
Improved analysis of list-decodability of random linear codes:
It’s all about counting constraints

Rohan Goyal∗ Venkatesan Guruswami†

Abstract

List-decoding and list recovery ask how much corruption or uncertainty a code can tolerate
while still keeping the number of plausible codewords small. For large alphabet codes, the ulti-
mate benchmark for list-decoding is the (ε-relaxed) generalized Singleton bound, which targets
list-of-L decoding radius with rate R up to radius L

L+1 (1−R−ε). We prove improved alphabet-
size bounds for random linear and additive (folded) codes in this regime. Specifically, we show
that random s-folded codes over any finite field Fq with s = Ω(1/ε) meet the ε-relaxed general-
ized Singleton bound for all list sizes L, matching the optimal exp(Θ(1/ε)) dependence on the
alphabet size. For random linear codes, we show that alphabet size exp(O(logL/ε)) suffices,
improving the previous exp(O(L/ε)) bound. In the important regime of L = Θ(1/ε), where
one list-decodes up to radius (1−R− ε), this improves the alphabet size from exp(O(1/ε2)) to
exp(Õ(1/ε)) for random linear codes.

For list recovery, we close the gap between the two best previous tradeoffs: prior work
achieved either polynomial alphabet size in ℓ or near-optimal output list size, but not both
simultaneously. We show that random linear codes achieve near-optimal output list size (ℓ/(R+

ε))O(R/ε+1) over alphabet size (ℓ/(R+ ε))O((R+ε)/ε2), which is polynomial in ℓ.
Our gains stem from isolating the right combinatorial tools to count constraints, and iden-

tifying canonical configurations avoiding which suffice for list-decoding or list-recovery. For
list-decoding, we combine tools from weakly-partition-connected agreement hypergraphs with
the partition structure implicit in recent subspace-design arguments to count only partition-
induced local profiles, capturing the genuinely new linear constraints in a bad witness. For list
recovery, we pair a reworked local coordinate-wise linear framework with discrete Brascamp–
Lieb inequalities to quotient arbitrary bad configurations to minimal profiles. Together, our
methods yield modular techniques and a general framework for improving the analysis of ran-
dom linear codes across a broad range of settings, instantiated concretely here for list-decoding
and list-recovery.

Additionally, our presentation is self-contained and fully develops and proves all necessary
ingredients.
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1 Introduction

The central trade-offs in list decoding and list recovery concern how much corruption or uncertainty
a code of certain rate can tolerate while still keeping the number of plausible codewords small.
For list-decoding, a simple information-theoretic bound says that a rate R code over an alphabet
size q cannot correct a fraction of errors exceeding h−1

q (1 − R). This limit can be approached
arbitrarily closely with sufficiently large list-sizes. Let us say a code C is (ρ, L)-list-decodable if
every Hamming ball of relative radius ρ contains at most L codewords of C. Then, a standard random
coding argument (see e.g., [ZP82, Eli91]) shows that a random code of rate R over an alphabet size
q is, with high probability, (h−1

q (1 − R − 1/L), L)-list-decodable.1 Over sufficiently large alphabet
(specifically q = exp(Θ(1/ε))), this implies that random codes of rate R are (1 − R − ε,O(1/ε))-
list-decodable.

However, fully random codes have little structure and do not admit a succinct description or
encoding. The goal then becomes to study structured codes and minimize the random bits required
to sample the code. In particular, we aim to understand list-decodability of linear codes, which do
have a succinct description via a basis of the code (generator matrix). Despite a rich body of work
that spans a couple of decades [Eli91, GHSZ02, GHK10, CGV13, Woo13, RW14, LW18] including a
significant recent revival of interest [MRRZ+20, GLM+22, GM22, PP24, BGM23, AGG+25, LMS25,
BDGZ25, BCDZ25b], our understanding of linear codes still has significant gaps. In this work, we
focus on the large alphabet regime, with the goal being list-decodability up to radius 1−R− ε.

Building on the breakthrough of [BGM23], [AGG+25] showed the existence of (1−R−ε,O(1/ε))-
list-decodable linear codes over a field of size exp(O(1/ε2)). This was the first result that showed
linear codes over any constant field size independent of n achieve near optimal list-size bounds. This
result was later recovered in [LMS25] who achieved the same alphabet size, leaving a big gap with
the optimal alphabet size of exp(Θ(1/ε)).

An alternate method of imposing linear structure is via the class of additive-codes, where the
alphabet is taken to be Fs

q for a finite field Fq but the linearity is only imposed over the underlying
field Fq. This method of imposing structure via linearity only over a small field has proven to
be extremely useful in explicit constructions. In particular, all known constructions of explicit
capacity-achieving list-decodable codes (in fact, even codes decodable beyond the Johnson bound)
such as [GR08, KSY14, Kop14, KRSW23, GRZ22, GX22, JMST25] are additive. We additionally
note that the breakthrough of [CZ25] showing optimal list-size bounds of folded Reed-Solomon codes
could be extended to show that random additive codes over alphabets of size exp(O(1/ε2)) are also
(1−R− ε,O(1/ε))-list-decodable.

Thus, the question of whether there exist linear, additive, or other structured (1−R−ε,O(1/ε))
list-decodable codes with alphabet size only exp(O(1/ε)) in contrast to exp(O(1/ε2)) has remained
a fundamental gap in our understanding of error-correcting codes.

In this work, we close this gap for additive codes, and nearly close it for linear codes. Specifically,
we show that random linear codes over a field size of exp(Õ(1/ε)) are (1 − R − ε,O(1/ε))-list-
decodable with high probability. Further, for the class of additive codes, we achieve the optimal
alphabet size of exp(O(1/ε)). In fact, our results are stronger in that they approach the so-called
generalized Singleton bound for any fixed target list-size L. Our work is thereby also of broader
interest to the exciting recent theory of higher order MDS codes and its connections to maximal
recoverability [BGM23, Rot22, BDG24, BG25].

1Here hq(·) is the q-ary entropy function, ad h−1
q (·) its inverse on [0, 1−1/q]. It is also known this list-size trade-off

is tight for random codes; see e.g. [GMR+22], though it is possible that the best codes can do better.
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Generalized Singleton bound. In the large-alphabet setting, the precise benchmark for list-
decoding is the generalized Singleton bound [ST20, Rot22]. A generalization of the classical Sin-
gleton bound for minimum distance to larger tuples of codewords, the generalized Singleton bound
states that for any rate R and positive integer L, in any rate R code C ⊆ Σn of large enough
block length n, there must be L + 1 distinct codewords in C and a center y ∈ Σn such that∑L+1

i=1 ∆(ci, y) ⩽ L(1 − R + o(1))), where by ∆(x, y) we denote the fractional Hamming distance
between x, y. Accordingly, a code C is said to attain the order-L generalized Singleton bound (also
called order (L+1) MDS [Rot22, BGM23]) if for any L+1 distinct codewords c1, . . . , cL+1 ∈ C and
every center y ∈ Σn,

L+1∑
i=1

∆(ci, y) > L(1−R) . (1)

Note that such a code is ( L
L+1(1−R), L)-list-decodable, and also satisfy an “average-radius" version

of list-decodability. For L = 1, there are MDS codes that achieve the above guarantee for L = 1 over
an alphabet of size O(n). For L ⩾ 2, the breakthrough work [BGM23] showed that random linear
and Reed-Solomon codes over an exponentially sized alphabet achieve the generalized Singleton
bound w.h.p. This exponential alphabet size is in fact inherent when L > 2, as shown in [BDG24].

Now, suppose we slightly relax the requirement, and demand that the code attain the ε-relaxed
order-L generalized Singleton bound, where we replace the r.h.s of (1) with L(1−R − ε) for some
ε > 0. Under this relaxation, we can have such codes, which are also ( L

L+1(1 − R − ε), L)-list-
decodable, over an alphabet of size exp(O(L/ε)), as shown in [AGG+25]. It is also known that the
alphabet size has to be at least exp(Ω(1/ε)) [AGL24]. This leaves a factor L gap in the exponent
between the upper and lower bounds on the alphabet size. In particular, in the important regime
when L ≈ 1/ε (so the decoding radius is ≈ 1−R− ε) we have the aforementioned exp(Ω(1/ε)) vs.
exp(O(1/ε2)) gap.

List-recovery. We also show that the same viewpoint yields improved bounds for list recovery.
Recall that a code C ⊆ Σn is (δ, ℓ, L) list-recoverable if for every choice of sets S1, . . . , Sn ⊆ Σ with
|Si| ⩽ ℓ, there are at most L codewords c ∈ C with

∆(c, S1 × · · · × Sn) ⩽ δ.

The case ℓ = 1 is exactly list decoding.
For list recovery, the behavior of random linear codes is qualitatively different from that of

completely random codes. While random codes can achieve output list size O(ℓ/ε), recent lower
bounds show that all linear and additive codes necessarily require much larger output lists, roughly
ℓΩ(R/ε) [CZ25, LMS25, LW18, Che26]. The best previous upper bounds traded off alphabet size
against output list size: [BCDZ25a, BCDZ25b] obtained near-optimal list sizes over substantially
larger alphabets, whereas [LW18] obtained near optimal alphabet size with significantly larger out-
put lists. In particular, when ε is treated as a constant, previous works could only achieve either
poly(ℓ) alphabet size or poly(ℓ) list-size with the other parameter growing exponentially in ℓ and ε.
In this work, we give the best of both worlds, achieving near optimal list-sizes with alphabet only
polynomial in ℓ.

Previous works on explicit constructions. Before stating our results for list-decoding and
list-recovery formally, we want to mention related work making significant progress on explicit
constructions in this regime. Chen and Zhang [CZ25] showed that near-optimal subspace-design
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codes achieve the ε-relaxed generalized Singleton bound, implying in particular that folded Reed–
Solomon codes do as well. Brakensiek, Chen, Dhar, and Zhang [BCDZ25b] showed that subspace-
design codes, and hence folded Reed-Solomon codes, also achieve optimal list-sizes for list-recovery.
More recently, Jeronimo, Mittal, Srivastava, and Tulsiani [JMST25] gave the first explicit codes over
alphabets of constant size (depending only on L, ε) that achieve the ε-relaxed generalized Singleton
bound. [JS25] later improved [JMST25]’s construction to get near optimal list-recovery list-size
bounds also over alphabets of constant size (depending only on ℓ, ε).

Previously, constructions for list-decoding were based on algebraic-geometric codes, which were
shown to be (1−R− ε, L(ε))-list-decodable over exp(Õ(1/ε2)) alphabet size for a much larger but
constant list-size L(ε) [GX22, GRZ22].

For broader background and information on recent progress in list-decoding of algebraic codes,
see the recent survey by Kumar and Ron-Zewi [KRZ26]. For recent progress in list-recovery, see the
survey by Resch and Venkitesh [RV25].

1.1 Our results

We begin by defining random linear and random additive codes in our language.

Random linear and additive codes. A random linear code of rate R and block length n over
Fq is the image of a uniformly random linear map FRn

q → Fn
q . More generally, a random s-additive

code over (the vector) alphabet Fs
q is the image of a uniformly random Fq-linear map FRns

q → (Fs
q)

n.

1.1.1 Our results for list decoding

In this work, we show that random linear/additive codes come much closer to the completely random
benchmark in the large-alphabet regime than previously known. For additive codes, we obtain the
optimal alphabet-size dependence on ε. For linear codes, we improve the best previous bound from
exp(O(L/ε)) to exp(O(logL/ε)). All our list-decoding results hold in the stronger average-radius
sense.

Our first result resolves the optimal alphabet-size question for random additive codes (as they
approach the generalized Singleton bound).

Theorem 1.1 (Informal for additive codes). For every R, ε ∈ (0, 1) and every finite field Fq, a
random s-additive code with

s = Ω(1/ε)

meets the ε-relaxed generalized Singleton bound for all integers L, with high probability.

In particular, when q = 2, random F2-additive codes over alphabet size exp(O(1/ε)) achieve the
ε-relaxed generalized Singleton bound for all L. This matches the best possible dependence on ε,
up to constant factors in the exponent.

We believe that the additive viewpoint is also very natural in the large-alphabet setting. As
mentioned earlier, additive codes have been very prominent in explicit constructions with strong
properties, including folded variants of Reed-Solomon and algebraic-geometric codes [GR08, GX22],
multiplicity codes [KSY14, GW13, Kop14], and expander-based constructions [ABN+92, AEL95,
GI01, GI05, GR08, KMRZS17, GRZ22, JMST25, JS25]. Our use of random additive codes as the
vehicle for matching the optimal alphabet dependence appears to be new. One previous notable is
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in [BCDZ25b] who show that sufficiently folded random additive codes form subspace-design codes
with high probability.

