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Abstract

Since the breakthrough superpolynomial multilinear formula lower bounds of Raz (Theory of
Computing 2006), proving such lower bounds against multilinear algebraic branching programs
(mABPs) has been a longstanding open problem in algebraic complexity theory. All known
multilinear lower bounds rely on the min-partition rank method, and the best bounds against
mABPs have remained quadratic (Alon, Kumar, and Volk, Combinatorica 2020).

We show that the min-partition rank method cannot prove superpolynomial mABP lower
bounds: there exists a full-rank multilinear polynomial computable by a polynomial-size mABP.
This is an unconditional barrier: new techniques are needed to separate mVBP from higher
classes in the multilinear hierarchy.

Our proof resolves an open problem of Fabris, Limaye, Srinivasan, and Yehudayoff (ECCC
2026), who showed that the power of this method is governed by the minimum size N(n) of a
combinatorial object called a 1-balanced-chain set system, and proved N(n) < pO(logn/loglogn)
We prove N(n) = nPM by giving the chain-builder a binary choice at each step, biasing what was
a symmetric random walk into one where the imbalance increases with probability at most 1/4;
a supermartingale argument combined with a multi-scale recursion yields the polynomial bound.
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1 Introduction

1.1 Algebraic complexity and multilinear models

Algebraic complexity theory studies the minimum number of arithmetic operations needed to eval-
uate multivariate polynomials. The foundational work of Valiant [Val79] introduced algebraic ana-
logues of the central objects in Boolean complexity. An algebraic circuit computes a polynomial
via a directed acyclic graph of addition and multiplication gates; an algebraic formula is the special
case where the underlying graph is a tree (every intermediate result is used exactly once); and an
algebraic branching program (ABP) is a layered directed acyclic graph with a designated source
and sink, whose edges are labelled by linear forms, and whose output polynomial is the sum over
all source-to-sink paths of the product of edge labels along the path. These three models give rise
to the complexity classes VF C VBP C V the algebraic analogues of NC! € NL C P. Proving
strict separations between these classes is a central goal of the field, and has remained stubbornly
open despite decades of effort.

A polynomial is multilinear if every variable has individual degree at most 1 in each monomial.
A circuit is multilinear if it is restricted to maintain multilinearity at every gate, not just at the
output. A multilinear algebraic branching program (mABP) is an ABP in which the same variable
does not appear in more than one edge label along any source-to-sink path; the polynomial it
computes is therefore multilinear by construction. Multilinear formulas and multilinear circuits are
defined analogously, giving a multilinear hierarchy

mVF C mVBP C mVP.

The systematic study of multilinear computation can be traced back at least to the work of
Nisan [Nis91], who proved exponential lower bounds for non-commutative ABP&E] using a rank
argument on coefficient matrices. Nisan and Wigderson [NW97] extended these ideas to the com-
mutative setting and introduced the method of partial derivatives, which has since become a cor-
nerstone of algebraic lower bound techniques. In the years since, multilinear models (as well as
their more restricted cousins, set-multilinear models) have become one of the most natural and
intensively studied settings for proving lower bounds [Raz06, [Jan08, [RSY08], Raz09, RY 09, HY 11,
RY 11, DMPY12, [FLMST15] [AR16, IMST16, [CELS1S8], [CLS19L RR19, [KNS20, RR20, [AKV20, [GR21]
KS22, [LST22, [TLS22, [KS23l [CKSS24, BDS25, [LST25, [FLSY26]. This is natural: arguably the
most important polynomials studied in algebraic complexity theory (the elementary symmetric
polynomials, the permanent, the determinant, iterated matrix multiplication, etc.) are themselves
multilinear, and any circuit lower bound for these polynomials is in particular a multilinear lower
bound, so progress in the multilinear setting is a necessary first step toward the general case.

1.2 Raz’s breakthrough and the mABP challenge

The most celebrated result in multilinear complexity is the work of Raz [Raz06, [Raz09], who
proved the first superpolynomial lower bounds on the size of multilinear formulas. Specifically, Raz
exhibited explicit polynomials in mVP that require multilinear formulas of size n?(1°8™)  thereby
separating mVF from mVP. These results sparked a large body of follow-up work, including ex-
tensions to constant-depth multilinear circuits [RY09) [CL.S19], connections to quantum computa-
tion [Aar04, RY11], and applications to proof complexity [RT08] [FSTW21]. This was subsequently

!We refer the reader to the surveys of Shpilka and Yehudayoff [SY10] and Saptharishi [Sap16] for a comprehensive
treatment of algebraic complexity theory.

2These are equivalent to read-once oblivious ABPs (ROABPs) and ordered set-multilinear ABPs (see,
e.g., [CKSS24)]), a restricted form of multilinear ABPs.



strengthened by Dvir, Malod, Perifel, and Yehudayoff [DMPY12], who exhibited a polynomial com-
putable by a polynomial-size mABP but requiring multilinear formulas of size pSilogn) separating
mVF from mVBP, and thereby clarifying the multilinear hierarchy:

mVF C mVBP C mVP.

These lower bounds for multilinear formulas were proved over two decades ago, and the natural
next challenge has been clear ever since: extend the lower bounds from multilinear formulas to
multilinear ABPs. That is, prove superpolynomial lower bounds on the size of mABPs comput-
ing an explicit polynomial—or better yet, separate mVBP from mVP. Despite sustained effort,
progress on this front has been remarkably limited. Since the multilinear formula lower bound
breakthrough, the best lower bounds against mABPs have only been Q(n4/ 3) by Raz, Shpilka, and
Yehudayoff [RSY0S], improved to Q(n®/2) by Jansen [Jan08], and to Q(n?) by Alon, Kumar, and
Volk [AKVQO]H Jumping ahead, our work shows that this apparent barrier against substantial
improvements on these lower bounds is not merely a technical obstacle: it reflects an inherent
limitation of the underlying method.

1.3 The set-multilinear setting

A natural refinement of multilinearity arises when the variable set is partitioned into blocks
X1,...,Xy, and each monomial is required to contain exactly one variable from each block. Polyno-
mials and models satisfying this property are called set-multilinear. Many important polynomials—
most notably the iterated matrix multiplication polynomial IMM,, 4, which is complete for VBP—
are set-multilinear with respect to their natural variable partition. Since set-multilinearity is a
further restriction on top of multilinearity, lower bounds in this setting are a natural stepping stone
toward general multilinear lower bounds.

Set-multilinear models have become especially prominent due to a phenomenon known as hard-
ness escalatianﬂ Analogous to the multilinear hierarchy, we have a set-multilinear hierarchy

smVF C smVBP C smVP.

Lower bounds for set-multilinear formulas already follow from Raz’s work [Raz09], but set-multilinear
formulas have been studied in much greater detail [KS22| [KS23| [TL.S22], mainly owing to the hard-

ness escalation phenomenon and the pursuit of general class separations in algebraic complexity.

The separation smVF C smVBP follows from the work of Kush and Saraf [KSQB]EI, who proved

near-optimal set-multilinear formula lower bounds for a polynomial in smVBP, thereby implying:

smVF C smVBP C smVP.

Proving superpolynomial lower bounds against set-multilinear ABPs—or better yet, separating
smVBP from smVP—is the next frontier. Since set-multilinear ABPs are a restriction of mABPs, one
might hope that stronger lower bounds than the Q(n?) of [AKV20] could be achievable. However,
as we show, our barrier applies in the set-multilinear setting as wel

3The lower bounds of [RSY08] and [AKV20] are stated for syntactically multilinear circuits, a model at least
as powerful as mABPs. Quadratic lower bounds for general (i.e., possibly non-multilinear) ABPs were proved by
Chatterjee, Kumar, She, and Volk [CKSV22].

4Lower bounds for set-multilinear models at small degree can be “lifted” to lower bounds for unrestricted models;
see Section [9| for a detailed discussion.

®They build on the aforementioned work of [DMPY12] but require additional ideas to make the hard polynomial
set-multilinear.

5That said, rank-based methods beyond the min-partition rank framework may still have more traction in the
set-multilinear setting than in the general multilinear one; see Section @

4



1.4 The min-partition rank method and full-rank polynomials

All known lower bounds for multilinear models rely on a single technique: the min-partition rank
method, introduced by Raz [Raz09] and building on Nisan [Nis91] and Nisan-Wigderson [NW97].

The idea is as follows. Given a multilinear polynomial P(z1,...,z,) with n even, and an
equipartition of the variables into two sets Y and Z of size n/2 each, one forms the coefficient
matriz My z(P): a 2"? x 2"/2 matrix whose rows are indexed by multilinear monomials in Y,
columns by multilinear monomials in Z, and entries by the corresponding coefficients of P. The
key algebraic fact is that if P admits a decomposition P = >_7 | L;- R; where each L; depends only
on Y and each R; only on Z, then rank(My z(P)) < s. For a multilinear formula of size s, the tree
structure guarantees the existence of a “balanced” vertex whose removal yields such a decomposition
for some equipartition, with s summands. Thus a lower bound on miny, ) rank(My, z(P))—the
min-partition rank of P—gives a lower bound on formula size. The same ideas, applied to vertex
cuts in an mABP rather than balanced vertices in a formula, yield lower bounds on mABP size as
well, though the resulting bounds are substantially weaker quantitatively [RSY08, [AKV20].

(In the set-multilinear case, the definition is analogous: given a set-multilinear polynomial with
respect to a partition P = {Xy,..., X, } into blocks of size N each, one partitions the blocks into
two equal groups and forms the coefficient matrix indexed by set-multilinear monomials from each
group. The matrix is N™/2 x N*/2, and the method works similarly.)

