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Abstract

Proving lower bounds against depth-2 linear threshold circuits (a.k.a. THR o THR) is one of
the frontier questions in complexity theory. Despite tremendous effort, our best lower bounds
for THR o THR only hold for sub-quadratic number of gates, which was proven a decade ago by
Tamaki (ECCC TR16) and Alman, Chan, and Williams (FOCS 2016) for a hard function in
ENP.

In this work, we prove that there is a function f € ENP that requires n?°~°-size THR o THR
circuits for any € > 0. We obtain our new results by designing a new 27— _time algorithm
for estimating the acceptance probability of an XOR of two n?-®~¢-size THR o THR circuits, and
apply Williams’ algorithmic method to obtain the desired lower bound.
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1 Introduction

Proving unconditional circuit lower bounds for explicit functions (with the flagship problem
of NP Z P/poly) is one of the central questions in theoretical computer science. Since the 1980s,
considerable progress has been made in proving lower bounds against constant-depth circuit classes,
such as exponential lower bounds for AC? [Ajt83, FSS84, Yao85, Has89] (constant-depth circuits of
unbounded fan-in AND/OR gates) and for AC[¢] [Raz87, Smo87] (AC® circuits with MOD, gates)
for prime gq.

More recently, progress has been made for AC[m] circuits for composite m. Williams [Willd,
Will1] proved that the class NEXP does not have polynomial-size ACO[m] circuits for any composite
m. This was later improved by Murray and Williams [MW18] to NQP (non-deterministic quasi-
polynomial time) not in AC°[m]. The natural next step [Aarl16] following Williams’ approach is to
show lower bounds against TC?, the class of constant-depth circuits of linear threshold gates.

Circuit Lower Bounds against TC". Besides being the frontier class for proving circuit lower
bounds, TC? also captures the class of functions computable by constant-depth neural networks.
Given the ubiquitous applications of neural networks, it is important to understand the power and
limitations of TCC.

Unfortunately, our understanding of TC? is quite limited even for the simple depth-2 case: a
decade ago, Kane and Williams [KW16] proved that there is a function in P that requires THRoTHR
circuits with n!->=¢ size; this was later improved by [Tam16] and [ACW16] to lower bounds against
THR o THR circuits with n2~¢ size, at the cost of having the hard function in ENP instead of P. In
particular, it remained an open question whether there exists f € ENP that cannot be computed
by n2%%_size THR o THR circuits.

Non-trivial circuit analysis of TC’. In his seminal work [Will0, Willl], Williams not only
proved a super-polynomial lower bound against ACO[m], but also established a general method
for proving circuit lower bounds, termed the algorithmic method: a non-trivial circuit-analysis
algorithm for a circuit class C immediately implies a new circuit lower bound for C. Here, the
circuit-analysis algorithm can be for either the satisfiability (SAT) problem or the Circuit Acceptance
Probability Problem (CAPP);# and by non-trivial we mean the running time should be at most
2" /n@(D) (here n is the number of input bits to the circuit C), only slightly better than brute-force
search. His lower bound then followed from his new SAT algorithm for AC%[m)] circuits.

Following Williams’ framework, many subsequent papers obtained non-trivial circuit-analysis
algorithms for interesting subclasses of TCY circuits [[PS13, Will4, Taml6@, ACW16, CSS16,
SSTT15, SSTT16, [Tell8, Willg CW19, CR20, CLW20, KL18, HHTT21, BKK*22]. However,
despite much effort in designing non-trivial algorithms for TC? circuits, prior to this work, we still
do not have any non-trivial circuit-analysis algorithms for super-quadratic-size THR o THR circuits
(say, size n2001) for either SAT or CAPP. In particular, the aforementioned lower bounds against
n?~¢-size THR o THR [Tam16, ACW16] were proven by designing corresponding circuit-analysis
algorithms for sub-quadratic-size THR o THR circuits.

YA function f: {0,1}™ — {0,1} is a linear threshold function (LTF) if there are weights w1, ..., wn,t € R such
that f(z) =1 if and only if >°7 | w; - @ > t.

2Given an input circuit C: {0,1}": the SAT problem asks whether there is a satisfying input = € {0,1}" that
makes C(z) = 1; the CAPP problem asks to estimate Pr,.(o,13»[C(x) = 1] within an additive error .



1.1 Owur Results

In this work, we prove new THR o THR lower bounds after a nearly decade-long hiatus in
progress, by designing new non-trivial circuit-analysis algorithms for THR o THR circuits.

1.1.1 New circuit lower bounds against THR o THR

Our main result is the following:

Theorem 1.1. For every constant € € (0,1), there is a function f € ENP that cannot be computed
by n?>~¢-size THR o THR circuits. The same holds for SYM o THR.

Comparison with [Taml6] and [ACW16]. Our new lower bound is a direct improvement
over [Tam16]’s lower bound.H Compared with the lower bound from [ACW16], we note that their
lower bound also holds for AC” o THR o THR with sub-exponential-size AC? circuits at the top and
n?~¢ many THR circuits at the bottom layer, with no restriction on the number of THR gates in
the second layer.

1.1.2 New circuit-analysis algorithms for THR o THR

Following [WillQ, Willl], Chen and Williams [CW19] and Bathie and Williams [BW24] showed
that to prove lower bounds against n®-size THR o THR circuits, it suffices to give a non-trivial
algorithm for estimating the acceptance probability of an XOR of two n®-size THR o THR circuits.

Our main technical result is exactly that: a new CAPP algorithm for n?®~¢-size THR o THR
circuits that runs in non-trivial time.

Theorem 1.2. For every constant € € (0,1), there is a deterministic algorithm for solving CAPP
for @2 0 THRp(p25-<) o THR with error o(1) that runs in O(2”‘"Q<E)> time.

We note that both [Tam16] and [ACW16], indeed obtained non-trivial #SAT algorithms for the
corresponding circuit classes, for which one can exactly count the number of accepting inputs to
a given circuit C. This is stronger than both CAPP and SAT. We only obtain the weaker CAPP
algorithm, which is sufficient nonetheless for the algorithmic method.

2 Technical Overview

Below we will give a high-level overview of the techniques used to prove the main result. First, we
quickly review algorithms from prior work and explain why they cannot extend to super-quadratic-
size SYM o THR circuits or THR o THR circuits.

We will then explain our new algorithm for @2 o SYM o THR circuits, which essentially covers
most of the new ideas that are needed for our new THR o THR algorithms. Finally, we briefly
explain how to generalize that further to THR o THR circuits.

$We remark that [Tam16]’s lower bound also holds for n?~¢-size SYM o SYM circuits, while our lower bounds do
not extend to such a circuit class.



2.1 Review of Prior Works and Potential Improvements

We will first focus on the case of SYM o THR circuits, since its proof is simpler. It would be
instructive to first review the approach in [ACW16, Tam16] that gives non-trivial algorithms for
sub-quadratic-size SYM o THR circuits. Since we are only aiming for a CAPP algorithm, while prior
work gave a #SAT algorithm, we provide a simplified sketch of their approach sufficient for CAPP.

The algorithm from [ACW16, Tam16]. Given an SYMo THR circuit C of size m = n?~¢. Let
the top SYM gate be S: {0,1}"™ — {0, 1} and the list of bottom THR gates be T' = {T1,..., T\ }.
We also write T'(x) = (T1(x),...,Tin(z)) for any = € {0,1}", so we have that C(z) = S(T'(x)) for
all x € {0,1}".

The key technical ingredient in [ACWI16, Taml6] is that an m-size SYM gate can be
approximated by an 5(\/5)—degree probabilistic polynomial {P,}, . (0,1} pevios(m) Over Fa. Here r
denotes the randomness used to sample the Fa-polynomial and one only needs polylog(m) many
random bits for that.

So we have that for any u € {0,1}™,

Pr Py(u) = S(u)] >1—1/n“W.
T,N{O’l}polylog(m)

This also implies that for any = € {0,1}",

Pr P(T(x)) = S(T(x))] >1—1/n*W,
TN{071}polylog(m)
As deg(P,) = O(y/m) < n'~¢/3 (for n large enough), to solve the CAPP problem for C, it
suffices to solve the CAPP problem for 2P°M°e(™) many POLYy,[n'~%/3] o THR circuits and take
the average.

Circuit-analysis algorithm for POLYp,[n!7%/3]o THR circuits. There is a standard algorithm
for solving even the #SAT of POLY, [n' /3]0 THR circuits in non-trivial time, this idea dates back
to [Willl] and is also used in [ACW16].

