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Abstract

We give new explicit constructions of several fundamental objects in linear-algebraic pseudo-
randomness and combinatorics, including lossless rank extractors, weak subspace designs, and
strong s-blocking sets over finite fields.

Our focus is on the small-field regime, where the field size depends only on a secondary
parameter (such as the rank or codimension) and is independent of the ambient dimension. This
regime is central to several applications, yet remains poorly understood from the perspective of
explicit constructions.

In this setting, we obtain the first explicit constructions of lossless rank extractors and weak
subspace designs for r < k, where r denotes the rank (or codimension), over finite fields F, with
q > poly(r) and g non-prime, with near-optimal parameters. For other finite fields, including
prime fields and small fields, we obtain weaker but still improved bounds.

As a consequence, we construct explicit strong s-blocking sets in PG(k —1, ¢) of size O(s(k —
s)¢®) for all sufficiently large non-prime fields ¢ > poly(s), matching the best known non-explicit
bounds up to constant factors. This significantly improves the previous best bound 20(s” log gk
of Bishnoi and Tomon (Combinatorica, 2026), which requires ¢ > 282(s).

Our approach is primarily algebraic, combining techniques from function fields and poly-
nomial identity testing. In addition, we develop a complementary Fourier-analytic framework
based on e-biased sets, which yields improved explicit constructions of strong s-blocking sets
over small fields.

1 Introduction

A central theme in theoretical computer science is the explicit construction of combinatorial and
algebraic objects that match the guarantees of the probabilistic method. In recent years, a rich
theory of linear-algebraic pseudorandommness has emerged, focusing on structured collections of
linear maps that behave like random ones with respect to rank and dimension. Prominent examples
include lossless rank extractors, subspace designs, and dimension expanders, which play a key role
in polynomial identity testing, coding theory, and derandomization.

A recurring challenge in this area is to obtain explicit constructions over small finite fields.
While the probabilistic method often yields near-optimal parameters over any field, known explicit
constructions typically require the field size to grow with the ambient dimension. Bridging this
gap, especially in the regime where the field size depends only on a small parameter, is a central
open problem with numerous applications.

In this work, we study this problem for several natural objects in linear-algebraic pseudoran-
domness and combinatorics, including lossless rank extractors, weak subspace designs, and strong
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s-blocking sets. Our main algebraic approach uses function fields and polynomial identity test-
ing, and for strong s-blocking sets we also develop a complementary Fourier-analytic approach via
e-biased sets.

Lossless rank condensers and extractors. A central object in the theory of “linear-algebraic
pseudorandomness” [FG14] is the notion of (seeded) lossless rank condensers and extractors [GROS,
FS12, FSS14, FG14].

Definition 1.1 (Lossless rank condensers and extractors). Let » < ¢t < k be positive integers. A
finite collection & = {E;}; C F* of matrices over a field I is called a (k,r,t, L) lossless rank
condenser over F if for every matrix M € F**" of rank r, the number of indices i € [n] for which
rank(E; M) < ris at most L. We call n the size of £. When r = ¢, which is optimal, such an object
is called a (k,r, L) lossless rank extractor.

Explicit lossless rank extractors of small size were first constructed by Gabizon and Raz [GR0S§],
who used them to obtain explicit affine extractors over large fields. In particular, they gave explicit
(k,r, kr?) lossless rank extractors of any size n < q. Forbes and Shpilka [FS12] gave a different
construction over fields F with |F| > & using Vandermonde matrices, improving the parameter L to
kr. Forbes, Saptharishi, and Shpilka [FSS14] refined the analysis of this construction and achieved
L = r(k —r), which is optimal over algebraically closed fields (see [FS16, Guo24, BCDZ25b]). It
is also known that explicit lossless rank condensers can be constructed from classical Wronskians
[GK16, FSS14].

Beyond their role in constructing affine extractors [GR08], lossless rank condensers and extrac-
tors play a central role in polynomial identity testing for various models, including depth-3 arith-
metic circuits [KS11, KS09, SS13, SS12] and read-once oblivious arithmetic branching programs
[FS13, FSS14, AGKS15]. For further applications and a comprehensive discussion, see [FG14].

Nonlinear variants of these objects have also been studied. Dvir, Gabizon, and Wigderson
[DGWO09] introduced deterministic rank extractors for polynomial sources and gave explicit con-
structions. Guo, Volk, Jalan, and Zuckerman [GVJZ23] extended this line of work by defining
deterministic rank condensers and extractors for varieties as dimension-preserving maps, yielding
explicit constructions for algebraic sources that generalize [DGWO09, Dvil2]. They also observed
that the objects in Definition 1.1 can be viewed as linear seeded rank condensers and extractors
for varieties. Finally, Guo [Guo24] introduced variety evasive subspace families as a nonlinear
generalization, with further applications to polynomial identity testing.

In this paper, we focus on explicit lossless rank extractors over a finite field [Fy, i.e., the case
r =t and F = F; in Definition 1.1. This setting is crucial for many of the applications discussed
above.

From a non-explicit perspective, the probabilistic method shows that (k,r, L) lossless rank
extractors of small size exist over any finite field F,, with L = poly(k) (and in fact L = O(r(k—r));
see Theorem A.1). However, known explicit constructions such as [GRO08, FS12] achieve such
parameters only when the field size is sufficiently large.

To avoid trivialities, we assume L < n, since otherwise one could allow rank(E;M) < r for
all i € [n]. Under this assumption, the constructions in [GRO08, FS12] require ¢ > n, and hence
q > L. More concretely, this gives ¢ > kr? in [GRO08] and ¢ > 7(k — r) in [FS12]. In addition,
the construction in [FS12] requires ¢ > k, as it relies on the existence of an element v € Fx whose
multiplicative order is at least k.

A natural approach to constructing lossless rank extractors over small fields is via concatenation
or field-reduction techniques. Indeed, [FG14, Proposition 8.5] shows that a (k,r,t, L) lossless rank



condenser over F 4 can be converted into a (k,r,dt, L) lossless rank condenser over F,. However,
unless d = 1, this transformation does not preserve the lossless rank eztractor property, as it
necessarily increases the output dimension to dt > r.

This motivates the problem of constructing explicit lossless rank extractors over small fields. In
particular, we ask:

Question A. Suppose r < k. Do there exist explicit (k,r, L) lossless rank extractors of size n > L
over Fy such that L = poly(k,r) and q depends only on r?

As we will see, we answer Question A in the affirmative.

Subspace designs. Informally, a subspace design is a collection of linear subspaces arranged
so that every subspace of a given dimension intersects the family only in a limited way — either
by intersecting only few members (weak designs) or by having small total intersection dimension
(strong designs).

Definition 1.2 (Subspace designs). A collection of subspaces {V;}icjn C IF’; is a (t, A) subspace
design if for any subspace W C F’q“ of dimension ¢, we have

Z 1[V;NW #{0}] < A (weak design) or Z dim(V;NW) < A (strong design),

i€[n] i€[n]
where 1[V; N W # {0}] is the indicator function of the event V; N W # {0}.

Introduced by Guruswami and Xing [GX13], subspace designs have since become a central com-
binatorial primitive in coding theory and beyond. While the probabilistic method yields subspace
designs with near-optimal size and dimension [GX13, GK16], obtaining explicit constructions is
substantially more challenging. Guruswami and Kopparty [GK16] gave the first explicit construc-
tion of even strong subspace designs with near-optimal parameters over large fields, based on folded
Reed—Solomon and univariate multiplicity codes, thereby fully derandomizing the code construc-
tions of [GX13]. Subsequently, Guruswami, Xing, and Yuan [GXY18] extended this approach to
significantly smaller fields via algebraic function field techniques, albeit with a noticeable loss in
parameters.

Subspace designs play a fundamental role in the construction of list-decodable codes. Many
of the best-known constructions—ranging from Reed—Solomon and folded Reed—Solomon codes
to algebraic geometry, multiplicity, and rank-metric codes—arise by combining classical algebraic
codes with subspace design-based pruning [GX13, GK16, GX22]. More recently, this paradigm has
been substantially strengthened: the work of Chen and Zhang [CZ25] shows that explicit folded
Reed—Solomon and multiplicity codes themselves achieve optimal list-decodability, and in fact iden-
tifies subspace designs as the underlying mechanism governing this phenomenon. In particular, any
code admitting sufficiently strong subspace designs—termed subspace designable codes [CZ25] or
subspace design codes [GG25]—automatically enjoys near-optimal list-decodability.

Beyond coding theory, strong subspace designs have emerged as a central tool in pseudorandom-
ness and linear-algebraic expansion. In particular, they enable explicit constructions of constant-
degree lossless dimension expanders [GRX21], which can be viewed as a linear-algebraic analogue of
expander graphs. More recently, influenced by the work of Chen and Zhang [CZ25], a sequence of
works [BCDZ25b, BCDZ25a, GG25, JLR26] has uncovered a significantly broader and more struc-
tural role for subspace designs. These works position strong subspace designs as a unifying bridge
between random and explicit constructions, leading to systematic derandomization frameworks



and new connections to local properties, matroid theory, and proximity gaps—a central notion in
modern proof systems.

While most of the aforementioned applications primarily rely on strong subspace designs, ex-
plicit constructions of weak subspace designs are equally important. In particular, as shown in
[FS14, FS16], weak subspace designs already suffice to yield constructions of strong blocking sets,
a prominent object in finite geometry that we discuss in the next paragraph. This connection
highlights that weak designs capture a fundamentally combinatorial aspect of the theory and may
admit constructions and techniques distinct from those required for strong designs, which are the
focus of much of the existing literature.

More specifically, recent work [BCDZ25b] (see also [F'S16, Guo24]) establishes lower bounds
on the parameters of weak subspace designs. In particular, it shows that for any collection of

subspaces {V;}icin] C F" of dimension s (where F is an algebraically closed field), if it forms a
(k — s, A) subspace design, then necessarily A > s(k — s). For sufficiently large fields, explicit
constructions due to Guruswami and Kopparty [GK16] match this lower bound even for strong
subspace designs. In contrast, obtaining comparable explicit constructions even for weak subspace
designs over small fields remains open, as discussed below, and is of particular importance for
applications such as constructing strong blocking sets.

Question B. Can one explicitly construct a collection of subspaces {V;}ie[n] C F* of dimension s
(resp. dimension k — s) over fields of size |F| = Og(1) that forms a (k — s, A) (resp. (s, A)) weak
subspace design with A = O(s(k — s)), or with A close to this lower bound?

Prior to our work, the best known result toward this question was implicitly due to Bishnoi
and Tomon [BT26], who obtained a construction over fields of size ¢ = 2(®) with parameter
A = 20 logs)y i expander graphs and algebraic geometry codes. As we will see, our results give
a strong positive answer to Question B, achieving ¢ = poly(s) and A = O(s(k — s)) in the regimes
covered by our constructions.

Taken together, all these developments demonstrate that both strong and weak subspace designs
are not merely a technical ingredient in code constructions, but rather a fundamental combinatorial
primitive with far-reaching applications across coding theory, pseudorandomness, and algebraic
combinatorics. For a more fine-grained historical overview, we refer the reader to the recent survey
by Santonastaso and Zullo [SZ23].

Blocking sets. Blocking sets, introduced by Richardson [Ric56], are classical objects in finite
geometry that capture the minimal structure required to intersect all subspaces of a given codi-
mension. For 1 < s < k, an affine s-blocking set is a subset B C F’; that intersects every affine
subspace of codimension s. In the projective setting, for 1 < s < k—1, a set B C PG(k — 1,q)
is a strong s-blocking set if for every codimension-s projective subspace ¥ of PG(k — 1,q), the
intersection B N X spans %, i.e., the smallest projective subspace containing B N X equals X. Let
bg(k,s) and b} (k,s) denote the minimum sizes of affine and strong blocking sets, respectively.

Blocking sets are related to several well-studied notions in discrete mathematics, theoretical
computer science, and coding theory, including vertex covers [Fiir88|, subspace designs [FS16,
GK16], trifferent codes [BDGP24], and intersecting and minimal codes [CL85, ABN22, TQLZ21,
XKH25].

The affine and projective variants are tightly related: it was shown in [BDGP24] that a set
B C PG(k — 1,q) is a strong s-blocking set if and only if the union of the corresponding lines
through the origin forms an affine (s 4 1)-blocking set in FZ . In particular,

(q = 1)by(k,8) +1 > by(k,s +1). (1)

4



The main problem is to determine the values of by (k, s) and b} (k, s). For s = 1, a classical result
of Jamison [Jam77] and Brouwer and Schrijver [BS78] shows that

by(k,1) = (¢ — D)k + 1.

For s > 2, however, the problem becomes significantly more difficult and is related to hard prob-
lems in additive combinatorics such as the density Hales—Jewett theorem and the cap set problem
(see [BDGP24)).

The best known general lower bound is

by(k,s) = (¢ =) (k —s+1)+1, (2)

which follows from a geometric argument [Balll].
On the other hand, viewing blocking sets as vertex covers in a natural hypergraph, the Lovasz—
Stein theorem [Jukl11, Theorem 2.16] yields the upper bound

by(kys) < ¢° (1 +In (’:) ) ,

where (];)q denotes the Gaussian binomial coefficient, i.e., the number of s-dimensional subspaces

of F%. A recent result of Bishnoi et al. [BDGP24] improves this to an upper bound that is roughly
within a factor O(s) of (2) via a probabilistic argument.
For strong s-blocking sets, combining (1) and (2) yields

(¢ = (k=)

— 3)

by (K, s) >

For s = 1, Bishnoi et al. [BDGP24] obtained a stronger asymptotic lower bound
by(k, 1) = (¢q = o(1))(q + 1)(k = 1)

for some constant ¢, > 1, using linear programming bounds from coding theory. The same work
also gives a probabilistic upper bound for b (k, s) which is rougly within a factor O(s) of (3)
(see [BDGP24, Remark 3.4]).

