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Abstract

We study the problem of constructing randomness extractors for samplable sources, in-
troduced by Trevisan and Vadhan (FOCS 2000), a natural computational model of imperfect
randomness, where the source X (on n bits) is generated by a polynomial-size circuit. They
showed how to extract from sources with min-entropy (1 — a)n (for small o > 0) assuming
exponential hardness against Yg-circuits.

A line of recent works has made significant progress, either achieving extraction from such
high min-entropy under weaker assumptions (e.g., nondeterministic circuits), or handling poly-
nomially small min-entropy under stronger assumptions (e.g., hardness against ¥;-circuits).
These works output nearly all the randomness with polynomially small error. In a recent work,
Oh and Shaltiel (STOC 2026) constructed extractors that work for logarithmic min-entropy
under incomparable assumptions, outputting 1 random bit with constant error.

Our main result gives an extractor for samplable sources with min-entropy polylog(n) with
polynomially small error and outputting almost all of the randomness, assuming hardness against
nondeterministic circuits. The extractor also works for sources samplable with postselection by
nondeterministic circuits. We can further reduce the entropy requirement to O(logn) at the
expense of making the error constant and outputting only 1 bit, matching the extractor of Oh
and Shaltiel (STOC 2026). By prior work of Shaltiel (CCC 2025), our extractors imply hardness
against nondeterministic circuits, and thus our assumption is essentially minimal.
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1 Introduction

Randomness is a vital resource in computation, with important applications in the design of secure
cryptographic protocols, machine learning, algorithm design, sampling, and more. The performance
of these tasks crucially relies on the random bits being of high quality, i.e., forming a stream of
uniform, independent bits. However, real-world sources of randomness are often biased or have
limited entropy, necessitating the use of randomness extractors, which transform such sources into
(almost) uniform random bits.

Towards modeling such imperfect sources arising in nature, Trevisan and Vadhan [TV00] intro-
duced the class of samplable distributions—distributions generated by efficient computation. This
is motivated by the perspective that while true randomness exists in nature (e.g., from quantum
phenomena), the distributions accessible in practice (e.g., via TRNGs) are low-complexity trans-
formations of underlying uniform random bits. [TV00] specifically modeled efficient computation
by polynomial size circuits. Several other works considered other models such as algorithms with
limited memory [KRVZ06], algebraic structure on the sampling algorithm [GR08; DGW09], or
other concrete models of computation [Viol4].

Another prominent line of work assumes independence between multiple weak sources [CG88|.
In this setting, one has access to two (or more) independent sources of randomness. This approach
has seen a lot of progress in recent years [CZ19; Li23]. In contrast, the samplable source model
does not assume independence, but instead imposes computational structure on a single source.

We now formalize these notions. It is standard to measure quality of an imperfect source X using
min-entropy, defined as Hoo(X) = mingcqupp(x) l0g @. An (n, k)-source X is a distribution on
{0,1}™ with min-entropy at least k.2 Equivalently, if X is an (n, k)-source, then for any = € {0,1}",
Pr[X = z] < 27%. Hence 0 < k < n. We call the quantity k/n the entropy rate of the source.

Definition 1.1. A distribution X over {0,1}" is said to be samplable by circuits of size s if there
exists a Boolean circuit C : {0,1}" — {0,1}" of size s such that X = C(U,.), where U, denotes the
uniform distribution over {0,1}".

We in fact study a richer class of sources called samplable sources with postselection. Here,
along with C' as above, we associate another circuit Cpog : {0,1}" — {0, 1}, where C and Cpog share
the same input bits and X is sampled by C conditioned on Cpest outputting 1 (see Definition 4.7).
This captures samplable sources subject to leakage by an efficient adversary.

We next define randomness extractors. To evaluate the quality of the output distribution of an
extractor, we use statistical distance X — Y[ =13, .o |Pr[X = w] — Pr[Y = w]|.

Definition 1.2. A function Ext : {0,1}" — {0,1}™ is a (k,e)-extractor for a family of distributions
X if for all distributions X € X with Hso(X) > k, we have |Ext(X) — Uy,| < €. The parameters
m, e are the output length and error of the extractor, respectively.

The main focus of this paper is constructing efficient extractors for sources sampled by polyno-
mial size circuits.

Tt is folklore that, in general, one cannot deterministically extract even a single random bit from a single weak
source of randomness without additional structural assumptions.
2When the length is implicit, we suppress it and simply refer to X as a k-source.



1.1 Extracting from samplable sources

Trevisan and Vadhan [TV00] demonstrated that unconditionally extracting from such sources
will imply unknown separations in complexity classes. Specifically, the existence of an extrac-
tor Ext : {0,1}" — {0,1} computable in time ¢(n) with constant additive error for sources of
min-entropy n — 1 sampled by circuits of size s(n) would imply a complexity separation: there must
exist a language in DTIME(¢(n)) with circuit complexity (s(n)). Therefore, in order to extract
from samplable sources, it is necessary to make hardness assumptions.

Before we discuss the results of previous work, we give a brief overview of hardness assumptions
made against different circuit classes.

Hardness assumptions against various circuit classes We say “E is hard for exponential
size circuits in a certain class” if there is a language L € E = DTIME(29(") and a constant 6§ > 0
such that for sufficiently large n, L cannot be computed by circuits (of that class) of size 207 on
inputs of length n. Below are some circuit classes of interest:

>;-circuits are allowed oracle gates to the canonical EZP -complete language. For example, NP-
circuits, or Xp-circuits, are allowed oracle SAT-gates. This is formally presented in Defini-
tion 4.4.

A nondeterministic circuit  C' can be thought of as a deterministic circuit C’ that takes in an
input z along with a witness w. On input z, C(z) = 1 if and only if there exists a witness w
such that C’(xz,w) = 1. This is formally defined in Definition 4.1.

In this work, we assume hardness against nondeterministic circuits, a standard assumption in
derandomization. Among other applications, such assumptions have been used to derandomize
AM (see, e.g., [KMO02]) and to obtain fast derandomization of BPP (e.g., [DMOZ22]); see also
Impagliazzo-Wigderson [IW97], who showed P = BPP under exponential size hardness assumption
against deterministic circuits.

Prior works The main result in [TV00] states that if E is hard for exponential size Zg-circuits,*
then there exists an efficiently computable extractor for sources samplable by poly-size circuits with
min-entropy (1 — a)n for a small constant « > 0. Since the work of Trevisan and Vadhan [TV00],
improvements have been made from two different directions: (a) relaxing the hardness assumption,
and (b) extending the class of sources that can be extracted from, including samplable sources with
postselection and sources with lower min-entropy.

Ball, Goldin, Dachman-Soled, and Mutreja [BGDM23| made substantial progress, many years
after [TV00], in both directions: they relaxed the hardness assumption from 3g-circuits to nonde-
terministic circuits, and extracted from a richer class of distributions, namely samplable sources
with postselection (see Definition 4.7). Their min-entropy requirement was similar to [TV00],
namely at least (1 — a)n for a small constant o > 0. Shaltiel [Sha25b] gave a more modular proof
of the same result in terms of hardness assumption and min-entropy requirement, while handling
an even richer class of sources that are samplable by deterministic circuits with postselection from
nondeterministic circuits.

3not to be confused with NP-circuits
“This assumption is made by the conference version [TV00]. There is a later unpublished version which only needs
to assume X5 hardness. In later parts of this paper, we refer to [TV00] construction as the one assuming X5 hardness.



Ball, Shaltiel, and Silbak [BSS25] made the first progress towards handling lower min-entropy,
assuming hardness against Y5-circuits. They constructed extractors for samplable sources of min-
entropy n'~%, for a small constant o > 0. In another recent work, Shaltiel in [Sha25a] improved
the min-entropy requirement to n®, for every a > 0, but needed to make a hardness assumption
against ¥J; circuits, where ¢ = %1 + 3.

The error of the extractors in all these works is polynomially small. [AASY16] provides evidence
that achieving negligible error against samplable sources (under hardness assumptions against ¥;-
circuits) is beyond the reach of current techniques. Also, the output length of the extractor in all
these works is 0.99k.

Using a different and incomparable hardness assumption that E is hard for large exponential time
with exponential advice, Oh and Shaltiel [0S26] achieved (constant error) extractors, outputting 1
bit for samplable sources (without postselection) with min-entropy O(logn).

1.2 Our results

In this work, we only make hardness assumptions against nondeterministic circuits and construct
the following two extractors.

In our first result, we construct extractors with exponentially better entropy requirement than
previous works: polylogarithmic in the input length, while also being able to output almost all
randomness and obtain polynomially small error.

Theorem 1. Assume E is hard for exponential size nondeterministic circuits. Then, there exists
a universal constant ¢y such that for every constant ¢ > 1 and all n,k > (log(n)), there exists an
explicit (k,e)-extractor Ext : {0, 1} — {0,1}%9% for distributions sampled by size n® circuits with
postselection by size n® nondeterministic circuits, where e = n™°.

For our second result, we construct extractors with parameters similar to those of [OS26]. As
mentioned above, the result of [0S26] is under a different, incomparable assumption. We note that
the extractors of [OS26] work for samplable sources, while our extractors work for the richer class
of samplable sources with postselection.

Theorem 2. Assume E is hard for exponential size nondeterministic circuits. Then, for every
constant ¢ > 1, there exists a constant cy such that for all n,k > colog(n), there exists an explicit
(k,e)-extractor Ext : {0,1}™ — {0,1} for distributions sampled by size n® circuits with postselection
by size n® nondeterministic circuits, where € = %

Shaltiel [Sha25b] showed that an extractor for such sources (that are generated by postselection
by nondeterministic circuits) implies circuit lower bounds against nondeterministic circuits; in
particular, computing the extractor is hard on average for nondeterministic circuits. Therefore,
hardness assumptions against nondeterministic circuits are essentially “minimal” for the class of
sources we consider.

Table 1 summarizes the hardness assumptions and min-entropy requirements of prior works
along with our results, omitting [OS26] since their assumptions are incomparable.

Organization The rest of the paper is organized as follows. We begin with an overview of the
proof in Section 2, followed by concluding remarks in Section 3. We present basic definitions and
relevant prior work in Section 4. The main technical ingredient appears in Section 5, where we show



Work Hardness Entropy requirement Error Output length

[TV00] Yg-circuits (I1—¢e)n 1/ poly(n) 0.99%
[BGDM23; Sha25b] nondeterministic circuits (I—¢)n 1/ poly(n) 0.99%
[BSS25] Y5-circuits n(1=2) 1/ poly(n) 0.99k
[Sha25a] ¥ y3-circuits nt/i 1/ poly(n) 0.99%
Theorem 1 nondeterministic circuits log(n)® 1/ poly(n) 0.99k
Theorem 2 nondeterministic circuits C'log(n) € 1

Table 1: C' and ¢ represent some large and small unspecified constants respectively.

how to extract uniform bits from an elementary somewhere shrunk and random source together
with the original source. In Section 6, we combine these ingredients to construct our extractors
and prove Theorem 1 and Theorem 2.

2 Proof overview

In this section, we sketch proofs of all our main theorems. In Section 2.1, we sketch previous
techniques used to construct extractors for samplable sources. Building on these, we provide details
of our techniques to obtain Theorem 1 and Theorem 2 in Section 2.2.

2.1 Previous techniques

We begin by reviewing previously used techniques to construct extractors for samplable sources.

2.1.1 Extractor for 0.99n entropy

We first sketch the high level technique of the work of [TV00] who obtained extractors for 0.99n°
entropy samplable sources under a hardness assumption for ¥s-circuits. They used the following
ingredients:

1. Two source extractor: A two source extractor 2Ext : {0,1}™ x {0,1}"2 — {0, 1}™ with min-
entropy requirement (k1, k2) and error € has the property that for any two independent sources
X1 ~ {0,1}™ and Xg ~ {0,1}"2 such that Hoo(X1) > k1, Hoo(X2) > ko, the distribution
2Ext(X1, X2) is e-close to Uy,.

From this, one can see that 2Ext satisfies the following combinatorial list decoding property:

Proposition 2.1 (Combinatorial list decoding property of two source extractors). Let
Xo ~ {0,1}" be any source such that Hoo(X2) > ka. Let z € {0,1}™ be arbitrary. Then,
[{x1 € {0, 1} : Pr[2Ext(z1, Xa) = 2] > 27™ + ¢} < 2k,

Proof. We prove this by contradiction. Suppose there exists such z and Xy. Let B = {x] €
{0,1}™ : Pr[2Ext(z1, X3) = 2] > 27™ + ¢}. By assumption, |B| > 2¥1. Then, let X; be the
source that is independent of Xy and is uniform over B. We can easily compute that the
statistical distance of 2Ext(Xy, Xs9) from U, will be more than e, a contradiction. O

SHere and everywhere in the overview, we use 0.99 to mean 1 — « for a small constant a > 0.



