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Abstract

I refute the dream XOR lemma conjecture as stated in a 1995 paper by Goldreich,
Nisan, and Wigderson. The counterexample applies even to an XOR lemma for low-
degree polynomials. I give new, very simple proofs of the XOR lemma which improve
on the parameters of previous proofs. For example, the loss in circuit size is reduced
quadratically.

Yao’s fundamental XOR lemma (cf [GNW95, Vio26, Vio]) states that if a function f : [2]n →
[2] has correlation ≤ ε with circuits of size s, meaning Ex∈[2]n(−1)g(x)+f(x) ≤ ε for every such
circuit g, then the XOR of k independent copies of f , denoted

f⊕k : [2]kn 3 (x1, x2, . . . , xk)→ f(x1)⊕ f(x2)⊕ · · · ⊕ f(xk) ∈ [2],

has correlation about εk with circuits of size close to s. Here [2] = {0, 1}. The intuition
behind the XOR lemma is that since the inputs xi are independent, the maximum correlation
with f⊕k can be achieved by a circuit of the type g(x1)⊕g(x2)⊕· · ·⊕g(xk) (whose correlation
is that of g with f raised to the power k). We shall see that this intuition is wrong. The
xor lemma has had significant impact in theoretical computer science, with applications
in complexity theory, pseudorandomness, and cryptography. For background we refer to
[GNW95] or [Vio]. Several proofs of the XOR lemma with various parameters are known.
Three are given in [GNW95], two of which also appear in [Vio]. Levin [Lev87, GNW95]
proves it for k = 2, then iterates. He shows that f⊕2 has correlation ≤ ε2 + γ with circuits
of size

γ2s/n− nc,

for any γ. Every occurrence of “c” denotes a possibly different real > 0. All available proofs
incur a similar loss of γ in circuit size. Goldreich, Nisan, and Wigderson [GNW95] note that
Levin’s proof

still contains some slackness; specifically, the closest one wants to get to the
“obvious” bound [ε2], the more one loses in terms of the complexity bounds (i.e.,
bounds on circuit size). [...] We do not know how to remove this slackness. We
even do not know if it can be reduced “a little” as follows.
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They then state [GNW95] a dream XOR lemma conjecture where this loss is mitigated to a
power independent of the target correlation. A specific instance is that f⊕2 has correlation
≤ ε2 + 2− log2 n with circuits of size s/nb for a constant b. They credit Rudich for the
observation that this dream version is false for black-box proofs. A similar question was
raised by several other researchers, for example Impagliazzo concludes his landmark hard-
core set paper [Imp95] thus:

Why in all Yao-style arguments is there a trade-off between resources and proba-
bility, rather than a real increase in the hardness in the problem? If f is hard for
resources R, the parity of many copies of f should still be hard for resources R,
not just some slightly smaller bound.

Variants of the dream XOR lemma have been studied in many other works including [BGI08,
BIK+22, BC25, BCS24, TYY11, DJMW12].

In this paper we show that the dream XOR lemma is false.

Theorem 1. Let n and k be even and let S be a set of functions from [2]n to [2]. There is
f : [2]n → [2] that has correlation ≤ 2−n/2 · c log(2n/2 · |S|) with any function in S, but f⊕k

has correlation ≥
(
2−n/2

)k/2
with a quadratic polynomial modulo 2 in kn variables.

To refute the dream XOR lemma let S be the functions computed by circuits of size
na, for large enough constant a. Then, say, c log(2n/2 · |S|) ≤ na+1 for large enough n.
We can apply Theorem 1 to, say, the first 20a log n bits and obtain f with correlation
ε ≤ n−10a · cna+1 ≤ cn−9a+1 with S; but the correlation of f⊕2 with a circuit of size ca log n
is ≥ n−10a. The proof Theorem 1 is in Section 1.