The main challenge is to obtain explicit constructions of strong! s-blocking sets with comparable
parameters. When the field size ¢ is sufficiently large as a function of k, constructions based on
higgledy-piggledy subspaces [F'S14, FS16] yield strong s-blocking sets of size O, 5(¢®). In the regime
where ¢, s are fixed and k grows, the best known explicit constructions of strong s-blocking sets
have size O4(¢°k) [ABDN24, BT26].

For s = 1, a breakthrough result of Alon, Bishnoi, Das, and Neri [ABDN24] gave the first explicit
construction of size O(gk) using expander graphs and coding-theoretic tools. This approach was
later extended by Bishnoi and Tomon [BT26] to all s > 2, yielding constructions of size at most
Csq®k, where Cy = 20(s?logss) However, the dependence on s in Cj is large, and their construction
requires the field size ¢ to be at least exponential in s. For smaller fields, an explicit construction
of size ¢°*)k was given in [BT26).

Our main contribution is explicit constructions of strong s-blocking sets of size O(s(k — s)¢°)
over fields F, with ¢ > poly(s), together with extensions to smaller fields. This improves the
s-dependence in the leading constant of the construction in [BT26] from exponential to polyno-
mial. By (1), these constructions also yield explicit affine (s + 1)-blocking sets with comparable
parameters.

!This automatically yields explicit constructions for affine (s + 1)-blocking sets.



1.1 Main Results

In this paper, we obtain new explicit constructions of lossless rank extractors, weak subspace
designs, and strong s-blocking sets over small fields, achieving parameters that were previously
unknown.

Lossless rank extractors. Over non-prime finite fields, we obtain the following result on explicit
lossless rank extractors.

Theorem 1.3 (Informal version of Theorem 4.5). For every r > 1 and every sufficiently large
non-prime prime power q > poly(r), there exist infinitely many k > r such that one can explicitly
construct a (k,r, L) lossless rank extractor of size n over F, with L = O(r(k—r)) and L/n < ¢~ /4.

Note that the field size ¢ is only required to be polynomial in r, and may be independent of
k. The upper bound on the number of bad matrices is L = O(r(k — r)), which matches the upper
bound r(k — r) in [FSS14, Forl4] up to a constant factor.

Remark 1.4. Theorem 1.3 and the subsequent theorems hold only for infinitely many values of
k, for the same reason that families of algebraic geometry (AG) codes constructed from function
field towers are known to be asymptotically good only for infinitely many lengths, rather than for all
lengths. This “infinitely many k” phenomenon also appears in the strong 1-blocking set construction
of Alon, Bishnoi, Das, and Neri [ABDN2/]], which uses either Justesen codes or AG codes, and
hence yields asymptotically good codes only for infinitely many lengths. Similarly, it also appears
in the explicit constructions of Bishnoi and Tomon [BT26] over small fields, which are also based
on AG codes.

One can extend Theorem 1.3 and the subsequent theorems to all k, and indeed we prove such
versions for all k, but then the bound L = O(r(k — r)) must increase by an additional factor of at
most O(q). See Theorem 4.5, for example.

Over prime finite fields, we obtain the following weaker result.

Theorem 1.5 (Informal version of Theorem 5.10). For every r > 1 and 6 € (0,1), and every
sufficiently large prime q > poly(r), there exist infinitely many k > r such that an explicit (k,r, L)
lossless rank extractor of size n over By can be constructed with L < (2r/8)°0e"r(k — r) and
L/n <.

Over fields of absolute constant size, such as Fo, we do not know how to explicitly construct
lossless rank extractors for which, for every full-rank matrix M, most F; € £ satisfy rank(E; M) = 7.
However, we can explicitly construct a weaker object in which some FE; satisfies rank(E;M) = 7.
Indeed, Forbes [Forl4] defined rank condensers in this weaker sense.

We restrict to the case where the rank equals the output dimension and call these objects rank
dispersers, drawing on the intuition that dispersers are one-sided weakenings of extractors.

Definition 1.6 (Lossless rank dispersers). Let 1 < r < k be integers. A finite collection & =
{E;}*_, C F™F of matrices over a field F is called a (k, ) lossless rank disperser over F if for every
matrix M € F**" of rank r, there exists 4 € [n] such that rank(E; M) = r. We call n the size of £.

In other words, £ is a (k,r) lossless rank disperser of size n if and only if it is a (k,7,n — 1)
lossless rank extractor of size n.
The following theorem gives explicit lossless rank dispersers over any finite field, including Fs.



Theorem 1.7 (Informal version of Theorem 5.8). For every r > 1 and every prime power q > 1,
there exist infinitely many k > r such that one can explicitly construct a (k,r) lossless rank disperser

clogr
logq ’

T
of size n over Iy, where n = O (max{ 2} r(k — 7“)) and ¢ > 0 is some absolute constant.

Compared with Theorem 1.3 and Theorem 1.5, Theorem 1.7 only yields lossless rank dispersers.
However, as we will see, this is still sufficient for constructing strong s-blocking sets.

We also remark that the constant 2 in max { clzoggqr,Q} in Theorem 1.7 (and similarly in Theo-

rem 1.10 and Theorem 1.14) can be improved to 1 when g is non-prime; see the proof of Theorem 5.8
and Remark 5.9. However, this improvement is relevant only for sufficiently large non-prime fields
g > poly(r), in which case one can instead apply Theorem 1.5, which yields stronger bounds.

Weak subspace designs. On non-prime, prime, and all finite fields, we obtain explicit weak
subspace designs with various parameters.

Theorem 1.8 (Informal version of Theorem 5.11 (1)). For every r > 1 and every sufficiently large
non-prime prime power q > poly(r), there ezist infinitely many k > r such that one can explicitly
construct an (r, A) (resp. (k —r, A)) weak subspace design of size n over Fy, consisting of (k —1)-

dimensional (resp. r-dimensional) subspaces of F¥, with A = O(r(k —r)) and n > (¢**/2) - A.

Theorem 1.9 (Informal version of Theorem 5.11(2)). For every r > 1, § € (0,1), and every
sufficiently large prime q > poly(r), there exist infinitely many k > r such that one can explicitly
construct an (r, A) (resp. (k —r, A)) weak subspace design of size n over Fy, consisting of (k —1)-

dimensional (resp. r-dimensional) subspaces of FI(;, with A < (2r/8)C0e")r(k — 1) and n > A/S.

Theorem 1.10 (Informal version of Theorem 5.11(3)). For every r > 1 and every prime power
q > 1, there exist infinitely many k > r such that one can explicitly construct an (r,A) (resp.
(k —r,A)) weak subspace design of size n over F,, consisting of (k — r)-dimensional (resp. r-

dimensional) subspaces of F’;, with A =n—1 and n = O(max{dogr 2}Tr(k - 7‘)) for some

logq
absolute constant ¢ > 0.

Remark 1.11. While explicit weak subspace designs over small finite fields are known in the
literature, no explicit constructions achieving Theorems 1.8 to 1.10 were known prior to this work.
One possible approach is to first construct an explicit (r, A) weak subspace design in F’;d over

a large finite field Foa with q* > k, consisting of codimension-r subspaces, and then use [GK16,
Lemma 8] to obtain an (r, A) weak subspace design in FI¥.

However, this transformation increases the codimension of the subspaces to dr > r. Moreover,
when r is constant and ¢ = O,(1) = O(1), we have d = O(log, k) = O(logk), implying that the
codimension of the subspaces becomes logarithmic in k rather than constant.

Strong s-blocking sets. Finally, we obtain explicit strong s-blocking sets of improved size over
small fields. By (1), these also yield explicit affine (s+1)-blocking sets over small fields. See Table 1
for a summary of our results and prior work.

The following theorem shows that for every sufficiently large non-prime ¢ > poly(s), there exist
explicit strong s-blocking sets of size O(s(k — s)q¢®), matching the best-known non-explicit upper
bound (see [BDGP24, Remark 3.4]) up to an absolute constant factor.

Theorem 1.12 (Informal version of Corollary 6.2 (1)). For every s > 1 and every sufficiently
large non-prime prime power q > poly(s), there exist infinitely many k > s + 1 such that one can
explicitly construct a strong s-blocking set B C PG(k — 1,q) of size O(s(k — $)q°).



Reference ‘ Condition on ¢ ‘ Upper bound on the size

[BT26, Theorem 16] q is square and > () 20(s® 10 5) o5
[BT26, Theorem 17] - kqOs*)
Theorem 1.12 q is non-prime and > poly(s) O(s(k — s)q®)
Theorem 1.13 q is prime and > poly(s) (25)00089)(k — 5)¢°
+1
Theorem 1.14 — @) <max {dfogig(zs), 2}8 s(k — s)qs)
Theorem 1.15 - kq(2toas(1))s

Table 1: A comparison of explicit constructions of strong s-blocking sets

When g > poly(s) is prime, we obtain a weaker size bound with a quasi-polynomial factor in s.

Theorem 1.13 (Informal version of Corollary 6.2 (2)). For every s > 1 and every sufficiently large
prime q > poly(s), there exist infinitely many k > s such that one can explicitly construct a strong
s-blocking set B C PG(k — 1,q) of size at most (25)°1°85)(k — 5)¢°.

For arbitrary ¢, we obtain the following result.

Theorem 1.14 (Informal version of Corollary 6.2 (3)). For every s > 1 and every prime power
q > 1, there exist infinitely many k > s such that one can explicitly construct a strong s-blocking set

s+1
B CPG(k—1,q) of size O(max {d%ﬁ’ 2} s(k — s)q5>, where ¢ > 0 is an absolute constant.

In particular, when q = 2, the size of B is at most 20(51081085) (k. _ )¢5,

Setting s = 1, Theorem 1.14 recovers the main result of Alon, Bishnoi, Das, and Neri that there
exist explicit strong 1-blocking sets of size O(kq). Notably, our proof (and construction) does not
use expander graphs as in [ABDN24], and can be viewed as a purely algebraic approach to the
same result.

Theorems 1.12 to 1.14 are proved using algebraic techniques, including tools from function fields
and polynomial identity testing.

We also develop a Fourier-analytic approach, reducing the construction of explicit strong s-
blocking sets in PG(k — 1, q) to that of explicit e-biased sets in F’;. By instantiating this reduction
with Ta-Shma’s breakthrough construction [TS17] (and its extension to general finite fields F, by
Jalan and Moshkovitz [JM21]), we obtain the following theorem.

Theorem 1.15 (Informal version of Proposition 6.8). For every 1 < s < k and every prime power
q > 1, there exists an explicit strong s-blocking set B C PG(k — 1,q) of size at most kq2toas(1)s

Previously, [BT26, Theorem 17] constructed explicit strong s-blocking sets of size qu(SQ) for
all . Theorem 1.15 improves this to a size bound of kg(2+0as(L)s,

While this bound is weaker than that of Theorem 1.14 for large enough ¢, e.g., for ¢ > poly(s),
it is the best currently known bound when ¢ = O(1), namely 2°®)k¢®. In contrast, Theorem 1.14
yields 20(sloglogs)kas in this regime. Moreover, Theorem 1.15 applies to all k, rather than only
infinitely many k.



1.2 Technical Overview

We primarily focus on Question A, namely the problem of explicitly constructing (k,r, L) lossless
rank extractors over finite fields whose size depends only on r (and in fact poly(r)), in the regime
where r < k. We also explain why some existing constructions do not directly address this question.

For a field F with |F| > k, Forbes and Shpilka [FS12] constructed an explicit (k,r, L) lossless
rank extractor £ over F with L = rk — (T'gl) (later improved to r(k — r) in [FSS14, For14]). Their
proof uses the polynomial method and proceeds as follows. First, they construct the symbolic
matrix E(x) = (Eij(7))ie[r),jer With entries

Ej(x) = (v la) 7
where v € F* is chosen such that 1,7,~%,...,7* ! are distinct. They then show that for any
full-rank matrix M € F¥*" we have det(E(x)M) # 0 symbolically. It is also straightforward to
bound the degree of the polynomial det(E(x)M) € Flz]| by rk — (7"31). Thus, by the polynomial
method, we have det(E(a)M) # 0, or equivalently rank(E(a)M) = r, for all but at most rk — (T;I)
elements a € F. It therefore suffices to define & = {E(a) : a € S} for a finite set S C F of size
greater than L.

One reason this construction requires a large field size is that the analysis uses Vandermonde
determinants associated with elements in the set {1,7v,72,...,7*"1} C F*, and these elements must
be distinct for the Vandermonde determinants to be nonzero. In particular, this forces |F| > k.

Our first observation is that, since we are already working with the polynomial ring F[z], it is
not necessary to use distinct values from the field F; instead, we can use elements of Flz|. Indeed,
an earlier construction of Gabizon and Raz [GRO08] also uses the polynomial method, but defines
the symbolic matrix E = (E;;) by E;; = 2% . This construction uses no constants from F other
than 1, and instead relies on monomials of different degrees. Roughly speaking, this suggests that
we can trade distinct constants for elements of different degrees.

However, another issue remains. If we directly adopt the construction of Gabizon and Raz over
a small field F,, then the resulting polynomial det(E(x)M) has degree much larger than ¢, and
may vanish at every evaluation point in [F,.

Function fields. To address this issue, we draw inspiration from algebraic geometry (AG) codes,
whose analysis can be viewed as a function-field generalization of the polynomial method. Geo-
metrically, the idea is to replace a line by an algebraic curve, which, even over a small field Iy, can
have many evaluation points N > ¢q. Algebraically, this corresponds to working in a function field.
We adopt this approach in this paper.

Specifically, we show that a function-field analog of the Gabizon—Raz construction [GR08] can
be carried out over finite fields of size (at least) poly(r). This already implies a weaker version of
Theorem 1.3, although the upper bound L on the number of bad matrices is O(r?k), as in [GROS],
rather than O(rk). This construction and its analysis are presented in Section 3.

We then revisit the Forbes—Shpilka construction [FS12] and show that a function-field analog can
also be carried out over finite fields of size (at least) poly(r), leading to a full proof of Theorem 1.3.
The idea is that when ¢ < k, although we cannot find v € IE"; such that 1,7,...,7*" 1 are all
distinct, we can instead use elements of the form

q—2

91,7915 - - 77(1_2917 92,792, - -7 92, =5 Gy VGhs - - - ,’Yq_zgha

for suitable transcendental elements g1,...,gn in the function field, where h ~ qul. The use of
these transcendental elements increases the degree of det(E(x)M). However, for sufficiently large



q > poly(r) and carefully chosen g1, ..., gp, this increase is relatively small and dominated by other
terms. This construction and its analysis are presented in Section 4.

