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Abstract

It is a long-standing open question whether the average-case hardness of NP implies the
existence of a one-way function. The hypothetical world in which this does not hold is called
Pessiland, which is the most pessimistic among Impagliazzo’s five possible worlds. In this paper,
we present the first “sharp” characterization of Pessiland:

• NP is hard on average if and only if the minimum description length of programs in agnostic
learning is hard to approximate on average with an approximation factor ℓ/polylog(ℓ),
where ℓ is a new complexity measure of a distribution called advice complexity of sampling.

• A one-way function does not exist if and only if the minimum description length of programs
in agnostic learning is easy to approximate on average with an approximation factor O(ℓ).

In particular, Pessiland is ruled out if and only if the small quantitative gap in approximation
factors ℓ/polylog(ℓ) and O(ℓ) is closed.

Our characterization is based on an optimal NP-hardness result for the Collective Minimum
Monotone Satisfying Assignment (CMMSA) Problem, whose task is, given as input a collection of
monotone formulas with at most ℓ literals, to compute the minimum weight of an assignment that
satisfies as many monotone formulas as possible. We prove the NP-hardness of approximating the
minimum weight within a factor of ℓ/polylogℓ, improving the previous inapproximability factor
of ℓΩ(1) by Hirahara (FOCS 2022). Our inapproximability factor is optimal up to the polylogℓ
factor unless NP ⊆ coAM because the CMMSA problem with an approximation factor O(ℓ) is in
coAM.
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1 Introduction

A one-way function is a function that is easy to compute but hard to invert on average. This is one
of the most fundamental cryptographic primitives because the existence of a one-way function is
sufficient for constructing various “Minicrypt” primitives, such as private-key encryption schemes
[GM84], commitment schemes [Nao91], pseudorandom function generators [GGM86; HILL99], zero
knowledge protocols for all NP [GMW91; NOV06], and is also necessary for these cryptographic
primitives [IL89; OW93; HN24]. It is thus of central importance to investigate what is a minimal
hypothesis sufficient for the existence of a one-way function. The existence of a one-way function
clearly implies the average-case hardness of NP (with respect to some polynomial-time samplable
distribution). Whether the converse holds or not is the central open question known as the exclusion
of Pessiland — a hypothetical world in which NP is hard on average, yet no one-way function exists
— from Impagliazzo’s five possible worlds [Imp95]. Pessiland is the most pessimistic in that neither
cryptography nor heuristic algorithms for NP exist. Recently, Hirahara and Nanashima [HN23] put
forward an alternative name of Pessiland — “Learnabilica”, in which there exist efficient average-
case algorithms for various learning tasks, such as PAC learning [BFKL93], learning adaptively
changing distributions [NR06], distributional learning and agnostic learning [IL90; HN23].

In this paper, we continue to study the complexity of agnostic learning of minimum programs.
Given random labeled examples (x1, b1), · · · , (xm, bm) drawn from an unknown distribution D, the
task of agnostic learning is to approximately calculate the minimum length of programs M such
that the probability that M(x) = b for (x, b) ∼ D is close to 1. We introduce some parameter
ℓ of distributions D, which we call advice complexity of sampling, and present the following new
characterization of Pessiland.

Main Theorem (informal). For some parameter ℓ = ℓ(n) = ω(1), the following hold.

• NP is hard on average ⇐⇒ agnostic learning with factor ℓ/polylog(ℓ) is hard on average.

• A one-way function exists ⇐⇒ agnostic learning with factor ω(ℓ) is hard on average.

Corollary (informal). Pessiland exists if and only if average-case agnostic learning is hard with
an approximation factor ℓ/polylog(ℓ) and is easy with an approximation factor O(ℓ).

This is the first “sharp” characterization of Pessiland. Although there has been a flurry of re-
cent characterizations of the existence of one-way functions [LP20; RS21; LP21; IRS22; ACMTV21;
LP22; LP23a; LP23b; HILNO23; Hir23; IL90; HN23; HLN24], none of them is quantitatively close
to the average-case hardness of NP. For example, Liu and Pass [LP22] presented the equivalence
between the existence of one-way functions and average-case hardness of polynomial -time-bounded
conditional Kolmogorov complexity with respect to the uniform distribution, as well as the equiva-
lence between average-case hardness of NP and average-case hardness of the sublinear -time-bounded
conditional Kolmogorov complexity with respect to some polynomial-time samplable distribution.
Their characterizations leave large quantitative (polynomial vs. sublinear-time bound) and qual-
itative (uniform vs. some distribution) gaps. Recently, Lu and Santhanam [LS24] extended this
characterization to arbitrary polynomial-time samplable distributions (by considering probabilistic
Kolmogorov complexity), which closes the qualitative gap but still leaves the large quantitative
gap in the time bounds. By contrast, our characterizations leave only the small quantitative gap
between approximation factors ℓ/polylog(ℓ) and ω(ℓ), which intuitively suggests that Pessiland is
very unlikely to exist.

Ruling out Pessiland is equivalent to closing the small quantitative gap between these approxi-
mation factors. Whether or not this means we are “close” to actually ruling out Pessiland remains
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to be seen, just as in the case of similar sharp threshold results for circuit lower bounds [CJW20].
In fact, our characterization is given by an optimal NP-hardness result of the Collective Minimum
Monotone Satisfying Assignment (CMMSA) problem, which cannot be improved further unless
NP ⊆ coAM. This suggests that new ideas are necessary, despite the quantitative closeness to ruling
out Pessiland.

We proceed to describe the details of our results. In Section 1.1, we introduce the notion of
advice complexity of sampling and the definition of agnostic learning of programs. In Section 1.2,
we present the optimal NP-hardness result for CMMSA.

1.1 Agnostic Learning of Minimum Programs

We introduce the notion of advice complexity of sampling.

Definition 1.1 (Advice complexity of sampling; informal; see Definition 3.16 for the formal defini-
tion). For a family D = {Dn}n∈N of distributions, where Support(Dn) ⊆ {0, 1}n, we say that D is
samplable with advice complexity ℓ(n) if there exist a (not necessarily efficient) algorithm S and a
family α =

{
αn : {0, 1}∗ → {0, 1}ℓ(n)

}
n∈N of functions such that Dn is statistically identical to the

distribution generated by S(n, r, αn(r)) for a uniformly random string r.

This is analogous to the notion of Trevisan–Vadhan advice [TV07], which is an advice string that
may depend on the internal randomness of a randomized algorithm. For simplicity, the informal
definition is given only for a family of distributions; in fact, we may define the advice complexity of
Dn for every distribution Dn over {0, 1}n based on a universal Turing machine (see Definition 3.16).
The new notion of advice complexity of sampling is fairly robust, and is shown to be equivalent
to other notions, such as the ∞-Rényi divergence to the universal distribution (the property of
domination by the universal distribution) and a coding theorem of Kolmogorov complexity (up to
a constant factor); see Appendix C for details.

Many natural distributions have small advice complexity. For example, consider a uniformly
random function f : {0, 1}n → {0, 1}, and consider the distribution E of a labeled example (x, f(x))
for a uniformly random x ∼ {0, 1}n. The advice complexity of E is as small as O(1), despite that
the description length (the Kolmogorov complexity) of the distribution itself is as large as Ω(2n).

Now we introduce the problem of agnostic learning minimum programs. Ko [Ko91] introduced
the problem of learning minimum programs, denoted by MINLT. Informally, MINLT is the problem
of finding a minimum program M such that M(xi) = bi for all i ∈ [m] for given labeled examples
(x1, b1), · · · , (xm, bm) ∈ {0, 1}n×{0, 1}. Here, we consider an agnostic variant of MINLT: Instead of
finding a minimum program M that is consistent with all labeled examples (x1, b1), · · · , (xm, bm),
we aim to find M that is consistent with most labeled examples. For a technical reason,1 we
formulate it based on the formulation of Valiant [Val84], where a learner is given oracle access to
an example oracle E , which returns a labeled example (x, h(x)) for an unknown function h, and is
asked to compute a function that approximates h.

Definition 1.2 (GapLearn). For ε, γ : N → [0, 1], σ : N → N, and ℓ : N → N, the problem
Gapε,γσ Learn[ℓ] is defined as follows. Given parameters 1n and 1s and access to an example or-
acle E, where the oracle E returns random and independent samples drawn from a distribution over
{0, 1}n×{0, 1} that is promised to be samplable with advice complexity ℓ(n), distinguish the following
two cases:

1To obtain an equivalence between the average-case hardness of this problem and the existence of a one-way
function in Theorem 1.5, it is crucial that the description of the example distribution is unknown to a learner. On
the other hand, Theorem 1.3 and Corollary 1.4 holds even if the explicit description of an example distribution E is
given to a learner.
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(Yes Cases) There exists a linear-time program h of length s such that

Pr
(x,b)∼E

[h(x) = b] ≥ 1− ε(n).

(No Cases) For all programs h of length at most s · σ(n),

Pr
(x,b)∼E

[h(x) = b] <
1

2
+

γ(n)

2
.

This is an agnostic learning variant of MINLT in that in the Yes case, the polynomial-time
program h is allowed to err on a ε(n)-fraction of inputs.

Hirahara [Hir22] proved NP-hardness of MINLT under randomized polynomial-time reductions.
Building on this reduction, we prove the following NP-hardness.

Theorem 1.3. There exist functions ℓ(n) = ω(1), ε(n) = o(1), and σ(n) = ℓ(n)/polylogℓ(n)
such that the problem Gapε,γσ Learn[ℓ] is NP-hard under randomized many-one reductions for every
constant γ ∈ (0, 1).

Since this NP-hardness is proved by nonadaptive reductions, we obtain some polynomial-time
samplable distribution D (naturally induced by the reduction) with respect to which the average-
case analogue of Gapε,γσ Learn[ℓ] is DistNP-complete (i.e., complete for an average-case analogue of
NP), where D is a distribution over instances of Gapε,γσ Learn[ℓ] (i.e., it chooses parameters n, s and
the description of an example oracle E , which can be represented as a circuit.)

Corollary 1.4. There exist functions ℓ(n) = ω(1), ε(n) = o(1), and σ(n) = ℓ(n)/polylogℓ(n) such
that for every constant γ ∈ (0, 1), the following are equivalent.

• DistNP ̸⊆ HeurBPP (i.e., there is a problem in NP that is hard on average with respect to some
polynomial-time samplable distribution).

• (Gapε,γσ Learn[ℓ],D) ̸∈ HeurBPP for some polynomial-time samplable distribution D. (i.e.,
Gapε,γσ Learn[ℓ] is hard on average with respect to D).

Here, HeurBPP is the class of distributional problems solvable by randomized error-prone heuristic
schemes, i.e., algorithms that are allowed to err on a small fraction of inputs. See the survey of
Bogdanov and Trevisan [BT06a] for background on average-case complexity.

We complement this by showing that the average-case hardness of Gapε,γσ Learn[ℓ] character-
izes the existence of one-way functions when σ(n) = O(ℓ(n)), based on the average-case learning
algorithms in Pessiland [IL90; HN23].

Theorem 1.5. For every constant γ ∈ (0, 1), there exists a constant C such that for all functions
ℓ and ε with ω(1) ≤ ℓ(n) ≤ nO(1) and ω(1) ≤ ε(n)−1 ≤ nO(1), the following are equivalent.

• There exists an infinitely-often one-way function.

• (Gapε,γσ Learn[ℓ],D) ̸∈ HeurBPP for σ(n) := C · ℓ(n) and for some polynomial-time samplable
distribution D.

• (Gapε,γσ Learn[ℓ],D) ̸∈ HeurBPP for some σ(n) ≤ nO(1) and for some polynomial-time samplable
distribution D.

Corollary 1.4 and Theorem 1.5 immediately provide a sharp characterization of Pessiland.
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Corollary 1.6 (A Sharp Characterization of Pessiland). Pessiland exists if and only if for some
ℓ(n) = ω(1), ε(n) = o(1), γ ∈ (0, 1), σ1(n) = ℓ(n)/polylogℓ(n) and σ2(n) = O(ℓ(n)),

• (Gapε,γσ1
Learn[ℓ],D) ̸∈ HeurBPP and

• (Gapε,γσ2
Learn[ℓ],D) ∈ HeurBPP.

For comparison, if one instead starts from the ℓα-inapproximability result for CMMSA due to
Hirahara [Hir22], the same argument yields a weaker analogue of Corollary1.6, namely a character-
ization of Pessiland via GapLearn with approximation gap ℓα versus O(ℓ) for some small constant
α > 0. Corollary1.6 sharpens the hardness factor from ℓα to ℓ/polylogℓ, leaving only a nearly tight
gap to the O(ℓ)-approximation regime.

Optimistically, this characterization can be seen as an approach towards eliminating Pessiland.
Pessiland is ruled out if and only if the small quantitative gap between the inapproximability factors
σ1(n) = ℓ(n)/polylogℓ(n) and σ2(n) = O(ℓ(n)) is closed. However, new ideas are certainly necessary
because our NP-hardness is based on an optimal NP-hardness result of CMMSA, which we explain
next.

1.2 Minimum Monotone Satisfying Assignment Problem

The Minimum Monotone Satisfying Assignment (MMSA) problem, introduced by Goldwasser and
Motwani [GM97] and Alekhnovich, Buss, Moran, and Pitassi [ABMP01], asks for the minimum
weight of a satisfying assignment for a given monotone formula. This is a generalization of several
optimization problems, such as the Set Cover problem (i.e., the case of monotone DNFs) and the
Red-Blue Set Cover problem (i.e., the case of depth-3 formulas with a top AND gate) [CDKM00;
CNW16]. A sequence of works [DS04; DFKRS11; DHK15] established the NP-hardness of approxi-

mating MMSA within a factor of n1/(log logn)O(1)
, where n is the number of variables (see [Hir22]).

The hardness of approximating MMSA has been instrumental in establishing hardness results in
proof complexity [ABMP01; AR08] and learning theory [ABFKP08; Hir22].

The Collective Minimum Monotone Satisfying Assignment (CMMSA) problem, introduced by
Hirahara [Hir22], is a variant of MMSA in which the topmost gate of a given formula is an approx-
imate threshold gate. Informally, this problem asks for the minimum weight of an assignment that
satisfies as many formulas as possible given a collection of monotone formulas as input. In order to
present the formal description of an approximation version, let [n] denote {1, . . . , n} for each n ∈ N.
A weight function w : [n] → [0, 1] is a function such that

∑
i∈[n]w(i) = 1. We define the w-weight

of an assignment α ∈ {0, 1}n as w(α) =
∑

i∈[n] : αi=1w(i).

Definition 1.7 (GapCMMSA for a class C). Let C = {Cn}n∈N be a class of monotone functions,
where φ : {0, 1}n → {0, 1} for each φ ∈ Cn. For ε, γ : N → [0, 1] and σ : N → N, the problem
Gapε,γσ C-CMMSA is defined as follows: Given as input a collection Φ = {φ1, . . . , φm} ⊆ Cn, a
weight function w : [n] → [0, 1], and a size parameter s ∈ [0, 1], the task is to distinguish between
the following two cases:

(Yes Cases) There exists an assignment α ∈ {0, 1}n of w-weight at most s such that

Pr
φ∼Φ

[φ(α) = 1] ≥ 1− ε(n),

where φ ∼ Φ means that φ is randomly and uniformly chosen from Φ.

(No Cases) There exists no assignment α ∈ {0, 1}n of w-weight at most σ(n) · s such that

Pr
φ∼Φ

[φ(α) = 1] ≥ γ(n).

4



Throughout this paper, we assume that the weight function and the size parameter are lower
bounded by the inverse of a polynomial in the number of variables. We also assume that each φi

is an O(log n)-junta (i.e., it depends only on O(log n) variables among n input variables), and thus
each φi can be represented by its truth table without blowing up the input size too much.

When σ ≡ 1, this problem is studied under the name of biased CSP [GL22], which includes
natural problems such as the Densest s-Subgraph problem (the case where C is the class of AND
functions over 2 bits).

For a function ℓ : N → N, let F[ℓ] = {F[ℓ(n)]}n∈N denote the class of functions computable
by monotone formulas on n variables with ℓ(n) literals. Hirahara [Hir22] proved NP-hardness of
Gap0,γσ F[ℓ]-CMMSA for σ(n) = ℓ(n)α and γ(n) = 1/σ(n) for some constant α > 0, and left as an
open question whether the inapproximability factor σ can be improved to ℓ(n)1−o(1). Our main
technical contribution is to answer this question affirmatively.

Theorem 1.8. Gapε,γσ F[ℓ]-CMMSA is NP-hard under randomized many-one reductions for some
functions ℓ(n) = ω(1), γ(n) = o(1), ε(n) = ℓ(n)−ω(1), and σ(n) = ℓ(n)/polylogℓ(n).

We also present an upper bound of coAM when σ(n) = O(ℓ(n)), and thus the inapproximability
factor σ(n) of Theorem 1.8 is optimal up to a factor of polylogℓ(n) unless NP ⊆ coAM.

Theorem 1.9. For every constant γ ∈ [0, 1/4), there exists a constant C such that for every
ℓ(n) = ω(1) and every ε(n) = o(1), the following hold.

• Gapε,γσ F[ℓ]-CMMSA ∈ coAM, where σ(n) := C · ℓ(n).

• Gapε,γσ Junta[ℓ]-CMMSA ∈ coAM, where σ(n) := 20.585ℓ(n) and Junta[ℓ] = {Junta[ℓ(n)]}n∈N
denotes the class of all the ℓ(n)-junta monotone functions φ : {0, 1}n → {0, 1}.

More generally, for any class C = {Cn}n∈N of monotone functions, we prove Gapε,γO(σ)C-CMMSA ∈
coAM, where σ(n) is an upper bound of the total share size of a secret sharing scheme for Cn. The
first item of Theorem 1.9 follows from the fact that there exists a secret sharing scheme of total
share size ℓ for every access structure represented by a monotone formula with ℓ literals [BL88].
The second item follows from the work of [AN21], which shows the existence of a secret sharing
scheme of total share size 1.5ℓ+o(ℓ) < 20.585ℓ for every monotone function over ℓ variables.

Although it is unlikely that Gapε,γσ=O(ℓ)F[ℓ]-CMMSA is NP-hard, we prove that its worst-case
hardness implies the errorless average-case hardness of NP, and that its errorless average-case hard-
ness implies the existence of a one-way function.

Theorem 1.10. Let C = {Cn}n∈N be the class of monotone functions for which there exists a secret
sharing scheme with total share size σ(n) ≥ ω(1). For every constant γ ∈ [0, 1/4), there exists a
constant C such that for every ε(n) = o(1), the following hold.

• If Gapε,γC·σC-CMMSA /∈ BPP, then DistNP ⊈ AvgBPP (i.e., there exists a problem in NP that is
hard on errorless average with respect to some polynomial-time samplable distribution).

• If (Gapε,γC·σC-CMMSA,D) /∈ AvgBPP for some polynomial-time samplable distribution D, then
an infinitely-often one-way function exists.2

2An infinitely-often one-way function refers to one whose security holds for infinitely many security parameters.
We remark that this result also applies to standard one-way functions (whose security holds for any sufficiently large
security parameter) by assuming the average-case hardness for all sufficiently large instance sizes.
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Here, errorless average-case means that an algorithm must not output incorrect answers, and
is allowed to output a special symbol “⊥”, which indicates the failure of an algorithm for a small
fraction of inputs. This notion is equivalent to average-case polynomial-time (i.e., the expected
running time is “polynomially bounded”) [BT06a].

Previously, Hirahara [Hir22] reduced Gap0,γσ F[ℓ]-CMMSA to MINLT, and using the learning
algorithm of Hirahara and Nanashima [HN21], observed that its worst-case hardness implies the
average-case hardness of NP if σ(n) = 1.01ℓ(n) and the soundness error γ(n) is sufficiently smaller
than 1/(sn). The first item of Theorem 1.10 improves this result in that γ(n) can be as large as a
constant.3

Consequently, Theorems 1.8 to 1.10 reveal a sharp threshold at σ(n) ≈ ℓ(n) in the complexity
of Gapε,γσ F[ℓ]-CMMSA: It is NP-hard if σ(n) ≤ ℓ(n)/polylogℓ(n); It is in coAM if σ(n) ≥ O(ℓ(n)),
and its worst-case (resp. average-case) hardness implies the average-case hardness of NP (resp.
the existence of one-way functions). This can be compared with the complexity of the shortest
vector problem, which is the foundational problem for lattice-based cryptography [Pei16]. The
complexity of the approximate version GapSVP of the shortest vector problem greatly depends on
an approximate factor γ (see [Ben23] and references therein). It is NP-hard if γ = O(1); It is in coAM

if γ = O(
√
n/ log n); its worst-case hardness implies the average-case hardness of NP if γ = O(n);

It is in P if γ = 2O(n log logn/ logn). To compare this with the complexity of Gapε,γσ F[ℓ]-CMMSA, our
results provide a sharper threshold than GapSVP using polynomial-time reductions. (A sharper
complexity landscape of GapSVP was recently revealed by considering exponential time complexities
[ABBGKLPSV23].)

Just as in the case of the shortest vector problem, it remains unclear whether the upper bound
of coAM in Theorem 1.9 can be improved to P. In Appendix B, we present a simple approximation
algorithm based on linear programming that solves Gap0,1σ DNF[ℓ]-CMMSA for σ(n) = ℓ(n), where
DNF[ℓ] denotes the class of monotone DNF formulas over n variables with at most ℓ(n) terms. (In
particular, it solves Gap0,1σ Junta[ℓ]-CMMSA for σ(n) = 2ℓ(n).) We pose the following algorithmic
challenge of improving this approximation algorithm.

Open Question 1.11. Design a randomized algorithm M such that for every ℓ(n) = ω(1), every
ε(n) = o(1), and every polynomial-time samplable distribution D = {Dn}n∈N, it holds that

• M decides every instance of Gap
ε,1/8
σ Junta[ℓ]-CMMSA correctly with high probability over the

internal randomness of M , where σ(n) := 20.6ℓ(n).

• Ex∼Dn [tM (x)α] ≤ O(n) for some constant α > 0, where tM (x) denotes the running time of M
on input x.

Currently, it seems consistent with our knowledge that the answer to Open Question 1.11 is
negative. A negative answer to Open Question 1.11 implies the existence of a one-way function by
Theorem 1.10. To the best of our knowledge, this is the first construction of a one-way function
based on the errorless average-case hardness of some CSP with respect to arbitrary polynomial-time
samplable distributions. Related results were obtained in an exciting line of research [DLS14; DS16;
Dan16; Vad17; DV21], where the average-case hardness of random CSPs with respect to specific
distributions was shown to imply the hardness of PAC learning. We also mention that one-way
functions can be constructed from error-prone average-case hardness of Random SAT with respect
to high-entropy distributions [IRS22; LP23a].

3Our result strictly improves the previous result because the constant C in Theorem 1.10 can be chosen to be 1.01
if γ(n) = o(1).
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1.3 Perspective: Can We Rule Out Pessiland?

Since our results are quantitatively “close” to ruling out Pessiland, it is natural to ask how close
we are to actually ruling out Pessiland. There has been a vast literature on barriers for ruling out
Heuristica [FF93; BT06b; Wat12; Imp11; HN21; Vio05] and Pessiland [Wee06; Liv10; AGGM06;
BB15; ABX08]. Below, we discuss the two barriers most relevant to our work.

The first barrier is the relativization barrier. Wee [Wee06] presented an oracle under which
Pessiland exists, and thus non-relativizing proofs are necessary for ruling out Pessiland. In fact,
Theorem 1.3 is non-relativizing (see [Ko91; Hir22]). Thus, it may be possible that the inapprox-
imability factor σ(n) = O(ℓ(n)) of Theorem 1.5 can be improved to σ(n) = ℓ(n)/polylogℓ(n) by
relativizing proofs, which is sufficient for ruling out Pessiland. Whether there is a relativizing barrier
for improving Theorem 1.5 or not is left as an important open question.

The second barrier is the nonadaptive (black-box) reduction barrier of Akavia, Goldreich, Gold-
wasser, and Moshkovitz [AGGM06]. They showed that any problem reducible to the task of in-
verting one-way functions via randomized nonadaptive reductions is in coAM, and in particular, no
NP-complete problems can be reducible to the task of inverting one-way functions unless NP ⊆ coAM.
In fact, our coAM upper bound for GapCMMSA (Theorem 1.9) is proved by combining their barrier
with a reduction from GapCMMSA to the task of inverting one-way functions. Similarly, Theo-
rem 1.5 is unlikely to be improved by nonadaptive reductions. More generally, we have the following
barrier, based on [AGGM06].4

Theorem 1.12. Let γ, C, ℓ, and ε be as in Theorem 1.5. Suppose there is a randomized polynomial-
time parametric-honest nonadaptive reduction from a paddable language L to Gapε,γσ Learn[ℓ] for
σ(n) := C · ℓ(n). Then L ∈ coAM.

Here, a parametric-honest reduction is a reduction that produces a size parameter at least nΩ(1)

on inputs of length n. Almost all NP-hardness reductions in the literature of meta-complexity
are parametric-honest and nonadaptive (see, e.g., [Hir23; Ila23] and references therein), and thus
the barrier seems formidable. However, in the computational learning theory literature, adaptive
reductions have been successfully employed in the context of boosting algorithms (e.g., [Sch90;
Fel10; KK09; FS12]), and such techniques have been utilized in the literature of meta-complexity
[HN21; GK23]. This suggests that adaptive reductions could offer a viable path toward overcoming
this barrier.

2 Technical Overview

For technical convenience, we work with a slight generalization of CMMSA, called the distributional
minimum monotone satisfying assignment (DMMSA). DMMSA is the same problem as CMMSA,
except that the collection of monotone formulas is given as a distribution of monotone formulas,
where the distribution is specified by a sampling circuit (see Definition 5.1 for the formal defini-
tion). In other words, CMMSA is a special case of DMMSA in which the distribution is uniform
over a polynomially bounded set of formulas. Nevertheless, it is straightforward to observe that
GapDMMSA can be reduced to GapCMMSA with a small loss in error parameters ε and γ via a
BPP-reduction that samples polynomially many formulas from the distribution in DMMSA to form
a collection for CMMSA (see Proposition 5.3). Therefore, we will identify DMMSA with CMMSA
below.

Our main theorems are established based on the following three reductions:

4We thank an anonymous reviewer for suggesting this result.
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1. An improved reduction from NP to GapDMMSA;

2. Hirahara’s reduction from GapDMMSA to GapLearn [Hir22];

3. A reduction from GapLearn to the task of inverting an auxiliary-input one-way function.

Here, an auxiliary-input function is a collection f = {fz}z∈{0,1}∗ of functions such that, for every
z, x ∈ {0, 1}∗, the value fz(x) can be uniformly computed in polynomial time (where z is referred
to as the auxiliary input). The inversion task is to find a preimage of fz(r) for most r with respect
to fz for every z ∈ {0, 1}∗ using a single inversion algorithm that takes (z, fz(r)) as input.

The first reduction maps each 3-SAT instance of size n to a GapσDMMSA instance, where the
leaf size of monotone formulas is ℓ(n) = ω(1) (thus, the total size of secret sharing is at most ℓ)
and the approximation factor is σ(n) = ℓ(n)/polylogℓ(n). This is the most technical part in this
paper, where we combine the previous reductions from [DS04; Hir22] with a suitable long code test.
A detailed overview of the reduction, which establishes Theorem 1.8, is presented in Section 2.1.

The second reduction is essentially from the previous work [Hir22], where the relation between
the total size of secret sharing schemes and the advice complexity of sampling was not explicitly
addressed. We simply observe that the advice complexity of the sample distribution in the resulting
learning problem is at most the total size of the secret sharing scheme for the authorized set induced
by the formulas in the support of instances of DMMSA. For completeness, we provide a formal proof
in Section 6. We derive Theorem 1.3 (and Corollary 1.4) from the first and second reductions.

The third reduction reduces GapσLearn to the task of inverting an auxiliary-input function, pro-
vided that the approximation factor σ is linear in the advice complexity of the sample distribution.
The reduction is based on the theory of Solomonoff’s inductive inference [Sol64a] and universal
extrapolation developed by Impagliazzo and Levin [IL90] and Hirahara and Nanashima [HN23].
This third reduction establishes Theorem 1.5. Combined with the second reduction, it also yields
Theorems 1.9 and 1.10. More details are provided in Section 2.2.

2.1 Improved NP-Hardness of GapDMMSA

Our reduction from 3-SAT to GapDMMSA refines the approach presented in [DS04; Hir22]. In
particular, the previous work [Hir22, Theorem 5.2] established the NP-hardness of approximating
the minimum weight of CMMSA up to a factor of ℓα with respect to the leaf size ℓ of the supported
formulas, where α > 0 is a small constant. In this work, we improve the approximation factor to
ℓ/polylogℓ for a super-constant ℓ(n) = ω(1), where n is the instance size of CMMSA.

Coding in the Reduction

A main idea for the improvement is to change the encoding of alphabets from the previous one.
To see the role of encoding in the reduction, let us first review the previous proof by Hirahara

[Hir22]. The proof mainly follows that of [DS04] and is based on the PCP theorem of [DFKRS11;
DHK15] with low (sub-constant) soundness error. The PCP system is naturally interpreted as an
instance of MaxCSP over variables x1, x2, . . . , xn with an alphabet set Σ of the PCP system [cf.
AB09, Section 11]. In the previous reduction, in order to transform the MaxCSP problem into a
CMMSA instance (since constraints in MaxCSP are not generally monotone), new binary variables
Xi,a are introduced for each pair of a variable xi and an alphabet a ∈ Σ. Intuitively, Xi,a = 1
represents the claim that xi is assigned the alphabet a in the original MaxCSP. Each constraint φC

in the resulting CMMSA instance corresponds to a constraint C (say, over variables (xi1 , . . . , xik))
in the MaxCSP instance. Here, φC is defined to be a monotone DNF formula that asks whether
there exists a satisfying assignment (a1, . . . , ak) for C such that Xij ,aj = 1 for each j ∈ [k]. The
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weight of each Xi,a is set propositionally to the number of the occurrences of xi in the MaxCSP
instance.

In the reduction above, we can interpret any assignment for the reduced CMMSA instance as
a coding of an assignment for MaxCSP. Here, for each a ∈ Σ, the (valid) coding of a is defined
as c(a) ∈ {0, 1}|Σ|, where c(a)i = 1 if and only if i = a. For the reduced CMMSA instance, we
expect to assign {Xi,a}a∈Σ according to the coding of an assignment to {xi}. Specifically, for each
assignment ai to xi, we expect to assign c(ai) ∈ {0, 1}|Σ| to {Xi,a}a∈Σ. It is not hard to observe
that if there exists a satisfying assignment to the MaxCSP instance, then the valid coding provides
a satisfying assignment for the reduced CMMSA instance. This establishes the completeness proof
for Yes instances.

