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Abstract

We study depth-5 algebraic circuits over small finite fields with restricted fan-in of the top
product gates. We show that there exists an explicit degree-d polynomial P(x) such that any
SPY@ISITE circuit, computing P(x), over a small finite field, requires size 224, Our
work builds upon and strengthens the work of [KSI19], who showed 2Q(Vd) ower bounds
against SMOWVDITTE circuits over small finite fields. It is known that proving g (d"logn)
lower bound for ZTTIAISTT circuits with a = 20(d"*102d) gyer fields of characteristic 0, implies
VP # VNP. In pursuit of this, we also prove superpolynomial lower bounds over small finite
fields for ZTMASTT circuits where a = 204" 0ed) for any constant A < 1/3.

We use evaluations of the shifted partial derivatives to prove our lower bounds. We follow
the same outline as [KS19], but with a more delicate analysis of the complexity measure. We
use a family of the Nisan-Wigderson polynomials as a hard polynomial. We show that over
small finite fields, setting the parameters of our measure and the hard polynomial with care,
the method of shifted partial derivatives can yield lower bounds well beyond the homogeneity
restriction on depth-4 circuits.

We also show an exponential gap between depth-3 and homogeneous depth-4 circuits over
small finite fields. Previously, only a superpolynomial gap was known using [CMI17] and
depth reduction of polynomials in VP until homogeneous depth-4. We use the complexity
measure of [GK98], and we use the Product of the Inner Product polynomial to show the
separation.
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1 Introduction

Algebraic complexity is the study of the computation of polynomials as formal objects with
addition and multiplication as primitive arithmetic operations. In his seminal work, Valiant
[Val79] introduced two classes, VP and VNP, which are algebraic analogues of the classes P and
NP problem. The central question in algebraic complexity is to resolve the VP vs VNP problem
- prove superpolynomial size lower bounds for an explicit polynomial. We refer the reader
to surveys [SY10; SapZ2l] for a more formal treatment of the subject and especially for lower
bounds. For general algebraic circuits, the best known lower bound is Q(nlogn) by [BS83],
which is slightly better than the best known general boolean circuit lower bound of 3.In — o(n)
by [LY22Z]. Over the past fifty years, strong lower bounds have been proved for various restricted
algebraic circuits, and one particular restriction that has gained huge traction is constant depth
circuits. Exponential lower bounds were proved for constant-depth Boolean circuits AC? in the
late 80’s by [FSS84; Has87; Raz87, Smo&87]. On the contrary, exponential lower bounds for
algebraic circuits have remained deceptive. In this work, we consider some further restrictions
on constant-depth circuits and prove lower bounds for them. We discuss more background and
context for our result now.

In the following discussion, we will always use n and d to denote the number of variables and
degree, respectively.

Known Lower Bounds in Algebraic Complexity Most of the lower bounds in algebraic
complexity go via the method of partial derivatives. [Nis91] used it to prove an exp(Q(n)) lower
bound against the model of non-commutative algebraic branching programs! (the term ‘partial
derivatives’ was used formally later). Subsequently, [NW97] formally introduced the method of
partial derivatives to prove an exp(Q(n)) lower bound against homogeneous® depth-3 circuits,
over any field. [GK98; GROO] proved an exp(Q(n)) lower bound against (non-homogeneous)
depth-3 circuits over small finite fields. Proving lower bounds against depth-3 circuits over fields
of characteristic 0 was the next challenge in sight. [SWO01] proved a Q(n?) lower bound against
depth-3 circuits over fields of characteristic 0. Later, [KST16a] proved a ﬁ(ng') lower bound for
depth-3 circuits over any field. A breakthrough result of [[.ST25] proved exp(w(logn)) lower
bounds against any constant-depth circuits over fields of characteristic O (also see [BDS24] for
improved parameters). [For24] extended this result to any field. Proving stronger lower bounds
for constant-depth circuits still remains a big challenge, and for a good reason, which we will
explain in a moment.

! Algebraic branching programs are a class of algebraic circuits which is known to be at least as powerful as
algebraic formulas and at most as powerful as algebraic circuits. The determinant polynomial, DET(x), can be
computed by a poly(n)-sized algebraic branching program and is also complete for this class under suitable reductions.

2For any circuit class C, we say a circuit C is in homogeneous C if every gate of C computes a homogeneous
polynomial. For homogeneous circuits, one can assume without loss of generality that every gate computes a
polynomial of degree at most the degree of the output polynomial.
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Depth Reduction (Efficient Parallelization) In the pursuit of resolving VP vs VNP, one
would like to find structure within circuits in VP that can be exploited to prove lower bounds.
As we saw above, we have lower bounds against constant-depth circuits. This begs the following
natural question: Can we reduce the depth of an arbitrary circuit ‘efficiently’?

[Bre74] showed that one can reduce the depth of any algebraic formula® of poly(n)-size to depth
O(logn) with only poly(n) blowup in the size. [VSBR83] showed that any circuit in VP can be
reduced to depth O(log?n) with only poly(n) blowup in the size. In a series of works, [AV08;
Koil2; Tavl3] showed that any circuit in VP (over any field) computing a degree-d polynomial
can be converted to a homogeneous depth? 4 circuit with size® exp(O(+v/dlogn)).

From a lower bound perspective, the depth reduction results of [AV08; Koil2; Tavl5] says
that a lower bound of exp(w(v/d - logn)) against homogeneous depth-4 circuits for a degree-d
polynomial in VNP implies VP # VNP. In the next paragraph, we discuss the known lower
bounds against small depth circuits.

Previous Lower Bounds against Homogeneous Depth-4 Circuits The last decade saw
a flurry of progress in proving lower bounds against homogeneous depth-4 circuits. [KaylZ;
GKKS14] introduced a new complexity measure - shifted partial derivatives, which paved the
way for exponential lower bounds against homogeneous depth-4 circuits. In an exciting line
of work, [GKKS14; KSS14; FLMS15; KS14; KI.SS14; KI.SS17; KS17b] showed a lower bound
of exp(Q(v/dlogn)) against homogeneous depth-4 circuits over any field, for a polynomial in
VP. It seems this is close to the dream lower bound of exp(w(v/d -logn)) against homogeneous
depth-4 circuits (which would imply VP # VNP), yet there is no approach currently to go beyond
this barrier!

Also note that the exp(Q(v/dlogn)) holds for a polynomial in VP, and this says that the depth-
reduction result of [AV08; Koil2; Tavl5] cannot be improved further for homogeneous depth-4
circuits.

Better Depth Reduction for Depth-4 Circuits With no improvement on lower bounds for
homogeneous depth-4 circuits, we reconsider the model of computation and ask the following
natural question: Can we do better depth-reduction until (non-homogeneous) depth-4 circuits?

Combining the results of [AV08; Koil2; Tavl5] and [GKKSI6] (for example, see [KS19, Section
7.5] for a proof), one can show that over fields of characteristic 0, every polynomial in VP
can be computed by a depth-4 circuit with size exp(O(d"3logn)), which is exp(o(v/dlogn)).
Therefore, over fields of characteristic 0, non-homogeneity is more powerful than homogeneity

3 An algebraic formula is a restriction of an algebraic circuit where the underlying circuit is a tree.

* Their results also hold for depth-A with size depending on A, but we focus on depth-4 for now.

>To understand the parameters, think of s,n, and d to be polynomially related to each other. We know that
every degree-d polynomial in n variables can always be computed by a depth-2 ZIT circuit of size O(n?), which is
exp(O(dlogd)). However, the above-mentioned results say that if we go to depth-4, then it can always be computed
by size exp(O(v/dlog d)).
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in depth-4 circuits®. The depth reduction result for depth-4 circuits says that a lower bound of
exp(w(dY?-logn)) against depth-4 circuits for a polynomial in VNP, over fields of characteristic
0, would imply VP # VNP. This depth reduction result until depth-4 circuits is not known for
fields of positive characteristic’.

Previous Lower Bounds against Depth-4 Circuits Proving lower bounds against depth-4
circuits has been more challenging than homogeneous depth-4 circuits, and has seen a gradual
progress. [Shal7] proved a Q(n'®) lower bound and then [GST20] proved a ﬁ(n2'5) lower bound
for depth-4 circuits over fields of characteristic O for a polynomial in VNP. [LST25; For24] show
superpolynomial lower bounds against depth-4 circuits over any field, for low-degree polynomi-
als. More precisely, for d = O(logn), they show a lower bound of exp(Q(d"*logn)).

Before we proceed to explain our motivation and our results, it will be convenient to state the
following notation. For a parameter a, we use STl LTS to denote depth-5 circuits where the
top product gate has fan-in a, and similarly ZTTlelZTT.

