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Abstract

Zero-knowledge codes, introduced by Decatur, Goldreich, and Ron [DGR20], are error-
correcting codes in which few codeword symbols reveal no information about the encoded
message, and have been extensively used in cryptographic constructions. Quantum CSS codes,
introduced by Calderbank and Shor [CS96] and Steane [Ste96], are error-correcting codes that
allow for quantum error correction, and are also useful for applications in quantum complexity
theory. In this short note, we show that (linear, perfect) zero-knowledge codes and quantum
CSS codes are equivalent. We demonstrate the potential of this equivalence by using it to obtain
explicit asymptotically-good zero-knowledge locally-testable codes.

1 Introduction

In this note, we show an equivalence between two well-studied families of codes: Zero-knowledge
codes and quantum CSS codes. We first briefly describe these families of codes and their applica-
tions.

Zero-knowledge codes. Zero-Knowledge (ZK) codes are error-correcting codes with a random-
ized encoding, in which few codeword symbols reveal nothing about the encoded message. More
accurately, a t-Zero-Knowledge (ZK) code C ⊆ Fn, for some t ∈ N, is associated with a randomized
encoding map EncC : Fk → Fn and has the following guarantee. For every m,m′ ∈ Fk, and any
I ⊆ [n] of size |I| ≤ t, we have that EncC(m)|I and EncC(m

′)|I are identically distributed, where
EncC(m)|I denotes the restriction to I of a randomly-generated encoding of m. In this note, we
focus on non-adaptive, perfect ZK codes, as defined above. That is, the queries of an adversary to
the codeword are determined non-adaptively, and the resultant distribution is identical for every
pair of messages. We note that the non-adaptive and adaptive settings are known to be equiva-
lent [BCL22, Appendix C], and that relaxations to the statistical setting (where the distributions
EncC(m)|I ,EncC(m′)|I are statistically close) have also been considered in the literature [ISVW13].
We additionally focus on linear ZK codes, meaning that C is a linear subspace of Fn, and the
encoding map EncC is linear in the message m and the randomness used for encoding.

ZK codes were first formally defined by Decatur, Goldreich, and Ron [DGR20], and have been
used (either explicitly or implicitly) in numerous applications in cryptography. For example, these
codes have been used in Shamir’s secret sharing [Sha79], and lie at the heart of information-
theoretically secure Multi-Party Computation (MPC) protocols (starting from [BGW88, CCD88]).
ZK codes also have applications to memory delegation (e.g., in PIR schemes [CGKS95]), as well as
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for the design of information-theoretic proofs systems such as Probabilistically Checkable Proofs
(PCPs) [ALM+92, AS92] and Interactive Oracle Proofs (IOPs) [BCS16, RRR16] with ZK guarantees
(e.g., in [BCGV16, BCF+17, CFGS18, BBHR19, BCL22, RW24, GOS25]).

Many of the early applications of ZK codes relied on ZK properties of polynomial-based codes
(in which the message is interpreted as a low-degree polynomial, and the corresponding code-
word is the evaluation table of the polynomial). More recent work also studied and exploited ZK
properties of other codes — such as concatenated codes [DGR20], interleaved codes [AHIV17,
BCL22, CFW26], and tensor codes [ISVW13, BCL22, RW24] — with the goal of obtaining im-
proved efficiency such as smaller alphabet size, higher rate, and faster encoding and decoding
algorithms. These parameters are tightly connected to the efficiency measures of the resulting ap-
plications. Several other works have also studied more generally the parameters achievable by ZK
codes [CCG+07, ISVW13, CDN15], suggested alternative characterizations of ZK codes [CCG+07,
ISVW13, CDN15, BCL22], and introduced general frameworks for constructing such codes [DGR99,
DGR20, FMSS04, ISVW13].

Quantum CSS codes. A quantum CSS code consists of a pair of linear codes CX , CZ ⊆ Fn so that
their dual codes C⊥

X , C⊥
Z are orthogonal to each other (that is, ⟨c, c′⟩ = 0 for any c ∈ C⊥

X , c′ ∈ C⊥
Z ),

with the additional guarantee that any vector in CX \ C⊥
Z and any vector in CZ \ C⊥

X has a large
weight.