The soundness proof for No instances is less straightforward and requires decoding with error
correction. Specifically, we need to extract an assignment for the MaxCSP instance from an arbitrary
low-weight assignment for CMMSA, which may be an invalid encoding and thus require error
correction. Previously, this was performed using a probabilistic argument and the low soundness
of the PCP system, but this analysis presents the following bottleneck for our purposes. Notice
that the valid coding of an assignment has weight 1/|Σ|, and the leaf size of CMMSA is at least |Σ|
(in fact, it is polynomial in |Σ|, depending on the number of satisfying assignment for constraints).
Even if we achieve the optimal leaf size of |Σ|, in order to show the nearly linear relationship between
leaf size and the inapproximability factor of weights in the DMMSA instance, we need to establish
soundness even when the given assignment to DMMSA has a weight close to 1.

The difficulty in proving the soundness arises from the fact that the assignment to DMMSA can
be arbitrary, with only the requirement that its weight is less than (but very close to) 1. Recall
that the weight of the trivial assignment, which assigns all variables to 1, is 1. Namely, when the
given assignment for DMMSA has a weight of almost 1, it may claim almost all possible alphabets
simultaneously for the variables of MaxCSP. This results in very poor decoding just by randomly
selecting from nearly all alphabets, and it is unclear whether the soundness of the currently known
PCP systems (or even the sliding scale conjecture) can handle this for the soundness proof.

To address this difficulty, we aim to prevent such malicious coding. A natural approach is to
use a local test to enforce valid codings. However, each formula in the DMMSA instance must be
monotone, and it is unclear whether we can implement a local test for the coding above as monotone
formulas.

Long Code and Local Test by Monotone Function

These observations lead us to change the previous coding to long code, which allows a desired
monotone local test. Let us review the long code. For each alphabet a ∈ Σ, we encode it by a
binary string lc(a) of length 2|Σ|, where lc(a) is indexed by a subset S ⊆ Σ and defined as

lc(a)S =

{
1 if a ∈ S

0 if a /∈ S.

Thus, instead of {Xi,a}a∈Σ, we introduce variables {Xi,S}S⊆Σ for each variable xi in our new
reduction. Furthermore, we use a p-biased long code, assigning the weight of each variable Xi,S to
be propositional to p|S|(1− p)|Σ|−|S| for each i and S. The quantity corresponds to the probability
that S is selected when each element in Σ is independently chosen with probability p. The small
bias p is crucial for making the inapproximability factor nearly linear in the leaf size: when p = 1/2
(i.e., the unbiased case), the weight of the valid encoding is exactly 1/2, so the best achievable
inapproximability factor is 2 regardless of the leaf size. In particular, for a super-constant leaf size
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ℓ = ω(1), we need to set p to be sub-constant, as the best achievable gap in weight between Yes
and No cases is 1/p.

Now we describe how we locally test the long code in our reduction. Recall that (i) our objective
is to reduce MaxCSP to DMMSA, so each local test must be formulated as a monotone formula,
and (ii) in our soundness proof, we can assume that the weight of a given assignment for DMMSA
(i.e., the weight of the encoded assignment) is bounded. Our local test builds on the one presented
by Ghoshal and Lee [GL22], with slight modifications tailored to meet our specific requirements.

Ghoshal–Lee Test

We review the Ghoshal–Lee test. Let f ∈ {0, 1}2|Σ|
be a given coding for the alphabet Σ. Our

goal is to test whether f = lc(a) for some a ∈ Σ or if f significantly differs from all {lc(a)}a∈Σ.
Specifically, we aim to reject all codings that decode poorly to the original MaxCSP assignment.

We can naturally interpret f as a function f : 2Σ → {0, 1}, where 2Σ represents the power set
of Σ. The Ghoshal–Lee test queries f on some points x1, . . . , xd and then accepts if and only
if ∧if(xi) = 1. The novelty of Ghoshal–Lee test lies in the correlated selection of the points
x1, . . . , xd ⊆ Σ. Let ρ ≈ 1/(d2 log p−1) be a parameter representing correlation. For each a ∈ Σ,
we select ba ∈ {0, 1} so that ba = 1 with probability ρ. If ba = 1, then a either contained in all of
x1, . . . , xd with probability p or excluded from all of them with probability 1−p, where p is the bias
of the long code. Otherwise, if ba = 0, the membership of a in each xi is determined independently;
each xi contains a with probability p, independently across x1, . . . , xd.

The correlation above is intended to make the gap in acceptance probability between complete
and sound cases exponentially large in d, which is essential for the near-linear relationship between
leaf size and inapproximability in our result, as we will explain later. For completeness proof, it
is easy to verify that the acceptance probability for f = lc(a) is at least p · ρ, as all of x1, . . . , xd

contain a with probability at least p · ρ.
In contrast, Ghoshal and Lee [GL22] derived the soundness from the Invariance principle [Mos10]

and Gaussian bound [KS15]. Let µ = Ex[f(x)], where x ⊆ Σ is selected with bias p. Informally,
their soundness proof shows that each f satisfies one of the following:

• The acceptance probability of the Ghoshal–Lee test for f is at most approximately µd;

• f has a coordinate with large influence,

where the influence of a coordinate i is defined as a variance on coordinate i (see Definition 3.1).
Intuitively, the above shows that if f has no coordinate with large influence (and µ = E[f ] is
bounded), the acceptance probability decreases exponentially in d, allowing us to reject f with
high probability. Otherwise, f must have a coordinate with large influence (often called a notable
coordinate), which appears to be a good candidate for decoding since the value of f is strongly
affected by such coordinates. Note that, in general, the number of coordinates with large influence
is not bounded (e.g., a parity on all coordinates). However, it is well-known that we can restrict
the number of notable coordinates by adding a small noise to the queried points (see Lemma 3.3).

The Modification of the Test

Recall that we need to choose p to be o(1) for our purposes. The Ghoshal–Lee test has an acceptance
probability at most p even for valid long codes, resulting in a poor satisfiability probability of o(1)
for yes cases in the resulting DMMSA instance. To address this, we modify the test by changing
the predicate. Note that the previous work [GL22] applied the AND predicate to establish a tight
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inapproximability result for the Densest-Subgraph (i.e., biased MaxAND) problem, but we do not
need to restrict the predicate to AND as long as it is monotone.

Our modification is very simple: we repeat the Ghoshal–Lee test M times and take the OR of
the results, which yields monotone d-DNF formulas of size M as predicates. In our setting, we select
d and M such that d ≈ polylogp−1 and M ≈ p−1ρ−1 = p−1polylogp−1. This choice ensures (i) the
acceptance probability of 1 − o(1) for valid long codes, and (ii) the acceptance probability of o(1)
for invalid codes with no large influence coordinate and weight 1− Ω(1). Since the weight of valid
long codes is p, the gap of weights between two cases (i) and (ii) is Ω(p−1), which is nearly linear
in the leaf size Md ≈ p−1polylogp−1. Note that the correlated selection in the Ghoshal–Lee test
is essential for this relationship; if each queried point were selected independently, the acceptance
probability in complete cases would drop to pd. To compensate, we would need to set M ≈ p−d,
resulting in the leaf size Md > p−d, but the gap in weights (i.e., inapproximability factor) would
remain at most p−1.

Reduction to DMMSA with Long Code Test

Finally, we explain how we combine the modified Ghoshal–Lee test with the proof of NP-hardness for
DMMSA. Recall that the previous work [GL22] relied on the Small Set Expansion Hypothesis, which
is known to be equivalent to the Unique Games Conjecture with an additional expansion property
[RST12]. Their approach required a strong connection between a global bias across all variables and
each long code component [see GL22, Section 3.2]. In contrast, for our purposes, we do not need such
a strong connection, allowing us rely solely on the PCP theorem. However, the MaxCSP resulting
from the PCP theorem is much less structured than those obtained from the Small Set Expansion
Hypothesis or the Unique Games Conjecture. It is known that a test that distinguishes long codes
from codes with no notable coordinates using a predicate φ is automatically transformed into an NP-
hardness result for MaxCSP with constraints φ under the Unique Games Conjecture [KKMO07;
ODo14, Theorem 7.40]. Our reduction, however, does not follow this framework, as we do not
assume the Unique Games Conjecture. Instead, our approach is more ad hoc, leveraging an implicit
pairwise checkability of the Ghoshal–Lee test.

To show the NP-hardness, we use the two-prover projection PCP system with low soundness
error, presented by Moshkovitz and Raz [MR10]. This PCP system can be interpreted as a MaxCSP
instance with a constraint graph represented by a biregular graph (L,R,E), where each vertex in
L∪R is regarded as a variable, and each edge e ∈ E is regarded as a constraint. Each vertex v ∈ L
(resp. v ∈ R) takes an alphabet in a set ΣL (resp. ΣR), with |ΣL| ≥ |ΣR|. Each e ∈ E is associated
with a partial function πe : ΣL → ΣR, representing the acceptable relations of alphabets assigned to
the endpoints of each edge. Specifically, a constraint (v, v′) ∈ E is satisfied if v (resp. v′) is assigned
with a ∈ ΣL (resp. b ∈ ΣL) so that πe(a) = b; if πe(a) is undefined, the constraint is not satisfied.
We apply this PCP theorem above in the setting where ω(1) ≤ |ΣL|, |ΣR| ≤ o(log n).

In the reduction, we introduce new variables for the long code, i.e., for each v ∈ L (resp. v′ ∈ R),
we introduce variables {Xv,S}S⊆ΣL

(resp. {Xv′,T }T⊆ΣR
), which take binary values for a DMMSA

instance. Note that the left and right vertices have different roles: left alphabets specify acceptable
right alphabets, but the converse does not hold. Furthermore, the two sides have different alphabet
sets, which yields different long codings, and we need to consider them separately.

Implementing the Long-Code Test with Consistency

We define the distribution on monotone formulas in the DMMSA instance by specifying its sampler.
First, it selects an edge e = (v, v′) ∈ E uniformly at random. We interpret {Xv,S}S⊆ΣL

(resp.

11



{Xv′,T }T⊆ΣR
) as a function fv : 2

ΣL → {0, 1} (resp. gv′ : 2ΣR → {0, 1}), which is expected to be a
valid long code. The goal is to check the following conditions simultaneously:

1. fv and gv′ are both valid long codes for alphabets a ∈ ΣL and b ∈ ΣR, respectively;

2. the constraint on e is satisfied, i.e., πe(a) = b.

The idea to accomplish the above is very intuitive: we apply the modified Ghoshal-Lee test to
fv, but instead of checking ∨

i∈[M ]

fv(x
(i,1)) ∧ fv(x

(i,2)) ∧ · · · ∧ fv(x
(i,d)),

we replace fv with gv′ ◦ πe on x(i,2), . . . , x(i,d), and check∨
i∈[M ]

fv(x
(i,1)) ∧ gv′ ◦ πe(x(i,2)) ∧ · · · ∧ gv′ ◦ πe(x(i,d)),

where πe(x) ∈ 2ΣR is defined as i ∈ πe(x) iff ∃j ∈ x s.t. πe(j) = i.
It is not hard to observe that if (fv, gv′) are valid long codes for (a, b) with πe(a) = b, then the

above is satisfied with the same acceptance probability as the original test. This completes the proof
of completeness for the reduction. In contrast, the soundness proof requires much less immediate
argument, as discussed below. For simplicity, we ignore the small noise used to limit the number of
notable coordinates in this section.

The soundness proof relies on the following pairwise checkability of the Ghoshal–Lee test. Let
f, g : 2ΣL → {0, 1} be a pair of possibly invalid coding for ΣL with max{Ex[f ],Ex[g]} ≤ µ. For
convenience, let us call the test f(x1) ∧ (∧2≤i≤dg(x

i)), as performed in the reduction, the pairwise
Ghoshal–Lee test. Then, each (f, g) satisfies one of the following:

• The acceptance probability of the pairwise Ghoshal–Lee test for (f, g) is roughly at most µd;

• f and g has a common notable coordinate.

This pairwise testability follows from the underlying functional analysis, particularly the multilinear
Gaussian stability bound of [Mos10; KS15], used in the soundness analysis of [GL22]. For a formal
description, see Theorem 5.14 and Section 5.4.

First, we consider the warm-up case where ΣL = ΣR and all constraints are permutations (i.e.,
a unique game instance) to provide intuition for the soundness proof. In this case, the distribution
of πe(x) is identical to that of x, where x ∈ 2ΣL is drawn from the p-biased product distribution,
regardless of e. We assign weights to the variables {Xv,S}S⊆ΣL

and {Xv′,T }T⊆ΣR
according to the

p-biased distribution (for S and T ).
Using a standard probabilistic argument, we can show that any DMMSA assignment with suf-

ficiently small weight ensures that, for almost all edges, the endpoints (v, v′) are assigned to codes
(fv, gv′) with weights bounded by a constant µ, i.e., Ex[fv(x)],Ex[gv′(x)] ≤ µ. We call such an
edge “good.” For any good edge e = (v, v′), it holds that Ex[gv′ ◦ πe(x)] ≤ µ, as πe(x) is identi-
cally distributed to x. Thus, the (OR of) pairwise Ghoshal–Lee test for (fv, gv′ ◦ πe) presents two
possibilities: (i) the test is rejected with high probability, or (ii) there exists a common notable
coordinate for (fv, gv′ ◦ πe).

Suppose a good edge satisfies case (ii). For each notable coordinate i of gv′ ◦πe, it is not hard to
verify that the coordinate πe(i) is notable for gv′ . Namely, any good edge e satisfying case (ii) has
(i, πe(i)) (i.e., an acceptable pair of alphabets) contained in the product set of notable coordinates
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of fv and gv′ . Note that the product set is defined per vertex and does not depend on the edge e.
Consequently, by assigning values to the original MaxCSP, where each vertex is assigned a value
randomly chosen from the notable coordinates of the corresponding codes induced by the DMMSA
assignment, a notable fraction of good edges satisfying case (ii) should be satisfied.

In the reduction, we observe that the size of the set of notable coordinates decreases as the
bias p increases, independently of the soundness of the original PCP theorem. Thus, by selecting
p to be a large enough sub-constant relative to the soundness, we ensure that the fraction of good
edges satisfying case (ii) is not too large; otherwise, the random assignment above would violate
the soundness of the PCP theorem. Therefore, for any bounded assignment to DMMSA, almost
all edges must fall under case (i), meaning the assignment does not satisfy the constraint selected
according to the distribution.

To remove the assumption that πe are permutations, we observe that the same argument above
can be applied if, for x ∈ 2ΣL drawn from the p-biased product distribution, πe(x) ∈ 2ΣR is
distributed according to a p′-biased product distribution for some p′ ∈ [0, 1] regardless of e. In this
case, we assign weights to the right variables {Xv′,T }T⊆ΣR

according to the p′-biased distribution
(for T ). To achieve this, in the actual reduction, we leverage the hardness of MaxCSP with the
additional structure, which we call Balanced Label-Cover (Definition 4.3). The problem has a
balanced structure such that for each edge e and each right alphabet b ∈ ΣR, the number of the left
alphabets a ∈ ΣL such that πe(a) = b is the same. To establish the base NP-hardness of Balanced
Label-Cover, we combine the alphabet reduction technique developed in [MR10] to obtain the 2-
query projection PCP with the hardness of approximation for 3SAT established in [H̊as01], which
has a specific structure in which each variable appears in the same number of clauses.

For details about the NP-hardness of Balanced Label-Cover, see Section 4. For the analysis of
the reduction in the asymmetric case, see Section 5.

2.2 A Reduction from Learning to Inverting Auxiliary-Input Functions

Theorems 1.5, 1.9 and 1.10 are based on a reduction from GapσLearn with σ = O(ℓ) to inverting
an auxiliary-input function, where ℓ denotes the advice complexity. The reduction builds upon the
theory of universal extrapolation [IL90; HN23].

In the reduction, we consider a specific case where a distribution E of samples for GapLearn is
represented by two strings: nonuniform advice z and a randomly selected advice z′. Specifically, E is
represented as E := Dz,z′ for some samplable distribution family D = {Dz,z′}. The goal, then, is to
reduce GapLearn for Dz,z′ to inverting an auxiliary-input function fz indexed by z on average over
z′. Here z and z′ serve different roles in the context. For instance, in GapLearn instances derived
from Hirahara’s reduction from DMMSA to learning, z corresponds to the DMMSA instance, and
z′ represents randomness used in the reduction.

The advantage of treating z and z′ separately is that the description size of the inverter depends
only on z and not on z′. This enables us to achieve a good approximation factor for GapLearn
that is independent of any randomly selected nonuniform advice z′ embedded in the underlying
distribution E .

Specifically, Hirahara and Nanashima [HN23] showed that to learn Dz, z′ from independent
samples, it suffices to extrapolate i.i.d. samples (treated as a prefix string) according to the universal
distribution Qt|z for a sufficiently large polynomial t. Here, Qt

|z represents the distribution of the
output of a fixed universal Turing machine U executed in t steps on a randomly selected input
Π ∼ {0, 1}t given the advice string z. This extrapolation task can be reduced to inverting a
polynomial-time computable function fz indexed by z, resulting in the reduction from learning to
inverting an auxiliary-input function f = {fz}.
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When there exists a hypothesis of size s with o(1) accuracy error, the extrapolation-based learner
succeeds using at most m(s) = O(s) samples with high probability over the choice of z′, by the chain
rule for KL divergence (see Lemmas 7.5 and 7.7). We use this sample-complexity upper bound to
distinguish, for a given input z, between the following two cases: (i) Dz,z′ is a yes instance for most
z′, and (ii) Dz,z′ is a no instance for a noticeable fraction of z′.

More concretely, given access to an inverter for the auxiliary-input function, we construct a
tester that checks whether the extrapolation-based learner succeeds using m(s) samples with high
probability over the choice of z′ and the samples drawn from Dz,z′ . This is feasible because the
tester can generate samples from Dz,z′ on its own, by choosing z′ itself and then executing the
sampling procedure using the inverter. The tester accepts z if this success test passes. By the
sample-complexity guarantee above, if Dz,z′ is a yes instance of GapLearn for most z′, then the
tester accepts z with high probability. This proves completeness.

For soundness, we must show the converse direction: if the tester accepts z with high probability,
then case (ii) cannot occur. It is enough to prove that in this situation, for most z′, there exists
a highly accurate hypothesis h for Dz,z′ whose description size is at most O(ℓ) · s. Indeed, such a
hypothesis certifies that Dz,z′ is a yes instance for most z′. Thus, our remaining task is to construct
such a hypothesis.

A natural first attempt is the following. Since acceptance of z means that the extrapolation-
based learner succeeds with high probability when given m(s) samples, one may try to hardwire into
the learner both m(s) independently drawn samples from Dz,z′ and the inverter Iz for fz, thereby
obtaining a highly accurate hypothesis h̃. However, this yields only the bound |h̃| ≤ m(s) · n+ |Iz|,
where n is the bit-length of each sample. This is too large for our purposes, since in general the
sample length n can be much larger than the advice complexity ℓ needed to generate samples from
Dz,z′ . Therefore, this naive hardwiring argument does not suffice.

To reduce the description size of h̃ to a bound in terms of ℓ, we do not hardwire the entire training
sample set itself. Instead, we hardwire a succinct description of the training set that exploits the
advice complexity of the sampling procedure. Recall that the m := m(s) samples are generated
from m random seeds r̄ = (r1, . . . , rm), chosen independently of z and z′, together with an advice
string αz,z′,r̄ of length m · ℓ. By a standard probabilistic argument, there exists a choice of random
seeds r̄ such that, with high probability over the choice of z′, the learner succeeds on the training
set for Dz,z′ generated using r̄.

Now fix such a tuple r̄. The property that “with high probability over the choice of z′, the
learner succeeds on the training set for Dz,z′ generated using r̄” is computable, albeit inefficiently,
from z, r̄, and the description of the learner; here the learner is determined by the inverter, whose
description depends only on z. Hence, we may define r̄∗ to be the lexicographically first tuple of
seeds satisfying this property. Thus, the description size of r̄∗ is at most O(K(z) + log n), where
K(z) denotes the Kolmogorov complexity of z. Moreover, by the choice of r̄∗, with high probability
over the choice of z′, the learner succeeds on the training set for Dz,z′ generated using r̄∗.

We therefore hardwire r̄∗ together with the corresponding advice string αz,z′,r̄∗ , and thereby
obtain a hypothesis h̃z,z′ of description size at most

O
(
|αz,z′,r̄∗ |+K(r̄∗)

)
≤ O(m(s) · ℓ+K(z) + log n) .

This bound is sufficient to establish Theorems 1.5, 1.9 and 1.10. Below, we highlight each case.

Theorem 1.10 (Item 1). First, we reduce GapO(ℓ)DMMSA for formulas whose induced autho-
rized set admits secret sharing of total size ℓ to a GapLearn instance with distribution Dz,z′

over samples and size parameter s, where z is the GapDMMSA instance and z′ is a random
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seed, using Hirahara’s reduction [Hir22] (see also Section 6). The key properties of this reduc-
tion are as follows: (i) the advice complexity for sampling from Dz,z′ is at most ℓ, (ii) the size
parameter s is polynomially larger than |z|, and (iii) the approximation factor of GapLearn
for Dz,z′ corresponds to that of GapDMMSA for z. Consequently, the description size of the
hypothesis constructed above is at most O(m(s) · ℓ+K(z) + log n) = O(ℓ) · s.
Therefore, GapO(ℓ)Learn on the support of Hirahara’s reduction can be reduced to inverting
an auxiliary-input function, and GapO(ℓ)DMMSA is also reducible to the same inversion task.
This implies that the worst-case hardness of GapO(ℓ)DMMSA yields the hardness of inverting
an auxiliary-input function (often called an auxiliary-input one-way function), which is known
to imply the errorless average-case hardness of NP [HS17; Nan21].

Theorem 1.10 (Item 2). The argument above shows that GapO(ℓ)DMMSA for an instance z is
reducible to inverting a function fz indexed by z. In particular, if GapO(ℓ)DMMSA is hard on
average under a samplable distribution D over instances z, then fz is hard to invert on average
over z ∼ D, which yields a standard one-way function. Moreover, the reduced inversion task
for fz is testable for every z by empirically estimating the probability that an algorithm
outputs a valid inverse of fz(r) for a random seed r. This allows us to detect any error in the
reduction on each input z, as observed in [Nan21; Hir23; HN24]. Consequently, we can base
the existence of one-way functions on the errorless average-case hardness of GapO(ℓ)DMMSA
under any samplable distribution.

Theorem 1.9. We have shown that solving GapO(ℓ)DMMSA for an instance z is reducible to
inverting a function fz indexed by z. This instance-wise reduction is called a fixed-auxiliary-
input reduction. It is known that any promise problem Π that can be reduced to inverting
an auxiliary-input function via a fixed-auxiliary-input nonadaptive black-box reduction is con-
tained in coAM [AGGM06; ABX08]. Our reduction above is nonadaptive but not black-box,
since it embeds the description of the inverter for the auxiliary-input function into the learning
algorithm. Nevertheless, it uses the inverter in an almost black-box manner, with the only
non-black-box aspect being the bound on the description size. For this description-restricted
setting, we adapt the technique of [AGGM06] to obtain the coAM upper bound. Specifically,
the oracle simulated by the coAM protocol in the prior work becomes description-restricted in
the presence of randomness, and this randomness can be compressed together with the seed
set r̄. This yields a simulation of a description-restricted inverter within coAM, ensuring that
our reduction applies. For more details, see Section 7.3.

Theorem 1.5. We outline the implication from the average-case hardness of GapLearn, with advice
complexity ℓ for sampling, to the existence of a one-way function. Let D = {Dn}n∈N be a
family of distributions over distributions E of samples for learning. We apply the reduction
above to Dn,E , where n indexes D and E is a description of a distribution drawn from Dn,
and reduce the task of finding the minimum description size s of a hypothesis for Dn,E (on
average over E) to inverting fn. In this setting, the inverter In for each fn has description size
O(log n), and the description size of the hypothesis h̃ constructed above is at most O(m(s) ·
ℓ + K(n) + log n) = O(ℓ) · s (assuming s ≥ log n; otherwise, the minimum hypothesis can be
found by brute-force search). Thus, solving GapO(ℓ)Learn on average over E ∼ Dn reduces to
inverting f = {fn}. If the former is average-case hard, then f is a one-way function.

The converse implication, from one-way functions to the average-case hardness of GapLearn,
follows from the fact that pseudorandom functions can be constructed from any one-way
function [HILL99; GGM86], which implies the average-case hardness of learning even when
arbitrary polynomial-time computable hypotheses are allowed [Val84].
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Organization of This Paper

The remainder of this paper is organized as follows. In Section 3, we review some preliminary
notions for the formal arguments. In Section 4, we introduce Balanced Label-Cover and establish
its NP-hardness as the foundational hardness result for our NP-hardness proof. In Section 5, we
formally define GapDMMSA and present the reduction from Balanced Label-Cover to GapDMMSA,
which completes the proof of Theorem 1.8. In Section 6, we review Hirahara’s reduction [Hir22]
from GapDMMSA to GapLearn, which, along with the reduction in Section 5, completes the proof
of Theorem 1.3. In Section 7, we present the reduction from GapLearn to inverting an auxiliary-
input function and discuss its implications, including the proofs of Theorems 1.5, 1.9 and 1.10. In
Section 8, we mention open problems arising from this work.

3 Preliminaries

All logarithms are base 2 unless stated otherwise. We use ϵ to represent an empty symbol. We
distinguish ϵ from ε and often use ε for a small parameter such as an accuracy error. Let ⟨, ⟩ be a
(standard) pairing function that maps N× N to N.

We use the notation negl to represent some negligible function, i.e., for any polynomial p and
sufficiently large n ∈ N, it holds that negl(n) < 1/p(n). We also use the notation poly to refer to
some polynomial.

For each n ∈ N, let [n] := {1, 2, . . . , n}. For every x, y ∈ {0, 1}∗, let x◦y denote the concatenation
of x and y. For readability, we may omit ◦ from x ◦ y. For each x ∈ {0, 1}n and each i ∈ [n], we let
xi denote the i-th bit of x. For every x ∈ {0, 1}n, let x[k] = x1 ◦ · · · ◦ xk and x[k:k′] = xk ◦ · · · ◦ xk′
for each k ≤ k′ ≤ n.

For a function f : {0, 1}n → {0, 1}m and y ∈ Imf , we define f−1(y) = {x ∈ {0, 1}n : f(x) = y}.
For each p ∈ [0, 1], let Ber(p) be a Bernoulli distribution with parameter p. For any distribution

D, we use the notation x ∼ D to refer to the sampling of x according to D. For any finite set S, we
use the notation x ∼ S to refer to the uniform sampling of x from S. For any distribution D and
k ∈ N, let D⊗k denote the k product distribution whose marginal distribution is identical to D.

In this paper, we assume basic knowledge of probability theory, including the union bound,
Markov’s inequality, Jensen’s inequality, and Hoeffding’s inequality. For an event E where trials
to determine whether E occurs are repeated efficiently, we say that an algorithm M performs the
empirical estimation of the probability that E occurs with accuracy error ε ∈ [0, 1] and confidence
error δ ∈ [0, 1] if M computes a value v with Pr[E] − ε ≤ v ≤ Pr[E] + ε with probability at least
1− δ over trials. By Hoeffding’s inequality, only O(ε−2 log δ−1) are needed for such estimation.

For any distributions D and E , let ∆tv(D, E) denote the total variation distance between D and
E . Let KL(D||E) represent the KL divergence between two distributions D and E .

For every distribution D over {0, 1}∗, every x ∈ {0, 1}∗, and k ∈ N, we use the notation
Nextk(x;D) to refer to the conditional distribution of the k-bit prefix of a subsequent string of x
selected according to D. If x does not match any prefix in the support of D, we regard Nextk(x;D)
as the distribution of the empty symbol.

For every promise problem Π = (Πyes,Πno) and every x ∈ Πyes ∪Πno, we define Π(x) as

Π(x) =

{
1 if x ∈ Πyes

0 if x ∈ Πno.

A family D = {Dn}n∈N of distributions is said to be (polynomial-time) samplable if there exists
a polynomial-time randomized algorithm D (called a sampling algorithm or a sampler for D) such
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that, for each n ∈ N, the distribution of D(1n) is statistically identical to Dn. This definition can
also be extended to a distribution family D = {Dz}z∈{0,1}∗ indexed by binary strings z, where the
polynomial-time sampler takes the binary index z as input to sample from Dz.

We say that a randomized algorithm A solves a promise problem Π on errorless average over
D with failure probability δ ∈ (0, 1) if (1) A outputs Π(x) or ⊥ (which represents “failure”) with
probability at least 3/4 over the choice of randomness for A for every x ∈ Support(D), and (2) the
failure probability that A(x) outputs ⊥ overwhelmingly (i.e., with probability at least 3/4) over the
choice of x ∼ D is bounded above by δ. We say that a distributional problem (Π, {Dn}n∈N) has an
errorless heuristic algorithm A with failure probability δ : N→ (0, 1) if for all n ∈ N, the randomized
algorithm A solves a promise problem Π on errorless average over Dn with failure probability δ(n).
Let AvgδBPP be the class of distributional problems that have an errorless heuristic algorithm with
failure probability δ(n). In this paper, we only consider distributional problems (Π,D) for which D
is samplable.

We define the leaf size of a formula as the total number of literals appearing in the formula. For
ℓ ∈ N, let F[ℓ] denote the set of monotone formulas of leaf size at most ℓ.

3.1 Analysis of Boolean Functions

We review some notions required for the analysis of Boolean functions.

Definition 3.1 (Influence). For each function f : {0, 1}n → R, i ∈ [n], and µ ∈ [0, 1], we define the
(µ-biased) influence of the i-th coordinate on f as

Infµi (f) := Ex1,...,xi−1,xi+1,xn [Varxi [f(x1, . . . , xn)]] ,

where each xj is selected according to Ber(µ).

Definition 3.2 (Noise operator). For n ∈ N and ρ, µ ∈ [0, 1], we define Nµ
ρ as a mapping from

x ∈ {0, 1}n to a distribution of y ∈ {0, 1}n, where each yi is selected as{
yi = xi with probability ρ

yi ∼ Ber(µ) with probability 1− ρ.

We define the µ-biased noise operator Tµ
ρ (with parameter ρ) as the linear operator on f : {0, 1}n →

R defined as
Tµ
ρf(x) := Ey∼Nµ

ρ (x)
[f(y)] .

Lemma 3.3 ([cf. GL22, Lemma 8.4]). For every function f : {0, 1}n → [0, 1], and every µ, η, τ ∈
(0, 1), it holds that ∣∣∣{i ∈ [n] : Infµi (T

µ
1−ηf) ≥ τ}

∣∣∣ ≤ (ητ)−1.

Definition 3.4 ([GL22, Definition 8.1], restated). For ρ, µ ∈ [0, 1], n, k ∈ N, and x ∈ {0, 1}n, we
define a distribution Ñ⊗k

ρ (x) over ({0, 1}n)k as a distribution of (x(1), . . . , x(k)) selected according to

the following procedure: for each i ∈ [n], (i) let bi ∼ Ber(ρ), and (ii) select (x
(1)
i , . . . , x

(k)
i ) as

(x
(1)
i , . . . , x

(k)
i ) =

{
(xi, . . . , xi) if bi = 1

Ber(µ)⊗k if bi = 0
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3.2 Hitters

We will use a useful tool called hitters. For the survey on this subject, refer to [Gol11]. In this
work, we particularly use the pairwise-independent hitter, whose sample complexity m is far from
optimal, but it has pairwise independence which is useful for our purpose.