Our second list-decoding result gives the best known alphabet-size bound for random linear
codes.

Theorem 1.2 (Informal for linear codes). For every R, ε ∈ (0, 1) and positive integers n,L with
n = Ω(L/ε), a random linear code over Fq meets the order-L ε-relaxed generalized Singleton bound
with high probability whenever

q ⩾ exp

(
O

(
logL

ε

))
.

In particular, in the regime L = Θ(1/ε) where the goal is to list-decode a fraction (1 − R − ε)
of errors, this improves the alphabet-size bound from exp(O(1/ε2)) to exp(Õ(1/ε)), coming within
a polylogarithmic factor in the exponent of the information-theoretic optimum.

1.1.2 Our results for list recovery

In this work, we also show that random linear/additive codes with significantly smaller alphabet
sizes come close to achieving optimal list-size possible for list-recovery of linear codes over arbitrary
alphabet sizes than previously known. In particular, for list recovering at distance 1 − R − ε, we
know that list sizes need to be of size at least ℓΩ(R/ε), and additionally the best possible alphabet
size known for list sizes independent of n at distance 1− R − ε is ℓΩ(1/ε)[LW18] but unfortunately
here the list size is (ℓ/ε)ℓ/ε growing exponentially in ℓ.

The best previous result for near optimal list sizes due to [BCDZ25a, BCDZ25b] then trades off
alphabet size getting alphabet size exp(Ω(ℓR/ε/ε)). In particular, when ε is treated as a constant,
previous works could only achieve either poly(ℓ) alphabet size or poly(ℓ) list-size, while letting the
other parameter grow exponentially. Our next theorem gives the best of both worlds.

Theorem 1.3 (Informal). A random Fq-linear code of rate R − ε0 is (1 − R − ε, ℓ, Lℓ,R,ε) list-
recoverable with high probability whenever

q > (2Lℓ,R,ε)
4/ε0 and n > 4L2

ℓ,R,ε/ε0, where Lℓ,R,ε ⩽

(
ℓ

R+ ε

)(R+ε)/ε

.

In particular, random linear codes achieve near-optimal output list size

Lℓ,R,ε =

(
ℓ

R+ ε

)O(R/ε+1)

over alphabets of size
(

ℓ

R+ ε

)O((R+ε)/ε2)

.

This matches the near-optimal list-size guarantees of [BCDZ25a, BCDZ25b] while simultaneously
achieving alphabet size polynomial in ℓ. We note that the above result also naturally holds for
random additive codes over the same alphabet sizes.

Our list-recovery theorem can also be used to recover a slightly weaker version of our list-decoding
bound for random linear codes.

Before moving on to an overview of our techniques, we would like to highlight that our presen-
tation is entirely self-contained and proves all necessary ingredients.
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1.2 Our techniques

Overview. At a high level, proving that a random linear codes has a target local property (such
as list-decoding or list-recovery), is all about showing that any given bad configuration is unlikely,
and then union bounding over all possible configurations. Thus, understanding local properties of
random linear codes amounts to counting coordinate-wise linear constraints.

Our proofs isolate the right combinatorial tools to count constraints, and identify canonical
configurations, avoiding which is sufficient to list-decode or list-recover. This methodology allows
us to significantly reduce the number of configurations to union bound over, and since we use the
tools and techniques established in a long line of works in this area in a whitebox manner, we are
able to account for each probability error significantly more carefully.

Our list-decoding techniques brings together ideas from all of [AGG+25, CZ25, LMS25, BCDZ25a,
BCDZ25b], and presents a unified view for all of them.

List Decoding. For list-decoding, we combine tools from weakly-partition-connected agreement
hypergraphs of Alrabiah, Guruswami, and Li, with the partition structure implicit in recent subspace-
design arguments such as [CZ25]. First, we show that it suffices to avoid bad list-decoding configu-
rations arising from weakly-partition-connected hypergraphs. Now, for such hypergraphs, to prove
each such configuration is unlikely, we count such configurations in a way dependent on the rank of
the arising configuration.

In particular, to establish list-decoding if we want to show that there are no L + 1 codewords
close to a received word y. We establish that this separately, for all ranks r ∈ N, it is unlikely that
there are L + 1 codewords close to any received word span a rank r space. Splitting this off into
rank dependent claims allows us to use better probability bounds and counts dependent on rank r.

To count constraints within spaces of low dimension, we use the partition structure implicit
in [CZ25], to pass from equality constraints on L + 1 codewords, to a canonical partition, and
then replace the original agreement hypergraph by a partition-induced sub-hypergraph that retains
only the first intersection with each part. This removes redundant equalities and isolates only the
agreements that contribute genuinely new linear constraints.

List recovery. For list recovery, agreement hypergraphs alone are no longer useful for constraint
counting. Here we instead use discrete Brascamp–Lieb inequalities following [BCDZ25a, BCDZ25b].
To go to canonical configurations (the analog of weakly partition connected hypergraphs for list-
decoding), starting from a bad list-recovery configuration, we quotient by a maximal subspace so
that there are too many constraints on the quotient space. This produces a canonical object to
which the same counting philosophy applies. We can now account only for constraints that are
genuinely new.

Since the Brascamp-Lieb inequality is a cruder combinatorial tool to work with than weakly-
partitioned-hypergraphs, our alphabet size bounds for list-recovery are polynomially off from opti-
mal. Regardless, we can also recover slightly weaker forms of our RLC results from the list-recovery
ideas and [BCDZ25a]’s remainder Brascamp-Lieb inequality getting exp(Õ(1/ε)) alphabet sizes for
random linear codes as well, but with worse constants and larger block length requirement. For
completeness, we present this view in Appendix C.

Consequently, our paper is able to extract the key ideas and techniques in recent developments on
both list-decoding and list-recovery, combine them, and use more conscious combinatorial counting
methods and probability bounds, thereby giving a general template for analyzing local properties
of random linear codes.
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2 Preliminaries

We begin by introducing the basic coding-theoretic definitions we will be using.

Definition 1 (Fractional Hamming Distance). For any two vectors x, y in Σn where Σ is some
alphabet, we define ∆(x, y) = |{i∈[n]:xi ̸=yi}|

n to be the fraction of coordinates where they differ.

For a set S ⊆ Σn, we define ∆(x, S) = miny∈S
|{i∈[n]:xi ̸=yi}|

n to be the minimum fractional
Hamming distance of x to its closest vector in S.

The two fundamental quantities associated with a code are its rate and distance.

Definition 2 (Distance of a code). For code C ⊆ Σn, we define its (relative) distance as ∆(C) =
minx,y∈C,x̸=y ∆(x, y)

Definition 3 (Rate of a code). For a code C ⊆ Σn, its rate R(C) is defined as R(C) = log|Σ| |C|
n

We will focus on linear/additive codes in this paper, defined as follows.

Definition 4 (Additive codes). Let F be a finite field and let Σ = Fs for some positive integer s.
A code C ⊆ Σn is said to be F-additive (or just additive when the field F is clear from context or
not relevant to the discussion) if C is an F-linear subspace of Σn. When s = 1, the code is simply
called a linear code.

2.1 List-Decoding and List-Recovery

Definition 5 (Average radius list-decoding). A code C ⊆ Σn is (δ, L)-average-radius list-decodable
if for all distinct c1, . . . , cL, cL+1 ∈ C, their average distance to any center is greater than δ, i.e.,

L+1∑
i=1

∆(ci, y)

L+ 1
> δ for every y ∈ Σn .

Definition 6. A code C ⊆ Σn is said to meet order L ε-relaxed generalized singleton bound, if for
all distinct c1, · · · , cL+1 ∈ C, and y ∈ Σn, we have that

L+1∑
i=1

∆(ci, y) > L(1−R− ε)

i.e. if the code is
(
L(1−R−ε)

L+1 , L
)

average-radius list-decodable.

For simplicity, we say that the code C is (ε, L)−GSB decodable.

Definition 7 (List-recovery). A code C ⊆ Σn is (δ, ℓ, L)-list-recoveable if for all sets S1, . . . , Sn ⊆ Σ
with |Si| ⩽ ℓ for each i, we have

|{c ∈ C | ∆(c, S1 × S2 × · · · × Sn) ⩽ δ}| ⩽ L .
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2.2 Agreement hypergraphs

The following connectivity property of hypergraphs has served as a powerful abstraction for ana-
lyzing list-decodability. Note that for graphs the condition says that every cut has at least t edges,
i.e., the graph is t-edge-connected.

Definition 8. A hypergraph H = (X,E) is t-WPC (weakly partition connected) if for all partitions
P0 ⊔ P1 ⊔ · · · ⊔ Pr of the vertices X, the following holds:∑

e∈E
max(|{j | e ∩ Pj ̸= ∅}| − 1, 0) ⩾ tr .

Lemma 2.1. Let hypergraph H = (X,E) be t-WPC. Then, for any j ∈ X, we have that

|{e ∈ E | j ∈ e}| ⩾ t

Proof. Observe that if we consider the partition P0 = {j} and P1 = X \ {j}. Then, we have that∑
e∈E

max(|{j | e ∩ Pj ̸= ∅}| − 1, 0) ⩾ t =⇒
∑
e∈E

1(|e ∩ P0| ⩾ 1) ⩾ t

as desired.

Lemma 2.2 ([AGG+25]). If H = (X,E) is a hypergraph such that
∑
e∈E

max(|e|−1, 0) ⩾ t · (|X|−1)

with |X| ⩾ 2, then there exists X ′ ⊆ X such that H′ = (X ′, {e ∩X ′ | e ∈ E})2 is t-WPC.

For a proof, see Lemma B.1. In Appendix B, we also present Chen and Zhang’s [CZ25] proof of
the optimal list-decoding bounds of subspace design codes.

2.3 Brascamp-Lieb inequalities

Definition 9 (Linear subspaces). For a vector space V , we define L(V ) to be the set of all linear
subspaces of V .

Definition 10. Let V be a linear space. A function f : L(V )→ R is called submodular if

• (Zeroness) f({0}) = 0.

• (Monotonicity) For all U ⊆W , we have that f(U) ⩽ f(W ).

• (Submodularity) For all U,W , we have that f(U) + f(V ) ⩾ f(U + V ) + f(U ∩ V ).

A key insight of [BCDZ25a] was to note and exploit the connection between discrete Brascamp-
Lieb inequalities[CC09, CDK+13, CDK+24] and subspace-design codes for tasks of list-decoding and
list-recovery. In this work, we also show how to use these inequalities directly to analyze random
linear codes.

First, we state a version of the discrete Brascamp-Lieb inequality.3

2Note that multiple edges don’t need to be distinct. Thus, |E′| = |E|.
3We find it convenient to work with the “dual form” of the statement in [BCDZ25a]. To match the hypothesis of

their Theorem 1.6, one can take E = V ∗, A = U⊥ ⊆ V ∗, and Ei ⊆ V ∗
i with Ei ↪→ E given by g 7−→ g ◦ πi.
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Theorem 2.3 (Submodular Brascamp-Lieb Inequality). Let E be a linear space and let E1, . . . , En ⊆
E be subspaces. Suppose that for some s1, . . . , sn ⩾ 0, the following inequality holds for every linear
subspace F ⊆ E:

dimE − dimF ⩽
n∑

i=1

si[dimEi − dim(F ∩ Ei)] .

Then, for every submodular function f : L(E)→ R, we have

f(E) ⩽
∑

sif(Ei) .

We provide a complete proof of the above inequality in Appendix A as Theorem A.1.

Theorem 2.4 (Entropic BL). Let A be a finite-dimensional vector space over Fq. Let E be the
linear space of functionals from A to Fq, and let E1, E2, . . . , En ⊆ E be subspaces. Suppose that for
some s1, . . . , sn ⩾ 0 the following inequality holds for all linear subspaces F ⊆ E:

dimE − dimF ⩽
n∑

i=1

si ·
(
dimEi − dim(F ∩ Ei)

)
.

Then, if Z is any distribution on A, we have

H(E(Z)) ⩽
∑

siH(Ei(Z))

where H is Shannon entropy and U(Z) for a subspace U ⊆ E is the random variable given by
applying all functionals in U to Z.

Proof. Let f(U) = H(U(Z)). Now, by Theorem 2.3, it would be sufficient to prove that f is
submodular.

Now, clearly f(E) = H(Z) as applying all functionals of E is equivalent to just declaring the
appropriate element of V . Clearly, f({0}) = 0 and monotonicity follows since more functional
valuations can only increase entropy.

Now, observe that for any subspaces U,W ⊆ E, we want

f(U)+f(W ) ⩾ f(U+W )+f(U∩W ) ⇐⇒ f(U)−f(U∩W )+f(W )−f(U∩W ) ⩾ f(U+W )−f(U∩W ) .

