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Abstract

Let S C FY have size n = 2°, and let h : F¥ — F5 be a uniformly random linear map. For
y € F5, write loady(y) := |h~1(y) N S|, and let M(S,h) := max, cpe loady, (y) be the maximum
load. Jaber, Kumar and Zuckerman (STOC 2025) proved that the expected maximum load of
h on S is at most 16logn/loglogn, matching the fully independent keys-into-bins scale up to
constants. Their proof also gives the tail estimate

logn 1
>R——| < — ] .
pe s = 0 50 ] <o (1)

We record a base optimization in their exponential-potential method showing that binary linear
hashing nearly matches fully independent hashing also at the level of the second-order maximum-
load scale. For every R > 1 satisfying R¢'~1/% > DIn/, where D is an absolute constant, we

prove
logn (loglogn)?
Pr M >R—| < — | -
g [ (Sh) = Rloglogn} =0 <R2(logn)2—2/R

Integrating this tail yields

E[M(S,h)] < <1+(1+0(1))10g10glogn) logn

loglogn ) loglogn’

Thus binary linear hashing matches fully independent hashing in the leading term and matches
the dominant second-order correction up to a 1+ o(1) factor.

We also prove, by an independent self-contained argument, a sharp tail bound for one pre-
scribed bucket: for fixed y € FY,

Prlloady(y) > 2% — 2] < 7*12*“2,
where v = [];5,(1— 277). A subspace construction shows that this is asymptotically tight even

in the leading constant as a — oco. However, this controls only a fixed bucket; a direct union
bound over all buckets loses a factor 2°¢.
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1 Introduction

Hashing is often used to distribute a set of keys among bins. If the hash function maps many keys
to the same bin, then operations such as lookup with chaining may take a long time. Thus a central
quantity is the maximum load, the largest number of keys mapped to any single bin.

In this note we study this question for binary linear hashing. Let u > ¢, let h : F§ — ]Fg be a
uniformly random linear map, and let S C F§ have size n = 2t For y € Fg, define

loady,(y) == | (y) N S|,

and define the maximum load

M(S, h) := max loady(y).
yeFs

Throughout this paper, all logarithms are base 2. We call the elements of S keys and the elements
of T bins. For y € FY, the bucket at y is the set h~'(y) N S.



For fully independent hashing of n keys into n bins, the expected maximum load is

logn

(1+0(1))w.

More precisely, the classical second-order asymptotic is

logn logn - logloglogn

E[M,,] +(1+0(1))

- loglogn (loglogn)?

A uniformly random linear map is much simpler than a fully random function, but it is only pairwise
independent. Therefore the fully independent keys-into-bins analysis does not directly apply.

1.1 The expected max-load of a linear map

The maximum-load behavior of linear hashing has been studied for several decades. Alon, Diet-
zfelbinger, Miltersen, Petrank and Tardos [1] proved that, for binary linear hashing,

Ex[M(S, h)] = O(lognloglogn).

They asked whether the fully independent scale O(logn/loglogn) is also valid for random binary
linear maps.

Jaber, Kumar and Zuckerman [3] then proved the optimal expected maximum-load bound for
the binary case. They showed that
logn

E,[M(S,h)] < 16 —————.
n[M(S, )] < loglogn

They also proved the tail estimate

logn 1
Pr [M(S,h) > R—— | <0 | = .
v M(S;h) 2 loglogn} - (R2>

Their proof uses an exponential-potential method. One advantage of this method is that it directly
tracks the growth of bucket loads as the kernel of the linear map is revealed one dimension at a
time.

1.2 Our result and comparison with fully independent hashing

We record a small optimization of the Jaber-Kumar—Zuckerman potential argument. Their method
uses an exponential potential with a certain base. To detect a bucket of load

logn
loglogn’

it is enough to use base roughly ¢%/£, rather than base roughly £. This lowers the initial potential
and gives a sharper tail bound.
Our main tail estimate is the following. There are absolute constants C, D > 0 such that, for
every R > 1 satisfying
ROVYE > DIng,
we have )
logn <c (loglogn)

Pr |M(S,h) > R—>— _
r|M(S, k) = loglogn R2(logn)2-2/R
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This improves the O(R~?) tail bound in the range where R is fixed, and it remains useful even
when R is very close to 1.
Integrating the optimized tail gives

En[M(S, h)] < log n logn - logloglogn

—_ 1 1
~ loglogn +(1+0(1))

(loglogn)?

Thus binary linear hashing matches fully independent hashing in the leading term and also matches
the dominant part of the second-order correction.

1.3 A sharp tail bound for one prescribed bucket

We also prove a separate fixed-bucket result. This part is independent of the potential method.
Fix one bucket y € Fg We prove that

Prlload,(y) > 2] <7127, 4= (1 -279).
j=1

The proof is elementary. If a prescribed bucket is large, then it contains many ordered linearly
independent tuples. On the other hand, a random linear map sends any fixed independent tuple to
that prescribed bucket with very small probability. Counting such tuples and applying Markov’s
inequality gives the tail bound.

This fixed-bucket bound is essentially sharp. A subspace example shows that the upper bound
is asymptotically tight even in the leading constant as a — oo. Thus the 29" fixed-bucket tail is
the correct scale.

However, this fixed-bucket theorem does not by itself imply the correct expectation bound for
the maximum load. A direct union bound over all 2¢ buckets loses a factor 2¢. Therefore the
fixed-bucket estimate is best viewed as a sharp far-tail result for one prescribed bucket, while the
optimized potential method is needed to control the maximum load near the expectation scale.

1.4 The case of m keys and n bins

The same base-optimized argument also applies when the number of keys is not equal to the number
of bins. Let the number of bins be n = 2¢, let |S| = m, and write

A= m
n

for the average load. We consider the regime where the maximum-load scale is much larger than
the average load. For fully independent hashing, this scale is the value ¢t = t(m,n) defined by

t
tin <e>\> = Inn.

Thus the regime we consider is t/\ — oo, meaning that the largest bucket is expected to be much
larger than the average bucket.

Our method gives the following analogue of the m = n result. There are absolute constants
C, D > 0 such that, for every threshold T satisfying 7' > DAn'/T, one has




Taking T' = Rt, this becomes

/2R
>Ri< — (2
Mz R < ()

for every R > 1 satisfying

P\ /R
R</\> > D,

Thus, when /A — oo, the tail bound is stronger than the constant-factor O(R™2) tail: for fixed
R > 1, the extra factor
A\ 22/R
(7)

Ex[M(S, h)] < (14 o(1))t

tends to zero.
Integrating the tail gives

whenever ¢/ — co. Thus, in the sparse large-load regime, binary linear hashing matches the fully
independent expected maximum-load scale up to a 1 + o(1) factor.