A multilinear polynomial P is called full-rank if My, z(P) has maximum possible rank (2/2)
for every equipartition (Y, 7). (The analogous statement holds in the set-multilinear case, with
N™/2 replacing on/ 2)) Full-rank polynomials are the “hardest instances” for the min-partition rank
method: any lower bound the method can prove applies most strongly to them. Raz [Raz09] proved:

Any multilinear formula computing a full-rank polynomial requires size n10gm).

Raz |[Raz06] showed that there are explicit full-rank polynomials computable by multilinear
circuits of size poly(n), and by multilinear formulas and mABPs of size n©(°€") . The formula
lower bound of nf¥(°8") combined with the circuit upper bound of poly(n) immediately gives the
separation mVF # mVP. The separation mVF # mVBP required additional work: in an ingenious
construction, Dvir, Malod, Perifel, and Yehudayoff [DMPY12] showed that mABPs can compute
a polynomial that is full-rank with respect to a suitable subfamily of equipartitions (called arc-
partitions), and that this restricted notion of full-rankness already suffices to force multilinear
formulas to have size nfogn)

This leads to the natural question: But what about mABPs? Can a full-rank polynomial
be computed by an mABP of size poly(n), or does every full-rank polynomial require mABPs of
superpolynomial size? If the latter, the min-partition rank method would prove mVBP # mVP.
If the former, then full-rankness is insufficient to witness mABP hardness, and the min-partition
rank method—the only technique known to prove lower bounds for multilinear models—hits a

fundamental barrier. This is the question that motivates our work.

1.5 The combinatorial characterization of Fabris et al.

The recent work of Fabris, Limaye, Srinivasan, and Yehudayoff [FLSY26] converts this algebraic
question into a purely combinatorial one. They introduce the notion of a balanced-chain set system
(Definition below) and prove the following two-directional connection between these objects
and the mABP complexity of full-rank polynomials (Theorem 1.3 of [FLSY26]):

Q(c)

e If every (clogn)-balanced-chain set system over [n| has size n**\¢)| then every mABP comput-

ing a full-rank polynomial has size n®*().



e Conversely, if there is an O(1)-balanced-chain set system of size s, then there is an mABP of
size s - poly(n) computing a full-rank polynomial.

Note the slight asymmetry in the balance parameter (clogn versus O(1)) between the two direc-
tions. In the set-multilinear setting, this gap closes completely: both directions use balance ©(c),
giving a tight characterization of the set-multilinear ABP complexity of full-rank polynomials in
terms of balanced-chain set system size [FLSY26) Section 5.6].

Write N(n) for the minimum size of a 1-balanced-chain set system over [n]. The lower bound
N(n) > Q(n?) follows from earlier work on balancing set systems by Alon, Kumar, and Volk [AKV20].
For the upper bound, N(n) < n®U°8™ already follows from Raz’s constructions [Raz06] combined
with the equivalence above; Fabris et al. improve this to N(n) < nOUogn/loglogn) iy apn elegant
recursive argument based on the return times of random walks (see Section for an overview).
The determination of N(n) is posed as an open problem in [FLSY26].

The asymptotic behaviour of N(n) has a direct complexity-theoretic interpretation:

e If N(n) = n*M, then smVBP # smVP: every full-rank polynomial would require superpolynomial-
size set-multilinear ABPs, confirming the power of the min-partition rank methodm

o If N(n) = nPW | then the min-partition rank method cannot prove mVBP # mVP: some full-
rank polynomial would have a polynomial-size mABP, and full-rankness—the only known
witness for multilinear hardness—would be insufficient to force large mABPs.

1.6 Our results and implications for algebraic complexity

We resolve this question.

Theorem 1.1. N(n) = nPW . That is, for every sufficiently large n, there exists a 1-balanced-chain
o(1)

set system over [n] of size n®*).

The proof appears in Sections and is the main technical contribution of this paper. We now
spell out the consequences for algebraic complexity.

The implication from Theorem to the next corollary uses the easier of the two directions of
the Fabris et al. equivalence: given a l-balanced-chain set system of size s, one can construct a
full-rank polynomial computable by an mABP of size s - poly(n) over any infinite field. The con-
struction combines a standard gadget polynomial (originating in [Raz06]) with a Schwartz—Zippel
derandomization; we include a self-contained proof in Appendix [A] for completeness. Combined
with Theorem this gives:

Corollary 1.2. For every infinite field F and all sufficiently large n, there exists an n-variate
o(1)

full-rank multilinear polynomial over F computable by an mABP of size n®\*).

The min-partition rank method proves lower bounds by exhibiting a full-rank polynomial and
arguing that circuit classes cannot compute it efficiently. The maximum lower bound it can achieve
is therefore the minimum complexity of any full-rank polynomial. Corollary[T.2]shows this minimum
is polynomial for mABPs:

Corollary 1.3 (Main result). The min-partition rank method cannot prove superpolynomial lower
bounds on mABP size.

"For mABPs, the asymmetry in the balance parameter means that N (n) = n“M alone does not immediately

imply mVBP # mVP; one would additionally need to show that every (clogn)-balanced-chain set system has size
n{_ In the set-multilinear case, the tight characterization means N (n) = n“") suffices directly.



This is an unconditional barrier result, and it applies to the only technique known to prove
lower bounds for multilinear models. The practical implication is that proving superpolynomial
mABP lower bounds—in particular, separating mVBP from mVP—requires fundamentally new
ideas, going beyond the min-partition rank framework.

Combining Corollary with Raz’s formula lower bound [Raz09] gives:

Corollary 1.4. There exist n-variate multilinear polynomials computable by mABPs of size n®™M)

but requiring multilinear formulas of size nt108™)

This recovers the qualitative separation mVF C mVBP first proved by Dvir, Malod, Perifel,
and Yehudayoff [DMPY12], via a completely different route. (Our construction also matches the
quantitative parameters of [DMPY12]: the mABP has polynomial size while the formula lower
bound is nf(legn) )

Finally, by Theorem combined with the set-multilinear construction in Appendix |[A| (Re-
mark , all three results above extend to set-multilinear ABPs: there exist polynomial-size
set-multilinear ABPs computing full-rank polynomials, the min-partition rank method cannot
prove superpolynomial lower bounds against set-multilinear ABPs either, and we recover the result
smVF C smVBP of [KS23].

Remark 1.5. Our result does not necessarily imply mVBP = mVP (or smVBP = smVP). The
class mVP contains polynomials that are not full-rank, and our result says nothing about those.
What it shows is that the property of full-rankness—the only property currently known to witness
multilinear hardness—is insufficient to force large mABPs.

2 Definitions and Proof Overview

We begin by defining the combinatorial objects central to this paper (Section , then recall the
approach of Fabris et al. and explain why it yields a quasipolynomial rather than polynomial upper
bound (Section . We then describe our two-block steering idea (Section and give a detailed
outline of the proof (Section [2.4).

2.1 Definitions

Let n be a positive even integer and [n| = {1,...,n}.

Definition 2.1 (Set systems and maximal chains). A set system over [n] is a family X C P([n]).
A maximal chain in X is a sequence (Cy, C4,...,C,) satisfying:

e C;eXforallie{0,1,...,n};
e |Ci| =i (so Cp =0 and C,, = [n]);
o (; COi—i-l for all 1.

Think of a maximal chain as building [n] one element at a time, with every intermediate set
belonging to X.

Definition 2.2 (Balanced colorings and chain-balance). A balanced coloring is a function f: [n] —
{£1} with f([n]) :== >, ¢} f(2z) = 0 (equal numbers of +1’s and —1s). For S C [n], the imbalance
of S'is f(S) := >, cq f(2).



The chain-balance of a set system X is defined by a two-player game. An adversary picks
a balanced coloring f; the builder responds with a maximal chain in X’; the cost is the worst
imbalance along the chain. Formally:

chal(X) = max |f(C;)].

max min
balanced f (Co,...,Cn) 0<i<n
maximal chain in X
X is k-balanced-chain if cbal(X) < k. Write N(n) for the minimum size of a 1-balanced-chain set
system over [n].

Definition 2.3 (Average-case version). X' is (g, k)-balanced-chain if for uniformly random bal-
anced f,
Pr¢[X contains a chain with all |f(C;)| < k] > e.

The following result of [FLSY26] allows us to pass from the average case to the worst case.

Theorem 2.4 (Worst-case to average-case, [FLSY26, Lemma 2.3]). If there is an (g, k)-balanced-
chain set system of size s, then there is a k-balanced-chain set system of size O(sn/e).

The proof is a probabilistic argument: take O(n/e) random permutations of [n], apply each to
every set in X', and take the union. A counting argument shows that the resulting set system works
for all balanced colorings.

