
Optimal Random Self-Reductions for All Linear Problems

Abstract

The linear problem specified by an n × n matrix M over a finite field is the problem of
computing the product of M and a given vector x. We present optimal error-tolerant random
self-reductions (also known as worst-case to average-case reductions) for all linear problems:
Given a linear-size circuit that computes Mx on an ε-fraction of inputs x for a positive constant
ε, we construct a randomized linear-size circuit that computes Mx for all inputs x with high
probability. This resolves the open problem posed by Asadi, Golovnev, Gur, Shinkar, and
Subramanian (SODA’24), who presented quantum n1.5-time random self-reductions for all linear
problems. Somewhat surprisingly, we also demonstrate the quantum advantage of their quantum
reduction over classical uniform algorithms, by proving that any classical subquadratic-time
random self-reduction requires the advice complexity of Ω(log(1/ε) · log n), as long as the field
size is at most 1/ε. We complement this advice complexity lower bound by presenting (1) a
random self-reduction with the optimal advice complexity of O(log(1/ε)·log n) and (2) a uniform
random self-reduction over a large finite field.
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1 Introduction

A matrix M ∈ Fm×n over a finite field F induces a natural computational problem LM , which is
called the linear problem specified by M : Given a vector x ∈ Fn as input, the task of LM is to
compute the product Mx ∈ Fm. Linear problems are ubiquitous in theoretical computer science
and arise as basic subroutines in many algorithms. Representative examples include: (1) encoding
a message using a linear error-correcting code, which is equivalent to solving LG, where G is the
generator matrix of the error-correcting code; (2) multipoint evaluation of a univariate polynomial
on a fixed set of points, which is equivalent to LV for a Vandermonde matrix V ; and (3) the discrete
Fourier transform, for which fast Fourier transforms solve LM for the DFT matrix M .

Although a näıve algorithm computes any linear problem with O(mn) field operations, many
structured linear problems admit nearly linear-time algorithms (see, e.g., [Spi96; BM74; CT65]).
Understanding which matrices admit such fast algorithms — and which provably do not — has
been one of the central questions in theoretical computer science. For example, Valiant’s program
[Val77] seeks an explicit linear problem LM that cannot be computed by linear-size arithmetic
circuits of logarithmic depth; proving such lower bounds would follow from constructing a rigid
matrix M (see [Ram20] for a survey on matrix rigidity).

Asadi, Golovnev, Gur, Shinkar, and Subramanian [AGGSS24] asked one fundamental property
of linear problems: Do they admit error-tolerant random self-reducibility? A random self-reduction
for a function f is a transformation that converts an average-case algorithm C that computes f(x)
on an ε-fraction of inputs x into a worst-case algorithm C ′ that computes f(x) on all inputs x. If
the parameter ε > 0 is close to 0, the reduction is called error-tolerant. Such a reduction is also
called a worst-case to average-case reduction from f to f because it reduces the worst-case problem
of computing f(x) for all inputs x to the average-case problem of computing f(x) for a small
fraction of inputs x. Asadi, Golovnev, Gur, Shinkar, and Subramanian developed a quantum error-
tolerant n1.5-time random self-reduction for all linear problems, leaving open whether a classical
error-tolerant worst-case to average-case reduction exists. To quote [AGGSS24, Open Problem 1.1]:

“Are there efficient transformations of classical algorithms (or circuits) for general linear
problems, which are only correct on 1% of their inputs, into similarly efficient worst-case
classical algorithms (or circuits)?”

1.1 Our Results

In this paper, we provide complete answers to their open questions — in fact, both positive and
negative answers for the non-uniform and uniform settings, respectively. In the non-uniform setting,
every linear problem admits a random self-reduction that can be implemented by a linear-size
circuit.
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Theorem 1.1. Let F be a finite field of size p and M ∈ Fm×n be a matrix. Let ε > 0 be an arbitrary
parameter. Suppose that there exists a circuit C of size s such that

Pr
x∼Fn

[C(x) = Mx] ≥ ε,

where the probability is over a uniformly random vector x ∈ Fn. Then, there exists a randomized

circuit C ′ of size O
(
(s+ (n+m) · log1+o(1) p) · log(1/ε)/ε

)
such that for every x ∈ Fn,

Pr
C′

[
C ′(x) = Mx

]
≥ 2

3
,

where the probability is over the internal randomness of C ′.

Note that the size of C ′ is O(s + n + m) for constants ε and p. The factor log1+o(1) p in the
running time is due to the time complexity of arithmetic operations over F (see, e.g., [GG13]). The
constant 2

3 can be amplified to 1 − δ for every δ > 0 by the standard technique of repetition of
O(log(1/δ)) times and majority vote.

Theorem 1.1 improves the previous result of [AGGSS24] in three ways. First, our reduction
is classical, at the cost of using non-uniform algorithms (i.e., circuits). Second, it improves the
previous running time from O(n1.5) to the optimal linear “time” of O(n). Third, the proof is
unexpectedly simple; see Section 2 for details.

As discussed in [AGGSS24], Theorem 1.1 is the first classical error-tolerant worst-case to
average-case reduction for a large class of problems. Previously, such reductions are given only for
a small number of specific problems that are of interest (e.g., [BRSV17; GR18; DLW20; BBB19;
HLS22; AGGS22; NRW23; HS23; HS24; GSS24; HS25]). Although there are general frameworks for
constructing worst-case to average-case reductions based on additive combinatorics [AGGS22] and
hardness amplification [HS23], applying these frameworks to specific problems tends to be highly
non-trivial. Our reduction gives, for the first time, such (non-quantum) reductions for a large class
of problems, i.e., the class of all the linear problems, which includes as special cases the problems
of computing discrete Fourier transformations, polynomial evaluation, and the Walsh–Hadamard
transform. As a concrete example, we have the following:

Corollary 1.2. Let F be a finite field of size O(1). Let HN be the N ×N Hadamard matrix over

F, i.e,. HN :=
(
(−1)

∑n
i=1 xiyi

)
(x,y)∈{0,1}n×{0,1}n

, where N = 2n. The following are equivalent for

every constant ε > 0.

1. For all large N , there exists a randomized circuit of size O(N) that computes HN ·x for every
input x with high probability.

2. For all large N , there exists a circuit of size O(N) that computes HN · x for an ε-fraction of
inputs x.

One may interpret this as an approach towards constructing a linear-size circuit for computing
the Walsh–Hadamard transform based on an average-case circuit that succeeds only a small fraction
of inputs. Alternatively, it strengthens any worst-case lower bound to an average-case lower bound;
indeed, it is believed that the Walsh–Hadamard transform cannot be computed by O(N)-size
circuits of depth O(logN) [AW17].
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The only deficiency of Theorem 1.1 is that the reduction is non-uniform, whereas the quantum
reduction of [AGGSS24] is uniform in the following sense. The reduction is granted oracle access
to each entry of M ∈ Fm×n (that is, the oracle answers the (i, j)-th entry of M given (i, j) as
input) in addition to an oracle O such that Prx∼Fn [O(x) = Mx] ≥ ε, and computes Mx with
high probability for every input x. Following [AGGSS24], we define a classical uniform random
self-reduction as follows.

Definition 1.3. For a matrix M ∈ Fm×n, we say that a randomized oracle algorithm AO,M is an
ε-error-tolerant random self-reduction for LM if for every oracle O that satisfies

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

it holds that for every input x ∈ Fn,

Pr
A

[
AO,M (x) = Mx

]
≥ 2

3
,

where the probability is over the internal randomness of A, and the oracle M in AO,M answers the
(i, j)-th entry of M for a given query (i, j).

The oracle access to each entry of M is necessary for an error-tolerant random self-reduction
to exist, because the oracle O alone does not uniquely determine the matrix M if ε ≤ 1

2
1. Some-

what surprisingly, we prove that no classical uniform sub-quadratic-time reduction exists, thereby
negatively answering [AGGSS24, Open Problem 1.1] in the uniform setting.

Theorem 1.4. For every constant γ > 0, for all large n ∈ N and for every ε > 0, every
a ∈ N, and every finite field F of size p, if there exists an ε-error-tolerant random self-reduction
AO,M (-;α(O,M)) for LM that runs in time n2−γ and takes some advice string α(O,M) ∈ {0, 1}a
for every matrix M ∈ Fn×n, then a ≥ min

{γ
5 · ⌊logp(1/ε)⌋ · log2 n,

√
n
}
.

In particular, this theorem shows that if p ≤ 1/ε (i.e., ⌊logp(1/ε)⌋ ≥ 1), the advice length a
must be strictly positive, which indicates the non-existence of a uniform random self-reduction.
This demonstrates the quantum advantage of the quantum random self-reduction of [AGGSS24]
over uniform classical algorithms.

We complement our lower bound on the advice complexity by presenting two random self-
reductions. First, we present a random self-reduction with the advice complexity of O(log(1/ε) ·
log n), which is optimal up to a constant factor when the field size p is constant.

Theorem 1.5. There exists an ε-error-tolerant random self-reduction AO,M (-;α(O,M)) for LM
that takes an advice string α(O,M) of length O(log(1/ε) · log n) for every matrix M ∈ Fm×n over a
finite field F of size p, runs in time (n+m)·(p/ε)O(log(1/ε)), makes at most (p/ε)O(log(1/ε)) queries to
O, and reads (p/ε)O(log(1/ε)) rows and columns of M (in particular, it makes (n+m)·(p/ε)O(log(1/ε))

queries to each entry of M).

The advice complexity of Theorem 1.5 can be improved to O(logp(1/ε) · log2 n) in the special case
where the set of inputs on which the oracle O correctly computes LM contains a linear subspace of

1For example, if we take two distinct matrices M1,M2 ∈ Fm×n and define the oracle O that outputs M1x for
half of the inputs x ∈ Fn and M2x for the other half, then oracle access to O alone does not allow us to distinguish
between M1 and M2.
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high dimension (see Proposition 5.7). Note that this advice complexity is optimal up to a constant
factor even for an arbitrary choice of p.

Second, we present a uniform random self-reduction when p ≥ 1/ε+ 1 + o(1). This is tight up
to the additive term 1+o(1) because of Theorem 1.4.

Theorem 1.6. There exists a randomized oracle algorithm AO,M such that for every ε > 0
and every δ > 0, for every matrix M ∈ Fm×n over a finite field F of size at least 1

ε + 1 + δ,
the algorithm AO,M is an ε-error-tolerant random self-reduction AO,M for LM , runs in time
O((m + n) log1+o(1) p/(ε5δ2)), makes O(1/(ε5δ2)) queries to O, and reads O(1/(ε5δ2)) rows of
M (in particular, it makes O(n/(ε5δ2)) queries to each entry of M).

One can apply Theorem 1.5 to any explicit matrix whose entry can be efficiently computed and
obtain the equivalence between worst- and average-case algorithms with O(log n) bits of advice.
For example, using the fact that each row and column of the Hadamard matrix can be computed
in linear time, we obtain the following.

