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Abstract

We present the first algorithms for polynomial identity testing (PIT) of read-4 arithmetic
formulas in the non-multilinear setting. Specifically, we give a polynomial-time PIT algorithm
in the whitebox model and a quasi-polynomial-time algorithm in the blackbox model. Since
our techniques are based on proving hardness of representation results, we extend our algorithms
to orbits of read-4 formulas under the action of the affine linear group. Prior to our work, no
subexponential white- or blackbox algorithms were known for this class of formulas. All our
results hold over any field F with char(FF) = 0 or char(F) > 5.

Prior work addressed only restricted cases. Anderson, van Melkebeek, and Volkovich
(Computational Complexity, 2015) studied multilinear read-k formulas, giving a polynomial-time
whitebox PIT algorithm and a quasi-polynomial-time blackbox algorithm. Without the multi-
linearity restriction, Mahajan, Rao, and Sreenivasaiah (TCS, 2014) gave polynomial-time white-
box algorithms for read-2 and read-3 formulas, Prakriya (Doctoral Thesis, 2019) obtained quasi-
polynomial-time blackbox PIT algorithm for both read-2 and read-3 formulas. Independently,
Shamir (Master’s Thesis, 2022) obtained a quasi-polynomial-time blackbox PIT algorithm for
read-2 formulas. For bounded-depth read-k formulas, Agrawal, Saha, Saptharishi, and Saxena
(SICOMP, 2016) obtained a polynomial-time blackbox algorithm in the non-multilinear case.
The running time of their algorithm is n*" for read-k, depth-A formulas, and hence it is appli-
cable only to constant depth.

Partial derivatives are a central tool in the study of deterministic PIT for bounded-read
formulas. However, for non-multilinear RKF, differentiation may increase the number of reads.
To address this, we develop new structural results that ensure “nice behavior” of derivatives.
Specifically, we introduce a new Fragmentation Lemma that reduces the PIT problem for general
RkFs to simpler models via differentiation. In addition, we define the notion of dominating
degree patterns and show that, in certain cases, taking partial derivatives with respect to these
patterns preserves the read count.

*This research was funded by the European Union (ERC, EACTP, 101142020). Views and opinions expressed are
however those of the author(s) only and do not necessarily reflect those of the European Union or the European Re-
search Council Executive Agency. Neither the European Union nor the granting authority can be held responsible for
them.
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1 Introduction

Arithmetic circuits are directed acyclic graphs that compute multivariate polynomials using the
arithmetic operations 4 and x. Similarly, arithmetic formulas are circuits whose underlying graph
is a tree. These are the most common models for studying the complexity of computing polyno-
mials.

Polynomial Identity Testing (PIT) is a central problem in algebraic complexity theory that asks,
given an arithmetic circuit or formula, whether it computes the identically zero polynomial. The
problem is studied in two main settings. In the whitebox model, the circuit is explicitly given to
the algorithm. In the blackbox model the algorithm can only make query access to the circuit. That
is, it can only evaluate the polynomial at chosen inputs. Solving PIT in the blackbox model is
equivalent to constructing a hitting set for the class of polynomials under consideration. A hitting
set consists of a set of inputs such that any nonzero polynomial in the class evaluates to a nonzero
value on at least one point in the set.

If randomness is allowed, the polynomial identity lemma (also known as the Ore-DeMillo-
Lipton-Schwartz-Zippel lemma [Ore22, D178, Sch80, Zip79]) guarantees a randomly chosen input
from a sufficiently large grid will, with high probability, provide a nonzero evaluation point for the
circuit. The main challenge in the field, and indeed, one of the most fundamental open problems in
theoretical computer science, is to find a deterministic algorithm. PIT is the most general and well-
studied algebraic derandomization problem, with wide range of applications, including primality
testing [AB03, AKS04], parallel algorithms for perfect matchings [L.ov79, FGT19, ST17], linear ma-
troid intersection [GT17], derandomization of Noether normalization lemma [FS13, Mull7] and
even the celebrated proof that IP equals PSPACE [LFKN92, Sha92].

Another reason for the importance of the PIT problem is its deep connection to circuit lower
bounds. A series of works [HS80, KI04, Agr05, DSY10, CKS19, KS19, GKSS522, KST23, And20]
established that derandomizing PIT is essentially equivalent to proving strong lower bounds for
arithmetic circuits, in various settings. Furthermore, depth reduction results show that solving
PIT even for highly restricted models such as depth-3 and depth-4 circuits [AV08, Koil2, Tav15,
GKKS13] would have major consequences.

Given its importance and the absence of deterministic algorithms in the general case, much
research has focused on restricted models of computation. There is a rich body of work on PIT for
small-depth circuits, read-once algebraic branching programs, bounded-read formulas, read-once
determinants, and other restricted settings. For broader surveys on PIT and its connections, see
[Sax09, SY10, Sap21, Sax14, DG24].

One natural approach to derandomizing PIT for arithmetic formulas is to restrict the number
of times each variable is read at the leaves. This line of work began with Shpilka and Volkovich
[SV15], who provided a quasi-polynomial-size hitting set and a polynomial-time whitebox algo-
rithm for read-once formulas, i.e., formulas in which each variable appears at most once. They
also showed how to reconstruct (learn) such formulas deterministically [SV14]. Minahan and
Volkovich completely settled the case of read-once formulas by providing a polynomial-sized hit-
ting set. The works [SV14, SV15] also introduced what is now known as the SV-generator, a k-wise
independent polynomial map (see Subsection 2.3).

Anderson, van Melkebeek, and Volkovich significantly extended this line of work by studying
read-k multilinear formulas (multilinear RKF for short),' for constant k. These are formulas in which

1We later refer to their model as structurally-multilinear to distinguish it from cases where multilinearity arises only
through cancellations of nonmultilinear terms. In the literature this is often called syntactically-multilinear, but in our
setting we wish to capture this “syntactic” behavior variable-wise and therefore use a different term.



each variable appears in at most k-leaves, and each gate computes a multilinear polynomial. They
presented a polynomial-time whitebox algorithm and a quasi-polynomial-size hitting set. No-
tably, their result also implies a 2(1~¢)"-size hitting set for general multilinear formulas (without
any restriction on the number of reads) of size O(n).

As the results of [AvMV15] only hold for multilinear formulas, attempts were made to re-
move this restriction. Mahajan, Rao, and Sreenivasaiah [MRS14] studied read-2 and read-3 for-
mulas, and gave polynomial-time whitebox PIT algorithms for them. Prakriya [Pral9] gave quasi-
polynomial-size hitting sets for read-2 and read-3 formulas. Independently, Shamir [Sha22] gave
quasi-polynomial-size hitting sets for read-2 formulas.

In a different direction, Anderson et al. [AFS " 18] studied read-k algebraic branching programs
(Rk-ABPs, for short). An ABP is a model that subsumes formulas and is believed to be weaker
than circuits but stronger than formulas. Any RkF can be represented as an Rk-ABP, meaning that
each variable labels at most k edges (for more on ABPs see [SY10, Sap21]). In general though, in
an ROABP each variable can appear on multiple edges, as long as they all appear in the same layer.

Thus, it is a much stronger model than read-once formulas. Anderson et al. gave a subexponential-
1-1/2871

time whitebox? PIT algorithm for Rk-ABPs. Specifically, their algorithm runs in time 20(n ,
and yields an algorithm with similar running time for RkFs.

Other than these results, the problem of derandomizing PIT for RkFs remains widely open,
both in the whitebox and blackbox settings.

In this work, we design a deterministic quasi-polynomial-time blackbox PIT algorithm for
R4Fs. Before our result, no nontrivial deterministic blackbox or whitebox PIT algorithms were
known for R4Fs, apart from the slightly subexponential Rk-ABP algorithm of [AFS™18].

1.1 Ouwur Results

All our results are stated in terms of independent polynomial maps, a key tool that allows us to reduce
the number of variables while preserving nonzeroness. The formal definition and properties of
such maps are given in Subsection 2.3. We denote with G, a polynomial map with seed length
m.’

The main technical contribution of this work is a quasi-polynomial-time blackbox algorithm
for R4Fs. The class R4F is of particular interest, as four is the minimum number of reads required
for a non-structural® variable to appear. These variables may cause “massive cancellation” which
is the core difficulty in verifying polynomial identities.

For a formula F over the variables x we denote with pg(x) the polynomial computed at the
root of the formula.

All our results hold over any field F such that char(F) = 0 or char(F) > 5. This restriction arises
because our argument uses partial derivatives of order at most four, which may vanish identically
over fields of smaller characteristic. Henceforth, we omit explicit mention of the underlying field.
Note, however, that constructing a hitting set may require passing to an extension field if [F| is too
small.

Theorem 1.1 (Main blackbox result). Let pr(x) be an n-variate polynomial computable by an R4F F,
over a field F. There exists an absolute constant c 1, such that pg(x) # 0 if and only if

PF o 99logn+cl_1 % 0 .

2The algorithm uses its whitebox access only to determine the order in which the variables are read. Such a model
is sometimes referred to in the PIT literature as grey-box.

®Explicit constructions such as the SV-generator [SV15] and the RFE-generator [HMM?24] are known.

4The definition of a structural variable appears in Definition 2.4.
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We also present a polynomial-time whitebox algorithm for the same model.

Theorem 1.2 (Main whitebox result). Let F be an n-variate R4F formula over a field IF. There exists an
algorithm that, given whitebox access to F, checks in time poly(n) whether pr = 0.

For R3Fs, we obtain a constant-factor improvement over the hitting set introduced in [Pral9]
(and also compared to Theorem 1.1)

Theorem 1.3. Let F € R3F be nonzero. Then, there exists a constant cq 3

PF©o 9210gn+c1_3 #0.

We next give a constant-factor improvement in the seed length over the result of [Sha22], and
an additive constant improvement in the seed length over the result of [Pra19] (and also compared
to Theorem 1.3).

Theorem 1.4. Let F € R2F be nonzero. Then

PFoO 9logn+4 #0.

Having established deterministic hitting sets for bounded-read formulas, we next extend these
results to orbit classes. L.e., we compose polynomials with full-rank affine transformations. The key
observation is that hardness of representation results for the base class carry over to the corre-
sponding orbit class. This allows us to “lift” results from the backbone class (the class whose
being composed with the affine transformation) to the orbit class. In all results below, N < n
denotes the number of variables of the backbone formulas.

We begin by generalizing the results for sums of ROFs from [SV15] and [BGV23].

Theorem 1.5. Let F1(y), F2(y),...,Fx(y) € ROF, and let (A,B) € GL??(IE‘). Then

K K
Y prW)#0 = > pr(Ax+B)oGigniak Z0.
i1

i=1
If k = 2 then we can compose with Giog N 43 instead of Giog N 16-

We next prove the result for orbits of structurally multilinear polynomials. Our proof closely
follows the argument of [AvMV15], except that we use our version of the Fragmentation Lemma
rather than the version introduced in that work.

Theorem 1.6. Let F(y) € RKF be a structurally multilinear formula, and let (A, ) € GL?{f(IE‘). Then, for
T = Took = k(K
pr(Y) Z0 =  pr(Ax+B)oGr kiogNn Z0.

Finally, we lift our results for general read-2, read-3, and read-4 formulas to their correspond-
ing orbit classes.

Theorem 1.7. Let F(y) € R2F and let (A, B) € GL??((IF). Then

Pr(Y) Z0 = pr(AXx+B)o G310gNny5 Z 0.



Theorem 1.8. Let F(y) € R3F and let (A, B) € GL?{(f(IF). Then, there exists a constant ¢ g

Pr(Y) £0 =  pr(Ax+B)o GglogNic,s Z0-

Theorem 1.9. Let F(y) € R4F and let (A, B) € GL’f{?(IF). Then, there exists a constant c1 9

prAX+B) £0 =  pr(Ax+B) o SuzigNicy, 0.

To the best of our knowledge, prior to this work, no nontrivial blackbox PIT algorithm was
known for any of these classes.

An important tool in our proofs, and indeed in most previous work on PIT for bounded-read
formulas, is the use of partial derivatives and the analysis of the resulting simplified formula.
While this approach is effective for multilinear formulas, this is no longer the case for formulas
with non-multilinear structure; in fact, differentiation may result in a more complex formula than
the original one.

In this work, we introduce several structural tools that enable the identification of partial
derivatives that do achieve the desired simplification. First, we define two key sets of gates: the
R(k — 1)F-frontier (Definition 3.1), which identifies “maximal” R(k — 1)F subformulas, and the
set F(2) (Definition 3.2), which captures “minimal” RKF subformulas. Additionally, we define the
notion of stable variables (Definition 3.5). Differentiating with respect to a stable variable of a
gate guarantees that the resulting structure above that gate is simplified.

These tools are combined and applied in our Fragmentation Lemma, which provides a method
for simplifying the structure of a general RkF via differentiation. This lemma generalizes previous
variants from earlier work and, in comparison, requires fewer partial derivatives to achieve the
desired simplification.

Moreover, we introduce the concept of dominating degree patterns (Definition 6.2). A degree
pattern is a partial exponent vector ¢ € N defined over a domain ] C [n]. We say e is dominating
in a polynomial f if f contains a monomial whose exponent vector coincides with e on J, while any
monomial in f with a strictly higher degree in one variable of ] must necessarily have a strictly
lower degree in another. We then demonstrate that taking partial derivatives with respect to such
dominating degree patterns preserves the read-count of all other variables, provided each variable
in the pattern is read at most twice and that |J| < 3.

1.2 Comparison to previous work

There are several works concerning bounded-read formulas with more than one read per variable.

Shpilka and Volkovich [SV15] studied sums of k ROFs. They gave an n© (%) whitebox algo-
rithm and a hitting set of size n©1°8™+%) " Their result is actually more flexible and allows to
substitute univariable polynomials f;(x;) for the x;-s. This work also introduced the SV-generator
and the hardness of representation technique (HoR for short). In a beautiful work, Minahan and
Volkovich proved that a 1-independent map hits ROFs. Using that they obtained an n®*) black-
box PIT algorithm for sum of k ROFs.

We note that a sum of k ROFs is naturally a multilinear read-k formula, but of a very restricted
structure. Anderson, van Melkebeek and Volkovich presented a polynomial-time whitebox algo-
rithm and a quasi-polynomial-size hitting set for the general model of multilinear read-k formulas.
We later explain what the difficulty is in extending their techniques to the non-multilinear case.

Going beyond multilinearity, Mahajan, Rao, and Sreenivasaiah [MRS14] studied read-2 and
read-3 formulas, without multilinearity restrictions, and gave polynomial-time whitebox PIT al-
gorithms for them. In his Ph.D. thesis, Prakriya [Pral9] gave quasi-polynomial-size hitting sets
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for read-2 and read-3 formulas. A central component of his approach is a reduction from black-
box PIT for general RkFs to black-box PIT for Z4 R(k — 1)F. This tool serves as an alternative to
our fragmentation lemma. The main difference is the target model, while Prakriya’s reduction
targets Z4 R(k — 1)F, our lemma reduces to certain derivatives of Zz R(k — 1)F. Furthermore,
Prakriya’s also introduced a generalization to the “shattering” lemma from [AvMV15]. Indepen-
dently, Shamir, in his M.Sc. thesis [Sha22], obtained quasi-polynomial-size hitting sets for read-2
formulas.

A different multi-read restricted model was considered by Mahajan, Rao and Sreenivasaiah
[MRS16]. Specifically, they considered what we term as Zz [ I ROF. That is, a sum of two terms,
each is a product of ROFs. For this model they gave a whitebox PIT algorithm. We note that
while this model can allow unbounded number of reads, it is a much easier model, from the PIT
perspective. Indeed, in the white box model it is quite simple to find irreducible factors of ROFs
and then all we have to do is normalize each factor and compare multiplicities and evaluation at
a nonzero point common to all the ROFs.

Bisht, Gupta and Volkovich [BGV23] gave a polynomial-time blackbox PIT algorithm for
> *[TROF. In the same work, they also developed polynomial-time and quasi-polynomial-time
blackbox algorithms for the classes of sums of three powers of ROFs and sums of three powers
of multilinear RkFs, respectively. Thus, these models allow more than 2 reads, and they don’t
compute multilinear polynomials, yet there is a very strong restriction on their structure.

To summarize, prior work either dealt with multilinear bounded-read formulas, or bounded-
read formulas with a very restricted structure. In particular, no whitebox or blackbox PIT was
known for sums of two R2Fs, which is a very restricted form of R4Fs.

Algebraic branching programs (ABPs) are layered graphs with a source and sink nodes, in
which variables label edges that go between layers and the polynomial computed by the ABP is
the sum over all source-sink paths of the product of the labels of the edges in the path. ABPs form
an important model of computation that is (believed to be) stronger than formulas and weaker
than circuits. In this model, a read-once ABPs is an ABP in which each variable can appear on
edges between two specific adjacent layers. This model is considerably stronger than ROFs as an
ROF can be computed by an ABP in which a variable labels only a single edge.

Raz and Shpilka [RS05] provided a polynomial time whitebox PIT algorithm for ROABPs.
This immediately implies such an algorithm for read-once formulas (ROFs), although in the case
of formulas the problem is much easier. In the blackbox setting, Forbes and Shpilka [F512] gave
the first quasi-polynomial time blackbox algorithm for ROABPs. This started a long line of work
on read-once models of ABPs — the usual ROABP model, commutative-ROABDP, any-order OABPs,
bounded-width ROABPs, sums of ROABPs etc. See [D(G24] for a recent survey on PIT that con-
tains many of the state of the art results on ROABPs.

We note that according to the basic definition, ROABPs compute multilinear polynomials.
However, similar to [SV15], one can allow univariate polynomials to label edges instead of just
variables. This results in non-multilinear computations, that are still as structured as ROABPs.

ABPs that read each variable more than once (i.e., in more than one layer), were first considered
by [GKST17] who studied PIT for sum of ROABPs. They gave a a whitebox PIT algorithm for the
sum of k ROABPs that runs in time w® (). (nd)© (%), where d is an upper bound on the univariates
degree, k is the number of summands, and w is the maximal width (i.e. size of layer) of any of the
ROABPs in the sum. In the blackbox setting they gave a hitting set of size (ndw)k2" log(ndw) for
the model. This model allows reading variables in different layers, and allows non-multilinearity
by enabling univariates on edges, yet its underlying structure still comes form that of a multilinear



sum of ROABPs. In that respect, this model can be seen as the ABP analog of the sum-of-ROFs
results of [SV15, MV18] .

Other restricted models allowing multiple reads considered bounded depth formulas. There is
a vast literature on PIT for bounded depth models, but as we are concerned with formulas without
any depth restriction we refer the readers to the surveys [Sax09, SY10, Sax14, DG24] as well as to
Forbes’ thesis [Forl4].

Finally, the aforementioned work of [AFS " 18] considered unrestricted read-k ABPs, which is

a considerably stronger model than read-k formulas. They constructed a gray-box PIT algorithm

~ _1/7k—1
running in time 2027 for this model. This is a stronger model than what we consider, but

we achieve a polynomial time whitebox algorithm (compared to theirs slightly sub-exponential
algorithm) and a quasi-polynomial-size hitting set, whereas their algorithm needs to know the
order of the reads so it does not work in a blackbox model, and of course, it is also slightly sub-
exponential, compared to our quasi-polynomial-size hitting set.

To conclude, besides the slightly sub-exponential PIT algorithm of [AFS™ 18], PIT algorithms
for multi-read ABPs dealt with substitutions of univariates to models based on multilinear poly-
nomials.

Another line of research, motivated by the fact that simple polynomials, when composed with
full-rank affine transformations, form dense subsets in broader and more interesting classes. This
line of work started with the work of Bringmann, Ikenmeyer and Zuiddam [BIZ18] who proved
that orbits of width-2 ROABPs are dense in the class of poly-size formulas. Subsequent work,
considered orbits of classes such as ROFs [MS21], sparse polynomials [MS21, ST24] and ROABPs
[ST24, BG21]. Of particular relevance is the work by Medini and Shpilka [MS21] who proved that
orbits of ROFs are dense within poly-size arithmetic formulas. They also gave hitting sets and
reconstruction algorithms for polynomials in such orbits. As Forbes and Shpilka [FS18] noted, if
these hitting sets could be made robust® then they would imply hitting set for general arithmetic
formulas. Thus, exploring hitting sets for such simple classes is an extremely interesting question,
with the goal being developing that would eventually lead to robust hitting sets. We note that in
the aforementioned work [AvMV15], the authors allowed variables to be replaced with arbitrary
sparse polynomial (of polynomial degree), but required that the children of every multiplication
node in the substituted multilinear read-k formula are variable disjoint. Thus, this allows more
flexibility in the sense that more general polynomials than linear functions are being substituted,
however there is the strong restriction of remaining multilinear. In contrast, when we compose,
even multilinear read-k formulas with a linear transformation, the result is unlikely to remain
multilinear.

1.3 Proof overview and techniques

As mentioned earlier, the main difficulty in analyzing read-4 formulas is that variables cease to
behave structurally. For read-3 or fewer read formulas, every variable occurs in a “consistent”
way: if a node v depends on a variable x and u is a descendant of v, then the degree of x in the
subformula at u cannot exceed its degree at v. For read-4 formulas this is no longer the case, and
this loss of structural behavior is the source of most of the technical difficulties we face.

One reason this loss of structure is problematic is that previous algorithms crucially relied on
taking partial derivatives of the formula. In the multilinear setting, differentiating with respect to
a variable only simplifies the formula, while not increasing the number of reads. This is captured

SWe say that a hitting set H is robust for a class € if there exists a constant ¢ > 0 and a fixed norm ||-|| on C[x] such
that for every f € C there exists & € H satisfying [f(ex)| > c - |f]].



by the fragmentation lemma of [AvMV15]. However, once variables can appear with higher degrees,
differentiation may destroy the formula’s bounded-read property. For example, if a subformula
contains terms such as (Ax+B)(Cx+D) and the quadratic term ACx? cancels out, then the formula
depends on x with degree 2 at some gates and degree 1 at others. Differentiating twice with respect
to x yields zero, while differentiating once produces a term like AD + BC, which may involve
many more reads than the original subformula. Thus, the derivative can increase the read count
beyond 4, breaking the inductive structure that underlies previous analyses.

It is not surprising that cancellations lie at the heart of the difficulty, since they are precisely
what make PIT challenging in general. Many efficient computations for example, the Determi-
nant polynomial, rely on intricate patterns of cancellation that obscure the underlying algebraic
structure.

At a high level, and omitting many technical details, our approach is to isolate and control
these cancellations. We first show that if a formula has only few structural variables, then we can
reduce to the extreme case in which no variable is structural. Furthermore, we can assume that all
cancellations occur at the top gate. This reduction yields formulas of the form Y_* R2F, where the
resulting polynomial is multilinear even though each R2F has degree 2 in every variable. We refer
to such formulas as totally non-structural. Analyzing the patterns of cancellation that arise in this
setting constitutes the main technical component of our work.

We shall now expand more on the ideas that we use to handle these obstacles.

The first tool that we need is a fragmentation lemma. Fragmentation lemmas, as termed
in [AvMV15], aim to reduce the problem of hitting the class RkF to that of hitting the
class Zz R(k — 1)F. Such lemmas were instrumental to the works of [AvMV15] and [Sha22]. In
our case, by concentrating at the first gates which are read-4, i.e., gates whose children are read-3
but they themselves are read-4, we prove that by taking an appropriate partial derivative with
respect to a variable that appears only at one of these first read-4 gates, simplifies the formula,
thus achieving fragmentation.

Applying this procedure to R2Fs reduces the formula to a ZZ ROFs, which is hit by 93, which
is how we obtain Theorem 1.4. In a similar vain, to prove Theorem 1.3, we again use our fragmen-
tation lemma to reduce the PIT problem for R3Fs to PIT for an R3Fs of the form 3> R2F. If the
sum is multilinear, then by Corollary 2.6 it is structurally multilinear, and the result of [AvMV15]
applies directly. Otherwise, some variable has degree 2, implying that its degrees in the two sum-
mands are unbalanced. In this case, taking the second-order partial derivative with respect to that
variable reduces the problem to hitting a nonzero R2F.

1.3.1 Proof Overview of the Blackbox Algorithm (Theorem 1.1)

The following sketch (Figure 1) outlines the structure of the proof and the dependencies among its
key components. We refer back to this diagram in later sections to track our progress throughout
the proof. As we proceed, we highlight boxes in green to indicate components whose proofs
have been completed, and we color a box in orange to indicate the component currently under
consideration (see e.g., Figure 2).
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Figure 1: Structure of the proof of Theorem 1.1

The fragmentation procedure discussed above allows us to focus our attention on a gate that
is read-4 but that both its children are read-3.

If v is a multiplication gate then a hitting set for read-3 formulas hits v. When v is an addi-
tion gate then we are faced with the question of whether there are many or few non-structural
variables.

An idea that considerably simplifies the analysis is the use of generic assignments to a subset of
the variables. A generic assignment is an assignment that does not alter any algebraic property®
of the polynomials under consideration.

Recall, that in order to apply the hardness of representation technique, we need to prove that a
formula of a certain structure, cannot compute any polynomial divisible by the monomial P, =
[T xi. This technique has been successfully employed in several prior works on bounded read
formulas [SV15, AvMV15, BGV23].

In our analysis we combine this approach with generic assignments. Given a generic assign-
ment we can restrict a formula to a subset of its variables, by substituting values to the other
variables according to the assignment and simplifying the resulting formula. Observe that if the
monomial P, divides the original polynomial, then Ps = | [;. 5 xi must divide the restricted one.
Hence, it is enough to prove hardness of representation results for the restricted polynomial.

6An algebraic property is one that can be expressed by a finite set of polynomial equalities.



The main advantage of restrictions is that it greatly simplifies the formula and enables us to
reduce the analysis to arguing about polynomials in few variables.”

For example, to restrict our attention to p, we may restrict the variables not appearing in its
subtree.

We stress that the generic assignment is only used for the analysis, and not for the construction
of the hitting set.

The difficult case, as explained, is when there are many non-structural variables, but let us first
explain what we do in the mostly structural case. From now on we assume that our formula Fis a
structural 3_* R2F that computes a polynomial of degree 2 in each variable.

The structural case: To address the structural case, we introduce the notion of splitness (see Def-
inition 5.7) and show that it implies hardness of representation. Splitting a polynomial h = f + g
with respect to variables x; and x; corresponds to transforming h into a polynomial of the form
h = fif; + gig;j, where f; and g; do not depend on x;, and f; and g; do not depend on x;. We
achieve this by taking a partial derivative with respect to a carefully chosen variable x;.

More precisely, the three variables 1i,j, t depend on each other, and on the formula computing
h, and we find them using combinatorial analysis of labeled trees, relying on the well-known
Erd6s-Szekeres theorem.

We then prove the main point which is that a split polynomial cannot be divisible by a high
degree monomial. Going back to h we obtain the same result and hence conclude hardness of
representation in the structural case.

Let us now switch gears and consider the non-structural case.

Totally non-structural case: Recall that here we assume that F is a >~ 2 R2F such that each of its
R2F children is of degree 2 in each variable, yet all such monomials cancel out and the polynomial
pv itself is multilinear. Let us denote by (o), and (o)r the left and right children of o, the root of F,
respectively.

The property above implies that the first common gate (fcg) of the two leaves labeled by any
Xi in (o)L must be a multiplication gate, and similarly in (o)gr. This implies that if, say (o), is an
addition gate, then there must exist xi,x; € x whose first common gate is (o). Taking a partial
derivative with respect to these two variables reduces the problem to PIT for R2Fs.

Hence, the challenging case occurs when both (o), and (o)r are a multiplication gates. To
handle this case, we introduce the notion of branched variables. A variable x; branches in a product
gate u if each child of u computes a linear polynomial in x;. A variable that branches in the two
subformulas computed by the children of the root is called completely branched, while one that
branches in only one child is partially branched.

Note that if x; completely branches in F then F computes a polynomial of the form (a;x; +
bq)(azx1 + ba) + (azxq + bz)(asx; + bs), where the a;s and bjs are subformulas of F.

We further divide the analysis into three cases:

1. there exists a “large” set of variables that branch completely in F;
2. every variable that branches in F branches only partially;

3. the set of completely branched variables is “small”.

"For us, “few” can be 5% many variables, but in most cases we will eventually reduce to polynomials on at most 4
variables.



