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Abstract

In this work, we continue the line of research on the complexity of distributions [Vio12], and
study samplers defined by low degree polynomials. An 𝑛-tuple P = (𝑃1 , . . . , 𝑃𝑛) of functions
𝑃𝑖 : F𝑚2 → F2 defines a distribution over {0, 1}𝑛 in the natural way: draw 𝑋 uniformly at random
from F𝑚2 and output (𝑃1(𝑋), . . . , 𝑃𝑛(𝑋)) ∈ {0, 1}𝑛 .

We show that when P is defined by polynomials of degree 𝑑, the total variation distance of P
from the product distribution Ber(1/3)⊗𝑛 is 1 − 𝑜𝑛(1), where 𝑜𝑛(1) is a vanishing function of 𝑛
for any constant degree 𝑑. For small values of 𝑑, we show the following concrete bounds.

• For 𝑑 = 1 we have ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(−Ω(𝑛)).
• For 𝑑 = 2 we have ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(−Ω(log(𝑛)/log log(𝑛))).
• For 𝑑 = 3 we have ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(−Ω(

√
log log(𝑛))).

Our results extend the recent lower bound results for sampling distributions, which have mostly
focused on local samplers, small depth decision trees, and small depth circuits [LV11, BIL12,
Vio23, FLRS23, KOW24].

As part of our proof, we establish the following result, that may be of independent interest:
for any degree-𝑑 polynomial 𝑃 : F𝑚2 → F2 it holds that Pr𝑋[𝑃(𝑋) = 1] is bounded away from 1/3
by some absolute constant 𝛿 = 𝛿𝑑 > 0. Although the statement may seem obvious, we are not
aware of an elementary proof of this.

The proof techniques rely on the structural results for low degree polynomials [GT09, KL08,
HS10], saying that any biased polynomial of degree 𝑑 can be written as a function of a small
number of polynomials of degree 𝑑 − 1.
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1 Introduction

1.1 Background and previous work

The seminal work of Viola [Vio12] initiated the systematic study of a topic referred to as the complexity
of distributions. In this framework, one has a target distribution T over {0, 1}𝑛 that one wishes to
sample from using uniformly random bits. Sampling is then the task of designing an algorithm 𝐴

that, given a uniformly random input bit string 𝑋 ∼ {0, 1}𝑚 , outputs a string 𝐴(𝑋) ∈ {0, 1}𝑛 such
that the resulting output distribution is close to T in statistical distance. The class of algorithms
𝐴 under consideration, i.e., the model of computation, and the target distribution determine the
nature of the problem in this context. One is then led to both upper- and lower-bound questions: to
either show the existence of an algorithm that (approximately) samples the distribution T, or to
show that every such algorithm fails to generate a distribution close to T.

Over the past fifteen years this area has received considerable attention [Vio12, LV11, BIL12, DW12,
Vio16, Vio20, GW20, CGZ22, Vio23, FLRS23, KOW24]. Viola [Vio12] started by showing the first
impossibility result that local functions 𝑓 : {0, 1}𝑚 → {0, 1}𝑛 , where every output bit 𝑓 (𝑋)𝑖 depends
on only a few input bits, are unable to sample a uniformly random string from a Hamming slice
𝐻𝑘 = {𝑥 ∈ {0, 1}𝑛 :

∑
𝑖 𝑥𝑖 = 𝑘}. The work also featured an application of such sampling lower

bounds to lower bounds for succinct data structures which were extended in [KOW24]. Subsequent
works [WP26, KOW24] explored applications of a different kind, namely separations between the
sampling power of quantum and classical circuits. The hardness of sampling was also used to
construct explicit codes [SS24].

The following typical example illuminates why sampling is easier than computing in general, and
therefore, proving lower bounds is a more difficult task. For uniformly random (𝑋1 , 𝑋2 , . . . , 𝑋𝑛) ∈
{0, 1}𝑛 the distribution (𝑋1 , 𝑋2 , . . . , 𝑋𝑛 , 𝑋1⊕· · ·⊕𝑋𝑛) can be alternatively expressed as (𝑋1⊕𝑋2 , 𝑋2⊕
𝑋3 , . . . , 𝑋𝑛−1 ⊕ 𝑋𝑛 , 𝑋𝑛 ⊕ 𝑋1) where ⊕ denotes sum mod 2. Note that although the former view
famously has no sub-exponential size circuit in AC0 ([FSS84, Ajt83, Has86]), the latter form can be
implemented with a 2-local circuit.

Examples of this kind brought attention to the study of the sampling power of local maps or related
models such as shallow decision forests. On this front, Filmus, Leigh, Riazanov, and Sokolov
[FLRS23] show a lower bound against shallow decision forests for sampling from a Hamming
slice 𝐻𝑜(𝑛). They also posed a conjecture characterizing the power of NC0 in sampling uniform
distributions over a symmetric support, which was resolved by Kane, Ostuni, and Wu [KOW25a] in
the affirmative. They later extended this result to characterize all symmetric distributions sampled by
local maps [KOW25b]. Horacsek, Lee, Shinkar, Viola, and Zhou [HLS+25] in a recent result showed
that NC0 can sample a product of dyadic Bernoullies using nearly the information-theoretically
minimum number of uniform random bits.
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1.2 This work

We turn our focus to proving lower bounds for the class of degree 𝑑 polynomials over F2, a class that
contains within itself the class of 𝑑-local maps and depth-𝑑 decision forests. A degree 𝑑 distribution
over {0, 1}𝑛 is defined by a parameter 𝑚 ∈ N and 𝑛 polynomials 𝑃1 , . . . , 𝑃𝑛 : F𝑚2 → F2 of degree 𝑑.
We sample from such a distribution P = (𝑃1 , . . . , 𝑃𝑛) by sampling a uniformly random input 𝑋 ∼ F𝑚2
and outputting (𝑃1(𝑋), . . . , 𝑃𝑛(𝑋)). The main result of this paper shows that for any constant 𝑑 any
degree-𝑑 distribution is 1 − 𝑜𝑛(1)-far from Ber(1/3)⊗𝑛 in total variation distance, where 𝑜𝑛(1) is a
vanishing function of 𝑛 for any constant 𝑑. For small degrees 𝑑 = 1, 2, 3 we show concrete bounds
on the vanishing term 𝑜𝑛(1).1

We also study the class of distributions generated by bounded rank polynomials where each 𝑃𝑖

is a function of bounded rank𝑑. Rank, as used here, comes from the work of Green and Tao
[GT09] who defined it to study its relationship with pseudorandom properties of polynomials and
Gowers norms. A function 𝑃 : F𝑚2 → F2 is said to have rank𝑑(𝑃) ⩽ 𝑟 if there exist 𝑟 polynomials
𝑄1(𝑥), . . . , 𝑄𝑟(𝑥) of degree at most 𝑑 and some Γ : F𝑟2 → F2 such that 𝑃(𝑥) = Γ(𝑄1(𝑥), . . . , 𝑄𝑟(𝑥)) for
all 𝑥. Distributions defined by functions of small rank𝑑 essentially interpolate between degree 𝑑 and
𝑑 + 1 distributions. Indeed, our strategy for proving lower bounds against low degree polynomials
will be to consider distributions defined by bounded rank functions. Specifically, we will first
consider distributions (𝑃1 , . . . , 𝑃𝑛) of bounded linear rank, i.e., where each 𝑃𝑖 satisfies rank1(𝑃𝑖) ⩽ 𝑟

for which we show a lower bound of 1 − exp(−2−𝑂(𝑟2)𝑛) on the distance from Ber(1/3)⊗𝑛 . Note that
these distributions already generalize 𝑟-local distributions. Then, we will consider functions of
bounded quadratic rank for which we prove a 1− exp(− log(𝑛)Ω(1/𝑟2)) lower bound. These will help
us prove a 1 − exp(−Ω(

√
log log(𝑛))) lower bound against degree three distributions.

Analogous results have been shown for 𝑑-local maps in [KOW24, Vio23], where the lower bound
is against sampling Hamming slices. [Vio23] states the result against depth-𝑑 decision forests for
sampling from the Hamming slice 𝐻𝑛/ℎ for ℎ not a power of 2, while the result of [KOW24] extends
it to any ℎ. Many of our results can be translated from the setting of product distribution Ber(1/3)⊗𝑛
to a sampling lower bound of 𝐻𝑛/3 against degree 𝑑 distributions with essentially no change.

While it is natural to expect that for any 𝜌 ∈ (0, 1) similar lower bounds hold for 𝐻𝜌𝑛 against degree
𝑑 distributions, in the product distribution setting Ber(𝜌)⊗𝑛 it is essential that the parameter 𝜌 is
some non-dyadic, since for dyadic 𝜌 = 𝑎/2𝑑 the distribution Ber(𝜌)⊗𝑛 can be perfectly sampled by
polynomials of degree 𝑑.

An essential (and non-trivial) step in our results is to show that a single polynomial 𝑃 : F𝑚2 → F2

cannot sample Ber(1/3) better than some constant Ω𝑑(1) that does not depend on 𝑚. Put differently,
|Pr𝑋[𝑃(𝑋) = 1] − 1/3| is bounded away from zero by some constant that only depends on 𝑑. In
contrast, the analogous question for 𝑑-local distributions is trivial, since the probability that a 𝑑-local
function outputs 1 is 𝑎/2𝑑 for some integer 𝑎 which leaves a Ω(2−𝑑) gap from 1/3; however, a degree
𝑑 polynomial 𝑃 : F𝑚2 → F2 can genuinely depend on all 𝑚 bits, and even for degree 𝑑 = 2 we can

1The parameter 1/3 is fixed throughout the paper for simplicity, and can be replaced by any non-dyadic 𝜌 ∈ (0, 1).
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construct a quadratic polynomial with Pr[𝑃(𝑥) = 1] = 3/8, which clearly is not of the form 𝑎/2𝑑.
To show this, we use structural results for low degree polynomials from the works of Green and
Tao [GT09], Kaufman and Lovett [KL08], and Haramaty and Shpilka [HS10]. A related problem
to this result is the weight distribution of binary Reed-Muller codes [KT70, KTA76, KLP12] which
asks for given parameters 𝑚, 𝑑 ∈ N, 𝜂 ∈ (0, 1) how many polynomials 𝑃 : F𝑚2 → F2 of degree 𝑑 exist
that satisfy Pr𝑋[𝑃(𝑋) = 1] ⩽ 𝜂. Our result says that for a constant 𝛿 = 𝛿𝑑 > 0, the number of such
polynomials does not change when 𝜂 is in the 𝛿-neighborhood of 1/3, that is, 𝜂 ∈ [1/3 − 𝛿, 1/3 + 𝛿].
As mentioned above, the parameter 1/3 is fixed throughout the paper for simplicity only, and
analogous distance lower bound results can be shown for the distribution Ber(𝜌)⊗𝑛 for any non-
dyadic parameter 𝜌 ∈ (0, 1). In fact, since for a single degree 𝑑 polynomial Pr[𝑃(𝑥) = 1] is bounded
away from, say 𝜌 = 1/2𝑑+1, our distance lower bounds also extend to Ber(1/2𝑑+1)⊗𝑛 .

At a high level, our results form a hierarchy where we show lower bounds against degree 1, bounded
rank1, degree 2, bounded rank2, and so on, at the cost of progressively weaker distance guarantees.
We conjecture that the correct lower bound for sampling Ber(1/3)⊗𝑛 with distributions of bounded
rank𝑑 ⩽ 𝑟 should be 1 − exp(−Ω𝑑,𝑟(𝑛)).
One of the main technical tools in establishing our results is a Chebyshev lemma stating the fol-
lowing. Suppose we are given a distribution P = (𝑃1 , . . . , 𝑃𝑛), where each 𝑃𝑖 can be written as
𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟) for some degree 𝑑 polynomials𝑄𝑖1 , . . . , 𝑄𝑖𝑟 , that are almost pairwise independent.
That is, for each 𝑖 ≠ 𝑗 the 2𝑟-tuple (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) is a collection of almost independent
polynomials. Then, the distance of P from the distribution Ber(1/3)⊗𝑛 is ∥P − Ber(1/3)⊗𝑛∥TV ⩾
1 − 𝑜𝑟(1) − 𝑜𝑛(1).
One issue is that, generally, polynomial distributions are not almost pairwise independent. However, we
can hope for a relaxed scenario of finding a subset of the 𝑃𝑖 ’s so that the corresponding (𝑄𝑖1 , . . . , 𝑄𝑖𝑟)
satisfy the required almost pairwise independence for 𝑃𝑖’s in the subset. We will show a slight variant
of that. Specifically, we show that any set of polynomials has a large subset of 𝑃𝑖’s such that their
corresponding (𝑄𝑖1 , . . . , 𝑄𝑖𝑟) are almost pairwise independent up to a small collection of 𝑄∗1 , . . . , 𝑄

∗
𝑐

that appear in all of them. In other words, the tuples (𝑄𝑖1 , . . . , 𝑄𝑖𝑟) form a sunflower whose petals are
almost pairwise independent.

In order to quantify almost independence for a collection of polynomials, we use the notion of regularity,
which has been studied in the context of structure versus randomness of polynomials [GT09, KL08].
Using similar machinery, we show that any collection of low degree polynomials contains a large
subset that form a sunflower, whose petals are pairwise regular polynomials in the sense described
above. This is of independent interest to us, and, to the best of our knowledge, has not appeared
previously in the literature. While sunflowers have appeared before in related contexts (see, e.g.,
[FLRS23, YZ24]), our work appears to be the first to study such a sunflower structure for polynomials.
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1.3 Organization of the paper

In Section 2 we give a broad overview of our results and techniques. Section 3 fixes our notation,
introduces definitions, and presents several basic lemmas that will be used throughout the paper.
In Section 4 we prove our Chebyshev lemma and some of its variants, which will be used in the
subsequent sections. In Section 5 we prove our key combinatorial lemma on sunflower pairwise
regularization that is used in proving our sampling lower bound for constant degree distributions.
Section 6 proves that a single polynomial cannot sample Ber(1/3) better than a constant distance;
this section is extended to Ber(𝜌) for any non-dyadic 𝜌 in Appendix A. The remaining sections,
Sections 7 to 12, talk about lower bounds of sampling Ber(1/3)⊗𝑛 against degree 1, bounded rank1,
degree 2, bounded rank2, degree 3, and general degree 𝑑 distributions.

2 Our results

In this section we present our results and describe the ideas and techniques utilized to prove them.
In some cases we present an informal statement in favor of a cleaner exposition. We close this
section with some open problems.

2.1 A single polynomial cannot approximate Ber(1/3) well

As discussed in the introduction, the following theorem lies at the heart of all of our lower bounds.

Theorem 1 (A gap for one polynomial; formal version in Theorem 6.4). Let 𝑃 : F𝑚2 → F2 be a
polynomial of degree 𝑑. Then

| Pr
𝑋∼F𝑚2
[𝑃(𝑋) = 1] − 1

3 | ⩾ 𝛿,

for some constant 𝛿 = 𝛿𝑑 > 0 that depends only on 𝑑.

Although the statement may appear almost self-evident at first glance, its proof is non-trivial even for
degree as small as three. For quadratic polynomials, the proof can be obtained from the structural
results of quadratic polynomials of Dickson (see, e.g., [LN96, Theorem 6.30]). Thus, quite naturally,
our argument ultimately relies on regularizing techniques from [GT09, KL08] and the corresponding
structural results. For degree three, we give an alternative proof using the specific structural results
for cubic polynomials of Haramaty and Shpilka [HS10].

Remark 2.1. We remark that throughout the paper, the choice of 1/3 is only a matter of simplicity
and convenience. In Appendix A, we show that 1/3 in Theorem 1 can be replaced with any non-
dyadic2 parameter 𝜌, and our sampling lower bounds for Ber(𝜌)⊗𝑛 hold for any 𝜌 ∈ (0, 1) satisfying
Theorem 1.

Before proceeding to other results, let us first formally define a polynomial distribution.
2A number of the form 𝑎/2𝑏 where 𝑎 and 𝑏 are integers is called dyadic.
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Definition 1 (Degree-𝑑 distributions). An 𝑛-tuple P = (𝑃1 , . . . , 𝑃𝑛) where each 𝑃𝑖 : F𝑚2 → F2 is a
polynomial of degree at most 𝑑, defines a distribution over {0, 1}𝑛 in the natural way: draw 𝑋 ∼ F𝑚2
uniformly at random, and output (𝑃1(𝑋), . . . , 𝑃𝑛(𝑋)) ∈ {0, 1}𝑛 .

In our setting, the number of input variables𝑚may be arbitrarily large. Observe that the polynomials
𝑃1 , . . . , 𝑃𝑛 are fed the same input 𝑋 which allows the 𝑛 outputs to be correlated.

2.2 Lower bounds against linear distributions

We start with the following simple claim, showing a lower bound for degree-1 distributions. We
include this result for completeness rather than for novelty.

Theorem 2 (Degree-1 distributions; formal version in Section 7). Let L = (𝐿1 , . . . , 𝐿𝑛) be a degree-1
distribution. Then ∥L − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(−𝑐𝑛) for some absolute constant 𝑐 > 0.

The (simple) proof of this theorem illustrates a strategy that is used frequently in proving lower
bounds for sampling: reducing to a win-win scenario. The argument for this theorem goes as
follows. Let 𝐷 be the maximum number of linearly independent 𝐿𝑖’s. The key is to analyze what
happens when𝐷 is large and small respectively. If𝐷 is large, say, more than 𝑛/2, then the𝐷 linearly
independent coordinates form a uniform distribution over {0, 1}𝐷 , thus giving 1 − 2−Ω(𝑛) distance
from the target distribution Ber(1/3)⊗𝑛 . On the other hand, if 𝐷 is small, then conditioning on the
values of the 𝐷 linearly independent 𝐿𝑖’s fixes the value of all other coordinates. In other words, L
is expressed as a convex combination of 2𝐷 many distributions, each with singleton support. This
case also gives a 1− 2−Ω(𝑛) lower bound, using a certain union bound claim for convex combinations
of distributions.

Our first interesting result is the following theorem, showing a sampling lower bound for bounded
rank1 distributions. These are distributions P = (𝑃1 , . . . , 𝑃𝑛) where each 𝑃𝑖 : F𝑚2 → F2 can be
described by a bounded number of linear/degree-1 polynomials. Already at this point, we are
considering a more general class of distributions than local maps. For 𝑟-local maps the works of
[Vio23, KOW24] essentially prove a 1−exp(−Ω𝑟(𝑛)) lower bound for sampling Ber(1/3)⊗𝑛 . We show
a similar bound for distributions whose rank1 is upper bounded by 𝑟.

Theorem 3 (Bounded rank1 distributions; formal version in Theorem 8.1). Let P = (𝑃1 , . . . , 𝑃𝑛) be a
distribution, where each 𝑃𝑖 : F𝑚2 → F2 can be written in the form 𝑃𝑖 = Γ𝑖(𝐿𝑖1 , . . . , 𝐿𝑖𝑟), where Γ𝑖 : {0, 1}𝑟 →
{0, 1} is some function and 𝐿𝑖1 , . . . , 𝐿𝑖𝑟 : F𝑚2 → F2 are degree-1 polynomials. Then ∥P− Ber(1/3)⊗𝑛∥TV ⩾
1 − exp(−2−𝐶𝑟2

𝑛) for some absolute constant 𝐶 > 0.

The proof of the theorem is an induction on 𝑟, and has a similar flavor to the lower bound for
𝑟-local functions in [KOW24], generalized to account for 𝑟 linear functions (rather than 𝑟 input bits)
using linear algebraic tools. We define a bipartite graph, where on the right vertex set we have our
𝑃𝑖’s, and on the left vertex set we have all linear functions. We then connect each polynomial to
the subspace of dimension 𝑟 that it depends on; in the notation of Theorem 3, 𝑃𝑖 is adjacent to all

7



𝐿 ∈ span(𝐿𝑖1 , . . . , 𝐿𝑖𝑟). Then the argument considers a maximal subspace 𝑊 (a subset of the left
vertex set) whose dimension is not too large and which expands well relative to that dimension. If
𝑊 is adjacent to many polynomials, then by conditioning/fixing the values of the linear functions
in 𝑊 we reduce the rank of its neighbors, which allows for applying induction. Otherwise, the
neighborhood of𝑊 is rather small, and its maximality ensures that we can find a large subset of
polynomials that depend on linearly independent subspaces, which reduces to the scenario where
a large subset of 𝑃𝑖’s are independent, and hence the subset corresponds to a product distribution
with each coordinate having Ω(2−𝑟) distance from Ber(1/3).

2.3 Lower bounds against quadratic distributions

We would like to extend our lower bounds in Theorems 2 and 3 to quadratic distributions. Suppose
we are given a distribution Q = (𝑄1 , . . . , 𝑄𝑛) defined by quadratic polynomials. Note that if, say, at
least 𝑛/2 polynomials 𝑄𝑖 have bounded rank1(𝑄𝑖), then we can simply apply Theorem 3. Hence, it
remains to handle the case, where many 𝑄𝑖’s have high rank1.

Let us assume for simplicity that all 𝑄𝑖 ’s have high rank1. Note first that for parameters 𝑟 and 𝑠 one
of the following two cases must hold.

(a) There is a subset 𝑆 ⊆ [𝑛] of 𝑠 polynomials such that rank(𝑄𝑖 +𝑄 𝑗) ⩾ 𝑟 for all 𝑖 ≠ 𝑗 ∈ 𝑆.
(b) There exists some 𝑖∗ and a set 𝑆 ⊆ [𝑛] of size ⩾ 𝑡 ⩾ 𝑛/𝑠 such that rank(𝑄𝑖∗ + 𝑄 𝑗) ⩽ 𝑟 for all

𝑗 ∈ 𝑆.

Indeed, this can be viewed as a graph-theoretic argument, where the vertices of the graph correspond
to the 𝑛 polynomials, and (𝑖 , 𝑗) is an edge if and only if rank(𝑄𝑖 + 𝑄 𝑗) ⩽ 𝑟. Then, the first case
corresponds to the graph having an independent set of size 𝑠 and the second case corresponds to
the graph having a vertex of degree at least 𝑛/𝑠.

𝑄1

𝑄2

𝑄3

𝑄𝑠

(a) Large independent set. The vertices form an
independent set. The tuple (𝑄1 , . . . , 𝑄𝑠) is almost
pairwise independent.

𝑄∗

𝑄1

𝑄2

...