1.1 Motivation

From the above discussion, we know that a lower bound of exp(w(d"3logn)) against depth-
4 circuits over fields of characteristic 0, implies VP # VNP. More specifically, it suffices to
prove a lower bound of exp(w(d¥3logn)) against ZMAZTT circuit where a = exp(O(d'/?)) over
fields of characteristic 0. In this work, we consider the setting of small finite fields instead of
characteristic 0O because small finite fields seem to be more amicable towards our known lower
bound techniques. [GK98; GROO] proved exp(Q(d)) lower bounds for depth-3 circuits over small
finite fields and [CMI17] improved the lower bound to exp(Q(dlogn)). [L.ST25; For24] achieve
a lower bound of exp(Q(dY4logn)) against depth-4 circuits over every field. The difference
between the lower bounds obtained for homogeneous circuits compared to general circuits seems
to stem from the fact that in the former models, the formal degree is bounded by d, i.e., we can
assume that all intermediate polynomials calculated have degree at most d. In this work, we
seek an intermediate goal and investigate the following question:

Are there natural restrictions of depth-4 circuits allowing large formal degrees for which we can
prove exponential lower bounds, over small finite fields?

To motivate our line of investigation, we look at few concrete examples:

This can be formally captured as follows. The above-mentioned exp(Q(+/dlogn)) lower bounds against homo-
geneous depth-4 circuits hold for a polynomial in VP. In other words, there is a polynomial in VP that cannot be
computed by a homogeneous depth-4 circuit of size exp(o(v/dlogn)), but can be computed by a depth-4 circuit of
size exp(O(d"?logn)), over fields of characteristic 0.

" Characteristic 0 shows up in the proof of [GKIKSI6]. There is a step to express any power of a linear form as a
sum of product of univariate polynomials. This conversion is only known over fields of characteristic O.



142 e Over small finite fields, [KS19, Theorem 1.2] went beyond the homogeneity condition and

143 showed an exp(Q(+/d)) lower bound against ZTTIUZITZ where a = O(v/d). Their proof
144 (inspired from [GK98]) crucially uses small finite fields to “nullify” bottom product gates
145 with large degree, and the circuit “behaves” like a homogeneous depth-5 circuit.

146 e Over fields of characteristic 0, [SWO01] proved Q(nz) lower bounds against (non-homogeneous)
147 depth-3 circuits. To handle non-homogeneity, they showed that one can “nullify” product
148 gates of high rank®. Thus it suffices to prove a lower bound against ZIT9L circuits where
149 a< TL/ 100.

150 e Over any field, another series of works follow this idea to extend lower bounds to models
151 allowing larger formal degree. In [KS17a; KST16b], the authors generalized lower bounds
152 for multilinear models [Raz09] (a model is multilinear if any gate computes a multilinear
153 polynomial) to multi-r-ic ones (@ model is multi-r-ic if the formal degree of any gate in
154 each variable is at most 1).

155 e Over fields of characteristic 0, [FL.ST24, Theorem 5] showed that a depth-4 circuit com-
156 puting a polynomial of degree-d polynomial P(x) can be efficiently converted to a depth-4
157 circuit of formal degree poly(d), computing P(x). Here, efficient means a blowup of poly(d).

155 The above mentioned results suggest that to handle (non-homogeneous) XTTXIT circuits, a possible
150 approach is to reduce to ZITIAXTT circuits where a = poly(d). In this work, we prove exp(Q(+/d))
1o lower bounds against ZITPOWDILTT circuits over small finite fields.

161 We also revisit the complexity measure used in [GK98] to prove lower bounds against depth-3
12 circuits over small finite fields. [GK98] showed an exp(Q2(n)) lower bounds against depth-3
163 circuits over small finite fields, for a polynomial in VP. Later, using the same complexity
14 measure, [CM17] improved the lower bound to exp(Q(nlogn)), and [Sap21, Theorem 10.2] showed
165 that the same lower bound holds even for the elementary symmetric polynomial®. These results
166 using depth reduction of [AV08S; Koil2; Tavl5] show that polynomials in VP cannot be reduced
167 until depth-3, akin to [GKKSI6]. Our motivation is to understand whether the complexity
165 measure of [GK98] could be used to prove exponential lower bounds against depth-4 circuits with
10 a bound on top-product fan-in. We answer this negatively by achieving an exp(Q(nlogn)) lower
170 bound against depth-3 circuits over small finite fields for a polynomial that can even be computed
i1 by a poly(n)-sized homogeneous depth-4 circuit. We state it formally in Theorem 1.5.

12 1.2 Our Results

173 In this subsection, we discuss our main results. We prove our lower bounds for Nisan-
74 Wigderson polynomials NWq . (see Definition 3.1 for a formal definition) and for Product

8 Here, the rank of a product gate refers to the rank of the affine polynomials that are multiplied together.

9In a beautiful construction, Ben-Or showed that elementary symmetric polynomials have O(n?)-sized depth-
3 circuits over fields with = (n + 1) elements. However, for small finite fields, we are not aware of any better
construction than depth-reduction of VP until homogeneous depth-4 circuits.
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of Inner Products PIPy, 4 (see Definition 3.2 for a formal definition). For NW;, 4., the number
of variables n is md and for PIPy, 4, the number of variables n is 2md.

Our first result is an exponential lower bound against depth-4 circuits with bounded fan-in
on top-product gates, over small finite fields. Our techniques also extend naturally to depth-
S circuits with bounded fan-in on top-product gates, and thus we state our main result for
depth-3.

Theorem 1.1 (Lower Bounds for Restricted Depth-5). Fix a field Fq. Let n,d € N be
growing parameters, where d = O(y/n). Let « € N be a parameter verifying 0.01 < o < avs,
There exists m,e € N with m = ©(d**!), n = md such that the following holds:

Any INAINE circuit with a = [d*t03], over Fq, computing the degree-d polynomial
NW g m,e(X) requires size exp(Qq(+/d/x)).

Remark 1.2. Firstly, the constant 0.01 is chosen for simplicity. Our proof can easily be extended
to C < aw where C > 0 is any absolute constants.

Second, we bound « by dv 3. even if the proof does not require it, but form that point on, the lower
bound becomes trivial. The reason is that the number of variables in NWg ¢ is md = @(d“*z)
and for « > dV/3, n is more than the lower bound. However, if o = d* for some positive constant
A < 1/3, we get superpolynomial lower bounds. We state it in Corollary 1.4.

Theorem 1.1 achieves the same lower bound as [KS19], but for a broader class of depth-3 cir-
cuits!®, which we state in the following corollary.

Corollary 1.3 (Exponential Lower Bounds for Restricted Depth-5). Fix a field Fq and let
C > 0 be an absolute constant. Let n,d € N be growing parameters, where d = (’)(nl/ S
There exists m,e € N such that the following holds:

Any ITINL circuit with a = [dC+03], over Fq., computing the degree-d polynomial
NW g me(X) requires size exp(Qq(V/d)).

In characteristic 0, the threshold for a = exp(O(d"?)) is crucial since depth reduction of VP
until depth-4 yields ZTTIUZIT circuits of size exp(O(dY/3logn)). We get superpolynomial lower
bounds in the setting when the top product gates have fan-in d* for some constant A < 1/3.

Tn a homogeneous depth-5 circuit, the top product gates have fan-in at most d.
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Corollary 1.4 (Superpolynomial Lower Bounds for Restricted Depth-4). Fix a field [Fq
and let n,d € N be growing parameters, where d < O(log’'n). Let o« = O(d%32). There
exists m, e € N such that the following holds:

Any LTIETTE circuit with a = [d*] = exp(O(d*? log d)), over F, computing the degree-d
polynomial NWg m (X) requires size exp(w(log%1n)).

Note that lower bound of [L.ST25; For24] for depth-4 circuits is exp(Q(d¥4logn)) but they re-
quire d < O(logn). Corollary 1.4 is a lower bound for a restriction of depth-4 circuits, but it
holds for a wider range of degree parameters, i.e., it continues to hold even for d = O(log®n).

Our next result is an exponential separation between depth-3 and homogeneous depth-4 circuits
over small finite fields. Note that PIP,,, 4 can be computed by a homogeneous depth-4 circuit of
size O(md), which just follows from the definition.

Theorem 1.5 (Exponential Gap b/w Depth-3 and Homogeneous Depth-4). Fix a field F
and let m,d € N be growing parameters. Any XIIL circuit over Fq computing the degree-d
polynomial PIP, 4 requires size exp(Qq(dlogm)).

The previous best gap between depth-3 circuits and homogeneous depth-4 circuits over small
finite fields was a superpolynomial gap (this follows immediately from lower bound of [CM17]
and depth-reduction results of VP until homogeneous depth-4). Theorem 1.5 gives an exponential
separation between depth-3 and homogeneous depth-4 over small finite fields.

2 Technical Overview

We start by stating the usual framework for proving algebraic circuit lower bounds. Let C denote
the circuit class against which we want to prove a lower bound. The usual framework has the
following key steps:

1. Choose a sub-additive complexity measure T, i.e., I'(Ty + To) < T'(Ty) + I'(T2).

2. For the class C, identify the “building blocks”. For example, in ITTZIT circuits, a building
block is a TTXIT circuit, since a small depth-4 circuit is a small sum of such building blocks.

3. Show that any polynomial T(x) that can be computed “efficiently” by a building block, has
small measure under I'. Say I'(T) < m for every polynomial T(x) that can be computed by
a building block of size s. Using sub-additivity of I', we get that if f has a size s circuit in
the class C, then I'(f) < s-m.