As a side remark, while it is well known that algebraic curves and function fields underlie AG
codes, and prior works such as [ABDN24, BT26] also use AG codes, our proof does not use AG
codes as a black box. Instead, we directly carry out analogs of the analyses in [GR08, FS12] using
the function-field generalization of the polynomial method.

Field reduction. Next, we use a field-reduction technique to obtain explicit lossless rank dis-
persers over very small fields such as Fo, thereby proving Theorem 1.7. To do so, we first choose an
extension field Fg of Fy of size poly(r), and apply Theorem 1.3 to obtain an explicit lossless rank
extractor (and hence disperser) £ over Fg.

We then transform each matrix E; € IFZ?X’C into a collection S(E;) of matrices over F,. Fix a
basis e1,...,eq of Fg over F,. Each row u of F; can be written as a linear combination of d row
vectors uy, ..., uq over F,, and we replace u by one of the u; for j € [d]. Since there are d choices

for each row, this yields d" = 20(") matrices over F,, which form the collection S(E;). We then
show that (Jp co S(E;) is a lossless rank disperser over Fy, yielding Theorem 1.7.

Addressing prime fields via PIT. Note that Theorem 1.3 requires ¢ to be non-prime. This is
due to the need to choose a suitable function field. Specifically, while a function field F' provides
many evaluation points N(F') > ¢, it also introduces an error term depending on its genus g(F').
One therefore wants N(F)/g(F) to be large, so that the benefit outweighs the cost.

When ¢ is non-prime, explicit function fields with N (F")/g(F") > ¢¢ for some constant ¢ > 0 are
known. In particular, when ¢ is square, we use the Garcia—Stichtenoth tower [GS96], which attains
the optimal Drinfeld-Vladut bound /g — 1 [VD83]. When ¢ = p? with d odd, we instead use the
Bassa—Beelen—Garcia—Stichtenoth tower [BBGS15], which similarly guarantees N(F')/g(F) > ¢°.

This leaves the case where ¢ > poly(r) is prime. In this case, Serre [Ser20] used class field towers
to show the existence of infinite families of function fields F' over F, with N(F")/g(F') > clogq for
some constant ¢ > 0. This result was suggested in [BT26] as a basis for constructing strong
s-blocking sets. However, class field towers are generally not regarded as explicit objects; see,
e.g., [Sti01].

We develop a new approach, based on polynomial identity testing (PIT), that reduces the prime
case to the non-prime prime power case, and thereby yields explicit lossless rank extractors over
F, for prime ¢ > poly(r). We begin by taking @ = ¢*> and constructing an explicit lossless rank
extractor £ over Fg via Theorem 1.3. Starting from &, one can apply the field-reduction procedure
described above. In this procedure, each row u € }Fg is written as u = uje; + uses with respect
to a basis {e1,es2} of Fg/F,, and one replaces u by either u; or up. As the choices are made
independently for each of the r rows, a direct application of field reduction increases the size by a
factor [Fg : Fy|" = 2".

To avoid this exponential blow-up, let u(® € F’é denote the i-th row. Write

u(i) = ugi)el + ug)eg,

where ugi) , ug) € IE"; . Instead of choosing between ugi) and ug), we replace u(®) by a linear combi-

nation a(i)ugz) + b(i)ug), where a®,p(0) € F,. For ¢ > poly(r), a random choice of these coefficients
is likely to preserve the nonzeroness of the determinant. The problem is therefore to construct a
small explicit set of such choices that contains many good ones.

We show that this problem reduces to deterministic black-box PIT for a class of polynomials

of the form det(A(x)), where A(x) = >, A;x; and each A; has rank at most one. Gurjar and
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Thierauf [GT20] showed that this class admits quasi-polynomial-size hitting sets. We adapt their
construction to ensure that evaluation points lie in IF’; for sufficiently large ¢ > poly(r), yielding
Theorem 1.5. Our method can be viewed as a PIT-based field-reduction technique that reduces
the exponential blow-up to quasi-polynomial.

Weak subspace designs and strong s-blocking sets. Our results on weak subspace designs
(Theorems 1.8 to 1.10) follow from Theorems 1.3, 1.5 and 1.7 via the equivalence between lossless
rank extractors and weak subspace designs (Lemma 2.3; see also [FG14, Proposition 6.1}).

Our results on strong s-blocking sets (Theorems 1.12 to 1.14) use a similar connection, via a
reduction to the weak subspace design/lossless rank disperser property ([F'S16, Proposition 10]; see
also Lemma 6.1).

Finally, Theorem 1.15 provides a different construction based on e-biased sets and Fourier
analysis. The key point is that e-biased sets are pseudorandom against functions whose Fourier
transform has small L; norm, while the strong s-blocking set property can be expressed using
indicator functions of subspaces and their differences, which have small L; norms. This gives a
reduction from constructing explicit strong s-blocking sets to constructing explicit e-biased sets.
Plugging in the explicit constructions of e-biased sets from [T'S17, JM21] then yields explicit strong
s-blocking sets.

2 Preliminaries and Notation

Define [n| := {1,...,n}. Denote by Sym(n) the symmetric group on [n], i.e., the group of all
permutations of [n]. Denote by R™ ¥ the set of r x k matrices over a commutative ring R. For
a subspace V C F* over a field F, denote by V' its orthogonal complement with respect to the
standard inner product. For a matrix M, let rowspan(M) and colspan(M) denote its row space
and column space, respectively. The projective space of dimension n over a finite field IF,, denoted
by PG(n,q), is the set of all one-dimensional subspaces of ]FZH.

Let r < k. For an r x k matrix A and a subset I C [k] of size r, let A; denote the 7 X r submatrix
of A consisting of the columns indexed by I. Similarly, for a k x r matrix B and a subset J C [k]
of size r, let B’ denote the 7 x r submatrix of B consisting of the rows indexed by J.

We will use the following classical Cauchy—Binet formula, which expresses the determinant of
a product of rectangular matrices as a sum over products of minors. For a proof, see, e.g., [Forl4,
Appendix B.3].

Lemma 2.1 (Cauchy-Binet formula). Let A be an r x k matriz and B be a k X r matriz over a
commutative ring, with r < k. Then

det(AB) = ) det(A;) det(B").
IC[k),|1)=r

Following [GRO8, FS12], we will also need a statement asserting the unique optimality of a
maximal minor of a full-rank matrix.

Lemma 2.2. Let M € F™*k be a full-rank matriz over a field F, with r < k. Let I C [k] be the
subset produced by the following procedure. Initialize I = (). For i = k,k—1,...,1, add i to I if
the i-th column of M does not lie in the F-linear span of the columns indexed by the current set I.

Then |I| = r and M is nonsingular. Moreover, for every J C [k] of size r such that My is
nonsingular, the following hold:

11



1. ig > jg for all ¢ € [r], where iy and j; denote the (-th smallest elements of I and J, respectively.

2. Let wy > wg > --- > wy be integers. Then

Zwi < Zwiv

iel ieJ
with equality if and only if I = J.

Proof. Let ¢; denote the i-th column of M. By construction, each selected column lies outside the
span of the previously selected ones, so the columns indexed by I are linearly independent. If they
did not span ", then some column of M would lie outside their span, and would have been added
when considered, a contradiction. Thus |I| = and M7 is nonsingular.

Let I = {i1 < --- <iy}and J = {j1 < --- < jr}, where M is nonsingular. We prove that
iy > jg for all £.

Suppose not, and let ¢ be the largest index such that iy < js. Then for all ¢ > ¢, we have
it > j¢ > je. Hence when the algorithm considers j,, the indices already chosen are exactly

LOg1ye oy lp.

" Assume that j, is not selected. Then c¢;, € span(c;,,,,...,¢;,). For each t > £, the index j;
is processed before j,. If j; is selected, then j; € {isy1,...,0,}; otherwise, ¢j, lies in the span of
Cigiqs- -+ Cip- In either case,

cj, € span(Ci, ;- -,Ci,)-
Thus
span(cj,, ,,---,Cj,) € span(ci,, ;.- -,Ci,)-

Both spaces have dimension r — £, since the corresponding sets of columns are linearly independent.
Hence the two spans are equal, and therefore

Cje € Span(cjeﬂ’ s 7er)’

contradicting the linear independence of the columns indexed by J. Thus j, must be selected,
contradicting iy < jy. This proves iy > j, for all £.
Finally, if wy > -+ > wy, then iy > j, implies w;, < wj, for each ¢ € [r], and hence

E wigg W, .
i€l i€J

Equality holds only if w;, = wj, for all £ € [r], which (since wy > --- > wy,) implies i, = j; for all
Cer], e, [ =J. O

Recall the definition of lossless rank extractors and that of weak subspace designs. The following
lemmas show a connection between the two notions. It is similar to [FG14, Proposition 6.1] except
that we consider both primal and dual forms and require the matrices to have full rank.

Lemma 2.3. Let r < k. Suppose & C F™*F is a finite collection of matrices, each of rank r. Define
V(E) = {rowspan(E) : E€ £} and V(&) = {rowspan(E)* : E € £}.

Then every subspace in V(E) has dimension r, and every subspace in V(&) has dimension k — r.
Moreover, € is a (k,r, L) lossless rank extractor if and only if V(E) is a (k—r, L) weak subspace
design, which holds if and only if V*-(&) is an (r, L) weak subspace design.

12



Proof. Since each E € & has rank r, every V = rowspan(E) has dimension r, and thus every V=
has dimension k — r.
For the main claim, fix a full-rank M € F**" and let

W := colspan(M)*, dimW =k —r.
Then
rank(EM) < r <= colspan(M) Nker(E) # {0} < WinVL#£{0} < VW # {0},

where V = rowspan(E), using ker(F) = V+ and dimension counting.

Thus, for each M, the matrices F with rank(EM) < r are exactly those V € V(€) with
V- NW # {0}. Since every (k — r)-dimensional W arises this way, £ is a (k,r, L) lossless rank
extractor iff V(&) is a (k — r, L) weak subspace design.

Finally, for any r-dimensional subspace U and any V € V(E),

ViNU £{0} < VnU*+ #{0},

since dim V' = r and dim U+ = k —r. Thus, the number of V+ € V+(€) intersecting U nontrivially
equals the number of V € V(&) intersecting U+ nontrivially. As U ranges over all (k — 7)-
dimensional subspaces, the claim follows. O

In general, the matrices in a lossless rank extractor need not have full rank. However, by
discarding the rank-deficient matrices, we can ensure full rank at the cost of losing at most L
elements.

Lemma 2.4. Let r < L. Suppose & C F™** is a (k,r, L) lossless rank extractor of sizen > L. Let

E={F €& :rank(E) =r}.

Then € is a (k,r, L) lossless rank extractor of size at least n — L consisting only of rank-r matrices.
Consequently, V(E) and V() as defined in Lemma 2.3 form a (k—r, L) weak subspace design and
an (r, L) weak subspace design, respectively, both of size at least n — L.

Proof. Fix any full-rank M € F¥*". If rank(E) < r, then rank(EM) < rank(E) < r. Since & is a

(k,r, L) lossless rank extractor, there are at most L such matrices E in &. Hence |£| > n — L.
Removing these matrices does not increase the number of bad matrices for any M, so £ remains

a (k,r, L) lossless rank extractor. The rest follows from Lemma 2.3. O

2.1 Preliminaries on Function Fields

We recall basic facts about finitely generated function fields of transcendence degree one over a
finite field F,. The theory of such function fields is equivalent to that of nonsingular irreducible
projective curves over F,, via a well-known correspondence that is functorial up to isomorphism
[Har77, Section 1.6]. In this paper, we adopt the algebraic language of function fields. For a
comprehensive treatment, see [Sti09].

Throughout this subsection, let F' be a finitely generated function field of transcendence degree
one over [F.

13



Discrete valuations. A discrete valuation on F (trivial on ) is a map v : F' — Z U {oo} such
that for all z,y € F":

L. o(zy) = v(@) + v(y);

[\

v(z +y) > min{v(z),v(y)};

w

-
-
Lu(z) =00 <= =0
4. v(z) =0 for all z € F.2

We say v is normalized if v(F) = Z.
When v(z) # v(y), the second condition is in fact an equality:

Lemma 2.5 (Strong triangle inequality). If v(z) # v(y), then v(z +y) = min{v(x),v(y)}.

iroof. By symmetry, we may assume v(z) < v(y). We have v(z + y) > min{v(x),v(y)} = v(x).
Iso,
() = v((z +y) —y) = minfo(z +y), v(-y)} = min{o(z +y),v(y)}- (4)

Since v(x) < v(y), the minimum on the right-hand side of (4) cannot be v(y); hence it must be
v(z+y). So (4) becomes v(x) > v(x+y). Combining with v(z+y) > v(z) yields v(z+y) = v(z). O

Valuation rings. Given a discrete valuation v on F', the associated valuation ring is
O, ={z € F:v(zx) >0}

It is a local ring, i.e., a ring with a unique maximal ideal. This maximal ideal is
m, = {z € F:v(x) > 0}.

An element = € O, is a unit if and only if v(x) = 0. The residue field of v is defined as K, = O, /m,,.

Places. A place P of F consists of a normalized discrete valuation vp : ' — Z U {oo} that is
trivial on [F,. We denote by Pr the set of all places of F'. For a place P € Pr, we write Op for
its valuation ring, mp for its maximal ideal, and kp = Op/mp for the corresponding residue field.
The degree of P is defined as deg(P) = [kp : Fy]. A place P is called rational if deg(P) = 1, or
equivalently if kp = IF,. For such a place P, the evaluation of a function f € Op at P, denoted by
f(P) € Fy, is defined as the image of f in the residue field xp.

Divisors. A divisor on F is a formal integer linear combination of places,

D= Y npP,

PePr

where all but finitely many coefficients np are zero. The degree of D is deg(D) = > pcp, np deg(P).
We call D effective, and write D > 0, if np > 0 for all P € Pp.