Theorem 1 is also relevant to XOR lemmas for low-degree polynomials modulo 2. This
model is of central interest because obtaining strong correlation bounds for low-degree poly-
nomials is necessary for long-sought progress on circuit complexity, rigidity, communication
complexity, and various Fourier conjectures, see [Vio22]. I have arrived at the results in
this paper by thinking about XOR lemmas for quadratic polynomials. Standard proofs of
the XOR lemma cannot be applied to low-degree polynomials (see [GSV18] and the dis-
cussion there), but XOR lemmas have been obtained via ad hoc techniques. Viola [Vio06]
(cf [VW08]) employs the degree norm to prove an XOR lemma for low-degree polynomials.
However, the correlation decay is weaker than for circuits. Chattopadhyay, Hatami, Hos-
seini, Lovett, and Zuckerman [CHH+20] prove an XOR lemma for low-degree polynomials
which has strong decay but only applies when f is a resilient function. This raises the
question whether there is an XOR lemma for low-degree polynomials that has strong decay
and holds for every function. Theorem 1 gives a negative answer whenever n ≥ cd. As
hinted, the XOR lemma in [Vio06] is related to properties of the degree norm. The results
in this paper, combined with [Vio06], imply a nearly quadratic gap between correlation with
quadratic polynomials and the corresponding degree norm. By known connections [Lov12]
this implies gaps for other quantities in additive combinatorics. I omit precise statements
since these connections are tangential to this paper. The only other example I am aware
of that counters the XOR lemma unconditionally is the observation that the XOR lemma
is not true for alternating circuits augmented with few majority gates, because parity has
correlation about 1/

√
n with those circuits (cf [Vio]).
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Next I give alternative proofs of the xor lemma which may provide a simple explanation of
why xor-ing decreases correlation. Also, the new proofs improve parameters. As mentioned
earlier, previous proofs incur a loss of γ2, which is here improved to γ. Also, we can decrease
the correlation by a constant factor with only a constant-factor loss in size, whereas other
proofs appear to lose a factor which depends on the original correlation. To highlight the
simplicity of the argument we begin with a version whose proof requires no background, and
achieves the constant-factor decrease.

Theorem 2. Let f : [2]n → {−1, 1} be a function. Suppose there is a circuit C : [2]n×[2]n →
{−1, 1} of size s s.t. Ex,y∈[2]nC(x, y)f(x)f(y) ≥ ε. Then there is a circuit C ′ of size ≤ 3s+ 5
s.t. Ex∈[2]nC

′(x)f(x) ≥ α where α is the solution of 3ε− α3 = 2α.

One can verify that α ≥ 1− 0.8(1− ε) for ε ≥ 1/2, and α ≥ 1.2ε for ε ≤ 1/2.

Proof. Let C ′(x) := Maj (C(x, y1)f(y1), C(x, y2)f(y2), C(x, y3)f(y3)) for uniform y1, y2, y3 ∈
[2]n. Because Maj3(x1, x2, x3) = 1

2
(
∑

i xi−
∏

i xi) as a real polynomial over {−1, 1}, we have

Ex,y1,y2,y3C ′(x)f(x) = Ex,y1,y2,y3
1

2
(
∑
i

C(x, yi)f(yi)f(x)− f(x)
∏
i

C(x, yi)f(yi))

=
3

2
Ex,y∈[2]nC(x, y)f(x)f(y)− 1

2
Ex
[
f(x)E3

yC(x, y)f(y)
]
.

≥ 3ε

2
− 1

2
max
x

∣∣E3
yC(x, y)f(y)

∣∣ .
If there is x s.t. |EyC(x, y)f(y)| ≥ α the conclusion holds with C ′(y) := C(x, y) or its
complement. Otherwise, the last displayed expression is ≥ 3ε/2− α3/2 = α. We can fix the
yi to maintain the inequality.

Next we consider the natural extension.

Theorem 3. Let f : [2]n → {−1, 1} be a function. Suppose there is a circuit C : [2]n×[2]n →
{−1, 1} of size s s.t. Ex,y∈[2]nC(x, y)f(x)f(y) ≥ ε. Then there is a circuit C ′ of size ≤ c

√
1/εs

s.t. Ex∈[2]nC
′(x)f(x) ≥ ε1−c for all ε ≤ c.

Proof. Let C ′(x) := Maj (C(x, y1)f(y1), C(x, y2)f(y2), . . . , C(x, yk)f(yk)) where the yi are
uniform in [2]n . We again write Maj as a polynomial m(z1, z2, . . . , zk) =

∑
SmS

∏
i∈S zi.

The polynomial is symmetric, and the coefficients of monomials of degree 2 are zero. The
coefficient of zi is ≥ c/

√
k for every i, and the sum of the absolute values of the coefficients

of degree d is ≤ kd/2 in absolute value (see e.g. [Vio]). Hence

Ex,y1,y2,...,ykC
′(x)f(x) = E

 k∑
d=0

∑
S:|S|=d

mS

∏
i∈S

C(x, yi)f(yi)

 f(x)


≥ c
√
kEx,yC(x, y)f(x)f(y) + Exf(x)

k∑
d≥3

∑
S:|S|=d

mSEd[C(x, y)f(y)]

≥ c
√
kε−max

x

k∑
d≥3

kd/2
∣∣Ed[C(x, y)f(y)]

∣∣ .
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We set, say, k :=
√

1/ε. If there is x s.t. |E[C(x, y)f(y)]| ≥
√
kε we are done. Otherwise

each summand is ≤ (kε)d and using kε ≤ 1/2 the sum is ≤ 2(kε)3. So the whole correlation
is ≥ c

√
kε− 2(kε)3 ≥ cε4/5 − 2ε3/2 ≥ ε1−c. We can fix the yi to maintain the inequality.