Take a POLY, [n'~%/3] o THR circuit C' as input and set § = £/10. The idea is to partition the
n-bit input z as (y, z), where |y| = n? and |z| = n —n?%, and reduce the #SAT problem for C' to the
batch-evaluation problem for another POLY7[n!~/6] o THR circuit D on the (n — n’)-bit input z.a

Let Amp,,,s(2) be the modulus amplification polynomial with O(2n?) degree such that if z = 0
(mod 2), then Ampy,s(z) = 0 (mod 22"°), and if z = 1 (mod 2), then Ampy,s(z) = 1 (mod 22"°).
Let P: {0,1}™ — {0,1} be the POLYF, [n'~%/%] gate at the top of the circuit. We can also consider
the corresponding Z-polynomial Pz, over Z, such that Pz(u) = P(u) (mod 2) for u € {0,1}™.

Then we can construct the following circuit D: {0, 1}”_”6 — Z such that for any z € {0, 1}"‘”5,

D(z)= Y Ampy(Py(T(y;2))).

ye{o,1}n°

Note that D(z) mod 227" would give us the number of y € {0, 1}"5 such that C(y;z) = 1. This
means that D is a POLY7[n'~%/%] o THR polynomial over n —n® bits. An algorithm from Williams

can be used to compute its truth-table in essentially gn—n’ time, and this would be enough to solve
the #SAT problem for C.

*POLYF, [d] means polynomials over F2 of degree < d.
5In the batch-evaluation problem, given an input circuit D with m-bit input, the goal is to evaluate D on all
possible 2™ many inputs.



Combining with random restriction? Reviewing the above, for each z € {O,l}”_”é, we
solved the #SAT problem for the circuit C(-;2) on the nd-bit input y. Using modulus amplifying
polynomial, this can be converted to the batch-evaluation problem for the circuit D(z) above on
n — n%-bit inputs.

This reminds us of a classical idea in complexity theory: random restrictions [Sub61]. In
particular, if we think about y as the “alive” variables, and the z as the variables to be fixed
randomly during the restriction, then following [KW16], we can show that if we pick the positions
of y randomly (i.e., we pick a random subset I € ([7:;]) and let y be the bits from I), then
with probability 1 — n~%/3 over the choice of z, there are only n2—¢/2
in Tl,...,Tm.

That is, for most fixed z, we have that C(y;z), as a function in y € {0, 1}"5, is indeed an
SYM o THR circuit of only n27/2 size. One may hope this observation can be combined with prior
techniques to solve the CAPP problem for C.

many non-constant gates

The obvious difficulty. The obvious difficulty is that for different = € {0, 1}”_”6, the resulting
SYM o THR circuit is different, and there could be gn—n’ many such circuits; this is clearly too
many to handle efficiently in our algorithm.

However, the key observation of our work is that although there are many possible sub-
quadratic-size SYMoTHR circuits for different z, by opening up the construction in [ACW16, AW15],
there are only quasi-polynomially distinct “types” of such circuits, and these can be used to design
a non-trivial algorithm.

2.2 Our New Algorithm for ®; o SYM o THR Circuits

Let I € ([:5]) be a subset such that for a 1 — n=5/3 fraction of z € {0,1}"~"", there are only
n?~%/2 many non-constant gates in T (-; 2),..., T (; 2). There is a simple deterministic algorithm
that runs in 299"-time to find such an I. So in the following we will assume such an I is fixed.

Moreover, we say a z € {0, 1}"*”(s is good if there are only n2~¢/2 many non-constant gates in
T1(552),...,Tin(+; 2). Note that given z, it is easy to check whether a THR gate T;(+; z) is constant
or not in polynomial time. So we can also check whether z is good or not in polynomial time.

In the following, we will aim to solve the CAPP problem for the circuits C'(+; z), but only for the
good z’s. Our algorithm would just “give up” on the bad z’s. As a CAPP algorithm for the circuit
C over {0,1}", this would incur an additive error of 1/ n¢/3, which is acceptable.

For different good z € {0, 1}”_"6, the resulting SYM o THR circuit C(+; z) is different, so it may
seem that for each of them we will have to compute a different Fo-probabilistic polynomial, ending
up with gn—n’ many different POLYF,[n!~¥®)] o THR circuits to handle, which is clearly too much.

Our crucial observation is that, by opening up the construction in [ACW16, AW15], there are
only quasi-polynomially many Fo-probabilistic polynomials that one has to consider, even if there
are 2n—1° many good 2z’s.

Now, for each good z, note that the range of T'(y; z) is contained in a subcube X, of dimension
at most n2¢/2. This motivates us to approximate the symmetric gate S by a low-degree polynomial
on the subcube X,.

More specifically, let X C {0,1}™ be a subcube of dimension n That is, n?~¢/2 many
bits from z € X can be arbitrarily chosen from 0 or 1, and other bits are fixed. Let r be the
random bit string in the construction.! There are n'91°8™ many Fy polynomials {Pratacmiowosn) of

2—¢/2

5We choose n®/1%0

end result.

random bits instead of polylog(m) as we can afford it, but both choices would give the same



1-¢/6 and an “advice” function that takes as input the description of X and r and outputs

2-¢/2 and every z € X, we have

degree n
a(X,r) € [n'%1°en]) such that for every X of dimension n

PTI' [S('T) = Pr,a(X,T) (33))] >1- 1/nw(1)_ (1)

Since there are very few possible r, we can simply enumerate all of them with a small overhead.
Thus, in the following, we will just pretend that r is fixed and assume for simplicity of exposition
that the error in Equation (ﬁ]) is 0. Then, there is a list of polynomials { P },cpn10108n) such that
for every x € X, we have

Poxy(@) = S(x).
Since for each good z, the range of T'(y; z) is contained in a subcube X, of dimension n
get that P, (x,) o T'(; z) will be the same as S o T(; 2).
Using the same algorithm as in prior work, for every a € [n'°°6"] we can solve the #SAT

2—5/2’ we

problem for the circuit P, o T'(+; z), for every z € {0, 1}"‘”6 in essentially gn—n’ time, and store it
in a lookup table. Then, for each good z, it suffices to simply look at the result for P,(x,) o T(;2)
in the lookup table. This would be enough to solve the CAPP problem for SYM o THR.

Note that above we assumed that the list of polynomials, as well as the advice function a(X,r),

2”_"9(8) time. We will discuss how to do that in detail later.

can be computed in
Generalization to ® o SYM o THR circuits. To generalize to @2 o SYM o THR circuits, we
still use Ti,...,T,, as the list of bottom THR gates, but now we have two top SYM gates
S1,52: {0, 1}m — {0, 1}.

We can get two lists of polynomials { Py },cpn10108n) and {Qp}pepp10105m) such that for every € X,
we have P,x)(z) = S1(x) and Qy(x)(z) = S2(), where X is a subcube of dimension n?=¢/2,

Now, for each good z, we have that (P,(x,) ® Qu(x.)) © T(+; 2) is the same as (S1 ® S2) o T'(+; 2).

To solve the CAPP problem for @3 0 SYM o THR circuits, for every a,b € [n'01°8"] we can solve
the #SAT problem for the circuit (P, & Q) o T'(+; 2), for every z € {0, 1}"‘”6 in essentially 27"
time. This enumeration of (a,b) incurs only a minor overhead to the runtime. Then, for each good
z, it suffices to simply look up the result for (FP,(x,) ® Qpx,)) © T'(+; 2). This suffices to solve the
CAPP problem for @5 o SYM o THR circuits.

Generalization to THRo THR circuits. To generalize to THR o THR circuits, the key idea is to
notice that the top THR gate can be written as an approximate linear sum of POLYR,[O(1)] o SYM
gates; we can essentially use the same algorithm above, but now with O(1) many SYM gates instead
of two.

2.3 List approximating F,-probabilistic polynomials for SYM gates

Finally, we explain how to construct the Fo-probabilistic polynomials { P, ,};.,. We first review
the construction of Fo-probabilistic polynomials for SYM gates from [ACW16, AW15]. To construct
an [Fo-probabilistic polynomial for a SYM gate, it suffices to construct an Fa-probabilistic polynomial
for the following function 1hotSUM: {0,1}™ — {0,1}™*!. Here, 1hotSUM takes m input bits,
computes their sum s, and outputs zo, 21, ..., 2z, defined by z; = 1 if and only if i = s (that is, the
output is the one-hot vector encoding of the sum s).

Our goal is to construct a family of Fa-polynomials {P,gm) cF— IE“ZLH} such that for every x €
{0,1}™, with probability at least 1 — 1/n“() over the choice of 7, we have pim™ (x) = 1hotSUM(z).
For i € {0,...,m}, we use pim™ [i] to denote the i-th coordinate of pim™ ().



The Fs-probabilistic polynomial from [AW15]. Alman and Williams [AW15] does so
recursively. For simplicity assume that m is a power of 2. Suppose we already have the construction
P(™/2) for 1hotSUM on m,/2 bits. Then we can construct P™ for 1hotSUM on m bits as follows:

1. Let € {0,1}™ be the input.

2. Sample a random subset K C [m] of size m/2 and apply P"/?)(zx) to know how many 1’s
are in zx. Since K is (pseudo-)randomly chosen, if there are ¢ 1’s in zf, with probability
1 — n~“M the number of 1’s in z should belong to the range 2t + vmlogm.

