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Abstract

For an arbitrary family of predicates F ⊆ {0, 1}[q]k and any ε > 0, we prove a single-pass,
linear-space streaming lower bound against the gap promise problem of distinguishing instances
of MAX-CSP(F ) with at most β + ε fraction of satisfiable constraints from instances of with at
least γ− ε fraction of satisfiable constraints, whenever MAX-CSP(F ) admits a (γ, β)-integrality
gap instance for the basic LP. This subsumes the linear-space lower bound of Chou, Golovnev,
Sudan, Velingker, and Velusamy (STOC 2022), which applies only to a special subclass of
CSPs with linear-algebraic structure. (Their result itself generalizes work of Kapralov and
Krachun (STOC 2019) for MAX-CUT.) Our approach identifies the right “analytic” analogues
of previously-used linear-algebraic conditions; this yields substantial simplifications while
capturing a much larger class of problems.

Our lower bound is essentially optimal for single-pass streaming, since: (1) All CSPs admit
(1 − ε)-approximations in quasilinear space, and (2) sublinear-space streaming algorithms
can simulate the LP (on bounded-degree instances), giving approximation algorithms when
integrality gap instances do not exist.

The starting point for our lower bound is a reduction from a "distributional implicit hidden
partition” problem defined by Fei, Minzer, and Wang (STOC 2026) in the context of multi-pass
streaming. Our result is an analogue of theirs in the single-pass setting, where we obtain a much
stronger (and tight) space lower bound.

Independent work. Very recently, similar linear-space lower bounds for CSPs were also
obtained by an independent work of Fei, Minzer, and Wang (arXiv, April 2026). Their recent
result also implies almost-linear space lower bounds for multi-pass streaming algorithms with
o(log n) passes.
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1 Introduction

Constraint Satisfaction Problems (CSPs) are some of the most fundamental and expressive problems
in discrete optimization, which have been a tested for algorithmic techniques and have played a
foundational role in the theory of approximation algorithms and inapproximability. Investigation of
the complexity of CSPs in various computational models have not only led to a new understanding
of the limits of these computational models, but the finite nature of the templates for CSPs have led
to surprising classifications and canonical algorithms. In this work, we study the complexity of
approximating CSPs in the model of single-pass streaming algorithms.

Constraint satisfaction problems. Fix q, k ≥ 2 ∈ N and let V be a finite set, elements of which
we call variables (typically, V = [n] = {1, . . . , n}). A constraint on V is a pair C = ( f , e), where
f : [q]k → {0, 1} is a function called a predicate and e = (i1, . . . , ik) ∈ V k is a k-tuple of distinct
variables. (q is called the alphabet size and k the arity.) An assignment to V is a vector x ∈ [q]V , and
an assignment x satisfies a constraint C = ( f , e = (i1, . . . , ik)) if f (xi1 , . . . , xik) = 1.

A constraint satisfaction problem (CSP) is specified by a predicate family F ⊆ {0, 1}[q]k , i.e., a
set of functions from [q]k → {0, 1}. An instance Φ of MAX-CSP(F ) on a set of variables V is
list of constraints ( f , e) on V with f ∈ F . The value of an assignment x ∈ [q]V is valΦ(x) :=
EC∼Φ[x satisfies C], where the distribution over constraints in Φ is taken to be uniform. The
optimum value of an instance Φ is optCSP(Φ) := maxx∈[q]V valΦ(x).

Example 1.1. For k = 2 and q = 2, and the set [q] identified with {0, 1}, consider the CSPs:

• MAX-CUT: defined using the single predicate fCUT(x1, x2) = x1 ⊕ x2

• MAX-DICUT: defined using the predicate fDICUT(x1, x2) = x1 ∧ ¬x2.

• MAX-2AND: defined using the predicate family

F = { f b1,b2
2AND(x1, x2) = (b1 ⊕ x1) ∧ (b2 ⊕ x2) | b1, b2 ∈ {0, 1}}.

We note that MAX-2AND is an example of a “CSP with literals" i.e., a predicate family closed
under negations of variables. ♢

There are two natural approximation variants of the problem MAX-CSP(F ). The first, denoted
MAX-CSPα(F ), is to distinguish between the cases (for a given instance Φ and threshold v) between
the cases optCSP(Φ) ≥ v and optCSP(Φ) < α · v. The second problem, denoted MAX-CSPβ,γ(F ), a
more fine-grained version of the above and requires distinguishing for a given instance Φ between
the cases optCSP(Φ) ≥ γ and optCSP(Φ) ≤ β. We will consider randomized algorithms in this work,
for which it suffices to solve the above tasks with probability (say) 2/3.

Streaming algorithms. We consider single-pass streaming algorithms for solving the problems
MAX-CSPα(F ) and MAX-CSPβ,γ(F ). A single-pass streaming algorithm for MAX-CSPα(F ) or
MAX-CSPβ,γ(F ) is given as input an ordered list (stream) of (not necessarily distinct) constraints
( f , e); this list defines an associated instance of MAX-CSP(F ), with the associated constraint dis-
tribution being uniform on the list. The stream is presented to the algorithm one constraint at a
time, and the algorithm can only use a bounded amount of memory space to store its current state
between each successive pair of constraints.

Formally, space-s single-pass streaming algorithm on instances of MAX-CSP(F ) with n variables
and m constraints may be specified by a function Γ : Cn × {0, 1}s → {0, 1}s, where Cn denotes the
set of all possible constraints on n variables. The initial state is taken to be S0 ← 0s ∈ {0, 1}s, and
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j-th constraint leads to the update Sj ← Γ(Cj, Sj−1). We take (say, the first bit of) the final state Sm
as the output for the relevant distinguishing problem. Note that the algorithm is allowed to depend
on n and (for the purpose of lower bounds) we also allow it to depend on m. There is no constraint
on the time-complexity or randomness used by the algorithm.

1.1 Prior work on streaming approximability of CSPs

Streaming approximability of CSPs has been extensively studied over the past decade; we recall
some of the most relevant results below. We refer the reader to the excellent surveys by Sudan
[Sud22] and Assadi [Ass23], and the column [Sin25] for more detailed accounts.

Approximability in O(
√

n) space. The first lower bounds against streaming algorithms for CSPs
were studied by Kogan and Krauthgamer [KK15], and Kapralov, Khanna, and Sudan [KKS15]. In
particular, [KKS15] showed that the MAX-CUT1,1/2+ε problem requires Ωε(

√
n) space for every

ε > 0 (while a random assignment trivially achieves an approximation ratio 1/2). Follow-up
works [CGV20; GT19] proved optimal Ω(

√
n)-space lower bounds for MAX-UNIQUE-GAMES and

MAX-DICUT. We highlight that, unlike MAX-CUT and MAX-UNIQUE-GAMES, the MAX-DICUT

problem turns out to admit nontrivial streaming approximations in log n ≪
√

n space [GVV17].
This line of work culminated in the work of Chou, Golovnev, Sudan, and Velusamy [CGSV24],
who proved a dichotomy theorem stating that for every predicate family F and γ > β, either
MAX-CSPγ+ε,β−ε(F ) admits a polylogε(n)-space algorithm for every ε > 0 (using the “bias" of the
variables in the CSP instance) or MAX-CSPγ−ε,β+ε(F ) requires Ωε(

√
n) space for every ε > 0.1

Approximability in sublinear space. Beyond
√

n space, the picture becomes more complex.
On the algorithmic side, a series of works [SSSV23b; SSSV23a; SSSV25; ABFS26] established that
better approximations are attainable for the MAX-DICUT problem in o(n) space (in comparison
to the o(

√
n)-space regime). This opened up the exciting possibility that the right approximation

thresholds for many other CSPs may be different in the (arguably, more natural) setting of sublinear
space, compared to the ones obtained for O(

√
n) space above. On the hardness side, Kapralov and

Krachun [KK19] showed (following up on [KKSV17]) that the MAX-CUT1,1/2+ε problem requires
Ωε(n) space for every ε > 0, improving the [KKS15] result (which had an Ωε(

√
n)-space lower

bound). This result was generalized by Chou, Golovnev, Sudan, Velingker, and Velusamy [CGS+22],
who gave Ω(n)-space lower bounds against CSPs satisfying a certain (linear) structural condition
called “width”. While the work [CGS+22] greatly clarified the technical aspects of proving Ω(n)-
space lower bounds (especially in the case k > 2), their techniques relied heavily on the presence
of such linear structure, leaving open the approximability of many CSPs of interest. Moreover
the“width” condition itself is quite brittle, and some CSPs which are not “wide” were still known
to admit lower bounds via reduction from wide CSPs (but were not captured by the above result).

Approximability for multi-pass streaming. While the above results concern single-pass stream-
ing algorithms, another line of work has also studied the multi-pass approximability of CSPs [BDV18;
AKSY20; AN21; CKP+23; KPSY23; SSSV23b; KPSY23; SSSV25; FMW25; Vel25]. Recently, a beautiful
result of Fei, Minzer and Wang [FMW26a] obtained a dichotomy theorem for multi-pass streaming
using a linear programming relaxation called the “basic LP”. They proved that for every predicate
family F , if there exists a (γ, β)-LP integrality gap instance (an instance certifying inapproxima-
bility via the basic LP) for MAX-CSP(F ), then for every ε > 0, the MAX-CSPγ−ε,β+ε(F ) problem

1The lower bound in [CGSV24] is currently known only to hold against “sketching” algorithms, which are a special
subclass of streaming algorithms. Whether this distinction is only a technical artifact, or whether there are streaming
algorithms outperforming sketching algorithms, is an interesting open problem.

2



requires p · s ≥ Ωε(n1/3), where p is the number of passes and s is the amount of space. Conversely,
if no such instance exists, there is an algorithm for MAX-CSPγ+ε,β−ε(F ) with p · s ≤ polylogε(n).
While this result completely characterizes polynomial space approximability in the the multi-pass
setting, it does not imply bounds more than Ω(n1/3) for the single-pass setting.

1.2 Results

We show that the basic LP also characterizes the sublinear-space approximability of (bounded-
degree instances) of all CSPs in the single-pass setting. In particular, we show that basic LP lower
bounds for all CSPs can be converted to similar lower bound on approximation achieved by any
algorithm in o(n) space. Before describing the formal statements of the results, we briefly describe
the basic LP relaxation for MAX-CSP(F ).

The basic linear programming relaxation for a CSP. Let Φ be an instance of MAX-CSP(F ).
The basic linear programming (LP) relaxation of Φ is formulated in its “distributional” version in
Figure 1 below. The “variables” of this LP are distributions YC over [q]k for every constraint
C ∈ supp(Φ). (Each such distribution can be encoded as qk − 1 standard LP variables.) An
important fact about this LP is that it is a relaxation of the underlying CSP instance Φ: we always
have 1 ≥ optLP(Φ) ≥ optCSP(Φ), where optLP(Φ) is the maximum feasible value for the LP.

maximize E
C=( f ,e)∼Φ

[
E

a∼YC
f (a)

]
such that Pr

a∼YC
[aℓ = b] = Pr

a∼YC′
[aℓ′ = b], ∀C = ( f , e), C′ = ( f ′, e′) ∈ Φ, iℓ = i′ℓ′ , b ∈ [q].

YC ∈ ∆([q]k) ∀C ∈ Φ.

Figure 1: Distributional view of basic LP.

A (γ, β)-LP Integrality Gap instance for MAX-CSP(F ) is an instance Φ such that optCSP(Φ) ≤ β
and optLP(Φ) ≥ γ. Our main result is the following:

Theorem 1.2 (Linear-space lower bounds against single-pass streaming algorithms for CSPs).
Let F ⊆ {0, 1}[q]k . For every 1 ≥ γ > β ≥ 0, if there exists a (γ, β)-LP integrality gap instance of
MAX-CSP(F ), then for every ε > 0, any single-pass streaming algorithm for MAX-CSPγ−ε,β+ε(F ) on n
variables requires Ωε(n) space. Moreover, MAX-CSP1,β+ε(F ) also requires space Ωε(n) for the case γ = 1.

We emphasize that Theorem 1.2 subsumes all previous known Ωε(n)-space streaming lower
bounds [KK19; CGS+22], and is an analogue of (though formally incomparable with) the multi-pass
lower bound in [FMW26a]. We also remark that Theorem 1.2 is essentially an optimal lower bound
against single-pass streaming algorithms for all CSPs, in the following sense:

• With respect to space complexity, as observed in e.g. [CGS+22, §1.1], algorithms with Õε(n)
space can solve the MAX-CSP1−ε(F ) problem for every predicate family F and ε > 0. Hence,
one cannot hope to improve the space lower bound in the theorem (for any F ).

• With respect to approximation factors, when a (γ, β)-integrality gap instance does not exist,
[STV25] observe that for every ε > 0 and D ∈N, the MAX-CSPγ+ε,β−ε(F ) problem admits an
oε,D(n)-space algorithm on instances of maximum degree D. Removing the bounded-degree
assumption remains an interesting open question.2

2We feel that the maximum degree assumption can likely be removed, as was true for Max-Dicut [ABFS26].
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• The hard instances we use in the proof of Theorem 1.2 have bounded maximum degree, and so
Theorem 1.2 already proves a linear-space dichotomy theorem for bounded-degree streaming CSPs.

Thus, Theorem 1.2 yields optimal results for problems considered in several previous works
on single-pass streaming lower bounds [KK15; KKS15; KKSV17; GT19; KK19; CGV20; CGS+22;
CGSV24].

Translating Theorem 1.2 to MAX-CSPα(F )-type problems yields the following. For a predicate
family F ⊆ {0, 1}[q]k , let αLP

F be the best possible approximation ratio over all instances Φ i.e.,

αLP
F := inf

Φ

optCSP(Φ)

optLP(Φ)
.

Then Theorem 1.2 immediately yields the following:

Corollary 1.3. For every ε > 0 and every F ⊆ {0, 1}[q]k , any single-pass streaming algorithm for
MAX-CSPαLP

F +ε(F ) on n variables requires Ωε(n) space.

As a special case of our results, we also get new lower bounds against many specific CSPs. In
addition to previous examples for k = 2, we consider some examples with higer arity below.

Example 1.4. Let k > 2 but fix q = 2 (with [q] identified with {0, 1}).

• MAX-k-XOR: defined by predicates f b
k-XOR(x1, . . . , xk) = x1 ⊕ · · · ⊕ xk ⊕ b for b ∈ {0, 1}.

• MAX-LTFw: For w ∈ Rk, the linear threshold function (LTF) predicates are the 2k functions

f w,b
LTF(x1, . . . , xk) =

{
1 if (−1)x1+b1 · w1 + · · ·+ (−1)xk+bk · wk > 0,
0 if (−1)x1+b1 · w1 + · · ·+ (−1)xk+bk · wk < 0.

The LTF is said to be balanced if Ex[ f w,b
LTF] = 1/2 (for all b ∈ {0, 1}k).

• MAX-EXACTLY-ℓ-OF-k: defined by the predicate fEXACTLY-ℓ-OF-k(x) = 1[wt(x) = ℓ] (wt(·)
denotes the Hamming weight).

♢

Corollary 1.5. In all of the following, n denotes the number of variables.

• For every k ∈N odd and ε > 0, any single-pass streaming algorithm for MAX-kXOR1,1/2+ε requires
Ωε(n) space.

• If w denotes the weights of the balanced (approximation resistant) LTF constructed by Potechin [Pot19],
then any single-pass streaming algorithm for MAX-LTFw

1,1/2+ε requires Ωε(n) space.

• For all k ∈N, ℓ ̸= k/2, and ε > 0, any single-pass streaming algorithm for
MAX-EXACTLY-ℓ-OF-k1,ρ(ℓ,k)+ε requires Ωε(n) space, where ρ(ℓ, k) := maxp∈[0,1] pℓ(1− p)k−ℓ.

• For all γ ∈ ( 1
2 , 1] and β = (3γ− 1)/2, any single-pass streaming algorithm for MAX-DICUTγ−ε,β+ε

requires Ωε(n) space.

• For all γ ∈ ( 1
2 , 1] and β = (2γ + 1)/4, any single-pass streaming algorithm for MAX-2SATγ−ε,β+ε

requires Ωε(n) space.

We also present a more detailed comparison to previous work below.
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1.3 Comparison with the prior work

The most general linear-space lower bounds for CSPs in prior work are by Chou, Golovnev, Sudan,
Velingker, and Velusamy [CGS+22], based on a structural property that they called width, which we
now describe. Put simply, a predicate f : Zk

q → {0, 1} is wide if its support contains a translate of
the “diagonal” line {b · 1 : b ∈ Zq}, where 1 = (1, . . . , 1) ∈ Zk

q is the all-1’s vector. More generally,
the width of f is

ω( f ) := max
y∈Zk

q

{
Pr

b∈Zq
[ f (y + b · 1) = 1]

}
,

and the width of F ⊆ {0, 1}[q]k is ω(F ) := min f∈F ω( f ). The result of [CGS+22] is the following:

Theorem 1.6 ([CGS+22]). For every F ⊆ {0, 1}[q]k and ε > 0, every single-pass streaming algorithm for
MAX-CSPω(F )−ε,ρ(F )+ε(F ) requires Ωε(n) space, where

ρ(F ) := lim
n→∞

inf
Φ instance of MAX-CSP(F ) on n variables

{
optCSP(Φ)

}
is the best possible uniform lower bound on the optimum value of instances of MAX-CSP(F ).

The authors of [CGS+22] use this lower bound to prove linear-space streaming inapproximability
for various CSPs, including MAX-qCOLORING, MAX-qUNIQUEGAMES, and MAX-qLESSTHAN (see
[CGS+22, §4.1]). For instance, MAX-qCOLORING is wide (i.e., ω = 1 for every member of the
predicate family).

Note that the basic LP framework for approximability is stronger than the width criterion, in
the following sense: every instance Φ of MAX-CSP(F ) has optLP(Φ) ≥ ω(F ). (The argument is
just to set the local distribution YC for each constraint C to be uniform over the corresponding
translated line; the marginals are consistent because they are in fact uniform.) Thus, all linear-space
lower bounds from the work of [CGS+22] (i.e., via Theorem 1.6) can alternatively be derived from
our Theorem 1.2.
Remark 1.7. For CSPs including MAX-qUNIQUEGAMES [CGS+22] do not apply Theorem 1.6
directly; rather, they identify a subfamily of predicates F ′ ⊆ F and observe that the resulting lower
bound for MAX-CSPω(F ′)−ε,ρ(F ′)+ε(F ′) is a lower bound for MAX-CSPω(F ′)−ε,ρ(F ′)+ε(F ) too. This
trick is not needed to apply our Theorem 1.2, which (unlike Theorem 1.6) is “monotone” with
respect to the predicate family. ♢

We also consider below concrete examples of CSPs where our bounds (i.e., Theorem 1.2) are
substantially stronger than the bounds of [CGS+22] (i.e., Theorem 1.6). A predicate family F is
said to be approximation resistant for a family of algorithms, if it is hard for the algorithms to
distinguish the two cases in MAX-CSP1,ρ(F )+ε(F ) (where ρ(F ) is a trivial lower bound). Note
that in the case q = 2, the width of a predicate f : {0, 1}k → {0, 1} can only be either 1/2 or 1.
Correspondingly, the [CGS+22] criterion (Theorem 1.2), applied to any family F , either shows that
for every ε > 0, MAX-CSP1,ρ(F )+ε(F ) requires Ωε(n) space (approximation resistance), or it only
shows that for every ε > 0, MAX-CSP1/2−ε,ρ(F )+ε(F ) requires Ωε(n) space. We argue that this
bound is sometimes too crude for many interesting approximation resistant CSPs.

Approximation-resistant CSPs which evade [CGS+22]. We observe that a predicate f : {0, 1}k →
{0, 1} is wide (i.e., has ω( f ) = 1) iff there is a point x ∈ {0, 1}k such that f (x) = f (¬x) = 1;
otherwise, ω( f ) = 1

2 . We claim that all the CSPs in Example 1.4 have ω(F ) = 1
2 , and therefore the

[CGS+22] condition proves hardness only for the MAX-CSP1/2−ε,ρ(F )+ε(F ) problem. Indeed:
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• If k is odd and x is a string where the XOR of all bits is 1, then the XOR of all bits in ¬x will
be 0. Therefore, the MAX-kXOR problem has width 1/2 (for odd k).