For our arguments, we will use excellent explicit two source extractors from [CZ19; Lil6] such
that 2Ext : {0,1}"x{0,1}" — {0, 1}%99 where k = polylog(n) is the min-entropy requirement
of both sources and the output error is m. This will be used in obtaining our poly(log(n))
entropy extractors from Theorem 1. For O(log(n)) entropy extractors from Theorem 2, we
will use O(log(n)) entropy extractors from [Li23] that require O(log(n)) entropy, output 1 bit

and have constant error.

2. Hard to approximate function. In particular, starting with the assumption that E is worst
case hard for ¥;-circuits, [TV00] construct a function g : {0,1}" — {0,1}" such that g is
average case hard for X;_s-circuits. In particular, for any polynomial size Y;_s-circuit C, g
has the guarantee that Pr, (0132 [C(2) = g(z)] < 2-0()  This is surprising since this g itself
is computable in larger polynomial time. To construct such a function g, they followed proof
strategy of [STVO01] and use low-degree extension to yield fast local list decoding algorithms
of Reed-Muller code using nondeterminism.

3. Approximate counting and sampling using nondeterminism [Sto83; Sip83; JVV86; BGPO00).
This result states that there exist X;ii-circuits Capprox as well as Cgample that each take
as input a X;-circuit C' : {0,1}" — {0,1}™ and y € {0,1}". Then, Cypprox Outputs a good
relative approximation of the number of  such that C'(z) = y and Cgample, using randomness,
samples a near uniform element from the preimage of y under C.

Construction Using all these ingredients, we can define extractor Ext as follows. On input
x € {0,1}", let e € {0,1}™2 be the length n/2 prefix of . Let g : {0,1}"/2 — {0,1}"/2 be a
function that is 2~ hard to approximate for Xo-circuits. Let 2Ext : {0,1}"/2 x {0,1}"* — {0,1}™
be the [CZ19; Lil6] two-source extractor with output length O(log(n)).”

Using this, output 2Ext(g(zpre), ). Ext will have error € = O (24 - 2"*) where epg4 is the error
of 2Ext.

Correctness To argue correctness, we proceed by contradiction and assume Ext fails on a sam-
plable source X. The strategy will be to obtain a contradiction to the hardness of g. Since Ext fails,
by an averaging argument, there exists zheavy € {0, 1}™ such that Pr[2Ext(g(Xpre), X) = Zheavy] =
(14¢€)-27™. As g2 < 1076-2-27™ this implies Pr[2Ext(g(Xpre), X) = Zheavy] = 27"+ 100 £2gx.
Since X has entropy 0.99n and X has length at most 0.5n, using chain rule for min-entropy
(Lemma 4.10), for most zpre ~ Xpre; X|(Xpre = Zpre) has entropy at least 0.49n. We make the
simplifying assumption that this holds for all zpye.

Next, we say zpre is “biasing” if Pr[2Ext(g(zpre), X|[(Xpre = Zpre)) = Zheavy] = 277" + €2Ext-
By an averaging argument, we can show that most zpe ~ Xy are biasing. By the combina-
torial list-decoding property of 2Ext, for every biasing zpye, number of y € {0, 1}"/ 2 such that
Pr2Ext(y, (X|Xpre = Zpre)) = Zheavy] = 27" + €26« is at most 2k1 . Tet Az, be the set of such
y. If we could sample a uniform element from A, ., then with probability at least 27k we would
have correctly guessed g(zpre). This is exactly what approximate counting and sampling lets one
accomplish. Using approximate counting, one can construct an NP circuit C; that given inputs

5The proof in [TV00] is specialized to the Hadamard two-source extractor. We follow the more general exposition
of this by [BSS25].

"By appropriately padding the two-source extractor with zeroes, we can let input lengths of 2Ext be unequal.
Doing so does not meaningfully affect the parameters.



y and Tpre, can check if y € A, .. Then, we can use approximate sampling for (1, with second
element fixed to zpe to sample a uniform element from A, .. Doing so yields a Yo-circuit, that
agrees with g with high probability, under distribution X. As X has very high entropy, we can
incur a 279" reduction in approximation factor, for very small § > 0, to obtain a polynomial size
circuit that approximates g with probability at least 27" 4 contradiction.

2.1.2 Handling smaller entropy

0.99
0.01

The work of [BSS25] provided a general framework for handling smaller entropy such as n
entropy. Later works such as [Sha25a] utilized this framework to obtain extractors with even n
entropy, under various hardness assumptions. We briefly review their framework.

The first observation they made is that the argument from the previous section also works
if Xpre, instead of being a prefix source, was any other function of X, provided the length of
such a source is smaller than the min-entropy in X. Therefore, if there exists a function Cond :
{0,1}™ — {0, 1} such that for a samplable source X with min-entropy k, we have that m < k/2
and H.(Cond(X)) > 0.99m, then we would be able to construct an extractor for X by using the
construction 2Ext(g(Cond(X)), X) (provided m > nf1),

However, they were unable to construct such a Cond, with such large entropy guarantees. They
did however construct Cond that was shrinking; Cond had output length smaller than the entropy
in X, and could guarantee that Cond(X) had some amount of entropy, i.e., at least n$2 M) This
required many non-trivial ideas and connections. One important thing that they still required was
that Cond was errorless, i.e., that Cond(X) has high min-entropy. This differs from the usual output
guarantee of condensers which is that the output distribution is statistically close to a distribution
which has high min-entropy.

To utilize only the shrinking properties of Cond, they strengthened the guarantees of the hard
to approximate function g. Formally, under hardness assumptions, they completely changed the
construction of g so that it was hard to approximate not only under uniform distribution, but
also under any samplable source with reasonable amount of entropy. Using these objects they
constructed the desired extractor.

To construct such a shrinking errorless condenser as well as to construct such g (that is hard on
samplable distributions), they used connections between extraction, various notions of distributions
being hard to sample, and other pseudorandom objects. From their techniques, especially that of
transferring between various notions of distributions that are hard to sample, there does not seem
to be an easy way to reduce their assumptions, from hardness against at least Xs-circuits, all the
way down to hardness against nondeterministic circuits.

2.1.3 Relaxing assumptions

The only known construction of an extractor under hardness against nondeterministic circuits is
that of [BGDM23]|, where they construct extractors for samplable sources with min-entropy 0.99n.

Their construction was exactly the same as that of [TV00]. However, instead of separately
constructing a hard to sample function g and then going through the approximate counting and
sampling argument, they analyzed the entire construction in one shot. Doing so raised a lot of
technical challenges. A large part of our proof strategy follows their analysis, and so when outlining
our techniques, we will mention the corresponding part there.



For their analysis, [BGDM23] required to solve what they coined as the “Gap Probability
Maximization problem” (GPM). Here, the input is a randomized circuit C : {0,1}" — {0,1} with
the following guarantee: there exists v > 0 and some z* € {0,1}" such that Pr[C(z*)] =1 > ~,
and for = # x* € {0,1}", Pr[C(x) = 1] < /2. The goal is to output such z*.

[BGDM23] constructed a polynomial size NP circuit 8 solving GPM and doing so, sufficed to
prove their result. For our analysis, we will also need to solve GPM, but for the stronger class of
randomized nondeterministic circuits.

2.2  Our techniques

We provide a general framework that reduces the task of constructing extractors for samplable
sources under nondeterministic hardness assumptions to constructing extractors for two indepen-
dent sources. Our construction consists of two steps:

1. Obtaining an elementary somewhere shrunk and random source (elementary SSR source).”
Given a samplable source X with min-entropy k, we obtain a source W = (Wy,..., W)
where each W; has length n,, with n,, = k/3 and ¢ = poly(n); such that, for some index
J €1, Wj =1/ p01y(n) Un-

2. Transforming elementary SSR source to uniform bits. Here, we use W as given above, along
with the original source X to obtain the desired extractor.

Our construction deviates from all previous works in two crucial aspects: First, unlike previous
works, we do not require that the entire source W be shrunk. We only need that the length of
each block W; is smaller than the entropy of X. This is because in the reconstruction argument,
the number of y € ({0,1}™)¢ that will be “biasing” will be at most 2PoWe(mw0) which is equal to
gpolylog(n) gince ¢ = poly(n). So, the number of y;j € {0,1}™ for which there will exist y1,...,y¢ €
{0,1}™ such that the entire string will be biasing will be very small, and we will obtain a good
approximation to our function g, which we will construct to be 27 (mw) — 2=polylog(n) hard to
approximate. Second aspect where we differ from previous works is that we allow W; to be
statistically close to the uniform distribution instead of requiring W itself to have very high min-
entropy. We handle this by making the initial error much smaller than the “biasing” probability
and by using the fact that W, with high probability, outputs from a high min-entropy distribution.
We further discuss our proof strategy in Section 2.2.2.

Remark 2.2. Our transformation from the second step is robust enough that even if W; were
statistically close to a source with 0.99 entropy rate, then our transformation would produce uniform
random bits.

2.2.1 Obtaining an elementary SSR source

We show how to transform X as above to obtain such W. This is easily accomplished using well
known constructions of explicit strong seeded extractors [GUV09).

8An NP circuit is allowed to make non-adaptive queries to an NP oracle. See Definition 4.3 for a formal definition.

9An elementary somewhere random source consists of many blocks, one of which is “random.” This differs from
the notion of somewhere random sources which are defined to be convex combinations of elementary somewhere
random sources. Our constructions require the former notion.



We say sExt : {0,1}" x {0,1}¢ — {0,1}™ is a (k,e) strong seeded extractor if for all A
with Hoo(A) > k and B = Uy, it holds that (B,sExt(A,B)) ~. (B,U,,). This implies that
Epu,[|sExt(A,b) — U] < e. Therefore, by an averaging argument, there exists b* € {0,1}% such
that sExt(A,b*) ~. U,.

For b € {0,1}%, we let W}, = sExt(X, b) to obtain the desired transformation to elementary SSR
source W. We set the output length of the seeded extractor to n, = k/3 where k is such that we
have Ho(X) > k. Hence, W indeed has the desired properties.

We note that the seeded extractor of [GUV09] requires seed length d = O(log(n/c)) and so the
number of blocks in W is £ = 2¢ < poly(n/e). We set € = 1/ poly(n) as well so that £ < poly(n).
Moreover, since sExt is explicit, we can prepare such a source W in poly(n) time.

2.2.2 Extracting using elementary SSR source

We now show how given X and such W constructed from above, one can obtain uniform random
bits.

Remark 2.3. By a well known reduction of [Sha08] to increase output length of extractors, it
suffices to only construct extractors for samplable sources (technically those that are sampled with
postselection) that output O(log(n)) bits. Here throughout, we will always assume m = O(log(n)).

Extracting under Y5 hardness We first show how the proof technique of [TV00] outlined in
Section 2.1.1 easily yields extractors using such W, X under larger complexity assumptions. We
make two simplifying assumptions below. First, we assume that there exists j € [¢] such that
W; =U,,, (instead of W, merely being statistically close to Uy, ). Second, we assume k > nd for
some small constant & > 0.

Under these simplifying assumptions, we proceed as follows. We let g : {0,1}"* — {0,1}"
be a function that is 2~ 2(™) hard to approximate by poly(n,,) size Yg-circuits over the uniform
distribution; we can obtain such ¢ using hardness against Ys-circuits. Since n, = n’, we can
re-parameterize and ensure that ¢ is 272() hard to approximate by poly(n) sized circuits. Using
this, our extraction construction will be 2Ext(¢g(W1),...,9(Wy); X) where 2Ext is the two source
extractor from [CZ19; Lil6] with polylog(n) entropy requirement.

For the proof of correctness, we argue as follows. Assume the extractor fails and there exists
Zheavy € {0,1}™ such that Pr2Ext(W,X) = zpeavy] > (1 +¢) - 27™. Since W; has length much
smaller than the entropy of X, by chain rule for min-entropy (Lemma 4.10), for most w; ~ Wj,
X|(W; = wj) has high entropy. For simplicity, assume that this holds for all w;. Using combinato-
rial list decoding property of 2Ext, for each w;, the number of “biasing” y € {0, 1}"»*—y such that
Pr2Ext(y, X|(W; = w;)) = Zheavy] = 27" + €2Ext s at most ok1 — gpolylog(fnw) — gpolylog(n) - [Jging
approximate counting, for a fixed w; ~ W, we can construct a ¥ circuit that identifies whether a
y € {0,1}™¢ is such that Pr2Ext(y, X|(W; = wj)) = Zheavy) > 27" + €2ext. Then, using uniform
sampling ideas, we can construct a Ys-circuit that on input w; ~ Wj, uniformly samples such a
biasing y ~ {0,1}*. Since g(wj) is biasing, this poly(n) size Yo circuit computes g(w;) with
probability at least 2~ Po¥1og(n)  However, this contradicts the fact that g is 2~ %(w) = 2" hard
to approximate by poly(n) sized circuits. This establishes that our construction indeed outputs m
uniform random bits.

