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Abstract5

We study depth-5 algebraic circuits over small finite fields with restricted fan-in of the top6

product gates. We show that there exists an explicit degree-d polynomial Ppxq such that any7

ΣΠrpolypdqsΣΠΣ circuit, computing Ppxq, over a small finite field, requires size 2
Ωp

?
dq
. Our8

work builds upon and strengthens the work of [KS19], who showed 2
Ωp

?
dq

lower bounds9

against ΣΠrOp
?
dqsΣΠΣ circuits over small finite fields. It is known that proving 2

ωpd1{3
lognq10

lower bound for ΣΠrasΣΠ circuits with a “ 2
Opd1{3

logdq
, over fields of characteristic 0, implies11

VP ‰ VNP. In pursuit of this, we also prove superpolynomial lower bounds over small finite12

fields for ΣΠrasΣΠ circuits where a “ 2
Opdλ

logdq
, for any constant λ ă 1{3.13

14

We use evaluations of the shifted partial derivatives to prove our lower bounds. We follow15

the same outline as [KS19], but with a more delicate analysis of the complexity measure. We16

use a family of the Nisan-Wigderson polynomials as a hard polynomial. We show that over17

small finite fields, setting the parameters of our measure and the hard polynomial with care,18

the method of shifted partial derivatives can yield lower bounds well beyond the homogeneity19

restriction on depth-4 circuits.20

21

We also show an exponential gap between depth-3 and homogeneous depth-4 circuits over22

small finite fields. Previously, only a superpolynomial gap was known using [CM17] and23

depth reduction of polynomials in VP until homogeneous depth-4. We use the complexity24

measure of [GK98], and we use the Product of the Inner Product polynomial to show the25

separation.26
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1 Introduction46

Algebraic complexity is the study of the computation of polynomials as formal objects with47

addition and multiplication as primitive arithmetic operations. In his seminal work, Valiant48

[Val79] introduced two classes, VP and VNP, which are algebraic analogues of the classes P and49

NP problem. The central question in algebraic complexity is to resolve the VP vs VNP problem50

- prove superpolynomial size lower bounds for an explicit polynomial. We refer the reader51

to surveys [SY10; Sap21] for a more formal treatment of the subject and especially for lower52

bounds. For general algebraic circuits, the best known lower bound is Ωpn lognq by [BS83],53

which is slightly better than the best known general boolean circuit lower bound of 3.1n ´ opnq54

by [LY22]. Over the past fifty years, strong lower bounds have been proved for various restricted55

algebraic circuits, and one particular restriction that has gained huge traction is constant depth56

circuits. Exponential lower bounds were proved for constant-depth Boolean circuits AC0
in the57

late 80’s by [FSS84; Hås87; Raz87; Smo87]. On the contrary, exponential lower bounds for58

algebraic circuits have remained deceptive. In this work, we consider some further restrictions59

on constant-depth circuits and prove lower bounds for them. We discuss more background and60

context for our result now.61

In the following discussion, we will always use n and d to denote the number of variables and62

degree, respectively.63

Known Lower Bounds in Algebraic Complexity Most of the lower bounds in algebraic64

complexity go via the method of partial derivatives. [Nis91] used it to prove an exppΩpnqq lower65

bound against the model of non-commutative algebraic branching programs
1
(the term ‘partial66

derivatives’ was used formally later). Subsequently, [NW97] formally introduced the method of67

partial derivatives to prove an exppΩpnqq lower bound against homogeneous2 depth-3 circuits,68

over any field. [GK98; GR00] proved an exppΩpnqq lower bound against (non-homogeneous)69

depth-3 circuits over small finite fields. Proving lower bounds against depth-3 circuits over fields70

of characteristic 0 was the next challenge in sight. [SW01] proved a Ωpn2q lower bound against71

depth-3 circuits over fields of characteristic 0. Later, [KST16a] proved a
rΩpn3q lower bound for72

depth-3 circuits over any field. A breakthrough result of [LST25] proved exppωplognqq lower73

bounds against any constant-depth circuits over fields of characteristic 0 (also see [BDS24] for74

improved parameters). [For24] extended this result to any field. Proving stronger lower bounds75

for constant-depth circuits still remains a big challenge, and for a good reason, which we will76

explain in a moment.77

1

Algebraic branching programs are a class of algebraic circuits which is known to be at least as powerful as

algebraic formulas and at most as powerful as algebraic circuits. The determinant polynomial, DETpxq, can be

computed by a polypnq-sized algebraic branching program and is also complete for this class under suitable reductions.