3. Now, note that for every ¢’ € {0,1,...,m} and s € {0,1,...,m}, we can interpolate an
O(y/mlogm)-degree polynomial E, 4, such that for every u € t' + \/mlogm, we have that
Egp(u) =11if u=s and Es(u) = 0 otherwise. (E,y is all zero if s ¢ ¢/ + /mlogm.)

We can then define

m/2 m
P™g)(z) = ZP(M/Q) (t](zr) - Esof <Z 901) .
t=0 i=1

Note that the above works because with high probability over the randomness, P("/2) computes
1hotSUM on z g, and the number of 1’s in the whole input z falls in the interval 2t + \/mlogm,
where ¢ is the exact number of 1’s in the input zx. The original construction from [AW15] picks
the subset K uniformly at random, which was later derandomized by [ACW16] using O(log n)-wise
independent distribution.

Adapting the analysis to subcubes. Now, let X be an ¢ = n2~¢/2 dimensional subcube
of {0,1}™. We proceed as above to construct the probabilistic polynomial P(™) that computes
1hotSUM for z € X. Let J € ([TZ]) be the set of coordinates that is free in X.

1. Let z € X be the input.

2. Sample a random subset K C [m] of size m/2 and apply P/ (zx) to know how many 1’s
are in rx. Suppose it is ¢. Note that x|, s is always constant (same for all x € X), so our
goal is indeed to obtain an estimate of the number of 1’s in x ;; for which we can compute the
number of 1’s in x s, which is ¢ — ||z s||1, where note that x ; is also always constant.

Now the estimation error only comes from estimating ||z ||, using 2 ||z xns||;, where |J| = ¢.
So our new range is

t' £V/llogn where t' := 2(t — @\ gl11) + [T pmp sl

Note that ¢’ depends on ¢ and —2|z g\ s|[1 + ||z 7]|1, where the latter is a number in [—m, m]
that only depends on K (which is generated from the randomness r) and the subcube X.
This number will be part of the advice.

For any « € X, since K is (pseudo-)randomly chosen, if there are t 1’s in g, then with
probability 1 — n~“(!) the number of 1’s in z should belong to ¢’ + v/¢log n.

3. So, for every t' € {0,1,...,m}, given —2[|zg\s|l1 + [|2papsll1 and s € {0,1,...,m}, we
can interpolate an O(\/Z log n)-degree polynomial E;, such that for every u € ¢’ & Villogn,
Eqi(u) =1 if u=s and F,(u) = 0 otherwise. (Es; is all zero if s ¢ ¢ +v/Zlogn.)



We can then define
m/2 "
PM[s)(z) = ZPW?) [tl(@K) - Es2t—2lja g slli+lle sl (Z 332) ‘
=0 =1

The argument would work similarly as before. The only difference is that now the range is shifted
by a number —2|[z g\ s|[1 + ||z 7|1 that depends on K and the subcube X. We would encode this
number to be part of the advice a(X,r), where r denotes the randomness used to sample the
different K’s. Note that the advice can be easily calculated from K and a concise description of
X, specifying whether each coordinate is fixed to 0, 1, or is free. Since there are O(logn) layers
of recursion, the list of shifts above for one particular subcube X has only (2m + 1)0(10g ") options
and can be encoded as an integer a(X,r) € [n!0los"],

3 Preliminaries

We first define some standard notation. For any mathematical statement «, let I[a] be the
indicator that « holds, i.e., it equals 1 if o holds and 0 otherwise. Define the L;-distance of two
vectors (a1, - ,aq) and (by,--- ,bg) by Z;flzl la; — b .

3.1 Gates and Circuit Classes

We first define the following gates we will use.
Definition 3.1. (Gates) We define the following gates (on input (x1, 22, -+ ,xpy) € {0,1}7):

o 1hotSUM: This gate has m+ 1 output wires, the i-th wire (i =0,1,--- ,m) outputs 1 iff there
are exactly i 1-s in T1, -+ , Ty,-

e THR: This gate has parameters wi,wa, -+ ,Wm,t € R, and outputs
[wixy + waze + -+ - + WXy, > .
(Replacing > by >, < or < gives the same definition.)
e ETHR: This gate has parameters wi,ws, - - ,Wm,t € R, and outputs

[wrxy + waze + -+ - + W Ty, = .

e SYM: This gate outputs a bit that only depends on 1+ -+ + Xy,
o POLYp,[d]: This gate evaluates some m-variable polynomial over Fo with degree at most d.

e DOR: It is guaranteed that x1,--- , T, is either all 0 or contains exactly one 1. This gate
outputs 1 iff there is exactly one 1.

o GapAND;: 0 < § < 1 is some parameter. It is guaranteed that x1,--- , Ty, is either all 1 (in
which case it outputs 1), or contains at most § fraction of 1’s (in which case it outputs 0).

o A, V,P: Multi fan-in AND, OR, XOR gates
e Ag, Vi, Pr: AND, OR, XOR gates with fan-in k.



« SUM: This gate has two disjoint intervals Iy, 11 as parameters, and it is guaranteed that the

number of 1-s in the input is in Iy U Iy. SUM outputs 0 if the number of 1-s in the input is
in Iy, and 1 if in 1.

Lemma 3.2 ([MTT61]). For any THR gate on m input bits, there is an equivalent THR gate where
all parameters are integers in range =m™.

Definition 3.3. (Constant Depth Circuits) For any gate types or circuit classes %, %, -+ , Yy,
denote Gy 0%p0---0%; by circuits with 41,%s, - -+ ,%9; gates on the 1,2,---  d-th layers, where layer
1 is the layer closest to the output.

3.2 Structure Lemmata for Threshold Circuits

Lemma 3.4. For circuit classes of ,%8. We denote of C A by: there is a polynomial time
deterministic algorithm that, given an < -circuit Cy with n input bits and poly(n) size, outputs an
equivalent B-circuit Co. (Therefore, Cy’s size is at most poly(n).) We have:

1. A o ETHR C ETHR; [HP1(]

poly(n)

2. THR C DOR o ETHR; [HP1d, [cw1d]
3. For any constant ¢ > 0, ETHR C GapAND, /,,c o SYM; [CW19]

4. For any € > 0, SYM C POLYF,[O(1)] o 1hotSUM, where the SYM gate on the left hand side
may have poly(n) many wires to each input gate, but on the right hand side, each 1hotSUM
gate has at most n° wires to each input bit, and there are at most O(1) many 1hotSUM gates.
(Here O(1) may depend on € and the exponent of n in SYM’s size.) JACW16]

For Item @, the construction in Theorem 7.1 of J[ACW16] has those properties, although not
explicitly stated. We give a proof in Appendix for completeness.

3.3 Circuit Analysis Problems

Definition 3.5. (#SAT) For any circuit class o/ (with binary output), of -#SAT is the following
problem: given an o/ -circuit C' on n input bits, we need to output Pry(o13»[C(z) = 1].

Definition 3.6. (CAPP) For any circuit class o/ (with binary output) and a real number
0 <d <1, o7-CAPPs is the following problem: given an o7 -circuit C on n input bits, we need to
estimate Pry (0 137 [C(z) = 1] with additive error <.

Definition 3.7. (L1-CAPP for circuits with top 1hotSUM gates) For any circuit class &7 with
a 1hotSUM gate at the top and a real number 0 < § < 1, o/ -L1-CAPP; is the following problem:
given an < -circuit C' on n input bits, suppose C’s top LhotSUM gate has m inputs and m + 1
outputs, we need to estimate the vector

(LPr @ =el PrCw=al. Pr(Cl)=e)

with additive error < § in Ly-distance. Here C(x) = ey means only the k-th output of C(x) is 1,
i.e., the top 1hotSUM gate has k 1’s in its inputs.

We also need the following connection between algorithms and circuit lower bounds [CW19, BW24].



Lemma 3.8 ([BW24, Theorem 3.7, Section 3.3]). Let a > 1. If the CAPP with error o(1) for
O(n®)-size @3 0o THR o THR circuit can be solved in 2" /n“Y) time, then ENP does not have n®-size
THR o THR circuits.

The same also holds if we replace THR o THR by SYM o THR.

Proof Sketch. Theorem 3.7 of [BW24] and its generalization in Section 3.3 require that (i) n®-size
THR o THR can compute parity (which is true for & > 1) and (ii) a CAPP algorithm for O(n%)-size
OR30THRo THR. The second requirement can be relaxed to &9 0 THR o THR by using the 2-query
PCPP specified in [CW19, Lemma 25] instead of the 3-query PCPP used in [BW24].

The argument above also holds for SYM o THR. O

3.3.1 Known Circuit Analysis Algorithms
Lemma 3.9 (Folklore). There is a deterministic 2"/2 - poly(n)-time algorithm for THR-#SAT.
We provide a proof of Lemma @ in Appendix for completeness.

