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Abstract

We study when a sound arithmetic theory S⊇S1
2 with polynomial-

time decidable axioms efficiently proves the bounded consistency state-
ments ConS+ϕ(n) for a true sentence ϕ. Equivalently, we ask when
S, viewed as a proof system, simulates S+ϕ. The paper’s two un-
conditional contributions constrain possible characterizations. First,
for finitely axiomatized sequential S, if EA⊢ConS→ConS+ϕ, then S
interprets S+ϕ, implying S nO(1)

ConS(p(n))→ConS+ϕ(n) for some

polynomial p, and hence S nO(1)

ConS+ϕ(n). Second, if S fails to simu-
late S+ϕ for some true ϕ, then for all sufficiently large k it also fails for
ϕBB(k) asserting the exact value of the k-state Busy Beaver function.
Informally, any argument showing that S fails to simulate some S+ϕ
also yields unprovable ϕBB(k) witnessing the same obstruction. These
results suggest that relative consistency strength is a serious candidate
for governing when simulation is possible, while leaving open whether
it is the correct criterion.

The paper’s central conjectural proposal is that the above sufficient
condition is also necessary: if EA̸⊢ConS→ConS+ϕ, then for every

constant c>0, S ̸n
c

ConS+ϕ(n). Under this proposal, hardness follows
in canonical cases where ϕ is ConS or a Kolmogorov-randomness axiom.
The latter yields further conjectural consequences and extensions.

1 Introduction

“. . . the essence of the big open problems in complexity theory could be logical, rather than
combinatorial” — Pudlák [11]
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Let S⊇S1
2 be a sound arithmetic theory with polynomial-time decidable axioms, and let

ϕ be a true sentence independent of S. We study when S efficiently proves the bounded
consistency statements ConS+ϕ(n), where ConS+ϕ(n) asserts that S+ϕ has no proof of 0=1
within n symbols.

From the perspective of proof complexity, this asks when S, viewed as a proof system,
simulates S+ϕ.1 Independence alone does not prevent simulation: there are true indepen-
dent sentences ϕ such that S polynomial-time interprets S+ϕ, and hence efficiently proves
ConS+ϕ(n); see Pudlák [12, Lemma 3.6]. On the other hand, if no optimal proof system exists,

then for some true sentence ϕ one has for all c, S ̸n
c

ConS+ϕ(n); see Kraj́ıček and Pudlák [8,
Theorem 2.1].2 Thus the problem is to identify a criterion for ϕ that governs simulation and
non-simulation.

We formulate this as follows.

Characterization Problem. For every sound theory S⊇S1
2 and every true sentence

ϕ independent of S, determine when S nO(1)

ConS+ϕ(n), and when instead S ̸n
c

ConS+ϕ(n) for every constant c. Equivalently, determine when S simulates S+ϕ as a
proof system.3

A benchmark case is ϕ=ConS ; Pudlák [10, Problem 1] conjectures that S ̸n
c

ConS+ConS (n)
for every c. This conjecture implies that higher absolute consistency strength is a sufficient
condition for non-simulation (Theorem 3.6 below). The present paper asks for a more general
organizing principle for arbitrary true independent sentences ϕ, ideally a condition that is both
necessary and sufficient.

The paper’s first contribution identifies a new sufficient condition for simulation for finitely
axiomatized sequential S. If EA⊢ConS→ConS+ϕ, then S interprets S+ϕ. By proof translation,

there exists a polynomial p such that S nO(1)

ConS(p(n))→ConS+ϕ(n). Thus Theorem 3.4

shows that relative consistency (EA⊢ConS→ConS+ϕ) implies simulation (S nO(1)

ConS+ϕ(n))
for S finitely axiomatized and sequential. Taking this theorem to be tight leads to the following
structural candidate characterization of simulation. The paper develops that proposal and its
main consequences. In particular, the case ϕ=ConS and the Kolmogorov-randomness axioms
arise directly as natural instances of the same general obstruction.

1For background on proof complexity, see Kraj́ıček[7].
2We use the notation S nO(1)

ϕ(n) to mean that there exists a constant c such that S
has proofs of ϕ(n) of size at most nc for all sufficiently large n. Hardness statements are

written explicitly in the form “for every constant c, S ̸n
c

ϕ(n).”
3We limit attention to true ϕ to isolate non-simulation arising from lack of access to

additional correct information, rather than trivial failure due to unsound extensions, and
because this is the regime relevant for applications to tautologies, where ϕ expresses the
truth of a family of propositional formulas.
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The paper’s second contribution shows that canonical incompleteness phenomena already
suffice to witness non-simulation. More precisely, if S fails to simulate S+ϕ for some true
sentence ϕ, then for all sufficiently large k it also fails to simulate S1

2+ϕBB(k), where ϕBB(k)
asserts the exact value of the k-state Busy Beaver function, namely the maximum halting time
of any halting k-state Turing machine (Theorem 3.10).4 The change in base theory here is
deliberate: the theorem shows that once hardness occurs above S1

2 , it is already witnessed by
a canonical Busy Beaver extension of the weak base theory S1

2 . This aligns with Aaronson’s
observation that, for sufficiently large k, true Busy Beaver sentences can prove the consistency
of arbitrarily strong computably axiomatized theories [1, Proposition 3]. Thus the hardness
side of the Characterization Problem already appears among Busy Beaver sentences. Any
characterization of simulation should therefore explain these canonical unprovable truths.

Together, these results constrain possible characterizations and suggest two complementary
ways of thinking about hardness. First, in line with the Busy Beaver reduction, efficient
simulation should be controlled by information already visible to weak arithmetic; this points
toward a structural criterion formulated in terms of relative-consistency transfer. Second,
canonical sources of unprovable information such as Busy Beaver values and Kolmogorov-
random strings suggest a more semantic or information-theoretic obstruction: simulation
should fail when it would require access to true information that the base theory cannot itself
recover in any way certified in a weak base theory, such as Elementary Arithmetic. Although
weak, such a theory can prove true statements about Turing machines that halt.

These considerations motivate a single structural picture of hardness. The main proposal
of the paper is Higher Relative Consistency, which asserts that efficient simulation fails
exactly when weak arithmetic cannot certify that adjoining ϕ preserves consistency. Within
this framework, canonical hard axioms such as Busy Beaver values and Kolmogorov-random
truths arise as especially natural instances of the same obstruction.

Higher Relative Consistency (informal). If EA̸⊢ConS→ConS+ϕ, then for every

constant c, S ̸n
c

ConS+ϕ(n).

In other words, failure of relative-consistency should already rule out efficient simulation.
Combined with the positive simulation theorem, this yields a natural conjectural picture in
which simulation occurs exactly when weak arithmetic can certify that adjoining ϕ preserves
consistency.