Lemma 3.5 ([see Gol11, Appendix C.2]). There exists a polynomial-time deterministic algorithm
Hpw satisfying the following for every ℓ, ε−1, δ−1 ∈ N:

• Hpw(r, 1ε
−1
, 1δ

−1
), where r ∈ {0, 1}2ℓ, outputs m := 1/(εδ) strings x1, . . . , xm ∈ {0, 1}ℓ;

• For every S ⊆ {0, 1}ℓ with |S| ≥ ε2ℓ,

Pr
r

[
Hpw(r, 1ε

−1
, 1δ

−1
) produces some xi such that xi ∈ S

]
≥ 1− δ;

• The strings produced by Hpw(r, 1ε
−1
, 1δ

−1
) is pairwise independent, i.e., for each i, j ∈ [m]

with i ̸= j and vi, vj ∈ {0, 1}ℓ,

Pr
r
[xi = vi] = 2−ℓ and Pr

r
[(xi, xj) = (vi, vj)] = 2−2ℓ.

3.3 Cryptography and Secret Sharing

We review some notations in cryptography.

Definition 3.6 (One-way function). A polynomial-time-computable function f = {fn : {0, 1}poly(n) →
{0, 1}poly(n)}n∈N is said to be an infinitely-often one-way function if for every polynomial-time ran-
domized algorithm A, there exist infinitely many n ∈ N such that

Pr
r,A

[fn(A(1
n, fn(r)) = fn(r)] < negl(n),

where r ∼ {0, 1}poly(n) is a random seed.

The parameter n in the definition above is often referred to as a security parameter. For read-
ability, we may omit the subscript n from fn and 1n from the input to adversaries. Note that
our result for constructing an infinitely-often one-way function based on average-case hardness also
extends to the standard one-way function, whose security holds for all sufficiently large security
parameters, assuming average-case hardness on all sufficiently large instance sizes.

Next, we introduce an auxiliary-input variant of one-way functions, introduced by Ostrovsky
and Wigderson [OW93]. Roughly speaking, auxiliary-input primitives are defined as a collection
of candidates for secure primitives indexed by an auxiliary input z ∈ {0, 1}∗ and have a relaxed
security condition that for each adversary A, there exists an auxiliary input zA ∈ {0, 1}∗ depending
on A such that the primitive indexed by zA is secure for A.

We define an auxiliary-input function as a function family f = {fz}z∈{0,1}∗ indexed by binary
strings z. We say that f is polynomial-time computable if each fz(x) is polynomial-time computable
from (z, x).

Definition 3.7 (Auxiliary-input one-way function). A polynomial-time computable auxiliary-input
function f = {fz : {0, 1}poly(|z|) → {0, 1}poly(|z|)}z∈{0,1}∗ is said to be an auxiliary-input one-way
function if for every polynomial-time randomized algorithm A, there exist infinitely many z ∈ {0, 1}∗
such that

Pr
r,A

[fz(A(z, fz(r))) = fz(r)] < negl(|z|),

where r ∼ {0, 1}poly(|z|) is a random seed.
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It is known that the existence of auxiliary-input one-way functions implies the errorless average-
case hardness of NP.

Proposition 3.8 ([HS17; Nan21]). If there exists an auxiliary-input one-way function, then there
exist Π ∈ NP, samplable distribution D, and a polynomial p such that (Π,D) /∈ Avg1/pBPP.

We also review the notion of secret sharing. For each n ∈ N, we define an authorized set A ⊆ [n]
over n parties as any monotone set system over [n], i.e., S ∈ A and S ⊆ T imply T ∈ A. Namely,
every monotone function f : {0, 1}n → {0, 1} induces an authorized set Af as

Af = {S ⊆ [n] : f(χS) = 1},

where χS ∈ {0, 1}n is the characteristic string for S.

Definition 3.9 (Secret sharing). A secret sharing scheme for an authorized set A over n parties
is a pair of a polynomial-time randomized algorithm Share and a polynomial-time deterministic
algorithm Rec such that

• Share takes a bit and then outputs n shares s1, . . . , sn ∈ {0, 1}∗;

• Rec takes n strings and outputs a bit;

• (Completeness) For every b ∈ {0, 1}, every S ∈ A, and every s′1, . . . , s
′
n ∈ {0, 1}∗,

Pr
s1,...,sn

[Rec(s′1, . . . , s
′
n) = b | s′i = si ∀i ∈ S] = 1,

where (s1, . . . , sn)← Share(b);

• (Security) For every randomized function f1, . . . , fn : {0, 1}∗ → {0, 1}∗, every b ∈ {0, 1}, and
every S /∈ A,

Pr
{si},{fi},{s′i}

[Rec(f1(s
′
1), . . . , fm(s′n)) = b] =

1

2
,

where (s1, . . . , sn)← Share(b) and{
s′i = si (w.p. 1) if i ∈ S

s′i ∼ {0, 1}|si| otherwise.

We say that an authorized set A admits secret sharing of total size s if it holds that |s1|+· · ·+|sn| ≤ s
for every bit b and randomness for Share.

We extend the definition above to a collection of monotone formulas. We say that a collection F
of monotone formulas admits secret sharing of total size s if there exist polynomial-time algorithms
Share and Rec such that for every φ ∈ F , (Share(-;φ),Rec(-;φ)) is a secret sharing scheme for the
induced authorized set Aφ of total size at most s.

Theorem 3.10 ([ISN93; BL88]). Any monotone formula of leaf size ℓ admits a secret sharing
scheme for the induced authorized set of total size at most ℓ.

Let Sℓ be the set of monotone formulas that admits a secret sharing scheme for the induced
authorized set of total size at most ℓ. Then, the above shows that Sℓ contains every monotone
formula of leaf size ℓ, i.e., F[ℓ] ⊆ Sℓ.

19



3.4 Algorithmic Information

In this paper, we fix a prefix-free universal Turing machine U arbitrarily. For each t ∈ N and input
Π to U , we let U t(Π) denote the outcome obtained when we execute U on input Π only in t steps.

We define the Kolmogorov complexity as follows.

Definition 3.11 (Kolmogorov complexity). For every t ∈ N and every x, z ∈ {0, 1}∗, we define the
t-time-bounded Kolmogorov complexity of x given z as Kt(x|z) = minΠ∈{0,1}∗{|Π| : U t(Π, z) = x}.
We also define the (time-unbounded) Kolmogorov complexity of x given z as K(x|z) = limt→∞Kt(x|z).
We omit the description “|z” if z is the empty string, i.e., Kt(x) = minΠ∈{0,1}∗{|Π| : U t(Π) = x}.

We also extend the definition above to a finite set S of strings. For S = {s1, . . . , sk} and a string
z, we define K(S|z) = K(⟨s1, . . . , sk⟩|z).

For any k ∈ N and any x, z ∈ {0, 1}∗ with |z| = k|x|, let DPk(x; z) := z◦⟨x, z1⟩F2 ◦· · ·◦⟨x, zk⟩F2 ∈
{0, 1}|z|+k, where z = z1 ◦ · · · ◦ zk, |zi| = |x| for each i, and ⟨,⟩F2 represents the inner product in F2.

We introduce Algorithmic Information Extraction Lemma, presented in [Hir22]. For m strings
f1, . . . , fm ∈ {0, 1}λ and a subset B ⊆ [m], we use the notation fB to refer to ⟨fi1 , . . . , fi|B|⟩, where
B = {i1, . . . , i|B|} (i1 < . . . < i|B|).

Lemma 3.12 (Algorithmic Information Extraction Lemma [Hir22]). For any a, k, ε−1, λ,m ∈ N,
any f1, . . . , fm ∈ {0, 1}λ, and any function D : {0, 1}a × ({0, 1}λk+k)m → {0, 1}, there exists a set
B ⊆ [m] such that

KD(fB) ≤ |B| · (mk + a+O(logmλaε−1)),

and for every α ∈ {0, 1}a,∣∣Pr[D(α,X1, . . . , Xm) = 1]− Pr[D(α,X ′
1, . . . , X

′
m) = 1]

∣∣ ≤ ε.

Here, Xi is a random variable chosen according to DPk(fi; zi) for zi ∼ {0, 1}λk, and X ′
i is a random

variable identical to Xi if i ∈ B; otherwise (i.e., if i ∈ [m] \ B) selected according to the uniform
distribution over {0, 1}λk+k.

We also use the following fact.

Fact 3.13 ([cf. CT06]). There exists a polynomial τ such that for each p ∈ (0, 1/2) and each
x ∈ {0, 1}n with wt(x) ≤ pn,

Kτ(n)(x) ≤ O(H(p)n+ log n) ≤ O(p0.75n+ log n),

where H(·) represents the binary entropy function.

We define the universal probability and computational depth. For every t ∈ N and every string
y, we define the distribution Qt

|y as a distribution of U t(Π, y) for Π ∼ {0, 1}t. When y = ϵ, we omit

the subscript “|y”.
For every t ∈ N and every string x, y ∈ {0, 1}∗,

qt(x|y) = − log Pr
Π∼{0,1}t

[
U t(Π, y) = x

]
.

For every t ∈ N and x ∈ {0, 1}∗, the t-time-bounded computational depth cdy(x|y) of x given
yis defined as

cdt(x|y) := qt(x|y)−K(x|y).
The following well-known fact shows that the t-time-bounded computational depth of a sample

drawn from D is logarithmically small with high probability when t is sufficiently larger than the
time complexity required to sample from D.
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Lemma 3.14 ([cf. HN23]). For every samplable distribution D = {Dz}z∈{0,1}∗, for any large enough
polynomial τ , it holds that for every z ∈ {0, 1}∗, every i ∈ N, and every t ≥ τ(|z|),

Pr
x∼Dz

[cdt(x[i]|z) ≤ 2 log t] ≥ 1− 1

t
.

We derive the following lemma from the above.

Lemma 3.15. For every samplable distribution D = {Dz}z∈{0,1}∗, every polynomial p, for any large
enough polynomial τ , for every long enough z ∈ {0, 1}∗, every i ∈ N, every t ≥ τ(|z|), and every
event E determined by x ∼ Dz such that Prx[E] ≥ 1/p(|z|), it holds that

Ex∼Dz [cd
t(x[i]|z)|E] ≤ 5 log t.

Proof. We select a large enough polynomial τ such that it satisfies the conditions in Lemma 3.14.
We also assume that τ(z) is larger enough than the time bound for sampling according to Dz, and
for each x ∈ Support(Dz), it holds that cd

t(x[i]|z) ≤ |x|+O(1) ≤ t (for each i and each t ≥ τ(|z|)).
Further, we assume that t ≥ p(|z|) for each t ≥ τ(|z|). We use Lemma 3.14 and obtain that

Pr
x∼Dz

[E ∧ cdt(x[i]|z) > 4 log t] ≤ Pr
x∼Dz

[cdt(x[i]|z) > 4 log t] ≤ t−2.

Thus,

Pr
x∼Dz

[cdt(x[i]|z) > 4 log t|E] ≤ 1

t2 Pr[E]
≤ p(|z|)

t2
≤ t,

and

Ex∼Dz [cd
t(x[i]|z)|E] ≤ 1 · (4 log t) + t

t
≤ 5 log t.

3.5 Sampling with Advice

We consider the notion of the advice complexity of sampling as a parameter of problems.

Definition 3.16 (Advice complexity of sampling). A distribution D over {0, 1}n is said to be
samplable with advice complexity ℓ if there exists a function α : {0, 1}2cn → {0, 1}ℓ such that D
is statistically identical to the distribution generated by U(α(r), r, n) for r ∼ {0, 1}2cn conditioned

on the event that U(α(r), r, n) ̸= ⊥, and the probability that U(α(r), r, n) ̸= ⊥ is at least 1 − 2−2ℓ,
where c := 100.

The equivalence to the definition presented in the introduction is discussed in Appendix C.

4 Balanced Label Cover

In this section, we introduce the problem Balanced-Label-Cover and show the NP-hardness from
the PCP theorem developed in [MR10]. This is the source of our NP hardness result for DMMSA.

First, we introduce the original problem of Label-Cover.

Definition 4.1 (Label-Cover). An instance of LABEL-COVER is composed of a bipartite multi-
graph G = (VL, VR, E) and two finite alphabet sets ΣL and ΣR, where |ΣL| ≥ |ΣR|. Every vertex in
VL is supposed to get a label in ΣL, and every vertex in VR is supposed to get a label in ΣR. For
each edge e ∈ E, there is a constraint defined as a partial function πe : ΣL → ΣR.
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Given a labeling to the vertices of the graph, i.e., functions αL : VL → ΣL and αR : VR → ΣR,
an edge e = (v, w) ∈ E is said to be satisfied if πe(αL(v)) = αR(w) (note that the constraint is
unsatisfied if πe(αL(v)) is undefined).

The goal is to find a labeling that maximizes the number of satisfied edges. We say that γ fraction
of the edges are satisfiable if there exists a labeling that satisfies γ fraction of the edges.

For each left vertex e ∈ E, we use the notation ΣL|e to represent

ΣL|e := {a ∈ ΣL : πe(a) is defined}.

We may call a ∈ ΣL valid on e if a ∈ ΣL|e. Note that two edges e and e′ that share the left
vertex may have different valid alphabets, i.e., ΣL|e ̸= ΣL|e′ . For convenience, we regard the partial
constraint function πe : ΣL → ΣR as the total constraint function πe : ΣL|e → ΣR.

Next, we introduced the following additional structure on LABEL-COVER instances. This is a
key in our reduction to DMMSA.

Definition 4.2 (Balanced). For finite sets S, T , we say that a function π : S → T is balanced if
|π−1(a)| = |π−1(b)| = |S|/|T | for every a, b ∈ T . Moreover, we say that a partial function π : S → T
is balanced if it is balanced when regarded as a total function whose domain is the set on which π is
defined.

Definition 4.3 (Balanced Label-Cover). A Balanced-LABEL-COVER instance is the same as that
of LABEL-COVER with the following additional properties: let G = (VL, VR, E) be a constraint
graph, let ΣL,ΣR be alphabet sets, and let {πe}e∈E be constraints. Then,

1. |ΣL|e| = |ΣL|e′ | for any e, e′ ∈ E;

2. πe : ΣL|e → ΣR is balanced for any e ∈ E.

We will show that the NP-hardness of approximation for Balanced-LABEL-COVER. The proof
is based on the query reduction technique developed in [MR10] with additional observations on
their bipartite Locally Decode/Reject Codes (LDRCs). Moreover, we can assume that the fraction
of left vertices is larger enough than right vertices by the simple transformation shown below. The
lemma is stated as follows.

Lemma 4.4. For every ε : N→ (0, 1] with ε(n) ≥ 1/(log log log n)O(1), there exists a reduction from
solving 3-SAT of instance size n to distinguishing the following two cases where (i) a given Balanced-
LABEL-COVER instance is completely satisfiable or (ii) at most ε(n) of its edges are satisfiable
under the promise that the label cover instance has a constraint bipartite graph G = (VL, VR, E) and
alphabet set (ΣL,ΣR) and satisfies

• |VL|+ |VR| = poly(n);

• G is biregular;

• |ΣL| = o(log n) and |ΣR| = o(log log n);

• |VL|
|VL|+|VR| ≥ 1− 1

1+|ΣL|e|/|ΣR| for every e ∈ E (in fact, |ΣL|e| does not depend on e).

The proof will be given in Section 4.1.
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4.1 NP-hardness of Balanced-Label-Cover

First, we introduce some notions required for the proof of the NP-hardness.

Theorem 4.5 ([cf. H̊as01, Theorem 2.24]). There exists a constant ε > 0 such that it is NP-hard
to distinguish, for a given 3-SAT instance satisfying

• each clause contains exactly three distinct variables as literals;

• each variable appears in clauses exactly five times,

the following two cases: (i) the given instance is satisfiable and (ii) at most 1− ε fraction of clauses
in the given instance is satisfiable.

We also review bipartite LDRCs.

Definition 4.6 ((Edge Reading) Bipartite LDRC [MR10]). Let

⟨x1,1, . . . , x1,k⟩, . . . , ⟨xN,1, . . . , xN,k⟩ ∈ [n]k

be a list of k-tuples. A (Edge Reading) Bipartite LDRC for the k-tuples is

G = ((A,B,E),ΣA,ΣB, {πe}e∈E , {validv}v∈A, {τe}e∈E , {ρe}e∈E),

where

• G := (A,B,E) is a reguler bipartite graph;

• G′ := (G,ΣA,ΣB, {π′
e}e∈E) is an instance of LABEL-COVER, where for each e = (v, w) ∈ E,

π′
e(a) = πe(a) if valid(a) = 1; otherwise (i.e., valid(a) = 0), π′

e(a) is undefined;

• every edge e ∈ E carries a k-tuple τe ∈ [n]k from the list and an evaluation function ρe : ΣA →
{0, 1}k;

• for each j ∈ [N ], the tuple ⟨xj,1, . . . , xj,k⟩ appears on the same number of edges.

Given labeling f : A→ ΣA and g : B → ΣB to the vertices (A,B), an edge e is said to be “satisfied”
if it is satisfied in G′. For a massage x ∈ {0, 1}n, the edge e = (a, b) is said to “decode” x if
ρe(f(a)) = (xi1 , . . . , xik), where τe = (i1, . . . , ik).

Let δ0 ∈ (0, 1), and let L : (0, 1) → R≥0 be a decreasing function. The LDRC is said to be
(δ0, L)-bipartite LDRC if it satisfies the following conditions:

• (Completeness) For every x ∈ {0, 1}n, one can efficiently compute assignments f : A → ΣA

and g : B → ΣB such that all edges are satisfied and decode x.

• (Soundness) For every right assignment g : B → ΣB, every δ ∈ [δ0, 1), there exists l ≤ L(δ)
messages x1, . . . , xl ∈ {0, 1}n such that the following holds for any left assignment f : A→ ΣA:
when picking uniformly at random an edge e ∈ E, the probability that e is satisfied but does
not encode any one of x1, . . . , xl is at most O(δ).

Theorem 4.7 ([MR10, Theorem 14]). There exists a constant α ∈ (0, 1/2) such that the following
holds: Let k := k(n) ≤ (log n)α, let ε := ε(n) with (log n)−α ≤ ε < 1. Then, there is an efficient
algorithm that given a collection of size N of distinct k-tuples from a set [n], outputs a (ε, L(δ) =
δ−O(1))-bipartite LDRC for these tuples. Moreover, its size is (N + n) · no(1), the alphabets satisfy
log |ΣA| ≤ k · poly(1/ε) and log |ΣB| ≤ log(1/ε), the degree of the A (i.e., left) vertices is ε−O(k),
and the degree of the B (i.e., right) vertices is ε−O(1).
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We can further observe the additional property for the construction of bipartite LCRC proposed
in [MR10].

Lemma 4.8. Let G = ((A,B,E),ΣA,ΣB, {πe}e∈E , {validv}v∈A, {τe}e∈E , {ρe}e∈E) be the constructed
bipartite LDRC as in Theorem 4.7. Then, for every e = (v, w) ∈ E, every massage x ∈ {0, 1}n, and
every b ∈ ΣB, the number of a ∈ ΣA such that (a, b) satisfies e (i.e., validv(a) = 1 and πe(a) = b)
and make e decode x (i.e., ρe(a) = (xi1 . . . , xik), where τe = (i1, . . . , ik)) is the same (regardless of
e, x, and b).

We observe the lemma above in Appendix A. Now, we show the NP-hardness of Balanced -
LABEL-COVER based on the query reduction technique presented in [MR10].

Proof of Lemma 4.4. Let ε : N→ (0, 1] be an arbitrary function satisfying ε(n) ≥ 1/(log log log n)O(1).
Let L(·) be the function in Theorem 4.7 when it is applied for k(n) = (log log log n)log log logn and
ε(n). We define δ0(n) := ε(n)/L(ε(n)) ≥ poly(ε(n)) ≥ 1/(log log log n)O(1).

By Theorem 4.5, we can map a 3-SAT instance ϕ of instance size n to another 3-SAT instance
φ := φϕ = (C1, . . . , Cm), where each Ci represents a clause on exact 3 distinct variables, each
variable appears in clauses exactly 5 times, and the instance size is polynomially bounded in n.
Without loss of generality, we assume m ≥ log n; otherwise, P = NP and we can construct a trivial
reduction that solves the given instance and maps it to a canonical instance according to the answer.
Let ε0 be the constant in Theorem 4.5, i.e., if the original instance is unsatisfiable, then for every
assignment a to φ, at least ε0-fraction of clauses are unsatisfied by a.

We invokes the pairwise-independent hitter Hpw on ℓ = logm, ε0, and δ0(n)/2 and construct
a new PCP system as follows: Its proof is an assignment a to φ. The PCP verifier V uses a
2ℓ = O(log n)-bit random string r to obtain i1, . . . , iq ∈ {0, 1}ℓ from Hpw(r, 1ε

−1
0 , 12δ0(n)

−1
). Let us

identify each ij as the corresponding index in [m] (recall that ℓ = logm). Then, V locally checks
whether a satisfies{

Ci1 ∧ · · · ∧ Ciq if all of variables in Ci1 , . . . , Ciq are distinct

Ck1 ∧ · · · ∧ Ckq otherwise

by querying 3q points on a, where k1, . . . , kq ∈ [m] are arbitrarily chosen indices so that all of
variables in Ck1 , . . . , Ckq are distinct. Namely, all constraints in the new PCP system perform 3-
CNF formula of q clauses over 3q distinct variables, and thus, the number of assignment satisfying
each CNF-constraint is the same. We further claim that this is the 3q-query PCP system for 3-SAT
as follows:

Claim 4.9. If the given 3-SAT instance ϕ is satisfiable, then there exists a proof that V accepts
with probability 1. By contrast, if ϕ is unsatisfiable, then V rejects any proof with probability at least
1− δ0(n).

We defer the proof of Claim 4.9 and continue the proof.
For each random string r ∈ {0, 1}2ℓ to V , let ir1, . . . , i

r
3q ∈ [m] be the query points. We assume

that k(n) ≥ 3q(n) since q(n) = 1/ε−1
0 δ0(n)

−1 = (log log log n)O(1) and k(n) = (log log log n)ω(1). We
construct a (ε, L)-bipartite LDRC of Theorem 4.7 and Lemma 4.8 for the list {ir1, . . . , ir3q}r∈{0,1}2ℓ
of k(n)-tuples, where we add k(n)− 3q(n) distinct indices different from {ir1, . . . , ir3q}. Let

G = ((A,B,E),ΣA,ΣB, {πe}e∈E , {validv}v∈A, {τe}e∈E , {ρe}e∈E)

be the constructed bipartite LDRC. By Theorem 4.7, we have

O(|ΣA|) = O(2kpoly(ε(n)
−1)) = 2(log log logn)

O(log log logn)
= 2o(log logn) = o(log n).
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We construct a LABEL-COVER instance G′ as

G′ =
(
(A,B,E),ΣA,ΣB, {π′

e}e∈E
)
,

where, for each e = (v, w) ∈ E, we define the partial function π′
e : ΣA → ΣB so that the domain

ΣA|e of π′
e is

ΣA|e := {a ∈ ΣA : validv(a) = 1 and ρe(a) is verified by V on randomness r},

where r is a random string such that τe = (ir1, . . . , i
r
3q), and π′

e(a) = πe(a) for each a ∈ ΣA|e.
Note that (A,B,E) is biregular by Definition 4.6 and Theorem 4.7. In addition, we can observe

that G′ is balanced (i.e., G′ is an instance of Balanced-LABEL-COVER) as follows: Since the number
of assignment satisfying each CNF-constraint of φ is the same, the number of accepted massages
decoded by each ρe is the same. By Lemma 4.8, for each edge e, each assignment α satisfying a
CNF-constraint, and each b ∈ ΣB, the number of A-alphabets a that satisfy π′

e and ρe(a) = α is
the same. Thus, all the constraints are balanced. Furthermore, ΣA|e = ΣA|e′ for any pair (e, e′) of
edges; otherwise, there must exist two messages that violate Lemma 4.8.

We define k := k(n) as the minimum value satisfying

k · |A| ≥
(
1 +
|ΣA|
|ΣB|

)
· |B|.

Note that k(n) = O(|ΣA||B|) ≤ poly(n). Moreover, it is easy to observe that

k|A| −
(
1− 1

1 + |ΣA|/|ΣB|

)
k|A| = 1

1 + |ΣA|/|ΣB|
· k|A|

≥ |B|

≥
(
1− 1

1 + |ΣA|/|ΣB|

)
|B|.

Thus, for each e ∈ E,

k|A|
k|A|+ |B|

≥ 1− 1

1 + |ΣA|/|ΣB|
≥ 1− 1

1 + |ΣA|e|/|ΣB|
.

Finally, we construct the Balanced-LABEL-COVER instance G′′ satisfying the properties of
Lemma 4.4 by duplicating the left vertices of G′. In particular, we copy A vertices k times as
A(1), . . . , A(k), and copy the edge set E as E(1), . . . , E(k), where (a(i), b) ∈ E(i) iff (a, b) ∈ E for each
i, a(i) ∈ A(i) copied from a ∈ A, and b ∈ B. Let A′′ = ∪iA(i) and E′′ = ∪iE(i). We also copy the
constraints {π′

e}e∈E in the same manner and obtain {π′′
e}e∈E′′ . Then we construct G′ as

G′ =
(
(A′′, B,E′′),ΣA,ΣB, {π′′

e}e∈E′′
)
.

Now we verify each property.
Completeness. If the original instance ϕ is satisfiable, then so is φ by Claim 4.9. In this case,

by following the assignment for the bipartite LDRC that encodes the satisfying assignment to φ, it
is easy to observe that all constraints are satisfied by the completeness of the bipartite LDRC.

Soundness. We verify the soundness for G′, i.e., there is no assignment to A and B that satisfies
greater than Cε(n)-fraction of edge constraints in G′ for some absolute constant C. This implies
the same soundness for G′′ because if there exists such an assignments to A′′ = ∪iA(i) and B, then
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it must satisfy greater than Cε(n)-fraction of edge constraints in (A(i), B,E(i)) for some i, which is
identical to G′.

We observe the soundness for G′, which follows from the same argument as the proof of [MR10,
Theorem 15]. Suppose that the original instance ϕ is unsatisfiable. Then, the PCP verifier V accept
any proof (i.e., the assignment to φ) with probability at most δ0(n) = ε(n)/L(ε(n)) by Claim 4.9.
Consider arbitrary assignments to A and B. By the soundness of the bipartite LDRC G, there exists
at most l ≤ L(ε(n)) proofs π1, . . . , πl such that the probability that the edge e ∈ E is satisfied in
G, but does not decode any of π1, . . . , πl, is at most O(ε(n)). Notice that each proof πi can satisfy
at most ε(n)/L(ε(n))-fraction of constraints in the PCP system. Thus, the fraction of constraints
(of the PCP system) satisfied by some proof in π1, . . . , πl is at most L(ε(n)) · ε(n)/L(ε(n)) = ε(n).
Therefore, the fraction of the constraints in G′ is at most O(ε(n))+ε(n) ≤ C ·ε(n) for some absolute
constant C.

Balanced constraints. It holds since all constraint functions in G′ are balanced, and G′′ is
constructed just by duplicating vertices and constraints of G′.

The first item. It is verified as follows:

|A′′|+ |B| ≤ k(n) · (|A|+ |B|) ≤ poly(n) · (22ℓ +m) ·mo(1) ≤ poly(n).

The second item. (A′′, B,E′′) is biregular since (A,B,E) is biregular.
The third item. We have already shown that |ΣA| = o(log n). By Theorem 4.7, we also have

|ΣB| ≤ 1/ε(n) = o(log log n).

The fourth item. For every e ∈ E′′,

|A′′|
|A′′|+ |B|

=
k|A|

k|A|+ |B|
≥ 1− 1

1 + |ΣA|e|/|ΣB|
.

We complete the proof by showing Claim 4.9.

Proof of Claim 4.9. It is easy to verify the completeness since φ := φϕ is satisfiable when ϕ is
satisfiable. Thus, it suffices to show the soundness.

Suppose that ϕ is unsatisfiable. Fix an assignment a to φ arbitrarily. Then, there exists a
subset Sa of m clauses in φ such that |Sa| ≥ ε0 ·m and C(a) = 0 (i.e., unsatisfied) for all C ∈ Sa.
Recall that the PCP verifier V uses its randomness r to select q indices i1, . . . , iq ∈ [m] according to

Hpw(r, 1ε
−1
0 , 12δ0(n)

−1
) and checks whether Ci1 ∧ · · · ∧ Ciq is satisfied if no variable is shared among

Ci1 , . . . , Ciq . Namely it suffices to show that

Pr
r

[
all variables in Ci1 ∧ · · · ∧ Ciq are distinct ∧ ∃j ∈ [q] s.t. Cij ∈ Sa

]
≥ 1− δ0(n),

where (i1, . . . , iq)← Hpw(r, 1ε
−1
0 , 12δ0(n)

−1
). Let E denote the event above.

By the property of the hitter and the fact that |Sa| ≥ ε0 ·m, it holds that

Pr
r

[
∀j ∈ [q] Cij /∈ Sa

]
≤ δ0(n)/2.

In addition, by the pairwise independence of Hpw, we have

Pr
r

[
∃j, j′ ∈ [q] s.t. j ̸= j′ and Cij and Cij′ share a variable

]
≤ q2 · Pr

i,i′∼[m]
[Ci and Ci′ share a variable]

≤ q2 · 3
2

m
≤ q2 · 9

log n
≤ (2ε0δ0(n))

−2 9

log n
≤ (log log log n)O(1)

log n
= o

(
1

log log n

)
,
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where the first inequality follows from the union bound and the pairwise independence, and the
second inequality holds by the union bound (over the 32 pairs of variables in Ci and Ci′) and
Theorem 4.5, i.e., the fact that all the variable appear in the exactly same number of clauses in φ.

Thus, for all large enough n ∈ N,

Pr
r

[
∃j, j′ ∈ [q] s.t. j ̸= j′ and Cij and Cij′ share a variable

]
≤ δ0(n)/2,

and by the union bound,
Pr[¬E] ≤ δ0(n)/2 + δ0(n)/2 = δ0(n).

Thus, we obtain that Pr[E] ≥ 1− δ0(n), which completes the proof. ⋄

5 NP-Hardness of Distributional Minimum Monotone Satisfying
Assignment

In this section, we show the NP-hardness of DMMSA and Theorem 1.8.

5.1 Distributional Minimum Monotone Satisfying Assignment

First, we formally introduce the Distributional Minimum Monotone Satisfying Assignment problem.