Corollary 1.7. Let F be a finite field of size O(1) and HN be the N ×N Hadamard matrix over
F. The following are equivalent for every constant ε > 0.

1. There exists a randomized linear-time algorithm for LHN
with advice complexity O(logN).

2. There exists a randomized average-case linear-time algorithm with advice complexity O(logN)
that computes LHN

on an ε-fraction of inputs.

2 Proof Overview

Notation For n ∈ N, we denote by [n] := {1, . . . , n}. For a finite set S, by x ∼ S we denote
that x is chosen uniformly at random from S. For k ∈ N, we denote by logk n = (log n)k the k-th
power of log n. Unless otherwise specified, the base of the logarithm is 2. Unless stated otherwise,
we ignore the cost of field operations over Fp. That is, we treat each arithmetic operation in Fp as
taking unit time (or constant circuit size). If one wishes to account for the bit-level complexity, all
bounds can be multiplied by an additional factor of log1+o(1) p.

2.1 Nonuniform Reduction

The proof of [AGGSS24] is mathematically deep, leveraging additive combinatorics [AGGS22] and
quantum computation. In contrast, our proof is unexpectedly simple. Indeed, Asadi, Golovnev,
Gur, Shinkar, and Subramanian [AGGSS24] wrote:

“Hirahara and Shimizu [HS23] recently provided a general paradigm that simplified,
optimised, and unified known worst-case to average-case reductions for key problems
of interest. Unfortunately, their approach inherently cannot capture the class of linear
problems, as it does not admit the direct-product structure that is required for their
techniques.”

Surprisingly to the authors of [AGGSS24] (and the authors of the present paper), our key insight
is that a certain “direct-product” structure is hidden inside the class of linear problems! In fact,
our final algorithm does not rely on this insight, so readers interested only in the proof may skip
the next paragraph.
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Hidden XOR Structure. Our key observation is that the XOR structure is hidden in any linear
problem. For simplicity, consider the binary field F = GF(2). Let f be the function that maps x to
Mx for some matrix M ∈ Fm×n, and O be an oracle that computes f(x) on an ε-fraction of inputs
x. Consider the k-wise XOR function f⊕k defined as f⊕k(x1, . . . , xk) := f(x1)⊕ · · ·⊕ f(xk). Then,
O can also be used to compute f⊕k on an ε-fraction of inputs. The reason is that f⊕k(x1, . . . , xk) =
f(
∑k

i=1 xi) by the linearity of f , and thus C(
∑k

i=1 xi) = f⊕k(x1, . . . , xk) for an ε-fraction of the k-
tuple (x1, . . . , xk). Yao’s XOR lemma for multi-output functions [HS25] shows that such an average-
case algorithm can be converted into a worst-case algorithm, provided that ε > 1

2 . To improve ε to
an arbitrary small constant, we observe that the output of f can be efficiently verified using a non-
uniform advice (in a way similar to Freivalds’ algorithm for verifying matrix multiplication [Fre79]).
In general, a direct product theorem can be proved for verifiable problems (see, e.g., [IJK09]); thus,
we can apply the techniques of hardness amplification in the case of an arbitrary small ε > 0. Our
proof was inspired by the worst-case to average-case reductions for matrix multiplication recently
presented by Hirahara and Shimizu [HS25].

We present the proof based on the ideas above in Appendix A. However, the reduction can be
further simplified, and the final algorithm does not rely on the k-wise direct product structure,
which we present next.

Actual Proof Outline. Now we present an outline of our non-uniform reduction. The non-
uniform reduction is a composition of two surprisingly simple reductions. Consider a matrix M ,
and let O be an oracle such that Prx∼Fn [O(x) = Mx] ≥ ε.

The first reduction, denoted by AO
1 , is a non-uniform randomized oracle algorithm that takes an

instance x and a Trevisan–Vadhan advice string2 α as input and outputs Mx with probability 0.9
for any x ∈ Fn. Specifically, AO

1 (x) repeatedly samples z ∼ Fn and computes y = O(x+ z)−Mz,
where Mz is given as Trevisan–Vadhan advice. Since x + z is distributed uniformly over Fn, we
have y = Mx with probability ε in every trial. Moreover, we can verify whether y = Mx or not
with high probability in time O(m) by repeatedly sampling a random vector r ∼ Fm and checking
whether r⊤y = r⊤Mx, where r⊤M is also given as Trevisan–Vadhan advice. By the standard
averaging argument, we can fix the random seed of AO

1 (and thus the Trevisan–Vadhan advice) to
obtain a deterministic circuit CO

1 that outputs Mx for a 0.9-fraction of inputs x ∈ Fn.
The second reduction takes x ∈ Fn as input, samples z′ ∼ Fn, and outputs CO

1 (x+z′)−CO
1 (z′).

Since each of x+ z′ and z′ is distributed uniformly over Fn, by the union bound, we have CO
1 (x+

z′) − CO
1 (z′) = Mx with probability at least 0.8 over the internal randomness of the reduction.

Details can be found in Section 3.

2.2 Lower Bound of the Advice Complexity

To prove the lower bound of the advice complexity (Theorem 1.4), we use the incompressibility
method (see, e.g., [LV19, Chapter 6]). A high-level idea is that if there exists a too-good-to-be-true
random self-reduction AO,M that probes a few entries of matrices M and computes LM in the worst
case, then one can compress a random matrix M better than its entropy, which contradicts the
information-theoretic lower bound. A proof similar to ours was used by De, Trevisan, and Tulsiani
[DTT10] to prove time-space tradeoffs for inverting one-way functions.

2A non-uniform advice α is called a Trevisan–Vadhan advice if it depends on both the instance size and the random
seed [TV07]. See Definition 3.2.
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Our goal is to prove that the advice complexity is Ω(ℓ log n), where we define

ℓ := min
{
⌊logp(1/ε)⌋,

√
n/ log n

}
.

Let a be the length of an advice string, and assume towards a contradiction that a ≤ o(ℓ log n). We
choose a uniformly random ℓ-sparse matrix M ∈ {0, 1}n×n, i.e., a random matrix which contains

exactly ℓ ones. Note that the entropy of M is log2
(
n2

ℓ

)
≈ 2ℓ log2 n (if ℓ ≪ n). Since M contains

at most ℓ nonzero entries, we have Prx[Mx = 0] ≥ p−ℓ ≥ ε (Lemma 4.2). In particular, letting O
be the oracle that always output all-zero vector, we have Prx[Mx = O(x)] ≥ ε. By the property of
the random self-reduction (Definition 1.3), AO,M (1n;α(O,M)) = M1n holds with probability 2

3 ,
where 1n denotes the all-one vector of length n, and α(O,M) is the advice string of length a.

Using this random self-reduction AO,M , we may compress M to a string of length less than

log2
(
n2

ℓ

)
as follows. For each fixed advice string α, since the oracle algorithm AO,M (-;α) probes

at most q ≤ n2−γ queries to M , the algorithm can find at most n−γ · ℓ nonzero entries of M in
expectation (Lemma 4.3). By the union bound over all α ∈ {0, 1}a, assuming that a ≤ o(ℓ log n),
the oracle algorithm AO,M (-;α) can find at most ℓ/4 nonzero entries of M for every advice string
α. In particular, AO,M (1n;α) is equal to AO,M ′

(1n;α), where M ′ is the ℓ/4-sparse matrix which
contains the nonzero entries found by A. Moreover, we have AO,M (1n;α(O,M)) = M1n with

probability 2
3 . Since M ′ can be described by log2

(
n2

ℓ/4

)
≈ ℓ

2 log2 n bits, we can also describe M1n

using ℓ
2 log2 n+ a bits, where a is the length of the advice string α(O,M). Since ℓ ≤ o(

√
n), each

row of M contains at most one nonzero entry with high probability (Lemma 4.4), which implies
that M1n tells us which rows of M contain nonzero entries. Then M can be descried by additional
ℓ · log2 n bits, which specify the column of the nonzero entry for each such row. In total, M can be
described by a+ ℓ

2 log2 n+ ℓ log2 n≪ 2ℓ log2 n bits, which is a contradiction.
Details can be found in Section 4.

2.3 Uniform Reduction

The proof of uniform reductions (Theorems 1.5 and 1.6) proceeds in two main steps. Let O be an
oracle and M ∈ Fm×n be a matrix such that Prx∼Fn [O(x) = Mx] ≥ ε.

1. We first design a randomized algorithm A1 that, given oracle access to O and M , computes
Mx with probability f(p, ε) for every x, where f is an appropriate function depending on
p = |F| and ε > 0 (Lemmas 5.2 and 5.3).

2. We then construct another randomized oracle algorithm A2 that, using A1 as a subroutine,
computes Mx with probability at least 2/3 for every input x (Lemma 5.1).

Step 1 is proved separately for the cases where the field size |F| is large and where it is small, while
Step 2 is proved by a common argument that applies to both cases. In what follows, we describe
the proof sketch of each step. See Section 5 for the details.

Step 1 over Large Field (Section 5.2). The reduction of Step 1 for the large field case follows
from the standard technique of polynomial interpolation [AGGS22; AGGSS24].

Let x ∈ Fn be the input. For t ∈ F, let ℓ(t) = x + tr, where r ∼ Fn is a random vector.
The oracle algorithm AO chooses two random distinct points t1, t2 ∈ F uniformly at random and
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compute Mx = Mℓ(0) by interpolating O(ℓ(t1)) and O(ℓ(t2)). Let X be the number of t ∈ F \ {0}
such thatO(ℓ(t)) = Mℓ(t). Since each ℓ(t) for t ̸= 0 is distributed uniformly over Fn, the probability
that O(ℓ(t)) = Mℓ(t) is at least ε. Thus, by Markov’s inequality, with probability Ω(γε), we have
X ≥ (1− γ)εp for any γ > 0. Conditioned on this event, if we pick up two distinct points t1 ̸= t2
randomly, the probability that O(ℓ(t1)) = Mℓ(t1) and O(ℓ(t2)) = Mℓ(t2) is Ω((X/p)2). If we set
γ = δε and from p ≥ 1/ε+ 1 + δ, this probability is at least Ω(δε3). Therefore, the algorithm AO

outputs Mx with probability Ω(γε) · Ω(δε3) = Ω(δ2ε5) over the choice of r, t1, t2.

Step 1 over Small Field (Section 5.3). The reduction of Lemma 5.3 consists of two parts.
First, using the given oracle O, we design an algorithm that computes Mx for all x belonging to
some linear subspace V ⊆ Fn of dimension dimV = n−O(log(1/ε)) (Lemma 5.4). Next, using such
an algorithm, we give an algorithm that computes Mx for all x ∈ Fn (Lemma 5.6). The O(log n)
bits of advice is used in the second step.