The remainder of the paper is organized as follows. Section 2 provides preliminaries.
Section 3 presents unconditional constraints on any characterization. Section 4 develops
heuristic support for the proposed criterion. Section 5 states Higher Relative Consistency,
derives its main consequences, and formulates Kolmogorov Hardness as a distinguished random-
axiom instance of the general characterization. Section 6 develops extensions of Kolmogorov

4See Rado [13].
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Hardness. Section 7 discusses provability of Higher Relative Consistency. Section 8
concludes.

2 Preliminaries

We work with sound arithmetical theories S⊇S1
2 whose axioms are decidable in polynomial

time. Throughout, ϕ denotes a true arithmetical sentence, and S+ϕ is the corresponding true
extension of S. Unless explicitly stated otherwise, implications of the form ConS→ConS+ϕ
are understood as formalized in EA. This is the level at which the interpretability criteria
used later are naturally stated.

We fix a standard arithmetization of syntax. Proofs are encoded as binary strings, and
all proof lengths are measured in symbols under this encoding. As usual, any two reasonable

codings yield polynomially equivalent proof lengths, so statements of the form S nO(1)

ϕ(n) are
robust under the choice of coding.

For a theory S, let ConS(n) denote the bounded consistency statement asserting that there

is no S-proof of 0=1 of length at most n. We write S nc

ϕ(n) to mean that, for all sufficiently

large n, the sentence ϕ(n) has an S-proof of length at most nc. Likewise, S nO(1)

ϕ(n) means
that such proofs exist with polynomially bounded length.

We say that S simulates S+ϕ if S nO(1)

ConS+ϕ(n). Thus the Characterization Problem
asks when S admits polynomial-size proofs of the bounded consistency statements for the true
extension S+ϕ.

We say that ϕ raises the relative-consistency strength of S if EA̸⊢ConS→ConS+ϕ, where EA
is Elementary Arithmetic (Visser [14]). We introduce new terminology, saying that S has feasible

relative consistency for ϕ if there is a polynomial p such that S nO(1)

ConS(p(n))→ConS+ϕ(n).
We distinguish throughout between external proof-length bounds and formalized internal

implications. The statement S nO(1)

ConS+ϕ(n) is an external assertion about the existence of
short S-proofs, whereas EA⊢ConS→ConS+ϕ is an internal relative-consistency implication in
a weak base theory. Much of the paper is concerned with when the former should force the
latter.

Finally, we use standard notions of interpretability. When additional hypotheses such as
finite axiomatizability, sequentiality, or reflexivity are needed, they will be stated explicitly.
In the finitely axiomatized sequential setting, interpretability is closely related to relative-
consistency implications by the Orey–Hájek and Visser characterizations, and polynomial-time
interpretation yields polynomial overhead proof translation. These standard facts underlie the
paper’s unconditional upper-bound mechanism.

Whenever an external proof transformation is used to derive polynomial-size S-proofs,
we will state explicitly whether the transformation is merely true in the standard model,
formalizable in EA, or available with polynomial-size S-proofs.
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These notions fix the framework for the paper’s central question: whether simulation of
S+ϕ by S is governed by relative-consistency transfer, and in particular by the weak-base
implication EA⊢ConS→ConS+ϕ.

3 Unconditional Constraints on Characterizations

This section presents the paper’s unconditional results. The first shows in certain settings
that relative consistency implies feasible relative consistency and hence simulation. The
second shows that any hard true ϕ can, in a precise sense, be replaced by one of Busy Beaver
form. Together, these results isolate both the positive mechanism underlying simulation and a
canonical source of hardness, constraining any possible characterization.

The literature shows that simulation is possible in special cases. In particular, polynomial-
time interpretability implies efficient provability of the bounded consistency statements
ConS+ϕ(n); see Theorem 3.1.5 By contrast, Pudlák [10] conjectures that this fails already

for ϕ=ConS .
6 Unconditional lower bounds of the form S ̸n

O(1)

ConS+ϕ(n) are not known
for sound theories S⊇S1

2 ; such a result would imply that no optimal proof system exists, and
hence P ̸=NP ̸=coNP.

The two results proved in this section constrain possible answers to the Characterization
Problem in complementary ways. The first isolates a sufficient condition for simulation,
formulated in terms of relative consistency rather than polynomial-time interpretability. The
second shows that any instance of non-simulation can already be witnessed by ϕ referring
to Busy Beavers. Together, these results clarify both the positive mechanism underlying
simulation and a canonical source of hardness.

3.1 A Known Sufficient Condition for Simulation

A proof translation argument by Jeřábek, as presented by Pudlák [12, Lemma 3.6], shows that
if S polynomial-time interprets S+ϕ, then polynomial-size proofs of ConS(n) yield polynomial-
size proofs of ConS+ϕ(n). Moreover, for a given S, there are true sentences ϕ independent of
S such that S polynomial-time interprets S+ϕ, for example H-Rosser sentences as in Hájek–
Pudlák [5, Theorem 4.5(5)]. Thus, simulation is not ruled out for every true independent
sentence ϕ—non-simulation requires more than independence.

We present that argument with a theorem statement and proof in a form convenient for
this paper’s exposition.

5Freund and Pakhomov [4] show that such efficient provability can also occur when ϕ
expresses slow consistency.

6Khaniki [6] relates a weak form of Pudlák’s Conjecture to the existence of a computable
jump operator in proof complexity.
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Theorem 3.1 (Jeřábek, via Pudlák [12, Lemma 3.6]) Suppose S⊇S1
2 and S nO(1)

ConS(n). If

S polynomial-time interprets S+ϕ, then S nO(1)

ConS+ϕ(n).

Proof: Let i be a polynomial-time interpretation of S+ϕ in S. By the standard proof-
translation argument for interpretations, as presented in Pudlák [12, Lemma 3.6], there is a
polynomial p such that from every (S+ϕ)-proof π of a sentence ψ one can compute an S-proof
of the translated sentence ψi of length at most p(|π|).

Apply this to ψ ≡ 0=1. Then any (S+ϕ)-proof of contradiction of length at most n yields
an S-proof of (0=1)i of length at most p(n). Since i is an interpretation, (0=1)i is a fixed false
sentence, and there is a constant-size S-proof of (0=1)i→0=1. After increasing p if necessary,
it follows that any (S+ϕ)-proof of contradiction of length at most n yields an S-proof of 0=1
of length at most p(n).

The proof translation and its polynomial bound are formalizable in S1
2 , hence in S. Therefore

S proves that if there is no S-proof of contradiction of length at most p(n), then there is no
(S+ϕ)-proof of contradiction of length at most n. That is, S⊢∀n:ConS(p(n))→ConS+ϕ(n).