𝑄𝑡

rank(𝑄
∗ +𝑄1) ⩽

𝑟

rank(𝑄∗ +𝑄2) ⩽ 𝑟

rank(𝑄 ∗+𝑄
𝑡 ) ⩽ 𝑟

(b) Large degree vertex. Each polynomial in the
tuple (𝑄1 , . . . , 𝑄𝑡) can be expressed in a new ba-
sis 𝑄 𝑗 = 𝑄

∗ + Γ𝑗(𝐿 𝑗1 , . . . , 𝐿 𝑗𝑟), which is essentially
low-rank up to the common polynomial 𝑄∗. In-
tuitively, 𝑄∗ explains the (potentially) high-rank
part of many polynomials simultaneously.

Figure 1: A win-win scenario for sampling lower bound.
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Suppose first that rank(𝑄𝑖 + 𝑄 𝑗) ⩾ 𝑟 for all 𝑖 ≠ 𝑗 ∈ 𝑆. Then, the corresponding distribution
(𝑄𝑖)𝑖∈𝑆 is almost pairwise independent with each coordinate having expectation bounded away from
1/3. Suppose for concreteness that at least 𝑠/2 of them have the expectation at least 1/3 + 𝛿.3 In
particular, on average at least 1/3 + 𝛿 fraction of these polynomials output 1, and by pairwise
almost independence, a standard Chebyshev-like argument implies that (𝑄𝑖)𝑖∈𝑆 is 1− 𝑜𝑠(1)-far from
Ber(1/3)⊗𝑠 .
For the second case for each 𝑗 ∈ 𝑆 we can write 𝑄 𝑗 = 𝑄𝑖∗ + Γ𝑗(𝐿 𝑗1 , . . . , 𝐿 𝑗𝑟) for some function
Γ𝑗 : F𝑟2 → F2, some linear functions 𝐿 𝑗1 , . . . , 𝐿 𝑗𝑟 , and the common quadratic polynomial 𝑄𝑖∗ . That
almost reduces it to the setting of Theorem 3, except for the common part 𝑄𝑖∗ . We overcome this
slight complication by taking the union bound over the conditioning on the two possible output
values of 𝑄𝑖∗ , which effectively corresponds to restricting the domain of the polynomials. See
Lemma 3.6 for details.

By choosing the appropriate values of 𝑟 and 𝑠, we obtain the following result.

Theorem 4 (Quadratic distributions; formal version in Theorem 9.1). Let Q = (𝑄1 , . . . , 𝑄𝑛) be
a distribution, where each 𝑄𝑖 : F𝑚2 → F2 is a quadratic polynomial. Then ∥Q − Ber(1/3)⊗𝑛∥TV ⩾ 1 −
𝑛−𝑐/log log(𝑛) for some absolute constant 𝑐 > 0.

The next natural step is to show a lower bound for bounded rank2 distributions. Specifically, we
prove the following theorem.

Theorem 5 (Bounded rank2 distributions; formal version in Theorem 10.1). Let P = (𝑃1 , . . . , 𝑃𝑛) be
a distribution, where each 𝑃𝑖 satisfies rank2(𝑃𝑖) ⩽ 𝑟, i.e., 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟) for some arbitrary function
Γ𝑖 and degree-2 polynomials 𝑄𝑖1 , . . . , 𝑄𝑖𝑟 . Then ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(− log(𝑛)𝑐/𝑟2) for some
absolute constant 𝑐 > 0.

Below we describe the ideas that go into the proof of the theorem. The main idea is to use the
technique known as regularization in higher order Fourier analysis [GT09, HHL19]. We describe the
special case of it for 𝑃𝑖’s of bounded rank2. Later, we will generalize it to arbitrary degree 𝑑.

Suppose we have a collection of quadratic polynomials (𝑄1 , . . . , 𝑄𝑟). We define the structural
notion of regularity as follows. A collection or factor of polynomials (𝑄1 , . . . , 𝑄𝑟) is said to be
𝑘-regular if all nonzero linear combinations 𝑄̃ =

∑
𝑖 𝜆𝑖𝑄𝑖 have rank greater than 𝑘. By the the

structure of quadratic polynomials (Dickson’s Lemma Theorem 3.17), if the factor (𝑄1 , . . . , 𝑄𝑟)
is 𝑘-regular, then all nonzero linear combinations

∑
𝑖 𝜆𝑖𝑄𝑖 are almost balanced in the sense that

Pr𝑋[
∑
𝑖 𝜆𝑖𝑄𝑖(𝑋) = 1] = (1±2−𝑘/2)/2. A standard Fourier-analytic argument shows that if 𝑘 ≫ 𝑟, then

all nonzero linear combinations
∑
𝑖 𝜆𝑖𝑄𝑖 are almost balanced, and the distribution of (𝑄1 , . . . , 𝑄𝑟)

must be close to uniform.

Suppose now that 𝑃 has rank2(𝑃) ⩽ 𝑟, and hence can be written as 𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟) for some
quadratic polynomials 𝑄𝑖 . Observe that if the factor of quadratics (𝑄1 , . . . , 𝑄𝑟) is not 𝑘-regular,

3Otherwise, at least 𝑠/2 of them have the expectation at most 1/3 − 𝛿, and the same argument applies.
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then there exists some linear combination
∑
𝑖 𝜆𝑖𝑄𝑖 whose rank is at most 𝑘, and hence we can

remove one of the 𝑄𝑖 ’s, and replace it with at most 𝑘 linear functions, and hence 𝑃 can be written as
𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟−1 , 𝐿1 , . . . , 𝐿𝑘), where all 𝐿𝑖’s are linearly independent. Continuing this process,
we get a refinement (𝑄1 , . . . , 𝑄𝑟′ , 𝐿1 , . . . , 𝐿𝑠) consisting of 𝑟′ ⩽ 𝑟 quadratic polynomials and 𝑠′ ⩽ 𝑘𝑟

linear function such that 𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟′; 𝐿1 , . . . , 𝐿𝑠′) and (𝑄1 , . . . , 𝑄𝑟′ , 𝐿1 , . . . , 𝐿𝑠′) is 𝑘-regular.

We can now return to the proof overview of the lower bound for distributions of bounded rank2.
The proof uses induction. Let P = (𝑃1 , . . . , 𝑃𝑛) be such a distribution, where each 𝑃𝑖 can be written
as a function of 𝑟 polynomials of degree 2, which we write as 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟). Let us write Q𝑖

as a shorthand for (𝑄𝑖1 , . . . , 𝑄𝑖𝑟).
We may assume that all Q𝑖 ’s are 𝑘-regular for some sufficiently large 𝑘, as otherwise, we can perform
a refinement step; this step will reduce the number of actual quadratics and might introduce new
linear functions into Q𝑖 . Now, we construct a graph, similar to Fig. 1, where the vertices correspond
to Q𝑖 ’s. We put an edge between Q𝑖 and Q𝑗 if the pair (Q𝑖 ;Q𝑗) is not 𝑘-regular for some parameter 𝑘,
i.e. if the 2𝑟-tuple Q𝑖 , 𝑗 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) is not 𝑘-regular.

Once again, the win-win scenario of Fig. 1 is applicable. If a large number 𝑆 ⊆ [𝑛] satisfies the
pairwise regularity condition, namely, Q𝑖 , 𝑗 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) is 𝑘-regular for all 𝑖 ≠ 𝑗 ∈ 𝑆,
then a Chebyshev-like argument implies that the corresponding distribution if 1 − 𝑜(1)-far from
Ber(1/3)𝑛 .

Otherwise, there exists some Q𝑖∗ and a large set 𝑆 ⊆ [𝑛] such that for all 𝑗 ∈ 𝑆 the factor Q𝑖∗ , 𝑗 is
not regular. We show that in this case, we can change the basis of Q𝑗 , possibly introducing a few
linear functions along the way, so that for all 𝑗 ∈ 𝑆 the function 𝑃𝑗 can now be written in the form
𝑃𝑗 = Γ′

𝑗
(𝑄∗;𝑄 𝑗1 , . . . , 𝑄 𝑗 ,𝑟−1;L𝑗) where L𝑗 is a collection of linear functions, and 𝑄∗ is a quadratic

polynomial common to all 𝑗 ∈ 𝑆. This step generalizes Fig. 1b from a single polynomial to factors
of polynomials. In this new basis, the polynomials 𝑃1 , . . . , 𝑃𝑡 have essentially had their quadratic
rank reduced to 𝑟 − 1, which allows us to invoke the induction hypothesis after handling 𝑄∗; see the
proof of Theorem 10.1 for the details.

2.4 Lower bounds against polynomial distributions of degree greater than 2

In the next step we lift Theorem 5 to a lower bound for cubic distributions by an argument analogous
to the one used to derive the lower bound for quadratics from bounded rank1. We obtain the
following concrete bound for degree three.

Theorem 6 (Cubic distributions; formal version in Theorem 11.1). Let C = (𝐶1 , . . . , 𝐶𝑛) be a
distribution, where each 𝐶𝑖 : F𝑚2 → F2 is a polynomial of degree 3. Then ∥C − Ber(1/3)⊗𝑛∥TV ⩾ 1 −
exp(−𝑐

√
log log(𝑛)) for some absolute constant 𝑐 > 0.

In principle, one could continue in this manner and obtain concrete bounds for higher-degree
distributions, but at this point deriving an explicit lower bound 1−𝜀𝑑(𝑛) requires a lengthy calculation,
while the gain over the simpler bound 1 − 𝑜𝑛(1) is comparatively modest. We therefore content

10



ourselves with this form of the result and turn to the final conclusion of the paper: a general sampling
lower bound for degree-𝑑 distributions.

Theorem 7 (Degree-𝑑 distributions; formal version in Theorem 12.2). Let P = (𝑃1 , . . . , 𝑃𝑛) be a
distribution, where each 𝑃𝑖 : F𝑚2 → F2 is a polynomial of degree 𝑑. Then ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − 𝑜𝑑(1).

We now sketch the main idea behind the proof of this Theorem 7. In order to describe the proof we
first need the following lemma, which we call the Chebyshev lemma.4

2.5 Chebyshev lemma

Before proceeding to this lemma, we recall the definition of degree-𝑑 rank. The rank𝑑(𝑃) of a
function 𝑃 : F𝑚2 → F2 is the smallest positive integer 𝑘 for which 𝑘 polynomials𝑄1 , . . . , 𝑄𝑘 of degree
𝑑 exist so that 𝑃 can be written as 𝑃 = Γ(𝑄1 , . . . , 𝑄𝑘) for some Γ : F𝑘2 → F2. When we speak of the
rank of a polynomial of degree exactly 𝑑 + 1, we mean its rank𝑑.

Lemma 1 (Chebyshev lemma; formal version in Lemma 4.1). Let P = (𝑃1 , . . . , 𝑃𝑛) be such that each 𝑃𝑖
has bounded rank𝑑; i.e., 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟) for some Γ𝑖 and degree-𝑑 polynomials𝑄𝑖1 , . . . , 𝑄𝑖𝑟 . Suppose
further that for all 𝑖 ≠ 𝑗 the distribution defined by the tuple

Q𝑖 𝑗 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) is 2−𝑟-close to uniform. (Pairwise Uniform)

Then, ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − 2−𝑟 − 𝑜(1).

The requirement of being close to uniform can be replaced by the structural requirement of regularity.
A collection or factor of degree-𝑑 polynomials (𝑄1 , . . . , 𝑄𝑟) is 𝑘-regular if all nonzero linear com-
binations 𝑄̃ =

∑
𝑖 𝜆𝑖𝑄𝑖 have rank more than 𝑘. The celebrated rank-bias theorem of [GT09, KL08]

gives a tradeoff between 𝑘 and the bias of 𝑄̃. More precisely, if 𝑘 is large enough as a function of 𝛿
and 𝑑, then Pr𝑋[𝑄̃(𝑋) = 1] = (1± 𝛿)/2. Hence, if the factor of polynomials (𝑄1 , . . . , 𝑄𝑟) is 𝑘-regular,
then all nonzero linear combinations of are balanced and the joint distribution (𝑄1 , . . . , 𝑄𝑟) is close
to uniform by a standard Fourier-analytic argument. It follows that for some 𝑘 = 𝑘(𝑑, 𝛿, 𝑟) the
following implies Eq. (Pairwise Uniform).

Q𝑖 𝑗 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) is 𝑘-regular. (Pairwise Regularity)

Loosely speaking, our Chebyshev lemma enables us to prove a sampling lower bound by applying
induction on the rank𝑑. We explained this idea to some extent in our lower bound for bounded
quadratic rank. If we have a distribution P = (𝑃1 , . . . , 𝑃𝑛) such that each 𝑃𝑖 has bounded rank𝑑,
then either

(a) there exists a large subset of coordinates satisfying Eq. (Pairwise Regularity), which puts us in
the setting of Lemma 1; or

4The name is due to Chebyshev’s inequality playing the main role in its proof.

11



(b) there exists a low-rank structure, which allows us to reduce a certain parameter (roughly
corresponding to 𝑟), and hence apply the induction hypothesis.

The main tool that makes the Chebyshev lemma useful is regularization. We have already discussed
regularization in part when considering distributions of bounded quadratic rank. In full generality,
regularizing a factor Q = (𝑄1 , . . . , 𝑄𝑟) of degree-𝑑 polynomials 𝑄𝑖 : F𝑚2 → F2, is the process of
producing another factor of degree-𝑑 polynomials Q′ = (𝑄′1 , . . . , 𝑄′𝑟′) that enjoys the following
properties.

• (Regularity) Each linear combination
∑
𝑖 𝜆𝑖𝑄

′
𝑖
has high rank.

• (Refinement) Everything that was computable by Q, is also computable by Q′. Formally, if
𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟) for some Γ, then 𝑃 = Γ′(𝑄′1 , . . . , 𝑄′𝑟′) for some Γ′.

• (Small size blow-up) The number of polynomials in Q′ is not much larger than Q. More precisely,
𝑟′ depends only on 𝑟, 𝑑, and the regularity parameter 𝑘, and it is independent of the number
of variables 𝑚.

We now sketch the main idea behind the proof of Theorem 7. The proof will be similar to Theorem 5
for distributions with bounded quadratic rank. Roughly speaking, the proof of Theorem 7 works
by formulating a generalized version of the idea depicted in Fig. 1 as a separate structural theorem,
which we call sunflower pairwise regularization. This structural result is of independent interest to us,
and may be useful beyond the present argument.

Theorem 8 (Sunflower pairwise regularization; formal version in Theorem 5.2). Let (𝑃1 , . . . , 𝑃𝑛) be
a collection of degree-𝑑 polynomials 𝑃𝑖 : F𝑚2 → F2. Then there exists a subset 𝑆 ⊆ [𝑛] of polynomials of size
𝑤 = 𝑛Ω(1) such that for each 𝑖 ∈ 𝑆 the following holds.

• Every 𝑃𝑖 can be written in the form 𝑃𝑖 = Γ𝑖(𝑄∗1 , . . . , 𝑄∗𝑐 ;𝑄𝑖1 , . . . , 𝑄𝑖𝑟) where 𝑄∗1 , . . . , 𝑄
∗
𝑐 appear in

all of the 𝑃𝑖 and𝑄𝑖1 , . . . , 𝑄𝑖𝑟 is unique to 𝑃𝑖 . That is, the sets G𝑖 = {𝑄∗1 , . . . , 𝑄∗𝑐 , 𝑄𝑖1 , . . . , 𝑄𝑖𝑟} form
a sunflower with the core Q∗ = (𝑄∗1 , . . . , 𝑄∗𝑐) and petals Q𝑖 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟).

• The number 𝑟 + 𝑐 is small; in particular, it is independent of 𝑚 and 𝑛.
• For all 𝑖 ≠ 𝑗 the tuple Q𝑖 𝑗 = (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) satisfies Eq. (Pairwise Regularity).

With Theorem 8 in hand, the only remaining issue is handling the common polynomials 𝑄∗1 , . . . , 𝑄
∗
𝑐

without which we can apply our Chebyshev lemma (Lemma 1) to the pairwise regular set 𝑆. In a
separate lemma we prove that because 𝑐 ≪ 𝑤, the effect of 𝑄∗

𝑖
’s is not significant (see Lemma 3.6),

which concludes the proof of our lower bound for degree-𝑑 distributions.

We close our discussion of the results by turning to the proof of Theorem 8. The goal in this
theorem is to write 𝑃𝑖 in the form 𝑃𝑖 = Γ𝑖(Q∗;Q𝑖) satisfying the three conditions. At the beginning,
such a representation exists trivially by letting Q∗ to be empty and Q𝑖 to be simply (𝑃𝑖); however,
Eq. (Pairwise Regularity) is not necessarily satisfied. At this point, we construct a graph similar
to Fig. 1 connecting Q𝑖 to Q𝑗 whenever the pair (Q𝑖 ;Q𝑗) is not regular enough. Then if we find
a large independent set in this graph (Fig. 1a) we simply stop and announce the corresponding
independent set as our final subset of polynomials. Otherwise, a vertex of large degree exists as in
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Fig. 1b, which allows for a change of basis, that introduces a new common polynomial into the core
Q∗ at the expense of introducing a few polynomials into the petals Q𝑖 . We repeat this step until we
get a subset of polynomials that are pairwise regular. To ensure that Q𝑖 are individually regular, we
need to interweave such steps with usual refinement/regularization steps. The main concern is
why this process must terminate. The reason is that at each step, a polynomial is replaced by a few
polynomials of strictly smaller degree, so the process can continue only for finitely many steps.

2.6 Open problems

Below are some problems that arise naturally from this work.

• Improve the lower bounds on the statistical distance. In particular, is it true that ∥P −
Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(−Ω𝑑(𝑛)) for all 𝑑?

• What about samplers defined by polynomials of degree 𝑑, where 𝑑 grows as a function of
𝑛, say 𝑑 = 𝑐 log(𝑛). The results of this work seem to be useful only when 𝑑 is a very slowly
growing functions of 𝑛.

• Characterize all achievable values of Pr𝑋[𝑃(𝑋) = 1], where 𝑃 : F𝑚2 → F2 is a polynomial
of degree 𝑑 and 𝑚 is allowed to be any positive integer. A related problem is the weight
distribution of binary Reed-Muller codes; see [KLP12, KTA76, KT70].

• For degree 𝑑 = 3 how close can Pr𝑋[𝑃(𝑋) = 1] be to 1/3? Below we provide several examples.
First consider the following polynomials with Pr𝑋[𝑃(𝑋) = 1] < 1/3.

– The simplest example is 𝑃(𝑥) = 𝑥1𝑥2 with Pr[𝑃(𝑥) = 1] = 1/4. The gap is 1/3−1/4 = 1/12.
– A more interesting example is the polynomial 𝑃(𝑥) = 𝑥1𝑥2 + 𝑥3𝑥4𝑥5. The first term

gives Pr[𝑥1𝑥2 = 1] = 1/4, and the second term gives Pr[𝑥3𝑥4𝑥5 = 1] = 1/8. Hence
Pr[𝑃(𝑥) = 1] = 1/4 + 1/8 − 2 · (1/4) · (1/8) = 5/16. The gap is 1/3 − 5/16 = 1/48 ≈ 0.0208.

Next, we describe several examples with Pr𝑋[𝑃(𝑋) = 1] > 1/3.

– The polynomial 𝑃(𝑥) = 𝑥1 · (1 − 𝑥2𝑥3) satisfies Pr𝑋[𝑃(𝑋) = 1] = 1/2 · 3/4 = 3/8. The gap
is 3/8 − 1/3 = 1/24 ≈ 0.0417.

– The polynomial 𝑃(𝑥) = 𝑥1𝑥2 + 𝑥3(𝑥4𝑥5 + 𝑥6𝑥7). The first term Pr[𝑥1𝑥2 = 1] = 1/4,
and the second term gives Pr[𝑥3(𝑥4𝑥5 + 𝑥6𝑥7) = 1] = 3/16. Hence Pr[𝑃(𝑥) = 1] =
1/4 + 3/16 − 2 · (1/4) · (3/16) = 11/326. The gap is 11/32 − 1/3 = 1/96 ≈ 0.0104.

– Our last example is 𝑃(𝑥) = 𝑥1𝑥2𝑥3 + 𝑥1𝑥4 + 𝑥4𝑥5𝑥6 + 𝑥7𝑥8𝑥9. In this example, we have
Pr[𝑃(𝑥) = 1] = 43/128, and the gap is 43/128 − 1/3 = 1/384 ≈ 0.0026.

It would be interesting to better understand such examples, and compare the gaps we obtain
here to the lower bound 𝛿3 from Lemma 6.3.
We are grateful to Mark Kahn for providing the examples above. The examples were essentially
achieved using (an LLM tool which ran) a random walk (𝑃0 , 𝑃1 , 𝑃2 , . . . ) on cubic polynomials,
starting with, say, 𝑃0(𝑥) = 0, and generating 𝑃𝑖+1 by adding or removing a random monomial
from 𝑃𝑖 . In each step we compute Pr[𝑃𝑖(𝑥) = 1] and check how close it is to 1/3.
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3 Preliminaries

3.1 Basic definitions and notation

Polynomials. We work with multilinear polynomials 𝑃 ∈ F2[𝑥1 , . . . , 𝑥𝑚] of degree 𝑑, viewed as
functions 𝑃 : F𝑚2 → F2. It is understood that a degree-𝑑 polynomial means a polynomial of degree
at most 𝑑 unless otherwise stated.

The definition of polynomials can be extended to functions of the form 𝑃 : 𝑉 → F2 where 𝑉 is an
𝑚-dimensional vector space over F2. We use the fact that𝑉 is isomorphic to F𝑚2 , so after fixing some
linear isomorphism 𝜙 : F𝑚2 → 𝑉 we say 𝑃 is a polynomial of degree 𝑑 if the function 𝑃′ : F𝑚2 → F2

given by 𝑃′(𝑥) = 𝑃(𝜙(𝑥)) is a polynomial of degree 𝑑. This can be further extended in the natural way
to functions 𝑄 : 𝑊 + ℎ → F2 where𝑊 + ℎ is an affine subspace of 𝑉 . In this case, 𝑄 is defined to be
a polynomial of degree 𝑑 if𝑄′(𝑥) = 𝑄(𝛼(𝑥) + ℎ) is a polynomial of degree 𝑑, where 𝛼 : Fdim(𝑊)

2 →𝑊

is a linear isomorphism. This definition is independent of the particular choice of isomorphisms 𝜙

and 𝛼. The class of polynomials is closed under affine restrictions.

We now define our main object of study, polynomial distributions, sometimes also referred to as
polynomial sources in the context of randomness extractors.