• If ℓ ̸= k/2 and x is a k-bit string with Hamming weight ℓ, then the Hamming weight of ¬x
cannot be ℓ (indeed, it must be k− ℓ). Hence, the MAX-EXACTLY-ℓ-OF-k problem has width
1/2 (for ℓ ̸= k/2).

• If w is a weight vector for any balanced LTF, then if ∑k
ℓ=1(−1)xℓ+bℓwℓ > 0, we have

k

∑
ℓ=1

(−1)−xℓ+bℓwℓ < 0 .

Therefore, the MAX-LTFw problem has width 1/2.

Therefore, Theorem 1.6 only asserts a linear-space lower bound against MAX-CSP 1
2−ε,ρ(F )+ε(·).

In the cases of MAX-kXOR and MAX-LTFw (w balanced), this is trivial 3 , since already ρ(F ) =
1
2 . In the case of MAX-EXACTLY-ℓ-OF-k, one can show ρ(F ) = (k

ℓ)maxp∈[0,1] pℓ(1− p)k−ℓ. For
instance, ρ( fEXACTLY-2-OF-3) = 4/9, and so [CGS+22] does give a linear-space lower bound for
MAX-EXACTLY-2-OF-31/2−ε,4/9+ε. However, all of these problems are known to admit (1, ρ(F )+ ε)-
LP integrality gaps (they are approximation resistant for the basic LP) [Pot19; STV25], and therefore
we prove hardness for the MAX-CSP1,ρ(F )+ε(F ) problem in each case (establishing the first three
items in Corollary 1.5).

Gap problems and approximation curves. For other interesting problems, the existing lower
bounds of [KK19; CGS+22] do yield the best possible linear space lower bounds in terms of
the overall approximation factor, but, as discussed in [CGS+22, §1.2.1], LP-based lower bounds
(as in our Theorem 1.2, or the lower bounds of [FMW26a]) give “finer-grained” lower bounds.
For instance, the MAX-DICUT predicate has width ω( fDICUT) = 1/2 (since it only has one sat-
isfying assignment), and since its trivial approximability is ρ( fDICUT) = 1/4, the [CGS+22] re-
sult gives a linear-space lower bound for MAX-DICUT1/4+ε,1/2−ε.4 Based on the LP analysis in
[FMW26a, §1.2.1], our new lower bound (Theorem 1.2) gives a linear-space lower bound against
MAX-DICUTγ−ε,(3/2)γ−1/2+ε for every γ ∈ ( 1

2 , 1]; for instance, at γ = 3
4 , we get a linear-space lower

bound against MAX-DICUT3/4−ε,5/8+ε.

1.4 Concurrent and independent work

Very recently, two beautiful results, independent of the current work, have also made significant
progress towards resolving the approximability of CSPs in the streaming model.

The first is a work of Fei, Minzer, and Wang [FMW26b] which proves a linear-space lower bound
which also applies to the multi-pass model. For the single-pass model, their results are analogous
to the ones shown here, yielding a linear-space lower bound from integrality gaps for the basic
LP. Moreover, both our results and [FMW26b] rely on the Fourier-pseudorandomness framework
of Kapralov and Krachun [KK19], using the analytic conditions obtained from the integrality gap

3Actually, there is an ad hoc reduction from MAX-(2k− 1)XOR to MAX-2kXOR which does yield approximation
resistance of MAX-(2k− 1)XOR, since Theorem 1.6 does give approximation resistance for even k: Create a single new
dummy variable v′ and add it into every constraint. to get a new instance Φ′ of MAX-2kXOR (Φ′ has exactly the same
optimal value as Φ). The other CSPs we have listed here do not appear to be handled by such ad hoc arguments.

4In fact, [CGS+22] is not needed; the same lower bound can be achieved simply by taking the lower bound instances
for MAX-CUT1/2+ε,1 from [KK19] and randomly directing the edges.
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instances to obtain Fourier ℓ1 bounds on the distributions over assignments maintained by the
streaming algorithm (see proof overview below). However, the results of [FMW26b] also imply
a n · 2−O(p) space lower bound for algorithms with p = o(log n) passes. In addition to Fourier
bounds above, their work also uses a decomposition of protocols into structured vs. pseudorandom
components (following [FMW25; FMW26a]).

The second result, by Azarmehr, Behnezhad, and Ferrante [ABF26], shows that if the approx-
imation ratio achieved by the basic LP is α < 1, then an α − ε approximation can be obtained
O(n1−Ωε(1)) space in a single pass, even for instances with unbounded degree. This can be seen as
complimentary to our results (linear-space lower bounds for any better approximations) and proves
that the characterization obtained in Theorem 1.2 for single-pass algorithms is indeed optimal.

1.5 Overview of proofs and techniques

We present a brief overview of the techniques used in our proof, and also discuss their connection
to related works on lower bounds for streaming problems. Particularly relevant to our work are the
recent dichotomy results for multi-pass streaming algorithms by Fei, Minzer and Wang [FMW26a]
which prove an Ω(n1/3/p) space lower bound for p-pass streaming algorithms using LP integrality
gaps, and the linear space (single-pass) lower bounds by Chou et al. [CGS+22] for a subclass of
k-CSPs with certain algebraic structure. While the setup for the problem we consider is similar to
[FMW26a], the structure of our proof significantly extends the framework of Chou et al. [CGS+22],
which itself builds on an earlier result of Kapralov and Krachun [KK19] for Max-CUT.

Distribution labeled hypergraphs from LP instances. Recall that for a predicate family F ⊆ { f :
[q0]k → {0, 1}}, an instance Φ of MAX-CSP(F ) on (say) n0 variables is specified by a collection of
constraints C = ( f , e), where e = (i1, . . . , ik) ∈ [n0]k denotes an ordered k-uniform hyperedge on
which the predicate f is applied. The basic LP corresponding to Φ (see Fig. 1 ) can be seen to search
for local distributions YC on [q0]k, for each constraint C ∈ Φ, such that the any two local distribution
sharing a variable agree on the marginal distribution of the variable.

For 0 < β < γ ≤ 1, a (γ, β)-integrality gap instance Φ is one where the LP optimum is γ but no
true assignment to the variables achieves a value higher than β. As is often the case for translating
LP/SDP lower bounds to other computational models [Rag08; CLRS16; Lee15; KMR22; GT17;
FMW26a], the integrality gap instance can be used as a (constant-sized) “gadget" or “template" to
produce an infinite family of hard instances for the streaming problem. We view the integrality gap
instances as ordered k-uniform hypergraphs on the vertex set [n0] with each edge corresponding to
a constraint C labeled by the corresponding distribution YC.

Reducing to one-wise uniform distributions. A very useful observation of Fei, Minzer and
Wang [FMW26a] is that by suitably increasing the alphabet size q0 to (say) q, the marginal distri-
bution of each variable can be thought of as uniform on [q] (a similar construction is also used by
Yoshida [Yos11]). This is because for rational LP solutions with all probabilities multiples of (say)
1/q, the uniform distribution on [q] can be used to generate any distribution with probabilities
p1, . . . , pq0 : we partition [q] into sets S1, . . . Sq0 of size |Sj| = pj · q and use the induced distribution
on the sets. Each YC then gives a distribution Y ′C on [q]k, where a ∼ YC corresponds to a random
sample from Sa1 × · · · × Sak , with the marginals of all k variables in Y ′C being uniform on [q]. We
refer to such distributions as one-wise uniform, and will only need to work with these for our proof.

Note that this reduction formally changes the predicate family to F ′ = { f ◦ ϕ | f ∈ F}, where
ϕ : [q] → [q0] denotes the partition ϕ(zℓ) = j ⇔ zℓ ∈ Sj. However, instances of MAX-CSP(F ′)
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generated via this reduction encode instances of MAX-CSP(F ) and a good (streaming) approxima-
tion for instances of the former implies an approximation for MAX-CSP(F ). We will suppress this
distinction below, and will simply refer to the (new) predicate family as F and one-wise uniform
distributions as YC for ease of notation, and will only consider these in the discussion below. We
also identify the new alphabet [q] with the set Zq.

Signal vs. noise problems. As in all previous works [KK19; CGSV24; CGS+22; FMW26a], we
consider an average-case version of the problem MAX-CSPγ,β(F ) where the goal is to distinguish
if the random instances are from a YES distribution corresponding to a hidden signal (a planted
assignment) or from a NO distribution with random noise. Following [FMW26a], who also
considered the same average-case problem, we refer to it as the “Distributional Implicit Hidden
Partition” (DIHP) problem.

To define the relevant distributions, we consider “literal shifts” fz(x) = f (x− z) for predicates
f ∈ F (note that F may not be closed under literal shifts). For a fixed (hidden) assignment X ∈ Zn

q

and y ∈ [q]k, note that if we consider a constraint ( fz, e) for z = Xe − y (where Xe denotes the
restriction of X to e) then fz(Xe) = f (y). Consider a random collection Λ of such constraints, with
each constraint being generated independently as follows: (i) choose a random C = ( f , e0) ∈ Φ
from the gadget LP integrality gap instance and a random y ∼ YC, (ii) for a randomly drawn
e ∈ [n]k include the constraint (e, fz) with z = Xe − y. Then expected fraction of constraints in Λ
satisfied by X equals

E
(e, f Xe−y)∼Λ

[ fXe−y(Xe)] = E
C∼Φ

E
y∼YC

[ fy−Xe(Xe)] = E
C∼Φ

E
y∼YC

[ f (y)] ,

which equals the LP value γ on the instance Φ. Moreover, this remains true in expectation over the
choice of X, even if restrict to the subcollection Λ0 of constraints where y = Xe (so that the literal shift
is 0 and we remain within the family F ). This is because we will have |Λ0| ≈ |Λ|/qk with high
probability, and the expected fraction of constraints from Λ included in Λ0 and satisfied by X is

E
(e, f Xe−y)∼Λ

[
fXe−y(Xe) · 1(e, f y−Xe )∈Λ0

]
= E

C∼Φ
E

y∼YC

[
f (y) · E

X∼Zn
q

1y=Xe

]
=

1
qk · E

C∼Φ
E

y∼YC
[ f (y)]

We consider an average-case version of the problem MAX-CSPγ,β(F ), where the goal is to dis-
tinguish between the YES case of instances generated as above, with a “planted” random X ∼
Unif(Zn

q ) satisfying γ fraction of the constraints), and the NO case where each literal shift z is
chosen uniformly from Zk

q. Also as in previous works [CGSV24; FMW26a] and with an eye towards
the relevant communication problem described next, we will think of instances as “padded” where
we specify the entire collection of constraints in Λ, but the actual CSP instance only consists of the
constraints in Λ0 (which are easily identifiable). The value of the instances in the NO case can be
seen to be equal to that of an assignment for the LP instance Φ, with with each variable rounded
independently according to its marginal distribution (which is at most β). We will restrict the
discussion below to the special case with a single one-wise uniform distribution Y , which contains
all our conceptual ideas.

Such “planted vs. random” problems are also considered in earlier works on lower bounds
for streaming problems (including [KKS15; KK19; CGSV24; CGS+22]) and many other computa-
tional models for approximation and refutation of random CSPs (see [KMOW17] for an excellent
summary). Of particular relevance to us are the parallels with works on lower bounds for Sum-
of-Squares (SoS) relaxations of CSPs [BCK15; KMOW17], which similarly extend previous results
based on algebraic structure of XOR predicates [Gri01; Sch08; Tul09] using the analytic structure of
pairwise uniformity.
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Communication games. As in the case of most streaming lower bounds [KKS15; KK19; CGSV24;
CGS+22; FMW26a], we reduce to proving lower bounds for a related communication problem. We
consider random instances on n variables above as consisting of T partial k-uniform hypermatchings
(with each edge in [n]k) of size m = α · n, for suitable constants T ≫ 1 and α≪ 1. This is used to
define a communication game with T players, where for each t ∈ [T], Playert receives a pair of
random variables (Mt, Zt) where the variables Mt denote the random hypermatchings, and the
variables Zt ∈ Zm×k

q are distributed differently in the YES and NO distributions:

YES: For a common X ∼ Unif(Zn
q ) and independent Y t ∼ Y⊗m, we have Zt = ΠMt X − Y t. Here,

ΠM denotes the projection of X to the vertices in M and Y⊗m denotes the m-wise product of
the distribution Y on Zk

q.

NO: For each t ∈ [T], we independently sample Zt ∼ Unif(Zm×k
q ).

Note that the above is specialized to the case of a single one-wise uniform distribution Y . For
the general case, each matching Mt is labeled with a randomly chosen edge e0 from the gadget
hypergraph from the LP instance Φ with a corresponding distribution Ye0 , and we take Zt =
ΠMt X − Y t for Y t ∼ Y⊗m

e0
. We also take the set of n variables to be n0-partite, where n0 denotes the

number of vertices in the gadget hypergraph.
The communication model we consider is that of one-way broadcast communication, where the

players speak in sequence 1, . . . , T, and their messages are then visible to all other players. We show
a lower bound of Ω(n) on the total communication for any protocol for distinguishing the above
distributions. This is the technical contribution of our work, and also where argument diverges
from [FMW26a], who prove an Ω(n1/3) communication lower bound in the stronger number-in-
hand model relevant for multi-pass streaming (and in fact there is an O(

√
n) upper bound in this

model). Our goal is thus to show a much stronger lower bound in a weaker communication model.

Hybrid argument and posterior distributions. Let ZY
t and ZN

t denote the samples from Zm×k
q for

the t-th player, drawn respectively from the YES and NO distributions. Also, let SY
1 , . . . , SY

t denote
the sequence of messages sent by the first t players when given inputs (M1, ZY

1 ), . . . , (M1, ZY
1 ) from

the YES distribution. We denote this sequence as SY
1:t and define SN

1:t analogously. We also assume
that the in addition to their messages, the players can publish their matchings Mt (but not the
samples Zt) “for free”, which only makes our lower bound stronger.

Our goal is to show that for any protocol (which can be assumed to be deterministic using
Yao’s principle) with o(n) communication, we must have that ∥SY

T − SN
T ∥tvd ≤ δ for a suitably

small δ (since the T-th player can be assumed to simply output YES or NO). We will instead show
the stronger bound that ∥(M1:T, SY

1:T)− (M1:T, SN
1:T)∥tvd ≤ δ where M1:T denote the aggregated

matchings. Analogous to [KK19; CGS+22], we proceed via a hybrid argument, showing that for
each t ∈ [T], when the first t− 1 messages are drawn from the YES distribution, we must have

∥Playert(M1:t, SY
1:t−1, ZY

t )− Playert(M1:t, SY
1:t−1, ZN

t )∥tvd ≤ δ/T .

Consider the case t = 1. In this case, the distributions of the random variables ZY
1 = ΠM1 X − Y1

and ZN
1 ∼ Unif(Zm×k

q ) are clearly identical, since we have X ∼ Unif(Zn
q ). However, this is no

longer true at t = 2 since the distribution of X is no longer uniform conditioned on the output of
Player1. The proofs in [KK19] and [CGS+22] track the posterior distribution of X conditioned on
the output of players at various steps, and show that as long as the Fourier tails for the (density
function of) the posterior distribution are bounded in ℓ1 norm, the distributions of ZY

t and ZN
t are

close, even conditioned on outputs of the previous players. However, they crucially rely on the
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(linear) structure of the underlying predicates generating the distribution of Y t for proving such
Fourier bounds. While the results of [KK19] are for Max-CUT, the ones in [CGS+22] only hold
for predicates f : Zk

q → {0, 1} where f−1(1) contains a “line” Ly = {y + b · 1 | b ∈ Zq}, where
1 = (1, . . . , 1).

No such linear structure is available in our case since the goal is to prove lower bounds for
all CSPs. The technical core of our argument is obtaining such Fourier bounds only relying on
the (weak) analytic property that the distributions Y generating Y t can be taken to be one-wise
uniform. As mentioned earlier, this phenomenon also has a parallel in the literature on SoS lower
bounds [KMOW17], where the technical challenge was working with the weaker analytic Fourier
structure provided by pairwise uniformity (instead of the linear structure of XOR predicates).

Fourier bounds via one-wise uniformity. We now consider the key technical challenge, which
arises in understanding the Fourier structure for the posterior distribution. For the case t = 2, let
the output of Player1(M1, Z1) be in Zr

q (it will be convenient to think of output also as q-ary). For
a fixed matching M (value of M1) the outputs of Player1 partition Zm×k

q (the domain of Z1). Fixing
an output then defines a set B ⊆ Zm×k

q , which is typically of size qmk−r. This induces a posterior
distribution DM,B on Zn

q with probabilities

DM,B(X0) = Pr
X∼Zn

q ,Y∼Y⊗m
[X = X0 | ΠMX − Y ∈ B] .

For a distribution D on ZN
q , let µD denote its density qN · D (so that E[µD ] = 1) and let µB be

the density of Unif(B). The density µDM,B can be expressed as µDM,B = µB ∗ µY⊗m . The Fourier
coefficient for any “frequency” U ∈ Zn

q is then given by

µ̂DM,B (U) =

{
µ̂B(ΠMU) · µ̂Y⊗m(−ΠMU) if supp(U) ⊆ M
0 otherwise

.

The Fourier conditions needed on the posterior distribution require understanding, for each h,
the sum ∑wt(U)=h |µ̂DM,B (U)|. Writing V = ΠMU ∈ Zm×k

q as a matrix with rows V1, . . . , Vm, the
argument of [CGS+22] can be seen as decomposing this sum based on the number of nonzero rows
(say) ℓ in V. They then study the ℓ2 norm of Fourier coefficients for V with exactly h nonzero entries
and ℓ nonzero rows (together with Cauchy-Schwarz and counting to obtain ℓ1 bounds). Note that
this “(h, ℓ)-inequality” is a refinement of the usual level-h inequality, which bounds the Fourier
mass of coefficients with h nonzero entries. Such inequalities are obtained in [CGS+22] by using the
algebraic structure of predicates defining Y to eliminate one nonzero entry for each nonzero row.

While we do not have such algebraic structure, the one-wise uniformity of Y implies that

µ̂Y⊗m(−V) = ∏
i∈[m]

µ̂Y (−Vi) ̸= 0 =⇒ ∀i ∈ [m], |supp(Vi)| ̸= 1.

Due to the product structure of Fourier coefficients in µDM,B , it then suffices to bound the Fourier
mass of the function µB : Zm×k

q → R≥0 (with ∥µB∥∞ ≤ qr) on Fourier coefficients corresponding to
matrices V = ΠMU with “singleton-free” rows (since µ̂Y⊗m(−V) = 0 otherwise).

To prove such a refinement of the level-h inequality, we first recall that usual inequality is
proved by applying the Bonami–Beckner operator Tρ, which has the same eigenvalue ρh for all
Fourier coefficients of weight h, and then using hypercontractivity to bound ∥Tρ f ∥2 ≤ ∥ f ∥p for
an appropriate p. To prove our “singleton-free" inequality, we now design a custom noise operator
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with eigenvalues taking advantage of this singleton-free structure. In particular, consider the linear
operator Sρ defined on Zk

q with characters χu(x) = ω
⟨u,x⟩
q as eigenvectors, and eigenvalues

Sρ(χu) = λρ(u) · χu where λρ(u) =


1 if u = 0
0 if |supp(u)| = 1
ρ|supp(u)|−1 otherwise

.

One can check that for characters χV corresponding to V ∈ Zm×k
q , we have S⊗m

ρ (χV) = ρh−ℓ · χV ,
where h = supp(V) and ℓ is the number of (singleton-free) nonzero rows. We can also show that
if the Fourier spectrum of g : Zm×k

q → R is singleton-free, then ∥S⊗m
ρ g∥2 ≤ ∥T∗ρ g∥2, where T∗ρ is a

“row-wise" Bonami-Beckner operator, resampling inputs corresponding to entire rows in Zk
q, with

probability 1− ρ. This comparison also yields a hypercontractive inequality for our new operator,
and we use this obtain the required (h, ℓ)-inequality.

This argument (described in §6) is a novel technical contribution of our work, and may also be
useful for other Fourier-analytic applications. Beyond generalizing the bound in [CGS+22], it also
significantly simplifies their proof, avoiding the careful elimination of entries in nonzero rows.