By assumption, S nO(1)

ConS(n). Substituting p(n) for n gives polynomial-size S-proofs
of ConS(p(n)). Composing these with this implication yields polynomial-size S-proofs of

ConS+ϕ(n). Hence S nO(1)

ConS+ϕ(n).

The essential content of the interpretation argument is not merely simulation, but the
existence of a uniform feasible relative-consistency implication from S to S+ϕ. All currently
known positive mechanisms for simulation pass through such implications.

A central question is the converse: whether every instance of simulation must admit such
an internal explanation.

3.2 Stronger Results on Simulation

The proof of Theorem 3.1 relies only on the existence of a polynomial p such that
S⊢∀n:ConS(p(n))→ConS+ϕ(n). This suggests the following sufficient condition for simulation:

S nO(1)

ConS(p(n))→ConS+ϕ(n). We call this feasible relative consistency.

Theorem 3.2 Let S⊇S1
2 be a sound theory with polynomial-time decidable axioms such that

S nO(1)

ConS(n). Then the following are equivalent:

1. S nO(1)

ConS(p(n))→ConS+ϕ(n) for some polynomial p.

2. S nO(1)

ConS+ϕ(n).

Proof: For (1)→(2), combine polynomial-size proofs of ConS(p(n)) with polynomial-size
proofs of ConS(p(n))→ConS+ϕ(n). This yields polynomial-size proofs of ConS+ϕ(n).

For (2)→(1), assume S nO(1)

ConS+ϕ(n). Fix any polynomial p. From a proof of ConS+ϕ(n),
one can derive a proof of ConS(p(n))→ConS+ϕ(n) with only polynomial overhead by prefixing
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a fixed implicational derivation. Since the formula ConS(p(n)) has size polynomial in n, the

resulting proof length remains polynomially bounded. Hence S nO(1)

ConS(p(n))→ConS+ϕ(n).

Accordingly, in what follows we treat simulation itself, namely S nO(1)

ConS+ϕ(n), as the

primary notion. When S nO(1)

ConS(n), feasible relative consistency is simply an equivalent
reformulation: condition (1) expresses feasible relative consistency, and condition (2) expresses
simulation. To state the contrapositive of the above theorem:

Corollary 3.3 Let S⊇S1
2 be a sound theory with polynomial-time decidable axioms such that

S nO(1)

ConS(n). Then, for any polynomial p, the following are equivalent:

1. S ̸n
O(1)

ConS+ϕ(n).

2. S ̸n
O(1)

ConS(p(n))→ConS+ϕ(n).

Proof: This follows immediately from Theorem 3.2 by contraposition in both directions.

The interpretation theorem yields the following stronger positive result in the finitely
axiomatized sequential setting.

Theorem 3.4 Suppose S⊇S1
2 is finitely axiomatized and sequential. If EA⊢ConS→ConS+ϕ,

then there exists a polynomial p such that S nO(1)

ConS(p(n))→ConS+ϕ(n). In particular,

S nO(1)

ConS+ϕ(n).

Proof: Pudlák[10] shows S nO(1)

ConS(n). By the standard interpretability criterion
for finitely axiomatized sequential theories, as presented by Visser [14], the hypothesis
EA⊢ConS→ConS+ϕ implies that S interprets S+ϕ. Since S is finitely axiomatized, so
is S+ϕ, and a fixed interpretation of a finitely axiomatized theory yields a polynomial-time
proof translation: the map ψ 7→ ψi is computable in polynomial time, and each translated
axiom has a fixed S-proof. Hence, S polynomial-time interprets S+ϕ.

By Theorem 3.1, it follows that S nO(1)

ConS+ϕ(n). The existence of a polynomial p such

that S nO(1)

ConS(p(n))→ConS+ϕ(n) then follows from Theorem 3.2.

By contrast, Pudlák [10] conjectures that even the benchmark case ϕ=ConS already yields
non-simulation:

Conjecture 3.5 (Pudlák’s Conjecture) For every constant c, S ̸n
c

ConS+ConS (n).
7

7Another natural candidate for a hard extension is given by the Buss jump [2], that is,
a sentence or schema asserting the soundness of the next level of bounded reasoning over S.
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Under Pudlák’s Conjecture, any true extension that raises absolute consistency (proves ConS)
is hard:

Theorem 3.6 Assume Pudlák’s Conjecture, and suppose S+ϕ⊢ConS . Then for every constant
c, S ̸n

c

ConS+ϕ(n).

Proof: Fix a proof π of ConS in S+ϕ.
There is a uniform proof transformation sending any (S+ConS)-proof to an (S+ϕ)-proof

by replacing each use of the extra axiom ConS by the fixed derivation π. This increases proof
length by at most a constant multiplicative and additive factor. Hence there exist a linear

polynomial p and a constant d such that S nd

ConS+ϕ(p(n))→ConS+ConS (n).

Suppose toward a contradiction that S nO(1)

ConS+ϕ(n). Since p is linear, substituting p(n)

for n still gives S nO(1)

ConS+ϕ(p(n)). Composing these proofs with this implication yields

S nO(1)

ConS+ConS (n), contrary to Pudlák’s Conjecture.

Therefore for every constant c, S ̸n
c

ConS+ϕ(n).

Then there is a gap between Pudlák’s Conjecture and the strongest known sufficient
condition for simulation, in Theorem 3.4:

Corollary 3.7 Pudlák’s Conjecture is not tight as a converse to Theorem 3.4.

Proof: Let θ be any true sentence such that S+ConS ̸⊢ θ, and put ϕ:=ConS∧θ. Then
S+ϕ⊢ConS , so by Theorem 3.6, one has, for every constant c, S ̸n

c

ConS+ϕ(n).
However, ϕ is strictly stronger than ConS over S. Indeed, S⊢ϕ→ConS is immediate. If

also S⊢ConS→ϕ, then S+ConS⊢ϕ, hence S+ConS⊢θ, contrary to the choice of θ.
Thus, the same hardness conclusion holds not only for the extension S+ConS , but also for

strictly stronger true extensions S+ϕ. Therefore Pudlák’s Conjecture is not tight as a converse
to Theorem 3.4.

Thus, there is a gap between Theorem 3.4 and Pudlák’s Conjecture. The former is governed
by feasible relative consistency, while the latter already yields hardness for extensions S+ϕ
satisfying S+ϕ⊢ConS , that raise absolute consistency. A central aim of the paper is to isolate
principles that close this gap.