Definition 3.1 (Degree-𝑑 polynomial distribution). A distribution P over {0, 1}𝑛 is a degree-𝑑 polyno-
mial distribution if for some 𝑚 ∈ N there exist 𝑛 polynomials 𝑃1 , . . . , 𝑃𝑛 : F𝑚2 → F2 each of degree
𝑑 such that the tuple sampled according to (𝑃1(𝑋), . . . , 𝑃𝑛(𝑋)) where 𝑋 is drawn uniformly at
random from F𝑚2 has the same distribution as P. We assert this by writing P = (𝑃1 , . . . , 𝑃𝑛) usually
suppressing the common random input 𝑋.

Often, we will identify 𝑃 with the distribution 𝑃(𝑋) it defines on a random input 𝑋, and so we treat
𝑃 both as a polynomial and a random variable.

The bias of a polynomial 𝑃 is the quantity defined as bias(𝑃) ≔ |E𝑋[(−1)𝑃(𝑋)]|. This quantity without
the absolute values is referred to as the signed bias bias±(𝑃).

Distributions. Bernoulli distribution Ber(𝜌)with parameter 𝜌 will be more compactly written as
B𝜌. The uniform distribution on {0, 1} is denoted by U. The total variation distance between two
distributions D1 ,D2 defined over the same countable domain Ω is ∥D1 −D2∥TV ≔ 1

2
∑
𝑥∈Ω|D1(𝑥) −

D2(𝑥)|. Equivalently, ∥D1 −D2∥ = max𝐴⊆Ω
(
D1(𝐴) −D2(𝐴)

)
, where D𝑖(𝐴) is the probability that

the output of D𝑖 belongs to 𝐴. If T is a distribution over a set 𝑆, we denote by T⊗𝑛 the distribution
over 𝑆𝑛 obtained by 𝑛 independent copies of T. Given a collection of distributions {D𝑖 : 𝑖 ∈ 𝐼} over
a common domain, and a distribution C over the index set 𝐼, their convex combination (weighted by
C) is denoted by E𝑖∼C[D𝑖]; a sample 𝑋 from E𝑖∼C[D𝑖] is obtained by first sampling an index 𝑖 ∼ C

and the sampling 𝑋 ∼D𝑖 .

Other conventions. We use the standard notation [𝑛] to refer to {1, . . . , 𝑛}. We include zero in
the set of natural numbers, so N = {0, 1, . . . }. Throughout, log denotes the base-2 logarithm, and
exp(𝑥) denotes 2𝑥 . For disjoint sets 𝐴 and 𝐵, the union is sometimes written as 𝐴 ⊔ 𝐵 to highlight
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disjointness. For real numbers 𝑎, 𝑏, 𝑐, whenever we write 𝑎 = 𝑏 ± 𝑐, that means there exists some
𝑑 ∈ [−𝑐, 𝑐] that satisfies the equality 𝑎 = 𝑏 + 𝑑. For a function 𝑓 : 𝐴 → 𝐵 its restriction to 𝐴′ ⊆ 𝐴
is the function 𝑓↾𝐴′ : 𝐴′→ 𝐵 given by 𝑓↾𝐴′(𝑥) = 𝑓 (𝑥). A dyadic number is a rational number 𝑞 that
can be written in the form 𝑎/2𝑏 for some 𝑎 ∈ Z and 𝑏 ∈ N. We call 𝑏 the granularity of this dyadic
representation.

3.2 Some properties of total variation distance

A lemma we use extensively throughout the paper is the following XOR lemma, commonly attributed
to Vazirani, which states that an 𝜀-biased distribution is close to uniform whenever 𝜀 is exponentially
small in the output length.

Lemma 3.2 (Vazirani’s XOR lemma). Let X = (𝑋1 , . . . , 𝑋𝑛) be a distribution over F𝑛2 . If for all nonzero
linear functions 𝐿 : F𝑛2 → F2 it holds that

Pr[𝐿(𝑋1 , . . . , 𝑋𝑛) = 0] = 1
2 ±

𝜀
2 ,

then, ∥X −U⊗𝑛∥TV ⩽ 2𝑛/2𝜀. (Proof in Appendix B.)

The following lemma may be regarded as union bound for the distances between distributions.

Lemma 3.3 (Distance from convex combination). Let D,T be two distributions over a finite domain
𝑋, and let T =

∑
𝑖 𝑐𝑖T 𝑖 be the convex combination of distributions T1 , . . . ,T 𝑘 according to the weights

𝑐1 , . . . , 𝑐𝑘 where 𝑐𝑖 > 0 and
∑
𝑖 𝑐𝑖 = 1. Suppose that ∥D − T 𝑖∥TV = 1 − 𝜀𝑖 for some 𝜀𝑖 ∈ [0, 1/2]. Then,

∥D − T∥TV ⩾ 1 −
𝑘∑
𝑖=1
(1 + 𝑐𝑖)𝜀𝑖 .

Proof. Let 𝐴𝑖 = {𝑥 ∈ 𝑋 : D(𝑥) > T 𝑖(𝑥)}. Then we have ∥D − T 𝑖∥TV = D(𝐴𝑖) − T 𝑖(𝐴𝑖). In particular
D(𝐴𝑖) ⩾ 1 − 𝜀𝑖 and T 𝑖(𝐴𝑖) ⩽ 𝜀𝑖 . Consider the set 𝐴 =

⋂𝑘
𝑖=1 𝐴𝑖 , and note that

D(𝐴) ⩾ 1 −
𝑘∑
𝑖=1

D(𝑋 \ 𝐴𝑖) ⩾ 1 −
𝑘∑
𝑖=1

𝜀𝑖 .

On the other hand,

T(𝐴) =
𝑘∑
𝑖=1

𝑐𝑖T 𝑖(𝐴) ⩽
𝑘∑
𝑖=1

𝑐𝑖T 𝑖(𝐴𝑖) ⩽
𝑘∑
𝑖=1

𝑐𝑖𝜀𝑖 .

Therefore,

D(𝐴) − T(𝐴) ⩾
(
1 −

𝑘∑
𝑖=1

𝜀𝑖
)
−

𝑘∑
𝑖=1

𝑐𝑖𝜀𝑖 = 1 −
𝑘∑
𝑖=1
(1 + 𝑐𝑖)𝜀𝑖 ,

as required. □
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Lemma 3.4 (Distance between product distributions [HLS+25]). Let D = D1 ⊗ · · · ⊗D𝑛 and T =

T1⊗ · · ·⊗T𝑛 be product distributions over {0, 1}𝑛 where all the marginals 𝑖 ∈ [𝑛] satisfy ∥D𝑖 −T 𝑖∥TV ⩾ 𝛿.
Then ∥D − T∥TV ⩾ 1 − 2𝑒−𝛿2𝑛/12.

Lemma 3.5 (Conditioning). Fix a mapping 𝑓 : {0, 1}𝑚 → {0, 1}𝑛 . Let U⊗𝑚 be the uniform distribution
over {0, 1}𝑚 and let Y be a distribution over {0, 1}𝑛 such that ∥ 𝑓 (U⊗𝑚) − Y∥TV ⩾ 1 − 𝜀. Let U𝑆 be the
uniform distribution over 𝑆 ⊆ {0, 1}𝑚 of size |𝑆| = 𝛿 · 2𝑚 . Then ∥ 𝑓 (U𝑆) − Y∥TV ⩾ 1 − 𝜀(1 + 1/𝛿).

Proof. Let 𝐴 ⊆ {0, 1}𝑛 be an event such that Pr[ 𝑓 (U⊗𝑚) ∈ 𝐴] − Pr[Y ∈ 𝐴] = ∥ 𝑓 (U⊗𝑚) −Y∥TV ⩾ 1− 𝜀.
In particular, Pr[ 𝑓 (U⊗𝑚) ∈ 𝐴] ⩾ 1 − 𝜀 and Pr[Y ∈ 𝐴] ⩽ 𝜀. By the assumption on 𝑆, we have
Pr[ 𝑓 (U𝑆) ∉ 𝐴] ⩽ Pr[ 𝑓 (U⊗𝑚) ∉ 𝐴]/𝛿.

∥ 𝑓 (U𝑆) − Y∥TV ⩾ Pr[ 𝑓 (U𝑆) ∈ 𝐴] − Pr[Y ∈ 𝐴]
= 1 − Pr[ 𝑓 (U𝑆) ∉ 𝐴] − Pr[Y ∈ 𝐴]
⩾ 1 − Pr[ 𝑓 (U⊗𝑚) ∉ 𝐴]/𝛿 − 𝜀

⩾ 1 − 𝜀/𝛿 − 𝜀

= 1 − 𝜀 · (1 + 1/𝛿),

as required. □

Lemma 3.6 (Fixing coordinates). Let 𝑄1 , . . . , 𝑄𝑘 : {0, 1}𝑚 → {0, 1} and 𝑄∗ : {0, 1}𝑚 → 𝑆 be 𝑘 + 1
functions, and fix Γ : {0, 1}𝑘 × 𝑆 → {0, 1}𝑛 . For 𝜎 ∈ 𝑆 define Γ𝜎 : {0, 1}𝑘 → {0, 1}𝑛 to be the restriction
of Γ by setting the last variable to be 𝜎, that is Γ𝜎(𝑥1 , . . . , 𝑥𝑘) = Γ(𝑥1 , . . . , 𝑥𝑘 , 𝜎).
Let𝑋 be the uniform distribution over {0, 1}𝑚 , and let Y be a distribution over {0, 1}𝑛 such that for all 𝜎 ∈ 𝑆
we have ∥Γ𝜎(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋)) − Y∥TV ⩾ 1 − 𝜀. Suppose that Pr[𝑄∗(𝑋) = 𝜎] ⩾ 𝜏 for all 𝜎 ∈ 𝑆. Then

∥Γ(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋), 𝑄∗(𝑋)) − Y∥TV ⩾ 1 − 4𝜀|𝑆|
𝜏

.

Proof. Note that

Γ(𝑄1(𝑥), . . . , 𝑄𝑘(𝑥), 𝑄∗(𝑥)) =
∑
𝜎∈𝑆

1⟨𝑄∗(𝑥)=𝜎⟩ · Γ𝜎(𝑄1(𝑥), . . . , 𝑄𝑘(𝑥)).

By Lemma 3.5 if we condition on 𝑄∗(𝑋) = 𝜎, then

∥Γ𝜎(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋))↾𝑄∗(𝑋)=𝜎 − Y∥TV ⩾ 1 − 𝜀(1 + 1/𝜏).

Since Γ(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋), 𝑄∗(𝑋)) is the weighted average of Γ𝜎(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋)), it follows by
Lemma 3.3 that

∥Γ(𝑄1(𝑋), . . . , 𝑄𝑘(𝑋), 𝑄∗(𝑋)) − Y∥TV ⩾ 1 −
∑
𝜎∈𝑆
(1 + Pr[𝑄∗(𝑋) = 𝜎]) · 𝜀(1 + 1/𝜏)

= 1 − (|𝑆| + 1)𝜀(1 + 1/𝜏)
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⩾ 1 − 4𝜀|𝑆|/𝜏,

as required. □

3.3 Rank, regularity, and factors of polynomials

Next, we introduce the standard notions relating polynomials which are also found in previous
work [GT09, KL08, BHT14].

Definition 3.7 (Rank [GT09, KL08]). Let 𝑃 : F𝑛 → F be a function, not identically zero. The degree
𝑑 rank of 𝑃, denoted by rank𝑑(𝑃), is the smallest positive integer 𝑘 for which there exist 𝑘 degree 𝑑
polynomials 𝑄1 , . . . , 𝑄𝑘 and a function Γ : F𝑘 → F such that

𝑃(𝑥) = Γ(𝑄1(𝑥), . . . , 𝑄𝑘(𝑥)) for all 𝑥.

We may use the terms linear rank, quadratic rank, and cubic rank to refer to rank1(𝑃), rank2(𝑃) and
rank3(𝑃) respectively. The most important notion of rank for a degree 𝑑 polynomial 𝑃 is rank𝑑−1(𝑃).
As with degree, our convention is that a polynomial of rank 𝑟 means a polynomial of rank at most 𝑟.
We will state explicitly whenever an exact degree or rank is intended.

Fact 3.8. Let 𝑃 : F𝑚2 → F2 be a polynomial of degree 𝑑 and rank 𝑟. Then the restriction of 𝑃 to any affine
subspace 𝑉 + ℎ is again a polynomial of degree 𝑑 and rank 𝑟. In other words, upper bounds on degree and
rank are preserved under affine restrictions.

Definition 3.9 (Factors). A factor F of degree 𝑑 ∈ N with dimension vector ®𝑀 = (𝑀1 , . . . , 𝑀𝑑) ∈ N𝑑
is a tuple of polynomials F = (𝑃1 , . . . , 𝑃𝐾)where 𝐾 = 𝑀1 + · · · +𝑀𝑑 and for exactly 𝑀ℓ many 𝑃𝑖’s
we have that deg(𝑃𝑖) = ℓ . The number 𝐾 is called the dimension or locality of F and is denoted by
dim(F) or |F|.

We equip N𝑑 with the inverse lexicographic ordering: for ®𝑁 = (𝑁1 , . . . , 𝑁𝑑) and ®𝑀 = (𝑀1 , . . . , 𝑀𝑑), we
declare ®𝑁 < ®𝑀 if, at the largest index 𝑗 for which 𝑁𝑗 ≠ 𝑀 𝑗 , one has 𝑁𝑗 < 𝑀 𝑗 .

Definition 3.10 (Refinement). Let F = (𝑃1 , . . . , 𝑃𝐾) be a factor. We say a factor G = (𝑄1 , . . . , 𝑄𝐾′) is
a refinement of F (or that G refines F) if there exists some Γ : F𝐾′2 → F𝐾2 such that

(𝑃1 , . . . , 𝑃𝐾) = Γ(𝑄1 , . . . , 𝑄𝐾′).

Definition 3.11 (Rank & regularity of a factor). A factor F = (𝑃1 , . . . , 𝑃𝐾) of degree 𝑑 is said to be
𝑟-regular if for all nonzero linear combinations of 𝑃𝑖’s it holds that

rankℓ−1(𝜆1𝑃1 + · · · + 𝜆𝐾𝑃𝐾) > 𝑟,

where ℓ = max𝑖 deg(𝜆𝑖𝑃𝑖) is the degree of the linear combination. Given a function 𝑓 : N → N, the
factor F is 𝑓 -regular if it is 𝑓 (𝐾)-regular.
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The rank of the factor F, denoted by rank(F), is the maximal number 𝑟 for which F is 𝑟-regular.

Given a factorF that is free of linear dependencies, for 𝑃 ∈ span(F)we denote by degF(𝑃) the degree
of the unique linear combination of polynomials in F that defines 𝑃. Note that deg(𝑃) ⩽ degF(𝑃).
Sometimes, especially in Section 5, we will view a factor F as a set {𝑃1 , . . . , 𝑃𝐾}. Accordingly, all
the relevant definitions (e.g., dimension vector, refinement) then transfer naturally.

A growth function is a function 𝑓 : N→ N that is non-decreasing and satisfies 𝑓 (𝑟) ⩾ 𝑟 for all 𝑟.

Definition 3.12 (A rapidly growing function). Let 𝑓 : N→ N be a growth function and let 𝑑 be a
positive integer. Now define the function 𝜓𝑑, 𝑓 : N𝑑 → N recursively as follows. For the base case we
have,

𝜓𝑑, 𝑓 (𝑀1 , 0, . . . , 0) = 𝑀1.

Otherwise, if 𝑀𝑖 > 0 for some 𝑖 ⩾ 2, then let ℓ ⩾ 2 be the smallest of such indices. Then,

𝜓𝑑, 𝑓 (𝑀1 , . . . , 𝑀𝑑) = 𝜓𝑑, 𝑓 (𝑀1 , . . . , 𝑀ℓ−1 + 𝑓 (
∑
𝑖 𝑀𝑖), 𝑀ℓ − 1, . . . , 𝑀𝑑).

Now set 𝜓∗
𝑑, 𝑓
(𝐾) = 𝜓𝑑, 𝑓 (0, . . . , 0, 𝐾).

Proposition 3.13. Let 𝜓 = 𝜓𝑑, 𝑓 be defined as in Definition 3.12. Then, 𝜓(𝑁1 , . . . , 𝑁𝑑) ⩽ 𝜓(𝑀1 , . . . , 𝑀𝑑)
whenever

∑
𝑖 𝑁𝑖 ⩽

∑
𝑖 𝑀𝑖 and (𝑁1 , . . . , 𝑁𝑑) ⩽ (𝑀1 , . . . , 𝑀𝑑).

The proof of this proposition is deferred to the Appendix B as it is a rather tedious induction and
is not a primary focus of ours. This function serves as an upper bound on some parameters in
regularization processes that appear here.

Theorem 3.14 (Regularization [GT09]). Every factor F of degree 𝑑 admits an 𝑓 -regular refinement G with
dim(G) ⩽ 𝜓∗

𝑑, 𝑓
(dim(F)), where 𝑓 : N→ N is a growth function.

Proof. The proof is by strong induction on the dimension vector ®𝑀 = (𝑀1 , . . . , 𝑀𝑑) of F, showing
that for every F there exists an 𝑓 -regular refinement G with dim(G) ⩽ 𝜓𝑑, 𝑓 (𝑀1 , . . . , 𝑀𝑑). The bound
dim(G) ⩽ 𝜓∗

𝑑, 𝑓
(dim(F)) follows immediately from Proposition 3.13.

As the base case, the empty factor is vacuously 𝑓 -regular and there is nothing to do. Now suppose
that 𝑀𝑖 > 0 for some 𝑖, and that the claim holds for all smaller dimensions.

We shall further assume that F is free from linear dependencies, because otherwise we can discard
some polynomials from F and the resulting factor is smaller and still refines F. If F is already
𝑓 -regular, then we are done. Otherwise, identify some linear combination 𝑅 =

∑
𝑖 𝜆𝑖𝑃𝑖 such that

rankℓ−1(𝑅) = 𝑟 ⩽ 𝑓 (𝐾), where ℓ = degF(𝑅).
Then we replace a maximal degree 𝑃𝑖∗ with 𝜆𝑖∗ ≠ 0 by 𝑟 many polynomials of degree at most ℓ − 1
to obtain a new factor F′. Doing so would change the dimension vector from ®𝑀 = (𝑀1 , . . . , 𝑀𝑑) to
®𝑀′ = (𝑀′1 , . . . , 𝑀′𝑑) such that

(𝑀′1 , . . . , 𝑀′𝑑) < (𝑀1 , . . . , 𝑀ℓ−1 + 𝑓 (𝐾), 𝑀ℓ − 1, . . . , 𝑀𝑑).
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We may now invoke the induction hypothesis on F′ to obtain an 𝑓 -regular refinement G of F′. The
factor G is also a refinement of F. Its dimension satisfies dim(G) ⩽ 𝜓𝑑, 𝑓 ( ®𝑀′) by induction. By
Proposition 3.13 it follows that 𝜓𝑑, 𝑓 ( ®𝑀′) ⩽ 𝜓( ®𝑀). □

3.4 The structure theorems and the bias-rank tradeoffs

Consider the beautiful theorem of bias implies low rank [GT09, KL08].

Theorem 3.15 (Structure of Biased Polynomials [KL08]). There exists a function 𝑐KL(𝑑, 𝛿) such that for
all polynomials 𝑃 over F2 of degree at most 𝑑 and bias(𝑃) ⩾ 𝛿 > 0 it holds that rank𝑑−1(𝑃) ⩽ 𝑐KL(𝑑, 𝛿).

Contrapositively, this theorem says that if rank𝑑−1(𝑃) > 𝑐KL(𝑑, 𝛿), then bias(𝑃) < 𝛿. We will use
this fact extensively. This theorem is commonly known as bias implies low rank and gives a tradeoff
between bias and rank. It was first proved by Green and Tao in the case of 𝑑 ⩽ |F𝑝|, but was later
extended to all small prime fields by Kaufman and Lovett [KL08].

For polynomials of degree 1, 2, 3, explicit and efficient tradeoffs are known.

Fact 3.16 (Structure of Degree 1). Given a degree-1 polynomial 𝐿, if bias(𝐿) > 0 then 𝐿 is constant. In
other words, 𝑐KL(1, 𝛿) = 0 for any positive 𝛿.

Theorem 3.17 (Dickson’s lemma: Structure of quadratic polynomials [LN96, Theorem 6.30]). Given a
quadratic polynomial𝑄 there exists an even number 𝑟 and 𝐿1 , . . . , 𝐿𝑟+1 linear forms where𝑄 can be written
as

𝑄 = 𝐿1𝐿2 + · · · + 𝐿𝑟−1𝐿𝑟 + 𝐿𝑟+1 + 𝑐,

where 𝑐 is a field constant, and 𝐿1 , . . . , 𝐿𝑟 are linearly independent.

We have rank1(𝑄) = 𝑟 + 1 if 𝐿𝑟+1 is linearly independent from 𝐿1 , . . . , 𝐿𝑟 , and rank1(𝑄) = 𝑟 otherwise. In
the former case bias(𝑄) = 0 and in the latter case bias(𝑄) = 2−𝑟/2. This implies that 𝑐KL(2, 𝛿) = 2 log(1/𝛿).

Theorem 3.18 (Structure of biased cubic polynomials (Haramaty–Shpilka [HS10])). Let 𝐶 be a cubic
polynomial with bias(𝐶) ⩾ 𝛿 > 0. Then there exist linear functions 𝐿1 , . . . , 𝐿𝑟+𝑟′, quadratic polynomials
𝑄1 , . . . , 𝑄𝑟 , and a cubic polynomial Γ (in 𝑟′ variables) such that

𝐶 =

𝑟∑
𝑖=1

𝐿𝑖𝑄𝑖 + Γ(𝐿𝑟+1 , . . . , 𝐿𝑟+𝑟′),

where 𝑟 = 𝑂(log(1/𝛿)) and 𝑟′ = 𝑂(log4(1/𝛿)). This implies that 𝑐KL(3, 𝛿) = 𝑂(log4(1/𝛿)).

For 𝑑 ⩾ 4 the dependence on 𝛿 is very weak, so we leave it unspecified. We summarize this in the
following table.

𝑑 = 1 𝑑 = 2 𝑑 = 3 𝑑 ⩾ 4
𝑐KL(𝑑, 𝛿) 0 2 log(1/𝛿) 𝑂(log4(1/𝛿)) 𝑂𝑑,𝛿(1)
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3.5 Sunflowers for subspaces

Definition 3.19. A collection 𝑆 = {𝑉1 , . . . , 𝑉𝑠} of (possibly repeated) subspaces in F𝑚 is said to be a
sunflower if for 𝐶 =

⋂𝑠
𝑗=1𝑉𝑗 it holds that 𝑉𝑖 ∩𝑉𝑖′ = 𝐶 for all 𝑖 ≠ 𝑖′.