Definition 5.1 (Distributional Minimum Monotone Satisfying Assignment). Let C be a set of
monotone formulas. An instance of Distributional Minimum Monotone Satisfying Assignment for
C (C-DMMSA) over n variables has a pair of a distribution D of monotone formulas in C over
variables X = {x1, . . . , xn} and a weight function w : X → [0, 1] with

∑
x∈X w(x) = 1.

For a C-DMMSA instance D over n variables and threshold τ ∈ [0, 1], we define the τ -value
valτ (D) ∈ [0, 1] of D as

valτ (D) := min

{
a ∈ [0, 1] : ∃α ∈ {0, 1}n s.t. w(α) = a and Pr

φ∼D
[φ(α) = 1] ≥ τ

}
,

where
w(α) =

∑
i:αi=1

w(xi).

For τY , τN ∈ [0, 1] and σ, l ∈ N, we define the promise problem GapτY ,τN
σ C-DMMSA as the

following promise problem (ΠY ,ΠN ):

ΠY = {(D, w, 1n, s) : val1−τY (D) ≤ s}
ΠN = {(D, w, 1n, s) : valτN (D) > σ · s},

where n, s ∈ N and (D, w) is a C-DMMSA instance over n variables.
We also define the problem above when τY , τN , σ are specified as functions in the same manner.

In this paper, we always assume the weight function w satisfies w(x) ≥ 1/poly(n), where n is
the number of variables, for each x ∈ X, and w is represented in polynomial size in n.

The main theorem in this section is stated as follows.

Theorem 5.2. There exist functions ℓ := ℓ(n) = ω(1) and γ := γ(n) = o(1) such that solving 3SAT

of size n is reducible to Gap
negl(ℓ),γ
ℓ/polylogℓF[ℓ]-DMMSA via a polynomial-time deterministic reduction.
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Recall that F[ℓ] is the class of monotone formulas of leaf size at most ℓ. This immediately implies
Theorem 1.8 because of the following simple proposition.

Proposition 5.3. Gapε,γσ C-DMMSA is reducible to Gap
ε+1/p(m),γ+1/p(m)
σ C-CMMSA for every class

C of monotone formulas and every polynomial p via BPP-reduction, where m is the size of the
original instance.

Proof. Let (D, w, 1n, s) be an arbitrary instance of Gapε,γσ C-DMMSA. The BPP-reduction just se-
lects m = Θ(p(m)2 ·n) monotone formulas according to D. Let C be a collection of the selected for-

mulas. Then, we claim that (C,w, 1n, s) is an yes (resp. no) instance of Gap
ε+1/p(n),γ+1/p(n)
σ C-CMMSA

with probability at least 2/3 over the choice of C.
By the Hoeffding’s inequality, for every assignment α,∣∣∣∣ Prφ∼C

[φ(α) = 1]− Pr
φ∼D

[φ(α) = 1]

∣∣∣∣ ≤ 1/p(m).

with probability at least 1− 1/(3 · 2n) over the choice of C.
Thus, if the original instance is yes instance, then there exists an assignment such that w(α) ≤ s

and
Pr
φ∼C

[φ(α) = 1] ≥ 1− ε− 1/p(n)

with probability at least 1 − 1/(3 · 2n) ≥ 2/3. If the original instance is no instance, then by the
union bound, there is no satisfying assignment such that

Pr
φ∼C

[φ(α) = 1] ≤ γ + 1/p(n)

with probability at least 1− 2n/(3 · 2n) = 2/3.

5.2 Block ∨-Noise Operator

In this section, we introduce some additional notions on the analysis of Boolean functions for the
proof of Theorem 5.2.

Definition 5.4 (Block ∨-noise operator). For n ∈ N, let P = (S1, . . . , Sm) be a disjoint set system
of [n], i.e., Si ⊆ [n] and Si ∩ Sj = ∅ for every i, j ∈ [m] with i ̸= j. For ρ, µ ∈ [0, 1], we define

∨-NP,µ
ρ as a mapping from x ∈ {0, 1}n to a distribution over {0, 1}n sampled according to the

following procedure: (i) select bj ∼ Ber(ρ) for each j ∈ [m], (ii) sample y ∈ {0, 1}n, where each yi
is selected as 

yi = xi if i ∈ Sj and bj = 1

yi ∼ Ber(µ′
j) if i ∈ Sj and bj = 0

0 otherwise (i.e., i /∈ ∪jSj),

where µ′
j := 1− (1− µ)1/|Sj |, i.e., 1− (1− µ′

j)
|Sj | = µ.

We define the µ-biased block ∨-noise operator ∨-TP,µ
ρ (with parameter ρ) as the linear operator

on f : {0, 1}m → R defined as

∨-TP,µ
ρ f(x) := E

y∼∨-NP,µ
ρ (x)

[f(y)] .

Any partial function π : [n]→ [m], where n,m ∈ N, determines a set system (π−1(1), . . . , π−1(m))
over [n], and we abuse the notation π−1 to represent the set system induced by π. Note that π−1

is disjoint whenever π is surjective.
We introduce a notation ∨ · π.
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Definition 5.5. For any n,m ∈ N, any string x ∈ {0, 1}n, and any partial function π : [n]→ [m],
we define ∨ · π : {0, 1}n → {0, 1}m as the mapping defined as for each x ∈ {0, 1}n and each j ∈ [m],

∨ · π(x)j :=
∨

i∈π−1(j)

xi.

The following proposition is derived immediately from the definitions.

Proposition 5.6. For n,m ∈ N, a partial and surjective function π : [n] → [m], and τ, ρ ∈ [0, 1],

it holds that the distribution of ∨ · π(∨-Nπ−1,µ
ρ (x)) is statistically equivalent to Nµ

ρ(∨ · π(x)) for all
x ∈ {0, 1}n.

Proof. In both cases where (i) y ∼ ∨ · π(∨-Nπ−1,µ
ρ (x)) and (ii) y ∼ Nµ

ρ(∨ · π(x)), it is easily checked
that the probability that yi = 1 is exactly{

ρ+ (1− ρ)µ if ∨ · π(x)i = 1

(1− ρ)µ if ∨ · π(x)i = 0

for each i ∈ [m].

Now we show the following key lemma.

Lemma 5.7. For every n,m ∈ N with n > m, every partial function π : [n] → [m], every ρ, µ ∈
[0, 1], every function f : {0, 1}m → R, and every i ∈ [n] in the domain of π, if π is balanced, then

Infµ
′

i

(
∨-Tπ−1,µ

ρ (f ◦ (∨ · π))
)
≤ Infµπ(i)

(
Tµ
ρ(f)

)
,

where µ′ := 1− (1− µ)m
′/n, i.e., 1− (1− µ′)n/m

′
= µ for m′ := |{i ∈ [n] : π(i) is defined}|.

Proof. For readability, we may omit the subscript and superscript from ∨-Tπ−1,µ
ρ ,Tµ

ρ ,∨-Nπ−1,µ
ρ , and

Nµ
ρ below.
For each j ∈ [n], let xj be a random variable selected according to Ber(µ′). Let x = x1 ◦ · · · ◦ xn

and x[n]\i = (x1, . . . , xi−1, xi+1, . . . , xn). Then, we have that

Infµ
′

i

(
∨-Tπ−1,µ

ρ (f ◦ (∨ · π))
)
= Ex[n]\i

[
Exi

[
∨-T (f ◦ (∨ · π)) (x)2

]
− (Exi [∨-T (f ◦ (∨ · π)) (x)])2

]
= Ex

[(
Ex̄∼∨-N(x) [f(∨ · π(x̄))]

)2]− Ex[n]\i

[(
ExiEx̄∼∨-N(x) [f(∨ · π(x̄))]

)2]
≤ Ex

[
Ex̄∼∨-N(x)

[
f(∨ · π(x̄))2

]]
− Ex[n]\i

[(
ExiEx̄∼∨-N(x) [f(∨ · π(x̄))]

)2]
= Ex

[
f(∨ · π(x))2

]
− Ex[n]\i

[(
ExiEx̄∼∨-N(x) [f(∨ · π(x̄))]

)2]
,

where the inequality follows from Jensen’s inequality.
For each j ∈ [m], let yj be a random variable selected according to Ber(µ). Let y = y1 ◦ · · · ◦ yn

and y[m]\π(i) = (y1, . . . , yπ(i)−1, yπ(i)+1, . . . , ym). Then, we have that

Infµπ(i)
(
Tµ
ρ(f)

)
= Ey[m]\π(i)

[
Eyπ(i)

[
T (f) (y)2

]
−
(
Eyπ(i)

[T (f) (y)]
)2]

= Ey

[
Eȳ∼N(y)

[
f(ȳ)2

]]
− Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [T (f) (ȳ)]
)2]

= Ey

[
f(y)2

]
− Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [f(ȳ)]
)2]

.
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Since 1− (1− µ′)n/m
′
= µ, it holds that Prx[(∨ · π(x))j = 1] = µ for each j ∈ [m]. Thus,

Ex

[
f(∨ · π(x))2

]
= Ey

[
f(y)2

]
.

Therefore,

Infµπ(i)
(
Tµ
ρ(f)

)
− Infµ

′

i

(
∨-Tπ−1,µ

ρ (f ◦ (∨ · π))
)

≥ Ex[n]\i

[(
ExiEx̄∼∨-N(x) [f(∨ · π(x̄))]

)2]− Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [f(ȳ)]
)2]

= Ex[n]\i

[(
ExiEȳ∼N(∨·π(x)) [f(ȳ)]

)2]− Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [f(ȳ)]
)2]

,

where the last equality follows from Proposition 5.6.
Namely, it suffices to show that

Ex[n]\i

[(
ExiEȳ∼N(∨·π(x)) [f(ȳ)]

)2] ≥ Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [T (f) (ȳ)]
)2]

.

We introduce some notations. Without loss of generality, we assume that π(i) = m. Let
{i, i1, . . . , ik−1} = π−1(m), where k = n/m′ since π is balanced. Let xπ−1(m)\i = (xi1 , . . . , xik−1

).
Then, the expression above is observed as follows:

Ex[n]\i

[(
ExiEȳ∼N(∨·π(x)) [f(ȳ)]

)2]
= Ey[m]\π(i),xπ−1(m)\i

[(
ExiEȳ∼N

(
y[m]\π(i)◦

(
xi∨xi1

∨···∨xik−1

)) [f(ȳ)]
)2
]

≥ Ey[m]\π(i)

[(
Exπ−1(m)\i

ExiEȳ∼N
(
y[m]\π(i)◦

(
xi∨xi1

∨···∨xik−1

)) [f(ȳ)]
)2
]

= Ey[m]\π(i)

[(
Eyπ(i)

Eȳ∼N(y) [f(ȳ)]
)2]

,

where the inequality holds since E[X2] ≥ E[X]2 for any random variable X.

5.3 Proof of Theorem 5.2

We present the reduction from 3SAT to GapDMMSA and show Theorem 5.2. Let n be the in-
stance size of the original SAT instance. We first apply the reduction in Lemma 4.4 and ob-
tain a BALANCED-LABEL-COVER instance satisfying the conditions of the lemma. Let G =
(VL, VR, E), (ΣL,ΣR), and {πe}e∈E be a constraint biregular graph, alphabet sets, and (balanced)
constraints, respectively.

Now, we describe the DMMSA instance D, where we use the following parameters:

• k(n) = ω(1): a sufficiently small super constant we specify later.

• σ = |ΣL|e|/|ΣR| for e ∈ E (note that σ does not depend on the choice of e).

• µL = 1/(2k(n)): a bias parameter for left codes.

• µR = 1− (1− µL)
σ: a bias parameter for right codes.

• d = (log k(n))2: a duplicate parameter.

• ρ = 1/(d3 log(4d)): a correlation parameter.
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• τ = 1/(2d): a noise parameter.

The set of binary variables is

X = {xv,S}v∈VL,S∈{0,1}|ΣL| ∪ {yw,T }w∈VR,T∈{0,1}|ΣR| ,

and the weight function w is defined as

w(z) =

{
1

|VL|+|VR| · µ
wt(S)
L (1− µL)

|ΣL|−wt(S) if z = xv,S
1

|VL|+|VR| · µ
wt(T )
R (1− µR)

|ΣR|−wt(T ) if z = yw,T .

Then, it is easily verified that∑
z∈X

w(z) =
∑
v∈VL

∑
S∈{0,1}|ΣL|

1

|VL|+ |VR|
· µwt(S)

L (1− µL)
|ΣL|−wt(S)

+
∑
w∈VR

∑
T∈{0,1}|ΣR|

1

|VL|+ |VR|
· µwt(T )

R (1− µR)
|ΣR|−wt(T )

=
∑
v∈VL

1

|VL|+ |VR|
+
∑
v∈VR

1

|VL|+ |VR|
= 1.

Below we may regard S ∈ {0, 1}|ΣL| (resp. T ∈ {0, 1}|ΣR|) as a subset S ⊆ ΣL (resp. T ⊆ ΣR)
interchangeably.

Procedure 1: a DMMSA instance D over X
Output: a DNF formula φ over X
Let M := 2µ−1

L ρ−1 log2 k(n);
Select e = (v, w) ∼ E;
Initialize φ as an empty formula;
repeat the following M times

Select S ∈ {0, 1}|ΣL| according to µ
⊗|ΣL|
L ;

Select (T1, . . . , Td−1) ∈ ({0, 1}|ΣL|)d−1 according to Ñ
⊗(d−1)
ρ (S);

Add noise as S̄ ∼ NµL
1−τ (S) and T ′

i ∼ ∨-N
π−1
e ,µR

1−τ (Ti) for each i ∈ [d− 1];

Let T̄i = ∨ · πe(T ′
i ) ∈ {0, 1}|ΣR| for each i ∈ [d− 1];

Update φ := φ ∨ (xv,S̄ ∧ yw,T̄1
∧ · · · ∧ yw,T̄d−1

);

end;
return φ;

It is not hard to verify that the leaf size ℓ(n) of D is at most

ℓ(n) ≤M · d = 2µ−1
L ρ−1d · log2 k(n) = k(n) · polylogk(n).

We prove the completeness and soundness, which are stated as the following lemmas.

Lemma 5.8. If the Balanced-LABEL-COVER instance is satisfiable with the promise in Lemma 4.4,
then val

2−(log k(n))2 (D) ≤ 1/k(n).

Lemma 5.9. Let γ = 1/ log k(n), and let ε(n) = o(1) be the function in Lemma 4.4. If val3γ(D) ≤
γ/8 and k(n) is a small enough super-constant function, then at least ε(n) of edges of the Balanced-
LABEL-COVER instance are satisfiable under the promise in Lemma 4.4.

31



Theorem 5.2 is immediately derived from Lemmas 4.4, 5.8 and 5.9. Now, we prove Lemmas 5.8
and 5.9 to complete the proof.

Proof of Lemma 5.8. Since the Balanced-LABEL-COVER instance is satisfiable, there exists an
assignment αL : VL → ΣL and αR : VR → ΣR such that for all e = (u, v) ∈ E, it holds that
πe(αL(v)) = αR(w). For each v ∈ VL (resp. w ∈ VR), let αv := αL(v) (resp. αw := αR(w)).

Recall that the instance of Lemma 4.4 satisfies

|VL|
|VL|+ |VR|

≥ 1− 1

1 + |ΣL|e|/|ΣR|
=

σ

1 + σ
.

This implies that

(1 + σ) · |VL|
|VL|+ |VR|

≥ σ,

and
|VL|

|VL|+ |VR|
≥ σ

(
1− |VL|
|VL|+ |VR|

)
=

|VR|
|VL|+ |VR|

σ. (1)

We translate (αL, αR) to an assignment β : X → {0, 1} for DMMSA as follows:

β(z) =

{
1l{αv ∈ S} if z = xv,S

1l{αw ∈ T} if z = yw,T ,

where we also regard β as the element in {0, 1}|X| by letting βz := β(z). Note that β is composed
of the valid long codes for assignments {αv}v∈VL∪VR

.
The weight of β is evaluated as

w(β) =
∑
v∈VL

1

|VL|+ |VR|
Pr

S∼µ
⊗|ΣL|
L

[αv ∈ S] +
∑
w∈VR

1

|VL|+ |VR|
Pr

T∼µ
⊗|ΣR|
R

[αw ∈ T ]

=
|VL|

|VL|+ |VR|
µL +

|VR|
|VL|+ |VR|

µR

=
|VL|

|VL|+ |VR|
µL +

|VR|
|VL|+ |VR|

(1− (1− µL)
σ)

≤ |VL|
|VL|+ |VR|

µL +
|VR|

|VL|+ |VR|
σµL

≤ |VL|
|VL|+ |VR|

µL +
|VL|

|VL|+ |VR|
µL

=
|VL|

|VL|+ |VR|
· 2µL

≤ 2µL

= 1/k(n),

where the first inequality follows from the union bound, and the second inequality follows from
Equation (1).

Thus, it suffices to show that φ(β) = 1 with probability at least 1 − 2− log2 k(n) over the choice
φ ∼ D.

In the execution of D, suppose that e = (v, w) ∈ E is selected. We consider each sequential
choice of S, {Ti}, S̄, {T ′

i}, and {T̄i}. If all the following events occur:
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• E1: αv ∈ S;

• E2: Sαv = (Ti)αv for all i ∈ [d− 1];

• E3: Sαv = S̄αv and (Ti)αv = (T ′
i )αv for all i ∈ [d− 1],

then αv ∈ S̄ and αv ∈ T ′
i for all i; thus, T̄i = ∨ · πe(αv) must contain πe(αv) = αw. Therefore, if

E[3] := E1∧E2∧E3 occurs at some step, the DNF φ must contain a term (xv,S̄∧yw,T̄1
∧· · ·∧yw,T̄d−1

)

and thus φ(β) = 1 since αv ∈ S̄ and αw ∈ T̄i for all i. Since D repeats the sequential choice M
times, we have

Pr
φ∼D

[φ(β) ̸= 1] ≤ (1− Pr[E[3]])
M .

It is easily observed that Pr[E1] = µL and Pr[E2] ≥ ρ because S ∼ µ
⊗|ΣL|
L and by the definition of

Ñρ. By the definitions of NµL
1−τ and ∨-Nπ−1

e ,µR
1−τ and the union bound, we have Pr[¬E3] ≤ d · τ = 1/2.

Therefore,
Pr[E[3]] ≥ µL · ρ · (1/2).

Thus, we conclude that

Pr
φ∼D

[φ(β) ̸= 1] ≤ (1− Pr[E[3]])
M ≤ (1− µLρ/2)

2µ−1
L ρ−1 log2 k(n) ≤ 2− log2 k(n).

Next, we show the soundness part. We use the following lemma.

Lemma 5.10 (following from [KS15]; see also [GL22, Appendix C]). For every µ ∈ (0, 1/2), every
d ∈ N with d ≥ 2, and every ρ ∈ [0, 1] with ρ ≤ 1/(cd2 log(4d)), let t := t(µ, d, ρ) be

t(µ, d, ρ) = d−2 ·
(

1

d · 4d

)c′d4d(1−ρ)−1 log(ρ−1µ−d) log(d4d)

,

where c, c′ > 0 are universal constant. Then, the following holds: For m ∈ N, let f : {0, 1}m → [0, 1]
and g : {0, 1}m → [0, 1] be functions satisfying that

max{Ex[f(x)],Ex[g(x)]} ≤ 1/4.

If f and g satisfy
{i : Infµi (f) > t} ∩ {i : Infµi (g) > t} = ∅,

then

Ex(0),...x(d−1)

f(x(0)) · ∏
i∈[d−1]

g(x(i))

 ≤ 2−d,

where x(0) ∼ Ber(µ)⊗m and (x(1), . . . , x(d−1)) ∼ Ñ
⊗(d−1)
ρ (x(0)).

Lemma 5.10 is proved based on the same idea as [GL22], building upon the work [Mos10; KS15].
We present the proof of Lemma 5.10 in Section 5.4 for completeness.

In our setting, we use Lemma 5.10 for µ = µL = 1/k(n), d = log2 k(n), and ρ = 1/(d3 log(4d)) =
1/polylog(k(n)), which are consistent with the parameters for the reduction. Then, the function t
is strictly decreasing in k(n), and t = O(1) > ε(n) when k(n) = O(1) and n is enough large (recall
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that ε(n) is a function in Lemma 4.4). Now, we fix k(n) to be a super-constant function small
enough so that

t2 · τ2 · γ =
t2

4 log5 k(n)
> ε(n).

In this setting, we show the soundness.

Proof of Lemma 5.9. Suppose that val3γ(D) ≤ γ/8. Then there exists an assignment α to X such
that w(α) ≤ γ/8 and Prφ∼D[φ(α) = 1] ≥ 3γ. We may regard α as a mapping from X to {0, 1}.

Let V = VL ∪ VR. For each v ∈ V , we define wα(v) ∈ [0, 1] as

wα(v) =

{∑
S⊆ΣL:α(xv,S)=1 µ

|S|
L (1− µL)

|ΣL|−|S| if v ∈ VL∑
T⊆ΣR:α(yv,T )=1 µ

|T |
R (1− µR)

|ΣR|−|T | if v ∈ VR.

Then, we can observe that

Ev∼V [wα(v)]

=
1

|VL|+ |VR|

∑
v∈VL

∑
S⊆ΣL:

α(xv,S)=1

µ
|S|
L (1− µL)

|ΣL|−|S| +
∑
w∈VR

∑
T⊆ΣR:

α(yw,T )=1

µ
|T |
R (1− µR)

|ΣR|−|T |


=
∑
v∈VL

∑
S⊆ΣL:

α(xv,S)=1

w(xv,S) +
∑
w∈VR

∑
T⊆ΣR:

α(yw,T )=1

w(yw,T )

= w(α).

Thus, Ev [wα(v)] ≤ γ/8, and by Markov’s inequality,

Pr
v∼V

[wα(v) ≤ 1/4] ≥ 1− γ/2.

Let GV := {v ∈ V : wα(v) ≤ 1/4} ⊆ V . Then we have Prv∼V [v ∈ GV ] ≥ 1− γ/2.
In addition,

Ee∼E

[
Pr
φ∼D

[φ(α) = 1 | e]
]
= Pr

φ∼D
[φ(α) = 1] ≥ 3γ,

where we used the notation “|e” to represent the condition that the edge e is selected in the execution
of D. Thus, we observe that

Pr
e∼E

[
Pr
φ∼D

[φ(α) = 1 | e] ≥ γ

]
≥ 2γ;

otherwise, the expectation must be less than 1 · 2γ + γ · 1 = 3γ.
Let GE := {e ∈ E : Prφ∼D [φ(α) = 1 | e] ≥ γ} ⊆ E. Then, we have Pre∼E [e ∈ GE ] ≥ 2γ.
Since the constraint graph is biregular, a vertex v′ ∈ V selected as (v, w) ∼ E and v′ ∼ {v, w}

is distributed uniformly over V . Thus, we have

Pr
(v,w)∼E

[v /∈ GV ∨ w /∈ GV ] ≤ 2 · Pr
(v,w)∼E
v′∼{v,w}

[x /∈ GV ] = 2 · Pr
v′∼V

[
v′ /∈ GV

]
≤ 2 · (γ/2) = γ.

From above, we obtain that

Pr
e=(v,w)∼E

[e ∈ GE ∧ v ∈ GV ∧ w ∈ GV ] ≥ γ.
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For each v ∈ VL and w ∈ VR, we define functions αv : {0, 1}|VL| → {0, 1} and αw : {0, 1}|VR| →
{0, 1} as

αv(S) = α(xv,S) and αv(T ) = α(yw,T ).

Below, we fix e = (v, w) ∈ E satisfying e ∈ GE ∧ v ∈ GV ∧ w ∈ GV arbitrarily and let π := πe.
By the construction of D and the union bound, we have

Pr
φ∼D

[φ(α) = 1 | e] ≤M · ES,T1,...,Td−1

ES̄,T̄1,...,T̄d−1

αv(S̄) ·
∏

i∈[d−1]

αw(T̄i)


= M · ES,T1,...,Td−1

TµL
1−ταv(S) ·

∏
i∈[d−1]

∨-Nπ−1,µR
1−τ αw ◦ (∨ · π)(Ti)

 .

Recall that S ∼ Ber(µL)
⊗|ΣL| and (T1, . . . , Td−1) ∼ Ñ

⊗(d−1)
ρ (S).

Now, we define two functions f, g : {0, 1}|ΣL| → [0, 1] as

f(S) := TµL
1−ταv(S) and g(T ) := ∨-Nπ−1,µR

1−τ (αw ◦ (∨ · π)) (T ).

Then, Prφ∼D [φ(α) = 1 | e] ≤M · E[f(S) ·
∏

i∈[d−1] g(Ti)].
We evaluate the mean of f as follows:

ES [f(S)] = ESES̄∼Nµ
1−τ (S)

[f(S)] = ES [f(S)] =
∑

S:αv,S=1

µ
|S|
L (1− µL)

|ΣL|−|S| = wα(v) ≤ 1/4,

where the inequality holds since v ∈ GV . In the same way, we evaluate the mean of g as

ET [g(T )] = ET

[
∨-Nπ−1,µR

1−τ αw ◦ (∨ · π)(T )
]

= ET

[
NµR

1−ταw(∨ · π(T ))
]

= ET̄∼Ber(µR)⊗|ΣR|
[
NµR

1−ταw(T̄ )
]

= ET̄∼Ber(µR)⊗|ΣR|
[
αw(T̄ )

]
= wα(w) ≤ 1/4.

where the second equality follows from Proposition 5.6, and the inequality holds because w ∈ GV .
Therefore, we can apply Lemma 5.10 for f and g. Suppose that

{i ∈ ΣL : InfµL
i (f) > t} ∩ {i ∈ ΣL : InfµL

i (g) > t} = ∅.

Then,

ES,T1,...,Td−1

f(S) · ∏
i∈[d−1]

g(Ti)

 ≤ 2−d = 2− log2 k(n).

Since e ∈ GE , we have

1

log k(n)
= γ ≤ Pr

φ∼D
[φ(α) = 1 | e] ≤M · E[f(S) ·

∏
i∈[d−1]

g(Ti)] ≤
k(n) · polylogk(n)

2log
2 k(n)

,

which is contradiction for any large enough n since k(n) = ω(1). Thus, there exists i ∈ ΣL such
that InfµL

i (f) > t and InfµL
i (g) > t. Notice that any coordinate i /∈ ΣL|e is irrelevant for g by the

definition of ∨ · π (i.e., InfµL
i (g) = 0). Thus, we can assume that i ∈ ΣL|e.
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Recall that
t < InfµL

i (f) = InfµL
i

(
TµL
1−ταv

)
In addition, by Lemma 5.7, we have

t < InfµL
i (g) = InfµL

i

(
∨-Nπ−1,µR

1−τ (αw ◦ (∨ · π))
)
≤ InfµR

π(i)

(
TµR
1−ταw

)
.

Now, we construct a random assignment for the original LABEL-COVER instance. For each
v ∈ VL and w ∈ VR, we define subsets Av ⊆ ΣL and Aw ⊆ ΣR of alphabets as

Av :=
{
i ∈ ΣL : InfµL

i

(
TµL
1−ταv

)
> t
}

Aw :=
{
j ∈ ΣR : InfµL

j

(
TµR
1−ταw

)
> t
}
.

By Lemma 3.3, we have |Av| < t−1τ−1 and |Aw| < t−1τ−1 for any v and w.
We consider the random assignment where we assign each v ∈ VL (resp. w ∈ VR) an alphabet

selected uniformly at random from Av (resp. Aw). We have shown that for every e = (v, w) ∈ E
satisfying e ∈ GE and v, w ∈ GV , there exists i ∈ ΣL|e such that i ∈ Av and πe(i) ∈ Aw. Recall
that such a good edge e = (v, w) is selected with probability at least γ over e ∼ E, and the random
assignment to (v, w) coincides with (i, πe(i)) with probability at least 1/(|Av| · |Aw|) ≥ t2τ2.

Therefore, the expected fraction of constraints of the LABEL-COVER instance satisfied by the
random assignment assignment is at least

γ · t2 · τ2 > ε(n).

Thus, there exists an assignment to VL ∪ VR that satisfies at least ε(n) fraction of constraints.

5.4 Proof of Lemma 5.10

Lemma 5.10 is an immediate corollary of the theorems presented by [KS15], where they utilized the
invariance principle developed by Mossel [Mos10]. The proof of Lemma 5.10 is almost same as the
proof presented in [GL22, Appendix C]. For completeness, we derive Lemma 5.10 from the previous
work [KS15] in this section.

First, we review key notions and results presented in [KS15].

Gaussian Stability

Definition 5.11 (Gaussian Stability). Let Φ: R→ [0, 1] be the cumulative distribution function of
the standard Gaussian. For a parameter ρ ∈ [0, 1], we define

Γρ(µ, ν) := Pr
[
X ≤ Φ−1(µ) ∧ Y ≤ Φ−1(ν)

]
,

where (X,Y ) are two standard Gaussian random variables with covariance matrix
(

1 ρ
ρ 1

)
. For d ≥ 3,

(ρ1, . . . , ρd−1) ∈ [0, 1]d−1, and (µ1, . . . , µd) ∈ [0, 1]d, we extend the definition above inductively as

Γρ1,...,ρd−1
(µ1, . . . , µd) := Γρ1(µ1,Γρ2,...,ρd−1

(µ2, . . . , µd)).

Lemma 5.12 ([KS15, Lemma 2.4]). For any d ≥ 2 and T ≥ 2 such that 1 ≥ µi ≥ 1/T for each
i ∈ [d], there exists a universal constant C > 0 such that for any ε ∈ (0, 1/2], if

ρ ≤ ε

C(d− 1)(log T/ε)
,
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then

Γρ̄d−1
(µ1, . . . , µd) ≤ (1 + ε)d−1

d∏
i=1

µi,

where ρ̄d−1 is a (d− 1)-tuple with each entry ρ.

Correlation and Invariance Principle

In this work, we only consider finite probability spaces.

Definition 5.13 (Correlation of Probability Spaces). Let (Ω1 × Ω2, µ) is a finite correlated proba-
bility space with the marginal probability spaces (Ω1, µ1) and (Ω2, µ2). The correlation between these
spaces is defined as

ρ
(
Ω1,Ω2;µ

)
:= sup

{
|Eµ[fg]| : f ∈ L2(Ω1, µ1), g ∈ L2(Ω2, µ2) s.t.E[f ] = E[g] = 0,E[f2] = E[g2] ≤ 1

}
.

For d ≥ 3, the correlation of d correlated spaces (Ω1 × · · · × Ωd, µ) is defined as

ρ
(
Ω1, . . . ,Ωd;µ

)
:= max

i∈[d]
ρ

∏
j ̸=i

Ωj ,Ωi;µ


Based on the invariance principle developed in [Mos10], Khot and Saket [KS15] presented the

following useful multi-linear Gaussian stability bound.