Covering with structured centers. While the above argument suffices for analyzing the posterior
distribution at t = 2 (conditioning on the output of Player1), understanding the Fourier structure
at later times presents a slight twist on the above problem. If Dt is the posterior distribution after
Playert speaks, M is the revealed matching for Playert+1 and B ⊆ Zm×k is a set corresponding to
the output of Playert+1, the posterior distribution Dt+1,M,B is given by

Dt+1,M,B(X0) = Pr
X∼Dt,Y∼Y⊗m

[X = X0 | ΠMX − Y ∈ B] ,

where we now condition the distribution Dt instead of the uniform distribution on Zn
q . The new

density is now given by µDt+1,M,B = νM,B · µDt · (µB ∗ µY⊗m), where νM,B is a normalizing factor, and
the Fourier coefficients are given by

̂µDt+1,M,B (W) = CM,B · ∑
U∈Zn

q
supp(W−U)⊆M

µ̂Dt(U) · µ̂B(ΠM(W −U)) · µ̂Y⊗m(−ΠM(W −U))

Assuming the Fourier ℓ1 norm of µDt can be controlled using an induction hypothesis, understand-
ing the norm for µt+1,M,B now requires bounding, for each U, expressions of the form

∑
wt(W)=h

supp(W−U)⊆M

∣∣µ̂B(ΠM(W −U)) · µ̂Y⊗m(−ΠM(W −U))
∣∣

While we can again study this expression by using a fine-grained weight inequality in terms of the
number of non-zero rows in ΠM(W −U), the weight constraint is now on W, while the relevant
row structure is only available for ΠM(W −U). To handle this mismatch, we need to “cover” such
a sum for an arbitrary U using a similar sum for “structured centers” U′, such that for W ′ defined
by W ′ −U′ = W −U, we have that W ′ itself is singleton-free and we can also bound wt(W ′) (with
smaller values of h′ < h). 5 We rely on the properties of the random matching M to bound the
number of structured centers used in our covering, leading to the desired inductive Fourier bound.

5A similar covering argument was actually also used in [CGS+22], though it’s purpose there was only to reduce the
weight h. We need to modify this argument to provide the required structure for U′ and W ′.
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2 Preliminaries

2.1 General notation

We use boldface to represent random variables. For an event E, we also use [[E]] to denote the
indicator for the event. For a function g : ZN

q → C and p ∈ [1, ∞], we use the convention that

∥g∥p :=

(
E

X∈ZN
q

[|g(X)|p]
)1/p

.

In particular, ∥g∥1 = EX∈ZN
q
[|g(X)|] and ∥g∥∞ = maxX∈ZN

q
|g(X)|.

2.2 Distributions

For a finite set S, we use ∆(S) to denote the set of all distributions over S. If S is a finite set and Sk

its k-fold product set, a distribution D ∈ ∆(Sk) is one-wise uniform if for (sj)j∈[k] ∼ D, the marginal
distribution of sj is uniform on S for every j ∈ [k]. We use ∆1(Sk) to denote the set of all one-wise
uniform distributions.

For a distribution D, D⊗ℓ denotes the ℓ-wise product distribution D × · · · × D. In particular, if
D ∈ ∆(Zk

q), we can view D⊗m ∈ ∆(Zm×k
q ) as a distribution on matrices.

Abusing notation, we can view a distribution D ∈ ∆(S) as a function D : S→ R, where D(x)
represents the probability that a sample x ∼ D satisfies x = x. We can then define the density
function µD : S→ R via

µD(x0) := D(x0) · |S|.
One useful property of density functions is:

Proposition 2.1. Let D ∈ ∆(S) be a distribution and ϕ : S→ C a function. Then

E
x∈S

[µD(x) · ϕ(x)] = E
x∼D

[ϕ(x)].

Proof. We can expand

E
x∈S

[µD(x) · ϕ(x)] = |S| E
x∈S

[D(x) · ϕ(x)] = ∑
x∈S
D(x) · ϕ(x) = E

x∼D
[ϕ(x)].

2.3 Total variation distance

Proposition 2.2 (Data processing inequality). For random variables X, Y and W , if W is independent of
both X and Y , and f is a function, then ∥ f (X, W)− f (Y , W)∥tvd ≤ ∥X − Y∥tvd.

Proposition 2.3 ([CGS+22, Lemma 2.3]). Let X, Y , W be random variables and let f be a function. If
there exists δ > 0 such that for every fixed X0 in the support of X, we have

∥ f (X0, Y)− f (X0, W)∥tvd ≤ δ ,

then the following holds:
∥(X, f (X, Y))− (X, f (X, W))∥tvd ≤ δ .

Proposition 2.4 ([KK19, Lemma B.2]). Let X1, X2 be random variables taking values on the same sample
space, let Z1, Z2 be random variables taking values on the same sample space, and let f be a function. If Z2

is independent of X1, X2, then

∥(X1, f (X1, Z1))− (X2, f (X2, Z2))∥tvd ≤ ∥(X1, f (X1, Z1))− (X1, f (X1, Z2))∥tvd + ∥X1 − X2∥tvd .

12



2.4 Convolutions

If f , g : ZN
q → C are functions, their convolution f ∗ g : ZN

q → C is defined as

( f ∗ g)(z) := E
x∈ZN

q

[ f (x) · g(z− x)].

We now give two propositions which help interpret convolutions. The first shows that con-
volving a function f with a density function can be viewed as “noising” f ; the second shows that
convolving two density functions corresponds to the density function of a sum distribution.

Proposition 2.5. Let g : ZN
q → C and D ∈ ∆(ZN

q ). Then

(g ∗ µD)(z) = E
x∼D

[g(z− x)].

Proof. Apply Proposition 2.1 with the function ϕ(x) := g(z− x).

Proposition 2.6. Let D1,D2 ∈ ∆(ZN
q ). Let D ∈ ∆(ZN

q ) denote the marginal distribution of x + y when
x ∼ D1, y ∼ D2 independently, so that for z ∈ ZN

q , D(z) = Prx∼D1,y∼D2 [x + y = z]. Then the density
function of D is the convolution of the density functions of D1 and D2: For every z ∈ ZN

q ,

µD(z) = (µD1 ∗ µD2)(z).

Proof. We have D(z) = ∑x,y∈ZN
q
D1(x) · D2(y) · [[x + y = z]] = ∑x∈ZN

q
D1(z) · D2(z − x). Corre-

spondingly,

µD(z) = qN · ∑
x∈ZN

q

µD1(x) · µD2(z− x) = E
x∈ZN

q

[µD1(x) · µD2(z− x)] = (µD1 ∗ µD2)(z).

2.5 Fourier analysis

In this subsection, we use N for the dimension of a Zq-vector space (or module, if q is not a prime
power) over which we perform Fourier analysis. We will use various settings of N within the paper,
e.g., n, k, nk, km, nk′, etc.
Definition 2.7 (Fourier characters). For u, x ∈ ZN

q , we define the character function

χu(x) := ω
⟨u,x⟩
q ,

where we fix the q-th root of unity ωq := e2πi/q and ⟨·, ·⟩ represents the standard inner product
modulo q. We will write ω = ωq when q is clear from context. ♢

Definition 2.8 (Fourier coefficients). For any function g : ZN
q → C and u ∈ ZN

q , we define the
Fourier coefficient

ĝ(u) := E
x∼ZN

q

[g(x) · χu(x)],

where · denotes complex conjugation, so that χu(x) = ω−⟨u,x⟩. We sometimes refer to the vector of
u as a frequency. ♢

Proposition 2.9 (Fourier coefficients of convolutions, e.g., [O’D14, Theorem 8.60]). For every f , g :
ZN

q → C and u ∈ ZN
q ,

f̂ ∗ g(u) = f̂ (u) · ĝ(u).

Conversely, f̂ · g(u) = qN( f̂ ∗ ĝ)(u) = ∑v∈ZN
q

f (v)g(u− v).
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Proposition 2.10 (Expansion in the Fourier basis). For every f : ZN
q → C and x ∈ ZN

q , we have

f (x) = ∑
u∈ZN

q

f̂ (u) · χu(x).

Proposition 2.11 (Parseval’s identity). For every g : ZN
q → C,

∥g∥2
2 = ∑

U∈ZN
q

|ĝ(U)|2.

Proposition 2.12 (Fourier coefficients of (density functions of) distributions). If D ∈ ∆(ZN
q ), then

µ̂D(u) = E
x∼D

[
χu(x)

]
.

Proof. Combine Proposition 2.1 and Definition 2.8.

Proposition 2.13. For every q ≥ 2 ∈N,

E
b∈Zq

[ωb
q ] = 0.

Proof. The geometric sum formula gives ∑
q−1
b=0 ωb = 1−ωq

1−ω = 0 since ωq = 1.

Proposition 2.14 (Fourier coefficients of one-wise uniform distributions). Let Y ∈ ∆1(Z
N
q ) be a

one-wise uniform distribution. If u ∈ ZN
q has |supp(u)| = 1, then

µ̂Y (u) = 0.

Proof. Suppose j ∈ [N] is the single nonzero coordinate in u. Then,

µ̂Y (u) = E
x∼Y

[
χu(x)

]
= E

x∼Y

[
ω−⟨u,x⟩

]
= E

x∼Y

[
ω−uj·xj

]
= E

b∈Zq
[ω−uj·b] = E

b∈Zq
[ωb] = 0,

where we used, respectively, Proposition 2.1, the definition of χ, that u is supported only on j,
one-wise uniformity, the nonzeroness of uj, and Proposition 2.13.

Proposition 2.15 (Fourier coefficients of product distributions). Let Y ∈ ∆(Zk
q). Then for every

U ∈ Zk×m
q , we have:

µ̂Y⊗m(U) =
m

∏
j=1

µ̂Y (Uj).

Proposition 2.16 (Fourier coefficients of marginals). Let Ñ, N ∈N, Π : ZÑ
q → ZN

q be (Zq-)linear and

surjective, g̃ : ZÑ
q → C be any function, and g : ZN

q → C be defined by g(x) := Ex̃∈ZÑ
q
[g(x̃) | Π(x̃) = x].

Then for every u ∈ ZN
q ,

ĝ(u) = ̂̃g(Π⊺(u)),

where Π⊺ is the (standard) transpose of Π (which is adjoint with respect to the standard inner product).
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Proof. Let u ∈ ZN
q . Note that for every x̃ ∈ ZÑ

q , we have ⟨u, Π(x̃)⟩ = ⟨Π⊺(u), x̃⟩ by adjointness,
and hence χu(Π(x̃)) = χΠ⊺(u)(x̃). Hence,

ĝ(u) = E
x∈ZN

q

[
g(x) · χu(x)

]
= E

x∈ZN
q

[
E

x̃∈ZÑ
q

[g̃(x̃) | Π(x̃) = x] · χu(x)

]
= E

x̃∈ZÑ
q

[
g̃(x̃) · χu(Π(x̃))

]
= E

x̃∈ZN
q

[
g̃(x̃) · χΠ⊺(u)(x̃)

]
= ̂̃g(Π⊺(u)),

where the third equality uses that for Π : ZÑ
q → ZN

q surjective, the marginal distribution of Π(x̃)

for uniform x̃ ∈ ZÑ
q is uniform on ZN

q .

Proposition 2.17 (Fourier coefficients of coordinate-projected functions). Let N ∈ N, S ⊆ [N] a
subset of the coordinates, g : ZSq → C be any function, and ΠS : ZN

q → ZSq the standard projection map
onto the coordinates in S . Then for every u ∈ ZN

q ,

ĝ ◦ΠS (u) =

{
ĝ(ΠS (u)) if supp(u) ⊆ S ,
0 otherwise.

Proof. Let u ∈ ZN
q . We write e.g. uS := ΠS (u) for short. We have

ĝ ◦ΠS (u) = E
x∈ZN

q

[g(xS ) ·ω−⟨u,x⟩] = E
x∈ZSq

[
g(x) · E

x∈ZN
q

[ω−⟨u,x⟩ | xS = x]

]

where we used the fact that the marginal distribution of xS for x ∈ ZN
q is uniform on ZSq . Now fix

x ∈ ZSq ; we claim that

E
x∈ZN

q

[ω−⟨u,x⟩ | xS = x] =

{
ω−⟨uS ,x⟩ if supp(u) ⊆ S
0 otherwise,

which obviously proves the proposition. Indeed, if supp(u) ⊆ S , then ⟨u, x⟩ = ⟨uS , xS ⟩ and hence
ω−⟨u,x⟩ = ω−⟨uS ,xS ⟩ (for every x ∈ ZN

q ). On the other hand, if supp(u) ̸⊆ S , then picking some
i ∈ supp(u) \ S , we can write ⟨u, x⟩ = ui · xi + ⟨u[N]\i, x[N]\i⟩, and therefore

E
x∈ZN

q

[ω−⟨u,x⟩ | xS = x] = E
b∈Zq

[
ω−ui ·b E

x∈ZN
q

[ω−⟨u[N]\{i},x[N]\{i}⟩ | xS = x and xj = b]

]

which again vanishes by Proposition 2.13 (and the fact that ui ̸= 0).

Remark 2.18. Proposition 2.17 can be easily generalized to the case where Π : ZN
q → ZN′

q is any
surjective linear map, but we will not need it in this generality, so choose to keep its current form
for simplicity in notation. ♢

3 The communication problem and streaming reduction

We now turn to defining the communication problem used in our lower bound. This is based on the
communication problem defined in [FMW26a], as modified by [STV25] for the single-pass setting.
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Definition 3.1 (Partite hypermatchings). For n, m, k ∈N, we define the set of k-uniform partite
hypermatchings with m edges on a fixed k-partite vertex-set [n]× [k] as:

Mm,k
n := {M ∈ [n]m×k : all entries in each column of M are distinct}.

A k-partite hypermatching M ∈ Mm,k
n gives rise to an injective mapping ιM : [m]× [k]→ [n]× [k]

defined via ιM(j, ℓ) := (Mjℓ, ℓ). (Indeed, the mapping M 7→ ιM yields a one-to-one correspondence
between the set of k-partite hypermatchingsMm,k

n and the set of injective mappings ι : [m]× [k]→
[n]× [k] with the property that ι([m]× {ℓ}) ⊆ ι([n]× {ℓ}) for every ℓ ∈ [k].) If e = (e1, . . . , ek) ∈
[n]k is a row of such a matrix, we write supp(e) := {(eℓ, ℓ) : ℓ ∈ [k]} ⊂ [n]× [k] as the set of vertices
participating in the edge e. We similarly write supp(M) :=

⋃m
j=1 supp(Mj), where Mj is the j-th row

of M. ♢

Definition 3.2 (Gadget hypergraphs). For T, k, k′ ∈N, we define the set of k-uniform hypergraphs
with T edges on a fixed vertex-set [k′] as:

HT,k
k′ := {G ∈ [k′]T×k : all entries in each row of G are distinct}.

A vector e ∈ [k′]k where every entry is distinct may equivalently be viewed as an injection ϕ : [k]→
[k′]. By (slight) abuse of notation, we will also defined ϕ(j, ℓ) as (j, ϕ(ℓ)) for (j, ℓ) ∈ [m]× [k]. Thus,
we can use such an injection ϕ to embed k-partite matchings into k′-partite graphs. ♢

Definition 3.3. For an injection ϕ : [k]→ [k′] and a k-partite hypermatching M ∈ Mm,k
n , we define

a corresponding projection operator Πϕ
M : Zn×k′

q → Zm×k
q via (Πϕ

MX)j,ℓ := Xϕ(ιM(j,ℓ)). For a matrix

X ∈ Zn×k′
q , viewed as a labeling on a set of vertices [n]× [k′], Πϕ

MX is precisely the induced labeling
on [m]× [k]. ♢

We now define the following communication problem, which is a single-pass variant of the
problem in [FMW26a].
Definition 3.4 (“Distributional implicit hidden partition” problem). Suppose we have a k-uniform
hypergraph G ∈ HT,k′

k and a sequence of one-wise uniform distributions Y1, . . . ,YT ∈ ∆1(Z
k
q). Let

m ≤ n ∈N. Consider the following communication problem DIHP.

• Communication structure: There are T players named Playert for t ∈ [T]. This is a one-way
communication game; the players speak in order from 1 to T.

• Input type: Each player Playert gets a k-partite hypermatching Mt ∈ Mm,k
n and a noisy signal

Zt ∈ Zm×k
q . (I.e., each player can be viewed as a function Playert :Mm,k

n ×Zm×k
q × {0, 1}s →

{0, 1}s.)

• Input distributions: The goal is to distinguish between the YES and NO input distributions. In
both cases, the inputs Mt are uniformly random and independent. The two cases are defined
as follows:

– In the NO case, Zt is also picked uniformly and independently for every t ∈ [T].

– In the YES case, we sample an underlying hidden assignment X∗ ∈ Zn×k′
q (uniformly at

random). Then, for every t ∈ [T], we sample Y t ∼ Y⊗m
t and set Zt := Πϕt

Mt
X∗ − Y t. ♢

We interpret these distributions in the following way: In the YES case, X is Zq-labeling on
[n]× [k′]. À la Definition 3.3, the k-partite hypermatching Mt and the injection ϕt : [k]→ [k′] give a
correspondence by which X also “induces” a Zq-labeling on [m]× [k], namely, the labeling Πϕt

Mt
X.
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The players want to determine whether their inputs Zt are consistent with a global labeling X (YES
case) or are just independent and random (NO case). However, in the YES case, the players do
not receive the induced labelings Πϕt

Mt
X directly; instead, they are “masked” by randomized noise

drawn from the corresponding distribution Yt.
The goal of the players is to determine whether their input is drawn from the YES or the NO

distribution. As in previous works [CGS+22; KK19], we consider the blackboard communication
model, where players communicate via a shared blackboard in a fixed sequential order beginning
with Player1. Without loss of generality, we assume that the last player Playert outputs a single
bit indicating which distribution their input is drawn from. In the i-th round, Playeri observes the
current contents of the blackboard and writes their message Si. We further assume that each Playeri
reveals their hypermatching M i alongside their message Si, at no cost.6 The communication cost
of a protocol is then defined as the worst-case total length (in bits) of all messages written on the
blackboard, i.e., ∑i∈[T] |Si|.

We prove the following linear lower bound on the communication complexity of DIHP in §4.

Theorem 3.5 (Linear lower bound for DIHP). For every q, k ∈N and δ ∈ (0, 1/2), there exists α0 > 0
such that for every α ∈ (0, α0] and T ∈N, there exists n0 ∈N and τ ∈ (0, 1) such that the following holds.
When n ≥ n0, the communication complexity of any protocol for DIHP that succeeds with advantage δ is at
least τn.

3.1 The streaming reduction

We now present a reduction from DIHP to MAX-CSP due to [FMW26a], which (as we will see later
in this section) can be implemented in the streaming setting.
Definition 3.6 (MAX-CSP(F ) instances from labeled matchings). Let k, k′, q0, q ∈N, ϕ : [k]→ [k′]
be an injection, and f : [q0]k → {0, 1} be a predicate.

Let M ∈ Mm,k
n be a k-partite hypermatching and Z ∈ Zm×k

q . We define the instance Φϕ, f ,M,Z
of MAX-CSP(F ) on the variable-set [n] × [k′], whose constraints are the following: For each
row j ∈ [m] such that Zj = 0, create a constraint with predicate f and variable sequence ej :=
((Mj,1, ϕ(1)), . . . , (Mj,k, ϕ(k))) = (ϕ(ιM(j, ℓ)))ℓ∈[k]. ♢

Note that only variables in ϕ(supp(M)) are used in the instance Φϕ, f ,M,Z and all constraints in
this instance use the same predicate ( f ). Also, q0, which appears in the domain of f , may differ
from q, which appears in the domain of Z.

Proposition 3.7 ([FMW26a, Proof of Lemma 3.1]). Let q0, k ∈ N and F ⊆ {0, 1}[q0]
k
. Suppose that

MAX-CSP(F ) admits a (γ, β)-integrality gap instance. Then there exists q, k′ ∈ N such that for every
ε > 0, there exists α0 ∈ (0, 1) such that the following holds.

For every α ∈ (0, α0), there exists T ∈N, injections ϕ1, . . . , ϕT : [k]→ [k′] corresponding to a gadget
hypergraph G ∈ HT,k′

k , one-wise uniform distributions Y1, . . . ,YT ∈ ∆1(Z
k
q), and predicates f1, . . . , fT :

[q0]k → {0, 1} such that the following holds: Suppose we sample inputs (M1, Z1), . . . , (MT, ZT) from
DIHP with parameters G, Y1, . . . ,YT, n, and m := αn. Then, defining the random CSP instance Φ :=⊔T

t=1 Φϕt, ft,Mt,Zt , we have:

• In the YES case, Pr[optCSP(Φ) ≥ γ − ε] ≥ 1− on(1). Further, if γ = 1, then optCSP(Φ) = 1
deterministically.

