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Abstract

We study two conjectures posed in the analysis of Boolean functions f : {—1,1}" — {-1,1},
in both of which, the Majority function plays a central role: the “Majority is Least Stable” (Ben-
jamini et al., 1999) and the “Non-Interactive Correlation Distillation for Erasures” (Yang, 2004;
O’Donnell and Wright, 2012).

While both conjectures have been refuted in their originally stated form, we obtain a nearly
tight characterization of the noise parameter regime in which each of the conjectures hold, for
all n > 5. Whereas, for n = 3, both conjectures hold in all noise parameter regimes. We state
refined versions of both conjectures that we believe captures the spirit of the original conjectures.

1 Introduction

The Non-Interactive Correlation Distillation (NICD) problem, parameterized by a joint distribution
P over X x ), is to maximize for (x,y) ~ P®", the correlation E[f(x) - g(y)], subject to E[f(x)] =
Elg(y)] = 0 for functions f : X" — [—1,1] and ¢g : Y™ — [—1,1]. Let p;(P) denote this optimal
value, and let p*(P) := sup,, pj,(P). Informally, this corresponds to a two-player setting, where
Alice receives a sequence * = (x1,...,2,) € X™, Bob receives a sequence y = (y1,...,yn) € V",
where each (x;, y;) " P Bach player is required to return a single bit, that is marginally uniform,

while maximizing the probability that their returned bits agree.!
Specifically, we consider NICD for the following distributions (defined in Table 1):

1. the Doubly Symmetric Binary Source (DSBS) defined over {—1,1} x {—1,1}, and

2. the Symmetric Binary Erasure Source (SBES) defined over {—1,1} x {—1,1,*}.

1.1 DSBS and the “Majority is Least Stable (MLS)” Conjecture

The Doubly Symmetric Binary Source DSBS,, parameterized by a given p € [0,1], is a joint dis-
tribution (z,y) over {—1,1} x {—1,1} given in Table 1(a), where the marginal distributions are
uniform, and the correlation between corresponding bits is E[zy] = p. It is folklore (see Section 1.4)
that the dictator functions, namely f(x) = Dict(x) := x; and g(y) = Dict(y) := yi, realize the
optimal value of p*(DSBS,) for all values of p € [0,1].

!The range of f and g is [—1,1], which can be interpreted as Alice returning a randomized rounding of f(z) to
{—1,1}, and similarly Bob returning a randomized rounding of g(y).
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Table 1: (a) Doubly Symmetric Binary Source and (b) Symmetric Binary Erasure Source.

The special case when f = g is often studied through the notion of noise stability, Stab,(f) :=
E(gylf(®)f(y)] for (z,y) ~ DSBS%’” (see O’Donnell, 2014). So, in other words, the dictator
function is the most noise stable.

Benjamini et al. (1999) studied the noise stability of linear threshold functions (LTF), namely,
functions of the form f(x) = sign(}_;_, wiz;), and they posed the question of which (unbiased)
LTF has the least noise stability. They conjectured that for odd n, Maj,,(x) := sign(}_;"; ;) has
the least noise stability among unbiased LTFs, for any p € (0,1). This MLS conjecture was also
highlighted by Filmus et al. (2014).

However, as stated, the MLS conjecture was shown to be false. Gopi (2013) obtained a coun-
terexample for all odd n > 5, which Biswas and Sarkar (2023) later proved to be minimal by
showing that the conjecture holds for n < 3.2 Gopi also showed a partial positive result: for any
fixed n, the conjecture holds in a small neighborhood of p around 1.

1.2 SBES and the “NICD for Erasures (NICD-E)” Conjecture

Yang (2004) studied the NICD problem for the symmetric binary erasure source. Parameterized by
p € [0,1], SBES, is a joint distribution (z,y) over {—1,1} x {—1,1,%} given in Table 1(b), where
the marginal distribution of z is uniform, and y is obtained by “erasing” x with probability 1 — p.

It is easy to see that for any choice of f : X" — [—1,1], the optimal ¢g* : Y" — [—1,1] that
maximizes E[f(x) - g(y)] is given by ¢*(y) := sign(E[f(z)|y]). And thus, maximizing E[f(x) - g(y)]
becomes equivalent to maximizing ®,(f), where

Q,(f) == IE, H E[f(x) | y]H subject to E[f(x)] = 0.

Note that it does not follow that E[¢g*(y)] = 0. Following prior literature, we ignore this constraint
and instead only require that E[f(x)] = 0. Although, note that for odd f, namely when f(x) =
—f(—x) holds for all «, it follows that ¢g* is also unbiased.

For the low-erasure regime (p > 1/2), O’Donnell and Wright (2012) showed that the dictator
function Dict(x) := z1 maximizes ®,(f). Furthermore, for the high-erasure regime (p < 1/2) and
odd n, they conjectured that the Majority function Maj,, maximizes ®,(f); this NICD-E conjecture
was also highlighted by Filmus et al. (2014).