The set of divisors on F' forms a free abelian group Div(F) generated by the places of F'. The
degree map deg(-) : Div(F') — Z is a group homomorphism.

*>This condition is redundant: it follows from v(xy) = v(x)+v(y) and the finiteness of F, but we state it explicitly
for clarity.
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For a nonzero function f € F*, the associated principal divisor is

(=S ve(f)P,

PePr

where vp is the normalized discrete valuation corresponding to the place P. The degree of a
principal divisor (f) is always zero. Intuitively, this means that the sum of the orders of the zeros
of f equals the sum of the orders of its poles.

Riemann—Roch spaces. For a divisor D, we define the associated Riemann—-Roch space
L(D) = {f € F*U{0}: (f) + D = 0}.

It is a finite-dimensional Fy-vector space, and we denote its dimension by /(D) = dimp, £(D).
We need the following lemma, which is a function-field generalization of the fact that a nonzero
polynomial of degree d cannot have more than d zeros.

Lemma 2.6. /(D) =0 if deg(D) < 0.

Proof. Assume to the contrary that £(D) > 0, i.e., £(D) contains a nonzero function f € F*. Then
(f)+D > 0. Sodeg((f)+D) > 0. On the other hand, deg((f)+ D) = deg((f)) +deg(D) = deg(D)
since the degree of the principal divisor (f) is zero. But this is impossible since deg(D) < 0. O

The following important theorem gives an estimate on the dimension of a Riemann—Roch space.

Theorem 2.7 (Riemann—Roch theorem). There exist an integer g > 0 and a divisor K on F such
that for every divisor D on F,

UD)=deg(D)+1—-g+{(K — D).

The integer g is called the genus of F, and K is called a canonical divisor. Moreover, deg(K) =
2g — 2.

As ((K — D) = dimp, L(K — D) > 0, we have the following corollary.
Corollary 2.8 (Riemann’s inequality). ¢(D) > deg(D) + 1 —g.

This inequality is in fact an equality when the degree of D is sufficiently large:
Corollary 2.9. Suppose deg(D) > 2g — 1. Then {(D) =deg(D)+1—g.

Proof. We have deg(K — D) = deg(K) — deg(D) = (29 — 2) — deg(D) < 0. So ¢(K — D) =0 by
Lemma 2.6. The claim then follows from the Riemann—Roch theorem. O]

Corollary 2.9 further yields the following corollary, which guarantees the existence of elements
in a Riemann—Roch space with a prescribed order of zero or pole at a given place.

Corollary 2.10. Let P be a place of F and D be a divisor on F. Let n be the coefficient of P in
D. Suppose deg(D — P) > 2g — 1. Then there exists f € L(D) such that vp(f) = —n.

Proof. Applying Corollary 2.9 to D and D — P shows that (D) = deg(D)+ 1 — g and ¢(D — P)
deg(D)+1—g—deg(P) = ¢(D)—deg(P) < £(D). So there exists f € L(D) that is not in £L(D — P).
By definition, we have vp(f) +n > 0 but vp(f) + (n —1) < 0. So vp(f) = —n.

D\_/
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Finally, we record the following corollary of Riemann’s inequality on the existence of functions
with distinct valuations at a given place.

Corollary 2.11. Let P be a rational place of F'. Let n be a nonnegative integer and d =n—1-+g.
Then there exist f1, fa,..., fn € L(dP) such that

0> Up(fl) > Up(fg) > > Up(fn> > —d.
Proof. For t >0, let V; = L((d — t)P). Then
Vo2 Vi 22 Vg = {0}, (5)

where the last equality holds by Lemma 2.6. By Riemann’s inequality (Corollary 2.8), we have
dimg, Vo = £(dP) > d+1—g =n.
Moreover, dimg, V;/Viy1 < 1 for every t. Indeed, let u € F* satisfy vp(u) = 1. Then the map

Vi = kp, e @t h(P),

is well-defined, and its kernel is exactly V;y1. Hence V;/Vi41 embeds into kp = F,, so it has
dimension at most one over F,.
As dimp, V; drops from at least n to 0 along the chain (5), and each step decreases the dimension
by at most 1, there are at least n indices 0 < t; < --- < t,, < d such that dim V}, /V;, 11 = 1.
For each i € [n], choose f; € Vi, \ Vi,41. Then f; € L(dP) and vp(f;) = —t;. Since 0 < t; <
<o < tp, < d, we obtain
0>vp(f1) >vp(fa) > >vp(fn) > —d.

This proves the claim. O

2.2 Explicit Function Field Towers

Our constructions use explicit function field towers F} C Fy C --- that are asymptotically good,
meaning that the ratio NV;/g; between the number N; of rational places of F; and its genus g; is
bounded away from zero by a positive constant. Moreover, as ¢ varies, the towers we use satisfy
N;/gi = Q(¢°) for some constant ¢ > 0.

The Garcia—Stichtenoth tower. The Garcia—Stichtenoth tower constructed in [GS96] is a well-
known sequence of function fields over finite fields with particularly favorable asymptotic properties.
An earlier asymptotically optimal tower was constructed in [GS95]. We briefly recall the definition
and basic properties of the tower from [GS96], which will play a central role in our constructions.

Definition 2.12 (Garcia-Stichtenoth tower [GS96]). Let ¢ be a square, and write ¢ = ¢2 for some
prime power ¢. The Garcia—Stichtenoth tower over F, is the sequence of function fields

FCkhC.-..

defined recursively as follows. Let F}| = F,(z1) be the rational function field, and for i > 1, define

xt

Fipy1 = Fi(wip1), 2 + 31 = 74—
1 i+1 —
" a;f +1

The following lemma gives estimates for the number of rational places and the genus of the
fields in the Garcia—Stichtenoth tower.
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Lemma 2.13 ([GS96]). Fori > 1, let N; and g; denote the number of rational places and the genus
of the i-th field F; in the Garcia—Stichtenoth tower over F,, where ¢ = ¢*. Then
[Fz : Fl] = gi—l)
N; > 00 —1)+1,
and
(02 —1)2, if i is even,

9i = , .
(0EHD/2 _ 1) (eG=D/2 1), if i is odd.

In particular, g; < 0*.
In particular, we have

N,
limsup—%ZE—lz\/a—l,

i—soo  YGi
which matches the largest possible asymptotic ratio between the number of rational places and the
genus of a function field over F,, known as the Drinfeld-Vladut bound [VD83].

The Bassa—Beelen—Garcia—Stichtenoth tower. The Garcia—Stichtenoth tower is defined over
[F, only when ¢ is a square. When ¢ = p?" 1 with m > 1, we instead use the Bassa—Beelen-Garcia—
Stichtenoth tower [BBGS15]. We recall below a special case of this construction.

Definition 2.14 (Bassa-Beelen—Garcia-Stichtenoth tower [BBGS15]). Let ¢ = p*™*! be a prime
power with m > 1, where p is a prime. Define

if
j= mn lpjfm_’ k=2m+1—j¢€ {mm+1}.
m+ 1 otherwise,

For an integer a > 1, define

a—1

Tro(T) =T +TP +---+ TP € F,[T].
The Bassa—Beelen—-Garcia—Stichtenoth tower over F, is the sequence of function fields
By CEyC -
defined recursively as follows. Let Ey = F,(z1) be the rational function field, and for i > 1, define

.’L'pj
. .
Eii1 = Ei(xiq1), Tr; (?) + Ty, (m) =1

Z
T i

The following lemma gives estimates for the number of rational places and the genus of the
fields in the Bassa—Beelen—Garcia—Stichtenoth tower.

Lemma 2.15 ([BBGS15]). Let ¢ = p*™*! be a prime power with m > 1, where p is a prime. For
i > 1, let N; and g; denote the number of rational places and the genus of the i-th field E; in the
Bassa—Beelen—Garcia—Stichtenoth tower over Fy. Then

[E; : By] = p*™(7 D),
N; > [E;: Bi] (g —1) = p*™ V(g - 1),

. _ _ 2m(i—1) _ _
g BBl fa=1  a-1 \_p g1 _q-1
2 pm—1  pmtl—1 2 pm—1  pmtl—1

and
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In particular, we have

li Ni>2 ! ! -
imsup — > pm—1+pm+1—1 .

i—oco Yi

This does not match the Drinfeld-Vladut bound [VD83], which in this case is \/g—1 = pmtl/2
1, but it is polynomially related to it.

Remark 2.16. Our constructions based on function fields require the ability to compute bases of
Riemann—Roch spaces L(dPx) associated with a distinguished rational place P, as well as to
evaluate such functions at rational places.

For the function field towers we use, namely the Garcia—Stichtenoth and Bassa—Beelen—Garcia—
Stichtenoth towers, these operations can be carried out in polynomial time using standard algorithms
from computational algebraic function field theory; see, e.g., [Hes02, SAKT 02].

3 A Function-Field Analog of the Gabizon—Raz Construction

In this section, we present a construction that can be viewed as a function-field analog of the
construction of Gabizon and Raz [GROS].

Construction. Let 1 < r < k be integers. Let F' be a finitely generated function field of
transcendence degree one over a finite field IFy, and let g be its genus. Let Py, be the distinguished
rational place of F', and let vp__ be its normalized valuation. Let S be the set of rational places of
F other than P..

For each i € [r] and j € [k], define

dij=1i-(j—1)+2g > 2g,

and choose f;; € L(d;jPx) such that vp_(fij) = —d;;. The existence of such a function follows
from Corollary 2.10 applied to D = d;jPx, since deg(d;jPoc — Poo) = dij —1 > 2g — 1.
Construct the r x k matrix E over F' by

E = (fij)iep, jek)-

For each rational place P € S, define the r x k matrix E(P) over F, by
E(P) = (fij(P))iem), jer-

Analysis. The following lemma establishes a nonvanishing property of certain determinants.

Lemma 3.1. Let M € Flgw be a full-rank matriz. Then det(EM) € F is nonzero, and

(r+1)(3/g—r—2)+2g>.

vp, (det(EM)) > —r <

Proof. By the Cauchy—Binet formula (Lemma 2.1),

det(EM) =Y det(Ey)det(M").
ICIK], [T]=r
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Fix I = {j1 <--- <jr} C [k]. Expanding det(E}), we write

det(Er) = Z Ty, T,:=sgn(o )Hfija(i)'

o€Sym(r) i=1

We claim that the identity permutation uniquely minimizes vp,_ (7). Indeed,

T

vp. (T Z”Poo fUa(z = Zdi%u) = _Z(Z o — 1) + 29)-
=1

i=1

If o has an inversion (i,i'), i.e., i <’ but (i) > o(i'), then j,(;) > jo(ir). Let ¢’ be obtained from
o by swapping o (i) and o(7). Then

0P (Tyr) — v (T5) = = (i Jo(iry + VJo)) + (Pdot) + T dory) = (' =) (o) — Jow) <0,

since i’ < i is false and Jo(ir) — Jo(i) < 0. Thus swapping strictly decreases the valuation. Hence the
identity is the unique minimizer.
By the strong triangle inequality, it follows that

r

vpoo(det(EI)):—Z(z (i — 1)+ 29) = Zzy, Z 29 —1).

i=1

Since det(M?T) € Fy, we have vp_(det(M?)) € {0,00}, and at least one I satisfies det(M7T) 0
because M has full rank.

Thus the minimum of vp_(det(E;) det(M?)) is attained uniquely by the subset I* minimizing
— Y0, iji subject to det(MT) # 0. By Lemma 2.2, such I* is unique.

Let I* = {jj < --- < j*}. Since the minimum valuation in the above expansion is attained
uniquely at I'*, the strong triangle inequality implies that

p.. (det(EM)) Zzgz Z 2g — i) < 0.
i=1

In particular, det(EM) # 0.

Moreover,
T T

Po (det(BEM)) > =3 i(k —r+1i) = > (29 — 1),
i=1 =1

which simplifies to

vp. (det(EM)) > —r <(T + 1)(3§ —r=2, 29) .

Now we prove the main result of this section.

Theorem 3.2. Let M € FZXT be a full-rank matriz. The number of P € S such that E(P)M € Fy*"
does not have full rank is at most r (%M + 2g).
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Proof. Let

d:r<(r—|—1)(3k—r—2) —|-29>.
6

By Lemma 3.1, we have det(EM) # 0 and det(EM) € L(dPx). Let B C S be the set of places

P such that E(P)M does not have full rank. Then for every P € B, we have (det(EM))(P) =

det(E(P)M) = 0, and hence det(EM) € L(dPx — Y pcgP). Since det(EM) # 0, Lemma 2.6

implies that this divisor has nonnegative degree, i.e., d — |B| > 0. Thus |B| < d, as claimed. O

One can instantiate the function field and the parameters to obtain explicit lossless rank ex-
tractors over fields of size at least poly(r). We defer this to the next section, where we present an
alternative construction that improves the O(r?k) term in Theorem 3.2 to O(rk).

4 A Function-Field Analog of the Forbes—Shpilka Construction

We now present an alternative construction, which can be viewed as a function-field analog of the
construction of Forbes and Shpilka [F'S12].

Construction. Let 1 < r < k be integers. Let F' be a finitely generated function field of
transcendence degree one over a finite field Fy, and let g be its genus. Let Py, be the distinguished
rational place of F', and let vp__ be its normalized valuation. Let S be the set of rational places of
F other than P..

Let h = {qfkd Let dy = k—1+g¢g and dy = h— 1+ g. By Riemann’s inequality (Corollary 2.8),
we have (d) Ps) > k and ¢(d2Pso) > h.

