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Abstract

Error-correcting codes are a method for representing data, so that one can recover the original
information even if some parts of it were corrupted. The basic idea, which dates back to the revolutionary
work of Shannon and Hamming about a century ago, is to encode the data into a redundant form, so that
the original information can be decoded from the redundant encoding even in the presence of some noise
or corruption. One prominent family of error-correcting codes are Reed-Solomon Codes which encode
the data using evaluations of low-degree polynomials. Nearly six decades after they were introduced,
Reed-Solomon Codes, as well as some related families of polynomial-based codes, continue to be widely
studied, both from a theoretical perspective and from the point of view of applications.

Besides their obvious use in communication, error-correcting codes such as Reed-Solomon Codes
are also useful for various applications in theoretical computer science. These applications often require
the ability to cope with many errors, much more than what is possible information-theoretically. List-
decodable codes are a special class of error-correcting codes that enable correction from more errors than
is traditionally possible by allowing a small list of candidate decodings. These codes have turned out to
be extremely useful in various applications across theoretical computer science and coding theory.

In recent years, there have been significant advances in list decoding of Reed-Solomon Codes and
related families of polynomial-based codes. This includes efficient list decoding of such codes up to
the information-theoretic capacity, with optimal list-size, and using fast nearly-linear time, and even
sublinear-time, algorithms. In this book, we survey these developments.
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1 Introduction

The problems of communicating and storing data, robustly and efficiently, in the presence of errors or noise
is a fundamental problem of interest at the intersection of mathematics and engineering. The theory of error
correcting codes (or coding theory) was developed in the landmark works of Shannon [Sha48] and Hamming
[Ham50] in the 1940s/50s as an attempt towards formalizing and understanding these problems. The central
notion in this theory is that of an error correcting code (or simply a code). An error correcting code C of
block length n over a finite alphabet Σ is a subset of Σn. The words in C are referred to as codewords, and
typically, we also associate a set M of strings (called messages) with the code C such that there is a bijection
Φ (called an encoding map) from M to C.

The rate of a code C is defined as R(C) := log(|C|)
n log(|Σ|) , and it measures the amount of the redundancy

in the code. Specifically, to use a code to communicate in the presence of noise, the idea is that if we want
to communicate a message m ∈ M over a noisy channel, we instead encode it as Φ(m) and send Φ(m)
over the channel. The rate of the code then measures the number of possible messages one can encode
using the code, out of all possible length n strings over Σ. The minimum (Hamming) distance of a code C
is defined as ∆(C) := minc ̸=c′∈C ∆(c, c′), where ∆(c, c′), referred to as the Hamming distance between
c and c′, is the number of entries on which c and c′ differ. The minimum distance of a code is a measure
of how far in Hamming distance any two distinct codewords in C are from each other, and consequently,
how noise tolerant the code might be. Specifically, the channel might corrupt some of the entries of Φ(m)
during transmission and the receiver might receive a string w ∈ Σn. However, if w and Φ(m) differ on less
than ∆(C)

2 entries, then Φ(m) (and hence m) can be recovered uniquely by the decoder by searching for the
unique codeword in C that is closest to the received word w.

The above discussion also highlights the innate tension between the rate and distance of codes - a larger
rate appears to force a lower distance (and hence, lower error tolerance). Understanding the precise tradeoff
between rate and distance of codes continuous to be a fundamental open problem at the heart of coding
theory. In particular, the classical Singleton Bound from the 60’s states that for a linear code C ⊆ Σn of
size |C| = Σk it must hold that ∆(C) ≤ n − k + 1. This in particular implies that δ(C) ≤ 1 − R(C) for
any code C, where δ(C) := ∆(C)

n is the relative distance of C. Codes satisfying the Singleton bound with
equality are called maximum distance separable (MDS) codes, and by now we know of various families of
codes satisfying this property.

The aforementioned framework of using codes for communication in the presence of noise clearly also
highlights computational questions of great interest in coding theory, namely that of explicitly constructing
families of codes with non-trivial rate and distance and designing efficient encoding and decoding algorithms
for these codes. Moreover, such computational aspects are also of great interest to computer science, because
of the numerous surprising connections and applications that error-correcting codes have had to areas such
as complexity theory, cryptography, pseudorandomness, and algorithm design, which often require explicit
and efficiently decodable codes.

1.1 List decoding

If a code C has distance ∆(C), then clearly, for any word w ∈ Σn, the number of codewords at Hamming
distance less than ∆(C)

2 from w is at most one. Consequently, ∆(C)
2 is called the unique decoding radius

of the code. The notion of list decoding, introduced in the works of Elias [Eli57] and Wozencraft [Woz57]
relaxes this error bound to beyond ∆(C)

2 . At this distance, the codeword closest to w need not be unique, but
we can still hope that the list of such codewords is small. More formally, for α > 0 and a positive integer
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L, a code C ⊆ Σn is said to be (α,L)-list decodable if for every w ∈ Σn, there are at most L different
codewords c ∈ C such that the Hamming distance ∆(w, c) is at most αn.

One of the ways to see that this notion of list decoding offers something more than the notion of unique
decoding is via a theorem of Johnson, which (informally) shows that every code C is (α,L)-list decodable
with constant list size L as long as the parameter α is less than a function J(∆) of the distance ∆ of the
code. J(∆) is referred to as the Johnson Bound (or the Johnson Radius) of the code, and it is always as
large as ∆

2 , but can be much larger. Furthermore, an extension of the aforementioned Singleton Bound to the
setting of list decoding shows that any (α,L)-list decodable code must satisfy that α ≤ L

L+1(1− R). Note
that the L = 1 case corresponds to the classical Singleton Bound which implies that α ≤ δ

2 ≤ 1−R
2 , but for a

growing L, the bound comes close to twice as large. We say that a code achieves list-decoding capacity if it
approaches this bound, i.e., if it is (1−R− ϵ, Oϵ(1))-list decodable for any ϵ > 0 (We will say that the code
achieves list-decoding capacity even if the list is bounded as a function of the block length). Once more,
by now we know of several families of capacity-achieving list-decodable codes, which by allowing a small
(constant-size) list, can tolerate almost twice as many errors than what is possible in the unique decoding
setting!

In the communication setting, list decoding may be useful when the receiver has some side information
about the transmitted message which enables the receiver to eliminate some of the codewords in the list,
and list decodable codes are also a useful building block in the construction of uniquely decodable codes.
Furthermore, list decodable codes serve as a bridge between the adversarial error model described above
(pioneered by Hamming [Ham50]) in which an adversary may corrupt an arbitrary subset of the codeword
entries, and the random error model (pioneered by Shannon [Sha48]) which assumes that each codeword
entry is corrupted independently with some fixed probability. It is well known that one can tolerate more
(roughly twice as many) errors in the random error model than in the adversarial model, and thus using list-
decodable codes, one can handle more errors than in the adversarial unique decoding setting in the presence
of both random errors (in which case the list will typically contain a single codeword) and adversarial errors
(by allowing a small list). List decodable codes also turned to be highly useful for applications in computer
science, like hardness results in complexity theory and explicit construction of various pseudorandom objects
like expanders, extractors and pseudorandom generators.

The applications described above highlight two main fundamental questions about list-decodable codes.
The first is a combinatorial question, where the goal is to bound the list size of various codes for a given
decoding radius. The second is a computational question about designing explicit list-decodable codes with
efficient list decoding algorithms which given a received word, output the list of close-by codewords. A
substantial fraction of such results were obtained for families of algebraic error correcting codes based on
low-degree polynomials (also motivated by the applications described above). Our goal in this survey is to
discuss some of these developments, with the focus being on polynomial-based families of codes that we
discuss next.

1.2 Polynomials in coding theory

Algebraic techniques, and in particular, the properties of low degree polynomials over finite fields have
played an outsized role in the developments in coding theory since the early years of this research area.
Indeed, the families of error correcting codes based on the evaluation of low degree polynomials (univariate
or multivariate) are among the most well studied families of codes.

The flag bearer of such a code family is undoubtedly the family of Reed-Solomon Codes. The codewords
of this code correspond to the evaluations of all univariate polynomials of degree less than k with coefficients
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in a finite field Fq on a specified set E ⊆ Fq of n field elements. The distance of these codes stems from the
basic algebraic fact that two distinct univariates of degree less than k cannot agree on more than k inputs. It
follows that Reed-Solomon Codes are MDS codes.

The mathematical properties of low degree polynomials at the core of Reed-Solomon Codes have
found vast generalizations and have led to numerous other fundamental and well studied code families.
Some classical examples are Reed-Muller Codes whose codewords correspond to evaluations of low degree
multivariate polynomials over a product set, BCH Codes where the codewords correspond to low-degree
univariate polynomials whose evaluations lie in a small subfield, and Algebraic Geometry (AG) codes where
the codewords correspond to evaluations of certain functions on rational points of some algebraic curve.

Besides their elegance and their fundamental mathematical properties, polynomial-based codes as above
in many cases achieve the best possible tradeoff between their rate and error-correction radius, in various
communication scenarios, and their algebraic structure also lends itself to fast encoding and decoding
algorithms. Furthermore, polynomial-based codes such as Reed-Solomon Codes are also widely used in
practice due to their good concrete parameters. The algebraic properties of these codes are also often useful
for computer science applications. For example, one such useful property is the multiplication property,
which guarantees that the point-wise multiplication of a pair of codewords (for example, evaluations of a
pair of degree k polynomials) is a codeword in another related code (corresponding to evaluations of degree
2k polynomials).

In this survey, we will focus on the list-decoding properties of polynomial-based codes, which we discuss
next.

1.3 List decoding with polynomial codes

The celebrated work of Sudan [Sud97] and Guruswami-Sudan [GS99] from the 1990s gave efficient
(polynomial-time) algorithms for list decoding Reed-Solomon Codes beyond the unique decoding radius, up
to the Johnson Bound. Note that up to this bound the list size is guaranteed to be constant, so the question is
only computational, namely, designing efficient list decoding algorithms which given a received word, output
the list of close-by codewords. This result led to significant interest in understanding the list decodability of
Reed-Solomon Codes beyond the Johnson Bound. Beyond this radius, the question is both combinatorial
and computational, namely, showing upper bounds on the list size, and if such upper bounds exist, then
also searching for efficient list decoding algorithms. While this continues to be an extremely active area of
research with many open research directions, the interest in this problem has been an important driving force
behind many other significant developments in this area.

This includes the discovery of variations of Reed-Solomon Codes that were shown to achieve list
decoding capacity, with a list size that matches the generalized singleton Bound, together with efficient list
decoding algorithms up to capacity for these codes. Some prominent examples of such codes are Folded
Reed-Solomon Codes, where one bundles correlated evaluations of a low-degree polynomial into a single
codeword entry, and multiplicity codes, where the encoding also includes evaluations of derivatives of a
low-degree polynomial.

Recent work in this area has also led to significant advances in the understanding of the combinatorial
list decodability of Reed-Solomon Codes beyond the Johnson Bound. Specifically, while it was shown that
certain Reed-Solomon Codes are not list-decodable well beyond the Johnson Bound with a list size that is
polynomial in the block length (let alone, a constant list size), it was also shown that Reed-Solomon Codes
over random evaluation points achieve list-decoding capacity, with a list size that matches the generalized
singleton Bound, with high probability. Finding explicit evaluation points satisfying this property, together
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with an efficient list-decoding algorithm, constitutes a major open problem in this area by the time of writing
of this survey.

A distadvantage of all the aforementioned polynomial-based codes is that their alpahbet is very large
(polynomial in the block length). The alphabet size can be brought down to a constant by resorting to
appropriate variants of AG codes. With regard to efficiency, by now we know of fast near-linear time
implementation of the list-decoding algorithms mentioned above. Moreover, using Reed-Muller Codes and
multivariate multiplicity codes one can also obtain local list-decoding algorithms that are able to list-decode
individual codeword entries in sublinear time.

1.4 Organization and scope of this survey

The survey is organized as follows:

• In Section 2, we begin by presenting formal definitions and basic facts about list-decodable codes and
low-degree polynomials, and introducing some families of polynomial-based codes that will be the
focus of this survey.

• In Section 3, we present efficient (polynomial-time) algorithms for list decoding Reed-Solomon Codes
up to the Johnson Bound, and we also present combinatorial lower bounds on the list size of Reed-
Solomon Codes beyond the Johnson bound.

• In Section 4, we present efficient (polynomial-time) algorithms for list decoding multiplicity codes
up to capacity, and we also show that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms
in particular show that the list size of multiplicity codes at capacity is at most polynomial in the
block length, while the list-size of Reed-Solomon codes over subfield evaluation points is at most
sub-exponential in the block length.

• In Section 5, we present combinatorial upper bounds on the list size of polynomial-based codes at
capacity. Specifically, we show that the list size of Reed-Solomon codes over random evaluation points
and multiplicity codes is in fact a constant, independent of the block length (and even matches the
generalized Singleton bound), and that the list-size of Reed-Solomon codes over subfield evaluation
points can also be reduced to a constant (and the running time of the list decoding algorithm to a
polynomial) by passing to an appropriate subcode.

• In Section 6, we present faster near-linear time implementations for some of the list-decoding algo-
rithms presented in the previous sections.

• In Section 7, we present local list decoding algorithms for multivariate polynomial-based codes that
are able to decode individual codeword entries in sublinear time.

Some of the material presented in this survey is also covered by other surveys. Specifically, the unique
decoding algorithm for Reed-Solomon Codes presented in Section 3.1 is also covered in the online textbook
[GRS, Section 12.1] about error-correcting codes, and the list-decoding algorithms for Reed-Solomon Codes
presented in Sections 3.2 and 3.3 are also covered in [GRS, Section 12.2], and in Guruswami’s survey on
algorithmic list decoding [Gur06b, Section 4]. The algorithm presented in Section 4.1 for list decoding
of multiplicity codes beyond unique decoding radius follows the presentation of [GRS, Section 17] for the
related family of Folded Reed-Solomon Codes. The local correction algorithm for Reed-Muller Codes
presented in Section 7.1 is also covered in Yekhanin’s survey on locally decodable codes [Yek12, Section 2].
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This survey focuses solely on list-decoding properties of polynomial-based codes. Parallel to the time
of writing of this survey, it was discovered that certain families of expander-based codes have list-decoding
properties competitive to those of polynomial-based codes, in particular they can be list-decoded up to
capacity with optimal list-size over a constant-size alphabet, and in nearly-linear time [ST25, JMST25].

Finally, we do not discuss in this survey any of the applications of list-decodable codes. Some applications
in coding theory are surveyed in [Gur04, Section 11], and applications in theoretical computer science are
surveyed in [Sud00], [Tre04, Section 4], [Gur04, Section 12], [Gur06a], [Vad12, Section 5], and [GRS,
Sections 20 and 24]. List recovery, a certain generalization of the notion of list-decoding that is useful for
applications in coding theory and theoretical computer science, is surveyed in [RV25].

2 Notation and definitions

In this section, we first present some basic notations, and then we provide formal definitions and state some
basic facts about list-decodable codes and low-degree polynomials in Sections 2.1 and 2.2, respectively.
Finally, in Section 2.3 we introduce some families of polynomial-based codes that will be the focus of this
survey.

Notations. For a pair of strings u, v ∈ Σn, the (Hamming) distance between u and v is the number
of entries on which u and v defer, and is denoted ∆(u, v) := |{i ∈ [n] : ui ̸= vi}|, and the relative
(Hamming) distance between u and v is the fraction of entries on which u and v differ, and is denoted
by δ(u, v) := ∆(u,v)

n . We say that a string u ∈ Σn is α-close (α-far, respectively) to a string v ∈ Σn if
δ(v, u) ≤ α (δ(v, u) > α, respectively). For w ∈ Σn and α ∈ (0, 1), we define the Hamming ball of
radius α centered at w as the set B(w,α) := {u ∈ Σn | δ(u,w) ≤ α}.

For any prime power q, we denote by Fq the finite field of q elements. For a field F and u ∈ Fn,
the (Hamming) weight |u| of u is the number of non-zero entries of u, that is, |u| := |{i ∈ [n] : ui ̸= 0}|.
Throughout, we letN := {0, 1, 2, . . .} denote the set of non-negative integers. For a vector i = (i1, . . . , im) ∈
Nm, the weight wt(i) of i, equals wt(i) =

∑m
j=1 ij , and for i = (i1, . . . , im), j = (j1, . . . , jm) ∈ Nm, we

let
(
i
j

)
:=
∏m

k=1

(
ik
jk

)
.

2.1 List-decodable codes

Before formally defining list-decodable codes, we start with some basic notation and definitions about
error-correcting codes.

An (Error-correcting) code is a subset C ⊆ Σn. We call Σ and n the alphabet and the block length of
the code, respectively, and the elements of C are called codewords. The rate of a code C ⊆ Σn is the ratio
R := log(|C|)

n·log(|Σ|) , the (Hamming) distance of C is ∆(C) := minc ̸=c′∈C ∆(c, c′), and its relative distance
is δ(C) := ∆(C)

n .
We say that a code C ⊆ Σn is F-linear if Σ = Fs for some field F and a positive integer s, and C is an

F-linear subspace of Σn. If Σ = F, and C is an F-linear code, then we simply say that C is linear. For an F-
linear code C ⊆ Σn, the rate of C equals dimF(C)

n·dimF(Σ) , and the distance of C equals min0̸=c∈C |c|. A generator
matrix for a linear code C of dimension k is a (full-rank) matrix G ∈ Fn×k so that Image(G) = C, and a
parity-check matrix for C is a (full-rank) matrix H ∈ F(n−k)×n so that ker(H) = C. The dual code of C
is the code C⊥ ⊆ Fn containing all strings c′ ∈ Fn satisfying that

∑n
i=1 c

′
i · ci = 0 for all c ∈ C. It follows
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by definition that (C⊥)⊥ = C, and that H is a parity-check matrix for C if and only if HT is a generator
matrix for C⊥.

For a code C ⊆ Σn of relative distance δ, and a given α < δ
2 , the problem of (unique) decoding from

an α-fraction of errors is the task of finding, given a string w ∈ Σn, the unique c ∈ C (if any) which
satisfies δ(c, w) ≤ α.

List decoding is a paradigm that allows one to correct more than a δ
2 fraction of errors by returning a

small list of close-by codewords. More formally, for α ∈ (0, 1) and a positive integer L we say that a code
C ⊆ Σn is (α,L)-list decodable if for any w ∈ Σn there are at most L different codewords c ∈ C which
satisfy that δ(c, w) ≤ α. The problem of list-decoding from an α-fraction of errors is the task of finding,
given a string w ∈ Σn, the list of codewords c ∈ C which satisfy that δ(c, w) ≤ α.

The Johnson Bound. The Johnson Bound states that any code of relative distance δ is list-decodable from
a fraction of α < 1 −

√
1− δ errors with a list size which depends on the proximity of α to 1 −

√
1− δ.

Note that 1−
√
1− δ ∈ ( δ2 , δ) for any δ ∈ (0, 1), so this bound improves on the unique decoding bound.

Theorem 2.1 (Johnson Bound). Let C ⊆ Σn be a code of relative distance δ. Then for any α < 1−
√
1− δ,

C is (α,L)-list decodable with list size L = δ−α
(1−α)2−(1−δ)

.

Proof. Let w ∈ Σn be a string, and let L = {c ∈ C | δ(c, w) ≤ α}. Our goal will be to show that
L :=| L |≤ δ−α

(1−α)2−(1−δ)
. The proof follows by providing upper and lower bounds on the average agreement

between a pair of distinct codewords in the list, given by Prc ̸=c′∈L,i∈[n] [ci = c′i] , and comparing the two
bounds.

For the upper bound, note that since C has relative distance δ, we have that δ(c, c′) ≥ δ for any distinct
c, c′ ∈ L. Consequently, we have that

Pr
c ̸=c′∈L,i∈[n]

[
ci = c′i

]
≤ 1− δ. (1)

Next we show a lower bound on the above expression. For i ∈ [n], let ti be the number of codewords in
L which agree with w on the i-th entry, that is, ti := |{c ∈ L | ci = wi}|. Note that since δ(c, w) ≤ α for
any c ∈ L, we have that Ei∈[n][ti] ≥ L(1− α). Consequently, we have that:

Pr
c ̸=c′∈L,i∈[n]

[
ci = c′i

]
≥ Pr

c ̸=c′∈L,i∈[n]

[
ci = c′i = wi

]
(2)

≥
Ei∈[n]

(
ti
2

)(
L
2

) ≥
(Ei∈[n]ti

2

)(
L
2

) ≥
(
L(1−α)

2

)(
L
2

) ,

where the one before last inequality follows by convexity.
The combination of the bounds given in (1) and (2) gives the following inequality:(

L(1− α)

2

)
≤
(
L

2

)
· (1− δ),

which rearranging gives the desired bound of L ≤ δ−α
(1−α)2−(1−δ)

.
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The generalized Singleton Bound. The classical Singleton Bound implies that any code of rate R and
relative distance δ must satisfy that δ ≤ 1 − R. The generalized Singleton Bound extends this fact by
showing that any (α,L)-list decodable code of rate R must satisfy that α ≲ L

L+1 · (1 − R). Note that the
classical Singleton Bound for unique decoding corresponds to the special case of L = 1, in which case
α ≤ δ

2 ≤ 1−R
2 .

Theorem 2.2 (Generalized Singleton Bound). Let C ⊆ Σn be a code of rate R that is (α,L)-list decodable.
Then

α ≤ L

L+ 1
· (1−R+ oL(1)) ,

where for a fixed L, the term oL(1) tends to zero as the block length n tends to infinity.

Proof. Let b := L+1
L · αn, for simplicity assume that b is an integer.

We first claim that for any string u ∈ Σn−b, there are at most L distinct codewords in C whose prefix
is u. To see this, suppose on the contrary that there exists a string u ∈ Σn−b and L + 1 distinct codewords
c0, c1, . . . , cL ∈ C whose prefix is u. Let w ∈ Σn be a string whose first n− b entries agree with u, and for
i = 0, 1, . . . , L, w and ci agree on the i-th subsequent block of length b

L+1 (once more, assume that b
L+1 is

an integer for simplicity). Then by construction for any i ∈ {0, 1, . . . , L},

δ(w, ci) ≤
L

L+ 1
· b
n
= α,

which contradicts the assumption that C is (α,L)-list decodable.
Now, since for any string u ∈ Σn−b, there are at most L distinct codewords in C whose prefix is u, we

have that |C| ≤ Σn−b · L, which rearranging and taking logarithms gives

b

n
≤ 1− log(|C|)

n · log(|Σ|)
+

log(L)

n · log(|Σ|)
.

Plugging into the above inequality the values R = log(|C|)
n·log(|Σ|) and b = L+1

L · αn gives

α ≤ L

L+ 1
·
(
1−R+

log(L)

n · log(|Σ|)

)
=

L

L+ 1
· (1−R+ oL(1)) ,

which completes the proof of the theorem.

The above generalized Singleton Bound in particular implies that (α,L)-list decodable codes must have
α ≤ 1−R−ϵ for some ϵ = ϵ(L), which approaches zero asL grows (specifically, ϵ = O( 1L), or equivalently,
L = O(1ϵ )). We say that a code C ⊆ Σn attains list-decoding capacity if it matches this coarser bound,
i.e., it is (1−R− ϵ, Oϵ(1))-list decodable for any ϵ > 01

2.2 Polynomials over finite fields

This survey is mainly concerned with algebraic codes, based on low-degree polynomials over finite fields.
In what follows, we introduce some definitions and gather several known facts about polynomials over finite
fields that will be used for defining these codes and analyzing their list decoding properties.

1We will sometimes abuse notation and say that the code achieves list-decoding capacity even if the list is bounded as a function
of the block length.
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2.2.1 Univariate polynomials

For a field F, we let F[X] denote the ring of univariate polynomials over F, and we let F(X) denote the
field of rational functions over F in the indeterminate X . The degree deg(f) of a polynomial f(X) =∑

i∈N fiX
i ∈ F[X] is the maximum i so that fi ̸= 0. We let F<d[X] (F≤d[X], respectively) denote the

linear space of all univariate polynomials over F of degree smaller than d (at most d, respectively). A root of
a polynomial f(X) ∈ F[X] is a point a ∈ F so that f(a) = 0. It is well-known that a non-zero polynomial
f(X) ∈ F[X] of degree d has at most d roots in F.

It will sometimes be useful for us to also count roots with multiplicities. To define this notion, we first
need to define the notion of a (Hasse) derivative, which is a variant of derivatives that is more suitable
for finite fields. Let f(X) ∈ F[X] be a non-zero univariate polynomial over a field F. For a non-negative
integer i, the i’th order (Hasse) derivative f (i)(X) of f is defined as the coefficient of Zi in the expansion

f(X + Z) =
∑
i∈N

f (i)(X)Zi.

In particular, for any a ∈ F, substituting a,X − a into X,Z respectively in the above expression gives the
expansion

f(X) =
∑
i∈N

f (i)(a)(X − a)i. (3)

The above expansion should be compared with the more familiar Taylor Expansion with respect to classical
derivatives, where the coefficient of (X − a)i is divided by an additional factor of i!. Eliminating this
additional factor of i!, which could be zero over a finite field, turns out to be convenient, and tends to make
theorem statements cleaner.

The multiplicity of a polynomial f(X) ∈ F[X] at a point a ∈ F, denoted mult(f, a), is the largest integer
s such that for any non-negative integer i < s, we have that f (i)(a) = 0. Note that mult(f, a) ≥ 0 for any
a ∈ F, and that mult(f, a) > 0 for any root a of f . The following fact, which is a direct consequence of the
expansion given in (3), generalizes the well-known bound on the number of roots of a low-degree univariate
polynomial, taking into account also multiplicities.

Fact 2.3. Let f(X) ∈ F[X] be a non-zero univariate polynomial of degree d. Then∑
a∈F

mult(f, a) ≤ d.

In particular, for any positive integer s, mult(f,a) ≥ s for at most a d
s|F| -fraction of the points a ∈ F.

Note that the s = 1 case of the ’in particular’ part of the above fact corresponds to the standard bound
on the number of roots of a low-degree univariate polynomial.

We note the following basic properties of the Hasse Derivative, which follow directly from the definition
of the Hasse derivative.

Lemma 2.4. The following holds for any field F, univariate polynomials f(X), g(X) ∈ F[X], and non-
negative integers i, j:

1. (Linearity) (f(X) + g(X))(i) = f (i)(X) + g(i)(X).

2. (Product rule) (f(X) · g(X))(i) =
∑i

k=0 f
(k)(X) · g(i−k)(X).
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3. (Iterative application) (f (i)(X))(j) =
(
i+j
i

)
· f (i+j)(X).

Note that, as opposed to classical derivatives, the Hasse derivative is only iterative up to multiplication
by an additional binomial coefficient, but on the other hand, the product rule does not require multiplication
by an additional binomial coefficient.

Finally, for univariate polynomials f(X), h(X) ∈ F[X], we use (f(X) mod h(X)) to denote the
unique remainder obtained by dividing f(X) by h(X). We also say that f(X) and g(X) are congruent
modulo h(X) (denoted by (f(X) ≡ g(X) mod h(X))) if (f(X)− g(X)) is divisible by h(X).

2.2.2 Multivariate polynomials

The notions defined above can also be generalized to the setting of multivariate polynomials. Specifically,
for a field F and a positive integer m, we let F[X1, . . . , Xm] denote the ring of m-variate polynomials over F,
and we let F(X1, . . . , Xm) denote the field of rational functions over F in the indeterminates X1, . . . , Xm.
For ease of notation, we let X := (X1, X2, . . .), and throughout the survey we also use the convention that
bold letters a,b, ... denote vectors over F. For i = (i1, . . . , im) ∈ Nm, we let Xi denote the monomial
Xi := Xi1

1 · · ·Xim
m .

The (total) degree deg(f) of a polynomial f(X) =
∑

i fiX
i ∈ F[X] is the maximum weight wt(i) =∑

j ij of i so that fi ̸= 0. As before, we let F<d[X1, . . . , Xm] (F≤d[X1, . . . , Xm], respectively) denote the
linear space of all m-variate polynomials over F of (total) degree smaller than d (at most d, respectively).
In the multivariate setting, it will sometimes be useful for us to also consider a notion of weighted degree.
Specifically, for a vector b ∈ Nm, the b-weighted degree degb(f) of a polynomial f(X) =

∑
i fiX

i ∈
F[X] is the maximum weighted sum

∑
j bj · ij of i so that fi ̸= 0.

As in the univariate setting, we define a root of a polynomial f(X) ∈ F[X] as a point a so that f(a) = 0.
The following well-known Schwartz-Zippel Lemma generalizes the well-known bound on the number of
roots of a low-degree univariate polynomial to the multivariate setting.

Lemma 2.5 ([Sch80, Zip79, DL78]). Let f(X1, . . . , Xm) ∈ F[X1, . . . , Xm] be a non-zero m-variate
polynomial over a finite field F of (total) degree d. Then f has at most d · |F|m−1 roots in Fm.

The notion of a Hasse derivative can also be extended to the multivariate setting as follows. Let
f(X) ∈ F[X] be a non-zero m-variate polynomial over a field F. For a vector i ∈ Nm, we define the i’th
(Hasse) derivative f (i)(X) of f as the coefficient of Zi in the expansion

f(X+ Z) =
∑
i∈Nm

f (i)(X)Zi.

We define the multiplicity of f at a point a ∈ Fm, denoted mult(f,a), to be the largest integer s such that
for any i ∈ Nm with wt(i) < s, we have that f (i)(a) = 0.

The following theorem extends the above Lemma 2.5 to also account for multiplicities of roots.

Theorem 2.6 ([DKSS13], Lemma 2.7). Let f(X) ∈ F[X] be a non-zero m-variate polynomial over a finite
field F of (total) degree d. Then ∑

a∈Fm

mult(f,a) ≤ d · |F|m−1.

In particular, for any positive integer s, mult(f,a) ≥ s for at most a d
s|F| -fraction of the points a ∈ Fm.
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Note that the m = 1 case of the above theorem corresponds to the above Fact 2.3, while the s = 1 case
of the ’in particular’ part corresponds to the above Lemma 2.5.

We also have the following extension of Lemma 2.4.

Lemma 2.7. The following holds for any field F, m-variate polynomials f(X), g(X) ∈ F[X], and i, j ∈ Nm:

1. (Linearity) (f(X) + g(X))(i) = f (i)(X) + g(i)(X).

2. (Product rule) (f(X) · g(X))(i) =
∑

r,k : r+k=i f
(r)(X) · g(k)(X).

3. (Iterative application) (f (i)(X))(j) =
(
i+j
i

)
· f (i+j)(X).

2.3 Some families of polynomial codes

Next we introduce some families of polynomial codes that will be the focus of this survey. All codes are
defined over a finite field Fq of q elements, where q is some prime power. We begin with the most basic
family of Reed-Solomon Codes.

Reed-Solomon (RS) Codes. Let a1, . . . , an be distinct points in Fq (called evaluation points), and let
k < n be a positive integer (the degree parameter). The Reed-Solomon (RS) Code RSq(a1, . . . , an; k)
is a code which associates with any univariate polynomial f(X) ∈ Fq[X] of degree smaller than k a
codeword (f(a1), . . . , f(an)) ∈ Fn

q . In the special case where n = q, we let RSq(k) := RSq(a1, . . . , an; k).
It follows by definition that the Reed-Solomon Code RSq(a1, . . . , an; k) is a linear code of rate k

n .
Furthermore, since any two distinct univariate polynomials of degree smaller than k can agree on at most
k−1 points in Fq (since their difference is a non-zero univariate polynomial of degree smaller than k, and so
has at most k− 1 roots in Fq), it follows that RSq(a1, . . . , an; k) has distance at least n− k+1, and relative
distance at least 1− k

n . So the Reed-Solomon Code attains the Singleton Bound (and so is an MDS code).

Another family of polynomial codes that will be at the focus of this survey are multiplicity codes, which
extend Reed-Solomon Codes by also evaluating derivatives of polynomials.

Multiplicity codes. As before, let a1, . . . , an be distinct evaluation points in Fq, and let s be a positive
integer (the multiplicity parameter). Setting the multiplicity parameter s to be large allows us to choose
a degree parameter that is larger than the block length, specifically, we can choose the degree parameter k
to be any positive integer so that k < sn. The (univariate) multiplicity code MULT

(s)
q (a1, . . . , an; k) is

defined similarly to the corresponding Reed-Solomon Code RSq(a1, . . . , an; k), except that each codeword
of the form (f(a1), . . . , f(an)) is now replaced with the codeword

(
f (<s)(a1), . . . , f

(<s)(an)
)
, where for

a ∈ Fq, we use f (<s)(a) ∈ Fs
q to denote the vector which includes all (Hasse) derivatives of f at a of order

smaller than s, that is, f (<s)(a) = (f(a), f (1)(a), . . . , f (s−1)(a)).
It follows by definition that the multiplicity code MULT

(s)
q (a1, . . . , an; k) is an Fq-linear code over the

alphabet Fs
q of rate k

sn . Furthermore, by Fact 2.3, MULT
(s)
q (a1, . . . , an; k) has distance at least n− k−1

s , and
relative distance at least 1 − k

sn . Finally, note that Reed-Solomon Codes correspond to the special case of
multiplicity parameter s = 1.

Next we present multivariate extensions of the above codes. The first such extension are the Reed-Muller
Codes which extend Reed-Solomon codes to the setting of multivariate polynomials.
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Reed-Muller (RM) Codes. For simplicity, we only present here the definition of Reed-Muller codes
evaluated over the whole field. More specifically, as in the case of Reed-Solomon Codes, let k be a degree
parameter so that k < q, and let m be a positive integer. The Reed-Muller (RM) Code RMq,m(k) is a code
which associates with any m-variate polynomial f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] of degree smaller than
k a codeword (f(a))a∈Fm

q
.

It follows by definition that the Reed-Muller Code RMq,m(k) is a linear code of block length qm. Its
dimension is the number of monomials in m variables of degree smaller than k which equals

(
m+k−1

m

)
, and

so this code has rate (m+k−1
m )
qm . Furthermore, by the Schwartz-Zippel Lemma (Lemma 2.5), RMq,m(k) has

relative distance at least 1 − k
q . Further note that the m = 1 case of the Reed-Muller Code defined above

corresponds to the Reed-Solomon code RSq(k), evaluated over the whole field.

Finally, we also present an extension of multiplicity codes to the multivariate setting.

Multivariate multiplicity codes. Once more, for simplicity, we only present here the definition of multi-
variate multiplicity codes evaluated over the whole field. As in the case of univariate multiplicity codes, let k
be a degree parameter and let s be a multiplicity parameter so that k < s ·q, and as in the case of Reed-Muller
codes, let m be a positive integer. The multivariate multiplicity code MULT

(s)
q,m(k) is defined similarly to

the corresponding Reed-Muller Code RMq,m(k), except that each codeword of the form (f(a))a∈Fm
q

is now
replaced with the codeword (f (<s)(a))a∈Fm

q
, where similarly to the univariate multiplicity code case, we let

f (<s)(a) denote the vector which includes all m-variate (Hasse) derivatives of f at a of order smaller than
s, that is, f (<s)(a) = (f (i)(a))i∈Nm : wt(i)<s. Note that the length of this vector is the number of vectors
i ∈ Nm of weight smaller than s which equals

(
m+s−1

m

)
.