Recently, Ivanisvili and Xie (2025) presented a counterexample® refuting this conjecture for
n =5 and p = 0.4. Similar to (Gopi, 2013), they also provide a partial positive result showing that
for all odd n, the conjecture holds in a small neighborhood of p around 0.

2 As mentioned by Biswas and Sarkar (2023), the counterexample for n = 5 were also discovered by Noam Berger,
Daniel Kane, Steven Heilman, and Jain (2017).

3Interestingly, they discovered the counterexample with help of a large language model. While their stated
counterexample sign(z1 — 3z2 + 3 — x4 + 3x5) appears highly asymmetric, it is equivalent (up to permutations and
sign flips) to the counterexample discovered for the MLS conjecture, namely sign(2z1 + 2z2 + 23 + 24 + 25).



1.3 Owur Contributions

In this work, we provide a unified understanding of both these seemingly unrelated conjectures, and
nearly-tight characterization of the noise parameter regimes under which the respective conjectures
are tight. Our main contributions are summarized as follows:

When the conjectures are false? We show, in Theorem 9, that the counterexample for the
MLS conjecture by Gopi (2013) also refutes the NICD-E conjecture for all n > 5. Furthermore,

we show that this example refutes the MLS conjecture for all p € (0,1 — &%(1)) and refutes the
NICD-E conjecture for all p € (4+0(1) L.

n2 2

When the conjectures are true? We complement the counterexamples by obtaining nearly
matching positive bounds in Theorem 10: the MLS conjecture holds for p € (1 — 8_02(1), 1) and the

n

NICD-E conjecture holds for p € (0, 270(1)). Our result for the MLS conjecture is in fact stronger

n2
in that we show the MLS conjecture holds for all unate* functions, of which LTFs are a special case.
Additionally, the NICD-E conjecture when restricted to unate functions holds for all p € (0, 4_:2(1) ).
Using our techniques, we also show that the conjectures hold for n = 3 for the entire regime of

parameters (Theorem 11).°

1.4 Related Work & Discussion

For any distribution P over X’ x ), the maximal correlation coefficient p(P), studied by Hirschfeld
(1935); Gebelein (1941); Rényi (1959) is the maximum value of E[f(x)g(y)] subject to E[f(x)] =
Elg(y)] = 0 and E[f(2)?] = E[g(y)?] =1 over f : X — R and g : J — R, where the expectation is
over (z,y) ~ P. The difference between p*(P) and p(P) is that the range of f and g is [—1, 1] in the
former, but R in the latter. Thus, it follows that p*(P) < p(P). Witsenhausen (1975) provided a
construction of f and g to show that

2 arcsin(p(P)) < p*(P) < p(P). (1)
It is challenging to determine p*(P), and is not known exactly even for some simple distributions P.
Only recently, it was shown that p*(P) is even computable (Ghazi et al., 2016); subsequently, this
was extended to correlations over larger alphabet size (De et al., 2017, 2018; Ghazi et al., 2018).

DSBS,. The maximal correlation p(DSBS,) = p and thus, we have p*(DSBS,) < p. Moreover
the dictator functions achieve equality thereby establishing their optimality.

Witsenhausen’s construction underlying (1) is identical to f = g = Maj,,, in the limit as
n — 0o, it holds that Stab,(Maj,) approaches 2 arcsin p from above (O’Donnell, 2003), and hence
Stab,(Maj,) > 2 arcsin p for all n.

Somewhat unrelated, Mossel et al. (2010) introduced the invariance principle and showed that
for functions f with “low influence”, it holds that Stab,(f) < Stab,(Maj,) + o,(1), i.e., the MLS
conjecture holds for low-influence functions.

Given all the results thus far, a reasonable refined version of the MLS conjecture that we believe
captures the spirit of the original formulation is as follows. This formulation was also stated by
Gopi (2013).

“A Boolean function f: {—1,1}" — {—1,1} is unate if it is monotone, either increasing or decreasing, in each z;.

®Biswas and Sarkar (2023) already showed this for the MLS conjecture; see the proof of Theorem 11.

SAnother difference is that in p(P), the domain of f is a single = (similarly for g), however, p(P) exhibits a
“tensorization property”, namely, p(P) = p(P®™).



Conjecture 1 (Refined MLS (Gopi, 2013)). For all p € (0,1), odd n, and unbiased LTF f :
{=1,1}" — {—1,1}, it holds that Stab,(f) > 2 arcsin(p).

Remark. Tt is tempting to conjecture that the MLS conjecture holds for all unate functions, not just
LTFs, given that our positive result shows this for p € (1 — O(1/n?),1). However, this turns out
to be false. Benjamini et al. (1999) showed that the noise stability of the so-called Tribes function
(a balanced monotone function) approaches 0 as n — oo for p =1 —Q(1/logn).