Theorem 5.14 ([KS15, Theorem 2.10]). Let {(
∏d

j=1Ω
j
i , µi)}i∈[m] be a sequence of correlated spaces

such that for each i ∈ [m], the probability of any atom in (
∏d

j=1Ω
j
i , µi) is at least α ≤ 1/2 and

ρ(Ω1, . . . ,Ωd
i ) ≤ ρ. Then there exists a universal constant C > 0 such that, for every ν > 0, if we

take

τ =
1

d2
·
(ν
d

)C d log(1/α) log(d/ν)
ν(1−ρ)

,

and d functions {fj :
∏m

i=1Ω
j
i → [0, 1]}j∈[d] satisfy that for all j, j′ ∈ [d] with j ̸= j′

{i ∈ [m] : Infi(fj) > τ} ∩ {i ∈ [m] : Infi(fj′) > τ} = ∅,

then

E

∏
j∈[d]

fj

 ≤ Γρ̄d−1
(E[f1], . . . ,E[fd]) + ν,

where ρ̄d−1 is a (d− 1)-tuple with each entry ρ.

Proof of the Key Lemma

Now, we derive Lemma 5.10 from Lemma 5.12 and Theorem 5.14.

Proof of Lemma 5.10. Let c, c′ be the universal constants of Lemma 5.12 and Theorem 5.14, re-
spectively. Recall that for µ ∈ (0, 1/2) and d ∈ N with d ≥ 2, the value ρ ∈ [0, 1] satisfies
ρ ≤ 1/(cd2 log(4d)) and

t := t(µ, d, ρ) = d−2 ·
(

1

d · 4d

)c′d4d(1−ρ)−1 log(ρ−1µ−d) log(d4d)

.
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For each i ∈ [m], it is easy to observe that (x
(0)
i , . . . , x

(d−1)
i ), where x

(0)
i ∼ Berµ and (x

(1)
i , . . . , x

(d−1)
i ) ∼

Ñ
⊗(d−1)
ρ (x

(0)
i ), is random variables defined on the d correlated probability space with correlation at

most ρ and the probability of any atom is at least ρµd (< 1/2).
Let f : {0, 1}m → [0, 1] and g : {0, 1}m → [0, 1] be functions satisfying that

max{Ex[f(x)],Ex[g(x)]} ≤ 1/4

and
{i : Infµi (f) > t} ∩ {i : Infµi (g) > t} = ∅.

Define f1, f2, . . . , fd : {0, 1}m → [0, 1] as f1 ≡ f and fi ≡ g for all i ̸= 1. Observe that τ defined
in Theorem 5.14 with respect to α = ρµd and ν = 4−d is equal to t. Thus, by applying Theorem 5.14
for f1, f2, . . . , fd, we have

E

f(x(0)) · ∏
i∈[d−1]

g(x(i))

 ≤ Γρ̄d−1
(E[f ],E[g], . . . ,E[g]) + 4−d ≤ Γρ̄d−1

(1/4, . . . , 1/4) + 4−d.

Since ρ ≤ 1/(cd2 log(4d)), we apply Lemma 5.12 for ε = 1/d and obtain that

Γρ̄d−1
(1/4, . . . , 1/4) ≤

(
1 +

1

d

)d−1

· 4−d ≤ e · 4−d.

Thus, we conclude that

E

f(x(0)) · ∏
i∈[d−1]

g(x(i))

 ≤ (1 + e)4−d ≤ 2−d,

where we used d ≥ 2.

6 From DMMSA to Learning under Distributions with Small Ad-
vice

In this section, we present the reduction from C-DMMSA to learning under distributions, where
the advice complexity of sampling is upper bounded by the size of secret sharing in C. It yields
Theorem 1.3 along with Theorem 5.2.

Recall that Sℓ is the class of monotone formulas such that the induced authorized set admits
secret sharing of total length ℓ for each shared bit.

The basic ideas are the same as those presented in [Hir22]. For completeness, we give the proof
below.

Lemma 6.1. Let ℓ := ℓ(m), γ := γ(m), and ε := ε(m). The problem Gapε,γσ(ℓ)Sℓ-DMMSA, where
m is the instance size, is reducible to a learning problem as follows: There exists a polynomial-time
algorithm R such that, for given Gapε,γσ(ℓ)Sℓ-DMMSA-instance z = (D, w, 1n, s) and randomness

z′ ∼ {0, 1}λ, where λ := λ(|z|), R produces a distribution Ez,z′ such that

• {Ez,z′}z,z′ is samplable with ℓ(|z|) + o(ℓ(|z|)) advice.

• (Completeness) If z is an yes instance, then for every z′ ∈ {0, 1}λ, there exists a poly(n)-time
program h of size (s+ 1) · λ such that

Pr
(x,b)∼Ez,z′

[h(x) = b] ≥ 1− ε(|z|).
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• (Soundness) If z is a no instance, then with probability 1 − negl(|z|) over the choice of z′ ∼
{0, 1}λ, there is no program h of size 0.99σ(ℓ(|z|)) · s · λ such that

Pr
(x,b)∼Ez,z′

[h(x) = b] ≥ 1

2
+ 2γ(|z|).

Proof. Let z = (D, w, 1n, s) be an instance of Gapε,γσ(ℓ)Sℓ-DMMSA. Here, n, s ∈ N, D is a circuit
representing a sampler for a distribution on n-variate monotone formulas whose authorized sets
admit secret sharing of total length ℓ := ℓ(|z|), and w : [n] → [0, 1] be a weight function (i.e.,∑

i∈[n]w(i) = 1), where we identify the variable set with the index set [n]. Recall that we assumed
that w(i) ≥ 1/poly(|z|) for each i ∈ [n].

We construct the reduction R that maps z and randomness z′ ∼ {0, 1}λ to an instance of the
learning problem as in the theorem. Let ρ ∈ N be the amount of random bits D takes as input.

Let (Share,Rec) be the secret sharing scheme for the class Sℓ. Let λ := λ(|z|) ∈ N be a large
enough and polynomially bounded parameter.

The reduction R first selects n random strings fi ∼ {0, 1}w(i)·λ for each i ∈ [n] (notice that
it requires

∑
iw(i)λ = λ random bits) and then produces a sampler of the following distribution

E := Ez,z′ over {0, 1}n
′ × {0, 1}, where n′ := ℓ+ ρ+ λ.

The distribution E. Select r ∼ {0, 1}ρ and obtain a monotone formula φ := D(r). Then, select
b ∼ {0, 1} and execute Share(b;φ) to obtain shares s ∈ {0, 1}ℓ. For each position i ∈ [ℓ], let ji ∈ [n]
the index of the variable to which si is distributed. Let zj ∼ {0, 1}w(j)λ for each j ∈ [n], and
ci := si ⊕ DP1(fji ; zji)w(ji)λ+1 for each i ∈ [ℓ]. The distribution E is defined as the distribution of

(r ◦ z1 ◦ · · · ◦ zn ◦ c1 ◦ · · · ◦ cℓ, b) ∈ {0, 1}n
′ ×{0, 1} over r, b, {zi}, and the randomness for Share (note

that each fi is embedded into the description of E). It it easy to verify that E has a polynomial-time
sampler of description length at most

|z|+ |Share|+
∑
i

|fi|+O(log |z|) ≤ |z|+ λ+O(log |z|).

Since λ ≤ poly(|z|), the above is polynomially bounded in |z|, and R halts in polynomial time.
First, we observe that {Ez,z′}z,z′ is samplable at most ℓ := ℓ(|z|) advice. Let S be a uniform

algorithm that takes (1⟨|z|,|z
′|⟩, a, r′), where r′ ∈ {0, 1}ρ+ℓλ+poly(|n′|) and a ∈ {0, 1}ℓ, and outputs

(r′[ρ+λ] ◦ a, r
′
ρ+λ+1). We consider the advice function αz,z′ that takes the same random seed r′, has

embedded nonuniform advice z and z′ = {fi}i∈[n], and outputs the description of S(1⟨|z|,|z
′|⟩, c1◦· · ·◦

cℓ, -), where c1◦· · ·◦cℓ is an ℓ-bit string following the definition of Ez,z′ . Namely, r := r′[ρ], φ := D(r),
zj := r′[ρ+(w(j)+···+w(j−1))λ+1:ρ+(w(1)+···+w(j))λ] for each j ∈ [n], b := r′ρ+λ+1, s := Share(b;φ), where

Share uses fresh randomness from the suffix of r′, ji is the same as in E , ci = si⊕DP(fji ; zji)w(ji)λ+1

for each i ∈ [ℓ]. Then, for every z and z′ = {fi}i, the distribution Ez,z′ is statistically identical to
that of U(S(1⟨|z|,|z

′|⟩, c1 ◦ · · · ◦ cℓ, -), r′) = U(αz,z′(r
′), r′) over r′. Thus, R produces a distribution

(over samples) samplable with advice complexity at most ℓ+ o(ℓ).
Below, we prove the completeness and soundness. This completes the proof by selecting λ to be

at least max{p(|z|), p′(|z|)}, where p and p′ is the polynomials specified below.

Claim 6.2 (completeness). There exists a polynomial p such that for every yes instance z, every
λ ≥ p(|z|), and every choice of z′ = {fi}i∈[n], there exists a polynomial-time program h of size at
most (s+ 1) · λ (≤ s′) such that

Pr
(x,b)∼E

[h(x) = b] ≥ 1− ε(|z|).
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Claim 6.3 (soundness). There exists a polynomial p′ such that for every no instance z, every
λ ≥ p′(|z|), the following holds with probability at least 1 − negl(|z|) over the choice of z′ = {fi}:
there is no program h of size at most 0.99σ(ℓ(|z|)) · s · λ such that

Pr
(x,b)∼E

[h(x) = b] >
1

2
+ 2γ(|z|).

Proof of Claim 6.2. We fix an yes instance z arbitrarily. Let λ ∈ N be a large enough parameter.
We also fix z′ = {fi}i∈[n] arbitrarily and let E := Ez,z′ .

Since z is an yes instance, there exists an assignment α ∈ {0, 1}n to D such that w(α) ≤ s and

Pr
φ∼D

[φ(α) = 1] ≥ 1− ε(|z|).

We consider the following hypothesis h : {0, 1}n′ → {0, 1} into which α, z, and fi are embedded
for all i ∈ [n] with αi = 1. On input x = r ◦z1 ◦ · · · ◦zn ◦ c1 · · · ◦ cℓ, where r ∈ {0, 1}n, zi ∈ {0, 1}w(i)λ

for each i ∈ [n], and ci ∈ {0, 1} for each i ∈ [ℓ], the hypothesis h obtains φ = D(r). Then, for each
i ∈ [ℓ], if αji = 1 (where ji ∈ [n] is the same as above) h computes si from ci and DP1(fji ; zji) and
executes Rec(;φ) to reconstruct b from shares {si : i ∈ [ℓ] s.t. αji = 1}.

Let z = z1 ◦ · · · ◦ zn and c = c1 · · · ◦ cℓ. For convenience, we identify r ◦ z ◦ c with (r, z, c).
By the completeness of (Share,Rec), h(r, z, c) can correctly reconstruct b as long as φ(α) = 1

where φ = D(r). Thus, we have

Pr
(x,b)∼E

[h(x) = b] ≥ Pr
φ∼D

[φ(α) = 1] ≥ 1− ε(|z|).

It is easy to verify that h halts in polynomial time in n′. The description size is bounded above
by

|h| ≤

( ∑
i:αi=1

|fi|

)
+ n+ |z|+O(log n|z|λ) ≤

( ∑
i:αi=1

w(i)λ

)
+ poly(|z|) +O(log |z|λ)

= w(α)λ+ poly(|z|) +O(log |z|λ)
≤ sλ+ poly(|z|) +O(log |z|λ).

The claim holds by selecting the polynomial p large enough so that every λ ≥ p(|z|) satisfies

|h| ≤ sλ+ poly(|z|) +O(log |z|λ) ≤ sλ+ λ.

⋄

Proof of Claim 6.3. We fix a no instance z arbitrarily. Let λ ∈ N be a large enough parameter. We
consider the random choice of z′ = {fi}i∈[n], and let E := Ez,z′ .

Let h be an arbitrary program of description size at most 0.99σ(ℓ(|z|)) · s · λ that maps n′ bits
to 1 bit. We will show that

Pr
(x,b)∼E

[h(x) = b] ≤ 1

2
+ 2γ(|z|).

For each i ∈ [n], let f̃i ∈ {0, 1}λ be the string obtained from fi with padding, i.e., f̃i =
fi ◦ 0λ−w(i)λ.

We construct a distinguisherD that takes an advice string α = (b, r, r′) and input (Z1Y1, . . . , ZnYn),
where Zi (resp. Yi) is a random variable taking values in {0, 1}λ (resp. {0, 1}), computes (i) φ = D(r),
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(ii) (s1, . . . , sℓ) = Share(b;φ) with randomness r′, (iii) ci = Yji ⊕ si for each i ∈ [ℓ] (recall that ji is
the index of the i-th share), and then outputs 1 if and only if

h(r ◦ (Z1)[w(1)λ] ◦ · · · ◦ (Zn)[w(n)λ] ◦ c1 ◦ · · · ◦ cℓ) = b.

It is easy to verify that if ZiYi = DP1(f̃i;Zi) for all i, and α = (b, r, r′) is selected uniformly at
random, then the input to h is distributed in the same manner as the example of E .

Let a := |α| = poly(|z|). Note that a is independent of λ. Applying the Algorithmic Information
Extraction Lemma (Lemma 3.12), there exists a subset B ⊆ [n] such that

K(f̃B|D) ≤ |B| · (n+ a+O(log nλaγ(|z|)−1)) ≤ poly(|z|) · log λ, (2)

and ∣∣∣∣ Pr
α,{ZiYi}

[D(α,Z1Y1, . . . , ZnYn) = 1]− Pr
α,{ZiY ′

i }

[
D(α,Z1Y

′
1 , . . . , ZnY

′
n) = 1

]∣∣∣∣ ≤ γ(|z|) (3)

where for each i ∈ [n], Zi ∼ {0, 1}λ, ZiYi = DP(f̃i;Zi), Y ′
i ≡ Yi if i ∈ B and Y ′

i ∼ {0, 1}
otherwise.

We have that

K(f̃B|D) +O(log λ) ≥ K(fB|D) +O(log λ) ≥ K(fB|h) +O(log λ) ≥ K(fB)− |h|,

where the second inequality holds because D is constructed from h. Notice that fB is a random
string of length w(B)λ, where w(B) =

∑
i∈B w(i). Since w(B) ≥ miniw(i) ≥ 1/poly(|z|) (where we

assume B ̸= ∅, otherwise it contradicts Eq. (2)), there exists a polynomial p′1 such that for every
λ ≥ p′1(|z|), it holds that w(B)λ ≥ 3|z| (note that p′1 is independent of B since it holds as long as
B ̸= ∅). By the standard counting argument, in this case, K(fB) ≥ w(B)λ − |z| with probability
1− negl(|z|) over the choices of {fi}. Under this event, along with Eq. (2), we have

w(B)λ− |z| − |h| ≤ K(f̃B|D) +O(log λ) ≤ p0(|z|) · log λ,

for some universal polynomial p0.
Since w(B) ≥ miniw(i) ≥ 1/poly(|z|) (as long as B ̸= ∅) there exists a universal polynomial p′2

such that for every λ ≥ p′2(|z|),

|z|+ p0(|z|) log λ ≤ 0.005w(B)λ.

Thus, by selecting p′ as p′(|z|) = max{p′1(|z|), p′2(|z|)}, for every λ ≥ p′(|z|), the following holds
with probability at least 1− negl(|z|):

0.995w(B)λ ≤ w(B)λ− (|z|+ p0(|z|) log λ) ≤ |h|.

Below, we consider the case where the event above occurs.
Since |h| ≤ 0.99σ(ℓ(|z|)) · s · λ, we have

w(B) ≤ 0.99

0.995
σ(ℓ(|z|))s < σ(ℓ(|z|))s.

The characteristic string χB ∈ {0, 1}n (i.e., (χB)i = 1 iff i ∈ B) satisfies that w(χB) = w(B) <
σ(ℓ(|z|))s. Since z is a no instance,

Pr
φ∼D

[φ(χB) = 0] ≥ 1− γ(|z|).
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Now, consider the execution of D(α,Z1Y
′
1 , . . . , ZnY

′
n). If the randomness r (which is a part of α)

yields such φ, the input to h does not contain any information on the authorized subset of shares
because ci = si⊕Y ′

ji
and Y ′

ji
∼ {0, 1} when ji /∈ B. In this case, by the security of the secret sharing

scheme, the probability that D outputs 1 (i.e., h correctly outputs b) is 1/2. Thus,

Pr
α,{ZiY ′

i }

[
D(α,Z1Y

′
1 , . . . , ZnY

′
n) = 1

]
≤ 1

2
+ γ(|z|).

Therefore, by Eq. (3)

Pr
α,{ZiYi}

[D(α,Z1Y1, . . . , ZnYn) = 1] ≤ Pr
α,{ZiY ′

i }

[
D(α,Z1Y

′
1 , . . . , ZnY

′
n) = 1

]
+ γ(|z|)

≤ 1

2
+ 2γ(|z|).

By contrast,
Pr

α,{ZiYi}
[D(α,Z1Y1, . . . , ZnYn) = 1] ≥ Pr

(x,b)∼E
[h(x) = b].

From the two inequalities above, we conclude that

Pr
(x,b)∼E

[h(x) = b] ≤ 1

2
+ 2γ(|z|).

⋄

The lemma above implies Theorem 1.3 along with Theorem 5.2.

Corollary 6.4 (Theorem 1.3). There exist functions ℓ(n) = ω(1), ε(n) = o(1), and γ(n) = o(1)
such that, the following problem is NP-hard under a BPP reduction: For given pair of a distribution
D over {0, 1}n×{0, 1} (described as a circuit) samplable with advice complexity ℓ(n) and 1s, where
s ∈ N with s ≤ poly(n), distinguish the following two cases:

Yes cases: There exists a poly(n)-time program h of size s such that Pr(x,b)∼D[h(x) = b] ≥ 1−ε(n).

No cases: For all programs h of size at most s · ℓ(n)
polylogl(n) , Pr(x,b)∼D[h(x) = b] ≤ 1

2 + γ(n)
2 .

Note that the Theorem 1.3 states the result in a setting where only access to samples is provided
(as defined in Definition 1.2). Corollary 6.4 demonstrates that our result holds in a stronger setting,
where the learner also has access to the description of the underlying distribution for learning.

7 Reduction to Inverting Auxiliary-Input Functions and Conse-
quences

In this section, we present the reduction from GapLearn to inverting AIOWF, which establishes the
following coAM upper bound for DMMSA.

Theorem 7.1. For every ℓ(n) = ω(1), every ε(n) = o(1), and every constant γ ∈ [0, 1/4), there

exists C > 0 such that Gap
ε(n),γ
C·ℓ(n)Sℓ(n)-DMMSA is in coAM, where n is the instance size.
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Note that Theorem 7.1 implies Theorem 1.9 as special cases since (i) F[ℓ] ⊆ Sℓ (Theorem 3.10)
and (ii) Junta[ℓ] ⊆ S1.5ℓ+o(ℓ) [AN21].

Theorem 7.1 is proved across Sections 7.1 to 7.3, outlined as follows: In Section 7.1, we present a
reduction from GapLearn to extrapolating a universal distribution based on the theory of inductive
inference [Sol64a; Sol64b]. We further extend the reduction from DMMSA to inverting an auxiliary-
input function, using a restricted form of description-restricted, context-sensitive, fixed-auxiliary-
input nonadaptive reduction, detailed below. In Section 7.3, building upon [AGGM06], we observe
that any promise problem Π reducible to inverting via this restricted reduction is contained in coAM,
completing the proof of Theorem 7.1. In Section 7.5, we prove the existence of a one-way function
under the average-case hardness of GapDMMSA and GapLearn (Theorems 1.5 and 1.10).

First, we present the restricted form of reductions to inverting auxiliary-input functions. For each
total Turing machineM , we define anM -based (randomized) oracleOM : {0, 1}∗×{0, 1}∗×{0, 1}∗ →
{0, 1}∗ as OM (x; ρshared, ρind) = y if M(x, ρshared, ρind) outputs y and halts, where ρshared is a shared
randomness selected at the initialization (and used throughout), and ρind is a random seed selected
at each query access. When the reduction R given access to OM is time-bounded, the total length
of the shared randomness and the independent random seeds are bounded and can be selected at
the initialization as a single random string ρ. In this case, we represent the M -based oracle that
uses ρ as a random tape (for both ρshared and ρind) by OM (-; ρ)

Definition 7.2 (Description-restricted context-sensitive reduction). Let f = {fz}z∈{0,1}∗ be an

auxiliary-input function. A randomized oracle machine R? is said to be a description-restricted
context-sensitive fixed-auxiliary-input nonadaptive (FAIN ) reduction from a promise problem Π to
inverting f if

• R is polynomial-time and nonadaptive;

• For every x ∈ {0, 1}∗, the reduction R(x) makes queries only of the form (zx, -) for some
auxiliary-input zx determined by x;

• For every (possibly inefficient) total Turing machine M and for every long enough x ∈ {0, 1}∗,
if OM (-, x; ρ) inverts fzx for all ρ ∈ {0, 1}∗, i.e.,

Pr
ρ,r

[
OM (zx, fzx(r), x; ρ)] ∈ f−1

zx (fzx(r))
]
≥ 1/2,

then
Pr
R,ρ

[ROM (-,x;ρ)(x) = Π(x)] ≥ 3/4.

We will show the following key lemma in Sections 7.1 and 7.2.

Lemma 7.3. Let ℓ(n) = ω(1), ε(n) = o(1), and let γ ∈ [0, 1/4) be a constant. Then, there exists

C ≥ 1 such that Gap
ε(n),γ
C·ℓ(n)Sℓ(n)-DMMSA, where n is the instance size, is reducible to inverting an

auxiliary-input function f = {fz} via a description-restricted context-sensitive FAIN reduction.

Combined with the following theorem, which is implicit in [AGGM06; ABX08], we derive The-
orem 7.1.

Theorem 7.4. If a promise problem Π is reducible to inverting an auxiliary-input function f = {fz}
via a description-restricted context-sensitive FAIN reduction, then Π ∈ coAM.

We will observe Theorem 7.4 in Section 7.3.
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7.1 Inductive Inference: From Learning to Universal Extrapolation

Towards proving Lemma 7.3, we first reduce learning to extrapolation under the time-bounded
universal distribution.

Lemma 7.5. Let D = {Dz,z′}z∈Z,z′∈{0,1}r(z), where Z ⊆ {0, 1}∗ and r(z) ≤ poly(|z|), be a samplable
distribution satisfying that there exist n, s : Z → N, γ(z) = o(1), and polynomial p such that for
every z ∈ Z and z′ ∈ {0, 1}r(z),

• Dz,z′ is a distribution over {0, 1}n(z) × {0, 1}, where n(z) ≤ poly(|z|);

• there exists a p(·)-time program h of description size s(z, z′) such that

Pr
(x,b)∼Dz,z′

[h(x) = b] ≥ 1− γ(z).

Then, for every ε ∈ (0, 1/2), there exist a constant c := cε,δ > 0 and a polynomial t(|z|) such that
for every long enough z ∈ Z and for m ≥ m(z, z′) = c · (s(z, z′) + log |z|),

Pr
z′

[
Pr

(x1,b1),...,(xm,bm),i,Next1

[
Next1

(
xb<i; Q

t(|z|)
|z

)
= bi

]
≥ 1− ε

]
≥ 1− o|z|(1),

where i ∼ [m], (x1, b1), . . . , (xm, bm) ∼ Dz,z′, and xb<i = x1 ◦ · · · ◦ xm ◦ b1 ◦ · · · ◦ bi−1.

Proof. Let ε > 0 and c := 6c20ε
−2, where c0 is a large enough universal constant that depends only

on the universal Turing machine and the way of encoding and is specified later. Let t := t(|z|) =
m(|z|) · τ(|z|), where τ is a large enough polynomial (particularly for p and the time-complexity
of sampling according to D). Fix a long enough z ∈ Z arbitrarily. Let n := n(z) ≤ poly(|z|),and
γ := γ(z).

Fix z′ ∈ {0, 1}r(z). Let s := s(z, z′). Let X1, . . . , Xm, B1, . . . , Bm be a random variable repre-
senting the values of x1, . . . , xm, b1, . . . , bm respectively. Let X = X1 ◦ · · · ◦Xm, B = B1 ◦ · · · ◦Bm,
and XB<i = X1 ◦ · · · ◦Xm ◦B1 ◦ · · · ◦Bi−1 for each i ∈ [m].

First, we evaluate the following quantity:

KL
(
B
∣∣∣X ∥∥∥ (Qt

|z)[mn+1:mn+m]

∣∣∣ (Qt
|z)[mn]

)
= E(x,b)∼(X,B)

[
log

Pr[B = b|X = x]

Pr[(Qt
|z)[mn+1:mn+m] = b|(Qt

|z)[mn] = x]

]

≤ E(x,b)∼(X,B)

[
log

1

Pr[(Qt
|z)[mn+m] = xb|(Qt

|z)[mn] = x]

]

For now, we assume the following claim and continue the proof.

Claim 7.6. For each z′ and each (x, b) ∼ (X,B),

Pr
[
(Qt

|z)[mn+m] = xb
∣∣∣(Qt

|z)[mn] = x
]
≥ 2−c0(s+cdt(x,b|z)+γ0.75

x,b m+log |z|),

where γx,b = |{i ∈ [m] : h(xi) ̸= bi}|/m for the size-s program h in the statement.
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By the claim above, for large enough polynomial τ and t = m(|z|) · τ(|z|) ≥ τ(|z|),

KL
(
B
∣∣∣X ∥∥∥ (Qt

|z)[mn+1:mn+m]

∣∣∣ (Qt
|z)[mn]

)
≤ E(x,b)∼(X,B)

[
log

1

Pr[Qt
[mn+m] = xb|Qt

[mn] = x]

]
≤ E(x,b)

[
c0(s+ cdt(x, b|z) + γ0.75x,b m+ log |z|)

]
= c0s+ c0E(x,b)[cd

t(x, b|z)] + c0 log |z|+ c0Ex,b

[
γ0.75x,b

]
·m

≤ c0s+ 6c20 log |z|+ c0Ex,b

[
γ0.75x,b

]
·m

≤ c0s+ 6c20 log |z|+ c0Ex,b [γx,b]
0.75 ·m

= c0s+ 6c20 log |z|+ c0γ
0.75 ·m,

where the third inequality follows from Lemma 3.15, and the last inequality follows from Jensen’s
inequality.

By the chain rule for the KL divergence,

1

m

∑
i∈[m]

KL
(
Bi

∣∣∣XB<i

∥∥∥ (Qt
|z)[mn+i]

∣∣∣ (Qt
|z)[mn+i−1]

)
≤ c0s

m
+

6c20 log |z|
m

+ c0γ
0.75

≤ ε2

6
+ ε2 + γ0.75.

Since γ := γ(|z|) = o(1), for long enough z,

Ei∼[m]

[
KL
(
Bi|XB<i

∥∥∥ (Qt
|z)[mn+i]

∣∣∣ (Qt
|z)[mn+i−1]

)]
≤ 2ε2.

By Pinsker’s inequality,

Ei∼[m],xb<i∼XB<i

[
∆tv

(
(Bi|XB<i = xb<i), ((Q

t
|z)[mn+i]|(Qt

|z)[mn+i−1] = xb<i)
)]

≤ Ei,xb<i

[√
KL
(
(Bi |XB<i = xb<i)

∥∥∥ ((Qt
|z)[mn+i]

∣∣∣ (Qt
|z)[mn+i−1] = xb<i

))
/2

]

≤
√

Ei∼[m]

[
KL
(
Bi

∣∣∣XB<i

∥∥∥ (Qt
|z)[mn+i]

∣∣∣ (Qt
|z)[mn+i−1]

)]
/2

≤ ε.

Notice that, given xb<i ∼ XB<i, the probability of ((Qt
|z)[mn+i]|(Qt

|z)[mn+i−1] = xb<i) is equivalent

to Next1(xb<i; Q
t
|z). Thus,

Pr
Next1

[
Next1(xb<i; Q

t
|z) ̸= h(xi)

]
≤ Pr

Bi

[Bi ̸= h(xi)|XB<i = xb<i] + ∆tv

(
(Bi|XB<i = xb<i), ((Q

t
|z)[mn+i]|(Qt

|z)[mn+i−1] = xb<i)
)
.

By taking the expectation over i and XB<i, we have

Pr
i,XB<i,Next1

[
Next1(xb<i; Q

t
|z) ̸= h(xi)

]
≤ Pr

i,XB<i,Bi

[Bi ̸= h(xi)] + ε

≤ γ + ε.
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By the union bound,

Pr
i,XB<i,Next1

[
Next1(xb<i; Q

t
|z) ̸= Bi

]
≤ Pr

i,XB<i,Next1

[
Next1(xb<i; Q

t
|z) ̸= h(xi)

]
+ Pr

i,XB<i,Bi

[Bi ̸= h(xi)]

≤ 2γ + ε,

which is less than 2ε for long enough z since γ = o(1). Since ε > 0 is arbitrary, this yields the
lemma.

Now, we present the deferred proof of the claim and complete the proof of the lemma.

Proof of Claim 7.6. Remember that t = τ(|z|)×m(|z|). First, we show that

Pr[Q2t
|z = xb] ≥ 2−O(s+γ0.75

x,b m+log |z|) · Pr[(Qt
|z)[mn] = x]

when τ is large enough. For each t-time program Π that is given z and produces x as a prefix,
there exists a 2t-time program Π′ that is given z and produces xb as follows: Π′ first executes Π in
t steps (with auxiliary input z) and then truncated it to the first mn bits (which corresponds to x).
Then, Π′ executes h for each xi in x to obtain b̃ = h(x1) ◦ · · · ◦ h(xm) and take bit-wise xor with
e ∈ {0, 1}m, where ei = h(xi)⊕ bi, to obtain b. Finally Π′ outputs xb.

Notice that wt(xi) = γx,bm and by Fact 3.13, it is reconstructed from O(γ0.75x,b m + log |z|)-size
program when τ is large enough. Thus, the description size of Π′ is at most

|Π|+O(log |Π|+ |h|+ γ0.75x,b m+ log |z|) ≤ |Π|+O(|h|+ γ0.75x,b m+ log |z|).

Thus, we have

Pr[Q2t
|z = xb] ≥

∑
Π

2−|Π|−O(|h|+γ0.75
x,b m+log |z|) = 2−O(s+γ0.75

x,b m+log |z|) · Pr[(Qt
|z)[mn] = x].

where the summation is taken over t-time programs Π that are given z and produce x as a prefix.
By contrast, we have

Pr[Q2t
|z = xb] ≤ Pr[Qt

|z = xb] · 2cd
t(x,b|z) ≤ Pr[(Qt

|z)[nm+m] = xb] · 2cd
t(x,b|z).