To extend the argument for the case of when W is statistically close to U, , we will open up the
construction of the hard to approximate function g and argue that morally, g is still exponentially



hard to approximate for samplable sources that are statistically close to the uniform distribution.
Also to extend this to the case of when k = polylog(n) or k& = O(log(n)) and reduce our hardness
assumptions, we do not use a modular argument as above and instead execute the above strategy
in “one shot”, as done in previous works such as [BGDM23; Sha25b].

Extracting under nondeterministic hardness To reduce our assumptions all the way to
hardness against nondeterministic circuits, we closely follow the proof strategy of [BGDM23]. So,
instead of first constructing a hard to approximate function and then using uniform counting and
sampling, we do a holistic analysis. We provide the details below.

Construction We first apply a result of [SU06] that shows that if E is hard for exponential size
nondeterministic circuits, then E is also hard for exponential size NP circuits. Hence, we work
with the latter assumption and let f : {0,1}" — {0,1} be such that f is computable in time 2°(")
but requires 2°" size NP circuits (see Definition 4.3). We (carefully) set 7 = O(log(n)) (it will
depend on the size of circuits that are sampling our sources) and consider the finite field vector
space IFZ where t = O(1) and ¢' = 2™. We then consider the low degree extension f : F g — Fy

of f so that ]?(7‘(.23\)) = f(x) for some efficiently computable bijective function 7.'° Moreover, we

can ensure that f has total degree d < t -2/t = poly(n) and that f is explicitly computable.
As ¢' = 2™, we can interpret each W; as being a source over FZ. With this, our extractor Ext

~ ~

will output 2Ext(f(W1),..., f(Wy);X). To obtain polylog(n) entropy extractors, we use the two
source extractors from [CZ19; Lil6] and for O(log(n)) entropy, we use the two source extractors
from [Li23]. We take advantage of the fact that for poly(n) input length and input length n,
the parameters of these extractors are affected by a small constant and so if & > polylog(n) or
k > Clog(n) for a large enough constant C, then we still satisfy the min-entropy requirements of
these extractors.

Correctness - setup We proceed by contradiction and assume that our extractor fails. This

~ ~

means there exists some outcome zpeavy € {0,1}™ such that Pr2Ext(f(Wi),..., f(W,);X) =

~

Zheavy] > (1+€)-27". We will use (W, X) and above property to reconstruct f, i.e., come up with

a small NP|| circuit computing f. Doing so will also let us compute our said hard function f using
a small NP circuit, a contradiction.

Correctness - high level argument We here sketch our complete high level idea, and provide
additional details about a couple of components below.

We use the notation Ly, 4, : F — F' to denote the unique line such that Ly, ,,(0) = v; and
Ly, 5,(1) = v2. We show that there exists an element v* € F* such that for 0.99 fraction of v € F?,
we can test (using _randomness and nondeterminism) whether a degree d univariate polynomial
h :F — F equals f o Ly,. We then show how to explicitly construct a small NP circuit that
outputs the description of such h by solving the gap probability maximization problem - GPM
for randomized nondeterministic circuits. Finally, we compute f(v) = f o Ly« (1) = h(1). Since
this property holds for 0.99 fraction of v, we have obtained a small NP circuit that agrees with f
for 0.99 fraction of inputs. We then use well known results regarding self correction of low degree

'"We are making many simplifying assumptions here regarding divisibility but for the sake of exposition, we will
continue doing so.



polynomials [GLRSW91] to obtain a small NP, circuit that computes feverywhere. This gives us
the final contradiction.

Correctness - distinguishing property Fory € L,, ,,, we write L;llm (y) for the unique ¢ € F
such that Ly, 4, (c) = y. Using combinatorial list decoding property of 2Ext as well as properties of

low degree polynomials and lines, we obtain the following distinguishing test:

Lemma 2.4 (Informal version of Lemma 5.5). There exists v* € F! such that for 0.99 fraction of
v € Ft, each of the following holds.

1. Let h: F — T be a degree d univariate polynomial such that h = fo Ly . Then,

P Jy € F : 2Bxt (y1, ..., h(LEL (w5), ..., y5; @) = Zheawy| > 2™ (14€/3).
i B Kt (1, B () 96 2) = Zheany] = 27 (142/3)

2. Let h : F — T be a degree d univariate polynomial such that h # fo Ly« . Then, either

-~

h(0) # f(v*) or the following holds:

PI‘ HyEFezEXt(y;,hL;*lvw ,...,yg;ﬁ):zheav}§2*m 1+€6
(w,2)~ (W X)W €Ly, 1 (Lys o (w5)) . (1+4¢/6)

For the first item above, since h = f o Ly, h(L;*{v(wj)) = f(wj). In fact, we argue that the

~

property above will hold for the choice of y; = f(wj;) in that item. Note that such a condition already
holds for (w,z) sampled from (W, X) by our contradiction assumption. Hence, we carefully pick
lines Ly« , so that the high bias towards zneavy is preserved. For the second item, we carefully use
properties of low degree polynomials, lines, the combinatorial list decoding property of 2Ext, and the
fact that W has length smaller than H.,(X) to obtain the result. To get around the fact that W
is 0-close to U,,, instead of being truly uniform, we express W as a convex combination W; = (1—
26)A +20B where A is such that Hoo(A) > n,, — 1 and B is an arbitrary distribution.!! We ensure
that 6 < 107%¢2-272™ and so barring tiny error terms that get absorbed in the distinguishing error,
and in the probability of “good lines” (lines where the distinguishing property holds), we morally
pretend that W behaves just like a very high entropy distribution such as A. See Section 5.3 for
more details regarding the proof.

Correctness - distinguishing tester For fixed v € F! we construct a small randomized non-
deterministic circuit Ciest that receives as input a degree d univariate polynomial and satisfies the
following:

~

o If h = fo Ly ,, then Ciest outputs 1 with probability at least « (for some real v > 0 that
is independent of v). Formally, for such h, with probability at least v over its randomness,
there exists a witness accepting h.

o If h # .]/C\O Ly« », then Ciest outputs 1 with probability at most v/2 (for the same 7 as above).
Formally, for such h, with probability at most /2 over its randomness, there exists a witness
accepting h.

1VWe do not require that A or B are samplable.
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We construct Ciest on input h as follows:

~

1. If h(0) # f(v*) then output 0.
2. Using randomness, sample (w,z) ~ (W, X), outputting 0 if w;j & L= ().

3. Using nondeterminism, output whether there exist y € F¢  such that
2Ext(y1, .. ., h(L;*{U(wj)), YL T) = Zheavy-

Using the distinguishing property from above, we see that if h = fo Ly« v, then Clesy accepts with
probability at least Pr[W; € Ly« (F)] - 27™(1 + ¢/3). Furthermore, if h # J?o L+ 5, then Ciest
accepts with probability at most Pr[W; € Ly« ,(F)] - 27™(1 4 €/6). By sampling more elements
from (W, X), we can amplify this difference between acceptance probabilities and obtain Ciegy with
the stronger properties as laid out above. See Section 5.1 for further details.

Correctness - solving GPM To finish off the proof, we construct a small NPH circuit Ccpm
that solves the gap probability maximization problem for randomized nondeterministic circuits.
Here, the input is a randomized nondeterministic circuit C' : {0,1}" — {0,1} with the guarantee
that there exists v > 0 and some z* € {0, 1}" such that with probability at least 7, there exists a
witness accepting z*. Moreover, for x # z* € {0,1}", the probability that there exists a witness
for x is at most /2. The goal of Cgppm is to output such x*. In particular, we will pass Ciest from
above to Cgpm and Cgpm will output the description of ]/”\o Lys 4.

As mentioned earlier, this problem was introduced by [BGDM23| and they solved for the case
of when the input circuit C' was a randomized circuit (without nondeterminism). We use the
exact same algorithm as [BGDM23], and show that it in fact solves GPM against randomized
nondeterministic circuits. The main observation we need here is that an NP oracle can test whether
a nondeterministic circuit is satisfiable. To see this, by definition, a nondeterministic circuit is
satisfiable if there exists an input and a witness where the circuit outputs 1. This is indeed an NP
predicate. We provide a completely self-contained construction of Cgpp in Section 5.2.

3 Conclusion

We presented two constructions of extractors for samplable sources under nondeterministic hard-
ness: (1) Extractors with k£ = poly(log(n)) entropy requirement that output m = 0.99% random
bits that are 1/ poly(n) close to uniform and (2) extractors with & = O(log(n)) entropy require-
ment that output 1 random bit that is O(1)-close to uniform. We note that these extractors are
at the “frontier” of parameter tradeoffs for samplable sources. The situation is quite similar for
known explicit constructions of two-source extractors. Among explicit constructions that can han-
dle 1/ poly(n) error or larger, there are two extractors that are at the frontier: (1) Extractors for
two independent sources by [CZ19; Lil6] that require min-entropy poly(log(n)), output m = 0.99%
uniform random bits with error 1/ poly(n) and (2) extractors for two independent sources by [Li23]
that require min-entropy O(log(n)) that output 1 uniform random bit with O(1) error.

This is not a coincidence. Our constructions use these two extractors as black box objects.
Moreover, our techniques are robust and flexible enough that any further improvement in the
frontier for extractors for two independent sources will lead to a similar improvement in extractors
for samplable sources. It also raises the following natural question: Is it possible to break this

11



apparent two-source extractor barrier for samplable sources? More concretely, it remains open to
construct an extractor for samplable sources that works for min-entropy O(logn) with polynomially
small error.

Our extractors, like prior constructions for samplable sources, rely on two-source extractors in
a black box or in a white box way. Hence, it is unclear how using previous techniques one may
bypass this. We leave open this question for future investigation.

4 Preliminaries

Notation For an integer n € N, we let [n] := {1,2,...,n}. We use o to denote function compo-
sition. Given z; € {0,1}" and index set [D], we write {z;};cp) to denote the vector which is the
concatenation of z;’s. All logarithms are of base 2. We use bold font, such as X, to denote random
variables. The support of a random variable X, denoted Supp(X), contains all elements x such
that Pr[X = 2] > 0, and we write X ~ V if Supp(X) C V. For a distribution D, we write z ~ D
to indicate z is sampled from D. We use U,, to denote the uniform random variable over {0, 1}"™.
In the context of pseudorandomness, we often refer to a random variable as a “source.”

4.1 Circuits
4.1.1 Basic definitions

Definition 4.1 (Nondeterministic circuit). For n,w € N, we say C : {0,1}" — {0,1} is a nonde-
terministic circuit if C' is fed two kinds of input wires—actual input from {0,1}" and witnesses from
{0,1}¥. We interpret C as accepting x € {0,1}" if there exists y € {0,1}"* such that C(x;y) = 1.

Definition 4.2 (Randomized Nondeterministic circuit). For n,r,w € N, we say C : {0,1}" —
{0,1} is a randomized nondeterministic circuit if C' is fed three kinds of input wires—actual input
from {0,1}", random bits from {0,1}" and witnesses from {0,1}*. We interpret C as accepting
x € {0,1}" with probability p = Pry~u,[3z € {0,1}" : C(z;y; 2) = 1].

Definition 4.3 (NP;—Non-adaptive NP circuit). For n,m € N, we say C' : {0,1}" — {0,1}"
is a non-adaptive NP-circuit, denoted as NP -circuit, if C is additionally allowed access to gates
solving an NP-complete problem with the restriction that queries to such gates must be made non-
adaptively. 2

Definition 4.4 (X;-circuit). For i,n,m € N, we say C : {0,1}" — {0,1}" is a 3;-circuit if C is
allowed gates solving the canonical 3;-complete language.

We emphasize the distinction between NP-circuits which are allowed NP oracle gates, and
nondeterministic circuits which are circuits that take witnesses along with actual inputs.

4.1.2 Equivalence of hardness assumptions

We will need the following result relating hardness assumptions for E:

1276 rigorously formalize non-adaptivity, we say that we can associate two circuits C; and Co with C' where C}
receives the input and outputs queries to be made to the NP oracle gates. Then, C receives the input, as well as the
answers to the queries that C; made, and provides the output.

12



Theorem 4.5 ([SU06]). The following are equivalent:

1. There exists a language L € E = DTIME(29(")) such that L requires 2™ size NP -circuits.

2. There exists a language L € E = DTIME(QO(")) such that L requires 22 size nondetermin-
1stic circuits.

4.2 Defining samplable sources
Definition 4.6 (Samplable sources). We say X ~ {0,1}" is samplable by a circuit C : {0,1}" —
0,117, if X = C(U,).

We say X is samplable by size s circuits to mean that there exists a deterministic circuit C' of
size s such that X is samplable by C.

Definition 4.7 (Samplable sources with postselection). We say X ~ {0,1}" is samplable by circuits
C :{0,1}" — {0,1}"™ with postselection by circuit P : {0,1}" — {0,1} if X = (C(Y)|P(Y) = 1)
where Y = U,.

We say X is samplable with postselection by size s circuits to mean that there exist deterministic
circuits C, P of size s each such that X is samplable by C, with postselection by P.

