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Redundancy Is All You Need
(for CSP Sparsification)*
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Abstract

The seminal work of Benczir and Karger demonstrated cut sparsifiers of near-linear size,
with several applications throughout theoretical computer science. Subsequent extensions have
yielded sparsifiers for hypergraph cuts and more recently linear codes over Abelian groups. A
decade ago, Kogan and Krauthgamer asked about the sparsifiability of arbitrary constraint
satisfaction problems (CSPs). For this question, a trivial lower bound is the size of a non-
redundant CSP instance, which admits, for each constraint, an assignment satisfying only that
constraint (so that no constraint can be dropped by the sparsifier). For instance, for graph cuts,
spanning trees are non-redundant instances.

Our main result is that redundant clauses are sufficient for sparsification: for any CSP
predicate R, every unweighted instance of CSP(R) has a sparsifier of size at most its non-
redundancy (up to polylog and 1/e factors). For weighted instances, we similarly pin down the
sparsifiability to the so-called chain length of the predicate. These results precisely determine
the extent to which any CSP can be sparsified.

Our result is established in the general setting of non-linear codes, or equivalently set fami-
lies, yielding a VC-type theorem for multiplicative error approximation. This unifies and extends
known sparsification results for graph cuts, linear codes, and broad CSP classes. A key tech-
nical ingredient in our work is a novel application of the entropy method from Gilmer’s recent
breakthrough on the union-closed sets conjecture.

As an immediate consequence of our main theorem, a number of results in the non-redundancy
literature immediately extend to CSP sparsification. We also contribute new techniques for
understanding the non-redundancy of CSP predicates. By adapting methods from the match-
ing vector codes literature in coding theory, we are able to construct an explicit predicate
whose non-redundancy lies between Q(n!®) and O(n!®), the first example with a provably
non-integral exponent. The tools we introduce in this paper, including a conditional version of
non-redundancy, have spurred several follow-ups on non-redundancy as well as new connections
to extremal combinatorics, sparsification, and streaming.

*An extended abstract of this work appeared in STOC 2025 [BG25].
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1 Introduction

The broad goal in sparsification is to replace an object by a more compact surrogate, typically a
carefully chosen subsample, that preserves the behavior of the object under some metric of interest.
For instance, for preserving cuts in undirected graphs, the influential works of Karger [Kar93] and
Benczur and Karger [BK96] showed that every graph has an edge-weighted subgraph with near-
linear number of edges that preserves the value of all (edge) cuts up to a (1 £ ¢) multiplicative
factor. These papers have had a substantial impact in shaping the last thirty years of work in areas
such as spectral sparsifiers [ST11, BSS12, [LS18], clustering [KVV04, [SPRII], hypergraph spar-
sifiers [KK15, [(CKN20, KKTY21], KK24, [KPS24b], linear solvers [ST04], Vis13| [KMP14], convex
optimization [LS14, [AK16, [Tod16], sketching/streaming algorithms [AG09, [AGM12bl, [AGM12al,
ACK™16, McG14, KLM™17, BHM™ 21|, max-flow /min-cut algorithms [LR99, [CKM™ 11} [KL.OS14],
CKL™22|, machine learning [LCY ™21} [CSZ22] [ZSW*23, (GBY 24|, submodular functions [KK24|
Sch24, Raf24l |Qua24], differential privacy [BBDS12, [AU19|, PageRank [Chul4], and even theoret-
ical physics [HKTHI6) Van18| [TN22], among many other works.

Among the multiple exciting dimensions in which cut sparsification has been generalized, we
now highlight two which form the backdrop for our work. Note that the graph cut problem can
be modeled by the arity-two Boolean constraint = +y = 1 (mod 2). One can thus generalize
cut sparsification by allowing for arbitrary constraints (of any arity over some finite domain) as
considered in the field of constraint satisfaction problems (CSPs), leading to CSP sparsification.
This direction was proposed by Kogan and Krauthgamer [KKI15] in their work on hypergraph
cut sparsifiers, where the not-all-equal constraint captures hypergraph cut. As as special case,
arbitrary binary CSPs (where each constraint has two variables) were studied in [FK17] for the
Boolean domain and in [BZ20] for general domains, leading to a dichotomy: either near-linear sized
sparsifiers exist, or no improvement over quadratic is possible.

In another direction, one can instead look toward more general structures to sparsify. For
instance, a recent line of work by Khanna, Putterman, and Sudan turned toward sparsifying linear
codes [KPS24a], or more generally subgroups of powers of Abelian groups [KPS25a]. Beyond
being algorithmically efficient [KPS25a], these structural results have led to exciting new results in
CSP sparsification by constructing optimal sparsifiers when the constraints can be embedded into
linear/Abelian equations.

In this work, we obtain sparsifiers encompassing both these generalizations via a unified ap-
proach to sparsification of non-linear codes. The resulting sparsifiers for CSPs have optimal asymp-
totic size up to polylogarithmic factors, for every choice of predicate defining the CSP. In other
words, we pinpoint the optimal extent to which an arbitrary CSP can be sparsiﬁedr_-]

1.1 Non-linear Code Sparsification

We first state our result for codes as it is very general and crisply stated, and then turn to the
consequences and further new results for CSPs. For a non-linear coddf] C C {0,1}™, an e-sparsifier

n this work we focus on the ezistence of sparsifiers, which is already highly non-trivial (e.g., [KPS24al [BZ20] are
also non-algorithmic). Future directions (and barriers) for algorithmic aspects are briefly discussed in Sections
and

2Such a problem can be equivalently phrased as the sparsification of set families. However, we find the code
framework notationally more convenient for our applications.



(for a parameter € € (0,1)) is a weight function w : [m] — R>¢ such that for every codeword
¢, adding up the weights of its nonzero positions, i.e., >, w(i)c;, is an accurate estimate of the
Hamming weight of ¢ (i.e., Ham(c) := }_, ¢;) to within a (1+¢) multiplicative factor (Definition 2.).
The goal is to minimize the support of w (i.e., the number of nonzero entries w(z)), and the minimum
value is called e-sparsifiability of C' and is denoted SPR(C, ). One of our main results is an upper
bound on the sparsifiability in terms of a natural combinatorial parameter of the code called its

non-redundancy NRD(C'), defined as follows:

NRD(C) is the size of the largest subset of indices I C [m] such that for each i € I,
there is a codeword ¢ € C with ¢; =1 and ¢y =0 for ¢/ € I\ {i}.

In other words, if we imagine the code as a matrix whose rows are codewords, its non-redundancy
is largest square submatrix which is a permutation matrix.

Our main result can then be stated compactly as follows.

Theorem 1.1 (Main). For all C C {0,1}™ and € € (0,1),
SPR(C,e) = O(NRD(C)(logm)%/&%).

This theorem is highly versatile and can cover the many motivating examples for studying such
sparsficiation. For the sparsification of constraint satisfaction problems, we can let the codewords
in our code C' correspond to indicators vectors of assignments to clauses; we discuss this in more
detail in Section For sparsification of linear codes and more broadly group codes, Theorem
can be used to give essentially tight bounds, matching the results of [KPS24al, KPS25a] (modulo
the efficiency of [KPS25a]); see Section [6] for further discussion and connections.

Interpreting Theorem [1.1] as a multiplicative-error VC theorem. If the goal is to estimate
the Hamming weight of every ¢ € C within an additive error of £em, then it well-known that
the sample complexity is characterized by the VC-dimension of C. Recall that the VC-dimension
of C C {0,1}™ is largest subset of indices I C [m] such that every pattern of 0’s and 1’s occurs
amongst the codewords of C' in the positions I, i.e., C|; = {0, 1}'” A random subset I C [m] of

size O(VC-dim(C)/e?) [VC15, [AB99] is known to satisfy \%(Ziel ¢) € Ham(e) 4 ¢ for every c € C.

m
Conversely, one needs to sample at least .(VC-dim(C')) coordinates to obtain +e additive error.

With this view, Theorem in effect says that the non-redundancy NRD(C') plays the role of
the VC dimension of C' when the goal is to estimate the Hamming weight of the set ¢ € C' within
a multiplicative (1 & ¢) error. This is a harder goal, since one has to be pay special attention to
low-weight codewords (uniform sampling will clearly fail in general). Rather surprisingly, when one
performs the sampling carefully and re-weights the sampled coordinates appropriately, Theorem [I.]
says that multiplicative error sparsification is in fact possible for any code, albeit with sparsity
roughly the non-redundancy of the code.

The NRD of a code can in general be much larger than its VC-dimension. In fact, it is easily
seen that NRD(C) is precisely the VC-dimension of the union-closure of C' (see Proposition |4.3)).
This connection to union-closed families plays a crucial role in the proof of Theorem See the
technical overview (Section for more details, including discussion of a significantly simpler

O-(NRD(C) log |C|)-sized sparsifier.

3In the set family view, for F C 2V, this is the largest subset of the universe U that is shattered by the family F.



1.2 CSP Sparsification

We now turn to (unweightedED CSP sparsification. For a relation R C D" of arity r over a
finite domain D, an instance ¥ of the CSP(R) problem consists a variable set X and a con-
straint set Y C X". An assignment o : X — D satisfies a constraint y = (z1,z2,...,x,) € Y if
(o(x1),0(x2),...,0(z;)) € R. The value val(¥, o) of an assignment o is the number of constraints
y € Y that it satisfies. Similarly, for a weight function w : ¥ — R>q, the weighted value val(¥, w, o)
is the sum of weights w(y) of all constraints y € Y that o satisfies. The goal in CSP sparsification
is to output a weight function w : ¥ — R>q of small support, such that for every assignment
c:X —= D,
(1 —¢)val(V,0) <val(¥,w,o) < (1+¢)val(¥,o) ,

and minimum such support size is denoted SPR(¥, ¢).

The e-sparsifiability of the relation R C D", as a function of number of variables, is defined to
the maximum (i.e., worst-case) value of SPR(V, ¢) over all n-variables instances ¥ of CSP(R). We
denote it by SPR(R, n, ¢) and it is the chief object of our study. Note that this is for the unweighted
case, see Section how this result can be (tightly) applied to the weighted case.

Let us note an obvious obstruction to sparsification. Suppose we have an instance ¥ = (X,Y") of
CSP(R) such that for each of its constraints y € Y, there is an assignment o, : X — D that satisfies
only y and no other constraint. Then clearly ¥ cannot be sparsified at all—dropping any constraint
y would make the value of o, drop from 1 to 0. We call such an instance a non-redundant instance
of CSP(R), where R = D"\ R (cf., [BCH"13| BCKQO]) As introduced by Bessiere, Carbonnel,

and Katsirelos [BCK20], we denote the size of the largest such non-redundant instance of CSP(R)
on n-variables by NRD(R,n) and call it the non-redundancy of R. Thus a trivial lower bound on

sparsifiability of CSP(R), regardless of the choice of ¢ € (0,1), is given by
SPR(R,n,e) > NRD(R,n) , (1)

and this holds even if the goal is merely to preserve which assignments have nonzero value.

Rather remarkably, this simplistic lower bound can be met and one can sparsify all the way
down to NRD(R,n) times polylogarithmic factors! In fact, this turns out to be an easy corollary
of Theorem One can associate a canonical code Cy C {0,1}¥ with any CSP(R) instance
U = (X,Y) whose codewords ¢, correspond to the assignments o : X — D, and ¢, is 1 precisely
when o satisfies y. It is easy to check that CSP sparsification of ¥ reduces to code sparsification of
Cy, and the non-redundancy of C equals the size of the largest non-redundant sub-instance of ¥
(viewed as an instance of CSP(R)). Combining Theorem and (1)), we therefore have our main
result pinning down the sparsifiability of every CSP up to polylogarithmic factors.

Theorem 1.2. For every nonempty R C D" and € € (0, 1), we have that
NRD(R,n) < SPR(R, n,e) < O(NRD(R, n)(rlogn)b/e?).

1.3 Weighted CSP Sparsification

The discussion so far has focused on unweighted CSP instances, and we now shift our focus to the
weighted case, where each constraint of Y comes with a weight. We also get a tight characterization

4The weighted case is discussed in Section
5We use R rather than R due to the conventions of each community. See Remark for deeper technical reasons.



of weighted CSP sparsifiablity, in terms of a parameter called the chain length, which was defined
by Lagerkvist and Wahlstrém [LW17, ILW20] in the context of CSP kernelization and later utilized
by Bessiere, Carbonnel, and Katsirelos [BCK20] in the context of learning CSPs in a certain query
model (see Section for more details on these connections). As before, the result is obtained in
the setting of weighted non-linear codes, with the consequence for weighted CSPs being an easy
corollary. We just state the result for codes here (see Section [5| for the full treatment of weighted
CSPs).

For weighted sparsification of a code C' C {0, 1}, we might have an arbitrary input weighting
¢ : [m] = Rx¢ of its coordinates, and we must find a sparsifier w : [n] — R>g of low support
that sparsifies C' with respect to the weighting ¢, i.e., (w,c) € (1 +£¢)(¢, ¢). The minimum possible
support of sparsifiers over all weightings ( is called the weighted e-sparsity wSPR(C, ¢).

Now we define chain length. If we line up the codewords of C' as rows of an |C| x m matrix and
allow arbitrary column permutations, the chain length of C, denoted CL(C), is the dimension of
the largest upper triangular square submatrix with 1’s on the diagonalﬁ

In our main result for the weighted setting, we pin the sparsifiability of a weighted code to its
chain length. Note that in the weighted case CL(C) is also a lower bound.

Theorem 1.3. For all C C{0,1}"™ and ¢ € (0,1), we have
CL(C) < wSPR(C, ¢) = O(CL(C)(logm)% /&%).

The upper bound proceeds by using Theorem|[I.1]as a black-box together with a geometric weight
bucketing technique from [KPS25a]. The lower bound proceeds by applying an exponential sequence
of weights to the indices i1, ...,icL(c) € [m] forming a maximal chain. Of note, if for a particular
set of weights, the ratio between maximum and minimal weights is A < exp(CL(C)/ NRD(C)), we
get a sharper upper bound of O.(NRD(C)log \) (see Corollary .

1.4 Non-redundancy and Chain Length of Specific Relations

As shown in our main results, to understand the sparsifiability of various CSPs, we must understand
their non-redundancy and chain length. These quantities are readily computed in some simple cases.
For example, for the relation OR, := D"\ {0"}, we have that NRD(OR,,n) = CL(OR,,n) = O(n").
Indeed YV = ()T() is a non-redundant instance because setting all but r variables to 1 fails to satisfy
exactly that r-tuple (see [FK17, [Car22, [KPS25a]). When R is affine, NRD(R,n) = CL(R,n) =
©(n), and when R is defined as the zero set of a degree k polynomial, NRD(R,n) = CL(R,n) =
O(n*); these follow from simple rank arguments (e.g., [LW20]). Via Theorem these special
cases (plus simple gadget reductions) already capture all the previously known upper and lower
bounds for CSP sparsification (see Section [I.6]for more details on the CSP sparsification literature).

Furthermore, there are also some non-trivial upper bounds known on NRD and CL in the
literature, which we can now import to sparsifiability for free courtesy Theorem For instance,
the so-called Mal’tsev relations, which generalize affine predicates (i.e., cosets) over Abelian groups,
have been shown to have Op(n) non-redundancy and chain length [LW20, BCK20], and therefore
by Theorem their complements have near-linear sparsifiability. Carbonnel [Car22] showed that

Tn this view NRD(C) is the dimension of the largest identity submatrix, so clearly NRD(C) < CL(C). The
quantity CL(C') was called visible rank in [AG21] and served as a field independent lower bound on the rank of C.



if R is an arity r relation that does not containm any copy of OR,, then NRD(R,n) < O(n"~%)
for §, = 217" (the specific bound arises from a classic hypergraph Turén result [Erd64]). By
Theorem [1.2) this immediately implies SPR(R, n, ) < O (n" "), where O(-) hides polylogarithmic
factors in n, yielding an Q(n”) vs O(n" =) dichotomy for sparsification of arity r CSPs. (This was
known for the Boolean case [KPS25al; see the related work subsection.)

The non-redundancy (and chain length) of a relation can in general be difficult to estimate. Thus
while in principle Theorem pins down the sparisifiability of every CSP, for specific relations,
it can still be non-trivial to actually determine the asymptotic behavior of its sparsifiability. Our
next set of results makes progress in this direction via novel methods to bound non-redundancy.

Given that the non-redundancy of linear predicates is easy to pin down, we consider a natural
family of relations which are very close to being linear. Specifically, let 3LINg = {(z,y,2) |
x +y+ 2z = 0} over an Abelian group G, and consider 3LIN{, = 3LINg \{(0,0,0)}. (We pick
arity 3 since the arity 2 case is already fully resolved [FK17, BZ20|.) Being defined by a linear
equation over an Abelian group, we already know that NRD(3LINg,n) = Og(n). However the
non-redundancy of 3LIN{, seems challenging to understand. Existing methods in the literature
only yield NRD(3LIN%, n) € [Qg(n), Og(n?)).

We introduce a new method for bounding the non-redundancy of predicates like 3LINg, by
connecting them to the theory of matching vector (MV) families [Yek08, [DGY11] that have been
used in the construction of locally decodable codes. Exploiting this connection, we construct a
non-redundant instance to establish that NRD(3LINg,n) > Q(n!5) for all Abelian groups of order
> 3. Adapting ideas from the analysis of MV families together with some combinatorial ideas, we
also prove an upper bound NRD(3LINz 7, n) = 5p(n2_€P) for e, = TQ_I and p prime. Specializing
for p = 3, we have the following result, which also gives the first examples of relations whose
non-redundancy and sparsifiability have a non-integral exponent.

Theorem 1.4. We have

NRD(3LIN}, 37, n) € [(n'®),0(n'%)],  and  SPR(BLING 4, n,¢) € [(n'?),0(n'0/e?)].

We now transition to discussing the broader context of our work in the literature.

1.5 Technical Overview

We next describe the primary techniques we use to prove Theorem and Theorem

A Simple Sparsifier. To begin, we discuss a warm-up version of Theorem which proves a
weaker upper bound of SPR(C,¢) < O.(NRD(C) - log|C|) (see Theorem which for CSPs
corresponds to an extra factor of the number of variables n. The key technical insight (Lemma
is that for all d € [m], the set of codewords of C' with Hamming weight at most d (denoted by C<g4)
has total support size at most d - NRD(C'). This can proved inductively by noticing that dropping
a suitable non-redundant set of coordinates decreases the Hamming weight of every codeword of C'
by at least one.

With this lemma, we can recursively construct a sparsifier as follows, similar to the divide-and-
conquer framework in [KPS24al [KPS25a] for linear codes. Pick d ~ ©.(log|C|) and let I C [m]
be the support of C<q. Every i € I is given weight 1 in our sparsifier. For the rest of [m], let

"See Theorem [6.2| for a precise definition.



J C [m]\ I be a subsample where each ¢ € [m]\ I is kept independently with probability 1/3. Using
a standard Chernoff bound, we can show that with positiveﬁ probability the following holds for all

ce(C:
€ €

3Ham(c|s) + Ham(c|7) € |1 - Ham(c).

~ 2logym’ + 2logym
By induction, we can find a O.(NRD(C) - log |C']) &-sparsifier for C" := C|; with & := (1 —
1/logy m)e. Scaling this sparsifier by 3 and adding weights for I gives us an e-sparsifier of C.

Entropy-based Sparsification. The key inefficiency of the O.(NRD(C) - log|C|) bound is that
the use of Lemma [3.3] is too conservative. For the purposes of this overview, assume that all
codewords of C' have the same Hamming weight d ~ NRD(C) as that is is the most representative
case. Naively, Lemma says we should set aside d? coordinates of [m] to “sparsify” all codewords
of weight d. However, we can give a heuristic argument that far fewer than d? of these potential
coordinates contain useful information for our sparsifier.

Assume without loss of generality that the support of C lies in [d?]. For each i € [d?], let p;
be the probability that a codeword ¢ € C selected uniformly at random has ¢; = 1. Since each
codeword of C' has Hamming weight d, we have that p; +---+pg = d. Thus, the average value of p;
is 1/d. Consider the case in which each p; = O(1/d). In particular, no coordinate is distinguishing

itself as a “must” to add to the sparsifier. A priori, the size of C' may be exp(€2(d)), so we cannot
immediately use Chernoff bounds to analyze a random subsampling of the coordinates.

To get around this issue, we need to prove a much stronger upper bound on the size of C', similar
to Benczir and Karger’s cut-counting bound [BK96] and its adaptation to linear codes [KPS24al,
KPS25a]. However, we use an entirely new method for proving such bounds based on the entropy
method Gilmer [Gil22] developed to prove the union-closed sets conjecture up to a constant factor.
In our context, pick ¢t = ©(d) and sample uniformly and independently ¢ codewords ¢y, ...,¢ € C.
Let ¢ be the bitwise OR of these ¢ codewords, and let D be the distribution of ¢ over {0, 1}d2 (recall
that the weight d codewords are supported on d? coordinates). Since each p; = O(1/d), by adapting
Gilmer’s method (or more precisely, a refinement due to Sawin [Saw23|), we can show the entropy
of D is at least ©(t) = ©(d) times the entropy of the uniform distribution over C' (i.e., logy |C|)-a
similar inequality appears in [Wak24].