4. Find an explicit polynomial P(x) such that it has large measure under I'. Say I'(P) > M.
Then, using the previous item, any circuit from the class C computing the polynomial P
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must have size s > M/m.

Now we use the above outline to discuss our proof idea and our technical contribution. For
simplicity, we first discuss the proof idea for depth-4 circuits (see Theorem 4.1 for a formal
statement), and then we will discuss how to prove Theorem 1.1 using a few technical modifica-
tions.

We consider the class C to be ITTIUZIT where a < dP for some parameter p (we will use
= a+1in our proof where « is the parameter from Theorem 1.1). We use the same complexity
measure I' as used in [KS19], defined as,

I'(f) := dim [Evals (x:'Z (6:k(f))>] , for some choice of k,{ and S < Fy .

The above measure is a “functional” variant of the shifted partial measure, i.e., we interpret the
polynomials after shifting the partial derivatives, as functions on the subset S < Fg. It is easy
to convince oneself that I' is a sub-additive measure. Note that for a degree-d polynomial f(x),
I'(f) is at most the dimension of the space of (£ + d — k)-degree polynomials. This is the first
step according to the outline.

Before discussing the second and third steps of the framework, we jump ahead and discuss
the fourth step, i.e., to find an explicit “hard” polynomial with large complexity measure. We
use the Nisan-Wigderson polynomials NWg ;. as our hard polynomial. [KS19] showed that for
a careful choice of k,¢,S,d, m,e, the measure '(NWqm.) is close to the maximum value. See
Section 3.4 for the precise lower bound. Now we focus on the upper bound part of the outline
- our main contribution. Before discussing how we prove an upper bound on the complexity
measure, we take a brief detour to the prior works to get a slightly better understanding. We
also need the following notation: For a parameter r, LTI} denotes depth-4 circuits where the
bottom product gates have support at most r, i.e., every bottom product computes a polynomial of
support at most r (for a polynomial, its support is defined as the maximum number of variables
in any of its monomials).

Upper Bound of Previous Works Building on a series of works [FILMS15; KS14; KI1.SS14;
KI.SS17; KS17b], we have exponential lower bounds against XTTXIT circuits. We also have expo-
nential lower bounds against homogeneous sMOWVAITTE circuits over finite fields by [KSI9].
We present a silhouette of upper bounds in the above-mentioned works.
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Silhouette of Upper Bounds in Prior Works

Let C denote the class of circuits for which we would like to prove a lower bound, and
let i be our choice of complexity measure. The upper bound is a two-step process:

e Find a more structured class C’ against whom we can prove strong lower bounds
using the measure p. This requires showing a “small” upper bound on the p(f’)
where f’ is computed by a small circuit in C'.

e Show that the measure p of C and C’ are essentially the same, i.e., for every poly-
nomial f that has a small circuit in C, there exists another polynomial f’ that has a
small circuit in C’ such that p(f) and u(f’) are roughly the same.

\. J

The choices of the complexity measure p and a more structured class C’ are interrelated. We
want a class C’ against which we can prove a strong lower bound, but also C’ should be strong
enough such that p cannot practically distinguish it from the class C. Now we discuss the upper
bounds of [FLLMS15; KS14; KI.SS14; KI.SS17; KS17b] on homogeneous depth-4 in slightly more
detail. To draw an analogy from the previous paragraph, let C denote the class of homogeneous
depth-4 circuits and let i be a close variant of the shifted partial derivative (the exact description
of w is not required here).

e The more structured class C’ is the class of homogeneous depth-4 circuits with bounded
fan-in on bottom product gates, i.e., homogeneous sEnlowal, Suppose f is computed
by a small homogeneous XITXIT circuit. They used bounded support and homogeneity to
prove small upper bounds on the measure. This lets them prove strong lower bounds
against homogeneous MmOVl circuits.

e To show the second item from the previous paragraph, they use random restriction, where
a subset of variables is set to 0 at random!!. Since a random restriction only sets a subset
of variables to 0, this does not affect the complexity measure p. Finally, they showed
that with high probability (over the random restriction), the resulting polynomial can be
computed by a small homogeneous MOV circuit.

Our Upper Bound Now we return to discussing our upper bound on the measure of zrilel gy
circuits. We use the same complexity measure as in [KS19] (see Definition 3.11 for a formal
definition) and we will denote it by Ty ¢ s for some choice of k, ¢, and S < IE‘H. The choice of the
subset S will be crucial. Similar to the abstraction mentioned above, our upper bound also has
the following two steps:

'The variables are set to 0 with a carefully designed random process. One has to be careful here since the random
restriction might make the “hard” polynomial a very simple polynomial to compute. So the random process has to be
chosen in a way such that even after the random process, the “hard” polynomial continues to have a large complexity
measure with high probability.

10
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1. The more structured class C’ is the class of Zﬂ[a]Zﬂ{R\Fd} circuits for some parameter R,
i.e., the bottom product gates have bounded support. For this, we show that one could still
prove a “small”’? upper bound under the measure T, even though the circuit is no longer
homogeneous. The parameter R is chosen carefully. To get a small upper bound, R will
be upper-bounded by some function of « and also of { (here { denotes the degree of our
shifts). See Lemma 4.2 for a formal statement.

2. We then show that the measure I' does not distinguish between C and C’ as stated in the
second item of the silhouette. For this, the choice of S comes into the picture. The subset
S is chosen so that every bottom product gate with large support vanishes on S, and all
of its k" order partial derivatives also vanish on S. This ensures that the bottom product
gates with large support do not affect the measure I'. Vaguely speaking, this choice of S
can be thought of as a small finite field analogue of the random restriction in the previous
works. For this step to also hold, we need the bottom support Rv/d to be at least a constant
factor of k. See Lemma 4.3 for a formal statement.

We show that there is a choice of the parameters such that the above idea works out and yields
a lower bound of exp(Q(+/d)).

To extend our lower bounds for ML, we only need to prove a similar upper bound on
the complexity measure as for ZITIYZIT. For this, we again proceed as mentioned above, with a
small modification in how we choose the subset S. In depth-4, we chose S such that for every
bottom product gate with large support, all of its k" order partial derivatives should vanish
on S. Now, instead of bottom product gates with large support, we consider bottom product
gates with “large rank”, where rank is measured as the rank of the affine polynomials that are
multiplied together. See Lemma 5.3. The rest of the argument remains the same.

Comparison with [KS19] In [KS19], the authors aim to obtain a lower bound of the form
exp(Q(4/n)) for homogeneous depth-5 circuits over small finite fields. Under these conditions,
the authors show that they can restrict attention to circuits in which the top gates have fan-in
bounded by @(+/d). In this paper, we want to go beyond the homogeneity constraint and instead
allow circuits of large formal degree. The fan-in bound on the top product gates then becomes
a parameter « of our problem, and we aim to obtain lower bounds that remain superpolynomial
as « grows. Our approach is a careful analysis and an adaptation of the proof of [KS19] in our
settings.

Proof Idea for Theorem 1.5 To show that PIP, 4 requires exp(Q(n))-sized depth-3 circuits
over small finite fields, we use the complexity measure introduced in [GK98]. The measure
is the dimension of the evaluation space of partial derivatives on Fg‘\é’, for an exponentially
small subset £. To show that polynomials computable by small depth-3 circuits have small
measure, one can “nullify” product gates that involve affine polynomials with large rank. This

2 Here, “small” is in comparison to the measure for the hard polynomial
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is the reason we remove a small subset & from Fg. Then it is simple to show that the partial
derivative space is spanned by few affine polynomials and thus have small dimension. On the
other hand, PIP;, 4 polynomial has the property that its d'" order partial derivatives contain m¢
distinct monomials, and thus they are all linearly independent. In other words, the dimension
4 Since the partial derivatives are small degree polynomials, removing a small
subset £ from the set of evaluations does not affect the dimension.

is at least m

Organization

In Section 3, we give the necessary preliminaries. In Section 4, we prove Theorem 4.1, which is
a special case of Theorem 1.1. Since the proof is slightly simpler in the case of depth-4 circuits
than in the case of depth-5 circuits, we present the proof of Theorem 4.1 as a warm-up to the
proof of Theorem 1.1. In fact, we do most of the heavy calculations in the proof of Theorem 4.1
(more specifically in Section 4.3). In Section 5, we prove Theorem 1.1. We recommend the
reader to read Section 4 before going to Section 5. In Section 6, we prove Theorem 1.5 (it is
independent of Section 4 and Section 5).

3 Preliminaries

Let n,d € N be growing parameters, where n denotes the number of variables and d denotes the
degree. We will work over the field Fy, where q is independent of n and d, i.e. ¢ = O(1). We
also have parameters a,k,{,s,r € N that are functions depending on q,n, and d. Throughout
the article, we will use a to denote the fan-in of the top product gates, k to denote the order of
partial derivatives we consider for the complexity measure, £ to denote the degree of the shift we
consider for the complexity measure, v to denote the support/rank of the bottom product gates,
and s to denote the size of the circuits. We will use x to denote the set of underlying variables
{x1,...,xn}. We will use Oq4(-) and Qq(-) to hide the dependencies on q.

