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Abstract
We study when a sound arithmetic theory S2S3 with polynomial-
time decidable axioms efficiently proves the bounded consistency state-
ments Congyg(n) for a true sentence ¢. Equivalently, we ask when
S, viewed as a proof system, simulates S+¢. The paper’s two un-
conditional contributions constrain possible characterizations. First,
for finitely axiomatized sequential S, if EAFCons—Cons,4, then S

o)
interprets S+¢, implying SlLC’onS(p(n))%Cong+¢(n) for some

. nPM . . .
polynomial p, and hence SI—Con5+¢(n). Second, if S fails to simu-
late S+¢ for some true ¢, then for all sufficiently large k it also fails
to simulate Si+¢pp(k), where ¢pp(k) asserts the exact value of the
k-state Busy Beaver function. Informally, any hard true extension
yields a canonical Busy Beaver witness to the same obstruction. These
results suggest that relative consistency strength is a serious candidate
for governing when simulation is possible, while leaving open whether
it is the correct criterion.

The paper’s central conjectural proposal is: for finitely axiomatized
sequential S, if EA/Cons—Congsyg, then for every constant c¢>0,
S#Consw’(n). Under this proposal, hardness follows in canonical
cases where ¢ is Cong or a Kolmogorov-randomness axiom. The latter
yields further conjectural consequences and extensions.

1 Introduction

“...the essence of the big open problems in complexity theory could be logical,
rather than combinatorial” — Pudlék [13]
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Let SDS1 be a sound arithmetic theory with polynomial-time decidable
axioms, and let ¢ be a true sentence independent of S. We study when
S efficiently proves the bounded consistency statements Cong4(n), where
Congys(n) asserts that S+¢ has no proof of 0=1 within n symbols.

From the perspective of proof complexity, this asks when S, viewed
as a proof system, simulates S+¢.! Independence alone does not prevent
simulation: there are true independent sentences ¢ such that S polynomial-
time interprets S+¢, and hence efficiently proves Cong;e(n); see Pudlak [14,
Lemma 3.6]. On the other hand, if no optimal proof system exists, then
for some true sentence ¢ one has for all ¢, SHCLC’onSW(n); see Krajicek and
Pudldk [8, Theorem 2.1].2 Thus the problem is to identify a criterion for ¢
that governs simulation and non-simulation.

We formulate this as follows.

Characterization Problem. For every sound theory SDS1
and every true sentence ¢ independent of S, determine when

nO(l) . ng
SI—Con5+¢(n), and when instead S|7LC’0n5+¢(n) for every
constant ¢. Equivalently, determine when S simulates S+¢ as a
proof system.?

A benchmark case is ¢=Cong; Pudlak [12, Problem 1] conjectures that
S|7nZCon3+conS(n) for every c. This conjecture implies that higher absolute
consistency strength is a sufficient condition for non-simulation (Theorem 3.6
below). The present paper asks for a more general organizing principle
for arbitrary true independent sentences ¢, ideally a condition that is both
necessary and sufficient.

The paper’s first contribution identifies a new sufficient condition for
simulation for finitely axiomatized sequential S. If EAFCons—Cons.4, then
S interprets S+¢, where EA is Elementary Arithmetic (Visser [16]). By proof

For background on proof complexity, see Krajicek[7].

o(1)

2We use the notation Sln—¢(n) to mean that there exists a constant ¢ such that S
has proofs of ¢(n) of size at most n¢ for all sufficiently large n. Hardness statements are
written explicitly in the form “for every constant ¢, S I%‘F— o(n).”

3We limit attention to true ¢ to isolate non-simulation arising from lack of access to
additional correct information, rather than trivial failure due to unsound extensions, and
because this is the regime relevant for applications to tautologies, where ¢ expresses the
truth of a family of propositional formulas.



n0(1)
translation, there exists a polynomial p such that Sl—lConS (p(n))—=Congyy(n).
Thus Theorem 3.4 shows that relative consistency (EAFCons—Conse) im-

plies simulation (SIﬂC’ongw(n)) for S finitely axiomatized and sequential.
Taking this theorem to be tight leads to the following structural candidate
characterization of simulation. The paper develops that proposal and its
main consequences. In particular, the case ¢p=Cons and the Kolmogorov-
randomness axioms arise directly as natural instances of the same general
obstruction.

The paper’s second contribution shows that canonical incompleteness
phenomena already suffice to witness non-simulation. More precisely, if S
fails to simulate S+¢ for some true sentence ¢, then for all sufficiently large
k it also fails to simulate S;+¢pp(k), where ¢ppp(k) asserts the exact value
of the k-state Busy Beaver function, namely the maximum halting time of
any halting k-state Turing machine (Theorem 3.10).* The change in base
theory here is deliberate: the theorem shows that once hardness occurs above
S1, it is already witnessed by a canonical Busy Beaver extension of the weak
base theory S3. This aligns with Aaronson’s observation that, for sufficiently
large k, true Busy Beaver sentences can prove the consistency of arbitrarily
strong computably axiomatized theories [1, Proposition 3|. Thus the hardness
side of the Characterization Problem already appears among Busy Beaver
sentences. Any characterization of simulation should therefore explain these
canonical unprovable truths.

Together, these results constrain possible characterizations and suggest two
complementary ways of thinking about hardness. First, in line with the Busy
Beaver reduction, efficient simulation should be controlled by information
already visible to weak arithmetic; this points toward a structural criterion
formulated in terms of relative-consistency transfer. Second, canonical sources
of unprovable information such as Busy Beaver values and Kolmogorov-
random strings suggest a more semantic or information-theoretic obstruction:
simulation should fail when it would require access to true information that
the base theory cannot itself recover in any way certified in a weak base
theory, such as EA. Although weak, such a theory can prove true statements
about Turing machines that halt.

These considerations motivate a single structural picture of hardness. The
main proposal of the paper is Higher Relative Consistency (HRC), which
asserts that, for a true sentence ¢, efficient simulation fails exactly when weak

4See Rado [15].



arithmetic cannot certify that adjoining ¢ preserves consistency.

Higher Relative Consistency (informal). For every true
sentence ¢: if FA/Cons—Consis, then for every constant c,

S |7nz Congie(n).

In other words, failure of relative-consistency should already rule out
efficient simulation. Combined with the positive simulation theorem, this
yields a natural conjectural picture in which simulation occurs exactly when
weak arithmetic can certify that adjoining ¢ preserves consistency.

The remainder of the paper is organized as follows. Section 2 provides
preliminaries. Section 3 presents unconditional constraints on any characteriza-
tion. Section 4 develops heuristic support for the proposed criterion. Section 5
states Higher Relative Consistency, derives its main consequences, and
formulates Kolmogorov Hardness as a distinguished random-axiom instance
of the general characterization. Section 6 develops extensions of Kolmogorov
Hardness. Section 7 discusses provability of Higher Relative Consistency.
Section 8 concludes.

2 Preliminaries

We work with sound arithmetical theories S255 whose axioms are decidable
in polynomial time. Throughout, ¢ denotes a true arithmetical sentence, and
S+¢ is the corresponding true extension of S. Unless explicitly stated other-
wise, implications of the form Cons—Cons,4 are understood as formalized
in FA. This is the level at which the interpretability criteria used later are
naturally stated.

We fix a standard arithmetization of syntax and a fixed presentation of
each theory under discussion. Throughout, Congs denotes the corresponding
arithmetized consistency predicate. Proofs are encoded as binary strings, and
all proof lengths are measured in symbols under this encoding. As usual,
any two reasonable codings yield polynomially equivalent proof lengths, so

statements of the form Slﬂ(b(n) are robust under the choice of coding.
For a theory S, let Cong(n) denote the bounded consistency statement

asserting that there is no S-proof of 0=1 of length at most n. We write

Sln—cczﬁ(n) to mean that, for all sufficiently large n, the sentence ¢(n) has an



S-proof of length at most n°. Likewise, SILO)(b(n) means that such proofs
exist with polynomially bounded length.

We say that S simulates S+¢ if SIﬂC’0n5+¢(n). Thus the Characteri-
zation Problem asks when & admits polynomial-size proofs of the bounded
consistency statements for the true extension S+¢.

We say that ¢ raises the relative-consistency strength of S if EAFCong—
Congyy, where EA is Elementary Arithmetic (Visser [16]). We introduce
new terminology, saying that S has feasible relative consistency for ¢ if there

is a polynomial p such that Slﬂ00n3(p(n))—>6’0ng+¢(n).
We distinguish throughout between external proof-length bounds and for-

malized internal implications. The statement Slﬂ00n5+¢(n) is an external
assertion about the existence of short S-proofs, whereas FAFCong—Cons,
is an internal relative-consistency implication in a weak base theory. Much of
the paper is concerned with when the former should force the latter.