Lemma 3.10 ([Will4]). The truth table of an n-input 2"/1%-size 1hotSUM o ETHR or 1hotSUM o
THR circuit can be printed in deterministic 2" - poly(n) time.

3.4 Chernoff Bound for k-wise Independent Variables

Lemma 3.11 ([SSS95]). For any n k-wise independent random wvariables X1, -+, X, € [0,1],
denote X := X1+ Xo+ -+ X,, and p := E[X], then for any § > 0, we have

Pr HX — M| > 5:“] < e—Q(min{k’(SM’yu})‘

3.5 Modulus Amplification Polynomials

Lemma 3.12 ([BT91]). For any positive integer k, there exists a degree 2k — 1 polynomial
Amp,(z) € Zlx] such that for any integer m > 1 and any integer x, if x = 0 (mod m), then
Ampy(z) = 0 (mod m*); if x = 1 (mod m), then Amp(z) = 1 (mod m*). Moreover, there is a
deterministic poly(k)-time algorithm that, on input k, outputs Ampy.

4 Simplification of THR Gates Under Random Restrictions

From now on, let ¢ € (0,107Y) be a global constant.

Lemma 4.1 ([KW16]). Let n > k be positive integers. Let f: {0,1}" — {0, 1} be a linear threshold
function. Then for a random restriction p € {0, 1, *}", which has exactly k many x-s, with probability
>1-0(k/vn), flp is a constant function.

We note that [KW16] proved a slightly different version of Lemma @, where they handle any
equi-partition of [n] into k subsets and pick one x from each subset uniformly at random. Their
statement easily implies ours, as one can get the uniform distribution over sets of size k out n by
first randomly taking an equi-partition of [n] to k non-empty parts and then picking one element
in each part. We include an alternative proof of Lemma @ in Appendix for completeness.

Next, we split the circuit’s n input bits into two parts, I C [n] of size k = n*/10 and [n] \ I of
size n — k. Based on this partition, we can arrange the 2" possible input strings to the circuit in
a 2% x 2"7F matrix, where the row and column determine the value for z; and Z[n)\1 respectively.
We then use Lemma to argue that for a typical choice of I, for most columns, many THR gates
become constant on all inputs in this column.



Definition 4.2. For positive integers n > k, and a set I € ([Z]), (we call it a “partition”,) split
any x € {0,1}" into two parts: x7 € {0,1} and T €10, 1N and we denote = by (T1, T 1)
We partition {0,1}" to 2" % columns:

Column) = {(y,2): y € {0,1}'}, for = € {0, 1}I"\V.
Definition 4.3. Given a collection of m < O(n*>~¢) linear threshold gates

C={T;: {0,1}" — {0,1}}

i€[m]’
and a partition I € (n£7]10> For any z € {0, 1}["]\1, we say Columng) is C-good, if at most n
()

gates in C are non-constant on Columny ’.

2—¢/2

We show that it is easy to tell in each column, whether each THR gate is constant 0 or 1 or
non-constant.

/10

Theorem 4.4. There is a deterministic 0(2"_"

collection of m < O(n2'5*€) linear threshold gates

-poly(n))—time algorithm that, given a

C={T;: {0,1}" — {0, 1}}ie[m]

and a partition I € (n£7]10), outputs for each z € {0, 1}[”]\1 and i € [m|, whether T; is always 0 or

always 1 or non-constant on Columng).

Proof. For each z € {0,1}"\ and i € [m)], suppose Tj(z) = I [Z}Ll w; T > t]-], then we can
(1)

determine the maximum and minimum of Z?:l w; joj on Columny’ by setting each z; (j € I) to
be 0 or 1 based on the sign of w; ;. And thus figure out whether T; is always 0 or always 1 or

()

. . __me/10
non-constant on Columny’. This can be computed in 2"~"

- poly(n) time. O
Below we present a deterministic algorithm for finding a partition where most columns are good.

Theorem 4.5. There is a deterministic 2/2t°(" _time algorithm that, given a collection of
m < O(n?°7¢) linear threshold gates
C={T;: {0,1}" — {0,1}}

i€[m]’

outputs a partition Iy € (ng]lﬂ) such that at least (1 — 1/n%/3) fraction of the Column{® _s

(z € {0,1}"\o) are C-good.

Proof. The existence of a good Iy. By Lemma @, for each i € [m], we have

?r [TZ is non-constant on Columng)} < 1/nt/2=el8,
2
where Pry . samples a random I & (n£’}]10) and a random z ~ {0, 1}[”}\1. Thus,

Pr Pr [T, is non-constant on Columng)} < 1/nt/27¢/8, (2)

10



Define, for each I € (n,[fﬂw) and i € [m],
ar; = # {z € {0, 13"\ Ty is non-constant on Columngl)} . (3)
In this terminology, Equation (E) is equivalent to

E Elar] <2077 ml/2/s,

ir~o[m] I
So there exists an Iy such that

E [alo,i] < 2n7n5/10/n1/2f€/8'

irv[m]
Next, we show that such Ij satisfies the requirement. By the definition of ar, ;, we have

Pr Pr [TZ is non-constant on Columnglo)] < 1/nt/?El8,
i~v[m)] z~{0,1}["]\10

and therefore,

Pr [# {z € [m]: T; is non-constant on Columng‘))} > nQ*E/Q}
Zw{o,l}[n]\fo

< (m/n2’5/2> ) (1/711/275/8)
< (O(n2.5—5) /n2—5/2> ) (1/n1/2—6/8)

< 1/n°/3.
Finding a good I,. According to the proof above we only need to compute all as;-s for
I e ( ) ), i € [m]. Then we can output an Iy such that B [an] < 2”—”5/10/711/2—5/8,

ne/10
which satisfies the requirement.

For each i € [m], suppose
n
E(l‘l,l‘Q, tt ,ZL’n) =1 Zwm-:vj >t
j=1

Then for each I € (nQ/L]lO) and i € [m], we define two THR circuits, A7;(z) and A7 ;(2), that capture
)

whether T; always outputs 0 or 1 on Columnz’, respectively. Namely,

Ari(z) =1 Z w; iz < t; — Zmax{wi,j,()} ,

Lj€ln\I jel

Ti(2) =1 Z w; jz5 >t — Zmin{wi’j,()} .

i€\ jel

Thus
1 — Ar(z) — A7 ;(2) = I[T; is non-constant on Column{D].

11



Therefore, we can apply the THR-#SAT algorithm to Ay, A’I’i and get

ari= Y (1= Ari(z) = Ap(2)).

2€{0,1}mI\T

By Lemma @, the total time for computing all ar ;-s is O ((n!}lo) .m . 2n=n10)/2., poly(n)) which

is at most 27/2+o(n) O

5 Approximating lhotSUM Gates with Low-Degree Polynomials
and Applications

5.1 Main Lemma

We follow the work of Alman and Williams [AW15], but adapt it to our setting, where
m = O(n?57¢) (as opposed to subquadratic in n) and we list approximate a 1hotSUM gate on
any subcube X C {0,1}™ of dimension < n?¢/2,

Lemma 5.1 (List-Approximating SUM with Low-Degree Polynomials over All Subcubes of
Dimension n2*5/2). Let m = O(n?°7¢) and n be sufficiently large. There exists a collection of
multi-output polynomials

{Pﬂa € (Fo[z1, x2,- - ,xm])erl}Te [2718/100], a€[n10lon]

which attempts to list approxrimate a 1hotSUM gate on m inputs under all subcubes of dimension
< n2-el/?, (Note that each P, outputs m + 1 bits, similar to 1hotSUM.) More precisely, we have
the following guarantees:

1. Low Degree Efficiently Computable Polynomials. degP,, < n'=¢/% for any r,a and

there exists an algorithm that given n,m, outputs {P,q} in deterministic time O<2”175/6>.

2. List Approximators over Large Subcubes. For any subcube X C {0,1}™ of dimension
<n*e? andr e [2”8/100} there exists an a(X,r) € [n101°8"] such that: for each x € X,

Pr [1hOtSUM(m) = Pr,a(X,r) (.73)] > 1-— 1/2”6/500,

e~ [2n5/100:|

Moreover, a(X,r) can be computed in deterministic polynomial time given X and r.

Proof.
Part 1. We first construct the collection of polynomials { P, }.

o We use r to sample a collection of 2logn + 1 many layers Layer(o), Layer(l)7 e ,Layer(mog"),
where [m] = Layer® O Layer®™® D ... D Layer®?1°8™)  The layers are sampled as follows:

— The first layer is Layer®) := [m];

— Fork € {0,1,...,2logn—1}, Layer(k‘H) is a pseudo-random subset, of Layer(k) where each
element is selected with probability 1/2 and the choices are nf/290_wise independent.

« We use a to encode a sequence of integers (ag, a1, - ,a210gn—1), Where for each i, |a;| < n%?o.

12



Next, we explain how to construct P, for a fixed pair (r,a). We do it by getting low-degree
approximating polynomials for 1hotSUM over all layers, starting from the last layer and going
backwards.