It follows by definition that the multivariate multiplicity code MULT
(s)
q,m(k) is an Fq-linear code over the

alphabet F(
m+s−1

m )
q and of dimension

(
m+k−1

m

)
, and so has rate (m+k−1

m )
(m+s−1

m )·qm
. Furthermore, by Theorem 2.6,

MULT
(s)
q,m(k) has relative distance at least 1− k

sq .

2.4 Bibliographic notes

List decoding. The model of list decoding was first introduced by Elias [Eli57] and Wozencraft [Woz57].
The Johnson Bound is a classical bound in coding theory, and a bound in a similar form to the one stated
in Theorem 2.1 appeared in the context of list decoding in [GRS00, Section 4.1]. Our proof of Theorem
2.1 follows the proof of [Gur06b, Theorem 3.1] which is attributed there to Radhakrishnan. The Singleton
Bound is another classical bound in coding theory that is attributed to Singleton [Sin64], but also previously
appeared in [Jos58]. The Generalized Singleton Bound was stated and proved much more recently by
Shangguan and Tamo [ST20], and further improvements and extensions of this bound were given by Roth
[Rot22] and by Goldberg, Shangguan and Tamo [GST24].

In this section we only stated and proved simplified alphabet-independent versions of both the Johnson
Bound and the generalized Singleton Bound, as our focus in this survey is on polynomial-based codes that
are defined over a large alphabet, and achieve the best possible list-decoding radius. Alphabet-dependent
versions of the Johnson Bound can be found in [Gur06b, Section 3.1]. It is also known that over a q-ary
alphabet, the list-decoding capacity (i.e., the best possible list-decoding radius for codes of rate R) is
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H−1
q (1−R), where

Hq(α) = α logq(q − 1) + α logq

(
1

α

)
+ (1− α) logq

(
1

1− α

)
denotes the q-ary entropy function (see e.g., [Gur06b, Section 3.2]). It can be checked that H−1

q (1 − R)
approaches 1−R for a growing alphabet.

Polynomial-based codes. Theorem 2.6 which bounds the number of roots of a low-degree polynomial,
counted with multiplicities, was stated and proved by Dvir, Kopparty, Saraf, and Sudan [DKSS13]. This
bound extends the classical bound for the number of roots without multiplicities, stated in Lemma 2.5, that
was proven independently by Schwartz [Sch80], Zippel [Zip79], and DeMillo and Lipton [DL78].

Reed-Solomon Codes are classical codes that were introduced by Reed and Solomon [RS60], while
Reed-Muller Codes were introduced by Muller [Mul54], and a fast decoder for these codes was presented
by Reed [Ree54]. The univariate version of multiplicity codes was introduced by Rosenbloom and Tsfasman
[RT97], while their multivariate extension was introduced more recently by Kopparty, Saraf, and Yekhanin
[KSY14].

3 Algorithmic list decoding up to Johnson Bound

In this section we focus on the most basic family of Reed-Solomon (RS) Codes, and show how to efficiently
list-decode these codes beyond the unique decoding radius, up to the Johnson Bound (cf., Theorem 2.1).
Note that up to this bound the list size is guaranteed to be constant, so the question is only computational,
namely, designing efficient list decoding algorithms which given a received word, output the list of close-by
codewords.

As a warmup, we first present in Section 3.1 below an efficient (polynomial-time) algorithm for unique
decoding of Reed-Solomon Codes up to half their minimum distance. Then, in Section 3.2 we present an
efficient algorithm for list decoding of Reed-Solomon Codes beyond half their minimum distance, while in
Section 3.3 we show how to extend this algorithm up to the Johnson Bound. Finally, in Section we present
combinatorial lower bounds on the list size of Reed-Solomon Codes beyond the Johnson bound, which in
particular imply that there is no efficient algorithm which list decodes general Reed-Solomon codes well
beyond the Johnson bound.

3.1 Unique decoding of Reed-Solomon Codes

In this section, we first present, as a warmup, an efficient (polynomial time) algorithm for unique decoding
of Reed-Solomon Codes up to half their minimum distance.

More specifically, fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and a positive integer
k < n. Recall that the Reed-Solomon (RS) Code RSq(a1, . . . , an; k) is the code which associates with each
polynomial f(X) ∈ Fq[X] of degree smaller than k a codeword (f(a1), . . . , f(an)) ∈ Fn

q . In order to avoid
annoying rounding issues, in what follows we shall assume for simplicity that k, n have the same parities.
Suppose that w ∈ Fn

q is a received word, and suppose that there exists a (unique) polynomial f(X) ∈ Fq[X]

of degree smaller than k so that f(ai) ̸= wi for at most e := n−k
2 indices i ∈ [n]. That is, f(ai) = wi for at

least t := n− e = n+k
2 indices i ∈ [n]. Below we shall present an algorithm which finds f(X) (and so also

the associated codeword (f(a1), f(a2), . . . , f(an))). In particular, if we let R := k
n denote that rate of the

RSq(a1, . . . , an; k) code, then this algorithm will be able to decode from 1−R
2 fraction of errors.
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Overview. As will typically be the case, the decoding algorithm is divided into two main steps. The first step
is an interpolation step in which we find a non-zero low-degree bivariate polynomial Q(X,Y ) ∈ Fq[X,Y ]
so that Q(ai, wi) = 0 for any i ∈ [n]. The second step is a root finding step in which we find a univariate
polynomial g(X) ∈ Fq[X] satisfying that Q(X, g(X)) = 0. To show correctness, we need to prove that such
a non-zero low-degree polynomial Q exists, and that g(X) = f(X). We also need to ensure that both steps
can be performed efficiently (in time polynomial in n and log(q)). In what follows, we describe separately
each of these steps, and analyze their correctness and efficiency.

Step 1: Interpolation. We start by describing the first step of interpolation, in which we would like to find
a non-zero low-degree bivariate polynomial Q(X,Y ) ∈ Fq[X,Y ] so that Q(ai, wi) = 0 for any i ∈ [n].

How can such a polynomial Q be found? Let

E(X) :=
∏

i:f(ai )̸=wi

(X − ai)

denote the error-locating polynomial whose roots are all the error-locations, i.e., all evaluation points ai
for which f(ai) ̸= wi.

The main observation is that if we let

Q(X,Y ) = E(X) · f(X)− E(X) · Y,

then for any i ∈ [n] we have that

Q(ai, wi) = E(ai) · f(ai)− E(ai) · wi = 0.

To see that the above indeed holds, note that if f(ai) = wi, then we clearly have that Q(ai, wi) = 0, and if
f(ai) ̸= wi, then E(ai) = 0 by the definition of E, and so we also clearly have that Q(ai, wi) = 0 in this
case.

Motivated by the above, we would like to search for a non-zero bivariate polynomial Q(X,Y ) over Fq

of the form
Q(X,Y ) = A(X) +B(X) · Y,

where A(X) has degree at most e + k − 1 = n+k
2 − 1 and B(X) has degree at most e = n−k

2 , and which
satisfies that Q(ai, wi) = 0 for any i ∈ [n]. By the above, such a non-zero polynomial Q(X,Y ) exists by
the choice of A(X) = E(X) · f(X) and B(X) = −E(X). Next we give an alternative linear-algebraic
argument for the existence of Q that will later be useful when attempting to extend the unique decoding
algorithm to the setting of list decoding.

Lemma 3.1. There exists a non-zero bivariate polynomial Q(X,Y ) over Fq of the form

Q(X,Y ) = A(X) +B(X) · Y,

where A(X) has degree at most n+k
2 − 1 and B(X) has degree at most n−k

2 , and which satisfies that
Q(ai, wi) = 0 for any i ∈ [n].

Furthermore, such a polynomial Q(X,Y ) can be found by solving a system of linear equations which is
obtained by viewing the coefficients of the monomials in A(X) and B(X) as unknowns, and viewing each
requirement of the form Q(ai, wi) = A(ai) + B(ai) · wi = 0 as a homogeneous linear constraint on these
unknowns.
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Proof. If we view the coefficients of the monomials in A(X) and B(X) as unknowns, then each requirement
of the formQ(ai, wi) = A(ai)+B(ai)·wi = 0 imposes a homogeneous linear constraint on these unknowns.
Further note that the number of unknowns is (deg(A) + 1) + (deg(B) + 1) = n+ 1, while the number of
linear constraints is n, and consequently this linear system has a non-zero solution.

Step 2: Root finding. In this step, we would like to find a univariate polynomial g(X) ∈ Fq[X] satisfying
that Q(X, g(X)) = 0, and we would like to show that g(X) = f(X). To this end, we first show that
Q(X, f(X)) = 0. This will follow by showing that the univariate polynomial Pf (X) := Q(X, f(X)) has
more roots than its degree.

Lemma 3.2. Suppose that Q(X,Y ) is a non-zero bivariate polynomial over Fq of the form

Q(X,Y ) = A(X) +B(X) · Y,

where A(X) has degree at most n+k
2 − 1 and B(X) has degree at most n−k

2 , and which satisfies that
Q(ai, wi) = 0 for any i ∈ [n]. Let f(X) ∈ Fq[X] be a univariate polynomial of degree smaller than k so
that f(ai) = wi for at least n+k

2 indices i ∈ [n]. Then Q(X, f(X)) = 0.

Proof. The polynomial Pf (X) := Q(X, f(X)) ∈ Fq[X] is a univariate polynomial of degree at most
n+k
2 − 1, which satisfies that Pf (ai) = Q(ai, f(ai)) = Q(ai, wi) = 0 for any i ∈ [n] for which f(ai) = wi.

Thus Pf (X) is a univariate polynomial of degree at most n+k
2 − 1 with at least n+k

2 roots, and so it must be
the zero polynomial.

The next lemma shows that f(X) is the unique polynomial satisfying that Q(X, f(X)) = 0.

Lemma 3.3. Suppose that Q(X,Y ) is a non-zero bivariate polynomial over Fq of the form

Q(X,Y ) = A(X) +B(X) · Y.

Then there exists at most one univariate polynomial f(X) ∈ Fq[X] so that Q(X, f(X)) = 0. Furthermore,
if Q(X, f(X)) = 0, then B(X) ̸= 0 and f(X) = −A(X)

B(X) .

Proof. Assume that Q(X, f(X)) = 0 for some univariate polynomial f(X) ∈ Fq[X]. We first show
that B(X) ̸= 0. Suppose on the contrary that B(X) = 0. Then by our assumption, we also have that
0 = Q(X, f(X)) = A(X), which implies in turn that Q(X,Y ) = A(X) + B(X) · Y = 0, contradicting
the assumption that Q(X,Y ) is non-zero. By assumption that 0 = Q(X, f(X)) = A(X) +B(X) · f(X),
this implies in turn that f(X) = −A(X)

B(X) , and so f(X) is uniquely determined. In particular, there exists at
most one univariate polynomial f(X) ∈ Fq[X] so that Q(X, f(X)) = 0.

The full description of the algorithm appears in Figure 1 below, followed by correctness and efficiency
analysis.

Correctness. Suppose that f(X) ∈ Fq[X] is a univariate polynomial of degree smaller than k so that
f(ai) = wi for at least t := n+k

2 indices i ∈ [n]. By Lemma 3.1, there exists a non-zero bivariate polynomial
Q(X,Y ) satisfying the requirements on Step 1. By Lemma 3.2, we have that Q(X, f(X)) = 0, and by
Lemma 3.3 this implies in turn that B(X) ̸= 0 and f(X) = −A(X)

B(X) , and so the algorithm will compute the
correct f(X) on Step 2. Clearly, f(X) will also pass the checks on Step 3, and so the algorithm will return
f(X) as required.
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Unique decoding of RSq(a1, . . . , an; k):

▷ For simplicity assume that n, k have the same parities.

• INPUT: w ∈ Fn
q .

• OUTPUT: A polynomial f(X) ∈ Fq[X] of degree smaller than k so that f(ai) = wi for at least n+k
2 indices

i ∈ [n] if such a polynomial exists, or ⊥ otherwise.

1. Find a non-zero bivariate polynomial Q(X,Y ) over Fq of the form

Q(X,Y ) = A(X) +B(X) · Y,

where A(X) has degree at most n+k
2 − 1 and B(X) has degree at most n−k

2 , and which satisfies that
Q(ai, wi) = 0 for any i ∈ [n].
Such a polynomial Q(X,Y ) can be found by solving a system of linear equations which is obtained by viewing
the coefficients of the monomials in A(X) and B(X) as unknowns, and viewing each requirement of the form
Q(ai, wi) = A(ai) +B(ai) · wi = 0 as a homogeneous linear constraint on these unknowns.

2. If B(X) = 0 return ⊥; Otherwise, find a univariate polynomial f(X) so that Q(X, f(X)) = 0 by letting
f(X) := −A(X)

B(X) .

3. If f(X) is a polynomial of degree smaller than k so that f(ai) = wi for at least n+k
2 indices i ∈ [n], return

(f(a1), f(a2), . . . , f(an)); Otherwise, return ⊥.

Figure 1: Unique decoding of Reed-Solomon Codes

Efficiency. Step 1 can be performed in time poly(n, log(q)) by solving a system of n linear equations in
n+1 variables using Gaussian elimination. Step 2 can be performed in time poly(n, log(q)) by performing
polynomial division using Euclid’s algorithm. Step 3 can also clearly be performed in time poly(n, log(q)).

3.2 List decoding Reed-Solomon Codes beyond unique decoding radius

In this section, we present an efficient algorithm for list decoding of Reed-Solomon Codes beyond half their
minimum distance.

As before, fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and a positive integer
k < n, and let RSq(a1, . . . , an; k) be the corresponding Reed-Solomon Code. Suppose that w ∈ Fn

q is a
received word. Our goal is to compute the list of all polynomials f(X) ∈ Fq[X] of degree smaller than
k so that f(ai) ̸= wi for at most e := n −

√
2kn − 1 indices i ∈ [n]. That is, f(ai) = wi for at least

t := n− e =
√
2kn+ 1 indices i ∈ [n].

In particular, if we let R := k
n denote the rate of the RSq(a1, . . . , an; k) code, then this algorithm will be

able to list-decodable from up to roughly (1−
√
2R)-fraction of errors. It can be verified that this is strictly

larger than the unique decoding radius of 1−R
2 whenever the rate R is smaller than 0.17.

Overview. Recall that in the unique decoding setting, the decoding algorithm was divided into two main
steps: The interpolation step in which we searched for a non-zero low-degree bivariate polynomialQ(X,Y ) ∈
Fq[X,Y ] of the form Q(X,Y ) = A(X) + B(X) · Y so that Q(ai, wi) = 0 for any i ∈ [n], and the root
finding step in which we searched for the (unique) univariate polynomial f(X) ∈ Fq[X] satisfying that
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Q(X, f(X)) = 0.
Inspecting the proofs of Lemmas 3.1 and 3.2, we observe that the main properties we needed out of Q

were that the number of unknown coefficients in Q is greater than the number n of constraints of the form
Q(ai, wi) = 0, and that the (1, k)-weighted deg(1,k)(Q) of Q is smaller than the agreement parameter t.2
The first property guarantees the existence of a non-zero Q. The second property guarantees that for any
univariate polynomial f(X) ∈ Fq[X] of degree smaller than k so that f(ai) = wi for at least t of the indices
i ∈ [n], it holds that Pf (X) := Q(X, f(X)) is a univariate polynomial of degree smaller than t that has at
least t roots, and consequently Pf (X) = Q(X, f(X)) = 0.

In the list-decoding setting, the agreement parameter t is smaller, which means that the (1, k)-weighted
degree of Q is also required to be smaller. Consequently, Q may potentially have less than n monomials,
and so we may not be able to argue the existence of a non-zero polynomial Q. To cope with this, we now
no longer require that Q has the special form Q(X,Y ) = A(X) + B(X) · Y , but we only require that Q
has a low (1, k)-weighted degree, which can potentially increase the number of monomials in Q. It turns
out that this change indeed suffices for setting the agreement parameter t to be significantly smaller than in
the unique decoding setting. We also need to ensure that the root finding step can be performed efficiently
when Q has this general form.

In what follows, we describe separately the changes made in the interpolation and root finding steps, and
analyze their correctness and efficiency.

Step 1: Interpolation. In this step we would now like to find a non-zero bivariate polynomial Q(X,Y ) ∈
Fq[X,Y ] with low (1, k)-weighted degree, so that Q(ai, wi) = 0 for any i ∈ [n]. As opposed to the unique
decoding setting, we now do not impose any additional structure onQ beyond the requirement on its weighted
degree. The following lemma shows the existence of such a non-zero polynomial Q with (1, k)-weighted
degree that is significantly smaller than in the unique decoding setting.

Lemma 3.4. There exists a non-zero bivariate polynomial Q(X,Y ) over Fq with (1, k)-weighted degree
at most

√
2kn, and which satisfies that Q(ai, wi) = 0 for any i ∈ [n]. Furthermore, such a polynomial

Q(X,Y ) can be found by solving a system of linear equations which is obtained by viewing the coefficients
of the monomials in Q(X,Y ) as unknowns, and viewing each requirement of the form Q(ai, wi) = 0 as a
homogeneous linear constraint on these unknowns.

Proof. If we view the coefficients of the monomials in Q as unknowns, then each requirement of the form
Q(ai, wi) = 0 imposes a homogeneous linear constraint on these unknowns. It thus suffices to show that the
number of monomials in Q is greater than the number of linear constraints n, and so this linear system has a
non-zero solution.

Let M denote the number of monomials in Q(X,Y ), and assume for simplicity that ℓ :=
√
2n/k is an

integer. First note that by our requirement that deg(1,k)(Q) ≤ ℓ · k, the degree of the Y variable in Q(X,Y )
can be any j ∈ {0, 1, . . . , ℓ}, and for any monomial in which the degree of the Y variable is j, the degree of
the X variable can be any i ∈ {0, 1, . . . , k(ℓ− j)}. Thus we have that

M =
ℓ∑

j=0

(kℓ− kj + 1) =

(
kℓ

2
+ 1

)
· (ℓ+ 1) >

kℓ2

2
= n.

We conclude that the number of unknown coefficients inQ is greater than the number of linear constraints
n, and so there exists a non-zero polynomial Q satisfying the requirements of the lemma.

2Recall that for a vector b ∈ Nm, the b-weighted degree degb(f) of a polynomial f(X) =
∑

i fiX
i ∈ F[X] is the maximum

weighted sum
∑

j bj · ij of i so that fi ̸= 0.
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Step 2: Root finding. In this step, we would like to find all univariate polynomials f(X) ∈ Fq[X]
satisfying that Q(X, f(X)) = 0, and we would like to show that any univariate polynomial f(X) ∈ Fq[X]
of degree smaller than k so that f(ai) = wi for at least t =

√
2kn + 1 indices i ∈ [n] satisfies that

Q(X, f(X)) = 0.

Lemma 3.5. Suppose that Q(X,Y ) is a non-zero bivariate polynomial over Fq which satisfies that
deg(1,k)(Q) ≤

√
2kn and Q(ai, wi) = 0 for any i ∈ [n]. Let f(X) ∈ Fq[X] be a univariate polynomial of

degree smaller than k so that f(ai) = wi for at least
√
2kn+ 1 indices i ∈ [n]. Then Q(X, f(X)) = 0.

Proof. By assumption that deg(1,k)(Q) ≤
√
2kn, the polynomial Pf (X) := Q(X, f(X)) ∈ Fq[X] is a

univariate polynomial of degree at most
√
2kn. Additionally, it satisfies that Q(ai, f(ai)) = Q(ai, wi) = 0

for any i ∈ [n] for which f(ai) = wi. Thus Pf (X) is a univariate polynomial of degree at most
√
2kn with

at least
√
2kn+ 1 roots, and so it must be the zero polynomial.

In order to ensure that the root finding step can be performed efficiently when Q has a general form,
we need to show that there are not too many polynomials f(X) of degree smaller than k satisfying that
Q(X, f(X)) = 0, and that these polynomials can be found efficiently. To this end we observe the following.

Lemma 3.6. Suppose that Q(X,Y ) is a non-zero bivariate polynomial over Fq, and f(X) ∈ Fq[X] is
a univariate polynomial so that Q(X, f(X)) = 0. Then Y − f(X) divides Q(X,Y ) in the bivariate
polynomial ring Fq[X,Y ].

Proof. Let D be the degree of Y in Q. So, we can write Q as Q(X,Y ) =
∑D

i=0Qi(X)Y i. Clearly,
Q(X, f(X)) equals

∑D
i=0Qi(X)(f(X))i. Therefore,

Q(X,Y )−Q(X, f(X)) =
D∑
i=1

Qi(X)(Y i − f(X)i) .

For every positive integer i, we note that (Y i − f(X)i) factors as (Y − f(X))(Y i−1 + Y i−2f(X) + · · ·+
Y f(X)i−2 + f(X)i−1). In other words, every term in the sum

∑D
i=1Qi(X)(Y i − f(X)i) is divisible by

(Y − f(X)), and furthermore, the quotient is a polynomial in Fq[X,Y ]. Thus, Q(X,Y ) − Q(X, f(X))
is divisble by (Y − f(X)) over Fq[X,Y ]. So, if f(X) is such that Q(X, f(X)) is zero, then we get that
Q(X,Y ) is divisble by (Y − f(X)) over Fq[X,Y ].

Thus, in order to find all univariate polynomials f(X) ∈ Fq[X] satisfying that Q(X, f(X)) = 0, it
suffices to factorize Q(X,Y ) which can be performed in polynomial time by well known algorithms for
bivariate/multivariate polynomial factorization. We summarise the result we need in the following theorem
and refer to the cited references and [Gur06b, Section 4.5] for a description of the algorithm.

Theorem 3.7 (Bivariate factorization [Kal85, Len85]). Let F be any finite field. Then, there is a randomized
algorithm that takes as input a bivariate polynomial Q(X,Y ) ∈ F[X,Y ] and outputs all its factors of the
form Y − f(X) where f ∈ F[X] in time poly(log(|F|),deg(Q)).

The full description of the algorithm appears in Figure 2 below, followed by correctness and efficiency
analysis.
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List decoding of RSq(a1, . . . , an; k):

• INPUT: w ∈ Fn
q .

• OUTPUT: The list L of all polynomials f(X) ∈ Fq[X] of degree smaller than k so that f(ai) = wi for at
least

√
2kn+ 1 indices i ∈ [n].

1. Find a non-zero bivariate polynomial Q(X,Y ) over Fq with (1, k)-weighted degree at most
√
2nk, and which

satisfies that Q(ai, wi) = 0 for any i ∈ [n].
Such a polynomial Q(X,Y ) can be found by solving a system of linear equations which is obtained by
viewing the coefficients of the monomials in Q(X,Y ) as unknowns, and viewing each requirement of the
form Q(ai, wi) = 0 as a homogeneous linear constraint on these unknowns.

2. Find the list L′ of all univariate polynomials f(X) so that Q(X, f(X)) = 0 by factoring Q(X,Y ) using the
algorithm in Theorem 3.7, and including in L′ all univariate polynomials f(X) so that Y − f(X) is a factor
of Q(X,Y ).

3. Output the listL of all codewords (f(a1), f(a2), . . . , f(an)) corresponding to univariate polynomials f(X) ∈
L′ of degree smaller than k which satisfy that f(ai) = wi for at least

√
2nk + 1 indices i ∈ [n].

Figure 2: List decoding of Reed-Solomon Codes

Correctness. Suppose that f(X) ∈ Fq[X] is a univariate polynomial of degree smaller than k so that
f(ai) = wi for at least

√
2nk+1 indices i ∈ [n], we shall show that f(X) ∈ L. By Lemma 3.4, there exists

a non-zero bivariate polynomial Q(X,Y ) satisfying the requirements on Step 1. By Lemma 3.5, we have
that Q(X, f(X)) = 0, and by Lemma 3.6 this implies in turn that Y − f(X) divides Q(X,Y ), and so f(X)
will be included in L′ on Step 2. Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also
be included in L.

Efficiency. Step 1 can be performed in time poly(n, log(q)) by solving a system of n linear equations
in O(n) variables using Gaussian elimination. Step 2 can be performed in time poly(n, log(q)) by the
algorithm in Theorem 3.7. Step 3 can also clearly be performed in time poly(n, log(q)).

3.3 List decoding Reed-Solomon Codes up to the Johnson Bound

In this section, we present an efficient algorithm for list decoding of Reed-Solomon Codes up to the Johnson
Bound (cf., Theorem 2.1).

Once more, fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and a positive integer k < n,
and let RSq(a1, . . . , an; k) be the corresponding Reed-Solomon code. Suppose that w ∈ Fn

q is a received
word. We shall show how to compute the list of all polynomials f(X) ∈ Fq[X] of degree smaller than
k so that f(ai) ̸= wi for at most e := n −

√
kn − 1 indices i ∈ [n]. That is, f(ai) = wi for at least

t := n− e =
√
kn+ 1 indices i ∈ [n].

In particular, if we let R := k
n denote the rate of the RSq(a1, . . . , an; k) code, then this algorithm will

be able to list-decodable from up to roughly (1−
√
R)-fraction of errors. This roughly shaves off a factor of√

2 from the agreement needed by the algorithm discussed in the previous section and matches the Johnson
Bound of Theorem 2.1 (recalling that the relative distance δ of the RSq(a1, . . . , an; k) code satisfies that
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R ≤ 1− δ).

Overview. The algorithm builds upon the ideas in the previous algorithms that we saw, and adds one new
technical ingredient to the framework, namely, the method of multiplicities. To describe this idea, we first
briefly recall a high level sketch of the algorithm in the last section.

The algorithm in Figure 2 essentially proceeds by finding a non-zero, low degree (in an appropriate
sense) bivariate polynomial Q(X,Y ) with the following property: for every polynomial f(X) of degree
smaller than k, if the ith entry wi of the received word satisfies wi = f(ai), then the univariate polynomial
Pf (X) := Q(X, f(X)) has a zero at ai. Therefore, for an f whose encoding is close to the received word w,
the univariate Pf has a lot of distinct zeroes and if the number of such agreements exceeds the degree of Pf

(which is at most the (1, k)-weighted degree of Q), then Pf must be identically zero, or equivalently, f(X)
must be a root of Q (when Q is viewed as a univariate polynomial in the indeterminate Y , with coefficients
coming from the univariate polynomial ring Fq[X]).

The polynomial Q is obtained by solving an appropriate linear system in its coefficients which guarantees
that Q(ai, wi) = 0 for any i, and we need to set the degree of Q to be not too low in order to guarantee a
non-zero solution. On the other hand, it is also crucial that the degree of Q is not to high, since the minimum
number of agreements needed for this algorithm to work is essentially one more than the degree of Pf , and
hence the error tolerance is higher if Q has low degree. These two requirements, that are in tension with
each other, determine the quantitative bounds needed for the algorithm to succeed.

At a high level, the main new idea that makes it possible to tolerate more errors is to obtain a Q(X,Y ) in
the interpolation step with the stronger property that if a polynomial f(X) and the received word w agree on
some entry i, i.e., f(ai) = wi, then, the univariate polynomial Pf (X) vanishes with high multiplicity at ai,
i.e., P (j)

f (ai) = 0 for j = 0, 1, . . . , r− 1 for a sufficiently large parameter r, where P (j)
f (X) denotes the j-th

Hasse Derivative (cf., Section 2.2). This intuitively seems to indicate that we now need fewer agreements
between f and w to ensure that Pf (X) is identically zero. To obtain a non-zero bivariate Q(X,Y ) that
satisfies this property, the idea is to strengthen the interpolation step and look for a Q(X,Y ) that (essentially)
vanishes on every point (ai, wi) with sufficiently high multiplicity. Since the number of constraints has
increased in the process, we now need to work with bivariates Q(X,Y ) of somewhat higher (1, k)-weighted
degree for this system to have a non-zero solution.

Once again, these two steps are in tension with each other - the interpolation step is likely to succeed
if the (1, k)-weighted degree of Q is not too low, while for Pf (X) to be identically zero for a polynomial
f(X) of degree smaller than k, whose encoding is close to w, it helps to have the degree of Pf , which is at
most the (1, k)-weighted degree of Q, to be low. It is apriori unclear that the quantitative bounds obtained
using this approach will be an improvement over the bounds obtained in the algorithm of Figure 2 that was
presented in the previous section. However, as we shall see, this is indeed the case, and the new algorithm
list decodes all the way up to the Johnson Bound.

We now describe the main steps of the algorithm formally.

Step 1: Interpolation. The following lemma is a high multiplicity variant of Lemma 3.4 from the
previous section.

Lemma 3.8. There exists a non-zero bivariate polynomial Q(X,Y ) over Fq with (1, k)-weighted degree
at most

√
kn(r + 1)r, such that for every i ∈ [n], Q vanishes with multiplicity at least r on (ai, wi).

Furthermore, such a polynomial Q(X,Y ) can be found by solving a system of linear equations which is
obtained by viewing the coefficients of the monomials in Q(X,Y ) as unknowns, and viewing each vanishing
constraint for a Hasse Derivative of Q as a homogeneous linear constraint on these unknowns.
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Proof. The proof is essentially the same as that of Lemma 3.4, which corresponds to the r = 1 case. We
view the coefficients of Q as variables, and notice that the property that any Hasse Derivative of Q vanishes
at (ai, wi) is just a homogeneous linear constraint on the coefficients of Q. Thus, if the parameters are set
in a way that the number of unknowns is more than the number of constraints, then this system must have a
non-zero solution. Thus, to complete the proof, we just count the number of variables and constraints in the
linear system.

The number of Hasse Derivatives of order less than r of a bivariate polynomial is equal to the number
of monomials in two variables of total degree at most (r − 1), which is at most

(
r+1
2

)
. Thus, for every

i ∈ [n], we have
(
r+1
2

)
homogeneous linear constraints, which gives n

(
r+1
2

)
constraints in total. Let D be a

parameter (to be set soon), which denotes the (1, k)-weighted degree of Q(X,Y ). If D is large enough to
ensure that the number of bivariate monomials of (1, k)-weighted degree at most D exceeds n

(
r+1
2

)
, then the

above homogeneous linear system has more variables than constraints, and hence has a non-zero solution.
Thus, by the same computation as in Lemma 3.4 (setting ℓ = D

k ), it suffices to choose D such that

(D + 2)(D + k)

2k
> n

(
r + 1

2

)
.

Setting D to be equal to
√
kn(r + 1)r (which we assume is an integer for simplicity) satisfies this constraint.

Step 2: Root finding. We now argue that any polynomial f(X) of degree smaller than k whose encoding
has large agreement with the received word w satisfies that Q(X, f(X)) is identically zero. To this
end, we first observe that if Q(X,Y ) vanishes on a point (ai, f(ai)) with multiplicity at least r, then
Pf (X) := Q(X, f(X)) vanishes on ai with multiplicity at least r.

Claim 3.9. Let Q(X,Y ) ∈ Fq[X,Y ] and f(X) ∈ Fq[X] be polynomials, and let Pf (X) := Q(X, f(X)).
Suppose that Q(X,Y ) vanishes on a point (a, f(a)) for some a ∈ Fq with multiplicity at least r. Then
Pf (X) vanishes on a with multiplicity at least r.

Proof. The statement follows by a standard application of the chain rule for Hasse Derivatives. In more
detail, recall from the definition of Hasse Derivatives that

f(a+ Z) =

k−1∑
i=0

f (i)(a)Zi = f(a) + Z · f̃(Z),

for some univariate polynomial f̃(Z). From the definition of Hasse Derivatives, we also get

Pf (a+ Z) = Q(a+ Z, f(a) + Z · f̃(Z)) =
∑
u,v

Q(u,v)(a, f(a))Zu+vf̃(Z)v .

Now, by assumption that all Hasse Derivatives of order less than r of Q are zero at (a, f(a)), we have that

Pf (a+ Z) =
∑

u,v∈Z≥0:u+v≥r

Q(u,v)(a, f(a))Zu+vf̃(Z)v .

Thus, the lowest degree of a monomial in Z that can possibly have a non-zero coefficient in Pf (a+ Z) is at
least r, and hence, by the definition of multiplicity, we get that the multiplicity of Pf at a is at least r.
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The following lemma is analogous to Lemma 3.5 from the previous section.

Lemma 3.10. Suppose that Q(X,Y ) is a non-zero bivariate polynomial over Fq which satisfies that
deg(1,k)(Q) ≤

√
kn(r + 1)r for r = 2kn. Suppose furthermore that Q vanishes on each point (ai, wi) for

i ∈ [n] with multiplicity at least r. Let f(X) ∈ Fq[X] be a univariate polynomial of degree smaller than k
so that f(ai) = wi for at least

√
nk + 1 indices i ∈ [n]. Then Q(X, f(X)) = 0.

Proof. From the bound on the (1, k)-weighted degree of Q, we have that Pf (X) := Q(X, f(X)) is a
univariate polynomial of degree at most D :=

√
kn(r + 1)r. From Claim 3.9, we know that for any i ∈ [n],

if f(ai) = wi, then Pf has a zero of multiplicity at least r at ai. Thus, if f and w agree on greater than
D
r =

√
kn(r+1)r

r =
√
nk(1 + 1

r ) many distinct ai’s, we have from Fact 2.3 that Pf must be identically zero.

For sufficiently large r, e.g. r ≥ kn, we have that
√
nk(1 + 1

r ) <
√
nk + 1. Thus, by picking large enough

r (for example, r = 2kn), we get that more than
√
nk agreements suffice for Pf to be identically zero.

Thus, as in the previous section, we get that any univariate polynomial of degree smaller than k with
large agreement with w is contained as a root of Q(X,Y ) and can be recovered using Theorem 3.7. Once
again, the time complexity of the list decoding algorithm is polynomially bounded in the input size, since the
main steps just involve solving a linear system of polynomially bounded size and a special case of bivariate
polynomial factorization. The full description of the algorithm is given in Figure 9 below.

List decoding up to Johnson Bound of RSq(a1, . . . , an; k):

▷ Let r := 2nk.

• INPUT: w ∈ Fn
q .

• OUTPUT: The list L of all polynomials f(X) ∈ Fq[X] of degree smaller than k so that f(ai) = wi for at
least

√
nk + 1 indices i ∈ [n].

1. Find a non-zero bivariate polynomial Q(X,Y ) over Fq with (1, k)-weighted degree at most
√
nk(r + 1)r,

and which satisfies that Q(u,v)(ai, wi) = 0 for any i ∈ [n], and for any u, v ∈ N with u+ v < r.
Such a polynomial Q(X,Y ) can be found by solving a system of linear equations which is obtained by
viewing the coefficients of the monomials in Q(X,Y ) as unknowns, and viewing each requirement of the
form Q(u,v)(ai, wi) = 0 as a homogeneous linear constraint on these unknowns.

2. Find the list L′ of all univariate polynomials f(X) so that Q(X, f(X)) = 0 by factoring Q(X,Y ) using the
algorithm in Theorem 3.7, and including in L′ all univariate polynomials f(X) so that Y − f(X) is a factor
of Q(X,Y ).