By Corollary 2.11, there exist fi,..., fx € L(d1Px) and g1,...,gn € L(d2Px) such that

0>wvp, (f1) > >vp (fi) > —di (6)

and
0>wvp, (g1) > >vp,(gn) = —da. (7)
For j € [k], define a(j) = =7/ +1 € {1,...,h} and B(j) = (j —1) mod (¢—1) € {0,...,q—2}.
Let v be a generator of F.
Construct the r x k matrix E over F' by

Eij = (V"9ga) " -
For each P € S, define
E(P) = (Eij(P))icr)jelk)-

Remark 4.1. Instead of using Corollary 2.11, which follows from Riemann’s inequality (Corol-
lary 2.8), one can use Corollary 2.10, as in Section 3, which relies on the full Riemann—Roch
theorem rather than its weaker consequence. This yields functions f; and g; with prescribed valua-
tions vp,_(fi) and vp,_(g;), rather than only the bounds in (6) and (7). This increases the g term
in the analysis to 2g, but does not affect the asymptotics up to constant factors.
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Analysis. Next, we prove the following analog of Lemma 3.1 concerning the nonvanishing of
determinants.

Lemma 4.2. Let M € F];XT be full rank. Then det(EM) € F is nonzero, and

r—1 k r+1
EM)) > — — .
vp, (det(EM)) > —r (k T+ 5 L — 1-‘ + 5 g)

Proof. By the Cauchy—Binet formula,

det(EM) =Y det(Ey)det(M").
ICIK], [T]=r

Fix I = {j1 <--- < jr} C [k]. The matrix E; has the form

Er= ((’}/B(jt)ga(jt))iilfjt)iﬂge[r] :

Factoring out f;, from each column and using multilinearity of the determinant, we obtain

det(Er) = (H Jiu ) det ]t)ga(Jt))Z l)i,te[r}‘

The remaining determinant is a Vandermonde determinant, and hence

det E] (H f]u) H (7/8('%2)901(]@) - ’Yﬂ(]tl)ga(]tl)> . (8)

1<t <to<r

We now analyze the valuation of each difference term. For ¢; < to, consider

/B(jtz) ﬁ(JH)

7 gOé(th) - ")/ ga(jtl).

There are two cases.
Case 1: a(j,) = a(jt,). Then B(j¢,) < B(jt,), and

0P (Y70 ga) = 170505, ) = vp (792) = 4700) g0, ) = VP (Gagiy)):
Case 2: a(ji,) < a(ji,). Then by (7),
VP (Ga(iry) < VP (Galii,))s

and hence, by the strong triangle inequality, vp,_ (Vﬁ(th)ga(th) — VB(jtl)ga(jt1)> = VP (Ja(jiy))-

Thus in both cases,
vp,, (7’3(jt2)9a(jt2) - VB(jtl)ga(jtl)) = P (Ya(ji,))- )

For each I = {j; < --- < j,}, define

T = det(Ey) det(M7).
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From (8) and the definition of 77, we obtain

ve (Tr) =Y v (fi)+ Y. wes (75(jt2)ga(jt2) - Wﬁ(jtl)ga(jt1)> +vp,, (det(M)).
u=1

1<t <to<r
By (9), each term in the second sum equals vp, (¢a(j,,)), and hence

T

v (T1) = vp (fi) + D _(t— Dvp (Gagy) + vp (det(MT)).

u=1 t=1

_ {zzzl vp (fi) + i (t = Dvpe (gagy) if det(M7) #0,

o0 otherwise.

(10)

Let I* C [k] be the subset produced by the following greedy procedure: initialize I* = (), and
fori =k,k—1,...,1, add ¢ to I if the i-th column of M does not lie in the F-linear span of the
columns indexed by the current set I*. By Lemma 2.2, we have |I*| = 7 and det(M'") # 0.

First, we show that I* uniquely minimizes the first sum y ., _; vp,_(fj,) in (10) among all subsets
I C [k] of size r satisfying det(M?) # 0. Indeed, by (6), the sequence

vp,, (f1) > vpy, (f2) > -+ > vpy, (fr)

is strictly decreasing. Applying the second item of Lemma 2.2 with weights w; = vp_(fi), we

conclude that
D e (fi) <D vel(f)
iel* icJ
for every subset .J C [k] of size r such that det(M”) # 0, with equality if and only if J = I*. This

proves the claim.

Next, we show that I* also minimizes the second sum )/, (t — 1)vp,, (ga(;,)) among all subsets
I={j < < j,} satisfying det(M7) # 0.

Let I = {j1 < --- < jr} be any such subset, and write [* = {j; < --- < j¥}. By the first
item of Lemma 2.2, we have j; > j; for all ¢ € [r]. Since «(-) is nondecreasing and the sequence
vp_(g1) > -+ > vp,_(gp) is strictly decreasing by (7), it follows that

VP (Ja(jr)) < VP (Ga(j)) — forallt € [r].

Multiplying by (¢ — 1) > 0 and summing over ¢, we obtain

r

Z(t — Dop (gagip) < Z(t — Dvey, (9ai)s
t=1

t=1

as claimed.

Combining the two parts above, we conclude that I* uniquely minimizes vp,_(77) among all
subsets I C [k] of size r.

Returning to the Cauchy—Binet expansion

det(EM)= Y Ty,
IC[k), |1]=r

we have det(MT") # 0, and hence (10) implies that vp_(Ty+) < oo. Since T+ is the unique term
attaining the minimum valuation, the strong triangle inequality yields

vp, (det(EM)) = vp,_(T1+) < o0,

22



and thus det(EM) # 0.
Moreover, writing I* = {j§ < --- < j¥} and using (10), we have

vp (det(EM)) = "wp (f5) + (¢ = Dvrg (9agy))
u=1 t=1
(6),(7 -

> ) —Z(ah —T+u)—Z(t—1)d2
u=1

t=1

:—i(k—l—i—g—r—i—u)—i(t—l)([qﬁl-‘ —1+g>7

u=1 t=1

which simplifies to

q_

O]

The proof of The following theorem is identical to that of Theorem 3.2, except that we use
Lemma 4.2 in place of Lemma 3.1, improving the O(r2k) term in Theorem 3.2 to O(rk).

Theorem 4.3. Let M € ]F’;XT be a full-rank matriz. The number of P € S such that E(P)M € F,*"
does not have full rank is at most

r—1 k r+1
k — .
T( T LJ—JJF 2 g)
Remark 4.4. If we take F = Fy(X) with g = 0 and q > k, then the above construction reduces
to (a generalization of) that of Forbes and Shpilka [F'S12]. In this case, the bound in Theorem /.3

becomes ) .
) (1)
2 2
matching the bound in [FS12].

For the construction of Forbes and Shpilka [FS12], this bound was later improved to r(k — r)
in [FSS1/4, Forl], using additional properties of the monomials X'~' for i € [k]. It is unclear
whether a similar improvement can be obtained for general function fields, or for those defined over
small fields that we consider here. In any case, such an improvement would be minor in our setting
where r < k, and would be dominated by the error terms.

Instantiating the function field and parameters. We now choose F' to be a function field
from either the Garcia—Stichtenoth tower or the Bassa—Beelen—Garcia—Stichtenoth tower, in order
to obtain explicit rank extractors over non-prime fields. This construction also yields explicit weak
subspace designs; we defer the corresponding discussion to Section 5.3.

Theorem 4.5 (Formal version of Theorem 1.3). Let 1 < r < k be integers. Suppose q is a prime
power that is not a prime and satisfies ¢ > (2r) for a sufficiently large absolute constant co. Then
there exists an explicit (k,r, L) lossless rank extractor over F, of size n, where L = O(r(k — r)q)
and L/n < q Y4, Moreover, for each fized r and q, we have L < cir(k — r) for some absolute
constant c¢1 > 0 and infinitely many k.
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Proof. If r > k/2, then ¢ > (2r)®, which is greater than k for suffciently large cy. In this case,
we can use the Forbes—Shpilka construction [FS12] with F* as the set of evaluation points, so that
L =r(k—r)and n = ¢ — 1 [FSS14, Forl4]. See, e.g., [Forl4, Theorem 5.4.3]. Then L/n <
r(k—1)/(g—1)<r%/(g—1) < ¢ *as ¢ > (2r)® and ¢y is large enough.

So assume 7 < k/2, which implies that k = O(k —r).

If ¢ = ¢? is a square, let i be the smallest positive integer such that ¢ > k/r, and let F' = F; be
the i-th field in the Garcia—Stichtenoth tower over IF,. Otherwise, ¢ = p?m 1l with m > 1, and we
let 7 be the smallest positive integer such that

me(i—l) q-— 1 q- 1
2 pm -1 pm+1 -1

) =k

and let F' = F; be the i-th field in the Bassa-Beelen—Garcia—Stichtenoth tower over F,. In either
case, this choice of i ensures that g < (k/r)q by Lemmas 2.13 and 2.15.% (In fact, this extra factor
of ¢ can be improved to £ or p?™, but we use this crude bound for simplicity.)

Let ) L .
r— T+

L= k— .

(e [ )

By Theorem 4.3, the collection & = {E(P) : P € S} is an explicit (k,r, L) lossless rank extractor
over [F,.

Since g < (k/r)q and g > (2r)%, we obtain L = O(rkq) = O(r(k —r)q).

Moreover, for infinitely many k, we have g = O(k/r). For instance, in the case ¢ = £2, we may
fix i and take k = ¢'r. In the case ¢ = p*™*!, we may take i sufficiently large and set

2m(i—1) _ _
2 P — 1 pm—i-l -1
For such k, we obtain L = O(rk) = O(r(k —r)).

Finally, we bound L/n. If ¢ = ¢, then n = |S| > ¢/(¢ — 1) by Lemma 2.13. By the choice of 1,
we have L = O(r%¢%), so

L/n = 0(26 n) = O(r2q /%),
which is at most ¢~1/4 for sufficiently large co.

If ¢ = p*™*t1 then n = |S| > p*™(~ (¢ — 1) — 1 by Lemma 2.15. By the choice of i, we have

m(i— q_l
L:O<T2p2 ( l)p,m)’

and hence
Ljn=0(>/p") = O(r*q m/Cm).

which is again at most ¢~/ for sufficiently large cp. O

3We elaborate on the case ¢ = p>™"!; the case ¢ = ¢ is similar. If i = 1, then F = F; = Fq(z1) has genus g = 0,
2m (i—2)

g—1 q—1
2 (an71 + pm+1—l) < k/T

y

so g < (k/r)q trivially. Suppose now that 7 > 2. By the minimality of ¢, we have

p2m(172)

2m(i—1) 1 1 —1 -1
So g S £ 2 (p?n_l + png+171) S q- 2 (pgn_l + pm(,]+171) S (k/’/‘)q.
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5 Field Reduction

As mentioned in the introduction, for a field extension Fg/F,, lossless rank condensers over Fg
can be converted into ones over F, via [FG14, Proposition 8.5], but this transformation does not
preserve the lossless rank extractor property. In Section 5.1, we develop a different field-reduction
technique based on the multilinearity of the determinant, and show that it transforms lossless rank
extractors over Fg into ones over Iy, albeit with an exponential blow-up in size in .

In Section 5.2, we further refine this approach by combining it with polynomial identity testing.
This is particularly useful over sufficiently large prime fields F,, where techniques such as the
Garcia—Stichtenoth tower and the Bassa—Beelen—Garcia—Stichtenoth tower do not directly apply.

Finally, in Section 5.3, we apply these techniques to prove our main theorems.

5.1 Field Reduction via Multilinearity of the Determinant
Let r < k be positive integers. Let Fg/F, be a finite field extension of degree d = [F¢ : IF,].

Fix a basis e1,...,eq € Fg of Fg over F,. For a € Fg, let aW, .. a@D ¢ F, denote the
coordinates of a with respect to this basis, so that a = Zle a®ey.

For an r x k matrix E = (E;;) € JFEQX]“, let E; denote its i-th row for i € [r]. For t € [d], define

¢ ¢ ¢
EY = (EY,... EY) e FE,

the vector obtained by taking the ¢-th coordinate of each entry of F;.

For a tuple 0 = (071,...,0,) € [d]", define the matrix E(©) ¢ IFZX’“ by

E(U) = (E'L(Ul))ze[r]

Finally, for a finite collection £ C IFE?X’“, define the collection

Ergor, ={E E€€, oeld} CF*
Then
& q—r,| = d"|E] = (log, Q)"[E].

Recall the definition of a lossless rank disperser (Definition 1.6). We now show that if £ is a
lossless rank disperser over Fq, then &p,F, is a lossless rank disperser over F.

Theorem 5.1. Let £ C F%Xk be a finite collection. Suppose M € FZXT s a full-rank matriz such
that
H{E € € :rank(EM) =r}| > 0.

Then
HE € &g, : tank(EM) =r}| > 0.

In particular, this holds for every M € IE";XT of rank r.

Corollary 5.2. If £ is a (k,r) lossless rank disperser over Fq, then Ep,F, is a (k,r) lossless rank
disperser over Fy.

Proof of Theorem 5.1. By assumption, there exists E € £ such that rank(EM) = r, or equivalently,
det(EM) # 0. Fix such an E = (Ej;).
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For each i € [r] and j € [k], we have

Ei=Y eBl,

teld]
and hence
EM=Ye (EZ.“)M) . (11)
teld]
For o = (01,...,0,) € [d]", let A, be the r x r matrix whose i-th row is Efai)M for i € [r].

Then A, = E@ M since the i-th row of E(®)M is also E( M for i € [r].
By (11) and multilinearity of the determinant with respect to rows, we have

det(EM) = > (H em> det(As) = > (H €q, ) det(E©) M).

celd” o€ld]"

Since det(EM) # 0, there exists o € [d]” such that det(E(@M) # 0. As E() ¢ Erg—F,, the
claim follows. O

5.2 Field Reduction via PIT for Symbolic Determinants with Rank-One Sum-
mands

Corollary 5.2 allows us to construct lossless rank dispersers over an arbitrary finite field F, from
those over an extension field Fg. However, it increases the size by a factor exponential in 7.

We now show that, when [F, is sufficiently large, this drawback can be mitigated using techniques
from polynomial identity testing. In particular, using the current best known result of [GT20], the
size increases by only a quasi-polynomial factor in r, rather than an exponential one. Moreover,
this approach also yields the stronger lossless rank extractor property.

We begin by defining a relevant class of polynomials.

