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Abstract

We study the parallel complexity of computing the arboricity of a graph, defined as the
minimum number of forests into which its edges can be partitioned. For graphs of bounded
treewidth, we present a simple dynamic programming–based parallel algorithm that con-
structs an optimal partition of the edges into forests. For graphs of bounded genus, we give
an alternative and simple parallel algorithm for computing arboricity by adapting Goldberg’s
method for finding dense subgraphs.

1 Introduction

The arboricity of a graph G, denoted by a(G), is a fundamental graph parameter defined as the
minimum number of forests into which the edges of G can be partitioned. One of the foundational
results on arboricity is the theorem of Nash-Williams [NW61] which showed that:

a(G) = max
H⊆G

⌈
|E(H)|
|V(H)| − 1

⌉
where H is a subgraph of G. The ratio |E(H)|

|V (H)|−1 is sometimes referred to as the density of the sub-
graph H , though there are other definitions of the term in literature as well. Arboricity can thus be
viewed as a measure of graph sparsity. Graphs of bounded arboricity include several important
families, such as all minor-closed families. Many problems like subgraph enumeration [CN85],
minimum dominating set [LW10], correlation clustering [CCMU21] have been studied for graphs
with low arboricity. Thus, both deciding the arboricity of a graph (the decision version) and com-
puting a partition of its edges into the minimum number of forests (the search version) are natural
problems to study.

Moreover, the problem can be reduced to the matroid partition problem and further formu-
lated as an instance of linear matroid intersection (see [GW92, Edm03]). Hence, by the classical
algorithm of Edmonds [Edm03], both the decision and search versions admit polynomial-time
algorithms.

We study the parallel complexity of the arboricity problem. A natural question is whether this
problem admits efficient parallel algorithms. In this context, a central notion is the class NC, which
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refers to the class of problems that have an efficient parallel algorithm (see [AB09] for a formal
definition in terms of circuits). An equivalent characterization is in terms of PRAM model, where
there are multiple processors that can execute instructions in parallel and can concurrently read
from and write into a shared memory (also known as a CRCW PRAM, see [Vol99, KR90] for more
details). A problem is in NC if there is an algorithm for it in the CRCW PRAM model that runs
in time O(logcn) and uses O(nd) processors, for some constants c, d. Since computing arboricity
(both decision as well as search versions) reduces to linear matroid intersection, a randomized NC
(RNC) algorithm follows from the classical result of Narayanan, Huzur and Vazirani [NSV92].
More recently, a quasi-NC algorithm for linear matroid intersection was given by [GT20]. Hence,
the problem of computing arboricity is in both RNC and quasi-NC. However, no deterministic
NC algorithm is currently known for either the decision or search version of arboricity on general
graphs. This motivates studying the problem on more structured graph classes, which leads to
the following natural question.

For which classes of graphs does arboricity admit an NC algorithm?

In this work, we study this question for two important classes of structured graphs: bounded
treewidth graphs and bounded genus graphs.

Bounded treewidth graphs. We first consider the class of bounded treewidth graphs. The prop-
erty of the arboricity of a graph being equal to k is expressible in the Monadic Second-Order logic
(MSO). Therefore by the logspace version (the class logspace, denoted by L, is contained in NC)
of Courcelle’s theorem [Cou90], which was proven in [EJT10], a logspace algorithm for deciding
arboricity of a bounded treewidth follows. However for the search version, i.e., constructing a
partition of the edges into a(G) many forests, we are not aware of any explicitly stated algorithms
in the literature, as most versions of Courcelle’s theorem deal with decision problems. From the
framework of [EJT10], an NC algorithm for constructing solutions to MSO-expressible problems
on bounded treewidth graphs can be derived; this was communicated to us by one of the authors
of [Tan25].

This yields an algorithm for the decision version of the problem. However, a drawback of
relying on Courcelle’s theorem is the large constants typically hidden in the running time due to its
generality. We therefore present a direct dynamic programming–based algorithm for partitioning
the edges of a bounded treewidth graph into the minimum number of forests. Our result serves
two purposes: it provides a simple and concise algorithm, and it applies to the search version of
the problem as well. We summarize our result in the following theorem:

Theorem 1. Let G be a graph of treewidth at most a constant τ . There exists an NC algorithm that
computes a partition of E(G) into the minimum number of forests. The running time of the algorithm on a
CRCW PRAM is O(log n).