For the first part, we apply the additive-combinatorics-based framework of Asadi, Golovnev,
Gur, and Shinkar [AGGS22]. Let S ⊆ Fn denote the set of inputs on which the oracle O outputs
the correct value, i.e., S = {x ∈ Fn | O(x) = Mx}. By the assumption on O, we have |S| ≥
ε · |F|n. Then, by a probabilistic version of the Bogolyubov–Ruzsa lemma (Lemma 5.5) from
[GSS24, Lemma 8], there exist an integer t = O(log(1/ε)) and a subspace V ⊆ Fn of dimension
dim(V ) ≥ n−O(log(1/ε)) such that for every x ∈ V ,

Pr

[
a1, . . . , at, b1, . . . , bt ∈ S

∣∣∣∣∣
t∑

i=1

(ai − bi) = x

]
≥ ε2t+1.

where the probability is taken over a1, . . . , at, b1, . . . , bt ∼ Fn.
Using this lemma, we can design a randomized algorithm that computes Mx for every x ∈ V as

follows: sample random vectors a1, . . . , at, b1, . . . , bt ∈ Fn satisfying a1+ · · ·+ at− b1− · · ·− bt = x,
and output

O(a1) + · · ·+O(at)−O(b1)− · · · − O(bt).

By the guarantee of the lemma, this algorithm outputs Mx with probability ε2t+1 = εO(log(1/ε)) for
every x ∈ V .

For the second part, consider the subspace V ⊆ Fn obtained above, whose dimension is dimV =
n − c for some c = O(log(1/ε)). We choose standard basis vectors ei1 , . . . , eic such that V ∪
{ei1 , . . . , eic} spans the entire space Fn. The algorithm receives the indices i1, . . . , ic as an advice
string of length O(c log n). Then every vector x ∈ Fn can be expressed as a linear combination of
these basis vectors and a vector in V , namely

x = a1ei1 + · · ·+ aceic + v,

where v ∈ V and a1, . . . , ac ∈ F. The final algorithm simply guesses a1, . . . , ac randomly, which is
correct with probability |F|−c, and then calculates Mx by adding

∑c
k=1 akMeik +Mv, where Meik

can be calculated by querying the ik-th column of M and Mv can be calculated by the algorithm
of the first part.

Step 2. Amplifying the Success Probability (Section 5.1). Let A1 be the randomized
algorithm from Step 1, which computesMx with success probability f(p, ε). We run A1 on the same
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input x independently ℓ = O(1/f(p, ε)) times, and collect the resulting outputs as L = {y1, . . . , yℓ}.
With probability at least 2/3, one of these vectors equals the correct vector Mx. Thus, our goal is
to identify which element in L is equal to Mx.

Asadi, Golovnev, Gur, Shinkar, and Subramanian [AGGSS24] designed a quantum algorithm
that verifies the correctness of a candidate solution in O(n1.5) time. We instead take a different,
simpler, and non-quantum approach. We arbitrarily select two distinct vectors y, y′ ∈ L, and find
an index i such that yi ̸= y′i. We then query the i-th row of M through oracle access and compute
the i-th coordinate of Mx. If yi (resp. y

′
i) differs from (Mx)i, we remove y (resp. y′) from the list

L. We repeat this elimination process until the size of L is reduced to 1, and output the unique
element that remains in L.

Since each iteration removes at least one of y or y′, the total number of iterations is at most
|L| ≤ ℓ. In particular, the number of oracle queries to M is bounded by ℓ · n. Moreover, as the
correct vector Mx is never eliminated (whenever it is contained in L), the algorithm outputs Mx
with probability at least 2/3.

2.4 Related Work

Newton, Richelson, and Wilson [NRW23] presented a high-dimensional version of the theorem of
Goldreich and Levin [GL89]. They gave an efficient (but not linear-time) algorithm that, given ora-
cle O that agrees with an unknown matrix M on an ε-fraction of inputs (i.e., Prx∼Fn [O(x) = Mx] ≥
ε), outputs a matrix M ′ that agrees with O with εΩ(1)-fraction of inputs [NRW23, Theorem 2].
This differs from our setting in that we assume that a random self-reduction “knows” M (i.e., is
given oracle access to each entry of M) and runs in linear time.

Asadi, Golovnev, Gur, and Shinkar [AGGS22] developed a framework for constructing error-
tolerant worst-case to average-case reductions based on additive combinatorics, and presented a
worst-case to average-case reduction for all linear problems in the computational model of data
structures. Specifically, for each matrix M ∈ Fm×n, they considered the problem of preprocessing
x ∈ Fn so that one can answer a query i ∈ [m] with the i-th element of Mx by probing a few bits
of the preprocessed data structure. This problem of constructing a data structure was shown to be
equivalent to the average-case version in which x is chosen unifromly at random from Fn.

3 Nonuniform Reduction

Throughout this section, we use a Boolean circuit as the computational model, but it works for
other computational models such as Turing machine.

Theorem 3.1. Let ε > 0 be an arbitrary parameter. There exists a randomized oracle circuit CO

of size O((n+m) · log(1/ε)/ε) such that, for any matrix M ∈ Fm×n and any oracle O satisfying

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

it holds that

∀x ∈ Fn, Pr
CO

[CO(x) = Mx] ≥ 2

3
,

where the probability is taken over the internal randomness of CO. Moreover, CO makes at most
O(log(1/ε)/ε) queries to O.

9



Theorem 1.1 follows immediately from this by replacing O with an average-case circuit that
computes the linear map LM : x 7→ Mx. The proof consists of two parts. First, we present a
hardness amplification technique that transforms the weak average-case solver O into a strong non-
uniform average-case solver O′ that runs in time O(n log(1/ε)/ε) and solves a (1 − δ)-fraction of
instances for any fixed constant δ > 0. Then, we transform the strong solver O′ into a worst-case
solver based on the well-known worst-case-to-average-case reduction of Blum, Luby, and Rubinfeld
[BLR93].

3.1 Nonuniform Algorithm with Trevisan–Vadhan Advice

To begin with, we introduce the concept of Trevisan–Vadhan advice, which plays a key role in the
proof of Theorem 3.1.

Recall that a nonuniform algorithm is an algorithm that takes both instance and advice string
as input, where the advice string is a string that depends on the size of the instance. A Trevisan–
Vadhan advice for a nonuniform algorithm A is an advice string α that depends on both the size
of the instance and the random seed.

Definition 3.2 (Trevisan–Vadhan advice [TV07]). For a function α : N× {0, 1}∗ → {0, 1}∗ and a
randomized algorithm A, let B be the probabilistic function defined as B(x) := A(x; r, α(|x|, r)) for
a uniformly random r. We call B a randomized algorithm with Trevisan–Vadhan advice α.

In the following, we show that any nonuniform randomized algorithm that is given Trevisan–
Vadhan advice can be simulated by a circuit that has the same running time and the same success
probability.

Lemma 3.3. Let f : {0, 1}∗ → {0, 1}∗ be any function. For any nonuniform randomized algorithm
A(x; r, α) that is given Trevisan–Vadhan advice α = α(|x|, r) and runs in time T , there exists a
circuit C of size O(T ) that satisfies

Pr
x∼{0,1}n

[C(x) = f(x)] ≥ Pr
x∼{0,1}n,r

[A(x; r, α) = f(x)].

Proof. Suppose that the length of random seed r is at most m when the input length |x| is n. By
averaging, there exists a string r∗ ∈ {0, 1}m such that

Pr
x∼{0,1}n

[A(x; r∗, α(|x|, r∗)) = f(x)] ≥ Pr
x∈{0,1}n
r∈{0,1}m

[A(x; r, α) = f(x)].

LetA′(x;α′(|x|)) be the deterministic nonuniform algorithm defined byA′(x;α′) = A(x; r∗, α(|x|, r∗)),
where the advice string is α′(|x|) = (r∗, α(|x|, r∗)). Then, A′ has the same running time as A and
satisfies

Pr
x∼{0,1}n

[A′(x;α′) = f(x)] ≥ Pr
x∈{0,1}n,r∈{0,1}m

[A(x; r, α) = f(x)].

Since A′ is deterministic and runs in time T , there exists a circuit C of size O(T ) such that
C(x) = A′(x;α′(|x|)) for all x ∈ {0, 1}n.

We present an efficient nonuniform verification algorithm based on the Freivalds’ verification
[Fre79] that takes Trevisan–Vadhan advice.
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Lemma 3.4. Let F be a finite field and M ∈ Fm×n be a matrix. For every γ ∈ (0, 1), there exists
a deterministic O((n +m) log(1/γ))-time algorithm V that satisfies for every x ∈ Fn and y ∈ Fm

that

Pr
r1,...,rℓ∼Fm

∀i∈[ℓ], αi=r⊤i M

[V (x, y, r1, . . . , rℓ, α1, . . . , αℓ) = 1]

{
= 1 if Mx = y

≤ γ if Mx ̸= y,

where ℓ = ⌈log2(1/γ)⌉.

Proof. The algorithm V outputs 1 if and only if αix = r⊤i y for all i ∈ [ℓ]. If Mx = y, then clearly
V accepts with probability 1. On the other hand, if Mx ̸= y, then for each i ∈ [ℓ], the algorithm V
outputs 0 with probability Prri [r

⊤
i Mx ̸= r⊤i y] ≥ 1− 1/|F| ≥ 1/2. Since r1, . . . , rℓ are independent,

we conclude that V outputs 1 with probability at most γ.

Note that the algorithm V in Lemma 3.4 can be seen as a nonuniform randomized verification
algorithm that takes Trevisan–Vadhan advice by viewing r1, . . . , rℓ as internal randomness of V
and α1, . . . , αℓ as Trevisan–Vadhan advice.

3.2 Step 1. Hardness Amplification

We show how to transform a weak average-case solver O into a strong non-uniform average-case
solver O′.

Lemma 3.5. Let ε > 0 be an arbitrary parameter and δ > 0 be any constant. There exists an
oracle circuit CO

0 of size O((n+m) log(1/ε)/ε) such that, for any matrix M ∈ Fm×n and any oracle
O satisfying

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

it holds that
Pr

x∼Fn

[
CO
0 (x) = Mx

]
≥ 1− δ.

Moreover, CO
0 makes at most O(1/ε) queries to O.

Proof. We present a nonuniform randomized oracle algorithm AO
TV that takes Trevisan–Vadhan

advice and runs in time O((n + m) log(1/ε)/ε). The desired circuit CO
0 is obtained by applying

Lemma 3.3 to AO
TV .