SBES,. It is easy to see that the maximal correlation coefficient p(SBES,) = /p. In this case,
Witsenhausen’s construction corresponds to f = Maj,, and so we get ®,(f) approaches 2 arcsin(,/p)
as n — oo. Furthermore, ®,(Maj,,) approaches this limit from below when p < 1/2 (and approaches
from above when p > 1/2).7

Somewhat unrelated, Mossel (2010) extended the invariance principle of Mossel et al. (2010) and
showed, as an application, that for any low-influence function f, it holds that ®,(f) < ®,(Maj,,) +
on(1).

Given all the results thus far, a reasonable refined version of the NICD-E conjecture that we
believe captures the spirit of the original formulation is as follows—it is basically saying that for
p < 1/2, Witsenhausen’s construction is optimal for NICD for SBES,,.

Conjecture 2 (Refined NICD-E). Forallp € (0,1/2), odd n, and unbiased function f : {—1,1}" —
{—1,1}, it holds that ®,(f) < 2 arcsin(y/p).

=7
Remark. Note however, that the formulation in terms of ®, is not equivalent to the NICD setting

because g(y) := sign(E[f(x)|y]) need not satisfy E[g(y)] = 0. So a weaker variant, implied by the
above conjecture, is that E[f(z)g(y)] < 2 arcsin(,/p) whenever E[f(z)] = E[g(y)] = 0.

2 Correlation Distillation Conjectures

Let [n] denote {1,...,n}. For ¢ = (x1,...,z,) and for S C [n], let s denote the subsequence of
x indexed by S and let 1g denote the all-ones vector with coordinates indexed by S.

2.1 Majority is Least Stable (MLS)

Conjecture 3 (MLS, Benjamini et al. (1999)). For any odd integer n, any LTF f : {-1,1}" —
{=1,1} and p € [0,1], it holds that Stab,[f] > Stab,[Maj,,].

Gopi (2013) proposed a counterexample to the conjecture for all odd n > 5. To define this
counterexample, let h = (n — 1)/2, and partition [n| into A = [h+ 1] = {1,...,h + 1} and
B=n|~A={h+2,...,n}. Let e=140—1p. Define g,, : {—1,1}"" — {—1,1} as

o) = {—Majn(ac) x € {e,—e},

Maj,, () otherwise.

(2)

In other words, g, is almost the same as Maj,, except at two antipodal points at the boundary that
are negated. As noted in (Gopi, 2013), g, is indeed an unbiased LTF, as it can be expressed as
sign (a D ieATi b g xl) for any odd positive integers a,b such that g € (1 + %, 1+ ﬁ)
(For example, a = 2h —1 =n—2 and b = 2h — 3 = n — 4.) It was shown that this is indeed a
counterexample to the MLS conjecture, as stated more formally below.

"This is easy to show, and is similar in spirit to Condorcet’s Jury Theorem. We omit the proof.



Theorem 4 (Gopi (2013)). For every odd n > 5, there is p, > 0 such that Stab,[g,] < Stab,[Maj,,]
for all p € (0, py,).

Later, Biswas and Sarkar (2023) show that the MLS conjecture holds for all p € (0,1) when n <
3. Thus, the above counterexample is minimal. Additionally, they also independently discovered a
different counterexample and proved a statement similar to Theorem 4. Nevertheless, an interesting
question remains: Could the counterexample be extended to hold for all p € (0,1)? Gopi (2013)
partially answered this question, by showing that, for any fixed n, there exists a small neighborhood
of p around 1 in which the MLS conjecture holds:

Theorem 5 (Gopi (2013)). For every odd n, there exists ¢, > 0 such that, for all p € [1 — (p, 1],
it holds that Stab,[f] > Stab,[Maj,] for all LTF f:{—1,1}" — {—1,1}.

However, this does not answer, e.g., if for a fixed p = 0.99, does there exist n for which the MLS
conjecture is false?
2.2 NICD for Erasures (NICD-E)

Conjecture 6 (NICD-E, O’Donnell and Wright (2012)). For any odd integer n, any unbiased f
and p € (0,1/2), it holds that ®,[f] < ®,[Maj,].

Recently, Ivanisvili and Xie (2025) gave a (numerical) counterexample to this conjecture, for a
specific value of n, p:

Theorem 7 (Ivanisvili and Xie (2025)). Forn =5 and p = 0.4, there is an unbiased f : {—1,1}" —
{—1,1} such that ®,[f] > ®,[Maj,].

And similar to Theorem 5, they showed that the NICD-E conjecture holds for p close to 0:

Theorem 8 (Ivanisvili and Xie (2025)). For any odd integer n, there exists v, > 0 such that, for
all unbiased f and p € [0,7y], it holds that ®,[f] < ®,[Maj,].