The common intersection 𝐶 =
⋂𝑠
𝑗=1𝑉𝑗 is called the core of the sunflower.

Lemma 3.20 (Sunflower Lemma for subspaces). Fix a finite field F = F𝑝 and 𝑚 > 𝑘 ⩾ 1. Let 𝑆
be a collection of linear subspaces of F𝑚 of dimension 𝑘 (the collection might have repetitions). If |𝑆| ⩾
𝑠𝑘+1𝑝

𝑘2+𝑘−2
2 , then 𝑆 contains a sunflower of size at least 𝑠.

Remark 3.21. The proof is a straightforward adaptation of the standard proof of the lemma for set
systems without a linear structure.

Note however that the bound on the size of 𝑆 is better than a naive application of the sunflower
lemma, as our sets are of size 𝑝𝑘 , and so the naive bound would be double exponential in 𝑘.

Proof of Lemma 3.20. The proof is by induction on 𝑘. For the base case of 𝑘 = 1 we either have at
least 𝑠 repetitions of the same subspace or we have at least |𝑆|/𝑠 ⩾ 𝑠 different one dimensional
subspaces, which all intersect only at the origin.

For the induction step, let 𝑘 ⩾ 2. Let𝑉1 , . . . , 𝑉𝑡 be a maximal subset of 𝑆whose pairwise intersection
is only {0}. If 𝑡 ⩾ 𝑠, we are done, as the sets form a sunflowers with the trivial core 𝐶 = {0}.
Otherwise, consider the set 𝑋 = ∪𝑡

𝑖=1𝑉𝑖 \ {0}, and note that |𝑋| = 𝑡 · (𝑝𝑘 − 1) < 𝑠 · 𝑝𝑘 . By the
maximality of the subspaces 𝑉1 , . . . , 𝑉𝑡 , it follows that 𝑉 ∩ 𝑋 ≠ ∅ for all 𝑉 ∈ 𝑆. Therefore, there
exists 𝑥∗ ∈ 𝑋 \ {0} such that |{𝑉 ∈ 𝑆 : 𝑥∗ ∈ 𝑉}| ⩾ |𝑆|

|𝑋| .

For all 𝑉 ∈ 𝑆 such that 𝑥∗ ∈ 𝑉 define 𝑉−𝑥∗ ⊆ 𝑉 to be any 𝑘 − 1 dimensional subspace of 𝑉 such that
𝑥∗ ∉ 𝑉−𝑥∗ . There might be several such subspaces, and we define 𝑉−𝑥∗ to be one of them arbitrarily.

Given such 𝑥∗, consider now the collection 𝑆′ of subspaces of dimension 𝑘 − 1:

𝑆′ = {𝑉−𝑥∗ : 𝑥∗ ∈ 𝑉 and 𝑉 ∈ 𝑆}.

(Note that since 𝑆 might contain the same subspace more than once, the same applies also to 𝑆′.)

The collection 𝑆′ contains at least |𝑆||𝑋| ⩾
𝑠𝑘+1·𝑝

𝑘2+𝑘−2
2

𝑠·𝑝𝑘 = 𝑠(𝑘−1)+1 · 𝑝 (𝑘−1)2+(𝑘−1)−2
2 subspaces of dimension

𝑘 − 1. Therefore, by the induction hypothesis 𝑆′ contains a sunflower of size 𝑠, which induces a
sunflower of size 𝑠 in 𝑆. □

4 Chebyshev lemma

Lemma 3.4 talks about the distance between two product distributions. Indeed, our target B⊗𝑛1/3 is a
product distribution, but in general hoping for a product structure in polynomial distributions is
too much. Therefore, we prove an analog of Lemma 3.4 assuming that our polynomials are pairwise
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almost independent, where our notion of independence is captured by regularity.

Lemma 4.1 (Chebyshev lemma). Let P = (𝑃1 , . . . , 𝑃𝑛) be an 𝑛-tuple of functions 𝑃𝑖 : F𝑚2 → F2 such
that rank𝑑(𝑃𝑖) ⩽ 𝑟, and suppose ∥𝑃𝑖 − Ber(1/3)∥TV ⩾ 𝛿 > 0 for all 𝑖 ∈ [𝑛].
Write each 𝑃𝑖 as 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟), where Γ𝑖 : F𝑟2 → F2 is an arbitrary function of 𝑟 variables5 and𝑄𝑖 𝑗’s
are polynomials of degree 𝑑. Suppose that all pairs 𝑖 ≠ 𝑗 satisfy the pairwise regularity assumption, namely

rank(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) > 𝑐KL(𝑑, 2−𝑟𝜂).

Then
∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂

( 𝜂
𝛿2

)
− 𝑂

( 1
𝛿2𝑛

)
,

where the hidden constants in big-O are absolute.

Proof. By pigeon-hole principle, at least half of the 𝑃𝑖’s satisfy either Pr𝑋[𝑃𝑖(𝑋) = 1] ⩾ 1
3 + 𝛿 or

Pr𝑋[𝑃𝑖(𝑋) = 1] ⩽ 1
3 − 𝛿. We assume the former is true for all 𝑃𝑖 for simplicity. (We will replace 𝑛

with 𝑛/2 for the final result. The implied constants will be absorbed by big-O.)

Associate to each 𝑃𝑖 , the indicator random variable 1⟨𝑃𝑖⟩ (to emphasize that the arithmetic involving
1⟨𝑃𝑖⟩ is over Z rather than F2). The key step in the proof is the following claim.

Claim 4.2. For all 𝑖 ≠ 𝑗 we have Cov[1⟨𝑃𝑖⟩ , 1⟨𝑃𝑗⟩] ⩽ 4𝜂.

Given Claim 4.2 we now show that the number of polynomials outputting 1,
∑
𝑖 1⟨𝑃𝑖⟩, is bounded

away above 𝑛/3 with high probability. Specifically,

Pr
[∑

𝑖 1⟨𝑃𝑖⟩ < (13 + 𝛿
2 )𝑛

]
⩽

Var[∑𝑖 1⟨𝑃𝑖⟩]
(𝛿/2)2𝑛2 (Chebysev’s inequality)

=

∑
𝑖 Var[1⟨𝑃𝑖⟩] + 2

∑
𝑖< 𝑗 Cov[1⟨𝑃𝑖⟩ , 1⟨𝑃𝑗⟩]

(𝛿/2)2𝑛2

⩽
𝑛 + 4𝜂𝑛2

(𝛿/2)2𝑛2 (Claim 4.2)

= 𝑂( 1
𝛿2𝑛
) + 𝑂( 𝜂

𝛿2 ).

Now define the event 𝐸 = {𝑥 ∈ {0, 1}𝑛 : wt(𝑥) < (13 + 𝛿
2 )𝑛} to be all outcomes with Hamming weight

less than 𝑛
3 + 𝛿𝑛

2 . We get,

∥P −B⊗𝑛1/3∥TV ⩾ Pr[B⊗𝑛1/3 ∈ 𝐸] − Pr[P ∈ 𝐸] ⩾ 1 − 2
2Ω(𝛿2𝑛) − 𝑂(

𝜂

𝛿2 ) − 𝑂(
1

𝛿2𝑛
),

where in the last inequality we use a standard Chernoff-type concentration of measure for B⊗𝑛1/3 to
compute Pr[B⊗𝑛1/3 ∈ 𝐸]. This completes the proof of the lemma. □

5Strictly speaking, we mean that for each 𝑃𝑖 there exists some 𝑟𝑖 ∈ {0, . . . , 𝑟} such that 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟𝑖 ). Since
treating every tuple as having length 𝑟 does not affect the argument, we make that assumption for simplicity.
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We now return to the proof of Claim 4.2.

Proof of Claim 4.2. Let us use Q𝑖 to denote (𝑄𝑖1 , . . . , 𝑄𝑖𝑟). By [KL08], the pairwise regularity assump-
tion implies that for any nonzero linear combination of polynomials in (Q𝑖 ;Q𝑗) it holds that

bias(𝜆𝑖1𝑄𝑖1 + · · · + 𝜆𝑖𝑟𝑄𝑖𝑟 + 𝜆 𝑗1𝑄 𝑗1 + · · · + 𝜆 𝑗𝑟𝑄 𝑗𝑟) ⩽ 2−𝑟𝜂.

Therefore, by Vazirani’s XOR Lemma 3.2, the total variation distance between (Q𝑖 ;Q𝑗) and the
uniform distribution over {0, 1}2𝑟 is upper bounded by 𝜂. Consequently, sampling the tuple (𝑋;𝑌)
uniformly at random from {0, 1}𝑟 × {0, 1}𝑟 , we get

Cov[1⟨𝑃𝑖⟩ , 1⟨𝑃𝑗⟩] = Cov[1⟨Γ𝑖(Q𝑖)⟩ , 1⟨Γ𝑗(Q𝑗)⟩]
= E[1⟨Γ𝑖(Q𝑖)⟩ · 1⟨Γ𝑗(Q𝑗)⟩] − E[1⟨Γ𝑖(Q𝑖)⟩] · E[1⟨Γ𝑗(Q𝑗)⟩]
⩽ E[1⟨Γ𝑖(𝑋)⟩ · 1⟨Γ𝑗(𝑌)⟩] − E[1⟨Γ𝑖(𝑋)⟩] · E[1⟨Γ𝑖(𝑌)⟩] + 4𝜂

= 4𝜂.

The inequality uses the fact that ∥(𝑋;𝑌) − (Q𝑖 ;Q𝑗)∥TV ⩽ 𝜂 so Q𝑖 and Q𝑗 may be replaced by uniform
random variables 𝑋 and 𝑌; this affects the value of each expectation by at most 𝜂. □

4.1 Special variants of Chebyshev lemma

Corollary 4.3 (Chebyshev lemma; bounded rank2). Let P = (𝑃1 , . . . , 𝑃𝑛) be an 𝑛-tuple of functions
of rank2(𝑃𝑖) ⩽ 𝑟. Suppose that for all 𝑖 ∈ [𝑛] we have 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟), where Γ𝑖 : F𝑛2 → F2 is an
arbitrary function of 𝑟 variables and 𝑄𝑖 𝑗’s are quadratic polynomials satisfying

rank1(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) > 𝑐KL(2, 2−(𝐶+1)𝑟) = 2(𝐶 + 1)𝑟

for all 𝑖 ≠ 𝑗. Furthermore, suppose that for each 𝑖 ∈ [𝑛], |Pr[𝑃(𝑋) = 1] − 1/3| ⩾ 𝛿. Then

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂(2−𝐶𝑟/𝛿2) − 𝑂(1/(𝛿2𝑛)),

where the hidden constants in big-O are absolute.

Proof. Recall that 𝑐KL(2, 𝛿) = 2 log(1/𝛿) by Theorem 3.17. The corollary follows by applying
Lemma 4.1 with 𝜂 = 2−𝐶𝑟 . □

Next we extend the lemma above to the setting Γ𝑖 depends on a small number of quadratics and
linear function. For a function 𝑃 : F𝑚2 → F2, we write rank2,1(𝑃) ⩽ (𝑟, 𝑠) if there exist quadratic
polynomials 𝑄1 , . . . , 𝑄𝑟 , linear polynomials 𝐿1 , . . . , 𝐿𝑠 , and a function Γ : {0, 1}𝑟+𝑠 → {0, 1} such
that 𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟 ; 𝐿1 , . . . , 𝐿𝑠).
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Corollary 4.4 (Chebyshev lemma; bounded rank2,1). Let P = (𝑃1 , . . . , 𝑃𝑛) be an 𝑛-tuple of functions
𝑃𝑖 : F𝑚2 → F2 with rank2,1(𝑃𝑖) ⩽ (𝑟, 𝑠), where 𝑟 ⩾ 1 and 𝑠 ⩾ 0. Suppose that |Pr[𝑃𝑖(𝑋) = 1] − 1/3| ⩾ 𝛿

for all 𝑖 ∈ [𝑛]. Furthermore, suppose that for all 𝑖 ∈ [𝑛] we have 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ; 𝐿𝑖1 , . . . , 𝐿𝑖𝑠), where
Γ𝑖 : {0, 1}𝑟+𝑠 → {0, 1} is an arbitrary function of 𝑟 + 𝑠 variables, 𝐿𝑖𝑘 ’s are linear functions and 𝑄𝑖𝑘 ’s are
quadratic polynomials satisfying

rank1(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ;𝑄 𝑗1 , . . . , 𝑄 𝑗𝑟) > 2(𝐶 + 3)(𝑟 + 𝑠)

for all 𝑖 ≠ 𝑗 and integer 𝐶 ⩾ 1. Then

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂
( 22𝑠

𝛿2𝑛1/(𝑠+1)
)
− 𝑂

(
2−𝐶(𝑟+𝑠)/𝛿2) .

Remark 4.5. We emphasize that for 𝑖 ≠ 𝑗 the linear functions 𝐿𝑖1(𝑥), . . . , 𝐿𝑖𝑠(𝑥); 𝐿 𝑗1(𝑥), . . . , 𝐿 𝑗𝑠(𝑥)
might have arbitrary linear dependencies.

Proof. The proof strategy is to reduce the problem to the setting of Corollary 4.3.

Apply the sunflower lemma Lemma 3.20 on the collection𝑉1 , . . . , 𝑉𝑛 of size 𝑛, where the 𝑖th subspace
𝑉𝑖 is span(𝐿𝑖1 , . . . , 𝐿𝑖𝑠).
There exists a subset 𝑆 ⊆ [𝑛] of the 𝑉𝑖 , of size 𝑡 ⩾ ( 𝑛

2
𝑠2+𝑠−2

2
) 1
𝑠+1 ⩾ 2−𝑠/2 · 𝑛 1

𝑠+1 that forms a sunflower.

Let𝑉core = ∩𝑖∈𝑆𝑉𝑖 be the core of our sunflower, where dim(𝑉core) = ℓ ⩽ 𝑠. At this point, by a change
of basis we obtain a new rank2,1 ⩽ (𝑟, 𝑠) representation of 𝑃𝑖’s that belong to the sunflower.

∀𝑖 ∈ 𝑆 : 𝑃𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ; 𝐿𝑖1 , . . . , 𝐿𝑖𝑠) = Γ′𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ; 𝐿′𝑖1 , . . . , 𝐿
′
𝑖 ,𝑠−ℓ ; 𝐿

∗
1 , . . . , 𝐿

∗
ℓ ),

where (𝐿∗1 , . . . , 𝐿∗ℓ ) is a basis of the core.

Let Q𝑖 ,L
′
𝑖 ,L
∗ denote each block of (𝑄𝑖1 , . . . , 𝑄𝑖𝑟 ; 𝐿′𝑖1 , . . . , 𝐿

′
𝑖 ,𝑠−ℓ ; 𝐿

∗
1 , . . . , 𝐿

∗
ℓ
) respectively. Note that

L′𝑖 and L′𝑗 are linearly independent for two distinct 𝑖 , 𝑗 ∈ 𝑆. Therefore, for any two distinct 𝑖 , 𝑗 ∈ 𝑆
the regularity condition of Corollary 4.3 holds in the sense

rank(Q𝑖 ,L
′
𝑖 ,Q𝑗 ,L

′
𝑗) ⩾ 2(𝐶 + 3)(𝑟 + 𝑠).

It follows from Corollary 4.3 that for any 𝑧 ∈ Fℓ2 the distribution P𝑆,𝑧 =
(
Γ′
𝑖
(Q𝑖 ,L

′
𝑖 , 𝑧) : 𝑖 ∈ 𝑆

)
is

1 − 𝑂( 2(𝑠−ℓ )/2
𝛿2𝑛1/(𝑠+1) ) − 𝑂(2−(𝐶+2)(𝑟+𝑠)/𝛿2) far from B⊗𝑛1/3.

As our final step, we apply Lemma 3.6. Since Pr[L∗ = 𝑧] = 2−ℓ , we get

∥P −B⊗𝑛1/3∥TV ⩾ 1 −𝑂
( 2𝑠/2+3ℓ/2

𝛿2𝑛1/(𝑠+1)
)
−𝑂

(
2−(𝐶+2)(𝑟+𝑠)+2ℓ/𝛿2) ⩾ 1 −𝑂

( 22𝑠

𝛿2𝑛1/(𝑠+1)
)
−𝑂

(
2−𝐶(𝑟+𝑠)/𝛿2) . □
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5 A sunflower pairwise regularization

The classic sunflower lemma [ER60] states that every sufficiently large family 𝑆1 , . . . , 𝑆𝑛 of 𝑘-element
sets contains a large subfamily 𝑆𝜋(1) , . . . , 𝑆𝜋(𝑤) whose members all have the same pairwise inter-
section; that is, ∩𝑤

𝑖=1𝑆𝜋(𝑖) = 𝑆𝜋(𝑗) ∩ 𝑆𝜋(𝑗′) for all 𝑗 ≠ 𝑗′. In this section, we prove a theorem about a
collection of polynomials that is in some sense an analogue of the sunflower lemma for polynomials.
We show that for every sufficiently large family of degree-𝑑 polynomials 𝑃1 , . . . , 𝑃𝑛 there exists
a large subfamily 𝑃𝜋(1) , . . . , 𝑃𝜋(𝑤) whose polynomials can simultaneously be written in the form
𝑃𝜋(𝑖) = Γ𝑖(𝑄∗1 , . . . , 𝑄∗𝑐 ;𝑄𝑖1 , . . . , 𝑄𝑖𝑟). Here, the sets of polynomials G𝑖 = {𝑄∗1 , . . . , 𝑄∗𝑐 ;𝑄𝑖1 , . . . , 𝑄𝑖𝑟}
that compute 𝑃𝜋(𝑖) form a sunflower, and additionally enjoy some regularity conditions. In this
section we restrict our attention to the combinatorial result itself, and leave its consequences for
sampling lower bounds to Section 12.

We will view a factor F as a set of polynomials instead of a tuple. This enables us to take intersection
or set difference between two factors using familiar notation. As a matter of convenience, the empty
factor ∅ is considered to be infinitely regular.

The locality of a collection of factors F1 , . . . ,F𝑛 is the maximum cardinality (i.e. dimension) of a
factor.

Definition 5.1. Let F1 , . . . ,F𝑛 be a collection of degree-𝑑 factors. Define the core C =
⋂
𝑖 F𝑖 . The

state of F𝑖 is a vector ®𝑆𝑖 ∈ N2𝑑+1 defined as follows. Let 𝐾 = max𝑖|F𝑖| denote the locality of this
collection, and set Δ𝑖 = 𝐾 − |F𝑖| for each 𝑖 ∈ [𝑛]. Then the state of F𝑖 is the vector ®𝑆𝑖 = (Δ𝑖 , ®𝑁0 , ®𝑁𝑖),
where ®𝑁0 ∈ N𝑑 is the dimension vector C, and ®𝑁𝑖 ∈ N𝑑 is the dimension vector of F𝑖 \ C (so the
dimension vector F𝑖 is ®𝑀𝑖 = ®𝑁0+ ®𝑁𝑖). The first component of each ®𝑆𝑖 , Δ𝑖 , will be commonly denoted
as its null component.

The weight of a state ®𝑆𝑖 , denoted by wt( ®𝑆𝑖), is the sum of each component of ®𝑆𝑖 .
The state of the collection F1 , . . . ,F𝑛 is simply the maximum state ®S = max𝑖 ®𝑆𝑖 w.r.t. the inverse
lexicographic ordering of N2𝑑+1.

Note that the following equalities are forced by this definition wt(®S) = wt( ®𝑆1) = · · · = wt( ®𝑆𝑛) = 𝐾.

Recall that a collection of sets 𝑉1 , . . . , 𝑉𝑤 (possibly repeated) form a sunflower if for C =
⋂
𝑖 𝑉𝑖 it

holds that C = 𝑉𝑖 ∩𝑉𝑗 for all 𝑖 ≠ 𝑗. The set C is the core of the sunflower. This definition allows for a
collection of empty sets to form a sunflower.

Theorem 5.2 (Sunflower pairwise regularization). Let 𝑓 : N→ N be a growth function, and let 𝐾 and 𝑑
be positive integers. Then there exit 𝜀 > 0 and 𝐾′ such that the following hold.

LetF1 , . . . ,F𝑛 be a collection of degree-𝑑 factors with locality |F𝑖| ⩽ 𝐾. Then for a sub-collectionF𝜋(1) , . . . ,F𝜋(𝑤)
of size 𝑤 = 𝑛𝜀 there exists a collection of degree-𝑑 factors G1 , . . . ,G𝑤 that satisfies the following.

1. (Refinement) For every 𝑖, G𝑖 is a refinement of F𝜋(𝑖);
2. (Locality) For every 𝑖, |G𝑖| ⩽ 𝐾′;
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3. (Pairwise Regularity) For every 𝑖 , 𝑗 the factor G𝑖 ∪ G𝑗 is 𝑓 -regular;
4. (Sunflower) The factors G1 , . . . ,G𝑤 form a sunflower.

Proof. The proof goes by strong induction on the state ®S of our collection F1 , . . . ,F𝑛 . As a base case,
any state of the form ®S = (𝐾, ®0, ®0) corresponds to a collection of empty factors, which vacuously
satisfy all the four requirements. Now we assume that ®S = (𝑀0 , . . . , 𝑀2𝑑) contains some nonzero
component 𝑀𝑖 > 0 for some 𝑖 ⩾ 1.

Let C =
⋂
𝑖 F𝑖 be the core, and let Q𝑖 = F𝑖 \ C. We make explicit the elements of each factor,

writing C = {𝐶1 , . . . , 𝐶𝑘0} for the core, and Q𝑖 = {𝑃𝑖1 , . . . , 𝑃𝑖𝑘𝑖} for the part outside of the core. Let
𝐾 = max𝑖|F𝑖| denote the current locality.

We will assume that the polynomials in each factor are linearly independent, since any linear
dependencies can be discarded. This clearly does not affect the final claim.

We have three cases, in each of which after applying a refinement step the state ®S decreases, allowing
us to apply the induction hypothesis.

Case I (C is not ( 𝑓 (2𝐾) + 2)-regular). We perform the following refinement step on all factors.
Identify some nonzero linear combination 𝑅0 =

∑𝑘0
𝑖=1 𝜆𝑖𝐶𝑖 whose rankℓ−1 is 𝑟 ⩽ 𝑓 (2𝐾) + 2, where

ℓ = degC(𝑅0) is the degree of this linear combination. Replace a maximal degree 𝐶𝑖 with 𝜆𝑖 ≠ 0 with
𝑟 many degree ℓ − 1 polynomials. Note that this affects the state of all non-empty factors because C

is the common intersection of all of them. However, all the ®𝑁𝑖 for 𝑖 ⩾ 1 remain unaffected, and only
®𝑁0 will be replaced by a smaller dimension vector.