2.2 The approach of Fabris et al. and its limitations

To motivate our construction, we first recall the approach of [FLSY26] to prove their improved
upper bound on N(n). By Theorem it suffices to construct a set system that contains a 1-
balanced chain for a “noticeable fraction” of random balanced colorings; the resulting set system
can then be converted to one that works for all balanced colorings with only a polynomial blowup.
The starting point is the family of all intervals {[i,5] : 1 < i < j < n}, which has O(n?) sets.
A maximal chain in this family corresponds to growing an interval from both endpoints. For a
1-balanced-chain set system, we need every balanced coloring f to admit a chain along which
|f(C;)| <1 at every step. But for a random balanced coloring, the imbalance of the prefix [1,1] is
a random walk W (t) = 2!, (i), whose maximum absolute value max; |W (t)| is easily seen to be
©(y/n) with high probability (see, e.g., [MUIL7, Chapter 13]). The interval family has many other
chains (growing from both ends), but Fabris et al. show (Theorem 1.7 of [FLSY26]) that even the
best among exponentially many chains has imbalance n*!) with overwhelming probability, via an
analysis of the discrete Fréchet distance between two independent random walks. In short, no chain
in the interval family comes close to achieving balance 1. Despite this negative result, the interval
family is useful in a recursive way. A classical result of Cséki, Erdés, and Révész [CERS5] implies
that the random walk W () returns to zero at least once every ~ n/logn steps with noticeable
probability. This gives a partial chain of balanced intervals () C [1,i1] C [1,i9] C --- C [1,n] with
gaps of size &~ n/logn between consecutive elements. To fill each gap, one recurses on a segment
of size = n/logn. This leads to a set system of size nOUogn/loglogn). the recursion has depth
©(logn/loglogn), and each level contributes a polynomial factor.

The bottleneck is clear: the gap between consecutive zeros of a random walk is ©(n/logn),
so each recursion level reduces the problem size by only a logn factor. This is fundamentally a
consequence of the symmetric nature of the random walk: with a single ordering, the builder has
no choice at each step, and the walk moves up or down with equal probability.



2.3 Our idea: two-block steering

Our key idea is to give the builder a binary choice at each step by partitioning [n] into two blocks
(i.e., a left half and right half) and considering sets formed by taking a prefix of each block. At
each step, the builder chooses which block to extend, always picking the option that reduces the
imbalance (or a fair coin if both are equally bad).

This converts the imbalance process from a symmetric random walk (with a single ordering)
into a negatively biased one. The mechanism is simple: if the current imbalance is A > 0 (too many
+1’s have been added), the builder wants to add an element with f-value —1. With two blocks,
she is forced to increase h only if both blocks’ next elements have f-value +1. Since f([n]) = 0
forces the remaining elements to sum to —h, the +1 elements are the minority in the pool, and the
probability that both draws land in the minority is at most 1/4.

With this bias, the imbalance process stays within O(logn) of the origin (by a supermartingale
argument), and returns to h < 1 every O(logn) steps (by an exponential tail bound on excursion
lengths). Gaps are now O(logn) rather than O(n/logn), and filling each gap requires enumerating
all 200ogn) — pOM) gyhsets—a polynomial cost.

There is one complication: the two-block structure eventually breaks down when one block is
exhausted. At that point (after about n— O(y/n) steps), the remaining elements form a contiguous
residual of size O(y/n), and we must recurse. A logarithmic number of recursions reduces the
problem to constant size. And because the gap parameter at each level is O(log m) where m is the
current segment size (not logn), the total cost remains polynomial.

2.4 Proof outline

We describe a randomized strategy that, given a random balanced coloring f, builds a 1-balanced
chain with high probability. The set system & is then defined to include every subset that could
appear as a chain set during any execution of this strategy. We describe the four components below.

1. Two-block steering (Section . We partition a contiguous segment I of size m into two
halves I” and I. A set formed by taking a prefix of length a from I* and a prefix of length b
from I corresponds to a grid point (a,b). A maximal chain in this family is a monotone lattice
path from (0,0) to (m/2,m/2). The steered path (Definition [3.1]) is the specific path chosen by the
builder: at each step, she extends whichever block reduces the absolute imbalance, breaking ties
by a fair coin flip. See Figure [I] on page[1] for a worked example.

2. Forced probability and supermartingale (Sections . The key observation is that
the builder’s strategy makes the imbalance process negatively biased at every step. Writing C;
for the chain set at step ¢ and H(t) for its imbalance, the pool of unassigned elements is [n] \ C,
which sums to —H (t) because f([n]) = 0. In particular, when the imbalance |H ()| > 1, the pool
elements sharing the sign of H(t) are the strict minority: there are P = (R — |H|)/2 < R/2 of
them out of R total. By Lemma |H| increases only if both candidate next elements (one
from each block) have f-value sgn(H). Since both are drawn from the pool, this probability is
P(P—-1)/(R(R-1)) < (1/2)? = 1/4.

This bound—p; < 1/4—holds unconditionally at every step, with no conditions on the pool
size or the current imbalance. We exploit it via the potential function ¢(h) = 3", which is a
martingale for the (1/4,3/4) birth-death chain (since 1 - 3"+ + 2 .37~ = 3")_ Since our chain has
upward probability p; < 1/4 at every step, 3IHM is a supermartingale. Doob’s maximal inequality
(Theorem then gives max; |H (t)| < |H(0)| + K Inm with high probability (> 1 — O(1/m?)),
where K = 4 (Theorem [5.6)).



Furthermore, by computing the moment generating function of the first-passage time from
state 1 to state 0 in the (1/4,3/4) birth-death chain (Section [5.4), we obtain an exponential tail
bound: the probability that a single excursion lasts more than ¢ steps decays as (v/3/2)!. This
implies that the imbalance returns to |H| < 1 every < C}Inm steps (Corollary with C7 = 28),
and that descents from height O(logm) to height 1 take O(log m) steps (Lemma[5.9). See Figure
on page[l4] for an illustration.

3. Gap filling (Section [6). Between consecutive times the steered path visits {|H| < 1}, the
chain must traverse a “gap” of < C7lnm elements during which |H| may exceed 1. We cannot
control the imbalance element-by-element during these gaps, but we do not need to: a deterministic
greedy lemma (Lemma shows that whenever |f(S)| < 1 and |f(SUI)| < 1, the elements of
I can be ordered so that |f| never exceeds 1 along the way. The proof is simple: the constraint
fSUI)— f(S) = f(I) guarantees that correcting-sign elements are always available. Since we do
not know which ordering will be used, the set system must include all subsets of each gap region;
each gap has size < C} Inm, contributing 21" = mOPM) intermediate sets, so the local set system
at each scale has polynomial size.

4. Multi-scale recursion (Sections|7H8|). Eventually one of the two half-blocks is exhausted. By
a block-deviation bound (Lemma via Azuma’s inequality), the two blocks advance at roughly
the same rate, so the residual—the portion of the unexhausted block that remains—is a contiguous
segment Iy C Iy of size m; < \/mo. At this point, the imbalance may be as large as O(logmg), but
a descent (in at most O(logmg) steps, by the exponential tail bound above) brings it back to < 1.

The builder now recurses: she applies two-block steering to the residual I;, producing a new
residual Io C I; of size ma S /m1, and so on. After J = O(loglogn) scales, the residual has
constant size and the chain is completed by brute force.

The set system S is defined as the collection of all sets that could arise from any such multi-scale
execution (Definition . Each set in S is a composite: a union of local patterns, one from each
active scale, where each local pattern belongs to the local set system L(I;) of the corresponding
segment. The size of S is controlled by the key telescoping estimate E}']:() logm; < 3logn (since
mj1 S 4/M;), which ensures that the product of the local set system sizes across all scales remains
polynomial (Lemma .

By Theorem [2.4] (the worst-case to average-case reduction of [FLSY26]), the fact that S contains
a 1-balanced chain for 90% of balanced colorings implies N (n) < |S| - O(n) = n®M),

3 The Two-Block Construction

3.1 The two-interval grid

Partition [n] into two equal blocks By = [1,n/2] and By = [n/2 + 1,n]. A two-interval set is any
set of the form [1,a] U [n/2 + 1,n/2 + b] for integers 0 < a,b < n/2. We identify it with the grid
point (a,b) € {0,...,n/2}?; its level (cardinality) is a + b.

A maximal chain in the family of all two-interval sets corresponds to a monotone lattice path
from (0,0) to (n/2,n/2): a sequence of n steps, each incrementing either the first or second coor-
dinate by one. At each step, the chain-builder chooses which block to extend.

The same construction applies to any contiguous segment I = [s, s +m — 1] of even size m: split
I at its midpoint into halves I'” and I®, and consider prefix pairs on this segment’s grid. Between
two grid points (a,b) and (a/,b’) with a < o and b < ¥V, the gap region consists of elements at
positions @+ 1,...,a’ in I* and positions b+ 1,...," in I®. See Figure |1 for an illustration.
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Figure 1: An example of a steered path on the two-interval grid with m/2 = 7. The +1 labels along
each axis show the f-values of the elements of I” (horizontal) and I*? (vertical); the numbers inside
each node show the running imbalance H (t); let h(t) = |H(t)| denote the absolute imbalance. The
path begins at (0,0) with H = 0. At step 1, both options give h =1, so a coin flip decides (dashed);
the coin selects right, giving H = +1. At step 4, from (1,2) with H = +1: extending I adds
f = —1 (reducing h to 0), while extending I'® adds f = +1 (increasing h to 2); the builder picks
the reducing option (solid). At step 6 (%), from (3,2) with H = +1: both candidates have f = +1,
so h must increase to 2 regardless of the builder’s choice—this is a “bad” event whose probability
is bounded in Section |4l At the final step, I” is exhausted and only I remains (dotted).

3.2 The steered path

For a given coloring f: I — {£1} (since I can be any segment of [n|, we do not assume f to be
balanced here), the steered path on I is determined by the following rule.

Definition 3.1 (Steered path). The steered path on a segment I (split into halves I*, I') with
respect to f proceeds as follows. At each step with current grid position (a,b): if both blocks
are active (a < ‘I L‘ and b < ‘I R|), compute the two candidate overall chain imbalances (one for
incrementing a, one for incrementing b) and choose the one with smaller absolute value. Break ties
by a fair coin flip. If one block is exhausted, extend the other.