Or equivalently we want H(U(Z) | (U ∩W )(Z)) + H(W (Z) | (U ∩W )(Z)) ⩾ H((U + W )(Z) |
(U∩W )(Z)) = H(U(Z),W (Z) | (U∩W )(Z)). But this holds since it is equivalent to I(U(Z);W (Z) |
(U ∩W )(Z)) ⩾ 0 which we know is true.

2.4 Reworked LCL framework

Local properties were first introduced in [MRRZ+20] to capture list-decoding and related properties
of random LDPC codes. This framework has since been utilized and further developed in a series
of works [GM22, GMR+22, LMS25]. In particular, [LMS25] defined local coordinate-wise linear
(LCL) properties and established threshold behaviors for all LCL properties, and proved that the
thresholds for all LCL properties are equal for random linear codes and randomly punctured Reed-
Solomon codes. It was shown in [BCDZ25b] that the framework of LCL properties can also be
extended from linear codes to additive codes. In [GG25a], the problem of proximity gaps of codes
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was also shown to be captured by a related LCL property, allowing them to establish proximity
gaps for random Reed-Solomon codes.

In this work, we work with a more abstract view of LCL properties for additive codes inspired
by [LMS25, BCDZ25b]. Our definitions deviate slightly from [LMS25] and previous works in order
to be uniform for linear and additive codes. We begin by defining a [LMS25]-style potential function
for local properties.

Definition 11. Let Fq be a field, let V be any finite dimensional vector space over Fq, and n ∈ N,
define ΦV : L(V )× (L(V ))n × R→ R as follows:

ΦV (U, (V1, . . . ,Vn), α) = α dimU −
∑n

i=1(dimU − dim(U ∩ Vi))
n

Theorem 2.5. Let V be a vector space and let U,W,V1, . . . ,Vn ∈ L(V ), let M : V → V ′ be a
surjective linear map such that ker(M) = W , and α be a real. Then

ΦV (U +W, (V1, . . . ,Vn), α)− ΦV (W, (V1, . . . ,Vn), α) = ΦV ′(MU, (MV1, . . . ,MVn), α)

Proof. Note that it is sufficient to prove that for each Vi, we have that

dim((U +W ) ∩ Vi)− dim(W ∩ Vi) = dim(M(U +W ) ∩MVi) = dim(MU ∩MVi)

but this follows from the definition of M as it does exactly the quotienting by W operation and the
rank-nullity theorem.

Definition 12 (Dual Space). For any vector space V over a field F, its dual V ∗ is the space of all
linear functionals M : V → F.

Definition 13 (Annihilator). Let V be a vector space and V ∗ be its dual space. For any subspace
A ⊆ V , let A⊥ be the subspace of V ∗ defined as A⊥ = {v ∈ V ∗ | v(a) = 0 ∀a ∈ A}.

Definition 14 (Joint Kernel). Let V be a vector space and V ∗ be its dual space. For any subspace
B ⊆ V ∗, let B◦ be the subspace of V defined as B◦ = {v ∈ V | b(v) = 0 ∀b ∈ B}

Note that the joint kernel of the subspace of functionals B is defined as the intersection of the
kernels of all the functionals in B. Additionally, the annihilator and joint kernel are dual concepts
i.e. (A⊥)◦ = A.

Definition 15 ((Containment of) Local profiles). Let Enc1, . . . ,Encn : Fk
q → Fs

q be linear maps for
some positive integer s, and C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk

q} be the associated Fq-additive
code.

Let V be any Fq-linear space. A sequence (V1, . . . ,Vn) ∈ L(V )n is called V -local profile, or
simply local profile when V is clear from context.

We say that C contains a V -local profile (V1, . . . ,Vn) if there exists a subspace A ⊆ Fk
q and an

isomorphism φA : V → A∗ such that for each i ∈ [n], we have φA(Vi)◦ ⊆ ker(Enci).

Example. (Distance as a Local Property) To elaborate on our definition of local profiles and
containment, we begin with the example of a code’s distance. To capture the property of a code
having distance δ, then if we consider V to be the one dimensional space Fq, and for every S ⊆ [n],
with |S| > (1− δ)n, we consider the local profile VS = (V1, · · · ,Vn), given by Vs = {0} for all s ∈ S,
and equal to Vs = Fq otherwise.
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Now, if the code contains any such profile, then there is a space A of dimension 1 in Fk
q , say

spanned by the element a ̸= 0, and an isomorphism φA : Fq → A∗ such that φA(Vi)◦ ⊆ ker(Enci).
Now, for any s ∈ S, we must thus have that {0}◦ ⊆ ker(Encs). But, the 0 map identically
maps everything to 0, thus, we must have that A ⊆ ker(Encs) for all s ∈ S. Thus, aS = 0

i.e., ∆(a, 0) ⩽ 1 − |S|
n < δ. Similarly, we know that for linear and additive codes, it is sufficient

to consider distance from the 0 codeword, we see that this definition of local properties captures
distance of a code.

Natural extensions of the above characterizations extend to list-decoding and list-recovery as
well, as is demonstrated in later sections.

Lemma 2.6. Let α ∈ (0, 1) be a constant. Let V be a linear space and (V1, . . . ,Vn) be a local profile.
Let W ⊆ V .

If a code C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} contains V = (V1, . . . ,Vn), then it also contains

((V1 +W )/W, . . . , (Vn +W )/W ) ∈ L(V/W )n.

Proof. Now, if C contains (V1, . . . ,Vn), then there exists a subspace A ⊆ Fk
q and an isomorphism

φ : V → A∗ and (φVi)◦ ⊆ ker(Enci). Let (φW )◦ = A′. We now define a map M : A∗ → A′∗ given
by restricting evaluations of the functionals to only be on A′. Note that ker(M ◦ φ) = W . Thus,
M ◦ φVi ∼= (Vi +W )/W . Additionally, note that A′∗ ∼= V/W .

Thus, it is sufficient to prove that (MφVi)◦ ⊆ ker(Enci).
Let a ∈ A′ be such that (MφVi)(a) = 0 =⇒ φVi(a) = 0 since M only restricts to evaluating

on A′ but does not change values. In particular, a ∈ (φVi)◦ =⇒ a ∈ ker(Enci) as desired.

Theorem 2.7. Let V be a linear space such that the local profile V = (V1, . . . ,Vn) ∈ L(V )n satisfies
Φ(V,V, α) ⩽ 0. Then letting k = αsn− β, and Enc1, . . . ,Encn : Fk

q → Fs
q be independent uniformly

random linear maps, we have

Pr
Enc1,...,Encn

[C contains (V1, . . . ,Vn)] ⩽ q−β·dimV

where C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q )}.

Proof. Let d = dimV . Additionally, let v1, . . . , vd be a basis of V .
Note that if C contains (V1, . . . ,Vn) then, there exist linearly independent a1, . . . , ad ∈ Fk

q with
a = (a1, . . . , ad) and an isomorphism φa : V → span(a1, . . . , ad)

∗ satisfying (φavi)(aj)equals 1 if
i = j and 0 otherwise, and further φa(Vi)◦ ⊆ ker(Enci).

Therefore,

Pr[C contains (V1, . . . ,Vn)] ⩽
∑

linear independent a1,...,ad∈Fk
q

Pr[∀i ∈ [n], (φaVi)⊥ ⊆ ker(Enci)] .

Fix a linearly independent choice of a1, . . . , ad in Fk
q . Now,

Pr[∀i ∈ [n], (φaVi)◦ ⊆ ker(Enci)] =
∏
i∈[n]

Pr[(φaVi)◦ ⊆ ker(Enci)] =
∏
i∈[n]

q−sdim(φaVi)
◦

The first equality holds since Enci are all independent, and the second since Enci is a uniformly
random map from Fk

q 7→ Fs
q. Now, dim(φaVi)◦ = dimV − dimVi, so

Pr[∀i ∈ [n], (φaVi)◦ ⊆ ker(Enci)] = q−s
∑n

i=1(dimV−dimVi) = qnsΦV (V,V,α)−αnsdimV ⩽ q−αnsd .
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Finally, a union bound over the at most qkd choices of a gives us

Pr[C contains (V1, . . . ,Vn)] ⩽ qkd · q−αns·d = q−βd .

3 List-decoding alphabet size bounds

We begin by discussing how [AGG+25]’s agreement hypergraphs help capture the properties of
average-radius list-decoding that we require and how weakly-partition connected hypergraphs can
be utilized.

3.1 Agreement hypergraphs to list-decoding

Definition 16. A code C ⊆ Σn is (α,L) strong average-agreement list-decodable if for every subset
of m distinct codewords {c1, . . . , cm} ⊆ C where 2 ⩽ m ⩽ L, and every sequence of subsets
e1, . . . , en ⊆ [m] satisfying

n∑
i=1

max(0, |ei| − 1) ⩾ α · n · (m− 1),

there exists at least one index i ∈ [n] such that not all the codeword symbols cj,i, j ∈ ei, are equal.

Theorem 3.1. If a rate R code C is (α,L + 1)-strong average-agreement list-decodable, then C is
(α−R,L′)−GSB decodable for all L′ ⩽ L.

Proof. For the sake of contradiction, assume that C is not (α−R,L′)−GSB decodable. Then, there
exist distinct c1, . . . , cL′+1 ∈ C and an element y ∈ Σn such that

L′+1∑
i=j

∆(cj , y) ⩽ L′(1− α).

Let ei = {j ∈ [L+ 1] | cj,i = yi}. Now, note that

n∑
i=1

max(0, |ei| − 1) ⩾ −n+
L′+1∑
j=1

n∑
i=1

1(cj,i = yi) ⩾ n(−1 +
L′+1∑
j=1

(1−∆(ci, y))) ⩾ nL′α

But, then we must have by the (α,L + 1)-strong average-agreement list-decodability of the
code, that there exists an i ∈ [n] such that {cj,i : j ∈ ei} = {yi} has size at least 2 which is a
contradiction.

Lemma 3.2 (Definition 16+Lemma 2.2). A code C ⊆ Σn is (α,L)-strong average-agreement average
list-decodable, if for all t-WPC hypergraphs H = (X,E) with t ⩾ αn, and E = {e1, . . . , en}, there do
not exist distinct codewords {cj}j∈X ∈ C such that for each i ∈ [n], the i’th symbols of the codewords
cj, j ∈ ei, are all equal.

Proof. Assume for contradiction that C is not (α,L)-strong average-agreement list-decodable. By
Definition 16, there exists a hypergraph H = (X,E) with 2 ⩽ |X| ⩽ L and distinct codewords
{cj}j∈X ∈ C such that for all i ∈ [n], the symbols cj,i, j ∈ ei are all equal, and

n∑
i=1

max(|ei| − 1, 0) ⩾ αn(|X| − 1).
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Let t =
∑n

i=1 max(|ei|−1,0)
|X|−1 . We know that t ⩾ αn. By Lemma 2.2, there exists a subset X ′ ⊆ X

such that the induced hypergraph H′ = (X ′, {ei ∩X ′}ni=1) is t-WPC.
Since X ′ ⊆ X, the codewords indexed by X ′ remain distinct, and |{cj,i | j ∈ ei ∩X ′}| ⩽ 1 for

all i ∈ [n]. This provides a t-WPC hypergraph(where t ⩾ αn) contradicting the hypothesis.

3.2 Partitions from bad list-decoding configurations

The definition of weakly partitioned hypergraphs enables us to worry only about counting the
number of constraints imposed by the list-decoding property on extremal configurations. But this
requires coming up with a correct partitioning of the vertices to count how many constraints are
imposed.

For simplicity, let us begin by assuming that v1, · · · , vm ∈ Fk
q are linearly independent and

their encodings are close to some element y ∈ Σn i.e., ∆(Enc(vj), y) is small for each vj . Then for
every pair i1 ̸= i2 ∈ [m] and index j ∈ [n], Encj(vi1) = Encj(vi2) is a new linear constraint on the
encoding map. Therefore, if ej = {i | Encj(vi) = yi}, the number of constraints on Encj is precisely
max(|ej |−1, 0). Since Enc(vi) is close to y, a large number of constraints are imposed. Now, we can
hope that these constraints would not be simultaneously satisfied if Encjs are all uniformly random
linear maps.

In contrast, when v1, · · · , vm are not linearly independent, the number of constraints is not so
obvious to count. Indeed this is the central difficulty in analyzing list-decodability of random linear,
as opposed to fully random, codes. To be able to count constraints even when v1, · · · , vm are not
linearly independent, we employ the following partition of v1, · · · , vm which was also used in [CZ25].

