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COMMUNICATION COMPLEXITY OF DISJOINTNESS UNDER PRODUCT
DISTRIBUTIONS

ZACH HUNTER', ALEKSA MILOJEVIC', BENNY SUDAKOV', AND ISTVAN TOMON?

ABSTRACT. Determining the randomized (or distributional) communication complexity of disjointness
is a central problem in communication complexity, having roots in the foundational work of Babai,
Frankl, and Simon in the 1980s and culminating in the famous works of Kalyanasundaram-Schnitger and
Razborov in 1992. However, the question of obtaining tight bounds for product distributions persisted
until the more recent work of Bottesch, Gavinsky, and Klauck resolved it. In this note we revisit this
classical problem and give a short, streamlined proof of the best bounds, with improved quantitative
dependence on the error parameter.

Our approach is based on a simple combinatorial lemma that may be of independent interest: if two
sets drawn independently from two distributions are disjoint with non-negligible probability, then one
can extract two subfamilies of reasonably large measure that are fully cross-disjoint (equivalently, a large
monochromatic rectangle for disjointness).

1. INTRODUCTION

Communication complexity studies how much information two separated parties must exchange in
order to compute a function of their joint input. Formally, fix finite sets A, B and a Boolean function
f:Ax B —{0,1}. Alice receives A € A and Bob receives B € B, and neither party sees the other’s
input. They communicate by exchanging bits across a two-way channel according to a (deterministic)
protocol, at the end of which one of the players outputs a value intended to equal f(A, B). The cost of a
protocol is the maximum, over all inputs (A, B), of the total number of bits exchanged on input (A, B),
and the deterministic communication complexity of f, denoted by CC(f), is the minimum cost of a
protocol that is correct on every input. We refer to [7, 10] for background, motivation, and applications.

One of the most studied functions is set disjointness. Fix a ground set [n] and let A = B = 2"l and

DISJ,(A,B)=1 <= ANB=0.

Disjointness is the canonical example of a hard function to compute in this model and it is a starting
point for many reductions. Its deterministic communication complexity is ©(n), and the lower bound
follows from the rank method by noting that CC(DISJ,,) > log, rankM, where M4 p = DISJ, (A, B) is
a 2" x 2" matrix of full rank which encodes the function DISJ,, (see [11] for details).

In this paper we study disjointness in the distributional model. Fix a distribution p on A x B and
an error parameter ¢ € (0,1/2). In this model, the input (A, B) is sampled according to p, and DE(f)
denotes the minimum communication cost of a deterministic protocol that computes f correctly on a
(1 — e)-fraction of pairs of inputs (with respect to u). Note that the protocol may depend on u.

By Yao’s minimax principle, max,, DE(f) equals the public-coin randomized communication complexity
of f with error €. Therefore, determining the distributional complexity of disjointness was a problem of
great interest, until it was famously resolved by Kalyanasundaram and Schnitger [6] and by Razborov
[9] in the 1990s. Razborov proved that disjointness has randomized communication complexity Q(n)
by constructing a hard distribution p for which DY /3(DISJn) = O(n). Thus, in the fully general
distributional /randomized setting disjointness remains linearly hard.
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It is natural to consider the restricted setting when u = pa X pup is a product distribution. This
corresponds to sampling the sets A ~ 4, B ~ up independently. Following the classical work of Babai,
Frankl, and Simon [1], we define the strong distributional complezity of a function f as

SD:(f) == sup DE(f).
H=HAXPEB

Remarkably, restricting to independent inputs decreases the worst-case complexity of disjointness

from linear to about \/n. More precisely, Babai-Frankl-Simon [1] proved in 1986 that for every ¢ < 1/2,

Q(\/ﬁ) < SD.(DISJ,) < Os(\/ﬁlogQ n).

The logarithmic gap between the upper and lower bound persisted for several decades, and was
closed only in 2015 in the work of Bottesch, Gavinsky, and Klauck [2], who proved the tight bound
SD6<DISJn) = 66(\/ﬁ)

They also considered this problem in a more general context, which interpolates between the product-
distribution regime and the fully general regime by parameterizing distributions according to their
mutual information I(A : B). Recall, the mutual information between random inputs A and B sampled
from the distribution p with marginals pa, up is

(a1
=2, 2 mablons o Ty

acA beB

More generally, they showed that if p is a distribution with mutual information at most k, then
DE(DISJ,) < O(y/n(k +1)/e2). The proofs of these results rely crucially on the Hastad-Wigderson
protocol [4] which tests for disjointness of ¢-element sets inside an arbitrary ground set using only O.(¢)
bits.