At each step, the chain set C grows by one element, and the overall chain imbalance is H () :=
f(Cy). Write h(t) = |H(t)| for the absolute imbalance.

Lemma 3.2 (Steering transitions). Suppose h(t) > 1 and both blocks are active. Then h(t + 1) =
h(t) + 1 if and only if both candidate next elements have f-value sgn(H(t)); otherwise h(t + 1) =
h(t) — 1. When H(t) = 0: both candidates give h(t+1) = 1.

Proof. If H > 0: adding an element with f-value —1 gives H' = H—1, so |H'| = h—1. The builder
selects this option (or one of two such options). The only way h increases is if both candidates have
f=+1=sgn(H). The case H < 0 is symmetric. O

11



3.3 Block deviation

The steered path’s two block indices a; and b; need not advance at the same rate. The following
lemma controls the imbalance between blocks.

Lemma 3.3 (Block deviation). Let f be a uniformly random balanced coloring of [n]|. Along the
steered path on a segment of size m, write D(t) = a; — by for the difference between the two block
indices. With probability at least 1 — 1/m (over f and the tie-breaking coins),

Itnax|D( )| <4vVmlnm

Proof. At each step, exactly one of a; or b; increases by 1, so D changes by +1 (if I is extended) or
—1 (if I'*? is extended). We claim D(t) is a martingale (Deﬁnition: conditional on all information
through step ¢t — 1 (the f-values revealed and coin outcomes so far), E[D(t) — D(t — 1)] = 0.

To see this, let z and y denote the next unassigned elements of I and I, respectively. Their
f-values have not yet been revealed. Since f is a uniformly random balanced coloring of [n],
the conditional distribution of the unrevealed f-values (given the history) is exchangeable: in
particular, Pr[f(z) = +1, f(y) = —1] = Pr[f(z) = =1, f(y) = +1]. Now consider the two cases.
If f(x) # f(y): the builder must extend whichever block holds the imbalance-reducing element,
and by exchangeability this is equally likely to be I” or It If f(z) = f(y): both options give the
same absolute imbalance, and the fair coin decides. In both cases, D goes up or down with equal
probability.

Since D(t) is a martingale with increments bounded by 1, the Azuma—Hoeffding inequality (see,

g., [MU17, Chapter 13]) gives

)\2
> < - .
Pr [I&%{’D(t” > )\] < Qexp< 2m>

Setting A = 4v'mInm: 2exp(—8Inm) = 2/m® < 1/m for m > 2. O

At block exhaustion (say ar = m/2): the residual consists of the remaining m/2 — by = D(T)
elements of I, a contiguous segment. If instead I exhausts first (by = m/2), the residual has
size |D(T)|. In either case, the residual has size |D(T)| < 4v/mInm < m?/3 (for m > 100).

4 The Forced Probability

This section contains the central observation of the paper. The argument uses exactly one fact
about the coloring: f([n]) = 0.
At any point during the construction (at any scale of the multi-scale recursion described later),

the chain set C; is some subset of [n], and the pool is Pool; := [n] \ C; (the elements not yet
assigned). Since C; U Pool; = [n] and f([n]) = 0:
f(Pooly) = —(C) = —H (1) &)

The pool has R = [Pool;| elements. Writing h = h(t) = |H(t)|, the number of pool elements with
f-value sgn(H(t)) is
—h h
P= RT, Q= R% (the count with the opposite sign). (2)

Since P and ) are counts of actual elements, both are non-negative; in particular R > h. When
h =0: P=Q = R/2 (the pool is evenly split). When h > 1: P < R/2 < @, i.e., the elements
sharing the sign of H are the minority.

12



Lemma 4.1 (Forced probability). At any step of the construction, if ﬁ(t) > 1 and both blocks of
the current segment are active (so R > 2), then

. . 1
pei=Prlpt+1) =ht) + 1] F] < 7,

where Fy denotes the o-algebra generated by all revealed f-values and coin-flip outcomes through
step t (formally defined in Deﬁmtion below). The probability is over the remaining randomness
i f: the f-values of elements not yet assigned.

Proof. By Lemma h increases iff both candidate next elements have f-value sgn(H). Both are
drawn from the pool.

If P <1: it is impossible to draw two elements from at most one, so p; =0 < 1/4.

If P > 2: the probability is
P P-1
"R R-1
Since h >1: P=(R—h)/2<(R—-1)/2,s0 P/R < (R—-1)/(2R) < 1/2. Also P —1 < P and
P<(R-1)/2imply (P—1)/(R—1) < P/R < 1/2. Therefore p; < (1/2)(1/2) = 1/4.

(In fact p; = 1/4 is never achieved for finite R with A > 1. But this distinction plays no role;
pr < 1/4 suffices for the supermartingale argument.) O

bt

Remark 4.2 (Why no conditions are needed). The bound p; < 1/4 holds at every step, at every
scale, during every transition and descent, with no conditions on R beyond R > 2. The reason is
purely global: f([n]) = 0 forces the pool to sum to —H (t), making sgn(H )-elements the minor-
ity. This unconditional bound is what allows the supermartingale argument (Section |5)) to apply
uniformly across all scales.

5 The Supermartingale Argument

We use Lemma to show that B(t) stays logarithmic with high probability. The tool is the
supermartingale method, which we review for readers unfamiliar with martingale theory. Figure
illustrates the key quantities defined in this section—the height (imbalance) bound, excursions,
balanced visits, and gaps—on a sample trajectory.

5.1 Background on supermartingales

We collect the probabilistic definitions and tools needed; standard references include Williams [Wil91].
Readers familiar with basic martingale theory may skip to Section [5.3

Definition 5.1 (Filtration). A filtration (Fi)¢>0 is an increasing sequence of o-algebras on the
same probability space: Fy C F; C ---. Think of F; as the information available at time ¢. In
our setting, F; encodes the f-values of all elements assigned by step t, together with all coin-flip
outcomes up to step ¢.

Definition 5.2 (Supermartingale). A sequence (Y;);>o adapted to (F;) is a supermartingale if
E[Yi41 | Fi] < Y, for all t. It is a martingale if equality holds. Informally: the expected future
value is at most (respectively exactly, for a martingale) the current value.

The key property of supermartingales is that they are unlikely to become much larger than
their starting value.

13
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Figure 2: A schematic trajectory of the absolute imbalance h(t) = |H(t)| along the steered path
within a single scale of the construction. The shaded band marks the balanced region h < 1:
when the trajectory is in this region, the chain set C; has |f(Cy)| < 1. The dashed line marks
the height bound 1 + K Inm (Theorem [5.6): the trajectory stays below this bound with high
probability. Each departure from and return to the balanced region constitutes an excursion; a gap
is the interval between two consecutive balanced visits. By Corollary every gap has length at
most C1Inm. During each gap, the gap-filling lemma (Lemma provides a 1-balanced ordering
of the gap elements, and the set system includes all subsets of each gap region to accommodate
every possible such ordering. The key qualitative features are that the trajectory returns to the
balanced region frequently and never strays far from it—both consequences of the negative bias
(p < 1/4). Compare this with the approach of Fabris et al. (Section [2.2)), where the imbalance
follows a symmetric random walk: there, the maximum height is ©(y/m) and the gaps between
returns are ©(m/logm), necessitating a deep recursion.

Theorem 5.3 (Doob’s maximal inequality [Wil91 Chapter 14]). If (Y;)o<i<r is a non-negative
supermartingale and A > 0:

Pr[max Y; > )\] < E[YO]
0<t<T A

Definition 5.4 (Birth-death chain). A birth-death chain on {0,1,2,...} with parameters (p,q)
(where p+¢ = 1) is a discrete-time Markov chain where, from state h > 1, the chain moves to h+ 1
with probability p (“birth”) and to h — 1 with probability ¢ (“death”). When ¢ > p: the chain has
a net drift toward 0.

Definition 5.5 (Geometric random variable). A geometric random variable with success probabil-
ity 6 € (0, 1], written Geom(#), is a random variable taking values in {1, 2, 3, ...} with Pr[Geom(6) =
k] = (1 — 6)*~1. It models the number of independent trials (each succeeding with probability 6)
needed until the first success. Its mean is 1/6 and Pr[Geom(6) > k] = (1 — 6)*.

14



5.2 Why 3" is the right potential function
For a (1/4,3/4) birth-death chain (Definition [5.4), consider the function ¢(h) = 3". A direct

calculation shows it is a martingale:
p- 3h+1 +q 3h71 — Shfl(% 4 %) — 3h71 . 3 — 3h.

This is a special case of the “gambler’s ruin” martingale: for any (p, ¢) birth-death chain, o is a
martingale when a = ¢/p.
In our setting, p; < 1/4 at every step (Lemma , so 31 ig g supermartingale:

E[3h+D | £ = 3 1(8p, + 1) < 301 . 3 = 30,
Doob’s inequality (Theorem then bounds the maximum of 3" , and hence of h itself.

5.3 The imbalance bound

We now apply the supermartingale method to bound the maximum imbalance along the steered
path. In the multi-scale construction (Section , the invariant maintained across scales ensures
that the absolute imbalance is at most 1 at the start of each scale. We state the bound under this
assumption.

Fix K = 4.