To apply this fact, observe that each sample of D lies in the “OR-closure” of C' (denoted by
spangg (C)). As such, the entropy of D is at most log|spangg (C')|, which by the Sauer-Shelah-Peres
lemma is at most (up to log factors) the VC dimension of spangr(C). It is easily seen that the
VC dimension of spangg (C) equals the non-redundancy of C' [BCK20]. Therefore, we have proved
that O(¢) - logy(C) < O(NRD(C)). Since t ~ d ~ NRD(C), C is actually at most quasipolynomial
in size! Thus we can now use a Chernoff bound to prove that C' can be subsampled to O.(d)
coordinates while approximately preserving all Hamming weights.

Recall this discussion was purely about the “uniform” case p; = O(1/d). In general, we apply
minimax theorem to prove the following “skewed” versus “sparse” dichotomy (see Proposition:
for every code C' and parameter choice 8 > 1 there is either a probability distribution P over C
for which each coordinate equals 1 with probability at most 1/0 (i.e., P is “f-sparse”); or, there

8We only need positive probability since we are focused on existence. This can easily be amplified to 1 — 1 / mem

probability by making d a factor of logm bigger. In applications to CSPs, the main algorithmic bottleneck is
(approximately) finding I, which appears to be similar in difficulty to an open problem in CSP kernelization (see

Section .



is a probability distribution Q over the coordinates of C' such that for every (nonzero) ¢ € C, we
have that Q’s measure of supp(c) is at least 1/6 (i.e., Q is a “O-cover.”) For a suitable choice of
0, we repeatedly apply Proposition to recursively build the sparsifier: in the 6-sparse case, we
use the entropy method to prove that a “small” number of codewords of C' can be removed to put
us in the f-cover case (see Lemma ; and in the f-cover case, we sample from the #-cover to
get a coordinate to add to our sparsifier. This procedure culminates in showing that we can set
aside O.(NRD(C')) coordinates to have weight 1 in our sparsifier with the remainder of the code
being sufficiently sparse that subsampling can be used (Theorem . Note that the statement of
Theoremresembles the analogous decompositions for linear codes [KPS24a, [KPS25a]. However,
their method found all the coordinates to set aside in “one pass,” whereas we iteratively understand
the dense and sparse structure of our non-linear code. With Theorem [4.16|in hand, we construct
the sparsifier with a recursive argument similar to that of Theorem [3.1]

As mentioned earlier, extended these ideas to weighted sparsification (Theorem is relatively
straightforward. We adapt a weight-binning argument of [KPS25a] by essentially computing an
(unweighted) sparsifier for each group of coordinates that is similar in weight (within poly(m)). We
then analyze the aggregated size of these sparsifiers by comparing the sum of the non-redundancies
of the groups of coordinates to the chain length of the code.

Connections to Matching Vector Families. We now switch gears to briefly discussing the key
ideas behind Theorem Let G := Z/37Z and recall that 3LINg = {(z,y,2) | x + y + 2z = 0}
and 3LIN{, = 3LINg\{(0,0,0)}. It is well-known that since 3LIN¢ is an affine predicate, we
have that NRD(3LINg,n) = ©(n), which is much smaller than our bound on NRD(3LINg,n).
As such, we prove that to understand the asymptotics of NRD(3LIN{,, n) it suffices to look at
specially-structured non-redundant instances.

Recall that an instance ¥ := (X,Y’) of CSP(3LIN{,) is non redundant if for every clause y € Y’
there is an assignment o, which satisfies every clause of ¥ except y. We show that with at most
an additive ©(n) change in size, we can assume that o, maps y to (0,0,0). In other words, each o,
is a satisfying assignment to ¥ when viewed as an instance of CSP(3LIN¢) (see Proposition .
This idea of “conditional” non-redundancy abstracts and generalizes an approach from [BCK20].

Since the set of solutions to an instance of CSP(3LIN¢) form a vector space (of some dimension,
say d) over F3, we can think of each variable z € X of ¥ as a vector v, € Fg and the assignments as
linear maps on the vectors. Because we are studying satisfying assignment to CSP(3LIN¢), these
vectors are highly structured: for each y := (x1,22,23) € Y, we have that vy, + vy, + vz, = 0.
Further, o, can be viewed as a linear map taking each of vy, ,vz,, vz, to 0, while mapping at least
one vector in every other triple in Y to a nonzero value. We call this family of vectors together
with these assignments a G-ensemble (Definition , and note that it bears a strong resemblance
to matching vector families.

In particular, we adapt techniques used by Dvir, Gopalan, and Yekhanin [DGY11] for constrain-
ing the size of matching vector families to give nontrivial upper and lower bounds on the size of
G-ensembles. For the lower bound (Theorem , we directly construct a non-redundant instance
with Q(n!) clauses. The proof is self-contained and elementary.

The upper bound (Theorem [7.13)) is slightly more technical. We break the proof into cases
based on whether the embedding dimension d of the vectors is small (d = O(n°*)) or large (d =
Q(n%4)). For small d, we adapt the polynomial method used in [DGYTI] to prove there can be

at most O(d*) = O(n'%) non-redundant clauses. On the other hand, when d is large, we ignore



the assignments o, and use a careful induction (Lemma to show that the geometry of the
vectors imply that some = € X is a member of at most O(n/d) = O(n%6) clauses, thereby leading
to a bound of at most O(n'®) clauses total. Closing the gap between Q(n'?) and O(n'6) for
NRD(3LIN7, /32 n) is a tantalizing open question.

1.6

Related Work

Our results and techniques have connections to many areas including computational complexity
theory, extremal combinatorics, coding theory, and learning theory. We now give a general overview
of these connections.

CSP Sparsification. Since we already discussed the history of CSP sparsification, we give a
comprehensive list of known results about CSP sparsification (up to polylog factors).

The case of binary CSPs (r = 2) is fully classified. In particular, for every finite domain D
and R C D?, we either have that SPR(R,n,e) = O(n/e?) or SPR(R,n,e) = Q(n?) [BZ20).
However, the sparsification routine is only efficient in the Boolean case [FK17]. Of note,
SPR(R,n,e) = Q(n?) if and only if there exist Dj, Dy C D of size exactly 2 such that
|[RN (D1 x Dy)| =1 (informally R has an “induced copy” of AND3).

For r > 3, much less is known. Kogan and Krauthgamer [KKI15] contributed near-linear
hypergraph cut sparsifiers (i.e., the predicate is NAE, := {0,1}"\ {0",1"}). Since then, there
have been multiple improvements in efficiently constructing hypergraph sparsifiers/sketches
(e.g., [CKN20, KKTY21l [KPS24b]).

The breakthroughs of Khanna, Putterman, and Sudan [KPS24al [KPS25a] construct near-
linear sparsifiers for any predicate which can defined by a system of linear (in)equations
(possibly over a higher domain). For example NAE, = {x € {0,1}" : 21+ -+ 2, Z 0
mod r}. Of note, their first paper [KPS24a| only proved the result over finite fields (and
was nonalgorithmic), whereas their second paper [KPS25a] extended the result to all Abelian
groups and was computationally efficient.

The framework of Khanna, Putterman, and Sudan [KPS25a] produced numerous corollaries.
In particular, if a predicate can be expressed as the nonzero set of a degree k£ polynomial
then it has a sparsifier of size 65 (n*). Furthermore, they show if a predicate R can expresﬁ
ANDy, := {1¥}, then SPR(R,n,c) = Q(n¥). As a consequence, they also classify all ternary
Boolean predicates (r = 3) as well as which Boolean predicates of arity r cannot be sparsified
below Q(n") (just AND, and its bit flips), while also constructing a sparsifier of size O (n" )
in the other cases.

It appears that lower bounds with a nontrivial dependence on e are only known for cut
sparsifiers (and thus hypergraph cut sparsifiers via a simple gadget reduction). See [ACK™16,
CKST19] as well as Section |§| for further discussion.

“More specifically, we say that R C {0,1}" can express ANDj if there exits a map z : [r] —
{0,1,21,...,%k, %1, ..., Tk} such that R(z(1),...,2(r)) = ANDg(z1,...,zx). We discuss a more general framework
of gadget reductions in Section



CSP Kernelization. Another question similar in spirit to CSP sparsification is that of CSP ker-
nelizationlr_o-] The basic question is to, given an instance W of CSP(R), efficiently find as small of
an instance U’ of CSP(R) as possible (not necessarily a subinstance) such that ¥ and ¥’ are either
both satisfiable or both unsatisfiable. This particular question can be attributed to Dell and van
Melkebeek [DvMI4], who were particularly inspired by Impagliazzo, Paturi, and Zane’s sparsifi-
cation lemma [[PZ01] and Harnik and Naor’s compression framework [HNI10]. See the literature
review in [DvMI4] for further motivations.

At first, the problem seems rather unrelated to CSP sparsification. For example, if CSP(R) is
polynomial-time tractable, then there trivially exists a kernel of size O(1). When CSP(R) is NP-
hard, however, the size of the smallest possible kernelization seems to much more closely track with
the non-redundancy of R. In particular, Dell and van Melkebeek [DvM14], proved that assuming
coNP & NP/poly, the problem k-SAT cannot be kernelized below Q(n*=¢) for any constant & > 0,
which is close to k-SAT’s non-redundancy of ©(n¥).

Furthermore, most upper bounds on the kernelization of NP-hard predicates follow from up-
per bounds on non-redundancy (see [Car22]). For example the works of Chen, Jansen, and
Pieterse [CJP20] as well as Lagerkvist and Wahlstrom [LW17, [LW20] develop various kerneliza-
tion methods that happen to just be “efficient” non-redundancy upper bounds. For example, these
works show that if the predicate R can be expressed as the zero set of a polynomial of degree k,
then there exist a kernel of size O(nk) This kernel happens to preserve every solution to R, so
it is also a non-redundancy upper bound. Using techniques like these, they are able to prove a
number of results similar to the state-of-the-art in CSP sparsification, such as a complete classifi-
cation of ternary Boolean predicates and a O(n"~!) vs Q(n"~¢) Boolean dichotomy [CJP20]. See
[JP19, [JW24, [Jan20, [Tak23| [Beu21] and citations therein for related work.

We seek to emphasize that any efficient CSP sparsification algorithm for CSP(R) is by design
a kernelization algorithm for CSP(R) (since all codewords with weight 0 are preserved). As such,
making Theorem efficient would require explicitly proving that every CSP can be kernelized to
(approximately) its non-redundancy, which is a significant open question in the CSP kernelization

community (see [Car22]). See Section [1.8 and Section [J] for further discussion.

The Union-closed Sets Conjecture. A family F of subsets of [n] is union-closed if A,B € F
imply that AU B € F. In 1979, Frankl [Fra95] conjectured that there always exists i € [n]
which appears in at least half of the sets of F. For decades, progress on the conjecture was
minimal, with the best general result being that some i € [n| appears in ©(1/log, |F|) of the sets
[Kni94l [W¢j99, [Gil22]. However, in 2022, Gilmer [Gil22] shocked the combinatorics community by
using an entropy-based approach to prove that some i € [n] appears in 1/100 of the sets. This
immediately led to a large number of follow-up works refining Gilmer’s entropy method [AHS24|
CL22| [Peb22) [Saw23| [Cam22]. In particular, we can now replace ‘1/100” with ‘0.382...", leaving
Frankl’s conjecture (technically) still open.

For our application to CSP sparsification, the entropy method used by Gilmer (and its subse-
quent refinements by many other reseachers) is the key idea needed to show that non-redundancy
is essentially the optimal size for a CSP sparsifier. In particular, the improvement from 1/ log, | F]|

10More commonly, CSP kernelization is referred to as CSP sparsification (e.g., [DvMi4l, [LW20]). However, we refer
to this line of work by the former name to reduce ambiguity. This similarity in name has been noted before in the
literature (e.g., [BZ20]), but we appear to be the first work to notice both variants of “CSP sparsification” can be
analyzed with similar techniques.



to (1) is precisely the same “gain” we utilize to go from a very simple 6E(NRD(C’) - logy |C
sparsifier (see Section [3) to our O.(NRD(C)) sparsifier. See the technical overview (Section
for more details. To the best of our knowledge, our work is the first application of Gilmer’s entropy
method to sparsification[]

Matching Vector Families and Locally Decodable Codes. In coding theory, locally decod-
able codes (LDCs) are a class of codes which allow for jthe reliable recovery of any message symbol
based on a small sample of codeword symbols, even in the presence of a constant fraction of errors.
A particularly interesting familiy of constructions of LDCs has arisen out of a theory of matching
vector codes [Yek08] and follow-ups [Rag07, |Gop09} [Efr12, DGY11]. See [DGY11] for a literature
survey. Simply stated, a matching vector (MV) family over a (finite) ring R is a pair of lists of
vectors ui, . .., U, U1, ..., € R% such that the inner products (ui,vj) are nonzer if and only
i # j. Informally, the u;’s play a role in the encoding of the i’th message symbol, with the matching
vector v; helping with its local decoding. Given a choice of R and d, the primary question of interest
is to find the maximal possible value of k. This “spin off” question about LDCs has become a topic
of interest in its own right [DGYT1I] [Yek12 [GHSY12, [BDL12].

In this work, we demonstrate a novel application of matching vector families to the study of
non-redundancy and thus (by Theorem |1.2]) sparsification. In particular, we construct an explicit
family of predicates such that their non-redundant instances can be viewed as a generalized MV
family. We then use techniques developed for MV families to given nontrivial bounds on the non-
redundancy of the predicates. See Section 7| and the technical overview (Section for more
details.

Extremal Combinatorics. Computing the non-redundancy of a predicate can be viewed as a
problem in extremal combinatorics known as a hypergraph Turdn problem. In particular, for an
instance of a CSP to be non-redundant, every instance induced by a subset of the variables must
also be non-redundant. In particular, if F is a family of hypergraphs which can never appear in
non-redundant instances of CSP(R), then NRD(R,n) < ex,(n,F), where the hypergraph Turan
number ex,(n, F) is the size of the largest r-uniform hypergraph on n vertices without any F' € F as
a subgraph. This observation was first made explicit by Carbonnel [Car22] although the technique
was also used in earlier work [BCK20]. As far as we are aware, ours is the first work to observe
that these insights can also benefit the study of CSP sparsification.

The literature on hypergraph Turdn numbers is quite rich. For instance, Keevash [Keell]
surveys the vast body of work on the “non-degenerate” case in which ex,(n, F) = ,(n"). However,
for our applications, we are mostly interested in the “denegerate” case in which ex,(n, F) = O(n¢)
for some ¢ € [1,7). The works [BCK20, [Car22] apply some of the most well-known works in this
setting [Erd64, [SEBT73, RST8] to get some nontrivial results such as classifying precisely which
predicates R have NRD(R,n) = O(n"), extending Chen, Jansen, and Pieterse’s result for the
Boolean case [CJP20]. See Sections and for more details on specific applications.

Query Complexity and Learning Theory. Rather surprisingly, the definition of non-redundancy
appears to have come out of the artificial intelligence community [BCK20]. In particular, a rather
broad and well-studied question (e.g., [FW02, PBS08, [LLMVT0, BK12, BCH™ 13| BCK20]) is that

1 Gilmer’s breakthough is cited in the literature review of [CDL™"24], but the property-testing question they study
on union-closed families has no technical connection to Gilmer’s entropy method. See also [Wak24] for applications
of the entropy method to learning theory and statistical physics.

120r, more generally the inner products lie in some restricted subset of R.
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of constraint acquisition: how can an agent learn the constraints defining an instance of a constraint
satisfaction problem?

A model specifically relevant to our work is the partial membership queries model studied by
Bessiere, Carbonnel, and Katsirelos [BCK20]. In this model, the domain D, the constraint type R
(or types), and the set of variables X are known but the constraints are hidden. For each query,
the agent picks some subset of variables X’ C X as well as a partial assignment o : X’ — D. The
response to the query is ‘YES’ if o satisfies every constraint induced by X', and ‘NO’ otherwise.
The goal is to construct an instance of CSP(R) with the same solution set as the hidden CSP.
For every CSP predicate R, they prove that the query complexity of an instance of CSP(R) on n
variables is bounded between Q(NRD(R,n)) and O(CL(R,n) - logn). Notably, the lower bound is
proved by showing that the VC dimension of the query complexity problem equals NRD(R, n)H

1.7 Subsequent Work

Since the initial version of our paper was posted, numerous follow-up works have emerged which
expand on the many directions covered in this paper.

1.7.1 Sparsifier Improvements

Improvements to the Unweighted Sparsifier. Very recently, [LMW26] gave an improved
bound for Theorem They coin the term “moonflowers” to refer to non-redundant subsets
of a code C' C {0,1}" and adapt ideas from the study of sunflowers (e.g., [ALWZ21]) to study
the maximum density of a code which avoids particular moonflowers. In particular, their main
sparsifier has a bound of the form.

NRD(C) - logm
22

SPR(C,¢) < O < ) - (log(NRD(C) /£))°™ (log log )™

The overall method of constructing the sparsifier is rather similar to our work in the sense that it
crucially uses the entropy method of Gilmer as a key step in the sparsification process, although also
have a number of technical refinements of our techniques. By suitably adapting our Example
they also show a lower bound of Q(NRD(C) - logm/e) for an adversarial choice of C. Despite the
improvements, the impact on Theorem is negligible as the parameters logm and log NRD(C)
are related by a factor of r (the arity of the underlying CSP) which we consider to be a constant.
Furthermore, the lower bound example does not arise from a CSP, so no limitation beyond NRD(C')
itself is known for Theorem

Improvements to the Weighted Sparsifier. Another recent work [BGP26b] improved Theo-
rem on optimal weighted code sparsifiers. By adapting the “contraction”-based techniques for
linear code sparsifiers [KPS24al, [KPS25a] in combination with some of the techniques developed in
Section [5| the authors of [BGP26b| showed that Theorem can be improved to

CL(C) - 1og*(CL(S)/e) - (log log(CL(S)/ﬁ))2> .

e2

wSPR(C,e) < O (

Note that the dependence on m is removed entirely. That said, since we do not understand the
relationship between the non-redundancy and chain length of CSPs, these techniques are unable to

13This observation is directly used in proving our main result, see Section
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give any improvements to Theorem|[I.2] Nor can they recover the interpolation between Theorem[1.1]
and Theorem in Corollary

1.7.2 Further Study of Non-redundancy

Building off of the contributions this paper makes to the study of CSP non-redundancy, mul-
tiple follow-up works [BGJT25, [BGP26al, [SV26D] have further expanded our knowledge of non-
redundancy.

New Techniques. In particular, the lower-bound technique of Theorem was abstracted in
[BGJT25] in a logical framework known as generalized “functionally guarded primitive positive”
(fgpp) definitions. They also introduce using the Kruskal-Katona and Shearer’s inequalities to give
novel upper bounds on CSP non-redundancy. As a result, we now know for any rational g > 1,
there exists an explicit CSP predicate R such that NRD(R,n) = Or(n®). Our notion of conditional
non-redundancy (Definition was critical in proving this fact.

In addition, [BGJ™25] made a number of other contributions to the study of CSP non-redundancy.
They show that many extremal hypergraph problems (such as understanding the maximum density
of graphs with a given girth) can be encoded into suitable CSP non-redundancy problems. They
also introduce a novel tool known as Catalan polymorphisms to study the existence of Mal’tsev
embeddings (see [LW20, BCK20]).

Further Classifications. We mentioned earlier that the non-redundancy of every Boolean pred-
icate of arity at most 3 is known [CJP20, [KPS25a]. The recent work [BGP26a] extends this result
to arity 4 by classifying the non-redundancy of every arity-4 Boolean predicate except (up to
isomorphism) one. Of interest, they identify a predicate R C {0,1}* for which

3 3

n n
90(v/Iogn)’ 9Q(log*(n)) |’

NRD(R,n) €

the first example of non-redundancy growth which provably does not follow a simple power law
(e.g., O(n)).

The work of [SV26b] investigates the non-redundancy of symmetric Boolean predicate of arity
4 and 5. Notably, they identify two interesting symmetric predicates of arity 5 for which state-of-
the-art techniques leave a polynomial gap between the upper and lower bounds.

1.7.3 Broader Connections

Spectral Sparsifiers. Although Theorem resolves the optimal size of CSP sparsifiers, there
is still much ongoing work to understand spectral variants of CSP sparsification, analogous to the
theory of spectral graph and hypergraph cut sparsifiers [ST11, BSS12| [LS18, [CKN20, KKTY21),
KK24, [ KPS24b, [Yos26].

In one such direction, [KPS25b] define the notion of a spectral sparsifier for any CSP predicate.
Their work is mostly focused on the study of spectral sparsifiers for linear equations (i.e., “spectral
code sparsifiers”) where they show such sparsifiers exist of size O.(n?). They leave reducing the
sparsifier size to near-linear as an open question.