In this case, all dimension vectors of non-empty factors decrease.

Case II (At least 𝑛/2 many F𝑖 are not ( 𝑓 (2𝐾) + 1)-regular). Let 𝐼 = {𝑖 ∈ [𝑛] : rank(F𝑖) ⩽ 𝑓 (2𝐾) + 1}.
Remove all F𝑖 with 𝑖 ∈ [𝑛] \ 𝐼 from the collection, and do the following for all F𝑖 with 𝑖 ∈ 𝐼.
Identify some nonzero linear combination 𝑅𝑖 =

∑𝑘0
𝑗=1 𝜆 𝑗𝐶 𝑗 +

∑𝑘𝑖
𝑗=1 𝛼 𝑗𝑃𝑖 𝑗 ∈ span(F𝑖) whose rankℓ−1

is 𝑟 ⩽ 𝑓 (2𝐾) + 1, where ℓ = degF𝑖
(𝑅𝑖) is the degree of this linear combination. Note that by case I,

this linear combination cannot be supported entirely on C; hence there exists some 𝑃𝑖 𝑗 with 𝛼 𝑗 ≠ 0.
Furthermore, there must exist such a 𝑃𝑖 𝑗 that has maximal degree ℓ in this linear combination.
Replace a 𝑃𝑖 𝑗 with 𝛼 𝑗 ≠ 0 and maximal degree with 𝑟 many degree ℓ − 1 many polynomials.

In this case, the states of all surviving factors, namely those in 𝐼, decrease.

Case III (F𝑖 ∪ F𝑗 is not 𝑓 (2𝐾)-regular for some 𝑖 , 𝑗). Because we apply case II prior to this case,
there can be at most 𝑛/2 many F𝑖 that are not 𝑓 (2𝐾) + 1 regular. Remove all such F𝑖’s from our
collection, keeping at least 𝑛′ = 𝑛/2 many 𝑓 (2𝐾) + 1 regular F𝑖s.

Then, build a graph 𝐺 that captures pairwise irregularities. More formally, 𝐺, defined on the vertex
set [𝑛′], has an edge 𝑒 = 𝑢𝑣 iff F𝑢 ∪ F𝑣 is not 𝑓 (2𝐾)-regular. Now we label each edge 𝑒 = 𝑢𝑣 by a
pair of polynomials (𝑅𝑒𝑢 , 𝑅𝑒𝑣), where 𝑅𝑒𝑢 ∈ span(F𝑢) and 𝑅𝑒𝑣 ∈ span(F𝑣) such that rankℓ−1 of 𝑅𝑒𝑢 +𝑅𝑒𝑣
is at most 𝑓 (2𝐾), where ℓ = max{degF𝑢

(𝑅𝑒𝑢), degF𝑣
(𝑅𝑒𝑣)} is the degree of the linear combination6

6Recall that the degree of a linear combination
∑
𝑖 𝜆𝑖𝑃𝑖 is the maximum degree among the polynomials that participate
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that defines 𝑅𝑒𝑢 + 𝑅𝑒𝑣 . Note that neither of these polynomials are constant, and neither belong to
span(C).
If 𝐺 contains an independent set of size

√
𝑛′, we declare the corresponding sub-collection of F𝑖 ’s to

be pairwise 𝑓 (2𝐾)-regular, and we set all the remaining F𝑖 (those outside the independent set) to ∅.
This is where the induction terminates.

Otherwise, 𝐺 has a vertex of degree at least
√
𝑛′. Up to relabeling, we assume this vertex is 1, and is

adjacent to each of 2, 3, . . . ,
√
𝑛′ + 1. By the pigeonhole principle, in at least 𝑡 =

√
𝑛′/2𝐾 many edges

𝑒 = 1𝑣, the same polynomial 𝑅𝑒1 ≕ 𝑅1 appears. Upon relabeling once again, assume that the first 𝑡
neighbors 2, . . . , 𝑡 + 1 have that property. Now for each 𝑣 = 2, . . . , 𝑡 + 1 the edge 𝑒 = 1𝑣 is labeled
by a pair (𝑅1 , 𝑅𝑣). Recalling how we defined the labels of edges, we write

𝑅𝑖 =

𝑘0∑
𝑗=1

𝜆𝑖 𝑗𝐶 𝑗

≕𝐴𝑖

+
𝑘𝑖∑
𝑗=1

𝛼𝑖 𝑗𝑃𝑖 𝑗

≕𝐵𝑖

for 𝑖 = 1, 2, . . . , 𝑡 + 1.

Let ℓ𝑖 = degF𝑖
(𝑅𝑖)denote the degree of the linear combination that defines𝑅𝑖 . For each 𝑖 = 1, . . . , 𝑡+1,

we have that 𝐴1 + 𝐵1 + 𝐴𝑖 + 𝐵𝑖 can be written as a bounded combination of the form,

𝐴1 + 𝐵1 + 𝐴𝑖 + 𝐵𝑖 = Γ𝑖(𝑄𝑖1 , . . . , 𝑄𝑖𝑟𝑖 ),

for some 𝑟𝑖 ⩽ 𝑓 (2𝐾), and 𝑄𝑖1 , . . . , 𝑄𝑖𝑟𝑖 degree max{ℓ1 , ℓ𝑖} − 1 polynomials. Both 𝐵1 and 𝐵𝑖 must
contain a degree-max{ℓ1 , ℓ𝑖} polynomial: indeed, if, for example, 𝐵𝑖 does not contain such a maximal-
degree polynomial, then 𝐴1 + 𝐵1 + 𝐴𝑖 ∈ span(F1) has rank more than 𝑓 (2𝐾) + 1, and therefore,
𝐴1 + 𝐵1 + 𝐴𝑖 + 𝐵𝑖 has rank more than 𝑓 (2𝐾), a contradiction. Therefore, ℓ1 = ℓ𝑖 ≕ ℓ .

For each 𝑖 = 1, . . . , 𝑡 + 1, let 𝐻𝑖 = 𝑃𝑖 𝑗 for some 𝑗 such that 𝛼𝑖 𝑗 ≠ 0 and 𝑃𝑖 𝑗 has maximal degree (= ℓ ).
We will remove 𝐻𝑖 from F𝑖 and then add polynomials 𝐴1 + 𝐵1 , 𝑄𝑖1 , . . . , 𝑄𝑖𝑟𝑖 . Therefore, deleting all
factors F𝑖 with 𝑖 ∉ [𝑡 + 1] from our collection, we refine the 𝑡 + 1 factors as such,

F𝑖 ↦−→ F′𝑖 = (F𝑖 \ {𝐻𝑖}) ∪ {𝐴1 + 𝐵1 , 𝑄𝑖1 , . . . , 𝑄𝑖𝑟𝑖} for 𝑖 = 1, 2 . . . , 𝑡 + 1.

Combining cases I, II, and III. After performing one of the refinement stepsto the collection
F1 , . . . ,F𝑛 with state ®S, we have obtained a refinement of a sub-collection collection F′1 , . . . ,F

′
𝑡 with

the new state ®S
′
, where 𝑡 ⩾

√
𝑛/2𝐾+1.

We invoke the induction hypothesis to obtain G1 , . . . ,G𝑤 with the state ®T, which satisfies wt(®T) ⩽
𝜓(®S

′
), where 𝜓 = 𝜓2𝑑+1,𝑔 for 𝑔(𝑟) = 𝑓 (2𝑟) + 2. Let 𝑗 be such that ®𝑆′

𝑗
= max𝑖 ®𝑆′𝑖 = ®S

′
. Then,

wt(®T)
IH
⩽ 𝜓(®S

′
) = 𝜓( ®𝑆′𝑗)

3.13
⩽ 𝜓( ®𝑆 𝑗)

3.13
⩽ 𝜓(®S)

3.13
⩽ 𝜓∗(𝐾).

in it, i.e., max𝑖 deg(𝜆𝑖𝑃𝑖).
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Because the induction terminates in at most 𝜓∗(𝐾) steps, 𝑤 ⩾ 𝑛exp(−𝜓∗(𝐾))2−2(𝜓∗(𝐾)+1) ⩾ 𝑛𝜀 for large
enough 𝑛 and some appropriate 𝜀 > 0. □

6 One polynomial’s distance from Ber(1/3)

In this section we show that a degree-𝑑 polynomial 𝑃 : F𝑚2 → F2 satisfies

|Pr
𝑋
[𝑃(𝑋) = 1] − 1/3| ⩾ 𝛿𝑑 ,

where 𝛿𝑑 > 0 is a constant depending only on 𝑑. A more general claim is true: for any non-dyadic
𝜌 ∈ (0, 1) and degree-𝑑 polynomial 𝑃 it holds that |Pr𝑋[𝑃(𝑋) = 1] − 𝜌| ⩾ Ω𝑑,𝜌(1). We show this
in Appendix A. A closely related problem is the weight distribution of binary Reed-Muller codes,
which asks how many polynomials of degree 𝑑 satisfy Pr𝑋[𝑃(𝑋) = 1] ⩽ 𝜂 for some parameter 𝜂.
This theorem shows there are no polynomials with Pr𝑋[𝑃(𝑋) = 1] close to 1/3 exist.

A similar bound for a 𝑑-local function (trivially) holds, which has proved useful in showing lower
bounds for distributions defined by local functions and bounded depth decision forests [KOW24,
Vio23] against B⊗𝑛1/3 or the Hamming slice 𝐻𝑛/3 = {𝑥 ∈ {0, 1}𝑛 :

∑
𝑖 𝑥𝑖 = 𝑛/3}.

We divide the results of this section into two parts. First we deal with small degrees 1, 2, and 3.
Then we move to a general constant 𝑑. These results rely on the structure theorems discussed in
Section 3.4.

6.1 One polynomial’s gap: degree 1, 2, 3

A degree-1 polynomial 𝐿 satisfies Pr𝑋[𝐿(𝑋) = 1] ∈ {0, 1
2 , 1}. Therefore, |Pr𝑋[𝐿(𝑋) = 1] − 1

3 | ⩾ 𝛿1

with 𝛿1 = 1/6.

The structure theorem Theorem 3.17 implies that a quadratic polynomial 𝑄 satisfies bias(𝑄) ∈
{0} ∪ {±2−𝑘 : 𝑘 ∈ N}. Therefore 𝛿2 = 1/24.

Below we show that all polynomial of degree 3 we have |Pr𝑋[𝑃(𝑋) = 1] − 1
3 | > 𝛿3 for some absolute

constant 𝛿3 > 0. The key claim is the following statement.

Claim 6.1. Let 𝑃 : F𝑚2 → F2 be a function of rank2(𝑃) ⩽ 𝑟. That is, it can be written as 𝑃(𝑥) =

Γ(𝑄1(𝑥), . . . , 𝑄𝑟(𝑥)) for some booleanΓ : {0, 1}𝑟 → {0, 1} and some quadratic polynomials𝑄1 , . . . , 𝑄𝑟 : {0, 1}𝑚 →
{0, 1}. For every integer 𝑡 > 0, there exists some 𝑠 ⩽ (𝑟 + 𝑡) · 2𝑟 + 𝑟 such that |E𝑥[(−1)𝑃(𝑥)] − 𝐴

2𝑠 | ⩾ 1
2𝑡 ·

1
2𝑠

for all integers 𝐴 ∈ Z.

Proof. We start by writing the Fourier expansion of Γ.

Γ(𝑦1 , . . . , 𝑦𝑟) =
∑
𝑆⊆[𝑟]

Γ̂(𝑆) · (−1)
∑
𝑖∈𝑆 𝑦𝑖 ,
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where Γ̂(𝑆) = 𝑎𝑆
2𝑟 for some integer −2𝑟 ⩽ 𝑎𝑠 ⩽ 2𝑟 . Then, for 𝑄𝑆 =

∑
𝑖∈𝑆 𝑄𝑖 we have

E
𝑥
[(−1)Γ(𝑄1(𝑥),...,𝑄𝑟 (𝑥))] =

∑
𝑆⊆[𝑟]

Γ̂(𝑆) · E
𝑥
[(−1)𝑄𝑠 (𝑥)].

Denote 𝜀𝑆 = E𝑥[(−1)𝑄𝑠 (𝑥)] for all 𝑆 ⊆ [𝑟]. Then, using Theorem 3.17 we have 𝜀𝑆 ∈ {±2−𝑖 : 𝑖 ∈ N}.
We claim that there is some 0 ⩽ 𝑖 ⩽ 2𝑟 such that the interval (2−(𝑟+𝑡)(𝑖+1) , 2−(𝑟+𝑡)𝑖] does not contain
any of |𝜀𝑆|. Indeed, consider the collection of disjoint intervals {(2−(𝑟+𝑡)·(𝑖+1) , 2−(𝑟+𝑡)·𝑖] : 𝑖 = 0, . . . , 2𝑟}.
Since there are 2𝑟 + 1 such intervals, and only 2𝑟 different values of |𝜀𝑆|, one of the intervals does
not contain any |𝜀𝑆|.
Next then write E[(−1)𝑃(𝑥)] as follows.

E
𝑥
[(−1)𝑃(𝑥)] = E

𝑥
[(−1)Γ(𝑄1(𝑥),...,𝑄𝑟 (𝑥))] =

∑
𝑆⊆[𝑟]

Γ̂(𝑆) · 𝜀𝑆

=

∑
𝑆⊆[𝑟]:𝜀𝑆>2−(𝑟+𝑡)𝑖

Γ̂(𝑆) · 𝜀𝑆 +
∑

𝑆⊆[𝑟]:𝜀𝑆<2−(𝑟+𝑡)(𝑖+1)

Γ̂(𝑆) · 𝜀𝑆

=
𝐴

2(𝑟+𝑡)𝑖
+ err,

where 𝐴 ∈ Z is some integer, and |err| = ∑
𝑆⊆[𝑟]:𝜀𝑆⩽2−(𝑟+𝑡)(𝑖+1) Γ̂(𝑆) · 𝜀𝑆 ⩽ 2𝑟 · 2−(𝑟+𝑡)(𝑖+1) = 1

2𝑡 2
−(𝑟+𝑡)𝑖 .

Letting 𝑠 = (𝑟 + 𝑡)𝑖 + 𝑟 ⩽ (𝑟 + 𝑡) · 2𝑟 + 𝑟 we get

|E
𝑥
[(−1)𝑃(𝑥)] − 𝐴2𝑠 | ⩽

1
2𝑡
· 1

2𝑠 ,

as required. □

We will also need the following proposition.

Proposition 6.2. We have |13 − 𝐴
2𝑠 | ⩾ 1

32−𝑠 for any integer 𝑠 ⩾ 0 and any integer 𝐴 ∈ Z.

Proof. Note that it suffices to show that |2𝑠3 − 𝐴| ⩾ 1
3 , which obviously holds since 2𝑠 is not divisible

by 3 and 𝐴 is an integer. □

We are now ready to prove our lemma for polynomials of degree 3.

Lemma 6.3. 1. There is a constant 𝛿2,𝑟 > 0 such that any function 𝑃 : F𝑚2 → {0, 1} of rank2(𝑃) ⩽ 𝑟

satisfies |Pr𝑥[𝑃(𝑥) = 1] − 1/3| > 𝛿2,𝑟 .
2. There exists a constant 𝛿3 > 0 such that for any polynomial 𝑄 : F𝑚2 → {0, 1} of degree 3

satisfies |Pr𝑥[𝑄(𝑥) = 1] − 1
3 | ⩾ 𝛿3.

Proof. For the first item, by Claim 6.1, there exists some integer 𝐴 ∈ Z and 𝑠 that depends only on 𝑟,
such that |E𝑥[𝑃(𝑥)] − 𝐴

2𝑠 | ⩽ 1
4 · 2−𝑠 . On the other hand, using the fact that | 𝐴2𝑠 − 1

3 | ⩾ 1
3 · 2−𝑠 for all
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integers 𝑠 ⩾ 0 and 𝐴 ∈ Z, it follows that

|Pr
𝑥
[𝑃(𝑥) = 1] − 1

3 | ⩾
1
12 · 2

−𝑠 .

Since 𝑠 ⩽ (𝑟 + 2) · 2𝑟 + 𝑟, it follows that |Pr𝑥[𝑃(𝑥) = 1] − 1
3 | ⩾ 𝛿2,𝑟 for 𝛿2,𝑟 =

1
12 · 2−((𝑟+2)·2𝑟+𝑟).

For the second item, if |Pr[𝑄(𝑥) = 1] − 1
3 | ⩾ 0.06 then we are done. Otherwise, we have |Pr[𝑄(𝑥) =

1] − 1
2 | ⩾ 0.1. By Theorem 3.18 there exist some absolute constant 𝑟 such that 𝑄 can be written as

𝑄(𝑋) = Γ(𝑄1(𝑋), . . . , 𝑄𝑟(𝑋)), where 𝑄1 , . . . , 𝑄𝑟 are quadratic polynomials, and Γ : {0, 1}𝑟 → {0, 1}
is some function on 𝑟 bits.7 Therefore, by the first item 𝛿3 ⩾ 𝛿2,𝑟 for som absolute constant 𝑟, as
required. □

6.2 One polynomial’s gap: degree 𝑑

Here we prove that a degree-𝑑 polynomial satisfies |Pr𝑋[𝑃(𝑋) = 1] − 1/3| ⩾ 𝛿𝑑. In fact, we prove a
more general statement.

Theorem 6.4. Let 𝑃 : F𝑚2 → F2 be a function with rank𝑑(𝑃) = 𝑟. Then,

|Pr
𝑋
[𝑃(𝑋) = 1] − 1

3 | ⩾ 𝛿𝑑,𝑟 ,

where 𝛿𝑑,𝑟 > 0 is a constant that depends only on 𝑑 and 𝑟, which can be taken to be exp(−𝜓∗
𝑑, 𝑓
(𝑟))/12 for

𝑓 (𝑘) = 𝑐KL(𝑑, 1
42−3𝑘/2).

Remark 6.5. Specializing to 𝑟 = 1, we obtain that the distance from Ber(1/3) for degree-𝑑 polynomials
is 𝛿𝑑 = 𝛿𝑑,1.

Proof. Write 𝑃 as a function of 𝑟 degree-𝑑 polynomials: 𝑃 = Γ(𝑅1 , . . . , 𝑅𝑟). Consider the degree
𝑑 factor F = (𝑅1 , . . . , 𝑅𝑑) with the dimension vector (𝑀1 , . . . , 𝑀𝑑) where

∑
𝑖 𝑀𝑖 = 𝑟. By Theo-

rem 3.14, there exists a factor Q = (𝑄1 , . . . , 𝑄𝐾) of dimension 𝐾 ⩽ 𝜓∗
𝑑, 𝑓
(𝑟) that is 𝑓 -regular for

𝑓 (𝑟) = 𝑐KL(𝑑, 1
42−3𝑟/2).

Every nonzero linear combination
∑
𝑖 𝜆𝑖𝑄𝑖 in Q satisfies

bias(𝜆1𝑄1 + · · · + 𝜆𝐾𝑄𝐾) ⩽
1
42−3𝐾/2.

By Lemma 3.2, we have that ∥Q −U⊗𝐾∥TV ⩽ 1
42−𝐾 . Since 𝑃 = Γ(Q) for some Γ : F𝐾2 → F2, it follows

7In fact, Theorem 3.18 gives a stronger structure theorem. Specifically, there exist constants 𝑐 and 𝑟 such that

𝑃 =

𝑟−𝑐∑
𝑖=1

𝐿𝑖𝑄𝑖 + Γ(𝐿𝑟−𝑐+1 , . . . , 𝐿𝑟 ),

where 𝐿𝑖 ’s are linear function and 𝑄𝑖s are quadratic polynomials, and Γ is some boolean function.
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that

Pr[𝑃 = 1] = Pr[Γ(Q) = 1] = Pr[Γ(U⊗𝐾) = 1] ± 1/4
2𝐾

=
𝑎

2𝐾
± 1/4

2𝐾
for some 𝑎 ∈ Z.

On the other hand, | 𝑎2𝐾 −
1
3 | ⩾ 1

32−𝐾 by Proposition 6.2, giving the final result

|bias(𝑃) − 1
3 | ⩾

1/12
2𝐾

,

as required. □

7 Lower bound against linear distributions

We start the technical part with the following easy proof of Theorem 2. We restate it for convenience.

Theorem 7.1 (Theorem 2 restated). Let L = (𝐿1 , . . . , 𝐿𝑛) be a degree-1 distribution. Then

∥L −B⊗𝑛1/3∥TV ⩾ 1 − exp(−Ω(𝑛)),

where Ω() hides some absolute positive constant.

Proof. Let L = (𝐿1 , . . . , 𝐿𝑛) be a distribution where each 𝐿𝑖 has deg(𝐿𝑖) ⩽ 1, and let 𝐷 be the
dimension of the span of 𝐿𝑖’s. That is, 𝐷 is the maximal number of linearly independent 𝐿𝑖’s.

Let 𝑐 ∈ (0, 1) be a parameter, and consider the following two cases.

Case 1 (𝐷 ⩾ 𝑐𝑛). Assume for simplicity that 𝐿1 , . . . , 𝐿𝐷 are linearly independent. In particular, the
first 𝐷 coordinates of L are statistically independent, and individually their marginal distribution
is either a constant or B1/2. In particular, the coordinate-wise distance is ∥𝐿𝑖 −B1/3∥TV ⩾ 1/6, and

by Lemma 3.4 we get ∥L −B⊗𝑛1/3∥TV ⩾ 1 − 2𝑒−
(1/6)2𝑐𝑛

12 ⩾ 1 − 2−
(1/6)2𝑐𝑛

12 , where last inequality holds for 𝑛
that is larger than some absolute constant.

Case 2 (𝐷 < 𝑐𝑛). Assume for simplicity that 𝐿1 , . . . , 𝐿𝐷 are linearly independent. Hence, for any
conditioning of the inputs so that (𝐿1 , . . . , 𝐿𝐷) = (𝑎1 , . . . , 𝑎𝐷) the distribution L becomes constant,
and hence ∥L↾(𝐿1 ,...,𝐿𝐷)=(𝑎1 ,...,𝑎𝐷) −B⊗𝑛1/3∥TV ⩾ 1 − (2/3)𝑛 . By taking the union bound Lemma 3.3 over
all 2𝐷 fixings of 𝐿1 , . . . , 𝐿𝐷 , we get ∥L −B⊗𝑛1/3∥TV ⩾ 1 − 2𝑐𝑛 · (2/3)𝑛 .