Theorem 5.6 (Imbalance bound). Consider the steered path on any segment with m’ unassigned
elements. If h <1 at the start, then

Pr [mtaxﬁ(t) >1+Klnm'| < OBk

where the maximum s over all steps with both blocks active.

Proof. Decompose the trajectory of h into ezcursions above level hy: each excursion starts when h
first exceeds hg (reaching ho+1) and ends when h returns to hg. There are at most m’/2 excursions
(each takes at least 2 steps).

Within an excursion, A(t) > 1 and both blocks are active, so Lemma gives py < 1/4 at every
step. Define Y; = 3"tAT) where t AT := min(¢, 7) denotes the stopped time and 7 is the excursion’s
end. For ¢t < 7:

EYi11 | Ft]l =p¢ - 3htl 4 (1—py)- 3h=1 = 3h_1(9pt +1—p) = 3h_1(8pt +1) < 3h =y

So (Yiar) is a non-negative supermartingale.
By Doob’s inequality (Theorem [5.3)):

. . . Yo 3hott
Pr[excursion reaches height L] = Pr[mtax Yire >3 ] < 3L = 3L

_ ’
:31 Klnm'

Since K = 4: 357" — (;/)KIn3 AgIn3 ~ 1.099 > 1: (m/)K™3 > (m/)*. So Prlexcursion reaches L] <
3/(m')%.

Union over at most m’/2 excursions:

Pr[maxh > L] <

m’ 3 3 3
9 (m’)4 - 2(m’)3 < (m/)Q'
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5.4 The moment generating function of the first-passage time

The next two subsections bound, respectively, the length of a single excursion (Section and
the time to descend from height O(logm) to height 1 (Section . Both reduce to bounding the
first-passage time 7 from state 1 to state 0 in the (1/4,3/4) birth-death chain: the excursion bound
needs an exponential tail on 7y, and the descent bound needs to control a sum of independent copies
of 79. The natural tool for both is the moment generating function M := E[e?™], evaluated at a
suitable rate parameter v > 0.

Specifically: an exponential tail Pr[rg > ¢] < O(p") (for some constant 0 < p < 1) follows
immediately from Markov’s inequality applied to €™, provided M is finite. For the descent, the
time is a sum S = Tél) 4+t Tého_l) of independent copies, and E[¢7®] = M"0~1: a Chernoff-type
bound then requires knowing the ezact value of M to verify that the base o = Me 73 of the
exponential decay (computed later in Section is less than 1.

We now compute M via a closed-form expression for the probability generating function of 7y.

The probability generating function of 1o is G(s) := E[s™] = Y2, s Pr[rg = t], defined for
|s] < 1 and potentially for some |s| > 1. A first-step analysis gives a recursion. From state 1,
one step is taken (contributing a factor of s), after which the chain is at state 0 with probability
g = 3/4, or at state 2 with probability p = 1/4. If the chain reaches state 0, the passage is
complete, contributing s in total. If the chain reaches state 2, it must return to 0. Since the chain
is nearest-neighbor, it must first pass through state 1 (taking time distributed as 7y by translation
invariance), and then from state 1 reach state 0 again (an independent copy of 7y, by the Markov
property). The probability generating function of a sum of independent random variables is the
product of their generating functions, so the contribution from this case is s - G(s)?. Combining:

G(s) = qs + ps - G(s)*.
Rearranging: ps - G(s)? — G(s) + ¢s = 0, a quadratic in G(s). The quadratic formula gives two

roots:
G(s) 14 /1 — 4pgs?
s) = .

2ps

To select the correct root, note that 7y is almost surely finite (since ¢ > p), so G(1) = 1. At s = 1:

VI —4pg = /1/4 = 1/2, giving roots (1 —1/2)/(2p) = 1 and (1 + 1/2)/(2p) = 3. Since G(1) = 1,

we take the minus sign:
1 — /1 —4pqs?
G(s) = .
2ps
Define v := In(2/v/3)(= 0.144) and p := e™7 = /3/2(~ 0.866). At s = ¥ = 2/1/3: 4pqs® =

11 3 = 1, so the discriminant vanishes and

1 1
R Y70 — 7y — — —
M :=Ele 0]_G(6)_2p-67_2-}1-\;§_\/§' (3)

An immediate consequence is an exponential tail bound. By Markov’s inequality applied to the
non-negative random variable e770: for any ¢ > 1,

M 3
=3 pth =2, (4)

Pr[ro >t]=Pr[rp >t +1] < D 5
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5.5 The excursion length bound

Theorem bounds the mazimum imbalance (the dashed line in Figure . For the construction,
we also need the imbalance to return to small values frequently—specifically, every O(log m') steps.
We establish this by bounding the length of each excursion (a trip from h=1 up to some peak
and back to h = 0).

Since p; < 1/4 at every step (Lemma , the excursion lengths in our chain are stochastically
dominated by those of a (1/4,3/4) birth-death chain (Definition [5.4).

Fix Cy = [4/v] = 28.

Lemma 5.7 (Excursion bound). Each excursion from h=1toh=0 along the steered path takes
at most Cy Inm/ steps with probability > 1 — 2/(m/')3.

Proof. 1t is easy to see that the excursion length is stochastically dominated by the first-passage
time 79 from state 1 to state 0 in the (1/4,3/4) birth-death chain (since p; < 1/4 at every step).
However, for the sake of completeness, let us include a formal proof.

We can use a coupling argument. Consider a (1/4,3/4) birth-death chain (Z;) starting at
Zo = 1, run alongside the excursion (h(t)) (which also starts at h(0) = 1). At each step, we couple
the two chains using shared randomness as follows: draw U ~ Unif[0, 1]; the reference chain steps
up iff U < 1/4; our chain steps up iff U < p;. Since p; < 1/4 (Lemma: whenever our chain steps
up, so does the reference chain. Equivalently, whenever the reference chain steps down, our chain
also steps down. Under this coupling, ﬁ(t) < Z, for all t (by induction: both start at 1, and at each
step the reference chain is at least as likely to increase). In particular, if 79 := inf{¢t > 1: Z, = 0}
denotes the first-passage time of the reference chain to state 0, then our excursion ends by time 7.

It remains to bound Pr[rg > C; Inm/]. By the tail bound ({):

Pr[TO > C1 lnm'] < % . pCl Inm’ _ g ) (m’)*cl’y_

Since Cyy = [4/7] -y > 4: this is at most 3/(m/)* < 2/(m/)3. O

Corollary 5.8 (Gap bound). With probability > 1 — 1/m’: all excursions along the steered path
on a segment of m' unassigned elements have length < Cilnm/.

Proof. Union over < m’/2 excursions: (m//2)-2/(m')3 =1/(m/)? < 1/m'. O

In other words, the trajectory returns to the balanced region (the shaded band in Figure
every < C1Inm’ steps with high probability.

5.6 The descent bound

During a scale transition (Section , the overall imbalance may need to descend from some height
h = hg to h < 1. Since pr < 1/4 at every step, the descent is stochastically dominated by the
corresponding process in a (1/4,3/4) birth-death chain.

The descent from hg to 1 can be decomposed into hg — 1 successive “drops” (from k to k — 1,
for k = ho,ho — 1,...,2). Each drop is a first-passage time from state k to state k — 1. In
the (1/4,3/4) birth-death chain, the transition probabilities are the same at every state, so by
translation invariance the first-passage time from k to & — 1 has the same distribution as from 1 to
0. The total descent time is dominated by a sum of hg — 1 independent copies of 7.

Fix C3 = 8.
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Lemma 5.9 (Descent bound). The descent from h = hg to h <1 takes at most Cshg steps with
probability > 1 — 1/(m/)?, provided hg <1+ KInm'.

Proof. Let 1y denote the first-passage time from state 1 to state 0 in the (1/4,3/4) birth-death

chain. Write S = 70(1) + -t T(gho_l) where Tél), . ,Tého_l) are independent copies of .

Since the Téi) are independent, E[e?%] = M ~! where M = /3 is the moment generating
function computed in . By Markov’s inequality applied to the non-negative random variable
ers:

E[e¥S] MMl (Me=7C3)ho
_ S C3h _ —
Pr[S > C3hg] = Pr[e?” > ¢7¢3M0] < 7Csho — o1Csho M '

With C3 = 8:
8
V3 3% 81V3
::M—S’Y: . _78: . - = — = ——=~0.54 1.
a e V3-(e™) \/§<2 328 556 0.548 <
Since hg < 1+ Klnm' with K = 4:

. (m/)Klna _ o (m/)—Kln(l/a)‘

Now Kln(1/a) = 41n(256/(81v/3)) ~ 4-0.60 = 240 > 2, and a/M = 81/256 ~ 0.316 < 1.
Therefore Pr[S > C3ho] < 1/(m/)2. O

6 Gap Filling

The steered path visits {fL < 1} frequently, but between visits the imbalance may exceed 1. The
following deterministic lemma shows that the gap elements can always be reordered to maintain
fl<1.

Lemma 6.1 (Greedy gap filling). Let f: [n] — {£1} be any balanced coloring. Let S C [n] with
If(S) <1, and let I C [n]\ S with |f(SUI)| < 1. Then there exists an ordering x1,%2,. .., |y
of I such that

lf(SU{z1,...,2})| <1 for all k € {0,1,...,|1|}.

The idea is simple: at each step, greedily add an element of the “correcting” sign. The key
insight: such an element always exists, because the starting and ending imbalances are both < 1.

Proof. Construct the ordering greedily. Write hy = f(SU{x1,...,2;}) and maintain |hg| < 1. Let
R = |I| — k (remaining elements) and o = f(I \ {z1,...,2;}) (their sum). The key identity is
hiy+o=f(SUI),soo=f(SUI)— hy.