Definition 5.3 (Symbolic determinants with rank-one summands). Let » and N be positive inte-
gers, let x = {x1,...,2n} be a set of variables, and let F be a field. Define VBP%N,F C F[z] to be
the class of polynomials f € F[z] that can be written as

N
x) = det (Z xZ-Ai> ,
i=1

where each A; € F™*" satisfies rank(A;) < 1. We call such polynomials (r, N') symbolic determinants
with rank-one summands.

We also need the notion of d-hitting sets.

Definition 5.4 (d-hitting sets). Let C C F[z1,...,2n] be a class of polynomials, and let § > 0. A
set H C FY is called a §-hitting set for C if for every nonzero polynomial f € C,

{a€H: fla) #0}| = 8)| M.

The following lemma shows that an explicit lossless rank extractor over g can be transformed
into one over Fy, assuming the existence of an explicit d-hitting set H C F;d for the class VBP! o |
) " q
where d = [Fq : Fy].
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Lemma 5.5. Let r < k be positive integers, and let Fg/F, be a finite field extension of degree
d=[Fq:Fy. Let Eg C IFTQXk be an explicit (k,r, L) lossless rank extractor over Fg of size n. Let
HC ]Fg’“ be an explicit §-hitting set for VBP}n’dr’Fq.

Then one can construct an explicit (k,r,|H|(L + d(n — L))) lossless rank extractor &, over Fy

of size n|H|.

Proof. Fix a basis e1,...,eq € Fg of Fg over F,. For a € Fg, let a® .. ad e F, denote its
coordinates with respect to this basis, as defined earlier.
For E € &, write E = (Ey;). For each i € [r] and j € [d], define A; j(E) € F,** to be the r x k

matrix whose ¢-th row is (Ei({), e El(li)) and whose other rows are zero. Then rank(4; ;(E)) < 1.

Let x = {z;; : i € [r], j € [d]} be variables, and define
E*(z) := Z 2 jAi j(E) € Fylx]*.
i€lr], jeld]
Define the collection of matrices
&g ={E"(a): E€&y, acH} C IE"ZXk.

Then |&,;| = n|H]|.

We claim that & is an (k,r, [H|(L 4+ 6(n — L))) lossless rank extractor over [F,. Let M € F’;XT
be of full column rank.

By multilinearity of the determinant (cf. the proof of Theorem 5.1), we have

det(EM) = > (H eai> det (B M).
oeldr \i=1
Thus, if det(EM) # 0, then there exists o € [d]” such that det(E(7)M) # 0. In this case, since
det(E*(z)M) = ) (H xg> det(E“) M),
oeldr \i=1

it follows that det(E*(x)M) is a nonzero polynomial.

Moreover,
E(x)M = (A (E)M),
i€lr], j€ld]
and since each A; j(E) has rank at most one, the same holds for A; ;(E)M. Hence det(E*(z)M)
VBPL, .

Since &g is an (k,r, L) lossless rank extractor over Fg, there are at least n — L matrices E € &g
such that det(EM) # 0. For each such E, the polynomial det(E*(x)M) is nonzero, and since H is
a d-hitting set for VBPrl’,dr,Fq7 there are at least (1 —d)|H| points a € H such that det(E*(a)M) # 0.

Therefore, among the matrices in &;, the number of matrices £*(a) such that rank(E*(a)M) < r
is at most

|H|L + 6|H|(n — L) = |H|(L + 6(n — L)).
This proves the claim. O

Gurjar and Thierauf [GT20] constructed explicit hitting sets for symbolic determinants with
rank-one summands. We adapt their construction to prove the following lemma. The proof is
deferred to Appendix B.
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Lemma 5.6. Let N be a positive integer, 6 € (0,1), and I a field such that [F| > (N/§)¢ for some
large enough absolute constant ¢ > 0. Then, one can construct an explicit §-hitting set H C FN for
VBP}"’N,F of size polynomial in (N/§)18 N,

By combining Lemma 5.5 and Lemma 5.6, we obtain the following theorem, which is the main
result of this subsection.

Theorem 5.7. Let Fg/F, be a finite field extension of degree d = [Fq : Fy]. Let r < k be positive
integers, let § € (0,1), and let q be a prime power satisfying q > (dr/0)¢ for a sufficiently large
absolute constant ¢ > 0. Let Eg C FTQX’“ be an explicit (k,r, L) lossless rank extractor over Fg of
size n. Then there exists an explicit (k,r, L") lossless rank extractor & over Fy of size n’, where

L'=(L+d(n—L))h, n' =nh, h < (dr/5)°0esld).

5.3 Putting It Together
We begin by proving the following result over arbitrary finite fields via field reduction:

Theorem 5.8 (Formal version of Theorem 1.7). Let 1 < r < k be integers, and let ¢ > 1 be a
prime power. Then there exists an explicit (k,r) lossless rank disperser over F, of size n, where

n= O(max{dffg(zmﬂ}rr(k - r>q) ,

for some absolute constant ¢ > 0. Moreover, for each fixed r and q, we have

clog(2r) 2}T ok

n < ¢; max {
log g

for some absolute constant c¢1 > 0 and infinitely many k.

Proof. Choose the smallest integer d > 2 such that Q = ¢? satisfies Q > (2r)®, where ¢y is
the constant from Theorem 4.5. Apply Theorem 4.5 to obtain an explicit (k,r, L) lossless rank
extractor & over Fg of size ng > L, where L + 1 = O(rkq). Moreover, for each fixed r and ¢, we
have L + 1 < ¢irk for some absolute constant ¢; > 0 and infinitely many k.

Remove ng — (L + 1) elements from &. The resulting collection & is still a (k,r) lossless rank
disperser over Fg, and its size is L + 1.

By Theorem 5.1, the collection &, —r, defined in Section 5.1 is a (k,r) lossless rank disperser
over [F, of size
clog(2r)

.
o\ (L+1
logq’}(+)

for some absolute constant ¢ > 0. Since L + 1 = O(rkq) for all k and L + 1 = O(rk) for infinitely
many k, the claim follows. O

d(L+1) < max{

clog(2r) 9
logg
to 1 if q is non-prime. The reason we choose 2 in general is that we need ) to be non-prime so

that Theorem 4.5 applies.

Remark 5.9. It follows from the proof above that the number 2 in max } can be improved

Next, we prove the following result over prime fields:

28



Theorem 5.10 (Formal version of Theorem 1.5). Let 1 < r < k be integers, and let 6 € (0,1).
Suppose q > 1 is a prime satisfying q > (2r/0)% for a sufficiently large absolute constant cy. Then
there exists an explicit (k,r, L) lossless rank extractor over F, of size n, where

L < (2r/6)%198C0) -k — 1)q

for some absolute constant ¢ > 0, and L/n < §. Moreover, for each fized r and q, we have
L < (2r/6)°98C) () — 1)

for infinitely many k.

Proof. We assume r < k, since otherwise the k x k identity matrix forms an (k,r,0) lossless rank
extractor.

Let Q = ¢*. Apply Theorem 4.5 to obtain an explicit (k,r, Lg) lossless rank extractor & over
Fg of size ng > Lo, where Ly = O(r(k —1r)q) and Lo/ng < Q™4 = ¢~1/2. Moreover, for each fixed
r and ¢, we have Ly < ¢1r(k — r) for some absolute constant ¢; > 0 and infinitely many k.

Let &' = §/2. Since ¢ > (2r/6)®, we may assume ¢~ /2 < §’. By removing elements from &,
we obtain an explicit (k,r, Lo) lossless rank extractor £g over Fg of size ny = [Ly/d'].

By Theorem 5.7, there exists an explicit (k,r, L) lossless rank extractor £ over Fy of size n,
where L = (Lo + 0'(n1 — Lo))h, n = nyh, and h < (2r/6)90°82") Then

L/n < (Lo/nl) + < 20" = 6.
Moreover, since Ly = O(r(k — r)q),
L = (Lo + 6" (ny — Lo))h < (2Lo + 8" )h = (2Lo + 6/2)h < (2r/5)°1°8C) (K — 1r)q,

where ¢ > 0 is a sufficiently large absolute constant. Finally, since Ly < ¢ir(k — r) for infinitely
many k, by choosing ¢ large enough, we obtain

L < (2r/6)°198C) () — 1)
for infinitely many k. O

Next, we prove our main results on explicit weak subspace designs.

Theorem 5.11 (Formal version of Theorems 1.8 to 1.10). Let 1 < r < k be integers, and let
r" = min{r,k —r}. Let 6 € (0,1). Suppose q > 1 is a prime power. Then there exists an explicit
(k —r, A) weak subspace design V of size n consisting of r-dimensional subspaces of ]F];, and an
explicit (r, A) weak subspace design V* of size n consisting of (k — r)-dimensional subspaces of IF’;,
such that V = {VL:V € V1} and V't = {V+:V € V}. Moreover,

1. Suppose q is a non-prime prime power satisfying q > (2r') for some sufficiently large absolute
constant co > 0. Then A = O(r(k —7)q) and n > ¢"/*A/2. Moreover, for each fired r and q,
we have A < eyr(k —r) for some absolute constant ¢y > 0 and infinitely many k.

2. Suppose q is a prime satisfying q > (2r') for some sufficiently large absolute constant c¢g > 0.
Then
A< (27/8)108C ) (k — 1)q

for some absolute constant ¢ > 0, and n > A/§. Moreover, for each fixed r and q, we have
A< (27'//5)Cl°g(2rl)r(k —r)

for infinitely many k.
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3. In general,

/ !
A:O<max{010g(2r),2} r(k—r)q)
log q

for some absolute constant ¢ > 0, and n > A. Moreover, for each fired r and q, we have

clog(2r")
log q

Agclmax{ ,2} r(k—r)

for some absolute constant c¢; > 0 and infinitely many k.

Proof. Note that if the theorem holds for » < k/2, then the case r > k/2 follows by replacing r
with k& — 7 and swapping V and V*. Thus, we may assume r < k /2, and hence 1’ = r.

To prove Item 1, we apply Theorem 4.5 to obtain an explicit (k,r, L) lossless rank extractor
&o. In particular, L/|&| < gVt <1 /2. We then apply Lemma 2.4 to obtain two weak subspace
designs V and V* of size || — L > 3|&o| > q'/*L/2. Let A = L, and Ttem 1 follows. The proof of
Item 2 is similar, using Theorem 5.10 in place of Theorem 4.5.

Finally, to prove Item 3, we apply Theorem 5.8 to obtain an explicit (k, r) lossless rank disperser
&y, and then remove all matrices of rank less than r. This does not affect the lossless rank disperser
property: if E € FZX’“ satisfies rank(E M) = r for some M € ]F];XT, then necessarily rank(E) = r,
and hence such matrices are not removed. Let £ denote the resulting collection. We then apply
Lemma 2.3 to obtain V = V(&) and Y+ = V+(&). Let A = [V| -1 = [V1| — 1, and Item 3
follows. O

Remark 5.12. Using the same idea of exchanging r with k — r via duality, one may relax the
condition q > poly(r) in Theorem 1.3 and Theorem 1.5 to q > poly(r’), where v’ = min{r,k —r}.
We choose not to adopt this formulation for simplicity.

6 Explicit Constructions of Strong s-Blocking Sets

Recall that a set B C PG(k — 1,q) is a strong s-blocking set if for every codimension-s projective
subspace ¥ of PG(k — 1, ), the intersection B N Y spans . In this section, we present two types
explicit constructions of strong s-blocking sets in PG(k — 1,¢). The first arises from lossless rank
extractors over [F,, while the second is obtained from e-biased sets in IF'; with sufficiently small bias.

For a subset S C IF’;, let span(.S) denote its Fy-linear span, and let S C PG(k — 1, q) denote its
projectivization, i.e.,

S ={(u):ue S\ {0}},

where (u) denotes the one-dimensional subspace spanned by wu.

6.1 Strong s-Blocking Sets via Lossless Rank Dispersers

The following lemma shows that every (k, s+ 1) lossless rank disperser over F, (see Definition 1.6)
gives rise to a strong s-blocking set in PG(k — 1, ¢). This was essentially already observed in [FS16,
Proposition 10].*

*A minor technical difference is that [FS16, Proposition 10] assumes the matrices all have full rank, i.e., their row
spaces have dimension s 4+ 1. This is unimportant, as rank-deficient matrices can be safely ignored.
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Lemma 6.1. Let s < k be positive integers. Suppose that € = {E;} C IF((ISJFI)Xk is a (k,s+1)

n

lossless rank disperser over F,. For i € [n], let V; = rowspan(E;) C IF’;. Then B :=J;_, Vi is a

‘ . sH1_
strong s-blocking set in PG(k — 1,q). Moreover, |B| < n4 ., L < ongs.

Proof. Suppose for contradiction that B is not a strong s-blocking set. Then there exists a
codimension-s subspace L C IF’; and a codimension-(s + 1) subspace H C L such that for all
i€ [n],
VinL C H. (12)

Choose M € F’;X(SH) of rank s+ 1 such that ker(M7T) = H. Since & is a (k, s+ 1) lossless rank
disperser, there exists E; € € such that rank(E;M) = s + 1. In particular, dimV; = s + 1.

Since dim(V;) + dim(L) = k + 1, we have V; N L # {0}. By (12), this implies V; N H # {0}.

On the other hand, rank(E;M) = s + 1 implies that M7 is injective on V;, hence

Vi Nker(MT) = {0},

ie, V;N H = {0}, a contradiction.
Thus B is a strong s-blocking set. The size bound is immediate. O

Combining Lemma 6.1 with Theorem 4.5, Theorem 5.10, and Theorem 5.8, respectively, we
obtain the following results on explicit strong s-blocking sets.

Corollary 6.2 (Formal version of Theorems 1.12 to 1.14). Let 1 < s < k be integers, and let ¢ > 1
be a prime power. Then the following hold:

1. Suppose q is a non-prime prime power satisfying q > (2s)° for some sufficiently large absolute
constant ¢y > 0. Then there exists an explicit strong s-blocking set B C PG(k — 1,q) of size
|B| = O(s(k — 5)¢*t'). Moreover, for each fived s and q, we have |B| = O(s(k — s)¢®) for
infinitely many k.