Starting from a function on n bits that has correlation ≤ 1−1/na with circuits of a certain
size, these results can be used to construct a function on nca bits that has exponentially
small correlation with circuits of related size. We can first apply Theorem 2 ca log n times
to construct a function with correlation ≤ 1 − c, and then again apply Theorem 3 ca log n
times.

There proofs highlight the usefulness of a bounded mean amplifier (BMA), a function
that can amplify the mean of several i.i.d. variables having small mean. Majority is a
decent BMA. Theorem 3 shows that it amplifies by a power; however, it fails to amplify
quadratically quadratic. (A counterexample can be given but is omitted here.) To obtain
better parameters rather than majority we shall consider randomized majority, which is the
sign of the an integer input shifted by a suitable random amount. This is similar to a function
in previous proofs, e.g. Levin’s, but the analysis is different.

Lemma 4. Let 0 < ε ≤ 1/2, and let Z1, . . . , Zk be i.i.d. random variables taking values in
[−1, 1] with mean µ, where |µ| ≤ ε. Let R be uniform in [−2ε, 2ε] (and independent of the
Zi). Define

RMaj(Z1, . . . , Zk) := sign

(
1

k

k∑
i=1

Zi −R

)
.

For k ≥ cε−2 log 1/ε we have∣∣∣E[RMaj(Z1, . . . , Zk)]−
µ

2ε

∣∣∣ ≤ ε/4.

Proof. First note that, for any α s.t. |a| ≤ 2ε,

PR[R ≤ α] =
α + 2ε

4ε

and so ER[sign(α−R)] = 2PR[R ≤ α]− 1 = α/2ε. Also, if α > 2ε then the sign is always 1,
and if α < −2ε it is always −1. Letting now α = 1

k

∑k
i=1 Zi we obtain∣∣∣EZ1,...,Zk,R[RMaj(Z1, . . . , Zk)]−
µ

2ε

∣∣∣ ≤ P[|α| > 2ε]

2ε
,

where we used E[α] = µ. Because |µ| ≤ ε, the event |α| > 2ε implies |α− µ| > ε. Deviation
bounds and our choice of k yield

P[|α| > 2ε] ≤ P[|α− µ| > ε] ≤ c−kε
2 ≤ ε2/2,

proving the result.

Theorem 5. Let 0 < ε ≤ 1/2, and let f : [2]n → {−1, 1} be a function. Suppose there is a
circuit C : [2]n × [2]n → {−1, 1} of size ≤ s such that

Ex,y[C(x, y)f(x)f(y)] ≥ 3ε2.

Then there is a circuit C ′ : [2]n → {−1, 1} of size ≤ cε−2 log(1/ε)s such that

Ex[C ′(x)f(x)] > ε.
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Proof. For every x define
t(x) := Ey[C(x, y)f(y)].

Thus
Ex[f(x)t(x)] = Ex,y[C(x, y)f(x)f(y)] ≥ 3ε2.

If |t(x)| > ε for some x then either C(x, y) or its complement have correlation ≥ ε with f(y),
proving the theorem. Hence we may assume that |t(x)| ≤ ε for every x. Choose independent
uniform y1, . . . , yk ∈ [2]n and R uniformly in [−2ε, 2ε]. Define the randomized circuit

C ′(x) := sign

(
1

k

k∑
i=1

C(x, yi)f(yi)−R

)
.

For every fixed x, the random variables

Zi := C(x, yi)f(yi)

are i.i.d. with mean t(x). Therefore, by Lemma 4, and for k ≥ cε−2 log 1/ε, for every x we
have ∣∣∣∣Ey1,...,yk,R[C ′(x)]− t(x)

2ε

∣∣∣∣ ≤ ε

4
.

Averaging over x, multiplying by f(x), and using the triangle inequality we have∣∣∣∣Ex,y1,...,yk,R[f(x)C ′(x)]− Ex
f(x)t(x)

2ε

∣∣∣∣ ≤ ε/4.

Hence

Ex,y1,...,yk,R[f(x)C ′(x)] ≥ 1

2ε
Ex[f(x)t(x)]− ε

4
≥ 3ε2

2ε
− ε

4
> ε.