3. Output the listL of all codewords (f(a1), f(a2), . . . , f(an)) corresponding to univariate polynomials f(X) ∈
L′ of degree smaller than k which satisfy that f(ai) = wi for at least

√
nk + 1 indices i ∈ [n].

Figure 3: List decoding of Reed-Solomon Codes up to Johnson Bound

3.4 Limitations on list decoding of Reed-Solomon Codes beyond the Johnson bound

In the previous section, we showed that Reed-Solomon codes are efficiently list-decodable up to the Johnson
Bound. That is, we presented an algorithm that efficiently outputs all polynomials of degree smaller than k
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whose encoding agrees with the received word on at least
√
Rn points. In this section, we shall present a

combinatorial lower bound on the list size of Reed-Solomon Codes, which shows that Reed-Solomon Codes
are generally not list-decodable from a slightly smaller agreement ofR

1
2
+ϵnwith a list-size that is polynomial

of n. This implies in turn that there is no polynomial-time algorithm that can list-decode Reed-Solomon
Codes up to this amount of agreement, and in particular, from an agreement arbitrarily close to R. This
bound follows as a consequence of the following theorem.

Theorem 3.11. For any γ ∈ (0, 1), β ∈ (γ,
√
γ), a sufficiently large integer m, and n = 2m, there is a word

w ∈ (Fn)
n, so that there are at least n(γ−β2) log(n) codewords in RSn(n

γ) that agree with w on at least nβ

entries.

Setting γ := 1− ϵ and β := (12 − ϵ) + γ(12 + ϵ) in the above lemma (noting that β ∈ (γ,
√
γ)), shows,

for infinitely many n, the existence of a word w ∈ (Fn)
n, for which there exist a super-polynomial number

of codewords in RSn(k) that agree with w on at least n
1
2
−ϵk

1
2
+ϵ = R

1
2
+ϵn entries, where k = n1−ϵ.

The proof of the above Theorem 3.11 is based on subspace polynomials, defined as follows.

Definition 3.12 (Subspace polynomials). Let V ⊆ F2m be an F2-linear subspace of F2m . The subspace
polynomial for V is defined by PV (X) :=

∏
v∈V (X − v).

The two main properties of subspace polynomials we shall use are that they have relatively many roots
(the whole subspace V ), and on the other hand, these polynomials are rather sparse, as shown by the following
claim.

Claim 3.13. LetV ⊆ F2m be anF2-linear subspace ofF2m of dimensiond. Then there exist b0, b1, . . . , bd−1 ∈
F2m so that PV (X) = X2d +

∑d−1
i=0 biX

2i .

Proof. For a non-negative integer i, let fi(X) : V → F2m denote theF2-linear function given by fi(v) := v2
i

for v ∈ V . Next observe that the collection of F2-linear functions from V to F2m forms an F2m-linear
subspace of dimension d, and so f0, f1, . . . , fd must have a non-trivial linear dependency. That is, there
exist scalars b0, b1, . . . , bd ∈ F2m , not all zero, so that P (X) :=

∑d
i=0 bifi(X) =

∑d
i=0 biX

2i evaluates to
zero on any v ∈ V . Furthermore, since V has 2d elements, we must have that deg(P (X)) = 2d, and we
may further assume that P (X) is monic. So P (X) and PV (X) are two monic polynomials of degree 2d that
vanish on all 2d elements of V , and therefore we must have that PV (X) = P (X) = X2d +

∑d−1
i=0 biX

2i

(since P (X)− PV (X) is a polynomial of degree smaller than 2d with at least 2d roots, and so must be the
zero polynomial).

We now turn to the proof of the above Theorem 3.11.

Proof of Theorem 3.11. Let γ ∈ (0, 1), β ∈ (γ,
√
γ), let m be a sufficiently large integer. Let V be the

collection of F2-linear subspaces V ⊆ F2m of dimension βm. Then the size of V is
∏βm−1

i=0
2m−2i

2βm−2i
≥

2β(1−β)m2 (since to choose a subspace V of dimension d in F2m , we need for each i = 0, 1, . . . , d − 1 to
choose a vector which is not in the linear span of all previous i vectors, and we also need to divide by the
number of options to choose d linearly independent vectors in V ). Furthermore, by Claim 3.13, for each
V ∈ V there exist b0, b1, . . . , bβm−1 ∈ F2m so that PV (X) = X2βm +

∑βm−1
i=0 biX

2i .
By the pigeonhole principle, there exist bγm+1, bγm+2, . . . , bβm−1 ∈ F2m such that the number of

subspace polynomials PV (X) for V ∈ V with their coefficient ofX2i equal to bi for i = γm+1, . . . , βm−1
is at least 2β(1−β)m2

/2(β−γ)m2 ≥ 2(γ−β2)m2 . Let V ′ ⊆ V denote the collection of subspaces V ∈ V for
which PV (X) has this property.
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Let P (X) :=
∑βm−1

i=γm+1 biX
2i , and let w ∈ (Fn)

n be the evaluation table of P (X) over F2m , where
n = 2m. For V ∈ V ′, let P ′

V (X) = PV (X) + P (X). Then the polynomials P ′
V (X) for V ∈ V ′ are a

collection of 2(γ−β2)m2
= n(γ−β2) log(n) distinct polynomials of degree at most 2γm = nγ . Moreover, for

each V ∈ V ′, P ′
V (X) agrees with P (X) on all 2βm = nβ elements of V . We conclude that there are at least

n(γ−β2) log(n) codewords in RSn(n
γ) (the evaluations of P ′

V (X) over F2m for V ∈ V ′) that agree with w on
at least nβ entries.

3.5 Bibliographic notes

The first efficient algorithms for unique decoding of Reed-Solomon codes were given by Peterson
[Pet60], Gorenstein and Zierler [GZ61], Berlekamp [Ber68b], and Massey [Mas69]. The unique decoding
algorithm for Reed-Solomon Codes described in Section 3.1 is due to Berlekamp and Welch [BW87], with the
exposition based on that of Gemmell and Sudan [GS92] (see also [GRS, Section 12.1]). The list-decoding
algorithm for Reed-Solomon codes beyond unique decoding radius described in Section 3.2 is due to
Sudan [Sud97], and the list-decoding algorithm for Reed-Solomon Codes up to the Johnson Bound
is due to Guruswami and Sudan [GS99] (see also [Gur06b, Section 4] and [GRS, Section 12.2]).

The root finding algorithm (Theorem 3.7) used in the algorithms for list decoding Reed-Solomon Codes
follows from the more general algorithms known for factorization of bivariate (and multivariate) polynomials,
for instance from the works of Kaltofen [Kal85] and that of Lenstra [Len85].

The limitation on list-decoding of Reed-Solomon Codes beyond the Johnson Bound, presented in Section
3.4, was discovered by Ben-Sasson, Kopparty, and Radhakrishnan [BKR10].

4 Algorithmic list decoding up to capacity

In the previous section, we presented efficient (polynomial-time) algorithms for list decoding of Reed-
Solomon Codes up to the Johnson Bound, and we also showed that Reed-Solomon Codes are generally not
list-decodable much beyond the Johnson Bound, and in particular, up to capacity.

In this section, we present algorithms for list-decoding variants of Reed-Solomon codes up to capacity.
Specifically, in Sections 4.1 and 4.2 we present efficient algorithms for list decoding multiplicity codes up to
capacity, and in Section 4.3 we also show that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms in
particular show that the list size of multiplicity codes at capacity is at most polynomial in the block length,
while the list-size of Reed-Solomon codes over subfield evaluation points is at most sub-exponential in the
block length. In Section 5, we shall present combinatorial upper bounds on the list size of these codes, which
effectively reduce the list size to a constant, independent of the block length.

4.1 List decoding multiplicity codes beyond unique decoding radius

Next we present efficient (polynomial-time) algorithms for list decoding the family of multiplicity codes,
which extend Reed-Solomon Codes by also evaluating derivatives of polynomials, up to capacity. Towards
this, we first present in this section, as a warmup, a simple list-decoding algorithm, similar to the unique
decoding algorithm for Reed-Solomon Codes presented in Section 3.1, that list decodes multiplicity codes
beyond the unique decoding radius. Then in Section 4.2, we shall show that augmenting this algorithm with
multiplicities, similarly to the list-decoding algorithm for Reed-Solomon Codes up to the Johnson Bound
presented in Section 3.3, leads to an algorithm that list decodes multiplicity codes up to capacity.
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In what follows, fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and positive integers
s, k so that k < sn. Recall that the multiplicity code MULT

(s)
q (a1, . . . , an; k) is the code which associates

with each polynomial f(X) ∈ Fq[X] of degree smaller than k a codeword (f (<s)(a1), . . . , f
(<s)(an)) ∈

(Fs
q)

n, where for a ∈ Fq, f (<s)(a) = (f(a), f (1)(a), . . . , f (s−1)(a)). For simplicity, in what follows
we shall assume that max{k, s} ≤ char(Fq). Suppose that w ∈ (Fs

q)
n is a received word, where wi =

(wi,0, . . . , wi,s−1) ∈ Fs
q for any i ∈ [n]. We shall show an algorithm, running in time roughly qs, which

computes the list of all polynomials f(X) ∈ Fq[X] of degree smaller than k so that f (<s)(ai) ̸= wi for at
most e := s·(n−k+1)−1

s+1 indices i ∈ [n]. That is, f (<s)(ai) = wi for at least t := n− e = n+s(k−1)+1
s+1 indices

i ∈ [n].
Note that the special case of s = 1 corresponds to the unique decoding algorithm for Reed-Solomon

codes presented in Section 3.1. Moreover, if we let R := k
s·n denote the rate of the mult

(s)
q (a1, . . . , an; k)

code, then this algorithm will be able to list decode from up to roughly s
s+1(1 − s · R)-fraction of errors

in time roughly qs. It can be verified that this is strictly larger than the unique decoding radius of 1−R
2 for

any s > 1 and R ≤ 1
3s . Furthermore, for any constant s and q = poly(n) the running time (and list size) is

polynomial in the block length.

Overview. Recall that in the unique decoding algorithm for Reed-Solomon Codes (Algorithm 1), the
decoding algorithm was divided into two main steps: The interpolation step in which we searched for a
non-zero low-degree bivariate polynomial Q(X,Y ) ∈ Fq[X,Y ] of the form Q(X,Y ) = A(X) +B(X) · Y
so that Q(ai, wi) = 0 for any i ∈ [n], and the root finding step in which we searched for the univariate
polynomial f(X) ∈ Fq[X] satisfying that Q(X, f(X)) = 0.

Furthermore, the main properties we needed out of Q were that the number of unknown coefficients in
Q is greater than the number n of constraints of the form Q(ai, wi) = 0, and that the (1, k)-weighted degree
deg(1,k)(Q) of Q is smaller than the agreement parameter t. The first property guarantees the existence of
a non-zero Q, while the second property guarantees that for any univariate polynomial f(X) ∈ Fq[X] of
degree smaller than k so that f(ai) = wi for at least t of the indices i ∈ [n], it holds that Q(X, f(X)) is a
univariate polynomial of degree smaller than t that has at least t roots, and consequently Q(X, f(X)) = 0.

In the list-decoding setting, we would like the agreement parameter t to be smaller, which means that
the (1, k)-weighted degree of Q is required to be smaller. Consequently, Q may potentially have less than
n monomials, and so we may not be able to argue the existence of a non-zero polynomial Q. In the list-
decoding algorithm for Reed-Solomon Codes beyond the unique decoding radius (Algorithm 2), we coped
with this by no longer requiring that Q has the form Q(X,Y ) = A(X) + B(X) · Y that is linear in Y ,
which can potentially increase the number of monomials in Q. For list decoding of multiplicity codes
beyond unique decoding radius we deal with this differently by setting Q to be a low-degree (s+ 1)-variate
polynomialQ(X,Y0, . . . , Ys−1) that is linear in Y0, . . . , Ys−1, which can also potentially increase the number
of monomials in Q.

More specifically, in the interpolation step, we search for a non-zero (s + 1)-variate polynomial
Q(X,Y0, . . . , Ys−1) ∈ Fq[X,Y0, . . . , Ys−1] of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

of (1, k, . . . , k)-weighted degree smaller than t, so that Q(ai, wi) = 0 for any i ∈ [n] (where we view
wi = (wi,0, . . . , wi,s−1) ∈ Fs

q as an assignment to s variables in Fq). Then, in the root finding step, we search
for all univariate polynomials f(X) ∈ Fq[X] satisfying that Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

The analysis is similar to the algorithm for unique decoding of Reed-Solomon Codes, but a crucial point
exploited in the proof is that there are not too many polynomials f(X) solving the differential equation
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Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0. In what follows, we describe separately the interpolation and
root finding steps, and analyze their correctness and efficiency.

Step 1: Interpolation. In this step, we search for a non-zero low-degree (s + 1)-variate polynomial
Q(X,Y0, . . . , Ys−1) so that Q(ai, wi) = 0 for any i ∈ [n].

Lemma 4.1. Let t = n+s(k−1)+1
s+1 . Then there exists a non-zero (s+1)-variate polynomialQ(X,Y0, . . . , Ys−1)

over Fq of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t − k + 1, and which
satisfies that Q(ai, wi) = 0 for any i ∈ [n] (where we view wi = (wi,0, . . . , wi,s−1) ∈ Fs

q as an assignment
to s variables in Fq).

Furthermore, such a polynomialQ(X,Y0, . . . , Ys−1) can be found by solving a system of linear equations
which is obtained by viewing the coefficients of the monomials inA(X), B0(X), . . . , Bs−1(X) as unknowns,
and viewing each requirement of the form Q(ai, wi) as a homogeneous linear constraint on these unknowns.

Proof. If we view the coefficients of the monomials in A(X), B0(X), . . . , Bs−1(X) as unknowns, then
each requirement of the form Q(ai, wi) = 0 imposes a homogeneous linear constraint on these unknowns.
Further note that the number of unknowns is

t+ s · (t− k + 1) = (s+ 1) · t− s · (k − 1) = n+ 1,

while the number of linear constraints is n, and consequently this linear system has a non-zero solution.

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) ∈ Fq[X] of degree
smaller than k that solve the differential equation

Q
(
X, f(X), f (1)(X), . . . , f (s−1)(X)

)
= 0,

and we would like to show that any univariate polynomial f(X) ∈ Fq[X] of degree smaller than k so that
f (<s)(ai) = wi for at least t indices i ∈ [n] satisfies the above differential equation. We start with the latter.

Lemma 4.2. Suppose that Q(X,Y0, . . . , Ys−1) is a non-zero (s+1)-variate polynomial over Fq of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t − k + 1, and which
satisfies that Q(ai, wi) = 0 for any i ∈ [n] (where we view wi = (wi,0, . . . , wi,s−1) ∈ Fs

q as an assignment
to s variables in Fq). Let f(X) ∈ Fq[X] be a univariate polynomial of degree smaller than k so that
f (<s)(ai) = wi for at least t indices i ∈ [n]. Then

Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

Proof. The polynomial Pf (X) := Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) is a univariate polynomial of
degree smaller than t, which satisfies that

Pf (ai) = Q(ai, f(ai), f
(1)(ai), . . . , f

(s−1)(ai)) = Q(ai, wi) = 0

for any i ∈ [n] for which f (<s)(ai) = wi. Thus Pf (X) is a univariate polynomial of degree smaller than t
with at least t roots, and so it must be the zero polynomial.
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The main new ingredient in the list decoding algorithm for multiplicity codes is the next lemma which
bounds the number of univariate polynomials f(X) ∈ Fq[X] satisfying the differential equation.

Lemma 4.3. Suppose that Q(X,Y0, . . . , Ys−1) is a non-zero (s+1)-variate polynomial over Fq of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

and let L be the list containing all polynomials f(X) ∈ Fq[X] of degree smaller than k so that

Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

Then if max{k, s} ≤ char(Fq), then |L| ≤ qs−1.
Furthermore, L forms an affine subspace over Fq of dimension at most s− 1. A basis for this subspace

can be found by solving a system of linear equations which is obtained by viewing the coefficients of f(X) as
unknowns, and viewing the requirement that each of the coefficients ofQ(X, f(X), f (1)(X), . . . , f (s−1)(X))
is zero as a (non-homogeneous) linear constraint on these unknowns.

Proof. First note that if there is no polynomial f(X) ∈ Fq[X] satisfying thatQ(X, f(X), f (1)(X), . . . , f (s−1)(X)) =
0, then we are done, so we may assume that there exists a polynomial f(X) ∈ Fq[X] satisfying that
Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0. Next we observe that in this case B0(X), . . . , Bs−1(X) are not
all zero. To see this, suppose on the contrary that B0(X), . . . , Bs−1(X) are all zero. Then by assump-
tion that Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = A(X) +

∑s−1
ℓ=0 Bℓ(X) · f (ℓ)(X) = 0, we also have that

A(X) = 0, which implies in turn that Q(X,Y0, . . . , Ys−1) = A(X) +
∑s−1

ℓ=0 Bℓ(X) · Yℓ = 0, contradicting
the assumption that Q(X,Y0, . . . , Ys−1) is non-zero. Without loss of generality, we may further assume that
Bs−1(X) ̸= 0, otherwise we prove the statement for the maximal value s′ < s for which Bs′(X) ̸= 0, which
implies the statement also for the value s. Finally, since Bs−1(X) is a non-zero polynomial over Fq, there
exists an element a ∈ Fq so that Bs−1(a) ̸= 0. The main observation is the following.

Claim 4.4. For any u ∈ Fs−1
q , there is a unique polynomial f(X) ∈ Fq[X] of degree smaller than k so that

f (<s−1)(a) = u and Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

Proof. To show this, fix u ∈ Fs−1
q , and let f(X) ∈ Fq[X] be a polynomial of degree smaller than k so that

f (<s−1)(a) = u and

Pf (X) := Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = A(X) +
s−1∑
ℓ=0

Bℓ(X) · f (ℓ)(X) = 0.

By the definition of the Hasse Derivative, we can write f(X) =
∑k−1

i=0 f (i)(a) ·(X−a)i. It therefore suffices
to show that the values of f (<s−1)(a) determine the rest of the derivatives f (s−1)(a), . . . , f (k−1)(a).

To show the above, we first compute the derivatives of Pf (X). By the properties of the Hasse Derivative
(Lemma 2.4), for any j ∈ N we have that:

P
(j)
f (X) = A(j)(X) +

s−1∑
ℓ=0

(Bℓ(X) · f (ℓ)(X))(j)

= A(j)(X) +
s−1∑
ℓ=0

j∑
h=0

B
(j−h)
ℓ (X) · (f (ℓ))(h)(X)

= A(j)(X) +

s−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (X) · f (h+ℓ)(X). (4)
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Fix j ∈ {0, 1, . . . , k− s}. Since Pf (X) is the zero polynomial, we have that P (j)
f (a) = 0, and so by the

above,

A(j)(a) +

s−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (a) · f (h+ℓ)(a) = 0.

Inspecting the above expression, we see that the highest order derivative of f that appears there is f (j+s−1)(a),
which is only obtained for the choice of ℓ = s − 1 and h = j. Furthermore, the coefficient multiplying
f (j+s−1)(a) is

(
j+s−1
s−1

)
Bs−1(a), which is non-zero by assumptions that max{k, s} ≤ char(Fq) and that

Bs−1(a) ̸= 0. Consequently, the derivative f (j+s−1)(a) is a linear combination of lower derivatives
f (<j+s−1)(a). In particular, f (s−1)(a), . . . , f (k−1)(a), and so also the polynomial f(X), are uniquely
determined by f (<s−1)(a) = u.

By the above claim, we clearly have that |L| ≤ qs−1. The moreover part follows by the linear structure
of Q.

The full description of the algorithm appears in Figure 4 below, followed by correctness and efficiency
analysis.

List decoding of mult(s)q (a1, . . . , an; k):

• INPUT: w ∈ (Fs
q)

n, where wi = (wi,0, . . . , wi,s−1) ∈ Fs
q for each i ∈ [n].

• OUTPUT: The list L of all polynomials f(X) ∈ Fq[X] of degree smaller than k so that f (<s)(ai) = wi for
at least t = n+s(k−1)+1

s+1 indices i ∈ [n].

1. Find a non-zero (s+ 1)-variate polynomial Q(X,Y0, . . . , Ys−1) over Fq of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t− k+1, and which satisfies
that Q(ai, wi) = 0 for any i ∈ [n] (where we view wi = (wi,0, . . . , wi,s−1) ∈ Fs

q as an assignment to s
variables in Fq).
Such a polynomial Q(X,Y0, . . . , Ys−1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in Q as unknowns, and viewing each requirement of the form
Q(ai, wi) = 0 as a homogeneous linear constraint on these unknowns.

2. Find a basis for the list L′ of all univariate polynomials f(X) of degree smaller than k so that

Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

This basis can be found by solving a system of linear equations which is obtained by viewing the
k coefficients of f(X) as unknowns, and viewing the requirement that each of the t coefficients of
Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) is zero as t (non-homogeneous) linear constraints on these unknowns.

3. Output the listL of all codewords (f(a1), f(a2), . . . , f(an)) corresponding to univariate polynomials f(X) ∈
L′ of degree smaller than k which satisfy that f (<s)(ai) = wi for at least t indices i ∈ [n].

Figure 4: List decoding of multiplicity codes
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Correctness. Suppose that f(X) ∈ Fq[X] is a univariate polynomial of degree smaller than k so that
f (<s)(ai) = wi for at least t indices i ∈ [n], we shall show that f(X) ∈ L. By Lemma 4.1, there exists a
non-zero (s+ 1)-variate polynomial Q(X,Y0, . . . , Ys−1) satisfying the requirements on Step 1. By Lemma
4.2, we have that Q(X, f(X), f (1)(X), · · · , f (s−1)(X)) = 0, and so f(X) will be included in L′ on Step 2.
Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s, log(q)) by solving a system of n linear equations
in n + 1 variables using Gaussian elimination. Step 2 can be performed in time poly(n, s, log(q)) by
solving a system of t linear equations in k variables. By Lemma 4.3, Step 3 can be performed in time
|L| · poly(n, s, log(q)) ≤ qs · poly(n, s, log(q)), where the latter bound is polynomial in the block length
for a constant s and q = poly(n).

4.2 List decoding multiplicity codes up to capacity

We now show how to extend the list decoding algorithm of the previous section to an algorithm that list
decodes multiplicity codes up to capacity.

As before, letmult
(s)
q (a1, . . . , an; k) be the multiplicity code, where q is a prime power, a1, a2, . . . , an are

distinct points in Fq, and s, k are positive integers so that k < sn and max{k, s} ≤ char(Fq). Suppose also
that w ∈ (Fs

q)
n is a received word, where wi = (wi,0, . . . wi,s−1) ∈ Fs

q for any i ∈ [n]. Let r ∈ {1, 2, . . . , s}
be a parameter to be determined later on. We shall show how to compute the list of all polynomials
f(X) ∈ Fq[X] of degree smaller than k so that f (<s)(ai) ̸= wi for at most e := (s−r+1)rn−r(k−1)−1

(s−r+1)(r+1) indices

i ∈ [n]. That is, f (<s)(ai) = wi for at least t := n− e = (s−r+1)n+r(k−1)+1
(s−r+1)(r+1) indices i ∈ [n].

Note that the algorithm from the previous section corresponds to the special case that r = s. Moreover,
if we let R := k

s·n denote the rate of the mult
(s)
q (a1, . . . , an; k) code, then this algorithm will be able to

list decode from up to roughly a r
r+1

(
1− s

s−r+1 ·R
)

-fraction of errors in time roughly qr. Thus, for any
ϵ > 0, we can choose r = Θ(1/ϵ) and s = Θ(1/ϵ2) so that the fraction of errors is at least 1−R− ϵ and the
running time (and list size) is roughly qr = q1/ϵ, which is polynomial in the block length for q = poly(n).
Later, in Section 5.2 we shall show that the list size is in fact a constant independent of the block length (and
even matches the generalized Singlton Bound).

Overview. The improved algorithm is based on the method of multiplicities, similarly to the way the
algorithm presented in Section 3.3 for list decoding of Reed-Solomon Codes up to the Johnson Bound
improves on the algorithm presented in Section 3.2.

In more detail, recall that in the previous Algorithm 4 for list-decoding of the multiplicity code, in the
interpolation step, we searched for a non-zero low-degree (s+1)-variate polynomial Q(X,Y0, . . . , Ys−1) =
A(X) +

∑s−1
ℓ=0 Bℓ(X)Yℓ so that Q(ai, wi) = 0 for any i ∈ [n], and in the root finding step, we searched

for all univariate polynomials f(X) ∈ Fq[X] of degree smaller than k satisfying the differential equation
Q(X, f(X), f (1)(X), · · · , f (s−1)(X)) = 0.

Furthermore, the main properties we needed out of Q were that the number of unknown coefficients in
Q is greater than the number n of constraints of the form Q(ai, wi) = 0, and that the (1, k, . . . , k)-weighted
degree of Q is smaller than the agreement parameter t. The first property guarantees the existence of
a non-zero Q, while the second property guarantees that for any univariate polynomial f(X) ∈ Fq[X]
of degree smaller than k so that f (<s)(ai) = wi for at least t of the indices i ∈ [n], it holds that
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Q(X, f(X), f (1)(X), · · · , f (s−1)(X)) is a univariate polynomial of degree smaller than t that has at least t
roots, and consequently it is the zero polynomial.

In order to list-decode the multiplicity code up to capacity, we would like to set the agreement
parameter t to be even smaller than in Algorithm 4. As was previously the case, this means that
Q(X, f(X), f (1)(X), · · · , f (s−1)(X)) has a smaller number of roots, which forces the degree of Q to
be smaller in order to argue that it is the zero polynomial. Consequently, Q may potentially have less than n
monomials, and so we may not be able to argue the existence of a non-zero polynomial Q.

To overcome this, we define Q to be an (r+ 1)-variate polynomial Q(X,Y0, . . . , Yr−1) for some r < s,
and we require that Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) vanishes on ai with multiplicity s − r + 1 for
any point i ∈ [n] for which f (<s)(ai) = wi. Thus Q(X, f(X), f (1)(X), · · · , f (s−1)(X)) has more roots,
counted with multiplicities, and consequently it can have higher degree and more coefficients, which may be
helpful in arguing the existence of a non-zero polynomial Q. However, this also comes with a price, as we
also increased the number of constraints on Q by a multiplicative factor of s− r + 1, and consequently we
now require that Q has more coefficients than before. It turns out however that this trade-off is favorable, and
allows to decrease the agreement parameter t to the minimum possible for an appropriate setting of r and s.

In what follows, we describe separately the changes made in the interpolation and root finding steps, and
analyze their correctness and efficiency.

Step 1: Interpolation. In the interpolation step, we would now like to find a non-zero low degree (r+1)-
variate polynomialQ(X,Y0, . . . , Yr−1)which satisfies thatPf (X) := Q(X, f(X), f (1)(X), . . . , f (r−1)(X))
vanishes on ai with multiplicity s− r + 1 for any point i ∈ [n] for which f (<s)(ai) = wi. In the algorithm
for list decoding of Reed-Solomon Codes up to the Johnson Bound (cf., Figure 3) this was guaranteed by
requiring that Q vanishes with high multivariate multiplicity on any point (ai, wi) (cf., Claim 3.9). However,
requiring that Q vanishes with high multivariate multiplicity on all these points turns out to be too costly in
the current setting, and instead we directly enforce the property that Pf (X) vanishes on each ai for which
f (<s)(ai) = wi with high univariate multiplicity.3

To understand what requirement this imposes on Q, recall that by (4), for any j ∈ N, we have that

P
(j)
f (X) = A(j)(X) +

r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (X) · f (h+ℓ)(X).

Further note that in the case that f (<s)(ai) = wi, for any j ∈ {0, 1, . . . , s − r}, we have all derivatives of
the form f (h+ℓ)(ai) for ℓ ∈ {0, 1, . . . , r − 1} and h ∈ {0, 1, . . . , j} available for us.

Lemma 4.5. Let t = (s−r+1)n+r(k−1)+1
(s−r+1)(r+1) .Then there exists a non-zero (r+1)-variate polynomialQ(X,Y0, . . . , Yr−1)

over Fq of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

whereA(X) has degree smaller than (s−r+1)·t and eachBℓ(X) has degree smaller than (s−r+1)·t−k+1,
and which satisfies that

A(j)(ai) +

r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (ai) · wi,h+ℓ = 0 (5)

3Specifically, as we show below, enforcing that Pf vanishes with univariate multiplicity at least s−r+1 on ai imposes s−r+1
linear constraints on the coefficients of Q, while enforcing that Q vanishes with mulivariate multiplicity at least s − r + 1 on ai

imposes
(
(r+1)+(s−r+1)−1

r+1

)
=

(
s+1
r+1

)
≈ sr linear constraints on the coefficients of Q.
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for any i ∈ [n] and j = 0, 1, . . . , s− r.
Furthermore, such a polynomialQ(X,Y0, . . . , Yr−1) can be found by solving a system of linear equations

which is obtained by viewing the coefficients of the monomials inA(X), B0(X), . . . , Br−1(X) as unknowns,
and viewing each requirement of the form (5) as a homogeneous linear constraint on these unknowns.

Proof. If we view the coefficients of the monomials in A(X), B0(X), . . . , Br−1(X) as unknowns, then each
requirement of the form (5) imposes a homogeneous linear constraint on these unknowns.

Further note that the number of unknowns is

(s− r+ 1) · t+ r · ((s− r+ 1) · t− k + 1) = (r+ 1) · (s− r+ 1) · t− r · (k − 1) = (s− r+ 1) · n+ 1,

while the number of linear constraints is (s− r + 1) · n, and consequently this linear system has a non-zero
solution.

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) ∈ Fq[X] of degree
smaller than k satisfying that Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0, and we would like to show that
any univariate polynomial f(X) ∈ Fq[X] of degree smaller than k so that f (<s)(ai) = wi for at least t
indices i ∈ [n] satisfies that Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0. We have already shown how to
perform the former in Lemma 4.3, the following lemma shows the latter.

Lemma 4.6. Suppose that Q(X,Y0, . . . , Yr−1) is a non-zero (r+1)-variate polynomial over Fq of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

whereA(X) has degree smaller than (s−r+1)·t and eachBℓ(X) has degree smaller than (s−r+1)·t−k+1,
and which satisfies (5) for any i ∈ [n] and j = 0, 1, . . . , s−r. Let f(X) ∈ Fq[X] be a univariate polynomial
of degree smaller than k so that f (<s)(ai) = wi for at least t indices i ∈ [n]. Then

Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0.

Proof. The polynomial Pf (X) := Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) is a univariate polynomial of
degree smaller than (s− r + 1) · t. Furthermore, by (4), for any i ∈ [n] for which f (<s)(ai) = wi, it holds
that:

P
(j)
f (ai) = A(j)(ai) +

r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (ai) · f (h+ℓ)(ai)

= A(j)(ai) +
r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (ai) · wi,h+ℓ

for any j = 0, 1, . . . , s− r. So Pf (X) vanishes on ai with multiplicity s− r + 1 for any i ∈ [n] for which
f (<s)(ai) = wi. Thus Pf (X) is a univariate polynomial of degree smaller than (s− r+1) · t with at least t
roots of multiplicity s− r + 1, and so by Fact 2.3 it must be the zero polynomial.

The full description of the algorithm appears in Figure 5 below, followed by correctness and efficiency
analysis.
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List decoding up to capacity of MULT(s)
q (a1, . . . , an; k):

• INPUT: w ∈ (Fs
q)

n, where wi = (wi,0, . . . , wi,s−1) ∈ Fs
q for each i ∈ [n].

• OUTPUT: The list L of all polynomials f(X) ∈ Fq[X] of degree smaller than k so that f (<s)(ai) = wi for
at least t = (s−r+1)n+r(k−1)+1

(s−r+1)(r+1) indices i ∈ [n].

1. Find a non-zero (r + 1)-variate polynomial Q(X,Y0, . . . , Yr−1) over Fq of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

whereA(X) has degree smaller than (s−r+1)·t and eachBℓ(X) has degree smaller than (s−r+1)·(t−k+1),
and which satisfies that

A(j)(ai) +

r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (ai) · wi,h+ℓ = 0

for any i ∈ [n] and j = 0, 1, . . . , s− r.
Such a polynomial Q(X,Y0, . . . , Yr−1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in Q as unknowns, and viewing each requirement as above as a
homogeneous linear constraint on these unknowns.

2. Find a basis for the list L′ of all univariate polynomials f(X) of degree smaller than k so that

Q(X, f(X), . . . , f (r−1)(X)) = 0.

This basis can be found by solving a system of linear equations which is obtained by viewing the
k coefficients of f(X) as unknowns, and viewing the requirement that each of the t coefficients of
Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) is zero as t (non-homogeneous) linear constraints on these unknowns.

3. Output the listL of all codewords (f(a1), f(a2), . . . , f(an)) corresponding to univariate polynomials f(X) ∈
L′ of degree smaller than k which satisfy that f (<s)(ai) = wi for at least t indices i ∈ [n].

Figure 5: List decoding of multiplicity codes up to capacity

Correctness. Suppose that f(X) ∈ Fq[X] is a univariate polynomial of degree smaller than k so that
f (<s)(ai) = wi for at least t indices i ∈ [n], we shall show that f(X) ∈ L. By Lemma 4.5, there exists a
non-zero (r+1)-variate polynomial Q(X,Y0, . . . , Yr−1) satisfying the requirements on Step 1. By Lemma
4.6, we have that Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0, and so f(X) will be included in L′ on Step 2.
Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s, log(q)) by solving a system of (s− r+1) ·n linear
equations in (s − r + 1) · n + 1 variables using Gaussian elimination. Step 2 can be performed in time
poly(n, s, log(q)) by solving a system of t linear equations in k variables. By Lemma 4.3, Step 3 can be
performed in time |L| · poly(n, s, log(q)) ≤ qr · poly(n, s, log(q)), where the latter bound is polynomial in
the block length for a constant r and q = poly(n).
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4.3 List decoding Reed-Solomon Codes over subfield evaluation points up to capacity

We now turn back to the basic family of Reed-Solomon Codes, and consider a special subclass of these codes
which are defined over an extension field, and evaluated over a subfield. We show that an algorithm similar
to the one presented in Section 4.1 can be used to list decode these codes up to capacity, albeit with only a
slightly non-trivial sub-exponential running time. This in particular implies a sub-exponential upper bound
on the list size of these codes, and later on, in Section 5.3 we shall show that the list-size can be reduced
to a constant independent of the block length (and the running time to polynomial in the block length) by
bypassing to a (carefully chosen) subcode.