Finally, we use standard notions of interpretability. When additional
hypotheses such as finite axiomatizability or sequentiality are needed, they will
be stated explicitly. In the finitely axiomatized sequential setting used below,
the relevant equivalence is the Friedman—Visser interpretability criterion:
Friedman’s characterization treats the appropriate consistency statement for
a finitely axiomatized target as the weakest sentence whose adjunction yields
an interpretation, and Visser’s Interpretation Existence Lemma supplies
the weak-base relative-consistency-to-interpretation direction [16]. Thus,
in this regime, FAFCons—Consy, is equivalent to an interpretation of
S+¢ in §, relative to the fixed presentations and formalized consistency
predicates. Polynomial-time interpretation yields polynomial-overhead proof
translation. These standard facts underlie the paper’s unconditional upper-
bound mechanism.

Whenever an external proof transformation is used to derive polynomial-
size S-proofs, we will state explicitly whether the transformation is merely true
in the standard model, formalizable in E A, or available with polynomial-size
S-proofs.

These notions fix the framework for the paper’s central question: whether
simulation of S+¢ by & is governed by relative-consistency transfer, and in
particular by the weak-base implication EAFCons—Cons. 4.



3 Unconditional Constraints on Characteriza-
tions

This section presents the paper’s unconditional results. The first shows in
certain settings that relative consistency implies feasible relative consistency
and hence simulation. The second shows that any hard true ¢ can, in a
precise sense, be replaced by one of Busy Beaver form. Together, these results
isolate both the positive mechanism underlying simulation and a canonical
source of hardness, constraining any possible characterization.

The literature shows that simulation is possible in special cases. In
particular, polynomial-time interpretability implies efficient provability of the
bounded consistency statements Cons, 4(n); see Theorem 3.1.> By contrast,
Pudlék [12] conjectures that this fails already for ¢=Congs.5 Unconditional

lower bounds of the form & }nﬁo& Cons.s(n) are not known for sound theories
S§255;; such a result would imply that no optimal proof system exists, hence
NP+#coNP.

The two results proved in this section constrain possible answers to the
Characterization Problem in complementary ways. The first isolates a suf-
ficient condition for simulation, formulated in terms of relative consistency
rather than polynomial-time interpretability. The second shows that any
instance of non-simulation can already be witnessed by ¢ referring to Busy
Beavers. Together, these results clarify both the positive mechanism underly-
ing simulation and a canonical source of hardness.

3.1 A Known Sufficient Condition for Simulation

A proof translation argument by Jerdbek, as presented by Pudlak [14,
Lemma 3.6], shows that if S polynomial-time interprets S+¢, then polynomial-
size proofs of Cong(n) yield polynomial-size proofs of Cong,(n). Moreover,
for a given S, there are true sentences ¢ independent of S such that S

SFreund and Pakhomov [4] prove polynomial-size finite-consistency proofs for a slow-
consistency extension. This is a calibration test, not by itself a counterexample to the
proposed characterization: short bounded proofs do not determine whether the exact global
E A relative-consistency implication used here holds for the chosen presentations, and the
infinitely axiomatized setting requires separate interpretability analysis.

6Khaniki [6] studies computable jump operators, which produce from every proof system
one that it cannot simulate; whether such operators exist is open, and Pudlak’s Conjecture
would supply one via S—S+Cons.
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Figure 1: Current knowledge about simulation by S. The left region records
the known easy zone: when S interprets S+¢, one obtains feasible bounded-
consistency proofs [14]. The middle region records the open problem for
computable true ¢, with Congs as the central test case. Khaniki [6] shows
that if a computable jump operator exists, then Pudlak’s conjecture holds;
equivalently, computable hard-jump behavior transfers to the canonical con-
sistency extension Cong.

polynomial-time interprets S+¢, for example H-Rosser sentences as in Hajek—
Pudldk [5, Theorem 4.5(5)]. Thus, simulation is not ruled out for every true
independent sentence ¢—mnon-simulation requires more than independence.
Figure 1 summarizes current knowledge.

We present that argument with a theorem statement and proof in a form
convenient for this paper’s exposition.

Theorem 3.1. (Jerdbek, via Pudldk [1/, Lemma 3.6]) Suppose SDS3 and
no® o nOM)
SI—C’onS(n). If § polynomial-time interprets S+¢, then SI—Con3+¢(n).

Proof. Let i be a polynomial-time interpretation of S+¢ in S. By the standard
proof-translation argument for interpretations, as presented in Pudlék [14,
Lemma 3.6], there is a polynomial p such that from every (S+¢)-proof 7 of
a sentence v one can compute an S-proof of the translated sentence 9" of
length at most p(|r|).



Apply this to 1 = 0=1. Then any (S+¢)-proof of contradiction of length
at most n yields an S-proof of (0=1) of length at most p(n). Since 7 is an
interpretation, (0=1)" is a fixed false sentence, and there is a constant-size
S-proof of (0=1)'—0=1. After increasing p if necessary, it follows that any
(S+¢)-proof of contradiction of length at most n yields an S-proof of 0=1 of
length at most p(n).

The proof translation and its polynomial bound are formalizable in S3,
hence in §. Therefore S proves that if there is no S-proof of contradiction of
length at most p(n), then there is no (S+¢)-proof of contradiction of length
at most n. That is, SFVn:Cong(p(n))—=Consis(n).

oM L . .
By assumption, Sl—lCong(n). Substituting p(n) for n gives polynomial-
size S-proofs of Cong(p(n)). Composing these with this implication yields
RO
polynomial-size S-proofs of Congy4(n). Hence SI—C’onS+¢(n). O

The essential content of the interpretation argument is not merely simula-
tion, but the existence of a uniform feasible relative-consistency implication
from S to S+¢. All currently known positive mechanisms for simulation pass
through such implications.

A central question is the converse: whether every instance of simulation
must admit such an internal explanation.

3.2 Stronger Results on Simulation

The proof of Theorem 3.1 relies only on the existence of a polynomial p
such that SFVn:Congs(p(n)) —Congsis(n). This suggests the following suffi-

nO1) .
cient condition for simulation: SI—IConS (p(n)) =Congis(n). We call this
feasible relative consistency.

Theorem 3.2. Let SDSI be a sound theory with polynomial-time decidable
axioms such that SIﬂC’onS(n). Then the following are equivalent:

1. SIﬂConS(p(n))%ConSﬂﬁ(n) for some polynomial p.

2. S|ﬂ00n5+¢(n) .

Proof. For (1)—(2), combine polynomial-size proofs of Congs(p(n)) with
polynomial-size proofs of Cong(p(n))—Consis(n). This yields polynomial-
size proofs of Congi4(n).



For (2)—(1), assume S|ﬂ00n3+¢(n). Fix any polynomial p. From a
proof of Congi4(n), one can derive a proof of Cong(p(n))—Conste(n) with
only polynomial overhead by prefixing a fixed implicational derivation. Since
the formula Cong(p(n)) has size polynomial in n, the resulting proof length

remains polynomially bounded. Hence SlﬂC’onS(p(n))—)C’onS+¢(n). O

Accordingly, in what follows we treat simulation itself, namely
nO) i . nOM) .
SI—C’on3+¢(n), as the primary notion. When SI—ConS(n), feasi-

ble relative consistency is simply an equivalent reformulation: condition (1)
expresses feasible relative consistency, and condition (2) expresses simulation.
To state the contrapositive of the above theorem:

Corollary 3.3. Let SDS1 be a sound theory with polynomial-time decidable

nPMm . .
axioms such that SI—ICOTLS(n). Then, for any polynomial p, the following
are equivalent:

1. § }nﬁoﬁ Consye(n).

2. S }nﬁoﬁ Cons(p(n))—Congys(n).

Proof. This follows immediately from Theorem 3.2 by contraposition in both
directions. ]

The interpretation theorem yields the following stronger positive result in
the finitely axiomatized sequential setting.

Theorem 3.4. Suppose SDSi is finitely aziomatized and sequential.
If EAFCons—Consys, then there exists a polynomial p such that

SI—nO(1> Cons(p(n))—Consiy(n). In particular, SlﬂCon3+¢(n).