Thus, we conclude

Pr[(Qt
|z)[nm+m] = xb|(Qt

|z)[mn] = x] =
Pr[(Qt

|z)[nm+m] = xb]

Pr[(Qt
|z)[mn] = x]

≥ 2−cdt(x,b|z) Pr[Q2t = xb]

2O(s+γ0.75
x,b m+log |z|) Pr[Q2t = xb]

≥ 2−c0(s+cdt(x,b|z)+γ0.75
x,b m+log |z|)

by selecting large enough c0 > 0. ⋄
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7.2 Description-Restricted Reduction to Inverting Auxiliary-Input Functions

Next, we extend the reduction in the previous section to inverting an auxiliary-input function via a
description-restricted context-sensitive FAIN reduction, which completes the proof of Lemma 7.3.

Lemma 7.7. Let D = {Dz,z′}z∈Z,z′∈{0,1}r(z), where Z ⊆ {0, 1}∗ and r(z) ≤ poly(|z|), be a samplable
distribution satisfying the conditions in Lemma 7.5.

For every ε, δ ∈ (0, 1/2), there exist a polynomial-time nonadaptive randomized oracle machine
h, an auxiliary-input function {fz}z∈Z , a constant c := cε,δ > 0 such that for every long enough
z ∈ Z, for every oracle I that inverts fz (i), and for m ≥ m(z, z′) = c · (s(z, z′) + log |z|),

Pr
z′

[
Pr

S={(x1,b1),...,(xm,bm)}

[
Pr

h,(x,b)

[
hI(S, x, z) = b

]
≥ 1− ε

]
≥ 1− δ

]
≥ 1− o|z|(1),

where (x1, b1), . . . , (xm, bm), (x, b) ∼ Dz,z′.

To show the lemma, we use the following result.

Theorem 7.8 ([IL90; HN23]). For every samplable distribution D = {Dz}z∈Z , where Z ⊆ {0, 1}∗,
every constant c, and every large enough polynomial τ , there exist a polynomial-time randomized
nonadaptive oracle machine UE and an auxiliary-input function {fz}z∈Z such that for every long
enough z ∈ Z and every oracle I that inverts fz,

Pr
x∼Dz

[
∀i ∈ [|x|] ∆tv

(
UEI(z, x[i−1]),Next1(x[i−1]; Q

τ(|z|)
|z )

)
≤ 1

|z|c

]
≥ 1− 1

|z|c
.

Proof of Lemma 7.7. We define a samplable distribution D′ = {D′
z}z∈Z as a distribution of x1◦· · ·◦

xm ◦ b1 ◦ · · · ◦ bm, where z′ ∼ {0, 1}r(z) and (x1, b1), . . . , (xm, bm) ∼ Dz,z′ (recall that m = c(s(z, z′)+
log |z|)) for each z ∈ Z. We apply Theorem 7.8 for D′ and obtain a randomized polynomial-time
oracle machine UE and an auxiliary-input function {fz}z∈Z such that for every long enough z ∈ Z
and every oracle I that inverts fz,

Pr
z′∼{0,1}r(z),y∼Dz,z′

[
∀i ∈ [|y|] ∆tv

(
UEI(z, y[i−1]),Next1(y[i−1]; Q

τ(|z|)
|z )

)
≤ 1

|z|

]
≥ 1− 1

|z|2
,

where τ is a large enough polynomial, and y represents x1 ◦ · · · ◦ xm ◦ b1 ◦ · · · ◦ bm.
By Markov’s inequality,

Pr
z′

[
Pr

(x1,b1),...,(xm,bm)

[
∀i ∈ [m] ∆tv

(
UEI(z, xb<i),Next1(xb<i; Q

τ(|z|)
|z )

)
≤ 1

|z|

]
≥ 1− 1

|z|

]
≥ 1− 1

|z|
,

where xb<i = x1 ◦ · · · ◦ xm ◦ b1 ◦ · · · ◦ bi−1.
By Lemma 7.5 and the union bound, it holds that with probability 1− o|z|(1) over the choice of

z′,

Pr
(x1,b1),...,(xm,bm)

[
∀i ∈ [m] ∆tv

(
UEI(z, xb<i),Next1(xb<i; Q

τ(|z|)
|z )

)
≤ 1

|z|

]
≥ 1− 1

|z|
and

Pr
(x1,b1),...,(xm,bm),i,Next1

[
Next1

(
xb<i; Q

t(|z|)
|z

)
= bi

]
≥ 1− ε2δ

16
.

Below we only consider such z′.
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Now we consider a randomized polynomial-time oracle machine h defined as

hI(S, x∗, z; i) = UEI(z, xbi→∗
<i )

where i ∼ [m] is a part of internal randomness, xbi→∗
<i := x1 ◦ · · · ◦ xi−1x∗xi ◦ · · · ◦ xm ◦ b1 ◦ · · · ◦ b<i,

and S = {(x1, b1), . . . , (xm, bm)}.
When (x1, b1), . . . , (xm, bm) and (x∗, b∗) are independently and identically distributed according

to Dz,z′ , the pair (xbi→∗
<i , b∗) is identically distributed as (xb<i, b

i). Thus, it holds that

Pr
S,x∗

[
∆tv

(
hI(S, x∗, z; i),Next1(xb

i→∗
<i ; Q

τ(|z|)
|z )

)
≤ 1

|z|

]
≥ 1− 1

|z|

where i ∼ [m], and

Pr
S,(x∗,b∗),i,Next1

[
Next1

(
xbi→∗

<i ; Q
t(|z|)
|z

)
= b∗

]
≥ 1− ε2δ

16
.

By Markov’s inequality,

Pr
S,x∗

[
Pr

b∗,i,Next1

[
Next1

(
xbi→∗

<i ; Q
t(|z|)
|z

)
= b∗

]
≥ 1− ε

4

]
≥ 1− εδ

4
.

By the union bound, it holds that with probability at least 1− (εδ/4 + 1/|z|) ≥ 1− εδ/2 over the
choice of S and x∗,

Pr
b∗,h

[
hI(S, x∗, z; i) = b∗

]
≥ Pr

b∗,i,Next1

[
Next1

(
xbi→∗

<i ; Q
t(|z|)
|z

)
= b∗

]
−∆tv

(
hI(S, x∗, z; i),Next1(xb

i→∗
<i ; Q

τ(|z|)
|z )

)
≥ 1− ε

4
− 1

|z|
≥ 1− ε

2
. (4)

By Markov’s inequality,

Pr
S

[
Pr
x∗

[Equation (4) holds] ≥ ε

2

]
≥ 1− δ.

Thus, with probability at least 1− δ over S,

Pr
(x∗,b∗),h

[
hI(S, x∗, z; i) ̸= b∗

]
≤ ε

2
· 1 + 1 · ε

2
= ε.

Therefore, we obtain

Pr
z′

[
Pr
S

[
Pr

h,(x∗,b∗)

[
hI(S, x∗, z) = b∗

]
≥ 1− ε

]
≥ 1− δ

]
≥ 1− o|z|(1).

Since UE is nonadaptive, it is easily verified that h is also nonadaptive.

Now, we prove Lemma 7.3.

Proof of Lemma 7.3. For a large enough constant C, we will show that Gap
ε(·),γ
C·ℓ(·)Sℓ(·)-DMMSA is

reducible to inverting an auxiliary-input function f = {fz} via a description-restricted context-
sensitive FAIN reduction (recall that ℓ(·) = ω(1), ε(·) = o(1), and γ ∈ [0, 1/4)).

Let z = (D, w, 1n, s) be an instance of Gap
ε(·),γ
C·ℓ(·)Sℓ(·)-DMMSA. Let R be the reduction in

Lemma 6.1, where we select a large enough polynomial λ(·) and let λ := λ(|z|). Then R(z, z′),
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where z′ ∼ {0, 1}λ, produces a distribution Ez,z′ over samples. Recall that {Ez,z′} is samplable with
ℓ advice. Thus, for each (z, z′), there exists a function αz,z′ such that (i) αz,z′(r) outputs a ℓ-bit
string, and (ii) the distribution of U(αz,z′(r), r) is statistically identical to Ez,z′ for r ∼ {0, 1}poly(|z|)
within negligible error. Below, we omit the argument on this negligible error. Recall that the
advice αz,z′(r) in the reduction R of Lemma 6.1 consists of ℓ bits produced by the secret sharing
scheme. Consequently, αz,z′ is polynomial-time computable given (z, z′), and U(αz,z′(-), -) also halts
in polynomial time and never outputs ⊥.

We use Lemma 7.7 for the description size s′ = (λ + 1)s, ε = 1/4 − γ, and δ = 1/32. Let
h,m, {fz}, and I be as in Lemma 7.7. We also define a randomized oracle machine H given access
to I as follows:

HI(x; r̄, z) := hI(S, x, z).

Here r̄ is composed of m random seeds r1, . . . , rm for U(αz,z′(-), -), S = {(x1, b1), . . . , (xm, bm)},
where (xi, bi) = U(αz,z′(r

i), ri) for each i ∈ [m], and m is chosen as in Lemma 7.7 for s′, i.e.,

m = O(s′ + log |z|) = O(λs+ λ+ log |z|).

For each z′ ∈ {0, 1}λ, r̄ ∈ {0, 1}m·poly(|z|), and ρ ∈ {0, 1}l(|z|) (where l is a computable function),
we define the event Ez,z′,r̄ as follows:

Event Eρ
z,z′,r̄: We perform the empirical estimation of the quantity

Pr
(x,b)∼Ez,z′

[HI(-,z;ρ)(x; r̄, z) = b]

with additive accuracy error ±(1/16−γ/4) and failure probability at most 2−|z| by using
polynomially (in |z|) many samples from Ez,z′ . Let p̃ be the approximation value. Then,
it holds that p̃ ≥ 5/8 + 3γ/2.

Notice that given (z, z′, r̄), the trial whether Eρ
z,z′,r̄ occurs is performed in polynomial time in |z|

given access to I(-, z; ρ).
Now we describe the polynomial-time randomized oracle machine A that attempts to solve

Gap
ε(·),γ
C·ℓ(·)Sℓ(·)-DMMSA. For a given instance z and oracle access to I(-, z; ρ), the algorithmAI(-,z;ρ)(z)

empirically estimates the quantity Prz′,r̄,E [E
ρ
z,z′,r̄] with additive accuracy error ±1/32 and failure

probability at most 2−|z|. This is performed in polynomial time in |z|, and the queries to I are
made nonadaptively since hI is nonadaptive. Let q̃ be the estimation value. If q̃ ≥ 13/16, then A
outputs 1; otherwise, A outputs 0.

We have seen that A is nonadaptive. Thus, it suffices to show the following claims:

Claim 7.9. For every oracle O, computable function l, and for every long enough instance z, if z
is an yes instance, and O(-, z; ρ) inverts fz for all ρ ∈ {0, 1}l(|z|), then

Pr
A,ρ

[AO(-,z;ρ)(z) = 1] ≥ 1− 2−|z|.

Claim 7.10. For each Turing machine I, computable function l, and for every long enough instance
z, if z is a no instance, and OI(-, z; ρ) inverts fz for all ρ ∈ {0, 1}l(|z|), then

Pr
A,ρ

[AOI(-,z;ρ)(z) = 0] > 3/4.

49



Proof of Claim 7.9. It suffices to show that Prz′,r̄,E [E
ρ
z,z′,r̄] ≥ 7/8 for all ρ because it implies that

q̃ ≥ Pr
z′,r̄,E

[Eρ
z,z′,r̄]− 1/32 ≥ 27/32 > 13/16

with probability at least 1− 2−|z| over the choice of randomness. In this case, A outputs 1.
When z is an yes instance, Lemma 6.1 shows that for every z′, there exists a polynomial-time

program h∗ of size s′ = (s+ 1)λ such that

Pr
(x,b)∼Ez,z′

[h∗(x) = b] ≥ 1− o(1).

Thus, as long as z is an yes instance, Ez,z′ satisfies the conditions of Lemma 7.5. For all ρ ∈ {0, 1}l(|z|),
Lemma 7.7 (recall that it was applied for ε = 1/4− γ and δ = 1/32) shows that if O(-, z; ρ) inverts
fz, then

Pr
z′,S

[
Pr[hO(-,z;ρ)(S, x, z)] ≥ 3

4
+ γ

]
≥ 1− 1

32
− o(1) ≥ 15

16

for long enough z. Namely, it holds that

Pr
z′,r̄

[
Pr[HO(-,z;ρ)(x; r̄, z)] ≥ 3

4
+ γ

]
≥ 15

16
.

For any z′ and r̄ satisfying the event above, with probability at least 1 − 2−|z| over the choice of
randomness for Eρ

z,z′r̄,

p̃ ≥ Pr[HO(-,z;ρ)(x; r̄, z)]− (1/16− γ/4) ≥ 11/16 + 5γ/4 > 5/8 + 3γ/2,

where the last inequality follows from γ < 1/4.
Thus,

Pr
z′,r̄,E

[Eρ
z,z′,r̄] ≥

15

16
· (1− 2−|z|) ≥ 7

8
,

as desired. ⋄

Proof of Claim 7.10. For each instance z, we define the test Tz for r̄ and ρ as follows:

Tz(r̄, ρ) = 1⇐⇒ Pr
z′∼{0,1}λ

[
Pr

(x,b)∼Ez,z′

[
HOI(-,z;ρ)(x; r̄, z)

]
≥ 1

2
+ 2γ

]
≥ 1

2
.

We claim that if z is long enough, then

Pr
A,ρ

[AOI(-,z;ρ)(z) = 1] ≥ 1/4 =⇒ Pr
r̄,ρ

[Tz(r̄, ρ) = 1] ≥ 1/16. (5)

First, we assume (5) and prove the claim by contraposition. We assume that PrA,ρ[A
OI(-,z;ρ)(z) =

0] ≤ 3/4 and derive that z is not a no instance.
Since A always outputs 0 or 1, we have PrA,ρ[A

OI(-,z;ρ)(z) = 1] ≥ 1/4. Thus, by (5), we have
Prr̄,ρ [Tz(r̄, ρ) = 1] ≥ 1/16.

Let Gz = {(r̄, ρ) : Tz(r̄, ρ) = 1}. Since Prr̄,ρ[(r̄, ρ) ∈ Gz] = Prr̄,ρ[Tz(r̄, ρ) = 1] ≥ 1/16 > 0,
it holds that Gz ̸= ∅. In addition, we observe that the set Gz is enumerable given z by checking
whether Tz(r̄, ρ) holds, as the number of possible z′ and (x, b) is finite, and αz,z′ is computable.
Thus, by letting (r̄∗, ρ∗) be the lexicographically first element in Gz, we have

K(r̄∗, ρ∗) ≤ O(K(Gz)) ≤ O(|z|).
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Since Tz(r̄
∗, ρ∗) = 1,

Pr
z′∼{0,1}λ

[
Pr

(x,b)∼Ez,z′

[
HOI(-,z;ρ

∗)(x; r̄∗, z)
]
≥ 1

2
+ 2γ

]
≥ 1

2
.

Remember that
HOI(-,z;ρ

∗)(x; r̄, z) = hOI(-,z;ρ
∗)(S, x, z),

where S = {(x1, b1), . . . , (xm, bm)}, and (xi, bi) = U(αz,z′(r
i), ri) for each i ∈ [m]. Further-

more, αz,z′(·) is just an ℓ-bit string for each i. Therefore, for each z′, the description size of
HOI(-,z;ρ

∗)(-; r̄∗, z) (as a time-unbounded program) is at most

K(r̄∗, ρ∗) + |z|+ |I|+ml +O(log |z|) ≤ O(λs+ λ+ log |z|)ℓ+O(|z|).

When λ = poly(|z|) is large enough, we have

O(λs+ λ+ log |z|)ℓ+ |z|+O(|z|) ≤ C · λsℓ

for a large enough constant C > 0.
Namely, with probability at least 1/2 over the choice of z′, there exists a program h∗ of descrip-

tion size at most Cl · s · λ satisfying that

Pr
(x,b)∼Ez,z′

[h∗(x)] ≥ 1

2
+ 2γ.

By Lemma 6.1, z is not a no instance of Gap
ε(·),γ
C·ℓ(·)Sℓ(·)-DMMSA.

In the remainder, we observe the implication (5), which completes the proof.
Suppose that PrA,ρ[A

OI(-,z;ρ)(z) = 1] ≥ 1/4. Then, it holds that Prz′,r̄,E [E
ρ
z,z′,r̄] ≥ 25/32 with

probability at least 1/8 over ρ; otherwise, for at least (7/8)-fraction of ρ, with probability 1− 2−|z|

over the choice of randomness for A,

q̃ ≤ Pr
z′,r̄,E

[Eρ
z,z′,r̄] + 1/32 < 26/32 = 13/16,

and PrA[A
OI(-,z;ρ)(z) = 1] = 1− PrA[A

OI(-,z;ρ)(z) = 0] ≤ 2−|z|. Thus,

Pr
A,ρ

[AOI(-,z;ρ)(z) = 1] ≤ 1

8
+ 2−|z| <

1

4
,

which contradicts the assumption.
Furthermore, for any ρ satisfying that Prz′,r̄,E [E

ρ
z,z′,r̄] ≥ 25/32, it holds that

Pr
z′,r̄

[
Pr

(x,b)∼Ez,z′

[
HOI(-,z;ρ)(x; r̄, z)

]
≥ 1

2
+ 2γ

]
≥ 3

4
. (6)

Otherwise, with probability at least 1/4 over z′ and r̄, it holds that with probability at least 1−2−|z|

over the choice of randomness in Eρ
z,z′,r̄,

p̃ ≤ Pr
(x,b)∼Ez,z′

[
HOI(-,z;ρ)(x; r̄, z)

]
+(1/16−γ/4) < (1/2)+2γ+1/16−γ/4 = 9/16+7γ/4 < 5/8+3γ/2,
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where the last inequality follows from γ < 1/4. Therefore, Prz′,r̄,E [¬Ez,z′,r̄] ≥ (1/4) · (1 − 2−|z|) >
7/32, which contradicts that Prz′,r̄,E [E

ρ
z,z′,r̄] ≥ 25/32.

By Markov’s inequality, Equation (6) implies

Pr
r̄
[Tz(r̄, ρ) = 1] = Pr

r̄

[
Pr
z′

[
Pr

(x,b)∼Ez,z′

[
HOI(-,z;ρ)(x; r̄, z)

]
≥ 1

2
+ 2γ

]
≥ 1

2

]
≥ 1

2
.

Thus, we obtain

Pr
r̄,ρ

[Tz(r̄, ρ) = 1] ≥ 1

8
· 1
2
=

1

16
,

as desired. ⋄

7.3 CoAM Bound for Description-Restricted Context-Sensitive FAIN Reduc-
tions

In this section, we present the proof of Theorem 7.4. Below, we consider AM protocols as satisfying
the following modified syntax: Any verifier V of an AM protocol rejects the given instance (as the
standard formulation) by outputting ⊥ or halts and outputs some message in {0, 1}∗ (which means
accepting). For an AM-protocol (P, V ) and common input x, let ⟨P, V ⟩(x) denote the resulting
message.

The following is the crucial lemma.

Lemma 7.11 ([AGGM06; ABX08]). For every polynomial-time FAIN reduction R to inverting an
auxiliary-input f = {fx}, there exist an AM protocol (P, V ), a total Turing machine M , and a
polynomial p such that

• OM (-, x; ρ) inverts fx for all x ∈ {0, 1}∗ and ρ ∈ {0, 1}p(|x|);

• for all large enough x,

∆tv

(
⟨P, V ⟩(x),OM (-, x; ρ)|R(x)

)
≤ 1

|x|
,

where OM (-, x; ρ)|R(x) = (OM (q1, x; ρ), . . . ,OM (qk, x; ρ)) for queries q1, . . . , qk produced by
R(x);

• for all large enough x and for any prover P̃ ,

∆tv

(
⟨P̃ , V ⟩(x),OM (-, x; ρ)|R(x)

)
≤ Pr

rR,ρ

[
⟨P̃ , V ⟩(x) = ⊥

]
+

1

|x|
.

The proof is implicit in [AGGM06]. Below, we highlight the ideas.

Proof (sketch). For each polynomial-time FAIN reduction R, the AM-protocol (P, V ) performs as
follows on common input x (let k := k(|x|) be the query complexity):

• Let zx be the unique auxiliary-input queried by R(x). Although R queries strings of the form
(zx, y), we omit the first element zx below for readability.
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• The verifier V randomly selects a threshold τ from polynomially many candidates from [2, 3]
and defines τ -light and τ -heavy queries as follows:

y is τ -heavy⇐⇒ Pr[y ∼ Qx] ≥ τ · Pr
r
[y = fzx(r)]

y is τ -light⇐⇒ Pr[y ∼ Qx] < τ · Pr
r
[y = fzx(r)],

where Qx is a distribution of queries by R(x) at a position selected uniformly at random.

• The verifier V execute R(x) ℓ := poly(|x|) times and obtain ℓ sets of queries ȳ(1), . . . , ȳ(ℓ)

(i.e., each ȳ(i) is composed of k queries). Then, V sends them and make the prover return
the value of |f−1

zx (y)| for each query y contained in the sets with the claim whether y is τ -
heavy or τ -light (building upon the lower-bound protocol, the entropy estimation protocol,
and the hiding protocol, see [AGGM06, Appendix D]). As a result, with probability at least
1 − 1/(4|x|) over the choice of verifier’s randomness (used up to this stage), it holds that (i)
the honest prover P that sends the correct sizes and claims is accepted, and (ii) as long as the
prover is not rejected, all but 1/p(|x|)-fraction sets ȳ(i) satisfy that the claims about τ -heavy
and τ -light are correct, and for all τ -light queries y in it, the claimed size s̃y satisfies that

(1− 1/p(|x|))|f−1
zx (y)| ≤ s̃y ≤ (1 + 1/p(|x|))|f−1

zx (y)|. (7)

where p is a sufficiently large polynomial.

• Next, V selects a value j from 0, 1, . . . ,m − 1 uniformly at random, where m = poly(n) is a
large enough polynomial. Then, for each claimed size s̃y, the verifier calculates

ℓ̃y = ⌊log(s̃y/(1 + j/m))⌋

and selects a poly(n)-wise independent hash function hy : {0, 1}nx → {0, 1}ℓ̃y−c logn, where
poly is a large enough polynomial, nx is the input size of fzx , and c is a large enough absolute
constant selected. Then, we can show that with probability at least 1 − 1/(4|x|) over the
choice of j, it holds that

ℓ̃y = ⌊log |f−1
zy (y)|⌋ (8)

for all τ -light queries y satisfying Equation (7) (see [AGGM06, Lemma 11.1]). Furthermore,
by letting hy random enough, we can observe that with probability 1− 1/(4|x|), it holds that
the size of Iy = h−1

y (0ℓ̃y−c logn)∩ f−1
zx (y) is bounded by a fixed polynomial q(|x|) for all τ -light

queries y satisfying Equations (7) and (8). Thus, V can expect the prover to send all elements
in Iy for such y’s. Let Ĩy ⊆ Iy be the set sent by the prover. Note that whether Ĩy ⊆ Iy is
easily checked. In addition, V checks whether |Ĩy| ≤ q(|x|) for all y claimed to be τ -light, and
the average of |Ĩy| (taken over y claimed as τ -light) is enough close to the expected size (i.e.,
a fixed polynomial), and if not, V rejects the proof. We can show that the average of |Iy|
(i.e., the correct value) passes this test with probability at least 1− 1/(8|x|) (over the choice
of {hy}).

• We can prove that for j and {hy} satisfying the events above (selected with probability at
least 1− 5/(8|x|) by the union bound), (i) the honest prover P that sends Iy correctly is not
rejected, and (ii) as long as the prover is not rejected, the prover must send correct Iy for
each τ -light query y in all but 1/(8|x|)-fraction of query sets (we call such a query set good),
and these good sets are a subset of the sets for which the prover sends the correct claim about
τ -heavy and τ -light (see [AGGM06, Theorem 10 and Remark 9]).
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• Finally, the verifier selects the random position i from [ℓ] and answers the i-th query set as
follows: for each query y in the set, (i) if y is claimed as τ -heavy, then V does not return any
inverse, and (ii) if y is claimed as τ -light, then V returns the lexicographically first element in
I ′y (this must be an inverse of y). Notice that, as long as the i-th query set is good, V answers
each τ -light query y by the lexicographically first element in Iy.

Now, we define a Turing machine M as follows: On input (zx, y, x) and shared randomness
ρshared and (independent) random seeds ρind,

• M first selects the threshold τ ∈ [2, 3] by using ρshared as V does.

• Then, M determines whether the query is τ -light or τ -heavy according to R and fzx (which
takes exponential time).

• If y is τ -heavy, then M does not return any inverse of y.

• If y is τ -light, thenM selects poly(n)-wise independent hash function hy : {0, 1}nz → {0, 1}ℓy−c logn

by using ρind as V does, where nz is the input size of fz and ℓy = ⌊log |f−1
z (y)|⌋. Then M

returns lexicographically the first element in Iy = h−1
y (0ℓy−c logn) ∩ f−1

z (y) (if Iy = ∅ and
f−1
z (y) ̸= ∅, M returns some inverse of y).

We can observe that the M -based oracle OM (-, x; ρ) inverts {fzx} for all x and ρ because for
any choice of τ ∈ [2, 3], M returns some inverse as long as y ∈ Imfz is τ -light, and it holds that

Pr
r
[fzx(r) is τ -heavy] =

∑
y:τ -heavy

Pr
r
[y = fzx(r)] ≤

∑
y:τ -heavy

τ−1 Pr[y ∼ Qx] ≤ 1/2.

Namely,
Pr
r

[
OM (zx, fzx(r), x; ρ) ∈ f−1

zx (fzx(r))
]
≥ 1/2.

We have seen that, with probability at least

1−
(

1

4|x|
+

5

8|x|
+

1

8|x|

)
= 1− 1

|x|

over the choice of V ’s randomness, any prover P̃ is forced to answer to the queries produced by
R(x) as O(-, x; ρ), i.e., no inverse for all τ -heavy queries and lexicographically the first element in
Iy = h−1

y (0ℓy−c logn) ∩ f−1
z (y) for all τ -light queries y unless it is rejected. Thus, we obtain that

∆tv

(
⟨P̃ , V ⟩(x),OM (-, x; ρ)|R(x)

)
≤ Pr

rR,ρ

[
⟨P̃ , V ⟩(x) = ⊥

]
+

1

|x|
.

By the correctness for the honest prover P , we also obtain that

∆tv

(
⟨P, V ⟩(x),OM (-, x; ρ)|R(x)

)
≤ 1

|x|
.

Now, we complete the proof of Theorem 7.4.
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Proof of Theorem 7.4. Let R be a description-restricted context-sensitive FAIN reduction from a
promise problem Π to inverting an auxiliary-input function {fz}. Let (P0, V0), M , and p be the AM
protocol, Turing machine, and polynomial obtained by applying Lemma 7.11 for R, respectively.

We construct an coAM-protocol (P, V ) as follows: For a given common input x, (P, V ) first
executes R(x) to obtain a query set and (P0, V0)(x), where V0 embeds the query set at the random
position i on which V outputs answers (see the proof of Lemma 7.11). If V0 rejects the proof, then
V outputs 0. Otherwise, V0 must output an answer set for the query by R(x). In this case, V
continues executing R(x) with the answer set and outputs 1 if R(x) = 0 (otherwise, V outputs 1).

First, we show the completeness. Suppose that the given x is long enough and a no instance.
Then, by Lemma 7.11,

Pr[⟨P, V ⟩(x) = 1] ≥ Pr
R,ρ

[ROM (-,x;ρ)(x) = 0]−∆tv

(
⟨P0, V0⟩(x),OM (-, x; ρ)|R(x)

)
≥ 3

4
− 1

|x|
. (9)

Next, we show the soundness. Let P̃ be an arbitrary prover. Note that P̃ induces a prover P̃0

for V0 since V first performs as V0. Let x be a long enough yes instance.
For contradiction, suppose that

Pr[⟨P̃ , V ⟩(x) = 1] > 2/3.

Then, it must hold that Pr[⟨P̃0, V ⟩(x) = ⊥] < 1/3 since V outputs 0 in such cases. Thus, by
Lemma 7.11,

Pr[⟨P̃ , V ⟩(x) = 1] ≤ Pr
R,ρ

[ROM (-,x;ρ)(x) = 0] + ∆tv

(
⟨P̃0, V0⟩(x),OM (-, x; ρ)|R(x)

)
<

1

4
+

1

3
+

1

|x|
<

2

3
,

which is a contradiction. Therefore, we have

Pr[⟨P̃ , V ⟩(x) = 1] ≤ 2/3. (10)

From Equations (9) and (10), we conclude that Π ∈ coAM.

7.4 CoAM bound for Problems Reducible to GapLearn

In this section, we prove Theorem 1.12 using an approach similar to that of Theorem 7.1. We begin
by formally defining the relevant concepts.

We say that a promise problem Π = (Πyes,Πno) is paddable if, for every polynomial p, there
exists a polynomial-time computable function f such that for every x ∈ Πyes ∪Πno,

• |f(x)| ≥ p(|x|), and

• if x ∈ Πyes (resp. x ∈ Πno), then f(x) ∈ Πyes (resp. f(x) ∈ Πno).

We also define a parametric-honest nonadaptive reduction from a promise problem Π to Gapε,γσ Learn[ℓ]
as a polynomial-time randomized oracle machine that satisfies the standard properties of a non-
adaptive reduction and, additionally, the following: there exists a constant ξ > 0 such that for every
instance x of Π, every query (1n, 1s, E) made by R(x) satisfies n ≥ |x|ξ and s ≥ |x|ξ.

Note that if a paddable problem is reducible to Gapε,γσ Learn[ℓ] via a parametric-honest non-
adaptive reduction, then for any fixed polynomial p, we can assume that the reduction R(x) only
makes queries to instances (1n, 1s, E) such that n ≥ p(|x|) and s ≥ p(|x|), by padding the original
instance to one of sufficiently large polynomial length relative to p and ξ.

Because of Theorem 7.4, it suffices to show the following lemma for Theorem 1.12.
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Lemma 7.12. For every constant γ ∈ (0, 1), there exists a constant C such that for all functions l
and ε with ω(1) ≤ ℓ(n) ≤ nO(1) and ε(n) = o(1), the following holds: If a paddable promise problem
Π is reducible to Gapε,γσ Learn[ℓ] via a parametric-honest nonadaptive reduction, then Π is reducible
to inverting an auxiliary-input function f = {fz} via a description-restricted context-sensitive FAIN
reduction.

Proof. Let z be an instance of Π, and let R be a parametric-honest nonadaptive reduction. Without
loss of generality, by randomly permuting the queries, we may assume that the marginal distribution
of each query is identical and can be sampled given z simply by executing R. Let λ(·) be a sufficiently
large polynomial to be specified later. Since Π is paddable, we can assume that every query (1n, 1s, E)
in the domain satisfies s ≥ λ(|z|), and we define λ := λ(|z|).