3.3 Non-Simulation Implies Non-Simulation for Busy Beavers

A theory S for which, for every true sentence ϕ, there exists a polynomial bound on S-proofs of
ConS+ϕ(n)—would seem to support simulations that cannot be explained solely by information

If a chosen formalization yields a true sentence ϕJump such that S + ϕJump ⊢ ConS , then
Pudlák’s Conjecture already implies that S does not simulate S + ϕJump. The stronger
Higher Relative Consistency assumption yields the same conclusion directly.
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provable in S, since S does not prove all true sentences. We show that this phenomenon is
already witnessed by a canonical family of true sentences, namely exact Busy Beaver value
statements.

For each k, let tk=BB(k) be the true k-state Busy Beaver value, and let ϕBB(k) denote
the true sentence asserting the exact value BB(k)=tk. Since tk is the maximum halting time
of any halting k-state machine on blank input, S1

2 proves that ϕBB(k) implies that every
halting k-state machine on blank input halts within tk steps. We will use this bounded-halting
consequence in the proof of Lemma 3.9.

We begin by proving that, for any fixed true computably axiomatized theory, sufficiently
large Busy Beaver axioms already imply its consistency (Aaronson [1, Proposition 3]). The
relevant threshold is the size needed to realize the contradiction-search machine for the theory.
Once this is in place, any hard true extension of a sound theory S⊇S1

2 yields eventual hardness
throughout the Busy Beaver family.

Definition 3.8 (Contradiction Search Threshold) Let T be a computably axiomatized
theory, and let ET be a Turing machine which enumerates T -proofs and halts exactly when it
finds a proof of contradiction. Define kcsT to be any threshold such that for every k≥kcsT , there
is a k-state Turing machine computing the same partial function as ET .

Lemma 3.9 Let T be a fixed computably axiomatized true theory extending S1
2 . Then for

every k≥kcsT , one has S1
2+ϕBB(k)⊢ConT .

Proof: Fix k≥kcsT , and let U :=S1
2+ϕBB(k). By the choice of kcsT , there is a k-state Turing

machine computing the same partial function as ET , so we may reason in U about that k-state
realization of contradiction search for T .

Since ϕBB(k) asserts the exact value BB(k)=tk, the theory U proves that every halting
k-state Turing machine on blank input halts within at most tk steps.

Because T is true, the actual computation of ET does not find a contradiction within
the first tk steps. This is a fixed finite computation, so by standard bounded-arithmetic
formalization of finite computations, S1

2 proves the corresponding bounded halting fact, and
hence so does U . Therefore U⊢¬∃s≤tk

(
ET halts in exactly s steps

)
.

Combining these two facts, U proves that the contradiction-search machine for T never
halts at all, that is, U⊢¬∃s

(
ET halts in exactly s steps

)
. By the definition of ET , this is

exactly ConT . Therefore S
1
2+ϕBB(k)⊢ConT .

In particular, if T is consistent, then for every k≥kcsT , the true Busy Beaver sentence ϕBB(k)
is unprovable in T , since otherwise T would prove ConT .

With this result, we can show that the existence of some hard true extension S+ϕ is
equivalent to eventual hardness throughout the Busy Beaver family:

Theorem 3.10 The following are equivalent:

1. There exists a true sentence ϕ such that for every constant c, S ̸n
c

ConS+ϕ(n).
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2. For all sufficiently large k and every constant c, S ̸n
c

ConS1
2+ϕBB(k)(n).

Proof: (1)→(2) Assume there exists a true sentence ϕ such that for every constant c,

S ̸n
c

ConS+ϕ(n). Apply Lemma 3.9 with T =S+ϕ. Fix sufficiently large k, and write
Uk := S1

2+ϕBB(k). Then Uk⊢ConS+ϕ.
Fix once and for all a proof πk of ConS+ϕ in Uk. There is a uniform proof transformation

sending any (S+ϕ)-proof of contradiction to a Uk-proof of contradiction: given a code of an
(S+ϕ)-proof of 0=1 of length at most n, one appends the fixed derivation πk of ConS+ϕ and
the standard verification that the coded object is such a proof. This increases proof length by
at most a linear factor. Hence there exist a linear polynomial pk and a constant dk such that

S ndk
ConUk

(pk(n))→ConS+ϕ(n).

Suppose toward a contradiction that S nO(1)

ConUk
(n) for some sufficiently large k. Since

pk is linear, substituting pk(n) for n still gives S nO(1)

ConUk
(pk(n)). Composing these proofs

with this implication yields S nO(1)

ConS+ϕ(n), contrary to the hypothesis.

Therefore for all sufficiently large k and every constant c, S ̸n
c

ConS1
2+ϕBB(k)(n).

(2)→(1) Immediate, since for sufficiently large k the sentence ϕBB(k) is true.

Theorem 3.10 yields the following consequence. If a fixed sound theory S fails to simulate
some true extension S+ϕ, then for all sufficiently large k the fixed Busy Beaver family
(ConS1

2+ϕBB(k)(n))n is already hard for S. By itself this gives, for each S, only a theory-
dependent diagonal family. Under the global hypothesis that every sound theory in the
class has some hard true extension, however, one can diagonalize simultaneously over all
theory/exponent pairs and obtain a single nonconstructively chosen function k(n) such that the
family (ConS1

2+ϕBB(k(n))(n))n is hard for every theory in the class. Via the usual passage from
bounded-consistency hardness to propositional hardness, this yields a family of tautologies
hard for every proof system arising from such a theory class.

Theorem 3.11 Assume that for every sound theory S⊇S1
2 with polynomial-time decidable ax-

ioms there exists a true sentence ψ such that for every constant c, S ̸n
c

ConS+ψ(n). Then there
exists a nonconstructively chosen function k:N→N with unbounded range such that for every
sound theory S⊇S1

2 with polynomial-time decidable axioms, the family (ConS1
2+ϕBB(k(n))(n))n

is hard for S. Equivalently, for every such S and every constant c, S ̸n
c

ConS1
2+ϕBB(k(n))(n).

Proof: Let (Se, de)e∈N be an enumeration of all pairs consisting of a sound theory Se⊇S1
2

with polynomial-time decidable axioms and a positive integer exponent de≥1, with each pair
appearing infinitely often.

For each e, by hypothesis there exists a true sentence ψe such that for every constant c,
Se ̸n

c

ConSe+ψe(n). Therefore, by Theorem 3.10, there exists Ke such that for every fixed

m≥Ke, Se ̸
O(nde )

ConS1
2+ϕBB(m)(n).
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We choose inductively sequences m0<m1<m2< · · · and n0<n1<n2< · · · . At stage e≥1,

choose me with me≥Ke and me>me−1. Since Se ̸
O(nde )

ConS1
2+ϕBB(me)(n), there exists ne

such that every Se-proof of ConS1
2+ϕBB(me)(ne) has size greater than endee . Increase ne if

necessary so that ne>ne−1.
Define k(ne) := me for each e≥1, and define k(n) arbitrarily on all other inputs. Since

(me) is strictly increasing, the range of k is unbounded.
Fix a sound theory S⊇S1

2 with polynomial-time decidable axioms, and suppose toward a

contradiction that for some constant c, S nc

ConS1
2+ϕBB(k(n))(n). Then there exist constants

A,N such that for all n≥N , there is an S-proof of ConS1
2+ϕBB(k(n))(n) of size at most Anc.