In another direction, [BKLM26] motivated by the theory of Cayley graph sparsifiers (see also
[KPS24a, HLM™26]) developed a theory of sparsification of a family A of positive semi-definite
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(PSD) matrices. In particular, they introduce a quantity N*(«,.4) which measures how tightly
any matrix A € A can be dominated by sums of other matrices (up to a factor of «). Their main
result is that up to a logarithmic factor in the dimension of the matrices, N*(«,.A) controls the
sparsifiability of the family.

In the setting of our code sparsification problem, their result can recover our warm-up bound
Theorem by representing a code C' C {0, 1}"" as a family of m diagonal matrices which are each
|C'|-dimensional. However, their union bound is too coarse to recover Theorem

Streaming Algorithms. Very recently, [SV26a] showed that (up to logarithmic factors), non-
redundancy of a CSP also governs the streaming decidability of CSPs. That is, fix a CSP predicate
R and consider a streaming of clauses corresponding to an instance of CSP(R) on n variables.
The goal is to minimize the amount of space needed to determine if the stream corresponds to a
satisfiable instance. The reason that non-redundancy is connected is that if the streaming algorithm
just keeps track of a non-redundant set of clauses, any other (dropped) clause can be logically
deduced from these clauses, so decidability is preserved. Using a communication complexity lower
bound, they show this analysis is essentially tight. Such questions are also closely related to the
study of approximating min-CSPs. As such, any future improvements to the study of streaming
decidability will also impact the study of CSP non-redundancy and CSP sparsifiability.

Average-case Sparsification. From Theorem we know that every instance CSP(R) has a
sparsifier of size approximately its own non-redundancy. A previous version of the paper asked
whether the sparsifier size can be substantially improved in the average case setting. That is, if
the CSP predicate R is fixed but the instance is sampled randomly, can the NRD(R,n) barrier
be broken? This was generally resolved in the affirmative by [BGP25] where they compute opti-
mal sparsifier sizes for random instances of all CSPs and valued CSPs. See Section [J for further
discussion.

1.8 Open Questions

We conclude the introduction with a few directions of further study. See Section [§ and Section [J]
for a more thorough discussion of directions for future exploration.

e Making Theorem efficient. Note that the underlying construction for Theorem
if made algorithmic, runs in polynomial time with respect to the size of the code, yielding
an exp(O(n))-time algorithm@ for Theorem The primary barrier in constructing our
sparsifier in poly(n) time is the fact that an efficient sparsifier is also a kernelization algorithm,
but kernelizing every CSP instance to its non-redundancy is a significant open question in
the kernelization community [Car22].

e Computing NRD(R,n). For a general predicate R C D", there is no simple (even conjec-
tured) expression for NRD(R,n). In fact, even determining when NRD(R,n) = O(n) is a
major open question (e.g., [BCK20, [Car22]). In Section |8, we explore a number of predicates
from the various parts of the literature whose status is unresolved, including a predicate we
categorize as the “simplest unresolved predicate.”

e Non-redundancy versus Chain Length. Recall we show that unweighted sparsification is
closely tied to non-redundancy while weighted sparsification is closely tied to chain length. For

14This is already nontrivial, as a naive guess-and-check algorithm would require exp(a(NRD(E7 n))) time.
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non-linear codes, NRD and CL can be very different (e.g., Example , but the relationship
for CSPs is unknown [BCK20, [Car22]. In particular, it seems quite possible that there exists
a CSP predicate R for which wSPR(R, n,)/ SPR(R, n,e) = n¥1.

e Spectral CSP Sparsification. As mentioned, [KPS25b] recently defined a notion of spectral
CSP sparsifiers. Proving an analogue of Theoerm in this setting would be a rather
interesting result.

Organization

In Section [3| we give a straightforward proof that SPR(C, ¢) = O.(NRD(C)log, |C|). In Section

we prove Theorem by connecting CSP sparsification to non-redundancy via Gilmer’s entropy
method. In Section pl we extend Theorem to weighted instances. In Section [6] we discuss the
immediate applications of Theorem (and its weighted variant) based on what is known about
non-redundancy and chain length in the literature. In Section [7}, we bound the non-redundancy
of a family of predicates via methods related to matching vector families. In Section [8 we give
examples of CSP predicates in the literature whose non-redundancy is unresolved. In Section [9]
we wrap up with other directions of exploration. We emphasize that the material in Sections

and [f] are largely independent of the material in Sections [6] [7], [§]

In Section we prove some basic facts about non-redundancy, sparsification and their relationship.
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2 Preliminaries

In this section, we give precise definitions of the non-redundancy and sparsification of CSPs and
non-linear codes and discuss how they related to each other. In particular, we show that the
main sparsification result for codes (Theorem implies the main sparsification result for CSPs
(Theorem . We conclude with a few tail inequalities useful for sparsification.

2.1 CSPs

Given a finite set D called the domain and integer r € N := {1,2,...} called the arity, we call any
subset R C D" a predicate (interchangeably called a relation). We say that R is non-trivial if R # ()
and R # D". We define an instance ¥ of CSP(R) to be a pair (X,Y’), where X is a (finite) set of
variables and Y C X" is the set of clauses. Typically, we let n := |X| parameterize the number of
variables and m := |Y'| parameterize the number of clauses. Note that m < n', so logm < rlogn.
We now clarify a couple points about our model of CSPs.
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e In general, a CSP may consist of a family of multiple predicates. In the context of finding
solutions to a CSPs, this detail may significantly change the complexity, but for sparsifica-
tion and related concepts (like non-redundancy), each predicate can be sparsified separately
(e.g., [KPS25a)]) resulting in a multiplicative error of at most the number of predicates (e.g.,
[BCK20), [Car22]). Since we think of predicates as being of constant size in this paper, this
has no effect on our results.

e The choice Y C X" explicitly allows for repeated variables in ClausesE All our results
also apply to the restricted family of instances without repeated variables. To see why, let
X' := X x [r] and map each (y1,...,y,) € Y to ((y1,1),...,(yr,7)) € Y C X'". One can
verify that any sparsifier of (X', Y”) is also a sparsifier of (X,Y"), and the number of variables
only differs by a constant factor.

We say that an assignment is a map o : X — D. A clause y := (y1,...,yr) € Y is R-satisfied
by o if and only if o(y) := (o(y1),...,0(x,)) € R. We say that o is an R-satisfying assignment to
U (or just Y) if every clause is satisfied. We let sat(R, ¥) (or sat(R,Y) if X is fixed) denote the
set of satisfying assignments to W. We now formally define non-redundancy.

Definition 2.1 (Non-redundancy of an instance, adapted from [BCK20]). We say that an instance
U := (X,Y) of CSP(R) is non-redundant if for all Y/ C Y of size |Y'| — 1, we have that sat(R,Y") #
sat(R,Y). In other words, for all y € Y, there exists an assignment o, which R-satisfies Y\ {y}
but not y. We deﬁnﬂ the non-redundancy of an arbitrary instance (X,Y’) to be the size of the
largest Y/ C Y such that (X,Y”) is non-redundant.

Definition 2.2 (Non-redundancy of a predicate [BCK20]). Given a relation R C D" and n € N, we
define NRD(R, n) to be the maximum number of clauses of any non-redundant instance of CSP(R)
on n variables.

We further define the notion of a CSP sparsifier. Given an instance ¥ := (X,Y’) of CSP(R),
we define the R-weight of an assignment o : X — D, denoted by wt(R, ¥V, o), to be the number of
clauses of Y R-satisfied by o. Given a weight function w : Y — R>¢, we define the (w, R)-weight
of o to be

wt(R, ¥, w,0) := Z w(y) - 1[o(y) € R].
yey

We can now define a CSP sparsifier.

Definition 2.3 (CSP sparsifiers (e.g., Definition 3.11 [KPS24a])). Given R C D", we say that
w Y — Rxg is an e-sparsifier of an instance ¥ of CSP(R) if for all assignments o : X — D, we
have that

(1—e)wt(R,V,0) < wt(R,V,w,0) < (1+¢)wt(R,V,0).

15Various papers in the literature make different (and sometimes ambiguous) choices regarding allowing repeated
variables. As we argue, as long as r is a constant, the answer can vary by at most a constant factor. Thus, we apply
results from the literature (e.g., in Section [6]) without concern to their specific convention.

16We purposely deviate from the definition of the non-redundancy of an instance in [BCK20]. In their work, they
define the non-redundancy of an instance to be the number of Y’ C Y of size |Y|—1 for which sat(R,Y") # sat(R,Y).
For non-redundant instances our definitions coincide (so, Deﬁnition always gives the same value), but for “highly
redundant” instances our non-redundancy is much greater. We do this to ensure that our definition of non-redundancy
is monotone with respect to adding clauses.
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We define the e-sparsity of ¥ to be the minimum support (i.e., [w™!(Rsq)|) of any e-sparsifier. We
define SPR(R,n,¢) to be the maximum e-sparsity of any instance of CSP(R) on n elements.

Remark 2.4. One may also define sparsifiers for weighted instances in essentially the same manner.
See Section [5] for a discussion of this variant. The main takeaway is that we also prove a tight
characterization in terms of another combinatorial quantity called chain length.

We now prove a lower bound for sparsity in terms of non-redundancy. Observe that in an
instance (X,Y’) of CSP(R) if some y € Y has a corresponding assignment o, which only satisfies y,
then y must have nonzero weight in any sparsifier (or else the weight of o, will fall from 1 to 0). In
particular, this implies that non-redundant instances of the complement of R cannot be sparsified
at all.

Proposition 2.5. For any R C D", let R:= D"\ R. For alln € N and ¢ € (0,1), we have that
SPR(R,n,e) > NRD(R,n). (2)

Proof. Consider any non-redundant instance ¥ := (X,Y) of CSP(R) with n = | X|. Foreachy € Y,
let o, be a solution in sat(R,Y \ {y}) \ sat(R,Y).

View VU also as an instance of CSP(R) and observe that for all y € Y, o, has a R-weight of 1.
Further, for any w : Y — R>g, oy has a (R, w)-weight of w(y). Thus, any e-sparsifier w : Y — R>q
of ¥ must have that w(y) € (1 —¢,1+¢) for all y € Y. Therefore, supp(w) =Y.

This proves that SPR(R,n,e) > |Y| for every non-redundant instance (X,Y) of CSP(R) on n
varaibles. Taking the maximum over all choices of Y proves ([2)). O

Theorem [1.2] establishes that this simple lower bound is essentially optimal.

Remark 2.6. Based on the complement in , one might think that NRD is defined “backwards.”
However, as we shall see in Section the definition of NRD allows for a rich (universal) algebraic
framework, which should greatly aid with the classification of NRD for all predicates.

2.2 Non-linear Codes

An important abstraction for studying CSP sparsification is what we call non-linear code sparsifica-
tion. We define a (non-linear) Boolean code to be an arbitrary C' C {0,1}™. We say that C' is non-
trivial if C # (,{0™}. For any ¢ € C, we define its Hamming weight, to be Ham(c) := ¢1 4+ - -+ ¢p.
We define the support ¢ € {0,1}™, denoted by supp(c) C [m] to be the set of nonzero coordinates.
We further define supp(C') = [ ¢ supp(c).

Given S C [m] and ¢ € {0,1}™, we define c|s € {0,1}° to be the list (c; : i € S). Likewise, we
define punctured code C|g := {c|s : ¢ € C} C {0,1}°. Next, we formally define the non-redundancy
of a code.

Definition 2.7. A subset I C [m] is non-redundant for a code C C {0,1}"™ if for each i € I, there
exists ¢ € C such that for all ' € I, ¢y = 1 if and only if 1 = i’. We define the non-redundancy of
C, denoted by NRD(C), to be the size of the largest non-redundant set that is non-redundant for
C.
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In other words, if we line up the codewords of C' as rows of an |C| x m matrix, NRD(C) is the
dimension of the largest identity submatrix within that matrix. When C'is a linear code, NRD(C)
equals the dimension of C. For non-trivial C, we have that 1 < NRD(C) < m.

We now formally define a Hamming-weight sparsifier of a code. Given a weight function, w :
[m] — R>p, we define the w-weight of a codeword ¢ € C' C {0,1}" to be

Definition 2.8. For € € (0,1), we say that w : [m] — R>¢ is a e-sparsifier of C' C {0,1}"™ if for all
c € C, we have that
(1 — e)Ham(c) < (w,c¢) < (1 + ) Ham(e).

We define the e-sparsity of C, denoted by SPR(C,¢), to be the minimum support size (i.e., number
of nonzero coordinates) of any e-sparsifier of C.

2.3 Theorem [1.1] Implies Theorem [1.2

We now connect the non-redundancy notions of CSPs and codes together. Given a relation R C D"
and any instance ¥ := (X,Y) of CSP(R), we can define a satisfiability code, denoted by Cry C
{0,1}Y as follows. For each assignment ¢ : X — D, we define a codeword ¢, such that for each
y €Y, we have

Coy = 1[o(y) € R]. (3)

We then define Cry = {¢, | 0 : X — D}. We now show that our definitions of sparsity and
non-redundancy of codes corresponds to that of CSPs.

Proposition 2.9. Given R C D" and n € N, we have that

P = P 4
> R(R7 " E) v instanlclcl?))f{ CSP(R) 5 R(CR’\IM 8) ( )
on n variables

NRD(R,n) =  max NRD(Cr,w) (5)
¥ instance of CSP(R)
on n variables

Proof. We first prove . Observe that for any instance ¥ := (X,Y) of CSP(R) and any weight
function w : Y — R>o we have that the (R, w)-weight of o is equal to the w-weight of ¢, due to
(3). Thus, SPR(CR,v,¢) is precisely the e-sparsity of W. Therefore, SPR(R,n,¢) is the maximum
such e-sparsity, we have proved .

Finally, we prove (). Fix an instance ¥ := (X,Y’) of CSP(R). Let Z C Y be a maximum-sized
non-redundant index set of C'r v. In particular, for each z € Z, there is an assignment o, : X — D
such that o, R-satisfies z but no other 2/ € Z \ {z}. Thus, o, R-satisfies Z \ {2} but not z. Thus,
(X, Z) is a non-redundant instance of CSP(R), so NRD(R,n) > NRD(Cg,y) for all .

Likewise, if we let (X, Z) be a maximum-sized non-redundant instance of CSP(R) with wit-

nessing assignments o, for z € Z, we can view ¥ := (X, Z) as an instance of CSP(R). Thus,
{¢o, : z € Z} witness that Z is a non-redundant index of Cr . Therefore, NRD(Cr y) = |Z|. This
proves . ]
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Thus, we can now prove that Theorem [I.1] implies Theorem [I.2]

Proposition 2.10. Theorem implies Theorem 1.2

Proof. The lower bound follows from Proposition [2.5] For the upper bound, consider any instance
U of CSP(R) on n variables and m clauses. Since m < n", by Theorem (1.1} we have that

SPR(CR.v,c) < O(NRD(Cg.y(rlogn)®/e?).

Take the maximum of both sides over all instances ¥ on n variables. Then, Proposition 2.9 implies
Theorem [1.2 O

2.4 Chernoff Bounds

We now state a few Chernoff-type bounds that will be useful in our sparsification arguments. We
let exp and log denote the natural exponential and logarithm, respectively. For any base b > 1, we
let expy(z) := b* and logy(x) := log(x)/log(b).

As our sparsifiers utilize i.i.d. subsampling, we use the following Chernoff bound to analyze the
probability that Hamming weight is preserved.

Theorem 2.11 (e.g., [MR95, MUO5, FHHP19)]). Let X1,..., X, be i.i.d. samples of the Bernoulli
distribution with probability p € [0,1]. Then, for all 6 > 0,

Pr[X; 4 -4 X, < (1 — 8§)pn] < exp(—6np/2) (6)
Pr[X| + -+ X, > (1 +0)pn] < exp(—6%np/(2 + 9)) (7)
The key applications of the Chernoff bound in our sparsifier constructions are as follows.

Lemma 2.12. Let S C [m] be a random subset of [m] such that each element is included indepen-
dently with probability at most 1/3. Then,

Pr[|S| > m/2] < exp(—m/30).

Proof. By a standard coupling argument, the probability that |S| > m/2 is maximized when each
element is included with probability exactly 1/3. We then apply with p = 1/3, n = m, and
§ = 1/2. In that case, §?np/(2 + &) = m/30. O

Lemma 2.13. Let SUT be a partition of [m]. Forp € (0,1], let S, be a random subset of S where
each element of S is included independently with probability p. For any codeword ¢ € {0,1}"™ and
any € € (0,1), we have that

gr ;Ham(clgp) + Ham(c|p) € [1 —e,1+ €] - Ham(c) | < 2exp(—e® Ham(c)p/3).

Proof. Let wg = Ham(c|s) and wr = Ham(c|r), so Ham(c) = wg + wr. If wg = 0, then Ham(c) =
wr. Thus, the probability of failure is 0. Otherwise, apply Theorem [2.11] with n := wg and

18



§:=¢- WSTUT (note that § may be larger than 1) to have that

wg
PrHam(cls,) & [1— 6.1+ 8] - pn] < 2exp [ — 0P
Spr amCSp y pn eXp 2+5

ws “+ wr wg
24 ¢. ws-HUTp

< e 2wg Ziitvi? wT)p>
o (4
xp (=

| /\

ws + wT)2 )
g2

3(wg + wr)
e Ham(c)p/3),

where the second-to-last line uses the fact that e € (0,1). Finally, to complete the proof, note that
1
Ham(c[s,) € [1 — 0,1+ d]pn <= ;Ham(clsp) + Ham(c|r) € [1 — 6,1+ 6] - ws + wr

= ;Ham(dsp) + Ham(c|r) ¢ [1 —e,1 + ¢] Ham(c) . O

3 Warmup: A Simple Sparsifier

As a warm-up for our main result, we prove that every code C' C {0,1}™ has an e-sparsifier of size
within O.(log|C|- NRD(C)).

Theorem 3.1. For all nonempty C C {0,1}™ and ¢ € (0,1), we have that
SPR(C,e) = O(NRD(C) log |C|(log® m) /&?).
More precisely,
SPR(C,¢) < 36 NRD(C) log, (4|C|) log3(2m) /e . (8)
Remark 3.2. In terms of CSP sparsification, we have that for any R C D" that
SPR(R,n,¢) = O(n - NRD(R, n)(log | D|)(rlog n)?/?).

since any instance W of CSP(R) on n variables has at most n” clauses and at most |D|™ assignments
(so |Cy,r| < |D|™). Ignoring logarithmic factors, we are within a factor of n of Proposition
which is highly nontrivial given the fact that apriori we only know that SPR(R,n,¢) € [Q(n),n"].
However, Theorem has no nontrivial implications in the r = 2 case.

For any d € [m], let C<4 be the set of codewords of C' with Hamming weight at most d. The
key observation of this simple sparsifier is that NRD(C') carefully controls the support size of Cg.

Lemma 3.3. For all C C{0,1}™ and all d € {0,1,...,m}, we have that

|supp(C<q)| < d- NRD(C).
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Remark 3.4. For linear codes, this lemma is trivial: the non-redundancy of a linear code is
precisely its dimension and each time we expand the support of a linear code with a new codeword,
the rank increases by 1. A variant of this observation appears in [KPS24a)] as part of their divide-
and-conquer framework for linear code sparsification.

Proof. We prove this result by induction on d. The base case of d = 0 is trivial. Now assume d > 1.
Pick I C [m] minimal such thaﬂ for every non-zero ¢ € C, |supp(c) N I| > 1. We claim that I
is non-redundant. If not, there exists ¢ € I such that for every ¢ € C' with ¢; = 1, we have that
|supp(c) N I| > 2. In that case, I\ {i} is a smaller set with the prescribed property, contradicting
I’s minimality. Therefore, I is non-redundant and

(C<a)ly € (Clp)<a-
Therefore, by the induction hypothesis,
[supp(Cl7)<a-1| < (d = 1) NRD(Clg) < (d — 1) NRD(C).
Thus, since I is non-redundant,
supp(C<a)| < |I| + [supp(Cl7)<a—1| < NRD(C) + (d — 1) NRD(C)) = d NRD(C). [

We now proceed to construct the sparsifier. We use a fairly standard divide-and-conquer tech-
nique (e.g., [KPS24al, [KPS25a)).

Proof of Theorem[3.1. We seek to prove by strong induction on m. The base cases of m < 36
is trivial. Define g := ¢/(2logy(2m)) and

do := 9log,(4|C|) /3 = 361ogy(4|C|) loga(2m) /2.

Let T = supp(C<q4,) and S = [m] \ T. By Lemma we have that |T| < dy - NRD(C). Let
p = 1/3 and let S, be a random subset of S where each element is included independently with
probability p. We seek to show that with positive probability, we have that |S,| < m/2 and for all
ceC,

]1) Ham(c|s,) + Ham(clr) € [1 — o, 1 + o] - Ham(c). )

First, by Lemma we have that Pr[|S,| > m/2] < exp(—m/30) < 1/3 since m > 36. To prove
(9), first observe that if Ham(c) < do, then supp(c) C T, so (9 trivially follows. Otherwise, by
Lemma the probability that (9) fails is at most

2H doc? 1
2exp <_EOE;II1(C)> < 2exp (—0980) = 2exp(—logy(4|C])) < 3T
In particular, by the union bound the probability that @ holds for all ¢ € C is at least 1/2.