Proof. Pudlak [12] shows SlﬂConS(n). By the Friedman-Visser inter-
pretability criterion for finitely axiomatized sequential theories, with the
relative-consistency-to-interpretation direction supplied by Visser’s Interpreta-
tion Existence Lemma [16], the hypothesis EAFCons—Congs,, implies that
S interprets S+.

nOM)
By Theorem 3.1, it follows that SI—C’on5+¢(n). The existence of a

polynomial p such that SlﬂCong(p(n))%Congw(n) then follows from
Theorem 3.2. [



By contrast, Pudldk [12] conjectures that even the benchmark case
¢p=Congs already yields non-simulation:

Conjecture 3.5. (Pudldk’s Conjecture) For every constant c, S|7n£
Consycons(n).”

Under Pudlak’s Conjecture, any true extension that raises absolute con-
sistency (proves Cong) is hard:

Theorem 3.6. Assume Pcudlcik’s Congecture, and suppose S+o-Cong. Then
for every constant c, S |%L Congis(n).

Proof. Fix a proof 7 of Cong in S+¢.

There is a uniform proof transformation sending any (S+Cong)-proof to
an (S+¢)-proof by replacing each use of the extra axiom Cong by the fixed
derivation 7. This increases proof length by at most a constant multiplicative
and additive factor. Hence there exist a linear polynomial p and a constant d

such that Sln—dCon5+¢(p(n))—>Cong+gon$ (n).
nO1) : -
Suppose toward a contradiction that SliCongw(n). Since p is linear,
substituting p(n) for n still gives SlﬂCon3+¢(p(n)). Composing these

nOM (
proofs with this implication yields SI—C’ons+ConS (n), contrary to Pudldk’s
Conjecture. )
Therefore for every constant c, 8|7nLCon3+¢(n). O

Then there is a gap between Pudldk’s Conjecture and the strongest known
sufficient condition for simulation, in Theorem 3.4:

Corollary 3.7. Pudldk’s Conjecture is not tight as a converse to Theorem 3.4.

Proof. Let 0 be any true sentence such that S+Congl/6, and put ¢:=CongsAf.
Then S+¢-Congs, so by Theorem 3.6, one has, for every constant ¢, S |7nL
Congyy(n).

However, ¢ is strictly stronger than C'ong over §. Indeed, SF¢p—Cong is
immediate. If also SFC'ons— ¢, then S+Congt¢, hence S+Congl6, contrary
to the choice of 6.

"Another natural candidate for a hard extension is given by the Buss jump [2], that
is, a sentence or schema asserting the soundness of the next level of bounded reasoning
over S. If a chosen formalization yields a true sentence @jump such that S+¢jump = Cons,
then Pudldk’s Conjecture already implies that S does not simulate S+@jump. The stronger
Higher Relative Consistency assumption yields the same conclusion directly.

10



Thus, the same hardness conclusion holds not only for the extension
S+Cong, but also for strictly stronger true extensions S+¢. Therefore
Pudlék’s Conjecture is not tight as a converse to Theorem 3.4. O]

Thus, there is a gap between Theorem 3.4 and Pudldk’s Conjecture. The
former is governed by feasible relative consistency, while the latter already
yields hardness for extensions S+¢ satisfying S+¢-Cong, that raise absolute
consistency. A central aim of the paper is to isolate principles that close this

gap.

3.3 Non-Simulation Implies Non-Simulation for Busy
Beavers

A theory S for which, for every true sentence ¢, there exists a polynomial
bound on S-proofs of Congi4(n)—would seem to support simulations that
cannot be explained solely by information provable in S, since & does not
prove all true sentences. We show that this phenomenon is already witnessed
by a canonical family of true sentences, namely exact Busy Beaver value
statements.

For each k, let t,=BB(k) be the true k-state Busy Beaver value, and let
¢pp(k) denote the true sentence asserting the exact value BB(k)=t;. Since
tx is the maximum halting time of any halting k-state machine on blank input,
S; proves that ¢pp(k) implies that every halting k-state machine on blank
input halts within ¢, steps. We will use this bounded-halting consequence in
the proof of Lemma 3.9.

We begin by proving that, for any fixed true computably axiomatized
theory, sufficiently large Busy Beaver axioms already imply its consistency
(Aaronson [1, Proposition 3|). The relevant threshold is the size needed to
realize the contradiction-search machine for the theory. Once this is in place,
any hard true extension of a sound theory S2S1 yields eventual hardness
throughout the Busy Beaver family.

Definition 3.8. (Contradiction Search Threshold) Let 7 be a com-
putably axiomatized theory, and let E7 be a Turing machine which enumer-
ates T-proofs and halts exactly when it finds a proof of contradiction. Define
kF to be any threshold such that for every k>k$, there is a k-state Turing
machine computing the same partial function as FE.

11



Lemma 3.9. Let T be a fixed computably aziomatized true theory extending
S3. Then for every k>k$, one has Sy+¢pp(k)FCony.

Proof. Fix k>kS, and let U:=S)+¢pp(k). By the choice of kS, there is a
k-state Turing machine computing the same partial function as F7, so we
may reason in U about that k-state realization of contradiction search for 7T .

Since ¢pp(k) asserts the exact value BB(k)=ty, the theory U proves that
every halting k-state Turing machine on blank input halts within at most
steps.

Because 7 is true, the actual computation of E7 does not find a contra-
diction within the first ¢, steps. This is a fixed finite computation, so by
standard bounded-arithmetic formalization of finite computations, S; proves
the corresponding bounded halting fact, and hence so does U. Therefore
Ut—ds<ty (ET halts in exactly s steps).

Combining these two facts, U proves that the contradiction-search machine
for T never halts at all, that is, UF—ds (ET halts in exactly s steps). By the
definition of Er, this is exactly Cony. Therefore Sy+¢pp(k)-Conr. O

In particular, if 7 is consistent, then for every k>k$, the true Busy Beaver
sentence ¢pp(k) is unprovable in T, since otherwise 7 would prove Cony.

With this result, we can show that the existence of some hard true
extension S+¢ is equivalent to eventual hardness throughout the Busy Beaver
family:

Theorem 3.10. The following are equivalent:

1. There exists a true sentence ¢ such that for every constant ¢, S HCL
Congig(n).

2. For all sufficiently large k and every constant ¢, S |7n£ Congi i ppp k) (n).

Proof. (1)—(2) Assume there exists a true sentence ¢ such that for every
constant ¢, S |%L Congis(n). Apply Lemma 3.9 with T=S+¢. Fix sufficiently
large k, and write Uy := S3+¢pp(k). Then Ug-Congs, .

Fix once and for all a proof 7, of Congyy in Uy. There is a uniform proof
transformation sending any (S+¢)-proof of contradiction to a Uy-proof of
contradiction: given a code of an (S+¢)-proof of 0=1 of length at most n,
one appends the fixed derivation 7, of Congyy and the standard verification
that the coded object is such a proof. This increases proof length by at most

12
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Figure 2: The figure updates Figure 1 to give an equivalent sufficient condition
for easy ¢ (Theorem 3.4) and to show that Busy Beavers are a canonical
hard-information frontier (Theorem 3.10).

a linear factor. Hence there exist a linear polynomial p, and a constant dy
such that SIﬁConUk (pr(n))—=Congie(n).

Suppose toward a contradiction that SlﬂConUk(n) for some suf-
ficiently large k. Since py is linear, substituting pg(n) for n still gives
SIﬂConUk (pe(n)). Composing these proofs with this implication yields

SIﬂCongw(n), contrary to the hypothesis.

Therefore for all sufficiently large k& and every constant ¢, S |7nL
Con5%+¢33(k) (n).

(2)—(1) The sentence ¢pp(k) is true for every k, so take ¢p:=¢pp(k) for
any sufficiently large k supplied by (2). Since every axiom of SJ is an axiom
of 8, any proof from S3+¢ is verbatim a proof from S+¢, and S verifies
this inclusion with polynomial overhead; hence polynomial-size S-proofs of
Cons(n) would yield polynomial-size S-proofs of Congy, 4(n), contradicting
(2). O

Figure 2 updates Figure 1 to reflect Theorems 3.4 and 3.10. Theorem 3.10
yields the following consequence. If a fixed sound theory S fails to simulate
some true extension S+¢@, then for all sufficiently large k the fixed Busy

13



Beaver family (Congiig,,x)(n))s is already hard for S. By itself this gives,
for each &, only a theory-dependent diagonal family. Under the global
hypothesis that every sound theory in the class has some hard true extension,
however, one can diagonalize simultaneously over all theory /exponent pairs
and obtain a single nonconstructively chosen function k(n) such that the
family (Congi iy, k) (n))n is hard for every theory in the class. Via the
usual passage from bounded-consistency hardness to propositional hardness,
this yields a family of tautologies hard for every proof system arising from
such a theory class.