2

For any circuit class C, we say a circuit C is in homogeneous C if every gate of C computes a homogeneous

polynomial. For homogeneous circuits, one can assume without loss of generality that every gate computes a

polynomial of degree at most the degree of the output polynomial.
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Depth Reduction (Efficient Parallelization) In the pursuit of resolving VP vs VNP, one78

would like to find structure within circuits in VP that can be exploited to prove lower bounds.79

As we saw above, we have lower bounds against constant-depth circuits. This begs the following80

natural question: Can we reduce the depth of an arbitrary circuit ‘efficiently’?81

[Bre74] showed that one can reduce the depth of any algebraic formula
3
of polypnq-size to depth82

Oplognq with only polypnq blowup in the size. [VSBR83] showed that any circuit in VP can be83

reduced to depth Oplog2 nq with only polypnq blowup in the size. In a series of works, [AV08;84

Koi12; Tav15] showed that any circuit in VP (over any field) computing a degree-d polynomial85

can be converted to a homogeneous depth
4
4 circuit with size

5
exppOp

?
d lognqq.86

87

From a lower bound perspective, the depth reduction results of [AV08; Koi12; Tav15] says88

that a lower bound of exppωp
?
d ¨ lognqq against homogeneous depth-4 circuits for a degree-d89

polynomial in VNP implies VP ‰ VNP. In the next paragraph, we discuss the known lower90

bounds against small depth circuits.91

Previous Lower Bounds against Homogeneous Depth-4 Circuits The last decade saw92

a flurry of progress in proving lower bounds against homogeneous depth-4 circuits. [Kay12;93

GKKS14] introduced a new complexity measure - shifted partial derivatives, which paved the94

way for exponential lower bounds against homogeneous depth-4 circuits. In an exciting line95

of work, [GKKS14; KSS14; FLMS15; KS14; KLSS14; KLSS17; KS17b] showed a lower bound96

of exppΩp
?
d lognqq against homogeneous depth-4 circuits over any field, for a polynomial in97

VP. It seems this is close to the dream lower bound of exppωp
?
d ¨ lognqq against homogeneous98

depth-4 circuits (which would imply VP ‰ VNP), yet there is no approach currently to go beyond99

this barrier!100

Also note that the exppΩp
?
d lognqq holds for a polynomial in VP, and this says that the depth-101

reduction result of [AV08; Koi12; Tav15] cannot be improved further for homogeneous depth-4102

circuits.103

Better Depth Reduction for Depth-4 Circuits With no improvement on lower bounds for104

homogeneous depth-4 circuits, we reconsider the model of computation and ask the following105

natural question: Can we do better depth-reduction until (non-homogeneous) depth-4 circuits?106

Combining the results of [AV08; Koi12; Tav15] and [GKKS16] (for example, see [KS19, Section107

7.5] for a proof), one can show that over fields of characteristic 0, every polynomial in VP108

can be computed by a depth-4 circuit with size exppOpd1{3
lognqq, which is exppop

?
d lognqq.109

Therefore, over fields of characteristic 0, non-homogeneity is more powerful than homogeneity110

3

An algebraic formula is a restriction of an algebraic circuit where the underlying circuit is a tree.

4

Their results also hold for depth-∆ with size depending on ∆, but we focus on depth-4 for now.

5

To understand the parameters, think of s, n, and d to be polynomially related to each other. We know that

every degree-d polynomial in n variables can always be computed by a depth-2 ΣΠ circuit of size Opnd
q, which is

exppOpd logdqq. However, the above-mentioned results say that if we go to depth-4, then it can always be computed

by size exppOp
?
d logdqq.
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in depth-4 circuits
6
. The depth reduction result for depth-4 circuits says that a lower bound of111

exppωpd1{3 ¨ lognqq against depth-4 circuits for a polynomial in VNP, over fields of characteristic112

0, would imply VP ‰ VNP. This depth reduction result until depth-4 circuits is not known for113

fields of positive characteristic
7
.114

115

Previous Lower Bounds against Depth-4 Circuits Proving lower bounds against depth-4116

circuits has been more challenging than homogeneous depth-4 circuits, and has seen a gradual117

progress. [Sha17] proved a
rΩpn1.5q lower bound and then [GST20] proved a

rΩpn2.5q lower bound118

for depth-4 circuits over fields of characteristic 0 for a polynomial in VNP. [LST25; For24] show119

superpolynomial lower bounds against depth-4 circuits over any field, for low-degree polynomi-120

als. More precisely, for d “ Oplognq, they show a lower bound of exppΩpd1{4
lognqq.121

122

Before we proceed to explain our motivation and our results, it will be convenient to state the123

following notation. For a parameter a, we use ΣΠrasΣΠΣ to denote depth-5 circuits where the124

top product gate has fan-in a, and similarly ΣΠrasΣΠ.125

1.1 Motivation126

From the above discussion, we know that a lower bound of exppωpd1{3
lognqq against depth-127