3 Our Results

Our first result is to unify these two lines of work and show that Gopi’s counterexample violates the
NICD-E conjecture as well for all n > 5, and furthermore provides a strengthening of Theorem 4 by
showing that the counterexample refutes the MLS conjecture for almost all p (i.e., p < 1—(1/n?)):

Theorem 9. Let g, := (n_$2+6 = 4+732(1). There is a family {gn} of unbiased LTF's such that the

following holds for all odd integers n > 5:
1) Stab,|g,] < Stab,[Maj,| for all p € (0,1 — 2¢,).
P p n

(ii) ®plgn] > ®p[Maj,] for all p € (en, 3).

We complement this result and show almost matching bounds: (i) the MLS conjecture holds all
unate functions (not just LTFs) for p close to 1 and (ii) the NICD-E conjecture holds for p close
to 0, providing quantitative improvements over Theorems 5 and 8 where an explicit bound on the
regime of parameters is not provided.

Theorem 10. Let v, := 0 4 = 4_;2(1). For every odd n > 5 and any unate unbiased f, we

n+7)(n—1)
have the following:




(i) Stab,[Maj, ] < Stab,[f] for all p € (1 = 2v,,1).
(ii) ®p[Maj,] = ®p[f] for all p € (0,7n).
Moreover, for every odd n > 5 and any (possibly non-unate) unbiased f, we have:
(iti) Dp[Maj,] > @p[f] for all p € (0,7,) for 1), = Graim=n = 2-
In all cases, the inequality is in fact strict as long as f is not Maj,, (up to sign flips).
Finally, using similar techniques, we show that both conjectures hold unconditionally for n = 3.
Theorem 11. The following statements hold:
1. Stab,[Majs] < Stab,[f] holds for all unbiased LTF f and p € (0,1), and
2. ®,[Majs] > ®,[f] holds for all unbiased f and p € (0,1/2).
In both cases, the inequality is in fact strict as long as f is not Majs (up to sign flips).

While the case of MLS for n = 3 was also shown by Biswas and Sarkar (2023), their proof involved
an exhaustive enumeration over functions on 3 variables, and evaluating which ones are LTFs,
whereas our proof is free of case analysis, and uses techniques developed to show Theorem 10.

4 When the conjectures are false? (Proof of Theorem 9)

4.1 Useful Properties of Binomials

We start by a couple of useful lemmata on binomial distributions. First is a lemma that relates
Bin(h + 1, p) and Bin(h, p):

Lemma 12. For any p € [0,1] and h € N, we have

E [—1 ﬂ[u>"/q: 1-2 Pr v=1v]=(1-2 Pr w=w
uNBin(h(—i—L;;)) ( ) ( p) U,v’wBin(h,p)[ ] ( p) w,w’NBin(h,l—p)[ ]
u'~Bin(h,p

Proof. Write u = v + m where v ~ Bin(h,p) and m ~ Ber(p) are independent. Since u/,v" are
identically distributed, we have

E -1 T[u>u'] — E -1 1[v+m>u’]
u~Bin(h+1,p) [( ) } v,u/ ~Bin(h,p) [( ) ]
u/~Bin(h,p) m~Ber(p)

1 / !
— E “((=1 1[v+m>u’] 1 1w’ +m>v] )
v,u’~Bin(h,p) |:2 (( ) +( ) )

m~Ber(p)

Notice that the term (—1)tv+m>vT 4 (_1)Lw'+m>] — ( ynless o/ = v. Thus, the RHS equals

Priu =+]- E [(—1)ﬂ[m>01} — Prlu =] (1—2p),

u v’ m~Ber(p) u v’

which yields the first equality.
The second equality follows simply by substituting w = h —v,w’ = h —v'. ]



The second lemma gives a lower bound on the probability that two i.i.d. binomial random
variables are equal. The form of the lower bound might look peculiar, but this is exactly what we
will need subsequently.

Lemma 13. For any h € N such that h > 2 and any g € (m, %), we have

(1—2q) Pr [w=w'] + ¢ — (1 - g)?+! > 0.
w,w’~Bin(h,q)

Proof. We have

Py w=w] = z:f;r[w =] - Prlu’ =i = Zh: (?) q'(1— q)hi)Q

w,w’~Bin(h,q)

where the inequality follows by considering only the terms corresponding to i € {0, 1,2}, and using
the rough lower bound (g) > 1.
Using ¢ < 1/2 and the above inequality, we can thus bound the desired quantity as follows:

(1 - 2(]) Pr [w _ ’lU,] + q2h+1 - (1 - q)2h+l
w,w’~Bin(h,q)
2h . .
> (1-29) | (1— "+ 21— 9?2+ (1 - = g (1— g
=0

( ((h2 — 11— g2 —q(1— )" = (2h - 3)¢*(1 - Q)2h’3)
> (1-2q) ((h2 —2h+2)¢*(1—q)*"% —q(1 - Q)Qh_l)
= (1-2¢)q(1 — q)*" 2 ((h* = 21+ 3)qg — 1)

0

where the last inequality is due to our assumption that q € (W, %) O

4.2 Characterization of the Gaps

We now establish a simple formula of the differences ®,4[g,] — ®,[Maj,] and Stab;_g,[Maj,] —
Stabi_9¢[gn] based on binomial distributions. In fact, the two quantities are equal, up to an
appropriate scaling, as stated below.