In this paper we revisit this classical problem and give a simple streamlined proof of the result of
Bottesch, Gavinsky, and Klauck [2]. Additionally, this proof improves the dependence on the error
parameter e.

Theorem 1. Let i be a distribution on 2" x 2" and let (A, B) ~ p satisfy I(A: B) < k. Then
k+1
D¥(DIST,) < O ( ”<+)> |

€

Interestingly, Bottesch, Gavinsky and Klauck provide a lower bound which shows that Theorem 1
is tight, at least when the mutual information is not very large. Namely, for every 1 < k < en they
construct a measure p with mutual information at most k, for which DY (DISJ,,) > Q(y/n(k +1)/¢),
showing that the above bound is tight in this regime.

The special case when k = 0 corresponds to the case of product distributions, and there we obtain a
very short and completely self-contained proof of the bounds for the strong distributional complexity of
disjointness.

Theorem 2. For any e < 1/2,
SD.(DISJ,) < O ( nlog2(1/e)) .

The protocol we construct is deterministic, and it is based on a combinatorial lemma, which we believe
may be of independent interest. Roughly speaking, the lemma says if two independent sets A ~ 4 and
B ~ pp are disjoint with non-negligible probability, then one can extract two subfamilies A, B C 2 of
reasonably large measure such that AN B = @ for every pair (4, B) € A x B (equivalently, DISJ,, is
identically 1 on a large combinatorial rectangle). Using this lemma and a variant of the Nisan-Wigderson
reduction, we can use large monochromatic combinatorial rectangles to obtain an efficient protocol for
disjointness (see Section 3 for details).

The proof of this lemma is self-contained and is inspired by ideas developed in our recent work
on the Singer—-Sudan conjecture concerning families with many disjoint pairs [3]. Namely, inspired
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by finding monochromatic rectangles and the log-rank conjecture, Singer and Sudan [12] asked the
following question: given families A, B C 2[" with the property that at least £|.A||B| pairs (4, B) € Ax B
are disjoint, how large families F C A,G C B can we find with the property that every pair of sets
(F,G) € F x G is disjoint? In [3], we showed one can take |F||G| > 270V 1og21/9)| 4||B|. Our main
lemma is a generalization of this statement, where set families are replaced by distributions over sets.

Paper organization. In Section 2, we state and prove our main lemma. Then, in Section 3 we use it
to prove Theorem 2. Finally, we use Theorem 2 in Section 4 to derive Theorem 1.

2. DISTRIBUTIONS WITH MANY DISJOINT SETS

Lemma 3. Let ja, pup be probability distributions on 2™, and let € € (27",1/2) be a parameter such
that

PacpaBopp[ANB =0 > ¢

Then, there exist collections A, B C 2" such that pa(A), up(B) > 270Wnlos21/e) - and such that all
pairs (A, B) € A x B are disjoint.

Proof. The main idea of the proof is to pick £ = [y/n/logye™1] sets Ay,..., Ay randomly according to
wa and consider their union U = Ule A;. Then set A to be the family of sets in 2[* contained in U
and set B to be the family of sets in 2" contained in [n]\U. This construction ensures that for each
pair of sets (A, B) € A x B, A and B are disjoint, and therefore our main goal is to show that with
positive probability, both p(A) and pup(B) are sufficiently large.

First, we show that

Plua(A) > 2751 > 1 — 272",
Say that a set U is bad if Pay,[A C U] = pa(2Y) < 273%¢. Then the probability that ¢ randomly
chosen sets from p 4 land inside a bad set U is at most (273%/¢)¢ = 273", Hence, taking the union bound
over at most 2" bad sets, the probability that U = Ule A; is bad can be bounded by 272", Therefore,
with probability at least 1 — 272", we have ps(A) > 273%/¢,
Next, we show that
Plup(B) > /2] > 27"

To do so, we shall compute the expected measure of B by summing over all sets B C [n] the probability
that B lands in B times the weight of B under up. By observing that

J4
P[BeB] =P[BN|JAi =02] =P[4; C[n]\B forall i € {1,...,0}] = pa(2"\B)",
i=1

we obtain

3 un(B)-PBEB] = 3 un(B)- ua@BY.