Case hj, = 0. Any element gives |hp1| =1 < 1.

Case hy = 1. We need f(xp41) = —1. Since [f(SUI)|<land hy=1: 0 = f(SUI)—1<0. The
number of remaining —1 elements is (R —0)/2 > R/2 > 1.

Case hy = —1. Symmetric: 0 = f(SUI)+1 >0, giving (R+0)/2 > 1 elements with f = +1. O

18



7 The Set System

We now define the set system S and prove it has polynomial size. The set system must contain
every set that could appear as a chain set during any execution of the multi-scale builder’s strategy
(Section . Since the strategy operates at multiple scales—steering on Iy = [n], then on a residual
Iy C Iy, then on Iy C I, and so on—each chain set is a union of contributions from several scales.
The main challenge is to show that the total number of such unions is polynomial in 7, despite the
recursion having Jipa.x = O(loglogn) levels.

The key insight is that the logarithms of the local set system sizes form a geometric series.

o)

At scale j, the segment has size m; and the local set system has m;

O(logm;) to the logarithm of the total count. Since m;i; < m?/g, we have logm; < (2/3)7 logn,

and the sum ) ;jlogm; converges to O(logn) regardless of the number of levels. This is why the
recursion depth Jyax = O(loglogn) causes no difficulty.

elements, contributing

7.1 Named constants

All constants below are universal (independent of n).
e K = 4: imbalance bound coefficient (Theorem [5.6]).

e C) = 28: excursion length constant (Lemma [5.7)).

C3 = 8: descent time constant (Lemma |5.9)).

I' = C1 + KC3 = 60: maximum transition size per unit of Inm. This accounts for: tail from
gap bound (< Cjlnm) plus descent (< C3 + KCslnm); total < T'lnm + Cs.

My = 700: base-case threshold.

Cy =T+ 4 = 64: local set system size exponent.

7.2 Local set systems

Recall (Section that on a segment I of size m, the steered path traces a monotone lattice
path on the grid of prefix pairs (a,b) with 0 < a,b < m/2. Between two consecutive balanced
visits at grid points (a, ) and (@, V'), the elements added to the chain form a gap region: positions
a+1,...,d of I* and b+1,..., of I. The gap-filling lemma (Lemma allows us to order these
elements arbitrarily (subject to the 1-balanced constraint), so the local set system must include all
subsets of each gap region.

Definition 7.1 (Local set system). For a contiguous segment I of size m, the local set system L(I)
consists of all subsets A C I of the form A = P;, U Pr U T, where:

e (a,b) and (a/,b") are grid points with a < a’ <m/2,b < b <m/2, and (a' —a)+ (V' =) <
I'lnm + My;

e P is the prefix of I* of length a and P is the prefix of I® of length b;

e T C G where G is the gap region between (a,b) and (a’, V).
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The budget I'lnm + My is chosen to accommodate three scenarios that arise in the main
proof (Section : within-scale gaps between consecutive balanced visits (< Cjlnm elements),
scale transitions including the descent (< I'lnm + C3 elements), and the base case where a small
residual is absorbed (< Cplnm + My elements). All three fit within I'Inm + M.

Claim 7.2. |£(I)| < m®? for m above an absolute constant.

Proof. We count the choices that specify an element of £(I).

Grid pairs. The starting grid point (a,b) has at most (m/2 4+ 1) < m? choices. Given (a,b),
the ending grid point (a/,b’) satisfies (¢’ — a) + (0/ —b) < I'lnm + My, so there are at most
(I'Inm 4 Mg + 1)2 choices for (a’ — a,b’ — b). For m above a constant, (I'lnm + My + 1)? < m,
giving at most m? - m = m? grid pairs total.

Gap subsets. The gap region G has |G| = (¢’ —a) + (b —b) < T'lnm + M elements, so T C G

has at most 2™ *+Mo choices. Now 2™ = mI'm2 < il (since In2 < 1), and 20 is a (large)

absolute constant. So the number of gap subsets is at most 20 . ;T

Total. |L(I)| < m?3-2Mo .m0 = oMo . ;I+3 For m > 2Mo: 2Mo < iy giving |L(I)] < mI+ = m©2.
For m < 2Mo: |£(I)] < 2%Mo | a constant, which is at most m®2 for m > 2. O
7.3 Multi-scale decompositions

Definition 7.3 (Multi-scale decomposition). A decomposition of depth J consists of:

(i) Nested segments: contiguous segments [n] = Ip D Iy D --- D Iy with |[j11] < |I;|*/3 for all
Jj<J.

(i) Local patterns: for each j < J, a set L;j € L(I;) with L; C I; \ Ij11.
(iii) Terminal pattern: a set Ly € L(Iy).

The composite set is S = Ly U ---U Ly. The sets Lg,..., Ly are pairwise disjoint: for j < J,
Lj ng\Ij+1, and LJ QIJ

Definition 7.4 (The set system S). S is the collection of all composite sets from all multi-scale
decompositions of all depths 0 < J < Jyax, where Jyax is the smallest integer with n(/ 8)max M.

Since (2/3)7max < In Mp/Inn, we have Jyax < In(Inn/In Mp)/In(3/2) < 3lnlnn for large n.
One might be concerned that summing over this many depths causes a super-polynomial blowup.
The next lemma shows this is not the case.

7.4 Size bound

Lemma 7.5. |S| < n3C2+7,

Proof. Write m; = |I;|. The crux of the argument is the following telescoping estimate.

Key estimate. The shrinkage condition m;; < m?/?’ givesInmjy1 < 2Inmy, solnm; < (2/3)7 Inn.
Summing;:
J 00 ‘
Zlnmjglnn-z:@/?))j:?»lnn. (5)
j=0 j=0
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This is the reason the recursion depth does not matter: each additional scale contributes a geomet-
rically smaller term, and the total is bounded by 31nn regardless of J.

Counting decompositions of a fized depth J. A decomposition is specified by two choices: the
nesting (the segments Iy, ..., 1), and the patterns (Lo, ..., Ly).

Nesting. Ip = [n] is fixed. For j > 1, the segment I;;1 is a contiguous sub-segment of I;,
specified by a start position and a length: at most m? choices. The total number of nestings is at
most H}']:_ol m? Taking logarithms: In([];_, m?) =23 slnm; <6lnn.

Patterns. For each j < J: |L;| < [L(I;)] < mgb choices (Claim . The total number

Co

Ol pattern tuples 1S at mos oM. ". axKing logarithms: [n : m; = 2 . nm; <
f pattern tuples is at most [[/_ym$®. Taking logarithms: In([];<,;m$?) = Co3 . Inm; <

3C5 Inn.
Combining. The number of decompositions of depth J is at most

exp((6 4+ 3C2)Inn) = nb+3Cz2,

Note that this bound is independent of J: the geometric convergence of » | j In m; absorbs the depth.
Summing over depths. There are at most Jpax + 1 < 31nlnn + 2 possible depths. Therefore:

S| < (3Inlnn 4 2) - nS+3¢2 < p3C2+7
for large enough n. O

Remark 7.6 (Explicit construction). The set system S is fully explicit: given 1", a description of
S can be computed in poly(n) time by enumerating all valid nestings and all local patterns within
each nesting. No randomness is involved in the definition of S; the randomness in our proof appears
only in the analysis in Section (8| (showing that S is (9/10, 1)-balanced-chain) and in the worst-case
to average-case reduction (Theorem see also Section E[)

8 Proof of the Main Theorem

We now prove Theorem N(n) = n°®M. The proof combines the set system S (Section [7)) with
a multi-scale builder’s strategy that produces a 1-balanced chain in S for at least 90% of balanced
colorings, and then invokes the worst-case to average-case reduction (Theorem [2.4)).

8.1 Hypotheses on M,

The multi-scale recursion requires M to be large enough that certain arithmetic conditions hold
at every scale. We set My = 700 and verify two conditions for all m;1 > My:
(Hl) Descent fits. mj4+1 — 03 - KC3 . %ln mj41 > M0/2

This ensures that after a descent consumes at most C3(1 + K In m;) <C3+K(Cs- %ln mjy1
elements from [;11 (using Inmj; < 3Inmjy1 +1), at least Mo/2 elements remain.

Check at mj1 = 700: 700 — 8 —481n 700 ~ 700 — 8 — 314 = 378 > 350.
(H2) Gap fits. For all m’ > My/2 = 350: m/ — (m')?/3 > CyInm/.

This ensures that the steered path runs long enough (at least Cylnm’ steps before block
exhaustion) to guarantee a balanced visit.

Check at m’ = 350: 350 — 350%/3 ~ 350 — 50 = 300 > 281n 350 ~ 164.
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8.2 Probability space

The set system S is fized: it depends only on n and the universal constants, not on the coloring f.
The builder’s strategy, however, is randomized: it depends on f (which determines the steered
path) and on auxiliary tie-breaking coins (from the steered path’s coin flips when both options give
the same |H|). We will show that

Pr coins[strategy produces a 1-balanced chain in S| > 9/10.

Since every chain the strategy produces lies in S regardless of the coin outcomes (because S includes
all possible gap-filler subsets for all possible nestings), it follows that

Pr¢[S contains a 1-balanced chain] > Pr coins[strategy succeeds] > 9/10.