In the following list, let P € Fy[xy,...,%xn] be an arbitrary polynomial.

e For a monomial m = x{'---x&, we use the shorthand notation dP/dm to denote the
following polynomial:

o _ 0 (0 ( (P
om  ox& \ ox& ox{! )

e For a parameter k € N, we will use 0=%(P) to denote the space (over Fq) of all k™ order
partial derivatives of P(x). We will use dS¥(P) to denote the space of all partial derivatives
of P(x) of order < k.

e For a parameter £ € N, we will use x - P to denote the space (over Fq) spanned by m - P
over all degree { monomials m.

12
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e For a subset S < g, we will use Evalg(P) to denote the evaluation vector of the polynomial
P(x) over the points of S (we will fix some arbitrary ordering on the points of S).

e The support of P(x), denoted by Supp(P), is defined as the maximum support size over all
monomials with a non-zero coefficient in P(x). In other words, a polynomial P(x) with
Supp(P) < r implies that every monomial that has a non-zero coefficient in P(x) depends
on < 1 variables (distinct monomials can depend on distinct sets of < r variables).

e For a set of vectors {vD ... v} we will use Span {v(V ... vV} to denote their span
(over Fq) and dim {v(l), e ,v(t)} to denote the dimension of their span.

Depth-4 and Depth-5 Circuits In this article, we will be dealing with depth-4 circuits and
depth-5 circuits with some restrictions. Both depth-4 and depth-5 have two layers of product
gates and we will refer to them as top product and bottom product gates. More specifically, the
product gates at the lower layer (closer to the input gates) will be referred to as bottom product
gates, and the product gates at the upper layer (closer to the output gate) will be referred to as
top product gates.

If f(x) is computed by a depth-4 circuit ZITZIT of size s, then we can express f(x) as:

f(x) = Ti(x) + ...+ Ts(x),

where every Ti(x) = Qgi) (x)--- QS) (x). We will refer to each Ti(x) as a term, and every polyno-
mial Qj(i) (x) as an inner polynomial. By definition, each Q].(i) (x) is computed by a XIT circuit of
size s. We extend this to depth-3 similarly, where every Q].(i) (x) is computed by a ZITE circuit of
size s. For a parameter , we will use LTTZTT{"} to denote the class of depth-4 circuits where the

bottom product gates have support bounded by 7, i.e., the support of the polynomial computed
at every bottom product is < .

Nisan-Wigderson Polynomials Now we define the family of Nisan-Wigderson polynomials,
for which we will prove lower bounds against depth-3 circuits.

Definition 3.1 (Nisan-Wigderson Polynomials). Let d, m, e € N be parameters with d,e < m and
m is a prime power. We identity [m] with Fy,,. The Nisan-Wigderson polynomial with parameters
d, m, e, denoted by NWq ¢ is defined as follows:

NWame(X) == D1 Xk - XaRr()-
R(t) € Fim[t]
deg(R)<e

In other words, NWym . has one monomial for every univariate polynomial R(t) of degree strictly
less than e, where the monomial is the product of variables corresponding to d points on the curve

of R(t).

The family of Nisan-Wigderson polynomials for every choice of {d,m,e} is explicit in the
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sense that they belong to the class VNP. To see this, [Val79, Proposition 4] proved a sufficient
condition for a polynomial to be in VNP if any of its coefficients can be computed efficiently
(also see [Sap2l, Fact 1.2]). For NWq ., one can compute the coefficient (which is simply O or
1) by checking if the indices of a given monomial lie on a degree < e univariate polynomial or
not, and this can be efficiently done by univariate interpolation.

Product of Inner Products Polynomials We also define the Product of Inner Product poly-
nomials, which we will use to prove lower bounds against depth-3 circuits.

Definition 3.2 (Product of Inner Products). Let m, d € N. The Product of Inner Products, PIP, 4
is,

m
PIPma(x,y) == [ D% yy-

d
i=1j=1
By definition, for every choice of {m, d}, the polynomial PIP,, 4 is computed by a homogeneous
depth-4 circuit of size O(md).

3.1 Rank and Multiplicity

We define the notion of the rank of a product gate.

Definition 3.3 (Rank of a Product Gate). Let C(x) be an algebraic circuit over Fq and let g be
a product gate in C(x) with children hy(x),...,h¢(x) € Fq[x1,...,xm], i.e., the polynomial com-
puted at the node g is hy(x)---hi(x). Then rank of product gate g is defined as the Fq-rank of
{hi(x), ..., (x)}.

According to Definition 3.3, in a depth-4 circuit, if a bottom product gate has rank r, then its
support is of size r. In a depth-3 circuit, if a bottom product gate has rank r, then its children
(which are affine polynomials) have rank r.

Definition 3.4 (Multiplicity of a point). Let Q(x1,...,xn) € Fq[x] be a polynomial and let a € }F‘ql
be any point. The point a is said to have multiplicity at least t with respect to the polynomial Q(x)
if for every polynomial h(x) € 0<*(Q(x)), we have h(a) = 0.

We use Mult(Q, a) to denote the largest number t such that a has multiplicity t with respect to the
polynomial Q(x).

We prove that if a set of degree-1 polynomials has sufficiently large rank, then a dense subset of
g vanishes on the product of those degree-1 polynomials and their derivatives up to some order.
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In other words, a dense subset of [y has significant multiplicity with respect to the product. We
state it formally below.

Claim 3.5 (Product of Large Rank Degree-1 Polynomials). Let {Li(x),...,L¢(x)} be a set of
degree-1 polynomials with rank larger than v. Let H(x) := Ly(x)---Li(x). Then for every k > 0,
we have,

Pr [Mult(H,a) <(1-=x)- ;} < exp(—«21/2q).

~ T
a]Fq

Proof of Claim 3.5. Assume without loss of generality that {Li(x),...,L;(x)} is a Fq-linearly
independent set of non-constant functions. Each non-constant degree-1 polynomial L; is 0 with
probability exactly 1/q at a random a € Fy. For every i€ [r], let Xi: Fg — {0,1} be the random
variables denoting whether the L; vanishes or not: Xi(a) = 1 if and only if Li(a) = 0. Let
X:=X;+...+ X;,. We have

1 T
Earp[Xi] = — and so  Eaupp[X] = —.
q q
Since {Ly,...,L;} is Fq-linearly independent, the random variables Xi,...,X; are independent.

Observe that for any a € Fy, if Mult(H,a) < t, then the number of factors of H vanishing at a
is less than t. So it implies that the number of random variables amongst Xj, ..., X; which are
set to 1 at a is also less than t. Using the Chernoff bound, we get

a~Pﬁr«‘3 {Mult(H,a) <(1-x)- ;] < I;r [X(a) <(1-x)- ;} < exp(—k%r/2q).

If the degree-1 polynomials are simply variables, then we get the following corollary immedi-
ately, which will be useful while studying depth-4 circuits.

Corollary 3.6 (High Multiplicity of Large Support Monomials). Let m be a monomial with
|Supp(m)| = r. Then for every k > 0, we have,

Pr [Mult(m, a)<(l—«)- ;] < exp(—k*r/2q).

~Fm
aIFq

3.2 Multilinearization

The complexity measure will involve evaluations over a translation of the Boolean cube. In the
next claim, we show that a monomial of low support but potentially high degree can be replaced
by a low-degree monomial that agrees on a translation of the Boolean cube. The following claim
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was sketched in [KS19, Lemma 4.7], but we give a complete proof for the sake of completeness.

Claim 3.7. Let n € N and fix F to be an arbitrary field. Fix an arbitrary ¢ € F*. Let m be
a monomial in F[xy,...,xn] of arbitrary degree. There exists a multilinear polynomial Py (Xx) of
degree |Supp(m)| and sparsity 2/ sych that for every a € {0,1}™,

Pn(c+a) = m(c +a).

In other words, Py(X) agrees with the monomial m on ¢ + {0,1}", i.e. a translate of the Boolean
cube.

Remark 3.8. In Claim 3.7, suppose the underlying field F = F. In this case, a natural strategy to
replace a monomial m with low-support but potentially of high degree is to use the identity z9 = z
for every z € Fq. In particular, every occurrence of x4 can be replaced by x and the evaluation
remains the same. Thus there exists a degree |Supp(m)|- (q — 1) monomial that agrees with m on
Fg. Claim 3.7 gives us a polynomial of degree |Supp(m)|, which is better than [Supp(m)| - (4 — 1),
but only agrees on a translate of the Boolean cube.

Proof of Claim 3.7. For simplicity, assume that Supp(m) = {1,...,7} < [n] and let m = x;" - - - x%r.
We are only interested in evaluations in ¢+ {0,1}", which means that we are only interested in
the setting when for every i € [n], x; takes a value from the set {ci,ci +1}. So for every x{*, we
replace it with a degree-1 polynomial that agrees with it on {ci,c; + 1}. We explain it in more
detail below.