For the last layer, with very high probability, there are at most O(n!~%) variables in it. (Actually,
there are only m/n? = O(n%®~¢) many variables in expectation.) So there exists an exact degree
O(n'~¢) polynomial that computes

1hotSUM (g: i e Layer(21°g”)> .

Next we want to do the same for all layers. The idea is to iteratively go backwards from layer
2logn to layer 0 and compute a good approximation of 1hotSUM (xz 1€ Layer(k)> given a good
approximation of 1hotSUM (acz 1€ Layer(k+1)).

Recall that each element in Layer(k+1) is a random subset of Layer(k), and each element in

Layer(k) has probability 1/2 to be in Layer(k‘H). Thus, we expect 2 Ziel—ayer(k+l) x; to be similar to

ZieLaye,(k) x;, with an additive error of roughly O <, / ‘Layer(k) D due to standard deviation. This

error will typically be much larger than n for small k. We note though that on any large subcube
X c {0,1}™ of dimension < n?~¢/2 that have coordinates J C [m] non-constant, and any = € X,
the difference 2 Zz‘eLayer“““) T — Zz‘eLayer““) x; comes from two sources:

o The difference among the fixed coordinates (i.e., those in [m]\ J) which only depends on X.

This difference can be typically O( ‘Layer(k) D which is larger than n for small k,

e The difference among the coordinates in J, which depends on the choice of  in X, but has

mean 0 and much smaller standard deviation O( ‘J N Layer®) D < O(x/ |J|> < O(n'=¢/%).

The idea is that for every subcube X there will be a sequence of advices ag,- - ,a210gn—1 that
will capture the differences of the first kind. Next, we explain how to construct an approximating
polynomial P, , for 1hotSUM given the randomness r and the advice a = (ag, ..., a210gn—1)-

Defining Helper “Indicator in Interval” Low-Degree Polynomials Ej ;. For each k €
{0,1,--- ,2logn}, t € {0,1,--- ,m}, and s € [t—n'"/5 t+n'=5/5]N[0,m], we define the polynomial
Ejts € Folzq, -+, xp] to be the interpolating polynomial that satisfies

Ek:,t,s(l'la e ’xm) - 1 lf Z Ty = S,

iELayer(k)
Brps(@r, - am) =0 if Y me[t—n'"t 4070\ {s}.
iELayer(k)
i.e., when {z;} () contains t+n'"¢/> many 1-s, E} 1 s is an indicator whether there are exactly

i€Layer
s many 1-s (the polynomial may be arbitrary for other x’s). Note that deg(Ej ) < 2n'=¢/°.

Defining Polynomials A;; that Attempt to Compute 1hotSUM on Each Layer. For
each k& = 2logn,---,1,0 (i.e., in backward order) and 0 < s < m, define the polynomial
Ap s € Folzq, -+, 2] as follows:

13



o For k = 2logn, for each 0 < s < m, let Ay, := Epos. (For s > nl=e/5 set Aps = 0.)
If {xi}ieLayer(zlogn) contains < n!~¢/5 many 1-s, (which happens with very high probability,
(2logn)

Layer } < y/n,) then Ay, is an indicator whether there are exactly s 1-s

since even [E [
mn {:I:Z'}iel_ayer@log n)

e For each k =2logn—1,---,1,0, for each 0 < s < m, let

Ak,s = E Ek,2t+ak,sAk+1,t7
t

where ), takes the sum over all t-s such that Ej 944, s and Ag 1 are well-defined. Observe
that when Ej 2414, s is well-defined it equals 1 if and only if ZieLayer(k) T; = S.

The crucial observation is for each k, Ay s(x) is an indicator whether there are exactly s 1-s
in {mi}ieLayer(k) (simultaneously for all s-s) as long as the following conditions hold for all

K e{kk+1,---,2logn}:

Z T;— 2 Z T —ap| < nlis/‘r). (4)

iELayer(k/) iELayer(kq'l)

(For k' = 2logn, view Layer?18"+1) .— & and a210gn = 0.)
In particular, if this is the case when k = 0 then (Ago(x),- -, Agm(x)) = lhotSUM(x).
Observe that for every k and s the degree of Ay, 5 is at most (2logn —k+1) - 2ni—e/5,

Finally, let
Pro = (Ao, A0, s Aom) -
By the definition of P,.,, we have deg P, , < onl—e/s. (2logn +1) < n!=¢/6. Also note that the

description of each P, , can be computed in O(2”175/5'p°'y'°g(”)) time, and then by enumerating all
(r,a)-s, we can compute {P, o} in 0(2”175/6> time.

Part 2. For each subcube X C {0,1}™ of dimension < n*>=/2 and r € gn®/1%0

to pick an a(X,r) such that: for each x € X P, 4x ) (x) = 1hotSUM(z) with high probability over
r. We also show that a(X,r) can be computed in deterministic polynomial time (given a concise
description of X ).

}, we show how

Picking a(X,r)-s. Fix a subcube X C {0,1}" of dimension < n?> /2 and r € [2"
Consider by J C [m] the set of indices such that the subcube X is non-constant on. Then,
|J| = dim(X) < n2=c2 Let x = (1,22 - ,xm) € X be any fixed point in X. For each

0<k<2logn—1let
ajp = Z €Ty — 2 Z ZTi.
icLayer(®) ; i¢.J icLayer®+1) . i¢ g

5/100}

Since for @ ¢ J, z; is fixed in X, we know a only depends on X, r, and is independent of x. Observe
that ax(X,r) is computable in deterministic polynomial time, assuming that the subcube X is
given in a concise description of its fixed coordinates and their values (e.g., X can be described as
a string in p = {0, 1, %} where p; € {0, 1} if all x € X satisfy z; = p; and p; = * otherwise.)
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Proof of Approximation. We prove that for any fixed z € X,
ne/500
N [255/100] [1hotSUM(z) = P, 4(x,»(z)] >1—1/2 :

Note that if

Z xi—2 Z z; — ag| < nl7/0

ieLayer(F) icLayer(F+1)

for all 0 < k < 2logn, then 1hotSUM(z) = P, ;(x (7). Therefore, by the definition of a-s, a
sufficient condition for 1hotSUM(z) = P, 4(x () is:

oo mi-2 > z;| <n'e5, forall 0 <k < 2logn.

icLayer(F): jeJ iGLayer(]H'l) cied

Note that for each 1 < k < 2logn, the distribution of Layer(k) is equivalent to: for each element

in i € [m], let Layer®) contains i with probability 1/2*, and the decision for all i-s are n¢/2%-wise
independent. So, by Lemma , for any fixed # € X and J of size at most n?7/2, we have
1 _
Pronll 2 mmgrml<n
™ [271 ] icLayer(®) : jeJ =
. 1 _
= Pelr/100 [ sz i € Layer(k)] ~ ok sz < nt 8/5/3]
L [2” ] ieJ ieJ
1—-¢/5 3 2
>1—exp | —Q | min{ n®/20 pl=¢/5/3, M (Lemma )
5% 2icy Ti
>1- 1/2115/400.
Therefore, with probability > 1 —1/ 2n* % ver r, for all 0 < k < 2logn, we have
S mi— Y m| <3
1 2k. ‘ 1| = i
icLayer(®) : jeJ (=)
and thus for all 0 < k < 2logn — 1,
Z Ti—2- Z ;| < nl=e/5
icLayer(®) : jeJ icLayer(PtD): jeg
and hence 1hotSUM(x) = P, ;(x (7). So Equation (E) holds. O

5.2 Approximating 1hotSUM,25-- o THR by low-degree polynomials on almost all
good columns

Theorem 5.2. There is a deterministic 0(2”_”5/30) time algorithm that, given a collection of

m = O(n*°"¢) linear threshold gates C = {T;: {0,1}"™ — {0,1}} and a partition I € ( ) )

i€[m] ne/10
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outputs a collection of multi-output polynomials

{Pr,a € (Falzy, o, - - - ,xm])m'f'l}re[2n5/100:|’a€[n1010gn]

of degree n'=/, and outputs for each pair (z,r) € {0, 1}[P\ x {2”6/100}, a choice a(z,r) € [nt0loen],
such that: for any z € {0, 1}["}\1 such that Columng) is C-good,

Pr ., [1hotSUM(C(2)) = Py o(er) (€ ()] 2 1 1 o™

100
s/ ], z~Columny

re[2m

Proof. Using Lemma @, we have a collection of polynomials
1
{Pr,a c (Fg[l‘l,l‘z, tee 7$m])m+ }re [2716/100]7 ae[nlologn]’

that list approximate a 1hotSUM gate on any subcube X C {0,1}™ of dimension < n?~¢/2,

Denote by A C {0,1}["\ the set of all z € {0, 1}["\/ such that Column{ is C-good. For
any good z € A, let X = X(z) C {0,1}" be the minimal subcube that contains the support of

C(Columng)). Note that if z is good, then X (z) has dimension < n?~¢/2. Let
a(z,r) == a(X(2),r).