Definition 17 (Constraint counting partitions). Given vectors v1, v2, . . . , vm in some vector space
V with v1 = 0, v2, . . . , vr+1 linearly independent, and dim(span(v1, . . . , vm)) = r, the partition
P(v1, . . . , vm) = P0 ⊔ P1 ⊔ · · · ⊔ Pr of [m] is given by

Pj = {i ∈ [m] | vi ∈ Aj+1 \Aj} for j ∈ {0, 1, . . . , r} ,

where A0 = ∅ and Aj = span(v1, . . . , vj) for j ∈ {1, . . . , r + 1}.

In particular, we again do have that any sets of elements from distinct parts are linearly in-

dependent. Thus, the number of constraints on Encj is at least max
( r∑
i=0

1(ej ∩ Pi ̸= ∅) − 1, 0
)
.

Additionally, note that weakly partition hypergraphs (See Definition 8) enable us to count exactly
this quantity! Motivated by the above counting, we understand that once a partition is fixed, we
only need to care about the first place an edge intersects the partition and nowhere else. Thus, we
make the following definition for an induced hypergraph given a partition.

Definition 18 (Partition induced sub-hypergraph). For any hypergraph H = (X,E), and an
ordering 4 >X on X, and partition P = P0 ⊔ P1 ⊔ · · · ⊔ Pr of X, we define HP as follows:

For each i ∈ [n], let e′i = {min(ei ∩ Pj) | j ∈ {0, 1, . . . , r}, |ei ∩ Pj | ⩾ 1} and let HP = (X,E′)
where E′ are the hyperedges given by e′1, . . . , e

′
n.

Remark 1 (Simpler proof [CZ25] list-decoding result). In Appendix B, we present a self-contained
short proof of Chen and Zhang’s [CZ25] result establishing optimal list-size bounds for subspace-
design codes, based on working with Definition 8 and Definition 17.5

4Usually, X will be identified with a set of integers, so the ordering will be the canonical one. Hence, we omit the
ordering from the definitions.

5We note that [KRZ26] also present an alternative presentation of [CZ25]’s proof. We believe ours is arguably
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3.3 Local profiles from bad list-decoding configurations

In the previous subsections, we have managed to connect constraint counting for list-decoding with
weakly partitioned hypergraphs and suitably defined partitions. Now, to prove that random linear
and additive codes do not satisfy the constraints that are imposed on them, we need to abstract
out the local profiles each of these configurations impose.

Definition 19 (Good vectors). Let m be a positive integer and fix any integer 0 ⩽ r ⩽ m− 1. We
define

Sm,r = {(w1, . . . , wm) ∈ (Fr
q)

m | w1 = 0, w2, . . . , wr+1 form the canonical basis of Fr
q, ∀i ̸= j, wi ̸= wj}.

Definition 20 (Local profiles from t-WPCs). Let r,m be positive integers such that r ⩽ m− 1.
Fix any w = (w1, . . . , wm) ∈ Sm,r. Let P0 ⊔ P1 ⊔ · · · ⊔ Pr = P(w1, . . . , wm) = P(w). Fix any

hypergraph H′ = ([m], E′) with E′ = {e′1, . . . , e′n}. Let V = (Fr
q)

∗. Now, define

Vi,H′,w = {v ∈ V | v(wj1 − wj2) = 0 ∀j1, j2 ∈ e′i}.

Let

Tr,m,t = {(V1,H′,w, . . . ,Vn,H′,w) | w ∈ Sm,r,H′ ∈ {HP(w) | H = ([m], E) is t-WPC}}.

where HP(w) is as defined in Definition 18.

Now, that we have defined the relevant local profiles, we demonstrate that if a code is not strong
average agreement list-decodable, then it must contain one of these profiles.

Claim 3.3. Suppose an additive code C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} is not (α,L)-strong

average-agreement list-decodable. Then C contains the local profile V ∈ Tr,m,αn for some 0 ⩽ r ⩽
m− 1.

Proof. If C is not (α,L)-strong average-agreement list-decodable, by Lemma 3.2 we know that there
exists a positive integer m ⩽ L and m distinct elements a1, . . . , am ∈ Fk

q , along with a t ⩾ αn and a
t-weakly partition connected hypergraph H = ([m], E) such that for all i ∈ [n], {Enci(aj) | j ∈ ei}
is constant, Now, observe that H must also be αn-weakly partition connected.

Without loss of generality, we can also assume that a1 = 0 since the code is additive, and
a2, . . . , ar+1 are linearly independent, and r = dim span(a1, . . . , am). Let A = span(a1, . . . , am),
W = Fr

q, and let w2, . . . , wr+1 be its canonical basis.
Let φ : span(a1, . . . , am)→ Fr

q be an isomorphism with φ(ai) = wi for all 2 ⩽ i ⩽ r + 1.
Now, observe that P(φ(a1, . . . , am)) = P(a1, . . . , am) and φ(a1, . . . , am) ∈ Sm,r. Let H′ =

HP(a1,...,am).
To show C contains the local profile (V1,H′,w, . . . ,Vn,H′,w), we use the dual map. Let V = W ∗.

The isomorphism φ : A → W induces an isomorphism φ∗ : V → A∗ defined by (φ∗v)(x) = v(φx)
for v ∈ V and x ∈ A.

Fix any i ∈ [n]. We would like to show that (φ∗Vi,H′,w)
◦ ⊆ ker(Enci). By definition, Vi,H′,w is the

annihilator of span{wj1 − wj2 | j1, j2 ∈ e′i}, which means (Vi,H′,w)
◦ = span{wj1 − wj2 | j1, j2 ∈ e′i}.

Since φ is an isomorphism between W and A, this means (φ∗Vi,H′,w)
◦ = span{aj1−aj2 | j1, j2 ∈ e′i}.

Since the original codewords were constant on ei, and e′i ⊆ ei, we know Enci(aj1 − aj2) = 0 for all
j1, j2 ∈ e′i. It follows that (φ∗Vi,H′,w)

◦ ⊆ ker(Enci).
even simpler and more modular, and helps to capture some of the ideas that aid us in our list-decoding results for
RLCs.
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3.4 Alphabet size bounds for list-decoding of random linear codes

Before proceeding to the main bound, we present a simple reduction for ε-relaxed generalized
singleton-bound demonstrating that the L = (1 − R)/ε is the critical regime for the ε-relaxed
generalized-singleton bound.

Lemma 3.4. Let R, ε0 ∈ (0, 1). If a rate R code C ⊆ Σn is (ε0, L
′)−GSB decodable for all L′ ⩽

⌊(1−R− ε0)/ε0⌋ , then it is (2ε0, L)−GSB decodable for all L ∈ N.

Proof. Fix any y ∈ Σn, and codewords c1, c2, · · · , cL+1 ∈ C such that ∆(c1, y) ⩽ ∆(c2, y) ⩽ · · · ⩽
∆(cL+1, y).

Note that, if L ⩽ ⌊(1−R− ε0)/ε0⌋, then

L+1∑
i=1

∆(ci, y) > L(1−R− ε0) > L(1−R− 2ε0)

as desired.
Now, if L > ⌊(1−R− ε0)/ε0⌋, let L′ = ⌊(1−R− ε0)/ε0⌋, now

L+1∑
i=1

∆(ci, y) ⩾
L′+1∑
i=1

∆(ci, y) + (L− L′)∆(cL′+1, y)

> L′(1−R− 2ε0) +

(
L− L′

L′ + 1

)(L′+1∑
i=1

∆(ci, y)

)

> L′(1−R− 2ε0) +

(
L− L′

L′ + 1

)
L(1−R− ε0)

= L′(1−R− 2ε0) + (L− L′)

(
1− 1

L′ + 1

)
(1−R− ε0)

= L′(1−R− 2ε0) + (L− L′)

(
1−R− ε0 −

1−R− ε0
L′ + 1

)
> L′(1−R− 2ε0) + (L− L′)(1−R− 2ε0)

= L(1−R− 2ε0)

We are now ready to prove our alphabet size bounds. The proof here proceeds by counting the
number of local profiles defined in Definition 20, and then instantiating Theorem 2.7 for each of
these profiles to union bound the probability that our random code contains one of the local profiles.

What enables our improvement here over previous works is the better counting we do of number
of local profiles via our restriction to induced hypergraphs from partitions (Definition 18) instead
of counting all possible hypergraphs (See Claim 3.8), and using the rank of the spaces we are
working over when counting and applying Theorem 2.7 (See the summation based on r in the below
statement.).

Theorem 3.5. Let s, n, L be natural numbers and R, ε ∈ (0, 1) be real numbers such that Rsn and
(R + ε)n are positive integers. Let Fq be a finite field whose size q satisfies qs > 2(L + 1)/(1 −
R − ε). Denote k = Rsn. Let Enc1, . . . ,Encn : Fk

q → Fs
q be uniformly random linear maps and

C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} be the associated Fq-additive code. Then,
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Pr
[
C is not (ε, L′)−GSB decodable for all L′ ⩽ L.

]
⩽

L∑
r=1

4 · qr(L−r+1) ·
(
32 ·min(L+ 1, q) · q−εs

)rn (2)

Proof. We know that if C is not (ε, L′)−GSB decodable for all L′ ⩽ L, then by Theorem 3.1 C is
not (α,L + 1)-strong average-agreement list-decodable for α = R + ε. Thus, by Claim 3.3, there
exist 0 ⩽ r ⩽ m− 1 ⩽ L and a local profile V ∈ Tr,m,αn such that C contains the local profile V .

Define t = αn. For t′ ⩾ t, let us define a set of local profiles as follows:

Tr,m,t′,t =
{
(V1,H′,w, . . . ,Vn,H′,w) | w ∈ Sm,r,

H′ ∈ {HP(w) | H = ([m], E) is t-WPC and∑
e∈E

max(|{j | e ∩ Pj ̸= ∅}| − 1, 0) = t′r}
}

Claim 3.6. For each V ∈ Tr,m,t′,t, we have Φ(Fr
q)

∗((Fr
q)

∗,V, t′/n) = 0.

Proof. Let V = (V1,H′,w, . . . ,Vn,H′,w) for some w ∈ Sm,r and H′ = HP(w) = ([m], E′) for a t-WPC
hypergraph H = ([m], E). We have

Φ(Fr
q)

∗((Fr
q)

∗,V, t′/n) = t′r

n
−
∑n

i=1 dim(V⊥i,H′,w)

n

=
t′r

n
−
∑

e′∈E′ max(|{j | e′ ∩ Pj ̸= ∅}| − 1, 0)

n
(3)

= 0, (4)

where (3) follows because dim(V⊥i,H′,w) = dim span(wj1 − wj2)j1,j2∈e′i and because of the definition
of e′i, each vector in the edge is from a different part and the parts are defined so that vectors
from distinct parts are linearly independent (See Definition 17). The equality (4) follows from the
definition of t′.

We are now ready to apply Theorem 2.7 and a union bound.

Claim 3.7.∑
V∈Tr,m,αn,t′

Pr[C contains V] ⩽ |Tr,m,αn,t′ | · qrs(Rn−t′)

Proof. For each V ∈ Tr,m,αn,t′ , using Theorem 2.7 and Claim 3.6 we have

Pr[C contains V] ⩽ q
sn·Φ(Frq)∗ ((F

r
q)

∗,V,R)
= qrs(Rn−t′) .

Thus, we now just need a bound on |Tr,m,αn,t′ |.

Claim 3.8. For any t′ ⩾ αn,

|Tr,m,t′,αn| ⩽
(

n

αn

)r+1

·
(

nm

n− αn

)
·
(

m

1− α

)(t′−αn)r

· q(m−r−1)r .
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Proof. We begin by fixing w = (w1, . . . , wm) ∈ Sm,r. There are at most q(m−1−r)r such choices in
Sm,r. Now, this fixes P(w1, . . . , wm) = P0 ⊔ P1 · · · ⊔ Pr.

Since H′ = HP(w1,...,wm) for some t-WPC hypergraph H, by Lemma 2.1 we have |{i ∈ [n] | j ∈
ei}| ⩾ αn for each j ∈ [r + 1]. Let us thus count the number of hypergraphs H′ = ([m], E′) for
which

∑
e′∈E′ max(|{j | e′ ∩Pj ̸= ∅}| − 1, 0) = t′r, each edge intersects each part at most once, and

|{i ∈ [n] | j ∈ e′i}| ⩾ αn for each j ∈ [r + 1].
Thus, we first choose, for each j ∈ [r + 1], αn distinct values of i ∈ [n] for which j ∈ [r + 1]

belongs to e′i. There are
(
n
αn

)r+1 such choices.
Since

∑
e′∈E max(|{j | e′ ∩ Pj ̸= ∅}| − 1, 0) = t′r, we have at most t′r + n − αn(r + 1) =

n − αn + r(t′ − αn) incidences to choose between j ∈ [m] and edges e′i ∈ [n]. There are at most(
nm

n−αn+r(t′−αn)

)
such choices for these incidences.