Theorem 3.11. Assume that for every sound theory SDS3 with polynomial-
time decidable axioms there exists a true sentence v such that for every
constant c, S HCL Consiy(n). Then there exists a nonconstructively chosen
function k:N—N with unbounded range such that for every sound theory SD.S;
with polynomial-time decidable azioms, the family (Congi iy, k) (1))n i

hard for §. Equivalently, for every such S and every constant ¢, S HL
Congy 40 ().

Proof. Let (S.,d.)een be an enumeration of all pairs consisting of a sound
theory 8,251 with polynomial-time decidable axioms and a positive integer
exponent d.>1, with each pair appearing infinitely often.

For each e, by hypothesis there exists a true sentence v, such that for
every constant ¢, S, [ Cong, 4y, (n). Therefore, by Theorem 3.10, there

O(nde
exists K, such that for every fixed m>K,, S, lﬁ(;) Congi i oppm) (n).

We choose inductively sequences mo<mi;<mso<--- and ng<n;<ng<---.
: . O(nde)
At stage e>1, choose m, with m.,>K, and m.,>m,._;. Since S, |+

Congitgpp(me)(n), there exists n, such that every Se-proof of Congs 4, ; (m.) (12¢)
has size greater than enge. Increase n, if necessary so that n.>n._;.

Define k(n.) := m, for each e>1, and define k(n) arbitrarily on all other
inputs. Since (m.) is strictly increasing, the range of k is unbounded.

Fix a sound theory §2.5; with polynomial-time decidable axioms, and sup-
pose toward a contradiction that for some constant c, Sln—cConS% tomnn) (1)
Then there exist constants A, N such that for all n> N, there is an S-proof
of Congiyg,pkmy)(n) of size at most Anc.

Choose e such that §,=S8, d.>c, e> A, and n.>N; this is possible because
every theory appears infinitely often paired with arbitrarily large integers. At
n=n, we have k(n.)=me, 50 Congi ., km.)) (Me) = CONgi s me)(Ne) B

14



construction every S-proof of this sentence has size greater than en?

ende>An¢. This contradicts the assumed upper bound.
Therefore, for every sound theory S2S54 with polynomial-time decidable

¢, while

axioms and every constant ¢, S |%L Congiigppkny) (1)- O

Under Pudlak’s Conjecture, one can give a stronger statement indicating
just how large k must be:

Theorem 3.12. Assume Pudlak’s Conjecture. Then for every k>k&, for
every constant ¢, S |7nL Constgppiy(n).

Proof. Fix k>k&. Since S+¢pp(k) extends Ss+¢pp(k), Lemma 3.9 implies
S+¢pp(k)FCons.

Fix once and for all a proof 7 of Cong in S+¢pp(k). Since k is fixed,
the size of 7 is a constant independent of n.

There is a uniform proof transformation sending any (S+Cong)-proof
to an (S+¢pp(k))-proof by replacing each use of the extra axiom Cong by
the fixed derivation 7. This increases proof length by at most a constant
multiplicative and additive factor. Hence there exist a linear polynomial pj

,nd
and a constant dj such that SI—kCon3+¢BB(k) (pr(n))—=Constcong(n).
oM . .
Suppose toward a contradiction that S|—100n3+¢33(k)(n). Since py, is
linear, substituting py(n) for n still gives S|—100n3+¢33(k) (pe(n)). Compos-

O
ing these proofs with the displayed implication yields 3|—00ns+cons (n),
contrary to the hypothesis.

Therefore S }nﬁog Consigppky(n). Since k>kE was arbitrary, this holds
for every such k. [

These results show that Busy Beaver hardness is not merely a convenient
encoding of difficult extensions, but reflects a structural barrier to simulation.
In each case, non-simulation arises because S+¢ carries consistency-strength
information whose transfer is not already visible over weak arithmetic.

Informally, any argument showing that a sound theory & fails to simulate
some true extension S+¢ also yields, for that same S, some Busy Beaver
sentence ¢pp(k) that S cannot prove witnessing the same obstruction. In
this sense, the source of non-simulation already appears among canonical
incompleteness statements, and reflects a limit on the ability of S to exploit
true information it cannot itself prove. This is exactly the pattern predicted
by Higher Relative Consistency: if EAYCons—Congyy, then Congyy(n)
should already be hard for S.
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3.4 A Busy Beaver Hardness Conjecture

The preceding subsection shows that, if nonsimulation occurs at all, then
nonsimulation can be forced into exact Busy Beaver extensions. This is a
useful canonicalization result, but it leaves open a sharper question. Can
one formulate a Busy Beaver hardness principle that is specific about the
parameter k7 In other words, instead of saying only that sufficiently large
Busy Beaver extensions can witness nonsimulation whenever some hard true
extension exists, can we say when the particular extension S+¢gg (k) should
be hard for §7

The most naive answer is too strong. One might conjecture that, whenever
Stopg(k), the theory S cannot feasibly simulate S+¢pg(k). The Jerabek—
Pudlak proof-translation mechanism shows that an unprovable true sen-
tence ¢ can nevertheless yield feasible simulation, provided there is a suf-
ficiently strong explanation of the extension by interpretation or relative
consistency; in the formulation used here, the relevant weak-base explanation
is EAFCong—Congis. Thus mere failure of S to prove ¢pp(k) is not the
right boundary.

The heuristic reason Busy Beaver statements are nevertheless compelling
is that exact Busy Beaver values appear to be unusually tight carriers of
hidden information. A correct assertion ¢pg(k) does not merely add an
arbitrary true sentence; it constrains all k-state computations. For large k,
this information can encode consistency consequences of very strong theories
while remaining inaccessible to a weaker base. This suggests that exact
Busy Beaver extensions should be hard precisely when their simulation would
require using information that the weak base cannot explain.

This leads to the following coarse Busy Beaver special case of the
information-constraint viewpoint.

Conjecture 3.13. (Busy Beaver Hardness) Let S be a sound, finitely
axiomatized, sequential theory satisfying the standing assumptions above.
Then, for every k, S does not feasibly simulate S+¢pg(k) if and only if
EAZCons—Consguy(k)-

There is a corresponding Busy-Beaver-restricted version of Feasible Reflec-
tion. Unlike the coarser tail formulation, this version has no finite-exception
threshold built into the statement. It says that, along the exact Busy Beaver
family, the weak-base relative-consistency condition is precisely the boundary
between feasible simulation and nonsimulation.
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Theorem 3.14. Assume Busy Beaver Hardness for S. Then, for every k,

20
S satisfies the following feasible reflection property: if SliConSWBB(k) (n),
then EAFCons—Cons g,k Equivalently, along the exact Busy Beaver

. nOM . .
family, SI—C’0nS+¢BB(k)(n) if and only if EAFCong—Cong.y gy (k)-

Proof. By Busy Beaver Hardness, for every k, S does not feasibly sim-
ulate S+¢pp(k) if and only if EACons—Cons; gy, Taking contrapos-
itives gives that, for every k, S feasibly simulates S+¢pg(k) if and only if
EAFCons—Consy¢ppk)- In the bounded-consistency formulation of feasible

RO
simulation, this is exactly the equivalence between S|—100n3+¢BB(k) (n) and
EAFCong—Consigyyi)- O

The logical relationship with Pudlak’s Conjecture is asymmetric. By
Theorem 3.12, Pudlédk’s Conjecture implies the hard direction of Busy Beaver
Hardness for every k>kZ. Indeed, S+¢pp(k)-Cong, so easiness of the Busy
Beaver extension would imply easiness of S+Cong. The converse does not
follow: an exact Busy Beaver axiom generally contains substantially more
information than Cong, and hardness of the stronger extension need not
transfer downward to the weaker one. Thus Busy Beaver Hardness is
narrower in the family it classifies, while Pudlak’s Conjecture supplies a
hardness principle that transfers upward to every extension proving Cons. A
finer-grained conjecture would be desirable to explain when hardness transfers
in the reverse direction.

4 Heuristic Constraints

This section develops several heuristic constraints suggested by the above
results. These constraints aim to limit the use of unprovable information in
simulations, particularly information drawn from immune sets such as Busy
Beavers and Kolmogorov-random strings.

4.1 Tightness

A natural heuristic constraint on criteria for non-simulation is to assert
that the best known sufficient condition for simulation is already the best
possible. Under this heuristic, the sufficient condition from Theorem 3.4
is also necessary, and therefore becomes a characterization of simulation.
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Equivalently, failure of that condition becomes the predicted criterion for
non-simulation. We adopt this only as a working principle: the paper does
not prove that Theorem 3.4 is optimal, which would in itself resolve open
problems.

4.2 Feasible Reflection

A natural structural constraint on simulations is that externally short proofs
of bounded consistency should have an internal explanation in a weak base
theory. The following definition isolates that requirement.