Taking expectation over x ~ Column,(zl) and applying Lemma @, we get

/500

Pr [1hotSUM(C(2)) = Pa(zy(C(x))] > 1 — 1/2"

()

100
e/ ], z~Columny

rev[27

5.3 CAPP Algorithm for ©; o SYMg(,25-<y o THR
In this section, we apply Theorem @ to obtain a CAPP, ;) algorithm for ©20SYMg,2.5-<)0 THR

circuits. We need the following lemma:
Lemma 5.3. There is a deterministic O<2”*"5/50> time algorithm that, given an n-input
POLYy,[n'~%/8] o THR circuit C with at most poly(n) different THR gates at the bottom, and

a partition I € (n£7}]10), outputs

e =1

ze€Columny

for each z € {0,1}M\],

Lemma @ has been implicitly used in previous works [ACW16]. Nevertheless, here we give a
proof for completeness in Appendix .

Theorem 5.4. There is a deterministic algorithm for ©20SYMg(y2.5-c) o THR-CAPP (1) that runs
in O<2”*”€/100> time.

Proof. Denote the @2 0 SYMgp(,2.5-<) o THR circuit by
C=(f10oC) & (f200),

where

16



o f1:{0,1}"™ — {0,1} and fa: {0,1}"2 — {0,1} are the SYM gates on the first layer, where
my,my < O(n*57¢);

e (1,Cq are the collection of THR gates under fi, fs, respectively. If a THR gate has multiple
wires to f;, then it is counted multiple times in C;.

By Theorem @, in deterministic 2/2t°(™) time, we can find a partition I € (n£7]10) such that

at least (1 — 1/n%/3) fraction of the Column{"-s (z € {0,1}["\]) are (C; + C2)-good, and hence they
are both Cj-good and Cs-good. For j € {1,2}, use Theorem to compute

Aj = {z e {0, 1} Column(D is Cj—good}.

Now we apply Theorem @ to C; and Cs respectively. In O<2"‘"5/30> time, we can find two

collections of polynomials {PT(,}I)}, {PT(%)} of degree n!=¢/6 and choices a(l)(z,r),a(z)(z,r)—s for
C1,Cy respectively that satisfy: for each j € {1,2} and z € A;, we have
Pr [lhotSUl\/I oCj(x) = Pr(‘i)(z " © Cj(x)} >1- 1/2715/500-

rev [2"5/100] R waqumng)

For each j € {1,2} and r € [2”5/100} and a € [nmlog”], we compute the polynomial
= X (),
S
0<s<mj: f; outputs 1 on s 1-s

Then for any z € A;, we have
i £/500
[fj oCj(x) = Qq(fiwz,r) ° Cj(ff)} >1-1/2"

(1)

100
r~[2”5/ ], &~Columny

Then, for each tuple (r,a1,a2) € [2”5/100] X [nwlog"]Q, consider the circuit
5’!‘,(11,@2 = (Qg% o Cl) D <Q')("7232 o CQ) )
i.e., replace the two SYM gates by Qg,lgl and QQT Note that C~’r7a17a2 is a POLYF, [n1*5/6] o THR

circuit, so by Lemma @, in O(Z”_”E/m) time, we can output

o (n [5ﬂa1,a2 (z) = 1}

z~Columny

for all z € {0,1}["\/. Then, by enumerating over all tuples (r, a1, az), we can output

pr Cravas(@) = 1]

z~Column;

for all (r,a;1,a2) € [2"5/100] X [nlOIOg"]Q and z € {0,1}["\ in total time O<2”_”E/GO). Finally, we
output

_ 1 =
b= on—11] Z Pr D {Cr,a(l)(z,r),a@)(z,'r) (z) = 1} .
2€A1NAy xz~Columny’/,
£/100
ref)

17



We show that p is close to C’s acceptance probability, which we denote by p.
Applying the union bound on Equation (H), for any z € A1 N As,

' ' ne/ 00
r~[2n , z~Column}
and hence ) N
[ e/wo]Pr Column(® [Crva“)(z,r),a@)(z,r) (x) = C(JU)} >1-— 2/2” (9)
r~(2n , z~Column;

So

/500

Fopem > Pr[C) =1 <2/2" (10)

2€A1NAs mequmng)
Also note that since |A;] > (1 — 1/n/3) - 277Ul Ay > (1 — 1/ne/3) . 2711 we have
|A; N Ag| > (1 —2/n%/3) - 271l and thus

b > Pr[C@)=1]

2€A1NAs z~Columny

1
= onl1] > Pro [C(z) =1]
ZG{O,l}[”]\I\(AlmA2) z~Columny
=2 (11)
Equations (@) and (EI) give that |p — p| < o(1), which satisfies the requirement. —

Combining Theorem @ and Lemma @ we get:

Corollary 5.5. For any constant € > 0, ENP does not have n>5¢-sized SYM o THR circuits.

6 CAPP Algorithm for ©; o THRp(,25-2¢) 0o THR

Theorem 6.1. There is a deterministic algorithm for @20 THRp(;,2.5-2c) o THR-CAPP (1) that runs
in 0(2”_"5/100) time.

(Remark: To prove Theorem with parameter ¢, it suffices to prove Theorem @ with parameter
€/2; we use 2¢ in Theorem for better readability.)

Proof. Let C be the &2 o THRp(,,25-2¢) o THR circuit.

Our proof consists of three parts:

1. We use several items from Lemma @ to transform C into a
SUM o POLY,[O(1)] o 1hotSUM o THR

circuit C*, where crucially each POLYF,[O(1)] gate has only O(1) many different 1hotSUM
gates feeding it.

2. We reduce CAPP, ;) on C* to (some variant of) CAPP,;y on POLY,[O(1)] o 1hotSUM o THR
circuits C7,...,Cx.
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3. Similarly to Theorem @, we present a deterministic 0(2"_"5/100)—time algorithm that
outputs, for any k € [N] and each good column z, an estimate py(z) € R that is 1/n®()
close to Pr__ . ) [Cy(x) = 1]. Finally, taking the average over py(z) for good columns z

would give us the desired Pr,. (01}~ [C}(z) = 1] up to additive error o(1).

Part 1. We use Lemma transform C'.

Apply Item E of Lemma M to C’s middle layer, we transform C' into an ¢
@ 0 DORo ETHR o THR

circuit C1, where there are at most O(n2'5*25) many different THR gates in the bottom layer.
Suppose each DOR gate in C] has exactly n® gates. (We can append some constant-0 inputs to
each DOR gate to ensure that.) Then apply Item E of Lemma @ to C1’s ETHR layer, we transform
C1 into an

@2 0 DOR o GapAND, /,,c+2 0 SYM o THR

circuit Ca, where there are at most O(n2‘5_25) many different THR gates in the bottom layer. Then
apply Item @ of Lemma @ to C9’s SYM layer, we transform C5 into an

@®2 o DOR o GapAND /42 © POLY, [O(1)] o 1hotSUM o THR
circuit C3, where:
e There are at most O(n2'5_25) many different THR gates in the bottom layer;

o For each POLYF,[O(1)] circuit in the 4-th layer, the subcircuit under which has at most O(1)
many different 1ThotSUM gates (each with poly(n) output bits);

o Each 1hotSUM gate in the 5-th layer has at most O(n2‘5_5) input wires, and moreover, has
at most O(n®) wires to each THR gate in the bottom layer.

Now consider the DOR o GapAND, /met+2 part in Cs. Recall that each DOR gate has exactly
n¢ inputs. Next, suppose all GapAND,/,.+> gates have at most n¢ many incoming wires. We
transform them so that each will have exactly n? wires by duplicating wires equitably. Indeed, if a
GapAND; /,,c+2 gate has s incoming wires, we can duplicate each wire either [n?/s] or [n?/s| times

to get exactly n? many wires. Under this transformation, the new gate needs to distinguish inputs
that are all 1s from those on which at most (s/n°t2) - [n?/s] < 2n?/nt2 < n/n°t1 are 1s. This
can be done by a GapAND, /,c+1 gate on exactly nd wires. Let Cy be the new

@2 0 DOR 0 GapAND; /,,c+1 © POLYR, [O(1)] o 1hotSUM o THR

circuit, where each DOR has exactly n“ input bits and each GapAND, /.11 gate has exactly nd

+

input bits. We view each DOR o GapAND, /,,c+1 gate as an n® d_input circuit, then when it outputs

1, the number of 1-s in its input bits is in the range [n?, n? +n9"!], (because the GapAND gate
that outputs 1 has n? input 1-s, and each remaining GapAND gate has at most n%~¢~1 input 1-s;)
when it outputs 0, the number of 1-s in its input bits is in range [0,n9"!], (because each GapAND
gate has at most n? °~! input 1-s.) Therefore, we can replace each DOR o GapAND; Jnetl by an

nctdinput gate SUM gate, which outputs

0 if #1-s in its input is € [0,n9"]
1 if #1-s in its input is € [n9, n? 4+ nd=1].
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Let Cs be the resulting

&5 0 SUM 0 POLYF, [O(1)] o 1hotSUM o THR

circuit.
Below we transform @0SUM into SUMo{Ay, —~}. For the top @20SUM circuit on 2nT¢ inputs,
denote its inputs by 1, za, -, Tpera, T, b, - - ,x;lc+d, where x;-s are the inputs corresponding to

— c+d c+d
one SUM and z;-s are corresponding to the other one. Let S :=>"" | x;, S :=> ", ), and let

f(S,8") be @90 SUM’s output, then

0 if S€[0,n% ! and S € [0,n%!]