For each randomness z′ ∼ {0, 1}poly(|z|) used by the sampler for the marginal query distribu-
tion, let Ez,z′ denote the corresponding distribution over samples. Since this is an instance of
Gapε,γσ Learn[ℓ], we can assume that each Ez,z′ is samplable with ℓ bits of advice. Thus, for each
pair (z, z′), there exists a function αz,z′ such that (i) αz,z′(r) outputs an ℓ-bit string, and (ii) the
distribution of U(αz,z′(r), r) is statistically identical to Ez,z′ for r ∼ {0, 1}poly(|z|), as long as it does
not output ⊥. In the following, we consider only the case where U does not output ⊥. Let q := q(|z|)
be the query complexity of R, and let p(|z|) := 4q(|z|)

By Lemmas 7.5 and 7.7, there exist a randomized oracle machine h, a polynomial-time com-
putable function f = {fz}, and a constant c := cγ ≥ 1 such that for every long enough z ∈ {0, 1}∗,
for every oracle I that inverts fz and every m ≥ c · (s∗(z′) + log |z|),

Pr
z′

[
Pr

S={(x1,b1),...,(xm,bm)},h

[
Pr
(x,b)

[
hI(S, x, z) = b

]
≥ 3

4
+

γ

4

]
≥ 3

4

]
≥ 1− 1

4p(|z|)
, (11)

where (x1, b1), . . . , (xm, bm), (x, b) ∼ Dz,z′ , and s∗(z′) is the minimum size polynomial-time program
h such that

Pr
(x,b)∼Dz,z′

[h(x) = b] ≥ 1− ϵ(nz′),

where n is the parameter of GapLearn instance generated by using z′.
We present an efficient and nonadaptive oracle machine A such that for every total Tur-

ing machine M and for every long enough z, if M(-, z) inverts fz, the algorithm AM(-,z) solves
Gapε,γσ Learn[ℓ] correctly for all z′ satisfying the event in Equation (11). By the union bound, with
probability at least 1− q(|z|)/p(|z|) ≥ 3/4, it correctly answers all queries from R(z), resulting in a
description-restricted context-sensitive FAIN reduction from Π to inverting f .

Below, we fix z arbitrarily and drop the description “, z” from M(-, z). Let n and s the param-
eters of the GapLearn instance generated from z′.

By the standard probabilistic argument, takingN = O(log |z|) independent sample sets S1, . . . , SN ,
each of size m, allows us to reduce the confidence error of learning from 1/4 to 1/8p(|z|), i.e.,

Pr
S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, z) = b

]
≥ 3

4
+

γ

4

]
≥ 1− 1

8p(|z|)
.

The algorithm A is given access to samples drawn from Dz,z′ and a size parameter 1s, setsm to be
c·(s+log |z|), and checks whether the following occurs: For each sample set S̄ = (S1, . . . , SN ) and the
randomness for h, let ES̄,h be the event that there exists i ∈ [N ] such that the empirical estimation of

the probability Pr(x,b)[h
M (Si, x, z) = b] within accuracy error ±(1−γ)/16 and negligible confidence

error exceeds (5+3γ)/8. This trial is examined by using samples drawn from Dz,z′ . The algorithm A
empirically estimates the probability that ES̄,h occurs within accuracy ±1/(32p(|z|)) with negligible
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confidence error. If the estimated probability is at least 1 − 3/(16p(|z|)), the algorithm A outputs
1; otherwise, A outputs 0.

In the same proof as Claim 7.9, we can observe that if s∗(z′) ≤ s, the event above occurs with
probability 1−negl(n) (over the randomness of A). Therefore, A outputs 1 with probability at least
1−negl(n) if the given instance is a Yes instance and selected by using the random seed z′ satisfying
Equation (11).

By contrast, suppose that for given (Dz,z′ , 1
s), the algorithm A outputs 1 with probability at

least 1/3. We claim that

Pr
S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, z) = b

]
≥ 1

2
+

γ

2

]
≥ 1− 1

4p(|z|)
.

Otherwise, with probability at least 1/4p(|z|) over S̄ = (S1, . . . , SN ) and h, the event ES̄,h occurs
with negligible probability. Thus, ES̄,h occurs with probability at most 1− 1/(4p(|z|))+ negl(|z|)≪
1 − 3/(16p(|z|)) − 1/(32p(|z|)), and hence A outputs 1 only when the empirical estimation fails.
The failure of the emprical estimation occurs only with negligible probability, which implies that A
outputs 1 with negligible probability. This is a contradiction.

Let Z ′ be the set of z′ such that z′ satisfies the event in Equation (11) and A outputs 1 for Dz,z′

with probability at least 1/3.
Then, we have

Pr
z′∼Z′,S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, z) = b

]
≥ 1

2
+

γ

2

]
≥ 1− 1

4p(|z|)
. (12)

Let w be random seeds sufficiently long for generating N sample sets of each size m from Dz,z′

(with only negligible failure probability) and executing hM . We define a test for the random seed
w as Tz(w) = 1 if and only if with probability at least 1− 1/2p(|z|) over z′ ∼ Z ′, there exist i ∈ [N ]
and a sequence of advice α1, . . . , αm ∈ {0, 1}ℓ(n) such that for a sample set Si = {(xij , bij)}j∈[m],

where each (xij , b
i
j) is generated using the corresponding seed in w and αj , it holds that

Pr
(x,b)

[
hM (Si, x, 1n) = b

]
≥ 1

2
+

γ

2
.

Let Gz be a good seed set defined as Gz = {w : Tz(w) = 1}. Since Dz,z′ is samplable with ℓ advice,
Equation (12) and Markov’s inequality imply that

Pr
w
[w ∈ Gz] ≥

1

2
.

Notice that Tz is recursively enumerable given z. Thus, the randomness w∗ ∈ Gz (to obtain N
sample sets and execute h) initially found via universal search satisfies that (i) K(w∗) ≤ O(K(Gz)) =
O(|z|), and (ii) with probability at least 1−1/2p(|z|) over z′ ∼ Z ′, it holds that there exist i∗ ∈ [N ]
and α1, . . . , αm ∈ {0, 1}ℓ(n) such that

Pr
(x,b)

[hM (Si∗ , x, z) = b] ≥ 1

2
+

γ

2
.

The description size of the hypothesis hM (Si∗ , -, z) is at most

K(w∗) + K(i∗) + |α1|+ · · ·+ |αm|+O(|z|) ≤ m · ℓ(n) +O(|z|)
≤ c · (s+ log |z|) · ℓ(n) +O(|z|)
≤ (2c+ 1) · s · ℓ(n),
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by selecting large enough λ (recall that s ≥ λ(|z|)). Thus, these instances are not Yes instances for
Gapε,γC·ℓLearn[ℓ], where C = 2c+1 is a constant depending only on γ. Therefore, A outputs 1 (with
probability at least 1/3) as a false positive for at most 1/2p(n)-fraction of r satisfying the event in
Equation (11).

Thus, by the union bound, the error probability that A cannot output the correct answer (with
probability at least 2/3) is at most 1/4p(n) + 1/2p(n) ≤ 1/p(n) over the choice of instances.

7.5 One-Way Functions from Average-Case Hardness

In this section, we prove Theorems 1.5 and 1.10.

Theorem 7.13 (Theorem 1.10 Item 1). For every ℓ(n) = ω(1), every ε(n) = o(1), and every

constant γ ∈ [0, 1/4), there exists C ≥ 1 such that if Gap
ε(n),γ
C·ℓ(n)F[ℓ(n)]-CMMSA /∈ BPP, where n is

the instance size, then (Π,D) /∈ Avg1/polyBPP for some Π ∈ NP and samplable distribution D.

Proof. By Lemma 7.3, there exist an auxiliary-input function f = {fx} and a description-restricted

context-sensitive FAIN reduction R from Π := Gap
ε(n),γ
C·ℓ(n)F[ℓ(n)]-CMMSA,D) to inverting f for some

C ≥ 1. Thus, Π /∈ BPP implies the existence of an auxiliary-input one-way function, which in turn
implies (Π,D) /∈ Avg1/polyBPP for some Π ∈ NP and samplable distribution D by Proposition 3.8.

Theorem 7.14 (Theorem 1.10 Item 2). For every ℓ(n) = ω(1), every ε(n) = o(1), and every

constant γ ∈ [0, 1/4), there exists C ≥ 1 such that if (Gap
ε(n),γ
C·ℓ(n)F[ℓ(n)]-CMMSA,D) /∈ Avg1/pBPP

for some samplable distribution D and polynomial p, where n is the instance size, then there exists
an inifinitely-often one-way function.

Proof. Let D = {Dn}n∈N be an arbitrary samplable distribution, where Dn is a distribution over

instances of instance size n for Π = Gap
ε(n),γ
C·ℓ(n)F[ℓ(n)]-CMMSA. Let p be an arbitrary polynomial.

By Lemma 7.3, there exist an auxiliary-input function f = {fx} and a description-restricted
context-sensitive FAIN reduction R from Π to inverting f .

Now, we define a one-way function g = {gn} as follows: for each n ∈ N,

gn(r, rf ) := (x, fx(rf )),

where x ∼ Dn sampled by using r, and rf is a random seed for fx. Since D is samplable, g is
polynomial-time-computable function.

Suppose that there is no one-way function. Then, there exists a polynomial-time randomized
algorithm M such that for every n ∈ N,

Pr
r,rf

[
Pr
M
[M(gn(r, rf )) ∈ g−1

n (gn(r, rf ))] ≥ 1− negl(n)

]
≥ 1− 1/8p(n).

By Markov’s inequality,

Pr
x∼Dn

[
Pr
M,rf

[M(x, fx(rf )) ∈ D−1
n (x)× f−1

x (fx(rf ))] ≥ 3/4

]
≥ 1− 1/p(n), (13)

where D−1
n (x) represents the seed set for the sampler of Dn such that x is sampled.

LetM ′ be the Turing machine that outputs the second element ofM , i.e.,M(x, y) = (x,M ′(x, y)).
We construct the algorithm A that solves Π on average as follows: For a given x ∼ Dn, the

algorithm A first empirically estimates the probability that M ′(x, fx(rf )) inverts fx(rf ) over the
choice of rf within an additive accuracy error ±1/16 and confidence probability at least 1− negl(n).
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If the estimated probability is at least 5/8, then A executes ROM′ (-,x;ρ)(x) and outputs the same
answer. Otherwise, A outputs ⊥. Recall that since M ′ halts in polynomial time, A can simulate
ROM′ (-,x;ρ)(x) in polynomial time.

Since the failure of the empirical estimation occurs only with negligible probability, we first
ignore it. If x is passed the empirical test, it holds that

Pr
M,rf

[M(x, fx(rf )) ∈ D−1
n (x)× f−1

x (fx(rf ))] ≥
5

8
− 1

16
>

1

2
.

In this case,

Pr
A
[A(x) = Π(x)] = Pr

R,ρ
[ROM′ (-,x;ρ)(x) = Π(x)] ≥ 3

4
.

Furthermore, by Equation (13), at least with probability 1 − 1/p(n) over x ∼ Dn, the instance x
must pass the test.

Therefore, we conclude that for every n ∈ N,

Pr
x∼Dn

[
Pr
A
[A(x) = Π(x)] ≥ 3/4− negl(n)

]
≥ 1− 1

p(n)
,

and for all n ∈ N and x ∈ Support(Dn),

Pr
A
[A(x) ∈ {Π(x),⊥}] ≥ 1− negl(n),

where the negligible terms are due to the failure of the empirical estimation.

Thus, Π = Gap
ε(n),γ
C·ℓ(n)F[ℓ(n)]-CMMSA ∈ Avg1/pBPP.

Next, we prove Theorem 1.5. The implication from the existence of one-way functions (Item 1)
to the average-case hardness of GapLearn (Item 3) immediately follows from the well-known fact
that a pseudorandom function is constructed from any one-way function [GGM86; HILL99] and it
implies the average-case hardness of PAC learning under the uniform distribution even allowing any
polynomially large hypothesis [Val84] (see also [HN23]). The implication from Item 3 to Item 2 is
trivial from the definition, Thus, we will see only the remaining direction.

Theorem 7.15 (Theorem 1.5 Item 2 ⇒ Item 1). If there is no infinitely-often one-way function,
then for every γ ∈ (0, 1), there exists a constant C such that for every ℓ = ω(1), every ε = o(1),
every samplable distribution D = {Dn}n, where each Dn is over triples of 1n, 1s, and a distribution
of samples in {0, 1}n × {0, 1}, there exists a randomized algorithm that solves Gapε,γC·ℓLearn[ℓ] on
average with probability at least 1− 1/p(n) over Dn for every n ∈ N.

Proof. Let D = {Dn}n∈N be an arbitrary samplable distribution as in the statement and p be an
arbitrary polynomial. We define D = {Dn,r} as, for each n ∈ N and a random seed r for sampling
from Dn, the distribution Dn,r represents the distribution over samples in {0, 1}n × {0, 1} drawn
from Dn by using r. Recall that Dn,r is samplable with advice complexity ℓ := ℓ(n).

By Lemmas 7.5 and 7.7, there exist a randomized oracle machine h, a polynomial-time com-
putable function f = {fn}, and a constant c := cγ ≥ 1 such that for every large enough n ∈ N, for
every oracle I that inverts fn and every m ≥ c · (s∗(r) + log n),

Pr
r

[
Pr

S={(x1,b1),...,(xm,bm)},h

[
Pr
(x,b)

[
hI(S, x, 1n) = b

]
≥ 3

4
+

γ

4

]
≥ 3

4

]
≥ 1− 1

4p(n)
,

59



where (x1, b1), . . . , (xm, bm), (x, b) ∼ Dn,r, and s∗(r) is the minimum size polynomial-time program
h such that

Pr
(x,b)∼Dn,r

[h(x) = b] ≥ 1− ϵ(n).

Suppose that there is no one-way function. Then, there exists a polynomial-time randomized
algorithm M such that for every n ∈ N,

Pr
M,r

[M(1n, fn(r)) ∈ f−1
n (fn(r))] ≥ 1/2.

Thus,

Pr
r

[
Pr

S={(x1,b1),...,(xm,bm)},h

[
Pr
(x,b)

[
hM (S, x, 1n) = b

]
≥ 3

4
+

γ

4

]
≥ 3

4

]
≥ 1− 1

4p(n)
. (14)

Below, we consider only such values of r and present an algorithm A that performs correctly for
these values of r.

By the standard probabilistic argument, takingN = O(log n) independent sample sets S1, . . . , SN ,
each of size m, allows us to reduce the confidence error of learning from 1/4 to 1/8p(n), i.e.,

Pr
S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, 1n) = b

]
≥ 3

4
+

γ

4

]
≥ 1− 1

8p(n)
.

The algorithm A is given access to samples drawn from Dn,r and a size parameter 1s, setsm to be
c·(s+logn), and checks whether the following occurs: For each sample set S̄ = (S1, . . . , SN ) and the
randomness for h, let ES̄,h be the event that there exists i ∈ [N ] such that the empirical estimation of

the probability Pr(x,b)[h
M (Si, x, 1n) = b] within accuracy error ±(1−γ)/16 and negligible confidence

error exceeds (5+3γ)/8. This trial is examined by using samples drawn from Dn,r. The algorithm A
empirically estimates the probability that ES̄,h occurs within accuracy ±1/(32p(n)) with negligible
confidence error. If the estimated probability is at least 1− 3/(16p(n)), the algorithm A outputs 1;
otherwise, A outputs 0.

In the same proof as Claim 7.9, we can observe that if s∗(r) ≤ s, the event above occurs with
probability 1−negl(n) (over the randomness of A). Therefore, A outputs 1 with probability at least
1− negl(n) if the given instance is a Yes instance and selected by using the random seed r satisfying
Equation (14).

By contrast, suppose that for given (Dn,r, 1
s), the algorithm A outputs 1 with probability at

least 1/3. We claim that

Pr
S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, 1n) = b

]
≥ 1

2
+

γ

2

]
≥ 1− 1

4p(n)
.

Otherwise, with probability at least 1/4p(n) over S̄ = (S1, . . . , SN ) and h, the event ES̄,h occurs
with negligible probability. Thus, ES̄,h occurs with probability at most 1 − 1/(4p(n)) + negl(n) ≪
1− 3/(16p(n))− 1/(32p(n)), and hence A outputs 1 only when the empirical estimation fails. The
failure of the emprical estimation occurs only with negligible probability, which implies that A
outputs 1 with negligible probability. This is a contradiction.

Let R be the set of r such that r satisfies the event in Equation (14) and A outputs 1 for Dn,r

with probability at least 1/3.
Then, we have

Pr
r∼R,S1,...,SN ,h

[
∃i ∈ [N ] s.t. Pr

(x,b)

[
hM (Si, x, 1n) = b

]
≥ 1

2
+

γ

2

]
≥ 1− 1

4p(n)
. (15)
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Let w be random seeds sufficiently long for generating N sample sets of each size m from Dn,r

(with only negligible failure probability) and executing hM . We define a test for the random seed w
as Tn(w) = 1 if and only if with probability at least 1− 1/2p(n) over r ∼ R, there exist i ∈ [N ] and
a sequence of advice α1, . . . , αm ∈ {0, 1}ℓ(n) such that for a sample set Si = {(xij , bij)}j∈[m], where

each (xij , b
i
j) is generated using the corresponding seed in w and αj , it holds that

Pr
(x,b)

[
hM (Si, x, 1n) = b

]
≥ 1

2
+

γ

2
.

Let Gn be a good seed set defined as Gn = {w : Tn(w) = 1}. Since Dn,r is samplable with ℓ advice,
Equation (15) and Markov’s inequality imply that

Pr
w
[w ∈ Gn] ≥

1

2
.

Notice that Tn is recursively enumerable given n. Thus, the randomness w∗ ∈ Gn (to obtain N
sample sets and execute h) initially found via universal search satisfies that (i) K(w∗) ≤ O(K(Gn)) =
O(log n), and (ii) with probability at least 1−1/2p(n) over r ∼ R, it holds that there exist i∗ ∈ [N ]
and α1, . . . , αm ∈ {0, 1}ℓ(n) such that

Pr
(x,b)

[hM (Si∗ , x, 1n) = b] ≥ 1

2
+

γ

2
.

The description size of the hypothesis hM (Si∗ , -, 1n) is at most

K(w∗) + K(i∗) + |α1|+ · · ·+ |αm|+O(log n) ≤ m · ℓ(n) +O(log n)

≤ c · (s+ log n) · ℓ(n) +O(log n)

≤ (2c+ 1) · s · ℓ(n),

where the last inequality holds by assuming log n ≤ s; otherwise, we can efficiently find the hypoth-
esis of size s by brute-force search. Thus, these instances are not Yes instances for Gapε,γC·ℓLearn[ℓ],
where C = 2c + 1 is a constant depending only on γ. Therefore, A outputs 1 (with probability at
least 1/3) as a false positive for at most 1/2p(n)-fraction of r satisfying the event in Equation (14).

Thus, by the union bound, the error probability that A cannot output the correct answer (with
probability at least 2/3) is at most 1/4p(n) + 1/2p(n) ≤ 1/p(n) over the choice of instances.

8 Open Problems

We list a couple of open problems.

• Can we explain the difficulty of matching the inapproximability factors in Corollary 1.4
and Theorem 1.5? For example, is there an oracle under which the factor in Theorem 1.5
cannot be improved further?

• Can we establish sharp thresholds to rule out Heuristica for agnostic learning? Previous
work [HN21] is insufficient, as it relies on agnostic boosting [Fel10; KK09], which causes a
cubic blowup in hypothesis size when boosting accuracy to a constant.

• Can we prove Theorems 1.3 and 1.8 in the realizable case where ε = 0?

• Can we prove Theorems 1.3 and 1.8 for larger functions ℓ? In our case, ℓ is a function that
grows very slowly (specifically, ℓ(n) ≤ log log log n).
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• Can we establish a similar sharp threshold result for other related problems, such as MINKT∗

and MCSP∗, by using or extending the techniques developed in this paper? Here, MINKT∗

(resp. MCSP∗) is the problem of, given a partial string (resp. a partial truth table), determining
the size of the minimum program (resp. minimum circuit) that produces a string consistent
with the partial string.
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A Observing Lemma 4.8

This section heavily relies on the construction presented in [MR10], and thus we refer the original
paper for backgrounds.

A.1 Syntax and Balanced Properties

First, we review some variants of bipartite LDRC introduced [MR10] that appear in the intermediate
composition steps, where we only mention some syntax relevant for observing the balanced property
(for instance, we omit notions required only for proving correctness of the original construction and
even requirements of LDRCs). In addition, we assume uniformity in some sense, i.e., we assume
that the bipartite LDRC is constructed for each given targeted tuples in some uniform ways, and we
do not even mention about the targeted k tuples in the definitions. For details on formal definitions
and uniformity, see the original paper [MR10].

Definition A.1 (Bipartite LDRC, simplified syntax). Let R be a finite set of alphabets for the
original message, and let k ∈ N. A bipartite LDRC for k-tuples is composed of

⟨G = (A,B,E), V,Ω,ΣA,ΣB, valid, label, π, eval⟩,

where

• G = (A,B,E) is a bipartite multigraph;

• V ∈ {A,B} is a set of evaluating vertices;

• Ω is a finite set of labels;
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• ΣA and ΣB are finite sets of alphabets for A and B, respectively;

• valid : A× ΣA → {0, 1} is a function that specifies valid alphabets for each left vertex;

• label : E → Ω is a function that assigns a label for each edge;

• π : A× ΣA × Ω→ ΣB is a function that represents the projection rule for each edge;

• eval : V × ΣV → Rk is a function that evaluates each vertex in V with its assignments.

When V = A (resp. V = B), we say the LDRC has a left (resp. right) reader.

Definition A.2 (Point-Variant of Bipartite LDRC, simplified syntax). Let R be a finite set of
alphabets for the code, and let k ∈ N. A point variant of bipartite LDRC for k-tuples in X is
composed of

⟨G = (A,B,E), V,Ω,ΣA,ΣB, valid, label, π, eval, evalp⟩,

where the syntax is the same as Definition A.1 except

• evalp: W ×ΣW → R, where W ∈ {A,B}\V , is a function that evaluates the other vertex set.

When V = A (resp. V = B), we say the point-variant of LDRC has a left+point (resp.
right+point) reader.

We define the balanced property for each definition above.

Definition A.3 (Balanced Property for Left Reader). Let R be a finite set of alphabets for the
code, let X be a finite set of indices, and let S be a subset of k-tuples whose element is in X. A
bipartite LDRC for k-tuples

G = ⟨G = (A,B,E), A,Ω,ΣA,ΣB, valid, label, π, eval⟩

is said to have the balanced property on S if there exists M ∈ N such that for every (list of ) k-tuples
in S, every edge e = (v, w) ∈ E, every y ∈ Rk, and every β ∈ ΣB, it holds that

|{α ∈ ΣA : valid(v, α) = 1, π(v, α, label(e)) = β, eval(v, α) = y}| = M.

In addition, a point-variant of bipartite LDRC for k-tuples

G = ⟨G = (A,B,E), A,Ω,ΣA,ΣB, valid, label, π, eval, evalp⟩

is said to have the balanced property on S if there exists M ∈ N such that for every (list of ) k-tuples
in S, every edge e = (v, w) ∈ E, every y ∈ Rk, and every z ∈ R it holds that

|{(α, β) ∈ ΣA × ΣB : valid(v, α) = 1, π(v, α, label(e)) = β, eval(v, α) = y, evalp(w, β) = z}| = M.

Definition A.4 (Balanced Property for Right Reader). Let R be a finite set of alphabets for the
code, let X be a finite set of indices, and let S be a subset of k-tuples whose element is in X. A
bipartite LDRC for k-tuples

G = ⟨G = (A,B,E), B,Ω,ΣA,ΣB, valid, label, π, eval⟩

is said to have the balanced property on S if there exists M ∈ N such that for every (list of ) k-tuples
in S, every edge e = (v, w) ∈ E, every y ∈ Rk, it holds that

|{(α, β) ∈ ΣA × ΣB : valid(v, α) = 1, π(v, α, label(e)) = β, eval(w, β) = y}| = M.
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In addition, a point-variant of bipartite LDRC for k-tuples

G = ⟨G = (A,B,E), B,Ω,ΣA,ΣB, valid, label, π, eval, evalp⟩

is said to have the balanced property on S if there exists M ∈ N such that for every (list of ) k-tuples
in S, every edge e = (v, w) ∈ E, every y ∈ Rk, and every z ∈ R it holds that

|{(α, β) ∈ ΣA × ΣB : valid(v, α) = 1, π(v, α, label(e)) = β, eval(w, β) = y, evalp(v, α) = z}| = M.

When S is implicit, we let S be the whole set of k-tuples whose element is in X.
In the following sections, we will observe that every base LDRC has the balanced property and

the composition steps preserves it in [MR10]. The construction consists of the following 15 steps,
where we omit the term “bipartite” from bipartite LDRC.

1. Construct Reed–Muller-based LDRC with Right Reader (RM-RR)

(a) Construct Reed–Muller-based LDRC with Light Reader (RM-LR);

(b) Apply power reduction;

(c) Apply right degree reduction;

(d) Switch sides;

(e) Apply right degree reduction.

2. Construct Reed–Muller-based LDRC with Right+Point Reader (RM-RPR)

(a) Construct Reed–Muller-based LDRC with Light+Point Reader (RM-LPR);

(b) Apply power reduction;

(c) Apply right degree reduction;

(d) Switch sides;

(e) Apply right degree reduction.

3. Compose (outer) RM-RR with (inner) RM-RPR to construct new RM-RR

4. Construct Concatenated-Code-based LDRC with Light Reader (RM⋄Had-LR)

(a) Construct Hadamard-based LDRC with Light Reader (Had-LR);

(b) Transform Had-LR to RM⋄Had-LR;
(c) Apply right degree reduction.

5. Compose (outer) RM-RR of Item 3 with (inner) RM⋄Had-LR.

A.2 Base Cases

We observe the balanced properties of the three base cases.
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A.2.1 Construct RM-LR (Item 1a)

In RM-LR, R = F and X = Fm for a finite field F and m ∈ N. The A-alphabet ΣA is a set
of (descriptions of) degree-d 4-variate polynomials over F, where it holds that d > k + 1. The
B-alphabet ΣB is F. The label set Ω is F4. The validity test always accepts, i.e., valid ≡ 1.
The projection π : A × ΣA × Ω → ΣB is defined as π(a, σa, p) = σa(p) (recall that σa is a 4-
variate polynomial). Recall that V = A. For each a ∈ A, the evaluation is defined as eval(a, σa) =
(σa(p1), . . . , σa(pk)), where p1, . . . , pk ∈ Fk and they are distinct. In addition, for each e = (a, b) ∈ E,
it holds that pe := label(e) /∈ {p1, . . . , pk}.

Therefore, the condition of the balanced property is written as for each y = (y1, . . . , yk) ∈ Rk

and σb ∈ ΣB,
|{σa : σa(p1) = y1 ∧ · · ·σa(pk) = yk ∧ σa(pe) = σb}|

is the same regardless of e. This is verified since the degree of σa is greater than k + 1, and
p1, . . . , pk, pe are distinct.

A.2.2 Construct RM-LPR (Item 2a)

The balanced property is verified in the similar way as that of RM-LR.
In RM-LPR, (as in RM-LR) R = F and X = Fm for a finite field F and m ∈ N. The A-

alphabet ΣA is a set of (descriptions of) degree-d 4-variate polynomials over F, where it holds that
d > k + 1. The B-alphabet ΣB is F. The label set Ω is F4. The validity test always accepts,
i.e., valid ≡ 1. The projection π : A × ΣA × Ω → ΣB is defined as π(a, σa, p) = σa(p) (recall that
σa is a 4-variate polynomial). Recall that V = A. For each a ∈ A, the evaluation is defined as
eval(a, σa) = (σa(p1), . . . , σa(pk)), where p1, . . . , pk ∈ Fk and they are distinct. For each b ∈ B, the
point evaluation is defined as evalp(b, σb) = σb. In addition, for each e = (a, b) ∈ E, it holds that
pe := label(e) /∈ {p1, . . . , pk}.

Namely, the condition of the balanced property is written as for each y = (y1, . . . , yk) ∈ Rk and
each z ∈ R,

|{σa : σa(p1) = y1 ∧ · · ·σa(pk) = yk ∧ σa(pe) = z}|

is the same regardless of e. This is verified since the degree of σa is greater than k + 1, and
p1, . . . , pk, pe are distinct.

A.2.3 Construct Had-LR (Item 4a)

In Had-LR, R = F and X = Fm for a finite field F and m ∈ N. We define a set S ⊆ (Fm)k as

S =
{
(x1, . . . , xk) ∈ (Fm)k : x1, . . . , xk are linearly independent

}
,

and consider the balanced property on S. Below, we consider an arbitrary k-tuple in S.
The A-alphabet ΣA is a set of (descriptions of) (k + 2)-variate linear functions over F. The

B-alphabet ΣB is F. The label set Ω is Fk+2. The validity test always accepts, i.e., valid ≡ 1. The
projection π : A×ΣA×Ω→ ΣB is defined as π(a, σa, p) = t−1

a ·σa(p), where ta ∈ F\{0} (recall that
σa is a (k+2)-variate linear function). Recall that V = A. For each a ∈ A, the evaluation is defined
as eval(a, σa) = (σa(p1), . . . , σa(pk)), where p1, . . . , pk ∈ Fk. In addition, for each e = (a, b) ∈ E, it
holds that pe := label(e) and p1, . . . , pk are linearly independent.

Therefore, the condition of the balanced property (on S) is written as for each y = (y1, . . . , yk) ∈
Rk and σb ∈ ΣB,

|{σa : σa(p1) = y1 ∧ · · ·σa(pk) = yk ∧ σa(pe) = ta · σb}|
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is the same regardless of e = (a, b). This is verified since σa is (k+ 2)-variate, and p1, . . . , pk, pe are
linearly independent.

Note that when the targeted tuple is not in S, i.e., it contains linear dependent vectors, the
corresponding evaluated points p1, . . . , pk can be linear dependent.

A.3 Manipulations

We observe that each manipulation preserves the balanced property.

A.3.1 Power Reduction (Items 1b and 2b)

Consider RM-LR in Item 1a or RM-LPR in Item 2a. Recall that they satisfy the balanced property.
The purpose of power reduction is to reduce (the valid encodings of) the degree of A alphabets
logarithmically.

Let A-alphabets are 4-variates polynomials of degree d over F. A new A-alphabets are 4b-
variate polynomials of degree d′ over F, where b, d′ ∈ N are determined by the parameters of the
original code, and it holds that d′ ≥ k + 1 (which follows from the choice of parameters of [MR10,
Section 9.6]). The constraint graph and components are the same as the originals except the
following: When a 4-variate polynomial p (of degree d) is evaluated on a point p ∈ F4 in the original
code, we instead evaluate the corresponding 4b-variate polynomial p′ (of degree d′) on ϕ(p) ∈ F4d′ ,
where

ϕ(p1, p2, p3, p4) =
(
p2

0

1 , p2
1

1 , p2
2

1 , . . . , p2
b

1 , . . . , p2
0

4 , p2
1

4 , p2
2

4 , . . . , p2
b

4

)
.

The original code evaluates a polynomial on distinct points, and so does the new code since
ϕ(p) ̸= ϕ(p′) for p ̸= p′. Thus, by the same argument as Appendices A.2.1 and A.2.2, the new code
has the balanced property.