Definition 4.1. Feasible Reflection holds for § if for every true sentence ¢
o(1
SIH—HConSH)(n) implies EAFCons—Congy .

Feasible Reflection asserts that external polynomial-size simulation should
already admit a relative-consistency explanation over a weak base theory. In

light of Theorem 3.2, when SlﬂCong(n), this means that feasible relative
consistency should already imply EA-Cons—Cong.s. Informally, the point
is not that proving each finite instance should automatically yield a proof of
the universal statement, but that efficient proofs of all the bounded consistency
statements should not exist unless there is already a weak-base explanation
for them. In that sense, Feasible Reflection is best viewed not as an induction
principle, but as a structural constraint on efficient proofs that depend on
true but unprovable information.

nO() : .
By Theorem 3.2, if SI—C’ong(n), Feasible Reflection states that fea-

sible relative consistency (SlﬂConS(p(n))%Congw(n)) already yields
EAFCons—Cong. .8

4.3 Simulations Employing Unproven Facts

A natural refinement of the Busy Beaver phenomenon is obtained by con-
sidering Kolmogorov-random strings. We fix a universal Turing machine U.
For each string z€{0,1}*, let Ky (z) denote the plain Kolmogorov complexity

8Freund and Pakhomov [4] give an example, based on PA and slow consistency, show-
ing that external efficient simulation does not by itself force interpretability: PA has
polynomial-size proofs of Conpacon*(pa)(n), while PA does not interpret PA4+-Con®(PA).
This illustrates that additional bridge principles, such as Feasible Reflection, are needed to
connect simulation with relative-consistency transfer or interpretability.
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of z, that is, the length of the shortest program p such that U(p)=z. Fix
once and for all a constant ¢y, and let R denote the set of strings x such that
Ky(x)>|x|—cy. Thus R is the set of Kolmogorov-random strings relative to
U, up to the fixed additive constant c¢y. It is well known that R is infinite and
immune; any fixed sound effectively axiomatized theory proves x€R for at
most finitely many true instances, by Chaitin’s Incompleteness Theorem [3]
(see also Li and Vitanyi [9]).

Kolmogorov-random axioms x€ R suggest a particularly concrete source
of hardness within the relative-consistency viewpoint. The guiding intuition
is that efficient simulation should not be able to exploit true random infor-
mation that the base theory cannot itself recover. This leads to a candidate
information-theoretic hardness principle. It should not be viewed as a the-
orem from the structural discussion above, but rather as a distinguished
random-axiom instance of the same general obstruction.

One cannot expect such hardness for every true random axiom. By
Theorem 3.4, simulation is possible whenever EAFCons—Consy(zer). The
natural question is therefore whether, in the random-axiom case, the exact
obstruction to simulation is failure of this weak-base relative-consistency
implication.

Conjecture 4.2. (Kolmogorov Hardness, KH) Assume S is finitely ax-
tomatized and sequential Whenever x€R in the standard model, one has

SIL)OOHS+ wer)(n) if and only if EAFCong—Consy(wcr). Equivalently,
S }ﬁO& Consi@ery(n) if and only if EAFCons—Cons, (zer)-

Lemma 4.3. For each fived string x, EA proves Cong(zcry—r€R. Hence,
if EAFCong—Congy(zer), then EA+Cong-reR.

Proof. Fix a string x. The assertion —(z€R) is ¥;: it is witnessed by
a program p and a time t such that |p|<|z|—cy and U(p) halts in ex-
actly t steps with output z. By provable ¥;-completeness over EFA for
the polynomial-time axiomatized theory S+(z€R) (Héjek—Pudlak [5]), EA
proves that any such witness yields an S+(z€R)-proof of =(x€R); since
z€R is an axiom of S+(x€R), formalized modus ponens turns this into
an S+ (z€R)-proof of contradiction. The argument is internal and uniform
in the witness, with no case split on whether z€R holds in the standard
model. Thus EA proves ~(z€R)——-Cons, zcr), and therefore A proves
Consyzery—x€R. The consequence follows by composing this implication
with EAFCons—Cong, (zcr)- O
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The point of this formulation is that weak-base relative consistency is the
exact kind of information that can make simulation possible. Lemma 4.3
shows that provable relative consistency also forces FA+Cong to prove the
random axiom. Thus failure of EA+Cong to prove x€R unconditionally
rules out the weak-base relative-consistency explanation. This no-access
obstruction is incorporated into the master consequence theorem for Higher
Relative Consistency below, even though the biconditional threshold in
Conjecture 4.2 is stated in terms of relative consistency.

Lemma 4.4. For each fized string x, if EA+Const/x€R, then EAFCongs—
Con8+(x€R)-

Proof. This is the contrapositive of Lemma 4.3. O]

5 Proposed Characterization of Simulation

Theorem 3.4 shows that, for § finitely axiomatized and sequential, relative con-

sistency (EAFCons—Cong.s) implies simulation (SlﬂConngd,(n)). Tak-
ing this theorem to be tight leads to the following structural candidate
characterization of simulation. This section develops that proposal and its
main consequences. In particular, the case ¢p=Congs and the Kolmogorov-
randomness axioms arise directly as natural instances of the same general
obstruction, while the Busy Beaver reduction shows that arbitrary hard true
extensions can be transferred to exact Busy Beaver value statements.

Assumption 5.1. (Higher Relative Consistency (HRC)) Let SOS2
be a sound theory with polynomial-time decidable axioms, and let ¢ be a
true sentence. If EA/Cons—Congsiy, then for every constant ¢>0, S HL
Consyy(n). Equivalently, efficient simulation of a true extension can occur
only when the relative-consistency implication is already provable in EA.

This assumption is intended as the converse of Theorem 3.4, and hence as
a characterization of feasible simulation in this setting. Figure 3 motivates
HRC/FR: its formal content is not merely that feasible simulation should
imply interpretability, but rather that feasible relative consistency and weak-
base relative consistency should coincide. The top horizontal equivalence in
the figure is the finitely axiomatized Friedman—Visser equivalence. Under
the horizontal equivalences in the figure, HRC/FR also yields the corre-
sponding left-hand converse from feasible bounded-consistency simulation to
interpretability.
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Friedman—Visser [16]

{ S interprets S+¢ J( ){EAI—ConS%ConSMJ
Jefabek via Pudlak Theorem 3.4 i HRC/FR
nOW | J oo |
S}iConSW(n) f ’le Congs(p(n))—Consis(n)

Theorem 3.2

Figure 3: Motivating HRC/FR. The dashed arrow is the proposed converse
to Theorem 3.4: efficient finite relative-consistency proofs should require weak-
base proof of the corresponding relative-consistency implication. Under the
horizontal equivalences, this also entails the corresponding left-hand converse
from feasible bounded-consistency simulation to interpretability. The figure
assumes SD.5; is sound with polynomial-time decidable axioms, ¢ is true, and

o) . .. . .
Sln—Cong(n). For the top equivalence, additionally assume S is finitely
axiomatized and sequential, so that the Friedman—Visser criterion applies.

5.1 Consequences of Higher Relative Consistency

The next theorem summarizes the main properties of Higher Relative Con-
sistency and shows that it performs well against the constraints developed
earlier. It is tight relative to the best-known simulation result (Theorem 3.4);
it is equivalent to Feasible Reflection; in the finitely axiomatized sequen-
tial case, it implies Pudléak’s Conjecture and Kolmogorov Hardness; and it
packages the no-access random-axiom obstruction from Lemma 4.4.

Theorem 5.2. Let SDS3 be a sound theory with polynomial-time decidable

R0

axzioms such that SI—Cong(n). Then:

1. The principles Higher Relative Consistency and Feasible Reflection
are equivalent.

2. If, in addition, S s finitely ariomatized and sequential, then Higher
Relative Consistency implies Pudlik’s Conjecture: for every constant

c, S |%CL Congicons(n).

21



3. 1If, wn addition, S is finitely axiomatized and sequential, then
Higher Relative Consistency is tight relative to Theorem 3.J:

EAFCons—Congs.y if and only if SlﬂConerd)(n).

4. 1If, in addition, S is finitely axiomatized and sequential, then Higher
Relative Consistency implies Kolmogorov Hardness.

5. Assuming Higher Relative Consistency, if Z€R is true and
EA+Congt/xeR, then for every constant ¢>0, S HL Consizer)(n).