• In the NO case, Pr[optCSP(Φ) ≤ β + ε] ≥ 1− on(1).
6Note that this assumption only yields a stronger lower bound.
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Proof sketch. Since the coefficients of the basic LP are rational (see Figure 1) and its feasible region
is nonempty, there is a (γ, β)-integrality gap instance Φ0 for MAX-CSP(F ) in which all the local
distributions Y0

C ∈ ∆([q0]k) are rational.
Let V denote the variable set of this instance. For each v ∈ V , let Xv ∈ ∆([q0]) denote the

marginal distribution on the variable v which is consistent with all the local distributions. Take
q ∈N so that for every v ∈ V and a ∈ [q0], q · Xv(a) ∈N (all marginal probabilities are multiples
of 1/q).

For every variable v ∈ V , consider an arbitrary partition Pv of [q] into sets S(v)
1 , . . . , S(v)

q0 with

|S(v)
a | = q · Xv(a) for all a ∈ [q0]. Let κv : [q]→ [q0] be the function mapping S(v)

a to a for all a ∈ [q0],
so that sampling b ∼ [q] uniformly, the random variable κv(b) has distribution Xv. Observe that if
we sample a ∼ Xv and then sample b ∼ κ−1

v (a), the marginal distribution of b is uniform on [q].
Let C = ( f , e) be a constraint in the basic LP integrality gap instance Φ0 (with e = (i1, . . . , ik)).

Let Y0
C ∈ ∆([q0]k) denote the local distribution corresponding to C. We define a corresponding

distribution YC ∈ ∆([q]k) by sampling a = (a1, . . . , ak) ∼ Y0
C and then outputting a random

sample from κ−1
i1

(a1)× · · · × κ−1
ik

(ak). YC is one-wise uniform by the observation in the preceding
paragraph (and using the fact that for each ℓ ∈ [k], aℓ is distributed as Xiℓ). Conversely, sampling
b = (b1, . . . , bk) ∼ YC, the random variable (κi1(b1), . . . , κik(bk)) has distribution Y0

C.
We will set k′ := |V| and eventually T := T0 · K, where T0 is the number of constraints in the

original instance Φ0 and K is a large enough constant (enough to ensure concentration below).
The gadget hypergraph G on k′ vertices is constructed by adding K copies of e for each constraint
C = ( f , e) in Φ0, with all copies labeled with the same (one-wise uniform) distribution YC and
corresponding to the same predicate f .

The YES case analysis. Given a signal X ∈ Zn×k′
q , define κ(X) ∈ [q0]n×k′ via applying the

functions κv appropriately, i.e., (κ(X))i,v := κv(Xi,v), which we view as an assignment to the CSP
instance Φ. We argue that in the YES case, even fixing the matchings M1, . . . , MT, we have

E[# constraints in Φ satisfied by κ(X)]

E[# constraints in Φ]
= γ,

where the above expectation is over the choice of a random X. (To carry out the full argument
of [FMW26a], we would then use concentration bounds over the choice of Y1, . . . , YT and X to get
that the actual ratio is roughly γ with high probability.)

Recall that, for t ∈ [T] and j ∈ [m], an injection ϕt : [k] → [k′], a matching Mt ∈ Mm,k
n , and

labeling Zt ∈ Zm×k
q , we inject the constraint ( ft, (Mt)j) into Φ iff (Zt)j = 0. In the YES case,

Zt = Πϕt
Mt

X − Y t, where X ∼ Zn×k
q and Y t ∼ Y⊗m

t independently. Hence, in particular, (Zt)j =

Πϕt
Mj

X + (Y t)j, where X ∼ Zn×k
q and (Y t)j ∼ Yt independently. Note that Pr[(Zt)j = 0] = q−k; this

only uses the uniformity of X, and so is true even conditioned on any fixing of (Yt)j. Hence, by
linearity, the expected number of constraints in Φ is q−k ·mT. On the other hand,

Pr[ ft(κ(X)(Mt)j,1,ϕt(1), . . . , κ(X)(Mt)j,k ,ϕt(k)) = 1∧ (Zt)j = 0]

= Pr[ ft(κ1(X(Mt)j,1,ϕt(1)), . . . , κk(X(Mt)j,k ,ϕt(k))) = 1 | (Zt)j = 0] · Pr[(Zt)j = 0].

The second factor is again q−k. For the first factor, we use that (X(Mt)j,1,ϕt(1), . . . , X(Mt)j,k ,ϕt(k)) =

Πϕt
(Mt)j

X and conditioned on (Zt)j = 0, the marginal distribution of Πϕt
(Mt)j

X is YC. Hence, the

marginal distribution of κ1(X(Mt)j,1,1), . . . , κk(X(Mt)j,k ,k) is uniform on Y0
C, so that the first factor
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is just Ea∼Y0
C
[ ft(a)]. Now summing over (all K copies of) all T0 constraints C, we recover the

expression q−k ·∑C=( f ,e)∈Φ Ea∼Y0
C
[ f (a)], which is exactly the (unnormalized) LP objective.

The NO case analysis. For the NO case, we can use that Φ is essentially a random blowup of
the base instance Φ0. We can therefore show that the expected value of every fixed assignment
to Φ is at most β (since any such assignment projects down to an assignment to Φ0), then use
union+concentration bounds (assuming α0 is sufficiently small and K sufficiently large).

We are now ready to prove our main theorem, as restated below.

Theorem 1.2 (Linear-space lower bounds against single-pass streaming algorithms for CSPs).
Let F ⊆ {0, 1}[q]k . For every 1 ≥ γ > β ≥ 0, if there exists a (γ, β)-LP integrality gap instance of
MAX-CSP(F ), then for every ε > 0, any single-pass streaming algorithm for MAX-CSPγ−ε,β+ε(F ) on n
variables requires Ωε(n) space. Moreover, MAX-CSP1,β+ε(F ) also requires space Ωε(n) for the case γ = 1.

Proof. Consider any (γ, β)-LP integrality gap instance of MAX-CSP(F ). Suppose for contradiction
that there exists an ε0 > 0 and a streaming algorithm A for MAX-CSPγ−ε0,β+ε0(F ) that requires
only o(n) space. Using Proposition 3.7, we will derive a o(n)-bit communication protocol for DIHP,
contradicting Theorem 3.5. To apply Proposition 3.7, we set (q0, k, ε)Proposition 3.7 = (q, k, ε0). For
these parameters, consider the DIHP instance produced in Proposition 3.7 and the corresponding
random CSP instance Φ :=

⊔T
t=1 Φϕt, ft,Mt,Zt . Since the reduction described in Definition 3.6 is local,

each player Playert can independently sample Φϕt, ft,Mt,Zt . Starting from Player1, the players can
sequentially run A on their local instance and pass the memory state to the next player; specifically,
starting from the memory state passed by Playert−1, player Playert runs A on Φϕt, ft,Mt,Zt . Finally,
PlayerT outputs YES ifA categorizes the instance as having value at least γ+ ε0, and NO otherwise.
Correctness follows immediately from Proposition 3.7. Since A uses only o(n) memory, this yields
a o(n)-bit communication protocol for DIHP. The case γ = 1 is analogous.

4 Lower bound on the communication complexity

In this section, we prove the main communication lower bound for DIHP, as restated below.

Theorem 3.5 (Linear lower bound for DIHP). For every q, k ∈N and δ ∈ (0, 1/2), there exists α0 > 0
such that for every α ∈ (0, α0] and T ∈N, there exists n0 ∈N and τ ∈ (0, 1) such that the following holds.
When n ≥ n0, the communication complexity of any protocol for DIHP that succeeds with advantage δ is at
least τn.

By Yao’s minimax principle [Yao77], it suffices to prove such a lower bound against all determin-
istic protocols for DIHP. Namely, a protocol for DIHP can be specified by deterministic message
functions Player1, . . . , PlayerT so that St = Playert(M1:t, S1:t−1, Zt) denotes the message sent by
the t-th player on input (M1:t, S1:t−1, Zt). Without loss of generality, the final function PlayerT
outputs a simple bit “YES/NO” indicating the output of the protocol.

4.1 Informal overview of proof

To prove Theorem 3.5, we consider the following “hybrid experiment”: Independently sample a
common sequence of random k-partite hypermatchings M1:T, a hidden signal X ∈ Zn×k′

q , and then

sample YES inputs ZY
1:T (i.e., ZY

t = Πϕt
Mt

X∗ − Y t for hidden signal for Y t ∼ Y⊗k
t ) and NO inputs
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ZN
1:T (uniformly random). Note that (M1:T, ZY

1:T) have the marginal distribution of a YES input,
and (M1:T, ZN

1:T) have the marginal distribution of a NO input. Thus, this experiment is a coupling
between the YES and NO input distributions.

In the above experiment, let SY
1:T denote the messages sent in the YES case (so that SY

t =
rt(M1:t, SY

1:t−1, ZY
t )) and SN

1:T denote the messages in the NO case (so that SN
t = rt(M1:t, SN

1:t−1, ZN
t )).

To prove Theorem 3.5 we need to show that the distributions of the random variables SY
T and SN

T
are close in total variation distance. For the induction, we prove the much stronger statement that
the distributions of (M1:T, SY

1:T) and (M1:T, SN
1:T) are close in total variation distance, i.e.,

∥(M1:T, SY
1:T)− (M1:T, SN

1:T)∥tvd ≤ δ .

We prove the above bound via a hybrid lemma analogous to those in [CGS+22; KK19]. Roughly
speaking, this lemma states that if the first t− 1 players’ inputs are drawn from the YES distribution,
then the t-th player’s output on a YES input is distributed very similarly to their output on a NO
input, even conditioned on all previous hypermatchings and messages. Formally, the lemma
identifies a filtration (nested sequence) of events E1 ⊃ E2 ⊃ · · · ⊃ ET in the YES experiment such
that: (i) Et enforces a typicality condition on the k-partite hypermatchings received by the first t
players and the messages of the first t− 1 players; and (ii) whenever these random variables take
typical values, player Playert cannot distinguish whether their input is sampled from the YES
distribution or the NO distribution, assuming all previous players’ inputs were drawn from the
YES distribution.

4.2 Formal statement of hybrid lemma

The probability space underlying the hybrid lemma (Lemma 4.1) will be the following distribution.
Let ΩY := Ωk,q,α,n,T,G,Y1:T denote the distribution over tuples (X∗, M1:T, Z1:T) where X∗ ∼ Unif(Zn

q ),
Mt ∈ Mm,k

n is a k-partite hypermatching with m edges, and Zt ∈ Zm×k
q is a noisy signal, as defined

in the YES case of Definition 3.4 for every t ∈ [T], i.e., for each t ∈ [T], we sample Y t ∼ Y⊗m
t and

set Zt := Πϕt
Mt

X∗ − Y t.
These variables along with a deterministic protocol given by Player1, . . . , PlayerT specify

additional random variables that are determined by (X∗, M1:T, Z1:T) including D1:t, SY
t .

Lemma 4.1 (Hybrid lemma). For every q, k ∈ N, there exists α0 > 0 such that for every T ∈ N, and
δ ∈ (0, 1), there exists θ ∈ (0, 1) and n0 < ∞ such that the following holds for every n ≥ n0:

Let Π = (Playert)t∈[T] be a deterministic protocol for DIHP where m ≤ α0n and each message function
rt outputs a message of at most θn bits. Let (X∗, M1:T, Z1:T) ∼ Ω. Then there exists a sequence of events
{Et}t∈[T] such that:

1. For t ∈ [T], Et only depends on M1:t and SY
1:t−1 (with SY

1:0 denoting an empty set of variables).

2. For every t ∈ [T], Et ⇒ Et−1 and Pr[Et | Et−1] ≤ (δ/(2T)) (where E0 is the trivial event occurring
with probability 1).

3. For every fixed M1:t and SY
1:t−1 satisfying Et, one has

∥SY
t − Playert(M1:t, SY

1:t−1, U)∥tvd ≤ δ/(2T), (4.2)

where U ∼ Unif(Zm×k
q ).

Using Lemma 4.1, we can prove Theorem 3.5 using a simple inductive argument. The proof is
analogous to the proof of Lemma 6.3 in [KK19] and Theorem 3.5 in [CGS+22]. So we skip this proof
here and include it in §A for completeness sake. Lemma 4.1 is proved in §4.5 below.
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4.3 Informal proof of Lemma 4.1

We prove Lemma 4.1 formally in §4.5. Here, we give a brief overview of the proof along with the
definitions and lemmas that we will need. At a high level, the main idea is to show that for every
t ∈ [T], after the first t rounds of communication, sufficient randomness remains in X∗ so that
Playert+1 cannot determine whether their input is drawn from the YES or the NO distribution. As
in [CGS+22; KK19], we formally capture the randomness in X∗ through the so-called boundedness
of its posterior distribution, conditioned on the hypermatchings and the messages of the first t
players. The boundedness condition (stated formally in Definition 4.5) bounds the ℓ1-norm of the
Fourier coefficients at each Hamming weight. The subsequent boundedness implies uniformity lemma
(Lemma 4.7, proved in §5) then implies that if the posterior distribution of X∗ after t rounds of
communication is bounded, the total variation distance between Playert+1’s inputs under the YES
and NO distributions is very small.

The next step is to inductively show that if the posterior distribution of X∗ is bounded after the
first t rounds of communication (roughly captured by event Et), then it remains bounded after the
(t + 1)-th round. This is the step where we depart significantly from prior work [CGS+22; KK19]. In
previous works, the players’ inputs in the YES case were noiseless, i.e., they received the induced
labelings Πϕt

Mt
X directly.7 Consequently, the posterior distributions in those works were always

uniform over a set, and showing that this set is large and well-structured sufficed to establish
boundedness of the posterior distribution. The analysis in our setting is more intricate because the
posterior distribution of X∗ is no longer uniform over a set. While the strong structural guarantees
enjoyed by the posterior sets in previous works do not hold here, we show that weaker properties
suffice to carry out the induction. The inductive step lemma is stated formally as Lemma 4.9 and
proved in §7. Assuming Lemmas 4.7 and 4.9, we formally prove Lemma 4.1 in §4.5.

4.4 Definitions and statements of key lemmas

Definition 4.3 ((One-step) posterior distribution). Let n, k, k′, m ∈N, ϕ : [k]→ [k′] be an injection,
and Y ∈ ∆1(Z

k
q) a one-wise uniform distribution. For a “prior” distribution D ∈ ∆(Zn×k′

q ), a
k-partite hypermatching M ∈ Mm,k

n , and a set B ⊆ Zm×k
q , we define the posterior distribution

Postϕ,Y (D; M,B) as the conditional distribution on X ∈ Zn×k′
q when we sample X ∼ D and

Y ∼ Y⊗m independently and condition on the event that Πϕ
MX − Y ∈ B. The density function of

this distribution is

µPostϕ,Y (D;M,B)(X0) = qn·k′ · Pr
X∼D,

Y∼Y⊗m

[
X = X0 | Πϕ

MX − Y ∈ B
]
.

We omit ϕ and Y and write Post(D; M,B) when clear from context. ♢

Definition 4.4 (Input distribution). Let n, k, k′, m ∈N, ϕ : [k]→ [k′] an injection, and Y ∈ ∆1(Z
k
q)

a one-wise uniform distribution. For a distribution D ∈ ∆(Zn×k′
q ) and a k-partite hypermatching

M ∈ Mm,k
n , we define the input distribution Inputϕ,Y (D, M) as the distribution of Πϕ

MX − Y when
X ∼ D and Y ∼ Y⊗m independently. We omit ϕ and Y and write Input(D, M) when clear from
context. ♢

7In [CGS+22], the authors specifically consider a “shifted noise” distribution that applies a uniform shift to all
coordinates; via a recentering argument, they reduce this to the noiseless case.
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Definition 4.5 (Fourier bound function). A distribution D ∈ ∆(ZN
q ) is (C, s)-bounded if, for every

h ∈ [N],
∑

u∈ZN
q ,

wt(u)=h

|µ̂D(u)| ≤ UC,s,N(h),

where for C < ∞ and s, h, N ∈N, we define:

UC,s,N(h) :=


1, if h = 0(

C
√

sN
h

)h/2
, if 1 ≤ h ≤ s

min
{(

C
√

N√
h

)h/2
,
(

eq2 N
h

)h/2
}

, if h > s.

♢

Observation 4.6 (Monotonicity of boundedness with respect to C). The function UC,s,N(h) increases
monotonically with respect to the parameter s. Hence, if a distribution D ∈ ∆(ZN

q ) is (C, s)-bounded, then
for every C′ ≥ C, D is also (C′, s)-bounded.

Lemma 4.7 (Boundedness implies uniformity). For every k, q, k′ ≥ 2 ∈N (k′ ≥ k), there exists α0 > 0
such that for every δ ∈ (0, 1/2) and C < ∞, there exists τ > 0 such that the following holds.

For every injection ϕ : [k]→ [k′], one-wise uniform distribution Y ∈ ∆1(Z
k
q), n ∈N sufficiently large,

D ∈ ∆(Zn×k′
q ) a (C, s)-bounded distribution satisfying ∥µD∥∞ ≤ qb and 4 logq(3/δ) ≤ b ≤ s ≤ τn,

m ≤ α0n,
Pr

M∈Mm,k
n

[
∥µInput(D,M) − 1∥∞ ≤ δ

]
≥ 1− δ,

where M ∈ Mm,k
n is a randomly sampled matching.

Observe that the parameter b in Lemma 4.7 can be eliminated, if the inequality is replaced with
4 logq max{3/δ, ∥µD∥∞} ≤ s ≤ τn.

Observation 4.8. For Z ∈ ∆(Zm×k
q ), the condition ∥µZ − 1∥∞ ≤ δ is equivalent to that for every

Z0 ∈ Zm×k
q , it holds that 1− δ ≤ µZ (Z0) ≤ 1 + δ. In this case, we also have ∥Z − Unif(Zm×k

q )∥tvd ≤ δ,

and for every function f : Zm×k
q → R,

∣∣∣EZ∼Z [ f (Z)]−EZ∈Zm×k
q

[ f (Z)]
∣∣∣ ≤ δ∥ f ∥1.

Lemma 4.9 (Inductive step). For every k, q, k′ ∈ N there exist α0 > 0 and C0 < ∞ such that for every
C ≥ C0 and δ ∈ (0, 1/2) there exist σ ∈ (0, 1) and C′′ > 0 such that the following holds.

For every injection ϕ : [k] → [k′] and one-wise uniform distribution Y ∈ ∆1(Z
k
q), for every

n, b, b′, s, s′, m ∈ N satisfying m ≤ α0n, 0 < b, b′, s < σn and b + b′ + logq(1 − 1/δ) ≤ s and
every (C, s)-bounded distribution D ∈ ∆(Zn×k′

q ) satisfying ∥µD∥∞ ≤ qb, we have that

Pr
M∈Mm,k

n

∀B ⊂ Zm×k
q such that |B| ≥ qm·k−b′ ,

Post(D; M,B) is (C′′, s)-bounded and ∥µPost(D;M,B)∥∞ ≤
1

1− δ
· qb+b′

 ≥ 1− 5δ

where M ∈ Mm,k
n is a randomly sampled k-partite hypermatching.
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4.5 Hybrid lemma: Proof of Lemma 4.1

In this section, we formally prove Lemma 4.1.

Proof of Lemma 4.1. Let Player1, . . . , PlayerT be the message functions corresponding to some
deterministic protocol for DIHP. Recall that the input of Playert (in addition to the prior message)
is a k-partite hypermatching Mt and a noisy signal Zt. (We also have fixed ϕt,Yt, which are,
respectively the injective map and the one-wise uniform distribution corresponding to Playert.)