BC|[n] BC[n]
By applying Jensen’s inequality to the convex function z — z and the measure pup we obtain
¢
= > 1m(B) - uaMEY = (37 up(B) - pa@ME)) = e
BC[n| BC|n|

The last inequality follows from the fact >° g, pB(B) - pa2NBY = Py s [ANB = 2] > ¢
Using that 0 < up(B) < 1, we can write

(1) ' <E[usB)] < 1-1@[“3(3) > gﬁ/g] + g;-IP[uB(B) < 56/2} < }P’[uB(B) > sf/z] n

Note that ef/2 > eVn/logac™! /o — g=v/nlogae™i=1 5 9-n—1 " where the last inequality holds by our
assumption € > 27", Therefore, comparing the two sides of Eq. 1 gives Plug(B) > £/2] > /2 > 2771,
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Since Plua(A) > 273/ + Pup(B) > £%/2] > 1, there exists a choice of A1, ..., A, for which
palA) > 930/t > 2*0(\/7?25_1)’
up(B) > /2 — 9 log el 5 9-O(/nlogz= 1),
where we have used that ¢ = [y/n/logye~1|. This completes the proof. O

3. DISTRIBUTIONAL COMPLEXITY FOR PRODUCT DISTRIBUTIONS

In this section, we use a variant of the Nisan-Wigderson reduction [8] to prove Theorem 2, i.e. to prove
that DEA*HZ(DISJ,) < O(y/nlogy 1/¢). We say that a measure v is almost-empty if P(4 gy, [AN B =
@] < g/2. Also, we say that a combinatorial rectangle R = F x G C 2l s 2l ig full if all pairs
(F,G) € F x G are disjoint.

Proof of Theorem 2. We present an efficient protocol for computing DISJ,, correctly on a (1 —¢)-fraction
of the inputs under the given measure u. Let A, B € 2[" be the inputs known to Alice and Bob.

We first define a subprotocol, with the following goal. Assume that there is a set X C [n], known to both
Alice and Bob, such that A\ X and B\ X are disjoint, or equivalently, ANB = @ < (ANX)N(BNX) = @.
At the end of the subprotocol, either Alice and Bob declare whether A and B are disjoint, or they will
agree on a set Y of size |Y| < |X|/2 such that A\ Y and B\ Y are disjoint, effectively halving the
size of the ground set. Additionally, if T is the set of pairs of inputs where the subprotocol outputs an
answer whether AN B = @& and S is the set of pairs of inputs where the answer was incorrect, we will
guarantee p(S) < 5(u(T) + \71|)

We claim that such a subprotocol can be executed with O(y/|X|logy 1/¢) bits of communication.
This claim implies our theorem, since we can start with X = [n], iterate the subprotocol until the size of
the ground set reduces to | X| < 4log, 1/, halving the size of the ground set in every step. If up to this
point Alice and Bob did not decide whether AN B = &, Alice can communicate all elements of AN X
using | X| = O(y/|X|log, 1/¢) bits, thus solving the problem. The total number of bits communicated

in this protocol is at most
[logy n|—1 o
Z O< ?logQ 1/5) = O(y/nlogy1/e).

i=0
Moreover, the measure of the set .S where the protocol makes an incorrect answer is at most

loggnj=1
g 3
=y J<So=c
2 |- Zz_% nj2i | =2 °7°

Subprotocol specification: Let My be the disjointness matrix of the subsets of X, that is, for any
Ag, By € X we have (MO)AO,BO =1<4<= AoNBy=@. Also,let A’ = XNA,B'=XnNB, Ay =By = 2X,
and let v = v4 x vp be the rescaling of the measure p on 2% x 2% such that v is a probability measure.

If vy (A" < ﬁ, then Alice communicates this to Bob, or if vg(B’) < ﬁ, Bob communicates this
to Alice using a single bit. If either of these two events happen, Alice and Bob may declare that the
sets are, say, not disjoint. The measure of inputs where they make a mistake in this step is at most
s < g7x]» since the total measure of pairs (A", B") with v4(A") < 5ix7 or vB(B') < 5k is at most
9. 91X] .5/22|X| — 5/2|X|—1.

If v is almost-empty, then Alice and Bob declare that their sets are not disjoint and end the
protocol. Then their answer is correct for at least (1 — ¢/2) measure of the inputs in Ay x By, and thus
u(S) < Su(T) + 317 Is satisfied.