Finally, we can bound
(

nm
n−αn+r(t′−αn)

)
⩽
(

nm
(1−α)n

)
·
(

m
1−α

)(t′−αn)r by properties of the binomial
coefficient. Here we bound the binomial coefficient

(
a

b+c

)
=
(
a
b

)
·
∏c

i=1

(
a+1−b−i

b+i

)
⩽
(
a
b

)
· (ab )

c with
a = nm, b = (1− α)n, c = r(t′ − αn).

Remark 2. We note that our use of WPC hypergraphs and restricting to partition induced sub-
hypergraphs enables the above significantly better bound on the number of relevant local profiles
in comparison to counting over all list-decoding configurations in a way independent of the rank of
the space.

Claim 3.9. The following bound holds:∑
V∈Tr,m,αn

Pr[C contains V] ⩽ 2m · qr(m−r−1)

(
16 ·

(
m

(1− α)

)1/r

· q−εs

)rn

.

Proof. We have∑
V∈Tr,m,αn

Pr[C contains V] ⩽
( ∑
t′⩾αn

(
m

1− α
· q−s

)r(t′−αn))
·

·

((
n

αn

)r+1

·
(

nm

n(1− α)

)
· q−εn·rs · q(m−r−1)r

)

⩽
( ∑
t′⩾αn

(1/2)t
′−αn

)(( n

αn

)r+1

·
(

nm

n(1− α)

)
· q−εn·rs · q(m−r−1)r

)

⩽
1

1− 2−1/m

((
n

αn

)r+1

·
(

nm

n(1− α)

)
· q−εn·rs · q(m−r−1)r

)

⩽ 2m · qr(m−r−1)

(
4 ·
(

4m

(1− α)

)(1−α)/r

· q−εs

)rn

⩽ 2m · qr(m−r−1)

(
16 ·

(
m

(1− α)1−α

)1/r

· q−εs

)rn

.

⩽ 2m · qr(m−r−1)
(
32 ·m1/r · q−εs

)rn
Above, the second step uses the lower bound hypothesis on qs, and the third step uses the fact that
t′m is always an integer, and we have a geometric sequence. In the next step, we used the fact that
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21/m ⩾ 1+1/2m along with the upper bound
(
a
b

)
⩽ ab

b! ⩽
ab

(b/4)b
⩽ (4a/b)b. Finally, we used the fact

that xx > 1/2 for all x ∈ (0, 1).

We are now ready to complete the proof of Theorem 3.5. To do so, we sum the bound of
Claim 3.9 over the choices of m. Observe that m ⩽ L+ 1 but also m ⩽ qr. Thus, the total sum is
at most

L∑
r=1

min(L+1,qr)∑
m=r+1

∑
V∈Tr,m,αn

Pr[C contains V] ⩽
L∑

r=1

4qr · qr(L−r) ·
(
32 ·min((L+ 1)1/r, q) · q−εs

)rn
.

⩽
L∑

r=1

4qr(L−r+1) · (32min(L+ 1, q) · q−εs)rn .

We are now ready to state our main results concerning list-decodability of random linear codes,
by instantiating the previous theorem in two ways utilizing the choice of min((L+ 1)1/r, q).

Theorem 3.10. Let s, n, L be natural numbers and R, ε ∈ (0, 1) be real numbers satisfying ns > L/ε
such that Rsn and (R+ ε)n are positive integers. Let Fq be a finite field and denote k = Rsn such
that qs > 2(L+1)/(1−R− ε). Let Enc1, . . . ,Encn : Fk

q → Fs
q be uniformly random linear maps and

C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} be the associated Fq-additive code. Then, if either:

• qs ⩾ (32 · (L+ 1))2/ε; or

• s ⩾ 12/ε,

then the following holds:

Pr
[
C is not (ε, L′)−GSB decodable for all L′ ⩽ L.

]
⩽ 8 · q−εsn/4

Proof. Denoting p = Pr [C is not (ε, L′)−GSB decodable for all L′ ⩽ L.], we have, by Theorem 3.5,

p ⩽ 4
L∑

r=1

qr(L−r+1) ·
(
32 ·min(L+ 1, q) · q−εs

)rn
⩽ 4 ·

L∑
r=1

(
qL−r+1−εsn/2

)r
⩽ 8 · q−εsn/4 .

For going from the first equation to the second, we used the fact that in case of the first
hypothesis, we have that 32(L + 1) ⩽ qεs/2. In the second case, we used the fact that 32q =
q1+logq 32 ⩽ q6 ⩽ qεs/2.

Going from the second equation to the third, we used the fact that qL−r+1−εsn/2 ⩽ q−εsn/4 ⩽ 1/2
since εsn/4 > L ⩾ 1. Thus, Theorem 3.10 follows.

Corollary 3.11. Let R, ε ∈ (0, 1) and n,L be positive integers such that Rn and εn are positive
integers and n > 4L/ε. Then, for any finite field Fq with q ⩾ max((32 · (L + 1))2/ε, 2(L+ 1)/(1 −
R−ε)), a random linear code C of rate R and block length n is (ε, L′)−GSB decodable for all L′ ⩽ L
with high probability 1− 8q−εsn/4.
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Additionally, setting L′ = ⌊(1 − R − ε/2)/(ε/2)⌋, we get that as long as n > 8/ε2, then for
any finite field with q > (64 · (1 − R)/ε)4/ε, a random linear code of rate R and block length n is
(ε, L)−GSB decodable for all L ∈ N with probability at least 1− 8q−εsn/4.

Proof. The first part follows by setting s = 1 in Theorem 3.10. The second part of the corollary is
simply a consequence of Lemma 3.4.

Corollary 3.12. Let R, ε ∈ (1/2n, 1) such that R + ε ⩽ 1, let Fq be a finite field, and n, s be
positive integers such that Rsn and (R+ ε/2)n are positive integers and s ⩾ 32/ε. Then, a random
Fq-additive code C of rate R, block length n, and Σ = Fs

q is (ε, L)−GSB decodable for all positive
integers L with probability at least ⩾ 1− 8 · q−4n.

Proof. Let ε0 = ε/2 and L′ = ⌊(1−R− ε0)/ε0⌋ ⩾ ⌊(ε− ε0)/ε0⌋ ⩾ 1.
To appeal to Theorem 3.10 with parameters L′, ε0, it is sufficient to have sn > 4L′/ε0 i.e. to

have that n > L′/4 i.e. but 4n > 2/ε ⩾ 1/ε0 ⩾ L, along with qs ⩾ 2(L + 1)/(1 − R − ε0) but
qs ⩾ 232/ε ⩾ 32/ε0 ⩾ 32L/(1−R − ε0) ⩾ 2(L+ 1)/(1−R − ε0). Thus, by Theorem 3.10, we have
that

Pr
[
C is not (ε0, L

′′)−GSB decodable for all L′′ ⩽ L′.
]
⩽ 8 · q−ε0sn/4

Now, note that by Lemma 3.4, we have that if C is (ε0, L′)−GSB decodable for all L′′ ⩽ L′ then,
it is (ε, L)-GSB decodable for all L ∈ N.

Thus,

Pr [C is not (ε, L)−GSB decodable for all L ∈ N.] ⩽ 8 · q−ε0sn/4 ⩽ 8 · q−4n .

Remark 3. Note that the second corollary works for any finite field Fq (including q = 2).

4 List-recovery

We begin by coming up with local profiles that capture (ρ, ℓ, L) list-recovery in the style of [LMS25].

Lemma 4.1. Suppose the additive code C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} is not (ρ, ℓ, L) list-

recoverable. Then, there exist linear spaces V and A with dimV ⩽ L, an isomorphism φ : V → A∗,
and a subset S ⊆ A of size L+1 with the following guarantee. For each i ∈ [n], there exist partitioned
subsets Si = Si,1 ⊔ · · · ⊔ Si,ℓ ⊆ S satisfying

1

n

n∑
i=1

|Si| ⩾ (1− ρ)(L+ 1) ,

such that C contains the V -local profile V = (V1, . . . ,Vn) given by

Vi = {v ∈ V | φ(v)(s1 − s2) = 0 for all j ∈ [ℓ] and s1, s2 ∈ Si,j} .

Proof. If C is not (ρ, ℓ, L) list-recoverable, there exist sets T1, . . . , Tn ⊆ Fs
q with |Ti| ⩽ ℓ, and distinct

messages a1, . . . , aL+1 ∈ Fk
q such that:

L+1∑
j=1

|{i ∈ [n] | Enci(aj) ∈ Ti}|
n

⩾ (1− ρ)(L+ 1).
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Let A = span(0, a2 − a1, . . . , aL − a1). Let S = {0, a2 − a1, . . . , aL+1 − a1} and Si = {aj − a1 |
Enci(aj) ∈ Ti}. Since |Ti| ⩽ ℓ, we can index the elements of each set as Ti = {yi,1, . . . , yi,ℓ} (allowing
for empty partition pieces if |Ti| < ℓ).

We partition each Si based on which element of Ti the original message maps to: let Si,m =
{aj − a1 | Enci(aj) = yi,m}.

Let V = A∗, φ be the identity isomorphism, and let Vi = {a∗ ∈ A∗ | a∗(s1 − s2) = 0 ∀m ∈
[ℓ], s1, s2 ∈ Si,m}. To see that C contains (V1, . . . ,Vn), observe that if s1, s2 ∈ Si,m, then s1 = aj1−a1
and s2 = aj2 − a1 for some j1, j2 where Enci(aj1) = Enci(aj2) = yi,m. By linearity, Enci(s1 − s2) =
Enci(aj1 − aj2) = 0. This implies that the annihilator of Vi in A is spanned by vectors entirely
contained within ker(Enci), thereby satisfying the containment definition. Finally, we have

n∑
i=1

|Si|
n

=
L+1∑
j=1

n∑
i=1

1(Enci(aj) ∈ Ti)

n
⩾ (1− ρ)(L+ 1)

as desired.

Now, to show that a code C is (ρ, ℓ, L) list-recoverable, it suffices to show that it does not contain
any of the local profiles detailed above.

Let V be a vector space and V = (V1, · · · ,Vn) be a V -local profile as in Lemma 4.1, then
to show that a rate R random linear or additive code does not include this profile with high
probability, it is necessary and sufficient to have a W ⊊ V such that ΦV (W, (V1, · · · ,Vn), R) >
ΦV (V, (V1, · · · ,Vn), R).

Such a W can only be guaranteed to exist when L, i.e. the target list size, is larger than the best
possible list-recovery list size for random linear codes. More formally, we can make the following
definition:

Definition 21. Let α, ε ∈ (0, 1) such that α + ε ⩽ 1, and let ℓ be a positive integer. We define
Lℓ,α,ε to be the minimal integer L satisfying the following property:

For any positive integer n, linear spaces V and A, isomorphism φ : V → A∗, and subset S ⊆ A
with |S| > L, suppose we are given subsets S1, . . . , Sn ⊆ S satisfying

1

n

n∑
i=1

|Si| > |S|(α+ ε) .

Then, for any choice of partitions Si = Si,1 ⊔ · · · ⊔ Si,ℓ for each i ∈ [n], if we define the V -local
profile V = (V1, . . . ,Vn) by

Vi = {v ∈ V | φ(v)(s1 − s2) = 0 for all j ∈ [ℓ] and s1, s2 ∈ Si,j} ,

there exists a subspace W ⊊ V such that

ΦV (W, (V1, . . . ,Vn), α) > ΦV (V, (V1, . . . ,Vn), α) .

Remark 4. We note that, by appealing to [LMS25]’s threshhold theorem results, one can also
conclude that Lℓ,R,ε must also be the optimal list size bound for average-radius list-recovery of rate
R random linear codes over arbitrarily large alphabet sizes. Since, this is not relevant for the body
of our paper, we do not expand on this connection. [CZ25, LMS25, LW18, Che26]’s lower bounds
on list-recovery of linear and additive do show that Lℓ,α,ε must be exponential in ℓ.

We now turn to bounding Lℓ,α,ε from above using the discrete entropic Brascamp-Lieb inequality.
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4.1 List size bounds for list recovery and the Brascamp-Lieb inequality

The following usage of the discrete entropic Brascamp-Lieb inequality for understanding list-size
bounds is due to [BCDZ25a]. Our presentation of the bound is inspired by their usage and [GG25b]’s
presentation.

