7 Local list decoding

In this section we show how to list decode polynomial codes in sublinear time. Sublinear-time algorithms
(also known as local algorithms) are highly-efficient algorithms which run in time that is much smaller than
the input length. In particular, such algorithms cannot even read the whole input, and many times they
also cannot afford to write down the whole output. For this to be at all possible, we shall need to relax
the computational model, and provide the algorithm with a query access to the input, and also in the case
the output is too long, only require that the algorithm provides guery access to the output. Sublinear-time
algorithms are also typically randomized, and they have a small chance of error.

In the context of (unique) decoding algorithms, this means that the local algorithm runs in time which
is much smaller than the block length n of the code. To enable this, we provide the algorithm with a query
access to the received word w € ™, and additionally only require that for any given codeword entry i € [n],
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the algorithm correctly recovers the i-th entry of the closest codeword ¢ with high probability. Formally, we
have the following definition.

Definition 7.1 (Locally correctable code (LCC)). Let C C X" be a code of relative distance 6, and let
a € (0,9). We say that C is (Q,«)-locally correctable (LCC) if there exists a randomized algorithm A
which satisfies the following requirements:
o Input: A takes as input a codeword entry i € [n] and also gets query access to a string w € X" so
that §(w, ¢) < a for some codeword ¢ € C.

* Query complexity: A makes at most () queries to the oracle w.
* Output: A outputs c; with probability at least %.
Remark 7.2. A few remarks are in order:

1. We could have chosen the success probability to be any constant greater than % since the success
probability can be amplified by repeating the local correction procedure independently for a constant
number of times and outputting the majority value (at the cost of increasing the query complexity by
a constant multiplicative factor). For simplicity, we fixed the success probability to % in the above
definition.

2. Often one is also interested in the running time of the local correction algorithms. As is typically the
case, in all the algorithms presented in this section, the running time will be polynomial in the query

complexity Q).

3. A useful (and arguably more natural) variant of local correction is local decoding. Locally decodable
codes are defined similarly to locally correctable codes, except that we view the codeword c as the
encoding of some message m (by fixing some injective encoding map ® : ©¥ — C, where k is such
that |C| = |2|¥), and the local decoder is required to decode individual entries in m. If we restrict
ourselves to linear codes, then locally decodable codes are a weaker object than locally correctable
codes, since any linear locally correctable code can be converted into a locally decodable code by
choosing a systematic encoding map.” For simplicity, we focus in this section on the model of local
correction, but we note that all of the algorithms we present can be easily adapted for the local
decoding model as well.

We will be interested in an extension of the above definition of local correction to the setting of list
decoding. However, the actual definition requires some subtlety: we want to return a list of answers
corresponding to all near-by codewords in the list, and we want the algorithm to be local, but returning a list
of possible symbols in ¥ for individual entries of near-by codewords is pretty useless, since typically there
would be many entries i € [n] so that the values of the i-th entry of all near-by codewords cover all of X.
Furthermore, for applications one typically needs some form of consistency, i.e., that for any fixed codeword
c in the list it is possible to locally correct individual entries of ¢ with high probability in a consistent way.
To ensure this, we require that the local list-decoding algorithm returns a list Ay, Ao, ..., A, of randomized
local algorithms, so that for each near-by codeword c in the list there would be some algorithm A; in the list
that locally corrects c. Formally, we have the following definition.

7 An encoding map ® : % — C'is systematic if any m € $* is a prefix of ®(m). For linear codes, such a map can be found by
transforming the generating matrix G into a reduced column echelon form, and letting ®(m) = G - m.
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Definition 7.3 (Locally list decodable code (LLDC)). We say that a code C C X" is (Q, «, L)-locally
list decodable (LLDC) if there exists a randomized algorithm A which outputs L randomized algorithms
Ay, Ao, ..., A that satisfy the following requirements for any w € ¥™:

o Input: Each A; takes as input a codeword entry i € [n] and also gets query access to w.
* Query complexity: Each A; makes at most ) queries to w.

* Qutput: Forevery codeword c € C sothat d(c,w) < «, with probability at least % over the randomness
of A the following event happens: there exists some j € [L] such that for all i € [n],

Pr(A;(i) = ¢;] >

>~ w

)

where the probability is over the internal randomness of A;.

Remark 7.4. The same remarks as in Remark 7.2 also apply to the above definition. We also note the
following:

1. The success probability of % for the local list decoding algorithm A in the above definition can
be amplified by invoking the local list decoding algorithm A independently for multiple times, and
outputting the union of all randomized algorithms A; that are output in any of the invocations, at the
cost of increasing the list size (Specifically, amplifying the success probability to 1 — 27t requires
increasing the list size by a multiplicative factor of O(t)).

2. Inthe above definition we required that for any fixed close-by codeword c, the list of local algorithm A;
contains a local corrector for ¢ with high probability. We can also guarantee the stronger requirement
that with high-probability, the output list contains a local corrector for any close-by codeword c, by
first amplifying the success probability of A to 1 — ﬁ, and then applying a union bound over all
near-by codewords (noting that by the definition of local list decoding, there could be at most 2L such
codewords).

Though the above definition of local list decoding may seem a bit strange and convoluted at first glance,
it turns out to be just the right definition for various applications in coding theory and theoretical computer
science.

For a code to be locally (list) decodable, its codeword entries need to satisfy some non-trivial local
relations. In the setting of polynomial-based codes, this property can be achieved by considering codes
based on multivariate polynomials, where the main property being used is that the restriction of a low-degree
multivariate polynomial to any line (or more generally, a curve or a low-dimension subspace) is a low-degree
univariate polynomial. Thus, given a codeword entry, one can recover the value of the entry by passing a
random line through the point, and recovering the closest low-degree univariate polynomial on the line (or
more generally, a curve or a low-dimension subspace).