1 if S€[0,n ] and S’ € [n?,n? 4+ nd~!
TR L e

1 ifSenn®+n®"and S € [0,n*"]

0 if Scn?n?+niand S € [nd n?+nd1].

Thus

0 if (S —n?/2)(S" —n?/2) € [n??/4 — 20?771 n2d/4 4 2n2071]

f(S,8") = {1 if (S — nd/2)(S" — nd/2) [_nQd/4_ 2n2d—17_n2d/4+2n2d—1] ‘

Consider the following multiset:
M = {a:z ANxiiie [netd),j e [nc+d]} +nd/2. {—mi: i€ [nc+d]} +nd/2. {ﬁx;: i€ [nc+d]} ,

then, if M contains n¢2? + 2n24=1 many 1-s, @9 0 SUM outputs 0; if M contains n¢+24 —n2d/2 +
2n%4=1 many 1-s, ®2 o SUM outputs 1. Therefore, we transform @3 o SUM into SUM o {As, -},
where M gives the bottom Ag, - gates, and the top SUM gate outputs

0 if #1-s in its input is € [n¢+2d — 2p2d=1 pet2d 4 gp2d—1]
1 if #1-s in its input is € [n+2d — n2d /2 — 2p2d=1 pet2d _ p2d /o 4 op2d-1]

Finally, the A2, - gates can be merged into the POLYR,[O(1)]-s in the next layer. The number of
1hotSUM gates under each POLYF,[O(1)] is doubled.

To summarize, we transform C' into a
SUM o POLY¥,[O(1)] o 1hotSUM o THR
circuit C*, where

2.5*26)

e There are at most O(n many different THR gates in the bottom layer;

e The top SUM gate has n2¢t2d 4 nct2d jnput bits, and outputs

0 if #1-s in its input is € nct2d £ 2p2d-1
1 if #1-s in its input is € n¢t2d —n2d/2 4 2p2d—1,

(It is guaranteed that #1-s in its input is always in either of these two intervals.)

o For each POLYF,[O(1)] circuit in the second layer, the subcircuit under which has at most
O(1) many different 1hotSUM gates;
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o FEach 1hotSUM gate in the third layer has at most O(n2'5_5 ) input wires, and moreover, has
at most O(n®) wires to each THR gate in the bottom layer.

Part 2. We reduce CAPP,1y on C* to (some variant of) CAPP on POLYR,[O(1)]o1hotSUMo THR
cireusts.

Let C be the collection of n® copies of all THR gates at the bottom layer of C*. |C| < O(n*®~¢).
Using Theorem @, in 27/2to(") time, we can find a partition I € (nB/L]lO) such that at least
(1 —1/n/3) fraction of Column{"-s (z € {0, 1}"\I) are C-good. Denote

A= {Z e {0, 13"\ Column!) is C- good}

Let Cf, -+ ,C% (N = n?¢t2d 4 net2d) be the POLYR, [O(1)] o LhotSUM o THR subcircuits of C*.
We prove the following claim, which reduces CAPP, 1) on C* to some variant of CAPP on Cj-s

_ /100

Claim 6.1.1. Assume there is a deterministic 0(2” n )—time algorithm that, for any k € [N],

on input C}, for each z € A, outputs an estimate px(z) € R such that

pe(z) = Pr[Cp(z) = 1]

a:NColumn( )

<1/n¥0

Then there is a deterministic 0(2”_"6/200>-time algorithm that, on input C*, solves CAPP )
on C*.

Proof of Claim .

We show that the following simple algorithm works: on input C*, outputs

. Z net2d ZkE[N ()
p' on— \I| n2d/2 :

zEA

Note that by the definition of the intervals in the top SUM gate, for any = € {0,1}", we have

- Zke[N] I[[Cy(z) =1

n2d/2

—I[C*(z) = 1]| < 4/n.

()

For any z € A, take the expectation over & ~ Column;’  we have

RS P Ci(a) = 1]
* _ 11 _ [N] :DNColumng) k
Pr ()[C (x) = 1] 0242

<4/n,

z~Columny

take the sum over all z € A, we get

net2d ZkE[N wNColumng) [CZ (.%') = 1]

\I|Z r() () =1] - on— \I|Z n2d/2

2€A z~Columny !

<4/n.

By the properties of py(z)-s, we have

2d_2 c ﬁ(z)
|1\ > () () =1] - on— |1\ Z nzdk/;v] :

<4/n+1/nW),
2€A x~Co|umn d 2€A




i.e.,

1
~ - * o w(1)
P~ i Z Pr m[o (x)=1])| <4/n+1/n

2€A xz~Column;

Also note that |A| > (1 — 1/n%/3) - 27 Ml so

'ﬁ— P [C*(z) = 1]‘ <4/n—+1/n*Y £ 1/n/3 < o(1).
T~ s n

So it only remains to show how to compute py(z)-s for Claim .

Part 3. We present a deterministic 0(2"_"6/100>—time algorithm that, for any k € [N], on input

C}, for each z € A, outputs an estimate p(z) € R such that

r(z)—  Pr [Ci(z)=1]| <1/n®W),
mequmng)

This step is very similar to Theorem @

Let g be C}’s top POLY,[O(1)] circuit. Let fi, fa,---, fi (t < O(1)) be the 1hotSUM gates in
C}’s middle layer. For each j € [t], let C; be the collection of THR gates connected to f;. (If a gate
has multiple wires to f;, it is counted multiple times in C;.) Since f; has at most n° wires to each
bottom THR gates, we have C; < C. Let

Aj = {z e {0, 1} Column{D is Cj—good}.

Then A; O A.
Apply Theorem @ to f1,---, fi respectively, we get for each j € [t], polynomials

{PT(’JG‘) }T‘E [2“5/100] S [nlo log "]

and choices a¥)(z,7) (z € Ajre [2”5/100} ), such that for any z € Aj,

/500

_ pU
/100 br (I) [fj ° Cj (x) - P’"ﬁa(j)(zﬂ") ° Cj (x)} z1- 1/2” (12)
re [2” ],waolumnz
Now for each tuple (r,a1,a9, - ,a4) € [2”5/100] X [nlmog”]t, consider the circuit

r,a1 r,a2 r,a

DT7a1,a2,-~~,at =g (P(l) Ocl,P(Q) 0Co,--- 7P(t)t OCt> .

i.e., in C}, replace each f; by P,%) Note that D, 4, 4y, ,a; is @ POLYF, [O(nl_e/ﬁ)] o THR circuit,

sQj

so by Lemma @, in O<2n_”5/50) time, we can output

Pr " [Dra1 a9, 0 () = 1]

xz~Columny
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for all z € {0,1}"\. Then enumerate over tuples (r,a,as,--- ,a;), (there are gn®/1%0 . 10tlogn

many tuples,) we can output

Pr [DT,alyazy“',at(x) = 1]

mequmng)

for all (r,a1,az,- -+, a;) € [2ns/100] x [nmlogn]t and z € {0,1}["\]. This can be done in O (Qn_nE/GO)
time in total.
Finally, for each z € A, we output

pi(2) = Pr [Dr,a(l)(z,r)7a(2)(z,r),---,a(t)(z,r) (z) = 1}

re [2”5/100] , :ENColumngI)

We show that py(z) satisfies the requirement. Consider a fixed z € {0,1}"\. Applying a union
bound on all j € [t] to Equation ([L2) gives

. i /500
Pr [v] eft]: fi0Ciw) = P, oCilw)| > 1—1/2 (13)
re [2”5/100] , xNColumn,(zI) ’ ’
Note that for any r € [2”8/100} and = € Columng), if fjoCj(x) = Pr(i)(j)(z " © C;(x) holds for all
Jj € [t], then Cf(z) = D, (1) (20),....a (2,r)(®). So for each z € A,
" B B /500
e [2"6/100]]?31;~Co|umng) |:Ck (l‘) - Dr,a(l)(z,r),a(z)(z,r),--- ,a®) (z,r) ("I")} >1 t/2 )
SO
Pr [Ci(z) = 1] — pu(2)| < /2™ < 1/n=®.
acNColumng”
All the above can be done in 0(2"_”5/100) time.
]

Combining with Lemma @, we get:

Corollary 6.2. For any constant € > 0, EN? does not have THR o THR circuits with < O(n2'5_5)
gates.