In more detail, in what follows fix a prime power q, distinct points a1, . . . , an ∈ Fq, a positive integer
k such that k < n, and a positive integer s, and consider the Reed-Solomon Code RSqs(a1, . . . , an; k) that
is defined over the extension field Fqs . We shall show that RSqs(a1, . . . , an; k) can be list-decoded with
similar guarantees to that of the list-decoding algorithm for multiplicity codes beyond the unique decoding
radius (Algorithm 4). Suppose that w ∈ (Fqs)

n is a received word. Let r ∈ {1, . . . , s} be a parameter to be
determined later on. We shall show how to compute the list of all polynomials f(X) ∈ Fqs [X] of degree
smaller than k so that f(ai) ̸= wi for at most e = r(n−k+1)−1

r+1 indices i ∈ [n]. That is, f(ai) = wi for at
least t := n− e = n+r(k−1)+1

r+1 indices i ∈ [n].
The main advantage however of the Reed-Solomon Code RSqs(a1, . . . , an; k) over the corresponding

multiplicity code MULT
(s)
q (a1, . . . , an; k) is that the rate of RSqs(a1, . . . , an; k) is higher by a multiplicative

factor of s. More specifically, if we let R := k
n denote the rate of the RSqs(a1, . . . , an; k) code, then this

algorithm will be able to list decode from up to roughly a r
r+1(1−R)-fraction of errors in time roughly qrk.

In particular, for any constant ϵ > 0, we can choose r = Θ(1/ϵ) and s = Θ(1/ϵ2) so that the fraction of
errors is at least 1−R−ϵ, and the running time (and list size) is roughly qrk = qϵsk, which is sub-polynomial
in the number qsk of distinct codewords. Later, in Section 5.3, we shall show that the list size can be reduced
to a constant independent of the block length (and the running time to polynomial in the block length) by
passing to an appropriate subcode.

Overview. The list-decoding algorithm is very similar to the list-decoding algorithm for multiplicity codes
beyond the unique decoding radius (Algorithm 4). Recall that in Algorithm 4, in the interpolation step, we
searched for a non-zero low-degree (s+ 1)-variate polynomial Q(X,Y0, . . . , Ys−1) of the form

Q(X,Y0, . . . , Ys−1) = A(X) +B0(X) · Y0 + · · ·+Bs−1(X) · Ys−1,

so that Q(ai, wi) = 0 for any i ∈ [n], and in the root finding step, we searched for all univariate polynomials
f(X) ∈ Fq[X] satisfying that

Q(X, f(X), f (1)(X), . . . , f (s−1)(X)) = 0.

The main observation we shall use for list decoding of Reed-Solomon Codes over subfield evaluation
points is that for any polynomial f(X) =

∑k−1
i=0 fiX

i over the extension field Fqs and for any point a in the
base field Fq,

(f(a))q =

(
k−1∑
i=0

fia
i

)q

=

k−1∑
i=0

(fi)
q(aq)i =

k−1∑
i=0

(fi)
qai,

where the second equality uses the fact that raising to the power of q is an Fq-linear transformation,
and the third equality uses the fact that aq = a for any a ∈ Fq. Motivated by this, for a polynomial
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f(X) =
∑k−1

i=0 fiX
i ∈ Fqs [X], we let σ(f) =

∑k−1
i=0 (fi)

qXi ∈ Fqs [X]. Under this notation, we have that
(f(a))q = σ(f)(a) for any polynomial f(X) ∈ Fqs [X] and point a ∈ Fq.

Using the above, in the list-decoding algorithm for RSqs(a1, . . . , an; k), in the interpolation step, we
once more search for a non-zero low degree (r + 1)-variate polynomial of the form Q(X) = A(X) +∑r−1

ℓ=0 Bℓ(X) ·Y ℓ (with coefficients in the extension field Fqs). But now in the interpolation step, we require
that

Q
(
ai, wi, (wi)

q, . . . , (wi)
qr−1

)
= 0

for any i ∈ [n]. Then in the root finding step, we we search for all univariate polynomials f(X) ∈ Fqs [X]
satisfying that

Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0.

In what follows, we describe separately the interpolation and root finding steps, and analyze their
correctness and efficiency.

Step 1: Interpolation. In this step, we would like to find a non-zero low-degree (r+1)-variate polynomial
Q(X,Y0, . . . , Yr−1) satisfying that Q

(
ai, wi, (wi)

q, . . . , (wi)
qr−1

)
= 0. The proof of the following lemma

is identical to the proof of Lemma 4.1.

Lemma 4.7. Let t = n+r(k−1)+1
r+1 . Then there exists a non-zero (r+1)-variate polynomialQ(X,Y0, . . . , Yr−1)

over Fqs of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t − k + 1, and which
satisfies that

Q
(
ai, wi, (wi)

q, . . . , (wi)
qr−1

)
= 0

for any i ∈ [n].
Furthermore, such a polynomialQ(X,Y0, . . . , Yr−1) can be found by solving a system of linear equations

which is obtained by viewing the coefficients of the monomials inA(X), B0(X), . . . , Br−1(X) as unknowns,
and viewing each requirement of the form Q

(
ai, wi, (wi)

q, . . . , (wi)
qr−1

)
= 0 as a homogeneous linear

constraint on these unknowns.

Step 2: Root finding. In this step, we search for all univariate polynomials f(X) ∈ Fqs [X] satisfying
Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0, and we would like to show that any univariate polynomial

f(X) ∈ Fqs [X] of degree smaller than k so that f(ai) = wi for at least t indices i ∈ [n] satisfies that
Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0. We start by showing the latter.

Lemma 4.8. Suppose that Q(X,Y0, . . . , Yr−1) is a non-zero (r+1)-variate polynomial over Fqs of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t − k + 1, and which
satisfies that

Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0

for any i ∈ [n]. Let f(X) ∈ Fqs [X] be a univariate polynomial of degree smaller than k so that f(ai) = wi

for at least t indices i ∈ [n]. Then

Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0.
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Proof. The polynomial Pf (X) := Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
is a univariate polynomial

over Fqs of degree smaller than t, which satisfies that

Pf (ai) = Q
(
ai, f(ai), σ(f)(ai), . . . , σ

r−1(f)(ai)
)

= Q
(
ai, f(ai), (f(ai))

q, . . . , (f(ai))
qr−1

)
= Q

(
ai, wi, (wi)

q, . . . , (wi)
qr−1

)
= 0

for any i ∈ [n] for which f(ai) = wi. Thus Pf (X) is a univariate polynomial of degree smaller than t with
at least t roots, and so it must be the zero polynomial.

The next lemma bounds the number of univariate polynomials f(X) ∈ Fqs [X] satisfying the equation
Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0.

Lemma 4.9. Suppose that Q(X,Y0, . . . , Yr−1) is a non-zero (r+1)-variate polynomial over Fqs of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

and let L be the list containing all polynomials f(X) ∈ Fqs [X] of degree smaller than k so that

Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0.

Then |L| ≤ q(r−1)·k.
Furthermore, L forms an affine subspace over Fq of dimension at most (r−1)k. A basis for this subspace

can be found by solving a system of linear equations over Fq which is obtained by viewing the coefficients of
f(X) (represented as strings in Fs

q) as unknowns, and viewing the requirement that each of the coefficients
of Q

(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
is zero as a (non-homogeneous) Fq-linear constraint on these

unknowns.

Proof. As in the proof of Lemma 4.3, we may assume that there exists an element a ∈ Fs
q so thatBr−1(a) ̸= 0.

Without loss of generality, we may further assume that a = 0, since otherwise we can translate all polynomials
A(X), B0(X), . . . , Br−1(X) by a, which corresponds to translating all polynomials in L by a, which does
not change the size of L.

Let f(X) =
∑k−1

j=0 fjX
j be a polynomial of degree smaller than k over Fqs satisfying that

Pf (X) := Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= A(X) +

r−1∑
ℓ=0

Bℓ(X) · σℓ(f)(X)

= A(X) +

r−1∑
ℓ=0

Bℓ(X)

k−1∑
j=0

(fj)
qℓXj

= 0.

We shall show that for any j ∈ {0, 1, . . . , k− 1}, given the first j − 1 coefficients f0, f1, . . . , fj−1, there are
at most qr−1 options for fj , and consequently |L| ≤ q(r−1)k.

To show the above, fix j ∈ {0, 1, . . . , k − 1}. Since Pf (X) is the zero polynomial, the coefficient of
Xj in Pf (X) must be zero. On the other hand, inspecting the above expression for Pf (X), we see that the
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coefficient of Xj in Pf (X) can be written as yj +
∑r−1

ℓ=0 Bℓ(0) · (fj)q
ℓ , where yj ∈ Fqs is determined by

f0, f1, . . . , fj−1.
Let

B(X) := B0(0) ·X +B1(0) ·Xq + · · ·+Br−1(0) ·Xqr−1
.

Then by the above, fj ∈ Fqs must satisfy that B(fj) = −yj . On the other hand, by assumption that
Br−1(0) ̸= 0, B(X) is a non-zero polynomial of degree qr−1, and so it attains any value for at most qr−1

assignments in Fqs . Consequently, for any j ∈ {0, 1, . . . , k− 1}, given prior coefficients f0, . . . , fj−1, there
are at most qr−1 options for the coefficient fj , which implies in turn that |L| ≤ q(r−1)k.

The moreover part follows by the linear structure of Q, and by the fact that raising to a power of q is an
Fq-linear transformation.

The full description of the algorithm appears in Figure 6 below, followed by correctness and efficiency
analysis.

List decoding of RSqs(a1, . . . , an; k) for a1, . . . , an ∈ Fq:

• INPUT: w ∈ (Fqs)
n.

• OUTPUT: The list L of all polynomials f(X) ∈ Fqs [X] of degree smaller than k so that f(ai) = wi for at
least t = n+r(k−1)+1

r+1 indices i ∈ [n].

1. Find a non-zero (r + 1)-variate polynomial Q(X,Y0, . . . , Yr−1) over Fq of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1,

where A(X) has degree smaller than t and each Bℓ(X) has degree smaller than t− k+1, and which satisfies
that Q(ai, (wi)

q, . . . , (wi)
qr−1

) = 0 for any i ∈ [n].
Such a polynomial Q(X,Y0, . . . , Yr−1) can be found by solving a system of linear equations which is obtained
by viewing the coefficients of the monomials in Q as unknowns, and viewing each requirement of the form
Q(ai, (wi)

q, . . . , (wi)
qs−1

) = 0 as a homogeneous linear constraint on these unknowns.

2. Find a basis for the list L′ of all univariate polynomials f(X) over Fqs of degree smaller than k so that

Q
(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0.

This basis can be found by solving a system of linear equations over Fq which is obtained by viewing the
k coefficients of f(X) (represented as strings over Fs

q) as unknowns, and viewing the requirement that each
of the t coefficients of Q

(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
is zero as t (non-homogeneous) Fq-linear

constraints on these unknowns.

3. Output the listL of all codewords (f(a1), f(a2), . . . , f(an)) corresponding to univariate polynomials f(X) ∈
L′ of degree smaller than k which satisfy that f(ai) = wi for at least t indices i ∈ [n].

Figure 6: List decoding of Reed-Solomon Codes over subfield evaluation points

Correctness. Suppose that f(X) ∈ Fqs [X] is a univariate polynomial of degree smaller than k so that
f(ai) = wi for at least t indices i ∈ [n], we shall show that f(X) ∈ L. By Lemma 4.7, there exists a
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non-zero (r+1)-variate polynomial Q(X,Y0, . . . , Yr−1) satisfying the requirements on Step 1. By Lemma
4.8, we have that Q

(
X, f(X), σ(f)(X), . . . , σr−1(f)(X)

)
= 0, and so f(X) will be included in L′ on Step

2. Clearly, f(X) will also pass the checks on Step 3, and thus f(X) will also be included in L.

Efficiency. Step 1 can be performed in time poly(n, s, log(q)) by solving a system of n linear equations
in n + 1 variables using Gaussian elimination. Step 2 can be performed in time poly(n, s, log(q)) by
solving a system of t linear equations in ks variables. By Lemma 4.9, Step 3 can be performed in time
|L|·poly(n, s, log(q)) ≤ q(r−1)k ·poly(n, s, log(q)), where the latter bound is sub-polynomial in the number
qsk of distinct codewords for r ≤ ϵs.

4.4 Bibliographic notes

In [GR08], Guruswami and Rudra introduced the family of Folded Reed-Solomon (FRS) Codes, and
gave an efficient algorithm for list decoding these codes up to capacity, which gave the first explicit family of
codes that can be efficiently list-decoded up to capacity. Folded Reed-Solomon Codes are defined similarly
to Reed-Solomon Codes, except that each codeword entry f(ai) is replaced with a tuple of evaluations
(f(ai), f(γ · ai), . . . , f(γs−1 · ai)) ∈ Fs

q, where γ is a generator of the multiplicative group F∗
q , s ≥ 1 is a

folding parameter, and all sets {ai, γai, . . . , γs−1ai} for i ∈ [n] are pairwise disjoint. Guruswami and Rudra
showed that for a sufficiently large s (depending on the gap to capacity ϵ), these codes are list-decodable up
to capacity, with an algorithm similar to the one presented in Section 3.3 for list decoding of Reed-Solomon
Codes up to the Johnson Bound. Later, Kopparty [Kop15] showed that a similar algorithm can also be used
to list decode multiplicity codes up to capacity.

The algorithm for list decoding multiplicity (and FRS) codes up to capacity with an interpolating
polynolmial Q with a linear structure, presented in Section 4.2, was discovered by Vadhan [Vad12, Section
5.2.4] and Guruswami and Wang [GW13]. The simpler algorithm for list decoding multiplicity codes beyond
the unique decoding radius, presented in Section 4.1 as a warmup, follows the presentation of [GRS, Section
17.2] for list-decoding of Folded Reed-Solomon Codes.

It was shown by Bhandari, Harsha, Kumar, and Sudan [BHKS24b] that list-decoding algorithms
for Folded Reed-Solomon Codes and multiplicity codes can be extended to the more general family of
polynomial-ideal codes that includes both Folded Reed-Solomon Codes and multiplicity codes as a special
case. The algorithm for list-decoding of Reed-Solomon Codes over subfield evaluation points up to capacity,
presented in Section 4.3, was discovered by Guruswami and Xing [GX22].

All the aforementioned list-decoding algorithms can also be extended to the setting of list recovery,
where one is given for each codeword entry a small list of ℓ possible values, and the goal is to return the list
of all codewords that are consistent with most of these lists (list-decoding corresponds to the special case of
ℓ = 1). We refer the reader to the survey [RV25] for motivation and more information on the list recovery
model and the extension of the above algorithms to the setting of list recovery.

5 Combinatorial upper bounds on list size

In the previous section, we presented efficient (polynomial-time) algorithms for list decoding multiplicity
codes up to capacity, and we also showed that a similar algorithm can be used to list decode Reed-Solomon
codes over subfield evaluation points in slightly non-trivial sub-exponential time. These algorithms in
particular imply combinatorial upper bounds on the list sizes of these codes, however, the obtained bounds
were quite large. Specifically, the list size was a large polynomial nΘ(1/ϵ) for multiplicity codes, and only
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slightly sub-exponential N ϵ for Reed-Solomon codes over subfield evaluation points, where n,N denote the
block length and code size, respectively, and ϵ denotes the gap to capacity.

In this section, we present tighter combinatorial upper bounds on the list size of these codes. Specifically,
we first show in Section 5.1 below that Reed-Solomon Codes over random evaluation points are (combina-
torially) list decodable up to the generalized Singleton Bound, and so are in particular list-decodable up to
capacity with list-size O(1/ϵ). Then, in Section 5.2, we show that multiplicity codes attain the generalized
Singleton Bound over any set of evaluation points. Finally, in Section 5.3, we show that a certain subcode
(i.e., a code formed by only picking a subset of the codewords) of Reed-Solomon Codes over subfield
evaluation points is (efficiently) list-decodable up to capacity with a constant list size (depending on ϵ).

5.1 Reed-Solomon Codes over random evaluation points

In this section, we show that Reed-Solomon Codes, evaluated over random points, chosen from a sufficiently
large (exponential-size) field, are list-decodable all the way up to the generalized Singleton Bound (cf.,
Theorem 2.2), with high probability. The proof relies on two main ingredients: higher-order MDS codes
and hypergraph connectivity. We first review each of these ingredients in Sections 5.1.1 and 5.1.2 below,
and then use these to establish the result about random Reed-Solomon Codes in Section 5.1.3.

5.1.1 Higher-order MDS codes

The Singleton Bound states that for any code C ⊆ Σn of distance ∆ and size |C| = Σk it must hold that
∆ ≤ n− k+ 1 (which in particular implies that δ ≤ 1−R). The code C is said to be maximum distance
separable (MDS) if it attains the Singleton Bound, that is, ∆ = n− k + 1. It is well-known that a linear
code C is an MDS code if and only if its dual code C⊥ is an MDS code. In Section 2.1, we presented the
generalized Singleton Bound (cf., Theorem 2.2) which extends the notion of MDS codes to the setting of
list decoding. In this section, we shall present another extension of the notion of linear MDS codes which
we shall refer to as higher-order MDS codes. Later, in Section 5.1.3, we shall connect the two notions by
showing that if C is a higher-order MDS code then its dual code C⊥ attains the generalized Singleton Bound.

Let C ⊆ Fn be a linear code of dimension k, and let G ∈ Fn×k be a generator matrix for C, where
G1, . . . , Gk ∈ Fn denote the columns of G. For a string w ∈ Fn, let Z(w) := {i ∈ [n] | wi = 0} denote the
set of zero entries of w. Note that any column Gj of G is a non-zero codeword of C, and so, if C is an MDS
code, then Gj has weight at least n− k + 1, or equivalently, |Z(Gj)| ≤ k − 1. The following fact extends
this observation by stating that for a linear MDS code, any t columns of G have at most k− t common zeros.

Fact 5.1. Suppose that C ⊆ Fn is a linear MDS code with generating matrix G ∈ Fn×k with columns
G1, . . . , Gk. Then

∣∣∣⋂j∈J Z(Gj)
∣∣∣ ≤ k − |J | for any non-empty subset J ⊆ [k].

Proof. Assume towards a contradiction that there exists a non-empty subset J ⊆ [k] of size t so that∣∣∣⋂j∈J Z(Gj)
∣∣∣ ≥ k − t + 1. Without loss of generality we may assume that J = {1, 2, . . . , t} and⋂

j∈J Z(Gj) ⊇ {1, 2, . . . , k− t+1}. Let A denote the top k× k minor of G. Then A has a (k− t+1)× t
block of zeros on its top left corner, and so its first t columns have rank at most t − 1, and so are linearly
dependent. Consequently, A is not full rank, and so there exists 0 ̸= m ∈ Fk so that A · m = 0. But
this implies in turn that G ·m is a non-zero codeword of C of weight at most n − k, which contradicts the
assumption that C is an MDS code.

Higher-order MDS codes are codes which satisfy the converse of the above fact, i.e., for any zero patterns
satisfying the intersection condition given by the above fact, there exists a generator matrix for the code with
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this zero pattern. More formally, we say that a series of (not necessarily distinct) subsetsZ1, Z2, . . . , Zk ⊆ [n]

is a generic zero pattern (GZP) if
∣∣∣⋂j∈J Zj

∣∣∣ ≤ k− |J | for any ∅ ≠ J ⊆ [k]. Further, we say that a matrix
G ∈ Fn×k with columns G1, . . . , Gk ∈ Fn attains Z1, . . . , Zk if Zj ⊆ Z(Gj) for all j ∈ [k].

Definition 5.2 (Higher-order MDS codes). Let C ⊆ Fn be a linear MDS code of dimension k. We say that
C is a higher-order MDS code if for any GZP Z1, . . . , Zk ⊆ [n], there exists a generator matrix G for C
which attains Z1, . . . , Zk.

5.1.2 Hypergraph connectivity

To relate the notion of higher-order MDS codes to list decoding we shall use a certain notion of hypergraph
connectivity. To describe this notion, we shall first need to introduce some notation and definitions. A
hypergraph H = (V,E) consists of a ground set of vertices V = {v1, . . . , vn} and a collection (possibly a
multiset) of (hyper-)edgesE = {e1, . . . , em}which are (possibly empty) subsets of the vertices V . We define
the weight wt(e) of an edge e ∈ E as wt(e) := max{|e| − 1, 0}, and the weight wt(H) of the hypergraph
H as the total edge weight wt(H) :=

∑m
i=1 wt(ei). For U ⊆ V , let H|U denote the sub-hypergrpah

H|U = (U,E|U ), where E|U := {e1 ∩ U, . . . , em ∩ U}.
A hypergraph H = (V,E) is said to be k-edge connected if for any non-empty proper subset U ⊆ V ,

the number of crossing edges between U and V \U (i.e., the number of edges e ∈ E with at least one vertex
in U and at least one vertex in V \ U ) is at least k. The k = 1 case corresponds to the standard notion
of hypergraph connectivity which requires that there is a path between any pair of vertices in V .4 By the
Hypergraph Menger’s Theorem [Kir03, Theorem 1.11], the k ≥ 2 case is equivalent to the property that
every pair of vertices in V have k edge-disjoint paths between them.

The notion of k-partition connectivity is a strengthening of the above notion of k-edge connectivity
which requires that for any integer t ≥ 2, and for any partition P of V into t parts, the number of crossing
edges (i.e., the number of edges which are not contained in a single part of the partition) is at least k(t− 1).
Note that k-edge connectivity corresponds to the special case of t = 2. We shall use the following weakening
of partition connectivity.

Definition 5.3 (Weak partition connectivity). A hypergraph H = (V,E) is k-weakly partition connected
if for every partition P of V into t parts, it holds that:∑

e∈E
max{|P(e)| − 1, 0} ≥ k(t− 1),

where |P(e)| denotes the number of parts in the partition intersecting e.

Note that for any partition P , any crossing edge e ∈ E contributes at least 1 to the left-hand side of
the above inequality, and so k-partition connectivity implies k-weak partition connectivity. Moreover, for a
partition P into two parts, the left-hand side of the above inequality equals the number of crossing edges,
and so k-weak partition connectivity also implies k-edge connectivity.

Next we show that any hypergraph of large weight has a sub-hypergraph that is weakly partition connected.

Lemma 5.4. Let H = (V,E) be a hypergraph with at least two vertices and of weight at least k(|V | − 1).
Then there exists a subset U ⊆ V of at least two vertices so that H|U is k-weakly partition connected.

4A path in a hypergraph H = (V,E) is a sequence v1, e′1, v2, e′2, . . . , vℓ−1, e
′
ℓ−1, vℓ, where v1, . . . , vℓ ∈ V , e′1, . . . , e′ℓ−1 ∈ E,

and vi, vi+1 ∈ e′i for all i = 1, . . . , ℓ− 1.

40



Proof. Let U ⊆ V be an inclusion-minimal subset with |U | ≥ 2 so that

wt(H|U ) ≥ k(|U | − 1). (6)

Note that for any subset U ′ ⊆ V of size one, wt(H|U ′) and k(|U ′| − 1) are both zero, and so by minimality
of U , for any non-empty U ′ ⊊ U , we have that

wt(H|U ′) ≤ k(|U ′| − 1). (7)

Let P be a partition of U into t parts P1, P2, . . . , Pt, we shall show that∑
e∈E|U

max{|P(e)| − 1, 0} ≥ k(t− 1),

and so H|U is k-weakly partition connected. If t = 1, then we clearly have that both sides in the above
inequality are zero, and so the inequality holds. Hence we may assume that t ≥ 2.

Then we have that:

∑
e∈E|U

max{|P(e)| − 1, 0} =
∑

e∈E|U

(
wt(e)−

t∑
i=1

wt(e ∩ Pi)
)

=
∑

e∈E|U

wt(e)−
t∑

i=1

∑
e∈E|U

wt(e ∩ Pi)

= wt(H|U )−
t∑

i=1

wt(H|Pi)

≥ k(|U | − 1)−
t∑

i=1

k(|Pi| − 1)

= k
(
(|U | − 1)−

t∑
i=1

(|Pi| − 1)
)

= k(t− 1),

where the inequality follows by (6) and (7) (noting that Pi is a non-empty proper subset of U for any i ∈ [t]
by assumption that t ≥ 2).

The main property of weakly-partition-connected hypergraphs we shall use is that they can be oriented.
A directed hypergraph H = (V,E) is a hypergraph where in each edge e ∈ E, one vertex is assigned as
the head, and the rest of the vertices are assigned as tails. The in-degree degin(v) of a vertex v ∈ V is the
number of edges for which v is the head. A path in H is a sequence v1, e′1, v2, e′2, . . . , vℓ−1, e

′
ℓ−1, vℓ, where

v1, . . . , vℓ ∈ V , e′1, . . . , e′ℓ−1 ∈ E, and for all i = 1, . . . , ℓ − 1, vertex vi is a tail of the edge e′i, and vertex
vi+1 is the head of e′i. An orientation of an (undirected) hypergraph is obtained by assigning head to each
hyperedge.

Theorem 5.5. A hypergraph H = (V,E) is k-weakly-partition-connected if and only if it has an orientation
such that for some vertex v (the ’root’), every other vertex u has k edge-disjoint paths to v.
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The proof of the above theorem is beyond the scope of the current survey. The interested reader is
referred to [Fra11, Theorem 9.4.13 and 15.4.4].

Finally, the following lemma relates the notion of weakly-partition-connected-hypergraphs to the notion
of GZPs, discussed in the previous section.

Lemma 5.6. Let H = (V,E) be a k-weakly-partition-connected hypergraph with V = {v1, . . . , vn} and
E = {e1, . . . , em}, where n ≥ 2. For i ∈ [n], let Zi = {j ∈ [m] | vi /∈ ej} ⊆ [m]. Then there exist
non-negative integers δ1, . . . , δn summing to m− k so that taking δi copies of each Zi gives a GZP.

Proof. Consider the orientation of H given by Theorem 5.5. Without loss of generality, we may assume that
v1 is the root in this orientation. Let δ1 := degin(v1)− k and δi := degin(vi) for any i > 1. Then we clearly
have that δi ≥ 0 for i > 1, and we also have that δ1 ≥ 0 since there are k edge-disjoint paths from v2 to v1,
and so degin(v1) ≥ k. Moreover, since there are m edges, the δi’s must sum to m− k.

It remains to show the GZP property. Consider an arbitrary non-empty multiset U ⊆ V such that each
vertex vi appears at most δi times in U . We shall show that

∣∣∣⋂i:vi∈U Zi

∣∣∣ ≤∑i:vi /∈U δi, and so∣∣∣ ⋂
i:vi∈U

Zi

∣∣∣ ≤ ∑
i:vi /∈U

δi = m− k −
∑

i:vi∈U
δi ≤ m− k − |U |,

which gives the GZP property.
To show that

∣∣∣⋂i:vi∈U Zi

∣∣∣ ≤∑i:vi /∈U δi, first observe that the left-hand side in this inequality equals the
number of edges in E which do not contain any vertex from U . This number is clearly at most the sum of the
indegrees in vertices not in U , which equals the right-hand side in the case that v1 ∈ U . Next assume that
v1 /∈ U , and fix an arbitrary vertex vi ∈ U . Then there are k edge-disjoint paths from vo to v1. Each of these
paths must contain an edge whose head is not in U , but contains some vertex from U . Thus, the left-hand
side is at most

(∑
i:vi /∈U degin(vi)

)
− k, which also equals the right-hand side in the case that v1 /∈ U .

5.1.3 Reed-Solomon Codes over random evaluation points are list-decodable up to the generalized
Singleton Bound

Next we use the notions of higher-order MDS codes and hypergraph connectivity, introduced in the previous
sections, to show that Reed-Solomon Codes over random evaluation points, chosen from an exponentially-
large field, are list-decodable up to the generalized Singleton Bound. To do so, we shall use the following
notion of agreement hypergraph.

Definition 5.7 (Agreement hypergraph). For strings c0, c1, . . . , cℓ, w ∈ Σn, we define the agreement
hypergraph of c0, c1, . . . , cℓ and w as the hypergraph on vertex set {0, 1, . . . , ℓ} whose edges are ei :=
{j ∈ {0, 1, . . . , ℓ} | (cj)i = wi} ⊆ {0, 1, . . . , ℓ} for i ∈ [n] (i.e., each edge ei corresponds to all strings cj
which agree with w on the i-th entry).

Claim 5.8. Suppose that c0, c1, . . . , cℓ, w ∈ Σn are strings so that ∆(cj , w) ≤ ℓ
ℓ+1 · (n − k) for any

j ∈ {0, 1, . . . , ℓ}. Then the agreement hypergraph H of c0, c1, . . . , cℓ and w has weight at least ℓ · k.
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Proof. We have that:

wt(H) =

n∑
i=1

wt(ei)

≥
n∑

i=1

(|ei| − 1)

=

n∑
i=1

 ℓ∑
j=0

1(cj)i=wi

− 1


= −n+

ℓ∑
j=0

(n−∆(w, cj))

≥ −n+ (ℓ+ 1)n− ℓ(n− k) = ℓ · k.

The following theorem says that the dual code of a higher-order MDS code attains the generalized
Singleton Bound.

Theorem 5.9. Let C ⊆ Fn be a linear MDS code of rate R, and suppose that C⊥ is a higher-order MDS
code. Then C is ( L

L+1(1−R), L)-list decodable for any positive integer L.

Proof. The theorem clearly holds for L = 1 by assumption that C is MDS. Next assume that C is not
( L
L+1(1 − R), L)-list decodable for some integer L ≥ 2. Then there exist a string w ∈ Fn and distinct

codewords c0, c1, . . . cL ∈ C so that ∆(w, cj) ≤ L
L+1(1 − R)n = L

L+1(n − k) for any j ∈ {0, 1, . . . , L},
where k = dim(C) = Rn. Let H = ({0, 1, . . . , L}, E) be the agreement hypergraph of c0, c1, . . . , cL and
w. Then by Claim 5.8 we have that wt(H) ≥ L ·k. By Lemma 5.4, there exists a subset J ⊆ {0, 1, . . . , L} of
at least two vertices so that H|J is k-weakly partition connected. Without loss of generality, we may assume
that J = {0, 1, . . . , ℓ} for some ℓ ∈ [L]. For j ∈ {0, 1, . . . , ℓ}, let Zj = {i ∈ [n] | (cj)i ̸= wi} ⊆ [n]. By
Lemma 5.6, there exist non-negative integers δ0, δ1, . . . , δℓ summing to n − k so that taking δj copies of
each Zj gives a GZP.

By assumption that C⊥ is a higher-order MDS code, there exists a generating matrix G ∈ Fn×(n−k) for
C⊥ so that G attains the above GZP. Then H := GT ∈ F(n−k)×n is a parity-check matrix for C. Since
Hc = 0 for any c ∈ C, we have that Hw = H(w − cj) for any j ∈ {0, 1, . . . , ℓ}. Furthermore, by the
definition of the Zj’s, for any j ∈ {0, 1, . . . , ℓ}, the entries in Hw = H(w− cj) which correspond to Zj are
zero. We conclude thatHw = 0, and sow ∈ C. Finally, since ℓ ≥ 1, there must exist some j ∈ {0, 1, . . . , ℓ}
so that w ̸= cj . So w and cj are two distinct codewords so that ∆(w, cj) ≤ L

L+1(n− k) < n− k+1, which
contradicts the assumption that C is MDS.

Next we would like to apply the above theorem to Reed-Solomon Codes. To do so, we need to show that
the dual of a Reed-Solomon Code is higher-order MDS. It is well-known that the dual of a Reed-Solomon
CodeRSq(k), evaluated over the whole field, is also a Reed-Solomon CodeRSq(n−k). For a Reed-Solomon
Code RSq(a1, . . . , an; k), evaluated over a subset of field elements, it is known that there exist non-zero
scalers b1, . . . , bn ∈ Fq so that the dual code contains all codewords of the form (b1 · c1, . . . , bn · cn) for
(c1, . . . , cn) ∈ RSq(a1, . . . , an;n − k). Note that if G is a generator matrix for RSq(a1, . . . , an;n − k),
then B ·G is a generator matrix for RSq(a1, . . . , an; k)⊥, where B is a diagonal matrix with diagonal entries
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b1, . . . , bn. Since G and B ·G have the same zero entries, to show that RSq(a1, . . . , an; k)⊥ is higher-order
MDS, it suffices to show that RSq(a1, . . . , an;n− k) is higher-order MDS.

We shall show that with high probability, a Reed-Solomon code with random evaluation points is
higher-order MDS. The proof relies on the following theorem, known as the ’Generator-Matrix-MDS (GM-
MDS)’ Theorem (the proof of this theorem is beyond the scope of the survey, and we refer the reader to
[Lov21, YH19] for more details). In what follows, for Z ⊆ [n], let fZ denote the (n+1)-variate polynomial
given by fZ(X,Y1, . . . , Yn) =

∏
i∈Z(X − Yi). Also, for a field F, let F(Y1, . . . , Yn) denote the field of

rational functions over F in the indeterminates Y1, . . . , Yn.

Theorem 5.10 (GM-MDS Theorem, [Lov21, YH19]). Let F be a field, and let Z1, . . . , Zk ⊆ [n] be a GZP.
Then the polynomials fZ1 , fZ2 , . . . , fZk

, when viewed as univariate polynomials in X with coefficients in
F(Y1, . . . , Yn), are linearly independent over F(Y1, . . . , Yn).

Corollary 5.11. Let q be a prime power, and let k, n be positive integers so that k < n and 2kn · (kn) < q.
Then with probability at least 1 − 2kn·(kn)

q over the choice of independent and uniform a1, . . . , an ∈ Fq, it
holds that RSq(a1, . . . , an; k) is a higher-order MDS code.

Proof. Fix a GZP Z1, . . . , Zk ⊆ [n], and note that by the GZP property, |Zj | ≤ k − 1 for any j ∈ [k]. For
j ∈ [k], let f ′

Zj
(X) = fZj (X, a1, . . . , an) =

∏
i∈Zj

(X − ai), and note that f ′
Zj

is a univariate polynomial
over Fq of degree smaller than k. We shall show that with probability at least 1 − k·n

q over the choice of
a1, . . . , an ∈ Fq, f ′

Z1
(X), . . . , f ′

Zk
(X) are linearly independent over Fq.

To see the above, consider thek×kmatrixM whose j-th column is the coefficient vector of the polynomial
fZj , when viewed as a univariate polynomial in X with coefficients in Fq(Y1, . . . , Yn). By Theorem 5.10,
fZ1 , . . . , fZk

, when viewed as univariate polynomials in X with coefficients in Fq(Y1, . . . , Yn), are linearly
independent over Fq(Y1, . . . , Yn), and so M is a full-rank matrix over Fq(Y1, . . . , Yn). Further note that each
entry inM is a multilinear polynomial in Fq[Y1, . . . , Yn], and consequently, det(M) over Fq(Y1, . . . , Yn) is a
non-zero polynomial in Fq[Y1, . . . , Yn] of total degree at most k ·n. By the Schwartz-Zippel Lemma (Lemma
2.5), with probability at least 1 − k·n

q over the choice of a1, . . . , an ∈ Fq, the matrix M ′ ∈ Fk×k
q , obtained

from M by assigning a1, . . . , an to the indeterminates Y1, . . . , Yn, has a non-zero determinant over Fq, and
so is full rank. But note that the columns of M ′ are precisely the coefficient vectors of f ′

Z1
(X), . . . , f ′

Zk
(X),

and so if M ′ is full rank, then these polynomials are linearly independent over Fq.
Next assume that f ′

Z1
(X), . . . , f ′

Zk
(X) are linearly independent, and let G ∈ Fn×k

q be the matrix whose
columns are the codewords of RSq(a1, . . . , an; k) corresponding to these polynomials. Then the columns
of G are k linearly independent codewords in RSq(a1, . . . , an; k), and consequently we clearly have that
Image(G) = RSq(a1, . . . , an; k), and so G is a generating matrix for this code. Furthermore, by the
definition of f ′

Z1
(X), . . . , f ′

Zk
(X), we also clearly have that G attains Z1, . . . , Zk.