Choose e such that Se=S, de≥c, e≥A, and ne≥N ; this is possible because every theory
appears infinitely often paired with arbitrarily large integers. At n=ne we have k(ne)=me, so
ConS1

2+ϕBB(k(ne))(ne) = ConS1
2+ϕBB(me)(ne). By construction every S-proof of this sentence

has size greater than endee , while endee ≥Ance. This contradicts the assumed upper bound.
Therefore, for every sound theory S⊇S1

2 with polynomial-time decidable axioms and every

constant c, S ̸n
c

ConS1
2+ϕBB(k(n))(n).

Under Pudlák’s Conjecture, one can give a stronger statement indicating just how large k
must be:

Theorem 3.12 Assume Pudlák’s Conjecture. Then for every k≥kcsS , for every constant c,

S ̸n
c

ConS+ϕBB(k)(n).

Proof: Fix k≥kcsS . Since S+ϕBB(k) extends S1
2+ϕBB(k), Lemma 3.9 implies

S+ϕBB(k)⊢ConS .
Fix once and for all a proof πk of ConS in S+ϕBB(k). Since k is fixed, the size of πk is a

constant independent of n.
There is a uniform proof transformation sending any (S+ConS)-proof to an (S+ϕBB(k))-

proof by replacing each use of the extra axiom ConS by the fixed derivation πk. This increases
proof length by at most a constant multiplicative and additive factor. Hence there exist a

linear polynomial pk and a constant dk such that S ndk
ConS+ϕBB(k)(pk(n))→ConS+ConS (n).

Suppose toward a contradiction that S nO(1)

ConS+ϕBB(k)(n). Since pk is linear, substituting

pk(n) for n still gives S nO(1)

ConS+ϕBB(k)(pk(n)). Composing these proofs with the displayed

implication yields S nO(1)

ConS+ConS (n), contrary to the hypothesis.

Therefore S ̸n
O(1)

ConS+ϕBB(k)(n). Since k≥kcsS was arbitrary, this holds for every such k.

These results show that Busy Beaver hardness is not merely a convenient encoding of
difficult extensions, but reflects a structural barrier to simulation. In each case, non-simulation
arises because S+ϕ carries consistency-strength information whose transfer is not already
visible over weak arithmetic.
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Informally, any argument showing that a sound theory S fails to simulate some true
extension S+ϕ also yields, for that same S, some Busy Beaver sentence ϕBB(k) that S cannot
prove witnessing the same obstruction. In this sense, the source of non-simulation already
appears among canonical incompleteness statements, and reflects a limit on the ability of S
to exploit true information it cannot itself prove. This is exactly the pattern predicted by
Higher Relative Consistency: if EA̸⊢ConS→ConS+ϕ, then ConS+ϕ(n) should already be
hard for S.

4 Heuristic Constraints

This section develops several heuristic constraints suggested by the above results. These con-
straints aim to limit the use of unprovable information in simulations, particularly information
drawn from immune sets such as Busy Beavers and Kolmogorov-random strings.

4.1 Tightness

A natural heuristic constraint on criteria for non-simulation is to assert that the best known
sufficient condition for simulation is already the best possible. Under this heuristic, the sufficient
condition from Theorem 3.4 is also necessary, and therefore becomes a characterization of
simulation. Equivalently, failure of that condition becomes the predicted criterion for non-
simulation. We adopt this only as a working principle: the paper does not prove that
Theorem 3.4 is optimal, which would in itself resolve open problems.

4.2 Feasible Reflection

A natural structural constraint on simulations is that externally short proofs of bounded
consistency should have an internal explanation in a weak base theory. The following definition
isolates that requirement.

Definition 4.1 Feasible Reflection holds for S if for every true sentence ϕ S nO(1)

ConS+ϕ(n)
implies EA⊢ConS→ConS+ϕ.

Feasible Reflection asserts that external polynomial-size simulation should already admit
a relative-consistency explanation over a weak base theory. In light of Theorem 3.2,

when S nO(1)

ConS(n), this means that feasible relative consistency should already imply
EA⊢ConS→ConS+ϕ. Informally, the point is not that proving each finite instance should
automatically yield a proof of the universal statement, but that efficient proofs of all
the bounded consistency statements should not exist unless there is already a weak-base
explanation for them. In that sense, Feasible Reflection is best viewed not as an induction
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principle, but as a structural constraint on efficient proofs that depend on true but unprovable
information.

By Theorem 3.2, if S nO(1)

ConS(n), Feasible Reflection states that feasible relative consis-

tency (S nO(1)

ConS(p(n))→ConS+ϕ(n)) already yields EA⊢ConS→ConS+ϕ.
8

4.3 Simulations Employing Unproven Facts

A natural refinement of the Busy Beaver phenomenon is obtained by considering Kolmogorov-
random strings. We fix a universal Turing machine U . For each string x∈{0, 1}∗, let KU (x)
denote the plain Kolmogorov complexity of x, that is, the length of the shortest program p
such that U(p)=x. Fix once and for all a constant cU , and let R denote the set of strings x
such that KU (x)≥|x|−cU . Thus R is the set of Kolmogorov-random strings relative to U , up
to the fixed additive constant cU . It is well known that R is infinite and immune; any theory
fails to prove x∈R with at most finite exceptions, by Chaitin’s[3] Incompleteness Theorem (Li
and Vitányi [9]).

Kolmogorov-random axioms x∈R suggest a particularly concrete source of hardness within
the relative-consistency viewpoint. The guiding intuition is that efficient simulation should not
be able to exploit true random information that the base theory cannot itself recover. This
leads to a candidate information-theoretic hardness principle. It should not be viewed as a
theorem from the structural discussion above, but rather as a distinguished random-axiom
instance of the same general obstruction.

One cannot expect such hardness for every true random axiom. By Theorem 3.4, simulation
is possible whenever EA⊢ConS→ConS+(x∈R). The natural question is therefore whether, in
the random-axiom case, the exact obstruction to simulation is failure of access to the axiom
already over EA+ConS .