We now consider the class of bounded genus graphs, which include planar graphs and several
other sparse graph classes.

Bounded genus graphs. Graphs of genus at most g have arboricity bounded by O(
√
g) [MC26].

A special subclass is planar graphs, which has genus 0 and arboricity at most 3. While deciding
whether the arboricity is at most 1 is trivial (it suffices to check whether the graph is a forest),
determining whether the arboricity is 2 or 3 is rather non-trivial.
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By the theorem of Nash-Williams [NW61], the problem is equivalent to finding a densest sub-
graph of the input graph. To the best of our knowledge, no explicit deterministic NC algorithms
are known for deciding the arboricity of planar or bounded genus graphs.

There is a reduction (see [HLS97, HLS98]) that reduces the problem of deciding (k, ℓ)-sparsity
to computing a maximum s-t flow, and this reduction can be tweaked and implemented in NC.
Since deciding arboricity is NC-equivalent to checking whether a graph is (k, k)-sparse (by testing
all values of k in parallel), this yields a reduction to max-flow computation. The reduction does
not preserve the genus of the input graph however.

We give an alternative NC reduction from the problem of deciding arboricity (as well as com-
puting a densest subgraph) to that of finding a maximum flow. A classical algorithm for com-
puting a densest subgraph due to Goldberg [Gol84] also reduces the problem to an s-t max-flow
computation. However, the notion of density used in [Gol84] is |E(H)|

|V (H)| , which differs from the

quantity we consider, namely |E(H)|
|V (H)|−1 .

We adapt the algorithm of [Gol84] to obtain an NC reduction from computing a densest sub-
graph under our definition to computing a maximum flow. However, Goldberg’s reduction in-
troduces a super-source and a super-sink connected to all vertices of the input graph. Hence, this
construction is not suitable in our setting, as it would destroy planarity or significantly increase
the genus of the graph, and deterministic NC algorithms for computing s-t max-flow in general
graphs are not known. Instead, we introduce multiple sources and sinks, one for each vertex of the
input graph, thereby preserving the genus. This reduces the problem to computing a maximum
flow in a bounded genus graph with multiple sources and mutiple sinks (the MSMS max-flow
problem).

To solve this problem, we use the algorithm of Sankowski [San17, San18]. While Sankowski
gives an NC algorithm for the MSMS max-flow problem in planar graphs, the approach extends to
bounded genus graphs when combined appropriately with the result of Anari and Vazirani [AV20]
on computing minimum-weight perfect matchings in such graphs (see section 2).

We remark that our algorithm when executed in parallel, makes a total of O(n log n) many
calls to the MSMS max-flow routine. But, the (k, l)-sparsity reduction known makes a total of
O(m) many calls to the MSMS max-flow routine. Hence, if the input graph is dense, then our
reduction has a slight advantage.

We note, however, that this does not imply an overall NC algorithm in this setting, as a deter-
ministic NC algorithm for max-flow in general graphs is not currently known. This leads to the
following theorem.

Theorem 2. Let G be a graph of genus at most a fixed constant. Then a densest subgraph of G, and hence
its arboricity, can be computed in NC.

2 Preliminaries

Throughout this paper, we define the density D(G) of a graph G as the following:

D(G) =
|E(G)|
|V (G)| − 1

A cut of a graph G is a subset of V (G). For a cut S ⊆ V (G), δ(S) denotes the set of all edges
with one end point in S and the other in V \S. This can be partitioned into δin(S), δout(S) which
denote the set of edges going out of S and going into S respectively. For an edge e = (vi, vj) of a
flow graph, we use cvi,vj to denote the capacity of e. For convenience we occasionally abbreviate
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it to cij , which will be clear from context when used. We use c(S) to denote the value of the cut S
(i.e. the sum of capacities of δout(S)). For a set of edges E′ ⊆ E, we use c(E′) to denote the sum
of capacities of the edges in E′. The problem of Maximum flow with multiple sources and sinks
(MSMS max flow) is defined as follows.