Theorem 14. For all odd n > 3 and q € (0,1), it holds that

2" 2. (Pglgn] — B4[Maj,]) = 2" 3. (Staby_2¢[Maj,] — Stab1_24[gn])
=(1-2q) Pr z=21+¢" —(1—q)"
z,z’wBin(%,q) [ ]

Note that Theorem 9 immediately follows from Theorem 14 and Lemma 13 (using h = 251).

Proof of Theorem 14. We will separately derive the formula for Stab and ®. Let ¢, : {—1,1}" —
{—=2,0,2} be given as d,(x) = Maj,,(x) — gn(x). From definition of g, (2), it follows that d,(e) = 2,
dn(—e) = =2 and J,(x) = 0 for all other .



Derivation for Stab,. Let p =1—2q. For (x,y) ~ DSBS,, we can write the difference between
stabilities as

Stab,[Maj,| — Stab,[gn] = E [Maj, (z)Maj, (y) — gn(®)gn(y)]
= E [Maj, (z)Maj, (y) — (Maj, () — dn(2)) (Maj,,(y) — dn(y))]
= 2E[6n()Maj,,(y)] — E[0n(2)n(y)]-

Since d,, is only supported at e and —e, it is easy to see that

i @) = 55 ((32) - (152) ) = s (-0 =),

To compute the first expectation, using the fact that both J,, and Maj,, are odd functions, we have

. : 1 :
E[on (z)Majy, (y)] = E[0n(2)Maj, (y) | 21 = 1] = 57— E[Maj,(y) [ = €],
where the second inequality is due to the fact that, conditioned on z; = 1, §,(x) is only non-zero
when © = e. Now, let ng = [{i € A|y; = 1}| and np = |{i € B | yi = —1}|. We have that
Maj, (y) = (—=1)t*4>"5] Combining all these, we have

Stab, [Maj,] — Stab,[g.] = 3. (E [(—1)1[ > Bl} +q"—(1—q) )

Notice that, conditioned on & = e, we have nyg ~ Bin (h +1, #) =Bin(h+1,1—¢) and ng ~
Bin (h, HT”> = Bin (h,1 — ¢). Thus, from Lemma 12, we have
. 1 /
Stab,[Maj,,] — Stab,[g,] = T <(1 —2q) w,w/NIDBI;n(h,q)[w =w]+q¢"—(1- Q)n> ;
as desired.
Derivation for ®,. We are interested in ®,[g,| —®,[Maj,,| for p = q. Let S C [n] be generated by

including each element of [n] independently with probability p, and let g € {—1,1}* be uniformly
at random. We also write S to denote [n] \. S. Note that ®, can be written as

Thus, we can write the desired quantity as
: 1
o] - M) = B E |-y hsts)
where

hs(@s) = |24 ero1135 In(®s 0 wg)‘ — ‘nge{_Ll}g Maj, (zs o z3)| -

For notational convenience, write eg as the restriction of e on S. Now, if xg ¢ {eg, —eg}, then
we immediately have g,(xg o xg) = Maj,(zs o g), and hg(zs) = 0. Furthermore, notice that if
S = (), we always have hg(xg) = 0. Thus, the above term can be written as

O] - M) = [ - (s () + s ()| = gy Blistes)], 3



where in the second equality, we use the fact that g, and Maj,, are odd and thus hg is even.
Finally, to determine the value of hg(eg), observe that, unless S = (), we have

Z gnlesoxg) = =2+ Z Maj,,(es o zg).

zs€{-1,1}5 zs€{-1,1}5
This means that hg(eg) is completely determined by the sign of Ez—e{—l 15 Maj, (zs o zg):
S )
0 if S=0or S =|n],

hs(es) =< =2 if nge{_171}§ Maj, (es o m?) >0,

2 otherwise.

Let na :=|SNA|,np := |SNB|. Finally, notice that Maj, (esog) is simply sign (n4 — np + > ;.5 %i)-
Thus, we have

hS(es)Z{O if S=0orS=][n,

2. (—1)ra>nsl  otherwise.

Plugging this back into (3), we have

Pplgn] — p[Maj, ] = < [ Una>nsll 4 pn (1 —p)”) .