Therefore, we have proved the existence of S’ C S of size at most m/2 such that for all ¢ € C, the
map

1 +€eT
Vi e [m|,w(i):=<3 ies
0 ieS\Y9,

"This is known as a hitting set (e.g., [ERS05)).
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is an gg-sparsifier of C. We now apply the induction hypothesis to C’ := C|g to find an &’ := £—2¢-
sparsifier w’ : S’ — R of size at most 36 NRD(C”) log, (4|C’|) log3 (2| supp C’|) /e%. Now define the
sparsifier @ : [m| — R>¢ by

1 1T
Vi€ m],w(i) =< 3uw'(i) i€
0 ieS\S.

Observe that for any ¢ € C, we have that
(w, c) = 3{(w', c|g) + Ham(c|r)
€ 3[1 —¢,1+¢'] - Ham(c|g') + Ham(c|7)
Cl—-é&,1+¢€] (w,c)
Cl—é&,1+¢€] [1—-¢p,1+¢]-Ham(c)
C[1—¢,1+¢|-Ham(c),

where the second-to-last inclusion follows from w being an eg-sparsifier. Thus, w is an e-sparsifier.
To finish, we bound the size of w as follows:

|supp(w)| = |supp(w’)| + |T|
. 36 NRD(C") log,(4|C"|) logs (2| supp C'|) N 36 NRD(C) log,(4|C|) log3(2m)

) €2
logs m log3(2m)
< 36 NRD(C) log, (4/C|) 1og23n > 252
(ogytzmy)
36 NRD(C) log, (4/C|) log3(2m)
— 52 2 [logy m + 1]
36 NRD(C) log,(4|C|) log3 (2m) O
p— 62 °

4 The Entropy Sparsifier

In this section, we prove Theorem As mentioned in the introduction, this proof crucially needs
bounds on the entropy of probability distributions over our non-linear code. We begin by defining
the necessary notation for discussing such concepts and then proceed to analyze Gilmer’s entropy
method (and its subsequent refinements) and how these can assist with sparsification.

4.1 OR-closure, VC Dimension, and Entropy

We being by defining a few basic properties of codes.

4.1.1 OR-closure and VC Dimension

Given two strings a,b € {0,1}", we define their bitwise-OR a V b to be the string ¢ € {0, 1}™ such
that ¢; = a; V b; for all i € [m]. Likewise, given a list ay,...,a; € {0,1}™, we let \/f:1 a; denote
their collective bitwise-OR.
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Definition 4.1. Given C' C {0,1}" we define its OR-closure (or OR-span) to be

00 k
spangr(C) = U {\/ci:cl,...,ckeC},

k=0 (i=1
where the empty OR is defined to be 0™. If C' = spangp(C), we say that C' is OR-closed.
We now discuss the VC dimension of C.

Definition 4.2. For C C {0,1}"™, we define the VC dimension of C, denoted by VC(C), to be the
size of largest I C [m] such that C|; = {0,1}!. In particular, any code with at most one codeword
has VC dimension 0.

We now restate an observation of [BCK20] that non-redundancy of a code is precisely the VC
dimension of its OR-closure.

Proposition 4.3 (Obs. 4 [BCK20|, restated). For all C C {0,1}"™, NRD(C) = VC(spangr(C)).
Proof. Observe that for all I C [m], spangg (C|;) = {0, 1} if and only if for all i € I, there exists
c¢i € Cy such that for all i’ € I, ¢;» = 1 iff i = 4’. In other words, spangg(C|;) = {0,1} if and

only if I is non-redundant in C|; (and thus C). Since spangr(C|r) = spangr(C)|; for all I C [m],
we have VC(spangg(C)) is precisely the non-redundancy of C. O

Our main use of VC dimension is to bound the size of the corresponding code via the Sauer-
Shelah-Peres lemma.
Lemma 4.4 (Sauer-Shelah-Peres [Sau72| [She72]). For all C C {0,1}™,

Ve(o)

cr< > (T) < (m +1)Ve@),

1=0

As an immediate corollary of Proposition and Lemma [4.4, we can control the size of
spanpg (C) in terms of NRD(C') via the Sauer-Shelah-Perles lemma.

Corollary 4.5. For any C C {0,1}™,

[spangg (C)] < (m + NP,

4.1.2 Entropy

We define the binary entropy function to be

h(zx) = wlogy(1/x) + (1 — x)logy(1/(1 — )

for z € (0,1) with h(0) = h(1) = 0 with maximum value at h(1/2) = 1. Given a probability
distribution D over a finite set, we define the entropy of the distribution as

1
H(D) := ues%;w) Pr{u] log, <PrD[u]> .

Since xlogy(1/x) is a concave function of x, we have that every distribution D over a finite set
S has H(D) < logy |S|, with equality when D is the uniform distribution over S. As such, the
following is implied by Corollary
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Proposition 4.6. For any C C {0,1}™ and any probability distribution D over spangr(C), we
have that

H(D) < NRD(C) - logy(m + 1). (10)

Given a distribution D over {0, 1}, we define E[D] € [0, 1]™ to be the coordinate-wise expected
value of the distribution. Given I C [m], we let the punctured distribution D|; to be

11:‘1“ [c] := Z l;r[c'].
g cef{0,1}™
d|r=c

We next discuss the significance of entropy to the structure of codes.

4.2 Gilmer’s Entropy Method

In 2022, Gilmer [Gil22] made the following breakthough on the structure of union-closed sets, which
we restate in terms of the OR-closed codes.

Theorem 4.7 ([Gil22], restated). Let C C {0,1}™ be OR-closed, let D be the uniform distribution
over C. Then, there exists i € [m] for which E[D]; > 1/100.

As mentioned in the introduction, numerous technical improvements have now risen the constant
1/100 to more than 0.382 [AHS24l [(CT.22] Peb22) [Saw23, [Cam22|, with 1/2 still conjectured as being
the best possible improvement. Of note, the previous best version of Theorem [£.7| was a lower bound
of Q(1/log, |C|) [Kni94, W99, [Gil22]. We now give some intuition as to why the ©(log, |C|) “gain”
in Gilmer’s theorem is essentially the same ©(log, |C|) we seek to shave in Theorem

From the perspective of code sparsification, Gilmer’s theorem appears quite useful, as adding
the coordinate i with E[D]; > 1/100 to our sparsifier allowed us to make nontrivial progress on
sparsifying a constant fraction of spangg (C). If we make the (bold) assumption that this constant-
fraction of codewords need not be revisited, we can recursively apply Gilmer’s theorem to the
remaining 99/100 fraction of spangg (C'). Then, since logy|spangg (C')] < NRD(C) -logy(m + 1), we
will have “sparsified” all of spangg(C') (and thus C') using only O(NRD(C)) coordinates.

Although this informal sketch has serious technical issues (e.g., why can we “forget” a codeword
after saving a single coordinate?), it turns out that we can make a rigorous argument affirming
this intuition. For simplicity, assume all codewords in C' C {0, 1} have the same Hamming weight
d. What we eventually prove (see Theorem is that for any A > 1 there exist & ANRD(C)
coordinates I C [m] such that the punctured code C|; has very few codewords (i.e., at most
~ exp(d/A)). In otherwords, the coordinates of I capture the most important distinguishing features
among codewords of C'. We can then subsample the remaining coordinates of C' to make progress
toward the sparsifier, like in one step of the recursive argument proving Theorem

We note that the linear code sparsifiers of Khanna, Putterman, and Sudan [KPS24al [KPS25a]
also prove a similar bound (e.g., see Theorem 2.2 in [KPS24al]). However, the proof methods are
very different. In [KPS24a], they recursively remove “dense” subcodes of their linear code and then
use a “Benczur-Karger-style” contraction algorithm to prove the result code is sparse. In our case,
we instead simultaneously understand the dense and sparse structures of our code C' using Gilmer’s
entropy method. In particular, by applying the minimax theorem in Proposition 4.14] we show
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that our code either has a probability distribution over it in which each coordinate is unlikely to
equal 1 (“G-sparse”) or there is probability distribution over the coordinates has nontrivial overlap
with every codeword (“O-cover”). If there is a“f-cover,” we prove we can add a coordinate to our
sparsifier which makes substantial progress toward properly sparsifying every codeword. Conversely,
if there is a f-sparse distribution, we use Gilmer’s entropy method to prove that the “important
part” of the distribution is quite sparse, and thus can be removed. We apply Proposition many
times to repeatedly refine our understanding of sparse and dense structures in C'. When the process
terminates, we obtain the decomposition theorem (Theorem , from which the remainder of
the proof follows using standard techniques.

The Entropy Bound. We now return to discussing concrete technical details. The key entropy
bound we use is a refined version of Gilmer’s method due to Sawin [Saw23]. Like for Theorem
we restate the bound in terms of non-linear codes.

Theorem 4.8 (Theorem 2, [Saw23|, adapted). Let D be a distribution on {0,1}™ such that
maX;e(, E[D]; <p < 3;5/5 ~ 0.3819. Let A, B ~ D be i.i.d. samples from D. Then,

h(l—(1-p)%)
h(p)
Note that is tight when D is the product of m independent Bernoulli distributions with

probability p. The key idea used by Gilmer and others to prove results like is to inductively
show for i € [n] that

H(AV B) > H(A) - (11)

h(1—(1-p)*)
h(p) '

The crucial property is that the conditional random variable E[A¢|A[i_1]] is independently and
identically distributed to E[B;| Bj;_yj]. Thus, can be reduced to proving a simple (but ingenious)
inequality about two i.i.d. [0,1]-valued random variables with mean at most p. See [Saw23| and
related works (such as the exposition by Boppana [Bop23]) for more details.

H(A; V Bi|Aji—1), Bii—y)) = H(Ai|Api—qp) - (12)

Although the application of to the union-closed sets conjecture is mostly interested in the
regime in which p is a constant, we shall focus on using this bound in the regime in which p tends
to 0 as p — co. We recursively apply Theorem [£.8] to amplify the growth in entropy.

Corollary 4.9. Let D be a distribution over {0,1}™ with max;e|y, E[D]; < p. Let N be a power
of two such that 1 — (1 —p)N/2 < % Let Aq,..., AN be i.i.d. samples from D, then

N (1 _ N
i=1

Remark 4.10. We only prove our result when N power of two as more precision would not
significantly improve our main result. See Conjecture 1 and Lemma 26 in [Wak24] for a comparable
bound for all N.

Remark 4.11. Note that if p = O(1/N), then h(1 — (1 —p)V)/h(p) ~ % (see Lemma , SO
we get a nearly factor of N boost in the entropy. As we shall soon see, this “boost” is analogous
to the exponential savings in the Benczir-Karger cut bound.
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Proof. We prove this by induction on log, N. If N = 2, we apply Theorem [£.8| directly. Otherwise,

we consider the random variable Dy, corresponding to the distribution \/51/12 A;, and note that by
independence, for all i € [m],

3-V5
1] =1- =0V <1 (1=-p)N2<
CNER/Q[CZ 1]=1 CE%[C’ 0"*<1—-(1-p)/*< 5
Therefore,
N
h(1—(1-p)")
H A; | > H(D .
<\_/1 ) = HPw2) 3 (= )
— (1 = p)N/2 — (1N
 wpy M= A=DYA) 1)
h(p) h(1—(1—p)N/2)
h(1—(1-p)")
— H(D ,
P )
where the second line invokes the induction hypothesis because 1 — (1 — p)V/* <1 — (1 — p)N/2 <
3-v5 O
S

4.3 Improved Entropy Bound for #-sparse Distributions

We say that a distribution D over {0,1}™ is #-sparse if for all max;c(,,) E[D]; < 1/6. By using
Gilmer’s entropy method, we can show that the entropy of any #-sparse distributions is approxi-
mately % times smaller than the RHS of . In some sense, this bound is similar to [KPS24al’s
code-counting lemma for sparse linear codes, although their bound is proved using a Benczur-
Karger-style contraction algorithm whereas ours is proved using Gilmer’s entropy method.

We begin by proving the following bound for any distribution over any OR-closed code.

Lemma 4.12. Let C C {0,1}™ be an OR-closed code and let 6 > 1. Let D be a 0-sparse distribution
over C. Then,

< 3log,(36)

1(D) < 22 logy 0], (13)
Proof. If 0 < 4, we directly see that
3log, (30
H(D) < log, (0] < 2825 5,

Otherwise, let p := 1/6 and N := 2U°8201=1 ¢ (9/4,0/2]. Since 6 > 4, we have that N > 2. By
Bernoulli’s inequality,

3—+bH
1-(1—-p)M2<pN/2<1/4< 2‘[, and
1-(1-p)N <pN <1/2.
Furthermore, since 1 —p < e P and pN > 1/4, we have that

1-(1=pVN>1—ePV>1-¢ V> 022
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Thus, since the binary entropy function in increasing the range [0,1/2],
h(1—(1—p)™) > h(0.22) > 1/3.

Therefore, by Corollary 4.9 and the fact that C' is OR~closed, we have that if A;,..., Ay are
i.i.d. samples of D, then

N
log, |C| = H (\/ Ai)

=1

- - N
SIRLEEY
1/3
= HP) e 30y /6
Thus, holds. O

As an immediate corollary of Lemmal[4.12] we can bound the entropy of any #-sparse distribution
in terms of the support’s non-redundancy.

Corollary 4.13. Let C C {0,1}™ and 6 > 1. For any 0-sparse distribution D over C we have that

3 10g2 (39)
0

Proof. By Lemma Lemma[4.4] and Proposition we have that

H(D) < H(C,0) := -NRD(C) - logy(m + 1). (14)

H(D) < 310?;92(39)
~ 3logy(30)
N 0
B 3logy(360)
o 0

can directly apply Proposition [4.6] to obtain that O

- logy|spangp C|
- VC(spangg C) - logy(m + 1)

-NRD(C) - logy(m + 1)

As an informal application, for d < NRD(C), let Cy be the set of codewords of weight exactly
d in C. Recall that the warm-up sparsifier (Theorem adds the entire support of Cy to the
sparsifier, so we are currently get no nontrivial savings. However, if the uniform distribution D
over Cy is f-sparse, then we know that |Cyq| = H(D) < O(NRD(C)/6). As such, by subsampling
supp(Cq) at a rate of O.(1/0), we can still get an e-sparsifier for Cy, beating the bound given by
Lemma[3.3] In the next section, we discuss the scenario in which D (or in fact any other distribution
on Cy) is not f-sparse. In that case, we show using the minimax theorem that the codewords of Cy
have a “f-cover.”
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4.4 Minimax

For any 6 > 1, we say that a code C' C {0,1}"™ has a 6-cover if there exists a probability distribution
Q over [m] such that

Ve e C, ‘EQ[CZ'] >1/6. (15)

By definition, code {} has a O-cover for all & > 1, while the other trivial code {0™} has no
O-cover for all # > 1. We now use the minimax theorem [vIN2§| to show that #-covers and #-sparse
distributions are dual to each other.

Proposition 4.14. For every C' C {0,1}™ and every 6 > 1, at least one of the following is true.

(1) C has a -cover.

(2) There exists a probability distribution over C which is 6-sparse.

Proof. Since the empty code has a f-cover for all & > 1, we may assume that C is nonempty.
Consider the following zero-sum game. Have Alice pick a codeword ¢ € C' and Bob pick an index
i € [m]. The payoff of the game is ¢;, which Alice is seeking to minimize and Bob is seeking to
maximize. By the minimax theorem [vN28], there exists n € [0,1], a probability distribution P
over C, and a probability distribution Q over [m] with the following properties.

vie ) Ele] < (16)
VeeC, E el 2 (17)

In particular, if 1/6 > 7, then implies that P is a f-sparse distribution supported on C.
Otherwise, if 1/6 <1, then implies that Q is a 6-cover of C. O

We now use Proposition to prove that if we remove a “small” number of codewords from
C, then the remainder of C' has a #-cover.

Lemma 4.15. For any C C {0,1}™ and 6 > 1. Recall that H(C,0) is the RHS of (1{]). There
exists S C C of size at most expy(H(C,8)) such that C'\ S has a 6-cover.

Proof. Intuitively, we seek to iteratively delete some codewords of C' until Proposition [4.14] guar-
antees the remainder of C' has a 6-cover. Each codeword removed has a corresponding 6-sparse
distribution associated to it. To prove not too many codewords are deleted, we take a (careful)
weighted average of the #-sparse distributions in such a way that every removed codeword has equal
probability of being sampled. In that case, the entropy of this #-sparse distribution is at least the
logarithm of the number of codewords removed, so we can bound the number of codewords by
Corollary

Given a probability distribution D over C, we let up : C — R>o be the probability density
function (PDF) of D. That is, up(c) is the probability that c is sampled from D. We say that pp
is a f-sparse PDF if D is 0 sparse. Further, we define max i to be the highest probability attained
by u, and argmax p := {c € C': u(c) = max u}.

27



If C has a 6-cover, take S = (). Otherwise, by Proposition there is a f-sparse PDF
supported on C. We now inductively define a sequence of probability distributions v4, ..., 14, where
t < |C| is decided by a stopping criterion. As our base case, we define vy := p;.

Now repeat the following process. Consider i € {1,2,...}. Let S; := argmaxy;. If C'\ S; has
a @-cover, we stop, and set t := i. Otherwise, if C'\ S; has no #-cover, by Proposition there
exist a pi+1 be a f-sparse PDF on C'\ S;. By convention, we assume that p;(c) = 0 for all ¢ € S;.
Let p; := maxv;, and for every ¢ € C'\ S; define

pi — vi(c)
pi — vi(e) + pita(e)’

Note that g. € (0, 1] because p; > v;(c) by definition of S;. Let ¢ := min.cc\g, gc. Further define
Viy1 := (1 — q@)v; + qui+1 and S;41 := argmax v; 1. We claim that

e =

Siv1 = S;Uargmin{g. : c € C'\ S;} 2 ;. (18)
To see why, first note that for all ¢ € S;,
vit1(e) = (1 = q)vi(c) + quivi(c) = (1 — @)pi
Likewise, for all ¢ € argmin{g. : ¢ € C'\ S;}, we have that
viti(c) = (1 = q)vi(c) + quita(c)
= vi(c) + q(pita(c) — vi(c))

_ (pi —vi(e) + piva(e)vi(e) + (pi — vi(e)) (pira () — vi(c))
pi — vi(c) + pita(c)

_ pitti+1(c)
pi — vi(e) + pita(c)
= (1—-q)pi-

However, for all other ¢ € C'\ S;, we have that

viy1(c) = (1 — q)vi(c) + quiri(c)
= (1 = gc)vi(c) + qepiv1(c) + (g — @) (vi(c) — pita(c))
R e e (RIS C)
= (1= qe)pi + (g — )( i(c) — pir1(c))
< (1 =ge)pi+ (g — @) (pi — 0)
=1 -q9)pi

where the inequality uses the fact that ¢. —q > 0, p; > v4(c), and pi+1(c) > 0. Therefore, we have
proved , so S; := argmax y; is strictly increasing as 4 increases.

Since C' is finite in size and the empty code has a 6-cover, this process must terminate in ¢t < |C|
steps. That is, C'\ S¢ has a #-cover. It suffices to prove that S| < 2H(C9) where H(C,9) is the
RHS of . Since S; = argmax v, we have that max v, < |S > SO

H = ¥ wbon (5] 2 X uleonls] = loxls)

c€supp(vt) cEsupp(vt)
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Further, 4 is a convex combination of #-sparse distributions w1, ..., u¢, so 14 is also a #-sparse over
C. Thus, by Corollary we have that

logy |S¢| < H(vy) < H(C,0),
as desired. ]

We next utilize Lemma to prove our key decomposition theorem.

4.5 Decomposition Theorem

In Khanna, Putterman, and Sudan’s linear code sparsification [KPS24a], their key technical result
(their Theorem 2.2) is that after puncturing a “dense” collection of coordinates, the remaining
code has a sparsity property. Their proof proceeds by recursively removing dense subcodes until
the remainder is sparse. However, as we shall see, the situation is a bit more nuanced for non-
linear codes. Instead, we alternate between removing sparse and dense portions of our code using
Lemma [4.15] By keeping track of a suitable monovariant, we can carefully control the tradeoff
between the dense and sparse portions of our decomposition. More precisely, by conditioning on
~ ANRD(C) coordinates to puncture, we save a factor of approximately A in the exponent on the
number of codewords remaining.

Theorem 4.16. For any C C {0,1}™, integer d > 1, and real X\ > 1, there exists I C [m] of size
at most 2ANRD(C)) logy(4m) such that C<4|7 has at most m - exp,(3dlog3(2m)/\) codewords.