Quantum CSS codes were first introduced by Calderbank and Shor [CS96] and Steane [Ste96],
and have been extensively studied since then. CSS codes are used to protect quantum compu-
tation from errors, and also have applications in quantum complexity theory. For example, the
recent progress [ABN23] on the quantum PCP conjecture [AN02, AALV09] relied on recent break-
throughs on the construction of asymptotically good LDPC quantum CSS codes [PK22]. The re-
semblance of CSS codes to classical codes enables one to draw on the vast literature on classical
error-correcting codes for their design, and by now we know of various constructions of such
codes.

Equivalence between zero-knowledge and quantum CSS codes. In this note, we show that ZK
codes and quantum CSS codes are equivalent. Specifically, we show a transformation from a ZK
code into a quantum CSS code (and vice versa) so that the guarantee on the weight of vectors in
CZ \ C⊥

X in the CSS code translates into the ZK property of the ZK code, while the guarantee on
the weight of vectors in CX \C⊥

Z translates into the decoding property of the ZK code (the latter is
also typically required in applications); see Theorem 3.1 and Corollary 3.2 for a formal statement
of this equivalence.

While we view this equivalence as interesting in its own right, it is also motivated by the
hope that this connection might shed light on our understanding of these codes, or yield new ZK
codes or CSS codes by combining the equivalence with existing constructions. We demonstrate
this potential by describing one concrete application of the equivalence. Specifically, in Section
4, we translate recent breakthroughs on the construction of asymptotically-good locally testable
quantum codes [DLV24, KP25, WLH25] into explicit asymptotically-good zero-knowledge locally-
testable codes.

Finally, we also mention that another connection between quantum computation and zero-
knowledge was discovered in [LRR19], who used fault-tolerance in the quantum setting to obtain
leakage resilience in the classical computation setting. This gives another indication to the useful-
ness of exploring the connection between zero-knowledge and quantum computation.
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2 Preliminaries

Let F be a finite field, and let u, v ∈ Fn. We use ⟨u, v⟩ to denote the inner product between u, v,
namely, ⟨u, v⟩ :=

∑n
i=1 ui · vi. We also let ∆(u, v) := |{i ∈ [n] : ui ̸= vi}|, wt(u) := ∆(u, 0), and for

a subset S ⊆ Fn, we let ∆(u, S) := mins∈S ∆(u, s).
A linear (error-correcting) code is a subspace C ⊆ Fn over F. We call F and n the alpha-

bet and the block length of the code, respectively, and the elements of C are called codewords.
The rate of C is the ratio R := dim(C)

n , and it measures the amount of redundancy in encod-
ing. The (Hamming) distance of C is ∆(C) := minc̸=c′∈C ∆(c, c′), which for a linear code equals
wt(C) := min0̸=c∈C wt(c). Intuitively, the minimum distance of a code measures the amount of
noise tolerance of the code. Specifically, the channel might corrupt some of the entries of a trans-
mitted codeword c during transmission and the receiver might receive a string w ∈ Fn. However,
if w and c differ on less than ∆(C)

2 entries, then c can be recovered uniquely by the decoder by
searching for the unique codeword in C that is closest to the received word w.

A generator matrix for a linear code C ⊆ Fn of dimension k is a (full-rank) matrix G ∈ Fn×k

so that image(G) = C, and a parity-check matrix for C is a (full-rank) matrix H ∈ F(n−k)×n so that
ker(H) = C (note that both G and H are not unique). The dual code of C is the code C⊥ ⊆ Fn

containing all strings c′ ∈ Fn satisfying that ⟨c′, c⟩ = 0 for all c ∈ C. It follows by definition that
(C⊥)⊥ = C, and that H is a parity-check matrix for C if and only if HT is a generator matrix for
C⊥.

2.1 Zero-Knowledge (ZK) Codes

Zero-Knowledge (ZK) codes, introduced by Decatur, Goldreich, and Ron [DGR20], are codes in
which few codeword symbols reveal no information about the message. For this to be possible,
we need to associate the code C with a randomized encoding map, where C has ZK with respect to
this randomized encoding. We will focus on an encoding map that is linear in the message and the
randomness used for encoding (such a map was used in most prior works, e.g., [DGR20, BCL22,
RW24]).