Fix any i€ [n]. Consider the following degree-1 polynomial,

Li(Xi) = (Xi — Ci) . (Ci + 1)06i — (X'l — (Ci + 1)) e,

1

Observe that'® Li(x;) and x;"* agree on the set {ci,c; +1}. Now define the polynomial Py (x) as
follows:

Pu(x) = Li(xq) - Li(xy).

Similar to above, Py, agrees with the monomial m on ¢+ {0,1}". Clearly deg(Pm) < 1 = [Supp(m)]
and the sparsity of Py(x) is at most 2" = 2/Supp(m)|,
[

Corollary 3.9 (Multilinearization). [KS19, Lemma 4.7]. Let S be a translate of the Boolean
hypercube, i.e., there exists ¢ € Fy such that S = ¢+ {0,1}". For every polynomial P € Fq[x], there

exists a unique multilinear polynomial P € Fq[x] with deg(lg) < deg(P) such that, for every a € S,
P(a) = P(a).

B The polynomial L; could be easily constructed either by Lagrange interpolation or by solving a system of two
linear equations.
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Proof. The existence of P follows from Claim 3.7 applied to every monomial in P(x). Uniqueness
follows from the fact that no non-zero multilinear polynomial can vanish on ¢ + {0,1}™ |

We state a binomial coefficient approximation that will be useful in our calculations.

Claim 3.10. Let k,n € N be growing parameters and let k = o(n). Then,

In <2) = (I4+0(1) -k-In (%) .

Proof of Claim 3.10. Using Stirling’s approximation, we have,

(M) < (g) < (X)) = wem(d) < m(g) < (in (1) +n(e)).

Using k = o(n), we get the desired bound in Claim 3.10. [

3.3 Complexity Measure

We define the complexity measure I' that we will use to prove our lower bounds. It is the same
as used in [KS19].

Definition 3.11 (Complexity Measure in [KS19]). Fix a field F and let n € N. Let k,£ € N and
S c Fg. For any polynomial P € F [X1y...,Xn], we define I ¢ s(P) as follows:

Nees(P) :== dim [Evalg (x:e (6:k(P)>)] .

The first and foremost thing to check is that the complexity measure Iy s is sub-additive,
i.e.,

rk’g,s (Tl + T2) < rk)gyg (Tl) + rk’g,s (Tg), for any two polynomials Ty, To.

This essentially follows because partial derivatives are linear operators. We would like to note
some trivial upper bounds on the complexity measure. For every choice of k,{,S where S is a
translation of the Boolean cube, we have the following upper bound on the measure (we explain
it below): For every degree-d polynomial P(x),

o <mnl( 1) () (D) sf o

To see why the first binomial coefficient appears, note that after taking k'™ order partial derivative
of a degree-d polynomial, we are left with a degree-(d — k) polynomial, and then we multiply it
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by a degree { polynomial. This gives us a polynomial of degree ({ + d — k), and since we are
only evaluating it over a translation of the Boolean cube, we only need to consider multilinear
polynomials. For the second quantity, this is simply the product of the number of degree-{
multilinear monomials and the number of k" order partial derivatives. The third quantity is
because any function on S is always in the span of indicator functions.

3.4 Lower Bound on Nisan-Wigderson Polynomials

[KISS17] and [KS17b] gave a lower bound on the measure for these families under the measure of
shifted partials (the lower bound of [KI.SS17] holds only for fields of characteristic 0, however,
the lower bound of [KSI17b] holds for every field). Later, [KS19] gave a tighter analysis of
the lower bound, which is the one we are also going to use. We now discuss the choice of
parameters, which are chosen carefully so that they yield a meaningful lower bound on the
measure of the Nisan-Wigderson polynomials.

Choice of Parameters Let n denote the number of variables and d denote the degree of the
polynomial. Recall that our complexity measure is Iy ¢s where k € N represents the order of
derivatives we consider, £ € N represents the degree of monomials by which we shift, and subset
S < Fy denotes the set of evaluation points. Then,

e B < C-d* for some absolute constants C > 0 and 0 < A < 0.5. We will fix § later (B will
be chosen in a way such that the top-product fan-in is less than dP).

k = nv/d, where 11 is a parameter of our choice with np = o(1),

o o Pn Ind
2 Va’
.ezg-(pe),

e mand e are chosen such that dP < m < 2dP and they satisfy the following two inequalities:

mE > (14 ¢)%dK)

= () ot

1+¢

Note that NWqme(x) has dm variables. For our choice of parameters, m = ©(dP), we get
n = O(dP+*!) variables. In the first condition, m* refers to the number of k' order partial
derivatives where NWy m(x) is non-zero, and (1 + g)24=K) refers to the number of partial
derivatives that [KKS19] use to get the lower bound, stated in Lemma 3.12. It turns out the lower
bound on Ty s(NWgme) is roughly (}) - (1+ ¢)2d=%.
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Existence of the above parameters We follow roughly the same argument as given in [KS19,
Appendix A], but with a slightly more detailed argument to justify our choice of using several
times the parameter 1.

We start by fixing m to be the smallest power of 2 that is > dP. Say m = 2™ where m > dF.
For the first condition, since ¢ > 0, we have

(1+ 8>2(,;H<) < (ee)Zd _ ersm/ﬁlnd — dP% < mk.

For the second condition, we note:

- 9 \d-k .
mE < 1 - poly(m), if e=k
mée > e - poly(m), if e=d.

Thus there exists some k < e < d for which the second condition holds.

Now we are ready to state the lower bound on the complexity measure of Nisan-Wigderson
polynomials. We use a tighter analysis from [KS19]. In [KS19], they analyzed the measure for
Nee,s(NWi ge) for m = ©(d?). However, we note that their lower bound continues to hold as
long as the two above-mentioned conditions hold. Since the analysis is exactly similar, we skip
the proof of it and refer the interested reader to [KS19, Appendix A].

Lemma 3.12. [K519, Lemma 5.9]. Let ,k,{, m, e be as chosen above and n = md. Let & < Fy
be a subset with || < & - q™, where & = exp(—w(log? d)). Then, there exists a subset S F3\&
contained inside some translate of the Boolean hypercube, i.e., there exists some ¢ € Fy such that
S < ¢ + {0,1}", for which the following holds:

n

=
rk,e,S(NWd»mae) = <€ + d — k

) -exp(—O(log? d)).

Note that the lower bound in Lemma 3.12 is quite close to the best we can expect from our
complexity measure, as we observed in Equation (1).

4 Depth-4 with Bounded Top Product Fan-in

In this section, we prove an exponential lower bound against depth-4 circuits with bounded
fan-in on top product gates, Theorem 4.1. This will be a special case of our main theorem,
Theorem 1.1. The proof of Theorem 4.1 is slightly simpler than that of Theorem 1.1, so we
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present it here as a warm-up for the main theorem.

Theorem 4.1 (Lower Bounds for Restricted Depth-4). Fix a field Fq. Let n,d € N be
growing parameters, where d = O(y/n). Let « € N be a parameter verifying 0.01 < o < dV/3.
There exists m,e € N with m = ©(d**!) such that the following holds:

Any XTI circuit with a = [d*+0], over Fq, computing the degree-d polynomial
NW g m,e(X) requires size exp(Qq(+/d/x)).

Throughout this section, we fix ¢ = O(1), i.e., the field Fq is a finite field of constant size.

4.1 Upper Bound when Bounded Support on Bottom Products

In this subsection, we start with the case of depth-4 circuits whose bottom gates have bounded
support. Recall that the notation ZITAZIT} refers to circuits where the top product gates have
fan-in at most a and the bottom product gates have support at most .

Lemma 4.2. Let k,{,7 € N satisfying { + vk < n/2. Let S < Fy be a subset contained
inside some translate of the Boolean hypercube, i.e., there exists some ¢ € Fy such that
S < c¢+{0,1}". Let f € Fy[x] be a degree-d polynomial that can be computed by a sl gy

circuit of size s. Then,
n a
I f) < s- ‘n- .
wes(f) < s (£+rk> n <k>

Proof of Lemma 4.2. Let f(x) = Ti(x)+- - -+ Ts(x), where every Ti(x) can be expressed as follows:

Tix) = QP (x)--- QY (x).

Since the measure is subadditive, we restrict our attention to a single term T(x) = Q1(Xx) - - - Qq(X).
From the hypothesis, we know that for every j € [a], [Supp(Q;)| < . We have,

o=%(T) < span {H 0= (Qj(x))
j

C span {H Q;(x) - H Rj u(x)

jeu jeu

(0(1)--'a0(a) e N, |‘X| :k}

Ue <[§]> y Rju such that Vj, Supp(Rju) < Supp(Qj)} .

The second inclusion comes from the fact that any product | [; =% (Qj(x)) has at most k factors
which are not of the form Qj(x).