In what follows, we first focus on the family of Reed-Muller (RM) Codes, which extends Reed-Solomon
Codes to the setting of multivariate polynomials. We first show in Section 7.1 below, as a warmup, and
since this will also be used as a sub-procedure in the local list-decoding algorithm, how to locally correct
Reed-Muller Codes from a small fraction of errors (below half the minimum distance of the code). Then
in Section 7.2 we show how to locally list decode Reed-Muller Codes beyond half the minimum distance,
and in Section 7.3 we present an improved algorithm that is able to locally list decode Reed-Muller Codes
up to Johnoson bound. Finally, in Section 7.4 we consider the family of multivariate multiplicity codes
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which extends Reed-Muller Codes by evaluating also multivariate derivatives of multivariate polynomials,
and outline a local list decoding algorithm for these codes up to their minimum distance, and we further
explain how this can be used to obtain capacity-achieving locally list decodable codes.

7.1 Local correction of Reed-Muller Codes

In this section, we first show, as a warmup, and since this will also be used as a sub-procedure in the local
list-decoding algorithm presented in the next section, how to locally correct Reed-Muller Codes from a small
fraction of errors (below half the minimum distance of the code). More specifically, fix a prime power ¢, and
positive integers k, m so that k& < ¢. Recall that the Reed-Muller (RM) Code RM,, ,,, (k) is the code which

associates with each m-variate polynomial f(X7,...,X,,) € F,[X1, ..., X;,] of (total) degree smaller than
k a codeword (f(a))acry € Fgm. Letd:=1-— g denote the relative distance of this code, below we shall
show that this code is a (¢, «)-LCC for av := g — %. Note that for m > 1, the query complexity of g is much

smaller than the block length g™ of the code.

Suppose that w € F Zm is a received word, in what follows it will be convenient to view w as a function
w : F* — F,. Suppose that there exists a (unique) polynomial f(Xi,..., Xp) € Fy[X1,..., Xy] of
degree smaller than & so that f(a) # w(a) for at most an a-fraction of the entries a € Fy". Below we shall
describe a randomized local correction algorithm which given as input an entry a € F]*, makes a few queries
to w, and outputs f(a) with probability at least 2.

Overview. To decode f(a), we pick a random line through a, and query the restriction of w to the line.
We then find the univariate polynomial g(X) € F,[X]| of degree smaller than k that is closest to w on the
line (this can be done efficiently using the algorithm of Figure 1), and return the value of g on a. The main
properties we use to show correctness are that the restriction of f to any line is a univariate polynomial of
degree smaller than k, and also that random lines sample-well in the sense that the fraction of errors on
a random line is typically close to the total fraction of errors. The formal description of the algorithm is
presented in Figure 7 below, followed by correctness analysis.

Local correction of RM, ,,, (k):

e INPUT: Query access to a function w : ]F;" — I, thatis (g —
(Fg)<k[X1,..., Xm] (e, f(a) # w(a) foratmosta (£ — %)-

)-close to some polynomial f(X,...,X,,) €

=

—

raction of the points a € "), apointa € Fg".
* OUTPUT: f(a).

1. Pick a random point b € F}".
2. Query all points on the line Ay ,(T") := (1 —T') - a+ T - b passing through a and b.

3. Find a univariate polynomial g(7) € Fy[T] of degree smaller than k that is 3-close to wly, ,(T) =
(w o Aa,b)(T) using the algorithm given in Figure 1; If such a polynomial does not exist, then output L.

4. Output ¢(0).

Figure 7: Local correction of Reed-Muller Codes
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Correctness. Note that for a random point b € ", any point on the line Aa ,(7") other than the zero point

is uniformly random. Consequently, the expected fraction of errors on the line is at most (% - %) + % = %.

By Markov’s inequality, this implies in turn that with probability at least % over the choice of b, the fraction
of errors on the line A, 1, is less than g. Lastly, assuming that the latter event happens, by the correctness of
the algorithm of Figure 1 (noting that f[,,  is a univariate polynomial of degree smaller than k), we have
that g(T') = f|x,, (T), and in particular, g(0) = f(a). So we conclude that the algorithm outputs f(a) with
probability at least %.

Query complexity. The query complexity is clearly the number g of points on a line.

Remark 7.5. While we have not made an attempt to optimize the decoding radius of the above local correction
algorithm, we note that to get a non-trivial success probability greater than % one must set the decoding
g. This is because the use of Markov’s inequality, which guarantees that with
probability at least % over the choice of the random line through a, the number of errors is smaller than g
only below this radius.

To locally correct Reed-Muller Codes from a larger fraction of errors, one can replace in the algorithm
of Figure 7 the random line s v,(T) passing through a with a random curve passing through a of the form
Xabec(T) =a+bT + cT?, whereb,c € [Fy" are uniformly random. The advantage of decoding on curves
is that any two points on a random curve through a are pairwise independent, and consequently one can
use Chebyshev inequality fo get a better bound on the number of errors on the curve. However, resorting
to a curve also increases the degree of the restriction of f to the curve, and so one can tolerate less errors
on the curve. But it turns out that this tradeoff is favorable, and allows one to locally correct up to a radius
of roughly § — % which is close to half the minimum relative distance for § which is close to 1 (see [Yekl?2,
Section 2.2.3] for a full description and analysis of this algorithm).

radius to be smaller than

7.2 Local list decoding of Reed-Muller Codes beyond unique decoding radius

Next we show how to locally list-decode Reed-Muller Codes beyond the unique decoding radius. Recall
that in local list decoding, we require that the local list-decoding algorithm returns a list Aq, As, ..., A of
randomized local algorithms, so that for each near-by codeword c in the list there would be some algorithm
Aj in the list that locally corrects c. In fact, since we have already shown that Reed-Muller Codes are locally
correctable, it suffices to show that they are approximately locally list decodable, in the sense that the local
algorithms A; are only required to correctly recover most of the entries of c. Such an approximate local
list decoding algorithm can then be turned into a local list decoding algorithm by composing each local
algorithm A; with the local correction algorithm presented in the previous section. Furthermore, using an
averaging argument, it can be shown that in approximate local list decoding each of the local algorithms A
can be assumed to be deterministic. Formally, we have the following definition.

Definition 7.6 (Approximately locally list-decodable code (ALLDC)). We say that a code C C X" is
(Q, «, €, L)-approximately locally list decodable (ALLDC) if there exists a randomized algorithm A
which outputs L deterministic algorithms A1, Ao, ..., Ay that satisfy the following requirements for any
w e X"

e Input: Each A; takes as input a codeword entry i € [n] and also gets query access to w.