Definition 2.1 (Randomized Encoding Map). Let C ⊆ Fn be a linear code of dimension k, let G ∈ Fn×k

be a generator matrix for C, and let k′ < k be a parameter. The k′-randomized encoding map for G is a
random map Enc : Fk′ → C, which on input message m ∈ Fk′ , samples a uniformly random r ∈ Fk−k′ ,
and outputs G · z, where z = (m, r) ∈ Fk.

The zero-knowledge property of an encoding map is defined as follows.

Definition 2.2 (Zero-Knowledge (ZK) Code). Let C ⊆ Fn be a linear code of dimension k, let G ∈ Fn×k

be a generator matrix for C, and let k′ < k and t < n be parameters. We say that the k′-randomized
encoding map Enc : Fk′ → C for G is t-Zero-Knowledge (t-ZK) if for any I ⊆ [n] of size t, and for any
pair of messages m,m′ ∈ Fk′ , we have Enc(m)|I ≡ Enc(m′)|I .

Error Correction in ZK Codes. Applications of zero-knowledge codes also typically require that
one can recover the message m ∈ Fk′ from its randomized encoding. Specifically, let C ⊆ Fn be a
linear code of dimension k, let G ∈ Fn×k be a generator matrix for C, and let k′ < k be a parameter.
We say that the k′-randomized encoding map Enc : Fk′ → C for G is decodable from e errors if
there is a (deterministic) algorithm D so that for every message m ∈ Fk′ and for every y ∈ Fn with
wt(y) ≤ e, it holds that Pr[D(Enc(m) + y) = m] = 1 (see, e.g., [DGR20, Thm. 1]). Note that the
existence of such a (not necessarily efficient) decoding algorithm D is equivalent to the property
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that for any pair of distinct messages m ̸= m′ ∈ Fk′ and (not necessarily distinct) r, r′ ∈ Fk−k′ , it
holds that ∆(G · z,G · z′) > 2e, where z = (m, r) and z′ = (m′, r′). Indeed, if this latter property
holds, then given w := Enc(m) + y, the decoder D can find m by searching for z ∈ Fk so that G · z
is closest to w.

2.2 Quantum CSS Codes

Quantum CSS codes, introduced by Calderbank and Shor [CS96] and Steane [Ste96], are error-
correcting codes that allow for quantum error correction, and are defined as follows.

Definition 2.3 (CSS Code). A CSS code is a pair of linear codes CX , CZ ⊆ Fn so that the subspaces
C⊥
X and C⊥

Z are orthogonal (that is, ⟨c, c′⟩ = 0 for any c ∈ C⊥
X and c′ ∈ C⊥

Z ). The rate of (CX , CZ)

is dim(CX)−dim(C⊥
Z )

n =
dim(CZ)−dim(C⊥

X)
n . The distance dX (dZ , respectively) is defined as the smallest

weight of a vector of CX not in C⊥
Z (CZ not in C⊥

X , respectively). The distance of (CX , CZ) is defined as
d = min{dX , dZ}.

3 Zero-knowledge and Quantum CSS Codes Are Equivalent

We show that ZK and CSS codes (Definitions 2.2 and 2.3, respectively) are equivalent. Specifically,
the following theorem shows how to transform ZK codes into CSS codes with similar parameters.

Theorem 3.1 (ZK Codes are CSS Codes). Let C ⊆ Fn be a linear code of dimension k, let G ∈ Fn×k be
a generator matrix for C, let k′ < k be a parameter, and let Enc : Fk′ → C be the k′-randomized encoding
map for G. Let CX = C, and let CZ ⊆ Fn be the subspace orthogonal to the span of the last k− k′ columns
of G. Then the following holds:

1. C⊥
X and C⊥

Z are orthogonal (so (CX , CZ) is a CSS code).

2. dX > 2e if and only if Enc is decodable from e errors.

3. dZ > t if and only if Enc is t-ZK.

The inverse transformation, from CSS Codes to ZK codes, follows as a corollary of Theorem 3.1:

Corollary 3.2 (CSS Codes are ZK Codes). Let CX , CZ ⊆ Fn be linear codes so that C⊥
X and C⊥

Z are
orthogonal (i.e., (CX , CZ) is a CSS code). Let k = dim(CX) and k′ = k − dim(C⊥

Z ). Let C = CX ,
let G ∈ Fn×k be a generator matrix for C whose last k − k′ columns form a basis for C⊥

Z ,1, and let
Enc : Fk′ → C be the k′-randomized encoding map for G. Then the following holds:

1. dX > 2e if and only if Enc is decodable from e errors.