A straightforward calculation shows that 𝑐 ≈ 0.58 balances the error terms of the above cases
2−
(1/6)2𝑐𝑛

12 = 2𝑐𝑛 · (2/3)𝑛 ⩽ 2−Ω(𝑛) giving the desired bound. □

8 Lower bound against bounded linear rank distributions

In this section, we prove that the distance between B⊗𝑛1/3 and any distribution P = (𝑃1 , . . . , 𝑃𝑛)where
each 𝑃𝑖 : F𝑚2 → F2 is a function of at most 𝑟 linear functions is at least 1 − exp(−2−𝑂(𝑟2)𝑛)).
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Closely related lower bounds have appeared in the literature. Viola [Vio23] shows that a depth-
𝑟 decision forest cannot sample the Hamming slice 𝐻𝑛/3 to within total variation distance 1 −
exp(−𝑛1/exp(𝑂(𝑟))). The work of Kane, Ostuni, and Wu [KOW24] shows that 𝑟-local maps cannot
sample 𝐻𝑛/3 or B⊗𝑛1/3 any closer than 1 − exp(−𝑛 · 2−𝑂(𝑟2)).
We show two lower bounds with different proof ideas. The first obtains an exponentially small
error which is used in Section 9 to prove a lower bound for quadratic distributions. The second
approach uses sunflowers and gives a weaker error bound; we nevertheless include it because it
morally extends to higher-degree distributions.

8.1 A lower bound with exponentially small error

Consider a function 𝑃 : F𝑚2 → F2 with linear rank 𝑟.8 Then there exist 𝐿1 , . . . , 𝐿𝑟 linearly independent
linear functions, and some function Γ such that 𝑃 = Γ(𝐿1 , . . . , 𝐿𝑟). We use the notation ℒ(𝑃) to
denote the 𝑟-dimensional linear space span{𝐿1 , . . . , 𝐿𝑟} on which 𝑃 depends. The linear space
ℒ(𝑃) is independent of the choice of 𝐿1 , . . . , 𝐿𝑟 , Γ. Using some basic Fourier analysis, ℒ(𝑃) can
be equivalently characterized as the span of all linear functions 𝐿 with which 𝑃 has a nonzero
correlation E𝑋[(−1)𝑃(𝑋)−𝐿(𝑋)] ≠ 0. We now set out to prove our sampling lower bound for maps of
bounded linear rank.

Theorem 8.1 (Bounded linear rank). Let P = (𝑃1 , . . . , 𝑃𝑛) be a distribution where each 𝑃𝑖 : F𝑚2 → F2

satisfies rank1(𝑃𝑖) ⩽ 𝑟 for some 𝑟 ⩾ 1. Furthermore, suppose that over all affine subspaces 𝑉 + ℎ of F𝑚2 the
coordinate-wise distances satisfy ∥𝑃𝑖↾𝑉+ℎ − Ber(1/3)∥TV ⩾ 𝛿. Then for some absolute constant 𝑐 > 0,

∥P −B⊗𝑛1/3∥TV ⩾ 1 − exp
(
− 𝑐

𝑟𝛿2𝑟

𝑟! · 𝑛 + 𝑟
)
.

Proof. Let P = (𝑃1 , . . . , 𝑃𝑛) be a distribution where each 𝑃𝑖 : 𝑉 + ℎ → F2 is defined over some affine
subspace 𝑉 + ℎ of F𝑚2 and satisfies rank1(𝑃𝑖) ⩽ 𝑟. We show that for some absolute constant 𝑐 > 0
the function 𝜏 : N→ (0, 1] given by 𝜏(𝑟) = 𝑐𝑟𝛿2𝑟/𝑟! satisfies the following.

∥P −B⊗𝑛1/3∥TV ⩾ 1 − exp(−𝜏(𝑟) · 𝑛 + 𝑟). (★)

The proof is by induction on 𝑟.

For the base case of induction consider 𝑟 = 0. In this case each 𝑃𝑖 is constant. Hence the support of
P is singleton. Consequently,

∥P −B⊗𝑛1/3∥TV ⩾ 1 − (2/3)𝑛
want
⩾ 1 − exp(−𝜏(0) · 𝑛).

Thus we require
𝜏(0) ⩽ log(3/2). (Condition I)

8We also work with restrictions of 𝑃 to affine subspaces 𝑉 + ℎ of F𝑚2 . As discussed in Section 3.1, affine restrictions
preserve degree, and the same is true for rank1.
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Fix 𝑟 ⩾ 1 and suppose, by the induction hypothesis, the claim (★) holds for distributions of rank up
to 𝑟 − 1. We now proceed to the inductive step.

Construct a bipartite graph 𝐺 whose left vertex set L is the set of all linear functions from 𝑉 to F2

and whose right vertex set [𝑛] corresponds the functions 𝑃1 , . . . , 𝑃𝑛 . For each 𝑖 ∈ [𝑛] in the graph 𝐺
add an edge between 𝑖 and every 𝐿 ∈ ℒ(𝑃𝑖) on the left. We denote the neighborhood of a subset 𝑆
of vertices in 𝐺 by 𝑁𝐺(𝑆).
Let𝑊 ⩽ L denote a subspace of maximum dimension that satisfies

|𝑁𝐺(𝑊)| ⩾
4

𝜏(𝑟 − 1) · dim(𝑊). (1)

We consider two cases separately.

Case 1 ( |𝑁(𝑊)| ⩾ 𝑛/2 ). In this case, we restrict our attention to the corresponding polynomials in
𝐼 ≔ 𝑁𝐺(𝑊). Let 𝑛′ be the size of 𝐼 which we know to be at least 𝑛/2. In contrast, Eq. (1) implies
that dim(𝑊) ⩽ 𝜏(𝑟−1)

4 · 𝑛, so the dimension of𝑊 is relatively small compared to 𝑛′. This allows for
conditioning on the values that𝑊 takes.

Consider some linear function 𝛼 : 𝑊 → F2 which we call an assignment. Because every 𝑖 ∈ 𝐼 has
some neighbor in 𝑊 , the distribution P𝐼↾𝛼 = (𝑃𝑖↾𝛼 : 𝑖 ∈ 𝐼) is a distribution with linear rank 𝑟 − 1.
Thus for any assignment 𝛼, induction hypothesis provides the following.

∥P𝐼↾𝛼 −B⊗𝑛
′

1/3 ∥TV ⩾ 1 − exp
(
− 𝜏(𝑟 − 1) · 𝑛′ + 𝑟 − 1

)
⩾ 1 − exp

(
− 𝜏(𝑟 − 1)

2 · 𝑛 + 𝑟 − 1
)
.

Note that P𝐼 = E𝛼[P𝐼↾𝛼]. Applying Lemma 3.3 we get that

∥E
𝛼
[P𝐼↾𝛼] −B⊗𝑛

′

1/3 ∥TV ⩾ 1 − exp
(
−

(
𝜏(𝑟 − 1)

2 − 𝜏(𝑟 − 1)
4

)
𝑛 + 𝑟 − 1 + 1

)
want
⩾ 1 − exp (−𝜏(𝑟) · 𝑛 + 𝑟) .

The last inequality holds if

𝜏(𝑟) ⩽ 𝜏(𝑟 − 1)
4 . (Condition II)

Case 2 ( |𝑁(𝑊)| < 𝑛/2 ). In this case, consider the subgraph 𝐻 obtained by removing the vertices
in 𝑁𝐺(𝑊). Thus the right vertex set in 𝐻 is 𝐽 ≔ [𝑛] \ 𝑁𝐺(𝑊). Observe that for every𝑊 ′ ⩽ L, the
following holds in graph 𝐻.

|𝑁𝐻(𝑊 ′)| <
4

𝜏(𝑟 − 1) · dim(𝑊 ′). (2)

Otherwise,𝑊 ′′ = span(𝑊 ′ ∪𝑊)would be a subspace satisfying Eq. (1) with dim(𝑊 ′′) > dim(𝑊),
contradicting the maximality of 𝑊 . A useful consequence of Eq. (2) is that for each 𝑃𝑖 we have
|𝑁𝐻(ℒ(𝑃𝑖))| < 4𝑟

𝜏(𝑟−1) . Construct a set 𝐼 ⊆ [𝑛] according to the following process.
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1: 𝐼 ← ∅
2: while 𝐽 ≠ ∅ do
3: 𝑖 ← min 𝐽 ⊲ In fact, any index from 𝐽 would do.

4: 𝐽 ← 𝐽 \ {𝑖}
5: 𝐼 ← 𝐼 ∪ {𝑖}
6: 𝑉 ← span(⋃𝑖∈𝐼 ℒ(𝑃𝑖))
7: 𝐽 ← 𝐽 \ 𝑁𝐻(𝑉) ⊲ An index 𝑗 ∈ 𝐽 survives if ℒ(𝑃𝑗) is linearly independent from 𝑉 .

8: end while

We now argue that by the end of this process, 𝑛′ ≔ |𝐼| is greater than 𝜏(𝑟−1)
8𝑟 𝑛. Otherwise by Eq. (2)

|𝐼 ∪ 𝑁𝐻(span(⋃𝑖∈𝐼 ℒ(𝑃𝑖)))| ⩽ 𝑛/2 contradicting the termination as 𝐽 starts with a size bigger that
𝑛/2.

The polynomials P𝐼 = (𝑃𝑖 : 𝑖 ∈ 𝐼) form a product distribution since by construction the non-constant
𝑃𝑖’s depend on linearly independent ℒ(𝑃𝑖)’s. We apply Lemma 3.4 and we get

∥P −B⊗𝑛1/3∥TV ⩾ ∥P𝐼 −B⊗𝑛
′

1/3 ∥TV ⩾ 1 − exp
(
−Ω

(
𝛿2 𝜏(𝑟 − 1)

8𝑟 𝑛
)
+ 1

)
want
⩾ 1 − exp (−𝜏(𝑟) · 𝑛 + 𝑟) .

Therefore, we require that

𝜏(𝑟) ⩽ Ω
(
𝛿2 𝜏(𝑟 − 1)

8𝑟
)
. (Condition III)

Given conditions I, II, and III, solving for 𝜏(𝑟) we get 𝜏(𝑟) = 𝑐𝑟𝛿2𝑟/𝑟! for some constant 𝑐 > 0, as
required. □

Remark 8.2. Theorem 8.1 treats the coordinate-wise distance 𝛿 as a free parameter. There are,
however, only two cases of interest to us. First is the most general setting, where one poses no
further assumptions on the 𝑃𝑖 beyond having bounded rank1. In this case, one can take 𝛿 = Ω(2−𝑟).
Second, when 𝑃𝑖 are additionally quadratic (or degree-𝑑) polynomials in which case 𝛿 can be taken
to be an absolute constant (that depends only on 𝑑).

Corollary 8.3. Let P = (𝑃1 , . . . , 𝑃𝑛) be a distribution where each 𝑃𝑖 satisfies rank1(𝑃𝑖) ⩽ 𝑟. Then ∥P −
B⊗𝑛1/3∥TV ⩾ 1 − exp(−𝑐2−𝐶𝑟2

𝑛) for some absolute constants 𝐶, 𝑐 > 0.

Proof. Write 𝑃𝑖 = Γ(𝐿𝑖1 , . . . , 𝐿𝑖𝑟) where the 𝐿𝑖 𝑗’s are linearly independent linear functions. Then
Pr𝑋[𝑃𝑖(𝑋) = 1] = 𝑎/2𝑟 for some 𝑎 ∈ {0, . . . , 2𝑟}. Therefore, |𝑎/2𝑟 − 1/3| ⩾ 2−𝑟−2. The conclusion
now follows by applying Theorem 8.1 with 𝛿 = 2−𝑟−2. □

Corollary 8.4. Let Q = (𝑄1 , . . . , 𝑄𝑛) be a quadratic distribution where each 𝑄𝑖 satisfies rank1(𝑄𝑖) ⩽ 𝑟.
Then ∥Q −B⊗𝑛1/3∥TV ⩾ 1 − exp(−𝑐2−𝐶𝑟 log(𝑟)𝑛) for some absolute constants 𝐶, 𝑐 > 0.

Proof. Polynomials are closed under affine restrictions. Therefore, Theorem 6.4 asserts that 𝑄𝑖↾𝑉+ℎ
has a distance of 𝛿 = Ω(1)with B1/3. The corollary follows promptly. □
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8.2 A weaker bound using sunflowers for subspaces

Theorem 8.1 has our best lower bound 1 − exp(−Ω𝑟(𝑛)) for bounded rank1 distributions. We prove
a similar lower bound, albeit much weaker, using sunflowers for subspaces. The reason we include
this weaker bound is twofold. First, its proof is more straightforward, and in particular, is not
inductive. Second, the high-level idea of this version will be morally generalized to higher degrees
while it is not clear how one can generalize the previous proof to higher degrees. One can work out
a similar bound for 𝑑-local distributions using the classic sunflower lemma [ER60].

To prove our result, we derive a similar variant of Lemma 4.1 (Chebyshev lemma) for bounded
linear rank functions.

Corollary 8.5 (Chebyshev Lemma; bounded rank1). Let P = (𝑃1 , . . . , 𝑃𝑛) be an 𝑛-tuple where for all
𝑖 ∈ [𝑛] we have 𝑃𝑖 = Γ𝑖(𝐿𝑖1 , . . . , 𝐿𝑖𝑟), where Γ𝑖 is an arbitrary function of 𝑟 variables and 𝐿𝑖 𝑗’s are linearly
independent linear polynomials. Suppose further that,

(L𝑖 ;L𝑗) = (𝐿𝑖1 , . . . , 𝐿𝑖𝑟 ; 𝐿 𝑗1 , . . . , 𝐿 𝑗𝑟)

is free from linear dependencies for all pairs 𝑖 ≠ 𝑗; i.e., rank(L𝑖 ;L𝑗) > 0. Then ∥P−B⊗𝑛1/3∥TV ⩾ 1−𝑂(2𝑟/𝑛).

Proof Sketch. The proof of this corollary is essentially the same as Lemma 4.1, with two differences:
𝛿, the point-wise distance is now 𝑂(2−𝑟), and the in the Claim 4.2 we have Cov[1⟨𝑃𝑖⟩ , 1⟨𝑃𝑗⟩] = 0 for
𝑖 ≠ 𝑗. The result follows. □

Theorem 8.6 (Bounded linear rank; using sunflowers). Let P = (𝑃1 , . . . , 𝑃𝑛) be a distribution where
each 𝑃𝑖 satisfies rank1(𝑃𝑖) ⩽ 𝑟, where 𝑟 ⩽ 𝑐

√
log 𝑛 for some constant 𝑐 > 0. Then,

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂
( 2𝑟/2

𝑛1/(𝑟+1)

)
.

Proof. Define for 𝑃𝑖 the subspace 𝑉𝑖 of dimension ⩽𝑟 it depends on. By the pigeonhole principle, a
subset 𝐽 ⊆ [𝑛] of size at least 𝑛/(𝑟 + 1) subspaces have the same dimension.

By Lemma 3.20, the family of subspaces 𝑆 = {𝑉𝑖 : 𝑖 ∈ 𝐽} contains a sunflower with at least

𝑠 =

(
𝑛

(𝑟 + 1) · exp( 𝑟2+𝑟−2
2 )

)1/(𝑟+1)

petals. Let 𝐼 ⊆ 𝐽 denote the sub-collection that form a sunflower, where |𝐼| ⩾ 𝑠.

Let 𝐶 =
⋂
𝑖∈𝐼 𝑉𝑖 denote the core of the sunflower. Note that 𝐶 is itself a (linear) subspace. We call a

linear map 𝛼 : 𝐶 → F2 an assignment. Let 𝐶∗ denote the set of all assignments, where |𝐶∗| = 2dim(𝐶).

Note that after fixing the core 𝐶 by a given assignment, the distribution P𝐼↾𝛼 = (𝑃𝑖↾𝛼 : 𝑖 ∈ 𝐼) is now
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pairwise independent, and by Corollary 8.5

∥P𝐼↾𝛼 −B⊗𝑠1/3∥TV ⩾ 1 − 𝑂(2𝑟−dim(𝐶)/𝑠). (3)

Since E𝛼∼𝐶∗[P𝐼↾𝛼] = P𝐼 , we get

∥P −B⊗𝑛1/3∥TV ⩾ ∥P𝐼 −B⊗𝑠1/3∥TV
= ∥ E

𝛼∼𝐶∗
[P𝐼↾𝛼] −B⊗𝑠1/3∥TV

⩾ 1 − 2
∑
𝛼∈𝐶∗
(1 − ∥P𝐼↾𝛼 −B⊗𝑠1/3∥TV) (By Lemma 3.3)

⩾ 1 − 2dim(𝐶)+1 · 𝑂(2𝑟−dim(𝐶)/𝑠) (By Eq. (3))

⩾ 1 − 𝑂(2𝑟/𝑠)

= 1 − 𝑂
( (𝑟 + 1)1/(𝑟+1) exp

(
𝑟2+2𝑟−2

2𝑟+2
)

𝑛1/(𝑟+1)

)
⩾ 1 − 𝑂

( 2𝑟/2

𝑛1/(𝑟+1)

)
, (𝑥1/𝑥 ⩽ 𝑒1/𝑒 for 𝑥 ⩾ 1)

as required. (Note that the hidden constants in big-𝑂 are absolute.) □

9 Lower bound against quadratic distributions

Theorem 9.1. Let Q = (𝑄1 , . . . , 𝑄𝑛) be a distribution, where each 𝑄𝑖 is a quadratic polynomial. Then

∥Q −B⊗𝑛1/3∥TV ⩾ 1 − 𝑛−Ω(1/log log(𝑛)).

Proof. Let 𝑟 > 0 be a parameter to be determined later.

If at least 𝑛/2 many quadratics have rank1(𝑄𝑖) ⩽ 4𝑟, the apply Corollary 8.4 to get a distance of
1 − exp(−𝑐2−𝐶𝑟 log 𝑟𝑛) for some constants 𝐶, 𝑐 > 0. (★)
Otherwise, at least 𝑛/2 many 𝑄𝑖’s, which we assume are 𝑄1 , . . . , 𝑄𝑛/2, satisfy rank(𝑄𝑖) > 4𝑟.
Construct a graph 𝐺 = (𝑉, 𝐸)with vertex set𝑉 = [𝑛/2]. We add an edge 𝑖 𝑗 ∈ 𝐸 if the corresponding
polynomials 𝑄𝑖 , 𝑄 𝑗 have small-rank difference, that is, whenever rank1(𝑄𝑖 −𝑄 𝑗) ⩽ 4𝑟.

Let 𝑤 be another parameter whose value will be chosen later.

We consider two cases for this graph.

Case 1 (large independent set). The graph 𝐺 contains an independent set 𝐼 ⊆ 𝑉 of size 𝑤. Then by
Corollary 4.3 we have that

∥Q −B⊗𝑛1/3∥TV ⩾ ∥Q𝐼 −B⊗|𝐼|1/3 ∥TV ⩾ 1 − 𝑂( 1
𝑤
) − 𝑂( 1

2𝑟 ),
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where big-O is hiding absolute constants.

Case 2 (large degree). There is some vertex 𝑖∗ ∈ 𝑉 whose degree in 𝐺 is at least ⌊ 𝑛2𝑤 ⌋. Let 𝑆 = 𝑁𝐺(𝑖∗)
be the set of neighbors of 𝑖∗. Let 𝑠 be equal to |𝑆|, which is Ω(𝑛/𝑤).
Since the difference of 𝑄𝑖∗ and any of its neighbors has small rank, we may write

𝑄 𝑗 = 𝑄𝑖∗ + Γ𝑗(𝐿 𝑗1 , . . . , 𝐿 𝑗 ,4𝑟),

for all 𝑗 ∈ 𝑆 and some 4𝑟 linear functions.

We are now in the setting of Lemma 3.6. Indeed, note that for any fixed 𝑧 ∈ {0, 1}, the distribution

R𝑧 ≔ (Γ𝑗(𝐿 𝑗1 , . . . , 𝐿 𝑗 ,4𝑟) + 𝑧 : 𝑗 ∈ 𝑆)

has rank1 at most 4𝑟 in each coordinate. Hence, by our bounded rank1 theorem (Theorem 8.1,
Corollary 8.4) we have the following for some constants 𝑐, 𝐶 > 0.

∥R𝑧 −B⊗𝑠1/3∥TV ⩾ 1 − exp
(
− 𝑐2−𝐶𝑟 log 𝑟𝑛/𝑤

)
. (4)

If 𝑄𝑖∗ is constant then Eq. (4) is already a lower bound for Q. Else, 𝑄𝑖∗ has two possible outcomes,
and Pr[𝑄𝑖∗ = 𝑧] ⩾ 𝜏 = 1/4 for each 𝑧 ∈ supp(𝑄𝑖∗), and by Lemma 3.6 we have

∥(𝑄𝑖)𝑖∈𝑆 −B⊗𝑠1/3∥TV ⩾ 1 − 8
𝜏
· exp

(
− 𝑐2−𝐶𝑟 log 𝑟𝑛/𝑤

)
⩾ 1 − 32 · exp

(
− 𝑐2−𝐶𝑟 log 𝑟𝑛/𝑤

)
.

Combining cases 1 & 2. For some absolute constant 𝑐 > 0 we have,

∥Q −B⊗𝑛1/3∥TV ⩾ 1 −max
{
𝑂( 1
𝑤
) + 𝑂( 1

2𝑟 )
Case 1

; 32 exp
(
− 𝑐2−𝐶𝑟 log 𝑟𝑛/𝑤

)
Case 2

}
.

Since the error from Case 2 subsumes the error at (★), we omit the latter. It remains to choose
𝑟 = 𝑟(𝑛) and 𝑤 = 𝑤(𝑛) so that the maximum error is minimized.

A straightforward calculation shows that for some constant 𝑐′ > 0, setting 𝑟 = 𝑐′ log 𝑛/log log 𝑛 and
𝑤 = 2𝑟 , the Case 1 error term eventually becomes larger than Case 2. It then follows that

∥Q −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂( 1
2𝑟 ) ⩾ 1 − exp(−𝑐′ log 𝑛/log log 𝑛 + 𝑂(1)) ⩾ 1 − 𝑛−Ω(1/log log 𝑛) ,

as required. □
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10 Lower bounds against distributions of bounded quadratic rank

Theorem 10.1. Let 𝑟 ⩾ 2, and let P = (𝑃1 , . . . , 𝑃𝑛) be an n-tuple cubic polynomials 𝑃𝑖 : F𝑚2 → F2, such
that rank2(𝑃𝑖) ⩽ 𝑟 ⩽

√
log log(𝑛) for all 𝑖 ∈ [𝑛]. Suppose that |Pr𝑋[𝑃𝑖(𝑋) = 1] − 1/3| ⩾ 𝛿 for all 𝑖 ∈ [𝑛].