Notice that ngq ~ Bin(h + 1, p),np ~ Bin(h, p) are independent. Thus, applying Lemma 12, we get

1
Blo.) - @ Msi) = 5y (-2 Pr o= - 0-pr). O

5 When the conjectures are true? (Proof of Theorem 10)

For any function f : {-1,1}" — {-1,1}, let Ey := {x € {-1,1}" | f(x) # Maj,(x)} and

g = Pro 11y [f(x) # Maj,(z)] = |§{I'

5.1 Useful Lemmata on Gaps

We first obtain a lower bound on the difference between the first-level Fourier coefficients of Majority
and f in terms of their disagreement. We state the lemma below without defining Fourier coefficients
for simplicity.

Lemma 15. For any function f: {—1,1}" — {—1,1}, it holds that

S E e (Maj (@)~ f(@)] > 20 uy.

i€[n] e~{=L1)

Proof. We have

> E [z (Maj,(x) - f(z)] = E > i | - (Maj, (@) - f(z))

i) z~{-1,1}" z~{—1,1}" iel]



> 2. P e FEr =2 puy,
=2 P e Bl =2

where in the inequality we use the fact that (Zie[n] 332> and Maj, (z) have the same sign, (and

that the former is a non-zero integer), which means that (Zie[n] fﬁz) - (Maj,(z) — f(x)) > 2 if
f(x) # Maj,, (x). O

We next prove a simple algebraic fact that we will use later.

Lemma 16. For n > 5,

i< ooy = (20-0r —a - B 2o (7))

(n+7)(n—-1) 3
Proof. From q < Win—l)’ we have
—1)2 n
T st AP
1

2 2 3
o (n+7)2(n—1) g (n—2)- ((n—;l) n(n3— 1))
(*>*)2—q- (n+7)2(n—1) -0,

where in (*), we applied Bernoulli’s inequality, (1 — q)""2 > 1 — (n — 2)q, to the first term and in
(**), we used that the numerator of the dropped term is positive for n > 5. O

For any f: {—1,1}" — {—1,1} we will consider the “gap” between f and Maj,, that has a very
specific form. In particular, the gap will have the following binomial-expansion-like form:

n

Glf) = Y [ (1= @) o) Gs()] @)

k=1
for some Gg(f) € R. We prove a generic bound on G4[f] in terms of the subset expressions Gg(-).
Lemma 17. Suppose there is a constant ¢ > 0 such that:
(i) For i € [n], Gpy(f) = ¢ Eqlr; - (Maj, (@) — f(2))]
(i) Fori# j € [n], Gy (f) > (5 Baol(ai + xj)(Maj, (x) — f()) | 2 = 5] — Prlx € By | 2 # a4]) .
(iii) For S such that |S| > 3, Gs(f) > —2c- Prjx € Ey].

10



Then, Gy[f] > 0 for ¢ < G-

Proof. We lower bound the LHS using our assumptions on each term on the RHS. For the k = 1
term, we sum over all singletons and apply Lemma 15 to obtain

> Gy =c: ZE - (Maj, () — f(2))] > 2¢- .

i€[n]

Thus, the contribution to Gy[f] from the k = 1 term is at least 2c- us - g(1 — )" .
For the term corresponding to k£ = 2, we sum over all ( ) pairs. Note that the bound in our
assumption has two components. Considering the first component, we obtain

¢ 3 LBl +a5)(Maj, (@) — f(@)) | 70 = 2] = 5" D Elw: +2;)(Maj, () — f ()]

=" S Elri(Mai, () — f()]
1€[n]
> c(n—1)uy,

where the first equality follows by observing that if ; # x; then z; + x; = 0, so we can drop the
conditioning on z; = x; by gaining a factor of 2, and the last step follows from Lemma 15. Now
we consider the second component.

—c-ZPr[mEEf | xi#xj]:—Qc-ZPr[azeEf and z; # x;]

1<j 1<J

n
= —2c<2> .:B,Slifl}j} [ € Bt and x; # ;]

n
== 72 * P 3 y E *
c<2> s fz}j} l; #xj | x € Ef]-uy

c

> ——(n?-1)-

where the last inequality follows from the fact that, for any & € {—1,1}", the probability (over
ntl)(n—-1
random {7, j} € ([Z])) that ; # x; is at most C2)() _ -y

(3) 4(3)

Thus, the contribution to G4[f] from the k = 2 term is at least

2 2
- n 1 o(n—1
(1 —q)" 2 <c(n —Dpy—c 5 Mf) — - P(1—q)" 2(2)%0.