Fix a Ue ([E]). We have |[Supp(Rju)| < [Supp(Qj)| < r, where for the final inequality we used
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that the inner product gates compute a polynomial of support < r. In particular,
[a]

u
e < ¢

As stated in the hypothesis, the subset S is contained inside some translate of the Boolean
hypercube. Let Rj/,u denote the polynomial we get after replacing every non-zero monomial
m € Ry with the corresponding polynomial Py (x) of degree |Supp(m)| from Claim 3.7. Since
|Supp(Rj,u)| < T, we have [Supp(m)| <, and thus deg(R{,) <T.

Nees(T) = dim [Evalg (x:e (6:k(T)))] < dim [Evalg <span {R{J,E . H Qj(x)

jgu

where Rﬁl are polynomials of support bounded by ¢ + kr.

From Claim 3.7, we know that for every y € [y, we have R{{,(v) = Rju(y). Thus both R/, and
Rju have the same evaluation vector on Fg, and in particular, the same evaluation vector on

[a]
u .
e (k
From Corollary 3.9, we know that any polynomial can be replaced by a unique multilinear
polynomial such that the evaluations over S remain the same. As Iy s only evaluates over
a translate of the Boolean hypercube {0,1}", we only need to consider at the place of R{M’

multilinear monomials of degree bounded by ¢ + tk. Thus using sub-additivity of Ty s and
¢+ 1k <n/2, we get,

0= o () ) <o (1) )

This finishes the proof of Lemma 4.2. [ |

Sc IFH More formally,

Nee,s(T) = dim [Evals (x:f (a:k(T)>>] < dim [Evalg (Span {H Q;(x) xStk

jeu

4.2 Reduction to Bottom Products with Bounded Support

In the previous subsection, we considered T XTI} circuits and computed an upper bound on
the complexity measure of polynomials that have small ZTTI@ETT} circuits. Now we discuss
how to handle bottom products with arbitrary fan-in. We will show that every polynomial with
a small ZTTILIT circuit can be approximated by a polynomial that has a small ezt with
the additional property that the measure remains the same.
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Lemma 4.3 (Reducing the Support of Bottom Product Gates). Let n,d € N be growing
parameters, where d = O(y/n). Let « € N be a parameter such that 0.01 < « < d'/3. Let
B =[x+ 1] and n := /B — «/(40/Bq). Let a = [d*"%3] and s < exp(20m - v/d). Let
k =nvd, &, m, e be as in Lemma 3.12.

Suppose a polynomial f € Fq[x] can be computed by a STl 1T cireuit of size s. For support
size parameter v := 200qk, there exists a polynomial g € Fq[x] and a subset £ Fy of size
at most exp(—+/d/(Bq)) - q™ satisfying the following properties:

1. The polynomials f and g agree on Fg\E.

2. The polynomial g can be computed by a TN LT circuit of size s.

3. Let S € FG\E. Then the measure Ty ¢ s(f) equals the measure Ty ¢ s(9).

Proof of Lemma 4.3. From the hypothesis, we know that the polynomial f(x) can be computed
by a ZIAZIT circuit of size s, which means we can express f(x) as follows:

1 1
00 = Q"0 -+ Q) +...+ Q0 - Q).
Since the circuit has size s, we also know that each polynomial Qj(i) (x) has sparsity at most s.

We refer to the polynomials Qj(i) (x)’s as inner polynomials.

Existence of a dense subset with high multiplicity Fix an inner polynomial Qj(i) (x). Let

m be a monomial with non-zero coefficient in QJ.(i) (x) that has support size at least , i.e.,
Supp(m) > r. Since 1/100q > k, Corollary 3.6 guarantees the existence of a subset £, < Fg with

|Em|l < exp(—7/3q) - q", (using k = 0.99)

such that for every point a € Fg\En, we have Mult(m,a) > r/100q > k.

Let £ be the union of &, over all monomials m (computed at the bottom product gates) that
have support size at least v. Since the size of the ITTIYZIT circuit is s, we can have at most s
such monomials. Using s < exp(20m - \/E), we get,

€] <s-exp(—1/3q) - q™ < exp(—40mV/d) - q™ = exp (_([5—oc)d> -q" < exp (— qu) -q™.

Defining the approximating polynomial g(x) For every inner polynomial Qj(i) (x), define the

polynomial (NQj(i) (x) as follows: Remove all monomials in Qj(i) (x) that have support > r. Before
proceeding to define g(x), we make an observation that will be useful later in the proof.
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Observation 4.4. Let u be a monomial of degree < k. Then we have,

A 1)
aQ{;u(x)(a) = aQ{;u(x)(a), for every a e Fg\£.

This is because QJ-(i) and Qj(i) only differ in monomials with support > r and every point in Fg\E
has multiplicity strictly larger than k with respect to those monomials.

Now we define g(x) as follows:
g0 = Q700 - Q00 ...+ QY0 - Q).

We now check that g(x) satisfies the three properties mentioned in Lemma 4.3:
1. From the definition of £, we have that for every a € Fg\E, g(a) equals f(a).
2. Note that the polynomial g(x) can be computed by a ST SIT circuit with bottom product

gates of support at most v and size s. More precisely, removing bottom product gates with
support at least 1 from the ZTTIIZTT circuit computing f(x) yields a circuit for g(x).

3. Let S < IB‘E\S. Using Observation 4.4, we have that for any monomial u of degree k and
any monomial v of degree ¢,

QW (x 0 QW (x
V- Qéu() (a) = | v Qéu() (a), for every a € Fg\E.
This implies that N es(f) = Nees(g).
This finishes the proof of Lemma 4.3. |

4.3 Proof of Theorem 4.1

In this subsection, we use Lemma 4.3, Lemma 4.2, and Lemma 3.12 to prove Theorem 4.1.
Lemma 4.3 states that every polynomial that can be efficiently computed by a ZTTIUZTT circuit
can be approximated by a polynomial with same complexity measure, that can be efficiently
computed by a ML} circuit. Lemma 4.2 gives us an upper bound on the complexity mea-
sure of every polynomial computed by a small ZTTI@IZTT} circuit. Lemma 4.2 together with
Lemma 4.3 gives us an upper bound on the complexity measure of a polynomial computed by a
small ZTTILIT circuit. Combining it with the lower bound on the measure of Nisan-Wigderson
polynomials (Lemma 3.12) will give us the lower bound we are seeking. We recall Theorem 4.1
below and then prove it.

23



610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

Theorem 4.1 (Lower Bounds for Restricted Depth-4). Fix a field Fq. Let n,d € N be growing
parameters, where d = O(y/n). Let « € N be a parameter verifying 0.01 < « < dY3. There exists
m, e € N with m = @(d**!) such that the following holds:

Any LTSI circuit with a = [d**0>], over F,, computing the degree-d polynomial NWq m ¢ (X)

requires size exp(Qq(y/d/x)).

Proof of Theorem 4.1. Let  := [« + 1]. Note that (f — «) is always positive and (f — &) < 2.
Assume that the polynomial NW, 4.(X) of degree-d is computed by a Y11l 1T circuit of size s.
Suppose for the sake of argument that s < exp(20n - \/E) Let n,k,r,{, m,e be as in Lemma 4.3.
We quickly verify that these parameters satisfy the conditions in Lemma 4.2.

(4rk = g(l—s) +200qn2~d<g(1—£) + d<g,

where for the final equality we used d = O(y/n).

Let g(x) be the polynomial and £ be the subset guaranteed from Lemma 4.3. We know that
€] < &-q™ for & = exp(—/d/(Bq))) = exp(—w(log?d)). Let S < F3\E be the translate of
Boolean hypercube from Lemma 3.12 such that

n

NW >
s ae) > (5

) -exp(—O(log? d)).
From the second item of Lemma 4.3 and Lemma 4.2, we have

n a

From the third item of Lemma 4.3, we know

n a
Nee,s(NWmge(x)) < s- <€ N rk) ‘n- <k>

Lower Bound We now give a lower bound on the size s. Let Z denote the following quantity:

£ (o3 e/ () ()

Since k = 200qn? - d < (d — k), simplifying the binomial coefficients,

(=0 -7k Mm—0—-(d—k)+1 1
T olt+(d-k (+1k+1 .n. (a)  exp(~O(log" d))
k
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n— _ d—(r+1k

Using { = 5 - (1—¢), we get,

d—(r+1)k
1+¢)— %
Z = —df{f U S exp(—O(log? d)).
1— (e — %) a

Using n = Q(d?) and the inequality 1/(1 —u) > (1+u) for 0 <u <1,

Tk d—k d—(r+1)k 1 )
> — . - - - L. — .
L > <(1+e n/2) (1+£ /2 >> (a exp(—O(log” d))
k
Using also ¢ = (fn/2) - Ind/v/d, we know that for n, d large enough,

Tk d—k
te—— ) (1+e——n ] = 1+2e

<1, using the inequality (1+ u)"/* > e® for u > 0 small enough, we get,

Since a = Q(d%), by using Claim 3.10 on (}), we get,

x+ P

Let © =
e 26

Z = exp(20e-(d— (r+1)Xk)) - - exp(—O(log? d)).