To handle the first case, we first strengthen, in an appropriate sense, [BGV23, Theorem 1]. This
theorem provides a PIT algorithm for the class > 2T] ROF. However, the proof does not proceed
via a hardness of representation argument, which is what we require, since we already used a
generic assignment in order to reduce to the > 2 R2F case. Accordingly, we first establish such a
hardness of representation result in Lemma 7.13.

Now assume there exists a set S C x such that every variable in S branches completely in F.
Observe that if we further restrict to the variables in S then the formula simplifies further and
becomes a Y *[]* ROF. Therefore, if S is large enough to apply the hardness of representation
result from Lemma 7.13, the proof is complete. This is indeed the case whenever [S| > 5.

The second case is more delicate and relies on exploiting the structural constraints imposed
by the definition of partial branching. The high level idea is that we first prove that if hardness
of representation does not hold, i.e., that a high degree monomial divides p, then some variable
must branch in one of the children of the root (Lemma 7.9). Assume then that x; branches in (0)y..
Since it does not completely branch, this means that in (o)r it appears in exactly one child (i.e., a
grandchild of the root). We exploit this structure to eventually prove that pr cannot be divisible
by high degree monomial.

In the third case, we present a procedure that attempts to reduce the setting to one of the two
previous cases by applying generic assignments, to get rid of the few variables that completely
branch. Note, however, that once we assign a value to a variable, we change the structure of
the formula, and new completely branched variables may appear. We show that if this is indeed
the case, and it repeats itself through several iterations of fixing completely branched variables,
then this outs a very rigid structure on the formula, which allows us to prove that the resulting
polynomial cannot be divisible by Py, .

1.3.2 Proof overview of our whitebox algorithm (Theorem 1.2)

We follow the high-level approach of the whitebox algorithm introduced in [AvMV15]. Let S4
denote the set of read-4 variables in a formula F € R4F. Our algorithm proceeds iteratively: in
each iteration, it removes at least one variable from S4 without introducing any new variables into
it, while preserving nonzeroness of F. After at most n iterations, the resulting formula is an R3F.
We then verify its identity using the whitebox algorithm for R3Fs from [MRS14].

To achieve this, we follow the cases handled in the proof of Theorem 1.1, and remove variables
by following its arguments.

1.3.3 Proof overview of our orbit results

All of our orbit results follow from the simple observation that hardness of representation results
for polynomial classes that are closed under translations and have low individual degree imply
PIT not only for the backbone class®, but also for the orbit class itself.

Assume we are concerned with an m-hard” polynomial class €. Then every polynomial
f(y) € € contains a monomial whose support size is at most m — 1. Since the action of ev-
ery nonzero matrix A € GL(F) on Fly] induces a degree-preserving isomorphism, if f has low

8¢ denotes the backbone class corresponding to the orbit class EOLE (7),

9No monomial of support m divides any nonzero polynomial in this class, and the class is closed under zero substi-
tutions. For the formal definition and further discussion, see Subsection 2.6.

10This is a well-known fact, formalized in Observation 2.38.
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degree, then f(Ax) must contain a monomial of small support. We extend this observation to the
action of GL2f(FF) by first translating our polynomials by an appropriate vector of scalars.

This observation immediately lifts a large number of known results for backbone classes to
their corresponding orbit classes, as demonstrated in Section 9.

1.4 Organization

The paper is organized as follows. Section 2 introduces the notation, definitions, and prior results
that we use throughout this work. In Section 3, we prove our Fragmentation Lemma and define
several important sets of gates. Section 4 presents our results for R2Fs and R3Fs.

Our work on blackbox PIT for R4Fs begins in Section 5, where we prove a hardness of rep-
resentation result for structural R4Fs that are sums of two R3Fs. In Section 6, we introduce the
notion of a dominating degree pattern, define elementary sets of polynomials, and prove an exten-
sion of Lemma 2.11 for R2Fs. This extension allows us to hit the set of polynomials required by
our PIT algorithms. In Section 7, we prove a hardness of representation result for totally non-
structural sums of two R2Fs. Section 8 contains our main results, both blackbox and whitebox,
for R4Fs. Finally, in Section 9, we show how hardness of representation results translate into PIT
algorithms for orbit classes, and we prove all corresponding results for these classes.

2 Preliminaries

2.1 Notations

We use the symbol = to denote definitions. For natural numbers n < m € N, we write [n] =
{1,...,n}and [m : n] = {m,...,n}. We use ([L‘}) to denote the collection of all subsets of [n] of
size k.

Unless otherwise specified, all polynomials in this work are considered over the set of variables
{x1,...,xn}, which we denote by x. For a subset J C [n], we write x5 for the subvector of variables
indexed by J (in their natural order). For I C [n], we denote x_1 := X[)\1, and for a singleton
{i} € [n], we write Xx_i = X[n)\(i}-

Polynomials. Letp € F[x]. When used without parentheses, p := p(x) by default. We say that p
depends on a variable x; if there exist vectors &, 3 € F™ that differ only in their ith coordinate such
that p(a) # p(B). In the blackbox setting, we always assume, without loss of generality, that the
polynomials under consideration depend on all variables in x. For two polynomials p, q € F[x],
we write p ~ q to denote that p and q are associates, i.e., there exists « € F* such that p = «q.

We use the following notation:

* var(p) = {xi | p depends on x;}.

¢ For a monomial M, coeff, (M) denotes the coefficient of M in p.

¢ mon(p) denotes the set of monomials with nonzero coefficients in p.

¢ For a monomial M € F[x], the support of M, denoted Supp(M), is the set of variables on
which M depends.

¢ deg(p) denotes the total degree of p, and for each x; € x, clegXi (p) denotes the degree of x;
in p.

11



e LetJ C [n] and & € F?. We denote by

Plx,—« (o1, equivalently, ply )

the polynomial obtained by substituting x; = «; for each i € J. When J = {i}, we abuse
notation and write py, —« (equivalently, pli« «).

e Forx € xand d € N, we write
94p
axd(p) = (aX)d .

More generally, for I C [n] with I ={iy,...,{jj}and d € N I we define

01a(p) =0 a; -+ 0 ay (p).

X
1 b

¢ We denote
0 dex(P) = 0_degy, (v (P)
i X3
to mean the derivative of p taken with respect to x; as many times as the degree of x; in p.
e A vector « is called a zero of p if p(a) = 0, and we write & € Z(p).

Multilinear monomials. For J C [n] and n € N, we write

Py = Hxi and Pn =Py = Hxi.
i=1

iel

2.2 Bounded Read Formulas

Definition 2.1 (Arithmetic formula). Arithmetic formula is a binary tree where each leaf is labeled
with a variable x; € {x1,...,xn} and each internal node, called a gate, has an operation +, x.
Additionally, each internal node v is labeled with some «,, 3, € F.

The formula is evaluated recursively as follows: Each leaf ¢ labeled with x; computes p; =
oexi + B¢. Each gate v with an operation op € {+, x}, computes &, (p (), Op P(v);) + Bv, where
P(v), and p(,), are the polynomials computed by it’s left and right children respectively.

For an algebraic formula F, we denote by pr the polynomial computed by F.

We denote by or the output gate of F, if F is clear from context we simply denote it’s root by

o. O
The notations for polynomials extend to formulas in the natural way. In particular, we define:
¢ var(F) := var(pr), the set of variables on which F depends.

¢ Forx; € xand « € I, we write F|, —« to denote the formula obtained by substituting x; = «
in F. This extends naturally to any subset I C [n], as in the polynomial case.

We denote by Ready, (F) the number of leaves of F labeled by x;. We sometimes refer to this
number as the number of reads with respect to x;.

The notation v € F indicates that v is a gate that appears in the formula F. For v € F, we let F,,
denote the subformula rooted at the gate v, and we write p,, := pf, for the polynomial computed
by F,. We also set var(v) = var(p, ), the set of variables on which v depends.

12



We refer to the left and right children of a gate v as (v);, and (v)r, respectively. To refer to deeper
descendants of v, we use sequences of “L”’s and “R”’s separated by semicolons. For example, the
left child of the right child of v is denoted (v)r 1, its left child is (v)r 1,1, and so on. For a gate v, we
refer to (v)r, and (v)r as its children, and say that they are siblings. Similarly, the children of (v)L,
and (v)r are the grandchildren of v.

For two gates v, u € F, we say that v and u are disjoint if neither lies on the path from the other
to the root o. The first common gate (fcg) of v and u, denoted fcg(v, u), is the deepest node that has
both v and u in its subtree. Equivalently, fcg(v,u) = wif v € F(,,), and u € F(,,),, or vice versa.
The notion of the first common gate extends naturally to any number of gates.

For a formula F, a gate v € F, and a constant y € F, we denote by F|,—, the formula obtained
by replacing the gate v with the constant y and simplifying the resulting formula accordingly.

Definition 2.2 (Read-k formula). A read-k formula is an arithmetic formula in which each variable
xi € x labels at most k leaves, i.e., Ready, (F) < k. A polynomial is a read-k polynomial if it can
be computed by a read-k formula. We denote by RKF the class of read-k formulas. For read-once
formulas, we use the standard notation ROF.

The class }_™ RKF consists of all the polynomials that can be decomposed into a sum of m RkP
polynomials.

The class [T* ROF consists of all RKF that factor as products of ROFs. We similarly define the
class Y ™ [T* ROF. 0

The following is a simple observation.
Observation 2.3. Let G € F[xq, xo] be multilinear. Then G is a ROP.
The next two definitions are taken from [Sha22] with slight changes.

Definition 2.4 (Structural variable, Structural formula). For some algebraic formula F, a variable
xi € var(F) is said to be structural if for each pair of gates v, u € F, such that v is an ancestor of u,
it holds that degxi (v) > degxi (u).

A formula F is structural if every x; € var(F) is structural. O

The next observation implies that we can always assume that a read-3 formula is structural.
We omit the simple proof.

Observation 2.5. Let F € RKF. Let x; € x such that Ready(xi) < 3. Then, there exists F' € RkF such
that pr = Py, x4 is structural in ¥’ and for every x; € x, Ready; (F') < Read; (F).

Corollary 2.6. Let F € R3F. Then, there exists a structural F' € RKF such that pr = py: and for every
xi € X : Ready, (F’) < Read, (F).

Definition 2.7 (Unvisited gates). Let F be a formula and g € F. We denote by Unvg(g) the set
of unvisited children of multiplication gates along the path from g to the root of F. Likewise, we
denote by Unv{ (g) the set of unvisited children of addition gates along the same path. When F is
clear from context, we omit the subscript and simply write Unv(g) and Unv™(g). O

The next simple lemma will be applied repeatedly throughout this work.

Lemma 2.8 ([Sha22, Lemma 2.12, restated]). Let F € RkF, xi € x and let u be the first common gate
(fcg) to all the leaves of F which are labeled with x;. Then, for any d € N:

0xaPF = 0y (Pu) IT »-
velnov(u)
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Lemma 2.9 ([SV14, Implicit in the proof of Lemma 3.12]). Let F be a ROF. Then pr is reducible if and
only if o = x and the additive constant of o is zero.

Lemma 2.10. Let F be a ROF. Each irreducible factor of p is, up to multiplication by a scalar, computed
at one of the gates of F.

Proof. Let F be a ROF with irreducible factorization pr = [ pi. We prove the claim by induc-
tion on m.

If m = 1, the claim follows immediately since the output gate o computes pr. Assume the
claim holds for ROFs with smaller values of m. Since m > 1, pf is reducible, and by Lemma 2.9,
we have F = F; x F;, for some ROFs F; and F,. The claim then follows by applying the induction
hypothesis to F; and F,. O

The next lemma shows the connection between structural variables and partial derivatives. In
particular, it shows that taking partial derivatives with respect to any structural variable, then by
Lemma 2.8 the complexity of the underlying algebraic formula is not increased. For completeness,
we provide the proof in Appendix A.

Lemma 2.11 ([Sha22, Implicit in Lemma 2.7]). Let F € RKF and let x; € var(F) be a structural variable.
Set prr = 0_aegPF. Then pr is an RKP computable by an RkF F’ such that:

1. F’ consists entirely of disjoint subformulas of F, and
2. for every x; € x_i, we have Ready; (F') < Ready; (F).

Remark 2.12. Since we will use it throughout this paper, we won’t repeatedly mention the gener-
alized multiplication rule, and will just write

O dexPu ~ D degP (1), 0 egP ()
whenever u is a multiplication gate.
Definition 2.13 (Structurally Multilinear Formula). We say that a formula F is structurally multi-
linear, if for every gate v € F, p,, is multilinear. O
2.3 Independent Polynomial Maps and the SV-Generator
Definition 2.14 (Independent Polynomial Maps). A polynomial map

S(y1,---,Yt, 2) cFHHL L pm

is called a 1-independent polynomial map if for every x; € x there exists an assignment o; € F* to
the variables y, ...,y such that the i-th coordinate of §(«;, z) equals z, and all other coordinates
are 0. The assignment «; is called the i-th selector assignment.

For k > 1, a polynomial map

9(y1/‘ s Ykt 21, - - -/Zk) . Fk(t_'_l) — Fn

is called a k-independent polynomial map if it can be written as a sum of k variable-disjoint 1-
independent polynomial maps.

We denote k-independent polynomial maps by Gy (with t implicit). The y-variables are called
selector variables. The parameter k is the seed length of Gy, and n is the stretch. O
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Explicit constructions of independent polynomial maps are known for every k,n € N. A
canonical example is the SV-Generator from [SV15]. For n, k € N, we denote by

9k . ]FZk — "

the k-independent SV-Generator. Unless stated otherwise, n will be implicit in the notation; when
needed, we write G;, \ to emphasize the output stretch. The power of the SV-Generator was ex-
tensively studied in [HMM24], which also provided a characterization of its vanishing ideal.

The usefulness of independent polynomial maps is illustrated by the following result of
[MV18].

Theorem 2.15 ([MV18]). Let F € ROF be nonzero. Then Fo G £ 0.

We list below elementary properties of independent polynomial maps, used implicitly
throughout the paper.

Fact 2.16. 1. Gnk lyreoi = Gnk—1 + zk - e, where e; is the i-th standard basis vector and ; is the
i-th reviving assignment.

2. 9nq + 9k, = Gnkg+ky Where Gy x, and Gn x, are defined on disjoint sets of input variables of
sizes 2kq and 2Ky, respectively.

3. For every k" <k, Img(Gn ) € Img(Gn x)-

Definition 2.17 (Hitting set generator). A polynomial map H = (H,...,Hn) : F* — F™ is called
a hitting set generator (HSG) for a circuit class € if for every nonzero n-variate polynomial f € C we
have f o }{ # 0. For brevity, we often refer to a hitting set generator simply as a generator. O

A hitting set generator J{ for a class C is said to hit C; equivalently, H hits every nonzero n-
variate polynomial f € €

Observation 2.18. Let f = [[{ fi be a nonzero polynomial such that f; € C for every i € [ml, and let
I be a generator for C. Then f o H # 0.

The following is an important property of any independent polynomial map.

Observation 2.19. Let f € F[x] be a polynomial and G : F* — F™ be some polynomial map such that
G =(G'(w),..., G (W)). Define H : F**2 — F as H = G(w) + G1(y, z). Let x; € x. By Fact 2.16:

f (f}c) |y:o¢i,2:xi—9i(w] =f (91 (W), ey 91_1 (W),Xi, 9i+1 (W)I ey 9n(w))
where « is the i-th reviving assignment.

This leads to the following corollary, a standard result appearing throughout the literature on
independent polynomial maps.

Corollary 2.20. Let f € F[x] be a nonzero polynomial, and suppose that some M € mon(f) satisfies
| Supp(M)| < k for some k € N. Then
foGr #£0.

Proof. Let M’ € mon(f) be a monomial of minimal support size and assume without loss of gen-
erality that Supp(M’) = {x1,x, ..., xx/}. By Observation 2.19, there exists an assignment « to the
variables of Gy such that

fo Gy () =f(x1,%x2,...,%¢,0,0,...,0) ~ M’ Z0.
Since k/ < k, Fact2.16 implies that f o G # 0, as claimed. O
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The next theorem is improved in Section 4.

Theorem 2.21 ([Sha22, Theorem 5.2]). Let F € R2F be nonzero. Then
PFO 96+6logn #0.

2.4 Preserving Assignments

In this section we introduce three types of assignments that preserve structural properties of poly-
nomials. The first two have appeared in prior work on PIT for bounded-read formulas. The third,
introduced here, extends these ideas to non-multilinear polynomials and can be viewed as a gen-
eralization of justifying assignments (the first type).

2.4.1 Justifying Assignments

Justifying assignments were first defined in [SV15]; related variants appeared earlier in [FHH91,
BHHO95]. Since then, they have been used in many works in the area (see, e.g., [SV10, MV18,
BGV23)).

Definition 2.22 (Justifying assignment). Let f € F[x] be a nonzero polynomial and o € F™. Then,
o is called a justifying assignment of f (equivalently, f is said to be «-justified) if the following
properties are satisfied:

1. For every I C var(f), var(f|j.«,) = var(f) \ I,
2. flx) #0. O

Proposition 2.23 ([SV15, Properties of justifying assignments]). Let F be an algebraic formula. The
following hold:

1. If o € F™ satisfies
Ox,pr(ax) #0 forall x; € x,

then o is a justifying assignment for F [SV15, Prop. 2.10].
2. The class of 0-justified ROFs is closed under taking partial derivatives [SV15, Lemma 3.11].'!

3. If F is a O-justified multiplicative ROF,'? then for each i € [n] there is at most one B # o and one
Xj € X—i such that prlx,=p,x;=0 = 0. Moreover, if such 3 and x; exist, the sibling of the leaf labeled
xi is xj [SV15, Lemma 3.13].13

2.4.2 TIrreducibility preserving assignments

We next define the commutator of a polynomial, a notion that has appeared in [SV10,5V14, BGV23].
Our definition is specialized to multilinear polynomials and will suffice for our purposes; for the
more general definition applicable to arbitrary polynomials, see [SV10].

Definition 2.24 (Commutator). Let p € F[x] and i,j € [n]. The commutator of p with respect to x;
and x; is
Ai,jp = p|xi:1,xj:1 . P|x-1:0,x]-:0 - p|xi:0, xj=1" p|xi:1,xj:0- <>
1[SV15, Lemma 3.11] is stated for weakly 0-justified ROF, but as noted there it extends to 0-justified ROFs.

12 A multiplicative ROF is an ROF with no addition gates.
BThis statement is implicit in the proof of [SV15, Lemma 3.13].
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The following lemma connects commutators of multilinear polynomials with irreducibility:

Lemma 2.25 ([SV10, Lemma 4.6]). Let f € F[x] be a non-constant multilinear polynomial and i # j €
[n]. Then f = g - h for some g, h € F[x] with x; ¢ var(h) and x; ¢ var(g) if and only if A ;f = 0.

We use commutators only for ROPs, where the commutator itself is a product of ROPs; the
next lemma follows from [SV14, Lemma 3.14] and its proof.

Lemma 2.26 ([SV14, Lemma 3.14, simplified]). Let F be a ROF and let i # j € [n] be such that

axi,ijF §é 0.

Then, let v = fcg(ly,¢;) and let v € T be the additive constant of the gate v. Denote by ¥/ = F|,—, the
ROF obtained by substituting the constant -y instead of the gate v in F. Then,

AijPF =P - Oxx;PF -
We next define assignments that ensure that the irreducibility of a polynomial is maintained.

Definition 2.27 (Irreducibility-preserving assignment, [BGV23, Definition 2.4]). Let f € F[x] and
o € F™. We say that o is an irreducibility-preserving assignment for f (equivalently, f is o-irreducible)
if for every proper subset I C [n], the restricted polynomial f|;._ s, is non-constant and irreducible,
and moreover f(o) # 0. %

Remark 2.28. In [BGV23], an irreducibility-preserving assignment is defined by requiring flx,~¢,
to be irreducible, without explicitly excluding constants. This difference reflects a variation in
conventions: [BGV23] treats constant polynomials as reducible, whereas we do not. Accordingly,
to match our convention and to ensure the validity of the forthcoming claim, we require fly,—¢, to
be both non-constant and irreducible.

Claim 2.29 ([BGV23, Claim 2.5]). Let f € F[x] and & € F™. If f is a-irreducible then f is o-justified.
The next claim follows from Lemma 2.25.

Claim 2.30 ([BGV23, Claim 2.23]). Let f € F[x] be a multilinear polynomial and o« € F™ such that for

every i #j € n]: Ay;(f)(ax) # 0and f(x) # 0. Then, f is a-irreducible.

2.4.3 Degree Preserving Assignments

The following definition can be viewed as a generalization of 0-justification to the setting of non-
multilinear polynomials.

Definition 2.31 (Degree-preserving assignment). Let f € F[x] and let « € F™. We say that «cis a
degree-preserving assignment for f (equivalently, f is a-preserved) if the following conditions hold:

1. For every I C [n] and every x; € x_7, degXj (flx =) = degXj (f).

2. f(a) #0. O

It is not hard to see that every degree-preserving assignment is also a justifying assignment.
A useful property of degree-preserving assignments, which does not generally hold for justi-
tying assignments of non-multilinear polynomials, is the following.

Lemma 2.32. Let f € F[x] be a-preserved, and let q € F[x] be a factor of f. Then o is also a degree-
preserving assignment for .
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Proof. Let p € F[x] with f = p - q. Since f(«) # 0, it follows that q(«) # 0. Now fix I C [n] and
xj € x_1. To see that deng (q) = degxj (pl1+«, ), Observe that
deg, (p) +deg, (q) = deg, (f) =deg, (flio,) = deg, (Plreoy) +deg, (dlico). O

Recall that Proposition 2.23(1) shows that if & € F™ is a common nonzero of {0y, f};c ), then fis
a-justified. The situation for degree-preserving assignments is analogous: the relevant set of poly-
nomials to hit is given by the partial derivatives with respect to the degree, namely {0_desf}ic [n)-
Lemma 2.33. Let f € Flx] and « € F™ such that 0_aesf(ex) # 0 for every i € [n]. Then « is a degree-
preserving assignment for f. )

Proof. Let I C [n] and x; € x_1. Since partial differentiation with respect to x; commutes with
substitution of other variables, and since axgegf (x) # 0, we have

ax?eg (ﬂIH“I) = (ax?egf)heoq Z0,
by choice of «. Therefore, degXj (flreoy) = degXj (f), which implies equality. O

We will use the following simple fact implicitly throughout the work.

Fact 2.34. If « € F™ is a degree-preserving (resp. justifying, irreducibility-preserving) assignment for
f € F[x], then f(x + &) is 0-preserved (resp. 0-justified, 0-irreducible).

2.5 Resultant

Given two polynomials f,g € F[x,y], we can treat f, g as polynomials over F(x)[y] and define

ged,, (f, g) to be the unique monic polynomial (in y) of maximal degree that divides both f and g.
Let f(y) = Y ¢ yayytand g(y) = >0 bjyl, where each a;, b; € F[x]. The Sylvester matrix of f

and g with respect to y, which we denote as szl(f, g) is the following (d + e) x (d + e) matrix:

a O -+ 0 by 0 --- 0
aq ap b1 bo :
a 0 b1 0
syl . . . .
My (f,g) = aqg . aqg be . bo
0 aqg a 0 be b1
0 0 -+ ag 0 0 .- be_

Definition 2.35 (Resultant). For polynomials f, g € F[x], the resultant Res (f,x) € F[x] is defined
as the determinant of the Sylvester matrix Mff’l(f, g). That is, Resy(f, g) = det(MZyl(f, g)). O

We will use the following properties of the resultant:
Fact 2.36 (See [GCL92], [vzGG99], [CLO15]). Let f, g € Fix]. Then,

1. ged, (f, 9) # 1if and only if Resy (f, g) = 0. That is, f and g have a non-trivial factor that depends
on the variable y (i.e., deg, (ged(f, g)) > 0) if and only if the resultant with respect to y of f and g
is the identically zero polynomial.

2. Let x € F™, Ifdegy(f) = degy(flx:a) and degy(g) = degy(glx:a), then Resy(f, 9)lx—a =
Resy (flx=cxs 9|x:cx)-
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2.6 Hardness of Representation

We begin by defining the notion of hardness of representation. In previous works, two equivalent
but distinct definitions were given. In this work, we adopt the definition of [SV15], presented here
using the notation of [BGV23].

Definition 2.37 (Hardness of Representation). A polynomial p € F[x] is said to be m-hard if no
monomial with support size at least m divides p. O

The following simple observation, noted in earlier works [BGV23, SV15, AvMV15], states that
a polynomial that remains m-hard under any 0-substitution must contain a monomial whose sup-
port is of size at most m — 1.

Observation 2.38. Let n,m € N, and let f € F[x]. Assume that for every ] C [n], the polynomial flyo
is m-hard. Then f contains a monomial M € mon(f) with | Supp(M)| < m. In particular, f o Gy_—1 # 0.

Proof. Assume for contradiction that every monomial in mon(f) has support size at least m. Let
M € mon(f) be a monomial of minimal support size, and set I = Supp(M). Then Pp | f|\ 10,
contradicting the assumption that f|;,)\ 1. is m-hard.

This establishes the first claim. The fact that f o §,, 1 # 0 follows from Corollary 2.20. O

Weaker versions of our next lemma appeared in [SV15, Sha22].

Lemma 2.39. Let f € F[x]. Suppose there exist 1 C n] and d € N! such that d;af(c) # O for some
o € F™. Then the polynomial g(x) = f(x + o) is (|I| + 1)-hard.

Proof. Assume, towards a contradiction, that f(x+0o) is not (|I|+1)-hard. Without loss of generality,
suppose 1 ¢ I and that x; | f(x + o). Then there exists h € F[x] with f(x + o) = x;h. Thus

0 75 alaf(o‘) = (aldf(x + 0‘)) ‘X:O = (ald(xlh)) ‘X:O = (X1 . aldh) ‘x:O =0. L]
The following is another simple and useful lemma.

Lemma 2.40. Let f € F[x]. Suppose there exist 1 C [n] and d € N! such that for some ¢ € F™
01af(o) #0. Then, f(x + o) o Gy # 0.

Proof. We prove the claim for [I| = 1, the statement for bigger sets then follows by using the
argument inductively.
Assume for some i € [n] and d € N we have that 0 4f(0) # 0. Let

clegXi (f)

fx)= > x-glx ).
j=0

Using the assumption that 0, 4f(0) # 0 we getforcjq =j-(j—1)---(j —d)

degx,l (f) degXi (f)
. -
axg E X} - gjlo) = E cj,a-x “-gjlo) 0.
j=0 j=d

This implies that there exists j* > d (although j’ > 0 suffices) such that g;/(o) # 0.
Using Observation 2.19 to revive x; we get

f(Sily—apzmxi—o +0)= Y Wgjlo_)+¥ gplo_)+ Y  Xgjlo_3) #0
deg, ()>j>j' 320
where the last inequality is due to linear independence of different monomials. O
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We now turn to several useful known results concerning hardness of representation for
bounded read formulas. We begin with the main hardness result of [SV15].

Theorem 2.41 ([SV15, Theorem 6.1]). Let 0 # F € Y * ROF and assume every summand is 0-justified.
Then F is 3k-hard.

We begin with results for structurally multilinear polynomials, studied in [AvMV15].
Before moving to the lemma, the set of non-vanishing polynomials used in it appears fre-
quently in our proofs. Therefore, we provide it with a dedicated definition.

Definition 2.42 (Qf, f,,. F,. ). Let F,Fo, ..., Fin, be algebraic formulas such that F; is an RkjF and
letk =} ;c(m ki. Define

bk = (k—m+1) -4k- (k+1)2.

Then we define

O,y = {Oyics(Pw)l 2 | WE | Fu ZE I, YCIINZ IZUYI < b}
ie[m]

In words, F,, is a subformula of some F;, and Z,Y C [n] are disjoint subsets satisfying |Z U Y| <
bm,k- <>

Lemma 2.43 ([AvMV15, Lemma 5.3]). Let F = v + } ;) Fi be a structurally multilinear formula,
wherey € F and each F; € RKF. Set k = } (i ki. Let o € F™ be a common nonzero to QF, F,,.. F,.-
Then

Pr(x+ 0) s Ty -hard,

for rm = (8k - (k+ 1)2)k_m+1.

Theorem 2.44 ([AvMV 15, Theorem 6.3]). Let 0 # F € RKF be structurally multilinear. Then, for some
function 1, = kO

Pro 9rk+klogn #0.
Remark 2.45. In the above theorem, the function 1y is the same as the one used in Theorem 1.6.