Proof. Since deleting codewords can only decrease the non-redundancy, assume without loss of
generality that C' = C<4. We first handle a few simple edge cases.

Case 1, d > ANRD(C). In this case, we let I := () and note that by Lemma C has at most
expy(NRD(C) - logy(m + 1)) < expy(dlogy(m + 1)/X) < m - expy(3dlog3(2m) /)

codewords, as desired [’

Case 2, m < 2ANRD(C)logy(4m). In this case, we set I = [m] and observe that C|; has at
most 1 codeword (empty string).

‘We now move onto the main case.

Case 3, d < ANRD(C) and m > 2ANRD(C) logy(4m).
Let 6 := ANRD(C)/d > 1. We inductively build sequences ) = Iy C --- C I; C [m] and

=

=Ty C--- CT; CC for a currently unspecified ¢t € N such that for all j € {0,1,...,t},

Ll =3 (19)
Tyl| < j - exp(H(C.0)) (20)

We build the sequence using the following (randomized) procedure.

e Base Case: Set Iy := () and Tp := 0.

18This easy case is similar to code-counting bound for the proof of Theorem
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e For j € {0,1,...,m—1},

If C =1Tj, halt with ¢ := j.
Let Cj := (C'\ Tj)|[7'

— Invoke Lemma to find Sj41 C Cj of size at most expy(H(C,0)) such that C; \ Sj41
has a 0-cover Q,1.

— Randomly sample i;41 from Qji1.
— Set Ij+1 = I]‘ U {ij+1}.
— Set Ty :=T; U{ce C: c|fj € Sj}
As written, it seems possible that we may exhaust the For loop without meeting the halt
condition. However, we shall prove in Claim that with positive probability, we meet the halt
condition for some j =t < 2ANRD(C) logy(4m) < m. Assuming this is the case, it suffices to show

that C|z- has at most m - exp,(3d log3(2m)/\) codewords. By the halting condition, we have that
C = T;. Therefore, we have that

t
Cl; = sz
i=1
Hence, the size of C|z- is at most
t t
Sl <> H(C,0)
i=1 i=1

< t-expy <310g2(39) -NRD(C) - logy(m + 1))

0
3d1 3ANRD(C)/d
< m - expy < 0gs( X (©)/d)) '10g2(2m)> 7
recalling that 6 = %D(C). By assumption on the size of m, we have that
3ANRD(C) < 3m < om
d — 2log,(4m)d '

Thus, C|7; has size at most m - expy(3d log3(2m)/\), as desired. To finish, we prove Claim
Claim 4.17. With nonzero probability, the procedure halts after at most 2A NRD(C') logy(4m) < m

steps.

Proof. Consider the following monovariant defined for any I C [m]| and T' C [m].
FULT) =) expy(Ham(clr)) (21)
ceC\T

In particular, if I’ D I and T" 2 T, then f(I',T") < f(I,T). Observe that since every codeword of
C has Hamming weight at most d, we have that |C| has size at most () + -+ + (7}) < (m + 1)%.
Thus,

o, To) = £(0,0) = 3 expy(Ham(e)) < [C] - 20 < (2m + 2)? < exp(dlog(2m +2)) .
ceC
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Assume that for some tg, the probability that the procedure terminates within ¢q steps is zero. For
any j € {0,1,...,to — 1}, we have that

E  [f(j,.Tix)] = E [f(Z;U{i}, Tj+1)]

1i+1~Qj4+1 i~Qj1
= Z - E  [expy(Ham(c|f) — ¢)]
i~vQjp J

c€C\Tj+1

= > eng(Ham(ij))iﬂlj:Q[expz(—Cz‘)]
CGC\TJ'+1

1 1 1

S Z exp(Ham(c|Tj)) (1 - 5 + 5 . 2>

CEC\TjJrl

< (1 — 219> fU Ti) < (1 — 219> f15,T5),

Thus, with nonzero probability, we have that for all j € [ty — 1]

j .
1.1 < (1= 55 ) 000 To) < exp (atog(zm +2) - ).

In particular, if j > (2logy(4m) — 1)ANRD(C), then

f;,T;) < exp(dlog(2m + 2) — (2logy(4m) — 1)ANRD(C)/(26))
= exp(d(log(2m + 2) — logy(4m) + 1/2))
< exp(—d/9) < 1.

However, each term in the sum defining f(I;,T}) is at least 1. Therefore, f(/;,T;) = 0 and
C = Tj}. Thus, the halting condition will be met at step j. In other words, with nonzero probability
the halting condition must be met in

[(21ogy(4m) — 1)ANRD(C)] < 2ANRD(C) logy(4m) < m
steps, as desired. O
This completes the proof of Theorem [4.16 O

We now have all the ingredients we need to prove our main result.

4.6 Proof of Theorem [1.1]

We now prove Theorem We use a recursive argument similar to that of Theorem which
itself was inspired by [KPS24a].

Theorem 4.18 (Theorem [L.1] more precise version). For all C C {0,1}™ and ¢ € (0,1),

SPR(C, ) < 800 NRD(C) log®(4m) /2. (22)
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Proof. Like in the proof of Theorem |3.1} we prove by strong induction on m. The base cases
of m < 800 are trivial, and if NRD(C') = 0, then C' C {0™} so the zero sparsifier of size 0 works.

Now consider the following parameters:

g
0 2logy(4m)
__100log3(4m)  400log5(4m)
A= =2 = 22
0

dp := 2\ logy(4m)

€ := [logy(m/do)]
p = g
By Lemma3.3] we have that there exists Iy C [m] of size at most dg NRD(C) = 2A NRD(C) log, (4m)
which contains the support of all codewords ¢ € C' of Hamming weight at most dy. For all j € [],
let
Cj = {C eC: Ham(c) S (2j_1d0,2jd0]}.

Observe that C' = C<q,UC 1 U- - -UCy. Now, for each j € [¢], apply Theorem to C; with d :=
2Jdy and our choice of A. As a result, there exists I; C [m] such that |I;| < 2ANRD(C) log,(4m)
and
3 - 27dglog3(2m)

A

Cyl] < m - exp, ( ) < m - expy (6 - 27 logy(4m)) . (25)

Let I = IpUI; U---UI,. Then, |I| < 2(£+ 1)ANRD(C)logy(4m) < 2ANRD(C) log3(4m).
Further, for all j € [{], we have that |Cj|;| < ‘Cj’Tj‘ and so is bounded from above by the RHS of
3.

Let S, € [m] \ I be a random subset where each element is included independently with

probability p := 1/3. We claim that with positive probability, we have that |S,| < m/2 and for all
ceC,

; Ham(c|s,) + Ham(c|r) € [1 — o, 1 + eo] - Ham(c). (24)

As in Theorem by Lemma we have that Pr[|S| > m/2] < exp(—m/30) < 1/100 since
m > 800. We now turn to proving . If ¢ € C<q,, then supp(c) C Iy C I, so always holds.
Now pick i € [¢] and consider ¢ € C;. By Lemma we have that the probability that does
not hold is at most

2 exp(—e3 Ham(c)p/3) < 2exp(—e3271dy/9) = 2 exp(—(100/9)27 logi(4m)).

Naively, we need to now take a union bound of size |C;|. However, we only need to take a union
bound of size |C}|7|. To see why, for a fixed ¢ € C}|; consider any ¢ € C; with c|; = ¢ and Ham(c)
is minimal. Assume that holds for ¢, for any other ¢ € C; with ¢/|; = ¢ we have that

1 1
) Ham(c|s,) + Ham(c'|;) = ) Ham(c|s,) + Ham(c|;) + (Ham(c'|;) — Ham(c|7))

€ [1 — &0, 1+ go] - Ham(c) + (Ham(c¢') — Ham(c))
C [1 —eo,1+ o] - Ham(c'),
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since Ham(¢') > Ham(c). Therefore by , the probability that fails for any ¢ € C} is at

most

2 exp(—(100/9)27 log3(4m)) - m - exp, (6 - 27 log3 (4m)) < 2m expy (2 logh(4m) (6 — 11logy(4m)))
< 2mexpy(—5log(4m))
1

< —.

~ 2m
In particular, the probability that fails for any ¢ € C' is at most ¢/(2m) < 1/2. Thus, there
exists S C [m] \ I with |S| < m/2 for which %Ham(c\g) + Ham(c|r) € [1 — €0, 1 + €¢] - Ham(c) for
all ¢ € C. To finish, let & := ¢ — 2¢¢ and apply the induction hypothesis to &'-sparsify C|g. Let
w : S — R>q be the resulting sparsifier. We then build a sparsifier w : [m] — R>¢ such that

1 1€l
Vie m],w(i) =< w(i)/p=3w(i) i€S
0 otherwise.

By the same logic as in the proof of Theorem for any ¢ € C', we have that

(w, c) = 3(w, c|g) + Ham(c|r)
€ 3[1 —&,1+ €] - Ham(c|g) + Ham(c|;)
C1—¢,1+¢] (3Ham(c|s) + Ham(c|))
C—€,1+¢€] [1—¢p,1+ o] - Ham(c)
C[1l—e,1+¢]-Ham(c),

as desired. To finish, we bound the size of w. In particular,

|supp(w)| = |supp(w)| + ||
< 800NRD(C|s)logS(4|supp(C|s)|) /e + 2A NRD(C) log3(4m)

800 log§ (2m) 800 log3(4m)

< NRD
< NRD(O) | o =T logy(am) T2

800 NRD(C
= 72() [log5(2m) log3 (4m) + log3(4m)]

800 NRD(C') logj(4m
= (52) 2 )[logQ(Qm) + 1]
_ 800NRD(C) log§(4m) .
- = .

5 Extension to Weighted Sparsification
We now prove our main result for sparsifying weighted CSPs. More precisely, given a predicate

R C D", a weighted instance of CSP(R) can be viewed as an ordinary instance ¥ := (X,Y C X")
of CSP(R) along with a weight function w : Y — Ry for the clauses. Note that we assume all
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weights are nonnegative, else the set of clauses Y can be reduced in size. Given an assignment
o : X — D, recall that its (R, w)-weight is defined to be

wt(R, U, w,0) := > w(y)1[(c(y),...,o(y)) € R].
yey

Then, a (w, €)-sparsifier of ¥ is a function w : Y — R such that
(1 - &) wt(R, ¥, w,0) < wi(R, ¥,@,0) < (1 + ) wt(R, U, w,0).

The e-sparsity of (¥, w) is then the minimal support size of any (w, )-sparsifier of ¥. We can now
define the weighted sparsity of a predicate.

Definition 5.1. For any R C D", n € Nand ¢ € (0,1), we define wSPR(R, n,¢) to be the maximal
e-sparsity of an weighted instance (¥, w) of CSP(R) on n variables.

Likewise, given a code C' C {0,1}™ and a weight function w : [m] — Ry, we say that w :
[m] = R>q is (w, e)-sparsifier of C'is for all ¢ € C,

(I —e)(w,c) <(w,c) < (1+¢)(w,c), (25)

with the e-sparsity of (C, w) being the minimum support size of any (w, ¢)-sparsifier. This leads to
an analogous definition of weighted code sparsity.

Definition 5.2. For any C' C {0,1}" and ¢ € (0, 1), we define wSPR(C, ) to be the maximum
e-sparsity of (C,w) among all weight functions w : [m] — Rx.

Proposition 5.3. For all RC D", n €N, and € € (0,1), we have that

wSPR(R, n,¢) = wSPR(CRr,v,¢€),

max
¥ instance of CSP(R)
on n variables

with Cr.y defined as in Section [2.3,
Proof. The proof is essentially identical to the proof of in Proposition O
It is easy to see that
wSPR(R,n,¢) > SPR(R,n,e) > NRD(R,n).

However, we can prove a stronger (tight!) lower bound for both in terms of chain length. We denote
the chain length of a code C' by CL(C) and the chain length of a CSP predicate R by CL(R,n)
for instances with n variables. These terms are defined in Section [5.1] and Section [5.2] respectively.
However, we can immediately state the main results of this section.

Theorem 5.4. For all C C {0,1}™ and ¢ € (0,1), we have that
CL(C) < wSPR(C, ¢) = O(CL(C)(logm)%/&%).
Theorem 5.5. For all RC D", n € N and € € (0,1), we have that

CL(R,n) — 1 < wSPR(R, n,&) = O(CL(R, n)(rlogn)°/e?)
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5.1 Chain Length of Codes

As it is more elementary to state, we begin by defining the chain length of a code.

Definition 5.6. Let C C {0,1}" be a code. A chain of length ¢ is a pair of injective maps
a:[l] = [m] and c: [¢] — C such that the following conditions hold.

Vi € [E], C(i)a(i) =1.
Vi<i<jg</{, C(j)a(i) = 0.

The chain length of C, denoted by CL(C) is the maximum-length chain.

Recall that if we line up the codewords of C' as rows of an |C| x m matrix and allow arbitrary
column permutations, NRD(C') is the dimension of the largest identity submatrix within that
matrix. In this setup, CL(C) is the dimension of the largest upper triangular square submatrix
with 1’s on the diagonal. When C'is a linear code, both NRD(C) and CL(C') equal the dimension
of C. Further, for nontrivial C', we have that 1 < NRD(C) < CL(C) < m.

If the set of indices a : [¢(] — [m] is clear from context, we refer to just the list of codewords
¢ : [f] - C as the chain. We now prove that chain-length of a code is always at least its non-
redundancy.

Proposition 5.7. For all C C {0,1}™, CL(C) > NRD(C).

Proof. Let I C [m] be a maximum-sized non-redundant index set of C. Let ¢ : I — C witness that
I is non-redundant. Let ¢ := |I|. For any map bijection a : [¢(] — I, we have that (a,coa) is a
chain of length /. O

We now consider an example where CL(C) and NRD(C') can be as different as possible.

Example 5.8. Consider the code C := {1"0™"" : n € [m]}. It is straightforward to check that
the defining codewords of C' form a chain, so CL(C') = m. However, NRD(C) = 1 because for
any ¢, € C either supp(c) C supp(c¢’) or supp(c’) C supp(c). Therefore, by Theorem [1.1}""]
SPR(C,e) < (log® M) m)/e2. However, if we consider the weighting w(i) = 2¢, then any pair of
codewords has weight different by a factor of 2. Hence, for ¢ < 1/2, every e-sparsifier must keep

every coordinate of the code or else two codewords will be given identical weight by the sparsifier.
Therefore, wSPR(C,¢) = m.

We now formalize this example into a lower bound of wSPR(C,¢) for every code C.

Lemma 5.9. For every C € {0,1}™ and ¢ € (0,1), we have that wSPR(C,¢) > CL(C).

Proof. Let ¢ := CL(C). By permuting [m]|, we may assume without loss of generality that there
exist ¢(1),...,¢(f) € C such that ¢(i); = 1if i = j and c(i); = 0 if j < i. Pick A :== = and
consider the following weight function w : [m] — Rx.

w(i) = {)\K—H—i i€l

= otherwise
m

9This can be done in a more elementary manner by subsampling the ith coordinate with probability p; :=
min(1, O(X%&™)) and giving it a weight of 1/p; if kept.

ie2
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Observe then that for each i € [¢], that

(w, e(1)) > w(i)e(i); = X178 and
14

m 4 .y . 1 .
N < N l+1—j m 1 . l+1—1 A 1—i )
(w, c(i)) < ;:i w(i) jE:i A = <IHA+ A T A

Now consider any e-sparsifier w : [m] — R>g. Let S := supp(w) and for each i € [{], let S; :=
S Nsuppc(i). We seek to prove that |S| > ¢. To prove this, it suffices to show for all i € [¢] that

¢
Si\ |J Si#0 (26)
j=i+1
First, observe that since (w,c(¢)) has nonzero weight, so Sy # (). Now assume for sake of contra-

diction that for some ¢ € [¢ — 1], has S; C S;j11 U---USp. Then, since w is an e-sparsifier and
A:=4/(1-¢),

ANTH = (1= )N < (1= &) (w, (i) < (@, (i)

= > a) (definition of S;)
a€S;
¢ l
< Y Y ala)= ) (@)
j=i+1a€cs; Jj=i+1
¢
<(1+e) > (w,e(h))
j=i+1
: 1
< BNAe ]
<@+e) 2 =i
j=i+1
l+e oy 421 +e) oy 32 4
L T _ 7}\ 1 S 7)\ 1
(1—1/))2 (3+¢)? 9
<A\

a contradiction. Therefore holds for all i € [¢], so |S| > ¢. Therefore, wSPR(C) > CL(C). O

5.2 Chain Length of CSPs

We define the chain length of a CSP predicate in terms of sets of satisfying assignments. Recall
for an instance W of CSP(R) on n variables, sat(R, ¥) is the set of satisfying assignments to the
. Lagerkvist and Wahlstrém [LW20] first defined the concept, although our definition is closer to
that of Bessiere, Carbonnel, and Katsirelos [BCK20].

Definition 5.10 ([LW20, BCK20]). Given R C D" and n € N, we define a chain to be a sequence
of instances ¥q,..., ¥, of CSP(R) on n variables such that

sat(R, V1) C sat(R, Va) C --- C sat(R, Vy). (27)

The chain length of CSP(R) on n variables, denoted by CL(R,n), is the maximum length ¢ of such
a chain.
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It is not immediately obvious how Definition [5.10] relates to Definition [5.6] We prove this as
follows

Proposition 5.11. For all R C D" and n € N, we have that

CL(R,n) —1 = CL(Chy), 28
( n) 0\ instanrc%agf( CSP(R) ( Rﬂj) ( )
on n variables

with Cr.y defined as in Section [2.3,

Remark 5.12. Note that chain lengths for CSPs and codes are off by one for the same reason
that a path graph with n vertices has only n — 1 edges. In particular, the code’s chain length is
effectively counting the number of C’s in (27)).

Proof. We first prove that the LHS of is at least the RHS. Fix an instance ¥ := (X,Y C X")
with | X| = n and let £ := CL(Cg,y). Thus, there exists y : [{] = Y and ¢ : [¢{] = Cgy such that
for all i € [{], (i), = 1 and for all 1 <i < j <4, c(j)yu) = 0.

Let 01,...,00 : X = D correspond to ¢(1),...,¢(j). In particular, for all i € [¢], o;(y(i)) € R
but for all 1 <i < j </, 05(y(i)) € R. For all i € {0,1,...,¢} define the instance

Ui = (X, {y(4) = J € [il})-

as an instance of CSP(R). Since adding clauses can only decrease the number of satisfying assign-
ments, we have that

sat(R, W) C sat(R, Wy_1) C --- Csat(R, V1) C sat(R, ¥p) (29)
To prove these inclusions are strict, for each ¢ € [¢], Observe that
g; € sat(ﬁ, \I/z'—l) \ sat(R, \I/Z'),

as 0;(y(1)),...,0i11(y(i — 1)) € R but 0,41(y(i)) € R. Therefore, all inclusions in are strict,
SO CL(E, n) > CL(CR,\I;) + 1.
We now prove that the LHS of is at most the RHS. Let ¢ := CL(R,n) — 1. Fix a set X
of size n and consider instances ¥( := (X,Y),..., ¥, := (X,Y;) of CSP(R) on the variable set X
such that
sat(R, Wy) C sat(R, ¥y 1) - Csat(R, W) C sat(R, W)

C ..
For each i € [f], pick o; € sat(R,¥;_1) \ sat(R, ;). Since o; ¢ sat(R, ¥;), there exists y(i) € Y;
which o; does not satisfy.

Now consider Y := {y(1),...,y(¢)} and let ¥ := (X,Y"). It suffices to prove that CL(Cr y) >
0. For each i € [f], there exists c(i) € Cpgy corresponding to the assignment ;. Since o; €
sat(R,¥; 1) \ sat(R, ¥;), we have that c(i)y1) = ---¢(i)yi—1) = 0 but ¢(i)y;) = 1. Therefore,
(y:[¢{] =Y, c:[l] > Crw) is a chain of length ¢ in Cr y. O

As an immediate corollary of the proof, we have the following more combinatorial interpretation
of chain length. This is somewhat closer to Lagerkvist and Wahlstrom’s [LW20] definition of chain
length.
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Corollary 5.13. Let R C D" be a relation and X a variable set of size n. We have that CL(R,n) >
£+ 1 if and only if there exist assignments o1,...,0p : X — D and clauses y1,...,ys € X" such
that for all i € [¢],

oi(y1), .-, 0i(yi—1) € R and 0;(y;) € R.

We can now show that Theorem [5.4] implies Theorem

Proposition 5.14. Theorem[5.4) implies Theorem[5.5]

Proof. Fix R C D",n € N,e > 0. Apply Theorem to Cr,y for all instances ¥ of CSP(R) on
n variables. Then, take the maximum of these resulting inequalities for all such ¥. By applying
Proposition [5.3] and Proposition [5.11], we obtain Theorem O

5.3 Proof of Theorem [5.4]

We now prove Theorem We use a bucketing approach by [KPS25a] to split the weights into
groups of roughly equal weight (within a factor of mo(l)). We then use a standard repetition trick
and Theorem to sparsify these groups. Finally, we argue that the total size of the sparsifier
cannot be significantly more than the length of the maximal chain in our code.