1.5 Fixed buckets when the number of keys is arbitrary

The fixed-bucket estimate also extends to the case of m keys and n bins. Let n = 2¢, let S C F4\ {0}
be a set of m distinct nonzero vectors, and let h : F$ — F4 be a uniformly random linear map. For
a fixed bucket y € F§, write Z, = [{z € S : h(x) = y}|, and A := m/n. Then, for every integer
r >0, with a = [log(r + 2)], we prove
a—1 -1
Pr[Z, >r] < \* (r+2—2%)
0

J

In particular, for thresholds of the form 2¢ — 2,

Pr(Z, > 2°—2] <~y a2~ yi=T[a-27).

o0
j=1

This recovers the balanced fixed-bucket estimate when m = n, since then A = 1. For general
m, the extra factor A reflects the average load of the prescribed bucket. We also show that this
dependence is sharp up to absolute constants: when m = 2¢, a subspace construction gives a
matching lower bound of order 22— for the zero bucket, in the natural range a > d — £. Thus

the fixed-bucket tail has the correct dependence on both the threshold and the average load.

1.6 Dense two-sided bounds

There is another line of work on binary linear hashing in the dense regime, where the number of
keys is larger than the number of bins. This asks for a two-sided guarantee: not only should no
bucket be too large, but no bucket should be too small.

Dhar and Dvir [5] proved strong {-type guarantees for random linear maps using connections
to finite-field Kakeya and the polynomial method. In a related dense setting, their result shows



that random linear maps can distribute a large set nearly as well as fully independent hashing, up
to constant factors in the relevant parameters.

Jaber, Kumar and Zuckerman [3] also prove a dense two-sided theorem. In their Section 6, they
show that if the number of keys m is at least on the order of nlogn, then with high probability
every bucket has load within constant factors of the average load m/n. More precisely, for every
0 < & < 1/2, there are constants C7 < Cy, depending on ¢, such that if m > C’flnlog n, then

Pr [Vy c F, Cl% <|h iy NS < 02% >1-c.

Thus in the dense regime all buckets are balanced up to constant factors.

The results in this note are complementary to these dense two-sided bounds. Our base op-
timization improves the maximum-load tail in the sparse large-load regime, where the relevant
threshold is much larger than the average load. It does not improve the dense two-sided theorem
above, whose goal is to control all buckets at the scale m/n, including the lower tail. Similarly, the
fixed-bucket estimates proved here give sharp far upper-tail bounds for one prescribed bucket, but
they do not address the main lower-tail difficulty in the dense two-sided problem.

1.7 Organization

The rest of the paper is organized as follows. Section 2 proves the fixed-bucket tail bound. We first
give the upper bound for one prescribed bucket, and then show that the 2-9° behavior is sharp by
using a subspace construction.

Section 3 proves the expected maximum-load bound. We recall the Jaber-Kumar—Zuckerman
potential framework, optimize the base in the potential argument, remove the surjectivity assump-
tion, and integrate the resulting tail bound. We also compare the fixed-bucket and potential
methods.

The appendices contain the auxiliary and extended results. Appendix A gives self-contained
proofs of the potential lemmas used in Section 3. Appendix B extends the fixed-bucket tail estimate
to m keys and n bins. Appendix C extends the maximum-load bound to m keys and n bins in the
regime where the fully independent maximum-load scale is much larger than the average load.

2 A fixed-bucket tail bound

We begin with a fixed-bucket estimate, which is independent of the potential method used later
for the maximum load. The goal is to understand the load of one prescribed bucket y, rather than
the maximum over all buckets. First we prove a uniform upper bound showing that, for every
fixed y, the probability that load,(y) exceeds a dyadic threshold 2% is at most on the order of 2-a%,
The proof uses a simple counting idea: a heavy bucket must contain many linearly independent
tuples, while a random linear map sends any fixed independent tuple to the prescribed bucket with
probability 277,

We then show that this 2~¢” scale is sharp. The lower-bound example takes the input set to be
essentially an m-dimensional subspace. In that case the bucket load is governed by the nullity of a
random m X m binary matrix, whose distribution has exactly the same 2-9" behavior. In fact, the
construction nearly matches the leading constant in the dyadic upper bound as a — oo.

This section is independent of the potential argument used later.



2.1 Upper bound for a prescribed bucket

We first prove the upper bound for one fixed bucket. The idea is simple: if the bucket contains many
keys, then it must contain many ordered linearly independent tuples. But any fixed independent
tuple is sent to the prescribed bucket with very small probability. We count such tuples and then
apply Markov’s inequality.

Lemma 1 (Independent tuples in a set of distinct nonzero vectors). Let A C Fy \ {0} have size q.
Let a = [log(q+ 1)]. Then A contains at least

a—1

H(q +1-27)

j=0
ordered linearly independent a-tuples.
Proof. Choose the tuple sequentially. Suppose that v1,...,v; € A have already been chosen and are
linearly independent. Their span contains 2’ vectors, of which at most 2/ — 1 are nonzero vectors
of A. Hence the number of choices for v;j;1 € A outside span(vy,...,v;) is at least ¢ — (27 — 1) =
g+ 1—27. Since j < a, this quantity is positive. Multiplying over j = 0,1,...,a — 1 proves the
lemma. O

Theorem 2 (Fixed-bucket tail). Let U = {uy,...,uam} C Fy \ {0} be a set of distinct nonzero
vectors, and let B : Fy — F5' be a uniformly random linear map. Fizy € Fy', and define

Zy = |{i: Bu; = y}|.

Then, for every integer r > 0, if a = [log(r + 2)], we have

-1
a—1

Pr(Z, >r] < | [[(r+2-2%)
§=0

Proof. Let ¢ = r+ 1, and a = [log(q + 1)]. Let Z, be the set of all ordered a-tuples (i1,...,1i4)

such that u;,,...,u;, are linearly independent. For a linear map B, define
T.(B) := Z 1[Bu;, = -+ = Bu;, = y|.
(il,‘..,ia)eza

Thus T (B) is the number of ordered linearly independent a-tuples (u;,, ..., u;,) such that Bu;, =
.- = Bu;, = y.

For a fixed ordered linearly independent a-tuple, the random vectors Bu;,, ..., Bu;, are inde-
pendent and uniformly distributed in F*.! Therefore

%r[Bu,-1 =...=Bu;, =y|=2""%

Taking expectation over the random choice of B, linearity of expectation gives

EslTu(B)= Y PrlBuy == Bui, =1
(ilv---ﬂ;a)ez—a
— |Z.| 27 ™,
ndeed, after fixing bases of F% and F5*, the map B is represented by a uniformly random m X n binary matrix.
Since u;,, ..., ui, are linearly independent, the random vectors Bu;,, ..., Bu;, are independent uniform elements of
F3".