So we conclude that for any GZP Z1, . . . , Zk ⊆ [n], with probability at least 1− k·n
q over the choice of

a1, . . . , an ∈ Fq, there exists a generator matrix for RSq(a1, . . . , an; k) which attains Z1, . . . , Zk. Since the
number of GZPs Z1, . . . , Zk ⊆ [n] is at most 2kn, by a union bound, we conclude that with probability at
least 1−2kn · k·nq over the choice of a1, . . . , an ∈ Fq, for any GZP Z1, . . . , Zk ⊆ [n], there exists a generator
matrix for RSq(a1, . . . , an; k) which attains Z1, . . . , Zk.

Combining the above corollary with Theorem 5.9, we conclude that Reed-Solomon Codes over random
evaluation points, chosen from an exponentially large field, attain the generalized Singleton Bound with high
probability (and in particular, are list-decodable up to capacity with high probability). With some more
effort, it can be shown that the field size can be reduced to polynomial, and even linear, in n, but at the cost
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of only approximately attaining the generalized Singleton Bound, that is, achieving a list-decoding radius of
L

L+1(1−
k
n − ϵ) for any positive itneger L and constant ϵ > 0 (which can be shown to be necessary), we refer

the reader to [AGG+25] for more details. Interesting open problems are to find explicit evaluation points
so that Reed-Solomon Codes evaluated on these points achieve list-decoding capacity, as well as efficient
list-decoding algorithms for Reed-Solomon Codes up to capacity.

5.2 Multiplicity codes

In this section, we show that multiplicity codes attain the generalized Singleton bound over any set of
evaluation points. More specifically, we first present in Section 5.2.1 below a simple probabilistic argument
which shows that multiplicity codes are list-decodable up to capacity with a constant list size that depends
exponentially on 1/ϵ. This argument is quite general and applies to any linear code that is list-decodable
up to capacity with a list that is contained in a low-dimensional subspace. Later, in Section 5.2.2, we shall
show that multiplicity codes even attain the generalized Singleton Bound (and in particular the list size only
depends linearly on 1/ϵ), using more specific properties of multiplicity codes.

5.2.1 Constant list size

In this section, we show that multiplicity codes are list decodable up to capacity with a constant list size
(depending on the gap to capacity ϵ), based on a simple probabilistic argument which shows that for a linear
code of large distance, the list cannot contain many codewords coming from a low dimensional subspace.

More specifically, we shall prove the following fairly general lemma which applies to any linear code,
and which says that if C is a linear code of relative distance δ that is list-decodable from a (δ − ϵ)-fraction
of errors with a list that is contained in a linear subspace of dimension at most r, then the list size is in
fact upper bounded by a quantity that only depends on δ, ϵ, and r. In particular, if δ, ϵ, r are all constants,
independent of the block length, than so is the list size.

Lemma 5.12. Let F be a finite field, and let C ⊆ Σn be an F-linear code of relative distance δ. Suppose
furthermore that C is list decodable from a (δ − ϵ)-fraction of errors with a list L that is contained in an
F-linear subspace V ⊆ C of dimension r. Then

|L| ≤
(

r

ϵ(1− δ)

)O
(

r
ϵ(1−δ)

·log( 1
1−δ )

)
.

Recall that multiplicity codes of rate R have relative distance at least δ = 1 − R, and that by Lemma
4.3, these codes are list-decodable from a (δ− ϵ)-fraction of errors with a list that is contained in an F-linear
subspace of dimension r = O(1/ϵ). The above lemma then implies that these codes are list-decodable from
an (1−R− ϵ)-fraction of errors with a constant list size on the order of (1/ϵ)O(1/ϵ2). Later, in Section 5.2.2,
we shall show that the list size can be further reduced to O(1/ϵ) (and even all the way up to the generalized
Singleton Bound!), using some additional properties that are more specific to multiplicity codes. We now
turn to the proof of the above Lemma 5.12.

Proof of Lemma 5.12. The proof is algorithmic: we will give a simple randomized algorithm Prune, which
when given the received word w ∈ Σn, either outputs a vector v ∈ V or outputs ⊥. The guarantee is that
for any v ∈ L, v is output by the algorithm Prune with probability at least p0 = p0(δ, ϵ, r), which implies in
turn that |L| ≤ 1

p0
.
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The algorithm Prune works as follows. For some parameter t, to be determined later on, it picks entries
i1, i2, . . . , it ∈ [n] uniformly and independently at random, and lets I := {i1, . . . , it}. Then the algorithm
checks if there is a unique v ∈ V that agrees with w on I (that is, vi = wi for all i ∈ I). If so, it outputs that
unique element v; otherwise (i.e., either there are zero or greater than one such v’s) it outputs ⊥.

We would like to show that for any v ∈ L, the algorithm outputs v with constant probability p0 (depending
only on δ, ϵ, and r). Fix such a v ∈ L. Let E1 be the event that v agrees with w on I , and let E2 be the event
that two different codewords in V agree on I . Note that the algorithm will output v if and only if the event
E1 holds and the event E2 does not hold, so the probability that v is output is at least Pr[E1]−Pr[E2]. The
following two claims give lower and upper bounds on the probabilities of the events E1 and E2, respectively.

Claim 5.13. Pr[E1] ≥ (1− δ + ϵ)t.

Proof. Follows since v ∈ L, and so vi = wi for at least a (1− δ+ ϵ)-fraction of the entries i ∈ [n], and since
i1, . . . , it ∈ [n] are chosen uniformly and independently at random.

Claim 5.14. Pr[E2] ≤ (1− δ)t ·
(

t
1−δ

)r
.

Proof. For i ∈ [n], let Ai := {v ∈ C | vi = 0}, let V0 := V , and for j = 1, . . . , t, let

Vj := V ∩Ai1 ∩Ai2 ∩ · · · ∩Aij ,

and rj := dimF(Vj). Observe that r = r0 ≥ r1 ≥ . . . ≥ rt, and that the event E2 holds if and only if rt > 0.
Note also that |v| ≥ δn for any non-zero v ∈ V , since V ⊆ C and C has relative distance δ.

Next we claim that for any j = 0, 1, . . . , t − 1, it holds that rj+1 ≤ max{0, rj − 1} with probability
at least δ over the choice of ij+1. To see this, note first that if rj = 0, then rj+1 ≤ rj ≤ 0 and so we
are done. Otherwise, if rj ̸= 0 then there exists a non-zero vector v ∈ Vj . Recalling that Vj ⊆ V , we
have that |v| ≥ δn, and so vij+1 ̸= 0 with probability at least δ over the choice of ij+1. But recalling that
Vj+1 ⊆ Aij+1 , this implies in turn that v /∈ Vj+1. So in this case there exists a non-zero v ∈ Vj so that
v /∈ Vj+1, and so the dimension of Vj+1 is strictly smaller than that of Vj .

Finally, note that if rt > 0, then it must hold that rj+1 > max{0, rj − 1} for at least t− r+ 1 of the j’s
in 0, 1, . . . , t− 1. By the above and the union bound, the probability of this event is at most(

t

t− r + 1

)
· (1− δ)t−r+1 ≤ (1− δ)t ·

(
t

1− δ

)r

.

By the above Claims 5.13 and 5.14, we conclude that any v ∈ L is output by the algorithm Prune with
probability at least

p0 ≥ Pr[E1]− Pr[E2] ≥ (1− δ + ϵ)t − (1− δ)t ·
(

t

1− δ

)r

.
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Finally, by setting t := 3 · r
ϵ(1−δ) · log

(
r

ϵ(1−δ)

)
in the above expression we get that

p0 : = (1− δ + ϵ)t − (1− δ)t ·
(

t

1− δ

)r

≥ (1− δ)t ·
[
(1 + ϵ)t −

(
t

1− δ

)r]
≥ (1− δ)t ·

[(
r

ϵ(1− δ)

)3·r
−
(
3 · r

ϵ(1− δ)2
· log

(
r

ϵ(1− δ)

))r
]

≥ (1− δ)t

≥ (1− δ)
O
(

r
ϵ(1−δ)

·log
(

r
ϵ(1−δ)

))
,

where the penultimate inequality holds when the ratio r
ϵ(1−δ) is sufficiently large. This implies in turn that

|L| ≤ 1

p0
≤
(

1

1− δ

)O
(

r
ϵ(1−δ)

·log
(

r
ϵ(1−δ)

))
=

(
r

ϵ(1− δ)

)O
(

r
ϵ(1−δ)

·log( 1
1−δ )

)
,

which concludes the proof of the lemma.

5.2.2 Generalized Singleton Bound

In this section, we show that multiplicity codes (approximately) attain the generalized Singleton Bound of
Theorem 2.2, which in particular implies that the list size of multiplicity codes only depends linearly on 1/ϵ.

More specifically, in what follows, fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and
positive integers s, k so that k < sn and max{k, s} ≤ char(Fq), and let mult

(s)
q (a1, . . . , an; k) be the

corresponding multiplicity code. We shall show that for any positive integer L < s, mult
(s)
q (a1, . . . , an; k)

is (α,L)-list decodable for α < L
L+1(1 − k

n(s−L+1)). In particular, if we let R := k
s·n denote the rate of

this code, then it is list decodable from a L
L+1(1−

s
s−L+1 ·R)-fraction of errors with list size L. So for any

ϵ > 0, we can choose s = Θ(L/ϵ), so that the fraction of errors is at least L
L+1(1 − R − ϵ). In particular,

we can choose s = Θ(1/ϵ2) so that the multiplicity code mult
(s)
q (a1, . . . , an; k) is list decodable from an

(1−R− ϵ)-fraction of errors with list size O(1/ϵ).
By Claim 5.8, this would be a consequence of the following lemma.

Lemma 5.15. Let q be a prime power, let a1, . . . , an be distinct points in Fq, and let s, k, ℓ be positive
integers so that ℓ < s, k < sn, and max{k, s} ≤ char(Fq). Let w ∈ (Fs

q)
n be a string, let c0, c1, . . . , cℓ be

distinct codewords in mult
(s)
q (a1, . . . , an; k), and let H be the agreement hypergraph of c0, c1, . . . , cℓ and w

(cf., Definition 5.7). Then wt(H) < ℓ
s−ℓ+1 · k.

Before we prove the above lemma, we show that this lemma implies that mult
(s)
q (a1, . . . , an; k) is (α,L)-

list decodable forα < L
L+1(1−

k
n(s−L+1)). To see this, suppose on the contrary thatmult

(s)
q (a1, . . . , an; k) is

not (α,L)-list decodable. Then there exist a stringw ∈ (Fs
q)

n and codewords c0, c1 . . . , cL ∈ mult
(s)
q (a1, . . . , an; k)

so that ∆(w, cj) ≤ L
L+1(n − k

s−L+1) for any j ∈ {0, 1, . . . , L}. Let H be the agreement hypergraph of
c0, c1, . . . , cL and w. Then by Claim 5.8, H has weight at least L · k

s−L+1 which contradicts the above
Lemma 5.15.
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For the proof of Lemma 5.15, we first recall that in Section 5.2.1 we showed that for any F-linear code
C ⊆ Σn, and for any F-linear subspace V ⊆ C, the dimension of the intersection V ∩ Ai for a random
i ∈ [n] is typically small, where Ai := {v ∈ C | vi = 0}. For the proof of Lemma 5.15, we first show a
tighter bound on the expected dimension of V ∩ Ai for a random i ∈ [n] for the special case of multiplicity
codes.

Lemma 5.16. Let q be a prime power, let a1, . . . , an be distinct points in Fq, and let s, k be positive integers
so that k < sn and max{k, s} ≤ char(Fq). Let V ⊆ mult

(s)
q (a1, . . . , an; k) be an Fq-linear subspace of

dimension r ≤ s, and for i ∈ [n], let Ai := {v ∈ mult
(s)
q (a1, . . . , an; k) | vi = 0}. Then we have that:

n∑
i=1

dim(Ai ∩ V ) ≤ r

s− r + 1
· k.

Proof. Let c1, . . . , cr be a basis for V , and let f1(X), . . . , fr(X) ∈ (Fq)<k[X] be the polynomials corre-
sponding to these codewords. Let W (X) be the r × r Wronskian matrix over the polynomial ring Fq[X]
given by

W (X) =


f1(X) f2(X) · · · fr(X)

f
(1)
1 (X) f

(1)
2 (X) · · · f

(1)
r (X)

...
...

...
...

f
(r−1)
1 (X) f

(r−1)
2 (X) · · · f

(r−1)
r (X)

 ,

and let D(X) := det(W (X)) ∈ Fq[X].
Then D(X) is a polynomial of degree at most (k − 1) · r. Next we claim that D(X) ̸= 0. Interestingly,

one way to see this is using Lemma 4.3 which shows that the list of multiplicity codes is contained in a
low-dimensional subspace. In more detail, suppose on the contrary that D(X) ̸= 0. Then W (X) is singular
over the field of rational functions Fq(X), and so there exists a non-trivial linear combination of rows that
sums to zero. That is, there exist B0(X), B1(X), . . . , Br−1(X) ∈ Fq[X], not all zeros, so that for any
t = 1, . . . , r,

B0(X) · ft(X) +B1(X) · f (1)
t (X) + · · ·+Br−1(X) · f (r−1)

t (X) = 0.

Lemma 4.3 then implies that f1(X), . . . , fr(X) lie in an (r − 1)-dimensional subspace, which contradicts
our assumption that they span an r-dimensional subspace.

Next we show that for any i ∈ [n], D(X) vanishes on each element ai with multiplicity at least
(s − r + 1) · dim(Ai ∩ V ). To this end, fix i ∈ [n], and let ri := dim(Ai ∩ V ). We would like to show
that D(X) vanishes on ai with multiplicity at least (s − r + 1) · ri, which by the definition of the Hasse
Derivative, is equivalent to the property that (X − ai)

(s−r+1)·ri divides D(X).
To show the above, first note that performing elementary operations on the columns of W (X) only

changes D(X) by a constant multiplicative factor, and hence we may assume without loss of generality that
f1(X), . . . , fri(X) are a basis forAi∩V , and so f (j)

t (ai) = 0 for any t = 1, 2, . . . , ri and j = 0, 1, . . . , s−1.
So f1(X), . . . , fri(X) all vanish on ai with multiplicity at least s, and so (X − ai)

s divides all these
polynomials. Furthermore, (X − ai)

s−r+1 divides f (j)
t (X) for any t = 1, 2, . . . , ri and j = 0, 1, . . . , r − 1

since taking derivative reduces the degree of each monomial by at most 1. So we conclude that (X−ai)
s−r+1

divides each entry in the first ri columns, which implies in turn that (X−ai)
(s−r+1)·ri divides the determinant

D(X) of W (X).
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So we conclude that D(X) is a non-zero polynomial of degree at most (k − 1) · r, which vanishes on
each ai with multiplicity at least (s− r + 1) · dim(Ai ∩ V ). Consequently, we have that

n∑
i=1

(s− r + 1) · dim(Ai ∩ V ) ≤ (k − 1) · r.

Dividing both sides in the above inequality by s− r + 1 gives the desired conclusion.

We now turn to the proof of Lemma 5.15, based on the above Lemma 5.16.

Proof of Lemma 5.15. The proof is by induction on ℓ. For the base case ℓ = 1, consider a string w ∈
(Fs

q)
n and a pair of distinct codewords c0, c1 ∈ mult

(s)
q (a1, . . . , an; k), and let H = ({0, 1}, E) be the

corresponding agreement hypergraph. Then we have that

wt(H) =
∑
e∈E

max{|e| − 1, 0} = |{i ∈ [n] | (c0)i = (c1)i = wi}| ≤ n−∆(c0, c1) <
k

s
,

which proves the ℓ = 1 case.
For the induction step, fix 1 < ℓ < s. We shall assume that Lemma 5.15 holds for any 1 ≤ ℓ′ < ℓ, and

we shall show that it also holds for ℓ. Let w ∈ (Fs
q)

n be a string, and let c0, c1, . . . , cℓ be distinct codewords
in mult

(s)
q (a1, . . . , an; k). Without loss of generality, we may assume that c0 = 0, since otherwise we

can translate w and c0, c1, . . . , cℓ by c0. Let H = ({0, 1, . . . , ℓ}, E = {e1, . . . , en}) be the corresponding
agreement hypergraph, and assume towards a contradiction that wt(H) ≥ ℓ

s−ℓ+1 · k.
Let V := span{c0, c1, . . . , cℓ}, let r := dim(V ), and note that 1 ≤ r ≤ ℓ by assumption that c0 = 0.

Without loss of generality, we may further assume that c1, . . . , cr is a basis for V . Let P be a partition of
{0, 1, . . . , ℓ} into r + 1 parts P0, P1, . . . , Pr, where for t ∈ {0, 1, . . . , r},

Pt := {j ∈ [ℓ] | cj ∈ span{c0, c1, . . . , ct} \ span{c0, c1, . . . , ct−1}} .

For i ∈ [n], letAi := {v ∈ mult
(s)
q (a1, . . . , an; k) | vi = 0}. Then the main observation is the following.

Claim 5.17. For any i ∈ [n], it holds that dim(Ai ∩ V ) ≥ max{|P(ei)| − 1, 0}, where |P(ei)| denotes the
number of parts in the partition intersecting ei.

Proof. Fix i ∈ [n]. The claim clearly holds if ei = ∅, so assume next that ei ̸= ∅, and let Vi = span{cj |j ∈
ei} denote the span of all codewords in ei.

Assume first that wi = 0. In this case the i-th entry of all codewords in Vi is zero, and so Vi ⊆ Ai ∩ V .
Furthermore, we have that c0 = 0 ∈ ei, and so ei intersects P0. Suppose that ei intersects additional t parts
in the partition P . Then ei contains t linearly independent vectors, and so t ≤ dim(Vi) ≤ dim(Ai ∩ V ). So
in this case we have that dim(Ai ∩ V ) ≥ t = |P(ei)| − 1.

Next assume thatwi ̸= 0, and let cj be an arbitrary codeword in ei. Then since all codewords in ei agree on
the i-th entry, we have that all codewords in ei are contained in cj+Ai∩V , and sodim(Vi) ≤ dim(Ai∩V )+1.
Furthermore, 0 /∈ ei and so ei does not intersect P0. Suppose that ei intersects t parts in the partition P .
Then ei contains t linearly independent vectors, and so t ≤ dim(Vi) ≤ dim(Ai ∩ V )+ 1. So in this case we
also have that dim(Ai ∩ V ) ≥ t− 1 = |P(ei)| − 1.
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By the above claim, and using the same calculation as in the proof of Lemma 5.4, we have that∑
i∈[n]

dim(Ai ∩ V ) ≥
∑
e∈E

max{|P(e)| − 1, 0}

= wt(H)−
r∑

t=0

wt(H|Pt)

>
ℓ

s− ℓ+ 1
· k −

r∑
t=0

|Pt| − 1

s− |Pt|+ 2
· k

>
ℓ

s− ℓ+ 1
· k −

∑r
t=0(|Pt| − 1)

s− ℓ+ 2
· k

=
ℓ

s− ℓ+ 1
· k − ℓ− r

s− ℓ+ 1
· k

=
r

s− ℓ+ 1
· k,

where in the second inequality we used our assumption that wt(H) ≥ ℓ
s−ℓ+1 · k, and that by the induction

hypothesiswt(H|Pt) <
|Pt|−1

s−|Pt|+2 ·k for any t ∈ {0, 1, . . . , r} (sinceP is a proper partition). Finally, recalling
that r ≤ ℓ, the above inequality contradicts Lemma 5.16, which concludes the proof of this lemma.

5.3 Reed-Solomon Codes over subfield evaluation points

In this section, we show that a certain subcode of Reed-Solomon Codes over subfield evaluation points is
(efficiently) list decodable up to capacity with a constant list size (depending on the gap to capacity ϵ). For
Reed-Solomon Codes over subfield evaluation points, Lemma 4.9 only gave a linear upper bound on the
dimension of the list, and so the methods for reducing the list size from Section 5.2.1 do not apply in this
setting.

The main observation that lets us reduce the list size in this setting is that the proof of Lemma 4.9
in fact shows that the list has a more refined low-dimensional periodic structure. Namely, there exists
an Fq-linear subspace V̂ ⊆ Fqs of constant dimension r = O(1/ϵ) so that the following holds: Any
polynomial f(X) =

∑k−1
i=0 fi ∈ Fqs [X] whose associated codeword is in the list satisfies that for any

i ∈ {0, 1, . . . , k − 1}, given the first i coefficients f0, f1, . . . , fi−1 ∈ Fqs , the next coefficient fi belongs to
an affine shift of V̂ (where the affine shift only depends on f0, f1, . . . , fi−1).5 This motivates the following
definition. In what follows, for a vector v ∈ Fsk, we let v = (vs,1, . . . , vs,k), where vs,i denotes the i-th
block of v of length s.

Definition 5.18 (Periodic subspace). Let F be a finite field, and let k, s, r be positive integers. A linear
subspace V ⊆ Fsk is a (k, s, r)-periodic subspace if there exists a linear subspace V̂ ⊆ Fs of dimension
r, so that the following holds: For any v ∈ V and i ∈ {1, 2, . . . , k}, there exists zi ∈ Fs, that only depends
on vs,1, . . . , vs,i−1, so that vs,i ∈ zi + V̂ .

5This follows by recalling from the proof of Lemma 4.9 that for any i ∈ {0, 1, . . . , k − 1}, fi must satisfy that B(fi) = −yi,
where yi only depends on f0, f1, . . . , fi−1, and B(X) =

∑r−1
ℓ=0 Bℓ(0)X

qℓ . Consequently, we have that fi ∈ zi + V̂ , where
V̂ ⊆ Fqs denotes the set of roots of B(X), and zi ∈ Fqs is such that B(zi) = −yi. Finally, note that by the linear structure of
B(X), V̂ is an Fq-linear subspace of dimension at most r − 1.

50



By the above, the Reed-Solomon Code over subfield evaluation pointsRSqs(a1, . . . , an; k) fora1, . . . , an ∈
Fq is list decodable from an (1−R−ϵ)-fraction of errors, where the polynomials whose associated codewords
are in the list are contained in a (k, s, r)-periodic subspace for r = O(1/ϵ) (when viewing each polynomial
f(X) ∈ Fqs [X] of degree smaller than k as a concatenation of k coefficients in Fqs , identifying Fqs with Fs

q

via some Fq-linear bijection, and identifying (Fs
q)

k with Fsk
q in the natural way). This periodic structure can

lead to an Fq-linear subcode with lists of constant dimension (and so also of constant size by Lemma 5.12)
when only keeping in the code codewords whose associated polynomials fall in a periodic evasive subspace,
which is a large subspace whose intersection with any periodic subspace has a low dimension.

Definition 5.19 (Periodic evasive subspace). Let F be a finite field, and let k, s, r, t be positive integers.
A linear subspace W ⊆ Fsk is a (k, s, r, t)-periodic evasive subspace if dim(W ∩ V ) ≤ t for any
(k, s, r)-periodic subspace V ⊆ Fsk.

One way to obtain a periodic evasive subspace is via the notion of a subspace design, which is a collection
of large subspaces of Fs, whose intersection with any low-dimensional subspace has low dimension on
average.

Definition 5.20 (Subspace design). Let F be a finite field, and let k, s, r, t be positive integers. A collection
of k subspaces H1, . . . ,Hk ⊆ Fs is an (r, t)-subspace design if

∑k
i=1 dim(V̂ ∩Hi) ≤ t for any linear

subspace V̂ ⊆ Fs of dimension r.

The next claim shows that if H1, . . . ,Hk is a subspace design, then H1 ×H2 × · · · ×Hk is a periodic
evasive subspace with the same parameters.

Claim 5.21. Let F be a finite field, and let k, s, r, t be positive integers. Suppose that a collection of k
subspaces H1, . . . ,Hk ⊆ Fs is an (r, t)-subspace design. Then W := H1 × H2 × · · · × Hk ⊆ Fsk is a
(k, s, r, t)-periodic evasive subspace.

Proof. Let V ⊆ Fsk be a (k, s, r)-periodic subspace, and let V ′ := V ∩W . Since both V and W are linear
subspaces over F, then so is V ′. Thus, to show that V ′ has dimension at most t, it suffices to show that V ′

has size at most qt.
To see the above, recall that since V is a (k, s, r)-periodic subspace, there exists a subspace V̂ ⊆ Fs of

dimension at most r, so that for any v ∈ V and i ∈ {1, . . . , k}, there exists zi ∈ Fs that only depends on
vs,1, . . . , vs,i−1, so that vs,i ∈ zi+V̂ . By the definition ofW , this implies in turn that for any v ∈ V ′ = V ∩W
and i ∈ {1, . . . , k}, there exists zi ∈ Fs that only depends on vs,1, . . . , vs,i−1, so that vs,i ∈ (zi + V̂ ) ∩Hi.
Thus, given the values of vs,1, . . . , vs,i−1, there are at most qdim(V̂ ∩Hi) possible values for vs,i. Consequently,
V ′ has total size at most

k∏
i=1

qdim(V̂ ∩Hi) = q
∑k

i=1 dim(V̂ ∩Hi) ≤ qt,

where the upper bound follows since H1, . . . ,Hk is a (k, s, r, t)-subspace design.

The next theorem gives an explicit construction of a subspace design with large subspaces H1, . . . ,Hk

whose total intersection with any low-dimensional subspace is small. Interestingly, the construction relies
on the list decoding properties of multiplicity codes!

Theorem 5.22. For any prime power q, a prime d, and positive integers k, s, r satisfying that s < 2rk,
max{2r, s} < char(Fq), and k ≤ qd−q

d , there exists an explicit construction of an (r, sd)-subspace design
H1, . . . ,Hk ⊆ Fs

q, where each subspace Hi has co-dimension 2rd.
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Proof. We first note that Lemma 5.16 implies a version of this theorem for d = 1 and k ≤ q. To see this, let
a1, a2, . . . , ak be distinct elements in Fq, and for i ∈ [k], let

Hi :=
{
f(X) ∈ (Fq)<s[X] | f(ai) = f (1)(ai) = · · · = f (2r−1)(ai) = 0

}
,

where we view a polynomial f(X) ∈ (Fq)<s[X] as a vector of coefficient in Fs
q. Then each Hi has co-

dimension at most 2r since any requirement of the form f (j)(ai) = 0 imposes a single linear constraint on
the coefficients of polynomials in Hi. Let V̂ ⊆ (Fq)<s[X] be an r-dimensional subspace. For i ∈ [n], let
Ai be the set of codewords in mult

(2r)
q (a1, . . . , ak; s) corresponding to the polynomials in Hi, and let V be

the set of codewords in this code corresponding to the polynomials in V̂ . Then applying Lemma 5.16 with
k distinct evaluation points, multiplicity parameter 2r, and degree parameter s, we have that

n∑
i=1

dim(Hi ∩ V̂ ) =

n∑
i=1

dim(Ai ∩ V ) ≤ r

r + 1
· s ≤ s.

To extend the proof to d > 1, and obtain a larger collection of subspaces Hi, one can pick the ai’s from
the extension field Fqd . In more detail, let a1, a2, . . . , ak be elements in Fqd so that all elements of the form
aq

ℓ

i for i ∈ [k] and ℓ ∈ {0, 1, . . . , d− 1} are distinct. Note that if d is a prime, then any element a ∈ Fqd \Fq

has distinct powers a, aq, . . . , aq
d−1 . So in this case, one can find at least k = qd−q

d elements a1, . . . , ak
inside Fqd which satisfy the above requirement.

Similarly to the d = 1 case, for i ∈ [k], let

Hi :=
{
f(X) ∈ (Fq)<s[X] | f(aq

ℓ

i ) = f (1)(aq
ℓ

i ) = · · · = f (2r−1)
(
aq

ℓ

i

)
= 0 for any ℓ = 0, 1, . . . , d− 1

}
,

where we view a polynomial f(X) ∈ (Fq)<s[X] as a vector of coefficient in Fs
q. Then it can be verified that

each Hi has co-dimension at most 2rd. Moreover, the proof of Lemma 5.16 shows that∑
i∈[k]

dim(Hi ∩ V̂ ) ≤ r

d · (r + 1)
· s ≤ s

d

for any r-dimensional subspace V̂ ⊆ (Fq)< s[X].

By setting d = ϵs
2r (assuming that r ≤ ϵs

2 ) in the above Theorem 5.22, we get the following corollary.

Corollary 5.23 (Explicit subspace design). For any prime power q, ϵ > 0, and positive integers k, s, r
satisfying that s < 2rk, s < char(Fq), qs ≥ (k · ϵs

2r )
2r/ϵ, and r < ϵs

2 , there exists an explicit construction
of an (r, 2rϵ )-subspace design H1, . . . ,Hk ⊆ Fs

q, where each subspace Hi has co-dimension ϵs.

Recall that by Lemma 4.9, the Reed-Solomon Code over subfield evaluation points RSqs(a1, . . . , an; k)
for a1, . . . , an ∈ Fq and s = Θ(1/ϵ2) is list decodable from an (1 − R − ϵ)-fraction of errors, where the
polynomials whose associated codewords are in the list are contained in a (k, s, r)-periodic subspace for
r = O(1/ϵ). Let H1, . . . ,Hk be the subspace design given by the above corollary for these parameters,
and recall that by Claim 5.21, W := H1 × H2 × · · · × Hk is a (k, s, r, 2rϵ )-periodic evasive subspace.
Let C ⊆ RSqs(a1, . . . , an; k) be the subcode which consists of all codewords associated with polynomials
f(X) =

∑k−1
i=0 fiX

i ∈ Fqs [X] so that fi ∈ Hi+1 for any i ∈ {0, 1, . . . , k − 1}. Then C has rate R− ϵ and
is list-decodable from an (1 − R − ϵ)-fraction of errors with list of dimension O(1/ϵ2) (which by Lemma
5.12, also implies that this subcode has a list of size at most exp(poly(1/ϵ))).
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Finally, note that C can be list decoded up to capacity in polynomial time as follows. First note
that by Lemma 4.9, one can find a basis for the (k, s, r)-periodic subspace V containing the list of
RSqs(a1, . . . , an; k) in polynomial time by solving a system of linear equations. Then one can find a
basis for the O(1/ϵ2)-dimensional subspace V ′ containing the list of C in polynomial time by solving an-
other system of linear equations to find the intersection of V with the subspace containing the encodings of
all degree k polynomials with coefficients in W = H1 × · · · ×Hk. Finally, since the size of V ′ is qO(1/ϵ2),
one can find all elements in the list in time qO(1/ϵ2), which is polynomial in the block length for a constant ϵ
and q = poly(n).

5.4 Bibliographic notes

Higher-order MDS codes. The notion of higher-order MDS codes was introduced independently by
Brakensiek, Gopi, and Makam [BGM22] and Roth [Rot22]. In [Rot22], higher-order MDS codes were
defined as codes achieving the generalized Singleton Bound, while in [BGM22], they were defined based on
the dimension of the intersection of the subspaces spanned by subsets of columns of their generator matrix.
The definition of higher-order MDS codes presented in Section 5.1.1, based on size of the intersection of the
zero-patterns of columns of the generator matrix, was given later in another paper of Brakensiek, Gopi, and
Makam [BGM25]. In the same paper it was also shown that all the above three definitions are equivalent
(up to duality). Fact 5.1 was called the MDS condition in [DSY14], and its proof seems to be folklore.

Hypergraph connectivity. Király [Kir03] introduced the notion of edge connectivity for hypergraphs,
and proved the Menger Theorem for hypergraphs which says that edge connectivity is equivalent to having
multiple edge-disjoint paths between any pair of vertices (this theorem generalizes the well-known Menger
theorem for graphs [Men27]). The notion of (weak) partition connectivity for hypergraphs is well-studied in
combinatorics [FKK03a, FKK03b, Kir03] and optimization [JMS03, FK08, Fra11, CX18], and it generalizes
the well-known notion of graph partition connectivity (In particular, the well-known Nash-Williams-Tutte
Tree-Packing theorem shows that in graphs, partition connectivity is equivalent to having edge-disjoint
packing trees). Our proof of Lemma 5.4 follows the proof of [AGG+25, Lemma 2.4]. Theorem 5.5 about
hypergraph orientaitons is stated most explicitly in [Fra11], but is also implicit in [Kir03, FKK03b].

Reed-Solomon Codes over random evaluation points. Shangguan and Tamo [ST20] conjectured that
random Reed-Solomon Codes are higher-order MDS codes and proved several special cases of this
conjecture, and this conjecture was proven in full in [BGM25]. We present an alternative view of their
proof, based on hypergraph connectivity, that was presented by Alrabiah, Guo, Guruswami, Li, and Zihan
[AGG+25], and was based in turn on a hypergraph perspective on list-decoding that was first suggested by
Guo, Li, Shangguan, Tamo, and Wootters [GLS+24]. Lemma 5.6 which connects weak partition connectivity
with generalized zero-patterns follows [AGG+25, Corollary A.4]. Theorem 5.9 which says that duals of
higher-order MDS codes (according to the GZP-based definition) satisfy the generalized Singleton Bound
follows the proof of [AGG+25, Theorem 2.11]. The GM-MDS Theorem (Theorem 5.10) was proven
independently by Lovett [Lov21] and Yildiz and Hassibi [YH19], following a conjecture made by Dau,
Song, and Yuen [DSY14]. Corollary 5.11 follows the proof of [BGM25, Proposition 4.5].

An exponential lower bound on the field size of higher-order MDS codes was shown in [BGM22,
Corollary 4.2], while in [AGG+25] it was shown that random Reed-Solomon Codes over a linear-size
alphabet approximately attain the generalized Singleton Bound [GZ23, AGG+25]. An alternative approach
for showing that random Reed-Solomon Codes attain the generalized Singleton Bound was given by Levi,
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Mosheiff, and Shagrithaya [LMS25]. This approach was based on showing that random Reed-Solomon
Codes behave similarly to random linear codes with respect to list-decodabability properties (and more
generally, any local property, see below).

Multiplicity codes and Reed-Solomon Codes with subfield evaluation points. The probabilistic argu-
ment, presented in Section 5.2.1, which shows that any linear code that is list decodable up to capacity
with a constant dimensional list is also list-decodable up to capacity with a constant list size was discovered
by Kopparty, Ron-Zewi, Saraf, and Wootters [KRSW23, Lemma 3.1] (some improvements and extensions
were later given by Tamo [Tam24]). The proof that multiplicity codes (as well and FRS codes) attain the
generalized Singleton Bound, presented in Section 5.2.2, was discovered by Chen and Zhang [CZ25], and an
algorithmic version was given in [AHS26]. Lemma 5.16 that is used in this proof was proven by Guruswami
and Kopparty [GK16b]. Brakensiek, Chen, Dhar, and Zhang [BCDZ25] extended the proof of [CZ25] by
showing that multiplicity codes (as well as Folded Reed-Solomon Codes) satisfy any local property that is
satisfied by random linear codes (Informally speaking, local properties [MRR+24, LMS25] are properties for
which non-membership can be certified using a small number of codewords, and they include list decoding
and list recovery as special cases).