The model Y * ] ROF was studied in [BGV23], where techniques based on resultants were
developed. These techniques will play an important role in our analysis of non-structural R4Fs.
We begin with the simpler case of 3> ROF, for which a polynomial-time PIT algorithm was given
in [SV15], and subsequently improved in [BGV23].

Lemma 2.46. ([BGV23, Fact 3.9]) Let p1, p2 be 0-justified ROPs. If p1 + p2 # 0 then py + pa is 3-hard.
Using this lemma, we prove the next result, which we then use throughout this work.
Corollary 2.47. Let F1, F, € ROF such that pr, + pr, # 0. Then (pr, + pr,) 0 93 # 0.

Proof. Denote by S the set of nonzero polynomials in {0x, Pr;}ien),jef1,2)- Lemma 2.11 implies that
S € ROF. By Theorem 2.15, there exists &« € Img(9;) such that p(«) # 0 for every p € S. From
Proposition 2.23(1) we get that both F;(x + &) and F2(x + «) are 0-justified. Finally, Lemma 2.46
yields that (F; + F2)(x + «) is 3-hard, and the claim follows from Observation 2.38. O

We shall need the following hardness of representation result for the resultant of two ROFs.

Lemma 2.48 ([BGV23, Lemma 4.2]). Let a,b € Flx] be 0-irreducible ROPs and assume n > 3. Let
xi € [n] be such that Resx,(a,b) # 0. Then Resy, (a,b) is 3-hard.
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2.7 Generic Assignments

In our proofs we shall often rely on generic assignments to the variables. Intuitively, one may
think of a generic assignment as one that maintains the nonzeroness of all polynomials naturally
associated with the given polynomial, such as its partial derivatives, commutators, and related
constructs.

Definition 2.49 (Generic assignment). An assignment & € F™ is said to be generic with respect to
a finite set of polynomials {fi}, if & is not a zero of any of the polynomials. O

In other words, there is a Zariski open set from which any assignment is “good”. Whenever we
will need to use generic assignments there will always be a well defined finite set of polynomials
that the assignment should be generic with respect to them. This set will always be clear from the
context.

The following are simple observations that we will use throughout this work:

Observation 2.50. Let f € F[x] be 0-preserved. Then there is & € Z(f), which is nonzero in every
coordinate.

Proof. Let T € FI"~1 be a generic assignment to all variables of f except x. Such an assignment is
nonzero in every coordinate, and it preserves the 0-justifiability property of f. Hence the restricted
polynomial f|;, 1}, remains O-justified. In particular, x,, 1 f.

Let d € IF be a zero of f|;, 1. -. Then (7, 0) is a zero of f that is nonzero in every coordinate,
as required. O

Since this is the first time we consider generic assignments, we spell out explicitly the set of
polynomials that T must not vanish on. Namely, T should not be a zero of any fi(x) = x;, and
it must also not annihilate the coefficient of x,, in f. From now on, we will specify the set of
polynomials in the genericity assumption only when the setting is somewhat more involved.

Observation 2.51. Let f € F[x] and T € F™ be a generic assignment. Then, T is degree preserving.

It is also easy to see that generic assignment does not “ruin” any of the types of assignments
defined in Subsection 2.4, as they all rely on nonzeroness of certain polynomials.

Lemma 2.52. Let f € F[x] be 0-justified (or 0-irreducible or 0-preserved). Then, a generic assignment
o € F™ satisfies that for every I C [n], fl1 «, is 0-justified ( or 0-preserved). If |I| < n — 2 then fl1 «, is
0-irreducible.

Proof. The claim regarding 0-justified and 0-preserved polynomials is clear, as these properties are
defined using non-vanishing of certain polynomials.

The claim about preserving irreducibility follows from the fact that if a polynomial is reducible
then its coefficients satisfy a certain (finite) set of polynomials. See e.g. [Kal95]. O

We shall often use generic assignments to prove hardness of representation. The following
lemma illustrates this approach.

Lemma 2.53. Let f € F[x] be a nonzero polynomial, and let t be a generic assignment. Assume that one of
the following holds:

1. Foreveryl e (kl[sz) there exists a subset S C 1 with |S| > kq such that f ‘x,s I is kq-hard. (Here

the assignment is to the variables outside S.)
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2. There exists a set B C [n] with |B| < k; such that f ‘XB:TB is ko-hard. (Here the assignment is to the
variables in B.)

Then f is (k1 + kp)-hard.

Proof. Assume, for contradiction, that P; | f for some I € (k1[1]k2)' If (1) holds, let S C I be as

o contradicting ki-hardness. If (2) holds, then

let B be the guaranteed set. We have Pp\g ~ (PI‘XB:TB | f‘xB:TB, and since |1\ B| > k», this
contradicts ky-hardness. ]

guaranteed. Then Ps ~ TP1’

X_s=T_gs | f‘xfs:"t,

2.7.1 Restricting algebraic formulas by generic assignments

In this subsection we define the operation of restriction for algebraic formulas. This is obtained
by substituting a generic assignment: Given an RkF F and a generic assignment T € F® for some
S C [n], we substitute the variables from S by their values in T and simplify the formula by
absorbing gates that have become constant into their parents. This process yields a new RkF
formula, denoted F§, whose structure is derived from that of F.

The correspondence between the gates of F and those of the restricted formula Fg is captured
by a gate map

Vs:F— FEU{J_},

where Vs (v) specifies the gate in FE that results from v € F, and L indicates that v vanishes (i.e.,
becomes constant) under the restriction. The map Vs depends only on F and the set S, and is
identical for all generic assignments T.

In addition, for each gate u € Fg, we define its origin gates in F: the gates v € F such that
Vs(v) = u. Among these, the origin upper gate and origin lower gate are the highest and lowest such
gates in F, respectively, giving rise to the origin maps

Of, LE:FT — F
The path in F from LE (u) to OE (u) is called the restriction path of u, and its length is the restriction

depth, denoted DL (u) (or simply Ds(u) when F is clear).

We next give a formal definition of this construction and establish several basic properties.
Although the proofs are straightforward, they are included for completeness in Subsection A.1.

Definition 2.54 (Restriction of an Algebraic Formula and Origin Maps). Let F be an algebraic
formula on variables x1,...,xn, and let S C [n]. For a generic assignment T € FS, we define the
restriction of F to S, denoted F[S, together with the restricted-gate map

VS F— F|FSr U{J_},

by the following recursion. Write S=[n]\S, and let ,, B+ € F be the multiplicative and additive
labels of each internal gate v € F.

(1) Constant case. If F, ‘x§ -
and we set Vs (v) = L.

is constant, then F, [§ is the constant formula computing this value,

(2) No-reduction case. If both children remain non-constant after restriction,
Follxgerg F and Frpl o ¢F,
then
S = o 'VOP(F(V)JE, F(V)R|§) + By, Vs(v) = of,z
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(3) Reduction case. Suppose exactly one child becomes constant after restriction. If
< ¢ TF but F(V)L| € IF, then we set Vs (v) = Vg((v)R) and define

(‘”R‘Xg(—’t* X5 Tg

FE = oty Flupl¥ + (o F(V)L\X§<_T§ + By), VP =+,
vls =
v (F(V)L"%H’fg) ' (F(V)R|’S’) Bv, VP = x.

The symmetric case (left child non-constant, right child constant) is defined analogously.

Finally, set F[5 := Fo[S.
When the assignment is clear, we write F|s and still view Vs asamap F — F|ls U{L}.
For each gate v € F[S, define two origin maps

O, L5 : FT —F, (1)

where OE(V) (resp. EE(V)) is the highest (resp. lowest) gate u € F such that Vs(u) = v. The
restriction path of v is the path in F from LE (v) to (‘)g (v); its length is the restriction depth, denoted
DE(v) (or simply Ds(v) when F is clear). O

Claim 2.55. The procedure described in Definition 2.54 yields a well-formed algebraic formula F|$ (on the
variables {x; : i € I}).

Proof. The proof is by a simple induction on the structure of F. The only nontrivial case is where
one of the children of the root F, restricts to a constant. In this case, the fact that we restricted by a
generic assignment implies that all leaves of that child are labeled by the variables in S and hence
the restriction of the tree of the formula would also contract the entire child. ]

Observation 2.56. Let F be an algebraic formula, S C ], and T € FS. Let v € Fls and w = Os(v). Then
1. wis either of or the parent of w creates a new gate in F|s,

2. wis the last gate that changes the constants in v, and

3. P,z = Pv-

Lemma 2.57. Let F be an algebraic formula, S C [n]and T € FS. Letv e T, u = Og(v) and w = Ls(v).
Denote by vy the additive constant of v and by & the additive constant of w.

1. Let G = Fylyw—s. Theny = PGz
2. (F|§) |v:y = (Hw:é)‘g'

2.8 Orbits

Given a matrix A € F™"*™ and variables x, define

n n n
Ax = Z Al,ixi, Z Az/ixi, ey Z An,ixi .
i=1 i=1 i=1
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We denote by GL,, (F) the group of invertible n x n matrices over F, and by GL(F) the group
of invertible affine transformations—i.e., all maps defined by a pair (A, ), where A € GL,,(F)
and B € F™, acting as

x— AX+ 3.

Letn > N € N and consider an N-variate polynomial f(y) € F[y]. The action of (A,B) €
GLY(FF) on f is defined by

(A,B)ofly) = f(Ax + B) = f(Z Avixi+Br Y Agixi+Bo - ) Anixi + fsn) :

i=1 i=1 i=1
The orbit of the polynomial f(y) under the action of GL?ff (F), denoted fGLanff(F), is defined as
fOLN () .= {£(A, B) | A € GLy(F), p € F"}.

Similarly, the orbit of a polynomial class € under the action of GLi‘ff (F), denoted GGLiH(F), is
defined as p
O™ = [f(A,B) | f€ €, A € GLn(F), p € F™}.

The action and orbits with respect to the group GL,,(F) are defined analogously by taking
B =0.

3 Frontiers and Fragmentation

In this section we define the important notions of the RkF frontier and the set F?), consisting of
the first gates above the frontier. We then present a lemma that simplifies an RkF via a well-chosen
partial derivative, in the spirit of the fragmentation lemmas of [AvMV15, Sha22].!*

Definition 3.1 (R(k — 1)F Frontier). Let F be an RkF. The R(k — 1)F Frontier of F, denoted JFF, is
the set of the topmost gates that compute an R(k — 1)P polynomial. That is, there is no other gate
in the path from these gates to the root that computes an R(k — 1)P polynomial. Whenever F is
clear from context, we write F instead of F¢. O

Definition 3.2 (7(?)). Let F in RkF. Denote by fﬂ(gz) the set of all the gates in F which have two
children in k. O

Definition 3.3 (Unique set of a gate in an RkF, U(v)). Let F € RKF and let v € F. The unique set of
v, denoted Ur(v) C x, is the set of variables which F depends on and whose every leaf occurs in
F,. When F is clear from context, we write U(v). O

Remark 3.4. In the blackbox model, we assume that every variable appearing in F is one on which F
depends. Consequently, the distinction that U(v) contains only such variables becomes relevant
only in Subsection 8.2, where we design our whitebox algorithm.

Clearly, Definition 3.1 implies that for every v € F (2) we have [U(v)] > 1. One

The importance of these definitions stems from a simple observation that lies at the heart of

our fragmentation results. If x; € U(v) for some v € ?ﬁz), then taking the derivative with respect
to x; simplifies the formula to 0_aespy multiplied by the product of the gates in Unv(v). Moreover,

14By fragmentation we refer to operations that simplify formulas belonging to a given class.
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since v € 3"]&2), it is either the sum or the product of two read-(k — 1) formulas, meaning that it
possesses a somewhat simpler structure than F.

Our next definition extends the notion of the unique set of a gate v to capture all variables x;
for which taking the derivative with respect to x; yields a structure similar to that obtained if x;
belonged to U(v).

Definition 3.5 (Stable set of a gate in an RkF, us)(v)). Let F € RkF and let v € F. The stable set of
v, denoted U](ES) (v) C x, is the set of variables x; € var(v) such that

axfegpp = axfegpv -f or axfegp]: =f,
where f = [, f; is an RkP and the f;s are computed by distinct subformulas of gates in Unv(v).
When F is clear from context, we write U(S) (v). O
The next observation follows immediately from Lemma 2.8.
Observation 3.6. For every F € RkKFandv € F, U(v) C uts)(v).

We next prove a fragmentation result showing that there exists a way to take a derivative with
respect to some variable x; € us)(v), fora suitably chosen v, that simplifies the formula.

Lemma 3.7. Let F € RKF and set t = Ifr"éz)l. Then there exists a vertex v € 3"](:2) such that for every
Xi € U(S)(\)),

m m
axfegpF == a degpv H a degpF = Hij
j=1 j=1

where each ¥ is a subformula of F which is either an R(k — 1)F or with I&" < 5.

Proof. We first describe how to choose v. Starting from the root gate, repeatedly descend to the
child whose subtree contains the largest number of gates from ?ﬁz). This process terminates at
some v € F2), which is the required gate. Every vertex not chosen along this path has at most t/2

vertices of CT"](EZ) in its subtree. The claim now follows from the definition of the stable set of v and
from the choice of v. O

The usefulness of this lemma is demonstrated in the next claim, which shows how PIT for RkF
can be reduced to PIT for simpler formulas.

Lemma 3.8. Let F be a nonzero RKF and set t = I?g)\. Write ?ﬁ = {v;} =1/ and let 1 = {ij};‘zl with

Xi; € U.(S)(Vj). Denote
‘DI = {ax?legpvj : j = 1,. . .,t} .
i

If H is a hitting set for Dy U R(k — 1)F, then'®

Fo (:H + 910gt+1) ?é 0.

15Whenever we write a sum of generators, we mean they are defined over disjoint sets of variables.
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Proof. If t =0, then F € R(k — 1)F, and the claim follows from the assumption on J{. If t = 1, let
2) = {v}and I = {i}. By Definition 3.5 we have

m m
0 degpF - a degpv H or ax;deg‘pF - Hij ,

where each Fj is an R(k — 1)F (as t = 1), hence it gets hit by . Since 0 _daegpv o H # 0, we get that
axgegpF o H # 0. The claim is then implied by Lemma 2.40. '

Assume t > 1 and proceed by induction on t. Let v; be the gate guaranteed by Lemma 3.7.
Then for x;, € uls)(vy),

m m
0 degpF = a degpvl H or axfiegpF = HPF]- ,
: )1 .

where each Fj is an RKF that is either an R(k — 1)F, or it satisfies |3"§)\ <t/2. IfFjisan R(k—1)F,
then by the property of I, pr; o H Z 0. If |5—"%)| < t/2, then by the induction hypothesis, PF; © (fH +
Slogt/2+41) Z 0. Hence

m

[TPr © (3¢ + Sioge) 2 0.

j=1

By the assumption on X, alepF o H # 0, and thus

<axfiegpF> o (g{ + 910gt) # 0.

The claim now follows from Lemma 2.40. O

Observe that for every F € RkF, eachv € & (2) satisfies Uf(v) # (), hence |g: | n. Moreover,
if equality holds, then F is a PROP (a ROF with univariate polynomials substituted at its leaves,
see [SV15]). By [MV18], in this case F = 0 <= Fo G; = 0. This yields the following weaker
corollary.

Lemma 3.9. In the setting of Lemma 3.8, F o (C}C + 91ogn+1) £ 0.

We shall apply this lemma in Section 4 to reduce PIT for structural RkFs (see Definition 2.4) to
PIT for structural ZZ R(k — 1)Fs (see Definition 2.2).

4 Blackbox PIT for R2F and R3F

In this section, we present the first hitting-set generator (HSG) with logarithmic seed length for
R3Fs. We also slightly improve the HSG from Theorem 2.21 for R2Fs. To achieve this, we lever-
age the fact established in Corollary 2.6 that both R2Fs and R3Fs are structural bounded-read
formulas. For such formulas, the polynomials in the set D of Lemma 3.8 possess a simple struc-
ture.

Observation 4.1. Let F € RKF be structural, and let 3 be a hitting-set generator that hits every polyno-

mial that is a structural RKF of the form Y_* R(k — 1)F. Then, for every v € ?ﬁz) and x; € U (v), we
have 0_degPv 0 H # 0.
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Proof. Sincev € ?ﬁz), we have F(,,) ,F,), € R(k—1)F. We proceed by cases according to v°P.
Case 1: v°P = x. We have

axfegpv ~ (axfegp(\;) ) 0 degp E H R — 1

where the inclusion on the right-hand side follows from Lemma 2.11. The claim then follows from
the properties of J{.

Case2: vP = 4. Letd = degXi (pv). We have

axc_iegpv = ax?p(V]L + axgp(V)R

Set pL = 6Xgp(\,)L and pr = axgp(V)R. Since deg, (p(v) ), deg, (P(v);) < deg, (pv) = d, for
j € {L, R}, pj is either 0 or axfiegp(v)j. Therefore, by Lemma 2.11, we have

2
0 aesPy € RKFN > R(k—1)F.

The claim again follows from the properties of J{. O

4.1 Improved PIT for R2F

Using Observation 4.1, and the fact that 33 hits Z2 ROF, we get the next theorem with a constant
factor improvement upon Theorem 2.21.

Theorem 1.4. Let F € R2F be nonzero. Then

Pr o 910gn+4 ?é 0.

Proof. By Corollary 2.6, the formula F is structural. Using Observation 4.1 together with Corol-
lary 2.47, we get that for every v € ) and every x; € U(F,),

ax(ﬂegpv 033 #£0.

The claim now follows from Lemma 3.8 and Observation 3.6. O

4.2 PIT for R3F
Recall the definition of the set Q, see Definition 2.42.

Proposition 4.2. Let F € R3F of the form Y_* R2F be nonzero. Suppose that every nonzero polynomial in
QF(O)LIF(O)R does not vanish at 0. Then pg is Ty 4-hard, where 15 4 is defined in Lemma 2.43.

Proof. If F is multilinear, then it is structurally multilinear by Corollary 2.6. Therefore, by the
assumption on Qf (o) Flo)g and by Lemma 2.43, we conclude that pF is 1 4-hard.

Otherwise, choose a variable x; of degree 2 in F. Since F is read-3, without loss of generality
we may assume that degxi((o)L) =2> degxi((o)R). Hence,

9 aexPF(0) = (9:2P(0), + 9,2P(0)e) (0) = O, aesP (o), (0) #O,

where the last inequality follows from the assumption on Qr , F, . By Lemma 2.39, pr is 2-hard,
and since 174 > 2, the claim follows. O

27



Lemma 4.3. Let F € R3F of the form Y_* R2F be nonzero. Then,

Pro 910gn+1‘2,4+3 Z0.

Proof. Observe that every polynomial in Qf , r, is an R2F by Corollary 2.6 and Lemma 2.11.

Therefore, by Theorem 1.4, there exists & € Img(Siogn+4) which is a common nonzero for all
nonzero polynomials in Qf (o) Flolg” Proposition 4.2 then implies that pr(x + «) is 12 4-hard.
By Observation 2.38, we have

pF(X + ‘X) o 9T‘2’4—1 i 0 .
The claim follows from Fact 2.16. O
We are now ready to prove the result for general R3Fs.

Theorem 1.3. Let F € R3F be nonzero. Then, there exists a constant ¢ 3

Pro 9210gn+c1_3 #0.

Proof. By combining Observation 4.1 with Lemma 4.3, we obtain that Siognyr,,13 Serves as a
hitting-set generator for the polynomials

{axgpv 1V E 3"(2), ie U) }
Therefore, by Lemma 3.9 and Observation 3.6,

Pro (glogn+r2,4+3 + 910gn—|—1) #0.

The claim follows from Fact 2.16. O

5 Structural Read-4 Formulas

In this section we prove a hardness of representation result for structural R4Fs which are also
S ?R3F. The following is our main hardness of representation lemma. Recall the definition of
Tmk from Lemma 2.43.

Proposition 5.1. Let F,G be R3Fs such that the formula F + G is a structural R4F. Let U be a set
containing all the read-4 variables in the formula F 4+ G.

Denote

T = {axfeg(axgiegp) ‘ p € {PEPGh X, x5 € var(p)} 16

Assume U # () and that no nonzero polynomial in Qp g U T vanishes at 0.
Then, if n > 126 + 5°, there exists t € U such that P (1) 1 0 aeg (F+ G).
t

16Observe that axdeg(axdegp) #* 0_deg degP- On the left-hand side, we differentiate with respect to x; as many times as
i j i j

its degree in 0_ae;p, whereas on the right-hand side, we differentiate as many times as its degree in p.
j
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This proposition corresponds to the orange segment in Figure 2:

Section 8
PIT for F € R4F
Theorem 1.1

|

Section 3
Fragmentation Lemma
Lemma 3.8
Reducing to PIT forv € fﬂ([z)
see Definition 3.2
Case 1, there exists a Case 2, there are a lot of Case 3, small number of
“problematic” variable unique variables in v unique variables in v
Section 7 Section 5
HoR for Totally Non-Structural y_* R2F HoR for Structural R4F N 3> R3F
Proposition 7.31 Proposition 5.1

Figure 2: Our current position in the proof of Theorem 1.1
We need some preparatory work before proving Proposition 5.1.

5.1 Partial Split

In this section, we define the notion of a partial split of a formula. We then show that if a formula
admits a partial split, it decomposes in a particular way that entails hardness of representation.
The following lemma will be instrumental in establishing this result.

Lemma 5.2. Let fi,fj,9i,95,9" € FIx] such that g’ is a ROP. Assume x; ¢ var(f;) U var(g;) and
xi & var(fj) Uvar(gj). Assume further that fif; and gig;g’ are O-preserved. Set F := fif; + gig;g’. If
n > 3and Py | F then for any x € [n] \ {i,j} there exists p € Flxi,%;,x«], such that when restricting to
the variables {xi, x;j, X« } we obtain

Flije = Px- (f{fj/ +49),

where ] | fi, fj’ | f5, G | gigj, deg, (f{) = degK(fj’) =deg, (§) = deg (g') =1, and f, f]-’ and g’ are
irreducible.

Proof. Let h € FIx] satisfy F = P,h. We first note that if, for some t € [n], deg,(fifj) <
deg,(gig;9’) = d, then dyaF = axg(gigjg/) = 0,a(Pnh) # 0. Since gig;jg’ is 0-preserved we get
a contradiction by setting all variables in [n] \ {t} to zero. Therefore var(f;f;) = var(gig;g’) = [n]
and the individual degrees are the same.

Next, we pick any {i,j, k} for k € [n] \ {i,j} and restrict the polynomials to the variables {i, j, k}.
Observe that each of fi, f; depends on at most two variables. Additionally, we note that if
ged (fifj, 9i9;9’ ) = q(x) # 1 then since no variable divides fif; we must have q(x) | h. Thus,
dividing the equation by q does not change the situation (as factors of 0-preserved polynomi-
als are still 0-preserved and so are factors of ROPs). Hence, from now on we shall assume that

ng (fifj, 919)9/) =1.
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The last preparation step is by factoring out the irreducible factors that depend only on x,
from gig;. Thatis, we let g{, g;, g be such that gig; = g{g;§, each irreducible factor of g; involves
x4, each irreducible factor of gj’ involves x;, and § is a polynomial in x.

Claim 5.3. It holds that both g{, g; are constant polynomials.

Proof. First, assume for a contradiction that gj/ is not a constant. Consider Fl, —o:

Flxi=0 = filxi=0fj + 9"ilx;=09"139"x;=0 = (Pnh) [x;—0 = 0. (2)
It follows that g; | fj, in contradiction to the assumption that their ged is 1. O

If § were constant, then (by the degree equality and since g’ is a ROP) f;f; would be multilin-
ear. Hence x, appears in at most one of fj, fj, say in f;. By Observation 2.3, f; is a ROP; with f;
linear in x;, the product f;f;j is a ROP. Therefore Py; ; .} would divide a sum of two 0-preserved
ROPs, contradicting Lemma 2.46.

Next, consider (2) again. As g{gj’ € F and ged(fj, §) = 1, it must be the case that § | fi|x,—o.
Similarly we get § | fjlx;~o. Recalling that the degrees in fif;j and gg’ are equal we get

2deg(g) < deg, (fi) +deg,(f;) = deg(g) + deg, (g') < deg(g) +1

and hence 1 < deg, (g) < 1. As § | filx,—0, we see that deg (f;) > 1 and similarly deg_(f;) > 1.
By degree considerations we also have deg,(f;) = deg, (fj) = deg, (g') = 1.

Claim 5.4. The polynomials f;, f; and g’ are irreducible.

Proof. Assume towards a contradiction that f; is reducible. Since f; is linear in x; and x,, any
nontrivial factorization must split these variables, so we can write

fi = f] - f/,
where f{ depends on x; and f}, depends on x,. Consider Flx,—o:

F

XiZO = f{‘XLZO f/K f) + g g/‘Xi:O - (:Pnh)|x\:() = 0

By Lemma 2.32, f/ is 0-preserved, hence f{‘xizo is nonzero. Therefore, either § | f, or § | fj. In
either case we contradict the hypothesis ged(fifj, gg’) = 1. Hence f; must be irreducible. The
argument for f; is symmetric.

Now suppose g’ is reducible, without loss of generality g’ = g/ - g where g{ depends on x;
and g, depends on x,. Consider Fly,—o:

F

XiZO = fi}xi:O f] + g 97{‘)(1:0 g'/< = (Tnh) ’Xi:O = O

Arguing as before, this forces either gy | fj or § | fj, contradicting ged(fifj, §gg’) = 1. Thus g’ is
irreducible. O

This concludes the proof of Lemma 5.2. O
The last lemma motivates the next definition.

Definition 5.5 (Partial Split). Let f, g € F[x]. We say that t € [n] partially splits f and g with respect
toi,j, k € [n]if
0 ces (f+9) = fifj + 919;¢’

such that
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1. xq ¢ var(f;) Uvar(gj) and x; ¢ var(f;) U var(gi).
2. 9'lix x;,x,) is @ ROP.
3. One of the following happens, k ¢ var(fi), k ¢ var(f;j) or k ¢ var(g’).
Since the roles of f and g are not symmetrical, we call f the first polynomial in the split. O

Corollary 5.6. Let f, g € F[x] such that for some t € [nl, t partially splits f and g with respect to some
i,j,k € [n]. Moreover, assume that for every x; € x and p € {f, g}, 0_aegp is O-preserved.
Then, J
Py 1 axfeg (f+g)

Proof. Assume towards contradiction i), [0 ae (f + g). By Definition 5.5 we get
t

= fifj + gig;9’

(0,0 (F 4 9)) .

for fi, gi € Flxi,x«], fj, g5 € Flxj,x«] and a ROP g’. Moreover, by assumption f;f; and g;g;g’ are
0-preserved.

Using Lemma 5.2 we get that fi, f; and g’ all have an irreducible factor depending on x, in
contradiction to Property (3). O

A stronger version of a partial split is the next.

Definition 5.7 (Complete Split). Let f, g € F[x]. We say that t € [n] completely splits f and g with
respect to i,j € [n] if
axfeg (f+g) = fifj + gig;

such that x; ¢ var(f;j) Uvar(g;j) and x; ¢ var(f;) U var(gi). O

Remark 5.8. One can show that if t completely splits f and g and both have all of their derivatives
being 0-preserved, then 9_aeg (f + g) is 2-hard.

Observation 5.9. Let f, g € F[x] such that t completely splits f and g with respect to i and j. Then, for
every k € ]\ {i,j, t}, the variable t partially splits f and g with respect to i,j and «.

Proof. Choose g’ =1 and fi, fj, gi, gj according to the complete split. ]

5.2 Splitting two R2Fs

In this subsection we focus on a specific type of R2Fs, which we call individually multiplicative.
Figure 3 serves as an illustrative example for the core definitions presented in the following sub-
section.
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1st Seq, increasing: (x1, X2, X3, X4)

2nd Seq, non-monotone: (x1,X4,X2,X3)

- x1 isolates €, 1 and {3 1.

- All leaves are in cherries.

- Gates marked with x are required to be
multiplicative for the individually
multiplicative property to hold.

(. J

Figure 3: An individually multiplicative R2F

Definition 5.10 (Individually multiplicative). Let F be an algebraic formula. We say that F is indi-
vidually multiplicative if for every x; € x, Readf(xi) = degXi (F). %

The important property of such formulas is the following.

Observation 5.11. Let F be an individually multiplicative algebraic formula. Then, for every x; € X

m
axfleSpF = Hij s
1 j:1

where every F; is a subformula of F.