Since |U| = 2™, the total number of ordered a-tuples from U is (2)% = 2™*. Hence |Z,| < 2™,
and therefore
Ep[T,(B)] < 2m927™e = 1.

If Z, > g, then the set A := {u; : Bu; = y} has size at least ¢. By Lemma 1, it contains at least

a—1

M(q) = [J(g+1-2)

j=0
ordered linearly independent a-tuples. Thus
Zyzq = Tu(B)=M(q).

By Markov’s inequality,

Pr[Z, > q] < Pr[T,(B) > M(q)]

IN

Since ¢ = r + 1, this is the desired bound. ]

Let
e .
= H(l —277).
j=1
The preceding theorem has a clean form at dyadic thresholds.

Corollary 3 (Dyadic fixed-bucket thresholds). Under the assumptions of Theorem 2, for every
integer a > 1, ,
Pr[Z, > 2" —2] <y 127,

Proof. Apply Theorem 2 with r = 2% — 2. Then

a—1 a—1 a—1 a

[Te+2-27) =[] -2) =2 [ -2 =27 [[1 -27%).
7=0 J=0 Jj=0 s=1
Since [[i_;(1 —27%) > ~, the result follows. O

2.2 A matching lower bound for the fixed-bucket tail

We next show that the fixed-bucket upper bound is essentially best possible. The example is based
on a subspace. In this case, the load of the zero bucket is controlled by the nullity of a random
binary matrix, and the nullity distribution has the same 279" hehavior as the upper bound.

Proposition 4 (Near-sharpness of the fixed-bucket bound). Let v := [[72,(1 — 277). For every
integer a > 1, there is a sequence of examples with |U| = 2™, m — oo, such that, for a uniformly
random linear map B : F§ — F5', one has

liminf Pr{|{u € U: Bu =0} > 2% — 2] > y'27%°(1 — 279)2,
m—ro0

In particular, the upper bound ,
Pr[Zy > 2% — 2] <y '27@

from Corollary 3 is asymptotically tight in the leading constant as a — oo.



Proof. Let W < Fy be an m-dimensional subspace and choose v ¢ W. Let U := (W \ {0}) U {v}.
Then |U| = (2™ — 1) + 1 = 2™, and all elements of U are distinct and nonzero.
Let M be the restriction of B to W:
M := Blw : W — F3".

Since dim W = m, after choosing a basis of W, the map M is represented by an m x m binary
matrix. As B is uniformly random, M is a uniformly random linear map from W to F3’, equivalently
a uniformly random m x m binary matrix.
If? nul(M) > a, then
(W \ {0}) Nker B| = 2™M) 1 > 920 1,
Therefore
H{ueU:Bu=0} >2%—2.
Consequently,

Pr[{u € U : Bu=0}| > 2% —2] > Pr[nul(M) > a] > Pr[nul(M) = al.

We use the standard rank distribution formula for random matrices over finite fields; see, for
example, Fulman and Goldstein [7]. For a uniformly random m x m matrix over [y, the probability
of nullity exactly a, equivalently rank m — a, is

2 H;n:a+1(1 —277)?
[ —279)

Pm,a = 27

For fixed a, as m — oo,

2 [0 (1 — 277)?
v
Using the elementary inequality Hj(l —x5)>1— Zj xj for 0 < x; <1, we get

pm,a — 2—a

[ITa-29)>1-> 279=1-2"
Jj=a+1 Jj=a+1

Hence ,
liminf Pr{[{u € U : Bu=0}| > 2% —2] >y 127 (1 - 27%)%
m—0o0

Since (1 — 27%)2 — 1 as a — oo, this matches the leading constant 4! in the dyadic fixed-bucket
upper bound. ]

Remark 5 (Why the fixed-bucket bound is not enough for the expectation). The fized-bucket
bound controls the load of one prescribed bucket. To control the mazimum load, one could try to
apply it to all 2° buckets and then take a union bound. This gives

Pr[M(S, h) > 2% — 2] < 4120~

This bound becomes useful only when a? is at least comparable to . Equivalently, it only controls
very large loads, roughly of size Ve or larger.

However, the expected mazximum load is much smaller: it is of order £/logl. The logarithm of
this load is only O(log¥), far below /£. Therefore the fized-bucket estimate is useful for the far
tail, but it does not by itself prove the correct expectation bound. For the expectation-scale bound,
we need the potential method used later.

*Here nul(M) := dimker M = m — rank(M), since dim W = m.




3 The Expected Maximum-Load Bound

In this section we prove the main maximum-load estimate. We first recall the potential frame-
work of Jaber-Kumar—Zuckerman for uniformly random surjective linear maps. We then optimize
the choice of the potential base to get a sharper tail bound. Finally, we remove the surjectivity
assumption and integrate the tail to obtain the second-order expectation bound.

3.1 The Jaber-Kumar—Zuckerman potential framework

We now recall the potential framework used by Jaber, Kumar and Zuckerman. We first work with
uniformly random surjective maps.

Let H : FY — Fg be a uniformly random surjective linear map, and let k := U — £. A uniformly
random surjective map can be sampled by first choosing a uniformly random k-dimensional kernel
V < FY and then choosing an isomorphism FY /V = Fg. We build the kernel gradually through a
chain

Vo<W < <V =V,

where V) = {0} and dim V; = 7. Thus, at step 4, the subspace V; is the i-dimensional part of the
kernel that has been revealed.
Let S C FY have size 2¢. For x € FY, define

Si(z) :==|(z+ Vi) N S|.

The quantity S;(x) is the load of the partial bucket = 4+ V;. At i = 0, the buckets are singletons, so
So(z) = 1g(z). At the final step, V;, = ker H, and the cosets x + Vi, = x + ker H are exactly the
final buckets of the hash map H: all points in the same coset have the same image under H. Thus
Sk(z) is the actual load of the final bucket containing x.
Equivalently, let
Gi =FY v,

be the quotient group of cosets of V;, and define f; : G; — Z>q by
filz +V;) =]z +V;)NS|.

Then
Si(x) = fi(x +V;).

For a base b > 1, define the exponential potential
;= E,cpy [bsi(“ff .

Since all cosets of V; have the same size and S; is constant on each coset, this is equivalently

®; = Eceq, |:bfi(c)_ )
We use the following two lemmas from the potential analysis of Jaber, Kumar and Zuckerman.

Lemma 6 packages JKZ Lemmas 3 and 4 in the normalization used here. For completeness, see the
proof in Appendix A.
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Lemma 6 (JKZ potential evolution). For every b > 1, the potentials satisfy
E[®it1 | o, ..., P;] < @7
and
D —1>2(d; — 1)
for every 0 <i < k.