Proof. For part (1), first assume Higher Relative Consistency. Sup-
pose Slﬂ00n5+¢(n). If EA/Cons—Congsys, then Higher Relative

Consistency would imply S }nﬁoﬂ Congsis(n), a contradiction. Hence
EAFCons—Congyg. Thus Feasible Reflection holds.
Conversely, assume Feasible Reflection. Suppose EA/Cons—Congg. If

SIﬂCongﬂj(n), then by Feasible Reflection one would have EAFCong—>

Consi4, a contradiction. Therefore S }nﬁoﬂ Consie(n). This is exactly
Higher Relative Consistency.

For part (2), assume Higher Relative Consistency. It suffices to show
EA/Cons— Consicons; Higher Relative Consistency then yields that for
every constant ¢>0, § |%L Consicons(n). Suppose that S is finitely axioma-
tized and sequential, and toward a contradiction that EA-Cons—Consicons-
Since S+Cong is finitely axiomatized and sequential, the Friedman—Visser
interpretability criterion used in the proof of Theorem 3.4, again in the
direction supplied by Visser’s Interpretation Existence Lemma [16], gives
that S interprets S+Congs. This contradicts Pudldk’s [11] theorem that no
consistent sequential theory interprets the theory obtained by adjoining its
own consistency statement.

For part (3), assume Higher Relative Consistency. If S is finitely
axiomatized and sequential and EA-Cons—Congye, then Theorem 3.4 gives

RO
SI—Con3+¢(n).
RO
Conversely, suppose SI—Con5+¢(n). If EAFCons—Consie, then
Higher Relative Consistency would imply S }nﬁoﬂ Consie(n), a con-
tradiction. Therefore EAFCons—Congs..

For part (4), assume Higher Relative Consistency, and suppose S is
finitely axiomatized and sequential. Let z€R be true. By part (3), applied to
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Figure 4: Under HRC/FR, complexity theorists have complete information:
all ¢ are hard except when EAFCons—Consys; *€R is hard with finite
exceptions except when EAFCons—Consy(zery (KH); and ¢gg(k) is hard
with finite exceptions except when EAFCons—Cons gy k)-

¢p=x€R, one has SlﬂC’onSHIGR) (n) if and only if EAFCons—Cons, (zcr).-
This is exactly Kolmogorov Hardness in the form of Conjecture 4.2.

For part (5), assume Higher Relative Consistency. By Lemma 4.4,
EA+Congl/re R implies FAYCons—Consyzer)- Since x€R is true,
Higher Relative Consistency applies with ¢=z€R and gives that for
every constant ¢>0, S |%L Const@er)(n). O

By Chaitin’s Incompleteness Theorem applied to the theory EA+Consg,
only finitely many true statements of the form z€R are provable in that
theory. Hence for all sufficiently long Kolmogorov-random strings z, the
condition EA+Congl/r€R automatically holds, and part (5) gives S }nﬁoﬂ
Congs. e ().

Figure 4 illustrates that complexity theorists have complete information
under HRC/FR: the only easy extensions are those whose relative consistency
is already visible in the weak base, and every other true extension gives rise
to hard bounded-consistency families. More explicitly:

e For an arbitrary true sentence ¢, the proposed criterion is exact:
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S has feasible proofs of Congys(n) only in the explained case
EAFCons—Cong,y; otherwise ¢ lies in the hard region.

e For random axioms ¢=(r€R), this specialization is KH: except for
the finite set of weak-base-accessible random facts, x€R yields hard
bounded-consistency instances unless EAFCons—Cons (zer)-

e For exact Busy Beaver facts, the same information constraint gives a
canonical hard tail: for sufficiently large k, ¢pg(k) is hard except in the
exceptional cases where FAFCons—Cons gy (k)-

e For Pudlak’s conjecture, computable jump operators, and Buss-style
jumps, the same picture identifies another source of hard candidates.
Khaniki [6] shows that if a computable jump operator exists, then
Pudlak’s Conjecture holds. A Buss-style jump should be understood
as raising absolute consistency strength when it is represented by a
true sentence or schema ¢y With S+¢pus-Cong. It raises relative-
consistency strength, in the sense relevant to HRC/FR, only if
EA/Cons—Congygy,... Under that additional relative-consistency
failure, HRC/FR place ¢pyss in the hard region.

e Thus HRC/FR turn the problem of finding hard tautology families for
S into a relative-consistency classification problem: the easy cases are
exactly the weak-base-explained cases, while the unexplained cases pro-
duce hard bounded-consistency statements and hence hard propositional
translations.

5.2 Robustness of HRC/FR and KH

The formulation of HRC/FR is robust under future improvements to the
positive simulation theorem. It is conceivable that either the Friedman-—
Visser interpretability step or the Jetdbek—Pudldk proof-translation step
could be strengthened so that more true sentences ¢ become easy. Such a
strengthening would not undermine the information-theoretic thesis; it would
merely enlarge the class of acceptable explanations. The invariant principle
is that wnexplicable efficiency does not exist. The KH consequence is even
more stable: any enlarged explanation mechanism still constrained by Chaitin
incompleteness can add only finitely many random-axiom exceptions.
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Definition 5.3. An ezplanation scheme € assigns to each pair (S,¢) a
condition Explg(S, ¢), read as saying that € explains why S should simulate

S+¢. It is sound for simulation if Explg(S, ¢) implies SlﬂConSM(n). It is
Chaitin-bounded for random axioms over S if there is a fixed sound effectively
axiomatized theory B DE A such that Exple(S, z€R) implies Bg-r€R.

The original weak-base relative-consistency explanation is the special case
Explga(S, ¢) it EAFCong—Cong.yy. It is sound for simulation on the class of
finitely axiomatized sequential theories by Theorem 3.4. For random axioms
it is Chaitin-bounded: if FAFCons—Cons, (zer), then EA+Constr€R by
Lemma 4.3. Thus one may take BS=EA+Consg.

Assumption 5.4. (No Inexplicable Efficiency, relative to €.) If ¢ is
true and SIﬂC’ongH,(n), then Explg(S, ¢).

Theorem 5.5. Let € be sound for simulation and assume No Inexplicable

Efficiency relative to €. Then, for every true ¢, SlﬂCon3+¢(n) iff
Exple(S, ¢). If moreover € is Chaitin-bounded for random azxioms over S,
then {z€R : Exple(S,x€R)} is finite, and hence for all but finitely many true

RO
r€R, S }ﬁL Constzery(n).

Proof. The equivalence is immediate: the forward direction is No Inexpli-
cable Efficiency, and the reverse direction is soundness of € for simula-
tion. For the random-axiom claim, let B§ witness Chaitin-boundedness. If
Exple(S, z€R) holds, then BSFz€R. Since Bg is fixed, sound, and effectively
axiomatized, Chaitin incompleteness implies that it proves only finitely many
true assertions of the form x€ R. Thus only finitely many true random axioms
are explained by €. Outside this finite set, No Inexplicable Efficiency
gives the stated nonsimulation. O

Thus a stronger positive simulation theorem would merely replace the
current weak-base explanation scheme by a larger one. As long as its random-
axiom explanations are mediated by some fixed sound effective theory, the
cofinite hard tail predicted by KH remains unchanged; only the finite excep-
tional set can grow.

6 Further Conjectural Extensions

The previous section addressed the asymptotic hard families predicted by
the no-optimal-proof-system picture, even when one ranges over theories of
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arbitrarily high consistency strength. This section asks for a strictly stronger
finite-scale version: do even the strongest proof systems have ubiquitous small
hard tautologies, even if chosen at random? This conjecture can be read
as a formalization of the folklore intuition that “for any proof system most
formulas are hard,” while avoiding the naive proposal that Krajicek describes
as “void” for random DNFs [7, Ch. 19]; see also Pitassi [10]. The tautologies
here are not sampled formulas. They are indexed by true strings z€R, and
the conjecture gives a common hardness onset for all such strings of each
fixed sufficiently large length.

It is awkward to require hardness at one predetermined small value of
n for a specific sentence ¢, such as p=Cong or ¢pg(k), since a pathological
theory S might contain an axiom asserting Cong4(10'?). We therefore fix
the length m of a true random axiom z€R and, for each desired exponential
saving €, allow a threshold N g’m’ﬁ beyond which hardness is required for every
bounded-consistency parameter n. The threshold is uniform over all true
random axioms of the same length.

A related pairwise question asks whether independently random axioms
can help one another. If z,y€R have the same length and each remains
random even conditional on the other, should adjoining y€R help prove
Consy(zer)(n)? This requires a genuinely pairwise strengthening and is
treated after the single-axiom density consequence.

These finite-scale principles are not consequences of HRC/FR or KH;
they are stronger conjectures motivated by that picture. Their purpose is
to indicate what additional proof-complexity phenomena would follow if the
random-axiom obstruction were strengthened from asymptotic polynomial
nonsimulation to exponential hardness beyond a uniform length-dependent
onset.