The proof is straight forward using induction on the number of reads of any variable and
Lemma 2.8 and we omit it.

Definition 5.12 (Read Sequence). Let F € RkF.

The first read sequence of F is the sequence obtained by recording, from left to right in (the
underlying tree of) F, the first occurrence of each variable; thus, every variable appears exactly
once.

For 1 < i <k, the i-th read sequence of F is defined recursively as the first read sequence of the
tree obtained from F after removing all leaves that appeared in any of the previous read sequences,
i.e., in the j-th read sequence for every j € [i —1].

For m € [k] and x; € x, the m-th read of x; is the leaf labeled by x; which appears in the m-th
read sequence of F. we denote it by ﬁf,m. Whenever F is clear from context we simply write {; . ¢

Definition 5.13. For F € R2F, if its first read sequence is monotonically increasing (decreasing)
and also the second read sequence is monotonically increasing (decreasing), we say that its read
sequences are the same. If one read sequence is monotonically increasing and the other are mono-
tonically decreasing we say that F's read sequences are reversed. O
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Definition 5.14. Let F be an algebraic formula and { a leaf in its underlying tree. Denote by Unv({)
the gates which are left siblings to nodes in the path from £ to or. Define Unv¥ () similarly with
respect to right siblings. O

Definition 5.15. Let F be an algebraic formula and let {; and {; be two leaves in its underlying
tree. We say that {1 lies to the left of { if for some w € Unv™(£), ¢ is a leaf of F,,. We say {1 lies to
the right of £, if such w exists in UnvR (). O

Definition 5.16 (Split). Let F be an individually multiplicative algebraic formula and let x; € x.
Let

m
0 aspr = [ [ pr.
k=1

where every Fy is a subformula of F (by Observation 5.11).
For two variables xi, x; € x we say that t splits F with respect to i and j, if no F depends on both

Xi and Xj.
For two leaves {1, {, € F we say that t splits F with respect to {; and {,, if {; and {, are leaves in
two distinct formulas of the set {F }7* ;. O

The following observation is simple but important, and we therefore state it explicitly. We shall
use it implicitly in what follows.

Observation 5.17. Let F be individually multiplicative, and let {;,{;,{y € T be leaves such that {; lies to
the left of & and {; lies to the right of £;. Then, t splits F with respect to {; and {;.

Observation 5.18. Let F be individually multiplicative and assume it’s m-th read sequence is monotoni-
cally increasing. Then for any xi,x;,x¢ € X such that i < t < j, t splits {; v from &; m.

Lemma 5.19. Let F € R2F be individually multiplicative such that its read sequences are reversed. Then,
for every xi,xt,%; € x such that i < t < j, t splits F with respect to i and j.

Proof. Without loss of generality, assume the first read sequence is monotonically increasing. By
Observation 5.18, x¢ splits {; 1 from {; ; and {; » from {; 5, hence only the second read of x; and first
read of x; may not be split. Since the second read is reversed, {; , appears to the right of { > and
{;,> appears to its left. By definition, this implies that {; ; also appears to the left of {; » and hence it
is split from ¢; ». O

Definition 5.20 (Isolate). Let F be individually multiplicative and let x € x. Let

m
0 aesPr = [ [ Pr.
k=1
where every Fy is a subformula of F.
We say that x isolates some leaf { € F, if for some k € [m], F; = F,. O

Definition 5.21 (Cherry). Let F be an algebraic formula. We say that two leaves {;,{, € F are
forming a cherry if {; is the sibling of {. O

The next observation is a direct consequence of Lemma 2.8.

Observation 5.22. Let F be individually multiplicative and let £ € F be some leaf of it. Let v be the sibling
of £, then every x¢ € var(v) isolates {.
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Remark 5.23. In what follows, when we write “we have a partial split of F; and F, with respect
tot =p,1=1j=v and k = pu, with pf, as the first polynomial,” we mean that the parame-
ters p, 1, v, i correspond to t,1,j, k, respectively, in Definition 5.5, and that pf, is taken as the first
polynomial in the split.

The proof of the next lemma relies on the famous Erd6s-Szekeres theorem.

Theorem 5.24 (Erd6s-Szekeres theorem [ES35]). Every sequence of length (v — 1)(s — 1) + 1 contains
either a monotonically increasing subsequence of length v or a monotonically decreasing subsequence of
length s.

Lemma 5.25 (R2F splitting). Let Fy, Fo € R2F be individually multiplicative, and suppose that for every
xi € x we have deg, (F1) = deg, (F») =2. Then,ifn > 58, there exist i,j,t, k € [n] such that t partially
splits F1 and Fp with respect to i,j, and .

Proof. We may assume, without loss of generality, that the first read sequence of F; is monoton-
ically increasing. Since n > 58, by Theorem 5.24, there exists a set of 5 variables such that after
restricting to it, the first and second read sequences of F; and F; are each monotone (either increas-
ing or decreasing). Moreover, without loss of generality, assume these sequences are over [5]. We
split into cases.

1. The read sequences are the same for both F; and F,: Assume that the second read of x; and
the first read of x5 do not form a cherry in Fy. Then, by Observation 5.22, there exists some
t € [5]\ {1,5} such that t isolates the first read of x5. Assume first that t = 4. We argue that
we obtain a partial split with respecttot,i =1, j =5, and k = 3, where the first tree is F;.

We first argue that t splits F; with respect to k and j. By Observation 5.18, the first reads of x;
and x are split, and the same holds for their second reads. Thus, it remains to show that t
splits the second read of k from the first read of x;. This follows since t isolates the first read
of x;. Hence, Property (3) holds.

Now, if t yields a complete split, we are done by Observation 5.9. Otherwise, by Observa-
tion 5.18, t splits (’,le from (’,rzl and Qflz from 2;22 The fact that the split is not complete implies
that there exists a gate w € F, defining one of the sets in the split such that both ¢;; and
(i, are leaves of F,,, and x; ¢ var(F,,). In particular, the first read of x; is to the left of
all the leaves in F,,, and its second read is to their right. Since the ordering of both reads
is monotone, it follows that no variable is read twice between the two leaves {;; and {4 ».
Consequently, F,, is a ROF. Thus, Property (2) holds. Property (1) is easy to verify, and we
conclude that t, 1, j, K form a partial split of F; and F».

Otherwise, the second read of x; and the first read of x5 form a cherry in F;. Observe that
the argument above requires only four variables. Hence, if the first sibling of the cherry lies
to its left, the previous argument yields a partial split when both formulas are restricted to
{x2,x3,%x4,x5}. Otherwise, we obtain a partial split for the labels {x1, x2, x3, X4}

2. The read sequences are the same for F; and reversed for F,: Assume, without loss of gener-
ality, that the sequences are monotonically increasing for F;. We claim thatt =2,i=1,j =4,
and k = 3 partially split F; and F,, with F, serving as the first tree. Indeed, by Lemma 5.19, t
splits F, with respect to i and j, as well as with respect to i and k. Hence, Property (3) holds.

As before, in Fy, only {;» and {;; may remain unsplit. If they are split, we obtain a com-
plete split. Otherwise, by the same reasoning as in the previous case, the subformula F,,
containing both of these reads is a ROF, and thus Property (2) holds.
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3. The read sequences are reversed both for F; and for F,: By Lemma 5.19 2 completely splits
both F; and F, with respect to 1 and 3. O

Remark 5.26. This lemma does not aim to optimize the label bound. A more careful and technical
argument shows n = 32 suffices; we chose to present a simpler proof with weaker parameters.

5.3 Hardness of Representation for > R3F which is also an R4F

We are now ready to prove Proposition 5.1. For ease of reading, we repeat it below.

Proposition 5.1. Let F, G be R3Fs such that the formula F + G is a structural R4F. Let U be a set
containing all the read-4 variables in the formula F 4+ G.

Denote

T = {6Xgeg(ax§iegp) ‘ p €{pr.pc) xi,x5 € var(p)} A

Assume U # () and that no nonzero polynomial in Qr g U T vanishes at 0.
Then, if n > 136 + 58, there exists t € U such that Prangg 1 axdeg (F+ G).
t

Proof. Denote by S, the set of variables that have degree 2 in both F and G, and let S; = [n] \ S,.
We consider two cases:

1. |S;| > 58: Restrict Fand G by a generic assignment to the variables in S,.
Let xi,%; € Sz be such that axdeg(axdegpF) # 0. By our assumption on the set T, polynomials
i j

of this form do not vanish at 0, hence
axgeg(axﬁegpp(o)) £0.
By the properties of generic assignments, it follows that
6X?eg(ax?egpﬂs2 (0)) #0.

Therefore, for every x; € S, aX?eng 5, is 0-preserved. The same argument applies to G.

Observe that F[s, and G|s, are individually multiplicative R2Fs, of degree 2 with respect to
every variable. Hence, by Lemma 5.25, there exists t that partially splits pg,, and pgys,.
Therefore, pr| 55 and pg 55 satisfy the conditions of Corollary 5.6, which implies that

Ps\(0) 10, as(Pris, + Pals, ) -

Since partial differentiation with respect to x commutes with substitution of the other vari-
ables, we get

P\ 1 (axgeg (pr +7pa))ls,

which further implies that
Pin) 10 ses(PF +Pa)-

Finally, note that S, C U.

7Observe that axdeg(axdegp) # 0_aeg_aegP. On the left-hand side, we differentiate with respect to x; as many times as
i j i j

its degree in 0_aesp, whereas on the right-hand side, we differentiate as many times as its degree in p.
j
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2. 1Syl < 58: Lett € Ube arbitrary, and define

F=aulorlly, and 9= 0mlpa)ls,

If there exists x; € var(f + g) such that degXj (f+g) > 1, then, since j ¢ S,, by definition its
degrees in f and g differ. Without loss of generality, assume degXj (f) < degXj (g). Then

aX;ieg(f +9g)(0) = ax;iegg(o) = axfeg(axfeg (pG)) (0) #0,

by our assumption on the set 7.

Hence, by Lemma 2.39, we conclude that (f 4 g) is 2-hard, as desired.

Otherwise, f + g is a multilinear polynomial. Since S; U S, = [n], we have [S1] > 124,
and in particular |S; \ {t}] > 126. By the definition of S; and by Lemma 2.11, both f and
g are multilinear R3Ps. By Corollary 2.6, these are structurally multilinear R3Ps. As the

nonzero polynomials in Qf g do not vanish at 0, it follows that 0 satisfies the conditions of
Lemma 2.43. Applying that lemma with m =2 and k = 6, we obtain

fPSlJ(f—f—g,

which implies that
Py 10 s (PF +Pa)- O

6 Dominating degree patterns

In this section we introduce the notion of dominating degree patterns and discuss its importance. We
begin by recalling notation and definitions introduced in [HMM?24].

6.1 Notation and Definitions

Definition 6.1. (Degree pattern, taken from [HMM?24]) Let ] C [n]. A degree pattern with domain
] is a J-indexed tuple ¢ € NJ of nonnegative integers.

For some degree pattern ¢ we denote by Domain(e) the set of indices in the domain of e.
Moreover, we denote by x° the monomial [ [;cpomain(e) x; I

A degree pattern ? with domain J C [n] matches a monomial m = x€ such that e € F™, if for
everyj €], deng (m) =0;.

We say that 9 is in p € F[x] if ® matches some monomial in p.

Every polynomial p € F[x] can be written uniquely in the form

P = Z pox’

0eN)

where pg is a polynomial over F that depends on the variables outside of | ([n]\ J). We refer to pq4
as the coefficient of x4 in p. O

The next definition is close to the definition of dominating monomials.

36



Definition 6.2. (Dominating degree pattern) Fix ] C [n] and let ¢ and 0 be two degree patterns
with domain J. We say that ¢ dominates 0 if ¢; > 9; for every i € ] and there exists ip € ] such
that ey, > 0y,.

Moreover, we say e is a dominating degree pattern in F € F[xy,...,xn] if its coefficient in F
is nonzero and there is no degree pattern in F that dominates it. When | and F are obvious from
context, we simply say that e is dominating. O

Next, we define a new notation for taking partial derivatives.

Definition 6.3. Let F be a polynomial and ] C var(F). We denote 94mF as the set of nonzero
partial derivatives, with respect to the dominating degree patterns with domain J:

Ojdom F := {0¢F | Domain(e) = ] and e is dominating in F} . O

6.2 Two Elementary Sets

In this subsection we define two elementary sets of polynomials which will be used throughout
our proofs.

Definition 6.4 (Ar). Let F be an algebraic formula and t € N. Define,
.A;[: = U aIdompF P
1e(&)
In words, this is the set obtained by taking all possible derivatives according to all dominating
degree patterns of size at most t. O
Definition 6.5 (*). Let F be an algebraic formula and let m € N. Define:

= n. 0

UGF(O)LUF(O)R
The utility of this definition is captured in the next claim.

Claim 6.6. Let F be an algebraic formula. If no polynomial in EL vanishes at 0 then both py, and py, are
0-preserved.

Proof. This is an immediate consequence of Lemma 2.33. O

Remark 6.7. Note that if t < t’ then At C AY', and similarly if m < m/ then E* C &V

6.3 Extension of Lemma 2.11 for R2Fs

In Proposition 7.31, we established a hardness of representation result for totally non-structural
Zz R2F, under the assumption that for every p € &3, for some F € Zz R2F, we have p(0) # 0.
When proving Theorem 1.1, to ensure this property, we translate pr by a common nonzero of the
polynomials in 8%. To perform this translation, we must be able to find such a common nonzero.
The goal of this section is therefore to construct a hitting set for the polynomials in €3. For this, we
prove Lemma 6.8, which strengthens Lemma 2.11 in the case of R2Fs.

Lemma 6.8. Let S C [n] be of size |S| < 3. Let F € RKF be such that for every i € S, Readr(xi) < 2.
Let ¢ € {1,2}° be a dominating degree pattern of F with domain S. Then, 3.F € RKF, and moreover it is
composed entirely of disjoint subformulas of F.
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We prove this claim in Subsection 6.4.
The following is a simple corollary that follows from Lemma 6.8. We will not use it in our
proofs, but we still find it interesting.

Lemma 6.9. Let e be a degree pattern with domain ] C [n] such that |J| < 3. Let F € R2F and let 7 be a
generator for n-variate R2Fs. Then

0.pr =0 <= 0.pro(H+Gy)=0.

Proof. In the case where 0.pr = 0 the claim is immediate. Assume therefore that d.pr # 0.
If e is a dominating degree pattern, then the claim follows directly from Lemma 6.8. Otherwise,
let @ be a degree pattern that dominates ¢, and denote

I = {2 |0 €{1,2Y, 9/ >¢; forallie],and d’' #2}.

Then, using the notation of Definition 6.2, we have

0cPF = Oe Z PeX' | = copo l_Ix?i*ei + thpt Hx?’ei,

ve{1,2Y i€] rel ie]

where ¢y € F\ {0} and pp € Flx_j] and for eacht € I, ¢, € F\ {0} and p. € F[x_j].
Note that the monomial [ [;¢; xfi_ei does not appear in the second summation on the right

hand side. By Lemma 6.8 we know that

Po ~ OoPF

is an R2P. Moreover, by assumption, it is nonzero. Hence py o H # 0. Therefore, by reviving the
variables in ] (see Observation 2.19), we obtain the desired result. O

6.4 Proof of Lemma 6.8

To ease the reading we restate it.

Lemma 6.8. Let S C [n] be of size |S| < 3. Let F € RKF be such that for every i € S, Readg(xi) < 2.
Let e € {1,2}° be a dominating degree pattern of F with domain S. Then, 3.F € RKF, and moreover it is
composed entirely of disjoint subformulas of F.

Proof. For |S| = 1, the claim follows directly from Lemma 2.11, noting that if S = {i}, then it must
be the case that e; = degxi (pr)-

We now prove the claim for [S| = 2,3. To ease notation, we assume that when [S| = 2, the
variables indexed by S are y and z, and when |S| = 3, they are y, z, and w. We denote by x the
remaining variables. We shall occasionally abuse notation and treat S itself as the corresponding
set of variables.

We first note that if, for some variable in S, its degree in e equals its degree in p¥, then, as in the
case |S| = 1, Lemma 2.11 allows us to take the derivative with respect to its maximal degree and
thereby reduce the problem to |S| — 1 variables. We may therefore assume that each variable in S
appears nontrivially in F, and that for all such variables, their degree in e is 1, while their degree
inpris 2.

Let v be the first common gate (fcg) of all leaves labeled by variables in S. Denote by vy, v,
and v,, the fcg of the y-, z-, and w-leaves, respectively. (When |S| = 2, we ignore v,,,.)
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Claim 6.10. Either Lemma 6.8 holds, or for some variable v which has its index in S, v = v..

Proof. Assume, for contradiction, that this is not the case. Without loss of generality, assume that
both vy and v, are descendants of (v);, and that v, is a descendant of (v)g.

If v is an addition gate, then the derivative with respect to e is clearly the zero polynomial,
and Lemma 6.8 trivially holds. Thus, assume that v is a multiplication gate. In this case, (V)L
must contain the monomial yw, while (v)g contains 22, contradicting the assumption that e is

dominating. O

We may therefore assume, without loss of generality, that v = vy. Since degy (pr) = 2, the
gate v must be a multiplication gate. We now divide the analysis into several cases, according to
how many times each variable in S appears in each child of v. The following four cases exhaust
all possible configurations, up to renaming of the variables and exchanging the children of v.

1. Each of v, and v,, is either equal to (v)r or a descendant of it.

This situation can occur only when |S| = 3, since otherwise the monomial yz*> would appear
in pr. Observe that the degree pattern restricted to z and w must be dominating in p(y,),, as
any monomial in z, w is multiplied by y and therefore cannot cancel out. Hence, the claim
follows from the [S| = 2 case by first taking the derivative 9.,,pr and noting that, in the
resulting polynomial, the degree of y becomes 1, allowing us to apply Lemma 2.11.

2. v, is a descendant of (v)g, and v, is a descendant of (v);.
Again, this configuration can occur only when [S| = 3. In this case, the derivative with
respect to the S-variables is zero. Indeed, if p(,), contained a monomial divisible by yz,
then pr would contain a monomial divisible by w?yz, contradicting the assumption that the
(1,1,1) degree pattern is dominating. Hence, for some polynomials a,a’,b,b’,c,c’,d,d’ €
F[x], we have

Py = a2t +bztey+d,  puy =aw b wrcy+d,
and no monomial in p,, and therefore in p¥, is divisible by wyz.

3. v, is a descendant of (v)r, and vy =v,, = V.
Assume [S| = 3 (the case |S| = 2 will appear in the next case and essentially follows from the
analysis here). As before, p(y,), cannot contain a monomial divisible by wy, since this would

yield a monomial divisible by wyz?. Thus, ur yw = feg(,), (Y, w) must be an addition gate.
Similarly, no monomial in p(,,), is divisible by yzz or wz2. On the other hand, there must
exist a monomial divisible by either yz or wz; otherwise, no monomial would contain all
three variables.

Define ug ., = fcg(V)R(y,z) as the first gate whose subformula contains both a y-leaf and

a z-leaf. We claim that ug . is an addition gate. This follows from the fact that z* appears in
some monomial of p,,), but yz? does not. The same holds for ug ., = fcg (V)R (w, z), defined
analogously. Similarly, define ug .

Up to symmetry, three subcases remain.
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(@) vz = uRyw- Then for some polynomials a,...,e" € F[x],

Pugy. = @y +bz+c,
Purw, = a'W+b'z+¢/,

Pv. = (A Pug,. +€)(d" - Pug,,. +€'),
Pupyw = a ' y+b"w4c”,

where all suformulas computing a, a’,a”,b,b’,b”, d, d’ are disjoint. Clearly, these sub-
formulas are also disjoint from the (disjoint) subformulas

H pr | H Pr and H Pr

reUnvg(v) reUnvF(u)R (vz) rGUnVF(u)L (urzw)
Thus,
oyzwpr=| [T Pr] QuzpiedwpP ) +0wzPv)dyPvy)
reUnve(v)
SRR A I A
reUnve(v) ‘rGUnVF(V)R(vZ) TGUIIV]:(V) (ur,yw)

+ II v |dd'ba’ 11 N

reUnve (vz) reUnve (uryw)
(VIR (V)

— H pr H pr | dd’ H pr | (ab’d” + a’ba”)

reUnve(v) reUnvaR (vz) reUnvF(vJL (ur,yw)

which, by disjointness, is an RkP.

(b) uryw is a descendant of ug y, = urw.. Here,

Pugy, = Yy +bw+c,

Pugw: = @ Pug,,, T+ b2+,
Pv. = (dPuy,,. +e)(d'z+e'),

Pupyw = a"y+b"w+c”,
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where the subformulas computing a”,b”, a, b are disjoint. Then

OyzwPF = H Pr | (QyP(v) OwzP(v)g T OwP(v) OyzP(v)x)
reUnvg(v)
(11 - I v I »]ee
reUnvg(v) TEUnv(V)L(uLyW) TEUnV(V)R(Vz)

+ H pr | B H pr | d’dd’a

rEUnVML (ur,yw) T‘GUHV(V)R (v2)
— IT » 11 Pr [T »|dda(a”b+b"a),
reUnvg(v) rEUnV(v]L(uLyW) rEUnv(v)R(vz)
which is again an RkP.

(c) uRr,y is a descendant of ug y.. The argument is symmetric to the previous subcase.
Since v, # ugyw, we have that ug y,, is an addition gate, and the same calculation
applies.

4 vy =v,=vy,, =W

When [§| = 2, both p (), and p(,,), must be linear iny, z over F(x), and the reasoning parallels
the previous case. Assume [S| = 3. Without loss of generality, suppose that p(,,), has total
degree 2 in y,z, w over F(x) and that the monomial yz appears in it. If p(,,), also has degree
2 in these variables, then it can contain only the monomial yz and be linear in w; the same
holds for p,,),. Otherwise, if p(,, is linear, then p(,,), can contain at most one additional
quadratic monomial (say wz). Indeed, p(y,), is a ROF and if all fcg’s where multiplication
gates then it would also have contained the monomial yzw. Thus, one of the following must
hold:

(a) uR,wy = UR,wz, LLL,wy =UL,wz, and

Pugw, = €(lay +b)(cz+d) +fw+g,

Pupw, =€’ (a'y+b)(c'z+d") +f'w+g’,
where a, ¢, f, a’, ¢/, f" are computed by disjoint subformulas. A direct calculation shows
that the derivative is an RkF.

(b) urwz = UR,yz and
Purn. = (dlay +bw +c¢) +e)(fz+g) +h.

Then p,, must be linear iny, z, w. Regardless of the specific arrangement of gates, a di-
rect computation shows that all yzw monomials share a common part, and the remain-
der consists of disjoint subformulas, so the derivative is again an RkF. An illustrative
example (in which we dropped the additive terms in each gate) appears in Figure 4.
One can see that to get ywz term we either take the a’c’dbf path or the d’daf path. [
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Figure 4: An illustrative structure for Case 4b, showing disjoint subformulas contributing to the
derivative.

7 Totally Non-Structural 5> R2F

In this section we prove a hardness of representation result for the totally non-structural case. By
this we mean the case where all the variables are non-structural (see Definition 7.1 below). We also
establish a hardness of representation result for the class ZZ [1* ROF, for which a PIT algorithm
was given in [BGV23]. This extension is crucial, as it enables the use of the method of generic
assignments. The arguments in this part rely heavily on the structural constraints imposed by the
totally non-structural setting.

To indicate our current position in the proof, we include Figure 5. In this section, we prove
Proposition 7.31, whose proof corresponds to the subtree rooted at the orange box.
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Section 8
PIT for F € R4F

Theorem 1.1
Section 3
Fragmentation Lemma
Lemma 3.8
Reducing to PIT forv € 3:](;2)
see Definition 3.2
Case 1, there exists a Case 2, there are a lot of Case 3, small number of
“problematic” variable unique variables in v unique variables in v
Section 6 Section 7 Section 5
Dominating degree patterns HoR for Totally Non-Structural Y * R2F HoR for Structural R4F N Y2 R3F
Lemma 6.8 Proposition 7.31 Proposition 5.1

At least one of the 2-nd level gates ( Both 2-nd level gates are W

i i e o e multiplication gates
Lemma 7.10

[

Lemma 7.15 Lemma 7.18 Lemma 7.22

Large number of completely branched variables } [ No completely branched variables } [ Small number of completely branched variables

|

Figure 5: Our current position in the proof of Theorem 1.1

Definition 7.1 (Totally non-structural RkF). We say that F € RKF over the set of variables [n] is
totally non-structural, if for every i € [n] there are two gates v and u in F, such that v is a child of
uand deg, (pv) > deg, (pu). O

In the following subsections, we focus exclusively on totally non-structural y_* R2F formulas.
Later, in Section 8, we combine the hardness of representation result established here with the
corresponding result for structural R4F formulas, which take the form of > ?R3F, to obtain a
hardness of representation result for general R4Fs. This is achieved using generic assignments, as
outlined in Lemma 2.53.

7.1 Preliminaries

7.1.1 Structural definitions

We give some definitions and simple results concerning the structure of a totally non-structural
R4F and of totally non-structural ZZ R2F.

Observation 7.2. Let F € R4F be totally non-structural, and let x; € x. Let u be the fcg of the four
occurrences of xi in F. Then, u must be an addition gate, and without loss of generality:

deg, (pu) =1 and deg, (p(w))=deg, (Pru)) =2
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Proof. First, observe that u cannot be a multiplication gate. Indeed, by Corollary 2.6, both its
children (u);, and (u)g are structural. Therefore, if u were a multiplication gate, then F would be
structural with respect to x;, contradicting the assumption that F is totally non-structural. As the
degree of x; in pr is at least 1, and since the individual degrees with respect to x; of the children of
u must be equal, the only possibility is that deg, (p(v) ) = deg,. (p(u),) =2 and deg, (pu) =1,
as claimed. O

Corollary 7.3. Let F € R4F be totally non-structural. Then pr is multilinear.

Corollary 7.4. Let F € R4F be totally non-structural, and let i € [n]. Let u be the fcg of the four
occurrences of xi in F. Then, in each of the subtrees rooted at (w)p and (u)r the fcg of the xi-leaves is a
multiplication gate.

We next consider properties of totally non-structural > R2F. The following is a restatement
of Corollary 7.4.

Corollary 7.5. Let F € Y * R2F be a totally non-structural formula, and let x; € x. If {1 and { are the
two leaves labeled by x; in some child of o, then fcg” ({1, €) = X.

In the rest of this subsection we assume both (o), and (o)r are multiplication gates.

Definition 7.6 (Branching). Let F € Y ?R2F be a totally non-structural formula. Suppose both
(o)L and (o)r are multiplication gates. We say that a variable x; € x branches in (o)L, (respectively,
in (o)R) if x; appears at most once in (o)1, and at most once in (o) r. If x; branches both in (o),
and in (o)gr, we say that x; branches completely in F. If x; branches only in one of the children of o
then we say that it partially branches in F. If either happens, we simply say that x; branches in F. ¢

Observe that if x; branches in (o), then
P(o), = (axi +b)(cx; +d),
where a,b,c,d € F[x_;].

Definition 7.7 (Separated variables). Let F € S ?R2F bea totally non-structural formula.
We say that two variables x;, x; € [n] are separated in (o) (respectively, in (0)R) if, within (o)
(respectively, within (o)r), each occurs in exactly one child and they occur in different children. ¢

Lemma 7.8. Let F € Y > R2F be a totally non-structural formula, and suppose that both (o); and (o)g
are multiplication gates. If, for some & € F™, we have pr(x + o) ~ Py, then there do not exist indices
Xi,Xj € x such that x; and x; are separated in both (o), and (o).

Proof. Since the statement concerns the structure of F, which is invariant under translations by
constant vectors, we may assume without loss of generality that pr ~ Py, to simplify the presenta-
tion.