2. Suppose q is prime and satisfies ¢ > (2s) for some sufficiently large absolute constant
co > 0. Then there exists an explicit strong s-blocking set B C PG(k — 1,q) of size at most
(25)¢108(28) (k. — 5)¢* 1 for some absolute constant ¢ > 0. Moreover, for each fized s and q, we
have |B| < (25)°182%)(k — s)¢® for infinitely many k.

3. In general, there exists an explicit strong s-blocking set B C PG(k — 1,q) of size

s+1
O<max {clog(?sﬂz} ok - S)qu)
log g

for some absolute constant ¢ > 0. Moreover, for each fized s and q, we have

clog(2s)

s+1
2 k—s)q°
ogg } s(k — s)q

|B| < ¢ max{

for some absolute constant c; > 0 and infinitely many k.
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6.2 Strong s-Blocking Sets via ¢-Biased Sets

In this subsection, we first show that every e-biased set S C IE"; with sufficiently small bias forms a
strong s-blocking set. We then obtain explicit strong s-blocking sets by applying known construc-
tions of e-biased sets from [TS17, JM21].

We begin with basic terminologies of discrete Fourier analysis over Fy

e.g., [TV06, O'D14]. Let G = F%,
X : G — C*. The identity of G is called the trivial character, while the others are nontrivial
characters.

Let L(G,C) be the space of functions f : G — C. Define the inner product (-, -) on L(G,C) via
(f,9) =E.eq [f(z)g(m)], where g(x) denotes the complex conjugate of g(x). The character group

; for more details, see,

and let G be its character group consisting of the characters

~

G is an orthonormal basis of L(G,C).
The orthogonality relation of characters states that for two characters x,¢¥ € G, we have

(x,¥) = Ezeq [X(at)w(x)} = 1[x = ¢|. This implies that E,cq [x(z)] = 0 for every nontrivial

character y. R R
For f € L(G,C) and x € G, define the Fourier coefficient f(x) of f to be

F00 = (5.0 = E [f@n(E)].

This defines a function f: G — C sending x to ]?(X), called the Fourier transform of f. Its Li-norm

is defined to be Hle = er@ OO
As G is an orthonormal basis of L(G,C), any f € L(G,C) can be expanded as f = erG FOOx-

Definition 6.3 (e-biased set). Let ¢ > 0. A nonempty set S C G is called an e-biased set if

E [x(2)

<e

for all nontrivial characters x € G.
The following lemma is well-known.

Lemma 6.4. Let f: G — C be a function, and let S C G be an e-biased set. Then

Elf@)] = E[f@) <Ifl e

Proof. Expand f as f = Zx @ f(x) X- The claim holds for each character x € G by the definition
of e-biased sets. The result then follows by linearity of expectation. O

For a set S C G, let 1g : G — C denote its indicator function, i.e., 1g(z) = 1 if x € S and
1s(x) = 0 otherwise. We will use the following lemma.

Lemma 6.5. Let V C G be an affine subspace over IF,. Then Ty =1.

Proof. We have V' = u+ L for some vector u € G and some linear subspace L C G. Let H C G be
the subgroup of characters vanishing on L, i.e., H = {x € G : x| = 1}. Note that H is the kernel
of the surjective map G — L that dualizes the inclusion L C G. So |H| = |G|/|L| = |G|/|L|.
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For x € é, we have

f;(x)zmlgg[lv(xxx} ‘G|Zx ’G|ZXU+ZJ
zeV yeL

|G\ ZX \G! X B, [x@)]

Since x|z, is either the trivial character or nontrivial, we have

— 1, if x|z =1, or equivalently, x € H,
E [x®)] = .
yeL 0, otherwise.
It follows that
= _ |H[IL] | H||L|
vl =" viol= D vl = Gl X(U)I—Wzl' O
x€G x€H

Recall that B C F’; is an affine s-blocking set if it intersects every affine subspace of codimension
s. The next theorem connects e-biased sets with affine and strong s-blocking sets.

Theorem 6.6. Let B C G be an e-biased set. Then the following statements hold:
1. Ife < q~*°, then B is an affine s-blocking set.
2. Ife < ;};—J}l, then B is a strong s-blocking set.

Proof. For Item 1, assume ¢ < ¢~°. Let L be an affine subspace of codimension s. By Lemmas 6.4
and 6.5,

|BNL| s N
| B| xeB[ 1(z)] meG[ L@)]| <elllL|li =«
Hence BoL
N
>q *—e>0,
| B

so BN L # (. Since this holds for every affine subspace L of codimension s, it follows that B is an
affine s-blocking set.
For Item 2, assume ¢ < ;qs%ll. It suffices to show that for every codimension-s linear subspace

LC F’; and every hyperplane H of L, we have
BN (L\ H)#0.
Writing 17\ = 11 — 1, Lemma 6.5 and the triangle inequality give
IToalh < T2l + 11Tl = 2.
Applying Lemma 6.4 with f = 17\, we obtain
[BO(L\NH)| ¢ ¢!

E [1p\g(T)] — xIeEG[lL\H(:U)] < 2e.

| B a q* z€B
Therefore,
BNn(L\H
’ ( \ ” Ezqfs__qfsfl_>25>>0
|B|
and hence BN (L \ H) # 0. Since 0 € H, this implies (B \ {0}) N (L \ H) # 0, and therefore
BN (L\ H) # (. This proves Item 2. O
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Theorem 6.6 shows that explicit constructions of e-biased sets with sufficiently small bias yield
explicit constructions of affine and strong s-blocking sets. We now briefly recall the explicit con-
structions of e-biased sets over IF’; that are relevant for our purposes. For ¢ = 2, a breakthrough

result of Ta-Shma [TS17] shows that there exist explicit e-biased sets S C F§ with |S| = O (EH%)

Jalan and Moshkovitz [JM21] extended Ta-Shma’s construction to every prime power ¢ as follows.

Theorem 6.7 ([JM21]). There exists an explicit e-biased set S C F~ with

Cik(log q)©2

|S| < g2ta ’

where

BB o)

o« =G ( log(1/¢)

and C1,Cs,C3 > 0 are absolute constants.
Combining Theorem 6.6 and Theorem 6.7, we obtain the main result of this section.

Proposition 6.8 (Formal version of Theorem 1.15). For every pair of positive integers s < k and
every prime power q > 1, there exist an explicit affine s-blocking set in ]F]; and an explicit strong
s-blocking set in PG(k —1,q), both of size at most

N1/3
254+C3s <41°83(1501§§ ) ) /

Cik (logq)* q :
where C1,Cy,C3 > 0 are absolute constants.

Proof. Choose ¢ = ©(¢™*) sufficiently small so that ¢ < ¢7® and ¢ < 2‘;3%11. Let B C F’; be an

e . c 23+033<M>U3 . .
explicit e-biased set of size at most C1 k (log ¢)“2 ¢ slogq , whose existence is guaranteed

by Theorem 6.7. Note that |§ | < |B|. Applying Theorem 6.6, we conclude that B is an affine
s-blocking set and that B is a strong s-blocking set. O

7 Concluding Remarks and Open Problems

We conclude by highlighting several open problems that arise naturally from our work.

1. One of the most interesting open problems is whether there exist, for r < k, explicit strong
(r, A) subspace designs in IF’; with A = O(r(k — r)), where the field size ¢ depends only on
r (e.g., ¢ = poly(r)) and is independent of k. Theorem 1.8 achieves this for weak subspace
designs over non-prime finite fields. It would be very interesting to know whether a similar
result can be obtained for strong subspace designs. We note that Guruswami, Xing, and
Yuan [GXY18] constructed nontrivial explicit strong subspace designs using function fields
(specifically, cyclotomic function fields), but their parameters fall short of the above regime.

2. The gap between the best-known upper and lower bounds on the sizes of strong and affine
s-blocking sets remains roughly a factor of O(s). Closing this gap would be of significant
interest.
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3. For every sufficiently large non-prime prime power ¢, we constructed explicit strong s-blocking
sets of size O(skq®), matching the best-known existential bound up to an absolute constant
factor. In contrast, when ¢ is prime or a small prime power, our explicit constructions have
a worse dependence on s in the leading coefficient. It would be very interesting to obtain
improved explicit constructions in these cases as well.

4. In particular, when ¢ = O(1), do there exist explicit strong s-blocking sets of size O(C/(s)skq®)
with C(s) subexponential in s? Note that Theorem 1.15 achieves C(s) = exp(O(s)) in this
regime.
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A Existence of Non-Explicit Lossless Rank Extractors

The main result of this section is the following theorem, establishing the existence of non-explicit
lossless rank extractors with good parameters over any finite field F,.

Theorem A.1. There exists a function 6* : {2,3,4,...} — (0,1) such that limy_, 6*(q) = 0 and
the following holds. For every prime power q and all integers k > r > 0, there exist (k,r, L) lossless
rank extractors over Fy of size n such that

L=0(r(k—-r)), L/n <6 (q).

The proof is based on the probabilistic method. A similar result was obtained in [Forl4,
Section 5.3], but for a weaker notion of lossless rank extractors, which coincides with our notion of
lossless rank dispersers (Definition 1.6).

We will use the following bound.

Lemma A.2. Let ¢ > 2. Let r > 0 be an integer. Then [[_ (1 —q7%) > e~2/(a-1),

Proof. For x € [0,1/2], we claim that log(1 —x) > —2z. Indeed, let f(z) := log(l —z) + 2x. Then
fllw) =2—- L =122 >0 for all z € [0,1/2]. Since f(0) = 0, it follows that f(z) > 0 for

x € [0,1/2], proving the claim.
Applying the claim to = ¢~ gives log(1 — ¢~*) > —2¢~* for i > 1. Summing over i € [r], we

obtain
T ) T ) o )
Zlog(l —-q ') > —2z:q_Z > —2z:q_Z =-2/(¢—1).
i=1 i=1 i=1
Exponentiating both sides proves the lemma. ]

We now prove Theorem A.1.

Proof of Theorem A.1. Let M € F’;” be a full-rank matrix. Let E € FZXk be uniformly random,
and let uy,...,u, € IE"(; denote its rows. Then the vectors uq, ..., u, are independent and uniformly
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distributed over F’;. Since M has full rank, each u; M is uniformly distributed over Fy, and these
vectors remain independent. Hence EM is uniformly distributed over F¢*". Therefore,

r=Loor g r )
M —1_ H(l —q ) <1—e YD), (13)

Prirank(EM) <r]=1-— 5
7 i=1

where the last inequality follows from Lemma A.2.

Let S be the set of full-rank matrices in IF’“XT. The group GL(r, ¢q) acts on S by right multi-
plication, and each orbit has size H] O(q — qﬂ). Let My, ..., My € S be a complete set of orbit
representatives. Then

‘S’ q —qj r(k r) r(k=r) ,2/(¢-1)
= - | | | | . , 14
| | q — q] q — q] 1— q —1 ( )

again by Lemma A.2.
Now let E1,..., E, be independent uniformly random matrices in }FZXk. Fix M € {My,..., My}.
By (13) and a union bound,

Pr[#{i € [n] : rank(E;M) <r} > L] < <L7j— 1) (1- 672/(q71))L+1. (15)
Assume that
D2/ <Li 1) (1= e2/aD)EF1 (16)

Then (14), (15), and a union bound over Mj, ..., M} imply that there exist matrices F1, ..., E, €
FSXk such that #{i € [n] : rank(E;M) < r} < L for every M € {M,,...,M}. Fix such a
collection.

We claim that {E1,...,E,} is a (k,r, L) lossless rank extractor. Indeed, let M € ]F];X” be
any full-rank matrix. Since M lies in the same GL(r, ¢)-orbit as some representative M;, we can
write M = M;G for some j € [k] and some G € GL(r,¢q). Then for every i € [n], rank(E;M) =
rank(FE; M;G) = rank(E;M;), and hence

#{i € [n] : rank(E;M) < r} = #{i € [n] : rank(E;M;) <r} < L.

This proves the claim.
It remains to choose §*(:), L, and n so that (16) holds and the stated bounds are satisfied.
Taking logarithms, (16) is equivalent to

2 n
1 _c In(1 — ¢—2/(¢—1) ) 1
r(k —7) nq+ 1+ln<L+1>—|—(L+1) n(l—e ) <0 (17)

Let

Define §*(¢) to be the smallest 6 € (0,1) such that

1
Cs < _5111(1 — 6_2/(‘1_1)).
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This is well defined by continuity, since C5 — 400 as 6 — 0" and C5 — 0 as § — 1~. Moreover,

lim §*(¢) = 0,

q—00

since — ln(l — 6_2/(q_1)) = 0O(logq) as ¢ — oo.
Write 6* for 6*(¢q) and set n = [L/6*]. Then L < §*n and also n < (%)~ (L + 1). Hence

n (5*)_1(L+1) B ((5*)_1(L+1)
8 <L+1> : m( L+1 ) - ((5*)—1(L+1) - (L+1)> <Ce(L+1).  (18)

By definition, Cs- < —21In(1 — 6*2/(‘1*1)). Combining this with (18), we obtain

(L+1)In(1 — e /7D), (19)

| =

n —2/(g—1
In <L+1> +(L+1)In(1 - e @) <
Substituting into (17), it suffices to choose L such that

r(k—r)lng+ qil + %(L +1)In(1—e D) <.

Since —1In(1 — e=2/(¢=1)) = O(logq), this holds whenever L = cr(k — r) for a sufficiently large
constant ¢. Thus we may choose L = O(r(k —r)). O

Remark A.3. Using sharper estimates in the above argument, one can strengthen the conclusion
to L= (14 04(1))r(k—r). We omit the details.

B J-Hitting Sets for Symbolic Determinants with Rank-One Sum-
mands

In this section, we prove Lemma 5.6, which constructs explicit d-hitting sets for symbolic determi-
nants with rank-one summands in Fflv over a sufficiently large field F,. For convenience, we first
restate the lemma.