Definition 1 (MSMS max flow problem). We are given a tuple (G,S, T, c) where:

• G = (V,E) is a directed graph.

• There exist disjoint subsets S ⊂ V and T ⊂ V called the sources and sinks of G respectively. Each
vertex of S has in-degree 0 and out-degree 1. Each vertex of T has out-degree 0 and in-degree 1.

• c : E → Z≥0 is a function that assigns capacities to edges.

A flow in the graph is a function f : E → R≥0. For a vertex v, we use fv to denote the net outgoing flow
from v. That is fv =

∑
(v,w)∈E

f(v, w)−
∑

(w,v)∈E
f(w, v). For a flow to be feasible, we require that:

• For all e ∈ E, f(e) ≤ c(e).

• For all v /∈ S ∪ T , f(v) = 0.

Given a feasible flow, its value is defined as the sum of the outgoing flows from all the source vertices. The
objective of the problem is to find the maximum possible value of a flow in the given tuple (G,S, T, c).

We have defined the sets of sources and sinks this way, but often in the literature they can be
vertices of graph with incoming as well as outgoing edges, and are assigned a range of demands
that the flow function must satisfy. The two notions are equivalent. In the above definition, for a
vertex si ∈ S, we can see it as having a demand in the range [0 . . . c(ei)] where ei is the outgoing
edge from si, and similarly a sink vertex tj can be seen as having demand in the range [−c(ej), 0]
where ej is the edge incoming to t.

A natural extension of the graph G described above is one obtained from G by identifying all
vertices of S into a super source vertex s, and identifying all vertices of T into a super sink vertex
t. We use G̃ to denote this extension of G. Note that G̃ might not preserve the genus of G. It is easy
to see that there is a natural bijection between realisable flows of G and G̃, and therefore the value
of maximum flow in G is equal to the value of maximum s-t flow in G̃. There is also a natural
bijection between cuts of G and s-t cuts of G̃. For a cut S of G, we usually use S̃ to denote the cut
S ∪ {s} of G̃.

Sankowski showed that the MSMS max flow problem can be solved in NC for planar graphs.
We restate the theorem:

Theorem 3 ([San17, Theorem 31]). Let N = (V,E) be a planar directed network with integral edge
capacities c : E → [1, poly(n)] and integral vertex demands b : V → [−poly(n), poly(n)]. The maximum
multiple-source multiple-sink flow in N can be computed in NC.

The algorithm in [San17] reduces the flow problem to that of finding a maximum weighted
f -factor in a graph, which in turn is reduced to the problem of finding a maximum weighted
perfect matching. The reductions involve operations of the following type : replace each vertex
by a planar gadget and attach the adjacent edges in a way that respects the planar ordering. It is
easy to see that operations preserve not only planarity but also the genus since they can be done
on any surface embedded graph without using edge crossings. The problem of finding minimum
weight (or maximum weight) perfect matching was shown to be in NC for bounded genus graphs
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by Anari, Vazirani [AV20]. Therefore theorem 3 extends to bounded genus graphs as well. Also,
algorithm in [San17] computes a flow function that realises the maximum flow. Therefore we
can also compute a minimum cut of G (which corresponds to a minimum s-t cut of G̃) in NC by
computing the residual graph. Note that when we say S ⊂ V (G) is a min-cut of an MSMS flow
graph G, we mean that the value of the corresponding cut S̃ = S ∪ {s} of G̃ is minimum, which
need not be the same as δout(S).

3 Finding A Forest Partition in Bounded Treewidth Graphs

We give a proof of Theorem 1 in this section. First we note the following lemma, a proof of which
can be found in [DW07]

Lemma 1 ([DW07, Proposition 2]). Given a graph of treewidth τ , its arboricity is bounded by τ .