% — oxp(—(1+o(1)) - k-In(a/k)).
()

We have a = [d*t%9], i.e., In(a/k) < alnd + In(1/n) + 1, where In(1/m) +1 = O(x). Simplifying,

we get,
Z > exp(20ed —20erk — kalnd — o(kelnd))

— exp ((“; B~ 100(a + B)qn® —noc> Vdlnd — o(\/ﬁlnd)> .

We now simplify the function that is multiplied with v/dInd inside the above exp function
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using our choice of parameters:

(X;Bn—l()()(a—k B)an’ —na = 2(5—“_ (OCJFBQ((?,B_OC)) - %(76_“)(6_“)
15
> g - = 5P~ agva,

where we use (f — «) =1 for the final inequality. This implies

Z = exp(Qq((v/d/x) - logd)).

Recall that at the beginning of the proof, we assumed s < exp(y/(B — «)d/(4Bq)) (we made this
assumption so we could use Lemma 4.2). The above lower bound on Z says that a ITTI¢ZIT
of size exp(Qq(+/d/x)) cannot compute the polynomial NWy .. This finishes the proof of
Theorem 4.1. |

Depth-4 Circuits with Outer Powering Gates The above proof also simply extends when we
replace the top product gates with powering gates, and no bound on the fan-in of the powering
gates. We state it formally below, which even follows from [KS19], but we note it here for the
sake of completeness.

Corollary 4.5 (Lower Bound for Depth-4 with Outer Powering Gates). Let n € N be a growing
parameter and let d € N denote the degree parameter, where d is a function of n. There exists an
explicit polynomial f(xi,...,xn) € Fq[x] of degree at most d satisfying the following:

Every £ A 1 circuit over Fq computing the polynomial f(x) requires size exp(Q(v/d)).

Proof Sketch of Corollary 4.5. The proof is quite similar (and a bit simpler) than the proof of
Theorem 4.1. Fix any natural number w € N. Let £ Al 1T denote the depth-4 circuits where
every A gate computes a < wt' power of its child. We have that £ A 21T < ST, and
thus Lemma 4.3 and Lemma 4.2 applies on the class £ A ITT, but with different parameters.
In particular, Lemma 4.2 yields an upper bound of s - (%, ) - n, and there is no (i) factor. The
reason is that when we take kth partial derivatives, there is no choice on which of the k inner
polynomials to derive on, and hence no factor of (]‘i) The lower bound calculation from the
proof of Theorem 4.1 continues to hold as usual, without the (ﬁ) factor. This only improves the
lower bound on Z in the proof of Theorem 4.1 and thus Z = Q(exp(v/dlogd)). As this holds
for every w € N, we have a lower bound on s = Q(exp(+v/d)), irrespective of w. This finishes the
proof sketch of Corollary 4.5. |
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9 Depth-5 with Bounded Top Product Fan-in

In this section, we discuss the proof of Theorem 1.1. As discussed in the technical overview, the
proof of Theorem 1.1 is quite similar to the proof of Theorem 4.1.

5.1 Upper Bound when Bottom Product Gates have Bounded Rank

We start by giving an upper bound on the complexity measure of polynomials that have a small
LT ITTE circuit whose bottom product gates have bounded rank. The following lemma is an
analogue of Lemma 4.2.

Lemma 5.1. Let k¢, € N satisfying £ + rqk < n/2. Let S < Fy be a subset contained
inside some translate of the Boolean hypercube, i.e., there exists some ¢ € Fy such that
Scc+{0,1}™

Let f(x1,...,xn) € Fq[x] be a degree-d polynomial that can be computed by a il yms
circuit of size s. If every bottom product gate has rank < r, then,

n a

Before we prove Lemma 5.1, it will be convenient to have the following claim.

Claim 5.2. Let Q(x) € Fy[x1,...,xn] be a polynomial that can be computed by a LTIL circuit with
product gate of rank < v and size s. Then for every monomial u, there exists a polynomial Pg . of
degree < r(q — 1) such that

2Q

£ (a) = Pqu(a), for every ac IF’(?.

Proof of Claim 5.2. We know that Q(x) can be expressed as:

Q(X) = Lu(X)n-LlS(X) + ...+ le(x)---Lss(x),

where for every j € [s], the rank of the set of degree-1 polynomials {Lj;(x),...,Ljs(x)} is at most
. Assume without loss of generality that for every j, the set {Lji(x),...,L;;(x)} is a spanning
set for span {Lj;,...,Ljs}. We have,

dQ(x) 0Lu(x)---Lis(x) 0L (x) - - Les(x)

ET ou et ou

ve (@)1

Consider any summand on the right-hand side:

6Lp1(x) ... Lps (X) C span {H I—pj (X)

o Y
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Since {Ly1(x),...,Lpr(x)} is a spanning set, we know that for every V e (|[i]|), there exists non-
negative integers ti,...,t; such that

[TLi) = Lut - Ll

jEv

Now define the polynomial L, v(x) as follows: Keep replacing every occurrence of Lp;(x)9 with
Lp;(x) until every Lp;(x) occurs with degree less than q. Since z9 = z for every z € Fy, we have,

HI—pj(a) = Lyv(a), forevery aely.
jev

Note that L, v is a polynomial of degree at most r(q —1). Thus, there exists a polynomial L, (x)
of degree at most r(q — 1) such that,

AL+~ Lps)
%(a) = Ly(a), for every a € Fy.

Now define Ry := L1 + ... + Ls, where L, is as defined above. Then we get,

0
%(a) = Ro.u(a), for every a € IFy.
This finishes the proof of Claim 3.2. |

Proof of Lemma 5.1. The proof proceeds similarly to the proof of Lemma 4.2. Let f(x) =
Ti(x) + ...+ Ts(x), where every Ti(x) can be expressed as follows:

Tix) = QY (x)--- QM (x).

Furthermore, every Q].(I) (x) is a sum of product of affine forms with rank at most r.
Since the complexity measure I ¢ s is sub-additive, we will restrict our attention to a single term
T(x) = Q1(X)...Qq(x). We have,

N

0%(T) < span {H 079 (Qi(x))

=1

span {H Qi) [ [Rju®)

jeu jel

Ay .-y g € N | =k}

N

Ue <[E]>,Rj,u such that Vj, Rju € agk(Qj)} .

Fix Ue ([ﬁ]) and j € U, and consider the polynomial Rjy(x). Since Qj(x) can be computed by a
ITIE circuit with product gate of rank at most r and Rjy € 0S%(Qj), we can use Claim 5.2 to get
the following: There exists a polynomial Ry, (x) of degree at most v(q — 1) such that for every
v € Fy, we have Rjy(y) = Rj’)u(y). This means that both R;y and Rjy have the same evaluation
vector over F H, and in particular have the same evaluation vector over the subset S < Fa‘. This
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implies:

Nees(T) = dim [Evals (x:f (a:k(T)>>] < dim [Evals (Span {H Q;(x) x<t+Tak

jgu

ue ([g)})].

From Corollary 3.9, we know that any polynomial can be replaced by a unique multilinear
polynomial such that the evaluations over S remain the same. As [} s only evaluates over a
translate of the Boolean hypercube {0,1}™, we only need to consider multilinear monomials of
degree at most { + rqk. Thus using sub-additivity of T} ¢ s and { + rqk < n/2, we get,

a {+rqk n a n
< g- . . .n -
st < 5 (1) 2 (1) = o (2) e (i)

This finishes the proof of Lemma 5.1. |

5.2 Proof of Theorem 1.1

Now we show how to reduce a depth-5 circuit to a depth-5 circuit with bounded rank of the
bottom product gates. The following lemma is an analogue of Lemma 4.3.

Lemma 5.3 (Reducing the Rank of Bottom Product Gates). Let n,d € N be growing
parameters, where d = O(y/n). Let o € N be a parameter such that 0.01 < « < d¥3. Let
B := [+ 1] and n := VB — «/(40q+/B). Let a = [d**95] and s < exp(20m - Vd). Let
k =nvd, ¢, m, e be as in Lemma 3.12.

Suppose a polynomial f € Fq[x] can be computed by a STl STY circuit of size s. For
support size parameter v := 2004k, there exists a polynomial g € F[x] and a subset £ IE‘}I‘
of size at most exp(—+/d/(Bq)) - q™ satisfying the following properties:
1. The polynomials f and g agree on F H\S .
2. The polynomial g can be computed by a ST SIS circuit of size s with bottom product
gates of rank at most 7.
3. Let S € FG\E. Then the measure Ty ¢ s(f) equals the measure Ty ¢s(9).

Proof of Lemma 5.3. From the hypothesis, we know that the polynomial f(x) can be expressed
as

f(x) = Q") QLX) + ... + Q) Q¥ (x),

where each Qj(i) (x) can be computed by a XITZ circuit of size at most s. Furthermore, every Q].(i)
is a sum of product of at most s affine polynomials.
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Existence of a dense subset with high multiplicity Fix a polynomial Qj(i) (x) and denote it
by Q(x) for convenience in writing. We have,

Q(X) = En(x)mﬂls(x) + ...+ le(x)mﬁss(x).