Theorem 4.2. Let α, ε ∈ (0, 1) be constants such that α + ε ⩽ 1, and let ℓ be a positive integer.
Then,

Lℓ,α,ε ⩽ (ℓ/(α+ ε))(α+ε)/ε

Proof. Let V , A be linear spaces, n be a positive integer, φ : V → A∗ be an isomorphism, S ⊆ A
be a set, Si = Si,1 ⊔ · · · ⊔ Si,ℓ be subsets of S with

1

n

n∑
i=1

|Si| > |S|(α+ ε) .

Let (V1, · · · ,Vn) be the V -local profile where

Vi = {v ∈ V | φ(v)(s1 − s2) = 0 for all j ∈ [ℓ] and s1, s2 ∈ Si,j} ,

and such that for all W ⊆ V ,

ΦV (W, (V1, . . . ,Vn), α) ⩽ ΦV (V, (V1, . . . ,Vn), α) ,

or in other words

dimV − dimW ⩽

∑n
i=1[dimVi − dim(W ∩ Vi)]

(1− α)n
.

Let L = |S|, and for i ∈ [n], let ρi =
|Si|
|S| . Thus, by the discrete entropic Brascamp-Lieb inequality

(Theorem 2.4), applied with the choice E = φV , Ei = φVi and F = φW , we can conclude that if
Z is the uniform distribution over S, then

H(Z) ⩽
n∑

i=1

H(φVi(Z))

(1−R)n
.

Now, H(Z) = logL, and, let Yi be the indicator variable for whether Z ∈ Si.

H(φVi(Z)) ⩽ H(φVi(Z), Yi)

= H(Yi) +H(φVi(Z) | Yi)
⩽ h(ρi) + ρiH(φVi(Z) | Z ∈ Si) + (1− ρi)H(φVi(Z) | Z /∈ Si)

⩽ h(ρi) + ρi log ℓ+ (1− ρi)(logL(1− ρi))

= −ρi log ρi + ρi log ℓ+ (1− ρi) logL

Let ρ =
∑n

i=1 ρi
n . By assumption, we have that ρ ⩾ α+ ε. Thus,

logL ⩽

∑n
i=1−ρi log ρi + ρi log ℓ+ (1− ρi) logL

(1− α)n
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⩽
−ρ log ρ+ ρ log ℓ+ (1− ρ) logL

(1− α)
,

where the second inequality follows from Jensen’s inequality applied to the concave function x 7→
−x log x. Thus,

(1− α) logL ⩽ (1− ρ) logL+ ρ log(ℓ/ρ)

⩽ (1− ρ) logL+ ρ log(ℓ/(α+ ε))

= (1− α− ε) logL+ (α+ ε) log(ℓ/(α+ ε)) + (α+ ε− ρ) log(L(α+ ε)/ℓ)

⩽ (1− α− ε) logL+ (α+ ε) log(ℓ/(α+ ε)),

where we used the fact that ρ ⩾ α+ ε and L > ℓ/(α+ ε).
Finally, we get by reorganizing

ε logL ⩽ (α+ ε) log(ℓ/(α+ ε)) .

But then |S| = L ⩽
(

ℓ
α+ε

)(α+ε)/ε
as desired.

4.2 Local profiles from bad list-recovery configurations

In the list-decoding section, we defined local profiles from list-decoding configurations after restrict-
ing to weakly partitioned hypergraphs. We will likewise define here a family of local profiles that
correspond to bad list-recovery configurations, in a manner that can yields us improved results.

Note that we have shown in the previous subsection that if a code C is not (1− α− ε, ℓ, Lℓ,α,ε)
decodable then there exists a linear space V , a V -local profile V = (V1, · · · ,Vn) as described in
Lemma 4.1 and Definition 21 and a vector space W ⊊ V such that ΦV (W, (V1, . . . ,Vn), α) >
ΦV (V, (V1, . . . ,Vn), α).

Then, C must also contain the V/W -local profile ((V1+W )/W, · · · , (V1+W )/W ) by Lemma 2.6
but also ΦV/W (V/W, ((V1 +W )/W, · · · , (V1 +W )/W ), α) < 0 by Theorem 2.5.

We can thus restrict our focus only to the profiles that we obtain post quotienting by W .
Note that to talk about the joint kernel of (Vi + W )/W (Vi + W )/W , we need a canonical map
Mr,L : (FL

q )
∗ → (Fr

q)
∗ where r is the rank of V/W .

Definition 22. For r ⩽ L, define Mr,L : (FL
q )

∗ → (Fr
q)

∗, by just restricting the functionals on FL
q

to Fr
q.6

Now, we are ready to describe the kinds of profiles that arrive after quotienting.

Definition 23 (Local profiles from list-recovery configurations). For any natural ℓ, reals α, ε ∈
(0, 1), let L = Lℓ,α,ε, and for any r ⩽ L, define

Wℓ,α,ε,r = {(W1, . . . ,Wn) ∈ L(Fr
q
∗)n |∃S ∈

(
FL
q

⩽ L+ 1

)
, ∀i ∈ [n], ∃Si ⊆ S, Si = Si,1 ⊔ · · · ⊔ Si,ℓ s.t.

Vi = {v ∈ (FL
q )

∗ | v(s1 − s2) = 0∀j ∈ [ℓ], s1, s2 ∈ Si,j},
Wi = Mr,LVi,
Φ(Fr

q)
∗(U, (W1, . . . ,Wn), α) < 0 ∀ U ⊆ (Fr

q)
∗ \ {{0}}}.

6Here we assume that there’s a canonical embedding of Fr
q in FL

q .
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We now need to show that if C is not (1− α− ε, ℓ, L) list-recoverable, then it must contain one
of the above described profiles.

Lemma 4.3. For any natural ℓ, reals α, ε ∈ (0, 1), let L = Lℓ,α,ε. If C = {Enc1(x), . . . ,Encn(x) |
x ∈ Fk

q} is not (1−α− ε, ℓ, L) list recoverable, then there exists an r ⩽ L and W = (W1, . . . ,Wn) ∈
Wℓ,α,ε,r such that C contains W.

Proof. If C = {Enc1(x), . . . ,Encn(x) | x ∈ Fk
q} is not (1 − α − ε, ℓ, L) list recoverable, then by

Lemma 4.1, there exists a linear space V such that C contains the V -local profile (V1, . . . ,Vn) ∈
L(V )n where there exists a set S ⊆ V ∗ with |S| = L+ 1, and for all i ∈ [n], there exist partitioned
subsets Si = Si,1 ⊔ · · · ⊔ Si,ℓ ⊆ S, such that Vi = {v ∈ V | v(s1 − s2) = 0 ∀j ∈ [ℓ], s1, s2 ∈ Si,j}, and∑

|Si|
n > (α+ ε)(L+ 1) along with dimV ⩽ L.
Let W be the maximal element of argmaxΦV (∗, (V1, . . . ,Vn), α). By Theorem 4.2 (since |S| =

L+ 1 > Lℓ,α,ε), W ̸= V .
Now, by Lemma 2.6, we know that C also contains the V/W -local profile

(
(V1+W )/W, . . . , (Vn+

W )/W
)
. Additionally, for all U such that U +W ̸= W , we have that:

ΦV/W ((U +W )/W, (V1 +W )/W, . . . , (Vn +W )/W ), α)

= ΦV (U +W, (V1, . . . ,Vn), α)− ΦV (W, (V1, . . . ,Vn), α)
< 0

The inequality is by the assumption on W (being the maximal element) and the equality is by
Theorem 2.5.

Let r = dimV/W . Note that since dimW ◦ = dimV/W , we must have that dimW ◦ = r. Thus,
we can take an injective homomorphism φ1 : V

∗ → FL
q such that φ1(W

◦) is the canonical embedding
of Fr

q in FL
q . Let φ∗

1 : (FL
q )

∗ → V be the dual map of φ1. Because φ1 is injective, φ∗
1 is surjective.

We recall that the dual map is defined as follows: for any v̂ ∈ (FL
q )

∗ and s1 ∈ V ∗, we have that
φ∗
1(v̂)(s1) = v̂(φ1(s1)). Let (φ∗)−1 : V 7→ (FL

q )
∗ be any linear inverse map.

We now construct the explicit sets required by the definition ofWℓ,α,ε,r. We map the agreement
set to the explicit field via the injection: let S′ = φ1(S) ⊆ FL

q . Since φ1 is injective and |S| = L+1,
we have |S′| = L+1. For each i ∈ [n] and j ∈ [ℓ], we map the partitions naturally as S′

i,j = φ1(Si,j).

Next, we lift the local profiles into (FL
q )

∗. Let V̂i = (φ∗
1)

−1(Vi) ⊆ (FL
q )

∗. To verify the functional
evaluation condition, consider any v̂ ∈ V̂i and any s′1, s

′
2 ∈ S′

i,j (where s′k = φ1(sk) for sk ∈ Si,j).
We have:

v̂(s′1 − s′2) = v̂(φ1(s1 − s2)) = (φ∗
1(v̂))(s1 − s2) .

By definition, φ∗
1(v̂) ∈ Vi. Since Vi annihilates differences in Si,j , we get (φ∗

1(v̂))(s1 − s2) = 0.
Thus, V̂i strictly satisfies the annihilator condition over FL

q . Now we apply the restriction map.
By definition, Mr,L restricts a functional in (FL

q )
∗ to Fr

q. Under our embedding, this is equivalent
to restricting v̂ ∈ (FL

q )
∗ to φ1(W

◦). Evaluating v̂ on φ1(W
◦) is identical to taking its projection

v = φ∗
1(v̂) ∈ V and evaluating v on W ◦. By duality, the kernel of the evaluation map from V

onto W ◦ is exactly W . Therefore, the image of any subspace U ⊆ V under restriction to W ◦ is
canonically isomorphic to the quotient (U +W )/W . LetWi = Mr,L(V̂i). By the duality established
above, we have the canonical isomorphism:

(W1, . . . ,Wn) ∼= ((V1 +W )/W, . . . , (Vn +W )/W ) .
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Because C contains the quotient profile, it contains the isomorphic profile W = (W1, . . . ,Wn) ∈
L((Fr

q)
∗)n. Any non-trivial subspace U ′ ⊆ (Fr

q)
∗ where U ′ ̸= {0} corresponds isomorphically to

some subspace (U +W )/W ̸= {0} in V/W . We have already shown that:

ΦV/W ((U +W )/W, ((V1 +W )/W, . . . , (Vn +W )/W ) , α) < 0 .

Because Φ is strictly invariant under isomorphism, we deduce that for all {0} ̸= U ′ ⊆ (Fr
q)

∗ \ {0},

Φ(Fr
q)

∗(U ′, (W1, . . . ,Wn), α) < 0 .

All conditions are satisfied, i.e. W ∈ Wℓ,α,ε,r and C contains W.

4.3 Alphabet size bounds for list-recovery of random linear codes

Now, we are ready to prove our alphabet bounds for list-recovery of random linear codes. As in
the list-decoding section, we will first count the number of local profiles in Definition 23 and then
instantiate Theorem 2.7 for each of them and then union bound the probability that our code
contains any of the local profiles.

In this section, we are again enabled by our improved methods of counting via restriction to the
profiles described in Definition 23 instead of over all list-recovery configurations. In particular, we
only count each constraint once and not multiple times. Additionally, our method uses the rank r
over which we are working over both while counting and applying Theorem 2.7.

Theorem 4.4. Let s, n, ℓ be natural numbers and R, ε, ε0 ∈ (0, 1) be real numbers such that R+ε ⩽ 1,
let L = Lℓ,R,ε and let Fq be a finite field such that qs > (2L)4/ε0. Let k = (R − ε0)sn. Let
Enc1, . . . ,Encn : Fk

q → Fs
q be uniformly random linear maps.

Pr [C is not (1−R− ε, ℓ, L) list-recoverable] ⩽ qL
2+L− ε0sn

2

Proof. If C is not list-recoverable then, it contains (W1, . . . ,Wn) =W ∈ Wℓ,α,ε,r for some 1 ⩽ r ⩽ L
and α ⩾ R. Now, if we consider a similar family of profiles as Wℓ,α,ε,r with the final constraint
replaced simply by Φ(Fr

q)
∗((Fr

q)
∗, (W1, . . . ,Wn), α) = 0.

Definition 24. For any natural ℓ, reals α, ε ∈ (0, 1), let L = Lℓ,α,ε, and for any r ⩽ L, define

W ′
ℓ,α,ε,r = {(W1, . . . ,Wn) ∈ L(Fr

q
∗)n |∃S ∈

(
FL
q

⩽ L+ 1

)
, ∀i ∈ [n], ∃Si ⊆ S, Si = Si,1 ⊔ · · · ⊔ Si,ℓ s.t.