It is sufficient to find an NC algorithm for the following problem:
Given a graph G = (V,E), output a partition {E1, E2 . . . Ek} (where k is some constant) of E such
that G[Ei] contains no cycle for any i ∈ [1, . . . k]. If no such partition exists, output NO.

In other words, we want to color edges of G using k colors such that there are no monochro-
matic cycles. If we have an NC algorithm for this, we can run the algorithm for k ∈ [1, . . . , τ ] in
parallel to get a partition into minimum number of forests. A coloring of a graph G is a function
mapping each edge to a color from a set of colors. We call a coloring of edges with no monochro-
matic cycles as an acyclic coloring.

The first step is to compute a width k tree decomposition of G. This can be done in L by [EJT10,
Theorem 1.1]. We denote the tree by TG and assume that it is rooted at a bag Br. Moreover, we can
also assume (with a small blowup in treewidth) that TG is binary and of depth O(log n) as shown
in [EJT10, Lemma III.1].

The bags of TG contain vertices of G. We will use the following convention to partition the
edges of G into the bags: an edge (u, v) will belong to the highest bag (i.e. closest to the root) that
contains both u, v (by the properties of tree decomposition, the highest bag containing a vertex
is unique). Thus when we refer to notation like G[B] where B is a bag in TG, we will mean the
subgraph of G induced by vertices of B, but leaving out the edges that belong to a bag higher
than B. This will help in making sure that there are no conflicts when coloring edges of bags
independently in parallel.

We give a few definitions:

Definition 2. Let H be a graph, X ⊆ V (H) be a set of terminals of H , and let C denote a coloring of H ,
done using the set of colors J = {c1, c2, . . . ck}. We define the following:

• The set Cac(H) is the set of all possible acyclic colorings of the graph H using J .

• The path configuration of H with respect to X,C, denoted by P (H,X,C), consists of:

P (H,X,C) = {(u, v, c) | u, v ∈ X, c ∈ J, ∃ a monochromatic path of color c in H
between u, v.

}

• The set Pac(H,X) is defined as:

Pac(H,X) =
⋃

C∈Cac(H)

P (H,X,C)

i.e. the set of all possible path configurations with respect to X that are realized by some acyclic
coloring of H .
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We note the following claim.

Claim 1. Let G1, G2 be subgraphs of G with X = V (G1) ∩ V (G2) and E(G1) ∩ E(G2) = ϕ. Let C be
an acyclic coloring of G, which induces colorings C(G1), C(G2) on G1, G2 respectively (i.e. C = C(G1)∪
C(G2)). Suppose C ′(G2) is another coloring of G2 such that P (G2, X,C(G2)) = P (G2, X,C ′(G2)).
Then the coloring C(G1) ∪ C ′(G2) is also acyclic.

Proof. The proof follows from the fact that any monochromatic cycle in C either lies entirely inside
one of G1 or G2, or consists of monochromatic path segments in G1 plus a monochromatic path
segments in G2. Thus replacing colors of C(G2) by C ′(G2) does not create or destroy monochro-
matic cycles in G because of the same path configuration with respect to the adhesion set X .

Thus for a subgraph, that is attached to the rest of the graph via some terminal vertices, it
is sufficient to store a ’representative’ coloring for each path configuration with respect to the
terminals. Therefore for a graph H and a set of terminals X ⊆ V (H), we define the set The set
P̄ac(H,X) similar to Pac(H,X), but for each path configuration, we also store an acyclic coloring
of H that realizes the path configuration.

A path configuration P (H,X,C) consists of at most k|X|2 many tuples. The total number
of path configurations for all possible colorings from J can be at most O(2k|X|2). The number
of elements in P̄ac(H,X) therefore can be bounded by O(2k|X|2), where each element is of size
O(E(H)) (a tuple along with a coloring of H).

Algorithm: The algorithm performs bottom-up dynamic programming on TG. Instead of stor-
ing the set of all possible acyclic colorings, which is too large, we store the sets of possible path
configurations with respect to the adhesion sets of the subgraphs (i.e. the sets P̄ac(H,X) defines
above). These are much smaller as their size does not depend on the size of the subgraphs, but
only on the adhesion sets.