We will also naturally extend this notion to consider sources where X is samplable by size s
deterministic circuits with postselection by size s nondeterministic circuits.

4.3 Probability

We recall some useful notions and tools from probability.

Definition 4.8 (Statistical distance). The statistical distance between two random variables X,Y ~
V is 1
X -Y|:= ggwr[x €8] -PrlY eS| = 21;/]Pr[X = o] — Pr[Y = ]|

We say X, Y are e-close, written X ~, Y, if | X — Y| < e. Note that this € error is additive.

Definition 4.9 (Min-entropy). The min-entropy of X is defined as

H(X) = i log =———
wo(X) IESII?I;II)I(X) OgPr[X:x]

We will need the following useful chain rule for min-entropy.

Lemma 4.10 (Min-entropy chain rule, [MWO7]). For any random variables X ~ X and Y ~Y
and ¢ > 0,

P@[HOO(X |Y =y) > Hoo(X) —log | Supp(Y)| — log(1/e)] > 1 —e.

yN

We will also need the following observation regarding the effect of conditioning on min-entropy:

Lemma 4.11. Let X ~ X be an arbitrary random variable and let E be an event that occurs with
probability at least p > 0. Then, Hoo(X|E) > Hoo(X) —log(1/p).
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Proof. Let 2 € X be arbitrary. It suffices to show that Pr[(X|E) = z] < 2~ Hee(X)Hog(l/p) = We
easily compute that,

Pr[X =z A E] < 27 Ho(X) — 9~ Hoo(X)+log(1/p)

Pr[(X|F) =z| = PrlE] < 5

proving the desired claim. O

4.3.1 Characterizing smooth min entropy

Definition 4.12 (Smooth min-entropy). We say X has smooth min-entropy Hi(X) > k if there
exists Y such that | X —Y| <~ and Hx(Y) > k.

We will need the following well known claim:

Claim 4.13. Let X ~ {0,1}" be such that H3(X) > k. Then, for all S C {0,1}", it holds that

Pg{[wGS] <|S]-27% 4.

Proof. Let X’ ~ {0,1}" be such that | X — X'| < v and Hoo(X') > k. Then, Pry.x/[z' € 5] <
|S| - 27%. By definition of statistical distance, we have that

PrizeS|< Pr o' eS|+v<|S|-27F+~
z~X /!~ X!

as desired. O

From this, we will obtain the following result regarding smooth min-entropy and its weight on
heavy elements.

Claim 4.14. Let X ~ {0,1}"™ be such that Ho(X) > k. Let H = {z € {0,1}" : Pr[X = z] >
2711 Then, Pryx[r € H] < 2v.

Proof. We will show that |H| < -2*. Using Claim 4.13, we will obtain our desired claim. We now
show the upper bound on size of H. Let X’ ~ {0,1}" be such that |X — X’| <~ and Hoo(X') > k.
By definition of statistical distance,

Z PriX =z] - Pr[X' =z] <. ()
zeH

We observe that Pr[X’ = 2] < 27F for all # and Pr[X = z] > 27%*! for all 2 € H. From this we

obtain that
S PX =a] -PrX =a] >y (2—k+1 - 2—’f) > |H|-27F.
zeH xz€H

Combining this with Equation (*), we infer that |H| < v -2* as desired. O
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4.3.2 Inequalities and tail bounds
We find it useful to record the following well known inequality:

Claim 4.15. For all 0 < e <1, the following holds:
1+e<ef<1+3¢
We state Markov’s inequality.

Lemma 4.16 (Markov’s inequality). Let X ~ R be such that all elements in Supp(X) are non-
negative. Then, for a > 0:
E[X]

PriX >a] <
a

We record the standard (multiplicative) Chernoff bound.

Lemma 4.17 (Chernoff bound). Let Xy, ...,X,, be independent random variables taking values in
{0,1}. Let X =), X;. Let p = E[X]. Then, for all 6 > 0, the following holds:

Pr[X > (14 6)p] < exp(—5°u/(2 +6))
Also for 0 < § < 1, the following holds:
Pr[X < (1 —4)u] < exp(—0%1/2)
We will rely on the following standard bound on variance of a bounded random variable.

Lemma 4.18 (Popoviciu’s inequality on variances). Let a < b € R and let X ~ R be a random
variable such that for all x € Supp(X), a < x <b. Then,

Var(X) < = - (b—a)?

N

We will also make use of the well known tail bound from variance.
Lemma 4.19 (Chebyshev’s inequality). For any random variable X ~ R and any € > 0,

Var(X
Prf[X — i > ¢] < YorX)
€
Using the above two, we easily obtain the following tail bound regarding sums of bounded
pairwise independent random variables.

Lemma 4.20. Let a,b € R and let Xq,...,X, ~ R be pairwise independent random variables such
that for all i € [n], and x; € Supp(X,;), it holds that a < x; <b. Let X =" | X;. Then, for any
e > 0 it holds that ( 2
n(b—a
Pr{iX —EX)|>¢ < ——~.
HX - E(X)| 2 o] < M

Proof. We apply Lemma 4.18 to each X; to obtain that Var(X;) < %. Since {X;}~, are

pairwise independent, Var(X) = Y | Var(X;) < n(b%af. Applying Lemma 4.19 to X, we obtain
the desired result. O
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4.4 Pseudorandom objects
4.4.1 Basic definitions

Definition 4.21 (Code). We say C is an [N, D], code if C C [q|" is such that for all Cy # Cy € C,
the Hamming distance between C1 and Cy is at least D.

Definition 4.22 (Pairwise independent hash functions). Forn, M € N, we say a family of functions
={h :{0,1}" — [M]} is pairwise independent if:

o For all x € {0,1}", and h ~ Uy, the random variable h(x) is uniform over [M].

o For all x1 # o9 € {0,1}", and h ~ Uy, the random variables h(x1) and h(x2) are indepen-
dent.

We next define condensers that are relaxations of extractors.

Definition 4.23 (Condenser). A function Cond : {0,1}" x {0,1}¢ — {0,1}™ is a (k — £,7)-
condenser if for every (n,k)-source X, Cond(X,Uy) is y-close to some (m,£)-source.

We recall the definition of two-source extractors, an ingredient that is crucially used in our
work.

Definition 4.24 (Two-source extractor). For ni,ng,m,ki,ka € N and ¢ > 0, we say 2Ext :
{0,1}™ x {0,1}"2 — {0,1}™ is a (ki, k2, €) two-source extractor if for all random variables X; ~
{0,1}™ X9 ~ {0,1}" such that Hoo(X1) > k1 and Hoo(X2) > ko, it holds that

‘ZEXt(Xl,Xg) — Um‘ <eE.

We will need the following combinatorial list decoding property of two-source extractors:

Lemma 4.25. Let 2Ext : {0,1}™ x {0,1}"2 — {0,1}™ be a (k1, k2, €) two-source extractor. Then,
for all Xo ~{0,1}" such that Hoo(X2) > k2 and z € {0,1}™, it holds that

[{z € {0,1}™ : Pr[2Ext(z, Xy) = 2] > 27™ + &}| < 28

Proof. We proceed by contradiction and assume this does not hold. Let B = {x € {0,1}" :
Pr[2Ext(w, X2) = 2] > 27™ + ¢}. Then, by assumption, we have that |B| > 2%, Let X; ~ {0, 1}™
be a random variable that is uniformly distributed over B and is independent of Xs. Then, we see
that Hoo(X1) > k1. Also by assumption,

Pr[2Ext(X, Xy) = Z o7 Prl2Bxt(z, Xs) = 2] > 27" + ¢
xr€eB | ‘
However, this contradicts the fact that 2Ext is a (k1, k2, &) two-source extractor. ]

Definition 4.26 (Seeded extractor). For k,n € N and ¢ > 0, we say sExt : {0,1}" x {0,1}¢ —
{0,1}™ is a strong seeded extractor if for all X ~ {0,1}" such that Hoo(X) > k and Y = Uy, we
have that (Y,sExt(X,Y)) =: (Y,U,,).
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4.4.2 Previous work

We will use the following constructions of seeded extractors.

Theorem 4.27 ([GUV09]). There exists a universal constant C such that for all n,k,e where k >
O(log(1/¢)), there exists an explicit (k,e)-strong seeded extractor sExt : {0,1}" x {0,1}¢ — {0, 1}™
with d = C'log(n/e) and m > k/2. Furthermore, the runtime of the extractor only depends on n.

We will need the following explicit construction of two-source extractors.

Theorem 4.28 ([CZ19; Lil6]). There exists a universal constant C > 0 such that for all n,k € N
and € > 0 such that (log(n/e))¢ < k < n, there exists an explicit (k,k, ) two-source extractor
2Ext : {0,1}™ x {0,1}™ — {0, 1} running in time poly(n,1/e) where m = k/C.

Theorem 4.29 ([Li23|). For all constant € > 0, there exists C' = C(g) > 1 such that for alln € N,
there exists an explicit (C'log(n), Clog(n), e)-two-source extractor 2Ext : {0,1}" x {0,1}"™ — {0, 1}.
Furthermore, 2Ext is computable in time nC.

We will need the following explicit construction of pairwise independent hash functions:

Lemma 4.30. For all n,M € N, there exists a family of pairwise independent hash functions
H ={h:{0,1}" — [M]} such that we can sample h ~ Uy using O(n + log(M)) random bits and
the function h can be computed in time poly(n,log(M)).

4.5 Lines in finite fields

We introduce some convenient notation for lines over finite fields.

Definition 4.31. For a finite field F, and z,y € F', we define line Ly, : F — F' as Ly ,(c) =
(I—c¢)-z+c-y. In particular, Ly ,(0) =z and L, (1) = y.

We say a line L, , is non-trivial if  # y. For a non-trivial line L, , and a point v € F* such
that v € L, 4(F), we let L;Zl/(v) be the unique element ¢ € F such that L, ,(c) = v.

5 Extracting from elementary SSR sources

In this section, we will show how to extract uniform bits from an elementary somewhere shrunk
and random source (elementary SSR source) along with a samplable source.

Theorem 5.1 (The main theorem). Assume E is hard for exponential size nondeterministic cir-
cuits. Then, there exists a constant C' such that for all constants Coys, Csamp and all large enough
integer parameters Ny, n,m,{, ky, and all A, e, ey, satisfying

1 g <e?.272m/C,
2. (log(n)) < ny < ky/3.
3. A <n,/C.

4. 2M =1/e = nCou,
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the following holds. There exists a poly(n) time computable function Ext : ({0,1}™)¢ x {0,1}" —
{0,1}™ with the following property: for all W = (Wy,..., Wy) ~ ({0, 1}”“’)€,Y ~ {0,1}" such
that

o (W,Y) are samplable by size nCsame circuits with postselection by size n“sm nondeterministic
circuits,

e there exists j € [{| such that H»(W;) > n,,, — A, and
e H(Y) > ky,

we have
Ext((W;Y) =, Uy,.

To prove this, we will show that there exists a small circuit that reconstructs any low degree
polynomial over a finite field if the extractor fails. Before formally defining it, we find it useful to
explicitly state the assumptions that we will use for that theorem, and also in many helper lemmas
for it.

Assumption 5.2. Let {,d,t, ki,kz,n,m,q € N, let 0 < £,ein, 28 < 1 and let A > 0. Assume
that q is a power of two and let F = F, be the finite field of size q. Let f : IFZ — [y be a polynomial
with total degree d. Let 2Ext : {0,1}¢1°8(9) x {0,1}™ — {0,1}™ be an explicit (ki, ko, eogx) two-
source extractor. Let W = (Wq,..., W) ~ (FZ)Z and let Y ~ {0,1}". Let j € [£] be such that
H:r (W) > tlog(q) — A. Assume there exists Zheqwy € {0,1}™ such that

-~ ~

Pr2Ext(f(W1),..., f(W¢);Y) = Zheawy] = (1 4+¢€)-27™.
Furthermore, assume that the following constraints are met:
1 eope < 5 2™

2. gin < €3p,, - 1070

3. Hoo(Y) — 2tlog(q) — m —log(24/e) > ko
Joq> 18432.4.2i§+2m+2k1 ‘
_ 22(A+1) 9.22(m+A) 48.22k1+tm ¢4
5. g+ P R A E + B < 0.0

With this, our reconstruction theorem is formally defined as follows.

Theorem 5.3 (Reconstruction from biased extractor). Suppose we are in the setting of Assump-
tion 5.2. We additionally make the following computational assumptions:

1. Assume that (W;Y) is samplable by size ssamp circuits with postselection by size ssamp nON-
deterministic circuits.

2. Assume that the two source extractor 2Ext runs in time Syg on any input.

Then, there exists an NPy circuit of size poly(1/e, $samp, 52Ext, ¢, t,10g(q), 1, d) computing ]?
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We prove this result in Section 5.1. Using this, we prove our main theorem by setting parameters
appropriately as follows:

Proof of Theorem 5.1. Before we describe our construction, we apply Theorem 4.5 to infer that our
assumption implies that E is exponentially hard for NP circuits. Therefore, there exist 0 < 8 <
1 < B such that for all r, there exists a function f : {0,1}" — {0, 1} such that f € DTIME(257)
and that f requires NP circuits of size at least 28T,

Our constructions will have two ingredients—low degree extension of a hard function and an
appropriate two source extractor. Our final extractor will encode each W; using the low degree
extension and pass them to the two-source extractor. Then, using reconstructive properties from
Theorem 5.3, we will show that if our extractor fails, then our circuit lower bound assumption will
be violated.