Vi = {v ∈ (FL
q )

∗ | v(s1 − s2) = 0∀j ∈ [ℓ], s1, s2 ∈ Si,j},
Wi = Mr,LVi,
Φ(Fr

q)
∗((Fr

q)
∗, (W1, . . . ,Wn), α) = 0.

then C′ must also contain a profile from W ′
ℓ,α,ε,r for some α > R since for any (W1, · · · ,Wn) ∈

Wℓ,α1,ε,r with α1 ⩾ R, then if α > α1 is such that Φ(Fr
q)

∗((Fr
q)

∗, (W1, . . . ,Wn), α) = 0 then
(W1, · · · ,Wn) ∈W ′

ℓ,α,ε,r as well. Now, note that we can directly use Theorem 2.7 on W ′
ℓ,α,ε,r.

Claim 4.5.∑
W∈W ′

ℓ,α,m,r

Pr[C contains W] ⩽ |W ′
ℓ,α,m,r| · qrsn(R−α−ε0)
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Proof. For each W ∈ W ′
ℓ,α,m,r, using Theorem 2.7, we have

Pr[C contains W] ⩽ q
sn·Φ(Frq)∗ ((F

r
q)

∗,W,R−ε0) = qrsn(R−ε0−α) .

Now, it remains to just compute |W ′
ℓ,α,ε,r| for us to union bound.

Lemma 4.6.

|W ′
ℓ,α,ε,r| ⩽

((L+1
2

)
n

α · r · n

)
·
(

qL

L+ 1

)
Proof. We begin by picking S, there are

(
qL

L+1

)
choices of S.

Now, let W = Fr
q
∗. We know by the hypothesis that∑n

i=1 dimW⊥
i

n
= αr.

Note that if dim(W⊥
i ) = ri then it is sufficient to choose ri pairs of elements of S, the equality

constraints on which completely specify Wi and we do not need to pick all of Si! Note that not all
ri pairs of elements of S impose ri constraints, but here we are over counting since some ri pairs
must have specified Wi.

Thus, the total choices is at most∑
r1+···+rn=α·r·n

n∏
i=1

((L+1
2

)
ri

)
⩽

((L+1
2

)
n

α · r · n

)
,

where the final relation follows due to Vandermonde’s identity.

Thus, we can now implement the union bound.
Let p = Pr [C is not (1−R− ε, ℓ, L) average radius list-recoverable].

p ⩽
∑
α>R

(
qL

L+ 1

)
·

L∑
r=1

((L+1
2

)
n

αrn

)
· qr·sn(R−ε0−α)

⩽

(
qL

L+ 1

)
·
∑
α>R

L∑
r=1

(
4L2

)rn · qr·sn(R−α−ε0)

=

(
qL

L+ 1

)
·

L∑
r=1

(
q−ε0s4L2

)rn(∑
α>R

qr·sn(R−α)

)

⩽ 2

(
qL

L+ 1

)
·

L∑
r=1

q−ε0snr/2

⩽ 2L ·
(

qL

L+ 1

)
· ·q−ε0·sn/2

⩽ qL
2+L− ε0sn

2 .

To go from the first equation to the second, we observe that when L = 1, we just need
(
n
αn

)
⩽ 2n

which is sufficient. Now, when L ⩾ 2, we have that
((L+1

2 )n
αrn

)
⩽
(
L2n
αrn

)
⩽
(
L2n
rn

)
and thus we could use
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the fact that
(
a
b

)
⩽ (4ab )

b i.e.
((L+1

2 )n
αrn

)
⩽
(
4L2

r

)rn
⩽ (4L2)rn. Then, we just reorganize and use the

fact that α > R and αrsn is always an integer to evaluate the geometric sum which we can then
bound by 2.

Finally, we used the fact that each term is less than 1 and 2L
(

qL

L+1

)
⩽ (qL)L+1.

Theorem 4.7. A random s-additive code of rate R−ε0 is (1−R−ε, ℓ, Lℓ,R,ε) list recoverable with high
probability when qs > (2Lℓ,R,ε)

4/ε0 and sn > 4L2
ℓ,R,ε/ε0. Additionally, Lℓ,R,ε ⩽ (ℓ/(R+ ε))(R+ε)/ε.

Proof. Follows from Theorem 4.4 and Theorem 4.2.

5 Conclusion and Further Questions

We conclude with several directions for future work.

Fully linear codes. A natural question is whether the gap in list-decoding guarantees can be
closed for fully linear codes, i.e., whether one can remove the log 1/ε factor for random linear codes
bringing down the alphabet size to the optimal exp(O(1/ε))? Could better counting techniques
suffice to resolve this?

Extensions to random LDPCs. Our results should extend naturally to random low-density
parity-check codes via the framework of [MRRZ+20]. For list-decoding, this would yield LDPC
codes over an alphabet of size exp(Õ(1/ε)) with poly(1/ε) sparsity. It remains unclear, however,
whether the techniques of [MRRZ+20] extend to the additive code setting.

Randomness reduction. The expander-based techniques of [PP24] for reducing randomness
appear directly applicable to our setting. Currently, RLCs require Rn2 · Õ(1/ε) bits of randomness,
while our additive codes require O(Rn2/ε2) bits. The techniques of [PP24] should reduce both to
O(n · poly(1/ε)). Notably, via the “unfolding” view of [BCDZ25b], their approach should also be
applicable to additive codes.

Constructions based on RLCs. Random linear codes serve as the base code in many code
constructions. It would be interesting to understand whether our improved list-size bound leads
to concrete improvements in such downstream applications. Additionally, is it ever useful to use
random additive codes as the basis of such constructions? The only application we are aware of
random additive codes instead of linear is in [GGH26].
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A Submodular Brascamp-Lieb Inequality

We now prove the submodular Brascamp-Lieb inequality, restated below. The proof we present
here is a reworking of the [BCDZ25b] proof.

Theorem A.1. Let E be a linear space and let E1, E2, . . . , En ⊆ E be subspaces. Suppose that for
some s1, . . . , sn ⩾ 0, the following inequality holds for every linear subspace F ⊆ E:

dimE − dimF ⩽
n∑

i=1

si[dimEi − dim(F ∩ Ei)] .

Then, for every submodular function f : L(E)→ R, we have

f(E) ⩽
∑

sif(Ei) .

Proof. Let c(F ) =
∑n

i=1 si dim(F ∩ Ei)− dimF . The hypothesis is that for all F ⊆ E, we have

c(F ) ⩽ c(E).

We will prove the claim for all submodular functions via induction on n and dimE.
To prove the base case for n = 1, we consider F = E1 =⇒ dimE − dimE1 ⩽ 0 =⇒ E = E1.

Now, additionally, F = {0} =⇒ dimE − s1 dimE ⩽ 0 =⇒ s1 ⩾ 1 or E = {0}. Either way, we
are done.

Now, without loss of generality, n ⩾ 2, and s1, s2 are non-zero. We begin by assuming that there
exists a {0} ̸= W ⊆ E such that c(W ) = c(E). To show that this is okay to assume, we consider s1
and s2. Consider replacing s1 with s1 + αt and s2 with s2 − βt where α and β are such that if the
new cost function is c′ then c′(E) = c(E). Now, there is a positive value of t for which either there
exists a space {0} ̸= W ⊆ E such that c(W ) = c(E) or one of the si’s can be made 0. Similarly,
there is a negative t for which there exists such a space. We will now prove the result for both these
resulting sequences and averaging out their corresponding results in exactly the desired inequality.

Now, we have a {0} ̸= W ⊆ E such that c(W ) = c(E) and for all U ⊆ E, we have c(U) ⩽ c(E).
Define c1(U) =

∑n
i=1 si dim((U +W )/W ∩ (Ei +W )/W ) − dim((U +W )/W ). Note that this

is equivalent to defining costs in the quotient space E/W replacing Ei with (Ei +W )/W .
Now, note that

c(U +W ) =
n∑

i=1

si dim((U +W ) ∩ Ei)− dim(U +W ) (5)

=
∑

si(dim(W ∩ Ei) + dim((U +W )/W ∩ (Ei +W )/W ))− dim(U +W )/W − dimW

(6)

= c(W ) + c1(U) (7)

Note that we have c(E) = c(W ) + c1(E) and thus c1(E) = 0. Additionally, c(U +W ) ⩽ c(E) =
c(W ) =⇒ c1(U) ⩽ 0 i.e. c1(U) ⩽ c1(E).

Note that, we can also view that c1 as a cost function replacing intersections with Ei but with
(Ei +W )/W .
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Now, let g(U) = f(U + W ) − f(W ). Note that if f is submodular, then so is g. Thus, by
inductive hypothesis on W and U/W , we have

f(W ) ⩽
∑

sif(Ei ∩W )

and

g(E) ⩽
∑

sig(Ei +W ) =⇒ f(E)− f(W ) ⩽
∑

si(f(Ei +W )− f(W )) .

Summing the above two inequalities, we conclude that

f(E) ⩽
∑

si(f(Ei +W ) + f(Ei ∩W )− f(W )) ⩽
∑

sif(Ei) ,

where the second step follows from the submodularity of f .

B Subspace-designs, Agreement Hypergraphs, and Local Profiles

We begin by restating the definition of a subspace design code in the language of [GG25a].

Definition 25 (Subspace-Design Property). For any function τ : N → R⩽1, an Fq-additive code
C ⊆ (Fs

q)
n is said to be a τ -subspace design code if for every r ∈ N, and every Fq-linear subspace A

of C of dimension at most r, the following holds:
n∑

i=1
dimAi

n
⩽ dim(A) · τ(r)

where Ai = {a ∈ A | ai = 0}.

B.1 Subspace-design codes list-decoding bound

In this subsection, we provide a complete self-contained proof of [CZ25]’s optimal list-decoding
bounds for subspace-design codes.

We begin by reproducing the proof of [AGG+25]’s weakly partition connected (Definition 8)
lemma.

Lemma B.1. If H = (X,E) is a hypergraph with |X| ⩾ 2 such that
∑
e∈E

max(|e|−1, 0) ⩾ t·(|X|−1),

then there exists X ′ ⊆ X such that H′ = (X ′, {e ∩X ′ | e ∈ E}) is t-WPC.

Proof. Let X ′ be a minimal by inclusion subset which is not a singleton such that
∑
e∈E

max(|e ∩

X ′| − 1, 0) ⩾ t · (|X ′| − 1). Note that such a X ′ exists since X itself satisfies the above property.
We claim that this X ′ works. Let H′ = (X ′, E′ = {e ∩X ′ | e ∈ E}).

To prove the desired property, let P0 ⊔ · · · ⊔ Pr be a partition. We have

∑
e∈E

max(|{j | e ∩ Pj ̸= ∅}| − 1, 0) =
∑

e∈E′,|e|>0

(
−1 +

r∑
i=0

1(e ∩ Pi ̸= ∅)

)

=
∑

e∈E′,|e|>0

(
|e| − 1−

r∑
i=0

(|e ∩ Pi| − 1(e ∩ Pi ̸= ∅))

)
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⩾ t(|X ′| − 1)− t

(
r∑

i=0

(|Pi| − 1)

)
(by minimality of X ′)

= t(|X ′| −
r∑

i=0

|Pi| − 1 + r + 1) = tr .

We are now ready to prove the Chen-Zhang list-decoding bound [CZ25].

Theorem B.2 ([CZ25]). Let C be τ -subspace design code where τ is non-decreasing. Then, for all
d ∈ N, the code C is (τ(d), d+ 1) strong average-agreement list-decodable.7

Proof. If not, there exist linearly independent codewords c1 = 0, c2, . . . , cr+1 and cr+2, . . . , cm ∈
span(c2, . . . , cr+1) and a t > τ(d) · n such that H = ([m], E) is a t-weakly-partition connected
hypergraph and for all i ∈ [n], {cj [i] | j ∈ ei} is a singleton or empty. Let A = span(c1, . . . , ct).
Note that dimA = r ⩽ d.

Now, let P(c1, . . . , cm)8 = P0⊔P1⊔· · ·⊔Pr. Observe that if Ci is the subspace of the code which
is 0 on the ith coordinate, then we have that

dim(A ∩ Ci) ⩾ max(|{j | ei ∩ Pj ̸= ∅}| − 1, 0) .

Summing over both sides, we get that

τ(d) · r · n ⩾
n∑

i=1

dim(A ∩ Ci) ⩾ max(|{j | e ∩ Pj ̸= Φ}| − 1, 0) ⩾ t · r

But then we have that τ(d) · n ⩾ t which is a contradiction by the definition of t.

B.2 Subspace designs and avoidance of local profiles

Lemma B.3. Let C = {(Enc1(x), . . . ,Encn(x)) | x ∈ Fk
q} be a τ -subspace design code. Let r be a

natural number. For any vector space V of dimension ⩽ r, and local profile V = (V1, . . . ,Vn) such
that Φ(V, (V1, . . . ,Vn), τ(r)) < 0, C does not contain V.