Let V be the non-uniform verification algorithm given in Lemma 3.4 for M and γ = δ
2T and

k = ⌈log2(1/γ)⌉, where T = O(1/ε). The description of the non-uniform algorithm AO
TV is given in

Algorithm 1.
Clearly, AO

TV runs in time O((m+ n+ s)Tk) = O((m+ n+ s) log(1/ε)/ε) and receives O((m+
n+ s) log(1/ε)/ε) bits of Trevisan-Vadhan advice. We claim that for every x ∈ Fn,

Pr
AO

TV

[
AO

TV (x) = Mx
]
≥ 1− δ,

where the internal randomness of AO
TV accounts for the choice of r⃗ = ((zi)i∈[T ], (ri,j)i∈[T ],j∈[k]

specified in Algorithm 1. Since each zi ∼ Fn is chosen uniformly at random, the marginal dis-
tribution of x + zi is uniform over Fn. Therefore, with probability at least 1 − δ/2, we obtain

11



Algorithm 1 Nonuniform algorithm AO
TV (x; r, α)

Input: A vector x ∈ Fn, random seed r⃗ = ((zi)i∈[T ], (ri,j)i∈[T ],j∈[k]) for zi ∼ Fn and ri,j ∼ Fm, and

Trevisan–Vadhan advice (Mzi)i∈[T ] and (r⊤i,jM)i∈[T ],j∈[k].
1: for i = 1 to T do
2: Sample zi ∼ Fn uniformly at random and set y = O(x + zi) −Mzi, where Mzi is given as

the Trevisan–Vadhan advice.
3: Let αi,j = r⊤i,jM be the Trevisan-Vadhan advice for j ∈ [k].
4: if V (x, y; ri,1, . . . , ri,k, αi,1, . . . , αi,k) outputs 1 then
5: Output y
6: end if
7: end for
8: Output ⊥ (meaning that AO

TV fails to compute Mx)

y = O(x + zi) −Mzi = Mx in some i-th trial (i ∈ [T ]). On the other hand, if Mx ̸= y, then V
outputs 0 with probability at least 1− δ

2T at Line 4 of each trial. By the union bound over T trials,
with probability at least 1 − δ/2, the verifier V outputs 0 for any of T trials with Mx ̸= y. Since
the choice of zi and (ri,1, . . . , ri,k) are independent over i ∈ [T ], for any x ∈ Fn, we have

Pr
AO

TV

[
AO

TV (x) = Mx
]
≥

(
1− δ

2

)2

≥ 1− δ.

From Lemma 3.3, we obtain an O((n + m) log(1/ε)/ε)-time nonuniform randomized oracle
algorithm AO that satisfies

Pr
x∼Fn

[
AO(x;α) = Mx

]
≥ Pr

x∼Fn

AO
TV

[
AO

TV (x;α) = Mx
]
≥ 1− δ.

This completes the proof.

3.3 Step 2. Worst-Case-to-Average-Case Reduction

In the following, we transform the circuit CO
0 of Lemma 3.5 into the desired worst-case solver CO

using the idea from uniform worst-case-to-average-case reduction of Blum, Luby, and Rubinfeld
[BLR93].

Lemma 3.6. Let ε > 0 be an arbitrary parameter. There exists an O(n + m)-time randomized
two-query oracle algorithm AO such that, for any matrix M ∈ Fm×n and any oracle O satisfying

Pr
x∼Fn

[O(x) = Mx] ≥ 0.9,

it holds for every x ∈ Fn that
Pr
AO

[
AO(x;α) = Mx

]
≥ 0.8,

where the probability is taken over internal randomness of AO.
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Proof. The algorithm AO(x) on input x just samples z ∼ Fn uniformly at random and then output
O(z)+O(x− z). Since the marginal distributions of z and x− z are uniform over Fn, by the union
bound, with probability at least 0.8, we have O(z) = Mz and O(x− z) = M(x− z), in which case
O(x) = Mx.

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. By Lemma 3.5 for δ = 0.1, there exists a circuit CO
0 of size O((m +

n) log(1/ε)/ε) that satisfies
Pr

x∼Fn

[
CO
0 (x) = Mx

]
≥ 0.9.

Then, from Lemma 3.6 using CO
0 as the oracle, we obtain a randomized oracle circuit CO of size

O((m+ n) log(1/ε)/ε) such that for every x ∈ Fn,

Pr
CO

[
CO(x;α) = Mx

]
≥ 0.8,

where the probability is taken over the internal randomness of CO. Replacing O with the circuit
CO, we obtain the desired circuit.

4 Advice Lower Bound

In this section, we prove Theorem 1.4. In fact, we can prove the result even for the oracle O that
always outputs all-zero vector for every input. Throughout this section, let O denote this oracle.
For notational convenience, we suppress the oracle O in the superscript and simply write AM in
place of AO,M . Using this notation, we state a version stronger than Theorem 1.4.

Theorem 4.1. For every constant γ > 0, for all large n ∈ N and for every ε > 0, every a ∈ N and
every finite field F of size p, if there exists an ε-error-tolerant random self-reduction AM (-;α(M))
for LM that runs in time n2−γ and takes some advice string α(M) ∈ {0, 1}a for every matrix
M ∈ Fn×n, then a ≥ min

{γ
5 · ⌊logp(1/ε)⌋ · log2 n,

√
n
}
.

Notation. For a vector x = (x1, . . . , xn) ∈ Fn and i ∈ [n], we write x≤i = (x1, . . . , xi). Let wt(x)

denote the Hamming weight of x ∈ Fn, i.e., the number of nonzero entries of x. Let
([n]
≤k

)
⊆ {0, 1}n

denote the set of all strings x ∈ {0, 1}n such that wt(x) ≤ k. Let
(

n
≤k

)
=

∑
0≤i≤k

(
n
i

)
be the size of([n]

≤k

)
. A ℓ-sparse matrix M ∈ {0, 1}n×n ⊆ Fn×n is a matrix that contains exactly ℓ ones.

Define ℓ := min
{
⌊logp(1/ε)⌋,

√
n/ log n

}
. We choose a uniformly random ℓ-sparse matrix M ∈

{0, 1}n×n, i.e., a random matrix which contains exactly ℓ ones. Since Theorem 4.1 is trivial if
⌊logp(1/ε)⌋ = 0, we assume ℓ ≥ 1 in what follows.

4.1 Properties of Random Sparse Matrices

In this subsection, we prove properties of random sparse matrices that will be used in the proof of
Theorem 4.1.

First, we observe that any sparse matrix has a certain agreement with the fixed oracle O that
outputs the all-zero vector for all inputs.
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Lemma 4.2. Let M ∈ Fn×n be a matrix that contains at most ℓ nonzero entries. Then,

Pr
x∼Fn

[Mx = 0] ≥ 1

pℓ
.

Proof. Since M has at most ℓ nonzero entries, the rank of M is at most ℓ. By the rank-nullity
theorem, we obtain dim(ker(M)) ≥ n− ℓ, which implies

Pr
x∼Fn

[Mx = 0] =
pdim(ker(M))

pn
≥ 1

pℓ
.

By the choice of ℓ, we have logp(1/ε) ≥ ℓ. Lemma 4.2 shows that the oracle O that always
outputs the all-zero vector agrees with Mx on an ε-fraction of inputs x. Thus, the random self-
reduction AM (-;α(M)) correctly computes LM in the worst case with probability 2

3 for any ℓ-sparse
matrix M .

We show that any algorithm AM that makes q queries to a random sparse matrix M can find
at most O

(
qℓ/n2

)
nonzero entries in M . In what follows, we assume without loss of generality that

an oracle algorithm AM does not make duplicated queries.

Lemma 4.3. Let q ∈ N and n ∈ N be parameters such that q ≤ n2/2. Let M be a random ℓ-
sparse matrix and AM be an arbitrary deterministic adaptive oracle algorithm that makes at most
q distinct queries to M . Let W = (W1, . . . ,Wq) ∈ {0, 1}q denote the bits which the oracle algorithm
AM receives from the oracle M in the order they are obtained. Then, for any 0 ≤ θ ≤ ℓ, it holds
that

Pr
M
[wt(W ) ≥ θ] ≤

(
2eqℓ

n2θ

)θ

.

Proof. Let (i1, j1), . . . , (iq, jq) ∈ [n]2 denote the oracle queries of AM . Note that these are random
variables that depend on the answer sequence W from the oracle M ; in particular, each query
(ik, jk) depends on the previous (k − 1) answers W≤k−1 from the oracle.

For every k ∈ [q] and every w ∈ {0, 1}k−1, consider the probability that Wk = 1 (equivalently,
the (ik, jk)-th entry of M is 1), conditioned on the event that W≤k−1 = w. Under this condition,
(ik, jk) is fixed because (ik, jk) depends only on W≤k−1 = w. Since there remain ℓ − wt(w) ones
among the unseen positions in [n]2 \ {(i1, j1), . . . , (ik−1, jk−1)}, we have

Pr
M
[Wk = 1 |W≤k−1 = w] =

ℓ− wt(w)

n2 − (k − 1)
≤ ℓ

n2 − q
≤ 2ℓ

n2
.
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Therefore, we obtain

Pr
M
[wt(W ) ≥ θ] = Pr

M
[∃k1 < · · · < kθ, Wk1 = · · · = Wkθ = 1]

≤
∑

k1<···<kθ

Pr
M
[Wk1 = · · · = Wkθ = 1]

=
∑

k1<···<kθ

θ∏
s=1

Pr
M

[
Wks = 1 |Wk1 = · · · = Wks−1 = 1

]
≤

∑
k1<···<kθ

θ∏
s=1

max
w∈{0,1}ks−1

Pr
M
[Wks = 1 |W≤ks−1 = w]

≤
∑

k1<···<kθ

θ∏
s=1

2ℓ

n2

=

(
q

θ

)
︸︷︷︸
≤( eq

θ )
θ

(
2ℓ

n2

)θ

≤
(
2eq

n2
· ℓ
θ

)θ

.

Next, we observe that a random ℓ-sparse matrix has at most one nonzero entry in each row
with high probability.

Lemma 4.4. Assume ℓ ≤ δ
√
n. Let M ∈ {0, 1}n×n be a random ℓ-sparse matrix and m1, . . . ,mn

be the row vectors of M . Then, we have

Pr
M
[∀i ∈ [n], wt(mi) ≤ 1] ≥ 1−O(δ2).

Proof. Fix i ∈ [n]. Let AM be the algorithm that probes all the n entries in the i-th row of M ,
which makes exactly n queries. Applying Lemma 4.3 to AM , we obtain

Pr
M
[wt(mi) ≥ 2] ≤

(
2enℓ

n2 · 2

)2

≤ O(δ2/n).

The claim follows from the union bound over i ∈ [n].

4.2 Description of M

We now present a short description of M using the random self-reduction AM . More precisely,
we show that a constant fraction of random ℓ-sparse matrices can be described succinctly. Let 1n
denote the all-one vector of length n.