If v is not almost-empty, let R = F x G be the full rectangle in My of largest measure. Since
/2 > 271XI (due to the stopping condition on X), by Lemma 3, we have v(R) > 27O IXIlog21/¢) 'hich
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also implies v (F),vp(G) > 27OWIXI10821/8) " GQince all sets F € F are disjoint from all sets G € G, we
have that their unions U = (Jpe 7 I and V = [Jg¢g G are also disjoint. Hence, [U| + V| < [X]| and so
one of U,V has size at most | X|/2, say U (otherwise, we may swap the roles of the players). If A’ € F,
then A’ C U, so A\ U and B’ \ U are disjoint. In this case, Alice and Bob set Y := U and stop the
subprotocol. If A’ ¢ F, then define A; := Ay \ F and B; := By.

One can iterate the above procedure, thus defining a sequence of families of subsets A9 2 A1 D --- D A
and By O By D --- D B;. Observe that for each 1 <7 <t we have

Z/(Az X B,) < (1 — 2_0( V[ X[logs 1/5))1/(441‘_1 X B,‘_l).

Therefore, if the subprotocol runs for ¢ steps, we have

V(A x B) < (1—27 O(v/1X|log, /6)) < exp(—t27 W Xlogz 1/¢)y

Setting t := 2C0VIX10821/2(| X | 4 log, 1/¢) = 200V IXI1og21/2) fo1 some large constant C the right-hand-
side is at most 2~4/X|-2log; 1/e < 24‘2)” But this is impossible as then v(A" x B') < 24‘X|, implying that
either v4(A") < 557 or vB(B') < 5x7. Hence, this subprotocol runs for at most ¢ steps, and it defines
a protocol tree with O(t) leaves.

It is well-known (see e.g. Chapter 2, Lemma 2.8 in [7]) that every protocol tree can be rebalanced to
be a decision tree with depth logarithmic in the number of leaves. This implies that the subprotocol

can be executed with O(log, t) = O(1/|X|log, 1/€) bits of communication, verifying our claim. O

4. DISTRIBUTIONS WITH MUTUAL INFORMATION

Next, we derive Theorem 1 from Theorem 2. Bottesch, Gavinsky and Klauck observed that the
(classical) Substate theorem of Jain, Radhakrishnan and Sen [5] can be used to translate bounds from
the independent setting to the setting of bounded mutual information. However, the main point here
is that the bounds of Theorem 2 have a very good dependence on e, which allows us to apply this
reduction without big losses.

To state the Substate theorem, we recall the following two definitions. If u,v are two probability
distributions on A x B, ||u — v|rv stands for the total variation distance between distributions p and

v, which is defined as ||p — v||pv = maxscaxp |p(S) — v(S)|. Further, if © has marginals pa, up, we
p(a,b)

define IOO(M) = maX(a7b)eAXB 10g2 W};B(b)

Theorem 4 ([5]). Let € > 0 be a positive parameter, and let A, B be finite sets. For every distribution
uw oon A x B, with mutual information bounded by k, there exists another distribution v, such that
lpw— vty <e and Io(v) < 4(k+1)/c.

Using this theorem, we give a proof of Theorem 1.

Proof of Theorem 1. Let us consider the measure v such that |u — v|tv < e/2 and Io(v) < 8(k+1)/e,
which exists due to Theorem 4. If the marginals of v are v4 and vpg, then we consider the product
distribution v4 X vg and we run the protocol from the proof of Theorem 2 with the error parameter
g = g2-8(k+1)/e=1 4nq distribution VA X VB.

The cost of this protocol is O(y/nlogy 1/¢’) = O(+y/n(k + 1)/e). Moreover, if § C 2" x 2["] is the set of
pairs of inputs where it makes the mistake, we have that S has measure at most (v4 x vg)(S) < £’. Since
Ioo(v) < 8(k+1) /e, this means that for any pair (A4, B) € Ax B we have v(A, B) < 28¢:+1/ey 4 (A)vp(B)
and so v(S) < 28k+1/ee! < ¢/2,

Finally, since ||u—v||1v < &/2, we have |u(S) —v(S)| < /2, allowing us to conclude u(S) < e. Hence,
we have a protocol of complexity at most O(y/n(k 4+ 1)/e) making an error on at most an e-fraction of
inputs, completing the proof. O
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