Let j € [s] be such that (if it exists) rank {{(x),...,¢5(x)} > v and {{i(x),..., 4 41(X)}
are linearly independent (maybe after relabeling). Since r/100q > k, using Claim 3.5 on

{ti1(x), .-, §r+1(x)}, we know there exists a subset £q; € Fg' with
€ql < exp(—7/3q) - q", (using k = 0.99)
such that for every point a € Fg\Eq,j, we have Mult({j; - ... - §r41,a) > 7/100q > k.

The number of bottom product gates whose set of children is of rank larger than r is at most s
since the size of the circuit is at most s. Let £ be the union of £q; over all such inner product
gates. Using s < exp(20n - v/d), we get,

(B—o)d Vd
El <s-exp(—1/3q) - q" < exp(—40nVd) - q" =exp | —Y———— | -q"<exp [ ——— | - q™
! / avB qvB
Defining the approximating polynomial g(x) For every inner polynomial Qj(i) (x), define a

new polynomial Qj(i) (x) by removing every summand of rank larger than r. Before proceeding
to define g(x), we will make an observation that will be useful later in the proof.

Observation 5.4. Let Qj(i) = H;+...+ H and suppose H; are bottom product gates of the circuit
above of rank larger than r. Let w be any monomial of degree at most k. Then for every Hy,

6Ht (X)
u (a) = 0, for every ae Fg\E.
This immediately implies:
QY (%) QY (%)
_) 7 - 9 v mn
o (a) o (a), for every ae Fg\E.

Now we define the new polynomial g(x) as follows:

We now show that g satisfies the three conditions mentioned in Lemma 5.3:

1. From the definition of £, we have that for every a € F\E, g(a) equals f(a).
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733 2. From the definition of Qj(i), it is easy to see that if Q].(i) (x) can be computed by a XITE

734 circuit of size s, then Qj(i) can also be computed by a XITX circuit of size s and that the
735 rank of Qj(i) is at most the rank of Qj(i). Since the polynomial f(x) can be computed by a
736 YTl LTS circuit of size s, then the polynomial g(x) can also be computed by a yrilelyms
737 circuit with bottom product gates of rank < r of size s.
738 3. Let S < IF‘;\S . Using Observation 3.4, we have that for any monomial u of degree at most
739 k and any monomial v of degree ¢,
0 of

(v . %i?) (a) = (v- 6(ux>> (a), for all a € Fg.
740 Thus T ¢ s(f) equals Ty gs(g).
71 This finishes the proof of Lemma 5.3. |

72 Now we are ready to finish the proof of Theorem 1.1.

143 Proof of Theorem 1.1. Consider a ZITIYIITE circuit of size s computing the polynomial NW g m,e(X)
s of degree d. For a sake of argument, assume that s < exp(20mv/d).

s Let 1n,k,r,{,m,e be as in Lemma 5.3. Let r = (5[;5 [5;110(;) -4/d. These parameters satisfy the
6 condition in Lemma 5.1.
{+rqk = g(l—s) + 200q2n2~d<%(1—a) +d< %

77 where for the final equality we used d = O(y/n).

s Let g(x) be the polynomial and £ be the subset guaranteed from Lemma 5.3. We have that
2o |E| < 8- q™ for & = exp(—v/d/(qv/B)). Let S < Fg\& be the translate of Boolean hypercube from
0 Lemma 3.12 such that

n

=
rk)&S(NWm,d,e) (e +d-—k

> -exp(—O(log? d)).

751 From the second item of Lemma 5.3 and Lemma 5.1, we have

n a
rk)‘eys(g) < S - (€+qu> ‘n- (k>‘

72 From the third item of Lemma 5.3, we knhow

n a
I NW < s- ‘n- .
k’(’s< m’d’e) s <(’, + qu) <k>

753 The lower bound now follows from the same calculation as done in the proof of Theorem 4.1.
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Indeed, the only modification in the parameters between Lemma 5.3 and Lemma 4.3 is that the
parameter 1 is reduced by a factor of 1/,/q (Notice that n appears implicitly in the definitions
of k, r, and ¢). On the other side, the term rk in Lemma 4.2 is replaced by the term rqk in
Lemma 5.1. Consequently, in Equation (2), each term inside the exponential function is divided
by 1/,/q. Hence, the final bound is the same up to the factor 1/,/q in the exponent. This finishes
the proof of Theorem 1.1. [ |

6 Exponential Gap between Depth-3 and Homogeneous Depth-4
Circuits

In this section, we prove Theorem 1.5. To prove Theorem 1.5, we use the complexity measure
defined by [GK98], that we define now.

Definition 6.1 (Grigoriev-Karpinski Measure). Fix a field ¥y and let k,n € N be arbitrary. For a
subset € < Ty, let € := F{\E. Then for every polynomial P(xi,...,%n),

GKie(P) = dim [Evalg{azk(P)}].

We first state an upper bound on the GK measure for polynomials that can be computed by small
depth-3 circuits. The following lemma was implicitly used in [GK98] and also stated explicitly
in [CM17, Lemma 7]. We use the following formulation from [SapZ21] for simplicity.

Lemma 6.2 (Upper Bound of GK measure for Depth-3). [SapZ1, Lemma 10.4] Fix a field Fq and
let ke N. Let P € Fy[xy,...,xn] be a polynomial that can be computed by a ZT1Z circuit over Fy of
size s. Then, for any T > 0 and k < 7/10q, there exists a subset £ < Fy with |£] < s-exp(—7/8)-q"
such that,

GKk’g(P) < s- qT.

Now we show a lower bound on the Grigoriev Karpinski measure for the polynomial PIP.

Lemma 6.3 (Lower Bound of GK measure for PIP). Fix a field Fq and let m,d € N be growing
parameters. Then for every subset £ € F 3md with |€| < exp(—w(dlogq)) - ™4, we have,
GKd,c‘J(PIPm,d(x) Y>) = md'

Proof of Lemma 6.3. We first observe that if we take the partial derivative of PIP, 4 with respect
to a set-multilinear monomial u in x variables, then the partial derivative is the “counterpart”
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of u in the y-variables. More formally,

074 PIPmg
0 (¥t Xaug)

= Yly " Ydugs for every d-tuple (uy,...,uq) € [m]<.

This implies,
(v | (- ue) € (]2} € 078 (PIP).

Let By,a be the set on the left side, i.e, Bma :== {Uty - Yauy | (U1, ...,ua) € [m]¢}. Note that
for every two distinct tuples u € [m]¢ and v € [m]¢, the monomials y,, and yy are distinct. This
implies that By, 4 is a set of linearly independent monomials.

In the following claim, we show that the evaluation vectors of linearly independent degree-d
polynomials over £ continue to be a linearly independent set.

Claim 6.4. Let B < Fy[zy,...,zn] be a set of non-zero Fy-linearly independent degree-d polyno-
mials and let £ < Fg be any subset with |€| < exp(—w(dlogq)) - q™. Then the set

{Evalz(Q) | Q(z) € B,

is a linearly independent set.

Proof of Claim 6.4. We know that every non-zero degree-d polynomial over Fq is non-zero on
at least q~4-q™ points in Fg. Any non-zero polynomial in the space spanned by polynomials in B
~4.q" =exp(—dlogq)-q"
points of Fg. Fix any polynomial Q € span(B). Since |£| < exp(—w(dlogq)) - q", there exists
a point a € FG\E such that Q(a) # 0. In other words, Evalg(Q) is a non-zero evaluation
vector. This implies that any non-zero linear combination of vectors in {Evalg(Q) | Q(z) € B} is
a non-zero vector. Hence, {Evalg(Q) ‘ Q(z) e B} is a linearly independent set. |

is a non-zero degree-d polynomial, and thus is non-zero on at least ¢

Applying Claim 6.4 on the set By, 4 and &, we get,
GKae(PIPma(%,y)) > dim(Bma) = [Bma| = m?.
This finishes the proof of Lemma 6.3. |

We are now ready to finish the proof of Theorem 1.5, which we recall below.
Theorem 1.5 (Exponential Gap b/w Depth-3 and Homogeneous Depth-4). Fix a field Fq and let

m,d € N be growing parameters. Any LIIL circuit over Fq computing the degree-d polynomial
PIP q requires size exp(Qq(dlogm)).
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Proof of Theorem 1.5. Let T = (dlogm)/(2logq) and let s < exp((1/32logq) - dlogm). Suppose
there is a ZITZ circuit over [Fy of size s that computes the polynomial PIP, 4(x,y).

Since d < 1/10q when m is sufficiently large, Lemma 6.2 guarantees the existence of a subset
£ = Fa™ with |€] < s -exp(—1/8) - ¢*™ = exp(—1/(32log q) - dlogm) - g*™ such that

GKdyg<P|Pm‘d) < S- qT.

On the other hand, we also have || < exp(—w(dlogq)) - q>™¢ and thus by Lemma 6.3, we get,

GKge(PIPmg) = m? = exp(dlogm).

Comparing the two bounds on GKg¢(PIPm q), we get,
s > exp(dlogm —tlogq) = exp(Q(dlogm)).

This finishes the proof of Theorem 1.5. [ |
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