Conjecture 4.2 (Kolmogorov Hardness) Whenever x∈R in the standard model, one has

S ̸n
O(1)

ConS+(x∈R)(n) if and only if EA+ConS ̸⊢x∈R. Equivalently, S nO(1)

ConS+(x∈R)(n)
if and only if EA+ConS⊢x∈R.

Lemma 4.3 For each fixed string x, EA proves ConS+(x∈R)→(x∈R). Consequently, if
EA⊢ConS→ConS+(x∈R), then EA+ConS⊢x∈R.

8Freund and Pakhomov [4] give an example, based on PA and slow consistency, show-
ing that external efficient simulation does not by itself force interpretability: PA has
polynomial-size proofs of ConPA+Con∗(PA)(n), while PA does not interpret PA+Con∗(PA).
This illustrates that additional bridge principles, such as Feasible Reflection, are needed to
connect simulation with relative-consistency transfer or interpretability.
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Proof: Fix a string x. If x/∈R in the standard model, then choose a specific program p and
a specific number of steps t such that |p|<|x|−cU and U(p) halts in exactly t steps with output
x. Since x, p, t are fixed standard objects, EA proves that this computation is correct, and
hence proves ¬(x∈R).

Now x∈R is an axiom of S+(x∈R). Therefore, from the EA-proof of ¬(x∈R), one can
construct a concrete S+(x∈R)-proof of contradiction. Because this proof is finite and explicit,
EA proves ¬ConS+(x∈R).

Thus EA proves ¬(x∈R)→¬ConS+(x∈R), and hence EA⊢ConS+(x∈R)→(x∈R). The conse-
quence follows by composing this implication with EA⊢ConS→ConS+(x∈R).

The point of this formulation is that EA+ConS⊢x∈R is exactly the kind of information
that can make simulation possible. Lemma 4.3 shows that it is also necessary. So the conjecture
says that this necessary condition is also sufficient: simulation occurs exactly in those cases
where EA+ConS already proves the random axiom.

Moreover, by Chaitin’s Incompleteness Theorem applied to the theory EA+ConS , only
finitely many true statements of the form x∈R are provable in that theory. Hence for all
sufficiently long Kolmogorov-random strings x, the condition EA+ConS ̸⊢x∈R automatically

holds, and the conjecture therefore predicts S ̸n
O(1)

ConS+(x∈R)(n).

5 Proposed Characterization of Simulation

Theorem 3.4 shows that relative consistency (EA⊢ConS→ConS+ϕ) implies simulation

(S nO(1)

ConS+ϕ(n)), for S finitely axiomatized and sequential. Taking this theorem to be
tight leads to the following structural candidate characterization of simulation. This section
develops that proposal and its main consequences. In particular, the case ϕ=ConS and
the Kolmogorov-randomness axioms arise directly as natural instances of the same general
obstruction, while the Busy Beaver reduction shows that arbitrary hard true extensions can be
transferred to exact Busy Beaver value statements.

Assumption 5.1 (Higher Relative Consistency) Let S⊇S1
2 be a sound theory with

polynomial-time decidable axioms. If EA̸⊢ConS→ConS+ϕ, then for every constant c>0,

S ̸n
c

ConS+ϕ(n). Equivalently, efficient simulation can occur only when the relative-
consistency implication is already provable in EA.

This assumption is intended as the converse to Theorem 3.4, and thus as a full characterization
of simulation in this setting.

5.1 Consequences of Higher Relative Consistency

The next theorem summarizes the main properties of Higher Relative Consistency and
shows that it performs well against the constraints developed earlier. It is tight relative to the
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best-known simulation result (Theorem 3.4); it is equivalent to Feasible Reflection; and, in the
finitely axiomatized sequential case, it implies Pudlák’s Conjecture and Kolmogorov Hardness.

Theorem 5.2 Let S⊇S1
2 be a sound theory with polynomial-time decidable axioms such that

S nO(1)

ConS(n). Then:

1. The principles Higher Relative Consistency and Feasible Reflection are equivalent.

2. Higher Relative Consistency implies Pudlák’s Conjecture: for every constant c, S ̸n
c

ConS+ConS (n).

If, in addition, S is finitely axiomatized and sequential, then:

3. Higher Relative Consistency is tight relative to Theorem 3.4: EA⊢ConS→ConS+ϕ if

and only if S nO(1)

ConS+ϕ(n).

4. Higher Relative Consistency implies Kolmogorov Hardness.

Proof: For part (1), first assume Higher Relative Consistency. Suppose

S nO(1)

ConS+ϕ(n). If EA̸⊢ConS→ConS+ϕ, then Higher Relative Consistency would

imply S ̸n
O(1)

ConS+ϕ(n), a contradiction. Hence EA⊢ConS→ConS+ϕ. Thus Feasible
Reflection holds.

Conversely, assume Feasible Reflection. Suppose EA̸⊢ConS→ConS+ϕ. If S
nO(1)

ConS+ϕ(n),
then by Feasible Reflection one would have EA⊢ConS→ConS+ϕ, a contradiction. Therefore

S ̸n
O(1)

ConS+ϕ(n). This is exactly Higher Relative Consistency.
For part (2), assume Higher Relative Consistency. Let U :=S+ConS . Since S is sound,

U is consistent and recursively axiomatizable. By Gödel’s Second Incompleteness Theorem,
U ̸⊢ConU . But ConU is exactly ConS+ConS . Therefore EA̸⊢ConS→ConS+ConS : otherwise,
because U extends EA and contains ConS , the theory U would prove ConS+ConS=ConU ,
contradicting Gödel’s theorem. Hence Higher Relative Consistency yields that for every
constant c>0, S ̸n

c

ConS+ConS (n).
For part (3), assume Higher Relative Consistency. If S is finitely axiomatized and

sequential and EA⊢ConS→ConS+ϕ, then Theorem 3.4 gives S nO(1)

ConS+ϕ(n).

Conversely, suppose S nO(1)

ConS+ϕ(n). If EA̸⊢ConS→ConS+ϕ, then Higher Rel-

ative Consistency would imply S ̸n
O(1)

ConS+ϕ(n), a contradiction. Therefore
EA⊢ConS→ConS+ϕ.

For part (4), assume Higher Relative Consistency, and suppose S is finitely axiomatized
and sequential. Let x∈R be true.

First suppose S nO(1)

ConS+(x∈R)(n). By part (1), this implies EA⊢ConS→ConS+(x∈R).
By Lemma 4.3, EA proves ConS+(x∈R)→(x∈R). Hence EA+ConS⊢x∈R.

Conversely, suppose EA+ConS⊢x∈R. By deduction, EA⊢ConS→(x∈R). Since EA can
formalize the trivial proof transformation replacing uses of the extra axiom (x∈R) by a proof of
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(x∈R) obtained from ConS , it follows that EA⊢ConS→ConS+(x∈R). Since S is finitely axiom-

atized and sequential, part (3) (equivalently, Theorem 3.4) now yields S nO(1)

ConS+(x∈R)(n).