Fix a sound theory S satisfying the standing assumptions. Let
PS:={z€R:FA+Constz€R} and let CS;: —{:I;ER EAFCons—Cons.(zer) }-
By Chaitin’s incompleteness theorem, P§ is finite. Let kS be any integer
exceeding the length of every string in P§. By Lemma 4.3, one has
C%,CPs. Consequently, whenever m>kg, and x€ RN{0, 1}™ is true, one has
EAYCons—Cons (zer)-

For each m>k% and each e with 0<e<1, the threshold N ﬁme below may
depend on S, the fixed predicate R, the axiom length m, and €, but not on
the particular string x or on the later bounded-consistency parameter n. It
may absorb the least length of a valid proof string and the syntactic cost of
mentioning an axiom x€R of length m.
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Conjecture 6.1. (SETH-K-Finite) Assume S is finitely axioma-

_ , nO()
tized and sequential, and assume SI—ConS(n). For every m>k3
and every € with 0<e<l, there exists N;; such that, for every true

m,e

x€RN{0,1}™ and every n>N§’m’E, one has SIMConSJF(xeR) (n) if and
only if EAFCong—Cons{(zer)-

The right-hand side is exactly the weak-base relative-consistency threshold
proposed by HRC/FR. By the definition of k%, it is false throughout the
range m>k%. Thus, on the quantified tail, SETH-K-Finite is equivalently
the assertion that, for every m>k$ and every e with 0<e<1, there exists
Ng . such that, for every true z€ RN {0, 1}™ and every n>Ng7 one has

Rym,e m,e)’

) M Cons(zer)(n). We retain the biconditional because it identifies the
same information boundary as HRC/FR.

The threshold N gm may depend on S, the fixed predicate R, the axiom
length m, and the desired exponential saving ¢, but not on the particular
string « or on the later bounded-consistency parameter n. This is the usual
SETH-style quantifier pattern: for every fixed exponential saving, hardness

holds beyond an onset that may depend on that saving.

6.1 Density of Hard Sentences

The first consequence of SETH-K-Finite concerns the abundance of hard
single-axiom extensions. For density arguments, the fixed-deficiency set
R is not the most convenient one, because it need not occupy a fraction
tending to 1 inside each length. We therefore apply the same conjectural
schema to the logarithmic-deficiency set R'°¢, defined by x€ R if and only
if Kyy(z)>|z|—dlog|z|. Define k3, and Nglog7m7€ exactly as above, with R!°®
in place of R.

Theorem 6.2. Assume SETH-K-Finite with R replaced by R'°%. For every

m>k§log and every € with 0<e<1, there exists Nglog e Such that, for every
n>No,, ., at least (1—O(m™%))2™ strings x€{0,1}™ satisfy x€R"¢ and

2(1—e)n
S P Cong (zepon) (n).

Proof. If ¢ R°¢ and |z|=m, then Ky (z)<m—dlogm. Hence the number of
strings of length m outside R'°® is at most 2m~¢emT1=0(2™ /m?). There-
fore at least (1-O(m~?))2™ strings of length m lie in R'°&. Since m>k3,,,
every true r€R"°8 N {0,1}™ satisfies FAFCons—Cong +(zeRes). For every
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n>N}‘%Og . the conclusion follows from SETH-K-Finite with R replaced

by Rz, O

Thus, for every sufficiently large axiom length m and every € with 0<e<1,
once n>N glogﬁmﬁe, hard bounded-consistency instances occupy a (1—0(m~%))
fraction of {0,1}™. If these bounded-consistency statements are translated
into tautologies in the usual way, then the resulting tautologies have size
(m+n)°M and are indexed by a density-1—0(m~%) set of strings of length m.

The density theorem is a direct consequence of the single-axiom conjecture.
The next subsection asks the stronger pairwise question of whether one
independently random axiom can help prove the bounded consistency of
another random-axiom extension.

6.2 Pairwise Hardness and No Mutual Help

Ordinary SETH-K-Finite concerns proofs in S of Cong,(zer)(n). It does
not determine whether the different extension S+(y€R) can help prove
that same statement. Genuine no mutual help therefore requires a pairwise
strengthening.

Fix a universal conditional machine compatible with U and a constant ¢{"d.
For strings z,ye{0,1}™, write z€R|y if Ky (z|y)>m—cd. Write z Ly if
z,ye€R, r€R|y, and ye R|x. Thus z_L gy says that each string remains random
when the other is supplied as auxiliary information.

The following theorem identifies the information that a weak-base relative-
consistency implication would provide.

Theorem 6.3. For every pair of strings x,y, if EAFCons (yer)—Consi(zcr),
then EA+Consy(yer)Fr€R.

Proof. By Lemma 4.3, one has EAFCongy(zer—x€R. Composing this
implication with EAFConsy yer)—Const(zer) gives EAFCons, (yer)—T€R,
which is equivalent to EA+Cong (yer)lr€R. O

Corollary 6.4. For every pair of strings x,y, if EA+Consyyerl/T€ER, then
EAFCons, (yery =Cons(acr)-

Proof. This is the contrapositive of Theorem 6.3. O]

The remaining step is not supplied by conditional Kolmogorov randomness
alone. Although x€R|y says that the bits of y do not provide a short
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description of x, the sentence Cong.(yer) might in principle carry information
not reducible to the literal bits of y. The required factual nonaccess principle
is therefore stated explicitly.

Conjecture 6.5. (Conditional Factual No Access) Fiz a sound
theory S satisfying the standing assumptions. There exists k}%access such
that, for every m>/~1;§7access and every x,ye{0, 1}™ satisfying v L gy, one has
EA+Consyyerl/reR and EA+Consyzer)/YER.

Thus the conjectural content is that, even after the weak base is given
the consistency of the extension containing yeR, it still lacks access to
the independent fact z€ R, and conversely. The desired relative-consistency
obstruction follows formally.

Theorem 6.6. Assume Conditional Factual No Access. Then there ex-
ists kS such that, for every m>kg and every x,ye{0,1}™ satisfying

R,access R,access

rLgy, one has EA/Consiyer)— Congy(wer) and EAFCons, (zery—Cons(yer)-

Proof. Fix m>ky, ,.cess and x,y€{0, 1} satisfying 21 py. By Conditional
Factual No Access, EA+Congy(yer)7r€R. Corollary 6.4 therefore gives
EAYCong(yery—+Consi(er)- Interchanging x and y gives the reverse non-

implication. [

Theorem 6.6 supplies the information-theoretic obstruction. A separate
finite-hardness principle is needed to convert failure of weak-base relative
consistency into exponential proof lower bounds. The following is the pairwise
analog of SETH-K-Finite.

Conjecture 6.7. (Pairwise SETH-K-Finite) Fiz a sound, finitely
axiomatized, sequential theory S satisfying the standing assumptions. There
exists k%,hard such that, for every m>ky .4 and every e with 0<e<l,

there exists No™™ such that, for every x,ye{0,1}™ satisfying ©Lgzy and

R,m,e
. (1—€e)n
every n>Ng7’E§1€r, one has S—i—(yER)lLC'OTLSerR)(n) if and only if

EAFCongy(yery—Consy(wer)-

Because x 1L ry is symmetric and the threshold depends only on m, the
same conjecture applied to the ordered pair (y, z) gives the reverse comparison.

Theorem 6.8. Assume Conditional Factual No Access and Pairwise
SETH-K-Finite, and let k%, . :=max{ks, k3 harat- Then, for every

R, pair* R,access?
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m>k$, o and every e with 0<e<1, there exists Ny paler such that, for every
(1—e)n
x,ye{0,1}™ satisfying L gy and every n>Ng fnaler, one has S+(yeR) I%;

a
Consy(zer)(n) and S+(z€R) IQﬁ; Consyer)(n).

Proof. Fix m>k%, pair and @, y€{0, 1}™ satisfying x L gy. By Theorem 6.6,
EA/Congy(yery —Consy(zer)- The biconditional in Pairwise SETH-K-
Finite therefore gives S+(y€R) Iﬁi Cons(zery(n) for every 0<e<1 and

7paur

every n>Ng Interchanging = and y gives the reverse lower bound. [

The conclusion concerns the original target Congy(zcr)(n): adjoining
y€R does not give short proofs of that bounded-consistency statement.
This is stronger and more specific than saying only that the joint exten-
sion S+(z€R)+(y€R) remains hard.

6.3 Density of No-Mutual-Help Pairs

The pairwise conjectures also have a density consequence when randomness is
measured with logarithmic deficiency. For equal-length strings x,y€{0,1}™,
write 7L gy if 2, y€R8, Ky (x|y)>m—dlogm, and Ky (y|z)>m—dlogm.