2. dZ > t if and only if Enc is t-ZK.

The above Corollary 3.2 follows from Theorem 3.1 by noting that C⊥
Z is exactly the span of the last

k − k′ columns of G. We therefore turn our attention to proving Theorem 3.1. The proof relies on
the following equivalent definition of a ZK code.

Lemma 3.3 (ZK Codes, Equivalent Formulation). Suppose that C ⊆ Fn is a linear code of dimension
k, let G ∈ Fn×k be a generator matrix for C, and let k′ < k and t < n be positive integers. Then the
k′-randomized encoding map Enc : Fk′ → C for G is t-ZK if and only if any linear combination of any t
rows in G does not result in a non-zero w ∈ Fk such that w|[k]\[k′] = 0.

1Such a G exists since C⊥
Z ⊆ (C⊥

X)⊥ = CX .
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A similar characterization of ZK codes as in the above Lemma 3.3 was given in [BCL22, Lemma
5.1]. Here we provide an alternate self-contained proof. We also note that [ISVW13, Claim 6.1]
show that the stronger condition that “any linear combination of t rows in G does not result in
(not necessarily zero) w ∈ Fk such that w|[k]\[k′] = 0" implies that Enc is t-ZK. Finally, we note
that [BCL22, Lemma 5.2] showed that a similar condition to the latter is equivalent to the stronger
property that Enc is uniform t-ZK. (Enc is uniform t-ZK if for any m ∈ Fk′ and for any I ⊆ [n] of size
t, Enc(m)|I is the uniform distribution over Ft.)

Proof of Lemma 3.3: For I ⊆ [n], let G|I denote the restriction of G to the rows in I. It suffices
to show that for any subset I ⊆ [n], Enc(m)|I ≡ Enc(m′)|I for any pair of messages m,m′ ∈ Fk′

if and only if any linear combination of the rows of G|I does not result in a non-zero w ∈ Fk

such that w|[k]\[k′] = 0. We prove the lemma in two steps. First, we show (in Claim 3.4) that the
former requirement “Enc(m)|I ≡ Enc(m′)|I for any m,m′ ∈ Fk′” is equivalent to requiring that
“0 ∈ Supp(Enc(m)|I) for any m ∈ Fk′". Then, we show (in Claim 3.5) that the requirement “0 ∈
Supp(Enc(m)|I) for any m ∈ Fk′” is equivalent to the latter requirement “any linear combination
of rows of G|I does not result in 0 ̸= w ∈ Fk with w|[k]\[k′] = 0”. This will conclude the proof of
the lemma.

Claim 3.4. Let I ⊆ [n]. Then Enc(m)|I ≡ Enc(m′)|I for any pair of messages m,m′ ∈ Fk′ if and only if
0 ∈ Supp(Enc(m)|I) for any m ∈ Fk′ .

Proof: For the ’only if’ part, note that if 0 /∈ Supp(Enc(m)|I) for some 0 ̸= m ∈ Fk′ , then since
0 ∈ Supp(Enc(0)|I), then we clearly have that Enc(m)|I ̸≡ Enc(0)|I .

For the ’if’ part, assume that 0 ∈ Supp(Enc(m)|I) for any m ∈ Fk′ . Then in this case, for any
m,m′ ∈ Fk′ , we have that 0 ∈ Supp(Enc(m′ −m)|I), and so by linearity,

Supp(Enc(m′)|I) ⊇ Supp(Enc(m)|I) + Supp(Enc(m′ −m)|I) ⊇ Supp(Enc(m)|I).