8.3 The builder’s strategy
Theorem 8.1. Pr¢[S contains a 1-balanced maximal chain] > 9/10.

Proof. The strategy processes [n] in scales j = 0,1,2,.... At each scale, the builder steers a two-
block path through a segment, gap-fills between balanced visits, and eventually exhausts one block,
producing a smaller residual segment for the next scale. The following invariant is maintained at
the start of each scale.

Invariant (j).

(i) The chain has been constructed through some level ¢;, with |f(C)| < 1 at every
level < £;. The chain set CU) at level ¢; satisfies !f(C(j))’ <1
(ii) There is a contiguous segment I; C [n] of size m; and a grid position (ag, by) in
the local coordinates of I; (meaning ag elements of I ]L and bg of 1 ]R have already
been consumed during the transition from scale j — 1; at scale 0, (ag, by) = (0,0)).
(iit) The pool [n] \ C9) consists of the m/; == mj — ap — by unassigned elements of I},
with m’; > My/2.

At scale 0: Iy = [n], (ag,bo) = (0,0), C©) =@, and m{, = n. All three conditions hold.

Processing scale j (while m/ > M;/2).
The steered path on I; continues from grid position (ag,bg). At each step, the overall chain

imbalance is H(t) = f(Ct) and h(t) = [H(#)|. By [()] h(0) = [f(CY))| < 1.

Step 1: Forced probability. By Lemma pr < 1/4 at every step with h > 1 and both
blocks active. As discussed in Remark this requires no conditions beyond f([n]) = 0, so no
scale-specific verification is needed.

Step 2: Imbalance and gap bounds. By Theorem (applied with m’ = m’), the imbalance

J
stays bounded:
3

(m})*

Pr {mﬁix h(t) > 1+ Klnm;} <

By Corollary the steered path visits {iL < 1} every < () lnm; steps, with probability >
1-1/ m;-. To ensure that at least one balanced visit occurs before block exhaustion, we need the
path to run for at least C; In m; steps in the “active phase” (when both blocks are still available).

/ 2/3

Since block exhaustion leaves a residual of size < (mj)Q/ 3 the active phase lasts at least m;—(m)
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steps. By |(H2)} this exceeds CyInm; (using mj > Mo/2 = 350), so at least one balanced visit is
guaranteed.

Step 3: Gap filling within scale j. Let 19 < 7 < --+ < 7, be the times at which the steered path
visits {h < 1}. Between consecutive visits 7; and 7,41, both chain sets C;, and C,,, have |f| <1,

i+1
and the elements C7, | \ C7, form a subset of a gap region on I;’s grid of size at most C; Inm/;. By

j
Lemma there exists a 1-balanced ordering of these elements. Each intermediate chain set is a

prefix pair plus a subset of the gap region, so it lies in £(I;) (the gap size C; In m; <T'lnm;+ My
fits within the budget of Definition .

Step 4: Block exhaustion. By Lemma (applied with m; remaining steps), with probability
>1-1/ m;, one block is exhausted at some time T}, leaving a contiguous residual I 1 C I; of size

\2/3 2/3
mj+1§4,/m;-1nm;.§(mj)/ <mj’",

where the last two inequalities hold for m;- > My/2.

Step 5: Transition or base case.
Let S = C;, denote the chain set at the last balanced visit of scale j, so |f(S)] < 1.

Case A: mj 1 > My (continue recursion).

At block exhaustion, the overall imbalance il(T]) may be as large as 1 + K'In m; To restore
h< 1, we run the steered path on I;; starting from grid position (0,0). Since Lemma applies
at every step (the global pool argument requires only f([n]) = 0), Lemma guarantees that the
descent from h(T}) to h < 1 takes at most C3(1 + K In m;) steps, with probability > 1 — 1/(m;)2
Let (a’,b’) denote the grid position on Ij;; at the moment the first balanced visit occurs, so
a' +b < C3+ KC3lnm).

Let S" be the chain set at this first balanced visit on I ;. By construction, |f(S")] < 1. The
transition elements S”\ S consist of two parts:

(a) the tail from scale j (elements consumed between the last balanced visit 7 and block exhaus-
tion Tj): at most C In m; elements;

b) descent elements from I;;1: at most C3 + KC3Inm/. elements.
J+ J

The total is at most C; In m; +C5+ KC31n m; =TIln m; + C3 < T'lnm; + My (using m; < m;
and C5 < Mp). Since |f(S)] < 1 and |f(S")| < 1, Lemma provides a 1-balanced ordering of
these transition elements. The intermediate sets lie in £(I;), as the transition size fits within the
gap budget.

We now set CU+1) = 8" and (a(()jﬂ), béjﬂ)) = (d/, V'), and verify the invariant for scale j + 1:

(i) The chain has |f| < 1 at every level through ¢;; (the level of '), and | f(CUTV)| = | f(9)] <
1.

(ii) Ij4+1 is a contiguous segment with valid grid position (a’,b’).
(iii) The effective size is m} ; = mjy1 —a’ = > mjy1 — C3 — KC3lnm. By (using

Inm/; < 3Inmjy1 + 1, which follows from mj; > (m9)2/3/2), this is at least My/2.

Case B: mj;1 < M, (base case).
When the residual is smaller than Mg, there is no need to recurse. The remaining elements
consist of the tail from scale j (at most C1lnm/; elements) plus the entirety of ;11 (fewer than
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My elements), for a total of at most Cy Inm’ + Mo < I'lnm; + Mp. Since |f(S)| <1 and f(SU
remaining) = f([n]) = 0, Lemma provides a 1-balanced ordering of the remaining elements.
The intermediate sets lie in £(I;) (the total size fits within the gap budget). The chain is now
complete.

Chain validity. It remains to verify that every chain set Cy produced by the strategy lies in S.
At level ¢, suppose scales 0,...,5 — 1 have been completed and scale j is currently active. Then
Cp=LoU---UL;j_1 U L; where, for each ¢ < j, the set L; € L(I;) is scale i’s completed local
pattern with L; C I; \ I;11, and L;- € L(I;) is the partial pattern from scale j (a prefix pair plus a
gap-region subset). This is a depth-j decomposition (Definition with terminal L;- € L(1).

During a transition from scale j to scale j+1: the transition elements lie in I; (covered by L(1;)),
and the contribution from I;; is a prefix pair (in £(I41)), giving a depth-(j + 1) decomposition.
In the base case, the terminal pattern L; € L(I;) covers the tail and the residual. In all cases,
CyeS.

Failure probability. At each scale j, the strategy can fail due to: the imbalance exceeding
1 + K Inm]; (probability < 3/ (m;)2 from Theorem , some excursion exceeding C1Inm/ steps
(probability < 1/m/ from Corollary , the block deviation being too large (probability < 1/m/
from Lemma , or the descent taking too long (probability < 1/ (m;)2 from Lemma . The
total failure probability at scale j is at most

3 N 1 N 1 N 1 _
\2 T T ne = 7
(m}) my omy o (mf) m;

To sum over all scales, we read backward from the last active scale. Since m; > n(2/3’ (by the

k
shrinkage condition) and mg > mj/2, the contribution from scale Jyax — k is at most 2 /Még/ 2",
The sum forms a rapidly convergent series:

Jmax oo
7 1 14 1 28 28 1
7<14§ <(1+++,,,>< _ <
r= ko= 1/2 5/4 5
=mh T M@ T Mo\ oy g M, ~ 700 ~ 10

where the parenthetical series converges to less than 2 since each term is smaller than the previous
by a factor of at least M&/Q > 26. O

Proof of Theorem [1.1. By Theorem Sisa(9/10, 1)-balanced-chain set system. By Lemmal7.5]
|S| < n3¢2+7. Applying Theorem [2.4

N(n) < O(j}i{?) = O(|S] - n) < n3C2+8,

With Cy = 64: N(n) < n?%0, O

9 Conclusion and open questions

Comparison with Fabris et al. The construction of [FLSY26] uses a single ordering of [n]
(prefix sets [1,t]) and relies on the zeros of the random walk W (t) = f([1,¢]). By the classical
result of Csdki, Erdés, and Révész [CERSH], these zeros are spaced O(n/logn) apart, leading to a
gap-filling recursion of depth ©(logn/loglogn) and the upper bound nCUogn/loglogn)

Our construction uses two orderings (one per block) with active steering. With a single ordering,
the imbalance is a symmetric random walk (p = ¢ = 1/2), and controlling it requires the entire
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recursion. With two orderings, the (absolute) imbalance h is negatively biased (p < 1/4, ¢ > 3/4),

and the supermartingale 3" controls it directly. Gaps shrink from ©(n/logn) to O(logn), making
the gap-filler cost polynomial (20(10g n) = no(l)) rather than requiring deep recursion.

The optimal exponent. Our proof gives N(n) < n?%. The best lower bound is N(n) > Q(n?),
which follows from the work of Alon, Kumar, and Volk [AKV2(] on balancing set systems as
reinterpreted by [FLSY26]. What is the true growth rate of N(n)? Is N(n) = ©(n?)? Using d > 2
blocks in the steering construction would reduce the forced probability from ~ 1/4 to ~ 1/2¢
potentially improving the exponent, though we have not pursued this.