Setting parameters for the construction We observe that ¢ < n®sm and we will keep using
this fact below. Also without loss of generality, we assume Coyy < Csamp.

We let 0 < a < 1075 be a small enough constant, that we set later. Let ¢t = [a—lﬁ-‘ Let

Ny = [nw/(t+1)]-t. Let ¢ = 20mw/GD1 " Let r = {Csa"?:il;g(n)-‘ We will set our universal
constant C to be much larger than ¢.

Setting up low degree extension We first setup the low degree extension. Let f: {0,1}" —
C'Samp

{0,1} be the function from our circuit lower bound assumption which will be hard for size n™«
NP|-circuits. Let H C F, be any subset of size [2/!]. Then, we can define 7 : {0,1}" — H*

to be any natural injective map. We let ]?: Ff] — 4 be the low degree extension of f—such

that for all z € {0,1}", f(r(z)) = f(z). Moreover, we can ensure that f is computable in time

o~

poly(n, 2") = poly(nsme) and that f will have total degree at most 27/t < t.nCsmpt1 < 5Csamp+2,

Setting up the two-source extractor By appropriately padding with zeroes, we can instantiate
the two source extractor from Theorem 4.28 to obtain a (polylog(n), polylog(n), £2gxt) two-source
extractor 2Ext : {0,1}¢1°8(2) x {0,1}" — {0,1}™ where eog¢ = € - 27™/C'/3 where we set the
constant C' later. We can indeed instantiate such an extractor since £ -log(q) < £-n < nCsampt1
and the two source extractor of Theorem 4.28 requires poly(log(n)) entropy, which is only affected
by a constant factor even when padding with poly(n) many zeroes.

We mention here that we will take the universal constant C' to be large enough so that the
entropy requirement of 2Ext in each source will be smaller than (log(n))¢/1%. We will repeat this
fact again later on. Note that padding input to 2Ext with poly(n) many zeroes only affects this
inequality by a constant factor which is completely fine.

Also, since £-log(q) < £-n < nCsamtl we have that 2Ext runs in time poly(n, eogx;) = poly(n).

Interpreting input in finite field Since tlog(q) = [ny/(t+1)] -t < ny, for any v € {0,1}™,
we can appropriately truncate the source and interpret v as an element of FZ'

The construction On input w = (wy,...,wy) and y, for each i € [¢], we truncate each w; as

~

described above to obtain w] € Ff}' Using these, we output 2Ext(f(w), ..., f(w});y).
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Correctness We let W' = (W{,...,W}) ~ (F.)* where W/ is the projection of the source

W ~ {0,1}" onto [ﬁr—wl-| -t bits. We observe that the entropy gap of W; is also at most the

entropy gap of W;. In particular, HZ» (W;) > nyy — A, where n, is the length of each wy.

We now proceed by contradiction and assume the extractor Ext fails, i.e., |Ext((W,Y) — U,,| >
e. By an averaging argument, this implies there exists z € {0,1}" such that Pr[Ext(W,Y) =
z] > (14¢)-27™. By construction of Ext, this means that Pr[2Ext(f(W?),..., F(W});Y) = z] >
(1+¢)-27™. We now apply Theorem 5.3 to obtain a small NP circuit computing f Before we
do that, we need to verify that we indeed satisfy the assumptions laid out in Assumption 5.2. We
briefly sketch the argument for each of the 5 assumptions laid out there (we will implicitly keep

using the fact that our constant C' is large enough):
1. This follows from our setting of eopyt.
2. This follows from our setting of &jy,.
3. By plugging in parameters, the inequality simplifies to showing;:
ky — 2n,, —m —log(24/e) > ks.

By assumption, k, — 2n,, > (log(n))® and the remaining subtracted terms on the left side
are O(log(n)). We ensure that our constant C'is large enough so that (log(n))¢/1% > ky and
the above inequality is satisfied.

4. After taking logarithm and plugging in parameters, the inequality simplifies to showing:
a-f-ny —2A > 0(1) + (Csamp + 2) log(n) + 2m + 2k;

As A < n,/C (we take it to be bigger than 1/(af) = t), and n,s > n, /2, the left side is at
least poly(log(n)). Since the right side is only O(log(n)), the requirement is satisfied.

5. The first term is easily o(1). For the second term, we take logarithms and simplify, and
argue as above that a - 3 - n, — 2A > poly(log(n)) to obtain that this term is o(1). Using
our assumption regarding ej,, the third term is also o(1). For the fourth term, we again
take logarithms and simplify and first argue as above that a - 3 - ny, — k1 > poly(log(n))
(this follows since our initial constant C' is large enough) and that the remaining terms are
O(log(n)), so that the contribution of the fourth term is also o(1) as desired.

Therefore, we indeed satisfy all the constraints and can apply Theorem 5.3 to obtain an NP,
circuit Df : IF'Z — T of size poly(1/e,n%me ¢t log(q),n) computing f (we here incorporated the
runtime of 2Ext and utilized the fact that d < nCSamP“). Using Df, and injective property of T,
we can obtain an NP circuit Dy : {0,1}" — {0,1} such that Dy(z) = f(z) for all z € {0,1}".
Moreover, the size of Dy will be same as that of D 7 So, to obtain a contradiction to the hardness
assumption of f, it suffices to show that size of D 7 is at most 26" = nCsme/c

We can without loss of generality upper bound the size of Df by nCsmeC1 where O > 1 is a

universal constant, independent of Csymp. Therefore, we can set o = ﬁ to obtain the desired
contradiction. ]
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5.1 Reconstructing low degree polynomial from failed extractor

In this subsection, we will prove Theorem 5.3. Towards proving this, we will need the following
three ingredients.

The first ingredient we need is a nondeterministic circuit that solves “Gap Probability Maxi-
mization” problem for the class of randomized nondeterministic circuits. Formally, we need:

Lemma 5.4 (GPM solver). Let n,s € N and 0 < v = ~(s) < 1 be arbitrary. Let C be a class
of randomized nondeterministic circuits of size s with n inputs such that each C € C satisfies the
following.

o There exists a unique =* € {0,1}" such that Pr[C(z*) = 1] > 7.

o For all x € {0,1}" such that x # x*, it holds that Pr[C(z) = 1] <

2o

Then, there exists a poly(s) size NP)-circuit Cgpm : {0, 1}slog(s) 5 £0,1}" such that Copm(C) = z*.

We construct such a solver in Section 5.2. We will use the parameter-free version of this solver.
This follows from the construction in Section 5.2 by trying all guesses G' € {1, (1+n), (1+n)?,...,2%}
for v2%, where n > 0 is a sufficiently small universal constant. One guess lies in the constant-factor
range needed for the hashing argument, and the final deterministic part selects a scale whose
accepting input is uniquely determined. This only increases the circuit size by a polynomial factor.

The second ingredient that we need is a distinguishing test that can decide whether a low degree
univariate polynomial equals the target multivariate polynomial composed with a line or not. Here
is the precise key lemma:

Lemma 5.5 (Distinguishing correct polynomial). Assume we are in the setting of Assumption 5.2.
Then, there exists v* € Ft such that for 0.99 fraction of v € Ft, each of the following holds.'?

1. Let h: F — F be a degree d univariate polynomial such that h = fo Ly« . Then,

P Jz € F 2 2Ext (21, ..., h(LL (W), ..., 200) = Zheavy| = 27 (14€/3).
<w,y>~(<w,Y>|§NjeLv*w(lF))[ ’ (71 MG 00D 050) = 2] 22719

2. Let h : F — F be a degree d univariate polynomial such that h # fo Ly . Then, either

~

h(0) # f(v*) or the following holds:

P 3 eIFfzzEt( L R(LEE (W), ;): }<2—m1 6).
(wvy)N((WngleeLy*J;) o % .:Ul ( v 7U(w-])) -:U( y Zhea'uy - ( +6/ )

We will prove this property in Section 5.3. The third ingredient we need is a well known result
regarding self correcting properties of low degree polynomials:

Theorem 5.6 ([GLRSWO1]). For all d,t € N and a finite field F such that |F| > 2(d + 1), there
exists a randomized oracle machine M such that the following holds. For all degree d polynomials

p:F = F and C: F" — F such that Prpu, [p(z) = C(z)] > B, M, with oracle access to C,
q

computes p correctly on all inputs with probability at least 2/3. Furthermore, the runtime of M is
at most poly(d, t,log(|F|)) and all the oracle queries made by M to C are non-adaptive.

BRecall from Definition 4.31 that Ly« : F — F' is the unique line where Ly »(0) = v™ and Ly» (1) = v.
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Using these, we obtain our desired reconstructive procedure as follows:

Proof of Theorem 5.3. Since we are in the setting of Assumption 5.2, Lemma 5.5 holds. Let
Csamp, Psamp be deterministic and nondeterministic circuits respectively such that (W,Y) is ob-
tained by sampling from Cs,mp with postselection from Psmp.

e We first define the following NPH—circuit Co.g9 : Ff] — F, that computes the answer
correctly for 0.99 fraction of the inputs v € IE‘Z:

Circuit 00.99.

— For each v € Ffz, define randomized nondeterministic circuit D, that takes as
input a degree d univariate polynomial, and has range {0, 1} as follows:

Circuit D,.
* Non uniformly hardwire v*, f(v*), and j € [¢] (the index of the good
block) in the description of D,,.
* Let the input degree d polynomial be h : F — F.

~

« If h(0) # f(v*), then output 0.

*x Use randomness and nondeterminism to sample
(w(l),y(l)), ce (w(”), y(’”)) ~ (W,)Y) from Csamp,Psamp where
r = %. When sampling, if the postselecting circuit Ps,mp rejects any

sample, then stop and output 0.

« Output 1 if for all ¢ € [r], it holds that w](-i) € Ly ,(FF) and, using non-
determinism, if there exist (l‘gi), . ,xy)) € F’ such that the following
condition is met.

2Ext (:cgi), k(L (w]@)), . J:Ei);y(i)) = Zheavy

— On input v € Ffl, proceed as follows.

— Using the parameter-free version of Lemma 5.4, let Cgpm be the NP -circuit
that takes as input circuits of size the same as that of D, and solves the gap
probability maximization problem. For analysis, the relevant gap parameter
isy=0- (2"" +5- 2_m)r where 3 is the probability that the postselecting
circuit Psamp accepts all 7 samples and wj(-z) € Ly, for all ¢ € [r].

— Let W/ : F — T be the degree d polynomial that is the output of running Cgpwm
on input D,,.

— Output A/(1).

e We apply Theorem 5.6 with oracle circuit as Cp.g9 to obtain a randomized NPH—circuit
Cy “ that computes the correct answer with probability at least 2/3.

e We amplify the success probability of C by repeating the process O(tlog(q)) times and
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taking the majority vote to increase the success probability of C; to be at least 1 —2-¢';
then fix a choice of randomness to obtain our final NP -circuit Cfipa), claiming to compute

~

£l

“Since the self corrector makes non-adaptive queries to Co.99, which itself makes non-adaptive queries to
NP-gates, the composed circuit makes non-adaptive queries to NP-gates.
"We crucially use the fact that in the amplification process, the non-adaptive nature of queries is preserved

Size of Cgna1 We here upper bound size of our constructed circuit Chna. We begin by up-
per bounding the size of D, (for any v). Since the circuit samples r samples from Csamp
and also runs the two source extractor that many times, the final circuit size is at most
poly(1/e, $samp, S2Ext; £, t,10g(q), n, d). Since size of Cgpm is polynomial in the input size the same
bound also applies to size of Cygg9. Lastly, since the procedure from Theorem 5.6 runs in polynomial
time, Cgpal also has the same size bound.

Correctness We claim that &/ = fo (Ly, ») above. If this were true then h'(1) = f(v), and Chpal
indeed computes fas claimed. By the self correcting property guaranteed by Theorem 5.6, if C g9
indeed computes ffor 0.99 fraction of v, then Cgpa computes ]/”\everywhere.

By construction of circuit D, and the guarantees of Lemma 5.5, for 0.99 fraction of v, the
following holds: If h = f o Ly v, then D, accepts h with probability at least 3 (27™(1 +¢/3))".
And, if h # fo Ly v, then either D, rejects with probability 1 (if A(0) # f( *)) or accepts with
probability at most 3 (27 (1 +£/6))".