Indeed, the right containment uses the fact that 0 ∈ Supp(Enc(m′ − m)|I). The left containment
follows from linearity, because if u := G|I · (m, r) ∈ Supp(Enc(m)|I) and u′ := G|I · (m′ −
m, r′) ∈ Supp(Enc(m′ − m)|I), then u + u′ = G|I · (m′, r + r′) ∈ Supp(Enc(m′)|I). In summary,
Supp(Enc(m′)|I) ⊇ Supp(Enc(m)|I) for any pair of messages m,m′ ∈ Fk′ , so we conclude that
Supp(Enc(m)|I) = Supp(Enc(m′)|I) for any pair of messages m,m′ ∈ Fk′ . Finally, observe that by
properties of linear algebra, for any m ∈ Fk′ , the number of r ∈ Fk−k′ which satisfy the system of
linear equations G|I · (m, r) = v is the same for any v ∈ Supp(Enc(m)|I). Consequently, the fact
that Supp(Enc(m)|I) = Supp(Enc(m′)|I) implies that Enc(m)|I ≡ Enc(m′)|I , and we conclude that
Enc(m)|I ≡ Enc(m′)|I for any pair of messages m,m′ ∈ Fk′ .

Claim 3.5. Let I ⊆ [n]. Then 0 ∈ Supp(Enc(m)|I) for any m ∈ Fk′ if and only if any linear combination
of the rows of G|I does not result in a non-zero w ∈ Fk such that w|[k]\[k′] = 0.

Proof: For the ’only if’ part, suppose that there exists a linear combination u ∈ F|I| of the rows of
G|I which results in a non-zero w ∈ Fk such that w|[k]\[k′] = 0, and let j ∈ [k′] be an entry so that
wj ̸= 0. Let m ∈ Fk′ be the j-th unit vector. We shall show that there does not exist an r ∈ Fk−k′

so that G|I · (m, r) = 0, and consequently 0 /∈ Supp(Enc(m)|I). To see the latter, suppose on the
contrary that there exists an r ∈ Fk−k′ so that G|I · (m, r) = 0. Then we have that

0 = ⟨u,G|I ·(m, r)⟩ = ⟨(uT ·G|I)T , (m, r)⟩ = ⟨w, (m, r)⟩ = ⟨w|[k′],m⟩+⟨w|[k]\[k′], r⟩ = wj+0 = wj ̸= 0,

which is a contradiction.
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For the ’if’ part, suppose that there exists an m ∈ Fk′ so that 0 /∈ Supp(Enc(m)|I). Then the
linear system G|I ·(m, r) = 0 does not have a solution r ∈ Fk−k′ . Let A be the matrix which consists
of the first k′ columns of G|I , and let B be the matrix which consists of the last k − k′ columns of
G|I . Then by properties of linear algebra, we have that there exists a linear combination u ∈ F|I|

so that ⟨u,A · m⟩ = ⟨(uT · A)T ,m⟩ ̸= 0 but uT · B = 0. (Indeed, the system G|I · (m, r) = 0 is
equivalent to the system B · r = −A · m, where A,B,m are fixed.) But this implies in turn that
w := uT · G|I = (uT · A, uT · B) is a linear combination of the rows of G|I which satisfies that
w|[k′] = uT ·A ̸= 0, but w|[k]\[k′] = uT ·B = 0.

This concludes the proof of Lemma 3.3.

We now turn to the proof of Theorem 3.1, based on the above Lemma 3.3.

Proof of Thm 3.1: We prove each of the items separately.

Item (1): Follows since C⊥
X = C⊥, and C⊥

Z is the span of the last k − k′ columns of G, and so
C⊥
Z ⊆ C.

Item (2): Recall that Enc is decodable from e errors if and only if for any pair of distinct messages
m ̸= m′ ∈ Fk′ and (not necessarily distinct) r, r′ ∈ Fk−k′ , it holds that ∆(G · (m, r), G · (m′, r′)) > 2e.
Further, by linearity, this latter property is equivalent to the property that for any non-zero m ∈ Fk′

and (possibly zero) r ∈ Fk−k′ it holds that wt(G · (m, r)) > 2e. Thus, it suffices to show that
dX = min0̸=m∈Fk′ ,r∈Fk−k′ wt(G · (m, r)).
But the above follows since

CX \ C⊥
Z = {c ∈ CX | c /∈ C⊥

Z }
= {c ∈ C | c is not in the span of the last k − k′ columns of G }
= {G · (m, r) | 0 ̸= m ∈ Fk′ , r ∈ Fk−k′},

and so dX = minc∈CX\C⊥
Z
wt(c) = min0̸=m∈Fk′ ,r∈Fk−k′ wt(G · (m, r)).