* Query complexity: Each A; makes at most Q) queries to w.
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* Qutput: Forevery codeword c € C' sothat §(c,w) < «, withprobability at least % over the randomness
of A the following event happens: there exists some j € [L] such that

Pr[A;(i) =¢] > 1—¢,
i€[n]

where the probability is over the choice of a random entry i € [n].

Remark 7.7. The same remarks as in Remark 7.4 also apply to the above definition. We note however that
in the case of ALLDC, the success probability of each local algorithm A; cannot be amplified by repetition,
and therefore we have not fixed its value to % as in the previous LLDC definition (Definition 7.3).

The following lemma shows that one can turn an approximate local list decoding algorithm into a local
list decoding algorithm by composing each local algorithm A; with a local correction algorithm.

Lemma 7.8 (ALLDC + LCC = LLDC). Suppose that C' C X" is a code that is (Q, «, ¢, L)-ALLDC and
(Q',a)-LCC for o/ > €. Then C'is also a (Q - @', a, L)-LLDC.

Proof. The local list decoding algorithm replaces each of the local algorithms A; generated by the approxi-
mate local list decoding algorithm A with a local algorithm A7, operating as follows: on input i € [n], the
local algorithm A; invokes the local correction algorithm A’ on input ¢, and forwards each of the queries of
A’ in [n] to the local algorithm A;.

Correctness follows since by our assumption that o’ > ¢, A; outputs the correct value on at least a
(1 — o)-fraction of the entries in [n], and A’ outputs the correct value with probability at least 3 provided
that at most an o/-fraction of the codeword entries are corrupted. The query complexity is @ - ', because
for each of the @)’ queries that A’ would make, A;- runs a copy of A; which makes @) queries. O

Given the above lemma, our task now is to design an approximate local list decoding algorithm for Reed-
Muller Codes beyond half their minimum distance. As before, fix a prime power ¢ and positive integers
k,m so that k < ¢, and let RM, ,,,(k) be the corresponding Reed-Muller Code. Let § := 1 — g denote the

relative distance of this code, let ¢ > 1 and £ > 0 be parameters, and let « := 1 — /o - (1 — ) — £&. We
shall show that this code is a (g, o, €, L)-ALLDC for ¢ = 02—_51 + O(Equ) and L = ¢. Thus, for sufficiently

large o and g, the failure probability € is smaller than g, and so by the results of Section 7.1 and by Lemma
7.8, we also have that this code is a (¢2, o, L)-LLDC. Note that for any fixed o > 1, the decoding radius of
1— /0o - (1 —0) is larger than half the minimum relative distance for a sufficiently large relative distance ¢.
Note that for any m > 2, the query complexity of ¢ is much smaller than the block length ¢™ of the code.

Below we shall describe a randomized approximate local list decoding algorithm A which outputs a list
of deterministic q-query local algorithms Ay, ..., Ay with the following guarantee. Suppose that w & IFZm
is a received word (as before it will be convenient to view w as a function w : Fg* — F), and suppose that
f(Xy,...,Xm) € Fg[X1,...,X,n] is a polynomial of degree smaller than & so that f(a) # w(a) for at
most an a-fraction of the entries a € Fj*. We shall show that with probability at least % over the randomness
of A, there exists a local algorithm A; which correctly recovers all but at most an e-fraction of the values
f(a) fora € F".

Overview. To generate the list of local algorithms, the algorithm A picks a uniformly random pointb € F¢*
and for any value v € I, it outputs a local algorithm Ay, ,, (note that the number of local algorithms is
indeed L = ¢). We think of the value v as a “guess" or “advice" for the value of f(b). Once we have this
advice, we use it to locally correct f. Specifically, to recover f(a), the local algorithm Ay, ,, first considers
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the line A\, p, passing through a and b, and globally list decodes the restriction of w to this line to obtain a list
L C Fy[T] of univariate polynomials (this can be done efficiently using the algorithm of Figure 3). These
univariate polynomials are candidates for f|y, . Which of these univariate polynomials is f|y, ,? We use
our guess v for f(b): if there is a unique univariate polynomial in the list with value v at b, then we deem
that to be our candidate for f|y_,, and output its value at the point a as our guess for f(a).

The above algorithm will cdrrectly recover f(a) if (1) there are not too many errors on the line through
a and b, and (2) no other polynomial in £ takes the same value at b as f does. As we have already shown
in the previous section, the first event is high probability by standard sampling bounds. As to the second
event, using that any pair of polynomials in £ differ by at least a d-fraction of the points, we get that any
other polynomial h(7') € £ will agree with f|,,, on b with probability at most 1 — ¢ over the choice of b.
Assuming that the list £ is sufficiently small (which happens if the decoding radius is sufficiently below the
Johnson Bound), one can then apply a union bound over all elements of £ to show that with high probability,
no other polynomial ~(T') € L agrees with f|_, onb.

The formal description of the approximate local list decoding algorithm is presented Figure 8 below,
followed by correctness analysis.

Approximate local list decoding of RM,, ,,, (k):

The approximate local list decoding algorithm A:

1. Pick a random point b € F".

2. For any value v € [, output the local algorithm Ay, ,, defined below.

The local algorithms Ay, ,:

* INPUT: Query access to a function w : Fi* — Fg, apoint a € "

* OUTPUT: A value in IF,.
1. Query all points on the line Ay p(T') := (1 —T) - a+ T - b passing through a and b.

2. Find the list £ of all univariate polynomials g(T") € F,[T] of degree smaller than k that are (1—+/o - (1 — 9))-
close to w|y, ,, (T') using the algorithm given in Figure 3.

3. If there exists a unique polynomial g(T") € L so that g(1) = v, then output g(0); Otherwise, output L.

Figure 8: Local list decoding of Reed-Muller Codes

Correctness. Let f(X;,...,X,,) € Fy[X1,...,X,,] be a polynomial of degree smaller than & so that
f(a) # w(a) for at most an a-fraction of the entries a € Fy*. We would like to show that with probability
at least % over the choice of b, the local algorithm Ay, y(,) correctly recovers f (a) for all but at most an
e-fraction of a € Fy". To show this, we shall first prove that with high probability over the choice of both
random a € [F;" and random b € 7", it holds that Ay, f(1,) correctly computes f(a) on input a.