By averaging, we may fix y1, . . . , yk and R so that Ex[f(x)C ′(x)] > ε. When R is fixed
randomized majority becomes a threshold, which can be computed by circuits of size ≤
ck.

The circuit loss is about 1/ε2, whereas in previous proofs it is a larger power of 1/ε,
and sometimes n. This stems from estimating the 2-copy correlation, which the new proof
avoids.

1 Proof of counterexample Theorem 1

It suffices to prove it for k = 2. To set the stage let us consider a naive approach to proving
a counterexample. For every function f : {0, 1}n → {0, 1}, we can achieve correlation ≥ 2−n

with f(x) ⊕ f(y) simply by outputting 0 if x = y and a uniform bit otherwise. Thus, if f
has correlation substantially smaller than 2−n/2 with a class of functions, this would provide
a counterexample to the dream XOR lemma. However, a simple consequence of the analysis
of boolean functions is that any f in fact has correlation ≥ 2−n/2 with some parity function.
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To remedy this, it is in hindsight natural to consider bent functions that have the smallest
possible correlation with any parity. We seek a large class of bent functions among which
we can hope to find one that doesn’t correlate with S. Let n := 2m and consider the
Maiorana-McFarland functions (cf [CM16])

fπ : [2]2m 3 (x, y)→ x.π(y) ∈ [2]

where . is inner product modulo 2, and π : [2]m → [2]m is an involution (ππx = x) with no
fixed points (πx 6= x). Equivalently, π is a matching of the complete graph on [2]m with no
self loops. Let M := 2m.

First we note that, for every π, the quadratic polynomial modulo 2

p : [2]4m 3 (x, y, x′, y′)→ x.y′ + x′.y ∈ [2]

has correlation ≥ 1/M with fπ(x, y) + fπ(x′, y′). Indeed, the correlation is∣∣∣E(−1)x.(π(y)⊕y′)+x′.π(y′)+x′.y
∣∣∣ .

This is 0 if π(y) 6= y′. But when they are equal we also have ππ(y) = y = π(y′) using that π
is an involution, and so the correlation is 1. Hence the correlation equals P[π(y) = y′] which
is 1/M .

Second we claim that for any fixed function h : [2]n → [2] one has

Pπ[Cπ(h) ≥ t/M ] ≤ 2 · 2−ct (1)

for t ≥ c logM , where Cπ(h) is the correlation between h and fπ, and the probability is
over all matchings as above. The theorem then follows by taking a union bound over the
functions in S, for which t ≥ c log |S| suffices.

Next we prove (1). We reduce the question to a concentration inequality for the weight of
a matching selected uniformly from all possible matchings in a weighted complete graph. To
prove concentration we use the method of bounded variances, Equation (8.5) and Problem
8.14 from [DP09]. We sample the permutation π by selecting the edges X1, X2, . . . , XM/2 in
the corresponding matching. Let

w(y → z) := Ex(−1)x.z+h(x,y)

be the contribution to the correlation when y is fixed and π(y) = z. And let

w({y, z}) := w(y → z) + w(z → y)

be the undirected contribution along edge {y, z}. We let w({y}) := 0 though note that
w(y → y) may not be zero. For edges x1, x2, . . . , xi we also write w(x1, x2, . . . , xi) for
w(x1) + w(x2) + · · · + w(xi). The correlation between h and the function f corresponding
to π is just the sum of the weights, up to scaling:

M · CΠ(h) = w
(
X1, X2, . . . , XM/2

)
=: W (2)

where the sum is over all edges in (the graph corresponding to) π.
To apply the method we need the following bounds on W :
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Lemma 6. We have E[W ] ≤ 3. Also, conditioned on any fixed outcome x<i of X<i, the
variable Wi := EX>i

w(x1, x2, . . . , xi−1, Xi, Xi+1, . . . , XM/2) enjoys:

1. Boundedness: |Wi − E[Wi]| := b ≤ c,

2. Variance bound: varWi := vi ≤ c/(M − 2(i− 1)).

The method of bounded variances then says the following.

PΠ[W ≥ E[W ] + t] ≤ 2 · exp

(
− t2

c
∑

i≤M/2 vi + cbt

)
.

By Lemma 6 and the harmonic sum we have∑
i≤M/2

vi ≤ c
∑
i≤M

1/i ≤ c logM.

Hence for t ≥ c logM the exponent is ≥ ct and it suffices that t ≥ c log(M |S|) to afford the
union bound over 2|S| functions. Hence there is π s.t., for every h, W < E[W ]+c log(M ·|S|).
Using the bound on E[W ] from Lemma 6, the rhs is ≤ c log(M · |S|). By (2) the correlation
bound follows by dividing by M , concluding the proof of Theorem 1 assuming Lemma 6.