The approach for reducing the list size for a subcode of Reed-Solomon Codes over subfield evaluation
points using subspace designs, presented in Section 5.3, was suggested by Guruswami and Xing [GX22].

AG codes. A disadvantage of all the explicit capacity-achieving list decodable codes we discussed so far is
that their alphabet is a large polynomial in the block length (at least n1/ϵ2 , where n is the block length, and ϵ is
the gap to capacity). To reduce the alphabet size to a constant, one can resort to algebraic-geometric (AG)
codes. Loosely speaking, AG codes are an extension of Reed-Solomon Codes to the setting of function
fields, in which codewords correspond to the evaluation of certain functions on rational points of some
algebraic curve over some finite field F. Reed-Solomon Codes then correspond to the special case in which
the algebraic curve is the affine line over F and the functions are low degree polynomials on the line. As the
affine line has only |F| rational points, this forces the alphabet of the Reed-Solomon Code to be at least as
large as its block length. The advantage of AG codes is that algebraic curves can generally have many more
rational points, and so the alphabet can potentially be much smaller than the block length. In particular, by
a certain choice of parameters, the alphabet size can be made constant for increasing block lengths.

Algebraic-geometric codes were first introduced by Goppa [Gop83]. Guruswami and Sudan [GS99]
showed that their algorithm for list-decoding of Reed-Solomon Codes up to the Johnson Bound , presented
in Section 3.3, can be extended to the setting of AG codes. Later, Guruswami and Xing [GX22] introduced
versions of folded AG codes, as well as AG codes with subfield evaluation points, and used these to extend the
results that Folded Reed-Solomon Codes and Reed-Solomon Codes over subfield evaluation points achieve
list-decoding capacity, presented in Section 4.2 (for the related family of multiplicity codes) and Section
4.3, respectively, to the setting of AG codes. More recently, Brakensiek, Dhar, Gopi, and Zhang [BDGZ25]
extended the result that random Reed-Solomon Codes achieve the generalized Singleton Bound, presented in
Section 5.1, to the AG code setting. The approach for reducing the list size for a subcode of Reed-Solomon
Codes using subspace designs, presented in Section 5.3, was also used by Guruswami and Xing [GX22]
to reduce the list-size of a subcode of AG codes to nearly-constant (on the order of log∗(n)), and later to a
constant by Guo and Ron-Zewi [GR22].
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6 Near-linear time list decoding

In this section, we discuss faster versions of the list decoding algorithms for Reed-Solomon Codes and
multiplicity codes. Recall that we have already seen versions of such algorithms in Sections 3 and 4 that
run in polynomial time in the input size, and decode Reed-Solomon Codes up to the Johnson Bound and
multiplicity codes up to list decoding capacity. The goal now is to see alternative algorithms for these
problems whose time complexity is much faster - they run in nearly linear time in the input size, in certain
regime of parameters. We start with such an algorithm for Reed-Solomon Codes in Section 6.1 below,
followed by a fast list decoding algorithm for multiplicity codes in Section 6.2.

6.1 Fast list decoding of Reed-Solomon Codes up to Johnson Bound

In this section, we present a near-linear time list decoding algorithm for Reed-Solomon Codes up to a radius
approaching the Johnson Bound. Specifically, in what follows, fix a prime power q, distinct evaluation
points a1, . . . , an ∈ Fq, and a positive integer k < n, and let RSq(a1, . . . , an; k) be the corresponding
Reed-Solomon Code. We shall show an algorithm which for any ϵ > 0, list decodes this code from
(1 −

√
k
n − ϵ)-fraction of errors in time n · poly(nk , log(q), log(n),

1
ϵ ). Thus, when both ϵ and the rate

R := k
n of the code are constant, the running time of this algorithm is n · poly(log(n), log(q)). Note that as

opposed to the polynomial-time list-decoding algorithm for Reed-Solomon Codes presented in Section 3.3,
the algorithm we present in this section does not achieve the Johnson Bound, but it only approaches it.

Overview. Recall that the polynomial-time algorithm for list decoding of Reed-Solomon Codes up to
the Johnson Bound, presented in Section 3.3 (cf., Figure 3), consists of two main steps, namely, that of
constructing a non-zero bivariate polynomial that encodes all the close enough codewords in its belly, and
that of finding roots of a bivariate polynomial. Moreover, the first step is done by setting up and solving a
linear system, while the second step relies on some off the shelf root computation algorithm for bivariate
polynomials. While the time complexity of both these steps turns out to be polynomially bounded, it is
unclear whether the time complexity can be improved to something that is nearly linear in the input size.
In fact, even for the seemingly simpler linear system that appears in the interpolation step of the unique
decoding algorithm for Reed-Solomon Codes, presented in Section 3.1, it is unclear if the system can be
solved in nearly linear time. Indeed, even fast unique decoding algorithms for Reed-Solomon Codes, that
have been known since the 60’s rely on some non-trivial insights.

The fast list decoding algorithm we present in this section has two main technical components. The
first component shows that the interpolation step in the algorithm of Figure 3 can indeed be performed in
nearly linear time using appropriate lattices over the univariate polynomial ring. The second component,
essentially uses (off the shelf) an algorithm of Roth and Ruckenstein [RR00] for computing low degree roots
of bivariate polynomials. We now discuss these ideas in some more detail.

6.1.1 Fast implementation of the interpolation step

Let w ∈ Fn
q be the received word. Our goal in this step is to find, in nearly linear time, a non-zero bivariate

polynomial Q(X,Y ) of small (1, k)-weighted degree, such that for every i, Q has a high multiplicity zero at
(ai, wi). To this end, we start with some definitions that, apriori, might appear to be slightly mysterious.

Let R(X) be the unique polynomial of degree at most n − 1 such that for every i, R(ai) = wi. R can
be obtained in nearly linear time using the standard fast interpolation algorithms for univariate polynomials
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based on the Fast Fourier Transform (e.g Algorithm 10.22 in [vzGG13]). The utility of R stems from the
following simple observation: if f(X) is such that f(ai) = wi, then X − ai divides f(X) − R(X), or
equivalently, f(X) ≡ R(X) mod (X − ai). Let ℓ,m ∈ N be parameters with ℓ ≤ m to be set later, and
for every j ∈ {0, 1, . . . ,m− 1}, let Pj(X,Y ) be the bivariate polynomial defined as follows.

∀j ∈ {0, 1, . . . , ℓ− 1}, Pj(X,Y ) :=(Y −R(X))j ·
n∏

i=1

(X − ai)
ℓ−j

∀j ∈ {ℓ, ℓ+ 1, . . . ,m− 1}, Pj(X,Y ) :=(Y −R(X))j

Let us now consider the set of bivariate polynomials in the Fq[X]-linear span of P0, P1, . . . , Pm−1, that
is,

L(ℓ,m) :=


m−1∑
j=0

gj(X) · Pj(X,Y ) : gj ∈ Fq[X]

 .

The set L(ℓ,m) could be alternatively thought of as follows. We view each Pj as a univariate in Y with
coefficients from the ring Fq[X]; and thus, Pj can be thought of as a vector of dimension m (namely the
coefficient vector, when viewed as a univariate in Y ), where every entry is an element of Fq[X]. The set
L(ℓ,m) is then the Fq[X] linear span of these vectors. Furthermore, we note that since the Y -degree of Pj

equals j (and hence is distinct), the coefficient vectors of Pj (when viewed as univariates in Y ) are linearly
independent over the field Fq(X).

Recall that over the ring of integers, the notion of a lattice is defined as follows: for any postive integer
n and linearly independent n dimensional vectors v0, . . . , vm over real numbers, the lattice generated by
v0, v1, . . . , vm is defined as {

∑
i aivi : ai ∈ Z}. There are some obvious syntactic similarities in the above

definition of integer lattices and the definition of the set L(ℓ,m): in both cases, we have integral domains
(integers and Fq[X] respectively) and we take a set of vectors that are linearly independent over an underlying
field containing these domains (the field of real numbers and the field of fractions Fq(X) respectively) and
consider their weighted linear combinations, where the weights come from the respective integral domains.
Furthermore, both of the integral domains are in fact Euclidean. Given these syntactic similarities, we follow
the convention of referring to L(ℓ,m) as a lattice generated by P0, P1, . . . , Pm−1 throughout this survey.

The following lemma shows the relevance of the latticeL(ℓ,m) to the interpolation step of the list decoding
algorithm for Reed-Solomon Codes.

Lemma 6.1. Let Q(X,Y ) be any non-zero polynomial in the lattice L(ℓ,m). Then for every i ∈ [n], Q(X,Y )
vanishes with multiplicity at least ℓ at (ai, wi).

Proof. Let u, v be non-negative integers such that u + v < ℓ. Then, for the proof of the lemma, it
suffices to show that the Hasse Derivative Q(u,v) of Q vanishes at (ai, wi). Recall that Q is of the
form

∑m−1
j=0 gj(X)Pj(X,Y ). Thus, by linearity of Hasse Derivatives, it suffices to show that the (u, v)-

Hasse Derivative of every summand gj(X)Pj(X,Y ) vanishes at (ai, wi). From the product rule of Hasse
Derivatives (cf., Lemma 2.7), we have that

(gj(X)Pj(X,Y ))(u,v) =
∑

0≤u′≤u,0≤v′≤v

Pj(X,Y )(u
′,v′) · gj(X)(u−u′,v−v′),

and it therefore suffices to show that P (u′,v′)
j vanishes at (ai, wi) for any u′ + v′ < ℓ.

To see the above, we consider two cases depending on j, since the structure of Pj changes when j ≥ ℓ.
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• j ≥ ℓ : From its definition, we have Pj = (Y − R(X))j . We now argue that for any non-negative
u′, v′ such that u′ + v′ < ℓ, P (u′,v′)

j is divisible by (Y − R(X)). This would complete the argument
since (Y −R(X)) (and hence P (u′,v′)

j ) evaluates to zero at (ai, wi).

To see the divisibility claim, we consider Pj(X +Z1, Y +Z2) = (Y +Z2 −R(X +Z1))
j . Viewing

R(X + Z1) as a polynomial in Z1, we get that R(X + Z1) equals R(X) + Z1 · Γ(X,Z1) for some
bivariate polynomial Γ. Thus, Pj(X +Z1, Y +Z2) = ((Y −R(X))− (Z1Γ(X,Z1)−Z2))

j . From
the binomial theorem, we further get that

Pj(X + Z1, Y + Z2) =

j∑
t=0

(
j

t

)
(Y −R)j−t(Z1Γ− Z2)

t.

By definition of Hasse Derivatives, we have that P (u′,v′)
j equals the coefficient of Zu′

1 Zv′
2 in the above

expansion. Note that every monomial in the polynomial (Z1Γ− Z2)
t has total degree at least t in the

Z variables. Thus, the coefficient of Zu′
1 Zv′

2 in Pj(X + Z1, Y + Z2) equals the coefficient of Zu′
1 Zv′

2

in the truncated sum
∑u′+v′

t=0

(
j
t

)
(Y − R)j−t(Z1Γ − Z2)

t. Furthermore, from t ≤ u′ + v′ < ℓ and
ℓ ≤ j, we get that each of the terms in the sum above is divisible by (Y − R) (which has Z-degree
zero). Thus, P (u′,v′)

j must be divisible by (Y −R).

• j < ℓ :This case also proceeds along the lines of the above case, albeit with a little more care. For j < ℓ,
we have from the definition of Pj that Pj(X,Y ) = (Y − R(X))j

∏n
t=1(X − at)

ℓ−j . For notational
convenience we can re-write Pj as Pj(X,Y ) = (Y −R(X))j · (X − ai)

ℓ−j ·
∏

t̸=i(X − at)
ℓ−j . The

advantage of this rearrangement is that both (Y −R) and (X − ai) are zero at (ai, wi). Thus, counted
with multiplicities, Pj has at least ℓ factors that vanish at (ai, wi). Intuitively, this should indicate
that the multiplicity of Pj at (ai, wi) must be at least ℓ and hence its (u′, v′)-Hasse Derivative should
vanish at (ai, wi) for all u′ + v′ < ℓ. This intuition can be made formal by using the definition of
Hasse Derivatives to conclude that P (u′,v′)

j can be written as a sum of terms, each of which is divisible
by either (Y −R(X)) or (X − ai) (or both). We skip the formal proof of this claim here.

This completes the proof of the lemma.

Lemma 6.1 shows that every non-zero polynomial in the lattice L(ℓ,m) vanishes with high multiplicity at
(ai, wi) and hence satisfies the interpolation conditions in the algorithm of Figure 3 (for a careful choice of ℓ).
Thus, if we can somehow find a polynomial in this lattice that is non-zero and has low (1, k)-weighted degree
in nearly linear time, we would have made excellent progress towards a fast list decoder for Reed-Solomon
Code.

The main insight is to associate a notion of norm or length to the vectors in the lattice L(ℓ,m) such that
under this norm, the question of finding a non-zero low (1, k)-weighted degree polynomial Q(X,Y ) in this
lattice is precisely the question of finding a short (under this norm) non-zero vector in this lattice. Thus,
proving a bound on the norm of this short vector and finding one in nearly-linear time will together complete
a fast implementation of the interpolation step. We now discuss the details, starting with the definition of
the notion of lattices over the univariate polynomial ring and the length of the vectors in the lattice.

Lattices over the univariate polynomial ring. We start with a couple of definitions. Let F be a finite
field, and let P = {P0, P1, . . . , Pm−1} ⊆ F[X]r be a set of m vectors in F[X]r. A lattice L generated by
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P over the ring F[X] is defined as

L :=

{
m−1∑
i=0

gi(X) · Pi : gi(X) ∈ F[X]

}
.

A set P ⊆ F[X]r is said to be a basis for a lattice L in F[X]r if P generates the lattice L in the above sense,
and the vectors in P are linearly independent over the field F(X) of rational functions in X over F. The
size of a basis of a lattice is a fundamental property of the lattice and in particular, all bases of a lattice have
the same size. Note that the vectors in P can alternatively be thought of as coefficient vectors of bivariate
polynomials in F[X,Y ] when they are viewed as univariates in Y . We switch between these views in the
course of discussion in this survey as per convenience.

For our applications in this survey, we confine ourselves to lattices that are full rank in the sense that
they are generated by a basis P ⊆ F[X]m such that |P| = m, i.e. the size of the basis equals the dimension
of the ambient space. For instance, we note that the lattice L(ℓ,m) defined earlier in this section is full rank.
To see this, observe that the generators of this lattices, i.e the bivariate polynomials P0, P1, . . . , Pm−1 have
distinct Y -degrees, and so they are linearly independent over Fq(X).

For a basis P of a full rank lattice L over F[X], we define the determinant of P , denoted by det(P) to be
the determinant of the square matrix whose columns are the vectors in P . Recall that det(P) is a polynomial
in the variable X . As is the case with full rank lattices over the ring of integers, the determinants of all bases
for a lattice L are all equal to each other, and this is a fundamental property of the lattice L, that we denote
by det(L).

Next we define a notion of norm of vectors in these lattices.

Definition 6.2 (Degree norm). For any vector P = (p0, p1, . . . , pr−1) ∈ F[X]r, we define the degree norm
of P , denoted as µ(P ) as

µ(P ) := max
j∈{0,1,...,r−1}

deg(pj) ,

where deg(pj) is the maximum degree (in X) of any entry pj ∈ F[X] of P .
In other words, µ(P ) is the degree in the variable X of the bivariate polynomial

∑r−1
j=0 pj(X)Y j .

The following theorem is a combination of the key technical result of Alekhnovich in [Ale05] and a
classical theorem of Minkowski for lattices. The theorem is implicit in [Ale05] and we refer to Section 3.3
in [GHKS24] for a more detailed discussion on this.

Theorem 6.3 ([Ale05]). Let L ⊆ F[X]m be a full rank lattice over F[X] generated by a basis P . Then,
there is a non-zero vector v in L such that

µ(v) ≤ 1

m
deg(det(L)) .

Moreover, there is an algorithm that when given the basis P as input finds a non-zero vector v ∈ L which
satisfies the above inequality, and runs in time Õ(µ(P)) · poly(m), where µ(P) equals maxP∈P µ(P ).

Given this brief digression to the properties of lattices, we now get back to the task of obtaining a fast
implementation of the interpolation step of the algorithm of Figure 3, and prove the following lemma.

Lemma 6.4. Let P0(X,Y ), . . . , Pm−1(X,Y ) be the polynomials and let L(ℓ,m) be the lattice as defined
earlier in this section with respect to a received word w ∈ Fn

q and evaluation points a1, . . . , an ∈ Fq, and
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let k < n be a positive integer. Then, there is a non-zero polynomial Q(X,Y ) in L(ℓ,m) of (1, k)-weighted
degree at most (

n(ℓ+ 1)ℓ

2m
+

(m− 1)k

2

)
.

Moreover, there is an algorithm that when given the coefficient vectors of P0, P1, . . . , Pm−1 as input, outputs
the coefficient vector of Q in time Õ(n) · poly(m).

Proof. In order to argue about the (1, k)-weighted degree of polynomials in L(ℓ,m), it would be helpful
to instead work with the following related lattice (L′)(ℓ,m) generated by the Fq[X] span of the bivariates
P ′
0, P

′
1, . . . , P

′
m−1 defined as

∀j ∈ {0, 1, . . . , ℓ− 1}, P ′
j(X,Y ) :=(XkY −R(X))j ·

n∏
i=1

(X − ai)
ℓ−j

∀j ∈ {ℓ, ℓ+ 1, . . . ,m− 1}, P ′
j(X,Y ) :=(XkY −R(X))j .

We again view these polynomials as univariates in Y with coefficients in Fq[X]. Thus, P ′
j is a polynomial

with Y degree equal to j and for j < ℓ, its leading coefficient equals Xkj ·
∏n

i=1(X − ai)
ℓ−j , whereas for

j ≥ ℓ, its leading coefficient equals Xkj . Thus, if we look at the m×m matrix consisting of the coefficient
vectors of P ′

j (we think of each of them as a polynomial in Y of degree at most m− 1), we get a triangular
matrix, with the diagonal entries corresponding to precisely the leading coefficients of P ′

0, P
′
1, . . . , P

′
m−1.

Hence, the lattice generated by them is full rank and its determinant is the product of the diagonal entries of
this matrix, which equals ℓ−1∏

j=0

Xkj ·
n∏

i=1

(X − ai)
ℓ−j

 ·

m−1∏
j=ℓ

Xkj

 .

Thus, the degree of the determinant of L(ℓ,m) equals
(
n(ℓ+1)ℓ

2 + m(m−1)k
2

)
. We now invoke Theorem 6.3

to (L′)(ℓ,m) to get that there is a non-zero polynomial Q̃(X,Y ) in (L′)(ℓ,m) such that µ(Q̃), which equals its
X-degree, is at most

1

m
·
(
n(ℓ+ 1)ℓ

2
+

m(m− 1)k

2

)
=

(
n(ℓ+ 1)ℓ

2m
+

(m− 1)k

2

)
.

Moreover, since the X-degree of any P ′
j is at most (mk + nℓ), there is an algorithm that when given

P ′
0, . . . , P

′
m−1 as inputs, outputs Q̃ in Õ(mk + nℓ) · poly(m) ≤ Õ(n) · poly(m) time. Since Q̃ is in

(L′)(ℓ,m), and P ′
0, P

′
1, . . . , P

′
m−1 are linearly independent over the field Fq(X), we have that there are unique

univariate polynomials g0, g1, . . . , gm−1 ∈ Fq[X] such that Q̃ =
∑m−1

j=0 gj(X)P ′
j(X,Y ). Let Q(X,Y ) be

the polynomial defined as

Q(X,Y ) :=
m−1∑
j=0

gj(X)Pj(X,Y ) .

From the definition of Q,P0, P1, . . . , Pm−1, P
′
0, P

′
1, . . . , P

′
m−1, it follows immediately that the (1, k)-

weighted degree of Q is at most the X-degree of Q̃, which is at most
(
n(ℓ+1)ℓ

2m + (m−1)k
2

)
. Moreover,

there is an algorithm that when given the coefficient vector of Q̃, outputs the coefficient vector of Q in nearly
linear time in the input size.
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To see the moreover part, we just observe that in each P ′
j , we have the property that the coefficient of Y i

is divisible by Xik. Since Q̃ is obtained by taking an Fq[X]-linear combination of such polynomials, this
property continues to be true for Q̃. Finally, to obtain Q from Q̃, we just need to divide the coefficient of Y i

in Q̃ by Xik, for every i, and this operation can be done in nearly linear time in the description of Q̃, and
hence has time complexity at most Õ(n) · poly(m).

Thus, the overall time complexity of obtaining Q, given P0, P1, . . . , Pm−1 includes the time complexity
of obtaining P ′

0, P
′
1, . . . , P

′
m−1 from P0, P1, . . . , Pm−1, invoking Theorem 6.3 to obtain Q̃, and then doing

the aforementioned transformation on Q̃ to obtain Q. We have already bounded the time complexity of each
of these steps, apart from the complexity of constructing P ′

0, . . . , P
′
m−1, by Õ(n) · poly(m). Finally, since

P ′
j(X,Y ) equals Pj(X,XkY ), we can obtain the coefficient vector of P ′

j by multiplying the coefficient of
Y i in Pj(X,Y ) by Xki for every i < m. This takes an additional Õ(n) · poly(m) time, and gives us the
desired bound of Õ(n) · poly(m) on the total complexity.

To complete the interpolation step of the algorithm of Figure 3, we now invoke the above Lemma 6.4
with the right setting of parameters, and account for the time complexity of obtaining Pj .

Lemma 6.5. Let q be a prime power, let a1, . . . , an be distinct elements of Fq, and let k < n and ℓ ∈ N
be parameters. Then there is an algorithm that runs in time n · poly(log(n), log(q), ℓ, nk ), and on any
input w ∈ Fn

q , outputs a non-zero bivariate polynomial Q(X,Y ) with (1, k)-weighted degree at most√
nk(ℓ+ 1)ℓ, such that for every i ∈ [n], Q vanishes with multiplicity at least ℓ on (ai, wi).

Proof. The algorithm proceeds by first setting the parameterm such thatm satisfies n(ℓ+1)ℓ = m(m−1)k.
For simplicity, we assume that m can be chosen to be a positive integer while satisfying this equation. So,
m = O(ℓ

√
n
k ).

Next, we construct, via fast univariate polynomial interpolation, the polynomial R(X) of degree at most
n− 1 such that for every i ∈ [n], R(ai) = wi. This can be done in n · poly(log(q), log(n)) time. We now
construct the basis P0, P1, . . . , Pm−1 of the lattice L(ℓ,m) as follows. We focus on j < ℓ since the argument
for larger j is similar (and only easier). For j < ℓ, Pj is defined as (Y − R(X))j ·

∏n
i=1(X − ai)

ℓ−j . By
expanding (Y −R(X))j and rearranging the terms, we get

Pj =

j∑
t=0

Y t

((
j

t

)
Rj−t

n∏
i=1

(X − ai)
ℓ−j

)
.

Thus, for every t, the coefficient of Y t in Pj is a polynomial in X of degree at most O(nm). Furthermore,
given the coefficient vector of R (that we have already computed above) and a1, a2, . . . , an, we can compute
the polynomial Rj−t

∏n
i=1(X − ai)

ℓ−j using Õ(nm) arithmetic operations over the underlying field using
the standard FFT based algorithms for fast polynomial multiplcation. Thus, each Pj (and hence, the entire
basis) can be computed in time n · poly(m, log(n), log(q)), which is at most n · poly(log(n), log(q), ℓ, nk )
for our choice of m = O(ℓ

√
n
k ).

Now, from Lemma 6.4, we have that there is an algorithm that takes the basis of the lattice L(ℓ,m) as input
and outputs the coefficient vector of a non-zero Q(X,Y ) in this lattice in time n ·poly(m) ≤ n ·poly(ℓ, nk ),
such that the (1, k)-weighted degree of Q is at most

(
n(ℓ+1)ℓ

2m + (m−1)k
2

)
. For our choice of m, the two

terms in this weighted degree bound are equal to each other, and hence the (1, k)-degree of Q is at most√
nk(ℓ+1)ℓ(m−1)

m ≤
√

nk(ℓ+ 1)ℓ.
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Finally, from Lemma 6.1, we get that this polynomial Q vanishes with multiplicity at least ℓ on (ai, wi)
for every i ∈ [n]. This observation together with the fact that the overall running time of the algorithm is at
most n · poly(log(n), log(q), ℓ, nk ) completes the proof of the lemma.

6.1.2 Fast implementation of the root finding step

We first note that from the properties of the polynomialQ constructed in Lemma 6.5, the following observation
follows.

Lemma 6.6. Let Q(X,Y ) be the polynomial constructed in Lemma 6.5, and let f(X) ∈ Fq[X] be a

univariate polynomial of degree less than k so that f(ai) = wi for at least
√

nk(ℓ+1)ℓ

ℓ many indices i ∈ [n].
Then, Q(X, f(X)) = 0.

Proof. The lemma follows immediately from Claim 3.9, analogously to the proof of Lemma 3.10. We just
sketch the details, while keeping track of the changed parameters. From the same argument as in the proof of
Lemma 3.10, we have that Q(X, f(X)), which is a univariate polynomial of degree at most

√
nk(ℓ+ 1)ℓ,

vanishes with multiplicity at least ℓ on every ai where f(ai) = wi. Thus, if the number of agreements of f

and w is at least
√

nk(ℓ+1)ℓ

ℓ , it must be the case that Q(X, f(X)) is identically zero.

One final technical tool needed for the fast variant of a list decoding algorithm for Reed-Solomon Codes
is the following theorem of Roth & Ruckenstein [RR00]. The theorem gives a faster algorithm for finding
roots of bivariate polynomials than what is given by Theorem 3.7 in certain settings of parameters. We refer
to Theorem 1.2 in [Ale05] for a proof of the theorem.

Theorem 6.7 ([RR00], [Ale05]). Let F be any finite field. Then, there is a randomized algorithm that takes
as input the coefficient vector of a bivariate polynomial Q(X,Y ) ∈ F[X,Y ] and outputs all its factors of
the form Y − f(X) where f ∈ F[X] in time Õ(degX(Q)) · poly(degY (Q), log(|F|)).

6.1.3 Fast list decoding of Reed-Solomon Codes up to the Johnson Bound

By setting the parameters appropriately, we can now prove the following theorem which gives a fast list-
decoding algorithm for Reed-Solomon Codes approaching the Johson bound.

Theorem 6.8. Let q be a prime power, let a1, a2, . . . , an be distinct points in Fq, let k < n be a positive
integer, and let ϵ > 0 be a parameter. Then the Reed-Solomon Code RSq(a1, . . . , an; k) can be list decoded

from (1−
√

k
n − ϵ)-fraction of errors in time n · poly(nk , log(q), log(n),

1
ϵ ).

Proof. Given the parameter ϵ > 0 in the theorem, we set the parameter ℓ to be the smallest natural number
greater than 1

ϵ . Note that for this choice of ℓ, we have
√

nk(ℓ+1)ℓ

ℓ < (1 + ϵ)
√
nk.

We now invoke Lemma 6.5 with the given received word as input. This gives us a non-zero bivariate
polynomial Q(X,Y ) that, as Lemma 6.6 shows, has the property that any polynomial f(X) ∈ Fq[X] of
degree less than k with agreement at least (1+ϵ)

√
nk with the received word satisfies Q(X, f(X)) = 0. We

now invoke Theorem 6.7 to compute all such roots f(X) of Q(X,Y ) and output the ones that have degree
less than k and have sufficiently large agreement with the received word.

The time complexity of the algorithm depends on the time complexity of the interpolation step (Lemma 6.5),
which is

n · poly
(
log(n), log(q), ℓ,

n

k

)
≤ n · poly

(
log(n), log(q),

n

k
,
1

ϵ

)
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and the time complexity of the root finding step (Theorem 6.7), which is

Õ(degX(Q)) · poly(degY (Q), log(q)) ≤
√
nk · poly

(
n

k
, log(nk), log(q),

1

ϵ

)
,

where we used the fact that degX(Q) is at most the (1, k)-weighted degree of Q and hence is at most
O(

√
nk/ϵ) and degY (Q) is at most 1

k of the (1, k)-weighted degree of Q and hence is at most O(
√

n
k · 1

ϵ ).
Finally, recalling that k < n gives us the upper bound on the time complexity of n·poly(nk , log(q), log(n),

1
ϵ )

of the algorithm, and completes the proof of the theorem.

6.2 Fast list decoding of multiplcity codes up to capacity

In this section, we build upon the ideas discussed in the preceding section to get an algorithm that list decodes
multiplicity codes up to capacity in nearly linear time (in an appropriate parameter regime). In what follows,
fix a prime power q, distinct evaluation points a1, . . . , an ∈ Fq, and positive integers k, s so that k < sn and
max{k, s} ≤ char(Fq), and let MULT

(s)
q (a1, . . . , an; k) denote the corresponding multiplicity code. We

shall show that for any constant δ := 1 − k
sn and constant ϵ > 0, and sufficiently large s (depending on ϵ),

the multiplicity code MULT
(s)
q (a1, . . . , an; k) can be list decoded from (1−R− ϵ)-fraction of errors in time

Õ(n) · polylog(q), where R := k
sn is the rate of the code.

Overview. The fast algorithm for list decoding multiplicity codes up to capacity is essentially a fast
implementation of the polynomial-time algorithm for list decoding multiplicity codes up to capacity that was
presented in Section 4.2. We will proceed by first describing a faster algorithm for the interpolation step
that lets us construct an ordinary differential equation of high order satisfied by all close enough codewords.
This is based on the machinary of lattices over the univariate polynomial ring that we have already seen. The
second part of the proof is a fast algorithm for solving these differential equations whose solutions are low
dimensional subspaces, and recovering a basis for the subspace of solutions. Eventually, we will observe
that a constant size (depending on ϵ) list of close enough codewords can be recovered in nearly linear time
using the results of Section 5.2.1.

6.2.1 Fast implementation of the interpolation step

Let w ∈ (Fs
q)

n be the received word, where wi = (wi,0, . . . , wi,s−1) for any i ∈ [n], and let r ≤ s
be a parameter. Our goal in this step is to find, in nearly-linear time, a non-zero low-degree (r + 1)-
variate polynomial Q(X,Y0, . . . , Yr−1) that is linear in Y0, . . . , Yr−1 which satisfies that Pf (X) :=
Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) vanishes on ai with high multiplicity for any point i ∈ [n] for which
f (<s)(ai) = wi. The following definition will be helpful in stating some of the technical statements
succinctly.

Definition 6.9 (Derivative operator). The derivative operator τ is an Fq-linear map that maps polynomials
in Fq[X,Y0, . . . , Yr−1] that are linear in Y0, . . . , Yr−1 to polynomials in Fq[X,Y0, . . . , Yr] that are linear in
Y0, . . . , Yr as follows:

τ

(
A(X) +

r−1∑
ℓ=0

Bℓ(X)Yℓ

)
:= A(1)(X) +

r−1∑
ℓ=0

(
B

(1)
ℓ (X) · Yℓ + (ℓ+ 1)Bℓ(X) · Yℓ+1

)
.
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More generally, for a non-negative integer j, let τ (j) denote the following linear operator:

τ (j)

(
A(X) +

r−1∑
ℓ=0

Bℓ(X)Yℓ

)
:= A(j)(X) +

r−1∑
ℓ=0

j∑
h=0

(
h+ ℓ

ℓ

)
B

(j−h)
ℓ (X) · Yℓ+h.

Thus, the image of τ (j) is contained in Fq[X,Y0, . . . , Yr−1+j ].

Note that by (4), for any polynomials Q(X) = A(X) +
∑r−1

ℓ=0 Bℓ(X)Yℓ and f(X) ∈ Fq[X], if we let
Pf (X) := Q(X, f(X), f (1)(X), . . . , f (r−1)(X)), then we have that

τ (j)(Q)(X, f(X), f (1)(X), . . . , f (r−1+j)(X)) = P
(j)
f (X),

for any non-negative integer j.
The following lemma is a faster version of Lemma 4.5.

Lemma 6.10. There is an algorithm that takes as input a received word w ∈ (Fs
q)

n, runs in time Õ(n) ·
poly(s), and outputs a non-zero (r + 1)-variate polynomial Q(X,Y0, . . . , Yr−1) over Fq of the form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1

such that:

1. The X-degree of Q is at most n(s−r+1)
r+1 .

2. For any i ∈ [n] and j ∈ {0, 1, . . . , s− r}, we have that

τ (j)(Q)(ai, wi,0, wi,1, . . . , wi,s−1) = 0 .

Proof. We will start by defining an appropriate lattice over the ring Fq[X] such that all polynomials in the
lattice have degree at most one in Y0, Y1, . . . , Yr−1 and satisfy the constraints in the second item in the
lemma above. We then show that there is a polynomial in this lattice with X-degree at most n(s−r+1)

r+1 , and
hence the shortest vector with respect to X-degree being the measure satisfies this property. Based on these
observations, the algorithm is quite natural - it will construct a basis for this lattice and then run the algorithm
given in Theorem 6.3 to find a shortest vector in this lattice.

In more detail, let R0, R1, . . . , Rr−1 ∈ Fq[X] be polynomials with degree at most sn − 1, (s − 1)n −
1, . . . , (s− r+ 1)n− 1 respectively such that for every ℓ ∈ {0, 1 . . . , r− 1}, j ∈ {0, 1, . . . , s− ℓ− 1} and
i ∈ [n], we have that

R
(j)
ℓ (ai) =

(
ℓ+ j

j

)
wi,ℓ+j .

Clearly, such polynomials exist due to degree considerations, and in fact are unique and can be found in
time Õ(ns) using FFT based algorithms (algorithm 10.22 in [vzGG13]). Given these Rℓ’s, let us consider
the lattice L defined as follows.

L :=

{
g̃(X) ·

n∏
i=1

(X − ai)
s−r+1 +

r−1∑
ℓ=0

gℓ(X) · (Yℓ −Rℓ(X)) : g̃, g0, . . . , gr−1 ∈ Fq[X]

}

We first show that for every polynomial Q ∈ L, i ∈ {1, 2, . . . , n}, and j ∈ {0, 1, . . . , s− r}, it holds that
τ (j)(Q)(ai, wi,0, wi,1, . . . , wi,s−1) = 0 . To prove the claim, it suffices to show that the property sought is
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true for every polynomial of the form g̃(X) ·
∏n

t=1(X − at)
s−r+1 and of the form gℓ(X) · (Yℓ −Rℓ(X)) for

ℓ ∈ {0, 1, . . . , r−1}. Since every polynomial in the lattice is anFq-linear combination of polynomials of these
form, the claim will follow via the Fq-linearity of τ . Moreover, the property is immediate for polynomials
of the form g̃(X) ·

∏n
t=1(X − at)

s−r+1 since for polynomials with no Y variables, the operator τ is just the
derivative operator with respect to X . So we just focus on polynomials of the form gℓ(X) · (Yℓ − Rℓ(X)).
The property is clear for j = 0 by the definition of the Rℓ’s, next we discuss the argument for j = 1, since
the extension for larger j is very similar.