We start by showing that with high probability over the choice of a, b, there exists a polynomial g(T) € L
that agrees with f on the line A, p.
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Claim 7.9. With probability at least 1 — % over the choice of random a,b € Fy", it holds that f|,,, € L.

Proof. Note that for random points a, b € [F", the line A, p, is a uniformly random line. Consequently, any

single point on the line is uniformly random, and any pair of points on the line are pairwaise independent.

Let Z1, ..., Z4 be indicator random variables where Z; = 1 if w differs from f on the ’th point of the line
q

Aab,let Z = #, and note that by the correctness of the algorithm of Figure 3, we have that f| Aap €L

if Z<1—+/o-(1—4J). Moreover, by linearity of expectation and since any point on the line is uniformly

random, we have that .
E[Z
E[Z]:Mg1—«/g-(1—5)—g,
q

while by pairwise independence, we have that

q q
var(Z) — thl \;ar[Zt] S thlf:[zt] S l
q q q
Consequently, by Chebyshev’s inequality,
A 1
Pr [Z> 1 a-(1—5)] <Pr[Z-E[Z] > ¢ < Va;g ) < a2
q

jco we cozclude that Z < 1 — /o - (1 — §) with probability at least 1 — ﬁ, in which case we have th;t]
Aab c L.

Next we show that with high probability over the choice of a, b, there is no polynomial other than f| Aab
in £ that agrees with f on b.

Claim 7.10. With probability at least 1 — 9 over the choice of random a, b € 7, there is no polynomial

h(T) € L other than f|y, ,, so that h(1) :Uf%b).
Proof. We can view the process of picking random a,b € Fi* as first picking a random a € F", then
picking a random line A through a, and finally letting b € F¢" be a random point on the line A. So in what
follows, fix a point a and a line A through it, and let £ be the list of univariate polynomials of degree smaller
than k that are (1 — /o (1 — d))-close to w on the line. We shall show that with probability at least 1 — %
over the choice of b, it holds that there is no polynomial ~(T") € L other than f|) so that h and f agree on b.
Fix a polynomial h(7T") € L so that h(T) # f|x(T"). Then since both i and f|y are polynomials of
degree smaller than k, they must differ by at least a d-fraction of the points on the line. Consequently, we
have that h and f|, agree on the point b with probability at most 1 — § over the choice of b. Furthermore,

note that by the Johnson Bound (cf., Theorem 2.1), we have that
) < 1)
1-0)-(1-0) ~ (o-D(1-0)

Consequently, by a union bound over all elements in £, the probability that there exists a polynomial
R(T') € L other than f|y so that h and f agree on b is at most %. O

|£] < (13)
O' .

By the above Claims 7.9 and 7.10, we conclude that with probability at least 1 — -2~ — ngq over the

o—1
choice of both a and b, it holds that f|y,,, € £ and there is no polynomial h(T') € L other than f|y,  so
that h(1) = f(b), in which case the local algorithm Ay, f,) will set g = f]y, , in Step 3, and will output

f1rap(0) = f(b). By Markov’s inequality, this implies in turn that with probability at least % over the choice

of b, the local algorithm Ay, ;) outputs f(a) for at least a (1 — €)-fraction of the points a for e = % + 52%.
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Query complexity and list size. The list size is clearly the number ¢ of possible values in F,, and the
query complexity is clearly the number ¢ of points on a line.

7.3 Local list decoding of Reed-Muller Codes up to the Johnson Bound

The local list decoding algorithm for Reed-Muller Codes that we presented in the previous section only gives
a decoding radius approaching 1 — /o - (1 — ¢) for a sufficiently large constant ¢ > 1, which is smaller than
the Johnson Bound of 1 — /1 — §. While we have not made an attempt to optimize the value of o, we note
that it cannot be smaller than 2. The reason is that in order to apply the union bound in Claim 7.10 we need
the list size L’ := | L] to be smaller than 1176 (since the failure probability for each individual polynomial in
the list can be as large as 1 — d), and by (13), such a list size is only guaranteed for a decoding radius smaller
than 1 — /2(1 — §).

In this section we show an improved algorithm which can locally list decode Reed-Muller Codes all the
way up to the Johnson Bound. In more detail, as before, fix a prime power ¢ and positive integers k, m so
that & < ¢, and let RM, ,,, (k) be the corresponding Reed-Muller Code. Let § := 1 — g denote the relative
distance of this code, let v, £ > 0 be parameters, and let o := 1 — \/(1 +7) - (1 —0) — & We shall show
that for any s > 1, this code is a (@, o, €, L)-ALLDC for Q = r™ - q, € = % +0 (5%1), and L = (%)%,
where r := 7(%‘13 g Thus, for s > 1765 and sufficiently large g, the failure probability € is smaller than g, and

so by the results of Section 7.1 and by Lemma 7.8, we also have that this code is a (r™ - ¢%, o, L)-LLDC.
Note that for constant 12, s, v, and J, the query complexity is 7™ - ¢ = O(q?) which is much smaller than the
block length ¢ of the code for m > 2 and a growing q.

Overview. The main idea behind the improved algorithm is to also use derivatives to disambiguate the list.
Specifically, as before the advice is generated by choosing a uniformly random point b € ", but now the
guess v is supposed to equal to all multivariate derivatives of order smaller than s of f(X1,...,X,,) atb
for some integer s > 1 (cf., Section 2.2 for the definition of multivariate derivatives). To take advantage of
derivatives, we recall that by Fact 2.3, any pair of univariate degree k£ polynomials agree on all derivatives
of order smaller than s on at most a fraction of % = 1T_5 of the points. Consequently, the advice fails to
disambiguate any pair of polynomials in £ with probability at most 1T75’ and taking s > L' now allows us
to apply a union bound over L.

However, a disadvantage of this approach is that it significantly increases the list size of the local list
decoding algorithm, which is the number of different guesses for all m-variate derivatives of order smaller
than s at the point b. Specifically, the number of different guesses is q(mtrsb_l) (which is much larger than the
block length g™ of the code!), since the number of m-variate derivatives of order smaller than s is (mtzfl)
and each such derivative can take any value in F,,.