Uniformity. Fabris et al. [FLSY26] ask whether there is a uniform construction of a full-rank
polynomial computable by a polynomial-size mABP. As noted in Remark our set system § is
fully explicit. The sole source of non-uniformity is the worst-case to average-case reduction (Theo-
rem , which converts S into a 1-balanced-chain set system by applying O(n) random permuta-
tions and arguing by the probabilistic method that the result works for all balanced colorings. Once
a worst-case 1-balanced-chain set system is in hand, the construction of [FLSY26l Theorem 5.4] (see
also Appendix deterministically produces a full-rank polynomial and a polynomial-size mABP
over the transcendental extension F(W). To obtain a construction over the base field F itself (when
F is infinite), one additionally needs to project the transcendental parameters W to elements of F;
a random restriction works with high probability (by Schwartz—Zippel), but a deterministic choice
would require further derandomization. We note that neither source of non-uniformity affects the
barrier (Corollary , which is a statement about existence, not constructivity.

The set-multilinear setting and hardness escalation. As mentioned in Section set-
multilinear models have become prominent due to a phenomenon known as hardness escalation:
lower bounds for set-multilinear models at small degree can be lifted to lower bounds for general
models. Raz [Razl3] showed that superpolynomial lower bounds for set-multilinear formulas at
degree r < O(log n/loglog n) would imply superpolynomial lower bounds for general algebraic for-
mulas. This was a key ingredient in the breakthrough of Limaye, Srinivasan, and Tavenas [LST25],
who proved the first superpolynomial lower bounds against constant-depth algebraic circuitsﬂ
their proof proceeds by first establishing lower bounds against constant-depth set-multilinear cir-
cuits computing the IMM polynomial, and then lifting via set-multilinearization. On the ABP
side, Bhargav, Dwivedi, and Saxena [BDS25| established an analogous escalation: superpolynomial
lower bounds for EﬂsmABPsﬂ at degree r < O(logn/loglogn) would imply superpolynomial lower
bounds for general ABPs. Chatterjee, Kush, Saraf, and Shpilka J[CKSS24] made progress toward
this by proving superpolynomial 3,smABP lower bounds for a set-multilinear polynomial of degree
w(logn). While this appears tantalizingly close to the escalation threshold, they in fact prove their
lower bound for a polynomial in smVBP—for which escalation to general ABP lower bounds is, by
definition, impossible. New techniques are therefore needed to pursue general ABP lower bounds
via escalation through the ¥;smABP model.

Our barrier shows that the min-partition rank method cannot separate smVBP from smVP.
However, we believe there may be more room for progress in the set-multilinear setting than in
the general multilinear one. The reason is that recent set-multilinear lower bounds—specifically
the breakthrough result of Limaye, Srinivasan, and Tavenas and its follow-ups [LST25| TL.S22|

8Over fields of characteristic 0; this was subsequently extended to all fields by Forbes [For24].
9A ¥,smABP is a sum of ordered set-multilinear ABPs, each with a possibly different variable ordering.
See [CKSS24] for a precise definition.
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LST22]—rely on a technique that seems to be appreciably different from the min-partition rank
method: the lopsided partial derivative method. The standard min-partition rank method partitions
the variable blocks X7, ..., Xy into two groups and analyzes the rank of the resulting coefficient
matrix, where all blocks have the same size N. The lopsided method, by contrast, first restricts
or projects the variable sets so that different blocks X; have different sizes, creating an asymmetry
that the standard method does not exploit. It is this asymmetry that enabled the constant-depth
circuit lower bounds of [LST25] and the unbounded-depth set-multilinear formula lower bounds
of [TLS22] for the IMM polynomial.

Crucially, the characterization of Fabris et al. [FLSY26]—and hence our barrier—applies specif-
ically to the min-partition rank method, which uses equipartitions (all blocks of equal size). It does
not immediately rule out the lopsided partial derivative method as a tool for proving set-multilinear
ABP lower bounds. We therefore propose the following directions:

1. Set-multilinear ABP lower bounds via lopsided methods. Can the lopsided partial derivative
technique, or extensions of it, prove superpolynomial lower bounds for smVBP? Our barrier
does not apply to such methods, and the success of the lopsided approach for set-multilinear
formulas [LST25, [TLS22|] suggests this is a natural avenue.

2. Understanding the gap between ¥smABP and smVBP. The results of [CKSS24] show that the
Y smABP model is strictly weaker than smVBP (superpolynomially so, even for polynomials
with superlogarithmic degree in smVBP). The results of [BDS25] show that proving ¥.,smABP
lower bounds at slightly smaller degree would have dramatic consequences. Understanding
the precise boundary—and whether the lopsided method or other techniques can reach the
escalation threshold—is a compelling open problem.

3. Characterizing the lopsided method. Is there an analogue of the Fabris et al. characterization
for the lopsided partial derivative method? Such a characterization would clarify the power
of this technique for ABPs, and either provide a new path to lower bounds or reveal further
barriers.
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A From balanced-chain set systems to full-rank mABPs

We prove Corollary a 1-balanced-chain set system of polynomial size yields a full-rank poly-
nomial computable by a polynomial-size mABP (or smABP; see Remark . The argument
follows [FLSY26, Theorems 5.4 and 5.6]; we include it here for completeness and because the
1-balanced case admits a clean presentation.

Let X = [n] with n even, and let X be a 1-balanced-chain set system over X of size s. Write
C(X) for the set of maximal chains in X. Let V = {z; : i € X} be a set of n variables and
W = {w, : t € [n], u € X} a set of n? formal indeterminates (which will later be restricted to
field elements).
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Step 1: The polynomial over a transcendental extension. For each maximal chain C =
(Co,Ch,...,Cp) € C(X), let me: [n] — X be the bijection defined by m¢ (i) = C;\ Ci—1 (the element
added at step 7). Define the gadget polynomial

n/2

Qe = H(%C(zi—n + Zrp(20)) € F[V],
=1

and the weighted polynomial

Step 2: The mABP. We construct an mABP M over F(W) of size at most s computing P.
The vertices of M are the sets in X of even cardinality, with source () and sink X. For every chain
(R,S,T) in X with |R| even, |S| = |R|+ 1, and |T| = |R|+2,let u =S\ Rand v =T\ S5, and
add an edge from R to T with label

Wis|u (xu + xv) “W|T|w € F<W)[V]

Each source-to-sink path in M corresponds to a maximal chain C' and computes the monomial
H?:/? wgi,lmc(%,l)(a:ﬂc(%,l) +.'Ifﬂ-c(27;))'U)2i77Tc(2i), so M computes P. Since each variable x, appears
on at most one edge per path, M is syntactically multilinear. The number of vertices is at most
|X| = s.

Step 3: Full-rankness over F(IW). Fix a balanced partition f: X — {£1}. Since X is 1-
balanced-chain, there exists a chain Cy € C(X) with |f(C;)| < 1 for all i. In particular, for each
i € [n/2], the two elements mc,(2i — 1) and ¢, (2i) satisfy f(mco,(2i — 1)) # f(7mc,(2i)) (since
consecutive even-indexed sets have balance 0, each pair must cross the partition).

Consider the substitution w;, — [7c,(t) = u] (i.e., wyu = 1 if 7c,(t) = u and 0 otherwise).
Under this substitution, P projects to ()¢, . Since the coeflicient matrix of a product of polynomials
on disjoint variable sets has rank equal to the product of the individual ranks (see, e.g., [FLSY26),
Fact 5.2]), and each factor (z(2i—1) + Zr(2:)) has rank 2 with respect to f (as the two variables lie
on opposite sides of the partition), we get

n/2
rankF Mf ch H 2 = 2"/2,

Since restricting the W-variables to 0/1 values can only decrease rank: rankgy(Mg(P)) >
rankp(M;(Qc,)) = 27/2, Thus P is full-rank over F(W).

Step 4: Derandomization over F. It remains to replace the transcendental elements W by
elements of F. For each balanced partition f, the full-rankness above means there exists a /2 on/2
submatrix of M¢(P) with nonzero determinant Dy € F[W]. Since each entry of M(P) has degree
at most n in W, the polynomial D has degree at most A :=n - on/2,
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Let S C IF be any subset of size |S| > 2™ - A (which exists since I is infinite). By the Schwartz—
Zippel lemma [Ore22| [DL78), [Sch80, [Zip79], for a uniformly random w € SW':

Pry[Ds(w) =0] < ’AS’

By a union bound over all (n72) < 2™ balanced partitions:

) 2" A
Pr,,[3 balanced f with Dy¢(w) = 0] < ST < L
Hence there exists w* € S" such that Dy(w*) # 0 for every balanced f. Define Q* € F[V] by
substituting w* into P. Then M¢(Q*) has rank 27/2 for every balanced partition f, so Q* is full-
rank over F. The mABP for Q* is obtained from M by the same substitution: its size is unchanged
and it computes Q* over F.

Applying the above with X’ being the set system from Theorem (of size s = no(l)) yields
Corollary

Remark A.1 (Set-multilinear case). The same argument extends to set-multilinear polynomials
with a single modification. Given a partition P = {Xy,..., X} of the variable set into blocks of
size N each, replace the gadget factor (z,(2i—1) + ZL‘TI-(QZ')) by the inner product

N
IP(Xfr(2i71)7X7r(2i)) = Z‘Tﬂ(%fl),j " Tr(26),5
J=1

which is a set-multilinear polynomial in X (5;_1) U Xy (9;) computable by a set-multilinear ABP of
size O(N). Since the inner product has full rank (= N) with respect to any partition that separates
Xr(2i—1) from X (9;), the multiplicativity of coefficient matrix rank gives rank(My(Qc,)) = N2
for every balanced partition f of the blocks. The Schwartz—Zippel derandomization proceeds iden-
tically (with N™/2 replacing 2"/2). The resulting set-multilinear ABP has size s - O(n.N), which is
polynomial when s = n®® and N = n9M),
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