Then ∥P −B⊗𝑛1/3∥TV ⩾ 1 − exp(− log(𝑛)𝑐/𝑟2 )
𝛿2 for some absolute constant 𝑐 > 0.

Remark 10.2. By Lemma 6.3 we have an explicit lower bound 𝛿 ⩾ 𝛿2,𝑟 =
1
12 · 2−((𝑟+2)·2𝑟+𝑟) > 0. In the

special case when all 𝑃𝑖 ’s are polynomials of degree 3, we take 𝛿 = 𝛿3 > 0 to be an absolute constant.

We will use the following notation throughout this section. For a function 𝑃 : F𝑚2 → F2, we write
rank2,1(𝑃) ⩽ (𝑟, 𝑠) if there exist quadratic polynomials 𝑄1 , . . . , 𝑄𝑟 , linear polynomials 𝐿1 , . . . , 𝐿𝑠 ,
and a function Γ such that 𝑃 = Γ(𝑄1 , . . . , 𝑄𝑟 , 𝐿1 , . . . , 𝐿𝑠).
Before proving the theorem, we need the following procedure, an explicit case of regularization for
degree 2 factors, which is summarized in the following claim.

Claim 10.3. Fix 𝐶 > 1. Let 𝑃 : F𝑚2 → F2 be a function of rank2,1(𝑃) ⩽ (𝑟, 𝑠). Then, there exists some
0 ⩽ 𝑘 ⩽ 𝑟 such that 𝑃 can be written as

𝑃(𝑥) = Γ′(Q(𝑥);L(𝑥)),

where

• either (i) Q = ∅, and (ii) L is a set of linear functions of size |L| ⩽ (𝐶 + 1)𝑟 · (𝑟 + 𝑠) − 𝑟.
• or (i) Q is a subset of {𝑄1(𝑥), . . . , 𝑄𝑟(𝑥)} of size 𝑟 − 𝑘, (ii) L is a set of linear functions of size
|L| ⩽ (𝐶 + 1)𝑘 · (𝑟 + 𝑠) − 𝑟, and (iii) rank1(Q) > 𝐶(𝐶 + 1)𝑘 · (𝑟 + 𝑠).

Proof. Write 𝑃 : F𝑚2 → F2 as

𝑃(𝑥) = Γ(𝑄1(𝑥), . . . , 𝑄𝑟(𝑥); 𝐿1(𝑥), . . . , 𝐿𝑠(𝑥)),

where 𝑄𝑖’s are quadratic polynomials and 𝐿𝑖’s are linear functions.

Define the collections Q and L as in Algorithm 1.

Next we show that the obtained sets L and Q = {𝑄𝑖 : 𝑖 ∈ 𝐼} satisfy the properties stated in the claim.

Consider the value of 𝑘 at the end of the procedure, and note that 𝑘 is equal to the number of
iterations performed by the while loop.

Note first that we decrease the size of 𝐼 by one in each iteration, and hence in the end Q is a subset
of {𝑄1(𝑥), . . . , 𝑄𝑟(𝑥)} of size |𝐼| = 𝑟 − 𝑘.
We show an upper bound on the size of L by induction on 𝑘. For 𝑘 = 0 we have |L| ⩽ 𝑠 =

(𝐶 + 1)𝑘(𝑟 + 𝑠) − 𝑟 by the assumption of the claim. Suppose the bound |L| ⩽ (𝐶 + 1)𝑘−1 · (𝑟 + 𝑠) − 𝑟
holds just before the last iteration. Then, in the last iteration iteration we increase the size of L by at
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Algorithm 1 Regularizing Q

1: Initialize L = {𝐿1 , . . . , 𝐿𝑠}.
2: Initialize 𝐼 = {1, . . . , 𝑟}. ⊲ The set 𝐼 ⊆ {1, . . . , 𝑟}will correspond to Q = {𝑄𝑖 : 𝑖 ∈ 𝐼}.
3: Set 𝑘 = 0. ⊲ In each iteration we will have |𝐼| = 𝑟 − 𝑘 and |L| ⩽ (𝐶 + 1)𝑘 · (𝑟 + 𝑠).
4: while 𝐼 ≠ ∅ and rank1(Q) ⩽ 𝐶(𝐶 + 1)𝑘 · (𝑟 + 𝑠) do
5: Let (𝑎𝑖)𝑖∈𝐼 be such that rank1(

∑
𝑖∈𝐼 𝑎𝑖𝑄𝑖) < 𝐶(𝐶 + 1)𝑘 · (𝑟 + 𝑠).

6: Augment L by adding to it at most 𝐶(𝐶 + 1)𝑘 · (𝑟 + 𝑠) linear functions so that
∑
𝑖∈𝐼 𝑎𝑖𝑄𝑖 can

be expressed using the functions in L. If L has linear dependencies, remove them.
7: Remove from 𝐼 one of the 𝑖’s for which 𝑎𝑖 = 1.
8: Redefine Γ to be a function that takes Q and L and computes 𝑃𝑖 .
9: Increment 𝑘 by 1.

10: end while

most 𝐶(𝐶 + 1)𝑘−1 · (𝑟 + 𝑠), and hence the size of L is now upper bounded by(
(𝐶 + 1)𝑘−1 · (𝑟 + 𝑠) − 𝑟

)
+

(
𝐶(𝐶 + 1)𝑘−1 · (𝑟 + 𝑠)

)
= (𝐶 + 1)𝑘 · (𝑟 + 𝑠) − 𝑟.

Finally, by the stopping condition of the while loop, if 𝑘 = 𝑟, then Q = ∅, and otherwise rank1(Q) ⩾
𝐶(𝐶 + 1)𝑘 · (𝑟 + 𝑠), as required. □

We are now ready to prove Theorem 10.1.

Proof of Theorem 10.1. Let 𝜀(𝑛, 𝑟, 𝑠) > 0 be such that for any 𝑛-tuple P = (𝑃1 , . . . , 𝑃𝑛) of functions
𝑃𝑖 : F𝑚2 → F2, with rank2,1(𝑃𝑖) ⩽ (𝑟, 𝑠) satisfies ∥P − B⊗𝑛1/3∥TV ⩾ 1 − 𝜀(𝑛, 𝑟, 𝑠). Below we derive a
bound on 𝜀 using induction.

For the base case, note that by Theorem 8.1 we have 𝜀(𝑛, 𝑟 = 0, 𝑠) ⩽ exp
(
− 𝑐𝑠𝛿2𝑠

𝑠! · 𝑛 + 𝑠
)

for some
absolute constant 𝑐 > 0.

Next we bound 𝜀(𝑛, 𝑟, 𝑠) for 𝑟 ⩾ 1 and arbitrary 𝑠 ⩾ 0. LetP = (𝑃1 , . . . , 𝑃𝑛) be an n-tuple of functions
𝑃𝑖 : F𝑚2 → F2, such that rank2,1(𝑃𝑖) ⩽ (𝑟, 𝑠) for all 𝑖 ∈ [𝑛].
We start by regularizing each 𝑃𝑖 as in Claim 10.3 with some parameter 𝐶 ⩾ 8 to be chosen later.
After the regularization, for each 𝑃𝑖 there is some 0 ⩽ 𝑘𝑖 ⩽ 𝑟 such that 𝑃𝑖 = Γ𝑖(Q(𝑖) ,L(𝑖)), where Q(𝑖)

is a set of quadratic functions of size at most 𝑟 − 𝑘𝑖 , L(𝑖) is a set of linear functions, |Q(𝑖)| + |L(𝑖)| ⩽
(𝐶 + 1)𝑘𝑖 · (𝑟 + 𝑠), and rank1(Q(𝑖)) > 𝐶 · (𝐶 + 1)𝑘𝑖 · (𝑟 + 𝑠).

Let 𝑘∗ be the most popular among 𝑘𝑖’s, and let 𝑆0 ⊆ [𝑛] be a subset of size ⩾ 𝑛/(𝑟 + 1) such that
|Q(𝑖)| + |L(𝑖)| ⩽ (𝐶 + 1)𝑘∗ · (𝑟 + 𝑠) and rank1(Q(𝑖)) > 𝐶 · (𝐶 + 1)𝑘∗ · (𝑟 + 𝑠) for all 𝑖 ∈ 𝑆0.

We consider the following three cases.

• Suppose that 𝑘∗ ⩾ 1. Then rank2,1(𝑃𝑖) ⩽ (𝑟 − 𝑘∗ , (𝐶 + 1)𝑘∗ · (𝑟 + 𝑠)) for all 𝑖 ∈ 𝑆0. And by the
induction hypothesis we get

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝜀( 𝑛

𝑟 + 1 , 𝑟 − 𝑘
∗ , (𝐶 + 1)𝑘∗ · (𝑟 + 𝑠)). (5)
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• Assume now that 𝑘∗ = 0. Let 𝑤 ∈ N be a parameter to be chosen later, and suppose there is a
subset 𝑆 ⊆ 𝑆0 of size |𝑆| = 𝑤 such that for all 𝑖 ≠ 𝑖′ in 𝑆 it holds that rank1(𝑄(𝑖)∪𝑄(𝑖

′)) > 𝐶(𝑟+𝑠).
Then, by applying Corollary 4.4 we get

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 4𝑠

𝛿2 · 𝑤1/(𝑠+1) −
2−(𝐶−3)(𝑟+𝑠)/2

𝛿2 ⩾ 1 − 4𝑠

𝛿2 · 𝑤1/(𝑠+1) −
2−𝐶(𝑟+𝑠)/4

𝛿2 . (6)

• Otherwise, we have 𝑘∗ = 0 and there exists 𝑖∗ ∈ [𝑛] and a subset 𝑆 ⊆ [𝑛] of size |𝑆| ⩾
(1/2𝑟) · (|𝑆0|/𝑤) such that rank1(𝑄(𝑖

∗) ∪𝑄(𝑖)) ⩽ 𝐶(𝑟 + 𝑠), and furthermore the bounded rank is
realized with the same linear combination in 𝑄(𝑖∗). That is, there exists some linear combination∑𝑟
𝑗=1 𝛽 𝑗𝑄

(𝑖∗)
𝑗

in such that for each 𝑖 ∈ 𝑆 we have rank1(
∑𝑟
𝑗=1 𝛼

(𝑖)𝑄(𝑖)
𝑗
+∑𝑟

𝑗=1 𝛽 𝑗𝑄
(𝑖∗)
𝑗
)) < 𝐶(𝑟 + 𝑠).

Hence, for each 𝑖 ∈ 𝑆, we can remove one of the 𝑄(𝑖)
𝑗

from Q(𝑖), augment L(𝑖) by adding to it at
most 𝐶(𝑟 + 𝑠) linear functions, and rewrite Γ𝑖 as a function that depends on the new Q(𝑖) (of
size at most 𝑟 − 1), new L(𝑖) and 𝑄∗ =

∑𝑟
𝑗=1 𝛽 𝑗𝑄

(𝑖∗)
𝑗

. We emphasize that 𝑄∗ is the same for all
𝑖 ∈ 𝑆.
That is, for each 𝑖 ∈ 𝑆, we can write 𝑃𝑖 as

𝑃𝑖 = Γ𝑖(𝑄(𝑖)1 , . . . , 𝑄
(𝑖)
𝑟−1;L(𝑖);𝑄∗).

For 𝑧 ∈ {0, 1} denote by 𝑃𝑧
𝑖
= Γ𝑖(𝑄(𝑖)1 , . . . , 𝑄

(𝑖)
𝑟−1;L(𝑖); 𝑧).Note that rank2,1(𝑃𝑧𝑖 ) ⩽ (𝑟−1, 𝑠+𝐶(𝑟+

𝑠)). Hence, by the induction hypothesis, we have

∥(𝑃𝑧𝑖 )𝑖∈𝑆 −B
⊗|𝑆|
1/3 ∥TV ⩾ 1 − 𝜀(|𝑆|, 𝑟 − 1, 𝑠 + 𝐶(𝑟 + 𝑠)).

Therefore, since deg(𝑄∗) ⩽ 2, each 𝑧 ∈ supp(𝑄∗) ⊆ {0, 1} is obtained with probability at least
1/4, and thus, by Lemma 3.6 we get

∥(𝑃𝑖)𝑖∈𝑆 −B⊗|𝑆|1/3 ∥TV ⩾ 1 − 32𝜀( 𝑛

𝑤 · (𝑟 + 1) · 2𝑟 , 𝑟 − 1, 𝑠 + 𝐶(𝑟 + 𝑠)). (7)

Combining Eqs. (5) to (7), we get

𝜀(𝑛, 𝑟, 𝑠) ⩽ max
(

max
𝑘∗

𝜀( 𝑛

𝑟 + 1 , 𝑟−𝑘
∗ , (𝐶+1)𝑘∗(𝑟+𝑠)); 4𝑠

𝛿2 · 𝑤1/(𝑠+1)+
2−𝐶(𝑟+𝑠)/4

𝛿2 ; 32𝜀( 𝑛

𝑤 · (𝑟 + 1) · 2𝑟 , 𝑟−1, 𝑠+𝐶(𝑟+𝑠))
)
.

Using monotonicity, we can bound 𝜀(𝑛, 𝑟, 𝑠) by

𝜀(𝑛, 𝑟, 𝑠) ⩽ max
( 4𝑠

𝛿2 · 𝑤1/(𝑠+1) +
2−𝐶(𝑟+𝑠)/4

𝛿2 ; 32𝜀( 𝑛

𝑤 · (𝑟 + 1) · 2𝑟 , 𝑟 − 1, (𝐶 + 1)𝑟 · (𝑟 + 𝑠))
)

(8)

with the base case
𝜀(𝑛, 𝑟 = 0, 𝑠) ⩽ exp

(
− 𝑐

𝑠𝛿2𝑠

𝑠! · 𝑛 + 𝑠
)
. (9)

We have the following upper bound on 𝜀.

39



Claim 10.4. Let 𝜀(𝑛, 𝑟, 𝑠) be defined inductively by Eqs. (8) and (9). Then,

𝜀(𝑛, 𝑟, 𝑠) ⩽ 32𝑟 ·max
(
K; exp

(
−(𝑐𝛿)

ℎ∗

ℎ∗! ·
𝑛

𝑤𝑟 · (𝑟 + 1)! · 2𝑟(𝑟+1)/2 + ℎ
∗
) )

for ℎ∗ ⩽ 2(𝐶 + 1)𝑟2 · (2𝑟 + 𝑠) and K = 4𝑠
𝛿2·𝑤1/(𝑠+1) + 2−𝐶(𝑟+𝑠)/4

𝛿2 .

Next, we set the parameters 𝑤 = 𝑛1/2𝑟 and 𝐶 = log(𝑛)1/3𝑟2 − 1. Hence, if 𝑟, 𝑠 <
√

log(𝑛) log(𝑛), then
ℎ∗ ⩽ (log(𝑛)1/3𝑟2)𝑟2 · (2𝑟 + 𝑠) = log(𝑛) 13 ·

√
log(𝑛) log(𝑛) <

√
log(𝑛). Therefore, for 𝑟 ⩾ 2 we have

𝜀(𝑛, 𝑟, 𝑠) ⩽ 32𝑟 ·max
(
K; exp

(
−(𝑐𝛿)

ℎ∗

ℎ∗! ·
𝑛

𝑤𝑟 · (𝑟 + 1)! · 2𝑟(𝑟+1)/2 + ℎ
∗
) )

⩽ 32𝑟 ·max
(4
√

log(𝑛) log(𝑛)

𝛿2 · 𝑛Ω(1/𝑟𝑠)
+

exp(− log(𝑛)Ω(1/𝑟2))
𝛿2 ); exp

(
−(𝑐𝛿)

√
log(𝑛)√

log(𝑛)!
·
√
𝑛

2𝑟2 + log(𝑛)1/6
) )

for some absolute constant 𝑐 > 0.

Recall, by Lemma 6.3 we have 𝛿 ⩾ 1
12 · 2−((𝑟+2)·2𝑟+𝑟) ⩾ 2−𝐶

√
log log(𝑛) for some constant 𝐶 (say, 𝐶 = 6

works). Hence the dominant term in the displayed equation about is exp(− log(𝑛)Ω(1/𝑟2))
𝛿2 . Therefore

∥(P −B⊗𝑛1/3∥TV ⩾ ∥(𝑃𝑖)𝑖∈𝑆 −B
⊗|𝑆|
1/3 ∥TV ⩾ 1 − 𝜀(𝑛, 𝑟, 𝑠) ⩾ exp(− log(𝑛)𝑐/𝑟2)/𝛿2 (10)

for some absolute constant 𝑐 > 0, as required. □

We now return to the proof of Claim 10.4.

Proof of Claim 10.4. Define ℎ𝑟,𝑠 =
∑𝑟
𝑖=1(𝐶 + 1)

∑𝑖
𝑗=1 𝑗 · 𝑖 + (𝐶 + 1)

∑𝑟
𝑗=1 𝑗 · 𝑠. Note that

• ℎ0,𝑠 = 𝑠,
• ℎ𝑟,𝑠 = ℎ𝑟−1,(𝐶+1)𝑟 (𝑟+𝑠),
• ℎ𝑟,𝑠 ⩽ (𝐶 + 1)𝑟2 · (2𝑟 + 𝑠).

We prove by induction that

𝜀(𝑛, 𝑟, 𝑠) ⩽ 32𝑟 ·max
(
K; exp

(
− 𝑐

ℎ𝑟,𝑠 · 𝛿2ℎ𝑟,𝑠

ℎ𝑟,𝑠 !
· 𝑛

𝑤𝑟 · (𝑟 + 1)! · 2𝑟(𝑟+1)/2 + ℎ𝑟,𝑠
) )

(11)

The claim follow by setting ℎ∗ = 2ℎ𝑟,𝑠 .

For the base case of 𝑟 = 0 we have ℎ0,𝑠 = 𝑠, and hence 𝜀(𝑛, 𝑟 = 0, 𝑠) ⩽ exp(− 𝑐𝑠 ·𝛿2𝑠

𝑠! · 𝑛 + 𝑠) =
exp(− 𝑐ℎ0,𝑠 ·𝛿2ℎ0,𝑠

ℎ0,𝑠 ! · 𝑛 + ℎ0,𝑠).
For the induction step, we assume that the bound on 𝜀 holds for 𝑟 − 1, and prove it for 𝑟. Indeed, by
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Eq. (8) we have

𝜀(𝑛, 𝑟, 𝑠) ⩽ max
(
K; 32 · 𝜀( 𝑛

𝑤 · (𝑟 + 1) · 2𝑟 , 𝑟 − 1, (𝐶 + 1)𝑟 · (𝑟 + 𝑠))
)

= max
(
K; 32 · 𝜀(𝑛′, 𝑟 − 1, 𝑠′)

)
,

where 𝑛′ = 𝑛
𝑤·(𝑟+1)·2𝑟 and 𝑠′ = (𝐶 + 1)𝑟 · (𝑟 + 𝑠). By the induction hypothesis we have

𝜀(𝑛′, 𝑟 − 1, 𝑠′) ⩽ 32𝑟−1 ·max
(
K; exp

(
− 𝑐

ℎ𝑟−1,𝑠′ · 𝛿2ℎ𝑟−1,𝑠′

ℎ𝑟−1,𝑠′!
· 𝑛′

𝑤𝑟−1 · 𝑟! · 2(𝑟−1)𝑟/2 + ℎ𝑟−1,𝑠′

) )
Plugging it into the bound on 𝜀(𝑛, 𝑟, 𝑠)we get

𝜀(𝑛, 𝑟, 𝑠) ⩽ 32𝑟 ·max
(
K; exp

(
− 𝑐

ℎ𝑟−1,𝑠′ · 𝛿2ℎ𝑟−1,𝑠′

ℎ𝑟−1,𝑠′!
· 𝑛′

𝑤𝑟−1 · 𝑟! · 2(𝑟−1)𝑟/2 + ℎ𝑟−1,𝑠′

) )
= 32𝑟 ·max

(
K; exp

(
− 𝑐

ℎ𝑟,𝑠 · 𝛿2ℎ𝑟,𝑠

ℎ𝑟,𝑠 !
· 𝑛

𝑤𝑟 · (𝑟 + 1)! · 2𝑟(𝑟+1)/2 + ℎ𝑟,𝑠
) )
,

where the last equality uses the fact that ℎ𝑟,𝑠 = ℎ𝑟−1,𝑠′. This completes the proof of Eq. (11). □

11 Lower bounds against distributions of degree three

Theorem 11.1. Let P = (𝑃1 , . . . , 𝑃𝑛) be an n-tuple of cubic polynomials 𝑃𝑖 : F𝑚2 → F2. Then

∥P −B⊗𝑛1/3∥TV ⩾ 1 − exp(−𝑐
√

log log(𝑛)).

Proof. We have several cases.

• There is a subset 𝑆0 ⊆ [𝑛] of size at least 𝑛/2 such that rank2(𝑃𝑖) ⩽ 𝑟 for all 𝑖 ∈ 𝑆0. This reduces
to Theorem 10.1, and we get ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(− log(𝑛)𝑐/𝑟2).

• Otherwise, there is a subset 𝑆0 ⊆ [𝑛] of size at least 𝑛/2 such that rank2(𝑃𝑖) > 𝑟 for all 𝑖 ∈ 𝑆0.
Is there is 𝑆 ⊆ 𝑆0 of size at least 𝑤 such that rank2(𝑃𝑖 + 𝑃𝑖′) > 𝑟 for all 𝑖 ≠ 𝑖′ ∈ 𝑆. The we apply
Chebyshev, and get ∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − 𝑐

𝑤 − 𝑐
exp(𝑟) .

• Otherwise, there exists some 𝑖∗ ∈ 𝑆0 and 𝑆 ⊆ 𝑆0 of size at least |𝑆0|/𝑤 such that rank2(𝑃𝑖 +
𝑃𝑖∗) ⩽ 𝑟 for all 𝑖 ∈ 𝑆. This means for all 𝑖 ∈ 𝑆 we can write 𝑃𝑖 = Γ𝑖(Q(𝑖)) + 𝑃𝑖∗ for some
Γ𝑖 : {0, 1}𝑟 → {0, 1} and Q(𝑖) consisting of 𝑟 quadratic polynomials. This gives the bound
∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 − exp(− log(𝑛/𝑤)𝑐/𝑟2).