The next lemma is a slightly stronger version of the quadratic tail lemma needed for the
argument. It says that if a nonnegative process grows at least multiplicatively in the sense
Xi+1—1>2(X; —1), but its conditional expectation is at most quadratic, then the final value has
a polynomial tail. We include a self-contained proof in Appendix A.

Lemma 7 (Strengthened JKZ quadratic potential tail lemma). Let Xy > 1 be deterministic, and
let X1,..., X, be nonnegative random variables satisfying

X1 —1>2(X; — 1)
and
E[Xi-‘rl ’X07“'7X’i] SX’L2
for every 0 <i<k. If T >1+4(Xo— 1), then
Xo—1)\?
Pr[XkZTQk}§48< 0 > .

T—1

For y € Fg, the fiber of H over y is the set
H™\(y) = {w € FY : H(x) = y}.

Since H is surjective and ker H = V, every fiber is a coset of V.
We also need the following elementary observation.

Lemma 8 (Heavy bin implies large potential). If some fiber of the surjective map H contains at
least T elements of S, then

Proof. A fiber of H is a coset x + Vj. If |(x + V) N S| > T, then for every z € x + Vj,
Se(2)=|z+Ve)NS| =[x+ Vp)NS| >T.
The coset has size |Vi| = 2k Therefore, its contribution to the average ®;, is at least

okpT T T

U QU—k — 9t

Finally, since Vp = {0}, we have
So(x) = 1g(x).

IS IS

Using |S| = 2¢ and k = U — ¢, this gives

Therefore

b—1 b
ok = 9k

Py —1=

11



3.2 The optimized tail bound for surjective maps

We first prove the optimized tail bound in the simpler setting where the linear map is conditioned
to be surjective. The proof follows the Jaber-Kumar—Zuckerman potential argument, but chooses
the base according to the target load level. This smaller base lowers the initial potential and gives
the extra factor in the tail bound.

We now optimize the base in the potential argument.

Proposition 9 (Surjective base-optimized tail). There exist absolute constants Coy > 0, Dy > 0,
and Ly such that the following holds. Let U > (, let S C FY have size 2¢, and let H : FY — F§ be a
uniformly random surjective linear map. Then, for every real R > 1 satisfying

R(YE > Dylng
and every £ > {y,
14 (In¢)?
Pr [M(S,H) > R— | < Cj————=—.
" (S, H) = Rlog€ = OR2p2-2/R

Proof. Let k:=U — ¢, L :={/log¥, and T := RL = Rl¢/log¢. Choose
1 1

TR i
and set b := (®. Then b = ¢/ B¢/t — cgl/B1f M(S, H) > T, Lemma 8 gives ®), > b7/2¢. Since
logh = alog? and T = R{l/log ¥, we have b7 = 21, Thus

b g(@R-1)¢

2
Let R
Hence
M(S,H)>T = & >24 (2)
Define 10 9)A
T:=1 (In2)

Then, using 1 +x < €%, with z =7 — 1,
2 < exp <2k(7' - 1)) = exp ((In2)A¢) = 24¢,
Therefore, by (2),
M(S,H)>T = &, >r1>.

Choose Dy > 4e/In2. Using (1), the definition of 7, and the hypothesis R~/ > DyIn ¢, we
get

4b  del'/E

4(@0 - 1) < 27 = T
(In2)R¢  (In2)Al ]
9kIn¢ ok

12



Thus 1 +4(®g—1) <.
Applying Lemma 7 with X; = ®;, we get

T—1

2
Pr[M(S, H) > T] < Pr[®), > r2'] < 48 (% - 1> .

Using (1) and the definition of 7, and substituting b = e/*/*, and A = R/In,

Dy —1 < b/2F B b elnt
7—1 = (In2)A¢/2k  (In2)A¢  (In2)R/A-1/R’
Therefore 0 6)2
n

This proves the claimed bound with Cy = 48 (e/In 2)2.

3.3 Removing the surjectivity assumption

We now pass from uniformly random surjective linear maps to uniformly random linear maps. The
idea is to embed the original space into a larger space. A random map from the larger space is
surjective with very high probability, and its restriction to the original space is still a uniformly

random linear map.

Lemma 10 (Rank deficiency). Let H : FY — Fé be a uniformly random linear map. Then

Pr[H is not surjective] < 2°7Y.

Proof. After fixing bases of FY and Fg, the map H is represented by a uniformly random ¢ x U
binary matrix. The map H is not surjective exactly when this matrix has rank less than ¢.

The probability that a random ¢ x U binary matrix has full row rank is

/-1

[Ja-27Y).

=0
Therefore

-1

~

-1

Pr[H is not surjective] = 1 — [J(1-277Y) <> 297V =27U(2f — 1) <2V,

Il
=)

Jj=0 J

Theorem 11 (Base-optimized maximum-load tail). There exist absolute constants C > 0, D > 0,
and £y such that the following holds. Letu > £, n := 2%, and let S C F¥ have sizen. Let h : FY — F}

be a uniformly random linear map. Then, for every real R > 1 satisfying
ROVYE > Dine

and every £ > {,

14 (In¢)?
<(O———.
logl| — CR2£2*2/R

Pr|M(S,h) = R

13



Equivalently,
logn (loglogn)?
Pr{M(S,h)>R—— | <(C——"""T""—
n (k) 2 loglogn| = = R2(logn)2-2/R’

for every R > 1 satisfying
R(log n)l_l/R > Dloglogn,

where changing the base of the logarithms only changes the absolute constants.

Proof. Let
(In¢)?
R2(2-2/R’
where Cj is the constant from Proposition 9. Choose D > max(Dg,+/Cy). Then, whenever
R/-Y/R > DlIn/, we have

(In£)2 e \*> _ Co
pZ,R:COW:CO RII/R Sﬁﬁl

pe,r = Co

Fix u > ¢ and S C F§ of size 2¢. Choose an integer U > u so large that 20U < pe,r- Embed
FY into FY by appending U — u zero coordinates:

x=(21,...,24) = (T1,...,24,0,...,0).

Let V < FY be the image of this embedding. We then regard S C F¥ as a subset of V C FY.
Let H :FY — Fg be a uniformly random linear map. By Lemma 10,

Pr[H is not surjective] < 27V < py g.

Conditioned on H being surjective, the map H is uniformly distributed among all surjective maps
Fg — Iﬁ‘g. Therefore Proposition 9 gives

14
Pr |M(S,H) > R—— | H is surjective| < py p.
log ¢ ’

Hence

Y4
PrM(S,H) >R——| <2 .
Hr|: ( ) )— 10g€:| i p@,R

Finally, the restriction H|y : V — IFS is a uniformly random linear map from V = [F§ to Fg.
Also, for the set S C V, M(S, H) = M(S, H|v ), because loads are computed only using points of S.
Thus the same bound holds for a uniformly random linear map h : F§ — F5. Absorbing the factor
2 into the absolute constant proves the theorem. O

3.4 The expectation bound

The optimized tail can be integrated starting slightly above R = 1 4+ Inln//Inf. We choose the
starting point with a fixed additive constant in the numerator.