As a warmup, we first prove that non-redundancy is an upper bound if the ratio between the
maximum and minimum weight is at most m@®). (this observation is also in [KPS25a] for linear
codes).

Lemma 5.15. Let C C {0,1}"™ and w : [m] — Rso be a positive weight function such that
max(w)/ min(w) < m3. Then, for all ¢ € (0,1), C has a (w,e)-sparsifier of size at most

10" NRD(C) log®(4m) /2.

Proof. If NRD(C) = 0, return the empty sparsifier. If ¢ < 1/m, return w itself as m < 1/¢2. Thus,
assume NRD(C') > 1 and £ > 1/m. For each i € [m] define

bi == {m(z)J < 2mP.

€ min w
Let m = >.7, b; < 2m®. Let f: {0,1}™ — {0, 1} be such that

flx) =21, .., 21, T2, ., T2, e oy Ty e v ey Ty«

b1 ba bm

We also let S; C [m] be the set of b; coordinates which are equal to z;. Observe that for all
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x € {0,1}™, we have that

Ham(f (x)) = Ezj 20

[ 2w(i) 2w(i)
© Z [aminw -1 aminw] -
C Z _ejo1). @z (since w(i) > min(w))

(/2) min(w)

(w, z)
(e/2) min(w)"

Cll-e/2,1]-

Now define C := {f(c) : ¢ € C}. Note that NRD(C) = NRD(C) as the repetition of coordinates
cannot increase non-redundancy. Let w : [m] — R>g be an (¢/2)-sparsifier of C. By Theorem
we have that

supp(@)| < 800 NRD(C) logS(4m)/(g/2)? < 107 NRD(C) log$ (4m) /&>

Now consider the map w’ : [m] — R>( defined by

Vi € [m],w'(i) := ’”mzn(“’) > ().

JES;

Clearly, |[supp(w’)| < [supp(w)]| so it suffices to prove that w’ is a (w, €)-sparsifier of C. To see why,
for all ¢ € C,

€ min(w)

(W', e) = ZERG, (o))

1 —e/2,14¢/2- “m;l(w) Ham(f(c))

S

Cll—¢/2,1+¢/2]-[1—¢/2,1] - (w, z)
Cll—el+¢] (w,x),

as desired. ]

Proof of Theorem[5.]] Fix our code C' C {0,1}™, our positive weight function w : [m] — R~, and
€ (0,1). Similar to the proof of Lemma we may assume that NRD(C') > 1, € > 6/m, and
m > 2.

Define a function t : [m] — Z be

o o rogw@') J |

3logm
Let T := {t(i) : i € Z} be a finite set. For each ¢ € C, define its type to be

type(c) := max t(i) € T.
i€supp(c)
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For each t € Z, define

I :={i € [m]:t(i) =1}, and
Cy :={c € C : type(c) = t}.

Note that these sets are only nonempty for ¢t € T'. For each t € T', observe that

maxw|;, _ m3*3

:’I?’Lg.

minw|;, — m¥

For each t € T, let w; : [m] — R>o be an (¢/2)-sparsifier of (C; U Cy11 U {1y,})|1,, where
17, € {0,1}™ is the indicator of the set I;. If ¢t ¢ T', define w; : [m] — R>¢ to be the zero map.

For all t € T, note that (Cy U Cyy1)|s, has at least one nonzero codeword. Therefore,
NRD((Cy U Cep1 U {1, P|1,) < NRD((Cy U Cria)lr,) +1 < 2NRD((Cy U Ciya)|1,)-
Thus, by Lemma [5.15 we can ensure that
|supp(@s)| < 8- 107 NRD((C; U Ct11)]1,) logb(4m) /€2 (30)
Now consider w : [m] — R>( defined by
Vi € [m], w(i) == Wy (4).

We claim that w is an (w, )-sparsifier of C. To verify this, for any ¢ € C' with ¢ := type(c), we
have that

<’[Ev C) = <{6t—1ﬁc‘ft71> + <{E757C’It> + Z <at’7c‘ft/>

t'eT
v <t—2

ell—e/2,14¢/2]- > wi)ei+ [0, Y (@y,1z,)
icly _1UlL t'eT
t<t—2

=[1-¢/2,14+¢/2] [(w,c) — Z w(7)

i€supp(c)\(Ir—1UI})

+ (1 + 6/2) 07 Z <’U)7 1It’>
t'eT
'<t—2
Since t = type(c), we have that (w,c) > m>. Further, observe that

Z w(i) < Z Z w(i) <m-m33 <m3t. % < %(w,c),

i€supp(c)\(It—1U1) t'eT i€ly
t'<t—2
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where we used the fact that € > 6/m. Therefore,
(w,c) e ([1—¢/2,1+¢/2]-[1 —€/6,1]+ (1 +¢/2)-[0,/6]) - (w,c) C[1 —¢,1+¢){w,c),

as desired. It thus suffices to bound |supp(w)|. By (30]), we have that

|supp(@)| <> [supp(@;)| < 8- 107 | Y - NRD((Cy U Cyy1)|11) | log®(4m) /€. (31)
teT teT

To finish, we prove the following claim.

Claim 5.16. 3 ,., NRD((C; U Cy11)1,) < 2CL(C).

Proof. For each t € T, let j; := NRD((Cy U Cy11)|1,) and let igt), ...,%;” € I; be distinct indices

such that there exist ¢()(1),...,¢c® (j;) € C;y U Cyy1 such that

(t)
t

J

va,b € [ji), e (a),0) = 1la = b.
b

We can view this non-redundant set as a chain in C. Call this chain C;. The key observation is
that if ¢,/ € T are such that ¢t >t/ + 2, then the concatenation of C; and Cy is a chain. Since C;
and Cy are each chains in C, it suffices to prove for any a € [j;] an b € [jp] that

A (b) 1y = 0. (32)

To see why, for any ¢ € Cy UCy 11, we have that type(c) < ¢ +1 < t, so supp(c) NIy = (). Therefore,
holds.

Thus, for any decreasing subsequence t1, ..., t; of T with consecutive terms having difference at
least 2, we have that the concatenation of Cy,, ..., Cy, is a chain in C, so ji, +- - -+ji, < CL(C). Since
T can partitioned into two such subsequences (e.g., even/odd), we have that j; +---+j, < 2 CL(C),
as desired. O

Applying Claim to proves the theorem. O

Remark 5.17. A mistake in the proof of Theorem was caught while preparing the follow-up
work [BGP26D]. In particular, the initial (incorrect) version of the proof claimed that (w,c) =
(W1, €|, ) + (We, c|1,), which is only approximately true. The precise error terms are now tracked
and bounded in the corrected proof.

Remark 5.18. Alternatively, we could bound the sum in by |T|NRD(C). Since |T| < 2+

(log 2% /(3 log m), we get the following immediate corollary which gives a savings if max w/ min w

is small. It can also be seen an interpolation between Theorem [I.1] and Theorem [5.4}

Corollary 5.19. Let C C {0,1}" and let w : [m] — R>o be a weight function. For all € € (0,1),
there exist a (w,e)-sparsifier of C of size at most

mmaxw 5 o
O <log minw NRD(C)log” m/e ) .

Remark 5.20. As observed in [BGP26b], one can recursively apply Theorem to itself to get a
better sparsifier whose size is independent of the length m of the codewords. We defer to [BGP26b]
for details on how this can be done.
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6 Immediate Applications of Non-redundancy and Chain Length
to Sparsification

In this section, we prove many corollaries of Theorem Theorem and Theorem [I.3] based on
established facts in the non-redundancy literature.

6.1 Code Sparsification for Non-Abelian Groups

Given a finite group G with identity element e, we define a G-code to be a subgroup H < G™ for
some m € N. Define the Hamming weight of h € H to be the number of coordinates i € [m] not
equal to e. A G-code e-sparsifier is a map w : [m] — Rx>¢ such that for every h € H, the w-weight
of h (i.e., the sum of the weights of the non-identity coordinates) is within a factor of 1 + ¢ of its
Hamming weight.

The works of Khanna, Putterman, and Sudan [KPS24al, [KPS25a] proved the existence (and
in fact efficient construction) of G-code e-sparsifiers of size log|H|log®™ m/e? for any Abelian
group G. In particular G = Z /27 captures cut sparsification. We show as an immediate corollary
of Theorem that comparably-sized sparsifiers exist for any non-Abelian group G. The proof
adapts techniques from [LW20)].

Theorem 6.1. For any finite group G, any H < G™, and any € € (0,1), there is an e-sparsifier
of H of size O(log |H|(log® m)/e?).

Proof. 1f |G| = 1, there is nothing to prove, so assume |G| > 2. Let C' C {0,1}" be the code such
that for every h € H, the binary string (1[h; # €] : ¢ € [m]) is an element of C'. Observe that any
e-sparsifier of C' is an e-sparsifier of H (and vice-versa). Therefore, by Theorem it suffices to
prove that NRD(C') < log, |H|.

Let I := {i1,...,i¢} C [m] be non-redundant. Thus, there exists hy, ..., hy such that hj,i]-/ +e
if and only if j = j/. Now consider the set

S:: {hll’lhIEZEHbE{Oal}z}

Note that for each b € {0,1}¢, the coordinates within I of A% ... hge which do not equal e are
precisely the support of b. Therefore, |S| = 2¢. Thus, ¢ < log, |H|, so NRD(C) < log, |H|, as
desired. O

For non-Abelian groups G, Section 7 of [KPS25al observed that for any two non-commuting ele-
ments a,b € G that the predicate P := {z € {0,1}* : a*1b*2a~%3b~"* = e} has NRD(P,n) > Q(n?),
suggesting that sparsification for (Abelian) affine CSPs does not extend to non-Abelian groups.
However, this is not exactly the case—there are predicates corresponding to non-Abelian code
sparsification, falling under the more general framework of “Mal’tsev predicates.” See Section [6.3
for more details.

6.2 Maximum-size Dichotomy

Observe that for any R C D", we have that NRD(R,n),SPR(R,n,e) < n" as there are at
most n" possible clauses on n variables. A natural question is then which predicates have non-
redundancy /sparsification of size Q(n"). When D = {0, 1}, it is known that NRD(R,n) = Q(n")
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if and only if R = {0,1}" \ {b} for some b € {0,1}", otherwise NRD(R,n) = O(n"~!) [CIP20].
Using linear code sparsification, the analogous result is also known for sparsification [KPS25a].
In particular, SPR(R,n,e) = Q(n") if and only if R = {b} for some b € {0,1}", otherwise
SPR(R,n,e) = O (n"1).

For non-Boolean D, an analogous result is known for non-redundancy due to Carbonnel [Car22]).
The main proof technique is applying a hypergraph Turdn result due to Erdés [Erd64].

Theorem 6.2 (Carbonnel [Car22]). For r € N, let §, := 21", For all R C D", we have that
NRD(R,n) = Q(n") if and only if there exists subsets D1,...,D, C D of size exactly 2 such that
|[RN(Dy x - x D,)| =27 — 1. Otherwise, NRD(R,n) = O(n" ).

As an immediate corollary of our main result Theorem [I.1]tying sparsification to non-redundancy,
we can now extend this dichotomy to sparsification.

Theorem 6.3. For r € N, let §, := 2"". For all R C D" and ¢ € (0,1), we have that
SPR(R,n,e) = Q(n") if and only if there exists subsets Dy,...,D, C D of size exactly 2 such
that |[RN (Dy x -+ x D,.)| = 1. Otherwise, SPR(R, n,e) = O(n" "% log®n/e?).

Proof. Apply Theorem [I.2] to Theorem O

6.3 Generalized Group Equations: Mal’tsev Sparsification

For over a half-century (e.g., [Berll]), the field of universal algebra has sought to generalize various
algebraic structures, such as Abelian and non-Abelian groups. One particular notion that has been
vital to the study of CSPs is that of Mal ’tselm operators |[Malb4]. Succinctly, for a domain D,
a Mal’tsev operator is a ternary function ¢ : D3 — D such that for any z,y € D, we have that
o(z,y,y) = ¢(y,y,z) = x. As a concrete example, for any group G, consider o (z,y, ) := z-y~1-2.

It is clear that o (x,y,y) = ¢a(y,y,x) = z, so pg is a Mal’tsev operator.

Every finite domain D and Mal’tsev operator ¢ has a corresponding family of CSP predicates
(e.g., [Berlll, BKWIT]). In particular, we say that R C D" is a Mal’tsev predicate if for any three
tuples a, b, c € R, we have thatlﬂ

((,0((11, b1, Cl)a ce 790(@7'7 br, CT)) €R.

In particular, for an Abelian group G, the Mal’tsev predicates corresponding to (G, ¢q) are pre-
cisely the affine predicates, i.e., cosets of G". For non-Abelian groups and more general Mal’tsev
operators, the corresponding predicates are much more subtle (see e.g., [LW20]). However, enough
is known about Mal’tsev predicates to prove that their non-redundancy is quite small. In fact,
[LW20,, BCK20] prove that the non-redundancy of every Mal’tsev predicate is linear by utilizing a
characterization of Mal’tsev predicates by [BDOG].

Theorem 6.4 ([LW20, BCK20], simplified). For every Maltsev predicate R C D", we have that
NRD(R,n) = Op(n).

It turns out that Theorem can be strengthened by considering gadget reductions which
preserve non-redundancy up to a constant factor. See Section [6.4] and Section [J] for more details.
As an immediate corollary of Theorem we get a nearly identical result for sparsification.

208pelling variants include Maltsev, Malcev, and Mal’cev.
2In CSP parlance, we say that ¢ is a Mal’tsev polymorphism of R.
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Theorem 6.5 (“Mal’tsev sparsification”). For every Mal’tsev predicate R C D", we have that
SPR(R,n,e) = Op(nlog®n/e?).

6.4 Gadget Reductions

An excellent property of non-redundancy is that there is a rich gadget reduction framework for de-
scribing the relationships between the non-redundancy of predicates@ In particular, the framework
allows for three types of operations.

Theorem 6.6 (NRD gadget reductions, adapted from Proposition 2 [Car22]). Let P,Q C D" be
predicates. The following gadget reductions are (approximately) monotonic with respect to non-
redundancy.

1. Projection (or minor). For any s € N and w : [s] — [r], let R C D* be defined by
R:={(az@), - 0r(5)) € D°:a € P}. Then, NRD(R,n) = O(NRD(P,n)).

2. Domain restriction. For any maps fi,...,fr : E — D, consider the predicate R := {a €
E": (fi(a1),..., fr(ay)) € P}. Then, NRD(R,n) = O(NRD(P,n)).

3. Congunction. Let R:= P AN Q. Then, NRD(R,n) = O(NRD(P,n) + NRD(Q,n)).

As an immediate consequence of Theorem we obtain a comparable gadget framework for
sparsification, although somewhat less transparent due to the appearance of complemented rela-
tions.

Theorem 6.7. Let P,QQ C D" be predicates and € > 0. The following gadget reductions are
(approximately) monotonic with respect to sparsification.

1. Projection (or minor). For any s € N and 7 : [s] — [r], let R C D* be defined by
R :={(ar);---,an(s)) € D*: a € P}. Then, SPR(R,n,e) = O(SPR(P,n,¢)).

2. Domain restriction. For any maps fi,...,fr : E — D, consider the predicate R := {a €

E": (fi(a1),..., fr(ay)) € P}. Then, SPR(R,n) = O-(SPR(P, n,¢)).

3. Disjunction. Let R := PV Q. Then, SPR(R,n,e) = O(SPR(P,n,e) + SPR(Q, n,¢)).

Of note, the gadget operations are sufficiently rich that the relative non-redundancy/sparsification
of a predicate can be described in terms of a set of (universal) algebraic operations it is closed under
called pattern partial polymorphisms. See [JLRIT, LW18, [LW20, [Car22] for more details.

6.5 Applications of Chain Length to Weighted Code Sparsifiers

We now discuss how the previously-mentioned results for unweighted sparsification can be extended
to weighted sparsification.

22Formally these reductions are called functionally guarded primitive positive (fgpp) definitions [LW17, [Car22].
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6.5.1 Weighted Code Sparsification for Non-Abelian Groups

Recall for any finite group G and any subgroup H < G™ that an e-sparsifier of H is a (sparse)
reweighting of [m] which preserves the Hamming weight over every h € H up to a factor of 1 + ¢.
Likewise, for any weight function w : [m] — R>p, we can define an (w, €)-sparsifier analogous to
. Using Theorem [5.4) we can prove an analogue of Theorem for weighted sparsification.

Theorem 6.8. For any finite group G, any H < G™, any weight function w : [m] — R, and
any € € (0,1), there is an (w, €)-sparsifier of H of size O(log |H|(log®m)/e?).

Proof. 1f |G| = 1, there is nothing to prove, so assume |G| > 2. Let C' C {0,1}" be the code such
that for every h € H, the binary string (1[h; # e] : ¢ € [m]) is an element of C. Observe that
any (w,e)-sparsifier of C' is a (w, )-sparsifier of H (and vice-versa). Therefore, by Theorem it
suffices to prove that CL(C) < log, |H|.

Consider a sequence i1, ...,iy C [m] along with hq,...,hy € H such that for all 1 < j < j </,
we have that hjﬂ-j, # e if and only if j = j'. Now consider the set

S (W nl e Hibe 0,1)7).

We claim that all the elements defining S are distinct. To see why, assume there exist distinct
b,b € {0,1} with A% --~h§£ = hlil : --hlg". Let j € [{] be the first coordinate for which b; # b/.

. v, /
Then, we have that h?-ﬂ ‘--hZ" =h;--- hZ‘. Note that the i;th coordinate of the LHS is equal to

, Y,
h?fij. Likewise, the 7;th coordiante of the RHS is equal to hjfij. Since hj;; # e and b; # b;-, we
have a contradiction. Thus, the elements defining S are distinct, so |S| = 2¢. Thus, ¢ < log, |H|,
so CL(C) < logy |H], as desired. O

6.5.2 Maximum-size Dichotomy

Although Theorem due to Carbonnel [Car22| is only stated in terms of non-redundancy, it turns
out that it also applies to chain length. We give a proof for completeness.

Theorem 6.9. Forr € N, let §, := 2'=". For all R C D", we have that CL(R,n) = Q(n") if and
only if there exists subsets D1, ..., D, C D of size exactly 2 such that |[RN(Dy x---x D,)| = 2" —1.
Otherwise, CL(R,n) = O(n"~%).

Proof. 1f there exists subsets Dy, ..., D, C D of size exactly 2 such that |[RN(Dy x---xD,)| = 2"—1,
then by Proposition[5.7and Theorem[6.2] we have that CL(R,n) > NRD(R, n) = Q(n"), as desired.

Now assume such subsets do not exist. Let X be a set of variables of size n, and let £ :=
CL(R,n)—1. By Corollary there exist assignments o1, ...,0p : X — D and clauses y1, ...,y €
X" such that for all i € [¢], 0;(y1),...,0i(yi—1) € R and 0;(y;) & R.

Let Y :={y1,...,y¢}. We claim there do not exist X7, ..., X, C X of size 2 such that X; x-- - x
X, CY. Otherwise, there exists yg € X1 X -+ x X, such that there is an assignment ¢ : X — D
for which o(yp) € R but o(y) € R for all y € X; x -+ x X, not equal to yo. For that to be the
case, the sets Dy := 0(X3),..., D, := 0(X,) must each have size exactly 2 (since something must
differ from o (yo,;) for each i € [m]), and

Dyx---xDp={o(y):y € Xy x -+ x X},
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Therefore, (D x ---D,) N R has size exactly 2" — 1 (since o(yp) is excluded), a contradiction.
Hence, the r-uniform hypergraph on vertex set X and edge set Y lacks any complete r-partite
subgraph with each part having size exactly 2. Thus, by a theorem of Erdés [Erd64], we have that
¢ =0(n"%), so CL(R,n) = O(n"%). O

By Theorem this immediately extends to weighted sparsification.

Theorem 6.10. For r € N, let §, := 217", For all R C D" and ¢ € (0,1), we have that
wSPR(R,n,e) = Q(n") if and only if there exists subsets D1,...,D, C D of size exactly 2 such
that |[RN (Dy x --- x D,.)| = 1. Otherwise, wSPR(R,n,e) = O(n" % (rlogn)®/e?).

6.5.3 Generalized Group Equations: Mal’tsev Sparsification

Both Lagerkvist and Wahlstrom [LW20] and Bessiere, Carbonnel, and Katsirelos [BCK20] proved
a linear upper bound on the chain length of any Mal’tsev predicate.

Theorem 6.11 ([LW20, BCK20]). For every Mal’tsev predicate R C D", we have that CL(R,n) =
Op(n).

Thus, as an immediate corollary of Theorem we have that

Theorem 6.12. For every Mal’tsev predicate R C D", we have that wSPR(R,n,¢) = Op(nlog®n/e?).