For a bag Bi, we let Gi denote the subgraph of G corresponding to the union of all bags of the
subtree rooted at Bi. Consider a bag B0, and its children bags B1, B2. Let X1 = V (B0) ∩ V (B1)
and X2 = V (B0) ∩ V (B2). Also, let the parent bag of B0 be B′

0 and let X0 = V (B′
0) ∩ V (B0). We

describe a routine for these bags as follows:

1. Assume that we have inductively computed (by dynamic programming),
the sets P̄ac(G1, X1), P̄ac(G2, X2). Note that E(G1), E(G2) are disjoint by our convention.

2. Consider all possible combinations of path configurations by looking at P̄ac(B1, X1)×P̄ac(B2, X2).
For each combination, if there is a monochromatic cycle formed in the union of colorings,
we discard it, else we take the union to get a coloring of G12 = G1 ∪G2. We also update the
path configurations of the combined colorings with respect to terminal set X12 = X1 ∪ X2.
This will give us the set P̄ac(G12, X12).

3. Compute the set Cac(G[B0]) (it is bounded in size). Consider all possible pairs of colorings
in the set Cac(G[B0]) × P̄ac(G12, X12). Discard the pairs where monochromatic cycles are
formed, for others take the union of the colorings. For each pair, compute the the path
configurations of the combined colorings with respect to terminal set X0. This will give us
the set P̄ac(G0, X0).

4. In any of the steps above, if the set of valid acyclic colorings turns out to be empty, we
terminate and output NO.
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The running time of each of the steps described above depends only on k, t and is therefore con-
stant. The leaf bags are processed first, each independently and in parallel. The process described
above is then applied to each pair of sibling bags, working bottom-up one layer at a time, with all
bags at the same depth processed in parallel. We continue iteratively until the root Br is reached,
then we output the coloring stored as answer.

Now we are ready to prove theorem 1.

Proof of theorem 1. We note that TG is balanced and has depth O(log n). Since the depth of TG is
O(log n), the running time is also O(log n) on a CRCW PRAM.

Now we argue correctness of the procedure. It is clear from the algorithm that if it outputs any
coloring, it is certainly acyclic as we ensure that in each step. It remains to argue that our algorithm
will always find a k-acyclic coloring of G if one exists. For that, it is sufficient to show that the
procedures in step 2 and step 3 correctly compute the sets P̄ac(G12, X12), P̄ac(G0, X0) respectively.
Consider step 3. We assume inductively that we have correctly computed P̄ac(G12, X12). Consider
any acyclic coloring C0 of G0. Let the colorings induced by C0 in G[B0] and in G12 be C ′

0 and
C ′′
0 respectively. The coloring C ′

0 will be computed in the step 3 of the procedure. By claim 1,
P (G12, X12, C

′′
0 ) will be present in P̄ac(G12, X12). Therefore we correctly compute P̄ac(G0, X0) in

step 3. The argument for step 2 is similar. Hence, we are done.

4 Finding Arboricity of Bounded genus graphs in NC

We give an algorithm to find the arboricity of an undirected and connected graph G = (V,E) of
bounded genus. We do so by modifying Goldberg’s algorithm [Gol84] for finding a subgraph of
maximum density. Goldberg’s algorithm finds a subgraph H of maximum density, which they de-
fine as |E(H)|

|V (H)| , by reducing it to the problem of finding maximum s-t flow in a graph. We adapt the

algorithm for our notion of density which is |E(H)|
|V (H)|−1 . Instead of having a single super-source and

super-sink vertex as in [Gol84], we keep multiple sources and sinks, since adding s, t connected to
all vertices can increase the genus of the graph.

This allows us to use Sankowski’s algorithm (theorem 3) of finding a maximum MSMS flow in
graphs of bounded genus. We now describe the reduction of finding a maximum density subgraph
to the max flow problem.