Posterior set and distribution. We define some auxiliary random variables determined by the
randomness of (M1:t, SY

1:t). For t ∈ [T], we define:

Bt := {Z ∈ Zm×k
q : SY

t = Playert(M1:t, SY
1:t−1, Z)}

and, recursively:

Dt := Postϕt,Yt(Dt−1; Mt,Bt).

where D0 = D0 = Unif{Zn×k′
q }. Bt denotes the set of all inputs Zt that would result in the message

SY
t (conditioned on the previous messages SY

1 , . . . , SY
t−1 and the hypermatchings M1, . . . , Mt), while

Dt denotes the posterior distribution on X∗ conditioned on M1:t, SY
1:t in the following formal sense:

Claim 4.10. For every 0 ≤ t ≤ T, X0 ∈ Zn×k′
q , and fixed M1:t, SY

1:t, we have

Pr
Ω
[X∗ = X0 | M1:t, SY

1:t] = Dt(X0)

(here M1:t and SY
1:t are both tuples of length t, so that M1:0, SY

1:0 denote empty tuples). In particular, for
every fixed M1:t and SY

1:t−1, the marginal distribution of SY
t is the same as the marginal distribution of

Playert(M1:t, SY
1:t−1, Z), where Z = Πϕt

Mt
X − Y t with X ∼ Dt−1 and Y t ∼ Y⊗m

t .

Proof. We will prove by induction. The base case when t = 0 is trivially satisfied since D0 is the
uniform distribution. Inductively, we have:

Pr
Ω
[X∗ = X0 | M1:t, SY

1:t]

= Pr
X∈Zn×k′

q ,
∀t′∈[t], Y t′∼Y

⊗m
t′

[X = X0 | ∀t′ ∈ [t], SY
t′ = Playert′(M1:t′ , SY

1:t′−1, Πϕt′
Mt′

X − Y t′)]

= Pr
X∼Dt−1,
Y t∼Y⊗m

t

[X = X0 | SY
t = Playert(M1:t, SY

1:t−1, Πϕt
Mt

X − Y t)] (induction hypothesis)

= Pr
X∼Dt−1,
Y t∼Y⊗m

t

[X = X0 | Πϕt
Mt

X − Y t ∈ Bt] = Dt(X0) .

Parameters. The required parameters that we need to specify for Lemma 4.1 are α0, θ, n0, and δ′.
In addition to setting these parameters below, we also set the following parameters required in
the proof: (i) {Ct}0≤t≤T and s to quantify the boundedness of the posterior distributions, (ii) s∗ to
upper bound the length of each message, and (iii) b to upper bound the ℓ∞ norms of the density
functions of the posterior distributions, which is required to apply Lemmas 4.7 and 4.9.
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Given k, q, and k′, let α0,1 be the α0(k, q, k′) parameter from Lemma 4.7 and α0,2 be the α0(k, q, k′)
parameter from Lemma 4.9. We set α0 to be min{α0,1, α0,2}. Let C0 be the C0(k, q, k′) parameter
from Lemma 4.9. Now, given T and δ, we need to specify τ > 0, n0 < ∞, and δ′. Along the way,
we also specify the intermediary parameters that we mentioned above. Observe that Lemma 4.9
takes as input parameters k, q, k′δ, and C ≥ C0, and specifies parameters C′′ = C′′(k, q, k′, δ, C)
and σ = σ(k, q, k′, δ, C) for which the lemma holds. Observe also that Lemma 4.7 takes as input
parameters k, q, k′δ, and C ≥ C0, and specifies τ = τ(k, q, k′, δ, C) for which the lemma holds. We
set δ′ := δ/(30T). We define {Ct}0≤t≤T recursively as Ct := max{C0, C′′(k, q, k′, δ′, Ct−1)}. For
t ∈ [T], let σt := σ(k, q, k′, δ′, Ct), τt := τ(k, q, k′, δ′, Ct), and γ := min{{σt}t∈[T], {τt}t∈[T]}. We set
s := γn, b := s/2T, b′ := b, θ := γ/8T, and n0 := (1/γ) ·max{4 logq(3/δ′), 8T logq(1/(1− δ′))}.
Let m, n ∈N be such that n ≥ n0, m ≤ α0n. We set s∗ := θn.

Events. We define the events E1, . . . , ET (in the probability space ΩY) as follows. For t ∈ [T], we
define Epost

t to be the event that the distribution Dt−1 is (Ct, s)-bounded and ∥µDt−1∥∞ ≤ q2(t−1)b;
E in

t to be the event that ∥Inputϕt,Yt
(Dt−1, Mt)− Unif(Zm×k

q )∥tvd ≤ δ′; and Et := Et−1 ∩ E
post
t ∩ E in

t ,
where E0 is the trivial event occuring with probability 1.

Condition 1. It immediately follows from the above definitions that for all t ∈ [T], Et is fully
determined by M1:t and SY

1:t−1. (Further, Epost
t itself is determined only by M1:t−1 and SY

1:t−1.)

Condition 2. It follows also from the definitions that Et =⇒ Et−1, for all t ∈ [T]. We upper
bound the failure probabilities of the events using induction. For the base case, we first prove that

Pr[E1] = 1. Since D0 is the uniform distribution, µ̂D0(u) = 1 if u = 0n×k′ , and µ̂D0(u) = 0 otherwise.
Therefore, D0 is trivially (C0, s)-bounded. We also have ∥µD0∥∞ ≤ 1. For every M ∈ Mm,k

n and
injection ϕ : [k]→ [k′], Πϕ

MX is uniformly distributed in Zm×k
q , since X ∼ D0. Therefore, Πϕ

MX − Y
is also uniformly distributed for Y ∼ D for any distribution D ∈ ∆(Zm×k

q ). Thus, E1 holds with
probability 1.

We now prove that for any t ∈ [T − 1], Pr[Et+1 | Et] ≤ δ/(2T). Specifically, we will show

Pr
[
E in

t+1 | E
post
t+1 ∧ Et

]
≤ δ′ , (4.11)

Pr
[
Epost

t+1 | E
post
t ∧ Et−1

]
≤ 7δ′ . (4.12)

We proceed modulo these. Noting that

Pr[Et+1 | Et] = Pr
[
Epost

t+1 ∧ E
in
t+1 | Et

]
= Pr

[
E in

t+1 | E
post
t+1 ∧ Et

]
· Pr
[
Epost

t+1 | Et

]
,

the elementary inequality 1− ab ≤ (1− a) + (1− b) (for a, b ≤ 1) implies

Pr
[
Et+1 | Et

]
≤ Pr

[
E in

t+1 | E
post
t+1 ∧ Et

]
+ Pr

[
Epost

t+1 | Et

]
. (4.13)

We can upper-bound the second term on the RHS of Equation (4.13) by (using that Et =⇒ Et−1):

Pr
[
Epost

t+1 | Et ∧ Et−1

]
=

Pr
[
Epost

t+1 ∧ Et | Et−1

]
Pr[Et | Et−1]

≤
Pr
[
Epost

t+1 ∧ E
post
t | Et−1

]
Pr[Et | Et−1]

=
Pr
[
Epost

t+1 | E
post
t ∧ Et−1

]
· Pr
[
Epost

t | Et−1

]
Pr[Et | Et−1]

≤
Pr
[
Epost

t+1 | E
post
t ∧ Et−1

]
Pr[Et | Et−1]

24



where the first inequality used Et =⇒ Epost
t . Now, we conclude using Equations (4.11) to (4.13):

Pr
[
Et+1 | Et

]
≤ δ′ + (7δ′)/(1− δ) ≤ 15δ′ ≤ δ/(2T),

proving Condition 2.

Proof of Equation (4.11). We prove that for every fixing of M1:t, SY
1:t such that Epost

t+1 and Et hold,
the event E in

t+1 is likely. The probability is over the choice of Mt+1, the one additional variable
needed to determine E in

t+1; the conditional distribution of Mt+1 is still uniformly random.
By definition of Epost

t+1 , we have that Dt is (Ct, s)-bounded and ∥µDt∥∞ ≤ q2tb. Therefore, apply-
ing the boundedness implies uniformity lemma (Lemma 4.7) with parameters (δ, C, τ,D, b)Lemma 4.7 =
(δ′, Ct, γ,Dt, 2tb) and Observation 4.8, we get

Pr
Mt+1

[
∥Inputϕt,Yt

(Dt, Mt+1)− Unif(Zm×k
q )∥tvd ≤ δ′

]
≥ 1− δ′.

Proof of Equation (4.12). We prove that for every fixing of M1:t−1, SY
1:t−1 such that Epost

t and Et−1

holds, the event Epost
t+1 is likely. The probability is over the choice of Mt, X∗, Zt, and the conditional

marginal distribution of Mt is still uniformly random.
By definition of Epost

t , Dt−1 is (Ct−1, s) bounded and ∥µDt−1∥∞ ≤ q2(t−1)b. Applying the induc-
tive step (Lemma 4.9) with parameters (C, δ, σ, C′′,D, b)Lemma 4.9 = (Ct−1, δ′, γ, Ct,Dt−1, 2(t− 1)b),
we have

Pr
Mt

[
∀B ⊂ Zm×k

q such that |B| ≥ qm·k−b′ ,

Post(Dt−1; Mt,B) is (Ct, s)-bounded and ∥µPost(Dt−1;Mt,B)∥∞ ≤ q2tb

]
≥ 1− 5δ′ ,

where we used the fact for our choice of parameters b, b′, and δ′, q2(t−1)b+b′+logq(1/(1−δ′)) ≤ q2tb.
Applying the boundedness implies uniformity lemma (Lemma 4.7) with the choice of parame-

ters (δ, C, τ,D, b)Lemma 4.7 = (δ′, Ct−1, γ,Dt−1, 2(t− 1)b), we have

Pr
Mt

[
∥µInput(Dt−1,Mt) − 1∥∞ ≤ δ′

]
≥ 1− δ′.

Therefore, with probability at least 1− 6δ′ (over the randomness of Mt), we have

Pr
Mt


∀B ⊂ Zm×k

q such that |B| ≥ qm·k−b′ ,

Post(Dt−1; Mt,B) is (Ct, s)-bounded and ∥µPost(Dt−1;Mt,B)∥∞ ≤ q2tb

and ∥µInput(Dt−1,Mt) − 1∥∞ ≤ δ′

 ≥ 1− 6δ′. (4.14)

Now fix such an Mt. By Claim 4.15 below, with probability at least 1− δ′, we have |Bt| ≥ qm·k−b′ ,
which when applied to Equation (4.14) gives that Dt is (Ct, s)-bounded and ∥µDt∥∞ ≤ q2tb. Thus,
Epost

t holds, as desired.

Claim 4.15. For any t ∈ [T], consider any fixed M1:t and SY
1:t−1 such that Dt−1 is (Ct−1, s)-bounded and

∥µInput(Dt−1,Mt) − 1∥∞ ≤ δ′. Then:

Pr[|Bt| ≥ qm·k−b′ | M1:t, SY
1:t−1] ≥ 1− δ′.
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Proof. For fixed M1:t, SY
1:t−1, the message SY

t = Playert(M1:t, SY
1:t−1, Zt) partitions the space Zm×k

q

into at most 2s∗ sets. Let us denote this partition by P . We now argue that in expectation, 1
|Bt| is

small and then apply Markov’s inequality to get the desired result. We have

E
X∗∼Dt−1,
Y t∼Y⊗m

t

[
1
|Bt|

]
= ∑

P∈P

1
|P| · Pr

X∗∼Dt−1,
Y t∼Y⊗m

t

[
Πϕt

Mt
X∗ − Y t ∈ P

]
≤ ∑

P∈P

1
|P| · |P| (1 + δ′) q−m·k

≤ (1 + δ′) q−m·k 2s∗ .

Therefore, applying Markov’s inequality:

Pr
X∗∼Dt−1,
Y t∼Y⊗m

t

[|Bt| ≥ (1− δ′)qm·k2−s∗(1 + δ′)−1] ≥ 1− δ′ .

Finally, we use that (1− δ′)qm·k2−s∗(1 + δ′)−1 ≥ qm·k−b′ from the choice of s∗.

Condition 3. For every fixed M1:t and SY
1:t−1 satisfying Et, we have that (by definition of E in

t and
Observation 4.8):

∥Inputϕt,Yt
(Dt−1, Mt)− Unif(Zm×k

q )∥tvd ≤ δ′ .

Applying the data-processing inequality (Proposition 2.2) and Claim 4.10, we conclude that

∥SY
t − Playert(M1:t, SY

1:t−1, U)∥tvd ≤ δ′ ,

as desired.

5 Boundedness implies uniformity: Proof of Lemma 4.7

In this section, we prove Lemma 4.7, restated as follows:

Lemma 4.7 (Boundedness implies uniformity). For every k, q, k′ ≥ 2 ∈N (k′ ≥ k), there exists α0 > 0
such that for every δ ∈ (0, 1/2) and C < ∞, there exists τ > 0 such that the following holds.

For every injection ϕ : [k]→ [k′], one-wise uniform distribution Y ∈ ∆1(Z
k
q), n ∈N sufficiently large,

D ∈ ∆(Zn×k′
q ) a (C, s)-bounded distribution satisfying ∥µD∥∞ ≤ qb and 4 logq(3/δ) ≤ b ≤ s ≤ τn,

m ≤ α0n,
Pr

M∈Mm,k
n

[
∥µInput(D,M) − 1∥∞ ≤ δ

]
≥ 1− δ,

where M ∈ Mm,k
n is a randomly sampled matching.

In order to prove the lemma, we begin with some definitions.
Definition 5.1 (Singleton-freeness). We say a set S ⊆ [m]× [k] is singleton-free if for every j ∈ [m],
|S ∩ ({j} × [k])| ̸= 1. (If we view S equivalently as a matrix in {0, 1}m×k, then S is singleton-free if
no row has weight exactly 1.) We let SFm,k := {S ⊆ [m]× [k] : S singleton-free}; when m and k are
clear from context, we write SF = SFm,k. ♢

Proof. Follows immediately from Propositions 2.14 and 2.15.
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The following simple proposition then forms the heart of our analysis:

Proposition 5.2. Let k, m ∈ N, Y ∈ ∆1(Z
k
q) be a one-wise uniform distribution, and U ∈ Zm×k

q . If
supp(U) ̸∈ SFm,k (i.e., there exists j ∈ [m] with |supp(Uj)| = 1, where Uj is the j-th row of U), then
µ̂Y⊗m(U) = 0.

Recall the definition of the embedding ιM : [m]× [k]→ [n]× [k] corresponding to a matching
M (Definition 3.1). In particular,

ιM(SF) = {U ⊆ [n]× [k] : U ⊆ supp(M) and ∀j ∈ [m], |U ∩ supp(Mj))| ̸= 1}. (5.3)

For an injection ϕ : [k] → [k′], we also consider the set ϕ(ιM(SF)) = {(j, ϕ(ℓ)) : (j, ℓ) ∈ S} (as in
Definition 3.2).

5.1 Bounding ∞-distance from uniform via 1-norm of “singleton-free” Fourier mass

We first prove the following upper-bound on the ∞-distance from uniform of Input(D, M)’s density
function in terms of the (1-norm) Fourier mass of µD on “singleton-free” coefficients. This is the
key reason we need to consider singleton-free coefficients in this paper.

Lemma 5.4. For every q, m, k, n, k′ ∈ N, injection ϕ : [k] → [k′], k-partite hypermatching M ∈ Mm,k
n ,

and one-wise uniform distribution Y ∈ ∆1(Z
k
q), we have:

∥µInput(D,M) − 1∥∞ ≤ ∑
U ̸=0∈Zn×n′

q ,
supp(U)∈ϕ(ιM(SF))

|µ̂D(U)|

where, as in Lemma 4.7, Input(D, M) is the distribution of Πϕ
MX − Y for X ∼ D and Y ∼ Y⊗m, and

ιM(SF) is as in Equation (5.3).

Proof. Let PM ∈ ∆(Zm×k
q ) denote the distribution of the projection Πϕ

MX for X ∼ D. Hence
Input(D, M) is the distribution of sum of independent samples from PM and−Y⊗m. Consequently,
by Proposition 2.6, we have µInput(D,M) = µPM ∗ µ−Y⊗m and therefore by Propositions 2.9 and 2.10,
for every Z0 ∈ Zm×k

q , we have:

µInput(D,M)(Z0) = ∑
U∈Zm×k

q

̂µPM ∗ µ−Y⊗m(U) · χU(Z0) = ∑
U∈Zm×k

q

µ̂PM(U) · −̂µY⊗m(U) · χU(Z0).

Hence, using the triangle inequality, that the zero Fourier coefficient is 1 for a density function, and
|χU(Z0)| = 1:

|µInput(D,M)(Z0)− 1| ≤ ∑
U ̸=0∈Zm×k

q

|µ̂PM(U)| · |µ̂−Y⊗m(U)|.

The quantity on the RHS is independent of Z0 and thus gives an upper-bound on ∥µInput(D,M)− 1∥∞.
By Proposition 2.16 and the definition of PM, we know that for every U ∈ Zm×k

q ,

µ̂PM(U) = µ̂D((Π
ϕ
M)⊺(U)).

Consequently, using the trivial estimate |µ̂−Y⊗m(U)| ≤ 1, we get by Proposition 5.2:

∥µInput(D,M) − 1∥∞ ≤ ∑
U ̸=0∈Zm×k

q ,
supp(U)∈SF

|µ̂D((Π
ϕ
M)⊺(U))|.

Finally, we observe that {(Πϕ
M)⊺U : U ̸= 0 ∈ Zm×k

q and supp(U) ∈ SF} = {U ̸= 0 ∈ Zn×k′
q :

supp(U) ∈ ϕ(ιM(SF))} (just by unpacking definitions).
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5.2 Combinatorial bound

We next prove an upper-bound on the probability that a fixed set U is in ιM(SF) when M is sampled
randomly in terms of the cardinality |U| of U.

Lemma 5.5. For every k ∈N, there exists C < ∞ and α0 > 0 such that the following holds. Let n ∈N,
m ≤ α0n ∈ N, U ⊂ [n]× [k], and h := |U|. Then for every 2 ≤ h ≤ km ∈ N, sampling a random
k-partite hypermatching M ∈ Mm,k

n , we have

Pr[U ∈ ιM(SF)] ≤
(

Ch
n

)h/2

.

(The probability vanishes at h = 1 and h > km.)

Proof. Let Vℓ := [n]× {ℓ} so that [n]× [k] =
⊔k

ℓ=1 Vℓ. Let hℓ := |U ∩ Vℓ|.

Step 1: Symmetry reduction. Define U := {U′ ⊂ [n] × [k] : |U′ ∩ Vℓ| = hℓ}. To calculate
Pr[U ∈ ιM(SF)], by column-wise permutation symmetry, it is equivalent to instead fix one matching,
such as

M :=


1 1 · · · 1
2 2 · · · 2
...

...
. . .

...
m m · · · m

 ,

sample U uniformly at random from the set U := {U ⊂ [n]× [k] : ∀ℓ ∈ [k], |U ∩ Vℓ| = hℓ}, and
calculate Pr[U ∈ ιM(SF)]. That is, defining N := U ∩ ιM(SF), we want to calculate |N |/|U |.

Step 2: Counting and partitioning. For U ∈ N , we define D(U) := {j ∈ [m] : U ∩ supp(Mj) ̸=
∅}. Note that if U ∈ N and j ∈ D(U) then |U ∩ supp(Mj)| ≥ 2 by definition of N . Hence, for
d(u) := |D(U)|, we have d(U) ≤ |U|/2 = h/2.

For a fixed size d, there are (m
d ) sets D ⊆ [m] of size d, and for a fixed such set D, there are at

most (dk
h ) possible sets U ∈ N with D(U) = U (since U must be fully supported on the rows in D).

Hence we have:

|N | ≤
h/2

∑
d=1

(
αn
d

)(
dk
h

)
.

Conversely, we have

|U | =
k

∏
ℓ=1

(
n
hℓ

)
≥
(

n
h

)
.

Step 3: Estimation. Note that for every h ∈ [1, km] and d ≤ h/2, we have (m
d ) ≤

(
4km

h

)h/2
, since

by cases:

h ∈ [1, m] =⇒
(

m
d

)
≤
( em

d

)d
≤
(

em
h/2

)h/2

≤
(

4km
h

)h/2

,

h ∈ [m, km] =⇒
(

m
d

)
≤ 2m ≤ 4h/2 ≤

(
4km

h

)h/2

.
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For the second inequality on the first line, we used that (C/x)x is an increasing function of x on

the interval x ∈ (0, C/e). We also have, by binomial estimates, (dk
h ) ≤

(
edk
h

)h
≤ (2k)h (using that

ed ≤ eh/2 ≤ 2h) and (n
h) ≥

( n
h

)h. Using m ≤ α0n and the trivial bound h/2 ≤ 2h/2, we altogether
get a bound of

|N |
|U | ≤

h
2
·

(
4kα0n

h

)h/2
· (2k)h( n

h

)h = 2h/2 ·

(
4kα0n

h

)h/2
· (4k2)h/2(

n2

h2

)h/2 =

(
32k3αh

n

)h/2

,

as desired (setting C := 32k3α0).