The only thing that needs to be checked then is if the promise of the gap probability maximiza-
tion problem is satisfied with the claimed parameter . In particular, to show that we meet the
guarantees for Lemma 5.4, it suffices to show that

B(+e/3)">2-5(1+¢/6)

=l E i)

We compute that

v

)

(6/36) r)
2

I\/ v
I\/

where the third last inequality follows using Claim 4.15 and the second last inequality follows by
our setting of . Hence, Cfpa) indeed computes f as desired. O
5.2 Small circuits for the Gap Probability Maximization problem

In this subsection we will construct small NP -circuits to solve the gap probability maximization
problem.

Proof of Lemma 5.4. Let C' € C be an arbitrary circuit. We will use notation C(z;y,z) to mean
C' is fed with input « € {0,1}", randomness y € {0,1}* and witness z € {0,1}*. Since s is size
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of the circuit C, without loss of generality we assume that it is fed with length s randomness and
witnesses.

We construct a randomized NP|-circuit that for each circuit in C, outputs the corresponding z*
with probability at least 1 —27251°8(5) Since the number of circuits of size s is at most 25198() we
can non-uniformly fix the randomness and obtain the desired NP circuit.

Let k = 10%-slog(s), 7 = k/2,0 = 48, M = Z;-2%. Let H = {{0,1}* — [M]} be family of explicit
pairwise independent hash functions (for formal statement and properties see Lemma, 4.30). '

Using this, we define our circuit as follows.

e Sample hq,...,hr ~ Uy (this is the only place where our circuit uses randomness).*

s-k-l

e Construct nondeterministic circuit D : {0, 1}7+(5) — {0 1}, that takes witnesses from

{0,1}*** as follows:

Let input be x € {0,1}" and y = {¥i;} (i j)e[kx[q Where each y; ; € {0,1}°. Also let
z = {2ij}j)ekx|g be the witness input where each z;; € {0,1}°. With this, the
circuit operates as follows:

— If there exists 7 € [k] and j # j' € [{] such that y; j = y; j7, then output 0.

— If there exists ¢ € [k] and j € [¢] such that h;(y; ;) # 0, then output 0.

— For i € [k], let testy = 1 if for all j € [¢], C(z,yij, 2 ;) = 1.
Output 1 if 3, py testy > 7.

“We can specify the value of v in s bits and hardwire that into the circuit so that it can correctly instantiate
such a hash function family #.

e Fori € [n]let D; : {0,135 — {0, 1} be the nondeterministic circuit defined as follows:
On input z,y, output 1 if 2; = 1 and D(z,y) = 1.

e For all i € [n], make parallel NP oracle calls to whether D; is satisfiable and let Z; be the
outcome of each of these queries.

e Output (Z1,...,Zy).

Validity of the procedure We observe that the problem of checking whether a nondeterministic
circuit is satisfiable is indeed in NP. In our procedure, we make NP oracle calls non-adaptively and
hence, it’s a valid NP -circuit.

Bounding size of the circuit Using the fact that k,/¢,log(M) are poly(s), and that #H is an
explicit hash function family, we easily verify our circuit has size at most poly(s) as desired.

Correctness As mentioned earlier, we here show that with probability at least 1 — 2729 log(s)  our
circuit constructed above indeed succeeds and outputs the desired z*. Note that all randomness

1Since the acceptance probability is over s random bits, the relevant gap parameter satisfies v > 27° and so
M > é. By first adding O(1) dummy random bits that the circuit ignores, we increase v2° by a constant factor
without changing any acceptance probabilities. Thus we may assume M = v2°/64 > 1.
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here is over the choice of hy,..., h; from H.

For y € {0, 1}5’k’£, we say y is “valid” if it passes the first two tests in the circuit D. For the
rest of the correctness proof, we always assume that input y is valid, as this does not change our
claim.

Let E; be the event that there does not exist y € {0,1}¥%¢ such that D accepts (2*,y). Let
Es be the event that there exists some z # z* € {0, 1}", for which there exists some y € {0, 1}5%¢
such that D accepts (z,y). We will show that the probability that any of £ or Ey occurring is at
most 2-25198(5)  We observe that when none of E; or Fy occur then, our circuit correctly outputs
x* and hence our desired claim follows.

For i € [k] and = € {0,1}", let T,; be indicator random variables for whether there exists
y; € {0,1}* such that test? = 1, i.e., there exists a witness z; € {0, 1}** such that C(x, Yij,%ij) =1
for all j € [¢].

We claim the following:

Claim 5.7. For all i € [k], the following holds:
1. BTy ] > 2.
2. For all x # x* € {0,1}", it holds that E [T, ;] < %.

We see that Eq occurs when Zie[k} Ty <7 = % Since Ty+1,..., Ty ) are independent

random variables and their sum has expectation % - k, we apply Chernoff bound (Lemma 4.17) to

obtain that

Pr Z Ty < 7| <exp(—k/24).
1€[k]
Similarly, E> occurs when there exists x # 2* € {0,1}" such that > ;. Toi 2 7 = k. We
will union bound over each of the < 2" many such x. For each such x # z*, T, 1,..., Ty are

independent random variables and their sum has expectation é - k. Therefore, we apply Chernoff
bound (Lemma 4.17) to obtain that

Pr Z T, > 7| <exp(—9k/40).
i€[k]
Together, we obtain that Ey or Fy occurs with probability at most exp(—k/24)+2"-exp(—k/24).
Asn < s and k = 10° - slog(s), we infer that probability that either of them occurs is indeed at

most 2725198(5) a5 desired.
We finally prove our remaining claim regarding expectations of T ;.

Proof of Claim 5.7. Before we prove either of the parts, we will use the following simple claim:

Claim 5.8. Let S C {0,1}* be arbitrary and let h ~ Uy. Let « = |[SN{y: h(y) =0}|. Then,
Ela] = % and Var(a) < %

Proof. For z € S, let X be the indicator of whether for h ~ H, it holds that h(x) = 0. By definition
of pairwise independent hashing, we have that E[X] = 7 and that Var(X) = 3 (1 — ) < &
. Similarly, using the fact that each of
ar(a) < % as desired. O

i@g\

Using linearity of expectation, we obtain that E[a] =

<

these indicators is pairwise independent, we obtain that
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Using this, we prove each part of our claims one after another. Before that, we define a couple
of useful quantities. For z € {0,1}", define R(z) = {r € {0,1}° : Jv € {0,1}° s.t. C(z;7;v) = 1}.
For h € H and z € {0,1}", let Ry(z) = R(z) N {r : h(r) = 0}. By assumption regarding validity,
each of y;1,...,y; is distinct inside the circuit D. Therefore, for all € {0,1}", it holds that
E[T.i] = Prpy [|[RF| > £]. With this, we prove each of the parts of the proof.

1. We compute that

E[Te-] = Pr [[Rn(a")] = /]

Pr
h~H
=1— P * Y4

Pr [ B(a)| < 4

1 [ e

Using bounds on expectation and variance from Claim 5.8, as well as the fact that |R(z*)| >
v - 2% we apply Chebyshev’s inequality (Lemma 4.19) to infer that
.28 1 64 3

[Tl 2 M (ws%)? (64 —48)2 4

as desired.
2. For z # x*, we compute that

E[Ty,] [1R5] = 4]

= Pr
h~H

< p1 ||l -

[R@)l|  ,_ |R(2)|
M |~ M

Using bounds on expectation and variance from Claim 5.8, as well as the fact that |R(x)| <

7 - 2571, we apply Chebyshev’s inequality (Lemma 4.19) to infer that

2571 1 32 1
[Ta.d] M (6_7.28)2 (48 —32)2 8
M

as desired.

5.3 Distinguishing the correct polynomial from failed extraction

In this subsection, we will prove Lemma 5.5—our key lemma regarding distinguishing between
appropriate univariate polynomials.

Towards proving this, we will rely on the following helper lemma that shows various key prop-
erties in this setting:
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Lemma 5.9. Assume that we are in the setting of Assumption 5.2. Let Heavy; = {w; € Ft
Pr[W; = w;] > 27tle(@+A+1}  Thep,

1. Let L :Fy — ]FZ be a random non-trivial line.

Then, with probability 1 — 22(2“) . 9'22;;;+A) — 4,/€in over L, the following holds:
(a) . \
q q
5 ? < Pr[W; € L(F)|(W; ¢ HeaVy]’)] < 5 ?

(b)
Pr[W; € Heavy;|(W; € L(F))] < VEin-

Pr [3$1,
(w;,y)~((W;,Y)|W;€L(F))

2Ext(:c1,...,h(L_1(wj)),...,xg;y) = Zheavy] > 27" (14¢/3).

oz e

2. For a line L : F — F! and a degree d univariate polynomial h : F — F, we say h is ‘biasing’ if

Pr [Hml,...,xgelﬁ':
(w;,y)~((W;,Y)[W; €L(F))

2Ext(z1,..., h(L ™ (w;)), ...,z y) = zhmy] > 27™ (14 ¢/6).

For any line L such that Pr[W; € L(F)|[(W; ¢ Heavy,)] > 1 % and Pr[W; € Heavy;|(W; €

L(F))] < \/Zin, the number of biasing polynomials h is at most w.
We will prove each of the parts of the helper lemma in Section 5.4, and Section 5.5 respec-

tively. With this, let’s see how we obtain the desired property regarding distinguishing the correct
polynomial:

Proof of Lemma 5.5. The result for when h = fo L, , can be restated as:

Pr EIxGIFE:2Ext<x,...,Aw‘,...,x; ):z }>2_m1+€3.
(W) (W) WjELye ) e JU0) o 2] = Sy | 2 2L 2/3)

Let v,v* be uniformly randomly chosen points from F’ and let Ly, be the line through
them. Then, with probability 1 — ¢7¢, Ly v+ will be a non-trivial line and by Lemma 5.9, for

l—q™' - 22(2“) - 9'226(;2+A) — 4,/€in fraction of lines L, we have that
Pr Ele]FZ:2EXt(I1)"'7Aw'7...7$Z;y>22h Vj|227m1+€3’
(w,y)~((W,Y)|W;eL(F)) (w;) eavy ( /3)

proving the first part of our desired result. Also for all such lines L, the condition to apply second
item of Lemma 5.9 is met. Therefore, the number of degree d polynomials A such that

Pr Ja1,.. .,z € F i 2Ext(zy, ..., (L7 Hw;)), ..., 200y) = Zheavy] > 27" (1+€/6
(wj’y)N((ijY)‘WjeLUF))[ 1 ¢ (1 (L™ (wy)) ;Y) = Zheavy] (1+€/6)
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is at most 2422 We use terminology from Lemma 5.9 and call such polynomial h as a “biasing”

g
polynomial and let bad(L) be the set of biasing polynomials for a line L.
Let E be the event that for L ~ Ly« v, |bad(L)| < w. We claim the following.

Claim 5.10.

- ~ 24 . 22kitm g4
P 3h € bad(L) : h LARO0) = f(v¥)] < : :
oo Ty P € bad(L) s h# Fo LAR(O) = Fv1)] < = ;

We will prove this claim towards the end of this subsection. Let’s see how we finish our proof

. . . . _ 2(A+1 92(m+A
from it. From above discussion and Claim 5.10, we see that for 1 — ¢~* — 2 (q ) 92 E(;; )
92k1+m . . o, .
4./in — 482% . % fraction of lines Ly« v, both conditions of the results are satisfied. Therefore by
t 22(A+1) . 9.22(m+A) .

an averaging argument, there exists a choice of v* € F? such that for 1 — ¢~ 7 =,

4./ey — 482%htm % fraction of points v € F?, the line L, , satisfies both the desired properties. By

g

2(A+1) 92(m+A) 92k1+m .
t_ 2 — 9277 — 4 feg, — B2 d > () 99 and hence, our desired
q £4q € q )

our assumption, 1 — ¢~
result holds.
We now prove our remaining claim regarding lines with a small number of biasing polynomials.

Proof of Claim 5.10. As h and fo L are univariate degree d polynomials, they can agree on at
most d + 1 points on the line L. So, instead of comparing whether h(0) = f o L(0), if we had
picked a random element o € Fy and tested if h(a) = f o L(«), then by a union bound, the claim
would indeed hold. We argue that even when fixing the choice to 0, the claim holds. We do this by
rethinking our sampling process. Instead of our process, where we pick v*, v € F? and then consider
the line L parameterized by them (subject to the event E occurring), we can instead consider the
process where we first pick a random line L (subject to it satisfying the condition on |bad(L)|) and
then let v*,v be two random points on L; in this latter test, the test h(0) = f(v*) is equivalent
to testing h(a) = f(L(a)) at a uniformly random point o € F,. Hence, for the latter process,
the bound indeed holds. It is easy to see that both processes are equivalent and for a fixed line,
the latter process just randomly reparameterizes it. This implies the bound also holds for the first
process and our claim follows. O

O]

5.4 Proving the first part of the helper lemma

We here prove the first part of Lemma 5.9 that establishes various helpful properties regarding
lines, and low degree polynomials in our setting.

Proof of first part of Lemma 5.9. We prove each of the properties one by one. For v € Ty, let
pv = Pr[W; = v[(W; & Heavy;)]. We will use this notation when proving both properties.