By definition of τ , τ (1)(gℓ(Yℓ −Rℓ)) equals

τ (1)(gℓ(Yℓ −Rℓ)) = g
(1)
ℓ (X)(Yℓ −Rℓ(X)) + gℓ(X)((ℓ+ 1)Yℓ+1 −R

(1)
ℓ (X)) .

SettingX to ai, Yℓ towi,ℓ andYℓ+1 towi,ℓ+1, we notice that both (wi,ℓ−Rℓ(ai)) and ((ℓ+1)wi,ℓ+1−R
(1)
ℓ (ai))

are zero from the definition of Rℓ. Thus, τ (1)(gℓ(Yℓ −Rℓ)) is zero on the input (ai, wi,0, wi,1, . . . , wi,s−1).
This argument naturally extends to τ (j) for larger values of j by carefully following the definition of the
operator τ (j) and the interpolation constraints on Rℓ.

Next we show that there exists Q ∈ L of X-degree at most n(s−r+1)
r+1 . The generators of the lattice L,

when viewed as an (r+1)-dimensional vector space with entries from Fq[X] (where entries 0, 1, 2 . . . , r−1
correspond to the coefficient of Y0, Y1, . . . , Yr−1 respectively, and the r-st entry is the Y -free term) form a
triangular system. Thus, we have a full rank lattice at our hand. Thus, the determinant of the (r+1)×(r+1)
dimensional matrix whose columns correspond to these generators has a non-zero determinant. Moreover,
this determinant is a polynomial in Fq[X] of degree at most the degree of

∏n
i=1(X − ai)

s−r+1, and hence is
at most n(s− r + 1). Therefore, from Theorem 6.3, we get that there is a polynomial in L that is non-zero
and has X-degree at most n(s−r+1)

r+1 . Moreover, there is an algorithm that takes the generators of this lattice
as input and outputs this non-zero vector in time Õ(n) · poly(s).

6.2.2 Fast implementation of the root finding step

Next observe that from the proof of Lemma 4.6, we have that for any polynomialQ constructed in Lemma 6.10
and any univariate f of degree less than k such that f agrees with w on at least

t :=
(s− r + 1)n+ (r + 1)(k − 1)

(s− r + 1)(r + 1)
=

n

r + 1
+

k − 1

s− r + 1

evaluation points, we have that

Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0 .

Moreover, similarly to the discussion in the beginning of Section 4.2, the parameters s, r can be set based on
ϵ such that this error tolerance gets us ϵ-close to list decoding capacity as desired.

Therefore, to complete the list decoding task, it suffices to solve the above equation. To be able to do this
in nearly linear time, we first recall that by Lemma 4.3, the solution space of polynomials of degree less than
k satisfying Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0 is an affine space over the field Fq of dimension at
most r. Hence, this subspace can be described by specifying a basis (whose total description size is at most
O(kr · log(q))).

Moreover, by Lemma 5.12 the number of codewords contained in this affine space that are close enough
to w is a constant (depending only on ϵ, the relative distance δ of the code, and the dimension r). To complete
the algorithm, we shall describe a randomized nearly-linear time algorithm that outputs these codewords.
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This is essentially immediate from the proof of Lemma 5.12: Recall that in this lemma we described a
randomized algorithm Prune, which when given w ∈ Σn, outputs any codeword in the list with constant
probability (depending on ϵ, δ, and r), and used this to conclude that the list size is constant. Thus, we can
simply run Prune for a constant number of times and return the union of the output lists. By a union bound,
all close-by codewords will appear in the union of the output lists with high (constant) probability. Finally,
note that the algorithm Prune proceeds by sampling constantly many entries in [n] at random, and solving a
linear system of equations on these entries, and so this step can be implemented in near linear time in n by
using the standard linear system solver.

Thus, it suffices to show how to find the subspace of solutions to the differential equation

Q(X, f(X), . . . , f (r−1)(X)) = 0

in nearly-linear time.
Such an algorithm is given in the following lemma.

Lemma 6.11. Suppose that Q(X,Y0, . . . , Yr−1) is a non-zero (r + 1)-variate polynomial over Fq of the
form

Q(X,Y0, . . . , Yr−1) = A(X) +B0(X) · Y0 + · · ·+Br−1(X) · Yr−1

and of degree at most D. Let L be the list containing all polynomials f(X) ∈ Fq[X] of degree smaller than
k so that

Q(X, f(X), f (1)(X), . . . , f (r−1)(X)) = 0.

Then if max{k, s} ≤ char(Fq), then L forms an affine subspace over Fq of dimension at most r − 1, and
there is an algorithm that takes as input the coefficient vector of Q and k and outputs a basis of this affine
space of solutions in time Õ(D + k) · poly(r, log(q)).

Note that for our choice of D = n(s−r+1)
r+1 and r < s, the algorithm runs in time Õ(D + k) ·

poly(r, log(q)) = n · poly(s, log(q), log(n)). In the rest of this section, we sketch some of the main
ideas in the proof of the above lemma, and we refer the interested reader to [GHKS24, Theorem 5.1] for a
full proof. In particular, for notational simplicity, we only focus on the cases of small r, namely r = 0 and
r = 1, which already contain most of the technical insights.

Solving the r = 0 case. For r = 0, we are just looking for f of degree less than k such that A(X)+f(X) ·
B(X) = 0. Thus, in this case, the solution f(X) to this equation, if it exists is unique and is equal to the
quotient when A(X) is divided by B(X). Thus, a natural way of solving this problem will be to compute the
quotient and remainder when A(X) is divided by B(X) and output the quotient if the remainder is zero and
the quotient has degree less than k. This task can be done in nearly linear time in the input size using known
classical algorithms in computational algebra that are based on the Fast Fourier Transform. We describe the
sketch of one such algorithm below based on divide and conquer. As we shall see later, some of the ideas
behind this algorithm will naturally lead us towards the case of larger r.

For the discussion below, let us assume that k is a power of 2. First observe that any polynomial f
of degree smaller than k can be uniquely written as f = f0(X) + Xk/2f1(X) where f0, f1 are (possibly
zero) polynomials of degree less than k

2 . The idea is to try and recover f0 and f1 by solving equations
of smaller size, and then put them together to compute f . The first point is to note that if f satisfies
A(X) + f(X) ·B(X) = 0, then it satisfies

A+ f ·B ≡ 0 mod Xk . (8)
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Moreover, since f has degree less than k, it suffices to recover f modulo Xk. So, to solve the original
equation, we will instead solve the above modular equation and then check if the solution satisfies the
original equation. To solve the modular equation above, we try to understand the properties that f0, f1 must
satisfy.

By substituting f = f0 +Xk/2f1 in (A+ fB ≡ 0 mod Xk), we get that

A+ f0 ·B +Xk/2f1 ·B ≡ 0 mod Xk.

Now, every monomial in the term Xk/2f1 · B has degree at least k
2 . Thus, the above equation holds if and

only if
A+ f0B ≡ 0 mod Xk/2 (9)

and
(A+ f0B) +Xk/2f1B ≡ 0 mod Xk

Moreover, for any f0 satisfying (A+ f0B ≡ 0 mod Xk/2), we have that A+ f0B equals ÃXk/2 for some
polynomial Ã(X). Thus, f1 must satisfy

Xk/2Ã+Xk/2f1B ≡ 0 mod Xk,

which is equivalent to
Ã+ f1B ≡ 0 mod Xk/2. (10)

Thus, to solve for f in Equation (8) it suffices to solve Equation (9) and then construct Ã and solve Equation
(10). Moreover, in Equation(9) and Equation (10), the polynomials A,B, Ã can be replaced by their residues
modulo Xk/2. Thus, we have reduced the original problem of solving Equation (8) to solving two problems
of exactly half the size. If at any stage of the recursion, we end up with an equation with no solution, we get
that the original equation did not have a solution. Moreover, if any of these equations has a solution, it is
unique (modulo Xk).

Finally, to argue about the running time, we note that to solve instances where we work modulo Xk, we
make two recursive calls sequentially, each involving working modulo Xk/2. Since we are only interested
in solutions modulo Xk (or lower powers of X) in these modular equations, we can assume without loss
of generality (by just ignoring all monomials of degree greater than k, since they do not participate in any
computation modulo Xk) that A and B are also of degree at most k. Constructing the problem instance for
the first recursive call (9) takes O(k) time, and given a solution f0 to this instance, we need to construct the
polynomial Ã to make the second recursive call (10). Given f0, we can obtain Ã by computing the polynomial
(A+ f0B) mod Xk in time Õ(k) (using the Fast Fourier Transform for polynomial multiplication). Given
solutions f0 and f1 of the two subproblems, the solution f := f0 +Xk/2f1 can be again constructed in time
O(k). Thus, the overall time complexity T (k) can be upper bounded by the recurrence

T (k) ≤ 2T (
k

2
) + k logc(k) ,

for some fixed constant c, where c just depends on the complexity of Fast Fourier Transform over the
underlying field F.

This gives the desired near linear upper bound on the running time.
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Solving the r = 1 case. We now consider the case of r = 1. This case essentially captures all of the main
ideas of the proof of the above Lemma 6.11 for large r, but keeps the exposition simpler in terms of notation.

Recall that for r = 1, we are looking for solutions to the following differential equation:

A+ fB0 + f (1)B1 = 0.

Without loss of generality, we assume that B1(X) is a non-zero polynomial (else we are in the r = 0 case),
and moreover, B1(0) is non-zero, else, we shift X to X + a for an a which is not a root of B1. Such a shift
can be found in time Õ(D) deterministically (using fast algorithms for univariate multipoint evaluation, e.g.
Chapter 10 in [vzGG13]) or by simply taking a random a from the underlying field.

Once again, it will be helpful to work with the modular equation instead.

A+ fB0 + f (1)B1 ≡ 0 mod Xk. (11)

A natural first attempt for this problem is again to try and recover f by recovering f0, f1 recursively as in
the r = 0 case. However, there is an issue here - unlike in the r = 0 case, equations of the form of (11) can
have multiple solutions. Thus, even if we set up modular equations for f0 and f1 and solve them, the number
of candidate solutions f of the original problem that are obtained by a combination of these can be as large
as the product size of the solution sets for f0 and f1. This explosion of potential solutions appears to be an
issue that needs to be handled for this strategy to work.

To get around this issue, we rely on the fact that the space of solutions of (11) is an affine space over Fq

of dimension 1. Furthermore, the proof of Lemma 4.3 (cf., Claim 4.4) tells us more about the structure of
this affine space: if B1(0) ̸= 0 (which we have assumed here without loss of generality), then any solution
f of (11) is uniquely determined by its constant term, i.e. f(0).6 This simple observation, combined with
elementary linear algebra, leads to the following claim that turns out to be very useful.

Claim 6.12. Let g(X), h(X) be the unique polynomials of degree less than k with constant term zero and
one respectively that are solutions of (11) (assuming that B1(0) ̸= 0). Then, g, h form a basis of the affine
space of solutions of degree less than k (over the field F) of (11). In other words, the set of such solutions
equals the set {λg + (1− λ)h : λ ∈ F}.

Proof. Let g, h be any solutions to (11). Thus, we have that A + gB0 + g(1)B1 ≡ 0 mod Xk and
A+ hB0 + h(1)B1 ≡ 0 mod Xk. Now, for any λ ∈ F, we claim that λg + (1− λ)h is also a solution of
(11). To see this, we observe using the linearity of the derivative operator that

A+ (λg + (1− λ)h)B0 + (λg + (1− λ)h)(1)B1 = A+ λ
(
gB0 + g(1)B1

)
+ (1− λ)

(
hB0 + h(1)B1

)
.

Since g, h are solutions to (11), we observe that
(
gB0 + g(1)B1 ≡ −A mod Xk

)
and(

hB0 + h(1)B1 ≡ −A mod Xk
)
. Thus,

A+ λ
(
gB0 + g(1)B1

)
+ (1− λ)

(
hB0 + h(1)B1

)
≡ A+ λ(−A) + (1− λ)(−A) mod Xk,

which is 0 modulo Xk. So, we get that every element of the set {λg + (1 − λ)h : λ ∈ F} is a solution of
(11), if g and h are solutions.

Furthermore, we note that

{λg + (1− λ)h : λ ∈ F} = {λ(g − h) + h : λ ∈ F}
6Note that here, we are still looking at solutions modulo Xk.
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and thus this set is indeed an affine space of dimension one whenever (g − h) is non-zero (which is the case
here, since the constant terms of g and h are distinct). Since we had already argued that the solutions to (11)
form an affine space of dimension at most one, we have that {λg+ (1− λ)h : λ ∈ F} is indeed the set of all
such solutions.

Given the above claim, a natural strategy towards solving (11) is to try and recover the unique polynomials
f0, f1 of degree less than k, with constant term zero and one respectively that are solutions of the equation.
It turns out that the uniqueness of solutions to (11), once the constant terms are fixed, makes this subproblem
amenable to a divide and conquer like strategy.

Let us consider a solution f of degree less than k of (11) with constant term α. Thus, f(X) can be
written as f(X) = α+Xg(X) for a polynomial g of degree less than k − 1. Since f is a solution, we have
the following sequence of identities.

A+ fB0 + f (1)B1 ≡ 0 mod Xk

=⇒ A+ (α+Xg)B0 + (α+Xg)(1)B1 ≡ 0 mod Xk

=⇒ (A+ αB0) + (XB0 +B1)g +XB1g
(1) ≡ 0 mod Xk

Thus, for every α such that f = α+Xg is a solution of (11), g must satisfy that

(A+ αB0) + (XB0 +B1)g +XB1g
(1) ≡ 0 mod Xk . (12)

The above new differential equation, while being similar in structure to (11), has the useful property that
there is a unique polynomial g(X) of degree less than (k − 1) which satisfies this equation. To see this,
note that by the proof of Lemma 4.3 (cf., Claim 4.4), it suffices to show that the constant term g(0) of g is
uniquely determined. To see this, we note that evaluating the left hand side of (12) at zero gives the following
equation:

(A(0) + αB0(0)) +B1(0)g(0) = 0 .

Since B1(0) is a non-zero field element (by our assumption at the beginning of this section), the above degree
one equation in g(0) has a unique solution given by g(0) = −A(0)+αB0(0)

B1(0)
.

The uniqueness of solutions now enables us to use a natural divide and conquer style algorithm, almost
identical to the one we discussed for the r = 0 case. We write g as g = g0 + Xk/2g1 for polynomials
g0, g1 of degree less than k

2 and try to understand the conditions that g0, g1 must satisfy. If g is a solution of
Equation (12), then, working modulo Xk/2 and discarding terms that are divisible by Xk/2, we get that g0
must satisfy

(A+ αB0) + (XB0 +B1)g0 +XB1g
(1)
0 ≡ 0 mod Xk/2 .

Moreover, for any g0 satisfying the above equation, we have that (A+ αB0) + (XB0 + B1)g0 +XB1g
(1)
0

is divisible by Xk/2, and hence equals Xk/2Ã for some polynomial Ã, and g1 must satisfy

Xk/2Ã+Xk/2

(
XB0 +

(
1 +

k

2

)
B1

)
g1 +Xk/2 ·XB1g

(1)
1 ≡ 0 mod Xk .

This is equivalent to

Ã+

(
XB0 +

(
1 +

k

2

)
B1

)
g1 +XB1g

(1)
1 ≡ 0 mod Xk/2 .
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Thus, we have reduced the question of finding g to the question of finding g0, g1 that satisfy similar differential
equations, but now, we are working modulo Xk/2. Thus, the instance size has effectively halved. Moreover,
these new instances can be generated in nearly linear time in the input size. Thus, a divide and conquer based
algorithm will find g in nearly linear time.

As mentioned above, the setting of larger r can be handled using very similar ideas, but with some care.
We skip the details here, and refer the interested reader to [GHKS24].

6.3 Bibliographic notes

The question of designing nearly linear time encoding and decoding algorithms has been an important
theme of study in algebraic coding theory. The Berlekamp-Massey algorithm (Chapter 7 in [vzGG13])
discovered in the 1960s decodes Reed-Solomon Codes (and BCH Codes) in the unique decoding regime
in nearly linear time. The algorithm is based on an algorithm of Berlekamp [Ber68a] for decoding BCH
Codes. Massey [Mas69] gave a simplified description of this algorithm and showed that it can also be used
to solve other problems in computational algebra, notably the problem of computing minimal polynomials
of linear recurrent sequences. These algorithms essentially gave a reduction from the problem of decoding
Reed-Solomon Codes (or BCH Codes) in the unique decoding regime to the well studied problem of rational
function reconstruction. Subsequently, rational function reconstruction was shown to be solvable in nearly
linear time using a near linear time algorithm for computing the GCD of univariate polynomials, thereby
giving a near linear time algorithm for unique decoding of Reed-Solomon Codes. The half GCD algorithm
is also referred to as the Knuth-Schönhage algorithm, and we refer the interested reader to Chapter 11 of
[vzGG13] for a description of the algorithm and detailed references.

In the list decoding setting, Roth & Ruckenstein [RR00] gave a faster (though not near linear time)
implementation of the algorithms of Sudan and Guruswami-Sudan for list decoding Reed-Solomon Codes.
On the way to their algorithm, they designed a faster algorithm for root computation for bivariates stated in
Theorem 6.7. In a subsequent work, Alekhnovich [Ale05] introduced lattice based techniques and relied on
some of the ideas in [RR00] to give nearly linear time algorithms for list decoding Reed-Solomon Codes of
constant rate in parameter regimes approaching the Johnson Bound. For multiplicity codes (as well as folded
Reed-Solomon Codes), near linear time algorithms for list decoding up to capacity (again in the constant
rate regime) were described in a work of Goyal, Harsha, Kumar and Shankar [GHKS24]. The presentation
in this chapter follows the presentation in [GHKS24].

7 Local list decoding

In this section we show how to list decode polynomial codes in sublinear time. Sublinear-time algorithms
(also known as local algorithms) are highly-efficient algorithms which run in time that is much smaller than
the input length. In particular, such algorithms cannot even read the whole input, and many times they
also cannot afford to write down the whole output. For this to be at all possible, we shall need to relax
the computational model, and provide the algorithm with a query access to the input, and also in the case
the output is too long, only require that the algorithm provides query access to the output. Sublinear-time
algorithms are also typically randomized, and they have a small chance of error.

In the context of (unique) decoding algorithms, this means that the local algorithm runs in time which
is much smaller than the block length n of the code. To enable this, we provide the algorithm with a query
access to the received word w ∈ Σn, and additionally only require that for any given codeword entry i ∈ [n],
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the algorithm correctly recovers the i-th entry of the closest codeword c with high probability. Formally, we
have the following definition.

Definition 7.1 (Locally correctable code (LCC)). Let C ⊆ Σn be a code of relative distance δ, and let
α ∈ (0, δ2). We say that C is (Q,α)-locally correctable (LCC) if there exists a randomized algorithm A
which satisfies the following requirements:

• Input: A takes as input a codeword entry i ∈ [n] and also gets query access to a string w ∈ Σn so
that δ(w, c) ≤ α for some codeword c ∈ C.

• Query complexity: A makes at most Q queries to the oracle w.

• Output: A outputs ci with probability at least 3
4 .

Remark 7.2. A few remarks are in order:

1. We could have chosen the success probability to be any constant greater than 1
2 , since the success

probability can be amplified by repeating the local correction procedure independently for a constant
number of times and outputting the majority value (at the cost of increasing the query complexity by
a constant multiplicative factor). For simplicity, we fixed the success probability to 3

4 in the above
definition.

2. Often one is also interested in the running time of the local correction algorithms. As is typically the
case, in all the algorithms presented in this section, the running time will be polynomial in the query
complexity Q.

3. A useful (and arguably more natural) variant of local correction is local decoding. Locally decodable
codes are defined similarly to locally correctable codes, except that we view the codeword c as the
encoding of some message m (by fixing some injective encoding map Φ : Σk → C, where k is such
that |C| = |Σ|k), and the local decoder is required to decode individual entries in m. If we restrict
ourselves to linear codes, then locally decodable codes are a weaker object than locally correctable
codes, since any linear locally correctable code can be converted into a locally decodable code by
choosing a systematic encoding map.7 For simplicity, we focus in this section on the model of local
correction, but we note that all of the algorithms we present can be easily adapted for the local
decoding model as well.

We will be interested in an extension of the above definition of local correction to the setting of list
decoding. However, the actual definition requires some subtlety: we want to return a list of answers
corresponding to all near-by codewords in the list, and we want the algorithm to be local, but returning a list
of possible symbols in Σ for individual entries of near-by codewords is pretty useless, since typically there
would be many entries i ∈ [n] so that the values of the i-th entry of all near-by codewords cover all of Σ.
Furthermore, for applications one typically needs some form of consistency, i.e., that for any fixed codeword
c in the list it is possible to locally correct individual entries of c with high probability in a consistent way.
To ensure this, we require that the local list-decoding algorithm returns a list A1, A2, . . . , AL of randomized
local algorithms, so that for each near-by codeword c in the list there would be some algorithm Aj in the list
that locally corrects c. Formally, we have the following definition.

7An encoding map Φ : Σk → C is systematic if any m ∈ Σk is a prefix of Φ(m). For linear codes, such a map can be found by
transforming the generating matrix G into a reduced column echelon form, and letting Φ(m) = G ·m.
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Definition 7.3 (Locally list decodable code (LLDC)). We say that a code C ⊆ Σn is (Q,α, L)-locally
list decodable (LLDC) if there exists a randomized algorithm A which outputs L randomized algorithms
A1, A2, . . . , AL that satisfy the following requirements for any w ∈ Σn:

• Input: Each Aj takes as input a codeword entry i ∈ [n] and also gets query access to w.

• Query complexity: Each Aj makes at most Q queries to w.

• Output: For every codeword c ∈ C so that δ(c, w) ≤ α, with probability at least 1
2 over the randomness

of A the following event happens: there exists some j ∈ [L] such that for all i ∈ [n],

Pr[Aj(i) = ci] ≥
3

4
,

where the probability is over the internal randomness of Aj .

Remark 7.4. The same remarks as in Remark 7.2 also apply to the above definition. We also note the
following:

1. The success probability of 1
2 for the local list decoding algorithm A in the above definition can

be amplified by invoking the local list decoding algorithm A independently for multiple times, and
outputting the union of all randomized algorithms Aj that are output in any of the invocations, at the
cost of increasing the list size (Specifically, amplifying the success probability to 1 − 2−t requires
increasing the list size by a multiplicative factor of O(t)).

2. In the above definition we required that for any fixed close-by codeword c, the list of local algorithmAj

contains a local corrector for c with high probability. We can also guarantee the stronger requirement
that with high-probability, the output list contains a local corrector for any close-by codeword c, by
first amplifying the success probability of A to 1 − 1

4L , and then applying a union bound over all
near-by codewords (noting that by the definition of local list decoding, there could be at most 2L such
codewords).

Though the above definition of local list decoding may seem a bit strange and convoluted at first glance,
it turns out to be just the right definition for various applications in coding theory and theoretical computer
science.

For a code to be locally (list) decodable, its codeword entries need to satisfy some non-trivial local
relations. In the setting of polynomial-based codes, this property can be achieved by considering codes
based on multivariate polynomials, where the main property being used is that the restriction of a low-degree
multivariate polynomial to any line (or more generally, a curve or a low-dimension subspace) is a low-degree
univariate polynomial. Thus, given a codeword entry, one can recover the value of the entry by passing a
random line through the point, and recovering the closest low-degree univariate polynomial on the line (or
more generally, a curve or a low-dimension subspace).

In what follows, we first focus on the family of Reed-Muller (RM) Codes, which extends Reed-Solomon
Codes to the setting of multivariate polynomials. We first show in Section 7.1 below, as a warmup, and
since this will also be used as a sub-procedure in the local list-decoding algorithm, how to locally correct
Reed-Muller Codes from a small fraction of errors (below half the minimum distance of the code). Then
in Section 7.2 we show how to locally list decode Reed-Muller Codes beyond half the minimum distance,
and in Section 7.3 we present an improved algorithm that is able to locally list decode Reed-Muller Codes
up to Johnoson bound. Finally, in Section 7.4 we consider the family of multivariate multiplicity codes
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which extends Reed-Muller Codes by evaluating also multivariate derivatives of multivariate polynomials,
and outline a local list decoding algorithm for these codes up to their minimum distance, and we further
explain how this can be used to obtain capacity-achieving locally list decodable codes.

7.1 Local correction of Reed-Muller Codes

In this section, we first show, as a warmup, and since this will also be used as a sub-procedure in the local
list-decoding algorithm presented in the next section, how to locally correct Reed-Muller Codes from a small
fraction of errors (below half the minimum distance of the code). More specifically, fix a prime power q, and
positive integers k,m so that k < q. Recall that the Reed-Muller (RM) Code RMq,m(k) is the code which
associates with each m-variate polynomial f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] of (total) degree smaller than
k a codeword (f(a))a∈Fm

q
∈ Fqm

q . Let δ := 1− k
q denote the relative distance of this code, below we shall

show that this code is a (q, α)-LCC for α := δ
8 −

1
q . Note that for m > 1, the query complexity of q is much

smaller than the block length qm of the code.
Suppose that w ∈ Fqm

q is a received word, in what follows it will be convenient to view w as a function
w : Fm

q → Fq. Suppose that there exists a (unique) polynomial f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] of
degree smaller than k so that f(a) ̸= w(a) for at most an α-fraction of the entries a ∈ Fm

q . Below we shall
describe a randomized local correction algorithm which given as input an entry a ∈ Fm

q , makes a few queries
to w, and outputs f(a) with probability at least 3

4 .

Overview. To decode f(a), we pick a random line through a, and query the restriction of w to the line.
We then find the univariate polynomial g(X) ∈ Fq[X] of degree smaller than k that is closest to w on the
line (this can be done efficiently using the algorithm of Figure 1), and return the value of g on a. The main
properties we use to show correctness are that the restriction of f to any line is a univariate polynomial of
degree smaller than k, and also that random lines sample-well in the sense that the fraction of errors on
a random line is typically close to the total fraction of errors. The formal description of the algorithm is
presented in Figure 7 below, followed by correctness analysis.

Local correction of RMq,m(k):

• INPUT: Query access to a function w : Fm
q → Fq that is ( δ8 −

1
q )-close to some polynomial f(X1, . . . , Xm) ∈

(Fq)<k[X1, . . . , Xm] (i.e., f(a) ̸= w(a) for at most a ( δ8 −
1
q )-fraction of the points a ∈ Fm

q ), a point a ∈ Fm
q .

• OUTPUT: f(a).

1. Pick a random point b ∈ Fm
q .

2. Query all points on the line λa,b(T ) := (1− T ) · a+ T · b passing through a and b.

3. Find a univariate polynomial g(T ) ∈ Fq[T ] of degree smaller than k that is δ
2 -close to w|λa,b

(T ) :=
(w ◦ λa,b)(T ) using the algorithm given in Figure 1; If such a polynomial does not exist, then output ⊥.

4. Output g(0).

Figure 7: Local correction of Reed-Muller Codes
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Correctness. Note that for a random point b ∈ Fm
q , any point on the line λa,b(T ) other than the zero point

is uniformly random. Consequently, the expected fraction of errors on the line is at most ( δ8 − 1
q ) +

1
q = δ

8 .
By Markov’s inequality, this implies in turn that with probability at least 3

4 over the choice of b, the fraction
of errors on the line λa,b is less than δ

2 . Lastly, assuming that the latter event happens, by the correctness of
the algorithm of Figure 1 (noting that f |λa,b

is a univariate polynomial of degree smaller than k), we have
that g(T ) = f |λa,b

(T ), and in particular, g(0) = f(a). So we conclude that the algorithm outputs f(a) with
probability at least 3

4 .

Query complexity. The query complexity is clearly the number q of points on a line.

Remark 7.5. While we have not made an attempt to optimize the decoding radius of the above local correction
algorithm, we note that to get a non-trivial success probability greater than 1

2 , one must set the decoding
radius to be smaller than δ

4 . This is because the use of Markov’s inequality, which guarantees that with
probability at least 1

2 over the choice of the random line through a, the number of errors is smaller than δ
2

only below this radius.
To locally correct Reed-Muller Codes from a larger fraction of errors, one can replace in the algorithm

of Figure 7 the random line λa,b(T ) passing through a with a random curve passing through a of the form
χa,b,c(T ) = a+ bT + cT 2, where b, c ∈ Fm

q are uniformly random. The advantage of decoding on curves
is that any two points on a random curve through a are pairwise independent, and consequently one can
use Chebyshev inequality to get a better bound on the number of errors on the curve. However, resorting
to a curve also increases the degree of the restriction of f to the curve, and so one can tolerate less errors
on the curve. But it turns out that this tradeoff is favorable, and allows one to locally correct up to a radius
of roughly δ − 1

2 , which is close to half the minimum relative distance for δ which is close to 1 (see [Yek12,
Section 2.2.3] for a full description and analysis of this algorithm).

7.2 Local list decoding of Reed-Muller Codes beyond unique decoding radius

Next we show how to locally list-decode Reed-Muller Codes beyond the unique decoding radius. Recall
that in local list decoding, we require that the local list-decoding algorithm returns a list A1, A2, . . . , AL of
randomized local algorithms, so that for each near-by codeword c in the list there would be some algorithm
Aj in the list that locally corrects c. In fact, since we have already shown that Reed-Muller Codes are locally
correctable, it suffices to show that they are approximately locally list decodable, in the sense that the local
algorithms Aj are only required to correctly recover most of the entries of c. Such an approximate local
list decoding algorithm can then be turned into a local list decoding algorithm by composing each local
algorithm Aj with the local correction algorithm presented in the previous section. Furthermore, using an
averaging argument, it can be shown that in approximate local list decoding each of the local algorithms Aj

can be assumed to be deterministic. Formally, we have the following definition.

Definition 7.6 (Approximately locally list-decodable code (ALLDC)). We say that a code C ⊆ Σn is
(Q,α, ϵ, L)-approximately locally list decodable (ALLDC) if there exists a randomized algorithm A
which outputs L deterministic algorithms A1, A2, . . . , AL that satisfy the following requirements for any
w ∈ Σn:

• Input: Each Aj takes as input a codeword entry i ∈ [n] and also gets query access to w.

• Query complexity: Each Aj makes at most Q queries to w.
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• Output: For every codeword c ∈ C so that δ(c, w) ≤ α, with probability at least 1
2 over the randomness

of A the following event happens: there exists some j ∈ [L] such that

Pr
i∈[n]

[Aj(i) = ci] ≥ 1− ϵ,

where the probability is over the choice of a random entry i ∈ [n].

Remark 7.7. The same remarks as in Remark 7.4 also apply to the above definition. We note however that
in the case of ALLDC, the success probability of each local algorithm Aj cannot be amplified by repetition,
and therefore we have not fixed its value to 3

4 as in the previous LLDC definition (Definition 7.3).

The following lemma shows that one can turn an approximate local list decoding algorithm into a local
list decoding algorithm by composing each local algorithm Aj with a local correction algorithm.

Lemma 7.8 (ALLDC+LCC ⇒ LLDC). Suppose that C ⊆ Σn is a code that is (Q,α, ϵ, L)-ALLDC and
(Q′, α′)-LCC for α′ ≥ ϵ. Then C is also a (Q ·Q′, α, L)-LLDC.

Proof. The local list decoding algorithm replaces each of the local algorithms Aj generated by the approxi-
mate local list decoding algorithm A with a local algorithm A′

j , operating as follows: on input i ∈ [n], the
local algorithm A′

j invokes the local correction algorithm A′ on input i, and forwards each of the queries of
A′ in [n] to the local algorithm Aj .

Correctness follows since by our assumption that α′ ≥ ϵ, Aj outputs the correct value on at least a
(1 − α′)-fraction of the entries in [n], and A′ outputs the correct value with probability at least 3

4 provided
that at most an α′-fraction of the codeword entries are corrupted. The query complexity is Q ·Q′, because
for each of the Q′ queries that A′ would make, A′

j runs a copy of Aj which makes Q queries.

Given the above lemma, our task now is to design an approximate local list decoding algorithm for Reed-
Muller Codes beyond half their minimum distance. As before, fix a prime power q and positive integers
k,m so that k < q, and let RMq,m(k) be the corresponding Reed-Muller Code. Let δ := 1− k

q denote the
relative distance of this code, let σ > 1 and ξ > 0 be parameters, and let α := 1 −

√
σ · (1− δ) − ξ. We

shall show that this code is a (q, α, ϵ, L)-ALLDC for ϵ = 2δ
σ−1 + O( 1

ξ2q
) and L = q. Thus, for sufficiently

large σ and q, the failure probability ϵ is smaller than δ
8 , and so by the results of Section 7.1 and by Lemma

7.8, we also have that this code is a (q2, α, L)-LLDC. Note that for any fixed σ > 1, the decoding radius of
1−

√
σ · (1− δ) is larger than half the minimum relative distance for a sufficiently large relative distance δ.

Note that for any m > 2, the query complexity of q2 is much smaller than the block length qm of the code.
Below we shall describe a randomized approximate local list decoding algorithm A which outputs a list

of deterministic q-query local algorithms A1, . . . , AL with the following guarantee. Suppose that w ∈ Fqm
q

is a received word (as before it will be convenient to view w as a function w : Fm
q → Fq), and suppose that

f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] is a polynomial of degree smaller than k so that f(a) ̸= w(a) for at
most an α-fraction of the entries a ∈ Fm

q . We shall show that with probability at least 1
2 over the randomness

of A, there exists a local algorithm Aj which correctly recovers all but at most an ϵ-fraction of the values
f(a) for a ∈ Fm

q .

Overview. To generate the list of local algorithms, the algorithmA picks a uniformly random pointb ∈ Fm
q

and for any value v ∈ Fq, it outputs a local algorithm Ab,v (note that the number of local algorithms is
indeed L = q). We think of the value v as a “guess" or “advice" for the value of f(b). Once we have this
advice, we use it to locally correct f . Specifically, to recover f(a), the local algorithm Ab,v first considers
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the line λa,b passing through a and b, and globally list decodes the restriction of w to this line to obtain a list
L ⊆ Fq[T ] of univariate polynomials (this can be done efficiently using the algorithm of Figure 3). These
univariate polynomials are candidates for f |λa,b

. Which of these univariate polynomials is f |λa,b
? We use

our guess v for f(b): if there is a unique univariate polynomial in the list with value v at b, then we deem
that to be our candidate for f |λa,b

, and output its value at the point a as our guess for f(a).
The above algorithm will correctly recover f(a) if (1) there are not too many errors on the line through

a and b, and (2) no other polynomial in L takes the same value at b as f does. As we have already shown
in the previous section, the first event is high probability by standard sampling bounds. As to the second
event, using that any pair of polynomials in L differ by at least a δ-fraction of the points, we get that any
other polynomial h(T ) ∈ L will agree with f |λa,b

on b with probability at most 1− δ over the choice of b.
Assuming that the list L is sufficiently small (which happens if the decoding radius is sufficiently below the
Johnson Bound), one can then apply a union bound over all elements of L to show that with high probability,
no other polynomial h(T ) ∈ L agrees with f |λa,b

on b.
The formal description of the approximate local list decoding algorithm is presented Figure 8 below,

followed by correctness analysis.