5.3 Finishing the proof

We now use the following fact from [CGS+22, Lemma 5.18]:

Lemma 5.6. For every k, q ≥ 2 ∈N, C1, C2 < ∞ and δ ∈ (0, 1), there exists τ > 0 such that the following
holds.

For all n, s ∈N satisfying 4 logq(3/δ) ≤ s ≤ τn, we have:

km

∑
h=2

UC1,s,n(h) ·
(

C2h
n

)h/2

≤ δ2.

Proof of Lemma 4.7. Using Markov’s inequality, it suffices to prove that

E
M

[
∥µInput(D,M) − 1∥∞

]
≤ δ2. (5.7)

By Lemma 5.4 and linearity of expectation, we have:

E
M

[
∥µInput(D,M) − 1∥∞

]
≤ E

M

 ∑
U ̸=0∈Zn×k′

q ,
supp(U)∈ϕ(ιM(SF))

|µ̂D(U)|


= ∑

U ̸=0∈Zn×k′
q

|µ̂D(U)| · Pr
M
[supp(U) ∈ ϕ(ιM(SF))].

Now, consider a fixed U ̸= 0 ∈ Zn×k′
q with size h := |U|. We know that PrM [supp(U) ∈

ϕ(ιM(SF))] = 0 if h < 2 or h > km. On the other hand, if 2 ≤ h ≤ km, then we claim that

PrM [supp(U) ∈ ϕ(ιM(SF))] ≤
(

C2h
n

)h/2
(where C2 is the constant coming from Lemma 5.5). In-

deed, we observe that if supp(U) ̸⊆ ϕ([n] × [k]) then if PrM [supp(U) ∈ ϕ(ιM(SF))] = 0, while
if supp(U) ⊆ ϕ([n] × [k]) then PrM [supp(U) ∈ ϕ(ιM(SF))] = PrM [ϕ−1(supp(U)) ∈ ιM(SF)] ≤(

C2h
n

)h/2
by Lemma 5.5. Altogether, these calculations give

E
M
[∥µInput(D,M) − 1∥∞] ≤

km

∑
h=2

 ∑
U ̸=0∈Zn×k′

q ,
wt(U)=h

|µ̂D(U)|

 ·
(

C2h
n

)h/2

≤
km

∑
h=2

UC1,s,k′n(h) ·
(
(C2k′)h

k′n

)h/2

,

which is then bounded by the foregoing lemma (Lemma 5.6).
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6 A “singleton-free” level inequality

In this section, we derive upper bounds on the ℓ1 norm of a certain subset of Fourier coefficients
over Hamming balls — centered at the origin at first, and then alter at arbitrary centers in §6.3
below. These bounds are later used in the proof of Lemma 4.9 in §7. We begin with some definitions.

The weight of a frequency matrix U ∈ Zm×k
q is wt(U) := |supp(U)|. As a convenient abbrevia-

tion, we define the notation below for sets of “singleton-free” frequency matrices (where the set
SFm,k is as in Definition 5.1.)

Um,k
q := {U ∈ Zm,k

q : supp(U) ∈ SFm,k}
Um,k

q (h) := {U ∈ Um,k
q : wt(U) = h}

In particular, Um,k
q = {U ∈ Zm×k

q : ∀j ∈ [m], |supp(Uj)| ̸= 1}, where Uj is the j-th row of U. The
goal of this section is to prove the following “refined” level inequality bounding the ℓ1-norm of
singleton-free Fourier coefficients:

Theorem 6.1. For every q, k ∈N and θ < ∞, there exists ζ < ∞ and ε0 > 0 such that the following holds.
For every m, b ∈N, g : Zm×k

q → C with ∥g∥1 = 1, and h ∈N with h < θb and logq(∥g∥∞) ≤ b ≤ ε0km,
we have:

∑
U∈Um,k

q (h)

|ĝ(U)| ≤
(

ζ
√

bm
h

)h/2

.

Writing Uj ∈ Zk
q for row j of a matrix U ∈ Zm×k

q , we define the row weight of U ∈ Zm×k
q as the

number of non-zero rows rwt(U) := |{j : Uj ̸= 0}| (i.e., the number of nonzero rows). We also
denote by Um,k

q (h, ℓ), the set of set of singleton-free frequencies with weight h and row-weight ℓ

Um,k
q (h, ℓ) := {U ∈ Um,k

q (h) : rwt(U) = ℓ}.

We will prove the above theorem by bounding the ℓ2 Fourier mass for the sets Um,k
q (h, ℓ), together

with a counting argument and Cauchy-Schwarz to obtain ℓ1 bounds.

6.1 Bounding the squared Fourier mass on Um,k
q (h, ℓ)

We now prove the following bound on the ℓ2 Fourier mass of the set Um,k
q (h, ℓ).

Lemma 6.2. For every q, k ∈ N and θ > 0, there exists ζ > 0 such that the following holds. For every
m, b ∈N, g : Zm×k

q → C with ∥g∥1 = 1, and h > ℓ ∈N with h− ℓ < θb and logq(∥g∥∞) ≤ b ≤ ε0km,
we have:

∑
U∈Um,k

q (h,ℓ)

|ĝ(U)|2 ≤
(

ζb
h− ℓ

)h−ℓ
.

We will prove the lemma using hypercontractivity for a noisy version of g. We consider two
different noise operators below.
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6.1.1 The row noise operator and row hypercontractivity

Definition 6.3. A multiplier operator is an operator on L2(Zm×k
q ) (the vector space of functions

Zm×k
q → C) which is diagonalizable in the Fourier basis. That is, letting Λ : Zm×k

q → C be a
multiplier function, the corresponding multiplier operator, denoted TΛ : L2(Zm×k

q ) → L2(Zm×k
q ) is

defined on the Fourier basis via TΛχU := Λ(U)χU for every frequency U ∈ Zm×k
q . Hence, for

arbitrary g : Zm×k
q → C, we have T̂Λg(U) = Λ(U) · ĝ(U). Equivalently, TΛg = g ∗ Λ′, where ∗

denotes convolution and Λ′ is the inverse Fourier transform of Λ. ♢

Definition 6.4 (Row noise). For ρ ∈ [0, 1], we define:

• D∗ρ ∈ ∆(Zk
q), is the distribution which outputs 0 with probability ρ and a uniformly random

element of Zk
q with probability 1− ρ.

• The Fourier transform λ∗ρ := µ̂D∗ρ , which we view as a multiplier function. We can calculate

λ∗ρ(u) =

{
1 if u = 0,
ρ if u ̸= 0

.

• For U ∈ Zm×k
q , Λ∗ := µ̂(D∗ρ )⊗m . (Equivalently, Λ∗(U) = ∏m

j=1 λ∗ρ(Uj) = ρrwt(U) where
rwt(U) = |{i : Ui ̸= 0}| is the row weight.)

• The corresponding row noise operator T∗ρ := Tλ∗ρ , which acts by convolution with µD∗ρ . That is,

(T∗ρ g)(X) = E
Y∼(D∗ρ )⊗m

[g(X− Y)]. ♢

Viewing each row as a single coordinate supported on qk different values, we get the following
hypercontractive inequality:

Lemma 6.5 (Row hypercontractive inequality, e.g., [O’D14]). Let Q := qk. For any 1 < p < 2 and
g : Zm×k

q → C, it holds that

∥T∗ρ g∥2 ≤ ∥g∥p where ρ :=
√

p− 1 ·Q1/2−1/p.

6.1.2 A modified noise operator

Definition 6.6. For ρ ∈ [0, 1], we define:

• The modified noise multiplier (for a single row)

λρ(u) :=


1 if u = 0,
0 if |supp(u)| = 1,
ρ|supp(u)|−1 otherwise.

• The corresponding modified noise multiplier for a matrix: Λρ(U) := ∏m
j=1 λρ(Uj).

• The corresponding modified noise operator Tρ := TΛρ
. ♢

Claim 6.7. For every U ∈ Um,k
q (h, ℓ) and ρ ∈ [0, 1], Λρ(U) = ρh−ℓ.
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Proof. Taking the logarithm base ρ of both sides, on the LHS, rows with support 0 contribute 0, and a
row j with support at least 2 contributes |supp(Uj)|− 1. We then calculate ∑j:|supp(Uj)|≥2(|supp(Uj)|−
1) = h− ℓ.

Claim 6.8. For every u ∈ Zk
q and ρ ∈ [0, 1], it holds that λρ(u) ≤ λ∗ρ(u).

Proof. If u = 0, we have λρ(u) = λ∗ρ(u) = 1. Otherwise, λρ(u) ≤ ρ by inspection, whereas
λρ(u) = ρ.

Claim 6.9. For every g : Zm×k
q → C and ρ ∈ [0, 1], it holds that ∥Tρg∥2 ≤ ∥T∗ρ g∥2.

Proof. We calculate

∥Tρg∥2
2 = ∑

U∈Zm×k
q

(Λρ(U))2|ĝ(U)|2 ≤ ∑
U∈Zm×k

q

(Λ∗ρ(U))2|ĝ(U)|2 = ∥T∗ρ g∥2
2.

Claim 6.10. For every g : Zm×k
q → C and r ∈ [0, 1], it holds that ∑U∈Um,k

q (h,ℓ) |ĝ(U)|2 ≤ ρ−2(h−ℓ)∥T∗ρ g∥2
2.

Proof. By Claims 6.7 and 6.9, we have:

ρ2(h−ℓ) ∑
U∈Um,k

q (h,ℓ)

|ĝ(U)|2 = ∑
U∈Um,k

q (h,ℓ)

ρ2(h−ℓ)|ĝ(U)|2 = ∑
U∈Um,k

q (h,ℓ)

(Λρ(U))2|ĝ(U)|2

≤ ∑
U∈Zm×k

q

(Λρ(U))2|ĝ(U)|2 = ∥Tρg∥2
2 ≤ ∥T∗ρ g∥2

2.

6.1.3 Proof of Lemma 6.2

We are now equipped to prove Lemma 6.2.

Proof of Lemma 6.2. We proceed in two steps.

Step 1: Row hypercontractivity. Let p ∈ (1, 2). By Lemma 6.5,

∥T∗ρ g∥2
2 ≤ ∥g∥2

p.

Since ∥g∥1 = 1 and ∥g∥∞ ≤ qb:

∥g∥p
p = E[|g|p] = E[|g| · |g|p−1] ≤ ∥g∥p−1

∞ E[|g|] = qb(p−1).

Hence ∥g∥2
p ≤ q2b(1−1/p).

Step 2: Setting parameters. Set Q := qk and p := 1 + h−ℓ
θb . This is less than 2 since h− ℓ < θb.

Combining Claim 6.10 and Step 1:

∑
U∈Um,k

q (h,ℓ)

|ĝ(U)|2 ≤ ρ−2(h−ℓ)︸ ︷︷ ︸
=:W1

· q2b(1−1/p)︸ ︷︷ ︸
=:W2

.

We bound the terms separately as:

W1 =
(√

p− 1 ·Q1/2−1/p
)−2(h−ℓ)

=

(
θb

h− ℓ
·Q2/p−1

)h−ℓ
≤
(
(θqk)b
h− ℓ

)h−ℓ
,

where we used p ≥ 1 =⇒ Q2/p−1 ≤ Q and Q = qk, and

W2 = q2b(1−1/p) ≤ q2b(p−1) = (q2/θ)h−ℓ,

where the inequality used that 1 − 1/p ≤ p − 1 for p > 0. This gives the desideratum with
ζ := θqk+2/θ .
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6.2 Bounding the Fourier mass on Um,k
q (h)

We now return to proving Theorem 6.1. This first requires the following lemma:

Lemma 6.11. For every q, k ∈N, there exists ζ > 0 such that the following holds. For every m ∈N and
h > ℓ ∈N, we have:

|Um,k
q (h, ℓ)| ≤

(
ζm
ℓ

)ℓ

.

Proof. We severely overcount and give an upper bound on the set {U ∈ Zm×k
q : rwt(U) = ℓ}. Each

U ∈ Um,k
q (h, ℓ) is uniquely determined by specifying, for every nonzero row j (i.e., Uj ̸= 0), the row

vector Uj. It therefore suffices to count the number of ways to choose a subset of nonzero rows and
then assign these rows to (nonzero) row vectors. There are (m

ℓ ) ways to choose a set of ℓ rows to
be nonzero. Each row then can be assigned to at most qk − 1 vectors. Hence, altogether we get a
bound of (

m
ℓ

)
· (qk − 1)ℓ ≤

( em
ℓ

)ℓ
· (qk − 1)ℓ =

(
ζm
ℓ

)ℓ

for ζ := e(qk − 1), as desired.

We can now prove Theorem 6.1.

Proof of Theorem 6.1. Let ζ1, ζ2 > 0 be the two constants from Lemmas 6.2 and 6.11, respectively. By
Cauchy-Schwarz, and since h/k ≤ rwt(U) ≤ h/2 for every U ∈ Um,k

q (h), we have:

∑
U∈Um,k

q (h)

|ĝ(U)| =
h/2

∑
ℓ=h/k

∑
U∈Um,k

q (h,ℓ)

|ĝ(U)| ≤
h/2

∑
ℓ=h/k

|Um,k
q (h, ℓ)| · ∑

U∈Um,k
q (h,ℓ)

|ĝ(U)|2

︸ ︷︷ ︸
=:Sℓ


1/2

.

We can bound each individual Sℓ via Lemmas 6.2 and 6.11:

Sℓ = |Um,k
q (h, ℓ)| · ∑

U∈Um,k
q (h,ℓ)

|ĝ(U)|2 ≤
(

ζ1b
h− ℓ

)h−ℓ
·
(

ζ2m
ℓ

)ℓ

≤
(

2ζ1b
h

)h−ℓ
·
(

ζ2m
ℓ

)ℓ

=

(
2ζ1b

h

)h

·
(

ζ2hm
2ζ1bℓ

)ℓ

≤
(

2ζ1b
h

)h

·
(

ζ2km
2ζ1b

)ℓ

,

where the last two inequalities use ℓ ≤ h/2 and ℓ ≥ h/k, respectively. Hence

∑
U∈Um,k

q (h)

|ĝ(U)| ≤
h/2

∑
ℓ=h/k

√
Sℓ ≤

(
2ζ1b

h

)h/2

·
h/2

∑
ℓ=h/k

(√
ζ2km
2ζ1b

)ℓ

≤
(

2ζ1b
h

)h/2

· 2
(√

ζ2km
2ζ1b

)h/2

= 2

(√
2ζ1ζ2kbm

h

)h/2

,

where the final inequality sets ε0 := ζ2
8ζ1

, forcing
√

ζ2km
2ζ1b ≥ 2 (using that b ≤ ε0km).8

8Note that if X ≥ 2 then ∑H
j=0 X j = X j+1−1

X−1 ≤
X j+1

X/2 = 2X, where we used X− 1 ≥ X/2.
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6.3 “Singleton-free” level inequality around arbitrary centers

In this section, we “boost” the theorem which we stated at the beginning of this section (Theorem 6.1)
to give bounds for singleton-free matrices in balls around arbitrary points.

We begin with the following simple corollary of Theorem 6.1:

Corollary 6.12. For every q, k ∈ N and θ < ∞, there exists ζ < ∞ and ε0 > 0 such that the following
holds. For every m, b ∈ N, g : Zm×k

q → C with ∥g∥1 = 1, V ∈ Zm×k
q , h ∈ N with h < θb and

logq(∥g∥∞) ≤ b ≤ ε0km, we have:

∑
U−V∈Um,k

q (h)

|ĝ(U)| ≤ UC,s,km(h).

Proof. Define g′ : Zm×k
q → C via g′(U) := g(U) ·χV(U), so that ĝ′(U) = EX∈Zm×k

q
[g′(X) ·χV(X)] =

EX∈Zm×k
q

[g(X) · χU+V(X)] = ĝ(U + V). Hence,

∑
U−V∈Um,k

q (h)

|ĝ(U)| = ∑
U∈Um,k

q (h)

|ĝ(U + V)| = ∑
U∈Um,k

q (h)

|ĝ′(U)|,

at which point we can apply Theorem 6.1 (since g′ is just a phase shift of g, we have ∥g∥1 = ∥g′∥1
and ∥g∥∞ = ∥g′∥∞).

Lemma 6.13. For every q, k ∈N and θ < ∞, there exists ζ < ∞ and ε0 > 0 such that the following holds.
For every m ∈N, g : Zm×k

q → C with ∥g∥1 = 1, V ∈ Zm×k
q , and h ∈N with h < θb, we have:

∑
U∈SF,

wt(U−V)=h

|ĝ(U)| ≤ qk·rwt(V) ·
(

ζ
√

bm
h− κ

)(h−κ)/2

,

where logq(∥g∥∞) ≤ b ≤ ε0km and κ := |{j ∈ [m] : |supp(Vj)| = 1}|.

Proof. Fix V ∈ Zm×k
q . For U ∈ Zm×k

q , define a matrix Z(U) ∈ Zm×k
q row-wise, via

(Z(U))j := −(U + V)j · [[|supp(Vj)| = 1∨ |supp((U + V)j)| = 1]].

We have a few basic facts:

• For every U ∈ Zm×k
q , U + V + Z(U) ∈ SF by definition.

• If U ∈ SF, then for every j ∈ [m], (Z(U))j ̸= 0 =⇒ Vj ̸= 0. Indeed, by contrapositive, if
Vj = 0, then (U + V)j = Uj, and hence |supp((U + V)j)| = |supp(Uj)| ̸= 1 since U ∈ SF.

• wt(Z(U)) ≥ κ.

• If wt(U + V) = h, then wt(U + V + Z(U)) = h−wt(Z(U)).

Let Z := {Z ∈ Zm×k
q : ∀j ∈ [m], Zj ̸= 0 =⇒ Vj ̸= 0} denote the set of frequencies supported

only on rows in V’s support. By the second item above, we have Z(U) ∈ Z for every U ∈ SF. Also,
note that |Z| ≤ qk·rwt(V).
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We can now bound, using the preceding Corollary 6.12:

∑
U∈SF,

wt(U+V)=h

|ĝ(U)| = ∑
Z∈Z

∑
U∈SF,Z(U)=Z,

wt(U+V+Z)=h−wt(Z)

|ĝ(U)|

≤ ∑
Z∈Z

∑
U+V+Z∈SF,Z(U)=Z,

wt(U+V+Z)=h−wt(Z)

|ĝ(U)|

≤ ∑
Z∈Z

∑
U+V+Z∈SF,

wt(U+V+Z)=h−wt(Z)

|ĝ(U)|

≤ ∑
Z∈Z

(
ζ
√

bm
h−wt(Z)

)(h−wt(Z))/2

≤ ∑
Z∈Z

(
ζ
√

bm
h− κ

)(h−κ)/2

≤ qk·rwt(V) ·
(

ζ
√

bm
h− κ

)(h−κ)/2

.

7 The inductive argument: Proof of Lemma 4.9

Finally, in this section, we prove Lemma 4.9, restated as follows:

Lemma 4.9 (Inductive step). For every k, q, k′ ∈ N there exist α0 > 0 and C0 < ∞ such that for every
C ≥ C0 and δ ∈ (0, 1/2) there exist σ ∈ (0, 1) and C′′ > 0 such that the following holds.

For every injection ϕ : [k] → [k′] and one-wise uniform distribution Y ∈ ∆1(Z
k
q), for every

n, b, b′, s, s′, m ∈ N satisfying m ≤ α0n, 0 < b, b′, s < σn and b + b′ + logq(1 − 1/δ) ≤ s and
every (C, s)-bounded distribution D ∈ ∆(Zn×k′

q ) satisfying ∥µD∥∞ ≤ qb, we have that

Pr
M∈Mm,k

n

∀B ⊂ Zm×k
q such that |B| ≥ qm·k−b′ ,

Post(D; M,B) is (C′′, s)-bounded and ∥µPost(D;M,B)∥∞ ≤
1

1− δ
· qb+b′

 ≥ 1− 5δ

where M ∈ Mm,k
n is a randomly sampled k-partite hypermatching.

7.1 An expression for the density function

We first give an analytic expression for the density function of the distribution Post(D; M,B) in
terms of the density functions of D, Y⊗m, and B (note that PrZ∼Zm×k

q
[Z ∈ B] = |B|/qm·k below).