22(A+1)

(a) We will show that this property holds for 1 — fraction of lines L.

We see that Pr[W; € L(F)|(W; ¢ Heavy,)] = >, cp PL(z)- Observe that for a random line L,
{L(z)}ser are pairwise independent random variables, each of which is uniformly distributed
over IFZ. Therefore, {pL(I)}xeﬁT are pairwise independent random variables. For all x € T,
we see that E[py,y)] = Euwuy, [pu] = ¢' Also, for all v € Fy, using the fact that W has
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min-entropy gap of A and that the conditional entropy has entropy gap of A + 1, we have
that 0 < p, < ¢~ - 281,

Using the above properties, we apply a tail bound on sums of pairwise independent random
variables, with bounded output range - Lemma 4.20 to {py,(y)}zer to infer that

Pr ” (me)> —q-q"
z€eF

Since for every line L, Pr[W; € L(F)[(W; & Heavy;)] = > cpPr(z), the claim follows.

—2t 22(A+1) 22(A+1)

—t q-q
"q-q < =
] 4.i.q2.q72t

—_

>

2 q

224

We will show that this property, along with the above property, holds for 1 — et 4.\ /Ein
fraction of lines L. We first bound the quantity Pr[W; € (Heavy; N L(F))] for most lines.
Formally

Claim 5.11. For 1 — 4,/e;, fraction of lines L, it holds that
1
Pr[W; € (Heavy; N L(F))] < 3 Vein-q L

We will prove this later. First, using this let us prove the desired claim. Using the lower
bound from the previous part (Item (a)) and the above claim, we have that for at least

2(A+1)
1— 4./, — 2

fraction of lines L,

Pr[W; € (Heavy; N L(IF))]
Pr[W; € L(F)]

= 1 —
§.q t+1

Pr[W; € Heavy,|(W; € L(F))] =

< €in

as desired. We now prove our remaining claim regarding upper bounding the combined event.

0 v & Heavy;
Pr[W; =v] v € Heavy;
see that Pr[W; € (Heavy; N L(F))] = >, cp qr(z)- We see that for a random line L and all
x € F, we have that E[gy,y)] = Eu~uy, [gu] = Pr[W; € Heavy;] - ¢~ < 2ei, - ¢~ where the
last inequality follows from Claim 4.14. Therefore, E [ZzeJF QL(J:)} = 2ei, - ¢~ Applying
Markov’s inequality (Lemma 4.16) to the sum, the claim follows. O

Proof of Claim 5.11. For v € Fy, let q, = { . For any line L, we

.22(m+A) .
92277 fraction

We will show that among lines satisfying Item (a) and Item (b), at least 1 —
of lines L satisfy the following;:

Pr 2Ext wi), ..., J\We); = Zheav >27"(14+¢€/3).
(w;y)~((W,Y)|WjeL(F))[ (f(w1) (w);y) = Zheavy] ( /3)

~

This suffices to prove the desired claim by setting x; = f(w;).
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We first compute that for any line L satisfying the previous two properties:

~

2Ext F R 1Y) = v
(w?y)“’((W,YrHWjEL(]F))[ xt(f (wn), f(we); y) = 2heavy]

> Pr|W, & Heavy.|W, € L(F)| - Pr 2Ext(f(w1), ..., f(we);y) = Zheav
2 PrW, ¢ Heawy [ Wy € LB o BT oy 22T 000 0) = e

> Pr 2Ext(F(w ,...,Aw 3Y) = Zheavy] — VEin-
_(w§y)N((W,Y)|(WjEL(IF)7Wj€Heavyj))[ (F(wn) flwe)iy) heavy]

Hence, it suffices to show:

Pr 2Ext(f(wy),. .., f(w = Zheavy] = 27" (1 +£/3) + \/Zin.
<w;y>~((W7Y>|<wjeL(F)\Heavyj»[ (), Fwe)iy) = Zheaw] (1+e/3)

For v € Fy, let

Let

We compute that:
Pr 2Ext Aw ,...,Aw ; = Zheav
(wl,,,,,W;y)N((w,anjeL(F)\Heavyj)[ (f(wi), ..., f(we);y) = Zneavy]
Pr[W;|(W; & Heavyj) =]

veLintieay,  DTWil(W; & Heavy;) € L(F)]

1

= bl 4+27™)  py
Pr[W; € L(F) \ Heavy,] ve;(F)( )

1
=27 + b/ * Do
Pr[W; € L(F) \ Heavy,] e;(IF

>2m+f g Zb/ Po
veL(F

where in the last line we used the fact that Pr[W; € L(F)[(W; ¢ Heavy;)] < 3.4, By

q
rearranging, we see that to prove the desired claim, it suffices to show that for 1 — 9'227;;%
fraction of random non-trivial line L, it holds that
3
> tenz (3 v &
veL(TF) 4
Using our assumptions, regarding €i,, €24, and €, we have that e;, < % Using this, we

infer that it suffices for us to show:

— q
bl m =
Z P 2 12 qt
veL(TF)
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As points on a line are pairwise independent, {b;,py },cr () are pairwise independent random
variables. We compute that

E| > bp|=q E [b,p)]

vEL(F) 4R
q - q
vEF;
q = o .
== Pr {2Ext(fw ,...,fwg;y):zh ] —27m.
q' ((w;y>~<w,Y)|<WjeHeavyj) w1 we) o
Z (E . Qim — 25in) . %
q
LU
12 qt

where the second-to-last inequality follows from the assumption that the extractor fails and
from Pr[W; € Heavy;] < 2ej, (Claim 4.14); and the last inequality follows from our assump-
tion that e, < o727

We next bound the range of b’ p, for arbitrary v € Ft. First, since b, is a probability, we have
that b, € [0,1] and so, b, € [-27,1 —27™]. Also as W;|(W; ¢ Heavy,) has min-entropy
gap A +1, p, € [0,¢q7t - 2271, Together, this implies

—2m 28T g < pp, < (1—27m) 28 g

We finally apply tail bound inequality—Lemma 4.20 to random variables {b;Pv}ueL(F) to infer
that

L (9AF1,—)\2 . 92m+2A
4 vEL(F) q 4 <§ L9-m . q%) ef-q
Rearranging, the claim follows.
O

5.5 Proving the second part of the helper lemma

We here prove the second part of Lemma 5.9. To help prove this, we will need the following result
regarding arbitrary codes from [BGDM23], which in turn is an extension of a similar result from
[GRS00]:

Lemma 5.12 (Proposition 6 from [BGDM23]). Let C be an arbitrary [N, D], code. Let S ~ [N]
be an arbitrary distribution such that Huo(S) > log(N) — A. Then, for alle > \/28+1. (1 — D/N)
and all R € [q]N, the number of codewords C € C such that Pr;.s[C; = R;] > ¢ is at most 2/¢.
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Proof of second part of Lemma 5.9. Fix a line L such that Pr[W; € L(F)|(W; ¢ Heavy,)] > :- 57
and Pr[W; € Heavy;|(W; € L(F))] < /e
Let (W,Y) = (W,Y)|W; € L(F) \ Heavy;. For v € F*, define

badX(v) ={z e Fe . _Pr [RExt(z,y) = Zheavy) = 27" + €2Ext}-

y~(Y[W;=v)

Let good"s = {v € Ft : {badx(v)‘ <2M} We set v = £ - 27™ and claim the following:

Claim 5.13.
Pr[W; € good"7] > 1 —~.

We will prove this claim in Section 5.5.1. Let’s continue the proof assuming it.
With this, we let

bad® = {h:F — F,deg(h) = d :

Pr Jz € FX : 2Ext(z1, ..., h(L™Yw;)), ..., 26:Y) = Zheavy| = 27" (1 +£/6)1.
<wj,y>~(wj,Y>|<WjeL(F)>[ (1 701, 69) = ] (/o)

Fix h € bad™. We compute

r Jz € F*: 2Ext (21, ..., (L Y (w;)), ..., as; = Zheav
(w59~ (W, Y) (W, EL(E)) [ (& (L7 ) 69)) = 2 y}

<Pr[W; € Heavy,|(W; € L(F))] + Pr[W; ¢ good"7]+

~ Pr [Ex € F!: 2Ext (xl, e h(L_l(wj)), e Xy y)) = zheavy}
(wj:y)N((Wj,Y)\Wjegoode)
<Vé€n+7+ Pr [Elx € F': 2Ext (z1,..., (LY (w))), ...,z y)) = Zheavy:|

(w;,y)~((W;,Y)|W;€good" )

where the last inequality followed using Item (b) and Claim 5.13. Using the fact that h € bad”™
and rearranging, we infer that

~ Pr [Hx e F* : 2Ext (z1,..., R(L™H(w;)), - ., 24 y)) = Zheavy:|
(w;,9)~(W;,Y)|W;€good")
>27"(1+¢/6) — v — \/Ein (1)
We now prove an upper bound on this quantity. We compute that
_ Pr [Elx € F*: 2Ext (z1,... WL N w;)), - s s y)) = zheavy}
(w;j9)~((W;, Y)W €good ")
< _ Pr [R(L7 (w;)) € bad™ (w;)] +
(w;,y)~ (W, Y)W €good"7)
- Pr [Hx € F’: 2Ext (a:l, e ,h(Lil(wj))7 e, Xy y)) = zheavy}
(w;,9)~(W;.Y)|(W; €good ™3 A(L 1 (w;)) #bad™ (w;))
< Pr [h(L_l(w])) € badX (w])] +27™ 4 E2Ext

(w;,y)~((W;, Y)W jegood"7)
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Rearranging and using Equation (1), we infer that

Pr [R(L7 (w;)) € bad™ (w;)] >

4 w. 27" = bt — Y — VEin
wj~(W;|W;€good ™)

S‘m | ™

> g (2)

where we used the fact that v = 55 - 27", eop« < 55 - 27", and that ej, < % .Q72m,

By definition of good"7, for all v € good"s it holds that ‘badX (v)‘ < 2% Therefore, for
each v € good"i with bad® (v) # @), we can define an onto function ¢, : [2¥1] — bad™ (v). For
v € goodi with bad™ (v) = 0, fix ¢, : [2F] — F* arbitrarily. Using this, Equation (2) implies that
for all h € bad™:

P [Eie M) AL ) = buy ()] 2 S 2
ij(Wj\Wjegoode) 12
This implies that for all i € bad™, there exists 4, € [2F1] such that
€
Py B(L N (wy)) = by (in)] > = 277 h
w;~(W;[W;€good"7) | ’ ’ } 12

By an averaging argument, we infer that there exists an index i* € [2¥1] and a set badz;‘ C bad®
with ‘badZ&f > }badH‘ - 27k such that for all h € bad’f, we have that

Pr WL w;)) = . ()] > — -2~k 3
o o 7 ) = 00, 0] 2 5 3)

Let C be code where for every univariate degree d polynomial h : F — F, we have a codeword
Ch = (ML Y(a1)),..., (L™ (a,))) where {a1,...,a,} = good"s in C. Since each ho L™! is a
univariate degree d polynomial, we infer that C is an [r,7 — d — 1], code. Let C* € [g]" be defined
as C*(v) = ¢, (i*) for all v € good"i. We rewrite Equation (3) in this coding terminology as saying
that there exist > ‘badH} 27" many codewords C € C such that

€
Pr [C(wj) =C*(w;)] > — - 2—m=h
w;~(W;|W€good"7) ’ ’ 12

We now apply Lemma 5.12 to C. In order to apply it, we need to claim that we satisfy the required
preconditions. We make the following two claims that we will prove in Section 5.5.1.

Claim 5.14. Hy, (W;| (W, € good"7)) > log(q) — A — 3.

Claim 5.15.
g —m—k d— 1
— .QTmTRL > . 9A+H4
12 - ‘goodwj‘

Using these claims, we indeed satisfy the preconditions and can apply Lemma 5.12 to obtain
that

2

£ .9-m—k
2 2 !

92k1 +m .
dH‘ < 242% as desired. O

[bad™| - 277 <

[y

Hence, we conclude that !ba
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5.5.1 Proof of deferred claims

We here prove the deferred claims from proof of second property of Lemma 5.9 that we proved in
Section 5.5. These deferred claims are Claim 5.13, Claim 5.14, and Claim 5.15.
We first make a couple of helpful observations:

Observation 5.16.

H.(W;) > log(q) — A —2
Proof. Recall that W; = W,|(W; € L(F) \ Heavy;). By our assumption on L, we know that
Pr[W;|(W; ¢ Heavy,) € L(F)] > 1 qq—t. Also, by assumption on W;|(W; & Heavy;), we have that
H.(W;) > tlog(q) — A — 1. With this, we apply Lemma 4.11 to obtain the desired claim. O

Observation 5.17.

Hoo(Y) > Hoo(Y) — tlog(q)

Proof. We once again recall that Y; = W;|(W; € L(F) \ Heavy,). From our assumption on L,
Pr[W; € L(F) \ Heavy,] > % . q% > ¢~t. Using this, we apply Lemma 4.11 to obtain the claim. [

We now prove our first deferred claim.