Corollary 12 (Expectation bound to second order). For every u > ¢ and every S C FYy of size 2t

EA[M(S, h)] < (1+(1+0(1))lnln£> ¢

In¢ ) logt

14



as { — oo, where h : Fy — Fg is a uniformly random linear map. Equivalently, since n = 2¢,

En[M(S, h)] < <1+(1+0(1))10g10glogn> logn

loglogn /) loglogn’
where the logarithms in the final display are base 2.

Proof. Let
l

. log ¢
Let D be the constant from Theorem 11. Choose a fixed constant F' > 0 large enough so that

el >2D. Let
Inlnt¢ + F

Int
We first check that Theorem 11 applies for every R > Ry, once £ is sufficiently large. We have

Ry:=1+

1 Inlnf+ F
< Ro) n/ o nlnl+ F +o(1)

Therefore

(=R — exp <(1 - ;) 1n€> =ef'(1+0(1)) In?. (3)

0
Hence, since Ry = 1+ o(1) and ef” > 2D,

R ~Y/Fo — eF'(1 4 0(1))Inl > DIn¢
for all sufficiently large ¢. Since the function R — R¢'~1/F is increasing for R > 0, we also have
R(*1/E > DlIn¢ for every R > Ry. Thus Theorem 11 applies throughout the range R > Ry.
Using the tail-integral formula for a nonnegative random variable,

EM(S,h)] = /Ooopr[M(s,h)zﬂdt
RoL o)
:/ Pr[M(S,h)zt]dH/ Pr[M(S, ) > ] dt
0 RoL

< RoL+ / Pr[M(S, ) > ] dt
RoL

= RoL+ L/ Pr[M(S, h) > RL] dR.
Ro

By Theorem 11,

E[M(S, )] < RoL + CL / RGN

r, R22R

Set z =1—1/R. Then dx = dR/R?, and therefore

o] 2 1
/ MdR:(an)Z/ 072 dx,

R, R22-2/R -

15



where zyp = 1 — 1/Ry. Thus, by (3),

1
(lnE)Q/ ¥ dr < gg—%ozgg—%l—l/l%o)
xo

— %G—QF-H)(I) (hlf)_l

_ Inln?¢
a In¢ )

E[M(S, h)] < (Ro +o (T:f)) L.

Substituting the definition of Ry, we obtain

Inlnf+ F Inln/ y4 Inln /¢ /
E[M < (1 = (1+1+01 .
[ (S’h>]—< LY +0< In )) log ¢ ( +A+o) 7 )log€

It follows that

Finally, since n = 2¢, we have ¢ = logn and log ¢ = loglogn. Also,

Inln?¢
L0 = (14 0(1)

logloglogn
loglogn

This gives the equivalent n-form. O

3.5 Comparison of the two tail mechanisms

The fixed-bucket and potential arguments apply in different regimes. Corollary 3 gives, for a
prescribed bucket, ,
Prlload,(y) > 2% — 2] <y~ 1277,

This estimate is sharp for a single bucket. However, controlling the maximum load by a direct
union bound gives

Pr[M(S, h) > 2% — 2] < vy~ 120-*,

This becomes nontrivial only when a > /¢, that is, only for loads at least about 2V, Thus the
fixed-bucket estimate is a sharp far-tail result, but it does not by itself reach the expectation scale.

By contrast, the optimized potential tail in Theorem 11 controls loads at the expectation scale
¢/log . The improvement over the O(R~2) tail bound of Jaber-Kumar-Zuckerman comes from
reducing the potential base. To detect a bin of load

.

log ¢’
we take

b= gl/R-ﬁ-l/an _ egl/R.
The initial potential satisfies
b—1
2k -

With the original choice b & ¢, this is of order ¢/2¥. With the optimized choice b = ef*/ it is
instead of order ¢/ /2% Thus the initial potential is smaller by a factor

Dy — 1=

g—l—‘rl/R‘

16



The quadratic tail lemma bounds the failure probability by a constant times the square of the
normalized initial potential. Hence this saving is squared, giving the factor

€—2+2/R.

The condition
ROVVE > Dliny

is the condition that the chosen base is large enough to detect the threshold while keeping the
initial potential small enough for the quadratic lemma. The threshold for this condition occurs

when R is just above
Inln/¢

In¢ -~
More precisely, if F' is a sufficiently large absolute constant and

1+

Inln¢+ F

=1
Ro + In¢ ’

then
Ry~ 1/Fo — ef'(140(1))Inl > DlIn¢

for all sufficiently large ¢. Hence Theorem 11 applies for all R > Ry. Integrating the tail from this
point gives Corollary 12, namely

EA[M(S, )] < (1+(1+0(1))1n1n£> ;

In¢ ) logt

Thus the two estimates are complementary. The fixed-bucket argument gives a nearly sharp tail
for one prescribed bucket, including the correct 2-9" behavior. The potential argument is weaker
for a single bucket but is global: it controls the maximum over all buckets at the scale relevant for
the expected maximum load.

4 Conclusion

This note revisits the potential method of Jaber—-Kumar—Zuckerman and shows that the choice of
base can be tuned to the target load level. This simple optimization strengthens the maximum-load
tail from the O(R~2) bound to

¢ (In £)?

for every admissible R > 1. Integrating the estimate from

Ro=1+ Inln?¢ + O(1)
Iné
gives
Inln ¢ 14
E[M(S,h)] < (1 + (14+0(1)) ™, > Tog?'

Equivalently, since n = 2¢,

logn logn - logloglogn

EIM <
[M(S; h)] < loglogn

+ (1 +0(1))

(loglogn)?

17



Thus binary linear hashing matches the fully independent maximum-load scale not only in the
leading term, but also in the dominant second-order term.
We also proved a separate fixed-bucket estimate. For one prescribed bucket, the load has tail

Prlloady(y) > 2% — 2] <y~ 127%,

and a subspace construction shows that this is asymptotically tight even in the leading constant as
a — 0o. This fixed-bucket result is sharp, but it is a far-tail statement: a direct union bound over
all buckets loses a factor 2¢, so the potential method remains essential for controlling the maximum
load at the expectation scale.

The same optimization also extends to m keys and n bins. In the regime where the fully
independent maximum-load scale ¢ is much larger than the average load m/n, the argument gives

E[M(S, 1)] < (1 + o(1))t.