To reduce the list size, we slightly extend the model of local list decoding by providing the local list
decoding algorithm A with a query access to the received word w (so the algorithm A can make a small
number of queries to w before outputting the list of local algorithms Ay, ..., Ar). To take advantage of
this model, the local list decoding algorithm A first chooses ¢ random lines through b, then (globally) list
decodes the restriction of f to these lines, and finally only outputs guesses v for f(<*) (b) that are consistent
with the directional derivatives of these lines at b for a significant fraction of the lines. For a careful choice
of the joint distribution of the ¢ random lines, bounding the number of guesses can be cast as an instance of
a list recovery problem for Reed-Muller Codes (a certain generalization of list decoding), and in particular,

we can use an extension of the Johnson Bound to the setting of list recovery to bound the number of such

B
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guesses.

The formal description of the approximate local list decoding algorithm is given in Figure 9 below,
followed by correctness analysis. Before we formally state the algorithm, we first fix some notation.
This notation is motivated by the following chain rule for Hasse Derivatives, which relates the directional
derivatives of a multivariate polynomial on a line to its global derivatives (the proof follows directly from
the definition of the Hasse derivative and is left as an exercise).

Fact 7.11 (Chain rule for Hasse Derivatives). Let f(X1,...,Xy) € F[X1,..., X, leta,u € F™, and let
MT) = a+Tu be the line passing through a in direction u. Then for any non-negative integer i and T € T,

(NPT = > fDa+Tu) o (14)

iwt(i)=1
For integers m, s, let I, s := {i € N™ | wt(i) < s}, and for an element v € Fé’”’s, and a direction
u € F7", we define the restriction v|y, € Fj of v to direction uto equal vy, := (Zi:wt(i):i v - u‘)i_o ot

slyeeiy8—

Note that in this notation, (14) can be rephrased as

(AT = (F@+T) |u. as)

We now describe the algorithm.
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Approximate local list decoding of RM,, ,,, (k):

> Let s > 1 be a parameter, let r := 7(%5_3 5y and let U be an arbitrary subset of IF, of size r.

The approximate local list decoding algorithm A:

* INPUT: Query access to a function w : Fg* — Fg.
* OUTPUT: A list of local algorithms.

1. Pick random points b € F" and ug € F}".

2. Foreachu e U™ :

(a) Query all points on the line A\, (T") := b + T'(up + u) through b in direction ug + u.

(b) Find the list £,, of all univariate polynomials g(7') € F,[T] of degree smaller than k that are (1 —
(I4+7) - (1 —4d))-close to w]|,, using the algorithm given in Figure 3.

(©) Let Sy = {g{<9)(0) | g(T) € Ly}

3. Let V be the set containing all v € Fé’" which satisfy that v|y,+u € Sy for at least % of the points u € U™.

4. For any v € V, output the local algorithm Ay, ,, defined below.

The local algorithms Ay, ,:

* INPUT: Query access to a function w : Fi* — Fy, a point a € "
* OUTPUT: A value in IF,.
1. Query all points on the line Aa p(T) := (1 —T)-a+ T -b = a+ T(b — a) passing through a and b.

2. Find the list £ of all univariate polynomials g(T)) € IF,[T] of degree smaller than k that are (1 —
(1+7)-(1—9))-close to w|x, ,, (T") using the algorithm given in Figure 3.

3. If there exists a unique polynomial g(7) € £ so that g{<*)(1) = v|p,_a, then output g(0); Otherwise, output
1.

Figure 9: Local list decoding of Reed-Muller Codes up to Johnson Bound

Correctness. Let f(Xq,...,Xy,) € Fy[X1,..., X, be a polynomial of degree smaller than & so that
f(a) # w(a) for at most an a-fraction of the entries a € Fy*. We first show that with high probability over

the choice of b, uy € F™, it holds that f(<*)(b) € V.
Claim 7.12. With probability at least 1 — % over the choice of b,ug € F™, it holds that f(<) (b) e V.

Proof. First note that for any fixed u € U™, since b and ug are chosen uniformly at random, then the line
Au(T) = b+ T(ug + u) is uniformly random. Consequently, for any fixed u € U™, the same analysis as in
Claim 7.9 shows that with probability at least 1 — ?1(; over the choice of b and uy, it holds that f|, € Ly.
By Markov’s inequality, this implies in turn that with probability at least 1 — 52% over the choice of b and
up, it holds that f|y, € L, for at least % of the points u € U™.
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Next observe that for any u € U™ so that f|y, € Ly we have that (f]y,)(<*)(0) € Su. Moreover, by
(15), it holds that (£|x,)(<*)(0) = (f(<*)(b)) |ug-+u for each such u. We conclude that with probability at
least 1 — == over the choice of b and ug, we have that (f(<s) (b)) luptu € Sy for at least 3 of u € U™, in

£2q o+ 2

which case f(<*)(b) will be included in V. O

Next we would like to show that with probability at least % over the choice of b, the local algorithm
Ab7 F(<9) (b) correctly recovers f(a) for most points a € Fy*. This part of the anlysis is very similar to the
analysis of the algorithm of Figure 8, where the main difference is that we replace the standard bound on
the maximum number of zeros of a low-degree polynomial with the stronger version that also accounts for
multiplicities given by Fact 2.3, which allows us in turn to handle larger lists L.

In more detail, as before, to show the above, we shall first show that with high probability over the choice
of both random a € Fy* and random b € F", it holds that Ab’ F(<9)(b) correctly computes f(a) on input
a. The following claim says that with high probability over the choice of a, b, there exists a polynomial
g(T) € L that agrees with f on the line A\, 1,. The proof is very similar to that of Claim 7.9.

Claim 7.13. With probability at least 1 — é over the choice of random a, b € F", it holds that f|,,, € L.

The next claim says that with high probability over the choice of a, b, there is no polynomial A(7T") € L
other than f|,  so that h(<9) (1) = £(<9)(b)|p_a.