Proof of Claim 5.13. We apply chain rule for min-entropy (Lemma 4.10) to infer that with proba-
bility at least 1 — v over v ~ W, it holds that Hoo (Y |(W, = v)) > Hoo(Y) — tlog(q) — log(1/7).
Using Observation 5.17 and the fact that v = 53 - 27", we have that with at least 1 —~ probability
over v ~ W, it holds that

Hoo(Y[(W; = v)) > Hoo(Y) — 2tlog(q) — m — log(24/¢) > ka.

where the last inequality follows from our assumptions. Using the fact that 2Ext is a (k1, k2, €2ext)
two-source extractor, we apply Lemma 4.25 to infer that for each such v ~ W}, it holds that

reR: Pr [2EXt($, y) = Zheavy] >27T" g | < ok,
y~(Y)
By definition of bad* (v), the claim follows. O

Using this, we easily obtain our second deferred claim.

Proof of Claim 5.14. From Observation 5.16, we have that Ho (W) > log(q) — A —2. Also, using
Claim 5.13, we know that Pr[W; € good"7] > 1 —~. With this we apply Lemma 4.11 to infer that
H,, (W;| (W; € goodWJ')) > log(q) — A —2—log(1/(1 —~)) > log(q) — A — 3 as desired. O

We finally prove our remaining deferred claim:

Proof of Claim 5.15. We first observe that ‘ good"i | > (1221)2'(1 . Indeed, using Observation 5.16,
we infer that for all v € good"7, it holds that Pr[W; = v] < &;2. Using Claim 5.13, we have that
Pr[Wj e good"i ] > 1 —~. Using an averaging argument, the desired bound follows.
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Using this, it suffices to show the following inequality:

£ g—m—k1 > (d—1)-28+2 . 9A+4
12 (1—=7)-q

Squaring and rearranging, we infer that the above inequality is equivalent to showing that

9216 - (d _ 1) . 22A+2m+2k1
= (=)

By our assumption on ¢, we have that g > 18432'd'22§+2m+2k1 and hence, the above inequality indeed
holds. O

6 Putting things together

In this section, we combine all the ingredients we have developed so far, to construct various extrac-
tors for samplable sources. We construct extractors for polylogarithmic entropy and logarithmic
entropy samplable sources in Section 6.1, and Section 6.2 respectively.

6.1 Extractors for polylog(n) entropy sources

We obtain the following extractors for samplable sources.

Theorem 6.1 (Technical version of Theorem 1). Assume E is hard for exponential size nondeter-
ministic circuits. There exists a universal constant C' such that for all constants Coyut, Csamp > 1
and large enough n, there exists an explicit function Ext : {0,1}"* — {0,1}™ that is a (k,n~Cou)-
extractor, where k > (log(n))®,m = (1 — (1/Cou))k, for the class of sources samplable by size
nCsame circuits with postselection by size nCsme nondeterministic circuits.

Reduction to fewer output bits In order to obtain the claimed output length, we use the
following well-known transformation due to [Sha08], together with an observation of [BSS25] that
allows one to output more bits from extractors for samplable sources with postselection.

Theorem 6.2 ([Sha08], [BSS25]). For all o > 0, there exists a universal constant C' > 0 such that
the following holds. Let Ext : {0,1}" — {0,1}! be a (k,¢€) extractor for sources samplable by size s
deterministic circuits with postselection by size s (non)deterministic circuits. Furthermore, assume
that ¢ < 27190 and that t = C'log(n).

Then, there exists a (k',¢') extractor Ext’ : {0,1}" — {0,1}™ where m = (1 — )k’ for sources
samplable by size s' deterministic circuits with postselection by size s' (non) deterministic circuits.
Here, k' =C -k,e! =¢- 2110 ¢ =5.n7C,

Remark 6.3. The transformation of [Sha08] requires the extractor to work for sources samplable by
nondeterministic circuits. However, [BSS25] observe (see Remark 4.11) that it suffices to consider
extractors for sources samplable with postselection.

Using this, it suffices for us to obtain extractors outputting O(log(n)) bits. Formally, it suffices
for us to get:
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Theorem 6.4. Assume E is hard for exponential size nondeterministic circuits. There exists a
universal constant C' such that for all constants Coui, Csamp and large enough n, there exists an
explicit function Ext : {0,1}" — {0,1}™ that is a (k,n~Cut)-extractor, where k > (log(n))%, m =
Cloutlog(n), for the class of sources samplable by size n“sme circuits with postselection by size nCsame
nondeterministic circuits.™

Proof. We let C be a large enough constant that we set later. Let Y be a samplable source
with Hoo(Y) > k = (log(n))®. Let sExt be the strong seeded extractor from Theorem 4.27
with error parameter set to n~1%Cent and output length k/4. Let seed length of sExt be d =
Ciexi(log(n)). For i € [29], let W; = sExt(Y,4). By the property of the strong seeded extractor,
Eie[Qd]HWi — Uk/4H < n~10Cout . Therefore, by an averaging argument, there must exist some
j € [2%] such that W &, —10-¢0,, Uy

We apply the transformation from Theorem 5.1 to (W,Y) to obtain the desired m bits, close to
uniform. Here, we use the fact that the source (W,Y) is samplable by polynomial sized circuits with
postselection by polynomial sized nondeterministic circuits. We finally sketch that we satisfy each
of the constraints required to apply the above transformation. First, the input error ej, = n~10"Cous
is indeed small enough by our setting of € and m. Next, using the fact that C is a large enough
constant, and that the length of W; is smaller than H(Y)/4, we satisfy the second constraint.
For the third constraint, we have A = 0, trivially satisfying the requirement. The fourth constraint
is also indeed met by our setting of m, e, Coyt. Hence, we indeed satisfy all the constraints and the
claim follows. O

6.2 Extractors for O(log(n)) entropy sources

Theorem 6.5 (Technical version of Theorem 2). Assume E is hard for exponential size nonde-
terministic circuits. Then, for all constants € > 0 and Csamp > 1, there exists a constant C' =
C(e,Csamp) such that for all n € N, there exists an explicit (k,e)-extractor Ext : {0,1}" — {0,1}
for the class of sources samplable by size nCsme circuits with postselection by size n“=m nondeter-
ministic circuits where k> C'log(n).

Proof. We let C be a large enough constant that we set later. Let Y be a samplable source with
H.(Y) > k = Clog(n). We will first apply a seeded extractor to obtain an elementary SSR source
W and then use our assumption to obtain low degree extension of a hard function, and a two-source
extractor to construct our extractor. We will encode each W; using the low degree extension and
pass them to the two-source extractor. Then, using reconstructive properties from Theorem 5.3,
we will show that if our extractor fails, then our circuit lower bound assumption will be violated.

Obtaining elementary SSR source Let sExt be the strong seeded extractor from Theorem 4.27
with error parameter set to 1/n and output length n, = k/4. Let the seed length of sExt be
d = Csgxe(log(n)) and let £ = 2%, For i € [(], let W; = sExt(Y,1).

Let C’éamp be such that the distribution (W;Y) can be generated by nCsame sized circuits

with postselection by nCsm sized nondeterministic circuits. The length of each W; is n, =
(C/4)log(n) and k, > Clog(n). By the property of the strong seeded extractor, we have that

15Technically, the theorem stated here has ¢ = 2~™ but by taking appropriate length prefixes, we can meet the
error requirement from Theorem 6.2.
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Eicq[lWi — Uy,|] < 1/n. So, by an averaging argument, there must exist some j € [¢] such that
Wj ~1 /n Unw-

Setting up the hard function Using our assumption and Theorem 4.5 we obtain that E is
exponentially hard for NP -circuits. Therefore, there exist 0 < 8 <1 < B such that for all r, there
exists a function f : {0,1}" — {0,1} such that f € DTIME(25") and that f requires NP-circuits
of size at least 2°7.

Setting parameters for the two-source extractor and low degree extension We let 0 <
a < 107% be a small enough constant, that we set later. Let t = {ﬁ—‘ Let ny = [ny/(t+1)] - t.

CL 1
Let ¢ = 2[mw/(HD] Let r = [Sa"‘api;g(n)w . We will set our universal constant C' to be much larger

than t.

Setting up low degree extension Let f : {0,1}" — {0,1} be the function from our circuit

lower bound assumption which will be hard for size na NP -circuits. Let H C F, be any
subset of size [2’”/ t]. Then, we can define 7 : {0,1}" — H' to be any natural injective map. We
let f : F, — F, be the low degree extension of f—such that for all = € {0, 1}7" A(T(.CE)) = f(x).
Moreover, we can ensure that f is computable in time poly(n,2") = poly(n Samp) and that fwill
have total degree at most ¢ - 27/t < ¢ . 2C5amp 1987 < 1 Csampt1 < 4y Coampt2,

Setting up the two-source extractor Let 2Ext : {0,1}"¢x {0,1}* — {0, 1} be the two-source
extractor from Theorem 4.29 with error parameter ey = €/Cp for a large constant Cj that we
fix later. Let the entropy requirement of 2Ext be Cy - log(n - £) < 2C1Csgxt - log(n) where C is a
constant, that solely depends on £/Cj. Since ¢ -log(q) < ¢-n, we can pad with zeros and obtain
2Ext’ : Ff; x {0,1}™ — {0,1}. Also, since £-n < nCsmt! 2Ext, and hence 2Ext’, can be computed
in poly(n) time.

Interpreting each W; in finite field Since tlog(q) = [n/(t + 1)]-t < ny, for any v € {0, 1},
we can appropriately truncate the source and interpret v as an element of IFZ.

Obtaining final output from (W,Y) We truncate each W; as described above to obtain
W' = (Wi,...,W}) and output 2Ext'(f(W}),..., f(W});Y).

Correctness We proceed by contradiction and assume that the output distribution has statis-
tical distance at least € from Uj;. By an averaging argument, there exists z € {0,1} such that
Pr[2Ext’ (f(W)), .. .,f(Wé);Y) = 2] > (1+¢)-27L We apply Theorem 5.3 to obtain a small
NP)|-circuit computing ]? First, we argue that we indeed satisfy each of the 5 constraints laid out
in Assumption 5.2:

1. As m = 1,e3e¢ < £/Cp, and we set Cj to be large enough, the constraint is satisfied. Note
that doing so still leaves Cy to be a universal constant, independent of all other constants
here.

37



2. For our setting, &, = 1/n,e3g,, = O(1), the constraint is easily met.
3. By plugging in parameters, the inequality simplifies to showing;:
(C/2)log(n) — 1 —log(24/e) > kg = 2C Csext log(n).

Since € = O(1), it suffices to show that C'log(n) > 5C Csext log(n). We will set our constant
C to be much larger than C1Cg. so that the inequality is satisfied. Here we crucially use
the fact that Csg. as well as the runtime of sExt does not depend on the initial entropy and
hence, does not depend on C. This implies that £ - n is independent of C', and so C is also
independent of C' (here we also use the fact that Cj is an independent universal constant).
Therefore, we can set C' to be much larger than C'1Csgy as desired.

4. After taking logarithm and plugging in parameters, the inequality simplifies to showing;:
a- B ny > O(1) + (Caymp + 2) log(n) + 2k = O(1) + (Csymp + 2) log(n) + 2C1 Cgyt log(n).

We set our constant C' to be much larger than C’éamp+2 and 2C1Csgyt, taking advantage of the
fact that «, 8 are universal constants so that the constraint is satisfied. As discussed above,
we carefully observe that we are allowed to make C' depend on C7,Csgye. We additionally
observe that the runtime of sExt does not depend on C. As Cg,,y solely depends on Csamp
and the runtime of sExt, it is independent of C'. So, we can set C' to be much larger than
Céamp to satisfy the above inequality.

5. The first four terms of this constraint are easily seen to be o(1). For the last term, by taking
logarithm and simplifying, it suffices to show:

a-f-ny > O(1) + (Céymp + 2) log(n) + 21

As k1 < 2C1Cgxe log(n), we can use above arguments to set C' large enough so that this
inequality is also satisfied.

Therefore, we satisfy all the constraints and can apply Theorem 5.3 to obtain an NP -circuit
Df : IFZ — T of size poly(n®ssme, ¢, log(q),d,n) computing f (we here incorporated the runtime of
2Ext, using the fact that Cp is an independent universal constant). Using Df7 and the injective
function 7, we can obtain an NP-circuit Dy : {0,1}" — {0,1} such that Dy(z) = f(x) for all

x € {0,1}". Moreover, the size of Dy will be same as that of Df‘ So, to obtain a contradiction to
the hardness assumption of f, it suffices to show that size of Df is at most 287 = 7 Cme/
As d < nPsamt2 and ¢ < ncgamp, we upper bound the size of Df by 1 Csomp €2

universal constant, independent of C’éamp. We set a =

where Cy > 11is a

ﬁ to obtain the desired contradiction. [
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