Suppose, for the sake of contradiction, that there exist variables x;,x; € x such that x; and x;
are separated in both (o), and (o). Since (o), and (o)r are multiplication gates, and each variable
appears in only one child, the totally non-structural assumption implies that the subformulas
rooted at (o), and (o)r compute polynomials of the form

Po), = ar - (bixf + cuxi + di)(erxs + fix; + gu) + hi,
Plo)r = R - (bRXF + crXi + dr)(erX] + frX; + gr) + hi,
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where ag, at, ..., hg, hr € Flx_g j,]. Since multiplying ar by bregr and rescaling (bkx% + crxi +
dr) by bg' and (eRx]2 + frxj + gr) by ey’ yields an equivalent polynomial, we may assume
without loss of generality that bg = by = eg = e = 1. Note that this normalization may cause
some coefficients to become rational functions rather than polynomials. Abusing notation, we
write

Ploy, = ar - (6§ +crxi +du) (55 + fix; + gu) + he,
Plor = ar - (x] + crxi + dr) (X} + frXj + gr) + hg,

where ag, ar,...,hg, hy € F(x,{i,j}). Let ¢ € F be such that'®

PF=P(o). ~Plo) T &

Since pr ~ Py, it must hold that at least one of ar, ag is nonzero (otherwise x; and x; would
not appear in pr). As no variable appears in P, with degree greater than one, the following
coefficients in pr must vanish:

1. Coefficient of x%x]?: ap—ar=0 = aL=agr #0.

2. Coefficient of x%xj: ar fy — agfr =0, and by (1) this implies f; = fg.

3. Coefficient of xix]?: arcp — arcr = 0, which implies c; = cx.

These equations imply that the coefficient of x;x; also vanishes:
(1]_C]_f]_ — aRchR =0.
This contradicts the assumption that pr ~ Pr. ]

Lemma 7.9. Let F € Y ? R2F be a totally non-structural formula, and suppose that both (o) and (o)g
are multiplication gates. If, for some & € F™, we have pr(x + &) ~ Pr, then there exists a variable x; € x
that branches in F.

Proof. Assume, for the sake of contradiction, that no variable branches in F.

Pick any pair of variables x; € var((o);,1.) and x; € var((o)rr). Since no variable branches, x;
and x; are separated in (o).

By Lemma 7.8, x; and x;j cannot also be separated in (o)g. Hence, at least one of them must
appear in both children of (o)r (i.e., branch in (0)r), or both must appear in the same child. If one
of them branches in (o)r, then we are done. Otherwise, assume without loss of generality that
both x; and x; occur only in (o)r ..

Pick any variable x¢ € var ((o)gRr) (such a variable exists since each gate computes a non-
constant polynomial). Since x¢ does not branch, applying Lemma 7.8 to the pair (xi,x¢) implies
that x; must lie in the same child of (o);, as xi, namely (o),1. Similarly, applying the lemma to
(xj,x¢) implies that x¢ must lie in (o); r as well.

Therefore, x; appears in both children of (o)1, contradicting the assumption that no variable
branches in F. O

8We may assume, without loss of generality, that we subtract the two polynomials rather than add them.
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7.2 Hardness of Representation for Totally Non-Structural S ?R2F

We begin by proving a hardness of representation result for the case where at least one of the two
R2Fs in the sum has an addition gate at it’s root. Recall the definitions in Subsection 6.2.

Lemma 7.10. Let F € Y% R2F be a totally non-structural formula. Suppose that (0)y is an addition gate.
Moreover, suppose that no nonzero polynomial in A%( U A%( : vanishes at 0.
o L ]

Then, if n > 3, we have A
Putpr.

Proof. Assume towards contradiction that the claim does not hold and P, | pr. From Observa-
tion 7.2 we get that for every x; € x, degXi (pr) < 1. Therefore, pn ~ pr.

Using Corollary 7.4 we get that the fcg of the two leaves labeled with x; is a multiplication gate
both in (0);, and in (o)r. Therefore, because (o), is an addition gate, the sets of variables in the
subformulas rooted at (o)1 and (o) r must be disjoint.

Without loss of generality, assume x,, € Var(p(o)L/L) and x,,_1 € Var(p(o)L/R). Thus, x,, ¢

var(p (o), x) and xn—1 € var(p (o), , ). We have
axnanp(o]L = axnxn,l (P(o)L,L _'_p(o)L,R) =0.
ASPF =P(o), T P(o)xr We get:
Oxnxn 1PF = Oxpxn 1 (P(o) T Plo)r) = Oxnxn 1P (0)x -
Moreover, since Py, ~ pr, it follows that:
axnxnflp(O)R = aXvﬂ.anlpF ~ aXvﬂ.anl g)n = (‘P[nfz}
Therefore,
axnxn—lp(O)R ~ “’P[nfz]

By the assumption, 0y, x,, ;P (o), does not vanish at 0, in contradiction. O

The next three claims Lemma 7.15, Lemma 7.18 and Lemma 7.22 are the main technical con-
tribution of this part. These establish a hardness of representation result for totally non-structural
>~ 2 R2F formulas, under the assumption that both children of the root are multiplication gates.

Lemma 7.15 handles the case where there exists a “large” set of variables that branch com-
pletely. Lemma 7.18 addresses the case in which no variable branches completely. Then
Lemma 7.22 handles the case where there exists a “small” set of variables that completely split, by
attempting to reduce the problem to any of the previously mentioned cases.

In these lemmas we use restriction of algebraic formulas (Definition 2.54). Moreover, the next
property of generic assignments is used implicitly.

Observation 7.11. Let F be a totally non-structural algebraic formula and let T € F™ be a generic assign-
ment. Then, for any set S C [n], F[S is also totally non-structural.

Proof. Let x; € x and let v,u € F, such that v is a child of u and degXi (pv) > degxi (pu). Asa
generic assignment to variables other than x; won't affect its the degree the claim follows. ]

Before proving the main hardness of representation results, we first establish such a result for
the class 52 TT* ROF (recall Definition 2.2).
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Remark 7.12. In [BGV23], the authors showed that G3 hits the class of Zz [ I ROF. While [BGV23]
presented a PIT algorithm for this class, their result does not provide any corresponding hardness
of representation result, which is crucial for us, as explained in Subsubsection 1.3.1.

Lemma 7.13. Let Fi,F, € Hk ROF such that F; = ]_[j”;i1 fij, where all fi; (for i € 2], j € [my])
are irreducible. Moreover, assume these irreducible factors are 0-irreducible and 0-preserved (recall Defini-
tion 2.27). Then F1 + F, is (2k + 1)-hard.

Proof. Suppose, for the sake of contradiction, that the claim does not hold. Without loss of gener-
ality, assume that P | F; + F2, and let h € F[x] be such that

Fi +Fo = Poxq1 - h.

Observe that any common factors of F; and F, are 0-preserved. Hence, no variable divides these
factors, and factoring them out does not affect the correctness of the lemma. We therefore assume,
without loss of generality, that F; and F, are coprime.

Then, for every i € [2k + 1], we have

(Fl + FZ) ‘xizo = (PZk*l}xi:O -h x1=0 =0.
Thus, Filx,—0 = —F2lx,=0. This implies that, for each i € [2k + 1], the sets of irreducible factors of
Filx,—0 and Fy|x,—o must be identical (up to scalar multiples).

Without loss of generality, assume that for all j € [m2] we have [var(fy1)| > |var(fy;)|.

Suppose there exists i € [2k + 1] such that x; ¢ var(f;;). Then, for any j € [my] with
xi € var(fy;), we have [var(fi)lx,—ol > |var(fy;)lx,—ol, and therefore fi|x,—0 and fy;lx;—0 are
not similar. If x; € var(fy;), then fy; = fjlx,—0, and again the two cannot be similar since f,; and
fy; are coprime. This contradicts the assumption that the irreducible factors of F1|x;—o and Fa|x;—o
match. Hence, we must have [2k + 1] C var(fy1).

For each i € [2k + 1], let j; be such that 1 1|x,—0 ~ f2,;,Ix;=0. Define the multiset

S={fp; :1e€ 2k +1]}.

We now argue that any polynomial in S appears at most twice. Indeed, if f1,1[x;—0 ~ f2,5;|x;=0,
then using the fact that these irreducible polynomials are 0-preserved and applying the second
item of Fact 2.36, we obtain that for each j # 1, x; | Resy; (f1,1, 25, ). Since f1; and f 5, are coprime,
we have Resxi (f11,f25,) # 0. Moreover, as they are also 0-irreducible, Lemma 2.48 implies that,
for every j, Resy; (f1,1, f25,) is 3-hard. Hence, there can be at most two variables 1, i’ #j that divide
Resy; (f1,1,f25,), and the claim follows.

By 0-preservation, each polynomial in S must depend on all variables in var(f; ;) except pos-
sibly one, and any polynomial that appears twice in S must depend on all of var(fy ).

Now suppose that for some t € {0, 1,..., k} the first t polynomials in S each appear only once.
Assume, without loss of generality, that in the i-th polynomial of S only the i-th variable may be
missing. Then x4 appears in those t polynomials. By the observation above, x1 also appears
in every other polynomial in S, and since each polynomial appears at most twice, there are at least

[ #1211 such distinct polynomials. Therefore, the total number of occurrences of x¢1 in F» is at
feast 2k +1 2k +1 1
—t —t t
T o) B Y
2 2 2
which contradicts the assumption that F; is read-k. O
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For the next lemma we shall use the following definition:

Definition 7.14 (Cf). Let F be an algebraic formula. For any pair of gates u,v € F such that u is an
ancestor of v, let y,, € F denote the additive constant of gate v. Define

Cu = {ppu‘vzw veky } ,

In words, C,, is obtained by replacing, for each descendant v of u, the subtree rooted at v with a
leaf labeled by the scalar v, and then reducing the formula, in a similar fashion to Definition 2.54.
We also define
GF = U Gu .

uGF(O)LUF(O)R

When the formula F is clear from context, we simply write C. O

The reason for this definition will become clear later. In the meantime, we note that these are
precisely the polynomials that appear in Lemma 2.26.

For the proof of the next lemma we shall use the definitions, claims and observations related
to Definition 2.54.

Lemma 7.15. Let F € Zz R2F be totally non-structural. Assume that both (o) and (o)r are multiplica-
tion gates. Moreover, suppose there exists a set of variables S with |S| > 5 such that every x; € S branches
completely in F (recall Definition 7.6).

If no nonzero polynomial g € C U &2 (recall Definition 6.5) vanishes at 0, then P, { pr.

Proof. Let T € FI™\S be a generic assignment. Since every variable in S branches completely in F,
we have F|Z € 3" ? []* ROF. From this point onward, we suppress T in the notation.
Remark 6.7 shows that & C €2. Hence Claim 6.6 implies that both P(o), and p(o), are 0-

L R
preserved. By the properties of generic assignments, this further implies that both Plorg) and

Plor )k are 0-preserved. Therefore, by Lemma 2.32, any factor of these polynomials is also 0-
preserved. Consequently, gcd(p(OHs )P (o )x) cannot be divisible by any variable, and factoring
it out does not affect the correctness of the lemma. We may thus assume, without loss of generality,
that

ng(p(OHS )L’p(OHS )R) =1.

For p € {L, R}, let {h, ; }je[mp} be the irreducible factors of Plorg)p- The next lemma (applied

with F' =F,§’ =S, and T/ = 1) shows that each h,, ; is 0-irreducible. We state it in a more general
form, as it will also be used in later sections.

Claim 7.16. Let F/ € 5 > R2F be such that no nonzero polynomial g € Crs U &2, vanishes at 0. Then, for
p € {L,R}, S’ C [nl, and a generic assignment t', if (OF/|T/)p is a product of ROFs, then its irreducible
SI

factors are 0-irreducible.

Proof. Let{hy ;j}jc[m,) be the irreducible factors of p (0,10 )7 and let h € {hy j}jc[m,) be an arbitrary

1T
factor. By Lemma 2.10 h is computed by some subgate of (o, /), let this gate be vy,.
S/
Recall the definition of a commutator from Definition 2.24. For every i # j € var(h), let {; and
{; denote the unique leaves labeled by x; and x; respectively in (F/|Z,)y, . Letu = fcg(m;;)Vh (€, ¢5)
and let vy, € IF be the additive constant of u. Then, by Lemma 2.26 we have
Ai,jh = p(F/lg/)

/PAYN |u:yu

Dy
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Since his irreducible, by Lemma 2.25 we get that Ay jh # 0. Hence p,
0.

F/lgj)vh‘u:yu ié Oand axi’xjh ié
Letw = Ogl,(vh) (recall Definition 2.54). By Lemma 2.57(2), there exist a gate r € F,, with an
additive constant vy, € [ such that

(Flolimy ) 15 = (F1E vy lumye Z 0. (3)

Therefore, F}, |r—, € €Cand is nonzero, hence it does not vanish at 0. This implies, by the properties

of a generic assignment, and (3), that p AT does not vanish at 0.
s/ )vp lu=yu

Since 0 jpw € 8%,, it does not vanish at 0. By Observation 2.56(3) we have that p, o = h.
wlg/
Hence by the properties of a generic assignment 9; ;h does not vanish at 0.
We conclude that 0 is a nonzero of A jh = PF, hemya 0i,;h. Hence, by applying Claim 2.30 and

the generality of i and j, we get that h is 0-irreducible. O

The claim above shows that each factor h € {hy;}oc(LRr), jeim,) IS O-irreducible. It is 0-
preserved by the properties of generic assignments and Lemma 2.32. The claim follows from
Lemma 7.13 and the fact that |S| > 5. O

We now consider the second case, where no variable branches completely in F. Before estab-
lishing the corresponding hardness of representation result, we first prove the following claim.

Claim 7.17. Let F € R2F be over the variable set [3]. Suppose that for every i € [3], we have x% € mon(pr),
and that every other monomial in pr with individual degree 2 in some variable has coefficient 0. Then
X1X2X3 ¢ mon(pr).

Proof. For i € [3], relabel the leaves labeled by x; as xj and x; ;. By the assumption of the claim,
fegF (xi0,xi,1) = x forall 1.

Assume, for a contradiction, that x;x2x3 appears in the original polynomial. It follows that,
without loss of generality, x; gX20%3,0 appears in the relabeled polynomial. Thus, for i # j, we
must have fcg® (xi0,%;,0) = x. Denote vi; = fcg(xi0,%j,0). Assume, without loss of generality,
that vy 5 is the deepest among the v; ;. Further, assume that x;9 € (v12)r and x20 € (v12)r. We
claim that ug = vy .

Indeed, let u; = feg(x1,0,%1,1). Then u; cannot be a descendant of (v12)r, as this would imply
that the monomial x%xz appears in pf. Similarly, v{» cannot be a descendant of u;. Thus, it must
be that u; =v,. A similar argument shows that u, = v 5.

Since v is the deepest among the v;; and u; = vy, it follows that either vio = vo3 or vi
is a descendant of vy 3. The latter case cannot occur, as it would imply that the monomial x3x3
appears in pr. Thus, all v;; and all u; coincide and are equal to the same gate v. Observe that
both p(,), and p(y,), must be linear functions (otherwise we would obtain a contradiction). This
implies, however, that deg(pr) = 2, a contradiction. O

Lemma 7.18. Let F € ZZ R2F be a totally non-structural formula. Suppose that both (o) and (o)gr are
multiplication gates, and that no variable branches completely in F. Moreover, Suppose that no polynomial
in A% U A% vanishes at 0.
(o)L, (o)R
Then, if n > 5, we have:
:Pn Jf PE-
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Proof sketch. We give a sketch of the proof and postpone the full proof to Subsubsection 7.3.1
Assume for contradiction that Py, | pr. Therefore, Corollary 7.3 implies that pf ~ Pr.
As o is an addition gate and any additive constants at (o), or (0)r can be pushed up to the root
and absorbed into the additive constant of 0. Hence, we can assume w.l.o.g. that (o);, and (o)r
have no additive constants. Let { € F be the additive constant of 0. Dentoe

Pr=pr—C

By Lemma 7.9, there exists x; € [n] which branches in F. Let ] be the set of variables that branch
in F. To ease the notation we denote i = 1 from now on, but the analysis holds for any x; € J.
Assume w.l.o.g., that x; branches in (0);.. The assumption that no variable branches completely
in F, implies that x; does not branch in (o)r. Hence, all occurrences of x; in (0)r are confined to a
single subformula. Without loss of generality, assume that x; does not appear in (o)r ..

Let p := p(o)s,, and factoritas p = ]_[]";1 Pj, where each pj is irreducible. Using Lemma 2.33
we get that p is 0-preserved and then, by Lemma 2.32 we get that every irreducible factor of it is
also 0-preserved.

Since x; branches in (o), we can write:

Plo), = @1X1 + b1, P(o) = a2x1+ by,
Plo), = (aix1 +b1)(axx1 + by) = araxi + (a1ba + azbi)x1 + biby,
Plolg =P (e2x] + c1xa + co), 4)
PF=P(o) TPk t+&

for some aj, ap, by, by, co, c1,¢2 € Fix \ {x1}].
Since pr ~ Py, by assumption, we have the identities

p-cc=—ajay; and p-cog=—(biby+ (). (5)

We argue that a; and a, are 0-preserved. Indeed, to see this, observe that aja; = axdegp(o)L.
1
This means that for every x; € x_, axgeg aap € AF(o)L- Hence, by Lemma 2.33 we get that a;a;

is 0-preserved. The claim now followsl from Lemma 2.32. The next claim is stated for x;, but a
similar claim holds for every x; € J and the appropriate p.

Claim 7.19. If Lemma 7.18 does not hold then var(p) =x_1
The following claim is an important ingredient in the proof of Claim 7.19.

Claim 7.20. If Lemma 7.18 does not hold, and var(p) # x_1, then every x; € var((o)gr,) U var((o)rr)
must appear once in (o)1, and once in (o) g.

Since no variable branches completely, it follows that every variable in var((o)g 1) is read-twice
in (o)r 1. In particular, this implies that

var((o)r ) Nvar((o)rr) = 0. (6)

This last equation together with Claim 7.20 lead to a contradiction from which we conclude
that Claim 7.19 holds. Relying on it we further obtain

Claim 7.21. If Lemma 7.18 does not hold then no other variable except xq branches in F.
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Claim 7.19 and (6) imply that var(p ) R,R) ={1}. Now, for each i € {L,R}, define

Si = Var(pou) \{1}

Assume without loss of generality that [Si| > [Sg|. Since n > 5, it follows that [Si | > 2.

Let T € FS® be a generic assignment to the variables in Sg, and let & € F be a root of the
univariate polynomial p(O)L,RI sg«r- Then, for some nonzero « € F \ {0} and some y € F, we
obtain:

- :P[n]\Vaf(P(o)L,R) = (p(O)L TP Ploge T C) ‘SRHT,Xlzé

= <p(0)L,L ' p(O)L,R) ’SR<—T,X1:5 + p|SR<—T . p(o)R,R|x1:6 + C
= Y ' p|SR<7T + C'

However, the left-hand side is not 0-preserved, while the right-hand side is, in contradiction. This
concludes the proof of Lemma 7.18. O

Lemma 7.22. Let F € 3> R2F be a totally non-structural formula. Suppose that both (o); and (o)g are
multiplication gates. Let Sy be the set of completely branched variables in F, and assume that 1 < [S$1] < 4.
Furthermore, assume that no nonzero polynomial in C U &3 vanishes at 0.

Then, if n > 23, we have

iPn J[ PFE-

Proof sketch. Our strategy is to find a small set of variables, make a generic assignment to them,
and obtain a modified formula that satisfies the conditions of Lemma 7.10 or Lemma 7.18, and
pull the conclusion back to F.

Denote F; = F and let T be a generic assignment to all the variables. Consider the following

process: Let S; be the set of completely branched variables of F;. At the ith step we substitute Ts,
to Sq, and let Fi, 1 = Fi{ S e ts. " We terminate the process if one of the following conditions hold,

where o; is the root of F;:
1. either (oi)(ip =+, 0r (oi)%p =,
2. ‘U}:l S; ‘ > 18, or
3. Si =0, i.e., no variable branches completely in F;.

We now prove that if the process stopped at the mth formula, Fr,, then Py, 1 pF, . We show it
by analyzing the different stopping conditions. Denote S := (J; ¢ 1n Sj-
Case 1. As we did not halt at the previous step, and as Sy, = (), we have that|S| < 18. Since A%(o) U
.AZ 2 -
F(O)R

C &3, and each polynomial in A%(O U AF( : is obtained from a generic assignment
to a polynomial in A%[ U A%( o by item 3 of Observation 2.56, it follows that every nonzero
o)L ©JR

m)[_ omJR

polynomial in A%(om)L U A%(om)R does not vanish at 0. By Lemma 7.10 we get that F;,, is 3-hard.
Since n > 23 and |S| < 18, we have
Prans 1 Fm,
which implies
Pntpr.
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Let us postpone the analysis of Case 2, and prove the statement assuming that the process stopped
because of Case 3.

Case 3. Since n > 23 and [S| < 18, it follows that |[var(F;)| > 23 — 18 = 5. As in the analysis
of Case 1, every nonzero polynomial in A3 U A3 does not vanish at 0. Therefore, by

Lemma 7.18, we conclude that F; is 5-hard, Wthh 1mp11es the claim in the same manner as in
Case 1.

The analysis of Case 2 takes most of the proof so we highlight the important steps and give the
tull proof in Subsubsection 7.3.2.

Case 2. From properties of generic assignments (see Observation 7.11), we know that for every
j € [m], pr, is totally non-structural. Consequently, for every t € Vj, deg, (p(o;)z) = 2.

Definition 7.23. Let p € {L,R} and let t € [m]. We denote with {;,; and (’,t,p,r the two leaves
labeled by x{ in 0,. Let v, = fcg(l,p,1, lt,p,r). Similarly, we denote the left and right leaves in
(0j)p by £t,5,01 and £ ;o r, respectively and set

Vi L = fcg(oj)L(Bt,j,L,lxet,j,L,r) and ViR = ng(oj)R(et,R,bft,R,r) .

the fcg of the two leaves labeled by x; in (0;)r. and (o;)g, respectively. O

We note that by simple properties of generic assignments, it holds that

Ll[tjfl](vt,j,p) =Vt and QE,l}(et,j,p,l) =Llpt- (7)

Thus, for brevity of presentation, we omit the index j from both v ; , and £ ;0 1.

Assume for a contradiction that P,, | pr. Corollary 7.3 implies that we actually have P;, ~ pr.
The next claim shows that in the process above, we get that at every step at most one variable
completely branches.

Corollary 7.3 implies that we actually have Py, ~ pr.

Claim 7.24. [S;| = 1 for every j € [m], and in particular m = 18. Furthermore, in each such F; one of the
grandchildren of the root is supported on S;.

From now on we assume without loss of generality that S; = {x;} for every j € [m].

To obtain an even more defined structure, note that by the pigeonhole principle, in at least half
of the rounds of the process, the grandchild of the root that computes a univariate polynomial
at that round is a child of (o0i)r.. Without loss of generality (by rotating the children of (o;)r if
necessary), we may assume that this univariate polynomial is computed by (0i)1,1.. Denote this
set of rounds by J.

We now focus only on these rounds and apply the generic assignment to all variables that
were constructed in the other rounds, i.e., to the variables x; such that j € S\ J. By the properties
of generic assignments, we observe that if we were to rerun the process from the beginning, the
tirst |J| variables collected would be exactly those with indices in J.

Thus, from now on we assume, without loss of generality, that |[S| > m/2 = 18/2 = 9 and that,
at the ith step, the polynomial computed at (0;)r,1. is univariate in x;. Denote m’ = m/2 = 9 and
n'=n-m/2=23-18/2 = 14.

Corollary 7.25. For every j € [m'] it holds that var ((0j)rr) = [j : n/].
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Proof. As a generic restriction keeps any non-structural variable non-structural, and since exactly
one variable branches completely at each step of the process it follows that (0;);. contains all the
variables in Vj. ]

Let 8; € F\ {0} be such that Ploj)L ~ (xj — 6;). Clearly, we can assume w.l.o.g., that
Plope = (X5 —8j). (8)

As before, we can “push” the additive constants in (0j); and (o;)r to oj and assume both (o;)¢
and (oj)r are pure multiplication gates. Thus, for t € V; \ {j} we have

p(O]—)L|Xj:5]’ - 0/ (9)
(Xj _ 6)) | aXtF(Oj)]_ . (10)

Let o be such that
ij :p(Oj)L +p(O)R+OC] (11)

For j € [m'], we compute the quotient and remainder of dividing po;),, and P(o; ) by (xj — 8):
Plojrs = GL (x; —85) +bjL and Plojrg = GR (x; —8;) +bjr. (12)
We have,
PF = (%) = 8P (o) + (40 (%) = 85) +bj0) (@R (x) = 85) + bjR) + o
= (65 = 8) (Do T @001 (%) — 8) + (a5, byR + ajrbyL) ) + byubir+ oy (13)

Hence,
Plinnlxy=s; ~ PFlx;=5; = bj,Lbj R + . (14)
The following claim and corollary imply that, upon restricting F to the variables indexed by

" —2], (o)r becomes a product of two ROFs.

[m

Claim 7.26. Under our contradiction assumption it holds that s = min(|var((o)r ), lvar((o)rr)l) =
m’ —2.

The idea of the proof is the following. Assume that the claim does not hold and, without loss of
generality, [var((o)r )| < m’ — 2. We find two indices t,1 such thati ¢ var((o)rr) and t & (vi1)L
. A simple calculation then shows that when assigning T to the variables in [s] \ {t,1i} and then
taking a derivative according to x,,-, we obtain a polynomial of the form (x{ —f)-a+ (x{—08i)-b ~
P (1s)\fi,t,n/}, With 8¢, 8; # 0, which is a contradiction.

Corollary 7.27. The restriction of F to the variables indexed by [m' — 2] results in a formula F' = Fp,/ o
such that (og/)R is a product of two ROFs.

Proof. In Claim 7.26 we proved that each child of (o) has at least m’—2 many variables. By the fact
that the first m’ —2 variables branch in our process, it follows that [m’—2] C var((o)r) Nvar((o)r).
As (o)r is an R2F, and a multiplication gate, it must be the case that (0)Rr|[,/_2) is a product of
two ROFs. O

From now on, we consider F’ = F|;,/_5). Observe that, had we run our process on F’ instead
of F, we would obtain the same set of branched variables (excluding those that were restricted).
Furthermore, by the properties of generic assignments, F’ satisfies the same assumptions as F in
the statement of the claim. For readability, we continue to use the notation F instead of F/, keeping
in mind that var(F) = [m’ — 2] and that by Corollary 7.27, (of)R is a product of two ROFs.
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Claim 7.28. For every j € [m’ —5], «; # 0.

The idea is that the assumption in the statement of Lemma 7.22 and Claim 7.16, imply that
each of the irreducible factors of (o)r is also 0-irreducible. Analyzing (14) we conclude that &; # 0.
Since Pjj.11.m/—2) — @ is irreducible when m’ — 2 > j + 1, the same equation yields the following
corollary.

Corollary 7.29. Foreveryj € [m’ —7],b;r € Forb;; € F.

We next prove that x; — 8; divides many of the leaf-root paths in og. This also let us conclude
whether b;r € For b; |, € F.

Claim 7.30. One of the following two symmetrical cases hold:

(x1 —&1) | 11 pu and by €F, or
uelno(Fy, )L (Eer)
(x1 —01) | H pu and by €F.

uelno(Fy, . Jr(L2R,r)

Sketch of proof. Consider the first and second derivatives of F|,,_5, according to x,. It is not hard
to prove that

0% 0x,Ppim—2 ~ 0x,P(0)eha=5; and  0=0,2Ppm/—2) ~ 0,2P(0)glxi=5, - (15)

From Lemma 2.8 and definition of v{ g we conclude that

X1 — 01 | H Pu Or X1 — 01| H Pu- O

ueUnvg (Ler ) ueUnvg (Lerr)
(v¢,RIL (v, RIR

We next prove that if it is the case that x; — 01 | [ | (tery) Pu then by, € F (the other
| (ber,

uEUnVF(vtR)

case is analogous). This is shown by inspection of dx, P/ 2|
(9), (11), we obtain a contradiction when by g € F.

We are now ready to conclude the proof. By Claim 7.30, (12) and (14), we obtain that for some
peF,

«—s, and, relying on Lemma 2.8,

bir = PPpm2 —oa and pr, = @R —81) + BPpimi 2 — .

We have
0%, Plorr = (0ta1r)(x1—01) + BPms 2. (16)

By Corollary 7.27, Fo, € []* ROF. In particular, Fo)gz is @ ROF.

Observe that a; g = alp(ol)m, and it does not involve x;. As the derivative of an ROF is an
ROF (this was proved in [SV15] and it is a special case of Lemma 2.8), we get that both (0ta; r)(x1—
61) and Otp o, )y are ROFs.

Recalling that every preserving assignment is also a justifying assignment (recall Defini-
tion 2.31), we get form Proposition 2.23(2) that both 0+ p (o), and air = 01P (o, )z, are 0-justified
ROFs. As a; r does not involve x; and §; # 0, we similarly get that (0¢a;r)(x; —81) is a 0justified
ROF.