Lemma 6.9. For every sufficiently large m, at least (1—O(m~%))2?™ ordered
pairs (z,y)€{0, 1} x{0, 1}™ satisfy xL giogy.

Proof. For each fixed y€{0,1}™, fewer than 2m~l°8™ gtrings z sat-
isfy Ky(z|ly)<m—dlogm. Hence the number of ordered pairs failing
Ky(xly)>m—dlogm is O(22™/m?). The same estimate applies with z and y
interchanged. The ordinary counting bound gives the same estimate for pairs
in which ¢ R'°¢ or y¢ R'°¢. A union bound gives the conclusion. O

Corollary 6.10. Assume Conditional Factual No Access and Pairwise
SETH-K-Finite with R replaced by R'°¢, and let leog pair = max{k% kS

Rlog, hard}
Then, for every sufficiently large m>leog pair and every € with 0<e<1, there ex-

ists Ng{fgalr such that, for every n>Ngff§” o at least (1—=0(m~%))22™ ordered

pairs (z,y)€{0,1}"x{0, 1} satisfy S+(yeRs) P Cons.weros) (n)
and S—{—(xGRIOg) M 00n8+(yeR1°g)(n)'

Proof. By Lemma 6.9, a (1—O(m~%)) fraction of ordered pairs of length m
are mutually conditionally random with respect to R'°6. Apply Theorem 6.8
with R'°® in place of R. O

Rlog access’
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7 Remarks on Provability

A complementary question is whether Higher Relative Consistency might
itself be unprovable. This section is exploratory: it does not establish an
independence result for Higher Relative Consistency, but records reasons
one might expect that natural uniform formulations of the principle will
be difficult to prove inside weak first-order theories. The first reason is
model-theoretic: the intended meaning of Higher Relative Consistency
is external and specific to the standard model, whereas any proof in weak
arithmetic must proceed through the internal arithmetized proof predicate.
The second is complexity-theoretic: a sufficiently uniform proof of Higher
Relative Consistency would already yield the major lower bounds that
motivate the paper.

The model-theoretic issue is basic. Let Prfs(p,q) be the usual formula
expressing that p codes an S-proof of the sentence with Godel number ¢. If
MS is nonstandard, then an element p€ M may satisfy ME=Prfs(p,"¢)
even though p is nonstandard and does not correspond to any genuine finite
proof in the standard model. From the internal point of view of M, however,
such a p is simply a proof of . Thus nonstandard models can contain spurious
witnesses to provability that have no external proof-theoretic meaning.

This matters because the assertion that SI"—CC’onS+¢(n) is intended exter-
nally. It means that for each standard n there is a genuine finite S-proof of the
standard sentence Cong,(n) whose length is bounded by a fixed polynomial
in n. Any internal first-order formalization, however, necessarily replaces this
by quantification over all elements of a model, including nonstandard proof
codes and nonstandard bounds. Thus the internalized sentence can hold in a
nonstandard model for reasons that have nothing to do with genuine external
simulation.

Accordingly, Higher Relative Consistency is not merely a statement
about the absence of internal witnesses to short proofs. It is a statement that
internal proof data correctly tracks external simulation data in the standard
model. But that is precisely what first-order arithmetic cannot in general
enforce from within: it has no way to isolate the standard proof codes from
nonstandard ones, nor the standard proof-length bounds from nonstandard
ones. In this sense, Higher Relative Consistency behaves less like an
ordinary reflection principle and more like a standardness principle saying
that only genuine external polynomial-size proofs should count as simulation
data.
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The same issue appears in the random-axiom setting. Even when SH/xeR,
a nonstandard model may still internally treat the bounded-consistency
statements for S+(z€R) as having short S-proofs, because nonstandard
proof codes can witness the corresponding arithmetized proof predicates.
Thus an internalized version of the simulation claim may hold in such a model
even when no genuine polynomial simulation exists externally. This is exactly
why principles such as Higher Relative Consistency and Kolmogorov
Hardness are best understood as external constraints on when apparent
simulation data should be taken seriously.

There is also a second reason to doubt provability. A sufficiently uniform
proof of Higher Relative Consistency would not be a modest metamath-
ematical tidying-up result. Combined with the unconditional simulation
theorem and the Busy Beaver reduction, it would already yield sweeping lower
bounds, including canonical Busy Beaver witnesses to non-simulation and, in
the global form, the nonexistence of an optimal theory or proof system. Thus
any proof of Higher Relative Consistency strong enough to support the
paper’s main applications would already settle central open problems.

This point is especially clear in the uniform setting. For a fixed pair
(S, ), an instance of Higher Relative Consistency can be arithmetized
as an ordinary first-order sentence about proof predicates and proof lengths.
Thus, for a specific theory such as ZFC, it is meaningful to ask whether
that particular instance is provable, refutable, or independent. However,
the discussion above does not establish such an independence result for any
fixed instance. Rather, it explains why the most natural and useful forms of
Higher Relative Consistency are not merely ordinary internal first-order
assertions.

The difficulty increases once one passes from fixed instances to uniform
forms. A theorem ranging over all true ¢, even for one fixed S, must still
relate internal proof-predicate assertions to genuine standard-model simulation
behavior. That is exactly where nonstandard models interfere. What is
difficult is not writing down the arithmetization, but justifying the passage
from internal proof data to external polynomial simulation claims. The
difficulty becomes sharper still in the fully global form ranging over all sound
S and all true ¢, since both soundness and truth are themselves external
semantic conditions.

This also clarifies the role of stronger foundational frameworks. Merely
moving from first-order to second-order syntax does not by itself remove
the problem, so long as one remains inside a formal theory with its own
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internal proof predicate and associated nonstandard proof theory. The real
issue is not the order of the language, but access to standard truth. For
exact Busy Beaver sentences ¢pp(k), the obstruction is already visible: a
uniform treatment of all such sentences requires more than the resources
needed merely to formalize bounded consistency. The upper-bound side of an
exact Busy Beaver statement is naturally II;, while the lower-bound side is
witnessed by an explicit finite halting computation. Thus a metatheory with
a truth predicate for all true II; sentences, together with ordinary arithmetic
verification of finite computations, is a natural setting for uniform reasoning
about the Busy Beaver family. For Higher Relative Consistency in full
generality, ranging over arbitrary true ¢, one would want a broader truth or
satisfaction framework, or else an explicitly external axiom schema.

Accordingly, the right conclusion is not that the preceding argument
proves independence of Higher Relative Consistency from ZFC or from
any other specific theory. Rather, it shows that the global form of Higher
Relative Consistency is most naturally understood as an external structural
principle whose faithful formulation already points beyond ordinary first-order
arithmetic. If Higher Relative Consistency is true, its role may therefore
be closer to that of an external axiom governing when apparent simulation
data reflects genuine proof-theoretic structure.

8 Conclusion

This paper studies the Characterization Problem for simulation between
arithmetic theories and advances a specific conjectural answer to its hard-
ness side. It does not solve the problem. Rather, its unconditional results
isolate constraints that any successful characterization should satisfy, while
its conjectural part proposes one way those constraints might fit together.
The paper’s two unconditional contributions are structural. First, feasible
relative consistency suffices for simulation, giving a general upper-bound
mechanism that includes the case in which EAFCongs—Congs,e. Second, any
hard true extension can be replaced by one of Busy Beaver form, showing that
canonical incompleteness phenomena already suffice to witness non-simulation.
Against this backdrop, the paper proposes Higher Relative Consis-
tency as its central structural criterion: if FACons—Congyg, then for
every constant ¢>0, & |7ncL Congys(n). This is the paper’s main candidate
characterization of simulation in terms of relative-consistency transfer in a
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weak base theory.

Within this framework, the paper also formulates Kolmogorov Hardness
as a distinguished random-axiom instance of the same general obstruction. Its
guiding idea is that canonical random axioms should instantiate the hardness
predicted by failure of weak-base relative-consistency transfer. In this sense,
Kolmogorov Hardness is not a competing criterion, but a particularly natural
specialization of Higher Relative Consistency.

Proving Higher Relative Consistency would amount to a major break-
through. As the missing converse to the strongest known upper-bound
mechanism, it would convert relative-consistency transfer in a weak base
theory from a sufficient condition into a genuine characterization of sim-
ulation. Whether that proposal is correct remains open, but the present
paper substantially narrows the space of plausible alternatives: any successful
characterization must explain sufficient conditions for simulation and why
canonical incompleteness phenomena, already at the level of Busy Beaver
truths and random axioms, suffice to witness its failure.
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