A.3.2 Right Degree Reduction (Items 1c, 1e, 2c, 2e, and 4c)

Let G = (A,B,E) be the original constraint (regular) bipartite graph. The purpose of this manip-
ulation is to reduce the right degree. The idea is the following. We copy each B-vertex as many as
the original right degree dr and then connect them to dr incoming edges according to a bipartite
expander graph of size dr without changing the constraints, labels, and so on. Since it does not
change anything other than the graph structure, the manipulation preserves the balanced property.

A.3.3 Switching Sides (Items 1d and 2d)

The purpose of this step to transform RM-LR and RM-LPR into RM-RR and RM-RPR, respectively.
Namely, we switch the evaluation side V from A to B.

First, we see the case of RM-LR. Let

G = ⟨G = (A,B,E), A,Ω,ΣA,ΣB, 1, label, π, eval⟩

be the original RM-LR. Then we transform G′ to RM-RR

G′ = ⟨G′ = (A′, B′, E′), B,Ω′,ΣA′ , (ΣB′ :=)ΣA, valid
′, label′, π′, eval′⟩,

where A′ = B, B′ = A, and E′ = {(b, a) : (a, b) ∈ E}, i.e., G′ is obtained by switching A and B.
Let dr be the right degree of G. The label set Ω′ is [dr], and for each e = (b, a) ∈ E′, the label

label′(e) = i if (a, b) is the i-th edge coming into b in G. The A′-alphabet set is a set of mappings
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from Ω′ to ΣA (i.e., dr polynomials over F). The projection rule is π(b, σa, ξ) = σa(ξ) ∈ ΣA (= ΣB′).
The evaluation eval′ is the same as the original left evaluator, i.e., eval′(a, σa) = eval(a, σa).

The validity test is defined as follows: For each b ∈ A′(= B) and ξ ∈ Ω′(= [dr]), we can uniquely
determine a ∈ A such that (a, b) is ξ-th edge coming into b in G, and let pb,ξ := label((a, b)) ∈ F4.
The validity test valid′ accepts (b, σb) iff σb(ξ)(pb,ξ) is consistent (i.e., the same) for all ξ ∈ Ω′ (recall
that σb(ξ) is a 4-variate polynomial).

Remember that for every (a, b) ∈ E, the evaluated points in eval(a, -) and label((a, b)) are
distinct. Thus, for each (b, a) ∈ E′ and ξ ∈ Ω, the evaluated points in eval′(a, σb(ξ)) and pb,ξ are
distinct. Namely, for each (b, a) ∈ E′ and ξ ∈ Ω′, the number of (σb(ξ), σa) ∈ ΣA × ΣA with
π(b, ξ) = σb(ξ) = σa that returns y ∈ Rk+1 on the above k + 1 evaluated points is the same
regardless of y. Since the same holds for other dr−1 labels ξ′ ∈ Ω′ \{ξ}, there are the same number
of polynomials σb(ξ

′) that are consistent with σb(ξ)(pb,ξ). Thus, the balanced property holds.
The construction of RM-RPR is the same except the point evaluation defined as

evalp′(b, σb) = evalp(b, σp)

where evalp is the point evaluation function of the original RM-LPR. Thus, the balanced property
is observed in the same way as RM-RR.

A.3.4 Transfoming Had-LR to RM⋄Had-LR (Item 4b)

First, we review the concatenated code RM⋄Had constructed from (inner) Reed-Muller code and
(outer) Hadamard code.

Let F be a finite field for alphabets of Reed-Muller code, and let L ≤ F be a prime subfield for
alphabets of Reed-Muller code. Let τ be the extension degree [F : L]. Let m ∈ N be dimension. We
select the degree d of polynomials for Reed-Muller code so that d > k+1. Let M be the number of
degree-d m-variate monomials. Then, we consider the Reed-Muller encoding Fm → F|Fm| and the
Hadamard encoding Lτ → L.

The concatenation of the two encoding is a linear function over L, where an original message p
in FM (regarded as LMτ ) is encoded by the Reed-Muller encoding resulting in the codeword in F|Fm|

and then each symbol in F regarded as Lτ is further encoded by the Hadamard encoding. Namely,
each symbol in the codeword is indexed by (x, y) ∈ Fm×Lτ and it is obtained as ⟨p(x), y⟩L, where p
is regarded as the degree-d polynomial over F, the value p(x) is regarded as the element in Lτ , and
⟨,⟩L is the inner product over L. By the linearity, for each (x, y) ∈ Fm × Lτ , there is the coefficient
vector ex,y ∈ LMτ such that the codeword at position (x, y) for the original message p ∈ LMτ is
⟨p, ex,y⟩.

Now, we present how the base Had-LR (whose alphabet set is R = L and index set is X = LMτ )
is transformed into an LDRC based on the concatenation codes RM⋄Had-LR. The alphabet set is
R′ = L, and the new index set is X ′ = Fm × Lτ . For each k-tuple ((x1, y1), . . . , (xk, yk)) ∈ X ′k in
the list, we construct a k-tuple (ex1,y1 , . . . , exk,yk) ∈ Xk and invokes the construction of Had-LR for
the resulting list of Xk. The resulting LDRC G is the outcome of the construction of RM⋄Had-LR.

Define S ⊆ X ′k as

S := {((x1, y1), . . . , (xk, yk)) : x1, . . . , xk are distinct}.

Then we observe the balanced property of RM⋄Had-LR on S. Since Had-LR has the balanced
property on k-tuples that are linearly independent (see Appendix A.2.3), it suffices to show that
ex1,y1 , . . . , exk,yk are linearly independent as long as x1, . . . , xk are distinct.

Let (x1, y1), . . . , (xk, yk) ∈ X ′, and suppose that x1, . . . , xk are distinct. Since the degree d for
the Reed-Muller code is greater than k + 1, for every v = (v1, . . . , vk) ∈ Fk, there exists a message
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p ∈ LMτ (regarded as a degree-d polynomial over F) such that (p(x1), . . . p(xk)) = v. Namely, by
selecting p appropriately, we can let each p(xi) be an arbitrary linear function over L, where p is
regarded as the corresponding polynomial over F. Thus, for each i ∈ [k], we can select pi ∈ LMτ so
that

(⟨ex1,y1 , pi⟩LMτ , . . . , ⟨exk,yk , pi⟩LMτ )T = (⟨y1, pi(x1)⟩L, . . . , ⟨yk, pi(xk)⟩L)T = ei,

where ei ∈ (LMτ )k is the unit vector whose i-th element is 1.
Therefore, by letting E = (ex1,y1 , . . . , exk,yk) ∈ (LMτ )k×k and P = (p1, . . . , pk) ∈ (LMτ )k×k, we

have P TE = Ik, where Ik ∈ (LMτ )k×k is the identity matrix. Namely, E has the inverse matrix P T

and full rank. Thus, ex1,y1 , . . . , exk,yk are linearly independent, as desired.

A.4 Compositions

Finally, we observe each composition also preserves the balanced property, which completes the
proof of Lemma 4.8.

A.4.1 Composing (outer) RM-RR with (inner) RM-RPR (Item 3)

In the composed RM-RR, R = F and X = Fm for a finite field F and m ∈ N. The construction
algorithm performs as follows:

On the given list L = {(xi,1, . . . , xi,k)}i∈[N ] of k-tuples, it first invokes the construction of the
(outer) RM-RR for L in Item 1e and obtain

Gout = ⟨Gout = (Aout, Bout, Eout), Bout,Ωout,ΣAout ,ΣBout , validout, labelout, πout, evalout⟩.

Note that Gout is regular. Let dl and dr be the left and right degree in Gout, respectively. Recall
that ΣBout is a set of degree-d w-variate polynomials over F for some d,w ∈ N.

For each bout ∈ Bout, we define two types of query points in Fw for each bout ∈ Bout.

• Vertex queried points (k points). Recall that evalout(bout, -) evaluates σbout ∈ ΣBout on k
distinct points p1, . . . , pk ∈ Fw. We call them vertex queried points.

• Edge queried points (dr points). For each aout ∈ Aout with eout = (aout, bout) ∈ Eout and for
σaout ∈ ΣAout , the validity test validout evaluates σaout(labelout(eout)) (which is supposed to
be σbout by the projection rule) on a point paout ∈ Fw. We call it an edge queried point. Since
there are dr many aout’s, there are dr edge queried points.

For each bout ∈ Bout, the construction algorithm invokes the (inner) RM-RPR for the k + dr
query points above (as a (k + dr)-tuple) and obtain

Gboutin = ⟨Gbout
in = (Ain, Bin, E

bout
in ), Bin,Ωin,ΣAin ,ΣBin , valid

bout
in , labelboutin , πbout

in , evalboutin , evalpboutin ⟩,

where we used the fact that the vertex sets, labels, and alphabets are universal regardless of the
given tuple in the inner construction. Then it constructs a new RM-RR

G = ⟨G = (A,B,E), B,Ω,ΣA,ΣB, valid, label, π, eval⟩

as follows:
The vertex sets are A = Aout ×Ain and B = Bout ×Bin. The edge set is

E =
{
(⟨aout, ain⟩, ⟨bout, bin⟩) ∈ A×B : (aout, bout) ∈ Eout and (ain, bin) ∈ Ebout

in

}
.
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The label set is Ω = [dl] × Ωin. For each edge e = (⟨aout, ain⟩, ⟨bout, bin⟩) ∈ E, the label is
assigned as label(e) = (i, labelboutin (ain, bin)), where i ∈ [dl] such that (aout, bout) is the i-th outgoing
edge from aout in Gout.

The B-alphabet set is ΣB = ΣBin , which is a set of degree-d′ µ-variate polynomials over F for
some d′, µ ∈ N. In the actual construction, it holds that d′ > k + 2 (which follows from the choice
of parameters of [MR10, Section 9.6]). The A-alphabet set is a set of mappings from Ω to ΣB. The
projection rule is defined as π(a, σa, ξ) = σa(ξ) for a ∈ A, σa ∈ ΣA, and ξ ∈ Ω.

Let b = ⟨bout, bin⟩ ∈ B. For bin and σb ∈ ΣB (= ΣBin), the inner RM-RR evaluates σb on distinct
k + dl points pbin1 , . . . , pbink (which correspond to k vertex queried points) and qbin1 , . . . , qbindl

(which

correspond to dl edge points). Then, eval(b, σb) = (σb(q
bin
1 ), . . . , σb(q

bin
k )) (i.e., the first k values in

evalboutin (bin, σb)).
Finally, we specify the validity test. Let a = ⟨aout, ain⟩ ∈ A and σa ∈ ΣA. We consider the

following depth-2 tree. There are |Ωout| depth-1 internal nodes, which are indexed by ξout ∈ Ωout,
and each node indexed by ξout ∈ Ωout has leaves (as descendants) indexed by Ωξout ⊆ Ω, where

Ωξout = {(i, ξin) : the i-th outgoing edge e from aout in Gout satisfies labelout(e) = ξout}.

Namely, {Ωξout}ξout∈Ωout is a partition of Ω and thus the leaves can be identified with Ω. In fact,
the number of descendants are the same for each level regardless of the choice of a (see [MR10,
Section 10]). Each leaf ξ ∈ Ω has two ancestors root, ξout (such that (root, ξout) and (ξout, ξ) are

edges) and assigns evaluation points pξroot, p
ξ
ξout
∈ Fµ to root, ξout, respectively as follows: Let

ξ = (i, ξin). Then i specifies the neighborhood bout in Gout. Then the edge queried points on bout
must contain the corresponding query point. Let pξroot be the corresponding evaluated point for

σa(ξ) where σa ∈ ΣA. We also define pξξout as the evaluation point that validboutin (ain, σain) performs
for σain(ξin) (where σin ∈ ΣAin , and σain(ξin) is a µ-variate polynomial). For σa ∈ ΣA, the test

valid(a, σa) first evaluates σa(ξ)(p
ξ
root) and σa(ξ)(p

ξ
ξout

) for each ξ ∈ Ω and its ancestors root, ξout
and outputs 1 if and only if these values (in F) are consistent for all points in the tree.

Now, we observe the balanced property. Let e = (a, b) ∈ E, where a = ⟨aout, ain⟩ and b =
⟨bout, bin⟩, and ξ = label(e). For (σa, σb) ∈ ΣA × ΣB satisfying the projection rule, i.e., σa(ξ) = σb,
the evaluation eval(b, σb) and the validity test valid(a, σa) evaluates σa(ξ) on k + 2 different points

pbin1 , . . . , pbink , pξroot, p
ξ
ξin

. Since the degree of σa is larger than d+2, for each v = (v1, . . . , vk+2) ∈ Fk+2,
the number of (σa(ξ), σb) that takes the values v on the evaluated points are the same regardless of
v. For each v and other |Ω| − 1 labels ξ′ ∈ Ω \ {ξ}, the number of σa(ξ

′) that are consistent with
σa(ξ) in the validity test is the same (where σa(ξ

′) is evaluated on two distinct points). Since the
structure of the tree in the validity test is the same regardless of a, the balanced property holds.

A.4.2 Composing (outer) RM-RR with (inner) RM⋄Had-LR (Item 5)

This step yields the final construction of LDRC in Theorem 4.7. The alphabet set and index set
is the same as RM⋄Had-LR, i.e., R = L and X = Fm × L, where F is a finite field, L ≤ F with
τ = [F : L], and m ∈ N.

For a given list {(⟨xi,1, yi,1⟩, . . . , ⟨xi,k, yi,k⟩)}i∈[N ], where ⟨xi,j , yi,j⟩ ∈ X for each i, j, the construc-
tion algorithm first invokes that of the outer RM-RR in Appendix A.4.1 for {(xi,1, . . . , xi,k)}i∈[N ]

and obtain

Gout = ⟨Gout = (Aout, Bout, Eout), Bout,Ωout,ΣAout ,ΣBout , validout, labelout, πout, evalout⟩.

Let dl be the left degree of Gout. Recall that ΣBout is a set of degree-d w-variate polynomials over
F for some d,w ∈ N.
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For each I = (aout, ξ) ∈ Aout×Ωout and each y ∈ Lτ (regarded as an index), we define two types
of evaluation points as follows:

• Vertex queried points (kdl points). For each bout such that (aout, bout) ∈ Eout (there are dl such
points), evalout(bout, σbout) evaluates σbout on k distinct points p1, . . . , pk ∈ Fw to obtain the
codeword at positions xi,1, . . . , xi,k for some i ∈ [N ]. We call k points ⟨p1, yi,1⟩, . . . , ⟨pk, yi,k⟩ ∈
Fw × Lτ vertex queried points.

• Path queried points (2 points). Recall that validout(aout, σaout) evaluates σaout(ξ) (that is a
w-variate polynomial) on two distinct points q, q′ that are different from all of p1, . . . , pk above
(regardless of bout). We define path queried points as ⟨q, y⟩ and ⟨q′, y⟩.

For each I = (aout, ξ) ∈ Aout × Ωout, the construction algorithm invokes that of the inner
RM⋄Had-LR for the list {zy,1, . . . , zy,kdl+2}y∈Lτ where zy,1, . . . , zy,kdl+2 are the above kdl+2 queried
points on I that are indexed by y. Then, it obtains

GIin = ⟨GI
in = (Ain, Bin, E

I
in), Ain,Ωin,ΣAin ,ΣBin , valid

I
in, label

I
in, π

I
in, eval

I
in⟩,

where we used the universality of vertices, labels, and alphabets, and then produces the edge reading
LDRC

G = ⟨G = (A,B,E),ΣA,ΣB, {πe}e∈E , {valida}a∈A, {evale}e∈E⟩

defined as follows5:
The vertex sets are A = Aout ×Ain and B = Bout ×Bin. The edge set is

E =
{
(⟨aout, ain⟩, ⟨bout, bin⟩) ∈ A×B : eout = (aout, bout) ∈ Eout and (ain, bin) ∈ E

(aout,labelout(eout))
in

}
.

For convenience, we introduce a label set Ω = Ωout×Ωin. Then, for each e = (⟨aout, ain⟩, ⟨bout, bin⟩) ∈
E, its label is defined as label(e) = (labelout(eout), label

I
in(ein)), where eout = (aout, bout), ein =

(ain, bin), and I = (aout, labelout(eout)).
The B-alphabet set is ΣB = ΣBin (= L). The A-alphabet set ΣA is a set of mappings from

Ωout to ΣAin , i.e., w
′-variate linear functions over L for some w′ ∈ N. For each e = (a, b) ∈ E,

the projection rule is defined as πe(σa) = πI
in(σa(ξout), ξin) = σa(ξout)(ξin) for σa ∈ ΣA, where

label(e) = (ξout, ξin), a = ⟨aout, ain⟩, and I = (aout, ξout).
For each I = (aout, ξout) ∈ Aout×Ωout and for each ain ∈ Ain and σain ∈ ΣAin (= ΣB), the inner

evaluation evalIin(ain, σain) evaluates σain on kdl + 2 points pI,ainyain ,1
, . . . , pI,ainyain ,k

∈ Lw′
(corresponding

to the k vertex queried points) and qI,ainyain ,1
, qI,ainyain ,2

∈ Lw′
(corresponding to the 2 path queried

points) for some yain ∈ Lτ determined only by ain. For each bout with (aout, bout) ∈ Eout, there exist

k points pI,ain,boutyain ,1
, . . . , pI,ain,boutyain ,k

corresponding the k vertex queried points associated to bout in the

former kdl points. Then for each e = (a, b) ∈ E, where a = ⟨aout, ain⟩, b = ⟨bout, bin⟩, label(e) =
ξ = (ξout, ξin), and I = (aout, ξout), and for σa ∈ ΣA, the evaluation is defined as evale(σa) =

(σ(ξout)(p
I,ain,bout
yain ,1

), . . . , σ(ξout)(p
I,ain,bout
yain ,k

)), i.e., the corresponding k values in evalIin(ain, σ(ξout)).

Finally, we specify the validity test. Remember that validIin ≡ 1, and validout(aout, σaout) per-
forms the consistency check among Ωout polynomials {σaout(ξout)}ξout∈Ωout in ΣBout according to the
depth-2 evaluation tree Taout . For a = ⟨aout, ain⟩ ∈ A and σa ∈ ΣA, the test valid(a, σa) performs
the consistency check among Ωout polynomials {σa(ξout)}ξout∈Ωout in ΣAin according to the depth-2

evaluation tree Taout , where the evaluation points are replaced with qI,ainyain ,1
, qI,ainyain ,2

corresponding

5Here we omit the tuple function {τe} from Definition 4.6 since it is irrelevant for the balanced property.
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path queried points on I = (aout, ξout) indexed by yain for each ξout ∈ Ωout. As validout, the new
test valid(a, σa) outputs 1 if all the evaluated values (in L) are the same for each vertex in the tree.

Now we observe the balanced property. Remember that the evaluation tree Taout has the same
graph structure regardless of aout. For each e = (a, b) ∈ E, where a = ⟨aout, ain⟩, b = ⟨bout, bin⟩,
label(e) = (ξout, ξin), I = (aout, ξout), and for σa ∈ ΣA, the evaluation function, the validity test,
and the projection rule evaluate σa(ξout) on the following k + 3 points

pI,ain,boutyain ,1
, . . . , pI,ain,boutyain ,k

, qI,ainyain ,1
, qI,ainyain ,2

, ξin.

Based on the same argument as that of Appendix A.4.1, it suffices to show that the number of
linear functions σa(ξout) that takes k+3 values v ∈ Lk+3 on the points above is the same regardless
of the choice of v. Namely, it suffices to show that the k + 3 points above are linearly indepen-
dent. Notice that pI,ain,boutyain ,1

, . . . , pI,ain,boutyain ,k
, qI,ainyain ,1

, qI,ainyain ,2
are evaluation points by evalIin(ain, -), and

ξin = labelIin((ain, bin)). In Appendix A.2.3, we have observed that the linear independence holds
when the corresponding elements in the given list for Had-LR are linearly independent. In Ap-
pendix A.3.4, we have shown that this occurs when the corresponding elements in Fw × Lt in the
given list for RM⋄Had-LR have distinct Fw elements. Notice that the Fw-elements corresponding to
pI,ain,boutyain ,1

, . . . , pI,ain,boutyain ,k
, qI,ainyain ,1

, qI,ainyain ,2
are k vertex queried points of I (for bout) and 2 path queried

points of I. Thus, their Fw-elements are distinct (see the definitions of each queried point) and the
balanced property holds for the resulting LDRC.

B An Approximation Algorithm for DNF-MMSA

We present an elementary approximation algorithm for DNF-MMSA based on LP relaxation.

Theorem B.1. Given a collection of monotone DNF formulas of size ℓ (i.e., the number of terms)
and a weight function w for variables such that there exists an assignment of weight at most s∗ and
satisfies at least (1− ϵ)-fraction of the monotone DNF formulas, it is feasible in polynomial time to
find a satisfying assignment of weight at most ℓ · s∗/(1− η) that satisfies at least (1− ϵ/η)-fraction
of the monotone DNF formulas for any parameter η > 0.

Moreover, when all the DNF constraints are satisfiable by an assignment of weight s∗ (i.e.,
ϵ = 0), the algorithm finds an assignment of weight at most ℓ · s∗ that satisfies all the constraints.

Proof. First, we consider the case in which ϵ > 0. Let x1, . . . , xn be the variables for the given
collection of DNFs and w : [n] → [0, 1] be the weight function, i.e.,

∑
iw(i) = 1. Let m be the

number of DNFs. We introduce new variables z1, z2, . . . , zm for each DNF in the collection and
yi,1, yi,2, . . . , yi,ji for each term in the i-th DNF (i.e., ji ≤ ℓ).

We represent the MMSA instance as the following integer programming (IP):

min
∑
i∈[n]

w(i)xi

s.t.
∑
i∈[m]

zi ≥ (1− ϵ)m

∑
j∈[ji]

yi,j ≥ zi ∀i ∈ [m]

xk ≥ yi,j ∀(i, j) and a variable xk relevant to the j-th term in the i-th DNF

xk, yi,j , zi ∈ {0, 1} ∀i, j, k
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it is not hard to see that the optimal value vIP of the above IP is at most s∗. Now we relax the range
{0, 1} to [0, 1] and solve the resulting linear programming (LP) in polynomial time. Let α ∈ [0, 1]n

be the resulting assignment to x1, . . . , xn. Then the value w(α) =
∑

w(i)αi is at most vIP ≤ s∗.
We round α to a binary assignment α̃ ∈ {0, 1}n as follows: for each i ∈ [n],

α̃i =

{
1 if (ℓ/(1− η)) · αi ≥ 1

0 otherwise.

Then, w(α̃) ≤ (ℓ/(1− η)) ·w(α) ≤ (ℓ/(1− η))s∗. Thus, it suffices to observe that α̃ satisfies at least
(1− ϵ/η)-fraction of the monotone DNF formulas.

We consider the values assigned to yi,j ’s and zi’s. Since Ei[zi] ≥ 1− ϵ, by Markov’s inequality, at
least (1−ϵ/η)-fraction of zi takes the value at least 1−η. For such i, there must exist yi,j ≥ (1−η)/ℓ
since yi,j ≥ 0. For such (i, j), the relevant variable xk must take the value at least (1− η)/ℓ, which
must be assigned to 1 in α̃. Thus, α̃ satisfies these at least (1− ϵ/η)-fraction of the monotone DNF
formulas.

In the satisfiable case where ϵ = 0, the same algorithm for η = 0 finds an assignment of weight
at most ℓ · s∗ that satisfies all the constraints.

C Advice Complexity of Sampling

We fix a prefix-free universal Turing machine U such that for every prefix-free Turing machine M ,
there exists a description dM of M such that U(dM , x) = M(x) for every x ∈ {0, 1}∗. Let K(x | y)
denote the minimum length of d ∈ {0, 1}∗ such that U(d; y) = x, where y is given to the prefix-free
universal Turing machine on an auxiliary tape.

Definition C.1 (Advice complexity of sampling). A distribution D over {0, 1}n is said to be sam-
plable with advice complexity ℓ if there exists a function α : {0, 1}2cn → {0, 1}ℓ such that D is
statistically identical to the distribution generated by U(α(r), r, n) for r ∼ {0, 1}2cn conditioned on

the event that U(α(r), r, n) ̸= ⊥, and the probability that U(α(r), r, n) ̸= ⊥ is at least 1−2−2ℓ, where
c := 100.

To compare this definition with Definition 1.1, it is instructive to think that α(r) consists of a
constant-size description dS for a sampling procedure S and an advice string. Note that we allow
the sampler to output a special symbol “⊥” to indicate the failure of the sampling procedure.

We introduce two equivalent notions of advice complexity of sampling. One is a coding property:

Definition C.2. We say that a distribution D over {0, 1}n has a coding property with error ℓ if

K(x | n) ≤ − logD(x) + ℓ

for every x ∈ Support(D).

The other is the ∞-Rényi divergence to the universal distribution.

Definition C.3 (Rényi divergence). For two distributions P and Q over {0, 1}n such that Support(P ) ⊆
Support(Q), the ∞-Rényi divergence between P and Q is defined to be

∆∞(P ∥ Q) := logmax

{
P (x)

Q(x)

∣∣∣∣x ∈ Support(Q)

}
.
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Definition C.4 (Universal distribution). The universal distribution over {0, 1}n, denoted by mn,
is defined to be the distribution such that mn(x) ∝ 2−K(x|n) for every x ∈ {0, 1}n. That is, mn(x) :=
2−K(x|n)/Zn, where Zn :=

∑
y∈{0,1}n 2

−K(y|n) is a normalizing constant.

Proposition C.5. Let D = {Dn}n∈N be a family of distributions such that Support(Dn) ⊆ {0, 1}n.
The following are equivalent for every function ℓ : N→ N with ω(1) ≤ ℓ(n) ≤ n.

1. Dn is samplable with advice complexity O(ℓ(n)) for all large n ∈ N

2. ∆∞(Dn ∥ mn) ≤ O(ℓ(n)) for all large n ∈ N.

3. Dn has a coding property with error O(ℓ(n)) for all large n ∈ N.

Proof. We first observe the equivalence between Items 2 and 3. Item 2 is equivalent to

− logmn(x) ≤ − logDn(x) +O(ℓ(n)) (16)

for every x ∈ Support(Dn). By definition, we have − logmn(x) = K(x | n) + logZn for the normal-
izing constant Zn =

∑
y∈{0,1}n 2

−K(y|n). Since K(y | n) ≤ n + O(1) for every y ∈ {0, 1}n, we have
Zn ≥ Ω(1). We also have Zn ≤ 1 by Kraft’s inequality. It follows that |− logmn(x)−K(x | n)| =
|logZn| = O(1). Thus, (16) is equivalent to Item 3, i.e.,

K(x | n) ≤ − logDn(x) +O(ℓ(n)).

We prove Item 3 ⇒ Item 1. The idea is to use rejection sampling. Assume that

K(x | n) ≤ − logDn(x) + ℓ(n) (17)

for every x ∈ Support(Dn). Consider the following sampling procedure S that takes as input n ∈ N,
a coin flip sequence r, and an advice string α(r). It reads a parameter T (specified later) from the
advice string α(r). Using the randomness r, it samples T strings d(1), · · · , d(T ) ∼ {0, 1}2n and T
real numbers s(1), · · · , s(T ) ∼ [0, 1] uniformly at random.6 It reads an index t ∈ [T ] from the advice
string α(r). If t = 0, then S outputs ⊥ and halts. Otherwise, it “dovetails” the computations of the
prefix-free universal Turing machine U(n, y) for all the prefixes y of d(t) and lets x be its output.
(Specifically, it runs U(n, y) for all the prefixes y of d(t) in parallel. If U halts on some prefix y
of d(t), then x is defined to be U(n, y). By the prefix-free property, the output x is unique.) The
output of S is defined to be x.

We now specify the advice string α(r) = (T, t). We define T := 22ℓ(n). We define t to be the
first index t ∈ [T ] such that U(n, y) halts for some prefix y of d(t) and for x := U(n, y), it holds that
s(t) ≤ Dn(x)/

(
2ℓ(n) ·Q(x | n)

)
, where we define

Q(x | n) :=
∑

d∈{0,1}≤2n : U(n,d)=x

2−|d| ≥ 2−K(x|n).

If no such index exists, we define t := 0. Note that, by Equation (17),

Dn(x)

2ℓ(n) ·Q(x | n)
≤ Dn(x)

2ℓ(n)−K(x|n) ≤ 1.

The length of the advice string is at most O(log T + log t) = O(ℓ(n)).

6Strictly speaking, it is impossible to choose a uniformly random real number. Instead, we select randomly from
a binary decimal number with 2n digits. This induces negligible errors, which we ignore for simplicity.
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Let x(t) be the output of U(n, y) for some prefix y of d(t) (which is uniquely defined because of
the prefix-free property of U ; if U does not halt on any prefix of d(t), let x(t) be undefined). Fix
x ∈ {0, 1}n and t ∈ [T ]. The probability that x(t) = x is equal to Q(x | n). Thus, the probability
that x(t) = x and s(t) ≤ Dn(x)/

(
2ℓ(n) ·Q(x | n)

)
is equal to Dn(x)/2

ℓ(n). For a fixed t ∈ [T ], the

probability that s(t) ≤ Dn(x
(t))/

(
2ℓ(n) ·Q(x | n)

)
is

∑
x∈{0,1}n

Dn(x)

2ℓ(n)
= 2−ℓ(n).

Thus, conditioned on the event that s(t) ≤ Dn(x
(t))/

(
2ℓ(n) ·Q(x | n)

)
, the probability that x = x(t) is

equal to Dn(x); that is, the conditional distribution of x(t) is statistically identical to Dn. Moreover,
the probability that for every t ∈ [T ], the inequality s(t) ≤ Dn(x

(t))/
(
2ℓ(n) ·Q(x | n)

)
fails is at most

(1 − 2−ℓ(n))T ≤ exp(−2−ℓ(n) · T ) = exp(−2ℓ(n)). Thus, the sampling procedure does not output ⊥
with probability at least 1− 2−2ℓ(n) ≥ 1− exp(−2O(ℓ(n))).

We prove Item 1⇒ Item 3. Assume that Dn is samplable with advice complexity ℓ(n). Consider

the distribution generated by U(w, r, n) for uniformly random w ∼ {0, 1}ℓ(n) and r ∼ {0, 1}2O(n)
.

Fix x ∈ {0, 1}n. Then, we have

Pr[U(w, r, n) = x] ≥ 2−ℓ(n) · Pr[U(α(r), r, n) = x]

because we have w = α(r) with probability at least 2−ℓ(n). We also have

Pr[U(α(r), r, n) = x] ≥ Pr[U(α(r), r, n) ̸= ⊥ and U(α(r), r, n) = x] ≥ 1

2
· Dn(x).

The distribution U(w, r, n) is an enumerable semi-probability distribution given n. It follows from
the coding theorem (see, e.g., [Lee06; LV19]) that

K(x | n) ≤ − log Pr[U(w, r, n) = x] ≤ − logDn(x) +O(ℓ(n)).
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