Lemma 4.5. For all large n, assume that for every ℓ-sparse matrix M ∈ {0, 1}n×n, there exists an
advice string α(M) ∈ {0, 1}a such that

Pr
r

[
AM (1n; r, α(M)) = M1n

]
≥ 2

3
,
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where r denotes the internal randomness of AM . Let q ≤ n2−γ be the number of oracle accesses
made by AM and let ℓ = o(

√
n). Define η := 1

4 . Assume that a ≤ γ
5 ℓ log2 n. Then, there exist a set

G ⊆ {0, 1}n×n with |G| ≥ 1
2 ·

(
n2

ℓ

)
and a function Dec :

( [q]
≤ηℓ

)
× {0, 1}a × [n]ℓ → {0, 1}n×n such that

G is contained in the range of Dec, that is,

G ⊆
{
Dec(w,α, j1, . . . , jℓ)

∣∣∣∣w ∈ (
[q]

≤ ηℓ

)
, α ∈ {0, 1}a, j1, . . . , jℓ ∈ [n]

}
Proof. Fix an arbitrary α ∈ {0, 1}a and r. Applying Lemma 4.3 to AM (1n; r, α) and θ := ηℓ, we
have

Pr
M

[
AM (1n; r, α) receives more than ηℓ ones from M

]
≤

(
2eqℓ

n2ηℓ

)ηℓ

= 2O(ℓ) · n−γηℓ.

By the union bound over all α ∈ {0, 1}a, for every r, we have

Pr
M

[
∃α ∈ {0, 1}a, AM (1n; r, α) receives more than ηℓ ones from M

]
≤ 2a · 2O(ℓ) · n−ηγℓ ≤ o(1),

where the last inequality holds because a ≤ γ
5 ℓ log2 n ≤

γ
4 ℓ log2 n − O(ℓ) for all large n ∈ N. In

particular, by taking the expectation over a random r, we obtain

Pr
M,r

[
∀α ∈ {0, 1}a, AM (1n; r, α) receives at most ηℓ ones from M

]
≥ 1− o(1).

By the union bound and an averaging argument for r, there exists a fixed random seed r∗ such that

Pr
M

[
AM (1n; r

∗, α(M)) receives at most ηℓ ones from M and

AM (1n; r
∗, α(M)) = M1n

]
≥ 2

3
− o(1). (1)

In the rest of the proof, we fix such r∗. Let G ⊆ {0, 1}n×n be the set of all matrices M such that

(i) AM (1n; r
∗, α(M)) = M1n and AM (1n; r

∗, α(M)) receives at most ηℓ ones from M .

(ii) Each row of M contains at most one nonzero entry.

By Lemma 4.4 and Eq. (1), we have PrM [M ∈ G] ≥ 2/3 − o(1) − o(1). In particular, for all

sufficiently large n, we have |G| ≥ 1
2 ·

(
n2

ℓ

)
.

Now we define the function Dec :
( [q]
≤ηℓ

)
× {0, 1}a × [n]ℓ → {0, 1}n×n as follows.

1. Given w ∈
( [q]
≤ηℓ

)
, α ∈ {0, 1}a, and j1, . . . , jℓ ∈ [n], run the oracle algorithm A(-)(1n; r

∗, α) by
answering the i-th query with wi, and let y ∈ Fn be the output.

2. Let 1 ≤ i1 < · · · < iℓ ≤ n be the indices of non-zero row vectors in y (if the number of
non-zero row vectors is not ℓ, then output the all-zero matrix).

3. Set S = {(i1, j1), . . . , (iℓ, jℓ)} and output χS , where χS ∈ {0, 1}n×n is the matrix such that
the (i, j)-th entry of χS is 1 if and only if (i, j) ∈ S.
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We claim that for every M ∈ G, there exist w ∈
( [q]
≤ηℓ

)
, α ∈ {0, 1}a, and j1, . . . , jℓ ∈ [n] such

that M = Dec(w,α, j1, . . . , jℓ). Let α := α(M) ∈ {0, 1}a, and let w ∈ {0, 1}q be the sequence of

answers that AM (1n; r
∗, α) receives from the oracle M . Note that w ∈

( [q]
≤ηℓ

)
since AM (1n; r

∗, α)
receives at most ηℓ ones from M . Thus, the output y defined in the first step of Dec is equal to
AM (1n; r

∗, α). Moreover, since AM (1n; r
∗, α) = M1n, we obtain y = M1n. Since each row of M

contains at most one nonzero entry and M contains exactly ℓ ones, the set {i1, . . . , iℓ} of indices are
equal to the set of all the indices i such that the i-th row of M contains a nonzero entry. Therefore,
for every k ∈ [ℓ], there exists jk such that the (ik, jk)-th entry of M is equal to 1. Since M contains
exactly ℓ ones, we obtain M = χS = Dec(w,α, j1, . . . , jℓ).

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Define ℓ := min
{
⌊logp(1/ε)⌋,

√
n/ log n

}
. Towards a contradiction, assume

that a ≤ γ
5 ℓ log n. By Lemma 4.2, every ℓ-sparse matrixM satisfies the assumption of Definition 1.3,

that is,

Pr
x∼Fn

[Mx = O(x)] = Pr
x∼Fn

[Mx = 0] ≥ 1

pℓ
≥ ε.

The property of a random self-reduction implies that for every ℓ-sparse matrix M and every x ∈ Fn,

Pr
A
[AM (x, α(M)) = Mx] ≥ 2

3
,

where the probability is over the internal randomness of the randomized oracle algorithm A. Ap-
plying Lemma 4.5 to A, we obtain a set G of compressible matrices such that

1

2

(
n2

ℓ

)
≤ |G| ≤

(
q

≤ ℓ/4

)
· 2a · nℓ,

where the last inequality follows by counting the size of the range of Dec. Since q ≤ n2−γ , we have

1

2

(
n2

ℓ

)ℓ

≤ 1

2

(
n2

ℓ

)
≤

(
q

≤ ℓ/4

)
· 2a · nℓ ≤ n(2−γ)ℓ/4+ℓ · 2a.

Taking its logarithm, we obtain

2ℓ log n− ℓ log ℓ− 1 ≤ ((2− γ)/4 + 1)ℓ log n+ a.

Since log ℓ ≤ 1
2 log n, it follows that

a ≥ γ

4
ℓ log n− 1 >

γ

5
ℓ log n,

where the last inequality holds for all large n. This is a contradiction.
We conclude that a > γ

5 ℓ log n = min
{γ
5 · ⌊logp(1/ε)⌋ · log2 n,

γ
5

√
n log n

}
. The claim follows by

observing that γ
5

√
n log n ≥

√
n for all sufficiently large n.

5 Uniform Reduction

In this section, we prove Theorems 1.5 and 1.6. In Section 5.1, we prove a uniform reduction that
amplifies the success probability of a worst-case solver for a linear problem. This uniform reduction
will be used to prove both Theorems 1.5 and 1.6.
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5.1 Uniform Worst-Case-to-Worst-Case Reduction

The common ingredient of the proofs of Theorems 1.5 and 1.6 is the following uniform worst-case-
to-worst-case reduction that transforms a weak worst-case solver that solves a linear problem with
a tiny success probability into a strong worst-case solver that solves the problem with high success
probability.

Lemma 5.1. Let ε > 0 be an arbitrary parameter. There exists an O((n+m)/ε)-time randomized
oracle algorithm AO,M that, for any randomized oracle O and any matrix M ∈ Fm×n satisfying

∀x ∈ Fn, Pr
O
[O(x) = Mx] ≥ ε,

it holds that

∀x ∈ Fn, Pr
AO,M

[AO,M (x) = Mx] ≥ 2

3
,

where the probability is taken over the internal randomness of AO,M . Moreover, AO,M makes at
most O(1/ε) queries to O and reads O(1/ε) rows of M .

Proof. The algorithm AO,M (x) runs O(x) for T = O(1/ε) times and collects the outputs L =
{y(1), . . . , y(T )} ⊆ Fm. Then, it removes a wrong vector y(i) ̸= Mx from L one by one. To this end,
it chooses two distinct vectors y, z ∈ L (y ̸= z). For an index i ∈ [m] such that yi ̸= zi, it computes
(Mx)i by querying the i-th row of M . Since yi ̸= zi, at least one of them is different from (Mx)i,
and we remove it from L. By repeating this procedure, we can remove all the wrong vectors from
L. We present the description of AO,M in Algorithm 2.

Algorithm 2 Algorithm AO,M

Input: Input x ∈ Fn

1: Run O(x) for T = O(1/ε) times and collect the outputs L = {y(1), . . . , y(T )} ⊆ Fm.
2: for every pair y, z ∈ L with y ̸= z do
3: Choose i ∈ [m] such that yi ̸= zi.
4: Compute the i-th entry of Mx by querying M .
5: if (Mx)i ̸= yi then
6: Remove y from L.
7: end if
8: if (Mx)i ̸= zi then
9: Remove z from L.

10: end if
11: end for
12: if L contains a vector then
13: Output it.
14: else
15: Output an arbitrary vector.
16: end if

We prove the correctness of AO,M (x). By assumption of O, the list L computed in Line 1
contains Mx with probability 1− (1− ε)T ≥ 2/3. Henceforth, we assume that L contains y = Mx.
The for loop of Line 2 never removes y = Mx from L. On the other hand, any vector z ∈ L with
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z ̸= y = Mx, there is an index i ∈ [n] with zi ̸= yi = (Mx)i and thus z will be removed from the
list. Therefore, after the loop of Line 2, the list L contains only Mx and thus AO,M (x) outputs
Mx with probability 2/3.

We bound the number of queries to O and M . During Lines 3–10, the number of vectors in L
decreases by at least one. Therefore, the number of iterations in the for loop of Line 2 is at most
T and thus AO,M makes at most T queries to O and reads at most T rows of M . This completes
the proof.

5.2 Uniform Reduction over Large Fields

We prove Theorem 1.6. From Lemma 5.1, it suffices to construct a worst-case solver that solves
a linear problem for all inputs with a tiny success probability. We demonstrate such a worst-
case to average-case reduction based on polynomial interpolation. Although the technique based
on polynomial interpolation is standard and is previously known in previous works ([AGGS22;
AGGSS24]), we state it explicitly for completeness.

Lemma 5.2. Let δ, ε > 0 be parameters and F be a finite field of size p ≥ 1
ε +1+ δ. Let M ∈ Fm×n

be a matrix over F. Then, there exists a two-query randomized oracle algorithm AO that is given
oracle access to an oracle O such that

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

satisfies

Pr
AO

[AO(x) = Mx] ≥ δ2ε5

27

for every x ∈ Fn.

Proof. Let x ∈ Fn be the input. Take a random vector r ∼ Fn and consider a random line (ℓ(t))t∈F,
where ℓ(t) = x+ tr. The algorithm AO chooses two random distinct points t1, t2 ∈ F uniformly at
random and compute Mx = M · ℓ(0) by interpolating O(ℓ(t1)) and O(ℓ(t2)). See Algorithm 3 for
the description.