A Appendix

A.1 Proof of Item @ of Lemma @

Lemma A.1. Foranye > 0, SYM C POLYF,[O(1)]o1lhotSUM, where the SYM gate on the left hand
side may have poly(n) many wires to each input gate, but on the right hand side, each 1hotSUM
gate has at most n® wires to each input bit, and there are at most O(1) many 1hotSUM gates. (Here
O(1) may depend on ¢ and the exponent of n in SYM’s size.)

Proof. Denote the SYM circuit by:
Clx)=f <Z wixi> :
i=1
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Here, each w; is a nonnegative integer not more than poly(n), which is the number of wires to the
input bit z;. f is a function f: {0,1,--- ;w1 +--- +w,} — {0,1}. We write each w; as an integer
in base n®, with ¢+ 1 = O(1) digits:

c
w; = E vi,j . nE].
J=0

Here, c is a constant that depends on € and the exponent of n in SYM’s size, and 0 < v; ; < n®.
Then we have

(&
i€[n] j=0 i€[n]
For each 0 < j < ¢, let G; be a 1hotSUM gate with v; ; (which is < n®) wires to z; for each i € [n].

Recall that for any 0 < k < },c1, viyj, the k-th output bit of G;(z) (denote it by (Gj(z))x) is 1 iff
Zz‘e[n} v; jz; = k. Note that we have

Clx)=f Zc:nsj- Z Vi i T
=0

i€[n]

Writing the right hand side as a lookup table on inputs Zie[n] vz (0 <j <c), we get

C(a:) = Z f ZnEka -1 kj = Z V5,5 T4 (VO < ] < C)
0<ko<>;c[n) vi,0 Jj=0 i€[n]
0<k1<3 " cpn vist

ngcsz‘ie[n] Vi,c

= > FADZ Tk | - (Go(@)k (Gr(@))ky -+ (Ge(@))i,.
0<ko<};c[n) vi,0 Jj=0
nglgzz'e[n] Vi1

0<he <SS ey Vi

So C' can be expressed as a degree-(c+ 1) polynomial over Fg on the 1hotSUM gates Go, G1, - - - , Ge.
Since ¢ < O(1) and each } ;. vi; < poly(n), the polynomial contains < poly(n) many
monomials. O

A.2 Proof of Lemma @
Lemma A.2. There is a deterministic 2/% - poly(n)-time algorithm for THR-#SAT.

Proof. We divide an input string x = (z1,---,7,) into two parts: y = (v1,22, -+ ,7,/2) and
2= (Tp/241,Tpj2+2, "+ »Tn). We can write the THR gate as

[[A(y) + B(z) = €T,

where A, B are linear functions, and C' is a constant.

Our 2"/2 . poly(n)-time algorithm works as follows: we first compute the values of all A(y)-s
(y € {0,1}*2) and B(z)-s (z € {0,1}"/2). We sort all B(z)-s, and then for each y, use binary
search to determine for how many z-s, we have A(y) + B(z) > C. Take the sum over all y-s we get
the result for THR-#SAT. The algorithm runs in time 2"/2 - poly(n). O
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A.3 Proof of Lemma @

Lemma A.3. Let n > k be positive integers. Let f:{0,1}" — {0,1} be a linear threshold
function. Then for a random restriction p € {0, 1,*}™ which has exactly k many *-s, with probability
>1—-0(k/vn), fl, is a constant function.

In fact, Lemma @ can be generalized to unate functions:

Lemma A.3.1. Let n > k be positive integers. Let f: {0,1}"™ — {0,1} be a unate function. Then
for a random restriction p € {0,1,%}™ which has exactly k many *-s, the probability that f|, is a
constant function is > 1— O (k/\/n).

Proof of Lemma . We only need to consider the case where k < /n.

We assumed that f is unate, but without loss of generality, we can assume f is monotone, since
we can flip some input bits to make f monotone, not affecting the probability that f|, is a constant
function. We define:

o Let P be the set of all restriction p € {0, 1,*}" which has exactly k£ many *-s. |P| = (Z) on—k,
o Let II be the set of all shortest paths from 0™ to 1™ in the n-dimensional hypercube. |II| = n!.

o Let

E:={(p,m) € Px1II: f(p(0")) =0, f(p(1™)) =1, and both p(0"), p(1") are in }.

(We remark that p(0™), p(1™) are strings obtained by replacing all x-s in p by 0-s, 1-s.)

We use two different ways to estimate |E|. On one hand, for each p € P, if f|, is a constant,
then there does not exist 7 € Il such that (p, ) € E. If f|, is non-constant, suppose p has j 0-s and
(n—k—j) 1-s, then the number of 7-s such that (p, ) € Eis k!-j!- (n—k—j)! =nl/((}) - (";k)),
which is minimized at j = |(n — k)/2]|. Therefore,

|E| > -#{p € P: f|, is non-constant}. (14)

n!
—k

() () 2)

On the other hand, we prove that for each 7 € II, there are at most k p-s such that (p,7) € E.

Suppose all points on 7 are 0" = v9g — v; — --- — v, = 1". Pick the ¢ such that f(vy) = 0

and f(vg41) = 1. Then for any p such that (p,7) € E, p(0") and p(1"™) are two points on 7 with

distance k, and they are on different sides of v, — v441. So, there are at most & such choices of

(p(0™), p(1™)) in 7. Also note that p is uniquely determined by (p(0™), p(1™)), so there are at most
k choices for p such that (p,m) € E. Therefore,

E| < k- || =k-nl. (15)

Combining Equations (@) and (@), we have

n—

#{p € P: f|, is non-constant} < (Z) : (L(n—k];/Qj) . @

1P| n! 1P|
- ) - (sy2)  ken!
ST o
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- (i)

_ P k)2
- on—k

<0 (k:/\/n - k:)
<O (k/v/n).

The last step is because k < /n. So for a random restriction p € P, with probability
>1—-0(k/v/n), f|, is a constant function. O

Proof of Lemma @ Note that linear threshold functions are unate, so this is just a subcase of
Lemma . L]

A.4 Proof of Lemma @

Lemma A.4. There is a deterministic O<2”*”5/50> time algorithm that, given an n-input

POLYx,[n'~%/8] o THR circuit C with at most poly(n) different THR gates at the bottom, and

a partition I € (n£7}]10), outputs
Pr [C(x)=1]
xECdumng)

for each z € {0,1}"\,

Proof.
Suppose C’s bottom THR gates are Ty, Ty, - - - , Tr,, and its top POLYF, [n'~%/%] gate is P.
By Item P of Lemma , we can transform each 7; into a disjoint or of ETHR gates:

T, = Z;w:ll T; ;, where M; < poly(n). Therefore, we can transform C into a POLY,[n' /%] o ETHR
circuit C1, whose bottom ETHR gates are T; j-s, and its top POLY gate is

My Mo My,
P({Ti;}) =P > T1;,> Ty > Ty
7j=1 7j=1 7j=1

Note that C;’s top POLYp, [nl_a/ 8] gate can be represented as @ o A, where the fan-in of the
top @ gate is < (,"Ls) < 2”176/8'0(1%"), and by Item m of Lemma @, the A gates and the
bottom ETHR gates can be transformed into ETHR gates. Therefore, C; can be transformed into
a @ o ETHR circuit Cy, where the top & gate has < gn'=*/%-0(logn) fan_in.

Suppose C3’s bottom ETHR gates are Fy,FEs,--- . FEn (N < 2“1_6/8'0(1%”)). Consider the
modulus amplification polynomial Amp,,/o (Lemma @) Consider

Cs(z) := Z Amp,c/0 (E1(y; 2) + Ea2(y; 2) + - + En(y; 2)) (2 € {0, 1} [P0y,
yE{O,l}I

Cs is a degree-2n/? polynomial over FE;(y;-)-s (i € [N], y € {0,1}!). We replace the polynomial
by 1hotSUM o A, and transform the A and bottom ETHR-s into ETHR. Thus, C3 can be computed
by a 1hotSUM o ETHR circuit, where the top 1hotSUM gate has fan-in

I
< (V2T o
- InE/9 —
By Lemma , Cs’s truth table can be computed in time O<2”*”€/20>,
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Note that for each y € {0,1}! and z € {0,1}["\/| we have

SO

and thus

Cly;2) = (E1(y; 2) + Ea(y; 2) + - - - + En(y; 2)) mod 2,

/9

Amp,..;0 (E1(y; 2) + Eo(y; 2) + - + En(y;2)) = C(y;2)  (mod 2™"),

C3(z) mod on/® — Z C(y; 2).
y€{0,1}111

So we can compute

/9

C3(z) mod 2"

Pr Clx)=1] =
z~Co|umng)[ ( ) ] 2”5/10
The algorithm runs in O<2"_”5/50> time. O
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