Hence, (16) implies that Py (¢} is a sum of two 0-justified ROFs. Since

IB:m'—=2]|=m'—4>2

this contradicts Lemma 2.46. O
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The following result follows almost immediately.

Proposition 7.31. Let F € Y > R2F be totally non-structural. Suppose that no nonzero polynomial in
C U &3 vanishes at 0. Then, ifn > 23, we have Py 1 pr.

Proof. First, assume that one of the children of the root of F is an addition gate. By definition,
A%(O)L U A%(O)R C &3. Therefore, every nonzero polynomial in A%(O)L U A%(O)R does not vanish at 0.
Hence, by Lemma 7.10, we obtain that pf is 3-hard.

Otherwise, both children of the root are multiplication gates. Suppose there are at least five
variables that branch completely in F. Since £2 C &3, every polynomial in € U €2 does not vanish
at 0. Therefore, by Lemma 7.15, we obtain that pf is 5-hard.

Otherwise, there are at most four variables that branch completely in F. If at least one variable
branches completely in F, then Lemma 7.22 implies the claim. Otherwise, the claim follows from
Lemma 7.18. O

7.3 Missing proofs

In this section we give the proofs that we’ve sketched or omitted from the previous subsections.

7.3.1 Proof of Lemma 7.18

Proof of Lemma 7.18. We provide the missing details for the proof sketch given earlier. For conve-
nience, we briefly recall some of the notation from the proof sketch. We assume for contradiction
that P, | pr, and hence pr ~ P,,. We also assume that (o) or (o)r have no additive constants and
set

PF=Pr—G
where ¢ € F be the additive constant of o. Let ] denote the set of variables that branch in F. To
simplify notation, we assume that x; € J, but the analysis holds for any x; € J.

We assume w.l.o.g., that x; branches in (o), but not in (o)gr. Hence, all occurrences of x;
in (o)r are confined to a single subformula. Without loss of generality, assume that x; does not
appear in (o) L. Let p :=p(o),,, and factor itas p = 1—[;11 Pj, where each pj is irreducible. Using
Lemma 2.33 we get that p is 0-preserved and then, by Lemma 2.32 we get that every irreducible
factor of it is also 0-preserved. Since x; branches in (0);,, we can write:

Plo)y = @1X1 + b1, P(o)p = G2X1 + b2,
Plo), = (a1x1 +b1)(azx1 4+ b2) = ajazxd + (arbz + azbi)x1 + byby,
Plo) = P - (c2x] + cixa + co), (17)
PF=P(o) TP+ &

for some aj, az, by, by, co, ¢1, 2 € Fix \ {x1}]. The overall structure of the formula F is therefore:
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aix; + by apx;+by - Sop= [T% ps (o)rRR

Figure 6: Structure of the formula in the proof of Lemma 7.18.

Since pf ~ P, by assumption, we have the identities
p-co=—ajay and p-cop=—(biby+ Q). (18)

We argue that a; and a; are 0-preserved. Indeed, to see this, observe that aja, = axdegp(O)L.
1
This means that for every x; € x_, axgeg aijap € 'AF(O)L' Hence, by Lemma 2.33 we get that aja;

is 0-preserved. The claim now follows from Lemma 2.32. The next claim is stated for x1, but a
similar claim holds for every x; € J and the appropriate p.

Claim 7.19. If Lemma 7.18 does not hold then var(p) =x_1

Proof. Assume, for the sake of contradiction, that var(p) # x_1; that is, there exists some variable,
other than x;, that appears only in (0)r r-

Claim 7.20. If Lemma 7.18 does not hold, and var(p) # x_1, then every x; € var((o)r) U var((o)rRr)
must appear once in (o)1, and once in (o).

Proof. Suppose, for contradiction, that this is not the case. Without loss of generality, suppose
X2 € var(pp) and that x; is read-twice in (0)y,1.. Since x; does not appear in (o) r, (18) implies that
p1 | a1. Let g € F[x] be such that a; = p1g.

Define S := var(p1) \ {2}. Let t € FS be a generic assignment. By the fact that p; is 0-preserved
and the fact that 7 is a generic assignment it follows that p1|s. . is 0-preserved. Hence, by Obser-
vation 2.50 there exists & € I\ {0} which is a root of p1|s. . Then, for some « € F\ {0} and n € F,
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we obtain the following equation:

o Prnjwvar(py) = (P(o)L TP Plojr T C) ’

Ploy +0) )

=
((11(127(1 + (a1b2 + asby)xq + biby + C) ’
=

S<+T,%xp=05
S+T,x0=05

<—T,X2:5

plgale + (p1gb2 + azb1)x1 + biby + C) ‘

ST, %x,=>5

= (asbyxy —p1 - co) ‘
S(*T,Xzzé

= dplser - NX1.

Since by our assumption var(p1) # x_1, the monomial P(;,}\var(p,) depends on at least one variable
other than x;. On the other hand, a; is nonzero and 0-preserved and T is a generic assignment, so
azls« « is a nonzero, 0-preserved polynomial. Hence, var(as|s« ) = [n]\ (var(pi) U{x1}). Thus,
there is some x; € [n]\(var(p1) U{x1}) that divides as|s. , in contradiction to it being 0-preserved.
This concludes the proof of Claim 7.20. O

Thus, every variable in var(p) branches in (0)r. Combined with the assumption that no vari-
able branches completely, it follows that every variable in var(p) is read-twice in (o)g .. In partic-
ular, this implies that

var((o)gr) Nvar((o)rr) = 0. (19)

Since n > 5 and the two variable sets above are disjoint, it must be the case that one of the
following holds: |var(p,),,)l = 3 or [var(p(,),, )| = 3. Observe that if the latter holds (and thus
var(p o))l <n—1), then by applying a symmetrical argument now with respect to a variable in
var(p (o), ) instead of x;, we get that every variable in var(p o)., ) branches in (o).

For ease of exposition, and without loss of generality, we assume that \Var(p[o)mﬂ > 3, and
continue using the original notation p = p ), - We thus have that every variables in (0)r branches
in (0)r.

Claim 7.32. Let xi € var(p(o),)- Then, either there exists a monomial m € mon(p o), ) such that
xi € Supp(m) and | Supp(m)| > 3, or pf is 4-hard.

Proof. Assume such a monomial does not exist. Let m be any multilinear monomial with support
size 3 such that Supp(m) C var(p(o),,) and xi € Supp(m). By (19), m does not appear in p o), as
it does not appear in p o), .- We get that

0% OmPn ~ OmPF = OmP (o), T OmP (o) = ImP (o),

Therefore, 0mp (o), € A%( ) which implies that 0.wp (o), (0) # 0. By Lemma 2.39 we get that pf is
o)L
4-hard. O

If pr is 4-hard then Lemma 7.18 holds, so let us assume that there exists such a monomial
m. We next show that we may assume w.l.o.g., that m has individual degree 2 in some variable
xi € var(m) and any degree in some other variable x; € var(m). Indeed, otherwise, all such
monomials in P(o)ry ar€ multilinear. Then, by Claim 7.17, there exist i,j € var(p (O)R/R) such that

ax%xjp(O)R,R 3_& 0.
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By (19) x; does not appear in p, and by the discussion following Claim 7.20 it also branches in
(o)L. Therefore, we can repeat the entire argument for x; ¢ var(p) instead of x; ¢ var(p). Thus,
we can assume without loss of generality that i = 1 and j = 2. In particular, deg, (c2) > 0. From
(18) we obtain

degxz(alaz) = degxz(cz) > 0.

Assume without loss of generality that deg, (ai) > 0. Since p is of individual degree either 2
or 0 with respect to every variable, p | ajay, and every variable in var(p) branches in F(,, , it must
be the case that there exists a non-constant irreducible factor of p which divides a;, and another
which divides a; (by the branching condition, these factors have individual degree at most 1 in
every variable). Thus, q; := gcd(p, a1) # 1, q2 := gcd(p2, az) # 1 and p = qi1 9.

Moreover, let g1 be the factor of ¢, dividing a;, and g, the one which divides a;. Then we have
the factorizations:

ar = q191, az = qz292.

This implies, together with the fact that a; and a, are O-preserved and Lemma 2.32 that
d1, 92, 91, g2 are all 0-preserved.

Let Sq C var(qz) and Sy C var(g;). Since var(p) Nvar(cp) = 0, it follows that Sq NSy = 0.
Moreover, since g and g; are 0-preserved, by Observation 2.50, there exist assignments 3 € FSaq
and y € FS9 such that f is a root of q; and v is a root of g; and both with all coordinates nonzero.
Thus, aj, ap, p all vanish under the restriction Sq < 8, Sy < vy. By (18) we get that the same
restriction also makes b1b; + ¢ vanish. We thus obtain from (17)

Tn’sqeﬁ,sgey =0

However, the left-hand side is nonzero, since both 3 and y have nonzero entries. This yields
the required contradiction and concludes the proof of Claim 7.19. O

The proof so far gives the following more general corollary.

Corollary 7.33. If some variable x; branches in (o)1, and it does not appear in (0)r 1, (equivalently (o)r r)
then var((o)rL) = ] \ {i} (var((o)rr) = nI \ {i}). The same holds when we switch the roles of (o) and

(0)r.

We next show that unless Lemma 7.18 holds, x; is the only variable that branches in F.

Claim 7.21. If Lemma 7.18 does not hold then no other variable except xq branches in F.

Proof. Assume for a contradiction that Lemma 7.18 does not hold and there exists at least one
more variable which branches in some child of o. Let it be x,.

Claim 7.34. It must be the case that x, branches in (0)g.

Proof. Assume for a contradiction that x; branches in (0);..

By the fact that no variable branches completely and the assumption that var(p) = [n] \ {1} we
get that x; is read-twice in (o) ..

If there exists one more variable which is read twice in (o)r 1, then we would get a contradic-
tion by Corollary 7.33, switching the roles of (o)1, and (o)grr. Therefore, assume this does not
happen, i.e. every variable in [n] \ {1,2} branches in (o).

Since no variable branches completely, every variable in [n]\{1, 2} is read twice in some child of
(o)L. Since n > 5, there are at least 3 such variables. Therefore, one of the children of (o) contains
two variables which are read-twice in it and branch in (o)r. Repeating the argument above, we
get a contradiction. O
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By the preceding claim we conclude that unless Lemma 7.18 holds, no other variable branches
in either child of o.

Since no variable branches in both children, we may assume without loss of generality that x,
is read-twice in (o), L. Moreover, if Var(p(o)L/R) # [n]\ {2} then by a claim analogous to Claim 7.19
we obtain that Lemma 7.18 holds.

Therefore we may further assume var(p o), ) = [n] \ {2}. Since no other variable branches in
either child, we conclude that x3 is read-twice in (o) r.

Recall that by (18), pco = —ajaz. As xp,x3 € var(p), but they belong to different children of
(o)L, they appear in two distinct irreducible factors of p. Let these factors be pi, p» and assume
that x; € p1, X3 € p2, X2 ¢ p2 and x3 ¢ p1. Consequently, p; | a; and p; | ap. Let g1, g2 € Flx] be
such that p1g; = a1 and p2g2 = ap.

Denote S; := var(p1) \ {x2}, S2 == var(pz) \ {x3}and S = S; US,. Let t ¢ FS be a generic assign-
ment to the variables in S. Let 81,8, € F be roots to the univariate polynomials p1|s« «, P2ls<
respectively. Since p1, p2 are factors of p they are 0-preserved by Lemma 2.32, therefore &1, 62 # 0.
We get the following contradiction:

07 &P (var(py)uvar(pz)) = (P(o>L TP Ploge T C) St x2=81,x3=02
= (—pcax] + (ar1by + azb1)xq + b1bo + 0) s xy—51,x5=55
= (—pcax] + (p1g1b2 + P2g2b1)x1 — PCo) Iscrxo—s1,x3—8, = 0.
Hence no variable besides x; branches in F. This concludes the proof of Claim 7.21, O

The previous observation, together with the fact that var(p) = [n] \ {1}, implies that
var(p(o)z) = {1} Now, for each i € {L, R}, define

Si = Var(pom) \{1}

Assume without loss of generality that [S; | > [Sg|. Since n > 5, it follows that [St | > 2.

Let T € F5® be a generic assignment to the variables in Sg, and let 5 € F be a root of the
univariate polynomial p(O)L,RI sg«r- Then, for some nonzero « € F \ {0} and some y € F, we
obtain:

x- ?[n]\var(P(o)LlR) = (p(O)L TP Ploge T C) ‘SRer,xlzé
= (p(O)L,L : p(O)L,R) ’SR<—T,X1:5 + p|SR(—T : p(O)R,R|X1:5 + C
- Y ' p|SR(—T + C'
However, the left-hand side is not 0-preserved, while the right-hand side is, in contradiction. This
concludes the proof of Lemma 7.18. O
7.3.2 Proof of Lemma 7.22

In this subsection we give the missing details from the sketch given earlier. For convenience we
repeat the statement of the relevant claims.

Lemma 7.22. Let F € Y ? R2F be a totally non-structural formula. Suppose that both (o) and (o) are
multiplication gates. Let Sy be the set of completely branched variables in F, and assume that 1 < [Sq] < 4.
Furthermore, assume that no nonzero polynomial in C U &3 vanishes at 0.
Then, if n > 23, we have
Pntpr
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Proof. We recall the process defined in the sketch.

Denote F; = F and let T be a generic assignment to all the variables. Consider the following
process: Let S; be the set of completely branched variables of F;. At the ith step we substitute s,
to S;, and let Fi, 1 == Fi| P We terminate the process if one of the following conditions hold,

where 0; is the root of F;:
1. either (oi)ip =+, 0r (oi)%p =+,
2 Ui 85| =18 or
3. Si =0, i.e., no variable branches completely in F;.

We now prove that if the process stopped at the mth formula, Fy,, then for V,, = var(Fy),
it holds that Pv,, 1 pr,. We show it by analyzing the different stopping conditions. Denote

S = U]E[m} S]‘

We already gave a full analysis of the claim in case we stopped due to Cases 1 or 3, so we
proceed directly to the analysis of Case 2. For readability, we restate relevant definitions and
claims that were given in the sketch, and we also repeat some arguments to improve the flow.

From properties of generic assignments (see Observation 7.11), we know that for every j € [m],

pr, is totally non-structural. Consequently, for every t € Vj, deg, (p(o;)) = 2.

Definition 7.23. Let p € {L,R} and let t € [m]. We denote with {; ;1 and {,, the two leaves
labeled by x{ in 0,. Let v, = fcg(ly o1, bt p,r). Similarly, we denote the left and right leaves in
(0j)p by €y 5,01 and €y o r, respectively and set

Vi,jL = fcg(oj)L(et,j,L,llet,j,L,T) and Vt,j,R = fcg(oj)R(et,R,lret,R,‘r) .

the fcg of the two leaves labeled by x in (0j)1, and (0;)R, respectively. O

We note that by simple properties of generic assignments, it holds that

L (i) =vie and L p(Leje1) = Llpt- (20)

Thus, for brevity of presentation, we omit the index j from both v ; , and €5 1.
Assume for a contradiction that Py, | pr. Corollary 7.3 implies that we actually have P, ~ pr.

Claim 7.24. [S;| = 1 for every j € [ml, and in particular m = 18. Furthermore, in each such F; one of the
grandchildren of the root is supported on S;.

Proof. We first establish this for S;. Without loss of generality, assume that [var((o)r,1.)| is minimal
among the variable set sizes of the four grandchildren of the root. We claim that var((o)r 1) = S1.
Since S is the set of completely branched variables, the variables in S; appear in all four
grandchildren of the root of F;. Suppose, for contradiction, that there exists x; € var((o)Lr) \
S1. Then p(O)L,L|51<—Tsl is non-constant. Because |var((o)y )| was assumed minimal, the same
argument applies to every other gate at the second level of F, implying that each of these gates
remains non-constant. Hence, no new completely branched variable appears in Fy, contradicting
the fact that we did not reach Case 2 in step m — 1. We have thus established that var((o); 1) = S1.
Next, let a; (x), by (x) and agr(x), br(x) be such that

Plo)re = AL P(o)y TP, Plo)rr = AR P(o), T bR (21)

60



Let o be such that
PF=P(o). TP(o)r T & (22)
We then have

PF=P(o)riPlojr T (aL Ploy. t bL) (aR Ploy. t bR) to

=Plo)s (P(o)L,R +aLar P(o), + (aLbr + CleL)) +brbgr + . (23)

From the property that polynomials in &3 do not vanish on 0, and from Lemma 2.33, we deduce
thatp(,), , is 0-preserved. Therefore, by Observation 2.50, and recalling that var((o),1) = S1, there

exists a zero B € F51 of P (o)., in which every coordinate is nonzero. Substituting 3, we obtain

Pnls;—p ~ Prls,p =brbr + o (24)

From this and (23), we conclude that for some & € F \ {0},

Pians, (Ps, +8) ~pr —brbr —x =p(o),, (P(O)L,R + ALAR P(o),, T (aLbr + aRbL))-

Since Var(p(o)L/L) = §;, it follows that Plo)y ~ Ps, + d. Because Po), 1S 0-preserved, we must
have [S1| = 1. Consequently, p (o), iSan affine linear function in the variable in S;.
The proof for 1 < j < mis completely analogous. O

From now on we assume without loss of generality that S; = {x;} for every j € [m].

To obtain an even more defined structure, note that by the pigeonhole principle, in at least half
of the rounds of the process, the grandchild of the root that computes a univariate polynomial
at that round is a child of (o;i)r. Without loss of generality (by rotating the children of (oi)r if
necessary), we may assume that this univariate polynomial is computed by (0i)r1.. Denote this
set of rounds by J.

We now focus only on these rounds and apply the generic assignment to all variables that
were constructed in the other rounds, i.e., to the variables x; such that j € S \ J. By the properties
of generic assignments, we observe that if we were to rerun the process from the beginning, the
first |J| variables collected would be exactly those with indices in J.

Thus, from now on we assume, without loss of generality, that |S| > m/2 = 18/2 = 9 and that,
at the ith step, the polynomial computed at (0;)r,1. is univariate in x;. Denote m’ = m/2 =9 and
n'=n—-—m/2=23-18/2 =14.

Corollary 7.25. For every j € [m/] it holds that var ((0j)Lr) = [j : n/].
Let §; € F\ {0} be such that Plojy ™~ (xj — 85). Clearly, we can assume w.Lo.g., that
Ploje = (% — &) (25)

As before, we can “push” the additive constants in (0;). and (o;)r to oj and assume both (o;)r
and (oj)r are pure multiplication gates. Thus, for t € V; \ {j} we have

(Xj - 6)) | aXtF(Oj)]_ . (27)
Let «; be such that
PF; = Ploj) T Plo) T % (28)
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For j € [m’], we compute the quotient and remainder of dividing P(oj)rL and P(oj)rr by (x; — 8;):

p(oj)R/L =aqjL (Xj — 5]') + bj,L and p(oj)R/R = QjR (X)‘ — 5)') + bj,R . (29)

PE = (% = 8))P(0)ur + (4L () —85) +b5L) (ajr (x5 — &) + bjr) + &
= (x5 — ) (P(oj)L,R +ajLa5R (%5 — 85) + (ajLbjr + aj,ij,L)) +bjLbjr+ o5 (30)

Hence,

Py,..mylxy=8; ~ PF;lx;=5; = bjLbj R + . (31)
We next prove that for all j € [m’ — 2], oj # 0. Moreover, upon restricting F to the variables
indexed by [m’ — 4], (0)r becomes a product of two ROFs. We first prove the following claims.

The next claim shows that the only variables that can appear between v; , and o, are in [i —1].

Claim 7.35. Leti € [m/], p € {L,R}and w € Unvg,  (vi,p). Then var(w) C [i —1].

Proof. Assume towards contradiction this is not the case and let w € Unvg, (vi,p) with var(w) ¢
[i—1]. Leti—1 < t € var(w). t # isince by definition v; , is the fcg of all of the leaves labeled by
xi in Fo . Since T is generic, we get that wlj; 1), ¢, ,, ¢ F. This and the fact that it is a sibling to

one of the gates in the path from v; ;| 1)ty O (0i)p contradicts the fact that x; € S;. O

By our assumption and Corollary 7.25, the child of v; 1, that does not restrict to a univariate,
(vi,L)r, must contain all the variables x; such that j ¢ [i]. We next argue that its sibling, (vi 1)1, that
restricts to a univariate, sees only the variables in [i]. Furthermore, any two such gates (v;1 ). and
(vj,L)L are disjoint (i.e., one is not a descendant of the other).

Claim 7.36. Let i < j € [m']. Then:
1. var ((vi,r)r) C [il and var ((vj)1) C [

2. (viL)r and (vi )L are disjoint.

Proof. Since T is a generic assignment, X, € var ((vi,L)RI [iflk—r[i,”) hence it must be the case that
ul[i 1)<, , is univariate in x;. Since T is a generic assignment, (viL)Lli 1)<, ,, depends on any
variable in var ((vi,)r) \ [ — 1]. Therefore, var ((vi1)r) C [il, which implies item 1. The argument
for j is similar.

Assume towards contradiction that (vi1)r and (vj 1)1 are not disjoint. Then, by item 1 we have
var ((vip)p) C [il. Since j € var ((Vj,L)L) and j > i it cannot be the case that (v; 1)1, is a descendant
of (vi)L, hence (vi 1)1 is a descendant of (v; 1 )r. But this contradicts Claim 7.35. O

The following claim implies that when restricting to the variables in [18], or is a product of two

ROF.

Claim 7.26. Under our contradiction assumption it holds that s := min(|var((o)rr)l, lvar((o)rr)) =
m’ —2.
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Proof. Assume for a contradiction that s < m’ — 2. Further, assume w.l.o.g. that [var((o)r )| <
Ivar((o)rr)|- Hence, since in the ith step S; = {xi}, we have var((o)r 1) = [s].

By Claim 7.36 we get that {F(,, ), }i<m’ are disjoint subformulas of F,), . This and the fact that
Fio), € R2F imply that there exist t € var((o)gr) and m’ —2 < i < m’ such thatt ¢ (vip)r.
Without loss of generality, assume i = m’ — 2. Denote B := [m’ — 3] \ {x}.

axn/pF|B<—TB = aXn/ (p(O)L +p(0)R + (X) ‘

BHTB

= [ 3 (Pvurr) [T putoe(pons) II v

ueUnvF(O)L (Vi) LLEUnVF(O)R (Virr) B+Tp

(32)

Recall that (0m/—2)1,LIB« 7y computes the polynomial (x; — 8¢) and that t ¢ var((om/—2)r,1)-
These imply that

Plow ity — Plog oL = (xt — 8¢).
Since t € var((o)rL) we have that p(o),, [B+ = is @ univariate polynomial in t. As every
variable in [s] branches in o, P (o), B« is @ univariate linear polynomial in x;. Let 3 € IF such

thatp(O)RJ_|B<—TB ~ (x¢ — B).
Since n’ > s we get that v, -, is a subgate of (01,/_2)1,r and that v,/ g is a subgate of (0)grr.
By the previous arguments, and using Lemma 2.8 we get the following equations.

(Xm/—2 = 8m/—2) ‘ Ox,./ <Pvn/l) H Pu ‘BHTB,

uGUnVF(O]L (Vnrr)

=B | |0 (pou)  TT puffy - (33)

uGUnVF[OJR (Virr)

Note that 3¢ # 0 since p(,),, is 0-preserved and T is a generic assignment. From (32) and (33),
we obtain the following contradiction

0 §é {‘P[n’]\(BU{xt,xm/,Z,xn/}) ~ aXn/:Pn’

B(—TB,Xt: ﬁt,xm/72:5m/72

~ aXn/pF‘

BT, xt=Bt, X/ =075

— (axn/ (pvn/,L) H pu + axn/ (pvn//R) H pu)’B(—T X :[?) . 5, = OD
ueUnVF(O)L (Vn/,L) uGUI‘IVF(O)R (vn/,R) B, Xt tr A m/-2 m’/-2
We remind

Corollary 7.27. The restriction of F to the variables indexed by [m’ — 2] results in a formula ¥ = F,/ o
such that (of/)r is a product of two ROFs.

The proof of this claim was given in the proof sketch earlier.
From now on, we consider F’ = F|(;;;»_5). Observe that, had we run our process on F’ instead
of F, we would obtain the same set of branched variables (excluding those that were restricted).
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Furthermore, by the properties of generic assignments, F’ satisfies the same assumptions as F in
the statement of the claim. For readability, we continue to use the notation F instead of F/, keeping
in mind that var(F) = [m’ — 2] and that by Corollary 7.27, (of)r is a product of two ROFs.

We next prove

Claim 7.28. For everyj € [m’ —5], &; # 0.

Proof. Assume for a contradiction that «; = 0. By Corollary 7.27, when we restrict the formula to
the variables indexed by [m’ — 2], (0j)r factors to a product of two ROFs. By the assumption in
the statement of Lemma 7.22 and Claim 7.16, it follows that each of its irreducible factors is also
0-irreducible.

From (31) we get that if oy = 0 then Pjj 1.1/ —2) ~ bjL - bjr. As deg(Pj1.m/—2)) = 3, we
assume w.Lo.g. deg(bjr) > 2, so it is a non-trivial multilinear monomial not involving x;. We
next prove that p(o, ), , is irreducible.

Indeed, as P(oj)rr is linear in x;, it is reducible if and only if it is divisible by some factor of
a;jr. Thus, ifp(o]. JRR = a’((xj —d;)a” +1b’). Then, a’b’ = bj g, which means that a’ is a monomial.
By 0-preserveness we must have a’ € F.

Since by r is a nonrtivial monomial, fixing any variable x; € by to zero makes p (4, lxi=0 =
(agr (x1 —81) + b1 R)x;=0 = a1,r (x1 — 81). By 0-irreducibility we conclude that a; g € F. However,
in this case too we get a contradiction to 0-preserveness as deg(b;r) > 2, so setting any variable
in it to 0 makes all the other variables (which are all different from x;) disappear as well. O

Corollary 7.29. Foreveryj € [m’ —7],b;r € Forbj; € F.

Proof. By (31), for some 3 € F \ {0}, we have bjrb;jL = BP}j11.m'—5 — . Since Boy # 0 and
m’ —5 > j + 1, it follows that BP}j1.;m/—5 — &; is an irreducible polynomial, and hence, one
among b; 1, b; r must be a scalar. ]

Claim 7.30. One of the following two symmetrical cases hold:

(x1 —81) | H Pu and byp €, or
uelno(Fy, o )L (Eer1)
(x1 —81) | H pu and boreF.

uelnov(Fy, p Jr(E2,r,r)

Proof. Consider the first and second order derivatives according to x. From Lemma 2.8 the defi-
nition of vy g (recall Definition 7.23) and (26) we obtain:

0 # 3%, Plaim/—2) ~ I, PFly=5; = Oxy (P(o) + Plo)etan) i=s1 = %, (Y1 +Plo)eha=5,)

= asz(O)R|X1:5] = H pLL |X1:5] : (aXZPVZ,R)|X]:51 7 (34)

uGUHVF(O)R (VaR)
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and

0 = ax%?[ZIm/—Z] ~ ax%p(Oj)R|X1:61 = H pU- |X1:61 : (aX%pVZ,R”X]:él (35)

U.EUI"[VF(O)R (Var)

= H Pu |x1:51 H Pu |X1:51 H Pu IX1:51'

uEUnVF(O)R (var) uEUnVF(VZR)L (€2r1) uEUnVF(VZR)R (€2r )

Combining (34) and (35) we conclude that

(x1—81) | 1T Pu 1T Pu

ueUnve (L2r1) uelnve (L2R,r)

(voR)L 2RIR

ueUnve

as claimed. Assume now that (x; —61) | <]_[ (arr) pu> . By Lemma 2.8 this implies that

(voR)L

Ox, (p(O)R/L}xlzél) =0.

We now prove that by, € F. Asm’ —7 =2, Corollary 7.29 shows that one of byr € Fand by € F
is a scalar, let us assume for a contradiction that by g € F. By (29) this implies that

0 (Plojial,_s, ) = dxsbir =0.