The dense two-sided balancing regime is different: there one must control both large and small
buckets at the scale of the average load. The methods here improve the sparse maximum-load tail,
but they do not improve the dense two-sided bounds.
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A Potential lemmas

In this appendix we include self-contained proofs of the potential lemmas used in the main text.
The first lemma packages the potential-evolution estimates of Jaber—Kumar—Zuckerman in the
normalization used here. The second lemma is a normalized quadratic tail lemma.

A.1 Potential evolution

Proof of Lemma 6. Fix 0 < i < k, and condition on the subspace V;. Let
Gi = Fg/‘/l, Nz = |Gl| = 2U_i.

Since V41 is obtained from V; by adjoining one new vector outside V;, let w € G; \ {0} denote
the image of that new vector in the quotient G; = FY /V;. Conditional on V;, this w is uniformly
distributed over G; \ {0}.
Define f; : G; = Z>qo by
fi(C) =]CNnS|.

Thus

Let
T . Gz — Gi-i—l

be the quotient map induced by V; < V1. Passing from V; to V;11 merges the two Vj-cosets C
and C' + w into the same V;ji-coset m;(C). Define fi11 : Giz1 — Z>o by

fir1(D) :=|DnS|.
Then, for every C € G;,3
fir1(mi(C)) = [m(C) N S| = fi(C) + fi(C + w).
Therefore, for the choice of new vector w,

®;11(w) = Epeg,., |:bfi+1(D):| )

Since every D € G;41 has exactly two preimages in G;, namely C and C + w, we may equivalently
average over C' € GG;. Hence

O, 1 (w) = Eceg, [bf¢<0)+fi(c+w)} '

Let ac := bfil©). Then &, = Eceq,lac]. Averaging over the uniformly random choice of
w € G; \ {0}, we get
Ew[®it1(w)] = EwroEceq; [acaciw]-

Expanding this average gives
1
EyzoEcec;(acactw] = m 2 Z acaC+w-
(2 7

CeG,; weq,;
w#0

3Here we identify a coset with the corresponding subset of FY. Thus m:(C), which is formally a V;i1-coset, is the
union of the two Vj-cosets C' and C + w, namely m;(C) = C U (C + w).
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For fixed C, as w ranges over G; \ {0}, the coset C' + w ranges over G; \ {C'}. Therefore

S Y acaciu=Y ac Sap=[ Y ac| - 3 .

CeG; weG; CeqG; DeG; CeqG; CeqG;
w#0 D#C

Hence

2
Ey[®ir1(w)] = Nz(le—l) Z ac | — Z ag,

Ceq; CeqG;
1

=N D) [N2®F — N;Eceg,[ag]]
_ Ni®? — Eceg,[ad]
N; —1 '
By Jensen’s inequality, Eceg, [aZ] > (Eceq; [ac])? = ®2. Therefore
Bufoia(w)] < M0 g2
Equivalently, E[®;1 | V;] < ®2. Since ®,...,®; are determined once V; is known, the tower

property gives
E[®it1 | ®o, ..., D] = E[E[®iy1 | Vi]| Do, ..., D] < &F.

It remains to prove the deterministic growth estimate. For every C € G;, since b > 1, both

b€ —1  and  pHCFTW)
are nonnegative. Therefore
pli(O)+fi(CHw) _q _ pfilO)pfi(CHw) _ 1 > (bfz'(C) 1) + (bfi(Cer) —1).
Averaging over C € G;, we obtain
Di11 — 1> Eeoeg, [b7(9) = 1] + Eoeg, [b7 @) —1].

Since C' 4+ w is uniformly distributed over GG; when C is uniformly distributed over G;, the two
averages are equal. Hence

®; 11 — 1> 2Eceq, [b9) — 1] = 2(9; - 1).

This completes the proof. O

A.2 Strengthened quadratic potential tail lemma

We next prove Lemma 7. This is the strengthened quadratic tail lemma used in the main text; in
particular, it does not require any upper bound on 7.
We need one elementary one-step estimate.

Lemma 13 (One-step estimate). Let s >0, 0 <r < 1/4, and let d :== s(2 + s).
Let Z be a nonnegative random wvariable satisfying Z > 2rs and E[Z] < 2rs + r2s2. Define

F(u) :== min{1,48u?}. Then
E [F (j)] < 4877,
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Proof. The function F(u) = min{1,48u?} is increasing and globally Lipschitz on [0, 00) with Lip-
schitz constant 8v/3. Indeed, on the quadratic part its derivative is 96u, and the quadratic part
ends at u = 1/4/48, where the derivative equals 8/3.

Since Z > 2rs, we have
Z 2
F <d> <F < 25) + 8\—[( — rs).

Taking expectations and using E(Z — 2rs) < r2s?

2
E|F g <F 2rs n 8\/3 282 _ 2r +8\/§r S'
d s(2+s) s(2+s) 2+ s 2+ s
We now show that the right-hand side is at most 4872,
First suppose

, we get

2r <L
2+5s 7 /48
Then ) ) )
F(2—i?—ns) =48 (2—:3>
It is enough to prove
3 472 8v/31r2s A8y

After dividing by 4872, this becomes

P
(2+5)2 6 2+s
Since
4 4 (24+5)2—4  s(4+s)
(2+s) (24 s)2 (2+ )%’
it is enough to show
s(4+ s) - @ s
(24827 6 2+s
Since s > 0, this is equivalent to
44 s @
2+s 6

Since (4 + 5)/(2 +s) > 1 > /3/6, the desired inequality follows.
Now suppose

2r 1
2% Vis
Then >
The assumption implies
2 2 2
a8 — 15 ¢ Z‘S) l=s4
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Since r < 1/4, we also have

s2 V3 V3 s >8\/§7“28

I e F
Therefore V302
1+ 2;88 < 4872
This proves the estimate in both cases. O

We now prove the strengthened quadratic tail lemma.

Proof of Lemma 7. We prove the lemma by induction on k. Write x := Xy. The case k = 0 is
immediate. Indeed, 7> 14+ 4(x — 1) =2 + 3(x — 1) > z and so Pr[Xy > 7] = 0.
Assume the result is known for sequences of length & — 1, and prove it for length k. Let

y=x—1l,ands=7—1. Then0<s,and0<y=2—-1<(7—1)/4 = s/4. Define r := y/s. Thus
0<r=(x—1)/(1—1)<1/4. Alsolet d := 72 — 1 = 5(2 + s).
Let
Z::Xl—l.
Since X1 —1>2(Xp — 1),
Z > 2y = 2rs.

The conditional expectation hypothesis gives
EZ] =E[X; 1] <2? —1=(1+y)? —1=2y+y*=2rs +r’s?.