Approximate local list decoding of RMq,m(k):

The approximate local list decoding algorithm A:

1. Pick a random point b ∈ Fm
q .

2. For any value v ∈ Fq , output the local algorithm Ab,v defined below.

The local algorithms Ab,v:

• INPUT: Query access to a function w : Fm
q → Fq , a point a ∈ Fm

q .

• OUTPUT: A value in Fq .

1. Query all points on the line λa,b(T ) := (1− T ) · a+ T · b passing through a and b.

2. Find the listL of all univariate polynomials g(T ) ∈ Fq[T ] of degree smaller than k that are (1−
√

σ · (1− δ))-
close to w|λa,b

(T ) using the algorithm given in Figure 3.

3. If there exists a unique polynomial g(T ) ∈ L so that g(1) = v, then output g(0); Otherwise, output ⊥.

Figure 8: Local list decoding of Reed-Muller Codes

Correctness. Let f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] be a polynomial of degree smaller than k so that
f(a) ̸= w(a) for at most an α-fraction of the entries a ∈ Fm

q . We would like to show that with probability
at least 1

2 over the choice of b, the local algorithm Ab,f(b) correctly recovers f(a) for all but at most an
ϵ-fraction of a ∈ Fm

q . To show this, we shall first prove that with high probability over the choice of both
random a ∈ Fm

q and random b ∈ Fm
q , it holds that Ab,f(b) correctly computes f(a) on input a.

We start by showing that with high probability over the choice of a,b, there exists a polynomial g(T ) ∈ L
that agrees with f on the line λa,b.
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Claim 7.9. With probability at least 1− 1
ξ2q

over the choice of random a,b ∈ Fm
q , it holds that f |λa,b

∈ L.

Proof. Note that for random points a,b ∈ Fm
q , the line λa,b is a uniformly random line. Consequently, any

single point on the line is uniformly random, and any pair of points on the line are pairwaise independent.
Let Z1, . . . , Zq be indicator random variables where Zt = 1 if w differs from f on the t’th point of the line
λa,b, let Z :=

∑q
t=1 Zt

q , and note that by the correctness of the algorithm of Figure 3, we have that f |λa,b
∈ L

if Z ≤ 1−
√

σ · (1− δ). Moreover, by linearity of expectation and since any point on the line is uniformly
random, we have that

E[Z] =

∑q
t=1 E[Zt]

q
≤ 1−

√
σ · (1− δ)− ξ,

while by pairwise independence, we have that

Var(Z) =

∑q
t=1Var[Zt]

q2
≤
∑q

t=1 E[Zt]

q2
≤ 1

q
.

Consequently, by Chebyshev’s inequality,

Pr
[
Z > 1−

√
σ · (1− δ)

]
≤ Pr [Z − E[Z] > ξ] ≤ Var(Z)

ξ2
≤ 1

ξ2q
.

So we conclude that Z ≤ 1 −
√

σ · (1− δ) with probability at least 1 − 1
ξ2q

, in which case we have that
f |λa,b

∈ L.

Next we show that with high probability over the choice of a,b, there is no polynomial other than f |λa,b

in L that agrees with f on b.

Claim 7.10. With probability at least 1− δ
σ−1 over the choice of random a,b ∈ Fm

q , there is no polynomial
h(T ) ∈ L other than f |λa,b

so that h(1) = f(b).

Proof. We can view the process of picking random a,b ∈ Fm
q as first picking a random a ∈ Fm

q , then
picking a random line λ through a, and finally letting b ∈ Fm

q be a random point on the line λ. So in what
follows, fix a point a and a line λ through it, and let L be the list of univariate polynomials of degree smaller
than k that are (1−

√
σ(1− δ))-close to w on the line. We shall show that with probability at least 1− δ

σ−1
over the choice of b, it holds that there is no polynomial h(T ) ∈ L other than f |λ so that h and f agree on b.

Fix a polynomial h(T ) ∈ L so that h(T ) ̸= f |λ(T ). Then since both h and f |λ are polynomials of
degree smaller than k, they must differ by at least a δ-fraction of the points on the line. Consequently, we
have that h and f |λ agree on the point b with probability at most 1− δ over the choice of b. Furthermore,
note that by the Johnson Bound (cf., Theorem 2.1), we have that

|L| ≤ δ

σ · (1− δ)− (1− δ)
≤ δ

(σ − 1)(1− δ)
. (13)

Consequently, by a union bound over all elements in L, the probability that there exists a polynomial
h(T ) ∈ L other than f |λ so that h and f agree on b is at most δ

σ−1 .

By the above Claims 7.9 and 7.10, we conclude that with probability at least 1 − δ
σ−1 − 1

ξ2q
over the

choice of both a and b, it holds that f |λa,b
∈ L and there is no polynomial h(T ) ∈ L other than f |λa,b

so
that h(1) = f(b), in which case the local algorithm Ab,f(b) will set g = f |λa,b

in Step 3, and will output
f |λa,b

(0) = f(b). By Markov’s inequality, this implies in turn that with probability at least 1
2 over the choice

of b, the local algorithm Ab,f(b) outputs f(a) for at least a (1−ϵ)-fraction of the points a for ϵ = 2δ
σ−1 +

2
ξ2q

.
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Query complexity and list size. The list size is clearly the number q of possible values in Fq, and the
query complexity is clearly the number q of points on a line.

7.3 Local list decoding of Reed-Muller Codes up to the Johnson Bound

The local list decoding algorithm for Reed-Muller Codes that we presented in the previous section only gives
a decoding radius approaching 1−

√
σ · (1− δ) for a sufficiently large constant σ > 1, which is smaller than

the Johnson Bound of 1−
√
1− δ. While we have not made an attempt to optimize the value of σ, we note

that it cannot be smaller than 2. The reason is that in order to apply the union bound in Claim 7.10 we need
the list size L′ := |L| to be smaller than 1

1−δ (since the failure probability for each individual polynomial in
the list can be as large as 1− δ), and by (13), such a list size is only guaranteed for a decoding radius smaller
than 1−

√
2(1− δ).

In this section we show an improved algorithm which can locally list decode Reed-Muller Codes all the
way up to the Johnson Bound. In more detail, as before, fix a prime power q and positive integers k,m so
that k < q, and let RMq,m(k) be the corresponding Reed-Muller Code. Let δ := 1− k

q denote the relative
distance of this code, let γ, ξ > 0 be parameters, and let α := 1 −

√
(1 + γ) · (1− δ) − ξ. We shall show

that for any s ≥ 1, this code is a (Q,α, ϵ, L)-ALLDC for Q = rm · q, ϵ = 2δ
γs + O

(
1

ξ2q

)
, and L = ( rs)

s,
where r := 8δs

γ(1−δ) . Thus, for s > 16δ
γ and sufficiently large q, the failure probability ϵ is smaller than δ

8 , and
so by the results of Section 7.1 and by Lemma 7.8, we also have that this code is a (rm · q2, α, L)-LLDC.
Note that for constant m, s, γ, and δ, the query complexity is rm · q = O(q2) which is much smaller than the
block length qm of the code for m > 2 and a growing q.

Overview. The main idea behind the improved algorithm is to also use derivatives to disambiguate the list.
Specifically, as before the advice is generated by choosing a uniformly random point b ∈ Fm

q , but now the
guess v is supposed to equal to all multivariate derivatives of order smaller than s of f(X1, . . . , Xm) at b
for some integer s ≥ 1 (cf., Section 2.2 for the definition of multivariate derivatives). To take advantage of
derivatives, we recall that by Fact 2.3, any pair of univariate degree k polynomials agree on all derivatives
of order smaller than s on at most a fraction of k

sq = 1−δ
s of the points. Consequently, the advice fails to

disambiguate any pair of polynomials in L with probability at most 1−δ
s , and taking s ≫ L′ now allows us

to apply a union bound over L.
However, a disadvantage of this approach is that it significantly increases the list size of the local list

decoding algorithm, which is the number of different guesses for all m-variate derivatives of order smaller
than s at the point b. Specifically, the number of different guesses is q(

m+s−1
m ) (which is much larger than the

block length qm of the code!), since the number of m-variate derivatives of order smaller than s is
(
m+s−1

m

)
,

and each such derivative can take any value in Fq.
To reduce the list size, we slightly extend the model of local list decoding by providing the local list

decoding algorithm A with a query access to the received word w (so the algorithm A can make a small
number of queries to w before outputting the list of local algorithms A1, . . . , AL). To take advantage of
this model, the local list decoding algorithm A first chooses t random lines through b, then (globally) list
decodes the restriction of f to these lines, and finally only outputs guesses v for f (<s)(b) that are consistent
with the directional derivatives of these lines at b for a significant fraction of the lines. For a careful choice
of the joint distribution of the t random lines, bounding the number of guesses can be cast as an instance of
a list recovery problem for Reed-Muller Codes (a certain generalization of list decoding), and in particular,
we can use an extension of the Johnson Bound to the setting of list recovery to bound the number of such
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guesses.

The formal description of the approximate local list decoding algorithm is given in Figure 9 below,
followed by correctness analysis. Before we formally state the algorithm, we first fix some notation.
This notation is motivated by the following chain rule for Hasse Derivatives, which relates the directional
derivatives of a multivariate polynomial on a line to its global derivatives (the proof follows directly from
the definition of the Hasse derivative and is left as an exercise).

Fact 7.11 (Chain rule for Hasse Derivatives). Let f(X1, . . . , Xm) ∈ F[X1, . . . , Xm], let a,u ∈ Fm, and let
λ(T ) = a+Tu be the line passing through a in direction u. Then for any non-negative integer i and T ∈ F,

(f |λ)(i)(T ) =
∑

i:wt(i)=i

f (i)(a+ Tu) · ui. (14)

For integers m, s, let Im,s := {i ∈ Nm | wt(i) < s}, and for an element v ∈ FIm,s
q , and a direction

u ∈ Fm
q , we define the restriction v|u ∈ Fs

q of v to directionu to equal v|u :=
(∑

i:wt(i)=i vi · ui
)
i=0,1,...,s−1

.

Note that in this notation, (14) can be rephrased as

(f |λ)(<s)(T ) =
(
f (<s)(a+ Tu)

)
|u. (15)

We now describe the algorithm.
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Approximate local list decoding of RMq,m(k):

▷ Let s ≥ 1 be a parameter, let r := 8δs
γ(1−δ) , and let U be an arbitrary subset of Fq of size r.

The approximate local list decoding algorithm A:

• INPUT: Query access to a function w : Fm
q → Fq .

• OUTPUT: A list of local algorithms.

1. Pick random points b ∈ Fm
q and u0 ∈ Fm

q .

2. For each u ∈ Um :

(a) Query all points on the line λu(T ) := b+ T (u0 + u) through b in direction u0 + u.
(b) Find the list Lu of all univariate polynomials g(T ) ∈ Fq[T ] of degree smaller than k that are (1 −√

(1 + γ) · (1− δ))-close to w|λu using the algorithm given in Figure 3.
(c) Let Su =

{
g(<s)(0) | g(T ) ∈ Lu

}
.

3. Let V be the set containing all v ∈ FIm,s
q which satisfy that v|u0+u ∈ Su for at least 1

2 of the points u ∈ Um.

4. For any v ∈ V , output the local algorithm Ab,v defined below.

The local algorithms Ab,v:

• INPUT: Query access to a function w : Fm
q → Fq , a point a ∈ Fm

q .

• OUTPUT: A value in Fq .

1. Query all points on the line λa,b(T ) := (1− T ) · a+ T · b = a+ T (b− a) passing through a and b.

2. Find the list L of all univariate polynomials g(T ) ∈ Fq[T ] of degree smaller than k that are (1 −√
(1 + γ) · (1− δ))-close to w|λa,b

(T ) using the algorithm given in Figure 3.

3. If there exists a unique polynomial g(T ) ∈ L so that g(<s)(1) = v|b−a, then output g(0); Otherwise, output
⊥.

Figure 9: Local list decoding of Reed-Muller Codes up to Johnson Bound

Correctness. Let f(X1, . . . , Xm) ∈ Fq[X1, . . . , Xm] be a polynomial of degree smaller than k so that
f(a) ̸= w(a) for at most an α-fraction of the entries a ∈ Fm

q . We first show that with high probability over
the choice of b,u0 ∈ Fm

q , it holds that f (<s)(b) ∈ V .

Claim 7.12. With probability at least 1− 2
ξ2q

over the choice of b,u0 ∈ Fm
q , it holds that f (<s)(b) ∈ V .

Proof. First note that for any fixed u ∈ Um, since b and u0 are chosen uniformly at random, then the line
λu(T ) = b+T (u0+u) is uniformly random. Consequently, for any fixed u ∈ Um, the same analysis as in
Claim 7.9 shows that with probability at least 1− 1

ξ2q
over the choice of b and u0, it holds that f |λu ∈ Lu.

By Markov’s inequality, this implies in turn that with probability at least 1 − 2
ξ2q

over the choice of b and
u0, it holds that f |λu ∈ Lu for at least 1

2 of the points u ∈ Um.
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Next observe that for any u ∈ Um so that f |λu ∈ Lu we have that (f |λu)
(<s)(0) ∈ Su. Moreover, by

(15), it holds that (f |λu)
(<s)(0) =

(
f (<s)(b)

)
|u0+u for each such u. We conclude that with probability at

least 1− 2
ξ2q

over the choice of b and u0, we have that
(
f (<s)(b)

)
|u0+u ∈ Su for at least 1

2 of u ∈ Um, in
which case f (<s)(b) will be included in V .

Next we would like to show that with probability at least 1
2 over the choice of b, the local algorithm

Ab,f (<s)(b) correctly recovers f(a) for most points a ∈ Fm
q . This part of the anlysis is very similar to the

analysis of the algorithm of Figure 8, where the main difference is that we replace the standard bound on
the maximum number of zeros of a low-degree polynomial with the stronger version that also accounts for
multiplicities given by Fact 2.3, which allows us in turn to handle larger lists L.

In more detail, as before, to show the above, we shall first show that with high probability over the choice
of both random a ∈ Fm

q and random b ∈ Fm
q , it holds that Ab,f (<s)(b) correctly computes f(a) on input

a. The following claim says that with high probability over the choice of a,b, there exists a polynomial
g(T ) ∈ L that agrees with f on the line λa,b. The proof is very similar to that of Claim 7.9.

Claim 7.13. With probability at least 1− 1
ξ2q

over the choice of random a,b ∈ Fm
q , it holds that f |λa,b

∈ L.

The next claim says that with high probability over the choice of a,b, there is no polynomial h(T ) ∈ L
other than f |λa,b

so that h(<s)(1) = f (<s)(b)|b−a.

Claim 7.14. With probability at least 1− δ
γs over the choice of random a,b ∈ Fm

q , there is no polynomial
h(T ) ∈ L other than f |λa,b

so that h(<s)(1) = f (<s)(b)|b−a.

Proof. The proof is similar to that of Claim 7.10, except that we use Fact 2.3 to bound the probability that h
and f |λ agree on b on all derivatives of order smaller than s. In more detail, as in the proof of Claim 7.10,
we can view the process of picking random a,b ∈ Fm

q as first picking a random a ∈ Fm
q , then picking a

random line λ through a, and finally letting b ∈ Fm
q be a random point on the line λ. So in what follows, fix

a point a and a line λ through it, and let L be the list of univariate polynomials of degree smaller than k that
are (1−

√
(1 + γ)(1− δ))-close to w on the line. We shall show that with probability at least 1− δ

γs over
the choice of b, it holds that there is no polynomial h(T ) ∈ L other than f |λ so that h and f |λ agree on b
on all derivatives of order smaller than s.

Fix a polynomial h(T ) ∈ L so that h(T ) ̸= f |λ(T ). Then, since both h and f |λ are polynomials of
degree smaller than k, by Fact 2.3, they agree on all of their derivatives of order smaller than s on at most
a 1−δ

s -fraction of the points on the line. Moreover, note that by the Johnson Bound (cf., Theorem 2.1), we
have that

|L| ≤ δ

(1 + γ) · (1− δ)− (1− δ)
≤ δ

γ(1− δ)
. (16)

Consequently, by a union bound over all elements in L, the probability that there exists a polynomial
h(T ) ∈ L other than f |λ that agrees with f |λ on b on all derivatives of order smaller than s is at most δ

γs .
By (15), this implies in turn that with probability at least 1− δ

γs over the choice of a,b ∈ Fm
q , it holds that

h(<s)(1) ̸= f (<s)(b)|b−a.

By the above Claims 7.12, 7.13, and 7.14, we conclude that with probability at least 1 − δ
γs −

3
ξ2q

over
the choice of a, b, and u0, it holds that f (<s)(b) ∈ V , and that during the execution of Ab,f (<s)(b), it holds
that f |λa,b

∈ L and there is no polynomial h(T ) ∈ L other than f |λa,b
so that h(<s)(1) = f (<s)(b)|b−a, in

which case the local algorithm Ab,f (<s)(b) will set g = f |λa,b
in Step 3, and will output f |λa,b

(0) = f(a).
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By Markov’s inequality, this implies in turn that with probability at least 1
2 over the choice of b and u0, the

local algorithm Ab,f (<s)(b) will be output by A, and will output f(a) for at least a (1 − ϵ)-fraction of the
points a for ϵ = 2δ

γs +
6

ξ2q
.

Query complexity. The query complexity of the approximate local list decoding algorithmA is rm ·q since
it queries rm lines, where each line has q points, while the query complexity of each of the local algorithms
Ab,v is the number q of points on the line.

List size. It remains to bound the number of local algorithms output by A, which amounts to bound-
ing the size of the set V . To this end, fix b,u0 ∈ Fm

q , and recall that for any v ∈ V , we have that
v|u0+u =

(∑
i:wt(i)=i vi · (u0 + u)i

)
i=0,1,...,s−1

∈ Su for at least 1
2 of the points u ∈ Um, where Su ={

g(<s)(0) | g(T ) ∈ Lu

}
⊆ Fs

q. For u ∈ Um and i ∈ {0, 1, . . . , s−1}, let Su,i :=
{
g(i)(0) | g(T ) ∈ Lu

}
⊆

Fq, and let Vi be the set containing all vectors v ∈ F{i|wt(i)=i}
q so that

∑
i:wt(i)=i vi · (u0 + u)i ∈ Su,i for at

least 1
2 of the points u ∈ Um. Note that by (16) and our choice of r = 8δs

γ(1−δ) , we have that

|Su,i| ≤ |Su| ≤ |Lu| ≤
δ

(1− δ)γ
=

r

8s
.

We shall show that for any i ∈ {0, 1, . . . , s− 1}, Vi has size at most r
s , and so the size of V is at most ( rs)

s.
To see the above, fix i ∈ {0, 1, . . . , s− 1}, and let

Li := {h ∈ (Fq)<s[X1, . . . , Xm] | h(u0 + u) ∈ Su,i for at least half of the points u ∈ Um} .

Next we observe that |Vi| ≤ |Li|. To see this, map each v ∈ Vi to a polynomial hv(X) :=
∑

i:wt(i)=i viX
i,

and note that hv ∈ Li and hv ̸= hv′ for any distinct v, v′ ∈ Vi. Thus, it suffices to bound the size of Li.
The problem of bounding the size of Li can be cast as follows. For a prime power q, positive integers

k,m, and a subsetU ⊆ Fq of size r, letRMq,m(U ; k) be the code overFq of block length rm which associates
with any polynomial f(X1, . . . , Xm) ∈ (Fq)<k[X1, . . . , Xm] a codeword (f(u))u∈Um ∈ Frm

q . Note that
the Reed-Muller Code RMq,m(k) corresponds to the special case in which U = Fq. It is well-known that
RMq,m(U ; k) has relative distance at least 1− k

r [Sch80, Zip79, DL78].
In the above terminology, we are given for each codeword entry u ∈ Um in the code RMq,m(U ; s) (of

relative distance δ′ := 1 − s
r ) a small input list Su,i of possible values in Fq of size at most ℓ := r

8s , and
the goal is to bound the number codewords c ∈ RMq,m(U ; k) so that cu /∈ Su,i for at most α′ := 1

2 of the
codeword entries u. This is a well-known problem called list recovery, which extends the problem of list
decoding that corresponds to the case where all input lists Su have size one. In particular, an extension of
the Johnson Bound to the setting of list-recovery (see e.g., [GKO+18, Lemma 5.2]) says that the number of
codewords is at most

δ′ℓ

(1− α′)2 − ℓ(1− δ′)
≤ ℓ

1
4 − ℓs

r

=
r

s
.

7.4 Local list decoding of multivariate multiplicity codes up to minimum distance

In the previous section we showed how to locally list decode Reed-Muller Codes up to the Johnson Bound. The
main barrier that prevented us from bypassing the Johnson Bound was that the local list decoding algorithm
for Reed-Muller Codes used as a subroutine the algorithm for list decoding of Reed-Solomon Codes from
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roughly the same decoding radius, and we currently do not know how to list decode Reed-Solomon Codes
beyond the Johnson Bound with small list size.

However, for (univariate) multiplicity codes of sufficiently large multiplicity s, the results of Sections
4.2 and 5.2 imply that they are list decodable up to their minimum distance with constant list size, and thus
it is reasonable to expect that we could also locally list decode multivariate multiplicity codes of sufficiently
large multiplicity s up to their minimum distance. Indeed, an algorithm very similar to that of Figure 9
can be used to locally list decode multivariate multiplicity codes up to their minimum distance. Since the
local list decoding algorithm for multivariate multiplicity codes is very similar to that of Reed-Muller Codes,
but significantly more notationally heavy, we do not provide here a formal description of the algorithm
for multivariate multiplicity codes, but instead just point out the main changes that need to be done in the
algorithm of Figure 9 to adapt it to the setting of multivariate multiplicity codes. We refer the reader to
[KRSW23, Section 4] for a formal description of the algorithm.

First, we note that in the multivariate multiplicity code setting, in order to list decode the restriction w|λ
of w to some line λ, we need to also receive oracle access to the directional derivatives on the line, while w
only provides oracle access to the global derivatives. However, we can use (15) to compute the directional
derivative of w at any point on the line from the global derivatives of w at this point.

Second, in the setting of multivariate multiplicity codes, the local algorithm Ab,v needs to output the
global derivatives f (<s)(a) of f at a, instead of just the value f(a). Using the polynomial g(T ) determined
in Step 3 of the algorithm Ab,v in Figure 9, we can recover with high probability the directional derivatives
of f at a in the direction of the line λa,b, however these do not generally determine the global derivatives.
To cope with this, we can first use exactly the same procedure that was used by the approximate local list
decoding algorithm A to obtain a small number of possible guesses V ′ for the value of f (<s)(a), and then
instead of outputting g(0) in Step 3, output the unique v′ ∈ V ′ such that v′|b−a = g(<s)(0) as a guess for
f (<s)(a), if such a v′ exists.

To show that the above solution works, we first recall that by Claim 7.12, we have that v0 := f (<s)(a) ∈ V ′

with high probability. So it remains to show that with high probability, for any v′ ∈ V ′ other than
v0 it holds that v′|b−a ̸= v0|b−a. To see this, fix v′ ∈ V ′ other than v0, and recall that v′|b−a =(∑

i:wt(i)=i v
′
i · (b− a)i

)
i=0,1,...,s−1

and v0|b−a =
(∑

i:wt(i)=i(v0)i · (b− a)i
)
i=0,1,...,s−1

. Since v′ ̸= v0,

there exists some i ∈ {0, 1, . . . , s− 1} so that the polynomials hv′(X) :=
∑

i:wt(i)=i v
′
i ·Xi and hv0(X) :=∑

i:wt(i)=i(v0)i ·Xi are distinct. But since both polynomials are of degree at most s, this implies in turn that
with probability at least 1− s

q over the choice of a and b it holds that hv′(b−a) ̸= hv0(b−a), in which case
we shall also have that v′|b−a ̸= v0|b−a. By applying a union bound over all elements of V ′, we conclude
that with probability at least 1− s|V ′|

q there is no v′ ∈ V ′ other than v0 = f (<s)(a) so that v′|b−a = v0|b−a.

Local list decoding up to capacity. Above we outlined an algorithm which can local list decode multivari-
ate multiplicity codes of sufficiently large multiplicity s up to their minimum relative distance of δ := 1− k

sq .
Recall however that the rate of m-variate multiplicity codes of multiplicity s is(

m+k−1
m

)(
m+s−1

m

)
· qm

≤
1
m! · (m+ k)m

1
m! · sm · qm

=

(
k +m

k

)m

·
(

k

sq

)m

=
(
1 +

m

k

)m
· (1− δ)m,

and consequently the decoding radius achieved by the above algorithm is well below list-decoding capacity
for fixed m > 1 and growing k. Nevertheless, this algorithm can be used to obtain another family of codes
that is locally list decodable up to capacity.
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In more detail, recall that in Section 7.3 we encountered the notion of list recovery, which extends the
notion of list decoding. Recall that in list recovery, one is given for each codeword entry a small input list of
possible values, and the goal is to return the list of all codewords that are consistent with most of these input
lists. More formally, for α ∈ (0, 1) and positive integers ℓ, L we say that a code C ⊆ Σn is (α, ℓ, L)-list
recoverable if for any subsets S1, . . . , Sn ⊆ Σ of size at most ℓ each there are at most L different codewords
c ∈ C which satisfy that wi /∈ Si for at most an α-fraction of the indices i ∈ [n]. Note that list decoding
corresponds to the special case of ℓ = 1. The problem of list-recovering from an α-fraction of errors is
the task of finding the list of these codewords.

We have already seen in Section 7.3 that the notion of list recovery could be useful for local list decoding.
Another motivation to consider the notion of list recovery is that it is known that high rate codes (of rate
close to 1) that are list-recoverable from a constant fraction of errors and constant-size input lists Si can be
transformed into capacity-achieving list-decodable codes, and furthermore, this transformation also preserves
locality (the transformation is based on expander graphs, and is beyond the scope of the current survey, see
[KRSW23, Appendix C] for more details).

As is typically the case, all the local list decoding algorithms mentioned above could be extended to the
setting of list recovery with similar performance. Furthermore, another advantage of multivariate multiplicity
codes over Reed-Muller Codes is that they can achieve a higher rate. Specifically, while the rate of m-variate
multiplicity codes of multiplicity s of relative distance δ := 1− k

sq is at least(
m+k−1

m

)(
m+s−1

m

)
· qm

≥
1
m! · k

m

1
m! · (s+m)m · qm

=

(
s

s+m

)m

·
(

k

sq

)m

=

(
1− m

s+m

)m

· (1− δ)m,

the rate of m-variate Reed-Muller Codes of relative distance δ′ := 1− k
q is only(

m+k−1
m

)
qm

≤
1
m! · (m+ k)m

qm
=

1

m!
·
(
k +m

k

)m

·
(
k

q

)m

=
1

m!
·
(
1 +

m

k

)m
· (1− δ′)m,

In particular, this means that for any m > 1, Reed-Muller Codes have rate at most 1
2 , while multivariate

multiplicity codes can have rate close to 1 for δ ≈ 1
m , s ≈ m2, and growingm. Consequently, one can use the

extension of the local list decoding algorithm for multivariate multiplicity codes to the setting of list recovery
to get high-rate locally list recoverable codes, which can be transformed in turn into capacity-achieving
locally list decodable codes. Once more, we refer the reader to [KRSW23, Appendix C] for more details.

7.5 Bibliographic notes

Locally decodable and locally correctable codes were introduced in [BFLS91, KT00, STV01] and
[Lip90, BK95], respectively, see [Yek12] for a comprehensive survey on locally decodable and locally
correctable codes. Locally list decodable codes were introduced in [GL89, STV01], and since their
introduction they found various applications in theoretical computer science, in cryptography [GL89],
learning theory [KM93], average-to-worst-case reductions [Lip90], and hardness amplification [BFNW93,
STV01].

The local correction algorithm for Reed-Muller Codes , presented in Section 7.1, was suggested in
[Lip90, BF90, GLR+91] (see also [Yek12, Section 2.2.2]), while the improvement using curves, described in
Remark 7.5, was suggested by Gemmell and Sudan [GS92] (see also [Yek12, Section 2.2.3]). The local list
decoding algorithm for Reed-Muller Codes beyond the unique decoding radius, presented in Section 7.2, was
suggested by Arora and Sudan [AS03] and Sudan, Trevisan, and Vadhan [STV01]. The local list decoding
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algrotihm for Reed-Muller Codes up to the Johnson Bound, presented in Section 7.3, follows the ideas
suggested by Kopparty, Ron-Zewi, Saraf, and Wootters [KRSW23] for local list decoding of multivariate
multiplicity codes up to their minimum distance. Here we present a simpler version of their algorithm for
local list decoding of Reed-Muller Codes up to the Johnson Bound. Alternative approaches for local list
decoding of Reed-Muller Codes up to the Johnson Bound, based on restriction to planes instead of lines,
were suggested by Brander and Kopparty [BK09] (see also [GK16a, Kop15]).

A local correction algorithm for multivariate multiplicity codes was suggested by Kopparty, Saraf, and
Yekhanin [KSY14], who also introduced these codes and observed that they can achieve higher rate than the
corresponding Reed-Muller Codes. The local list decoding algorithm for multivariate multiplicity codes up
to their minimum distance, outlined in Section 7.4, was suggested in [KRSW23].

The expander-based transformation that turns a high-rate locally list recoverable code into a capacity-
achieving locally list decodable code, mentioned in Section 7.4, was suggested by Gopi, Kopparty, Oliveira,
Ron-Zewi, and Saraf [GKO+18] and Hemenway, Ron-Zewi, and Wootters [HRW20]. It is based on the
expander-based transformation that was suggested by Alon, Edmonds, and Luby in the unique decoding
setting [AEL95, AL96], and its extensions to list decoding by Guruswami and Indyk [GI02], and local
decoding by Kopparty, Meir, Ron-Zewi, and Saraf [KMRS17]. More recently, this transformation was used
to obtain expander-based constructions of capacity-achieving (non-local) list decodable codes (not relying
on polynomial-based codes) [ST25], and even ones achieving the generalized Singleton Bound [JMST25].

In this section we discussed local list decoding algorithms for multivariate codes. Such algorithms are
inherently randomized (since an adversary can easily corrupt the answers to all of the queries of a deterministic
algorithm), and only work when the code is evaluated over all ofFm

q (because of the need to pass a random line
– or a related algebraic low-dimensional structure – through the domain). OverFm

q , Pellikaan and Wu [PW04]
gave an efficient deterministic (global) list decoding algorithm for Reed-Muller Codes up to the Johnson
Bound, and this algorithm was extended by Kopparty [Kop15] to list decoding of multivariate multiplicity
codes of arbitrary multiplicity up to the Johnson Bound. More recently, Bhandari, Harsha, Kumar, and
Sudan [BHKS24a] gave an efficient deterministic algorithm for list decoding multivariate multiplicity codes,
over a constant number of variables and of sufficiently large multiplicity, up to their minimum distance.

Interestingly, the bound on the number of roots with multiplicities given by Theorem 2.6 also applies
when the domain is a product set of the form A1 × · · · ×Am, where A1, . . . , Am are arbitrary subsets of Fq.
However, over arbitrary product sets, Reed-Muller Codes were only shown relatively recently to be efficiently
uniquely decodable up to half their minimum distance by Kim and Kopparty [KK17], and this algorithm
was extended by Bhandari, Harsha, Kumar, and Shanka [BHKS23] to unique decoding of multivariate
multiplicity codes of arbitrary multiplicity over arbitrary product sets. We are not aware of any efficient
algorithm that list decodes Reed-Muller Codes, or multivariate multiplicity codes of arbitrary multiplicity,
over arbitrary product sets beyond half the minimum distance. Curiously, the aforementioned algorithm of
[BHKS24a] for list decoding constant-variate multiplicity codes of sufficiently large multiplicity up to their
minimum distance does work over arbitrary product sets.

8 Conclusion and open problems

In this book, we surveyed recent advances on list decoding of polynomial codes. Specifically, we investigated
the list-decoding properties of Reed-Solomon Codes, showed that related families of polynomial codes such
as multiplicity codes are efficiently list decodable up to capacity, and discussed how to obtain improved
combinatorial upper bounds on the list sizes using a more refined analysis. We also presented fast (near-linear
time) implementations of these list-decoding algorithms, and local (sublinear-time) list-decoding algorithms
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for multivariate polynomial codes such as Reed-muller Codes and multivariate multiplicity codes.

Open questions. We end this book with a couple of intriguing questions for further research that are still
open by the time of writing of this survey.

1. Explicit and efficiently list decodable Reed-Solomon Codes achieving list-deocding capacity. In
Section 3.4, we showed that Reed-Solomon Codes are generally not list decodable much beyond the
Johnson bound, while in Section 5.1 we showed that Reed-Solomon Codes over random evaluation
points are (combinatorially) list decodable up to capacity with optimal list size, with high probability.
A very interesting question is to find explicit evaluation points for which Reed-Solomon Codes are list
decodable up to capacity, as well as efficient list decoding algorithms.

2. Explicit and efficiently list decodable codes achieving list-decoding capacity over a fixed-size
alphabet. In Section 5.4, we mentioned that one can obtain capacity-achieving list-decodable
codes over a constant-size alphabet, whose size only depends on the gap ϵ to capacity, by resorting
to Algebraic-Geometric (AG) codes. A major open problem is to obtain explicit constructions of
capacity-achieving list decodable codes, as well as efficient list-decoding algorithms, over a fixed-
size alphabet (independent of ϵ), for example over the binary alphabet. Over a q-ary alphabet, the
list-decoding capacity is known to be H−1

q (1−R), where

Hq(α) = α logq(q − 1) + α logq

(
1

α

)
+ (1− α) logq

(
1

1− α

)
is the q-ary entropy function.

3. Linear-time encodable and list decodable codes achieving list-decoding capacity. In Section 6 we
presented fast near-linear time algorithms for list deocding multiplicity codes up to capacity. Obtaining
truly linear-time list-decoding algorithms (as well as truly linear-time encoding algorithms for capacity-
acheiving list-decodable codes) is still open. Since in the unique decoding setting, expander codes can
be used to obtain linear-time encodable and decodable codes, it could be that the recent line of work
on list-decoding of expander codes [ST25, JMST25] could be used to obtain such codes.

4. Applications in theoretical computer science. We mentioned in Section 1 that list decodable codes
have many applications in theoretical computer science (some references are given in Section 1.4). It
would be very interesting to investigate if any of the developments we surveyed in this book could be
useful for such applicaitons.
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