Lemma 7.1. Let D ∈ ∆(Zn×k′
q ) be a distribution, ϕ : [k]→ [k′] be an injection, Y ∈ ∆(Zk

q) a distribution,
M ∈ Mm,k

n a k-partite hypermatching, and B ⊆ Zm×k
q a set. Then for every X0 ∈ Zn×k′

q :

µPost(D;M,B)(X0) = µD(X0) · (µY⊗m ∗ µB)(Π
ϕ
M(X0)) · νM,B ,

where

νM,B :=
PrZ∼Zm×k

q
[Z ∈ B]

PrX∼D,Y∼Y⊗m [Πϕ
MX − Y ∈ B]

is a normalization factor which does not depend on X0.
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Remark 7.2. Though we will not need this fact, it is easy to check that (µY⊗m ∗ µB)(Π
ϕ
M(X0)) =

µPost(U ;M,B)(X0), where U := UnifZn×k′
q is the uniform distribution on Zn×k′

q . That is, Post(U ; M,B)
is the posterior distribution of X when sampling X from the uniform prior (U ) conditioned on
Πϕ

MX − Y ∈ B for Y ∼ Y⊗m.) Thus, Lemma 7.1 states that (up to normalization) the posterior on
X with respect to the prior D is the product of the prior D and the posterior with respect to the
uniform prior. ♢

Proof. Let X0 ∈ Zn×k′
q . By Bayes’ rule,

Pr
X∼D,Y∼Y⊗m

[X = X0 | Πϕ
MX − Y ∈ B]

= Pr
Y∼Y⊗m

[Πϕ
MX0 − Y ∈ B] · Pr

X∼D
[X = X0] ·

(
Pr

X∼D,Y∼Y⊗m
[Πϕ

MX − Y ∈ B]
)−1

.

Consequently,

µPost(D;M,B)(X0) = Pr
Y∼Y⊗m

[Πϕ
MX0 − Y ∈ B] · µD(X0) · νM,B ·

qm·k

|B| .

Finally,
PrY∼Y⊗m [Πϕ

MX0 − Y ∈ B]
|B| = Pr

B∼B,Y∼Y⊗m
[B + Y = Πϕ

MX0]

and therefore

µPost(D;M,B)(X0) = Pr
B∼B,Y∼Y⊗m

[B + Y = Πϕ
MX0] · µD(X0) · νM,B · qm·k

= (µB ∗ µY⊗m)(Πϕ
MX0) · µD(X0) · νM,B .

Lemma 7.1 lets us derive a useful upper bound on the 1-norm of Fourier coefficients in a ball
around the origin in a posterior distribution:

Corollary 7.3. In the setup of Lemma 7.1, we have

∑
W∈Zn×k′

q ,
wt(W)=h

| ̂µPost(D;M,B)(W)| ≤ νM,B · ∑
V∈Zn×k′

q

|µ̂D(U)| ∑
U∈SF,

wt(U+Πϕ
MU)=h−(wt(V)−wt(Πϕ

MV))

|µ̂B(W)|.

Note that wt(V)−wt(Πϕ
MV) equals the size of the support of V outside of ϕ(supp(M)).

Proof. We apply Lemma 7.1 and Proposition 2.9 to get:

̂µPost(D;M,B)(W) = νM,B · ∑
V∈Zn×k′

q

µ̂D(V) · ̂
((µY⊗m ∗ µB) ◦Πϕ

M)(W −V)

and then Propositions 2.9 and 2.17 to get:

= νM,B · ∑
V∈Zn×k′

q ,
supp(W−V)⊆ϕ(supp(M))

µ̂D(V) · µ̂Y⊗m(Πϕ
M(W −V)) · µ̂B(Π

ϕ
M(W −V)).
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Hence by Proposition 2.14, the triangle inequality, and upper bounding |µ̂Y⊗m(Πϕ
M(W −V))| by 1,

| ̂µPost(D;M,B)(W)| ≤ νM,B · ∑
V∈Zn×k′

q ,
supp(W−V)⊆ϕ(supp(M)),

Πϕ
M(W−V)∈SF

|µ̂D(V)| · |µ̂B(Π
ϕ
M(W −V))|.

Hence

∑
W∈Zn×k′

q ,
wt(W)=h

| ̂µPost(D;M,B)(W)| ≤ νM,B · ∑
V∈Zn×k′

q

|µ̂D(V)| ∑
W∈Zn×k′

q ,
wt(W)=h,

supp(W−V)⊆ϕ(supp(M)),
Πϕ

M(W−V)∈SF

|µ̂B(Π
ϕ
M(W −V))|

and substituting U := Πϕ
M(W −V),

≤ νM,B · ∑
V∈Zn×k′

q

|µ̂D(V)| ∑
U∈SF,

wt(U+Πϕ
MV)=h−(wt(V)−wt(Πϕ

MV))

|µ̂B(U)|,

where we used that for W ∈ Zn×k′
q with supp(W − V) ⊆ ϕ(supp(M)), we have wt(W) = h ⇐⇒

wt(Πϕ
MW) = h− (wt(V)−wt(Πϕ

MV)) (because supp(W − V) ⊆ ϕ(supp(M)), implies W and V
agree on all coordinates outside ϕ(supp(M)), and thus wt(W)−wt(Πϕ

MW) = wt(V)−wt(Πϕ
MV).)

7.2 The inductive step “in expectation”

Corollary 7.3 gives a natural approach to proving Lemma 4.9: We formulate and prove an “in-
expectation” version of the lemma, which then will imply the lemma by Markov’s inequality.

Lemma 7.4 (Inductive step in expectation). For every q, k, k′ ∈N, there exist α0 > 0 and C0 < ∞ such
that for every C > C0, there exist σ ∈ (0, 1) and C′ < ∞ such that the following holds.

For every injection ϕ : [k]→ [k′], one-wise uniform distribution Y ∈ ∆1(k), and every n, m, s, h ∈N

satisfying m ≤ α0n and 1 ≤ h ≤ s ≤ σn, and every D ∈ ∆(Zn×k′
q ) which is (C, s)-bounded:

∑
V∈Zn×k′

q

|µ̂D(V)| · E
M∈Mm,k

n

 max
g:Zm×k

q →C,
∥g∥1=1,
∥g∥∞≤qs

∑
U∈SF,

wt(U+Πϕ
MV)=h−(wt(V)−wt(Πϕ

MV))

|ĝ(U)|

 ≤
(

C′
√

snk′

h

)h/2

.

Before proving this lemma, we show how it will imply Lemma 4.9. To do so, we will require the
following simple analogue of [CGS+22, Lemma 6.3], which is a trivial upper-bound on the 1-norm
mass in high-Hamming weight balls:

Lemma 7.5. For every q, N ∈N and g : ZN
q → C with ∥g∥1 = 1 and logq(∥g∥∞) ≤ h, we have

∑
U∈ZN

q ,
wt(U)=h

|ĝ(U)| ≤
(

q2eN
h

)h/2

.
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Proof. By Parseval’s identity (Proposition 2.11) and the assumptions, we have:

∑
U∈ZN

q ,
wt(U)=h

|ĝ(U)|2 ≤ ∑
U∈ZN

q

|ĝ(U)|2 = ∥g∥2
2 ≤ ∥g∥1 · ∥g∥∞ ≤ qh. (7.6)

Also, there are (exactly) (q− 1)h · (N
h ) frequencies U ∈ ZN

q with wt(U) = h. By Cauchy-Schwarz,

∑
U∈ZN

q ,
wt(U)=h

|ĝ(U)| ≤
√√√√√(q− 1)h

(
N
h

)
∑

U∈ZN
q ,

wt(U)=h

|ĝ(U)|2 ≤

√
(q− 1)h

(
eN
h

)h

· qh ≤
(

eq2N
h

)h/2

,

where the second inequality uses the standard binomial estimate and Equation (7.6).

We can now give a proof of Lemma 4.9.

Proof of Lemma 4.9 (modulo Lemma 7.4). Let α0 and C0 be as defined in Lemma 7.4. Given parameters
C and δ, we then invoke Lemma 7.4 and let σ and C′ denote the resulting values.

Let E(M) denote the event that the matching M ∈ Mm,k
n is such that ∥µInput(D,M) − 1∥∞ > δ.

For h ∈ [σn], let Fh(M) denote the event that

1
1− δ ∑

V∈Zn×k′
q

|µ̂D(V)| ·

 max
g:Zm×k

q →C,
∥g∥1=1,
∥g∥∞≤qs

∑
U∈SF,

wt(U+Πϕ
MV)=h−(wt(V)−wt(Πϕ

MV))

|ĝ(U)|

 >
1
δh

(
C′
√

snk′

max{h, s}

)h/2

.

Sufficiency of the events. We first claim that whenever E(M) ∪⋃σn
h=1 Fh(M) holds, then the

desideratum holds, i.e., for every B ⊆ Zm×k
q such that |B| ≥ qn−b′ , we have that Post(D; M,B) is

(C′, s)-bounded and ∥µPost(D;M,B) − 1∥∞ < qs.

We first observe that ν−1
M,B =

PrZ∼Input(D,M)[Z∈B]
Pr

Z∈Zm×k
q

[Z∈B] , which is at least 1− δ by Observation 4.8 and the

definition of E(M). Hence, νM,B ≤ 1
1−δ .

Now, Lemma 7.1 and Proposition 2.5 give that ∥µPost(D;M,B)∥∞ ≤ ∥µD∥∞ · ∥µB∥∞ · νM,B . We
have ∥µD∥∞ ≤ qb and ∥µB∥∞ ≤ qb′ (by assumption), and νM,B ≤ 1

1−δ , and therefore the product is

at most qb+b′+logq(1/1−δ′) ≤ qs, by our assumption.
We now choose a constant C′′ < ∞ such that for every h ∈ [nk′], we can guarantee the inequality

∑W∈Zn×k′
q ,wt(W)=h | ̂µPost(D;M,B)(W)| ≤ UC′′,s,nk′(h). We do so using a few cases on h:

• If h ≤ s, by Corollary 7.3 and the inequality on νM,B, since Fh(M) holds, it is the case that

∑
W∈Zn×k′

q ,wt(W)=h

| ̂µPost(D;M,B)(W)| ≤ 1
δh

(
C′
√

snk′

h

)h/2

=

(
(C′/
√

δ)
√

snk′

h

)h/2

.

Since h ≤ s, the RHS is at most UC′′,s,nk′(h) as long as C′′ ≥ C′/
√

δ.
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• If s ≤ h ≤ σn, the same argument gives ∑W∈Zn×k′
q ,wt(W)=h | ̂µPost(D;M,B)(W)| ≤

(
(C′/
√

δ)
√

nk′√
h

)h/2
.

By Lemma 7.5 , we also have that ∑W∈Zn×k′
q ,wt(W)=h | ̂µPost(D;M,B)(W)| ≤ (eq2nk′/h)h/2. (This

uses ∥µPost(D;M,B)∥∞ ≤ qs as already proved above.) Hence, for C′′ ≥ C′/
√

δ we have,

∑
W∈Zn×k′

q ,wt(W)=h

| ̂µPost(D;M,B)(W)| ≤ UC′′,s,nk′(h).

• Finally, if σn ≤ h ≤ nk′, we still have ∑W∈Zn×k′
q ,wt(W)=h | ̂µPost(D;M,B)(W)| ≤ (eq2nk′/h)h/2. To

guarantee that ∑W∈Zn×k′
q ,wt(W)=h | ̂µPost(D;M,B)(W)| ≤

(
C′′
√

nk′√
h

)h/2
, it therefore suffices to show

that C′′
√

nk′√
h

h/2
≥ (eq2nk′/h)h/2. This is achieved by setting C′′ ≥ q2e/

√
σ, so that we have

h ≥ σnk′ =⇒ C′′
√

h ≥ q2e
√

nk′ =⇒ C′′
√

nk′/
√

h ≥ q2enk′/h.

Hence, if we set C′′ := max{C′/
√

δ, q2e/
√

σ}, we get that in all cases we have

∑
W∈Zn×k′

q ,wt(W)=h

| ̂µPost(D;M,B)(W)| ≤ UC′′,s,nk′(h).

Bounding the probability over events. Since D is (C, s)-bounded, the boundedness implies
uniformity lemma (Lemma 4.7) posits directly that Pr[E(M)] ≤ δ. Further, applying Markov’s in-
equality to Lemma 7.4, we conclude that Pr[Fh(M)] ≤ δh

1−δ . Thus a union bound gives Pr[Fh(M)] ≤
1

1−δ ∑∞
h=1 δh ≤ 4δ.

7.3 Combinatorial bound

Consider the set V := [n]× [k] as a set of k · n vertices partitioned into k parts Vℓ := [n]× {j}, each
of size n. If U ⊆ V is a set of vertices, and M ∈ Mm,k

n , we define the following:

• Sets of edges: K(M, U) := {j ∈ [m] : |ej ∩U| = 1} and D := {j ∈ [m] : |ej ∩U| ≥ 2}, where
ej ⊆ V is the j-th edge of M.

• Size parameters: κ(M, U) := |K|, d(M, U) := |D(M, U)|, and η(M, U) := |U ∩⋃j∈D ej|.

We suppress the dependence on M and U when clear from context. Note that η/k ≤ d ≤ η/2
and d ≤ m = αn ≤ n/k, so η ≤ kd ≤ n. In particular d ≤ n/k < n.

Proposition 7.7. For every x, y > 0, it holds that (x/y)y ≤ ex.

Proposition 7.8. For every x ∈ R, it holds that x ≤ (e1/e)x.

We now define the following function:

pC,α(n, u, κ, η) := ακ · Cu ·
(u

n

)η/2
. (7.9)

We note that this bound looks drastically simpler than the comparable bound in [CGS+22, Lemma
6.24].
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Lemma 7.10. For every k ∈ N there exists a constant C < ∞ such that the following holds. Let
U ⊆ V = [n]× [k] be a fixed set of |U| = u marked vertices. For a random matching M ∈ Mm,k

n with
m = αn hyperedges, we have:

Pr[κ(U, M) = κ, η(U, M) = η] ≤ pC,α(n, u, κ, η)

assuming k + η ≤ u, and 0 otherwise.

Proof. We follow and adapt (simplify) the proof of [CGS+22, Lemma 6.24].

Step 1: Symmetry reduction. For j ∈ [k], let uℓ := |U ∩ Vℓ| denote the support of U on the j-th
part. To calculate Pr[κ(U, M) = κ, η(U, M) = η], by column-wise permutation symmetry, it is
equivalent to instead fix one matching, such as

M :=


1 1 · · · 1
2 2 · · · 2
...

...
. . .

...
m m · · · m

 ,

sample U uniformly at random from the set U := {U ⊆ V : ∀j ∈ [k], |U ∩ Vj| = uℓ}, and calculate
Pr[κ(U, M) = κ, η(U, M) = η].

Step 2: Partitioning by d. For fixed d ∈ [η/k, η/2], letN (d) := {U ∈ U : κ(U, M) = κ, d(U, M) =
d, η(U, M) = η}. Then for U ∼ U ,

Pr[κ(U, M) = κ, η(U, M) = η] ≤
η/2

∑
d=η/k

|N (d)|
∏k

j=1 (
n
uℓ
)

.

Step 3: Counting |N (d)|. We now upper-bound |N (d)|.
To specify an element in U ∈ N (d), it suffices to specify the edge-sets K = K(U, M) ⊆ [m] and

D = D(U, M) ⊆ [m], and then the vertex-sets U ∩⋃j∈K ej, U ∩⋃j∈D ej, and U ∩⋃j∈[m]\(K∪D) ej.
Pessimistically, there are (m

κ ) choices for K and (m
d ) choices for D. Once these have been

specified, there are now kκ choices for U ∩ ⋃j∈K ej (once K has been fixed, U ∩ ⋃j∈K ej contains
exactly one vertex per edge in K and |K| = κ) and (pessimistically) (kd

η ) choices for U ∩ ⋃j∈D ej

(since |U ∩ ⋃j∈D ej| = η and |⋃j∈D ej| = kd). Once these have all been fixed, it remains to pick
U ∩⋃j∈[m]\(K∪D) ej, and we do so by parts; i.e., we specify the intersections U ∩ Vℓ ∩

⋃
j∈[m]\(K∪D) ej

with each part. Since we must have |U ∩Vℓ| = uℓ, letting µℓ := |U ∩ Vℓ ∩
⋃

j∈(K∪D) ej| denote the
number of already-selected vertices in column ℓ, we conclude that |U ∩ Vℓ ∩

⋃
j∈[m]\(K∪D) ej| =

uℓ−µℓ. Since U∩Vℓ ∩
⋃

j∈[m]\(K∪D) ej ⊆ Vℓ ∩
⋃

j∈[m]\(K∪D) ej and |Vℓ ∩
⋃

j∈[m]\(K∪D) ej| = n− (κ + d),
we deduce:

|N (d)| ≤
(

m
κ

)
·
(

m
d

)
· kκ ·

(
kd
η

)
·

k

∏
ℓ=1

(
n− (κ + d)

uℓ − µℓ

)
.

Step 4: Applying estimates and collecting like terms. Note that for every ℓ, we have µℓ ≤ κ + d,

hence (n−(κ+d)
uℓ−µℓ

) ≤ ( n−µℓ
uℓ−µℓ

). We can therefore apply (a−c
b−c)

(a
b)
≤
(

b
a

)c
, as well as (a

b) ≤ (ea/b)b to the
remaining binomials, to get:

|N (d)|
∏k

ℓ=1 (
n
uℓ
)
≤
( eαn

κ

)κ
· kκ ·

( eαn
d

)d
·
(

ekd
η

)η

·
(u

n

)κ+η
.
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Regrouping terms and using that αd ≤ 1 since α ≤ 1 and d ≥ 0 gives:

|N (d)|
∏k

ℓ=1 (
n
uℓ
)
≤ (ek)κ+η · ακ ·

(u
κ

)κ
·
(

u
nη

)η

·
( en

d

)d
· dη .

Writing (u/(nη))η = (u/(η/2))η/2 · (u/(2η))η/2 · (1/n)η , we can now apply Proposition 7.7 and
use κ + η ≤ u, giving:

|N (d)|
∏k

ℓ=1 (
n
uℓ
)
≤ (e3u · ku) · ακ ·

(
u

2η

)η/2

·
(

1
n

)η

·
( en

d

)d
· dη .

Step 5: Summing over d. Consider the function g(t) := ln((en)t · tη−t) = t ln(en) + (η − t) ln t.
Analytically, we have d

dt g(t) = ln(en) + η/t− (ln t + 1) = ln(n)− ln(t) + η/t ≥ ln(n)− ln(t). In
particular, g is increasing on the interval (0, n]. This gives, using that η ≤ u:

η/2

∑
d=η/k

( en
d

)d
· dη ≤ η/2 ·

(
en

η/2

)η/2

· (η/2)η ≤ (u · eη/2 · 2−η/2) · (n · η)η/2.

Combining and regrouping gives:

η/2

∑
d=η/k

|N (d)|
∏k

ℓ=1 (
n
uℓ
)
≤ (e3u · ku · u · eη/2 · 2−η/2) · ακ ·

(u
n

)η/2
.

We can now finish by setting C := e3+1/e+1/2 · k/
√

2, where we used that u ≤ (e1/e)u and η ≤ u.

7.4 The inductive step in expectation: Proving Lemma 7.4

We finally turn to proving Lemma 7.4. To do so, we require the following analytic lemma, which
follows from the proof of [CGS+22, Lemma 6.24]; we give a dramatically simplified proof in §B
below.

Lemma 7.11. For every q, k ∈ N, there exists α0 ∈ (0, 1/k) such that the following holds. For every
C1, C2, C3, C4 < ∞, there exists ε0 > 0 and C5 < ∞ such that for every s, n, h, u, κ, η ∈ N with
κ ≤ h ≤ s ≤ ε0n, and κ + η ≤ u ≤ min{n, h + η}, we have

UC1,s,n(u) · C
κ+η
2 · pC3,α0(n, u, κ, η) ·

(
C4
√

sn
h + η − u

)(h−η+u)/2

≤
(

C5
√

sn
h

)h/2

.