Considering (26), (28), and the equalities above we obtain the following contradiction

0 #0x, ’P[m’—Z]‘X]:é] ~ axz(pF) N

= 0x, (p(o)L’xlzél + (p(O)R,Lp(O)R,R) ’xlzél + 0(1)

=0x, <p(0)R,L’x1:61) 'p(O)R,R‘xlzél +p(0)R,L’x1:61 “O0xi (p(O)R,R‘x1:51> =0. =
The case (x1 — 81) | (HueUnvF( | (ag,) pu> is analogous.
V2RIR 7
The argument given in the proof sketch concludes the proof of Lemma 7.22. O

8 PIT for R4F

8.1 Blackbox

In this section, we prove our main blackbox result, namely that for some seed length k € O(logn),
the generator Gy hits the class of R4Fs. As before, Figure 7 indicates what we have proved so far,
and describes the case analysis handled in this section.
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Section 8
PIT for F € R4F
Theorem 1.1

Section 3
Fragmentation Lemma
Lemma 3.8
Reducing to PIT for v € 3:](;2)
see Definition 3.2
Case 1, there exists a Case 3, small number of
“problematic” variable (w.r.t. Lemma 6.8) Case 2, there are a lot of unique variables in v
Such a variable is always stable unique variables in v Handled by reducing to R3F

see Definition 3.5 or multilinear R8F

Section 6 Section 7 Section 5
Dominating degree patterns HoR for Totally Non-Structural Y R2F HoR for Structural R4F N Y2 R3F
Lemma 6.8 Proposition 7.31 Proposition 5.1

Figure 7: Our current position in the proof of Theorem 1.1

Since in the totally non-structural case taking partial derivatives does not preserve the struc-
tural form, we first establish the following lemma.

Lemma 8.1. Let F € Y > R2F be totally non-structural. Suppose that no nonzero polynomial in € U &3
vanishes at 0. Then, if n > 23, there exists x; € x such that P\ (i} { O, PF-

Proof. We first note that by Proposition 7.31, for every o, 3 € F, pr # «P,, + 3. Hence, there
exists M € mon(F) such that Supp(M) ¢ {0, [n]}. Any i € Supp(M) then satisfies the desired
property. O

Theorem 1.1 (Main blackbox result). Let pr(x) be an n-variate polynomial computable by an R4F F,
over a field F. There exists an absolute constant ¢y 1, such that pg(x) # 0 if and only if

Pro 99logn+c1_1 ;’é 0.

Proof. Letv e "J"](Ez) (recall Definition 3.2).
Claim 8.2. Let 3 be a hitting-set generator for R3Fs. If v?P = x, then for every x; € U(v),

axdegpv o J‘C i 0 .

Proof. Let x¢ € U(v). Then

2
axfegpv = (axfegp(\,h) (axfegp(V)R) € H R3F.

The claim follows directly from the definition of J{. O

Assume from now on that v°? = +. Denote by S, ) and S, ns) the sets of structural and
non-structural variables in v, respectively. Observe that, since we consider read-4 formulas, every
Xi € S(y ns) belongs to U(v). We divide the analysis into three cases.
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1. There exists x; € var(v) such that, for some G < {F(,) ,F(,),}, we have Readg(x¢) = 3 and
deg, (G) > 1.

Claim 8.3. x¢ € U(s)(v).

Proof. Let u be the first common gate of all leaves labeled by x; in F. Assume, without loss
of generality, that v € (u)r. By Lemma 2.8,

axfegpF = H Pw axfegpu . (36)
weUnvg(u)

Observe that if u°? = 4, then by the choice of v and x, we have degXt (pr) = degXt (pu) =
deg, (pv) > deg, (P(u);) In this case,

0 degPu = 0, desP(u)y + 0, dexP(u)p = O desP (), = II  pw|o@p. G?

WEUHVF(u)L (v)

On the other hand, if u? = x, then deg, (pr) = deg, (pu) = deg, (pv)+deg, (Pru);) =
degXt (pv) + 1. Let £ denote the leaf labeled by x: in (u)g. Then

axfegpu - (axfegp(uh) (axfegp(u)R)

=|0aspy  IT  pw||0wpe  TI  »w

wGUnVF[u)L (v) WEUHV}:(u]R (2)
~ 0 aesPy I »w II vl (38)
t
WEUnVF(u)L (v) WEUnVF(u)R (0)

where we used the fact that 9,,p¢ € F.
Combining (36), (37), and (38), it follows that x; € uls)(v) (see Definition 3.5). O

Claim 8.4. In the setting of Case 1 Let 3 be a hitting-set generator for R3Fs. Then O _aegpv o H # 0.

Proof. Assume, without loss of generality, that Readr , (x¢) = 3. Since F € R4F, it must be
the case that deg, (p(v);) < 1. Letdeg, (pv) = d. Then

0 desPv = OxaP(v), + OxaP(v)x = O deP vy, € R3F.

The claim follows directly from the definition of . O

Assume, for the next two cases, that no such variable x; exists in v.

2. No x; as in the first case exists and |U(v)| > 23.
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Claim 8.5. Assume that no nonzero polynomial in U, Foog Y E%V U Cf, vanishes at 0, and that
[U(v)| > 23. Then there exists a variable x¢ € U(v) such that, ifn’ = Ivar(axfegpv)l > 1p6+5%423,
then

Poar(pu)\(t) 10 desP ().

Proof. We show how to identify such a variable x{ based on the type of gate v.

We consider two subcases:

(@) IS(vns)| = 23: Observe that
Pils e TPORls
is a totally non-structural > 2R2F. By assumption, every nonzero polynomial in E%V U
Cr, does not vanish at 0. By the properties of generic assignments, this continues to

hold for the corresponding sets obtained after restricting to S,, ns). Since Sy ng)| > 23,
Lemma 8.1 implies that there exists a variable x; such that

iPS(V,ns] T axfegpv ‘ S(v,r\s] .

As xt € S(y ), itis clearly in U(v).
(b) IS (vns)| < 23: Since Sy ns) U S(vs) = [n'], it follows that |S(, )| > 26 + 5°.
Observe that p(\,)L‘s( : and p(v)R‘s( | are R3Fs, and their sum is a structural R4F.

Since [U(v)| > 23 and [S(, ns)| < 23, there exists at least one structural variable in U(v).
Any degree pattern e with domain {x;,x;} C x, such that ¢; = degXi (pv) and ¢5 =
deng (axfegpv), is a dominating degree pattern. Therefore, d¢p(y),, 0¢P(v), € E%V.

As in the previous case, every polynomial in QFML,F R and in E%v, after restriction
to S(,,s), does not vanish at 0. This satisfies the conditions of Proposition 5.1 applied to
the restricted formulas, with the set U of that proposition corresponding to U(v)\Sy ns)-

That proposition guarantees the existence of x; € U(v) such that

{‘Ps(v,s) \{t} /f axngpv | S (v,s) .

O]

To obtain a claim analogous to Claim 8.4, we first show that the sets appearing in Claim 8.5
consist of read-3 polynomials.

Claim 8.6. QF(V]yF R U 8%\: U GFV C R3P.

(v)
Proof. We consider each set separately.

(@) Letp € QF(V)UF(V)R' Sincev € SFE), both (v);, and (v)r are R3Fs. The claim follows from
Corollary 2.6 and Lemma 2.11.

(b) Letp € Cf,. By definition, there exist w,u € F(,,), both descendants of the same child
of v, such that p = pg,,_ ., , Where vy, € F is the additive constant of w. Since substi-
tuting a scalar for a gate does not increase the number of reads, the claim follows.
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(c) Letp € S?gv. Letw € F, and let e be the dominating degree pattern such that p = d.p.
Denote I = Domain(e). For |I| = 1, we have 0.p, = 0Py, and the claim follows from
Lemma 2.11. For 1 < |I| < 3, if there exists j € I such that Ready; (Fy) = 3, then it must
be the case that deng (pv) = 1 (otherwise we would be in the first case of the proof of
Theorem 1.1). By Lemma 2.11, we have Ox;Pv is an R3P. Observe that

0, i=j,
0 =
¢i, otherwise,

is a dominating degree pattern in d_a;pv, and the claim follows (by induction). If no

)
such j exists, then every variable in I is read at most twice in v. By Lemma 6.8, the claim
follows in this case as well. O
We can now prove the aforementioned claim.

Claim 8.7. In the setting of Case 2, let xy be chosen as in Claim 8.5, and let 3 be a hitting-set
generator for R3Fs. Then there exists & € Img(3) such that 9_aegpv (X + &) is (2,64 5% +23)-hard.

Proof. By Claim 8.6, every polynomial in the sets QF(9>L/F<9JR’ 8%9, and Cr, is an R3P. There-
fore, there exists a € Img(J{) that hits all nonzero polynomials in these sets. By Claim 8.5, it
follows that axdegp\, (x + «) is (r2,6 +58 4+ 23) -hard. O

. No x; as in the first case exists and |U(v)| < 23. From the fact that v € S"E), we have

U(v) # 0.

Claim 8.8. Let I be a hitting-set generator for R3Fs and for structurally multilinear R8Fs. In the
setting of Case 3,

axfegpv(g{ + 922) 7_é 0.
Proof.
Claim 8.9. Let x¢ € U(v), and denote I .= U(v) \{x¢}, S =]\ [, and f = axdeg (pvlg). Then
t
there exists o € Img(H) such that f(x + «) is 2-hard.
Proof. We prove the claim separately for the cases where f is multilinear and where f is non-
multilinear. For the latter case, we first establish the following claim.

Claim 8.10. If f is not multilinear, then for every x; € var(f) with degxi (f) > 1, we have axgegf €
R3P. '

Proof. Let x; € var(f) such that degxi(f) > 1.
Claim 8.11. degXi (pv) =2.

Proof. Since v € F ) the only other possibility is deg, (pv) = 3. However, this would
imply that for some G € {F,),F(y).}, Readg(xi) = 3 and degxi(G) > 1, contradicting the
assumption that we are not in the first case. O
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By Claim 8.11, we may assume without loss of generality that deg, ((v)r) = 2. Since x; ¢
U(v), it must be the case that degxi((v)R) < 1; otherwise, all occurrences of x; would have
been contained within v. Denote degXt (pv) = d. Recall that v°P = 4. We then have

ax%f = ax%xf (p"|5) = ax? <ax% (p(V)L|S) + ax% (p(V)R|5)> = ax?x% (p(V)L|S) : (39)

We have
d <(*) degXt (ax% (p(v)L|S)) < degxt (pv) = d,

where the inequality marked (x) follows from the fact that 0,.f # 0 and from Equation (39).

Hence deg, | (axgp(\,h> = d. The claim then follows from the facts that F(,,), is an R3F (and
therefore structural by Corollary 2.6) and by applying Lemma 2.11 twice. O

Using Claim 8.10, we obtain that if f is non-multilinear, i.e., a variable x; as described in
that claim exists, then there exists & € Img(J) such that 9,20+, pv(a) # 0. Therefore, by
Lemma 2.39, we conclude that 04, p, is 2-hard. '

If no such variable exists, then f is multilinear. Assume there exists x; € var(f) that is read 3
in some child of v. Since x; ¢ U(v), it does not appear in the other child of v. Using an
argument analogous to that in Claim 8.10, we can show that 0, f € R3P, and the claim
follows in the same manner.

Hence, assume that every x; € var(f) is read at most twice in each child of v.

Claim 8.12. In this case, f € Zz R4P.

Proof. If x¢ is structural in F,, we are done by Lemma 2.11. Assume instead that it is non-
structural, which implies that degXt (pv) = 1. We first show that 0, (p(V)L‘S) € R4P; the
claim for the other child then follows in the same way. By the definition of non-structurality,
there exists u € (v)r, such that deg, (u) = 2. Using Lemma 2.8, we get

axtp(V)L‘S = aXtPU‘s H pW‘s

WeUnVF(v)L (u)

= (Ox(Prnls)Pawls +Panls panls))  TT pwls:
WeUnVF(vJL (u)

In the polynomial on the right-hand side, we may set all variables not appearing in var(f)
to 0 without changing the polynomial. The claim now follows since every x; € var(f) is read
at most twice in any subformula of each child of v, and in u in particular. O

Therefore, by Claim 8.12, there exists & € Img(H) that is a common nonzero for f, implying
that f(x + «) is 1-hard. d

By Claim 8.9 and Observation 2.38, we have f(H + G1) # 0.

Let T € F™ be the generic assignment satisfying axfegpv‘z = f. Recall that S = [n] \ [, so
f = axfegpv‘lgﬁ. Since |U(v)| < 23, we have [I] < 21. Hence, by Observation 2.19, the
assignment

T — (H+9), i€l
o =
0, otherwise,
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where (H + G1)Y) denotes the ith coordinate of the generator (3 + G1), lies in the image
of G»1. Therefore,

0# f(H +G1) :axfegpv 9‘f+91)=axfegpv(5‘f+91+0),

|I<—T1(

which implies that
0 desPy (I + G22) £ 0.

O
Combining Claim 8.4, Claim 8.7, and Claim 8.8, we conclude the proof of Theorem 1.1. By
Theorem 1.3, there exists a constant ¢, € I such that 9310911, is a hitting-set generator for R3Fs.

Moreover, by Theorem 2.44, Ggiogn 114 is @ hitting-set generator for structurally multilinear R8Fs.
We therefore set H = Gg1og n g+ ¢, -

Every v € ?g) falls into one of the three cases described above. If it falls into the setting of
Case 1, then by Claim 8.4 and Observation 2.38, there exists x¢ € U(s)(v) such that

0 dexPy 0 H#0.
t

If it falls into the setting of Case 2, then by Claim 8.7 and Observation 2.38, there exists x; € U(%)(v)
such that

axfegpv °© (j{ + 9r2,6+58+23) #0.
Lastly, if it falls into the setting of Case 3, then by Claim 8.8, there exists x; € u(s)(v) such that
axfegpv o (J—( + 922) ;é 0.
Overall, for the constant ¢ = 15 + ¢1 + 26 + 5° + 23, we obtain
axctiegpv © 9810gn+c 7_é 0

for any v € 7 and some x; € U(%)(v). Together with Lemma 3.8, this implies the claim. O

8.2 Whitebox Algorithm

In this subsection, we present our polynomial-time whitebox algorithm and prove Theorem 1.2.
For convenience, we restate the theorem here.

Theorem 1.2 (Main whitebox result). Let F be an n-variate R4F formula over a field IF. There exists an
algorithm that, given whitebox access to F, checks in time poly(n) whether pr = 0.
8.2.1 Definitions and Auxiliary Algorithms

The following definitions provide the whitebox analogues of var(F), the unique set U(v), and the
frontier F¢.

Definition 8.13 (occ(F)). Let F be an algebraic formula. We denote by occ(F) the set of variables
that label a leaf in F. O

Definition 8.14 (U™ (v)). Let F € RkF and let v € F. Define Uéw) (v) C x as the set of variables
whose every leaf occurs in the subformula F,. When F is clear from context, we simply write
utvi(). O
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The only distinction between U™ (v) and U(v) is that the latter requires F to depend on the
variables in U(v), whereas U™ (v) imposes no such requirement.

Definition 8.15 (&"ﬁw)). Let F € RKkF. Define ?éw) as the set of gates v € F for which there exists a
variable in x that occurs in F, exactly k times, and no descendant of v has this property. O

In our whitebox algorithm, we compute derivatives of formulas in the natural way.

Definition 8.16. Let F be an algebraic formula. For a variable x; and an integer d > 1, the deriva-
tive 0,4F is defined as the formula obtained by recursively applying the usual derivative rules for
addltlon and multiplication at every gate, starting at the output gate and proceeding toward the
leaves. O

We use the whitebox algorithm for R3Fs developed in [MRS14], which we denote by WBRgsF,
and the whitebox PIT algorithm for structurally multilinear R8Fs from [AvMV15], which we denote
by WBgm-rgr. Both algorithms output "1” if their input is the zero polynomial, otherwise they
output 0"

Theorem 8.17 ([MRS14], Theorem 5, restated). Let F € R3F and let n be the number of variables
occurring in F. There is a polynomial time algorithm that, given whitebox access to F, decides whether

Pr = 0.
Theorem 8.18 ([AvMV15], Theorem 1.1). Let F be a structurally multilinear RKF over n variables. There

is an nOxW) time algorithm that, given whitebox access to F, decides whether pg = 0.

Throughout our algorithm, we will need to determine the degree of a variable in an R3F at sev-
eral points. Algorithm 1 describes how to compute deg, (F) for F € R3F and a variable x.. It also
removes redundant occurrences of x;. Every polynomial identity is verified using Theorem 8.17.

Algorithm 1 Degpg(F, x¢)

if Readfr(x¢) < 1 then
if WBR3r(0x,F) =1then F < Fl,—o
return 0
else return1
end if
end if
dr, < Degpar(F(o), )
dr < Degprar(F(o)e)
if 0°P = x then return di + dgr
else
if di # dr then return max(dg, dr)
else if WBR3r(0x,F) =1 then F + F|;,—
return 0
else return 1
end if
end if

Claim 8.19. If F € R3F, then Degpqr(F, xt) computes correctly degXt (F) in time poly(n).
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Proof. We prove the claim by induction on the size of F.

If Readr(x¢) < 1, the claim follows from the fact that Read, WBR3f, and 0, can each be com-
puted in time poly(n).

Otherwise, by the induction hypothesis, di, and dr are computed correctly in time poly(n). If
0% = x or dp # dg, the claim follows immediately. Otherwise, since F is an R3F, it must be the
case that both di, and dg equal 1. Hence, by Corollary 2.6 and Lemma 2.11, 04, F is an R3F, and
the claim follows since both 0y, and WBRar can be computed in time poly(n). O

8.2.2 The Algorithm
The algorithm is given in page 74.

Sketch of proof of Theorem 1.2. We give a sketch of the proof of Theorem 1.2. The missing details are
given in Subsubsection 8.2.3.

We traverse the formula to identify the set S4 of variables that occur exactly four times in F.
We now define an algorithm, denoted by WBRga4r (-, -), which takes as input a formula F and a set S,
and operates iteratively. In each iteration, it aims to reduce the number of read-4 variables in F
while preserving its identity (zeroness or nonzeroness). We run this algorithm on the input (F, S4).

WBR4F(F, S4):

If S4 = 0, then F € R3F, and we return the result of WBgsg(F). Otherwise, proceed to identify a
gatev ¢ ?ﬁw) (which by definition contains some variable from Sy).

If v°P = x: Using WBRgsF, we verify that both children of v are nonzero. If either child is zero,
let v, be the additive constant of the gate v. We continue to the next iteration with F|,—,  and
Sa\ UMW) (v).

Otherwise, let x;, € UMW) (v). If Degprar(Fv), ,xt) # 0 or Deggrgp(F(y),, xt) # 0, then 95, py, # 0.
We continue to the next iteration with F|,—y, and S4 \ uW ). If pr was not zero, then since x¢
does not appear anywhere else in the formula, this property is maintained (see Claim 8.21).

Otherwise, 0y, pv = 0. We continue to the next iteration with Fly,—p and S4 \ {x¢}.

From now on, we assume v°P = -+,

If a variable is both non-multilinear and read three times in some child of v: We check for this
case in the natural way, i.e. for each G € {F(,) ,F(,),} and x¢ € occ(G), we first verify whether
Ready, (G) = 3; if so, we then check whether Degg,-(G,xt) > 1. If a variable satisfying both
conditions exists, we proceed to the next iteration with F|,—x ,, where x{' is a new variable, and
with the set S4 \ UM (v). Noting that degXt (G) > 2 and at most 1 elsewhere, the identity of F is
preserved by an argument similar to that of Claim 8.21.

Searching for a variable in U(v): We proceed with two procedures, each designed to find a

variable in U(v) under different assumptions on its size. Observe that U(v) C u™J(v), but some,
or maybe all, variables in uml) may cancel out in p,, such that F does not depend on them. To
apply Claim 8.21 and proceed to the next iteration, we must ensure that there exists x; € U™ (v)
for which this does not happen. The first procedure finds such a variable when 1 < [U(v)| < 23,
and the second does so when [U(v)| > 23. If neither procedure identifies a variable in U(v), then
it must be that U(v) = (J, in which case we can eliminate all variables in U™)(v) while preserving
the identity of F.

First procedure, designed for 1 < [U(v)| < 23: For each x¢ € UMW), let T = UM (v) \ {x¢h
Substitute G »; for the variables in I and compute

Ht = axt

FV|I<—91,21"
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Algorithm 2 WBRg4r(F, S4)

1:

o ®

10:
11:
12:

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

29:
30:
31:
32:
33:
34:
35:
36:

37:
38:

39:
40:
41:

42:

if S4 = () then return WBR3g(F)

end if
Findv e ).
if v°P = x then
if WBRar (F(v),) = 1 or WBRgaE (F(y),) = 1 then return WBg4r (Flv—o, Ss \ U™ (v))
else Find x; € UM™)(v) which occurs in v four times.
if Degpgr (F(V)L, xt) #* 0 or Deggsr (F(V)R, xt) % 0 then return
WBRar (Flv—x,, Sa \ UM (v)\) > This implies that d_aegpy # 0
else return WBR4r (Flx,—0, Sa \ {xt}) ‘
end if
end if
else > VP =+
for all x; € var(v) and G € {F(,,),, F(,),} do > Looking for a read-3 non-multilinear
variable
if Read, (G) = 3 and Degps(G, x¢) > 1 then
Define x/ ¢ var(F) return WBp4r (FI\,:Xt,, S\ uw) (v))
end if
end for
for all x, € U™ (v) do > Handling the case where U(v) < 23
I=UM W)\ {x¢}
S=mJ\I
H = 0x,Ful1e g, > We consider the variables of G121 as scalars
for all x; € occ(H) \ {xt}and G € {F(,),, F(y),} do
if Degpsr(G,xi) =2thend =2
else if Read,, (G) = O then Let G’ € {F(,,), F(),} \{G}
d = Deggrse(G', 1)
else d=0
end if
if d # 0 then
P = afoV‘I<—91,21
if Degpap(P,x¢) > 0 then return WBgar (Flu—x,, Sa \ UM (v))
end if
end if
end for > If we didn’t return, then H is multilinear
if WBg.per(H) = 1 then return WBgrar (Fly—x,, Sa \ UM (v))
end if
end for
Calculate a common nonzero o to the polynomials in Q¢ ., U E%V UCf, b Handling

the case where U(v) > 23
for all x; € U™)(v)and d € {1,2} do
if BB <8Xgpv (x+0)o 9T2/6+58+23,2n) — 0 then return WBgaf (Fly—y,, S \ U™ (1)
end if
end for
return WBRar (FIU(W)(V)H,, S\ uw) (v))
end if
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We treat the variables of Gy as scalars, i.e. if y are the variables of Gy, then in the following
procedure we work over the field of rational functions, F(y).

Observe that if x¢ € var(p,), and our assumption that [U(v)| < 23 is true then |I] < 21 and by
Observation 2.19, we have H # 0.

Handling assymetric degrees: For each x; that occurs in H; compute d; =
Degprae(Fy),,xi) and dr = Degpgr(F(v),, xi). If di, # dg, let d = max(dy, dr). Compute

P = aX?FV ‘ 1+ G

Since the degrees are asymmetrical, P € {axfegF(\,)L, axfegF(v)R}. Then, by Corollary 2.6 and

Lemma 2.11 we have P € R3F. Compute Degg,(P,x¢). If it is nonzero then x¢ € U(v). In
that case we continue to the next iteration with F|,—«, and Ss \ uw(y).

Claim 8.20. If the degrees of every x; € occ(Hy) in both children of v are identical, then Hy is a structurally
multilinear R8F.

If the above procedure did not proceed to the next iteration, then by Claim 8.20, Hy is a struc-
turally multilinear R8F. To find out if p, depends on x{, under the assumption that [U(v)| < 23
we use WBq,, rsF to test the identity of H;. If Hy is nonzero, we continue to the next iteration with
Fly=x, and S4 \ umw(y).

If for all x; € UM (v) we didn’t proceed to the next iteration, then for all x¢, Hy = 0. This
implies that either [U(v)| > 23 or U(v) = (). We proceed to to check if the former holds.

Second procedure, designed for [U(v)| > 23: We handle this using Claim 8.5. To this end, we

find a common nonzero o € F™ for the nonzero polynomials in Qf oy Frup Y & UCk.
viL T vg Fy v

Computing a common nonzero: We do so by computing all nonzero polynomials in that
set. The computation of the polynomials in Qf  —and Cf, is straightforward, by defini-

tion. To compute the polynomials in 83v, we use the nontrivial succinct formulas described
in Lemma 6.8. To exclude zero polynomials, we use WBRrsr . Then, employing search-to-
decision together with WBRsf, we find o as follows. By Claim 8.22, there are at most poly(n)
polynomials in Q , ., U 813% UCk,. Since the individual degree with respect to any variable
in each of these polynomials is at most 3, the individual degree of their product

1T p

pPeEQF RUS%VUGFV

I
is bounded by some d = poly(n). Therefore, for every coordinate i € [n], we are guaranteed
that by evaluating this coordinate on at most d +1 different elements of I, we can find a value
vi € F such that for every p in the above set, plx,—y, # 0. We verify the nonzeroness of each
polynomial using WBgrsr. We find o € F™ by doing so for every coordinate, then fixing it to
Yi-

After computing o, by Claim 8.5 we obtain that if [U(v)| > 23, then there exists x; € U(v) C

u™)(v) such that Ox, Pv(x + o) is (126 + 58 + 23)-hard. Since degXt (pv) € {0,1,2}, we test for

each d € {1,2} the identity of 0, 4p(x + 0) by composing it with §,, 55 ,23) and applying the
trivial brute-force algorithm (In the procedure designed for the case [U(v)| < 23, we treated the
variables of the generator as scalars. We now treat them as variables). Since the individual degree
of p, is at most 2 and each coordinate of G (for any seed) has degree n, the test is performed for
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an individual degree of at most 2n over 1,6 + 58 + 23 variables. Hence, each test requires at most
8
(2n + 1)72675+2 ayaluations.

Concluding that U(v) = (): If both of the above procedures did not proceed to the next iteration,

then U(v) = (), meaning that F does not depend on any variable in U™/ (v). We proceed to the
next iteration with Flyjw),y,_¢ and Sa \ u(v). O

8.2.3 Missing proofs

In this section we present the proofs of the unproved claims in our whitebox algorithm.

Claim 8.21. Assume that for some x € U (v) we have Ox,Pv Z 0. Then, letting F' = Fl,—,, we have
F=0 < F =0.

Proof. If F* =0, then 0 = F/|x,—p, =F.

Otherwise, if [ [, cyny; (v) Pw Z 0, then F depends on x. Indeed, along any addition gate on
the path from v to o, only one child depends on x; hence such a gate cannot compute the zero
polynomial. Therefore, if F = 0, it follows that

H Pw = axth’ =0,

weUnve (v)
which proves the claim. O

Claim 8.20. If the degrees of every x; € occ(Hy) in both children of v are identical, then Hy is a structurally
multilinear R8F.

Proof. Since every variable in occ(v) \ u™)(v) is read 3, by our assumption its degrees in both
children of v must be either one or zero. This, together with Corollary 2.6, implies that H is
structurally multilinear with respect to all variables other than x;. Moreover, for every variable
whose degrees in both children are zero, the variable is redundant, and Algorithm 1 eliminates it.
Otherwise, both degrees are one, which means that the variable appears in each child of v at most
twice.

No variable can appear in any child of v with degree 3, since this would require it to be a
variable of degree greater than one which is read three times in some child of v, contrary to the
fact it was not found before. Hence deg,, (pv) < 2.

Let K be computed by some child of oy,. We claim that K is an R4F. Recall that deg, (pv) < 2.
If deg, . (K) =1, the claim is immediate, by Lemma 2.11. Otherwise, deg, . (K) = 2. Let u be the
tirst common gate in K of the two leaves labeled by t. By Lemma 2.8, we have

Ox K = 0x,Fu H Py = (aXtF(u)L Frug T Fauy aXtF(u)R) H Fw

weUnvg (u) weUnvg (1)

which is an R4F since F,, is an R2F. Moreover, as can be seen in the equation above, it is struc-
turally multilinear with respect to x¢. This, together with the first claim of this proof implies that
H is structurally multilinear with respect to every variable.

OJ

To argue that our algorithm runs in time poly(n), the only nontrivial assertion is the following.
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Claim 8.22. Letv € 3,.](E2) and let the number of variables occurring in F be n. Then
19F ), Fruy, U EF, U Cr | = poly(n).

Proof. We bound the size of each of these sets separately. Let s be the size of F,, which is at most
8n —1.

e Size of QF(v)L:F(vJR: By Definition 2.42,

|QF(v)LfF<v)R| = Z number of ways to choose the sets Y and Z < s-2- <bn > = poly(n).
2,6

ueF(v]LUF(v]R

* Size of &} : By Definition 6.5,

n
\g3v| = Z \Ail < 3? <3> <9snd = poly(n).