Algorithm 3 Worst-case to average-case reduction AO on input x ∈ Fn

1: Sample r ∈ Fn uniformly at random
2: Let ℓ(t) = x+ tr for t ∈ F
3: Choose two random points t1, t2 ∼ F conditioned on t1 ̸= t2
4: Let y1 ← O(ℓ(t1)) and y2 ← O(ℓ(t2))
5: for i ∈ [m] do
6: Compute a degree-one polynomial Pi(t) that interpolates (t1, (y1)i) and (t2, (y2)i)
7: end for
8: Output (Pi(0))i∈[m]

Note that each entry of M · ℓ(t) is a degree-one polynomial in t. Moreover, for every fixed t ̸= 0,
the marginal distribution of M · ℓ(t) is uniform over Fm. Let X be the number of t ∈ F \ {0} such
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that O(ℓ(t)) = M · ℓ(t). By assumption of O, we have Er[X] ≥ (p − 1)ε. By Markov’s inequality,
for any 0 < γ ≤ 1, we have

Pr[X ≤ (p− 1)(1− γ)ε] = Pr[(p− 1)−X ≥ (p− 1)− (p− 1)(1− γ)ε]

≤ (p− 1)− E[X]

p− 1− (p− 1)(1− γ)ε

≤ (p− 1)(1− ε)

(p− 1)(1− (1− γ)ε)

≤ 1− γε

1− (1− γ)ε

≤ 1− γε.

Therefore, Pr[X ≥ (p− 1)(1− γ)ε] ≥ γε.
Set γ = δε/3. If X ≥ (p − 1)(1 − γ)ε, then the algorithm AO(x) picks up t1, t2 such that

O(ℓ(t1)) = M · ℓ(t1) and O(ℓ(t2)) = M · ℓ(t2) at Step 3 (and then outputs Mx) with probability at
least

X(X − 1)

(p− 1)(p− 2)
≥ (p− 1)(1− γ)ε · ((p− 1)(1− γ)ε− 1)

(p− 1)2

= (1− γ)2ε2 − (1− γ)ε

p− 1

≥ (1− γ)2ε2 − 1− γ

1 + δε
· ε2 ∵ p− 1 ≥ 1 + δε

ε

= (1− δε/3)2 · ε2
(
1− 1

(1 + δε)(1− δε/3)

)
∵ γ = δε/3

≥ (1− δε/3)2 · ε2
(
1− 1

1 + δε/3

)
= (1− δε/3)2 · ε2 · δε

3 + δε

≥ ε3δ

9
.

Here, we used δ, ε ≤ 1. Therefore, for any x ∈ Fn, the algorithm AO(x) outputsMx with probability

at least γε · ε3δ9 = δ2ε5

27 .

The proof of Theorem 1.6 is now straightforward from Lemmas 5.1 and 5.2.

Proof of Theorem 1.6. From Lemma 5.2, we can construct a randomized oracle O′ such that

∀x ∈ Fn, Pr
O′

[
O′(x) = Mx

]
≥ δ2ε5

27

for every x ∈ Fn. Then, from Lemma 5.1 using O′ as oracle, the algorithm AO′,M satisfies

∀x ∈ Fn, Pr
AO′,M

[AO′,M (x) = Mx] ≥ 2

3

for every x ∈ Fn. Note that AO′,M makes at most O(1/(ε5δ2)) queries to O′ and reads O(1/(ε5δ2))
rows of M . Moreover, the randomized oracle O′ makes two queries to O. Therefore, AO′,M makes
at most O(1/(ε5δ2)) queries to O and reads O(1/(ε5δ2)) rows of M . This completes the proof.
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5.3 Reduction with Short Advice

We prove Theorem 1.5. As in the proof of Theorem 1.6, we present a worst-case-to-average-case
reduction based on the additive-combinatorics framework developed in [AGGS22; AGGSS24].

Lemma 5.3. Let ε > 0 be any parameter and F be a finite field of size p = |F|. Let M ∈ Fm×n be
a matrix and O be an oracle satisfying

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

Then, there exists an (n +m) · log(1/ε)-time randomized oracle algorithm AO,M such that, AO,M

makes O(log(1/ε)) queries to O and reads O(log(1/ε)) columns of M and is given a nonuniform
advice α ∈ {0, 1}a for a = O(log(1/ε) · log n), and it holds that

∃α = α(M,O) ∈ {0, 1}a, ∀x ∈ Fn, Pr
A

[
AO,M (x;α) = Mx

]
≥ (ε/p)−O(log(1/ε)).

First, we present a uniform oracle algorithm that computes Mx for all x ∈ V for some subspace
V ⊆ Fn of dimension n−O(log(1/ε)).

Lemma 5.4. Let ε > 0 be any parameter and F be a finite field of size p = |F|. There exists
an O(n + m)-time randomized oracle algorithm AO that satisfies the following: For any matrix
M ∈ Fm×n and any oracle O satisfying

Pr
x∼Fn

[O(x) = Mx] ≥ ε,

there exists a subspace V ⊆ Fn of dimension dimV ≥ n−O(log(1/ε)) such that

∀x ∈ V, Pr
AO

[AO(x) = Mx] ≥ εO(log(1/ε)).

Moreover, AO makes O(log(1/ε)) oracle queries to O.

Note that AO above does not read any entries of M . To prove Lemma 5.4, we invoke the
following variant of the Bogolyubov–Ruzsa lemma [GSS24, Lemma 8]:

Lemma 5.5. Let ε > 0 be any parameter and F be a finite field of size p = |F|. Let S ⊆ Fn be a

set of size |S| = ε|F|n. Let t ≥ log(1/ε)
2 + 1 be a parameter. Then, there exists a subspace V ⊆ Fn

of dimension dimV ≥ n−O(log(1/ε)) such that

∀x ∈ V, Pr
x1,...,xt,y1,...,yt∼Fn

[x1, . . . , xt, y1, . . . , yt ∈ S | v = x1 + · · ·+ xt − y1 − · · · − yt] ≥ ε2t+1.

The original lemma of [GSS24, Lemma 8] is stated only for the case where p = 2. A subse-
quent paper [SS25] claims that this lemma holds for general prime power p without a proof. For
completeness, we provide a proof of Lemma 5.5 for general prime power p in Appendix B.

Proof of Lemma 5.4. We apply Lemma 5.5 to the set S := {x ∈ Fn : O(x) = Mx} (if |S| > ε|F|n,
take a subset of S of size ε|F|n). Let V be the subspace given by Lemma 5.5.

Let t =
⌈
log(1/ε)

2

⌉
+ 1. The algorithm AO(x) on input x ∈ Fn chooses a1, . . . , at, b1, . . . , bt ∼ Fn

uniformly at random conditioned on a1 + · · ·+ at − b1 − · · · − bt = x. Then, outputs O(a1) + · · ·+
O(at)−O(b1)− · · · − O(bt).

By Lemma 5.5, with probability at least ε2t+1, we have a1, . . . , at, b1, . . . , bt ∈ S. If this occurs,
we have O(ai) = Mai and O(bi) = Mbi for all i ∈ [t]. Since x = a1 + · · · + at − b1 − · · · − bt, the
output satisfies O(a1) + · · ·+O(at)−O(b1)− · · · − O(bt) = Mx.
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Next, we present a non-uniform algorithm that computes Mx for all x ∈ Fn using the algorithm
AO of Lemma 5.4.

Lemma 5.6. Let δ > 0 by any parameter and F be a finite field. There exists a non-uniform
randomized oracle algorithm BO′,M that satisfies the following: For any matrix M ∈ Fm×n, a
randomized oracle O′ and a subspace V ⊆ Fn of dimension dimV ≥ n − c for some parameter
c > 0,

∀x ∈ V, Pr
O′
[O′(x) = Mx] ≥ δ,

there exists a nonuniform advice α = α(V ) ∈ {0, 1}O(c logn) such that

∀x ∈ Fn, Pr
BO′,M

[BO′,M (x;α) = Mx] ≥ δ · |F|−c.

Moreover, BO′,M makes one query to O′ and reads at most c columns of M .

Proof. Let V ⊆ Fn be a subspace of dimV = n − c. Since the codimension of V is c, there exists
a set of c vectors whose addition to V spans Fn. In particular, we can choose these c vectors from
the set of standard basis vectors {e1, . . . , en}3 (recall that a standard basis vector ei is the vector
whose i-th entry is 1 and all other entries are zero). Let ei1 , . . . , eic be such vectors.

The nonuniform advice α is the tuple of the indices (i1, . . . , ic), which can be represented as a
string of c⌈log2 n⌉ bits. The algorithm BO′,M (x;α) is described in Algorithm 4.

Algorithm 4 Algorithm BO′,M (x;α)

Input: x ∈ Fn and α = (i1, . . . , ic)
1: Sample a1, . . . , ac ∼ F independently and uniformly at random
2: Set v ← x− a1ei1 − · · · − aceic
3: for j = 1 to c do
4: Compute Meij by querying the ij-th column of M
5: end for
6: Output O′(v) + a1Mei1 + · · ·+ acMeic

Clearly, BO′,M (x;α) makes one query to O′ and reads at most c columns of M . Moreover,
BO′,M (x;α) runs in time O(c(n+m)).

We bound the success probability of BO′,M (x;α). Note that any x ∈ Fn can be represented as

x = v + b1ei1 + · · ·+ bceic

for some v ∈ V and b = (b1, . . . , bc) ∈ Fc. Therefore, with probability |F|−c over the choice of
a = (a1, . . . , ac) ∼ Fc, we have a = b. Thus, at Line 2, it holds that

Pr
a1,...,ac∼F

[v ∈ V ] ≥ |F|−c.

Suppose v ∈ V . Then, by assumption of O′, we have

Pr
O′
[O′(v) = Mv] ≥ δ.

3To see this, note that ei ̸∈ V for some i (otherwise, V spans the entire space Fn). Add ei to V and repeat this
argument for c times, which yields c standard basis vectors that are not belong to V .
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Since x = v + a1ei1 + · · ·+ aceic , we have

Pr
BO′,M

[BO′,M (x;α) = Mx] ≥ Pr[O′(v) = Mv]

≥ Pr[O′(x) = Mv|v ∈ V ] · Pr[v ∈ V ]

≥ δ · |F|−c.

This completes the proof.

Now, we prove Lemma 5.3.

Proof of Lemma 5.3. We combine Lemmas 5.4 and 5.6. Given oracle access to O, from Lemma 5.4,
there exists an oracle algorithm AO

0 and a subspace V ⊆ Fn of dimension dimV ≥ n−O(log(1/ε))
such that AO

0 (x) = Mx with probability εO(log(1/ε)) for any x ∈ V . Using this algorithm AO
0 as

oracle O′, run the oracle algorithm BO′,M of Lemma 5.6. Note that the nonuniform advice α relies
on V , which depends only on the original oracle O.

For any x ∈ Fn, it holds from Lemma 5.6 with δ = εO(log(1/ε)) and c = O(log(1/ε)) that
Pr[BO′,M (x) = Mx] ≥ (ε/|F|)O(log(1/ε)) for every x ∈ Fn.