Claim 7.14. With probability at least 1 — % over the choice of random a,b € F7*, there is no polynomial
h(T) € L other than f|, , so that h<9)(1) = £(<9)(b)|p_a-

Proof. The proof is similar to that of Claim 7.10, except that we use Fact 2.3 to bound the probability that h
and f| agree on b on all derivatives of order smaller than s. In more detail, as in the proof of Claim 7.10,
we can view the process of picking random a,b € F¢* as first picking a random a € Fg", then picking a
random line A through a, and finally letting b € F* be a random point on the line A. So in what follows, fix
apoint a and a line A through it, and let £ be the list of univariate polynomials of degree smaller than £ that
are (1 — /(14 )(1 — J))-close to w on the line. We shall show that with probability at least 1 — % over
the choice of b, it holds that there is no polynomial h(T") € L other than f|y so that h and f| agree on b
on all derivatives of order smaller than s.

Fix a polynomial h(7T") € L so that h(T') # f|A(T). Then, since both h and f| are polynomials of
degree smaller than k, by Fact 2.3, they agree on all of their derivatives of order smaller than s on at most
a 1;85—fracti0n of the points on the line. Moreover, note that by the Johnson Bound (cf., Theorem 2.1), we

have that
1) 1)

F) =8 (1=0) ~A(1-0)
Consequently, by a union bound over all elements in £, the probability that there exists a polynomial
R(T') € L other than f|y that agrees with f|, on b on all derivatives of order smaller than s is at most %.
By (15), this implies in turn that with probability at least 1 — % over the choice of a,b € F", it holds that
h=9)(1) # f5)(b)[b-a- O

L] < a (16)

By the above Claims 7.12, 7.13, and 7.14, we conclude that with probability at least 1 — % — % over
the choice of a, b, and uy, it holds that f(<*)(b) € V, and that during the execution of Ay, (<o) (b)» it holds

that f|»,, € £ and there is no polynomial (7T") € L other than f|,_, so that h(<9)(1) = f(<9)(b)|p_a, in
which case the local algorithm Ay, (<« ) Will set g = fl, ,, in Step 3, and will output f|5,, (0) = f(a).
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By Markov’s inequality, this implies in turn that with probability at least % over the choice of b and uy, the
local algorithm Ay, ((<s) ) Will be output by A, and will output f(a) for at least a (1 — €)-fraction of the

i — 204 6
points a for € = 3 T &g

Query complexity. The query complexity of the approximate local list decoding algorithm A is ™ - ¢ since
it queries 7" lines, where each line has ¢ points, while the query complexity of each of the local algorithms
Apy is the number ¢ of points on the line.

List size. It remains to bound the number of local algorithms output by A, which amounts to bound-
ing the size of the set V. To this end, fix b,uy € FJ*, and recall that for any v € V, we have that

Vug+u = (Zi,wt(i):i vi - (ug + u)i> € Sy for at least % of the points u € U™, where S, =
: i=0,1,...,5—1

{g(<9(0) | 9(T) € Lu} C Fy. Forue U™andi € {0,1,...,5—1},let Sy, := {gD(0) | 9(T) € Lu} C
[F4, and let V; be the set containing all vectors v € Féllm(l):l} s0 that 3 ;. (i) vi - (W0 + u)! € Sy for at

least % of the points u € U™. Note that by (16) and our choice of r = %, we have that
4] r
Suwil <|Sul < Lyl < — = —.
[Suil 1Sl < 16l < 750 = 5
We shall show that for any i € {0,1,...,s — 1}, V; has size at most Z, and so the size of V" is at most (%)*.

To see the above, fix i € {0,1,...,s — 1}, and let
Li:={he (Fy)<s[X1,...,Xm] | h(ug +u) € Sy,; for at least half of the pointsu € U™} .

Next we observe that |V;| < [£;]. To see this, map each v € V; to a polynomial /i, (X) := 375 )= v X1,
and note that h,, € £; and h, # h,s for any distinct v, v’ € Vj. Thus, it suffices to bound the size of L;.

The problem of bounding the size of £; can be cast as follows. For a prime power ¢, positive integers
k,m,andasubset U C F, of size r,let RM,,,(U; k) be the code over [F, of block length r"* which associates
with any polynomial f(X,...,Xp,) € (Fg)<x[X1,...,Xn] a codeword (f(u))ucym € Fgm. Note that
the Reed-Muller Code RM, ,,, (k) corresponds to the special case in which U = FF,. It is well-known that
RM, (U k) has relative distance at least 1 — % [Sch80, Zip79, DL78].

In the above terminology, we are given for each codeword entry u € U™ in the code RM, ,,(U; s) (of
relative distance ¢’ := 1 — ) a small input list Sy ; of possible values in I, of size at most £ := ¢, and
the goal is to bound the number codewords ¢ € RM (U k) so that ¢y ¢ Sy, for at most o := 3 of the
codeword entries u. This is a well-known problem called list recovery, which extends the problem of list
decoding that corresponds to the case where all input lists .Sy, have size one. In particular, an extension of
the Johnson Bound to the setting of list-recovery (see e.g., [GKO™' 18, Lemma 5.2]) says that the number of
codewords is at most

4
(1—a)2 =410

~
<

7.4 Local list decoding of multivariate multiplicity codes up to minimum distance

In the previous section we showed how to locally list decode Reed-Muller Codes up to the Johnson Bound. The
main barrier that prevented us from bypassing the Johnson Bound was that the local list decoding algorithm
for Reed-Muller Codes used as a subroutine the algorithm for list decoding of Reed-Solomon Codes from
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roughly the same decoding radius, and we currently do not know how to list decode Reed-Solomon Codes
beyond the Johnson Bound with small list size.

However, for (univariate) multiplicity codes of sufficiently large multiplicity s, the results of Sections
4.2 and 5.2 imply that they are list decodable up to their minimum distance with constant list size, and thus
it is reasonable to expect that we could also locally list decode multivariate multiplicity codes of sufficiently
large multiplicity s up to their minimum distance. Indeed, an algorithm very similar to that of Figure 9
can be used to locally list decode multivariate multiplicity codes up to their minimum distance. Since the
local list decoding algorithm for multivariate multiplicity codes is very similar to that of Reed-Muller Codes,
but significantly more notationally heavy, we do not provide here a formal description of the algorithm
for multivariate multiplicity codes, but instead just point out the main changes that need to be done in the
algorithm of Figure 9 to adapt it to the setting of multivariate multiplicity codes. We refer the reader to
[KRSW23, Section 4] for a formal description of the algorithm.