Therefore S nO(1)

ConS+(x∈R)(n) if and only if EA+ConS⊢x∈R. Equivalently, S ̸n
O(1)

ConS+(x∈R)(n) if and only if EA+ConS ̸⊢x∈R. This is exactly Kolmogorov Hardness.

6 Further Conjectural Extensions

The core paper ends with Higher Relative Consistency and Conjecture 4.2. The present
section presents strictly stronger conjectures motivated by that picture, where hardness emerges
for small n and not only asymptotically. These are not consequences of the previous section and
are not needed for the main characterization program. Their role is to indicate what additional
phenomena would follow if the random-axiom obstruction were strengthened from polynomial
simulation hardness to subexponential hardness at the first syntactically meaningful proof
scale.

Two additional choices are needed. First, one must specify the target lower bound on proof
length; here we take subexponential hardness against proofs of size 2(1−ϵ)n. Second, one must
specify the least scale at which the relevant bounded-consistency statement becomes genuinely
nontrivial. Conceptually, there are two constraints. One is semantic: the ambient string length
n should lie beyond the point at which the base theory no longer already proves the randomness
statements under consideration. The other is syntactic: the bounded-consistency parameter
should be large enough that a proof of length at most n can even mention the added axiom.
For very small proof bounds the statement may be vacuous, and even after vacuity disappears
the bound may still be too small to mention the added axiom. In addition, we include one
harmless baseline term recording the least length of a valid proof string in the fixed proof
calculus. We therefore package all of these into a single threshold.

To make this explicit, fix a base theory S. Let NS
R be the maximum of the following three

quantities: the least length of a valid S-proof string in the fixed proof calculus; a semantic
threshold beyond which S proves no sentence of the form x∈R; and a syntactic threshold
beyond which a proof of length at most n can already mention the added axiom x∈R.

The easy direction in the finite-scale principles below is routine.

Lemma 6.1 Assume S nO(1)

ConS(n). If S⊢ϕ, then S nO(1)

ConS+ϕ(n).

Proof: Since S⊢ϕ, any proof in S+ϕ can be converted into a proof in S by replacing
each use of the extra axiom ϕ by a fixed S-proof of ϕ. Weak arithmetic formalizes this proof
transformation with only polynomial overhead. Hence polynomial-size S-proofs of ConS(n)
yield polynomial-size S-proofs of ConS+ϕ(n).
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By the choice of NS
R , Lemma 6.1 gives the easy direction in the conjecture below: whenever

S⊢x∈R and n>NS
R , the bounded-consistency statement ConS+x∈R(n) has polynomial-size,

and hence also subexponential-size, S-proofs.

Conjecture 6.2 (SETH-K-Finite) For every ϵ>0, every n>NS
R , and every string x∈{0, 1}n,

one has S 2(1−ϵ)n

ConS+x∈R(n) if and only if S⊢x∈R.

6.1 No Mutual Help

Kolmogorov Hardness alone does not imply a no-mutual-help statement formulated in terms of
provability in the extended theory T :=S+x∈R. Applied to the base theory T , it yields at most
a criterion in terms of whether EA+ConT ⊢y∈R, not in terms of whether T ⊢y∈R. SETH-
K-Finite is therefore a strictly stronger finite-scale strengthening, not a consequence of the
previous section. This says that, above the relevant threshold for R, the only subexponentially
easy bounded-consistency instances arising from exact randomness axioms are those whose
axioms were already theorems of the base theory.

Now let x∈R be true and put T :=S+x∈R. Let NT
R be the threshold defined for the base

theory T and the predicate R in the same way that NS
R was defined for S.

Theorem 6.3 Assume SETH-K-Finite. Let x∈R be true, let T :=S+x∈R, and suppose T
is sound and belongs to the same class of theories as S. Then for every ϵ>0, every n>NT

R ,

and every string y∈{0, 1}n, one has T 2(1−ϵ)n

ConT +y∈R(n) if and only if T ⊢y∈R.

Proof: Apply SETH-K-Finite with base theory T .

Corollary 6.4 Assume SETH-K-Finite. Let x∈R be true, let T :=S+x∈R, and suppose T
is sound and belongs to the same class of theories as S. Then for every ϵ>0, every n>NT

R ,

and every string y∈{0, 1}n, if T ̸⊢y∈R, then T ̸2(1−ϵ)n

ConT +y∈R(n).

Proof: This is the contrapositive direction of Theorem 6.3.

6.2 Density of Hard Sentences

For density arguments, the set R is not the most convenient one, because it need not occupy
a large fraction of {0, 1}n. For that purpose it is better to pass to the logarithmic-deficiency
set Rlog, defined by x∈Rlog if and only if KU (x)≥|x|−d log |x|. Below, we will refer to SETH-
K-Finite with R replaced by Rlog; this yields a finite-scale strengthening on a set of strings
whose density tends to 1.

Theorem 6.5 Assume SETH-K-Finite (with R replaced with Rlog). Then for every ϵ>0

and every n>NS
Rlog , at least (1−O(n−d))2n strings x∈{0, 1}n satisfy S ̸2(1−ϵ)n

ConS+x∈Rlog(n).
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Proof: By definition of Rlog, if x/∈Rlog then KU (x)<|x|−d log |x|. Hence the number of
strings of length n outside Rlog is at most 2n−d logn+1=O(2n/nd). So at least (1−O(n−d))2n
strings of length n lie in Rlog.

Now let x∈Rlog ∩ {0, 1}n. Since n>NS
Rlog , the defining property of NS

Rlog gives S̸⊢x∈Rlog.

By SETH-K-Finite (for Rlog), it follows that S ̸2(1−ϵ)n

ConS+x∈Rlog(n).

Thus, for every n>NS
Rlog , hard bounded-consistency instances occupy a (1−O(n−d)) fraction

of {0, 1}n. If these bounded-consistency statements are translated into tautologies in the usual
way, then the resulting tautologies are hard on a density-1−O(n−d) set at each such length.

7 Remarks on Provability

A complementary question is whether Higher Relative Consistency might itself be unprov-
able. This section is exploratory: it does not establish an independence result for Higher
Relative Consistency, but records reasons one might expect that natural uniform formula-
tions of the principle will be difficult to prove inside weak first-order theories. The first reason
is model-theoretic: the intended meaning of Higher Relative Consistency is external and
specific to the standard model, whereas any proof in weak arithmetic must proceed through
the internal arithmetized proof predicate. The second is complexity-theoretic: a sufficiently
uniform proof of Higher Relative Consistency would already yield the major lower bounds
that motivate the paper.