4.1 Finding maximum density subgraphs using max flow.

The input is an undirected graph G = (V,E). We construct n graphs G1, G2, . . . Gn from G (these
can be constructed in parallel). The edge capacities of Gi will be chosen with respect to vi. Further,
for each of these graphs we will tweak capacities according to a guess for the density g of G as the
algorithm proceeds. More precisely, for a fixed vertex vf ∈ V and a specific guess g, we construct
the flow network Gf where,

V (Gf ) = V ∪ {s1, s2, . . . , sn} ∪ {t1, t2, . . . tn}

E(Gf ) = {(vi, vj) | {vi, vj} ∈ E} ∪ {(si, vi) | vi ∈ V } ∪ {(vi, ti) | vi ∈ V }

The capacities are defined as:

cvi,vj = 1 for {vi, vj} ∈ E
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csi,vi =

{
∞ if vi = vf

m if vi ̸= vf

cvi,ti =

{
m− di if vi = vf

m+ 2g − di if vi ̸= vf

In other words, we obtain Gf by making G bidirected with edges of capacity one, and adding a
source, sink vertex for each vertex of G, with edge capacities as described. The resulting network
is illustrated in Figure 1. Note that the genus of Gf is the same as that of G as sources and sinks
corresponding to any vertex v of G can be added in any face adjacent to v in the surface embedded
graph G.

Though the algorithm deals with the graphs Gf (i.e. will run the max-flow/min-cut routines
on Gf ), for proofs it is easier to work with the modified graph G̃f (as described in section 2). Let
(V1, V2) be a cut of G (i.e. V2 = V \ V1). Let Ṽ1 = V1 ∪ {s} and Ṽ2 = V2 ∪ {t}. Then (Ṽ1, Ṽ2) is an s-t
cut of G̃f . Since c(s, vf ) =∞, the minimum s-t cut must have vf ∈ Ṽ1. The capacity of the cut is:

c(Ṽ1) =
∑
j∈V2

cs,j +
∑
i∈V1

ci,t +
∑

i∈V1,j∈V2

ci,j . (1)

The first term is simply the sum of the source capacities of the vertices in V2. Since vf ∈ V1, all
j ∈ V2 have csj = m. Thus, ∑

j∈V2

cs,j = m|V2|. (2)

For the second term, since c(vf , t) = m− dvf , we get:∑
i∈V1

ci,t =
∑
i∈V1

(m+ 2g − di)− 2g.

= −2g +m|V1|+ 2g|V1| −
∑
i∈V1

di. (3)

Substituting (2) and (3) into (1), we obtain:

c(Ṽ1) = m|V2|+

m|V1|+ 2g|V1| − 2g −
∑
i∈V1

di

+
∑

i∈V1,j∈V2

cij

= m|V |+ 2g(|V1| − 1)−

∑
i∈V1

di −
∑

i∈V1,j∈V2

ci,j

 . (4)

Since
∑
i∈V1

di−
∑

i∈V1,j∈V2

ci,j is exactly twice the number of edges in the subgraph induced by V1, we

have

c(Ṽ1) = m|V |+ 2g(|V1| − 1)− 2|E(V1)|

= m|V |+ 2(|V1| − 1)

(
g − |E(V1)|

(|V1| − 1)

)
= m|V |+ 2(|V1| − 1)(g −A1) (5)

Where A1 = |E(V1)|
|V1|−1 is the density of the subgraph of G induced by V1. This leads to the following

claim, analogous to Theorem 1 in [Gol84].
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Figure 1: The flow network Gf for vertex vf and density guess g. Individual sources si and sinks
ti preserve the genus of G; the super-source s and super-sink t (grey) are used only for analysis,
as described in section 2. Bidirected edges denote a pair of directed edges of capacity 1 each.

Claim 2. Suppose Ṽ1 is a minimum capacity s-t cut in G̃f . If Ṽ1 ̸= {s, vf} then g ≤ A. If Ṽ1 = {s, vf},
then either g ≥ A, or there is a subgraph H of G with density greater than g but with vf /∈ V (H).