First, we note that in the multivariate multiplicity code setting, in order to list decode the restriction w|
of w to some line \, we need to also receive oracle access to the directional derivatives on the line, while w
only provides oracle access to the global derivatives. However, we can use (15) to compute the directional
derivative of w at any point on the line from the global derivatives of w at this point.

Second, in the setting of multivariate multiplicity codes, the local algorithm Ay, , needs to output the
global derivatives f(<*)(a) of f at a, instead of just the value f(a). Using the polynomial ¢(7") determined
in Step 3 of the algorithm Ay, ,, in Figure 9, we can recover with high probability the directional derivatives
of f at a in the direction of the line A, 1,, however these do not generally determine the global derivatives.
To cope with this, we can first use exactly the same procedure that was used by the approximate local list
decoding algorithm A to obtain a small number of possible guesses V' for the value of f(<*) (a), and then
instead of outputting ¢(0) in Step 3, output the unique v € V' such that v/|p_ = ¢(<*)(0) as a guess for
f(<9)(a), if such a v’ exists.

To show that the above solution works, we first recall that by Claim 7.12, we have that vy := f(<*)(a) € V’
with high probability. So it remains to show that with high probability, for any v’ € V' other than
vo it holds that v'|p,_a # vo|b_a- To see this, fix v/ € V' other than vy, and recall that v'|,_5 =
<Zi:wt(i):i vy (b — a)l>¢=o,1,...,sf1 and vg|p—a = (Zi:wt(i)zi(UO)i (b — a)l>i:0,1,...,sfl' Since v’ # vo,
there exists some 7 € {0, 1,...,s — 1} so that the polynomials A,/ (X) := > (i) v} - Xiand hyy(X) ==
Zi:wt(i):i(vo)i - X1 are distinct. But since both polynomials are of degree at most s, this implies in turn that
with probability at least 1 — g over the choice of a and b it holds that h,/ (b —a) # h,,(b—a), in which case
we shall also have that v'|p_a # vg|p_a. By applying a union bound over all elements of V', we conclude

that with probability at least 1 — % there is no v’ € V' other than vy = f(<%)(a) so that v/|p_a = vo|b—a-

iwt

Local list decoding up to capacity. Above we outlined an algorithm which can local list decode multivari-
ate multiplicity codes of sufficiently large multiplicity s up to their minimum relative distance of § := 1 — %.
Recall however that the rate of m-variate multiplicity codes of multiplicity s is

i s B () () (o

m

1
m!
and consequently the decoding radius achieved by the above algorithm is well below list-decoding capacity

for fixed m > 1 and growing k. Nevertheless, this algorithm can be used to obtain another family of codes
that is locally list decodable up to capacity.
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In more detail, recall that in Section 7.3 we encountered the notion of list recovery, which extends the
notion of list decoding. Recall that in list recovery, one is given for each codeword entry a small input list of
possible values, and the goal is to return the list of all codewords that are consistent with most of these input
lists. More formally, for « € (0, 1) and positive integers ¢, L we say that a code C' C X" is («, ¢, L)-list
recoverable if for any subsets S1, ..., .S, C X of size at most £ each there are at most L different codewords
¢ € C which satisfy that w; ¢ S; for at most an a-fraction of the indices ¢ € [n]. Note that list decoding
corresponds to the special case of £ = 1. The problem of list-recovering from an a-fraction of errors is
the task of finding the list of these codewords.

We have already seen in Section 7.3 that the notion of list recovery could be useful for local list decoding.
Another motivation to consider the notion of list recovery is that it is known that high rate codes (of rate
close to 1) that are list-recoverable from a constant fraction of errors and constant-size input lists .S; can be
transformed into capacity-achieving list-decodable codes, and furthermore, this transformation also preserves
locality (the transformation is based on expander graphs, and is beyond the scope of the current survey, see
[KRSW23, Appendix C] for more details).

As is typically the case, all the local list decoding algorithms mentioned above could be extended to the
setting of list recovery with similar performance. Furthermore, another advantage of multivariate multiplicity
codes over Reed-Muller Codes is that they can achieve a higher rate. Specifically, while the rate of m-variate
multiplicity codes of multiplicity s of relative distance ¢ := 1 — % is at least

m—+k—1 Lkm m m m
m(—i-s—wlL )m > 1. - m. ,m = ’ ’ i =|1- i : (1 - 5)ma
( )q w1 (s+m)"-q s+m sq s+m

m

the rate of m-variate Reed-Muller Codes of relative distance ¢’ := 1 — % is only

R R I TR L

qm qm m! k q k

In particular, this means that for any m > 1, Reed-Muller Codes have rate at most %, while multivariate
multiplicity codes can have rate close to 1 for § ~ %, s ~ m?, and growing m. Consequently, one can use the
extension of the local list decoding algorithm for multivariate multiplicity codes to the setting of list recovery
to get high-rate locally list recoverable codes, which can be transformed in turn into capacity-achieving
locally list decodable codes. Once more, we refer the reader to [KRSW23, Appendix C] for more details.

7.5 Bibliographic notes

Locally decodable and locally correctable codes were introduced in [BFLS91, KT00, STV01] and
[Lip90, BK95], respectively, see [Yekl12] for a comprehensive survey on locally decodable and locally
correctable codes. Locally list decodable codes were introduced in [GL89, STVO1], and since their
introduction they found various applications in theoretical computer science, in cryptography [GLS89],
learning theory [KM93], average-to-worst-case reductions [Lip90], and hardness amplification [BFNW93,
STVO1].

The local correction algorithm for Reed-Muller Codes , presented in Section 7.1, was suggested in
[Lip90, BF90, GLR'91] (see also [ Yek12, Section 2.2.2]), while the improvement using curves, described in
Remark 7.5, was suggested by Gemmell and Sudan [GS92] (see also [Yek12, Section 2.2.3]). The local list
decoding algorithm for Reed-Muller Codes beyond the unique decoding radius, presented in Section 7.2, was
suggested by Arora and Sudan [AS03] and Sudan, Trevisan, and Vadhan [STVO1]. The local list decoding
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algrotihm for Reed-Muller Codes up to the Johnson Bound, presented in Section 7.3, follows the ideas
suggested by Kopparty, Ron-Zewi, Saraf, and Wootters [KRSW23] for local list decoding of multivariate
multiplicity codes up to their minimum distance. Here we present a simpler version of their algorithm for
local list decoding of Reed-Muller Codes up to the Johnson Bound. Alternative approaches for local list
decoding of Reed-Muller Codes up to the Johnson Bound, based on restriction to planes instead of lines,
were suggested by Brander and Kopparty [BK09] (see also [GK16a, Kop15]).