Lemma 5.6. Let N be a positive integer, 6 € (0,1), and F a field such that |F| > (N/§)¢ for some
large enough absolute constant ¢ > 0. Then, one can construct an explicit §-hitting set H C FN for
VBP;N?F of size polynomial in (N/§)8 N,

Let N > 1 be an integer, let x = {x1,...,xx} be variables, and let F be a field. Consider
symbolic matrices of the form

A(:E) = Z xZA’L € ]F[:Eb s 7$N]T><Ta
1€[N]

where A; € F™" and rank(A;) < 1 for all ¢ € [IN]. Since each A; has rank at most one, it can
be written as u;v! for some vectors u;,v; € F'. Let U,V € F™*¥ such that for i € [N], the i-th
column of U and that of V' are u; and v;, respectively. Let X be the N x N diagonal matrix whose
i-th diagonal entry is the variable z; for i € [N]. It can be easily shown that A = UXVT. By the
Cauchy—Binet formula,

det(A) = det(UXVT) = Y det(UX)g)det(Vs) = > det(Us)det(Vs) [ ] .
SC[N],|S|=r SC[N],|S|=r i€S
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For a subset S C [N], let x5 denote [[;. g x;. Note that the coeflicient of x5 in A is nonzero if and
only if det(Us) and det(Vs) are nonzero. In other words, the coefficient of xg in A is nonzero if
and only if S is a common base of the linear matroids represented by the matrices U and V. We
denote these two matroids by M4 and M3, For A as above, define the support

supp(A4) :={S C [N] | the coefficient of zg in det(A) is nonzero}.

From above discussion, supp(A) is the set of common bases of the linear matroids represented by
U and V.

For u,v € Z!, write u > v if u is lexicographically larger than v.

We also need the notion of isolating weight assignments.

Definition B.1 (Isolating weight assignments). Let ¢ < N, and let A = 37,2 4; with A; €
F"™" and rank(A4;) < 1 for i € [N]. Let w = (wy,...,wN) € (ZtZO)N. For S C [N], define
w(S) = eqwi € tho- We say that w is isolating for A if there exists a unique set S € supp(A)

maximizing w(S) lexicographically. A set W C (Z’SZO)N is isolating for A if it contains such a vector
w.

The importance of isolating weight assignments is captured by the following claim.

Claim B.2. Let A(z) = > ey #iAi with rank(4;) < 1 and det(A) # 0. Let w € (thO)N be
isolating for A. Lety = {y1,...,yt} be variables, and define A, (y) € Fly1, ..., y|"*" by substituting

T H y;Uz[J]’
jelt]
where w;[j] denotes the j-th coordinate of w;. Then det(Ay(y)) # 0.

Proof. Write det(A) = ZSEsupp(A) csxg with cg # 0. Under the substitution, the monomial xg

maps to [ [;cp y;u(s)[j ). Since w is isolating for A, there is a unique subset S C [N]| maximizing w(S)
lexicographically, so the corresponding monomial || el y;v(s)[j J'is not canceled by the others. [

We follow the construction of Gurjar and Thierauf [GT20], which yields isolating weight as-
signments w with ¢ = 1, i.e., det(A,(y)) is univariate. However, the resulting weights can be
quasi-polynomial in /N, which would force us to work over a finite field I, of size quasi-polynomial
in N. To avoid this, we adapt their method and set t = ©(log V), which allows us to use polyno-
mially bounded weights.

As mentioned earlier, supp(A) is a set of common bases of two linear matroids. We take a
slight detour and discuss the result of [GT20] on the construction of weight isolation assignments
for matroid intersection.

Matroid Intersection Polytope. Let M; and My be two matroids of rank r on common
ground set E with rank function r; and ro. Then, the convex hull of characteristic vectors of
common bases in R/Z/, denoted by P(M;j, My), is described by the following linear program:

x>0 foreache € E, xz(5)= Zwe <ri(S) foreach SCE, i€ {1,2}, z(E)=r.
ecS
The following lemma [GT20, Lemma 3.5] gives a characterization for the tight inequalities in

the LP for faces of the matroid intersection polytope.
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Lemma B.3. Let M; and Ma be two matroids on a common ground set E with rank functions
r1 and ro, respectively. Let F be a face of P(My, Ms). Then, there exists two partitions Py, P
of E such that for any S1 € P1 and Sy € Pa, there exists vs,, us, € N such that for each x € F,
x(S1) = vs, and x(S2) = ps,.

Moreover,

1. If for some T C E, x(T) =r1(T) for allz € F, or x(T) = ra(T) for all x € F, then T is the
union of sets from Py, respectively Ps.

2. If for some e € E, . = 0 for all e € F, then there is a S1 € Py and So € Py such that
S1 =Sy ={e} and vs, = ps, = 0.

Definition B.4. Let F' be a face of the polytope P(M;i, M3) with the partitions P;, P from
Lemma B.3. A sequence C' = (e, ea,...,e9) of distinct elements of E is called a cycle with respect
to face F, if consecutive pairs are alternately in a set from P; and a set from Py. That is, for i € [],

€2i—1,€2; € So;—1 for some So;_1 € Py,

€2, €2i4+1 € Sg; for some Sy; € Pa.

We denote the set of all cycles with respect to a face F as Cp. For a vector u € ZF, let F be the
face of P(Mj1, M) that maximizes u” -y over all the points y in the polytope. Then, we denote
Cr by C,. For a bipartite graph G with edge set E and a vector u € ZF, the circulation of a cycle
C = (e1,ea,...,ey) with respect to u, denoted by u(C'), is defined by

20

> (—Diule|-

i=1

u(C) =

The following lemma summarizes key properties of C,. Additionally, it establishes a suffi-
cient condition for a weight assignment on the ground set to guarantee the existence of a unique
maximum-weight common base. Such a weight assignment is said to be isolating for the two
matroids.

Lemma B.5 ([GT20, Corollary 3.10 and Lemma 3.14]). Let M; and Ms be two matroids defined
on a common ground set E of size N, and let u € ZF.

e [fC, contains no cycles of length at most ¢, then the number of cycles in Cy, of length at most
2¢ is at most N*.

o IfCy is empty, then w is isolating for My and Mas.
The following lemma combines Claim 3.18 and Lemma 3.19 of [GT20].

Lemma B.6. Let M, My be two matroids on a common ground set E of size N. Lett = [log N,
and let H be a positive integer. Let Wy € ZV be the all-ones vector.
For each i € [t], let u; € ZJZVO satisfy H > N max;eyy ui[j] and

ui(C) #0  for every cycle C in Cw,_, of length at most 2°.

Define W; = Z;ZlHi_juj. Then Cyw, contains no cycles of length at most 2° for every i € [t].
Moreover, Wy is an isolating weight assignment for the set of common bases of My and Ma.

43



For a symbolic matrix A with rank-one summands, if we apply the above lemma for matroids
M4 and M3, we get an N-tuple of vectors in one dimension that is isolating for A. The follow-
ing corollary directly follows from above lemma and gives an N-tuple of vectors in ¢t = [log N]
dimension that is isolating for A.

Corollary B.7. Let A(z) = 3¢y iA; withrank(4;) <1 for alli € [N], and suppose det(A) # 0.
Let t = [log N, and let H be a positive integer. Let Wy € ZN be the all-ones vector. Let M{' and
M4 be matroids such that supp(A) is the set of their common bases.

For each i € [t], let u; € Zgo satisfy H > N max;e ) ui[j] and

ui(C) #0  for every cycle C in Cw,_, of length at most 2°.

Define W; = Z;zl Hi_juj. Then Cw, contains no cycles of length at most 2 for all i € [t].
Moreover, for each i € [N], define w; € Zq by wi[j] = wyli] for all j € [t]. Then w =
(w1,...,wy) € (ZtZO)N is isolating for A.

t

Proof. By Lemma B.6, the weight vector Wy = > .,

common base for M4 and M.
For a subset S C [N], write w(S) = 3 ,cqw; € Z%, and compare such vectors in lexicographic
order. By definition,

H'Jy; admits a unique maximum-weight

t
Wt(S) = ZHt_J Z’LL][’L]
j=1 icS
Since H > N max; j u;[i], there is no carry between the coefficients, and therefore for any two
subsets S1, 52 C [N],
Wt(Sl) > Wt(Sz) <~ w(Sl) > ’w(SQ)

in lexicographic order.

Thus, the unique maximum-weight common base under W} is also the unique maximum under
w, and hence w is isolating for A. O

Lemma B.8. Let N be a positive integer, t = [log N|, and 0 < e < 1. LetU = {ui,ug,...,up} C
Z]>V0 be a collection such that for any graph G with at most N edges and any set C of at most N*
cycles of G,

ufllzr/{[u(C') #0VC el >1—e.

Define W C (ZtZO)N as follows: for each T = (ay,...,a;) € [D]!, let w? = (wl, ... wk) with

w![j] = uq;li]  for alli € [N], j € [t].

Then W = {w? : T € [D]}.
Then, for any A(z) = 3_,cin) ©idi withrank(A;) <1 and det(A) # 0, at least a (1 —e)! fraction
of w €W are isolating for A.

Proof. Let T = (a1, as,...,a;) ~ [D]* be chosen uniformly and independently. Let H be an integer
greater than N max;e( jen] ta,[j]. Let Wy € Z™ be the all-ones vector, and for each i € [f], define
Wi = Z;':l H' ug,.

Let M3 and M3 be the matroids such that supp(A) is the set of their common bases. By
assumption on U, for any set C of cycles of size at most N4,

Pz[u(C)#OVCEC]Zl—e.
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From Lemma B.5, if Cy,_, has no cycles of length at most 271, then it contains at most N*
cycles of length at most 2¢. Hence, for each i € [t],

P[rm [uai(C) #0VC € Cw,_,, |C| < 2! ! Cw,_, has no cycles of length < 2i_1] >1—e.
a;~

We now prove by induction that for every i € {0,1,...,t},

( Plg D) [CWi has no cycles of length < Qi} >(1-¢)
A1y, ) o

The base case ¢ = 0 is trivial. For the inductive step,

Pr [CWi has no cycles of length < 2’]

(a1,...,ai)
[
[

x Pr [CWZ._1 has no cycles of length < 2i_1]
>(1-g)- (1)l =(1-e),

uq, (C) #0VC € Cw,_,, |C| < 2" and Cw,_, has no cycles of length < 21'*1}

uq, (C) #0VC € Cy,_,, |C| <2°| Cw,_, has no cycles of length < 2i_1]

where the first inequality holds by Lemma B.6, and the last inequality follows from the conditional
bound above and the induction hypothesis.

Thus, with probability at least (1 — ¢)!, the graph Cy, has no cycles of length at most 2! > N,
and hence is empty. By Lemma B.5, W; is isolating for M‘f‘ and M‘24. By Corollary B.7, this
implies that w” is isolating for A. O

Now we construct the collection U that will be used together with Lemma B.8 to obtain an
isolating set.

Claim B.9. Let N, s be positive integers, and let 0 < € < 1. Then there exists a collection U C Z]ZVO
such that for any bipartite graph G with edge set [N] and any set C of s cycles in G, at least a
(1 —¢) fraction of the vectors u € U satisfy u(C) # 0 for every C € C. Moreover,
. 2sN

< —

U[,  max ufj] <
u€eU, jE[N] IS

Proof. Let p be a prime satisfying % <p< 2?\] , which exists by Bertrand’s postulate. For each

ac{0,1,...,p— 1}, define a vector u, € {0,1,...,p — 1} by

ug[i] = a* mod p  for all i € [N].

Let U = {ug : 0 < a <p}C Zgo. Then |[U| = p < 2sN/e, and for every u € U and j € [N], we
have u[j] < p < 2 as desired.

Let C' = (e1,e9,...,e) be a cycle in G, where each e; € [N]. Define

14 14

foly) =y =)y € Zy,

=1 i=1

which is nonzero since the edges of C are distinct.
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For any a € {0,1,...,p — 1}, we have

¢ ¢
a) = ualeai1] =Y ualeai] (mod p).
=1 =1

In particular, if fo(a) Z 0 (mod p), then u,(C) # 0.

Now let fe = [[cec fo. Since each fc is nonzero, we have fe # 0. Its degree is at most sN.
Hence fc has at most sN roots in F),. Therefore, there are at least p—sN valuesa € {0,1,...,p—1}
such that fc(a) # 0 (mod p). For each such a, we have fo(a) #0 (mod p) for all C' € C, and hence
ug(C) # 0 for all C € C. Since p > sN/e, we have % > 1 — e. Therefore, at least a (1 —¢)
fraction of the vectors in U satisfy u(C') # 0 for every C' € C. O

Now we complete the proof of Lemma 5.6.

Proof of Lemma 5.6. Let t = [log N|. Let U C Z]ZVO be given by Claim B.9 with parameters s = N*
and £ = §/(2t), and let W C (Z’;O)N be the corresponding collection from Lemma B.8. Let S C F

be any set of size at least 8N £ Such a set exists by the assumption on |F|.

Define

H= aw,UEIFN w= (wi,...,wy) EW, veES Ay vt] = iji[j}
jelt]

We claim that H is a d-hitting set for VBP}”’ NF

Let

1€[N]

with 4; € F™" rank(A4;) < 1 for all ¢ € [N], and det(A) # 0. By Lemma B.8, at least a
(1 — —) >1- é fraction of the elements of W are isolating for A. Fix such a weight assignment

w = (wy,.. wN) where w; € ZL. Let Ay (y) be the matrix obtained from A by replacing each

z; with [T yj wild], By Claim B. 2 we have det(A,(y)) # 0.

By the construction of W and the properties of ¢ from Claim B.9, each entry of A,(y) is a
polynomial in y1, ...,y of total degree at most t max, ¢y, je[n) ulj] < 4N £ Since r < N, it follows
that
4NO¢?

5

By construction of H, for every v € S* we have det(A)(ay,») = det(Ay(y))(v). Therefore, by
)

the Schwartz—Zippel lemma, for at least a 1 — w 1-— é fraction of points v € St, we

have det(Aq(y))(v) # 0.

Combining the two bounds, for at least a (1 — 7) > 1—¢ fraction of pomts in H, the polynomial
det(A) evaluates to a nonzero value. Hence H is a d-hitting set for VBPH NF-
Finally, by construction,

deg(det(Ay(y))) <

O(log N)
= WISl =15t = () 0
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