The model-theoretic issue is basic. Let PrfS(p, q) be the usual formula expressing that
p codes an S-proof of the sentence with Gödel number q. If M |=S is nonstandard, then
an element p∈M may satisfy M |=PrfS(p, ⌜φ⌝) even though p is nonstandard and does not
correspond to any genuine finite proof in the standard model. From the internal point of view
of M , however, such a p is simply a proof of φ. Thus nonstandard models can contain spurious
witnesses to provability that have no external proof-theoretic meaning.

This matters because the assertion that S nc

ConS+ϕ(n) is intended externally. It means
that for each standard n there is a genuine finite S-proof of the standard sentence ConS+ϕ(n)
whose length is bounded by a fixed polynomial in n. Any internal first-order formalization,
however, necessarily replaces this by quantification over all elements of a model, including
nonstandard proof codes and nonstandard bounds. Thus the internalized sentence can hold in
a nonstandard model for reasons that have nothing to do with genuine external simulation.

Accordingly, Higher Relative Consistency is not merely a statement about the absence
of internal witnesses to short proofs. It is a statement that internal proof data correctly
tracks external simulation data in the standard model. But that is precisely what first-order
arithmetic cannot in general enforce from within: it has no way to isolate the standard proof
codes from nonstandard ones, nor the standard proof-length bounds from nonstandard ones.
In this sense, Higher Relative Consistency behaves less like an ordinary reflection principle
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and more like a standardness principle saying that only genuine external polynomial-size proofs
should count as simulation data.

The same issue appears in the random-axiom setting. Even when S̸⊢x∈R, a nonstandard
model may still internally treat the bounded-consistency statements for S+(x∈R) as having
short S-proofs, because nonstandard proof codes can witness the corresponding arithmetized
proof predicates. Thus an internalized version of the simulation claim may hold in such a model
even when no genuine polynomial simulation exists externally. This is exactly why principles
such as Higher Relative Consistency and Kolmogorov Hardness are best understood as
external constraints on when apparent simulation data should be taken seriously.

There is also a second reason to doubt provability. A sufficiently uniform proof of Higher
Relative Consistency would not be a modest metamathematical tidying-up result. Combined
with the unconditional simulation theorem and the Busy Beaver reduction, it would already
yield sweeping lower bounds, including canonical Busy Beaver witnesses to non-simulation and,
in the global form, the nonexistence of an optimal theory or proof system. Thus any proof
of Higher Relative Consistency strong enough to support the paper’s main applications
would already settle central open problems.

This point is especially clear in the uniform setting. For a fixed pair (S, ϕ), an instance of
Higher Relative Consistency can be arithmetized as an ordinary first-order sentence about
proof predicates and proof lengths. Thus, for a specific theory such as ZFC, it is meaningful
to ask whether that particular instance is provable, refutable, or independent. However, the
discussion above does not establish such an independence result for any fixed instance. Rather,
it explains why the most natural and useful forms of Higher Relative Consistency are not
merely ordinary internal first-order assertions.

The difficulty increases once one passes from fixed instances to uniform forms. A theorem
ranging over all true ϕ, even for one fixed S, must still relate internal proof-predicate assertions
to genuine standard-model simulation behavior. That is exactly where nonstandard models
interfere. What is difficult is not writing down the arithmetization, but justifying the passage
from internal proof data to external polynomial simulation claims. The difficulty becomes
sharper still in the fully global form ranging over all sound S and all true ϕ, since both
soundness and truth are themselves external semantic conditions.

This also clarifies the role of stronger foundational frameworks. Merely moving from
first-order to second-order syntax does not by itself remove the problem, so long as one remains
inside a formal theory with its own internal proof predicate and associated nonstandard proof
theory. The real issue is not the order of the language, but access to standard truth. For
exact Busy Beaver sentences ϕBB(k), the obstruction is already visible: a uniform treatment
of all such sentences requires more than the resources needed merely to formalize bounded
consistency. The upper-bound side of an exact Busy Beaver statement is naturally Π1, while
the lower-bound side is witnessed by an explicit finite halting computation. Thus a metatheory
with a truth predicate for all true Π1 sentences, together with ordinary arithmetic verification
of finite computations, is a natural setting for uniform reasoning about the Busy Beaver family.
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For Higher Relative Consistency in full generality, ranging over arbitrary true ϕ, one would
want a broader truth or satisfaction framework, or else an explicitly external axiom schema.

Accordingly, the right conclusion is not that the preceding argument proves independence
of Higher Relative Consistency from ZFC or from any other specific theory. Rather, it
shows that the global form of Higher Relative Consistency is most naturally understood
as an external structural principle whose faithful formulation already points beyond ordinary
first-order arithmetic. If Higher Relative Consistency is true, its role may therefore be
closer to that of an external axiom governing when apparent simulation data reflects genuine
proof-theoretic structure.

8 Conclusion

This paper studies the Characterization Problem for simulation between arithmetic theories
and advances a specific conjectural answer to its hardness side. It does not solve the problem.
Rather, its unconditional results isolate constraints that any successful characterization should
satisfy, while its conjectural part proposes one way those constraints might fit together.

The paper’s two unconditional contributions are structural. First, feasible relative con-
sistency suffices for simulation, giving a general upper-bound mechanism that includes the
case in which EA⊢ConS→ConS+ϕ. Second, any hard true extension can be replaced by one
of Busy Beaver form, showing that canonical incompleteness phenomena already suffice to
witness non-simulation.

Against this backdrop, the paper proposes Higher Relative Consistency as its central
structural criterion: if EA̸⊢ConS→ConS+ϕ, then for every constant c>0, S ̸n

c

ConS+ϕ(n).
This is the paper’s main candidate characterization of simulation in terms of relative-consistency
transfer in a weak base theory.

Within this framework, the paper also formulates Kolmogorov Hardness as a distinguished
random-axiom instance of the same general obstruction. Its guiding idea is that canonical
random axioms should instantiate the hardness predicted by failure of weak-base relative-
consistency transfer. In this sense, Kolmogorov Hardness is not a competing criterion, but a
particularly natural specialization of Higher Relative Consistency.

Proving Higher Relative Consistency would amount to a major breakthrough. As
the missing converse to the strongest known upper-bound mechanism, it would convert
relative-consistency transfer in a weak base theory from a sufficient condition into a genuine
characterization of simulation. Whether that proposal is correct remains open, but the present
paper substantially narrows the space of plausible alternatives: any successful characterization
must explain sufficient conditions for simulation and why canonical incompleteness phenomena,
already at the level of Busy Beaver truths and random axioms, suffice to witness its failure.
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