Finally, we give:

Proof of Lemma 7.4. By Lemma 6.13 with θ := 1.1 (so that h < θs), there exists C4 < ∞ such that for
every injection ϕ : [k] → [k′], fixed M ∈ Mm,k

n , and V ∈ Zn×k′
q (equivalently, Πϕ

MV ∈ Zm×k
q ), and
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g : Zm×k
q → C satisfying ∥g∥1 = 1 and ∥g∥∞ ≤ qs:

∑
U∈SF,

wt(U+Πϕ
MV)=h−(wt(V)−wt(Πϕ

MV))

|ĝ(U)|

≤ qk·wt(V) ·
(

C4
√

sm

h− (wt(V)−wt(Πϕ
MV))− κ(M, Πϕ

MV))

)(h−(wt(V)−wt(Πϕ
MV))−κ(M,Πϕ

MV))/2

= qk·wt(V) ·
(

C4
√

sm

h− (wt(V)− η(M, Πϕ
MV))

)(h−(wt(V)−η(M,Πϕ
MV)))/2

,

where we used the pessimistic upper bounds rwt(Πϕ
MV) ≤ wt(V) and the equality wt(Πϕ

MV) =

κ(M, Πϕ
MV) + η(M, Πϕ

MV). We now take a maximum over g, sample M randomly, and sum over
V. This gives:

∑
V∈Zn×k′

q

|µ̂D(V)| ·E
M

 max
g:Zm×k

q →C,
∥g∥1=1,
∥g∥∞≤qs

∑
U∈SF,

wt(U+Πϕ
MV)=h−(wt(V)−wt(Πϕ

MV))

|ĝ(U)|


≤ ∑

V∈Zn×k′
q

|µ̂D(V)| · qk·wt(V) ·E
M

( C4
√

sm

h− (wt(V)− η(M, Πϕ
MV))

)(h−(wt(V)−η(M,Πϕ
MV)))/2


Partitioning the sum over V by wt(V), and the expectation over M by κ(M, Πϕ

MV) and η(M, Πϕ
MV):

≤
nk′

∑
u=0

∑
V∈Zn×k′

q ,
wt(V)=u

|µ̂D(V)| · qku · ∑
κ,η∈N,

κ+η≤u≤h+η

(
C4
√

sm
h− (u− η)

)(h−(u−η))/2

· Pr
M
[κ(M, Πϕ

MV) = κ, η(M, Πϕ
MV) = η]

By the (C1, s)-boundedness of D and Lemma 7.10 (letting C3 denote the constant from the latter),
and using m ≤ nk:

≤
nk′

∑
u=0

∑
κ,η∈N,

κ+η≤u≤h+η

UC1,s,n(u) · qku ·
(

C4
√

k
√

sn
h− (u− η)

)(h−(u−η))/2

· pC3,α(n, u, κ, η).

Defining C2 := 2qk and applying the foregoing Lemma 7.11:

≤
nk′

∑
u=0

∑
κ,η∈N,

κ+η≤u≤h+η

2−u
(

C5
√

sn
h

)h/2

≤
nk′

∑
u=0

u2 · 2−u
(

C5
√

sn
h

)h/2

≤
(

169C5
√

sn
h

)h/2

where for the final inequality we used that ∑nk′
u=0(u + 1)2 · 2−u ≤ ∑∞

u=0(u + 1)2 · 2−u ≤ 1 +
∫ ∞

0 (u +
1)2 · 2−u du < 13 and h ≥ 1.
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2022). Ed. by Mikołaj Bojańczyk, Emanuela Merelli, and David P. Woodruff. Vol. 229. LIPIcs.
Schloss Dagstuhl — Leibniz-Zentrum für Informatik, 2022, 5:1–5:20. DOI: 10.4230/LIPIcs.
ICALP.2022.5.

[Tul09] Madhur Tulsiani. “CSP Gaps and Reductions in the Lasserre Hierarchy”. In: Proceedings of
the Forty-First Annual ACM Symposium on Theory of Computing. STOC 2009 (May 31–June 2,
2009). Bethesda, MD, USA: ACM, May 31, 2009, pp. 303–312. ISBN: 978-1-60558-506-2. DOI:
10.1145/1536414.1536457.

[Vel25] Santhoshini Velusamy. Near-Optimal Streaming Approximation for Max-DICUT in Sublinear Space
Using Two Passes. Comment: 27 pages. Dec. 22, 2025. arXiv: 2512.19521 [cs]. Pre-published.

45

https://doi.org/10.4230/LIPIcs.ITCS.2023.80
https://doi.org/10.1145/2746539.2746549
https://doi.org/10.1145/3313276.3316374
https://doi.org/10.1145/1374376.1374414
https://doi.org/10.1109/FOCS.2008.74
https://doi.org/10.1145/3785512.3785516
https://doi.org/10.1109/FOCS57990.2023.00055
https://doi.org/10.1137/1.9781611977554.ch156
https://doi.org/10.1137/1.9781611977554.ch156
https://doi.org/10.1137/1.9781611978322.111
https://doi.org/10.1137/1.9781611978322.111
https://arxiv.org/abs/2509.17926
https://doi.org/10.4230/LIPIcs.ICALP.2022.5
https://doi.org/10.4230/LIPIcs.ICALP.2022.5
https://doi.org/10.1145/1536414.1536457
https://arxiv.org/abs/2512.19521


[Yao77] Andrew Chi-Chih Yao. “Probabilistic Computations: Toward a Unified Measure of Com-
plexity”. In: Proceedings of the 18th Annual Symposium on Foundations of Computer Science.
SFCS 1977 (Oct. 31–Nov. 2, 1977). IEEE Computer Society, Sept. 30, 1977, pp. 222–227. DOI:
10.1109/SFCS.1977.24.

[Yos11] Yuichi Yoshida. “Optimal Constant-Time Approximation Algorithms and (Unconditional)
Inapproximability Results for Every Bounded-Degree CSP”. In: Proceedings of the Forty-Third
Annual ACM Symposium on Theory of Computing. STOC 2011 (June 6–8, 2011). Association for
Computing Machinery, June 6, 2011, pp. 665–674. DOI: 10.1145/1993636.1993725.

A Proof of Theorem 3.5

We inductively show that for every t ∈ [T],

∥(M1:t, SY
1:t)− (M1:t, SN

1:t)∥tvd ≤ (t/T)δ (Induction hypothesis)

where E0 is the trivial event that is always true.
First, we prove the base case t = 1. Recalling that SY

0 = SN
0 = ⊥, we have

∥(M1, SY
1 )− (M1, SN

1 )∥tvd,E1 = ∥(M1, SY
1 )− (M1, Player1(M1, SN

0 , U))∥tvd,E1

= ∥(M1, SY
1 )− (M1, Player1(M1, SY

0 , U))∥tvd,E1 ,

where U ∼ Unif(Zαn×k
q ) and ∥ · ∥tvd,E denotes the total variation distance, conditioned on event

E . Observe that for every fixed M1 and SY
0 satisfying E1, we have ∥SY

1 − Player1(M1, SY
0 , U)∥tvd ≤

δ/(2T). It follows from data-processing inequality (Proposition 2.2) that

∥(M1, SY
1 )− (M1, Player1(M1, SY

0 , U))∥tvd,E1 ≤ δ/2T.

Therefore,

∥(M1, SY
1 )− (M1, Player1(M1, SY

0 , U))∥tvd ≤ ∥(M1, SY
1 )− (M1, Player1(M1, SY

0 , U))∥tvd,E1 + Pr[E1]

≤ δ/(2T) + Pr[E1] ≤ δ/T ,

which completes the base case.
For every t = 2, . . . , T, we have

∥(M1:t, SY
1:t)− (M1:t, SN

1:t)∥tvd
= ∥(M1:t, SY

1:t−1, Playert(M1:t, SY
t−1, Zt))− (M1:t, SN

1:t−1, Playert(M1:t, SN
t−1, U))∥tvd .

Let us define QY
t−1 = (M1:t−1, SY

1:t−1) and QN
t−1 = (M1:t−1, SN

1:t−1). Then, we can rewrite the above
expression for total variation distance in terms of the new notation as follows:

∥(M1:t, SY
1:t−1, Playert(M1:t, SY

t−1, Zt))− (M1:t, SN
1:t−1, Playert(M1:t, SN

t−1, U))∥tvd
= ∥(QY

t−1, Mt, Playert(Q
Y
t−1, Mt, Zt))− (QN

t−1, Mt, Playert(Q
N
t−1, Mt, U))∥tvd . (A.1)

We now apply Proposition 2.4 to Equation (A.1). Applying this lemma with X1 = QY
t−1, X2 =

QN
t−1, Z1 = (Mt, Zt), Z2 = (Mt, U), and f as the function that maps the tuple (X, (B, C)) to

(B, Playert(X, B, C)), we get

∥(QY
t−1, Mt, Playert(Q

Y
t−1, Mt, Zt))− (QN

t−1, Mt, Playert(Q
N
t−1, Mt, U))∥tvd

≤ ∥QY
t−1 −QN

t−1∥tvd + ∥(QY
t−1, Mt, Playert(Q

Y
t−1, Mt, Zt))− (QY

t−1, Mt, Playert(Q
Y
t−1, Mt, U))∥tvd .

(A.2)
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Now, by applying the induction hypothesis, we have that

∥QY
t−1 −QN

t−1∥tvd ≤ (t− 1)δ/T. (A.3)

Next, we bound the second term on the right hand side of (A.2), i.e.,

∥(QY
t−1, Mt, Playert(Q

Y
t−1, Mt, Zt))− (QY

t−1, Mt, Playert(Q
Y
t−1, Mt, U))∥tvd,

by applying condition (iii) from Lemma 4.1. According to this condition, for every fixed (M1:t) and
SY

1:t−1 satisfying Et, we have

∥Playert(M1:t, SY
1:t−1, Zt)− Playert(M1:t, SY

1:t−1, U)∥tvd ≤ δ/(2T)

where U ∼ Unif(Z
(k−1)αn
q ). By Proposition 2.3, it follows that

∥(QY
t−1, Mt, Playert(Q

Y
t−1, Mt, Zt))− (QY

t−1, Mt, Playert(Q
Y
t−1, Mt, U))∥tvd,Et ≤ δ/(2T) . (A.4)

Combining Eqs. (A.1) to (A.4), we have

∥(M1:t, SY
1:t)− (M1:t, SN

1:t)∥tvd ≤ (t− 1)δ/T + δ/(2T) + Pr[Et | Et−1] ≤ tδ/T,

which completes the induction.
Thus,

∥(M1:T, SY
1:T)− (M1:T, SN

1:T)∥tvd ≤ δ .

This implies that Π cannot have advantage more than δ, which contradicts the assumptions of the
theorem statement. Therefore, we conclude that any protocol for DIHP with advantage δ requires
τn bits of communication, as desired.

B Proof of Lemma 7.11

In this appendix, we prove Lemma 7.11, restated as follows:

Lemma 7.11. For every q, k ∈ N, there exists α0 ∈ (0, 1/k) such that the following holds. For every
C1, C2, C3, C4 < ∞, there exists ε0 > 0 and C5 < ∞ such that for every s, n, h, u, κ, η ∈ N with
κ ≤ h ≤ s ≤ ε0n, and κ + η ≤ u ≤ min{n, h + η}, we have

UC1,s,n(u) · C
κ+η
2 · pC3,α0(n, u, κ, η) ·

(
C4
√

sn
h + η − u

)(h−η+u)/2

≤
(

C5
√

sn
h

)h/2

.

We recall the definitions:

UC1,s,n(u) =


(

C1
√

sn
u

)u/2
if 0 ≤ u ≤ s,(

min
{

C1
√

n√
u , eq2n

u

})u/2
if u > s,

, (B.1)

UC2,s,n(h) =
(

C2
√

sn
h

)h/2

, (B.2)

pC,α(n, u, κ, η) = Cu · ακ ·
(u

n

)η/2
, (B.3)

where for Equation (B.2) we used the assumption that h ≤ s.
Our first step is showing that the following lemma implies Lemma 7.11:
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Lemma B.4. There exists α0 ∈ (0, 1/k) such that for every C1, CLHS < ∞, there exist ε0 > 0 and
CRHS < ∞ such that the following holds.

For every α ∈ (0, α0), and s, n, u, h, κ, η ∈N with h ≤ s ≤ ε0n and κ + η ≤ u ≤ min{n, h + η},

UC1,s,n(u) · Cu
LHS · αη · uη/2 · hu/2−η/2

nu/4+η · su/4−η
≤ Ch

RHS,

where UC1,s,n(u) is defined as in Equation (B.3) above.

Proof of Lemma 7.11 using Lemma B.4. Let h′ := h+ η− u. We invoke Lemma B.4 with CLHS := C2C3.
To prove Lemma 7.11, it suffices to pick C5 < ∞ such that:

UC1,s,n(u) · Cu
2 ·
(

Cu
3 · ακ · uη/2

nη/2

)
·
(

Ch′/2
4 · sh′/4 · nh′/4

(h′)h′/2

)
≤
(

Ch/2
5 · sh/4 · nh/4

hh/2

)
.

Simplifying and moving factors between sides gives the equivalent desideratum:

UC1,s,n(u) · Cu
LHS · ακ · uη/2

nη/2+(h−h′)/4 · s(h−h′)/4
· hh/2

(h′)h′/2 ≤
Ch/2

5

Ch′/2
4

.

Now, we apply several simple inequalities. We observe hh/2/(h′)h′/2 = (h/(h′/2))h′/2 · 2−h′/2 ·
h(h−h′)/2 ≤ (e/

√
2)h′ · h(h−h′)/2 by Proposition 7.7. This, together with the fact that h′ ≤ h and

(WLOG) C4 > 1, means that the following inequality implies our desideratum:

UC1,s,n(u) · Cu
LHS · ακ · uη/2

nη/2+(h−h′)/4 · s(h−h′)/4
· h(h−h′)/2 ≤

Ch/2
5

Ch/2
4

· (2/
√

e)h/2.

Substituting in h− h′ = u− η, this is exactly the hypothesis of Lemma B.4. Letting CRHS denote the
resulting constant from Lemma B.4, we can pick C5 := C2

RHS · C4 · 2/
√

e.

Proof of Lemma B.4. Let ε := s/n (so that s = εn).
We split into five cases based on u: (1a) 1 ≤ u ≤ h, (1b) h < u ≤ s, (2a) s < u ≤ 16s, (2b)

16s < u ≤
√

εn, (3)
√

εn < u ≤ n. Let

Q := UC1,s,n(u) · Cu
LHS · αη/2 · uη/2 · hu/2−η/2

nu/4+η/4 · su/4−η/4

denote the quantity we want to bound. We determine CRHS later.

Case 1: 1 ≤ u ≤ s. In this regime,

UC1,s,u(n) = Cu/2
1 · su/4 · nu/4

uu/2 .

Using the trivial bound α ≤ 1, we get:

Q ≤ Cu/2
1 · su/4 · nu/4

uu/2 · Cu
LHS ·

uη/2 · hu/2−η/2

nu/4+η/4 · su/4−η/4 = (C1CLHS)
u · hu/2−η/2

uu/2−η/2 ·
sη/4

nη/4︸ ︷︷ ︸
=:Q1

. (B.5)

We continue bounding Q1 in subcases.
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Subcase 1a: 1 ≤ u ≤ h. We have:

Q1 ≤ (C1CLHS)
u · hu/2−η/2

uu/2−η/2 ≤ (C1CLHS)
h · hu

uu ≤ (eC1CLHS)
h.

where the first equality uses the trivial bound s ≤ n, the second uses the assumption h ≥ u (and
η/2 ≥ 0), and the third is Proposition 7.7. This suffices as long as CRHS ≥ eC1CLHS.

Case 1b: h < u ≤ s. We now have:

Q1 = (C1CLHS)
u · hu/2−η/2

uu/2−η/2 · ε
η/4 ≤ (C1CLHS)

u · hu/2−η/2

uu/2−η/2 · ε
η/4
0 ≤ (C1CLHS)

u · hu/2−η/2

uu/2−η/2 · ε
(u−h)/4
0

= (C1CLHSε1/4
0 )u · (1/ε1/4

0 )h · hu/2−η/2

uu/2−η/2 ≤ (C1CLHSε1/4
0 )u · (1/ε1/4

0 )h,

using, respectively, the definition of s, the assumed bound on ε0, the assumption that u− h ≤ 2η/2,
rearranging, and finally, that h ≤ u and u ≥ 2η/2. This suffices as long as ε0 ≤ 1/(C1CLHS)

4 and
CRHS ≥ 1/ε1/4

0 . (We note that the inequality on Q1 we showed here did not need u ≤ s, only that
h < u; we will use this fact in a subsequent subcase.)

Case 2: s < u ≤
√

εn. In this regime, we use:

UC1,s,u(n) ≤
Cu/2

1 · uu/4 · nu/4

uu/2 =
Cu/2

1 · nu/4

uu/4

This gives

Q ≤ Cu/2
1 · nu/4

uu/4 · C
u
LHS ·

uη/2 · hu/2−η/2

nu/4+η/4 · su/4−η/4 = (
√

C1CLHS)
u · uu/4 · sη/4

nη/4 · su/4 ·
hu/2−η/2

uu/2−η/2︸ ︷︷ ︸
=:Q2

,

and we proceed to bound Q2. Note that we artificially split η/2− u/4 = u/4− (u/2− η/2) (this
will be useful for subsequent calculations).

Case 2a: s < u ≤ 16s. We have

Q2 ≤ (
√

C1CLHS)
u · (16s)u/4 · sη/4

nη/4 · su/4 · hu/2−η/2

uu/2−η/2 = (2
√

C1CLHS)
u · sη/4

nη/4 ·
hu/2−η/2

uu/2−η/2 = 2uQ1,

where the equality uses the assumption u ≤ 16s. In the final RHS, Q1 is the quantity considered in
case (1b), wherein we showed — without assuming u < s — that Q1 ≤ (C1CLHSε1/4

0 )u · (1/ε1/4
0 )h.

Hence 2uQ1 ≤ (2C1CLHSε1/4
0 )u · (1/ε1/4

0 )h, which is sufficiently bounded if ε0 ≤ 1/(2C1CLHS)
4.

Case 2b: 16s ≤ u <
√

εn. In this case,

Q2 ≤ (
√

C1CLHS)
u · (
√

εn)u/4 · (εn)η/4

nη/4 · (εn)u/4 · hu/2−η/2

uu/2−η/2 ≤ (
√

C1CLHS)
u · εη/4−u/8.

Here, the first inequality uses the assumption on u (and rewriting the definition of s), and the second
uses that h ≤ u (and u ≥ 2η/2, and consolidates powers of ε). Now, η/4− u/8 ≥ (u− h)/4−
u/8 = u/8− h/4 ≥ 2s− h/4 ≥ 2h− h/4 ≥ 0, and therefore εη/4−u/8 ≤ εu/8−h/4 ≤ εu/8−h/4

0 , and
so

Q2 ≤ (
√

C1CLHSε1/8
0 )u · (1/ε1/4

0 )h.

Thus, we get the required bound as long as ε0 ≤ 1/(
√

C1CLHS)
8 and CRHS ≥ 1/ε1/4

0 .
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Case 3:
√

εn ≤ u ≤ n. Here, we use the final bound

UC1,s,u(n) ≤
(

8en
u

)u/2

= Cu/2
W · nu/2

uu/2 .

Thus, we have:

Q ≤ Cu/2
W · nu/2

uu/2 ·C
u
LHS · αb+η/2 · uη/2 · hu/2−η/2

nu/4+η/4 · su/4−η/4 ≤ (
√

CWCLHS)
u · α(u−h)/2

0 · nu/4−η/4

su/4−η/4 ·
hu/2−η/2

uu/2−η/2︸ ︷︷ ︸
=:R3

,

where the equality uses α ≤ α0 ≤ 1 and b ≥ 0, η/2 ≥ (u− h)/2 ≥ 0. We will verify that R3 ≤ 1.
Assuming this, we get

Q ≤ (
√

CWCLHS)
u · α(u−h)/2

0 = (
√

CWCLHSα1/2
0 )u · (1/α1/2

0 )h,

which is sufficiently small as long as α0 ≤ 1/(
√

CWCLHS)
2 and CRHS ≥ 1/α1/2

0 .
Finally, we bound

R3 =
nu/4−η/4

(εn)u/4−η/4 ·
hu/2−η/2

uu/2−η/2 =

(
h√
εu

)u/2−η/2

,

and we use h ≤ s = εn and u ≥
√

εn to get (h/(
√

εu)) ≤ 1.
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