UEF(O)LUF(O)R UEF(O)LUF(O)R

¢ Size of Cf : By Definition 7.14,

€rl= > |€ul <s*=poly(n).

UEF(O)LUF(O)R

9 Hardness of Representation Implies PIT for Orbits

In this section, we show how to translate known hardness of representation results for a backbone
class into polynomial identity testing (PIT) results for the corresponding orbit class. This reduction
follows from a simple but useful observation, which we formalize in Subsection 9.2.

9.1 Notation, Definitions, and Elementary Observations

In this section, we study orbits of bounded-read formulas under the action of the affine general
linear group. The underlying formula will be referred to as the backbone. Throughout, the back-
bone variables are denoted by y = {y1,y2,...,yn}, and the variables of the linear functions by
X ={xX1,X2,...,xn . Unless stated otherwise, we follow the notation and conventions of [MS21].
For f € Fx] and i € N, we denote by fl! the homogeneous component of f of total degree i.

Definition 9.1 (Directional Derivative). [MS21, Definition 3.6] For f € F[x] and 6 = (61,...,0n) €
F™, the derivative of f in the direction & is defined as

Osf =) 5 dxf. O
i=1

Observe that the usual calculus rules—the chain rule, the sum rule, and the product
rule—continue to hold for directional derivatives in this setting.

®Note that N < n.
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Definition 9.2 (Dual Set). [MS21, Definition 3.7] A dual set for m linearly independent linear func-
tions {1(x), {2(x),..., {m(x) inn > m variables is a collection of vectors {8i}ic;n) C F™ such that

1, i=j,
2?1(6]-):{ j

0, otherwise.

(We say that linear functions are linearly independent if and only if their degree-1 homogeneous
parts are linearly independent.)

The dual set corresponding to (A, ) € GL?ff (IF) is the dual set to the linear functions {;(x) =
(Ax);. Equivalently, §; is the i-th column of AL O

Lemma 9.3 ((MS21, Lemma 3.8]). Let (A,B) € GLZ{f(IF) with dual set D = {81,8>,...,8n} C F™, and
let g € Flyl. Then, for f(x) = g(Ax + B) it holds that

of 0g

aéi(x) T oyt

(Ax+B).

Lemma 9.4 ([MS21, Lemma 3.9]). Let f € F[x]| and let 3 be a polynomial map. Then, for any
81,80,...,0 €FT,
05,,80,.,6,T0HZEO = fo(G+H)#O.

Lemma 9.5 ([MS21, Implicit in Lemma 3.10]). Let g € Fix] and let (A, B) € GLZ{?(IF). Let S C [N] be

a subset of size k and ts € FS. Then, there exist (A, ) € GL?{?(F), an assignment o« € F* and linear
functions L =Ly, Ly, ..., Ly € F[x] such that

g(A (x + G, L(x))) + B) = glys=rs (Ax + B) .
Theorem 9.6 ([MS21, Theorem 1.22]). Let 0 # F(y) € ROF and let (A, B) € GL?{?(F). Then,

Pr(AX + B) o Glognt1 #Z 0.

We next extend some of the definitions above for derivatives of higher orders.

Definition 9.7 (3 4as). Let F € Fly], and let (A, B) € GL(F) with dual set D = {81, 85,...,8n} C
F™. Letd; = degyi(F). We define
asgegpp = asgip]: . <>

Lemma 9.8. Let F(y) € RKF be structural, and let (A,B) € GL%}((F) with dual set D =
{81,62,...,6n} CF™. Then, for every i € [N], asgegpp is computed by a formula in RkFGLi{f(F).

Proof. By Lemma 9.3, we have

0 gaesPr(AX + B) = (3 s ) (Ax+B).

By Lemma 2.11, ay‘_iegpF is an RkP, which implies the claim. ]

Observation 9.9. Let H be a hitting-set generator for the class QLY (F) Then, for every (A, B) € GL’f{f(IF‘),
the composition (Ax + ) o H is a hitting-set generator for C.
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9.2 Translating Hardness to PIT for Orbits

The two key observations in what follows are that the action of matrices in GL,, (FF) is a degree-
preserving automorphism of F[x], and that classes of bounded-read formulas are closed under
translations.

Lemma 9.10. Let 0 # f(y) € Fly] be a polynomial with individual degrees at most d, and suppose that f
contains a monomial whose support size is s. Then, for every A € GLy (F), we have

f(AX) 0 Ga.s £0.

Proof. Let dmin denote the minimal degree among all monomials of f. Clearly, dmin < d - s. Recall
that for every i € N, fl! denotes the homogeneous component of f of degree i, so that

Since each linear function in A is homogeneous of degree 1, fl!!(Ax) is homogeneous of degree i.
As the action of GL,(F) on F[x] is an automorphism and f [dmin] (y) is nonzero, it follows that
fldminl (Ax) is also nonzero and has degree dmin. Consequently,

deg(f

)
ﬂAm::Z:ﬂWAm

i=1

contains a monomial of degree dmin supported on at most dmin variables. Since dmin < d - s,
Observation 2.19 implies that
f(AX) 0 Ga.s Z 0. O

The general outline we follow in most of the proofs in this section is summarized in the next
lemma.

Lemma 9.11. Let 0 # f(y) € C be a polynomial with individual degrees at most d, and assume that Cy is
closed under translations. Moreover, suppose that for every nonzero polynomial in Cq, there exists a set of
polynomials 8§ C C; such that translating f by a nonzero element of & makes it m-hard.

aff
Let 3 be a hitting-set generator for GZG E ) Then, forevery (A, B) € GL%[(F) with A # 0, we have
f(Ax +B)o (H+ Sarm-1)) Z0.

Proof. Let f = f(y + B). Since €; is closed under translations, f € €;. Moreover, f is nonzero be-
cause translation by 3 is an automorphism of F[y]. Let & be the corresponding set of polynomials
associated with f. By Observation 9.9, there exists & € Img(Ax o 3() that is a common nonzero for
all polynomials in 8. Since f(y + «) is m-hard, Observation 2.38 implies that f(y + &) contains a
monomial with support size at most m — 1. Therefore, by Lemma 9.10, we have

fly + «)(Ax) 0 Gq(m_1) Z0.

This implies the desired result. O
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9.3 Sum of ROFs

We begin by showing how to make the backbone of a structural RKF 0-preserved.

Lemma 9.12. Let F1(y), F2(y), ..., Fm(y) € RKF be structural, and let (A, ) € GL??C(IF). Let H be a
hitting-set generator for RkFGL?‘(f(]F). Then, there exists & € (Ax + B) o H such that each Fi(y + «) is
0-preserved for every i € [m].

Proof. By Lemma 2.11, we have
P={ ay?egFj |j € [ml, yi € var(F;)} € RKF\{0}.
Hence, by the properties of the hitting-set generator J, for every p € P we have
P(AX+B)oH #0.

This implies that there exists & € Img((Ax+ B)oJ) that is a common nonzero for all polynomials
in P. The claim then follows from Lemma 2.33. O

Theorem 1.5. Let F1(y), F2(y),...,Fx(y) € ROF, and let (A,B) € GL??(]F). Then

K K
D P #0 = ) pr(Ax+B)oGigniak Z0.
i-1

i=1
If k = 2 then we can compose with SGiog N +3 instead of Giog N+6-

Proof. Since we can remove every zero term from the sum, we may assume every polynomial F;
is nonzero. For every i € [k], define Fi(y) = Fi(y + B). Each F; remains nonzero, since translation
by B is an automorphism of Fly]. Moreover, such a translation does not increase the number of
reads of any variable.

By Theorem 9.6, SlogN+1 s a hitting set generator for orbits of ROFs. Hence, by Lemma 9.12,
there exists o« € (Ax + B) o Sjog 11 such that every p¢ (y + «) is 0-preserved, and in particular,
0-justified.

By Theorem 2.41, the sum Z’le F, is 3k-hard. Therefore, by Observation 2.38, Z]le F; contains
a monomial whose support size is at most 3k — 1. Since each F; is a ROF of individual degree at
most 1, we can apply Lemma 9.10 to obtain

K
prﬂ(Ax +o)oYGz1 #0.

i=1

As & € (Ax + B) o Glog N1, We get that

K
D pp.(Ax) 0 Gigg N3k Z 0.
iz1

The claim follows since .

k
D pe(AX) =) pr(Ax+B). O

i=1 i=1

For the special case of Y ? ROF using Lemma 2.46 instead of Theorem 2.41 gives the slight
improvement mentioned.
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9.4 Fragmentation Lemma for Orbits

In this subsection we prove a fragmentation lemma for orbits of RkFs. Its statement and proof
closely follow those of Lemma 3.8.

Lemma 9.13. Let F(y) € RKkF, and (A, B) € GLi{f(IF) with dual set D = {81,8,,...,8,} C F™. Denote
f'fg) = {vj})?zl. Foreachj € [t], let yi; € U(S)(v]-) and denote

Dy = {aégeg(pvj(Ax—l—B)) j :1,...,t}.

aff
Assume that H is a hitting set generator for Dy U R(k — 1)FCLn ). Then, if pr(y) # 0 has individual
degrees bounded by d < k, then

Pr(AX + B) o (H + Sqpogn+1)) Z0.

Proof. If t =0, then F € R(k — 1)F, and the claim follows directly from the assumption on .
Caset=1.Let F? ={yland I = {i}. By Lemma 9.3 and Definition 3.5 we have

asgeg (PF(AX + B)) = (aygegpF)(Ax +B)

= ((ay?egpv) : Hij)(AX+ B) or asfeg(PF(AX + B)) = Hij (Ax + B),
j=1 j=1

where each Fj is an R(k — 1)F and hence is hit by H. Since aygegpv(}\x +B)oH # 0, we get
0 e (pr(Ax + B)) o H # 0. The claim then follows from Lemma 9.4.
Case t > 1. Proceed by induction on t. Let v; be the gate guaranteed by Lemma 3.7. For y;, €

u(s)(vy), we have

m m
9 _aesPr = (0 aesPv,) - [ [Pr; or 9 aespr =] ]pr,
Yj, 178 ke Yj, ke

where each F; is either an R(k — 1)F, or an RkF satisfying |3"](:?)| <t/2.

If F; is an R(k — 1)F, then by the property of J{, pr; o K = 0. If Iff"g)\ < t/2, we get by the
induction hypothesis,
Pr (AXx 4+ B) o (K + Saqogt/2+1)) Z 0.

Therefore,

m
Hij (AX + [3) © (:}f + 9dlogt) 7_é 0.
j=1

By Lemma 9.3 and the assumption on I,

(ay;ilegpvl)(Ax +B)oH = asieg (P (Ax 4+ B)) o H £ 0.
Thus,
a{;?leg (PF(AX + B)) o (H + Gatoge) = (ay;ilegPF)(Ax +B) o (H+ Gaiogt) #0,
where (x) follows from Lemma 9.3. This, the fact that degyjl (F) < d and Lemma 9.4 imply that

Pr(AX+B) o (H + Gatogtra) Z0.
The claim then follows from the fact that t < N. O
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Observation 9.14. Let F(y) € RKF be structural, and (A,B) € GL@(F) with dual set D =
{81,682,...,6n} C F™. Let H be a hitting set generator that hits all polynomials that are structural

aff aff
RkFCLn () of the form > 2R(k — 1)F¢Ln ®) " Then, for every v € EF}(:Z] and every yi € UG (v), if

pr(y) # 0 then
as?legpv(AX'i_ ‘3) OJ‘C 7_é 0

The proof is analogous to that of Observation 4.1, and is therefore omitted.

9.5 Structurally Multilinear RkFs

In this subsection we use [AvM V15, Theorem 6.3] to obtain PIT for orbits of structurally multilin-
ear RkFs.

Theorem 1.6. Let F(y) € RKF be a structurally multilinear formula, and let (A, ) € GL‘:{f(IE‘). Then, for
T = Topk = kO,
pr(Y) Z0 = pr(Ax+B)oGr tkiogNn Z0.

Proof. Let D = {61,87,...,8n} C F™ be a dual set to A. We proceed by induction on k. For k =1,
the argument follows from Theorem 9.6. Assume the statement holds for all smaller values of k.

Claim 9.15. Letv € CT”](EZ) and y; € U(v). We have
0 gaeg (Pv(AX + B)) 0 vy 4 (k—1)logn T (T22(k—1) — 1)) #0.

Proof. 1f VP = x, then, since F is structurally multilinear, only one child of v depends on y;.
Assume without loss of generality this child is (v);, we have

05, (Pv(Ax 4+ B)) =05, (P(v) (AX+ B)) - Pv) (AX + B).

By Lemma 9.8, and since v € & (2) both factors on the right-hand side are R(k — 1)Ps. Hence, by
the induction hypothesis, they are hitby S, |1 (x—1)10gn, S0 in this case, the claim holds.

Otherwise, v°P = +. By the definition of v as a gate in fﬂ(:z) and by Lemma 9.8, both 95, (p(y), )
and 05, (P (v),) are computed by R(k — 1)F formulas. Let F; and Fg denote the R(k — 1)F formulas
computing these polynomials after translation by 3, i.e., pr, = 95,(p(v), ) (y + B).

As substitutions do not increase the number of reads, we get by Lemma 2.11 that every
P € Qf r; is computed by a structurally multilinear R(k — 1)F. Hence, by the induction hy-

pothesis and Observation 9.9, there exists a common nonzero « € Img (Ax ° G, 4 (k—1) 1Ogn> for
all polynomials in Qf, .. Lemma 2.43 implies that

Oy Pv(Y+ B+ &) = (pr, + Pre) (Y + &)

is 13 2(k—1)-hard, hence by Observation 2.38 contains a monomial whose support size is at most
Tpo(k—1) — 1. This, the fact that 9, p, is multilinear and Lemma 9.10 imply that

ayip\) (AX + B + (x) ° 9T2,2(k—1)_1 ?é 0 .
The claim then follows from the basic properties of independent polynomial maps. O
As pr is multilinear, we get from Lemma 9.13 and Claim 9.15 that

pF(AX + B) © 9(rk,1+klogn+r2,2[k,1)] $é 0.

The claim follows since 1 > 211_1. O
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9.6 PIT for Orbits of Read-2/3/4 Formulas

We follow the original proofs given in previous sections, applying lemmas Lemma 9.10 and
Lemma 9.12 whenever needed.

Theorem 1.7. Let F(y) € R2F and let (A, B) € GL?J?((IF). Then

Pr(Y) Z0 =  pr(AX+B)o G310gNn+5 Z 0.

Proof. Let D ={81,82,...,8n} C F™ be a dual set to A.
Since F is structural (Corollary 2.6) we get from Observation 9.14 (using Theorem 1.5) that for
every v € F2) and every i € [N] with y; € U(F,) we have

a{s;legpv (Ax +B)o 9logN+3 #0.

The claim follows from Lemma 9.13 and the fact that each individual degree in an R2F, is at most
2. d

Claim 9.16. Let F(y) € R3F be of the form Zz R2F. Let (A,B) € GL??[(IF) with dual set D =
{51, 8y,..., Sn} c F™. pr]:(y) ?é 0 then

pF(AX + B) o 93logN+2T2,4+3 5—& 0.

Proof. Let F(y) = F(y + B). This transformation maintains the nonzeroness of F and the number
of reads with respect to each variable.

Corollary 2.6 and Lemma 2.11 imply that Qg (4., F(o,), & R2F. Hence, by Observation 9.9 and
Theorem 1.7, there exists & € Img(Ax o G310 N4 5) that is a common nonzero for all polynomials in
QF(Of:)LrF(Of:)R' Consequently, Proposition 4.2 implies that p¢(y + «) is mp4-hard. By the structure

of F, its maximal individual degree is at most 2. Thus, from Observation 2.38 and Lemma 9.10 we
obtain

Pr(AX + B + &) 0 Ga(r,,—1) = Pp(AX + &) 0 G (1, 1) Z 0.
The claim follows from Fact 2.16. O

Theorem 1.8. Let F(y) € R3F and let (A, B) € GL??‘(IF). Then, there exists a constant ¢, g

Pr(Y) Z0 =  Pr(Ax+B) o GelogNre,s Z0.

Proof. Let D = {61,87,...,8n} C F™ be the dual set of A. By Corollary 2.6, the formula F is

structural. Combining Observation 9.14 with Claim 9.16, we obtain that for every v € S’“E) and
every y; € U(F,),
0 saegPv(AX + B) © Galog N+21y4+3 Z 0.

Since F € R3F, we have degyi (pr) < 3forall y; € y. This bound, together with Lemma 9.13 and
Observation 3.6, yields the claim. O

Theorem 1.9. Let F(y) € R4F and let (A, B) € GL?{T(F). Then, there exists a constant c1 9

PE(AX+B)Z0 =  pr(Ax+ B) o Gi2iogNici, Z0.
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Proof. Let D = {81,82,...,8n} C F™ be the dual set corresponding to A and let J{ be a hitting-set
generator for orbits of R3Fs and for orbits of structurally multilinear R8Fs. Set F=TF(y + B), this
translation preserves both the nonzeroness of F and the read count of each variable. We proceed
by following the structure of the proof for Theorem 1.1.

Letv e 3'“]%2)

If vOP = x, let x¢ € U(v), by Claim 8.2 we get that for any hitting-set generator ' for R3Fs

3 asPu(y) 0 T £ 0.

Hence, by Lemma 9.3, and Observation 9.9 we get that

asdegpv (AX) oH 7_é 0.
t

Next, we assume v°P = + and proceed by case analysis.

1.

There exists x; € var(v) such that, for some G < {F,) ,F,).}, we have Readg(x¢) = 3

and deg, (G) > 1. By Claim 8.3, and Claim 8.4, there exists y¢ € Us)(v) such that for any
hitting-set generator H’ for R3Fs,

3 sPul(y) 0 IC' £ 0.
Hence, by Lemma 9.3 and Observation 9.9,

asdegpv(Ax) oH = (aydegp\;) (A-X) oH 7_é 0.

No x; as in the first case exists and [U(v)| > 23. By Claim 8.7 and Observation 9.9 there
exist y € U(v) and a € Img((Ax) o fH) such that aydegpv(y + «) is (126 + 5% + 23)-hard.

From the fact that F € R4F, v°P = + and a variable as in the first case does not exists, we get
that the individual degree of p, with respect to any variable is at most two. Therefore, by
Observation 2.38 and Lemma 9.10 we get that

ayfegpv (y + 0‘) o 92(Tz,5+58+23) 5—'& 0.

Hence, by Lemma 9.3

B gtesPu(AX) © (H+ Gapryyisni25) ) = (3 Pv) (AX) © (H+ Gppryysoi23) ) 20

No x; as in the first case exists and |[U(v)| < 23. Since v € ’J"]EEZJ , we have U(v) # (). Let
Yyt € U(v) and define S = U(v) \ {y¢} as in Claim 8.9. By the bound on the size of U(v), we
have [S| < 21. By Lemma 9.5, there exist an assignment « € F2! linear functions L(x) =
L1(x), La(x),...,Ly1(x) € Fix] and (A, B) € GLiff(F) such that

0 gaesPu(A(x + G (e L 0 degpv) (x + G521 (&, L(x))))

D
(a dﬁgpv)‘ AX-FB)
2

0 deg pv|5 ) AX+ B)/
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where (1) follows from Lemma 9.3, (2) from Lemma 9.5, and (3) since y¢ € S.

Translating p, by B does not change the situation, i.e., the number of occurrences of any
variable or its individual degree. By the definition of J{ and Observation 9.9, AoHisa
hitting-set generator for R3Fs and for structurally multilinear R8Fs. Hence, by Claim 8.9,
there exists o € Img(A oK) such that (ayfeg (pvls )) (y + B + o) is 2-hard. Since the individual

degree of each variable in p,, is at most 2, by Observation 2.38 and Lemma 9.10 we get

(ayfeg(]?v|s))(/~\x+ B+0)oGs£0.

Overall, we obtain

aéfegpv(AX) o (H+Gp5) #0.

To conclude, by Theorem 1.6 Ggiog N+ v iS @ hitting-set generator for structurally multilinear R8Fs
and by Theorem 1.8 there exists a constant ¢ such that Gg1og N+ ¢, i @ hitting set generator for

R3Fs. Hence we may take 3 = Ggiog N rg+c,- By the preceding case analysis, for every v € CF]EEZ)
there exists t € U(5) (v) such that

0 5aes Py (AX) 0 (FL+ Ty, 45%423)) = Fglog Ntrgter+2(mpet423) # 0

By Lemma 9.13, and since the individual degrees of F are at most 4, we have for the constant
c=rg+cp +2(ro6+ 5% +23) +4

Pr(AX + B) o S1210gN+c = PE(AX) 0 1210 N+e Z0- O
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A Missing proofs from Section 2

Proof of Lemma 2.11. Let t = Ready, (F). We prove the lemma by induction on t. For t = 1, the
lemma follows from Lemma 2.8. For t > 1, Let u € F be the fcg of to all the leaves labeled by x; in
F. By Lemma 2.8 we have

axgiegpF = axdeg (p) H Pv-
' ' veUnv(u)

Letd = degXi (u),dy, = degXi ((u)y) and dg = degxi((u)R).
If u°P = +: We get by additivity

0 cesPu = xa (Pruye) +3xa (Pruse) -

i
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Since x; is structural in F, we get that d;, dr < d. Hence, we can apply the induction hypothesis
to 0,4 (p(u)L) and 0,4 (p(u)R). These are either zero, or composed of disjoint subformulas of
themselves. Since these subformulas are mutually disjoint and are disjoint of the formulas rooted
in gates in Unv(u), the claim follows.

If u°P = x: In this case, we have di, + dr = d. By the generalized multiplication rule,

d
0 aegPu= ) < ) g (Pann) 0k (Pruge) ~ 9 ar (Pruy) -9 ar (Prwie) /
h jL+jr=d JL ' ' ' '

where the last equality holds since in every other summand, one of the multiplicands is zero. The
claim then follows in the same way as in the previous case. O

A.1 Proofs for Subsubsection 2.7.1

In this section we give observations and missing proofs for Subsubsection 2.7.1. To ease the read-
ing we repeat the statements of the relevant claims.

Observation A.1. Let F be an algebraic formula and S C [n]. Then every v € F is either

1. reduced to a constant,
2. causes the creation of the gate Vs(v) in Fls, or

3. affects the constants of Vs (v), which is the gate that was created by it’s closest descendant that created
a gate.

Proof. Every gatev € Fis called once and is assigned one of three cases. The three items are exactly
the three cases described in Definition 2.54. O

Observation A.2. Let F be an algebraic formula, S C [n] and v,u € F be such that Vs(v) = Vs(u) # L.
Then wand v are not disjoint.

Proof. Let v € F, the only case in Definition 2.54 where we set Vs(v) to a some different gate’s
restricted gate, is in Case (2.54). It can be observe that this gate is only one of v’s children. O

Claim A.3. Let F be an algebraic formula, let S C [n] and let T € F™ be a generic assignment. Denote
I=[n]\S. Then,
PRz = Prlien, -

Proof of Claim A.3. The proof is by induction on |F|. Let &, 3 € F be the multiplicative and additive
constants of o.
If [F| = 1, then, for some x; € x, we have pr = ax; + B. If i € I then
Prlicr, = aTi + B =Pz
Otherwise,
Prlicr = oaxi + B =Pprz.

Assume the claim holds for smaller sized formulas. In the following equations, we label
equalities with () to note these are implied by the induction hypothesis. If p(4), 1<+, ¢ F and

p(O)Rh(—TI g ]F then'
Prlicey = (Pronlirs 0P Pronlim) B =" (Priy, 5 0P Prioy i) =Prs:
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Otherwise, assume vy == p (o), I, € F.
If 0°P = +:

PrlIecr = (p(o)L|I<—TI +P(0)R|1<—rl) +B=ay+ o‘P(o)R|I<—TI +B
="y +apr, x+ B =Prz-

Otherwise 0°P = x:

Prlier, = & (Po) l1mP(o)pl1m) + B = XVP(0)ltr, + B
=" XYPF, Jz + B =Prs- O

Claim A.4. The three functions Vs, Os and Ls are independent of the generic assignment .

Proof. 1t is enough to prove this for Vs, since the other two functions are only dependent on Vs
and the formula the procedure is applied on.

Vs is independent of T by the property of generic assignments which is that a polynomial
p € FI[x] is restricted to a constant by a generic assignment to the set of variables S if and only if
var(p) C S. O

Observation A.5. Let F be an algebraic formula, S C [n] and v € Fls. And denote u = Os(v) and
w = Ls(v). Then,

* Ds(v) > 0iffu#wiff pruy,ls € Forpu,ls € Fand the restricted polynomial of the other child
is not a constant.

e Ds(v) =0iffu=wiff pu),ls € Fand py)ls € F.

Proof. The left assertions in both items follows from the definition of Ds. We move to handle the
right assertions.

By Observation A.2, u is an ancestor of w. The value of Vs(u) ¢ {L, o |} iff Case (2.54) is
reached and this case is reached iff one of u’s children is reduced to a constant by the restriction
and the other one is not.

The second claim is implied by the fact that if Case (2.54) it does not result in a gate in F|s. [

Observation A.6. Let F be an algebraic formula, S C [n], v € Fls and w = Lg(v). Then
1. none of the children of w reduce to a constant by the restriction, and

2. v is created when the procedure handles w.

Proof. Assume towards contradiction that any of the children of w is reduced to a constant by the
restriction. Then, when the procedure arrives at w, we're either in Case (2.54), or we’re in Case
(2.54).

The former case is impossible, since this contradicts the fact that Vs(w) = v. The latter case
contradicts the definition of w as the deepest gate in the restriction path of v. This prove item 1
and moreover, implies that when the procedure is called on w, it enters Case (2.54).

Hence, by Observation A.1, v is created when the procedure handles w. O

Observation 2.56. Let F be an algebraic formula, S C [n], and © € FS. Letv € Flg and w = Og(v). Then
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1. wis either of or the parent of w creates a new gate in F|g,

2. wis the last gate that changes the constants in v, and

3. PF.Iz = Pv:

Proof. If w = o, then since this is the last gate handled by the recursive procedure, both claims are
trivial.

Otherwise, let u be the parent of w. Observe, that since Vs(w) # L, it must be the case that
Pwls ¢ F. Therefore, it must be the case that the procedure when called on u, enters either Case
(2.54) or Case (2.54). Since Vs (u) # Vs(w) the correct case is (2.54), this proves item 1.

By Observation A.1, the only gates which may change the constants after w are those in the
path from w to o. By item 3, and the fact that u creates a new gate, they may only change the
constants of Vs (u). This proves item 2.

By Claim A.3 we get that pr |, = pr,[s. Now, item 2 implies that pf_|, = pv, item 3 follows
from these two equalities. O

Lemma 2.57. Let F be an algebraic formula, S C [n]and T € FS. Letv € T, u = Og(v) and w = Ls(v).
Denote by vy the additive constant of v and by & the additive constant of w.

1. Let G = Fylyw—s. Theny = PGz
2. (F|§) |v:y = (Hw:é)‘g'

Proof. We prove item 1 by induction on the restriction depth of v. Let x = u°P and let x € Fbe u’s
multiplicative constant.

If Ds(v) = 0, then w = u. By item 2, v was created when the procedure visited u, and by
item 2 and Observation A.1 no gates other than u affect the additive constant of v. Therefore, by
definition, F, = « (F(u)LIS * F(u)R|S) + 6 and therefore y = 6 = pg|,, as claimed.

Assume Ds(v) > 0 and that the claim holds for any gate with smaller restriction depth. By
Observation A.5 we may assume without loss of generality that (u);, reduces to a constantn € F
by the restriction. Hence w is a descendant of (u)r. Let 3 € F be the additive constant of u.

By Definition 2.54 F,, = om#F(y,),[s+B. Hence, if 6 " is the additive constant when the procedure
arrived at (u)g, theny = om * &6’ + B.

By the definition of G, F(y),lw=s = F(og)s- BY the induction hypothesis, 5’ = PFoggls: Since
by the construction of G, F(,.), = F(v,),, we then get

Pals = X(Fu)ls * Flog)pls) + B =om*d' + B =7y

and the induction is complete. This proves item 1.
Now, we have

(FIs) lv=y = (FIs) h=(Fujw=5)s = (Flw=5)Is

where the first equality follows by item 1 and the second equality follows from item 3. ]
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