For the terms corresponding to k > 3, we lower bound the contribution to G4[f] as follows:

qu( ynk Z Gs(f >—202qk(1—q)”_k Z Prz € Ey]

k=3 se(t)) k=3 se(t))

n _ n
—QC-Mquk(l —q)" k<k>
k=3

n
—2c - qug <3>a

11
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where the last inequality is due to the union bound: >} _, q"(1 —q)"~ k( ) is the probability that
there are at least 3 successes from n i.i.d. Bernoulli random variables with success probability g¢.
Summing the above contributions and applying Lemma 16 with the choice of ¢, we obtain

Gylfl > c-pf-q (2(1 —q)" " —q(1 - q)”_Q(n_Ql)2 —q*- 2(2)) > 0. O

5.2 Bounds on the Gaps

Derivation for Stab,. We assume here that f : {-1,1}" — {—1,1} is monotone (but not
necessarily unbiased). Let p = 1 — 2q. Recall that

Stab,[f] — Stab,[Maj,,] = Zq (1—q) " Z Gs(f)
se()

where

Gs(f) =E [f(z)f(x®®) — Maj,(z)Maj,, ()]

[IMaj,, (2) — Maj,, (%) — | f(z) — f(®®)[] .

Hﬁ 8 =

Here, we are using that sampling (z,y) ~ DSBS®" is equivalent to sampling & uniformly, a subset

S by including each element with probability L p = ¢ and setting y = ®° (flipping all coordinates
in S). We wish to apply Lemma 17 to this expans1on. We have the following bounds.

e For [S| =1, let S = {i}. We have G;;(f) = Ez[27;(Maj,(x) — f(x))], since for any monotone
function h : {—1,1}" — {—1,1}, it holds that Eg[|h(x) — h(x®")|] = Eg[2z;h(2)]. Thus Gy;[f]
satisfies Lemma 17(i) with ¢ = 2.

e For |S| =2, let S = {i,j}; we have two cases. If x; = x;, then

5 [IMaj, () — Mai, (%)) ~ /(@) - f(%)] | 2 = ;]
= 1[G+ ;) (Mai, (@) — Mai, (2%)) — (24 + ;) (f(2) — /(@) | s = ;]
= SE[@i+a5) - (Maj, () — f(@) | 2 = ],

where the first step uses the monotonicity of Maj,, and f. If x; # z;, notice that Maj,(x) =
Maj,,(£®%). Thus, we have

- E [|Maj, (x) — Maj,, ()] — |f(z) — f(#"°)] | 2i # ;]
r[weEforac EEf‘xﬁéﬁUj]
= —2Pr([z € By | z; # ;).

Putting these bounds together,
1 :
Gp(f) > 5l +1;) - (Maj, (@) — f(@)) | 2 = 2] — 2Pr [0 € By | 21 # 2],

This satisfies Lemma 17(ii) also with ¢ = 2.
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e For |S| > 3, we have

Gs(f) = E [|Maj, (x) — Maj, ()| — | (2) — f(@°°)]]
> —2-Prlz € By ora® € E] > —4-Prlz € Ey],

This satisfies Lemma 17(iii) also with ¢ = 2.

From Lemma 17, we conclude Stab,[f] — Stab,[Maj,,] > 0 as desired.

Derivation for ®,. We assume here that f is unbiased. Let g* be the optimal function in the
definition of ®,[f] defined as® g*(zg00g) := sign (Emge{q;}?[f(ms o wg)]) Note that ®,[Maj,,] >
Ez,s[Maj,(z) - g* (x5 0 05)]. Therefore,

®p[Maj, ] — @[] = E [(Maj,(2) - f(=)) - g* (w5 0 Og) =Y -9 > Gs(f),
| k=t se(3)
where ¢ = p and
Gs(f) = E[(Maj,(z) — f(2)) - 9" (x5 © 05)],

and we note that the k = 0 term disappears since f, Maj,, are both unbiased.
As noted in (Ivanisvili and Xie, 2025), we may assume’ w.l.o.g. that the first-level Fourier
coefficient is non-negative, i.e., Ez[x; - f(x)] > 0. Observe that this implies g*(x; © O, {3}) = -

Lemma 18. For any event C, Eg[(Maj,(z) — f(x)) - g*(x500g) | C] > —2Pr[x € Ef | C.

Proof. Note that since |g*| < 1, we have that (Maj,, () — f(z)) - g*(-) evaluates to 0 if z ¢ Ey, and
is lower bounded by —2 if z € Ey. The proof follows. O

We wish to apply Lemma 17 to this expansion. First, consider the case of |S| = 1, and let
S = {i}. Since g*(xi 0 0, f;}) = =, we have G (f) = Ezlv;(Maj,(x) — f(x))]; this satisfies
Lemma 17(i) with ¢ = 1.

For |S| > 1, we will separate into two cases based on whether f is monotone.

When f is monotone. In this case, we have that

e For |S| =2, let S = {i,j}. We have two cases. If z; = x;, for an unbiased monotone function,

notice that we simply have g*(xs o Og) = sign(z; + x;) = wﬁz] . Thus,
IE [(Maj,,(®) — f(®)) - ¢" (®{i 5} © O gig}) | T = 5]

1 :
= 1 El(zi +2;) (Maj, (z) — f(=)) | 2i = 23]
If x; # ;, applying Lemma 18, we have
1
27

Putting these bounds together, we have Lemma 17(ii) with ¢ = 1.