Since AO
0 makes O(log(1/ε)) oracle queries to O and BO′,M makes one oracle queries to O′, the

total number of oracle queries to O is O(log(1/ε)). Moreover, BO′,M reads at most c = O(log(1/ε))
columns of M .

Combining Lemmas 5.1 and 5.3, we obtain Theorem 1.5.

Proof of Theorem 1.5. From Lemma 5.3, we can construct a randomized nonuniform oracle O′ such
that

∃α = α(M,O) ∈ {0, 1}a, ∀x ∈ Fn, Pr
O′

[
O′(x;α) = Mx

]
≥ ε′ := (ε/p)O(log(1/ε)).

Moreover, O′ makes at O(log(1/ε)) queries to O and reads at most O(log(1/ε)) columns of M .
Then, from Lemma 5.1 using O′ as oracle, the algorithm AO′,M satisfies

∀x ∈ Fn, Pr
AO′,M

[AO′,M (x) = Mx] ≥ 2

3

for every x ∈ Fn. Moreover, AO′,M runs in time O(n/ε′) = n · (p/ε)O(log(1/ε)), makes at most
O(1/ε′) = (p/ε)O(log(1/ε)) queries to O′, and reads O(1/ε′) = (p/ε)O(log(1/ε)) rows of M .

The final algorithm runs AO′,M (x;α) while simulating O′(-;α) using O andM whenever O′(-;α)
is queried. Since the number of queries to O′ is at most O(1/ε′), this algorithm makes at most
O(log(1/ε)/ε′) queries to O and reads at most O(log(1/ε)/ε′) columns of M in total. Additionally,
the final algorithm reads at most O(1/ε′) rows of M .

Suppose that the oracle O solves the linear problem whenever the input x belongs to some
unknown large subspace V ⊆ Fn (i.e., the set {x ∈ Fn : O(x) = Mx} contains a subspace V ⊆ Fn).
In this case, using Lemmas 5.1 and 5.6, we can construct a non-uniform worst-case-to-worst-case
reduction with an advice length that achieves the lower bound of Theorem 4.1 up to a constant
factor.
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Proposition 5.7. Let F be a finite field of size p = |F|. Let ε > 0 be any parameter such that
1/ε is a power of p. Let O be an oracle such that, for some subspace V ⊆ Fn of dimension
dimV = n− logp(1/ε), it holds that

∀x ∈ V, O(x) = Mx.

(In particular, Prx∼Fn [O(x) = Mx] ≥ ε.) Then, there exists a randomized O(n/ε)-time oracle
algorithm AO,M such that

∃α = α(M,O) ∈ {0, 1}a, ∀x ∈ Fn, Pr
AO,M

[
AO,M (x;α) = Mx

]
≥ 2

3
,

where a = O(logp(1/ε) · log n). Moreover, AO,M makes at most O(1/ε) queries to O and reads at
most O(1/ε) columns of M .

Proof. From Lemma 5.6 for δ = 1 and c = logp(1/ε), we can construct a non-uniform randomized

oracle algorithm BO,M such that

∃α = α(V ) ∈ {0, 1}O(logp(1/ε)·logn), ∀x ∈ V, Pr
BO,M

[BO,M (x;α) = Mx] ≥ |F|− logp(1/ε) = ε.

Moreover, BO,M makes one query to O and reads at most c = logp(1/ε) columns of M .

Then, the reduction from Lemma 5.1 using BO,M as oracle (we use the common advice string α
for each execution of BO,M ) yields the algorithm AO,M that satisfies the claimed properties. Since
AO,M executes BO,M for O(1/ε) times, it makes at most O(1/ε) queries to O and reads at most
O(1/ε) rows and at most O(c/ε) = O(logp(1/ε)/ε) columns of M in total.
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A Nonuniform Reduction based on XOR Lemma

We present another proof of Theorem 1.1 based on the XOR lemma. To prove Theorem 1.1, we
need an auxiliary result.

Lemma A.1 (Direct Product Lemma; [HS23], [HS24]). Let D be a set. For all sufficiently small
ε > 0, for every K ≥ O(log(1/ε)/(δε)2)), for every function S : DK → [0, 1], it holds that

Pr
x∼D

[∣∣∣∣ E
y∼Γ(x)

[S(y)]− E
y∼DK

[S(y)]

∣∣∣∣ ≤ ε

]
≥ 1− δ.

Here, Γ(x) is the distribution of y′ ∈ DK defined by the following sampling procedure: Sample
y ∼ DK , k ∼ [K], replace the k-th element of y with x to obtain y′, and output y′.

We begin with showing how to transform the weak average-case solver C into a strong average-
case solver C1 of size (s+ n)poly(1/ε) that solves 90% of instances.

Lemma A.2. Let δ, ε > 0 be parameters and C be a circuit of size s that satisfies

Pr
x∼Fn

[C(x) = Mx] ≥ ε.

Then, there exists a circuit C ′ of size (s+ n)poly(1/δ, 1/ε) such that

Pr
x∼Fn

[
C ′(x) = Mx

]
≥ 1− δ.

Proof. We first present a nonuniform algorithm A′ that is given Trevisan-Vadhan advice, runs in
time (n+ s)poly(1/δ, 1/ε), and computes Mx with probability at least 1− δ. Then, we transform
A′ into the claimed circuit C ′ of size (s+ n)poly(1/δ, 1/ε).

Let V be the verification algorithm given in Lemma 3.4 for M and γ = δ
2T for some T =

O(log(1/δ)/ε). The description of the nonuniform algorithm A′ is as follows:
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Algorithm 5 Nonuniform algorithm A′

Input: x ∈ Fn

1: for T = O(log(1/δ)/ε) times do
2: Sample x1, . . . , xK ∼ Fn and i ∼ [K], where K = O(log(1/ε)/(δ2ε2)).
3: Set x = x1 + · · ·+ xi−1 + x+ xi+1 + · · ·+ xK
4: Compute z := C(x)−

∑
j ̸=iMxj , where Mxj for j ̸= i are given as Trevisan-Vadhan advice.

5: if The verification algorithm V accepts (x, z) then
6: Output z
7: end if
8: end for

Clearly, A′ runs in time (n+ s)poly(1/δ, 1/ε). We claim that A′ given in Algorithm 5 satisfies

Pr
x∼Fn

A′

[
A′(x) = Mx

]
≥ 1− δ

3
,

where the internal randomness of A′ accounts for the choice of i ∼ [K], xj (j ̸= i), and the internal
randomness of V . We apply Lemma A.1 for D = Fn and

S(x1, . . . , xK) =

{
1 if C(x1 + · · ·+ xK) = M(x1 + · · ·+ xK)

0 otherwise.

Observe that, for any x ∈ Fn, the tuple (x1, . . . , xi−1, x, xi+1, . . . , xK) is the output of the sampling
procedure Γ(x) of Lemma A.1. From Lemma A.1, we have

Pr
x∼Fn

[∣∣∣∣ E
y∼Γ(x)

[S(y)]− E
y∼DK

[S(y)]

∣∣∣∣ ≤ ε

2

]
≥ 1− δ

3
.

Note that the marginal distribution of x1+ · · ·+xK is uniform over Fn for y = (x1, . . . , xK) ∼ DK ,
we have Ey∼DK [S(y)] ≥ ε. Therefore, for a

(
1− δ

3

)
-fraction of x ∈ Fn, the circuit C outputs Mx

on input
x = x1 + · · ·+ xi−1 + x+ xi+1 + · · ·+ xK

with probability at least ε/2 over the choice of xj (j ̸= i). Call such x ∈ Fn good and fix any good
x. By our choice of T , with probability at least 1 − δ

3 (over the choice of xj), there exists a trial
such that C correctly computes Mx on input x. If C correctly computes Mx on input x, then V
accepts with probability 1 at Line 5 and thus A′(x) outputs Mx. Otherwise (i.e., C(x) ̸= Mx), the
verification algorithm V rejects with probability at least 1 − 2−ℓ ≥ 1 − δ

3T . By the union bound

over T trials, with probability at least 1− δ
3 , the verification algorithm V rejects for any of the T

trials with C(x) ̸= Mx. Since the random instance x, xj , and the internal randomness of V are
independent, we have

Pr
x∼Fn

A′

[
A′(x) = Mx

]
≥

(
1− δ

3

)
︸ ︷︷ ︸

fraction of good x

·
(
1− δ

3

)
︸ ︷︷ ︸

Prxj [C(x) = Mx at some trial]

·
(
1− δ

3

)
︸ ︷︷ ︸

PrV [V correctly decides at all trials]

≥ 1− δ.
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By derandomizing A′ using Lemma 3.3, we obtain a deterministic circuit C ′ of size (s +
n)poly(1/δ, 1/ε) that satisfies

Pr
x∼Fn

[
C ′(x) = Mx

]
≥ Pr

x∼Fn

A′

[
A′(x) = Mx

]
≥ 1− δ.

This completes the proof.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma A.2 for δ = 0.1, there exists a circuit C1 of size (s+n)poly(1/ε)
that satisfies

Pr
x∼Fn

[C1(x) = Mx] ≥ 0.9.

By Lemma 3.6, there exists a circuit C ′ of size (s+ n)poly(1/ε) that satisfies

∀x ∈ Fn, Pr
C′
[C ′(x) = Mx] ≥ 2

3
,

where the probability is taken over internal randomness of C ′. This completes the proof.

B Proof of a Variant of Bogolyubov–Ruzsa Lemma

In this section, we prove Lemma 5.5. The proof is obtained by modifying the original proof [GSS24,
Lemma 8] so that it also holds over an arbitrary finite field Fp where p is a prime power.

Fourier Analysis. We use the Fourier analysis to analyze the functions on the vector space
Fn
p . For the set of all functions {f : Fn

p → C}, we associate it with the inner product defined by

⟨f, g⟩ = Ex∼Fn
p

[
f(x) · g(x)

]
, which induces the ℓ2 norm ∥f∥2 =

√
⟨f, f⟩.

Write p = bm for some prime b and m ∈ N. Let ω = exp(2πi/b) be a primitive b-th root of unity.
Define a trace map tr : Fp → Fb as tr(x) = x + xb + · · · + xb

m−1
. It is known that tr is Fb-linear,

i.e., tr(x+ y) = tr(x) + tr(y) and tr(cx) = ctr(x) for all x, y ∈ Fp and c ∈ Fb. For r ∈ Fn
p , we define

the character χr : Fn
p → C as χr(x) = ωtr(r⊤x). The Fourier transform of a function f : Fn

p → C
at r ∈ Fn

p is defined as f̂(r) = ⟨f, χr⟩ = Ex∼Fn
p

[
f(x) · χr(x)

]
, where Ex∼Fn

p
denotes the expectation

over x chosen uniformly at random from Fn
p . We can recover f(x) from f̂(r) as

f(x) =
∑
r∈Fn

p

f̂(r) · χr(x).