Item (3): By Lemma 3.3, Enc is t-ZK if and only if any linear combination of any t rows in G does
not result in a non-zero w ∈ Fk such that w|[k]\[k′] = 0. We shall show that the latter condition is
equivalent to the condition that dZ > t. To see this, note that a linear combination of t rows in
G resulting in w ∈ Fk, corresponds to a vector u ∈ Fn of weight at most t so that uT · G = w.
Furthermore, the condition that w ̸= 0 is equivalent to the condition that u /∈ C⊥

X = C⊥, while the
condition that w|[k]\[k′] = 0 is equivalent to the condition that u ∈ CZ . Thus, the condition that any
linear combination of any t rows in G does not result in a non-zero w ∈ Fk such that w|[k]\[k′] = 0

is equivalent to the condition that there do not exist u ∈ CZ \ C⊥
X of weight at most t, which is

equivalent to the condition that dZ > t.

4 Application: Explicit Asymptotically-Good Zero-knowledge Locally-
Testable Codes

We now describe an immediate application of the equivalence between ZK codes and quantum
CSS codes of Section 3. Specifically, we use recent constructions of asymptotically-good locally
testable quantum codes to obtain explicit asymptotically-good ZK codes that are also locally testable
with a few queries. We first formally define locally-testable codes (LTCs).
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Definition 4.1 (Locally-Testable Code (LTC)). A code C ⊆ Fn is a q-query Locally Testable Code
(q-LTC) if there exists a randomized oracle algorithm TEST which receives oracle access to a string w ∈ Fn,
makes q queries to w, and outputs either ’accept’ or ’reject’, so that the following conditions holds:

• Completeness: If w ∈ C then TEST accepts with probability 1.

• Soundness: If w /∈ C then TEST rejects with probability at least 1
4 · ∆(w,C)

n .

A ZK code that is also an LTC, with a ZK threshold that is significantly larger than the query
complexity of the local tester, is called a ZK-LTC. Such codes lie at the heart of ZK-PCP and ZK-IOP
constructions (and are also used in other cryptographic contexts such as verifiable secret shar-
ing). Ishai et al. [ISVW13] gave a generic method of (probabilistically) transforming any linear
code into a ZK code (Their probabilistic transformation outputs a generator matrix for the ZK
code, with negligible probability of error.) They then use this transformation to obtain a proba-
bilistic construction of asymptotically good ZK-LTCs. Combining new quantum LTC construc-
tions [DLV24, KP25, WLH25], and the equivalence between quantum CSS codes and ZK codes,
yields an explicit construction of asymptotically-good ZK-LTCs. This is formalized in Corollary 4.3
below. We first cite the relevant quantum LTCs (see [WLH25, Thm. 1.3 and Table 4], who build on
the codes of [DLV24, KP25]):

Theorem 4.2 (Asymptotically-good quantum LTCs [DLV24, WLH25]). There exists an explicit infi-
nite family of CSS codes CX , CZ ⊆ Fn, where (CX , CZ) has constant rate and distance Ω(n), and both CX

and CZ are locally testable with poly log(n) queries.

Combining the above Theorem 4.2 with Corollary 3.2 gives explicit asymptotically-good ZK-
LTCs with linear ZK threshold that are locally testable with a poly-logarithmic number of queries.
To the best of our knowledge, this is the first instance of an explicit family of asymptotically-good
ZK-LTCs in which the ZK threshold is larger than the tester’s query complexity.

Corollary 4.3. There exists an explicit infinite family of codes C = (Cn)n, where Cn ⊆ Fn is a linear code
that is locally testable with poly log(n) queries. Furthermore, there exist an explicit generator matrix G for
Cn and k′ = Θ(n), so that the k′-randomized encoding map Enc : Fk′ → Cn for G is Ω(n)-ZK, and is
decodable from Ω(n) errors.

Remark 4.4. We note that quantum LTCs satisfy the stronger requirement that both CX and CZ are lo-
cally testable, while the application for ZK-LTCs only requires that C = CX is locally testable. In particular,
while we do not know of asymptotically-good constant-query quantum LTCs, combining the transforma-
tion of [ISVW13] with the asymptotically-good constant-query classical LTCs of [DEL+22, PK22] gives a
probabilistic construction of asymptotically-good ZK-LTCs, with linear ZK threshold and constant query
complexity.
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