Proof. Let Ṽs = {s, vf}. The capacity of this cut is C(Ṽs) =
∑

j∈V \{vf}
cs,j + cvf ,t +

∑
j∈V \{vf}

cvf ,j =

m|V |. We first analyze the case where the minimum cut Ṽ1 is not the cut {s, vf}. Because Ṽ1

minimizes the cut capacity, we must have C(Ṽ1) ≤ C(Ṽs). Substituting the capacity expressions
implies 2(|V1| − 1)(g − A1) ≤ 0. Since |V1| > 1, it follows that g ≤ A1. And since A1 ≤ A, we
conclude that g ≤ A.

Conversely, Suppose Ṽ1 = {s, vf}. This implies that for any other cut Ṽ ′
1 where |V ′

1 | > 1, the
condition C(Ṽs) ≤ C(Ṽ ′

1) holds. This yields the inequality 2(|V ′
1 |− 1)(g−A′

1) ≥ 0. Dividing by the
positive term 2(|V ′

1 | − 1) results in g ≥ A′
1. This inequality must hold for any cut corresponding

to any subgraph of G that contains vf . Therefore either g must be greater than or equal to the
maximum density of any subgraph, implying g ≥ A, or there is a subgraph of G with density
more than g but does not have the vertex vf .

If H is a strict subgraph of G of maximum density, then for at least one graph in G̃1, G̃2, . . . G̃n,
the vertex vf (f ∈ [1, . . . n]) will not be present in H . Therefore we get the following corollary:

Corollary 1. If for at least one f ∈ [1, 2, . . . n] the minimum cut of G̃f not equal to {s, vf}, then g ≤ A. If
for all f ∈ [1, 2, . . . n] the minimum cut of G̃f is the set {s, vf}, then g ≥ A.

This gives a recipe to zoom in on the densest subgraph of G by iteratively querying for mini-
mum cuts of G1, G2, . . . Gn. We need one more theorem of [Gol84] to decide when to terminate.

9



Theorem 4 ([Gol84, Theorem 2]). Let H1, H2 be two subgraphs of G with different densities A1, A2

respectively. Then

|A1 −A2| ≥
1

n(n− 1)

In particular, the maximum density A takes values in a set of size O(n3), and a binary search
over all these values terminates after O(log n) iterations.

4.2 NC Algorithm

We now describe the parallel algorithm. The algorithm performs a parallel binary search on the
maximum density D(G). At each step a midpoint guess g is chosen, and for every vertex vf ∈ V
in parallel we run an MSMS max-flow computation on Gf .

Algorithm 1 NC algorithm for arboricity of a connected bounded genus graph
Require: Connected bounded genus graph G = (V,E) with n = |V |, m = |E|.

1: l← 1; u← n
2: while u− l ≥ 1

n(n−1) do
3: g ← l+u

2
4: for each vf ∈ V in parallel do
5: Construct network Gf with guess g
6: Compute maximum MSMS flow value Fvf in Gf using Theorem 3
7: end for
8: if ∃ vf ∈ V such that Fvf < m · n then
9: l← g

10: Extract min-cut Ṽ1 from the residual graph of G̃f

11: H∗ ← G
[
Ṽ1 \ {s}

]
12: else
13: u← g
14: end if
15: end while
16: return ⌈l⌉, H∗

We now prove theorem 2.

Proof of theorem 2. We first argue the correctness of the algorithm. We maintain the invariant l ≤
A ≤ u throughout. At each iteration, by corollary 1, if some Fvf < mn then g ≤ A , we set l← g to
maintain the invariant; otherwise g ≥ A, we set u← g. When the loop terminates, u− l < 1

n(n−1) ,
by theorem 4, no two distinct density values lie within 1

n(n−1) of each other, so A is the unique
density value in [l, u), and ⌈l⌉ = ⌈A⌉ = D(G). Since l is the density of subgraph H∗, it implies that
H∗ is a maximum density subgraph.

We now show that the algorithm is in NC. By max-flow min-cut, Fvf < m · n iff Gf admits a
non-trivial minimum cut.

Each Gf is network of a bounded genus on O(n) vertices with O(n2) capacities, so Sankowski’s
reduction chain (multi-source flow → f -factor → perfect matching on an O(n2)-vertex graph of
bounded genus) runs in NC; executing all n instances in parallel gives O(logc n) time with poly(n)
processors.
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