To bound Wi as in Lemma 6 we first need to bound w.

Claim 7. We have:

1. |w(x→ y)| ≤ 1 for every x, y.

2. For every y,
∑

z∈[2]m w(y → z) = (−1)h(0,y) ∈ {−1, 1}.

3. For every R ⊆ [2]m,
∑

y∈R,z∈R w
2({y, z}) ≤ 4|R|.

Proof. We have

1. By definition.

2. By linearity of expectation the lhs equals Ex
∑

z∈[2]m(−1)x.z+h(x,y). When x 6= 0 the
sum over z is 0. Otherwise it is M . The result follows.

3. The lhs is at most∑
y,z∈R

(w(y → z)+w(z → y))2 ≤ 2
∑
y,z∈R

(
w2(y → z) + w2(z → y)

)
≤ 4

∑
y∈R,z∈R

w2(y → z).

We get an upper bound if we sum over all z ∈ [2]m. Expanding the square and using
the definition of w(y → z) we obtain the upper bound∑

y∈R,z∈[2]m

Ex,x′(−1)x.z+h(x,y)+x′.z+h(x′,y) ≤
∑
y∈R

Ex,x′
∑
z∈[2]m

(−1)x.z+h(x,y)+x′.z+h(x′,y).

Similarly to 2., when x 6= x′ the sum over z is 0 because of the term (x⊕x′).z. Otherwise
the sum over z is M . Hence we get an upper bound of 4|R| ·M · 1/M = 4|R|.
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Proof of Lemma 6. We have

E[W ] =

M/2∑
i=1

E[w(Xi)] =
M

2
· 1(

M
2

) ∑
{u,v}⊆[2]m

w({u, v}) =
1

M − 1

∑
u6=v

w(u→ v).

For fixed u the sum of w(u → v) over all v is ≤ 1 by Claim 7.(2). Also |w(u → u)| ≤ 1
by Claim 7.(1). Hence the sum is at most 2 and the expectation is ≤ 2M/(M − 1) ≤ 3 for
M ≥ c.

For the claims on Wi we first give an expression for Wi. Let R be the remaining set of
r = M − 2(i − 1) nodes not touching x<i. If r = 2 then Wi is constant and the desired
bounds are immediate; so let r ≥ 4. Write Xi = {U, V }. Let w(x) :=

∑
y∈R w({x, y}) be the

sum of the weights of the edges touching x. We can write

Wi = w(x1, . . . , xi−1) + w(Xi) +
1

r − 3

 ∑
{x,y}⊆R

w(x, y)− w(U)− w(V ) + w(Xi)

 , (3)

because after Xi is selected each remaining edge is chosen with prob. 1/(r − 3). In turn we
can write

Wi = cx<i
+ Yi

where cx<i
is a function of x<i only and

Yi :=
1

r − 3
((r − 2)w(Xi)− w(U)− w(V )) .

To verify boundedness note

|Wi − E[Wi]| = |Yi − E[Yi]| ≤ |Yi|+ E[|Yi|].

So it suffices to show that |Yi| ≤ c. Indeed, |w(Xi)| ≤ 2 by Claim 7.(1). Also w(U) + w(V )
is a sum of ≤ cr terms, each of which has absolute value ≤ 2 again by Claim 7.(1).

Finally, we verify the variance bound. We have

varWi = varYi =
1

(r − 3)2
var ((r − 2)w(Xi)− w(U)− w(V )) .

Using var(Z) ≤ EZ2 and (x+ y+ z)2 ≤ 3(x2 + y2 + z2) we bound the variance in the rhs by
3 times

(r − 2)2Ew2(Xi) + E
(
w2(U) + w2(V )

)
.

The first expectation is

≤
(
r

2

)−1 ∑
u∈R,v∈R

(w({u, v}))2 ≤
(
r

2

)−1

cr ≤ c

r

by Claim 7.(3).
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The second expectation is at most

1(
r
2

) ∑
u∈R,v∈R

(
w2(u) + w2(v)

)
=

2r(
r
2

)∑
u∈R

w2(u) =
4

r − 1

∑
u∈R

(∑
x∈R

w({u, x})

)2

≤ c
∑

u∈R,x∈R

w2({u, x}) ≤ cr

by Claim 7.(3). Altogether, for r ≥ c the variance is

≤ c

r2

(
r2/r + cr

)
≤ c/r.
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