Now condition on X;. If
1+4(X; —1) <72

then the induction hypothesis, applied to the remaining sequence X1, Xo,..., X with threshold
72, gives
X; - 1)°
x| <48 .

1+4(X; —1) > 72,
then, 48((X7 —1)/(72 —1))? > 48/16 > 1, and we use the trivial bound by 1. We have, in all cases,

Pr[szrzk’Xl] gF(Xl_l),

2k—1

Pr [Xk > (r2)

If instead

T2 -1

where

F(u) := min{1, 48u?}.

PrX, > 2| <E [F (g)] .
E [F <Z>] < 4812 = 48 (%)2 — 48 (f - 1)2 — 48 ({0__11>2.

This completes the induction. O

Taking expectations,

By Lemma 13,
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B A fixed-bucket tail bound for m keys and n bins

In this appendix we record the fixed-bucket version of the tail estimate for m keys and n bins.
Since binary linear hashing naturally gives a power-of-two number of bins, write n := 2¢. Let

S:{ul,...,um}gFg\{O}

be a set of distinct nonzero vectors, and let h : F§ — F5 be a uniformly random linear map. For a
fixed bucket y € Fg, define

Zy = i hMwi) = y}.
Let
A= —.

n

We will use again Lemma 1: if A C F$\ {0} has size ¢, and a = [log(q + 1)], then A contains

at least
a—1

H(q+1—2j)

J=0

ordered linearly independent a-tuples.

Theorem 14 (Fixed-bucket tail for m keys and n bins). Let n = 2¢, and let

be a set of distinct nonzero vectors. Let h : F4 — Fé be a uniformly random linear map. Fixy € Fg,
and define Zy := |{i : h(u;) = y}|. Let A=m/n. Then, for every integer r > 0, if

a:= [log(r +2)],

we have .
a—1

Pr(Z, >r] < \° H(r—i—Q — 27)
=0

Proof. Let ¢ =71+ 1, and a = [log(¢+ 1)]. Let Z, be the set of ordered a-tuples (i1, ...,i,) such
that u;,,...,u;, are linearly independent. For a linear map h, define

T = Y Ah(u) = = hlu,) = o).

(7:17---7ia)61a

Thus T, (h) counts ordered linearly independent a-tuples from S that all land in the prescribed
bucket y.

For a fixed ordered linearly independent a-tuple (u;,,...,u;,), the random vectors h(u;,),...
, h(u;,) are independent and uniformly distributed in F5. Hence

Prlh(us) = -+ = h(ug) = ) = 27 ="
Therefore, by linearity of expectation,

By [Ta(h)] = |Za|n
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Since |Z,| < m®, we get
m\ a
B [Ta(h)] < (7> — ).

n

Now suppose Z, > q. Then the set A = {u; : h(u;) = y} has size at least ¢. By Lemma 1, A

contains at least
a—1

M(q) == [J(g+1-2)

J=0

ordered linearly independent a-tuples. Thus
Zy>q = Tu(h) > M(q).

By Markov’s inequality,

Pr(Z, > q] < Pr[Tu(h) = M(q)]

IN

M(q) — M(q)
Since ¢ = r 4 1, this gives
-1
a—1 '
Pr(Z, >r] < \° H(r—i— 2-2)
§=0

Let
0 .
= H(l —277).
7=1
The preceding theorem has the following clean form at dyadic thresholds.

Corollary 15 (Dyadic fixed-bucket tail for m keys and n bins). Under the assumptions of Theo-
rem 14, for every integer a > 1,

Pr[Z, > 2% — 2] < 4 'A%,

Proof. Apply Theorem 14 with r» = 2% — 2. Then [log(r + 2)] = a, and

a—1 a—1
[Ir+2-2)=]]@ -2
Jj=0 Jj=0

272“2.

Therefore ,

Pr[Z, > 2" — 2] < X%y~ 127@
O

Remark 16 (Including the zero vector). The theorem above assumes that all keys are nonzero. If
0 € S, then for y # 0, the zero vector never contributes to Z,, so one may apply the theorem to
S\ {0}. Fory = 0, the zero vector contributes deterministically one point to the load. Thus the
same bound applies to Zg — 1 after removing the zero vector from S.
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Remark 17 (Comparison with the balanced case). When m = n, we have A = 1, and Corollary 15

becomes ,
Pr[Z, > 2% —2] <y 127,

which is the fized-bucket estimate used in the balanced case. For general m, the additional factor

e (3

reflects the average load of the prescribed bucket.

Proposition 18 (Matching lower bound for the fixed-bucket tail). Let n = 20 let m =24, and let
A=m/n =29t Let d > a > max{l,d —£}. Then there exists a set S C FN \ {0} of m distinct
nonzero vectors such that, for a uniformly random linear map h : Fév — Y, one has

Pri|{z €S :h(z) =0} > 2% — 2] > 42A%2~%,

where v := [[52,(1 - 277).
Thus, the upper bound ,
Pr[Zy > 2% — 2] <y~ 1ae27@

18 sharp up to an absolute multiplicative constant.

Proof. Let W < FY be a d-dimensional subspace, and choose v ¢ W. Define S := (W \ {0}) U {v}.
Then |S| = (2¢ — 1) + 1 = 2% = m, and all elements of S are distinct and nonzero.
Let
M := h|w : W — FS.

After choosing a basis of W, the map M is represented by a uniformly random ¢ x d binary matrix.
If nul(M) > a, then
| ker(M) \ {0} = 2™M) — 1 > 90 1,

Since
ker(M) \ {0} C {x € S: h(z) = 0},
we get
{z € S:h(x) =0} >2%—2.
Therefore

Pr{{z € S:h(xz) =0} >2%—2] > Prnul(M) > a] > Prjnul(M) = a].

It remains to lower-bound the probability that a uniformly random ¢ x d binary matrix has
nullity exactly a. This is the same as having rank d — a. The standard rank formula in [7] gives

d—a—1 i—{ d—a—1 i—d
Prfrank(M) =d —a] =27 a(t—d+a) [lizo (1 21 ) i=0 (1-2 ).
Hi:o T (1 — 2i(da))
The denominator is at most 1. Also,

d—a—1 d

H — 217y = H (1—277)>~,

=0 j=a+1
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and, since a > d — £, we have d — a < ¥, so

d—a—1 ‘

IT a-275=>~.

i=0
Hence

Pr{nl(M) = a] = Prlrank(M) = d — a] > 7?27+
Finally,
g-a(t=dta) _ ga(d—t)g—a® _ jag—a®

Therefore

Pr{{z € S: h(z) =0} > 2% — 2] > 42A%2"%"

C Maximum-load bounds for m keys and n bins

In this section we record the extension of the base-optimized argument to the case where the number
of keys is not necessarily equal to the number of bins. Let the number of bins be n = 2¢, let S C F¥
have size |S| = m, and write
m
A= —.
n
Thus A is the average load. For a linear map h : FY — F5, define

M(S, h) := max |~ (y) N S|.
yeFs

The fully independent comparison scale in the sparse large-load regime is the number ¢t = ¢(m, n)

defined by
t
tln <€/\> =Inn.