Taking 𝑤 =
√
𝑛 and 𝑟 = 𝑐

√
log log(𝑛) for some 0 < 𝑐 < 1/4, we get that

∥P − Ber(1/3)⊗𝑛∥TV ⩾ 1 −max
{
exp(log(𝑛)𝑐/𝑟2); 𝑐

𝑤
+ 𝑐

exp(𝑟) ; exp(− log(𝑛/𝑤)𝑐/𝑟2)
}

= 1 − 𝑐

exp(𝑟)
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= 1 − exp(−𝑐
√

log log(𝑛))

for some absolute constant 𝑐 > 0. □

12 Lower bound against degree 𝑑 distributions

In this section we show that any polynomial distribution P of degree 𝑑 is 1 − 𝑜𝑛(1) far from B⊗𝑛1/3,
where 𝑜𝑛(1) is a vanishing function of 𝑛 for any constant 𝑑.

We begin with the following proposition, and then proceed to the proof of the main theorem of this
section.

Proposition 12.1. Let F = (𝑃1 , . . . , 𝑃𝐾) be a degree 𝑑 factor whose rank is 𝑐KL(𝑑, 2−𝐾𝜂) for some 𝜂 ∈ (0, 1],
and let 𝑍 denote the set of common zeros of the 𝑃𝑖 . Then the density of 𝑍, i.e., Pr𝑋[𝑋 ∈ 𝑍], is equal to
2−𝐾 ± 𝜂.

Proof. Observe that Pr[𝑃1(𝑋) = · · · = 𝑃𝐾(𝑋) = 0] = E[(−1)𝑌1𝑃1(𝑋)+···+𝑌𝐾𝑃𝐾(𝑋)] where 𝑋 is drawn
uniformly at random and the 𝑌𝑖 ∼ U are i.i.d. variables mutually independent from 𝑋. Then we
have the following.

E[(−1)𝑌1𝑃1+···+𝑌𝐾𝑃𝐾 ] = 2−𝐾
∑
𝑆⊆[𝐾]

E
[
(−1)

∑
𝑖∈𝑆 𝑃𝑖

]
= 2−𝐾 +

∑
𝑆⊆[𝐾],𝑆≠∅

(±2−𝐾𝜂)

= 2−𝐾 ± 𝜂. □

Theorem 12.2 (Degree-𝑑). For every 0 < 𝜀 ⩽ 1 and 𝑑 ∈ N there exists some 𝜀′, 𝑑′ > 0 such that the
following holds. Let P = (𝑃1 , . . . , 𝑃𝑛) be a distribution generated by polynomials of degree 𝑑. Then,

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑂(𝑑′𝑛−𝜀′) − 𝑂(𝜀),

where the hidden constants in big 𝑂 are absolute. It follows that,

∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑜𝑛(1),

where 𝑜𝑛(1) is a vanishing function of 𝑛 for any constant 𝑑.

Proof. Define the collection of factors F1 , . . . ,F𝑛 with F𝑖 = {𝑃𝑖}. Let 𝑓 : N → N be given by
𝑓 (𝑟) = 𝑐KL(𝑑, 2−3𝑟𝜀𝛿2), where 𝛿 = 𝛿𝑑 is from Theorem 6.4.

We invoke Theorem 5.2 to obtain a collection of factors (G𝑖 : 𝑖 ∈ 𝐼) where 𝐼 ⊆ [𝑛] has size at
least |𝐼| = 𝑠 ⩾ 𝑛𝜀′, and G𝑖 are pairwise 𝑓 -regular. For simplicity, assume that 𝐼 = [𝑠]. Note that
Theorem 5.2 guarantees |G𝑖| ⩽ 𝑟 where 𝑟 only depends on 𝑑, 𝜀.
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Let C =
⋂
𝑖∈𝐼 G𝑖 = {𝐶1 , . . . , 𝐶ℓ} be the common intersection, and write each G𝑖 as the disjoint union

C ⊔Q𝑖 . Now we can write the joint distribution of the set 𝐼 as,

P𝐼 = (𝑃1 , . . . , 𝑃𝑠) = (Γ1(C,Q1), . . . , Γ𝑠(C,Q𝑠)).

Let Γ(Q1 , . . . ,Q𝑠 ,C) denote (Γ1(C,Q1), . . . , Γ𝑠(C,Q𝑠)). Consider 𝜎 : C→ F2 that assigns values to
each polynomial in C. Let us call 𝜎 an assignment, noting that there are at most 2ℓ such assignments.
Because of 𝑓 -regularity and by Proposition 12.1, Pr[C = 𝜎(C)] ⩾ 2−ℓ − 2ℓ2−3𝑟𝜀 ⩾ 2−𝑟−1.

By Lemma 4.1 (with 𝜂 = 2−2𝑟𝜀𝛿2), we have that for any fixed assignment 𝜎,

∥Γ𝜎(Q1 , . . . ,Q𝑠) −B⊗𝑠1/3∥TV ⩾ 1 − 𝑂( 1
𝛿2𝑠
) − 𝑂(2−2𝑟𝜀). (12)

Now we apply Lemma 3.6 (with |𝑆| = 2ℓ , and 𝜏 = 2−𝑟−1) to Γ(Q1 , . . . ,Q𝑠 ,C), where the common
part is captured by C.

∥P −B⊗𝑛1/3∥TV ⩾ ∥P𝐼 −B⊗𝑠1/3∥TV

⩾ 1 − 4 · 2ℓ · 2𝑟+1 ·
(
𝑂( 1

𝛿2𝑠
) + 𝑂(2−2𝑟𝜀)

)
(Lemma 3.6 and Eq. (12))

⩾ 1 − 𝑂( 22𝑟

𝛿2𝑛𝜀′
) − 𝑂(𝜀). (2ℓ ⩽ 2𝑟)

For constants 𝑑 and 𝜀, the term 𝑂( 22𝑟

𝛿2𝑛𝜀′
) vanishes as 𝑛 grows. Since 𝜀 can be made arbitrarily small,

it follows that
∥P −B⊗𝑛1/3∥TV ⩾ 1 − 𝑜𝑛(1). □
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A One polynomial’s distance from Ber(non-dyadic)

In this section we prove Theorem A.8 which states that for any non-dyadic number 𝜌 ∈ (0, 1) and
degree 𝑑 polynomial 𝑃

|Pr
𝑋
[𝑃(𝑋) = 1] − 𝜌| ⩾ Ω𝑑,𝜌(1).

We prove this by showing that if one has a sequence of polynomials 𝑃(𝑛) converging to a distribution
𝐷, then the limit distribution 𝐷 must have probability weights that are dyadic numbers. This means
that there is no sequence of polynomials that samples Ber(𝜌) better than a constant distance as
the probability weight 𝜌 is not a dyadic number. Alas, the proof is non-constructive and does not
elucidate what the constant Ω𝑑,𝜌(1) should be. The proof relies on a key regularization lemma that
uses similar techniques to [GT09, KL08] but instead is applied to a sequence of factors. Then the
bias-rank theorem of Kaufman and Lovett (Theorem 3.15) and Vazirani’s XOR lemma (Lemma 3.2)
are used to conclude the result.

We will be using the standard concepts defined in Section 3.3, and we will extend those definitions
to sequences of factors.

Sequences. A sequence of objects will be written {𝐴(𝑛)}𝑛∈N, and we often suppress the braces and
index set, writing simply 𝐴(𝑛). Given two sequences 𝐴(𝑛) and 𝐵(𝑛), we say that 𝐵(𝑛) is a subsequence
of 𝐴(𝑛) if there exists a strictly increasing map 𝑓 : N→ N such that

𝐵(𝑛) = 𝐴( 𝑓 (𝑛)) for all 𝑛 ∈ N.

In this case we write 𝐵(𝑛) ≺ 𝐴(𝑛).

Sequences of factors. We will frequently consider sequences of factorsF(𝑛). Unless stated otherwise,
it is understood that all factors in a given sequence have the same degree bound 𝑑 and the same
dimension vector (𝑀1 , . . . , 𝑀𝑑). Accordingly, we decorate by a superscript (𝑛) all data that may
vary with 𝑛 (while 𝑑 and (𝑀1 , . . . , 𝑀𝑑) remain fixed); for instance,

F(𝑛) = (𝑃(𝑛)1 , . . . , 𝑃
(𝑛)
𝐾
).

Definition A.1 (Refinement of a Sequence of Factors). We say a sequence of factorsG(𝑛) is a refinement
of F(𝑛) (or that G(𝑛) refines F(𝑛)) if there is a sub-sequence F′(𝑛) ≺ F(𝑛) and a Γ : F𝐿2 → F𝐾2 such that
Γ(G(𝑛)) = F′(𝑛) for all 𝑛, where 𝐿 = dimG(𝑛) and 𝐾 = dimF(𝑛) (observe that Γ, 𝐿, and 𝐾 are the same
for all 𝑛). Refining is transitive: if H(𝑛) refines G(𝑛) and G(𝑛) refines F(𝑛), then H(𝑛) refines F(𝑛).

Definition A.2 (Regularity of a Sequence of Factors). Let F(𝑛) denote a sequence of factors. We
say this sequence is 𝑟-regular if there exists some 𝑁0 ∈ N such that for all 𝑛 ⩾ 𝑁0 the factor F(𝑛) is
𝑟-regular. If F(𝑛) is 𝑟-regular for every 𝑟 ∈ N then we say this sequence is fully regular.

Lemma A.3 (Key Lemma). Let F(𝑛) be a sequence of degree 𝑑 factors with dimension vector (𝑀1 , . . . , 𝑀𝑑).
Then there exists a fully regular sequence of degree 𝑑 factors H(𝑛) that is a refinement of F(𝑛).
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Proof. The proof goes by strong induction on the dimension vector (𝑀1 , . . . , 𝑀𝑑) ∈ N𝑑. The set N𝑑

is a well-ordered set by the inverse lexicographic order9. As the base case of induction we have that
any factor with dimension vector (𝑀1 , . . . , 𝑀𝑑) = (1, 0, . . . , 0) is evidently fully regular.

Let F(𝑛) = (𝑃(𝑛)1 , . . . , 𝑃
(𝑛)
𝐾
) where 𝐾 = 𝑀1 + · · · +𝑀𝑑. If this sequence is fully regular then we are

done. Otherwise, there exists some 𝑟 ∈ N such that for infinitely many 𝑛 the factor F(𝑛) is not
𝑟-regular. Let F′(𝑛) ≺ F(𝑛) denote this subsequence so that every factor in F′(𝑛) is not 𝑟-regular.

Now, for simplicity of notation assume 𝑛 as fixed, and consider some specific factorF′ = (𝑃′1 , . . . , 𝑃′𝐾)
in the sequence F′(𝑛). Since F′ is not 𝑟-regular, there exist 𝜆1 , . . . ,𝜆𝐾 ∈ F2 not all zeros, ℓ ∈ [𝑑], 𝑗 ∈
[𝐾], Γ : F𝑟2 → F2 and polynomials 𝑄1 , . . . , 𝑄𝑟 of degree at most ℓ − 1 such that

𝜆1𝑃
′
1 + · · · + 𝜆𝐾𝑃′𝐾 = Γ(𝑄1 , . . . , 𝑄𝑟),

where ℓ = max𝑖 deg(𝜆𝑖𝑃′𝑖 ) and 𝑗 is such that deg(𝜆 𝑗𝑃′𝑗) = ℓ .
Let us refer to the tuple (𝜆1 , . . . ,𝜆𝐾 , ℓ , 𝑗 , Γ, deg(𝑄1), . . . , deg(𝑄𝑟)) as a certificate of non-regularity.
Since the number of possible certificates is bounded by a function of 𝑟, 𝑑, and 𝐾, it follows that
infinitely many factors in the sequence F′(𝑛) share the same certificate. Let F′′(𝑛) ≺ F′(𝑛) be a
sub-sequence for which the certificate of non-regularity is the same.

Now by removing the 𝑗th polynomial in F′′(𝑛) and adding 𝑄(𝑛)
𝑖

’s we then refine

F′′(𝑛) = (𝑃′′(𝑛)1 , . . . , 𝑃
′′(𝑛)
𝐾
) ↦−→ G(𝑛) = (𝑃′′(𝑛)1 , . . . , 𝑃

′′(𝑛)
𝑗−1 , 𝑃

′′(𝑛)
𝑗+1 , . . . , 𝑃

′′(𝑛)
𝐾

, 𝑄
(𝑛)
1 , . . . , 𝑄

(𝑛)
𝑟 ).

(If ℓ = 1, we simply remove 𝑃𝑗 and add no 𝑄𝑖’s because 𝑄𝑖’s would be constant in that case). Since
the certificate was chosen in such a way that it is the same for all factors in F′′(𝑛), there exists a
function Ψ : F𝐾+𝑟−1

2 → F𝐾2 such that Ψ(G(𝑛)) = F′′(𝑛) for all 𝑛. Note that the dimension vector of
G(𝑛) is at most (𝑀1 , . . . , 𝑀ℓ−1 + 𝑟, 𝑀ℓ − 1, 𝑀ℓ+1 , . . . , 𝑀𝑑) which is smaller than (𝑀1 , . . . , 𝑀𝑑) in our
ordering of N𝑑. By the induction hypothesis there exists some fully regular H(𝑛) that refines G(𝑛).
Finally, by transitivity of refinement, H(𝑛) also refines F(𝑛). □

Lemma A.4. Let F(𝑛) = (𝑃(𝑛)1 , . . . , 𝑃
(𝑛)
𝐾
) be a fully regular sequence of factors of degree 𝑑. Then the joint

distribution of polynomials (𝑃(𝑛)1 , . . . , 𝑃
(𝑛)
𝐾
) converges to the uniform distribution𝑈𝐾 .

Proof. We show that for every positive 𝜀 there exists some 𝑁0 such that for all 𝑛 ⩾ 𝑁0 we have
∥F(𝑛) −𝑈𝐾∥TV ⩽ 𝜀, which implies our claim.

Let 𝜀 > 0 be fixed. Then define 𝑟 = 𝑐KL(𝑑, 𝜀2−𝐾/2), where 𝑐KL comes from Theorem 3.15. Since F(𝑛) is
fully regular there exists some 𝑁0 such that F(𝑛) is 𝑟-regular for all 𝑛 ⩾ 𝑁0. Then by Theorem 3.15

bias(𝜆1𝑃
(𝑛)
1 + · · · + 𝜆𝐾𝑃

(𝑛)
𝐾
) ⩽ 𝜀2−𝐾/2 , for all 𝑛 ⩾ 𝑁0 and 𝜆𝑖 not all zeros.

Thus, by Vazirani’s XOR lemma, we have that ∥F(𝑛) −𝑈𝐾∥TV ⩽ 𝜀 for all 𝑛 ⩾ 𝑁0. □
9We have (𝑀′1 , . . . , 𝑀

′
𝑑
) < (𝑀1 , . . . , 𝑀𝑑) if there exists some 𝑖 ∈ [𝑑] such that 𝑀′

𝑗
= 𝑀𝑗 for all 𝑗 > 𝑖 and 𝑀′

𝑖
< 𝑀𝑖 .
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Definition A.5 (Computable distribution). We say a distribution 𝐷 over {0, 1}𝑠 is computable if there
exists some 𝐾 ∈ N and function Γ : {0, 1}𝐾 → {0, 1}𝑠 such that 𝐷 = Γ(𝑈𝐾).

It is an easy observation that a distribution 𝐷 is computable if and only if the probability of every
outcome is a dyadic number.

Lemma A.6. Let 𝑃(𝑛) be a sequence of polynomials of degree 𝑑 that converges to the distribution 𝐷 in TV-
distance. Then, there exists a positive integer 𝐾 and a function Γ : F𝐾2 → F2 such that 𝐷 = Γ(𝑈𝐾). In other
words, the limit distribution 𝐷 is computable.

Proof. Let us describe𝑃(𝑛) by the trivial sequence of factors that computes it; that is to sayF(𝑛) = (𝑃(𝑛))
with the dimension vector (0, . . . , 0, 1) ∈ N𝑑.
By Lemma A.3 there exists 𝐾 and a fully regular degree 𝑑 sequence H(𝑛) = (𝑄(𝑛)1 , . . . , 𝑄

(𝑛)
𝐾
) of

dimension 𝐾 that is a refinement of F(𝑛). That is, for a subsequence 𝑃′(𝑛) of 𝑃(𝑛) there exists some Γ

such that for all 𝑛, 𝑃′(𝑛) = Γ(𝑄(𝑛)1 , . . . , 𝑄
(𝑛)
𝐾
).

Since H(𝑛) is fully regular, by Lemma A.4 the joint distribution (𝑄(𝑛)1 , . . . , 𝑄
(𝑛)
𝐾
) converges to the

uniform distribution, and therefore, 𝑃′(𝑛) = Γ(𝑄(𝑛)1 , . . . , 𝑄
(𝑛)
𝐾
) converges to Γ(𝑈𝐾). □

Remark A.7. In fact, Lemma A.6 extends with essentially no additional effort to the setting of joint
distributions of low-degree polynomials. We have presented it in the present form purely for the
sake of slightly cleaner notation.

Theorem A.8. Let 0 < 𝜌 < 1 be a non-dyadic number, and let 𝑑 be a positive integer. Then for any degree
𝑑 polynomial 𝑃 : F𝑛2 → F2 it holds that ∥𝑃 − Ber(𝜌)∥TV ⩾ Ω𝑑,𝜌(1).

Proof. Toward contradiction, suppose this were not the case. That is, suppose there exists a sequence
𝑃(𝑛) of polynomials of degree 𝑑 such that

∥𝑃(𝑛) − Ber(𝜌)∥TV ⩽ 𝑜𝑑,𝜌(1) for 𝑛 →∞.

Then this sequence converges to Ber(𝜌) in total variation distance. On the other hand, by Lemma A.6
there exist 𝐾 and Γ such that the limit of 𝑃(𝑛) is the distribution Γ(𝑈𝐾). This is a contradiction as 𝜌 is
non-dyadic. □

B Deferred proofs

Proof of Vazirani’s XOR lemma (Lemma 3.2). Let 𝜇, 𝑢 : F𝑛2 → [0, 1] be the probability mass functions
of X and U⊗𝑛 respectively. We will bound ∥X −U⊗𝑛∥2 from above. We have

∥X −U⊗𝑛∥22 =

∑
𝑥

(𝜇(𝑥) − 𝑢(𝑥))2

= 2𝑛 E
𝑥

[
(𝜇(𝑥) − 𝑢(𝑥))2

]
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= 2𝑛 E
[
𝜇(𝑥)2

]
+ 2𝑛 E

[
𝑢(𝑥)2

]
− 2𝑛+1 E

[
𝜇(𝑥)𝑢(𝑥)

]
= 2𝑛

∑
𝛾

𝜇̂(𝛾)2 + 2−𝑛 − 2𝜇̂(0)

= 2𝑛
∑
𝛾≠0

𝜇̂(𝛾)2. (because 𝜇̂(0) = 2−𝑛)

Consider some non-trivial character 𝜒𝛾 = (−1)𝐿 where 𝐿 is some nonzero linear form. Then,
|𝜇̂(𝛾)| = |E𝑥[𝜒𝛾(𝑥)𝜇(𝑥)]| = |2−𝑛 bias(𝐿(𝑋))| ⩽ 𝜀 · 2−𝑛 . Therefore,

∥X −U⊗𝑛∥22 ⩽ 22𝑛−1(2−2𝑛𝜀2) ⩽ 𝜀2.

Then ∥X −U⊗𝑛∥1 ⩽ 2𝑛/2𝜀 is immediate by Cauchy-Schwarz. □

Proof of Proposition 3.13. We prove this claim by induction on ®𝑀 ≔ (𝑀1 , . . . , 𝑀𝑑), where the tuples
in N𝑑 are ordered by inverse lexicographic ordering. Our base case covers all cases where 𝑁2 =

· · · = 𝑁𝑑 = 0. We have,

𝜓(𝑁1 , 0 . . . , 0) = 𝑁1 ⩽
∑
𝑖

𝑀𝑖 ⩽ 𝜓(𝑀1 , . . . , 𝑀𝑑).

From now on we assume that 𝑁𝑖 > 0 for some 𝑖 ⩾ 2. If ®𝑁 = ®𝑀, then the statement clearly holds.
Thus we further assume that ®𝑁 < ®𝑀.

Let 𝑗 be the right-most index such that 𝑀 𝑗 > 𝑁𝑗 (i.e. 𝑗 is the index that shows ®𝑀 is greater than ®𝑁
in inverse lexicographic order). In particular, the entry 𝑀 𝑗 is nonzero.

Define ℓ ⩾ 2 (resp. 𝑘 ⩾ 2) to be the first index of ®𝑀 (resp. ®𝑁) that is nonzero. Note that ℓ ⩽ 𝑗.

Now by definition of 𝜓, we have 𝜓( ®𝑀) = 𝜓( ®𝑀′) and 𝜓( ®𝑁) = 𝜓( ®𝑁 ′)where,

®𝑀′ = (𝑀1 , . . . , 𝑀ℓ−1 + 𝑓 (
∑
𝑖 𝑀𝑖), 𝑀ℓ − 1, . . . , 𝑀𝑑)

®𝑁 ′ = (𝑁1 , . . . , 𝑁𝑘−1 + 𝑓 (
∑
𝑖 𝑁𝑖), 𝑁𝑘 − 1, . . . , 𝑁𝑑)

Clearly,
∑
𝑖
®𝑁 ′
𝑖
⩽

∑
𝑖
®𝑀′
𝑖
still holds because of monotonicity of 𝑓 . To show that ®𝑁 ′ < ®𝑀′, we consider

three cases.

• (𝑘 ⩾ 𝑗) If 𝑘 ⩾ 𝑗 then 𝑁 ′
𝑘
< 𝑀′

𝑘
and therefore ®𝑁 ′ < ®𝑀′.

• (𝑘 < 𝑗 and ℓ < 𝑗) Then 𝑁 ′
𝑗
= 𝑁𝑗 < 𝑀 𝑗 = 𝑀′

𝑗
and ®𝑁 ′ < ®𝑀′.

• (𝑘 < 𝑗 and ℓ = 𝑗) Then 𝑀′
𝑗
⩾ 𝑁 ′

𝑗
, and if this inequality is strict, then we are done. Otherwise,

𝑀′
𝑗−1 ⩾ 𝑓 (∑𝑖 𝑀𝑖) ⩾

∑
𝑖 𝑀𝑖 > 𝑁 ′

𝑗−1.

The three cases show that ®𝑀′ > ®𝑁 ′ and the claim follows by the induction hypothesis. □
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