6.5.4 Gadget Reductions

Unlike for non-redundancy, a formal gadget framework is not explicitly stated in the literature
for chain length. Bessiere, Carbonnel, and Katsirelos [BCK20] did observe (Observation 2) that
a restricted family of gadget reductions called “c-definitions” is monotone with respect to chain
length. In particular, using the notation of Theorem they allow arbitrary conjunctions as well
as projection reductions from maps 7 : [s] — [r] which are injective.

However, in practice (i.e., in [LW20]), chain length is closely used in association with pattern
partial polymorphisms, suggesting that the full suite of gadget reductions in Theorem [6.6]also apply
to chain length. We leave filling this gap in the literature as future work.

7 New results on Non-redundancy via Matching Vector Families

In this section, we consider the following families of arity-3 predicates. Let G be a finite Abelian
group of order at least 3 with operator 4+ and identity element 0.

3LINg := {(z,9,2) € G®: 2 +y + 2 = 0}
3LINY, := 3LINg \{(0,0,0)}.

Remark 7.1. The inspiration for studying 3LIN{, came from investigating a related predicate
BCK :={111,222,012,120,201} from [BCK20|. See Section [§ for more details.

Since 3LINg is defined by a linear equation over an Abelian group, it is already known (e.g.,
[CW20, BCK20]) that NRD(3LINg,n) = O¢(n) and SPR(3LINg,n) = O¢(n/e?) [KPS25al.
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However, much less is known about 3LIN7. In particular, existing methods in the litera-
ture can only deduce NRD(3LINY,, n) € [Qa(n),Og(n?)]. In this section, we introduce a new
method for bounding the non-redundancy of predicates like 3LIN7, by connecting them to the
theory of matching vector families [Yek08l Rag07, |Gop09, [Efr12) DGY11] used primarily in the
construction of locally decodable codes (LDCs). In particular, this is the first example in the non-
redundancy /sparsification literature of a predicate whose optimal exponent as a function of n is
non-integral.

7.1 Conditional Non-redundancy

Recall (Definition[2.2) that for a predicate R C D", an instance ¥ := (X, Y C X") is non-redundant
if for all y € Y, there exists an assignment o, : X — D such that oy(y) € R but o,(y') € R for
all v € Y \ {y}. We now modify the definition of non-redundancy slightly to capture conditional
information about these assignments o,.

Definition 7.2 (Conditional Non-redundancy). Given P C @@ C D", we say that an instance
U= (X,Y C X") is a non-redundant instance of CSP(P | Q) if for all y € Y, there exists an
assignment o, : X — D such that o,(y) € Q \ P and o,(y’) € P for all y € Y \ {y}. We let
NRD(P | @,n) be the maximum number of clauses in a non-redundant instance of CSP(P | @)
with n variables.

Observe that each oy is a satisfying assignment to CSP(Q). Also note that if Q = D", then
NRD(P | Q,n) = NRD(P,n). The key motivation for conditional non-redundancy is that it satisfies
a form of the triangle inequality.

Proposition 7.3. Let P C @ C R C D" be predicates, then we have that
NRD(P | Q,n) < NRD(P | R,n) < NRD(P | @Q,n) + NRD(Q | R,n). (33)
In particular, if R = D", we have that

NRD(P | Q,n) < NRD(P,n) < NRD(P | Q,n) + NRD(Q, n). (34)

In particular, if we seek to understand NRD(P,n), it suffices to identify a predicate Q 2 P
with NRD(Q,n) < NRD(P,n) and to bound NRD(P|Q,n). Then, we can use the structure of
satisfying assignments to CSP(Q) to better constrain the non-redundancy of CSP(P). As we shall
see, this is particularly useful when @ is an affine predicate.

Proof. Note that @ \ P C R\ P. Thus, any non-redundant instance of CSP(P | Q) is a non-
redundant instance of CSP(P | R). This proves the left inequality of .

Let (X,Y € X") be a non-redundant instance of CSP(P | R). Let {0y, : y € Y} be a set
of assignments satisfying the conditions of Definition Let Yp C Y be the set of y € Y such
that there exists an assignment oj, : X — D for which o, (y) € R\ Q and oy (y') € P for all
y' € Y\ {y}. Since P C @, we have that (X,Yr) is a non-redundant instance of CSP(Q | R), so
‘YR‘ < NRD(Q ’ Rvn)'

By definition of Yk, for all y € Y\ Yg, we have that o, (y) € @\ P. Therefore, (X,Y \ Yg) is a
non-redundant instance of CSP(P | Q). Thus, |Y\Yz| < NRD(P | Q,n). Since |Y| < |Y\Yr|+|YR|,
we have proved . ]
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As a consequence, we can prove a simple Og(n?) upper bound on NRD(3LIN%, n). A similar
upper bound for a similar predicate was given by [BCK20] via a somewhat different technique, see
Section [§] for more details.

Proposition 7.4. NRD(3LIN%, n) = Og(n?).

Proof. As previously discussed, NRD(3LIN¢, n) = O¢(n). Hence, by (34), it suffices to prove that
NRD(3LINZ | 3LINg, n) < n?. Let (X,Y) be a non-redundant instance of CSP(3LINZ | 3LINg).

They key observation is that any two non-redundant clauses must share at most one variable
in common. In particular, if both (z1,z2,23) € Y and (x1,x9,2%) € Y with z3 # %, then any
satisfying assignment o to (X,Y’) as in instance of CSP(3LIN¢) must impose that o(x3) = o(z}).
Therefore, either both clauses satisfy 3LINg, or neither do. This contradicts that (X,Y") is a non-
redundant instance. Hence for any (z1,z9,z3) € Y, (21, x2) uniquely determines the clause. Thus,
|Y'| < n?, as desired. ]

In Section we shall substantially improve on this upper bound for many finite Abelian
groups G.

7.2 Connection to Matching Vector Families

Recall from the introduction that a matching vector (MV) family is two lists of vectors of the same
length such that the dot product of a pair of vectors for the two lists equals 0 if and only if they
have the same index in their respective lists. We now define a generalization of MV families where
the homomorphisms are applied to triples of vectors at a time instead a single vector.

Definition 7.5. For an Abelian group G, a G-ensemble consists of a dimension d € N, a collection of
vectors V C G¢, a collection of edges E C V3, and a collection of homomorphisms ¢, € Hom(G¢, G)
for all e € E. We require that each e := (v1,va,v3) € E, we have that v; + v2 +v3 = 0. Finally, for
any e,e’ € E, we have that ¢. maps all the vectors of € to 0 if and only if ¢ = ¢/. We define the
size of a G-ensemble to be |E|, the number of edges.

We now connect the existence of these G-ensembles to the non-redundancy problem.

Proposition 7.6. The mazimum size of a G-ensemble with n vectors (in any dimension) equals
NRD(3LINg, | 3LINg, n).

Proof. First, we show for any G-ensemble (d,V, E,{¢. : e € E}) that (V, E) is a non-redundant
instance of CSP(3LIN, | 3LIN¢). To see why, note that for any e, e’ = (v}, vh,vs) € E, we have
that de(€') = (e(v)), Pe(vh), Pe(vh)). These values must sum to 0 because v} + v4 4+ v5 = 0 and ¢,
is a homomorphism. Further, observe that ¢.(e’) = (0,0,0) € 3LIN¢ \ 3LING, if and only if e = €.
Therefore, (V, E) is indeed non-redundant.

Second, we show that any non-redundant instance (X, Y") of CSP(3LINY; | 3LIN¢) can be turned
into a G-ensemble (d,V, E,{¢. : e € E}) with |[V| = |X| and |E| = |Y]|. Let {o,: X - G|y Y}
be the assignments guaranteed by Definition Let H := sat(3LINg,Y), the set of satisfying
assignments to (X,Y’) when viewed as an instance of CSP(3LINg).

We now highlight the key step in the proof. Observe that H can be viewed as a subgroup of
GX. Let hy,...,hg € H be any generating set of H. For each x € X, we can construct v, € G¢

48



by letting v,; = h;, for all i € [d] (i.e., the transpose). For each y := (z1,22,23) € Y, we let
ey = (Vg,, Ugy, Ugy) With E := {e, : y € Y'}. Since for every h € H, we have hy, + hy, + hey = 0,
and in particular this holds for each h;, we can conclude that vy, + vz, + vz, = 0.

Observe that for any y € Y each assignment o, can be viewed as an element of H. Thus, there
exists zy.1,...,%yd € Z (not necessarily unique) such that o, = 2y 1h1 + - - - + 2 ghq. We can thus
define the map ¢, € Hom(G?, G) by

d

¢€y(gla e 7gd) = Zzy,igi-

i=1
Thus, by definition of o, each corresponding ¢., must map e, to (0,0,0) if and only if y = ¢/, as
desired. Note this further implies that each e, is distinct, so |E| = |Y|, as desired.

As a last detail, note that |V| < |X| by definition of X, but |V| < |X]| if two v,’s are identical.
We can get around this issue by padding. Increase d to d + | X| — |V| and pad each v € V by
appending | X | — |V copies of 0. We extend each homomorphism ¢, by ignoring these last | X|— |V
coordinates. Pad V with any |X| — |V| additional vectors. It is straightforward to check we still
have a G-ensemble of the same size, but now with |X| vectors. O

We now heavily use Propositionto construct novel upper and lower bounds on NRD(3LING;, n).

7.3 Constructing a Non-redundant Instance

We now show a lower bound of size (n!-3) for NRD(3LINZ, n) for all Abelian groups G of order at
least 3. The cardinality requirement is necessary as 3LIN7, Nz is the empty relation and 3LIN7, /27, is
equivalent to 2-in-3 SAT, which has linear non-redundancy (e.g., [LW20, BCK20, KPS25a]). The
key property of G we need is quite simple:

Lemma 7.7. If G is an Abelian group with |G| > 3, then there exists g1, 2,93 € G\ {0} such that
91+ 92+93=0.

Proof. If there exists some element g € G \ {0} of order ¢t > 3, then we can take g; = go = ¢ and
g3 = (t — 2)g. Otherwise, every element of ¢ € G \ {0} has order 2. Since |G| > 3, there exists
distinct g1, 92 € G\ {0}. Set g3 = g1 + g2 # 0. O

We can now prove our lower bound on non-redundancy. The construction presented is inspired
by a method in the matching vector code literature (cf. Lemma 16 of [DGYT1I]).

Theorem 7.8. For every Abelian group G with |G| > 3, we have that
NRD(3LIN, n) > NRD(3LINE, | 3LINg, n) = Q(n'9).

Proof. By Proposition we have that NRD(3LIN{;, n) > NRD(3LINY, | 3LINg, n). By Proposi-
tion to lower bound NRD(3LINE, | 3LIN¢, n), it suffices to construct a G-ensemble on n-vectors
of size Q(n'%). We describe the construction as follows.

Let t = |\/n/3] and let d = 3t + 2. Let g1,92,93 € G \ {0} be chosen as in Lemma Let
L ={1,...,t}, b :={t+1,...,2t}, and I3 := {2t + 1,...,3t}. For all i € [d] and g € G, let
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bi(g) € G? be the vector which has all coordinates equal to zero except for the ith coordinate which
has value g. Now consider the following sets of vectors

Viz := {tiy iy := iy (91) + biy (92) + bst41(g3) i1 € I1,i2 € Lo},
Vaz := {Viyi5 := —biy(92) — bis(g3) — batr2(g1) : i2 € Iz,43 € I3},
Viz := {wi, iy = —bi; (g1) + biz(93) — b3t+1(93) + b3ir2(91) = i1 € 11,43 € I3}.

Let V = Vio U Va3 U Vi3 which his of size 3t> < n, which can be made of size exactly n via padding.
For each triple (i1,12,43) € I x Iz x I3 observe that w;, j, + Vi,i5 + Wi, i, = 0. Therefore, we can
define F := {eil,iz,i?, = (uil,iQ,vh,iS,wil,iS) | (il,iz,ig) € 11 X IQ X 13} C V3. The size of |E| is
3 = Q(n3/ 2).
To finish, it suffices to construct maps ¢, ;,.i; € Hom(G¢, G) which map only e;, 4, 5 to (0,0,0).
To do this, we define
Biyin,is(2) = Ziy + Ziy + Zig + 23141 + 23142

Now observe that for any (i}, ,i5) € Iy x Iy x I3, we have that

Gin in,is (Wi in) = G11[1) = i1] + gollin = i2] + g3, (35)
Bi insis (Vig,is) = —golliy = io] — g3lliz = i3] — g1. (36)

Since each g; is nonzero and their sum equals zero, the only way equals 0 is for #f = i1 and
i, = i9. Likewise, the only way equals 0 is for iy = i3 and i§ = i3. Thus, the only way that
and are both zero is for (i},45,15) = (i1, i2,13). Since wi, 5 = —Ui, iy — Vig,iz AN iy g is

is a homomorphism, we have that ¢;, i, is(€y i i) = (0,0,0) if and only if (i1,42,i3) = (i, 45, 75).

Therefore, we have indeed constructed a G-ensemble of size Q(n!-). O

Remark 7.9. Note that the only assignments any ¢;, ;, , assigns to a clause are from the list

R ::{(07 070)5 (07937 _93)5 (_glv 0791)7 (_gl)g?)agl - 93)7
(_925 —91, _93)7 (_92)927 0)7 (937 —91,91 — 93)7 (93)927 gl)}

In particular, this implies our non-redundancy lower bound also applies to R\ {(0,0,0)}. We
explore this in more detail in Section [§] This observation also suggests that for large groups G, a
construction which uses “more” of 3LINg, could yield a stronger lower bound.

7.4 Upper Bounding Non-redundancy

In this section, we show how the theory of matching vector codes can also lead to upper bounds
on NRD(3LIN, n). Due to the existence of very large MV families for Abelian groups G divisible
by at least two primes [DGY11], we assume that G = Z/pZ, where p is a prime.

In particular, we can identify vectors in G% with vectors in the vector space Fg. As a consequence,
for our collection of vectors V C G, we can quantify the “spread” of V by dim(span(V'))

As a first step, we give a bound on the size of any Fj-ensemble as a function of dim(span(V')).

#1n [KPS25a], the authors use log,|span(V)| as a surrogate for dimension for arbitrary finite Abelian groups.
However, to extend Theorem [7.13] to all finite Abelian groups we would need a suitable analogue of Lemma [7.10] for
arbitrary groups, which in many cases is false (see [DGY11]).
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Lemma 7.10. Let p be a prime. There exists a constant c, > 0 with the following property. Let
(d,V,E,{¢c : e € E}) be an Fp-ensemble. For any subspace U < F%, we have that

EAU3| < <d1m(U)+2p—2).

2p — 2
In particular, for U = span(V'),

B| < <dim(spar;$/_))2+ 2p — 2>' (37)

Proof. We mimic the proof of Theorem 23 of [DGY11] (themselves inspired by [BF24]).

Let m = |[ENU3|. Let e; = (u;,v;,w;) € ENU? be an enumeration of these edges. For each
i € [m], define the degree 2p — 2 polynomial P; : U — F as follows:

Pi(a) = (1 — {2, u))”™)(1 = (&, 0)7 ™).

For each e € E N U3, there exists a unique z, € U such that ¢¢(z) = (z¢,2) for all z € U. In
particular, for each i, j € [m], we have that

]Di(zej) = (1 - <Z€j7ui>p71)(1 - <Z€j7Ui>p71)
(1= de; ()" 1) (1 = e, (0:)"™1)

= 1[(¢6j (Uz), qb@j (Ul)) = (07 0)]

=1[i = j|.
Thus, Py,..., Py are linearly independent in the vector space of degree 2p — 2 polynomials on
dim(U) variables. Therefore, by a standard counting argument, m < (dlm(gp)_fp 72), as desired. O

The key takeaway of Lemma is that if dim(span(V)) < n'/®=1)=¢ for some £ > 0, then we
have proved a subquadratic upper bound on |E|. To handle the case in which V' is more “spread
out,” we diverge from the standard techniques in the matching vector codes literature and prove a
more combinatorial upper bound. In particular, we utilize the fact that in the spread-out case, V
has large subsets of linearly independent vectors.

Lemma 7.11. Let F be a field and let V C F? be a collection of vectors. Let I C V be a linearly
independent subset of vectors. Then, there are at most 6|V |log, |V| triples of vectors vi,ve,v3 € V
summing to 0 with at least one vector in I.

Remark 7.12. This bound is tight up to constant factors for the Hadamard code. In particular,
let V' =TF* and let I be the standard basis. There are O(|I||V|) = ©(|V|log|V]) triples of vectors
summing to 0 with at least one vector in I. However, due to the limitations imposed by Lemma|7.10
this construction does not correspond to an F-ensemble.

Proof. Let eq,...,e; be an enumeration of the elements of I. For i € t, let E; C V2 be the pairs of
vectors which sum to —e;. Observe that each Ej is a partial matching and E; N E; = 0 for all ¢ # j.
Let F<; = FyU---U E;. Note that 3|E<;| = 33.'_, | F;| is an upper bound on the number of edges
from E incident with exactly one edge of I. Thus, it suffices to prove that |E<;| < 2|V|log, |V].
The key observation is as follows.
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Observation. View E<; as the edges of a bipartite graph on V U V. For every j > ¢, and for
every connected component C' of E<;, no edge of E; has both ends in C.

To see why this is true, consider any potential edge (v1,v2) ¢ E<; lying in C. Since E<; is
bipartite, there exists a path v = uy,ug, ..., us, = vy wWith (uq, uq+1) € E<; for all a € [2k — 1],
where we use the fact that (p,q) € E<; if and only if (¢,p) € E<;. Now observe that

Vo + v = (U1 + UQ) — (UQ + U3) + (U3 + U4) — 4 (U2k71 + UQk) S span{el, cee ei},

where the inclusion is by the definition of E<;. Since eq,...,e; are linearly independent, we must
have that (vi,v2) € Ej; for all j > i, as desired.

Structural Induction. We now prove by induction the following claim: for every i € [t], and
every connected component C of E<; (viewed as a bipartite graph on V U V'), we have that the
subgraph of E<; induced by C, E<; [¢, has at most |C|log, |C| edges.

For the base case of ¢ = 1, note that every connected component has either exactly one vertex
and zero edges or two vertices and one edge. In both cases, the bound of |C|log, |C| holds.

Now assume the induction hypothesis holds for E<;. Let C' be a new (compared to E<;)
connected component of E<; ;1. Note that C' must be the union of components C1,...,C/ of E<;.
Further, due to the observation, the edges of F;11 must be between different components. Assume
WLOG that |C]| > --- > |C!|. By the observation, at least one vertex of every edge of E;1 [¢
must lie in C4 U --- U C). Thus, we have a bound

a a
|E§H4kﬁf§§:‘CH4‘§:|E§ihg\

j=2 j=1
a a
< Z |C| + Z |C}|log, |CF] (induction hypothesis)
j=2 j=1

= |C1l1ogy |C1| + > |Cj| log,(2IC))
j=2

< |C1llogy [C] + ) |C)|log, [C] (since |C] > [C1| + |C;] = 2|Cy])
j=2

= |Cllog, |C],

as desired.

To finish, each component C' of E<; has at most |C|log, |C| < |C|logy |V| edges. Since the sum
of the sizes of the components is 2|V|, we have that |E<;| < 2|V|log, |V, as desired. O

We now conclude with the main result of this section.

Theorem 7.13. For any prime p, we have NRD(SLIN%],Z, n) = Op(n*~rlogn), for e, = %.

Proof. By Proposition and the fact that NRD(3LINz,,7,n) = O(n), it suffices to prove that
NRD(BLINE/]DZ | 3LINz/p7, ) = Op(n*~*r log!~*» n). By Proposition it suffices to prove this
upper bound on the size of any F,-ensemble with n vectors. To do this, we shall show that every
FFp-ensemble on n’ vectors for n’ < n has a vector involved in at most A := O,((nlogn)!=¢r) edges;
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i.e., the hypergraph is A-degenerate. In particular, this implies that any F,-ensemble on n vectors
has at most nA = O,(n(nlogn)!=¢r) edges, as desired.

To do this, we perform casework on the size of dim(span(V)).

Case 1, dim(span(V)) < n°». By Lemma we have our graph has at most

(dim(span(V)) +2p — 2) < (nsp +2p — 2) _ 0, (n*)
2p — 2 2p — 2

edges. Thus, some vertex has degree at most O,(n!=%) < A.

Case 2, dim(span(V)) > n°r. Let I C V be a basis of span(V'). By Lemma there are at
most O(nlogn) edges incident with I. Thus, some vertex of I has degree at most O((n/|I])logn) =
Op(n'~crlogn) < A, as desired. O

Remark 7.14 (Efficient Kernelization). We observe that this upper bound proof can be turned
into an efficient kernelization algorithm (see Section [1.6]). More precisely, given any instance (X,Y")
of CSP(3LIN7, ;) on n variables, we can efficiently identify Y’ CY of size at most O(n2~2/(2p=1)

such that Y and Y’ have the same solution set.