X—>OO,

that is, when the maximum-load scale is much larger than the average load.
We first prove the tail bound for uniformly random surjective maps.

This scale is meaningful in the range

Proposition 19 (Surjective tail bound for m keys and n bins). There exist absolute constants
Co, Do > 0 such that the following holds. Let U > ¢, let S C FY have size m, and let H : FY — F§
be a uniformly random surjective linear map. Put n = 2¢ and X = m/n. Then, for every T > 0
satisfying

T > Doan'/T,

one has

/\nl/T 2
> < .
PrM(S,H) 2 T] < Co | —
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Proof. Let k =U — £. As before, expose the kernel of H through a chain
Vo<Vi<---<Vp=kerH,

with Vo = {0} and dim V; = 4. For a base b > 1, define
¥ i= Boepy 15, Silw) = Iz + V) NS,

We use the same potential evolution and quadratic tail lemmas as before.
Choose b = en!/T. Since Vy = {0}, we have Sy(z) = 1g(x), and therefore

S
@0_1:‘2[]’(1)_1):

m Ab

n2k(b_ s 2k

If some final bucket has load at least T', then, by Lemma 8,

T (enl/T)T

B> — =T
n n
Now define

o T
Then

7\

7'2k = <1 + 2k> < el

Hence

M(S,H)>T = &, >r1>.

We verify the hypothesis of the quadratic potential tail lemma. Choose Dy > 4e.

g — 1 < A\b/2F, the definition of 7, and the assumption T > DoAnT | we get

ANb  den¥T T
Thus
T>144(Py —1).

Applying the quadratic potential tail lemma with X; = ®;, we get

2
Pr{M(S, H) > T] < Pr#; > 2] < 48 <% - 1) .

T—1

Finally,
®o—1 _ A28 Ab_ ehn!/T

r—1 —T/2k T T

Therefore

) )\nl/T 2
I?{r[M(S, H)>T] < 48e T .

This proves the result with Cy = 48¢2.

We next remove the surjectivity assumption, exactly as in the equal-size case.
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Theorem 20 (Tail bound for m keys and n bins). There ezist absolute constants C, D > 0 such
that the following holds. Let n = 2¢, let S C FY have size m, and let A :=m/n. Let h : F§ — Fg be
a uniformly random linear map. Then, for every T > 0 satisfying T > DAn'/T, one has

2
/\nl/T
> < .
PrM(S,h) > T] < C ( - )

)\nl/T 2
pr ‘= CO T 3

where Cj is the constant from Proposition 19. Choose the constant D large enough so that pr <1
whenever T > D nt/T.

Fix u > ¢ and S C [F§ of size m. Choose U > u so large that 2=V < pr. Embed F4 into IFQU by
appending U — u zero coordinates, and regard S as a subset of this copy of FY inside FY.

Let H : IFQU — Fg be a uniformly random linear map. By the Lemma 10,

Proof. Let

Pr[H is not surjective] < 27V < pr.

Conditioned on H being surjective, the map H is uniformly distributed among all surjective maps
FY — F%. Hence Proposition 19 gives

Pr[M(S,H) > T | H is surjective] < pr.

Therefore
PrM(S, H) = T] < 2pr.

Finally, the restriction of H to the embedded copy of F§ is a uniformly random linear map
Fy — IF%, and the loads are computed only using points of S. Thus the same estimate holds for
a uniformly random linear map h : F§ — F%. Absorbing the factor 2 into the constant proves the
theorem. O

The previous theorem can be written in terms of the fully independent large-load scale t.

Corollary 21 (Comparison with the fully independent scale). Let n = 20 let S C Fy have size m,
and let X\ :=m/n. Lett = t(m,n) be defined by

t
tin <e)\> = Inn.

Then, for every R > 1 satisfying
one has

Proof. Since



we have

Apply Theorem 20 with T := Rt. Then

1/R + \ /B
YT _ 1/(Rt) _ (1)t _(t
" " (n ) (e)\> '

The condition T > D nl/T becomes

¢\ /R
Rt > D) () ,
eA

which is implied, after changing the absolute constant D, by

P\ 1-YR
R(A) > D,

The tail bound gives

AN
Q
~~

>

3
T <
S~~~
3
N~
[\V)

Pr[M(S, h) > Rf

IN
o
7N
>
N———

[\o}

b

©

=y

This proves the corollary. O

Finally, integrating the preceding tail gives a leading-constant comparison with the fully inde-
pendent scale in the sparse large-load regime.

Corollary 22 (Expectation in the sparse large-load regime). Assume that

where t = t(m,n) is defined by

Then
E[M(S, 1)] < (1 +o(1))t
Proof. Let
t
p= \

By assumption, p — co. Choose a fixed constant F' > 0 large enough, and set

F

RO =1+ —.
Inp
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Then

1—i:R0_1 :F+O(1)
Ry Ry Inp
Hence
Rop' VB0 = eF'(1 4 0(1)).

Choosing F large enough ensures that Rop'~/f0 > D for all sufficiently large n. Since the function
R — Rp'~Y/Eisincreasing for R > 0, the condition Rp'~Y® > D holds for every R > Ry. Therefore
Corollary 21 applies throughout the range R > Ry.

Using the tail-integral formula,

E,M(S,h)] = /OOOPr[M(S,h)Zs]ds

< Rot+t / Pr[M(S, ) > Rt|dR.
Ry
By Corollary 21,

En[M(S, h)] < Rot + Ct “22/R R,

—5P
R, R?
Set

1 1

ri=1-—.
R
Then dz = dR/R?, and the integral becomes

1 oiar /1 —2 1
—5 dR = “dx, xo:=1——.

Thus
1 p—2:(;0
/ p 2 dr < .
0 2lnp
Since
F+o(1)
To=—V—",
Inp
we have p~2%0 = ¢=2F+o(1)  Therefore
L 1
p Pdxr=0 <> = o(1).
/xo Inp
Also

1
Ro_1+0<) =1+o0(1).
Inp
It follows that
EnM(S,h)] < (1+0(1))t.

O
Thus, in the regime t/A — oo, binary linear hashing matches the fully independent expected
maximum-load scale up to a 14 o(1) factor. This improves the constant-factor tail and expectation

bounds of the general Jaber-Kumar—Zuckerman theorem in the sparse large-load range. It does
not address the dense balancing regime, where the maximum load is only a constant factor above

the average load .
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