~E [(Maj,(z) — f(x)) - 9" (27} © Opygijy) | i # x5] > —Prle € Ey | 2y # ay].

81f the inner expectation E [f(xs o xg)] is zero, then we may select g*(xs o Og) arbitrarily.

eg€{—1 135
9This follows directly from monotomclty Even without monotonicity, this simply follows by “flipping coordinate

1” that violates this condition, which does not change ®,[f]; see the proof of Lemma 19 for a formalization.
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e For |S| > 3, we have by Lemma 18 that Gg(f) > —2Pr[x € E|. Thus, we have Lemma 17(iii)
with ¢ = 1.

From Lemma 17, we conclude ®,[Maj,,| — ®,[f] > 0 as desired.

When f is not monotone. Finally, consider the case where f is non-monotone. In this case, we
simply apply Lemma 18 to obtain a tail bound on all terms, including the second term,

SNd—gm ™ Y Gs(H) =D dFa—9"F D> (=2up) = —2pp - ¢ (Z) = —ps - ¢’n(n —1).
k=2 se () k=2 se ()
Combining with the first term, we get
®,[Maj,] — @[f] > (1 — )" " - 20y — py - ¢*n(n — 1) = ppq(2(1 — ¢)" ' — gn(n — 1))
> ppq(2(1 = (n = 1)) — gn(n — 1))) > 0,

where we used Bernoulli’s inequality in the penultimate step and our assumption 0 < ¢ < Mw
in the last step.

6 The Case of n = 3 (Proof of Theorem 11)

While the previous sections established bounds for general n, the case of n = 3 is small enough
that we can evaluate the veracity of both conjectures. In fact, we use techniques from Section 5.

Derivation for Stab,. Assume that f is monotone and odd. We can use the same expression
for Gg(f) for the case k = 1,2 as in Section 5. Finally, notice that for £ = 3 (i.e., S = {1,2,3},
we simply have Gg(f) = 0 since f is odd. As a result, following the inequalities in Lemma 17 but
without the k > 3 term, we get

n—2 (n — 1)2

Gylf] Zc-uf-q<2(1—q)”1—q(1—q) 5

)ZC'Mf'Q(l_q)(2_4q)>O7

where in the first equality we use n = 3 and in the last inequality we use 0 < ¢ < 1/2.

Derivation for ®,. In this case, we will use the following lemma.

Lemma 19. For any unbiased f : {—1,1}3 — {—1,1}, there exists another unbiased function
o {=1,1}® — {—1,1} such that ®,[f'] = ®,[f] and there is an optimum ¢* in the definition of
®,[f] that satisfies:

(i) g*(2ioOpyjygiy) = 2 for all i € [3] and @ € {—1,1}% and
(ii) g*(xs00g) = (z; +x;)/2 for all i # j and @ € {—1,1}> such that z; = z;.

Before we prove Lemma 19, we show how to use this to finish the proof. From the lemma, we
may assume w.l.o.g. that f itself has ¢* that satisfies the two properties. Note that these are the
only two properties used in derivation of the monotone case of ®,[f] in Section 5. Again, similar
to the derivation for Stab above, by recognizing that the k = 3 term cancels out and following the
inequalities in Lemma 17 but without the & > 3 term, we get

n—1)2
Gylfl = c pf-q <2(1 — )"t — g1 - q)n—2(21)) > 0.

We will now prove Lemma 19.
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Proof of Lemma 19. We pick f’ of the form f’ = f(x @ a) for some a € {—1,1}3 that maximizes
Ez[z; - f'(x)], ties broken arbitrarily. Note that this ensures that ®,[f’] = ®,[f]. Furthermore, our
choice of f’ ensures that Eg[z; - f/(2)] > 0 for all ¢ € [n]. That is, property (i) holds.

Now, suppose that property (i) does not hold. This means that there exists € {—1,1}3 and
i # j such that z; = z; with Ewge{_lvl}g[f’(wg oxg)]- (z; +x;) < 0. By symmetry, we may assume
that ¢ = 1,7 = 2, and x; = z; = 1. This implies that f(1,1,1) = f'(1,1,-1) = —1.

However, since Eg[z; - f'()] > 0 and f’ is unbiased, plugging in ¢ = 1 and i = 2, respectively,
implies that

F(1,-1,-1)=g(1,-1,1) =1 and f(-1,1,1) = f/(-1,1,-1) = 1,

respectively. Finally, since f’ is unbiased, we also have f'(—1,—1,1) = f’(-1,—1,—1) = —1. This

means that f'(x) = —xi122. However, in this case, we may take f’(x) = x1x2 instead, which
satisfies both properties (i) and (ii). O
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