Remark 7.15. As an immediate corollary of Theorem and Theorem we have identified
the first predicate R for which there exist a € N for which

loe NRD loe NRD
o < limint CBNRDTLR) o BNRD(E )

a—+ 1.
n—00 logn n—00 logn

In particular, we now know that

NRD(3LIN 37, n) € [(n'?),
SPR(3LINZ/?’Z,n g) € [Q(n'?),

8 Predicates with Unresolved Non-Redundancy

In this section, we give an overview of various predicates discussed in the literature whose non-
redundancy is unknown. Essentially all of these predicates are some modification of a system of
linear equations, perhaps indicating some modification of the techniques in Section [7] could be useful
in their resolution.

8.1 The Simplest Unresolved Predicate

A central open question is many works on non-redundancy and related questions (e.g., [LW20),
BCK20), [Car22] is characterizing which predicates R C D" have linear /near-linear non-redundancy
(or related quantity). The best characterization to date ([BCK20l [Car22]) are the Mal’tsev pred-
icates (Theorem and derived predicates via gadget reductions (see Section . This charac-
terization is tight for binary relations (r = 2) [BCK20] as well as for Boolean predicates with r < 3
[CTP20, [KPS25a].

However, multiple works [LW20), BCK20, [ KPS25a] have identified predicates which fall outside of
this characterization for which no nontrivial lower bound is known. Surprisingly, assuming Mal’tsev
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predicates do characterize near-linear redundancy (and thus up to complement also sparsification),
it suffices to resolve all of these examples in the literature by looking at a single ternary predicate
(i.e., 7 = 3) over a domain D = {0, 1,2} of size 3:

BCK := {111,222,012, 120,201},

where tuples are written as concatenated integers for succinctness. In particular, we know@ from
Example 3 and Observation 12 of [BCK20| that one cannot establish that BCK has near-linear non-
redundancy via Theorem In particular, Bessiere, Carbonnel, and Katsirelos [BCK20], adapting
techniques of [LW20], show that every predicate P O BCK defineable from Mal’tsev predicates via
gadget reductions must also contain the tuple 000. That is, the relation

BCK™ := {000, 111, 222,012, 120, 201}

is in a strong sense the “Mal’tsev closure” of BCK. It is easy to verify that BCK™ is Mal’tsev as
it turns out that

BCK* :={0,1,3}3n{(z,y,2) € F3: 2 + 2y + 42 = 0} = {000, 111,333,013,130,301},  (38)
which is identical to BCK™ up to swapping 2 and 3.

Booleanization. Although BCK lives over domain size 3, its non-redundancy also has nontrivial
implications in the Boolean setting. In particular, consider the following “Booleanization” of BCK:

BCKpg := {(1[z = 0], 1[z = 1],1[z = 2],
1y =2}, 1fy = 0], 1[y = 1],
1z =1],1[z = 2],1[z = 0]) : (z,y,2) € R} c {0,1}°,

= {010001100,001100010,100001010,010100001, 001010100}

and one can define BCKE analogously by adding 100010001. If we view {0,1}° as 3 x 3 Boolean
matrices, then BCK% is precisely the six permutation matrices, and BCKp is BCK% with the
identity matrix removed.

It is straightforward to observe that NRD(BCKg, 3n) > NRD(BCK, n). For any non-redundant
instance (X,Y C X3) of CSP(BCK), let X' = X x {0, 1,2} and map any (z1,22,73) €Y to
((xla 0)7 (561, 1)7 ($1> 2)1 (x27 2)7 (.%'2, 0)> (x27 1)7 (1‘3, 1)7 (.’Bg, 2)? (.1‘3, O)) eY'c (X/)3'

Then, (X’,Y’) must be a non-redundant instance of BCKg. Thus, proving that NRD(BCK,n) =
w(n), would also show that NRD(BCKg, n) = w(n).

The reason this observation is significant is that BCKp has appeared three times in the literature.
In [KPS25a], the predicate

Pxps := {000000000, 111111000, 111000111, 110001001, 101010010}

24This predicate appears in Example 3 of [BCK20] as R := {001,020,122,202,210}, but one can show
NRD(BCK,n) = ©(NRD(R,n)) by applying to each coordinate a suitable bijection from D to itself (see Sec-
tion [6.4). Explicitly, let g1,gs be permutations which swap 0 and 1 and let g2 be the cycle 0 - 1 — 2 — 0.
Then, BCK = {(z,9,2) : (91(2), 92(y), 93(2)) € R}
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is constructed as an example for which SPR(PKPS, n,e) cannot be near-linear due to their linear
code sparsification framework. In particular, any affine predicate containing Pkxpg must also contain
011100100. Up to a permutation of the coordinates and flipping bitsﬁ it turns out that Pxpg and
BCKgp are the same, with the same automorphism sending 011100100 to the identity matrix in
BCKI'Bf )

Even earlier, [CJP20] considered the predicate

Peyp := {100111001,000010011,010110110,000101100,001001111}.

Here, any affine predicate containing Pojp also has 111111111. If we negate the last 6 bits and
permute the coordinates suitably, we again arrive at BCKgp.

As one last example, [LW20] considers the following predicate of arity r = 10,
Py = {0000000001, 1000100010, 0100011000, 0011000100, 1000010100, 0010101000}

If one applies the gadget reduction where the last coordinate of Prw is set to 0, then this reduced
version of Pprw is equal to BCKp up to a permutation of the coordinates@ Thus, NRD(Pry,n) >
NRD(BCKg,n) > NRD(BCK,n). Thus, again, it sufﬁceﬂ to prove that BCK has super-linear
non-redundancy to prove that Pryw has super-linear non-redundancy.

Remark 8.1. The reason why Pryw has an extra tuple compared to BCKp is due to how [LW20]
constructed the predicate. Like [BCK20|, they also showed that Prw cannot be a gadget con-
struction from Mal’tsev predicates (in fact, [LW17] appears to be the first work to develop this
technique). However, the style of argument they used (in some sense a “depth 2” circuit refuta-
tion) was only strong enough to work with Pryy but not BCKp. In contrast, the argument used by
[BCK20] for BCK has depth 3. Such circuits are studied in much more detail in [BGJT25].

Known Bounds for NRD(BCK, n). We now shift our focus to discussing what is currently known
about NRD(BCK, n). Since BCK is nontrivial, we know that NRD(BCK, n) = Q(n), which is still
the best known lower bound to date.

For upper bounds, a baseline upper bound is NRD(BCK,n) = O(n?). This can be proved
in a few ways (e.g., write out as a quadratic polynomial, or use the techniques of [BCK20]), but
perhaps the conceptually simplest way uses the conditional non-redundancy framework established
in Section (7l In particular, since NRD(BCK™,n) = O(n) by and Theorem (6.4 we have that
NRD(BCK,n) = ©(NRD(BCK | BCK*,n)).

It is straightforward to see that NRD(BCK | BCK™,n) = O(n?) via the techniques of Proposi-
tion as any such non-redundant instance cannot have two clauses sharing two variables (or else
one is assigned 000 exactly when the other is). Thus, every pair of variables appears in at most
one clause, proving the quadratic upper bound. More strongly, [BCK20] essentially showed that
any tripartite non-redundant instance of CSP(BCK | BCK™) cannot have a 3-cycle. As such, by
invoking a hypergraph Turéan bound of Sés, Erdés, and Brown [SEBT73], they could then prove that

25Explicitly, flip the first three bits of Pgps, then permute the coordinates of P according to the cycles 2 — 6 —
3—-8—>2and4—-5—-7—9—4.

26Tn fact, [CW20]’s combinatorial interpretation of Q inspired our definition of BCKg.

2"However, to answer the open question in [LW20], we would need to show that BCK has no near-linear kernelization
algorithm, however every instance of BCK is satisfiable by assigning all 1’s. Such trivialities can be circumvented by
considering a variant such as BCK := {120, 201, 021, 210, 102}.
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NRD(BCK | BCK*,n) = o(n?), however the improvement over quadratic is known to be at best
subpolynomial [RS7§].

In Section |7}, we indirectly gave a new upper bound for NRD(BCK,n). In particular, observe
that BCK C 3LIN2/3Z, but BCK"\ BCK = 3LINZ/3Z\3LIN2/3Z. Thus, any non-redundant in-
stance of CSP(BCK | BCK™) is also a non-redundant instance of CSP(3LINZ 37 | 3LINz/37).

Therefore, as an immediate corollary of Theorem we have that NRD(BCK,n) = O(n'%logn).
In fact, one can do slightly better by observing in Lemma that the task of checking whether
((z,w;), (z,v), (x,w;)) € BCK for u; + v; +w; = 0 can be achieved by the cubic polynomial

Pi(x) == (1= (z,u:)*)(1 — (z,v3)).

Leaving the other steps in the proof of Theorem unchanged, we can deduce that NRD(BCK, n) =
O(n'%logn). The authors doubt the exponent of 1.5 is tight.

Remark 8.2. Subsequent to the initial posting of this work, [BGJT25] proved a slightly stronger
bound O(n'®) by connecting non-redunedant instances of CSP(BCK) to the structure of graphs
with girth at least 6. We leave combining these methods to get an even sharper upper bound as a
question for future work.

One last observation is that Theorem cannot be applied to NRD(BCK, n). Although the
instance constructed lacks 3-cycles, one can check it contains other configurations which make it
fail to be non-redundant. However, by Remark and using g1 = ¢go = g3 = 1, we deduce that
Theorem gives an (n'®) lower bound on the non-redundancy of

R :={111,222,012,120,201,210} = BCK U{210},
o in some sense we are “only” one tuple away from a superlinear lower bound for NRD(BCK,n).

Question 8.3. Does there exist § > 0 such that NRD(BCK,n) = Q(n!*9)?

8.2 Modulo Predicates.

A class of predicates frequently examined in the literature [JP19, [LW20, KPS25a] are of the following
form
LINj .5 := {z € {0, 1}* : Ham(x) € S mod m},

where k and m are positive integers, and nonempty S C {0,1,...,m — 1}. Some special cases are
understood. For example, if |S| = 1, then NRD(LIN, ,,, 5,n) = ©(n) because the predicate is affine.
For general S, when m is a prime, we know that NRD(LINy, ,,, s,n) = O(n!%!) because LINj 1.
has a degree-k representation of the form

k
LINy .5 = 0,1} N {x S| (Zf” - s> = o} .

seS \i=1

However, even in the prime case, this upper bound does not appear tight in general, as finding a
copy of ORg| in LINy , 5 seems to depend on the additive combinatorics properties of S mod m
(e.g., whether S is an arithmetic progression).
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Even more confounding, the upper bound of O(n!Sl) does not apply in general when m is
non-prime. For instance, if m = 6 and S = {0,1} [KPS25a, LW20l JP19], the polynomial
Ham(z)(Ham(z) — 1) has zeros whenever Ham(x) € {0,1,3,4} because 2 -3 = 0 mod 6. How-
ever, by setting k — 2 bits of LINy 6 (9,1} to zero and flipping the other two bits, we get a copy of
ORg, so NRD(LINy 6 10,1}) = Q(n?). Furthermore, LIN 610,13 has a cubic representation

g iy TigTig — 2 g 23, Ti, =0 mod 6,

1< <io<iz<k 1<iy <ia<k

so NRD(LIN 6 (0,1}) = O(n?). That said, [KPS25a] proved LINy 6 10,1} cannot similarly define OR3
and conjectured that LINy g 10 1y fails to have a quadratic representation for all sufficiently large k.
However, they only ruled out a symmetric polynomial representation (see Claim D.2 [KPS25a]).
We complete the proof here.

Proposition 8.4. For k > 16, LIN; ¢ 101y has no quadratic representation over any Abelian group

G.

Proof. Assume for sake of contradiction that there exists a map g : {0,1}* — G such that

k
g(:p) = go + Zgi - x; + Z Gij - Tixj = l[x ¢ LINk,G,{O,l}]a
i—1 1<i<j<k

where for any h € G, h-0 = 0 and h-1 = h. In particular, since g(x) = 0 whenever Ham(z) € {0, 1},
we know that the constant (go) and linear (g;,7 € [k]) coefficients of g(x) all equal 0.

For S C [k], Let 1g € {0,1}* be the indicator vector of S. Pick |S| = 16 and consider all subsets
T C S of size exactly 6. Note that g(1|s) # 0 but g(1|7) = 0. In particular,

0= Z 9(1r) = Z Z 9ij

e (%) Te(S) fighcT

=2 2 %

{idrcS i gycre(s)
14
> (4)9”'
{ijycs
= 1001 - g(1|s).
Now, from the theory of combinatorial designs (see Table 1.32 in [CDO06]), for |S| = 16, there exists

Ty,...,Ti¢ € S of size exactly 6 such that each pair {i,j} C S is contained in exactly two of the
T;’s. By similar logic as before, we have that

16
O:Zg(ln): Z 2gij = 2-9(1]s)-
=1

{i,j}CS

Thus,
9(1]s) = 1001 - g(1[s) — 500 - 2- g(1|s) = O,

a contradiction. O
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8.3 Near-polynomial Predicates

We also briefly mention that predicates like 3LIN; in Section |7| can also be vastly generalized. For
simplicity, we consider the case where G is a cyclic group of order a prime p, so G can be identified
with the field F,,.

Pick integers r > k£ > 1 and let f : F; — [, be a polynomial in which every monomial has
at most k distinct variables. Assume also that f(0") = 0. Now consider the following pair of
predicates

POLY; :={z € F,: f(x) =0}, and
POLY := POLY \{0"}.

Since computing f only depends on the behavior of tuples of at most k variables, we have that
NRD(POLYf,n) = O(n*) (e.g., [LW20, [KPS25a]). However, the behavior of NRD(POLY%,n)
appears to be much more difficult to control.

As a concrete example, consider p = 3 and f(z) = (z1 +x2+23)(z1+2x2+23—1). Observe that
for 21,29 € {0,1}, we have that R(z1, 22,2) is equivalent to ORa(z1, 2z2). Thus, NRD(POLY?%,n) =
Q(n?). However, one can show that POLY;Z cannot gadget-construct OR3, so by Theorem we
have that NRD(POLY*,n) = O(n*7). We conjecture that NRD(POLY?},n) = Q(n?*9) for some
6> 0.

9 Conclusion and Open Questions

In this paper, we closely linked the sparsification of CSPs to combinatorial properties of the cor-
responding predicate: its non-redundancy (for unweighted sparsification) and its chain length (for
weighted sparsification). In addition to the new sparsification bounds we obtained by directly ap-
plying known bounds for non-redundancy and chain length, we also developed brand new tools
for studying non-redundancy by linking a family of predicates to the structure of matching vector
families.

Beyond classifying the non-redundancy and chain length for specific predicates, such as those
suggested in Section [§, we now discuss a few directions in which this work could be extended.

Efficient Sparsification for CSPs. From an algorithmic perspective, the primary open question
is making the sparsification procedures in this paper efficient in terms of the number of variables
in the CSP instance. Any such procedure cannot be purely from the perspective of non-linear code
sparsification, as our proofs (if turned into algorithms) already run in polynomial time with respect
to the size of the code.

In Khanna, Putterman, and Sudan’s recent line of work on linear code sparsification [KPS24al,
KPS25al, their first sparsification method was inefficient (as it required solving the minimum-
weight codeword problem), but was later made efficient. However, their algorithms heavily used
techniques specialized to the structure of linear codes, such as efficiently finding a spanning set for
a vector space and conditioning on certain linear conditions being satisfied (i.e., “contraction”).
Since Mal’tsev predicates behave similarly to systems of linear equations [BD06], making a result
like Theorem efficient seems well within reach, but an analogous result for general NP-hard
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CSP$?¥| secems much more daunting.
Question 9.1. Can the upper bounds of Theorem[1.4 and Theorem [5.5 be made efficient?

In fact, an efficient algorithm for Theorem would imply that every CSP can be kernelized to
(approximately) its non-redundancy which would resolve an important open question in the CSP
kernelization community (e.g., [Car22]).

Non-redundancy Versus Chain Length for CSPs. Another interesting direction question is
to understand the relationship between non-redundancy and chain length for CSPs (see the open
problems of [Car22]). Recall by Propositionthat chain length is always at least non-redundancy.
However, as discussed in Example there are non-linear codes for which non-redundancy and
chain length are as distant from each other as possible. Conversely, for linear codes, chain length
and non-redundancy are very closely@ linked. Since the particular codes which are to be sparsified
for a CSP predicate R are highly structured, it remains to be seen what the general relationship
between CL(R,n) and NRD(R,n) is.

Question 9.2. For every nontrivial R C D", is it the case that CL(R,n) < NRD(R, n)-log®®M (n)?
In fact, can we even show that there exists a universal constant o > 1 such that CL(R,n) <
O(NRD(R,n)%)?

As discussed in the introduction, the concepts of non-redundancy and chain length appear as
the currently best upper and lower bounds on a query complexity problem for CSPs [BCK20]. As
such, a positive resolution of Question [0.2] could lead to a resolution of that question as well.

Extending to Valued CSPs. A natural variant of CSP sparsification that has been studied in
the literature (e.g., [KK24]) is to assign different weights to each assignment to a CSP constraint.
In the CSP literature, this is referred to as a valued CSP (VCSP) (e.g., [TZ15,TZ17]). One method
of abstracting a question like this would be to consider non-Boolean code sparsification: we have a
code C' C X™ along with a weight function w : ¥ — R>¢ so that the weight of a codeword ¢ € C' is
>t w(e;) (or more generally, a separate weight function from some family for each coordinate).
To represent an “unsatisfied” assignment, we also assume there is 0 € ¥ with w(0) = 0.

As a baseline upper bound, split C' into |X| — 1 codes {Cy : @ € ¥\ {0}} such that each ¢ € C
corresponds to (1[c; = «] : i € [m]) in C,. Then, we can combine the sparsifiers for each C, to
get a sparsifier for C. In general, this is a poor bound, as correctly sparsifying the count of each
symbol is a much stronger property than estimating their weighted sum.

Likewise, replacing each nonzero symbol with 1 to reduce to the Boolean case does not in general
yield a tight lower bound. For example, consider ¥ = {0, 1,2} and w(«) = o. The Booleanization
of the code C := {1,2}™ gives every codeword a weight of m, so it has a trivial O(1) sparsifier.
However, one can work out that any e-sparsifier of C' requires Q2(m) support size.

Question 9.3. What is the optimal sparsifiability of valued CSPs / non-Boolean codes?

280r more precisely, CSPs which do not have a tight gadget reduction from any efficiently-solvable CSP.

29For codes over fields, chain length and non-redundancy are equal, but for codes over an Abelian group G they can
differ by a factor of log, |G|. For instance, consider for G := Z/2*Z and let C C G* be the span of {2¥"'e;, 28 %¢; +
2" ey .. e1 4 2e2 4 - + 2" Le }. The non-redundancy of C is 1 but the chain length is k = log, |G]|.
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Improved Lower Bounds. For both unweighted and weighted sparsification, our current lower
bounds on e-sparsification are purely a function of n. Can we improve the upper bound as
a function of £? For instance, a lower bound of n/e? is known for cut sparsifiers, which is
tight [ACK™16, [CKST19]. However, the lower bound techniques seem to crucially use that the
non-redundancy/chain length of CUT is linear, so many nearly-isolated clauses can be used in a
lower bound. For general CSPs, the optimal relationship between n and ¢ is unclear. For instance,
if NRD(R,n) = Q(n") (i.e., R is OR, or R is AND,), then no improvement as a function of ¢ is
possible as every sparsifier has size at most n”.

Question 9.4. For every R C D" and ¢ € (0,1), is it the case that

Q(min(NRD(R, n)/e%,n")) < SPR(R,n,¢)?, and
Q(min(CL(R, n)/e%,n")) < wSPR(R, n,¢)?

Average-case Behavior. As our final area of investigation, it would be interesting to understand
the behavior of the non-redundancy (and thus sparsity@ of random instances of CSP(R). In
particular, the size of the sparsifier may be significantly better than the guarantees of Theorem [T.2}
More formally for a variable set X of size n, pick m € [n,n"] and sample uniformly at random
m clauses Y from X". What is the non-redundancy? If R is an affine CSP like CUT or 3LINg,
then it is not hard to see that if m = Q(n), then the space of assignments to the clauses will have
rank Q(n), so average-case behavior is essentially the same as worst-case behavior. One can make
a similar argument for certain “higher degree” clauses like AND,..

However, for a predicate like 3LIN;, the non-redundant instance constructed in Theorem
seems rather “fragile.” In particular, a random sample of say m := n'® clauses seems to not include
ﬁ(n) clauses from any copy of the construction in Theorem As such, it could be possible that
the non-redundancy of 3LINY, is near-linear in this regime.

Question 9.5. For random instances of CSP(R), what is the relationship between clause count
and non-redundancy?

Subsequent to the initial posting of our work, the intent behind Question [9.5| was largely solved
by [BGP25] who computed an optimal sparsifier size for random instances of any valued CSP. Two
important features of this result are (1) the answer is always an integral polynomial (i.e., O (n*) for
some integer k) and (2) depending on the model the optimal sparsifier size can be non-monotone
in the number of edges! However, since the sparsification criterion use by [BGP25] was not exactly
non-redundancy, Question [9.5 is technically still open.
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