A local correction algorithm for multivariate multiplicity codes was suggested by Kopparty, Saraf, and
Yekhanin [KSY14], who also introduced these codes and observed that they can achieve higher rate than the
corresponding Reed-Muller Codes. The local list decoding algorithm for multivariate multiplicity codes up
to their minimum distance, outlined in Section 7.4, was suggested in [KRSW23].

The expander-based transformation that turns a high-rate locally list recoverable code into a capacity-
achieving locally list decodable code, mentioned in Section 7.4, was suggested by Gopi, Kopparty, Oliveira,
Ron-Zewi, and Saraf [GKO™*18] and Hemenway, Ron-Zewi, and Wootters [HRW20]. It is based on the
expander-based transformation that was suggested by Alon, Edmonds, and Luby in the unique decoding
setting [AEL95, AL96], and its extensions to list decoding by Guruswami and Indyk [GI02], and local
decoding by Kopparty, Meir, Ron-Zewi, and Saraf [KMRS17]. More recently, this transformation was used
to obtain expander-based constructions of capacity-achieving (non-local) list decodable codes (not relying
on polynomial-based codes) [ST25], and even ones achieving the generalized Singleton Bound [JMST25].

In this section we discussed local list decoding algorithms for multivariate codes. Such algorithms are
inherently randomized (since an adversary can easily corrupt the answers to all of the queries of a deterministic
algorithm), and only work when the code is evaluated over all of ;" (because of the need to pass a random line
—or arelated algebraic low-dimensional structure — through the domain). Over F", Pellikaan and Wu [PW04]
gave an efficient deterministic (global) list decoding algorithm for Reed-Muller Codes up to the Johnson
Bound, and this algorithm was extended by Kopparty [Kop15] to list decoding of multivariate multiplicity
codes of arbitrary multiplicity up to the Johnson Bound. More recently, Bhandari, Harsha, Kumar, and
Sudan [BHKS?24a] gave an efficient deterministic algorithm for list decoding multivariate multiplicity codes,
over a constant number of variables and of sufficiently large multiplicity, up to their minimum distance.

Interestingly, the bound on the number of roots with multiplicities given by Theorem 2.6 also applies
when the domain is a product set of the form Ay x --- x A,,, where Ay, ..., A, are arbitrary subsets of IF,.
However, over arbitrary product sets, Reed-Muller Codes were only shown relatively recently to be efficiently
uniquely decodable up to half their minimum distance by Kim and Kopparty [KK17], and this algorithm
was extended by Bhandari, Harsha, Kumar, and Shanka [BHKS23] to unique decoding of multivariate
multiplicity codes of arbitrary multiplicity over arbitrary product sets. We are not aware of any efficient
algorithm that list decodes Reed-Muller Codes, or multivariate multiplicity codes of arbitrary multiplicity,
over arbitrary product sets beyond half the minimum distance. Curiously, the aforementioned algorithm of
[BHKS24a] for list decoding constant-variate multiplicity codes of sufficiently large multiplicity up to their
minimum distance does work over arbitrary product sets.

8 Conclusion and open problems

In this book, we surveyed recent advances on list decoding of polynomial codes. Specifically, we investigated
the list-decoding properties of Reed-Solomon Codes, showed that related families of polynomial codes such
as multiplicity codes are efficiently list decodable up to capacity, and discussed how to obtain improved
combinatorial upper bounds on the list sizes using a more refined analysis. We also presented fast (near-linear
time) implementations of these list-decoding algorithms, and local (sublinear-time) list-decoding algorithms
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for multivariate polynomial codes such as Reed-muller Codes and multivariate multiplicity codes.

Open questions. We end this book with a couple of intriguing questions for further research that are still
open by the time of writing of this survey.

1. Explicit and efficiently list decodable Reed-Solomon Codes achieving list-deocding capacity. In
Section 3.4, we showed that Reed-Solomon Codes are generally not list decodable much beyond the
Johnson bound, while in Section 5.1 we showed that Reed-Solomon Codes over random evaluation
points are (combinatorially) list decodable up to capacity with optimal list size, with high probability.
A very interesting question is to find explicit evaluation points for which Reed-Solomon Codes are list
decodable up to capacity, as well as efficient list decoding algorithms.

2. Explicit and efficiently list decodable codes achieving list-decoding capacity over a fixed-size
alphabet.  In Section 5.4, we mentioned that one can obtain capacity-achieving list-decodable
codes over a constant-size alphabet, whose size only depends on the gap € to capacity, by resorting
to Algebraic-Geometric (AG) codes. A major open problem is to obtain explicit constructions of
capacity-achieving list decodable codes, as well as efficient list-decoding algorithms, over a fixed-
size alphabet (independent of €), for example over the binary alphabet. Over a g-ary alphabet, the
list-decoding capacity is known to be H 1(1 — R), where

a 11—«

Hy(a) = alog,(q — 1) + alog, (1> (1 a)log, < 1 >

is the g-ary entropy function.

3. Linear-time encodable and list decodable codes achieving list-decoding capacity. In Section 6 we
presented fast near-linear time algorithms for list deocding multiplicity codes up to capacity. Obtaining
truly linear-time list-decoding algorithms (as well as truly linear-time encoding algorithms for capacity-
acheiving list-decodable codes) is still open. Since in the unique decoding setting, expander codes can
be used to obtain linear-time encodable and decodable codes, it could be that the recent line of work
on list-decoding of expander codes [ST25, IMST25] could be used to obtain such codes.

4. Applications in theoretical computer science. We mentioned in Section 1 that list decodable codes
have many applications in theoretical computer science (some references are given in Section 1.4). It
would be very interesting to investigate if any of the developments we surveyed in this book could be
useful for such applicaitons.
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