Proof. Let A ⊆ Fk
q be any subspace of dimension at most r and φ : V → A∗ be any isomorphism.

Now, the subspace design property implies
n∑

i=1

dim(ker(Enci) ∩A) ⩽ n · (dimA) · τ(r) .

On the other hand, we have
n∑

i=1

dim (φVi)◦ =
n∑

i=1

(dimA− dimφVi) =
n∑

i=1

(dimV − dimVi) > τ(r) · dimV · n ,

where the last step follows from Φ(V, (V1, . . . ,Vn), τ(r)) < 0. Combining the above facts, we can
conclude that for some i ∈ [n], we have dim (φVi)◦ > dimker(Enci), which implies that C does not
contain V as desired.

7See Definition 16 and Theorem 3.1.
8Definition 17: Let Ai = span(e1, . . . , ei) for i ∈ {1 . . . , r + 1}, Pj = {i ∈ [t] | ei ∈ Aj+1 \Aj} for j ∈ {0, 1, . . . , r}.

Here A0 = ∅.
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The above theorem demonstrates one of the directions of [BCDZ25b]’s reductions between ran-
dom linear and subspace design codes. In particular, it shows that if there is a V -local profile
(V1, · · · ,Vn) with dimV ⩽ r and ΦV (V, (V1, . . . ,Vn), τ(r)) < 0, so that a random additive code is
unlikely to contain it, then a τ -subspace design code would also not contain this profile.

Thus, an yet alternate view of the list-size bound in [CZ25] is to establish if a code is not (τ(L)−
R,L)-GSB decodable, then it must contain an LCL-profile such that ΦV (V, (V1, . . . ,Vn), τ(r)) < 0.
This is precisely what the profiles in Claim 3.3 capture. Now, if the code in question was already a
τ -subspace design, this is an inherent contradiction.

Similarly, the [BCDZ25a] list-size bound for list-recovery of subspace-design codes follows from
the above and the profiles arising from Lemma 4.3, along with the added observation that it is
always sufficient to restrict to r ⩽ O(ℓ/ε) when thinking about list-recovery, and we do not need to
worry about r as large as the output list L. We could also do the same in our work, but it does not
give any gains in terms of alphabet size since our probability bounds decay geometrically with the
rank r being considered anyway.

C List-decoding through BL framework

In this section, we present a method to show that the discrete remainder Brascamp-Lieb inequality
tools can also indeed be used to achieve near-optimal results directly for list-decoding. Addition-
ally, for expository and completeness purposes, we present proofs of the remainder Brascamp-Lieb
inequality highlighting parallels to the proofs of list-decoding bounds.

Theorem C.1. Let E be a linear space of functionals from a vector space A to Fq, and let
E1, E2, . . . , En ⊆ E be subspaces and s1, . . . , sn ⩾ 0 be such that for all linear subspaces F ⊆ E, we
have

dimE − dimF ⩽
n∑

i=1

si[dimEi − dim(F ∩ Ei)] .

Then, for any random variable X on A and arbitrary v1, . . . , vn ∈ A, the following inequality holds:

1−max
v∈V

(Pr
X
(X = v)) ⩽

n∑
i=1

si(1− Pr
X
(X − vi ∈ E◦

i )) .

We postpone the proof of the theorem to the next subsection but demonstrate how the above
Brascamp-Lieb inequality can also be used as a tool to get improved alphabet sized bounds for
list-decoding of random linear codes.

Theorem C.2. Let R ∈ (0, 1) be a constant. Let V and A be linear spaces, and let φ : V → A∗ is
an isomorphism, let S ⊆ A be a subset. Let S1, . . . , Sn be subsets of S such that∑

|Si|
n

> R|S|+ 1−R.

Let Vi = {v ∈ V | (φ(v))(s1 − s2) = 0 ∀s1, s2 ∈ Si}. Then, there exists a W ⊆ V such that

ΦV (W, (V1, . . . ,Vn), R) > ΦV (V, (V1, . . . ,Vn), R) .
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Proof. For the sake of contradiction, assume not. Then, the following holds for all W ⊆ V ,

ΦV (W, (V1, . . . ,Vn), R) ⩽ ΦV (V, (V1, . . . ,Vn), R) ,

which is equivalent to

dimV − dimW ⩽

∑n
i=1[dimVi − dim(W ∩ Vi)]

(1−R)n
.

Now apply Theorem C.1 with X being the uniform distribution on S, E = φV , Ei = φVi, and vi
being an arbitrary element from Si. We can then conclude that

1− 1

|S|
⩽

1

(1−R)n
·

n∑
i=1

(
1− |Si|
|S|

)
<

1

1−R

(
1−R− (1−R)

|S|

)
,

which is a contradiction.

Now recall the quantity Lℓ,R,ε from Definition 21, applied to ℓ = 1.

Corollary C.3. For any reals R, ε ∈ (0, 1), we have L1,R,ε <
1−R
ε .

Proof. Let |S| ⩾ 1−R
ε in Theorem C.2, and the conclusion follows.

Theorem C.4. A random s-additive code of rate R is
(
(1−R−ε)(L−1)

L , L
)

list-decodable with high

probability when qs > (4L)8/ε and ns > 16L2/ε.

Proof. Follows from Corollary C.3 applied to Theorem 4.7 with ε0 = ε giving that an R − ε rate
random s-additive code is

(
(1−R−ε)(L−1)

L , L
)

decodable when qs > (4L)4/ε and ns > 4L2/ε. Now,
we can reparameterize R− ε to be the new rate and ε← ε/2.

C.1 Proofs of remainder Brascamp Lieb inequality

We present two proofs of Theorem C.1. The first one is essentially the proof in [BCDZ25b] but
presented in dual form. The second proof is inspired by [AGG+25]’s weakly partitioned hypergraphs
(See Definition 8).

Before beginning either proof, we not that it is sufficient to prove the result for X that are
uniform on some subsets.

Claim C.5. It suffices to prove Theorem C.1 for distributions uniform over their support.

Proof. Let X be any random variable on V . Let V = {w1, · · · , wN} such that P (X = w1) ⩾ P (X =
w2) ⩾ · · · ⩾ P (X = wn). Let Xi be the uniform distribution on {w1, · · ·wi}. Now, there are γi ⩾ 0
such that X =

∑
i γiXi. Additionally, if we can prove the inequality for all Xi then, the γi weighted

convex combinations of the conclusions is exactly the conclusion for X. Thus, it suffices to only
focus on uniform distrbutions.
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C.1.1 Proof 1. Based on careful induction

Proof. Let P be the distribution of X. Note that P is by our assumption uniform on some set S.
Let c(F ) =

∑n
i=1 si dim(F ∩ Ei)− dimF . The hypothesis is that for all F ⊆ E, we have

c(F ) ⩽ c(E) .

Our proof will now proceed by induction on the size of the support of X. Note that if X had support
size 1 then the conclusion follows as all si ⩾ 0 and the left hand side is just 0. So we assume that
|supp(X)| ⩾ 2.

Let p = 1/|S|. Without loss of generality we assume that u0 ∈ S as it translating the distribution
does not change anything. Thus, we set u0 = {0}.

Let u1, . . . , ur be such that uj is an arbitrary element of S \ span(u1, · · · , ui−1) and this process
of picking elements stops when S ⊆ span(u1, · · · , ur). Let Uj = span(u1, . . . , uj). Let λj = Pr[X ∈
Uj \ Uj−1]. Now, X =

∑
λjXj where Xj is only supported on Uj \ Uj−1. Note that the support of

Xj is now strictly smaller than that of X so we can assume by induction that we have proven the
result for that distribution.

For each (vi, Ei) pair, let Ii = {j | ∃u ∈ Uj \ Uj−1 such that Ei(u − vi) = 0}. For j ∈ Ii, let
vi,j = vi and vi,j = uj otherwise.

Let us now sum over these probabilities over all i for any fixed j. We get by applying the
inductive hypothesis to the distribution Xj , we get:

λj − p ⩽
n∑

i=1

si(λj − Pr[X ∈ (Uj \ Uj−1) ∧ Ei(X − vi,j) = 0])

Summing over j in 0 through r, we get

1− (r + 1)p ⩽
n∑

i=1

si

1−
r∑

j=0

Pr[X ∈ (Uj \ Uj−1) ∧ Ei(X − vi,j) = 0])

 .

Let us now try to evaluate the expression for a fixed i,
r∑

j=0

Pr[X ∈ (Uj \ Uj−1) ∧ Ei(X − vi,j) = 0])] ⩾
∑
j /∈Ii

p+
∑
j∈Ii

λj Pr[Xj − vi ∈ E◦
i ]

= p (r + 1− |Ii|) + Pr[X − vi ∈ E◦
i ]

where for each j /∈ Ii, we pick up at least a p term, and if j ∈ Ii, we get a term of the form:
Pr[X ∈ (Uj \Uj−1)∧Ei(X−vi) = 0]) as vi,j = vi in that case. Now, note that Pr[X ∈ (Uj \Uj−1)∧
Ei(X − vi) = 0]) = λj Pr[Xj − vi ∈ E◦

i ].
This gives us that

1− p− rp ⩽
n∑

i=1

si (1− Pr[X − vi ∈ E◦
i ]− p (r + 1− |Ii|)) .

Therefore, if we can show that

r ⩽
n∑

i=1

si (r + 1− |Ii|)
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we will be done. Now,

(r + 1− |Ii|) = r −

−1 + m∑
j=0

1(j ∈ Ii)


⩾ r − dim(E◦

i ∩ Ur)

= r − (dimE◦
i + dimUr − dim(E◦

i + Ur))

= dim(E◦
i + Ur)− dimE◦

i

= dim(Ei)− dim(Ei ∩ U⊥
r )

Thus, it is sufficient if

r = dimE − dimU⊥
r ⩽

∑
si(dimEi − dim(Ei ∩ U⊥

r )),

but this is exactly the hypothesis with F = U⊥
r .

C.1.2 Proof 2. inspired by weakly-partition-connected hypergraphs

Proof. Additionally, we note that it is sufficient to prove the result for rational si. Now we simply
repeat si as well to assume they are all equal. Let this common value now be ς. Let X be the
distribution with the minimal support for which the conclusion does not hold. Thus, X is uniform on
a set S and the conclusion holds for uniform distributions on any subset of S. Additionally, shifting
the distribution does not influence the conclusion. Thus, without loss of generality, {0} ∈ S. As
before, when S is a singleton, then the result is trivial and there is nothing to prove, so assume
|S| ⩾ 2.

Fix v1, . . . , vn now for which the conclusion is false. Let Si = {x ∈ S | x − vi ∈ E◦
i }. We can

also assume that no Si is empty. By our assumption

1− 1

|S|
> ς ·

n∑
i=1

(
1− |Si|
|S|

)
⇐⇒

n∑
i=1

(|Si| − 1) >

(
n− 1

ς

)
(|S| − 1)

but for every subset S′ ⊊ S, we have

1− 1

|S′|
⩽ ς ·

n∑
i=1

(
1− max(|Si ∩ S′| − 1, 0) + 1

|S′|

)

⇐⇒
n∑

i=1

(
|Si ∩ S′| − 1(S′ ∩ Si ̸= ∅)

)
⩽

(
n− 1

ς

)
(|S′| − 1).

Now, let S = {0, v1, . . . , vr, t1, . . . , tm} where v1, . . . , vr are linearly independent and tj ∈
span(v1, . . . , vr) for all j ∈ [m].

Hence, let U0 = {0}, Uj = span(v1, . . . , vj) for j ∈ [r]. Let Pj = S ∩ (Uj \ Uj−1). Let P0 = {0}.
Now, by the hypothesis, and using the fact that for subspaces F1, F2 ⊆ E, it holds that dimF1−

dimF2 = dimF ◦
2 − dimF ◦

1 and (F1 ∩ F2)
◦ = F ◦

1 + F ◦
2 , we have

nςr − ς

n∑
i=1

(dimEi − dim(U⊥
r ∩ Ei)) = ς

n∑
i=1

(r − (dim(Ur + E◦
i )− dimE◦

i ))
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⩾ ς

n∑
i=1

−1 + r∑
j=0

1(Pj ∩ Si ̸= ∅)


= ς

n∑
i=1

(|Si| − 1−
r∑

j=0

(|Si ∩ Pj | − 1(Pj ∩ Si ̸= ∅)))

> (nς − 1) (|S| − 1)−
r∑

j=0

(nς − 1) (|Pj | − 1)

= (nς − 1)r .

But this means

r = dimE − dimU⊥
r > ς

n∑
i=1

(dimEi − dim(U⊥
r ∩ Ei)) ,

which contradicts the hypothesis for F = U⊥
r .
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