The Parseval’s identity states that the linear map f 7→ f̂ preserves the ℓ2 norm: ∥f∥2 =
∥∥∥f̂∥∥∥

2
.

The convolution of two functions f, g : Fn
p → C is defined as (f ∗g)(x) = Ey∼Fn

p
[f(y) · g(x− y)].

It is known that the Fourier transform of the convolution of two functions is equivalent to the

product of their Fourier transforms: For any r ∈ Fn
p , it holds that f̂ ∗ g(r) = f̂(r) · ĝ(r).

For a set S ⊆ Fn
p , we define the indicator function 1S : Fn

p → {0, 1} as 1S(x) = 1 if x ∈ S and 0
otherwise. For a parameter c > 0, we define

Specc(S) =
{
r ∈ Fn

p :
∣∣∣1̂S(r)∣∣∣ > c

}
.
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Lemma B.1 (Chang’s inequality [Cha02]). For a set S ⊆ Fn
p of size |S| = ε ·pn and any parameter

ρ > 0, it holds that

dim(span(Specρε(S))) ≤
2 ln(1/ε)

ρ2
.

We note that the original lemma of Lemma B.1 from [Cha02] is stated for S ⊆ Z/nZ. Although
the proof of the lemma for the case of S ⊆ Fn

2 can be found in many places (e.g., [IMR14; HL20]),
we could not find a proof for the case of S ⊆ Fn

p for a general prime power p. For completeness, we
provide a proof of Lemma B.1 for this general case in Appendix B.1. The proof follows an elegant
argument based on information theory, which can be found in [HL20; IMR14].

Proof of Lemma 5.5. The proof follows the original proof ([SS25, Lemma 8]) so that it also holds
over Fp (the only difference is that we use the Fourier analysis over Fn

p instead of Fn
2 and the use

of Fn
p -version of Chang’s inequality).
Take an arbitrary set S ⊆ Fn

p of size |S| = ε · pn and let R := Specε/2(S) \ {0}. The subspace V

is V := span(R)⊥ =
{
v ∈ Fn

p : v
⊤r = 0 for all r ∈ R

}
. Note that dimV = n−dimR ≥ n−8 ln(1/ε)

from Lemma B.1. Fix an arbitrary x ∈ V . Observe that for any v ∈ Fn
p , the probability

Pr
x1,...,xt,y1,...,yt∼Fn

p

[x1, . . . , xt, y1, . . . , yt ∈ S | v = x1 + · · ·+ xt − y1 − · · · − yt]

equals to the convolution

1S ∗ · · · ∗ 1S︸ ︷︷ ︸
t times

∗1−S ∗ · · · ∗ 1−S︸ ︷︷ ︸
t times

(v), (2)

where we write −S = {−s : s ∈ S}.
Now we bound Eq. (2). Observe that

1̂−S(r) = E
x∼Fn

p

[
1S(−x) · ω−tr(r⊤x)

]
= E

y∼Fn
p

[
1S(y) · ωtr(r⊤y)

]
= E

y∼Fn
p

[
1S(y) · ω−tr(r⊤y)

]
= 1̂S(r).

Suppose v ∈ V . Since r⊤v = 0 for all r ∈ R, we have

(2) =
∑
r∈Fn

p

1̂S(r) · · · · · 1̂S(r) · 1̂−S(r) · · · · · 1̂−S(r) · χr(v)

=
∑
r∈Fn

p

∣∣∣1̂S(r)∣∣∣2t · χr(v)

=
∣∣∣1̂S(0)∣∣∣2t︸ ︷︷ ︸

=ε2t

χ0(v)︸ ︷︷ ︸
=1

+
∑
r∈R

∣∣∣1̂S(r)∣∣∣2t · χr(v)︸ ︷︷ ︸
=1

+
∑

r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t · χr(v)

≥ ε2t −
∑

r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t · |χr(v)|

= ε2t −
∑

r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t.
Here, note that 1̂S(0) = Ex∼Fn

p
[1S(x)] = ε.
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Now we bound
∑

r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t. By Parseval’s identity for 1S , we have ε = ∥1S∥22 =∑
r∈Fn

p

∣∣∣1̂S(r)∣∣∣2. Moreover,
∣∣∣1̂S(r)∣∣∣ ≤ ε/2 for all r ̸∈ R ∪ {0} by the definition of R. Therefore, we

have ∑
r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t ≤ max
r ̸∈R∪{0}

∣∣∣1̂S(r)∣∣∣2t−2
·
∑
r ̸=0

∣∣∣1̂S(r)∣∣∣2 ≤ (ε/2)2t−2 · (ε− ε2).

Therefore, (2) is at least

ε2t − (ε/2)2t−2 · (ε− ε2) = ε2t−2

(
ε2 − ε− ε2

22t−2

)
≥ ε2t+1

if t ≥ log2(1/ε)
2 + 1. This completes the proof.

B.1 Proof of Chang’s Inequality over Fn
p

In this subsection, we prove Lemma B.1.

Notation of Information Theory. Let X be a random variable taking values in a finite set
Ω. The entropy of X is defined as H(X) =

∑
x∈Ω Pr[X = x] ln 1

Pr[X=x] (note that we use the

natural logarithm). Unless otherwise specified, we use the natural logarithm. Let (X1, . . . , Xn) be
a random vector taking values in Ωn. The subadditivity of entropy states that H(X1, . . . , Xn) ≤
H(X1) + · · ·+H(Xn) (cf. [CT06, Theorem 2.6.6]).

Let dTV(X,Y ) = 1
2

∑
x∈Ω|Pr[X = x]− Pr[Y = x]| denote the total variation distance between

X and Y . The following is a well-known fact about the total variation distance:

Fact B.2. For any random variables X and Y taking values in a finite set Ω and any function
f : Ω→ C such that ∥f∥∞ := maxx∈Ω|f(x)| ≤ 1, it holds that∣∣∣∣ E

x∼X
[f(x)]− E

y∼Y
[f(y)]

∣∣∣∣ ≤ 2dTV(X,Y ).

Proof. This fact is well known if f is a real-valued function. We can prove it by using the triangle
inequality: ∣∣∣∣ E

x∼X
[f(x)]− E

y∼Y
[f(y)]

∣∣∣∣ ≤∑
x∈Ω
|f(x)| · |Pr[X = x]− Pr[Y = x]|

≤
∑
x∈Ω
|Pr[X = x]− Pr[Y = x]|

= 2dTV(X,Y ).

Let U be the uniform distribution over Ω. From Pinsker’s inequality, we can relate the entropy
of X and the total variation distance between X and the uniform distribution U as follows:

ln |Ω| −H(X) ≥ 2dTV(X,U)2. (3)
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Lemma B.3. Let S ⊆ Fn
p be a set of size |S| = ε · pn. Let e1, . . . , en ∈ Fn

p be the standard basis of
Fn
p . Then, it holds that

∑
i∈[n]

∣∣∣1̂S(ei)∣∣∣2 ≤ 2ε2 ln(1/ε).

Proof. Let X = (X1, . . . , Xn) ∼ S be a random vector uniformly distributed over S and U =
(U1, . . . , Un) ∼ Fn

p be a random vector uniformly distributed over Fn
p . For any i ∈ [n] and a ∈ Fb,

note that Pr[tr(Xi) = a] = |{r∈S : tr(ri)=a}|
|S| = |{r∈S : tr(ri)=a}|

pn · p
n

|S| = ε−1 · Pr[U ∈ S and tr(Ui) = a].
Recall that p = bm for a prime b and m ∈ N. Then, we have

1̂S(ei) = E
[
1S(U) · ω−tr(Ui)

]
=

∑
a∈Fb

ω−a · Pr[U ∈ S and tr(Ui) = a]

= ε ·
∑
a∈Fb

ω−a · Pr[tr(Xi) = a]

= ε ·
(
E
[
ω−tr(Xi)

]
− E

[
ω−tr(Ui)

])
. ∵ E

[
ω−tr(Ui)

]
=

1

b

∑
a∈Fb

ω−a = 0

Since the function f : x 7→ ω−x satisfies ∥f∥∞ = 1, we can apply Fact B.2 to get∣∣∣1̂S(ei)∣∣∣2 ≤ 4ε2 · dTV(Xi, Ui)
2

≤ 2ε2 · (ln p−H(Xi)). ∵ Eq. (3)

Summing over i ∈ [n], we obtain

∑
i∈[n]

∣∣∣1̂S(ei)∣∣∣2 ≤ 2ε2 ·

n ln p−
∑
i∈[n]

H(Xi)


≤ 2ε2 · (n ln p−H(X)) ∵ subadditivity of entropy

= 2ε2 · (ln pn − ln|A|)
= 2ε2 · ln(1/ε).

This completes the proof.

We can replace the standard basis e1, . . . , en in Lemma B.1 with any basis of Fn
p as follows:

Corollary B.4. Let S ⊆ Fn
p be a set of size |S| = ε · pn. Let (b1, . . . , bn) ∈ Fn

p be any basis of Fn
p .

Then, it holds that ∑
i∈[n]

∣∣∣1̂S(bi)∣∣∣2 ≤ 2ε2 ln(1/ε).
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Proof. Since (b1, . . . , bn) is a basis of Fn
p , there exists a nonsingular matrix B ∈ Fn×n

p such that

b⊤i B = e⊤i for all i ∈ [n]. Let B · S := {Bs : s ∈ S}. Then, we obtain

1̂S(bi) = E
r∼Fn

p

[
1S(r) · ω−tr(b⊤i r)

]
= E

r∼Fn
p

[
1S(r) · ω−tr(e⊤i Br)

]
= E

s∼Fn
p

[
1S(B

−1s) · ω−tr(e⊤i s)
]

set s = Br

= E
s∼Fn

p

[
1BS(s) · ω−tr(e⊤i s)

]
= 1̂BS(ei).

Since |B · S| = |S|, we can apply Lemma B.1 for B · S to obtain the desired inequality.

Now, we are ready to prove Lemma B.1.

Proof of Lemma B.1. Let S ⊆ Fn
p be a set of size |S| = ε · pn. Suppose for contradiction that

Specρε(S) contains more than d := 2 ln(1/ε)/ρ2 linearly independent vectors b1, . . . , bd ∈ Fn
p . Ex-

tend them to obtain a basis (b1, . . . , bn) of Fn
p that contains those vectors. Since b1, . . . , bd ∈

Specρε(S), we have ∑
i∈[d]

∣∣∣1̂S(bi)∣∣∣2 > d · ρ2ε2 = 2ε2 ln(1/ε).

On the other hand, by Corollary B.4, we have∑
i∈[n]

∣∣∣1̂S(bi)∣∣∣2 ≤ 2ε2 ln(1/ε).

This is a contradiction.
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