4 circuits over fields of characteristic 0, implies VP ‰ VNP. More specifically, it suffices to128

prove a lower bound of exppωpd1{3
lognqq against ΣΠrasΣΠ circuit where a “ exppOpd1{3qq over129

fields of characteristic 0. In this work, we consider the setting of small finite fields instead of130

characteristic 0 because small finite fields seem to be more amicable towards our known lower131

bound techniques. [GK98; GR00] proved exppΩpdqq lower bounds for depth-3 circuits over small132

finite fields and [CM17] improved the lower bound to exppΩpd lognqq. [LST25; For24] achieve133

a lower bound of exppΩpd1{4
lognqq against depth-4 circuits over every field. The difference134

between the lower bounds obtained for homogeneous circuits compared to general circuits seems135

to stem from the fact that in the former models, the formal degree is bounded by d, i.e., we can136

assume that all intermediate polynomials calculated have degree at most d. In this work, we137

seek an intermediate goal and investigate the following question:138

Are there natural restrictions of depth-4 circuits allowing large formal degrees for which we can139

prove exponential lower bounds, over small finite fields?140

To motivate our line of investigation, we look at few concrete examples:141

6

This can be formally captured as follows. The above-mentioned exppΩp
?
d lognqq lower bounds against homo-

geneous depth-4 circuits hold for a polynomial in VP. In other words, there is a polynomial in VP that cannot be

computed by a homogeneous depth-4 circuit of size exppop
?
d lognqq, but can be computed by a depth-4 circuit of

size exppOpd1{3
lognqq, over fields of characteristic 0.

7

Characteristic 0 shows up in the proof of [GKKS16]. There is a step to express any power of a linear form as a

sum of product of univariate polynomials. This conversion is only known over fields of characteristic 0.
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• Over small finite fields, [KS19, Theorem 1.2] went beyond the homogeneity condition and142

showed an exppΩp
?
dqq lower bound against ΣΠrasΣΠΣ where a “ Op

?
dq. Their proof143

(inspired from [GK98]) crucially uses small finite fields to “nullify” bottom product gates144

with large degree, and the circuit “behaves” like a homogeneous depth-5 circuit.145

• Over fields of characteristic 0, [SW01] proved Ωpn2q lower bounds against (non-homogeneous)146

depth-3 circuits. To handle non-homogeneity, they showed that one can “nullify” product147

gates of high rank
8
. Thus it suffices to prove a lower bound against ΣΠrasΣ circuits where148

a ď n{100.149

• Over any field, another series of works follow this idea to extend lower bounds to models150

allowing larger formal degree. In [KS17a; KST16b], the authors generalized lower bounds151

for multilinear models [Raz09] (a model is multilinear if any gate computes a multilinear152

polynomial) to multi-r-ic ones (a model is multi-r-ic if the formal degree of any gate in153

each variable is at most r).154

• Over fields of characteristic 0, [FLST24, Theorem 5] showed that a depth-4 circuit com-155

puting a polynomial of degree-d polynomial Ppxq can be efficiently converted to a depth-4156

circuit of formal degree polypdq, computing Ppxq. Here, efficient means a blowup of polypdq.157

The above mentioned results suggest that to handle (non-homogeneous) ΣΠΣΠ circuits, a possible158

approach is to reduce to ΣΠrasΣΠ circuits where a “ polypdq. In this work, we prove exppΩp
?
dqq159

lower bounds against ΣΠrpolypdqsΣΠ circuits over small finite fields.160

We also revisit the complexity measure used in [GK98] to prove lower bounds against depth-3161

circuits over small finite fields. [GK98] showed an exppΩpnqq lower bounds against depth-3162

circuits over small finite fields, for a polynomial in VP. Later, using the same complexity163

measure, [CM17] improved the lower bound to exppΩpn lognqq, and [Sap21, Theorem 10.2] showed164

that the same lower bound holds even for the elementary symmetric polynomial
9
. These results165

using depth reduction of [AV08; Koi12; Tav15] show that polynomials in VP cannot be reduced166

until depth-3, akin to [GKKS16]. Our motivation is to understand whether the complexity167

measure of [GK98] could be used to prove exponential lower bounds against depth-4 circuits with168

a bound on top-product fan-in. We answer this negatively by achieving an exppΩpn lognqq lower169

bound against depth-3 circuits over small finite fields for a polynomial that can even be computed170

by a polypnq-sized homogeneous depth-4 circuit. We state it formally in Theorem 1.5.171

1.2 Our Results172

In this subsection, we discuss our main results. We prove our lower bounds for Nisan-173

Wigderson polynomials NWd,m,e (see Definition 3.1 for a formal definition) and for Product174

8

Here, the rank of a product gate refers to the rank of the affine polynomials that are multiplied together.

9

In a beautiful construction, Ben-Or showed that elementary symmetric polynomials have Opn2

q-sized depth-

3 circuits over fields with ě pn ` 1q elements. However, for small finite fields, we are not aware of any better

construction than depth-reduction of VP until homogeneous depth-4 circuits.
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of Inner Products PIPm,d (see Definition 3.2 for a formal definition). For NWm,d,e, the number175

of variables n is md and for PIPm,d, the number of variables n is 2md.176

177

Our first result is an exponential lower bound against depth-4 circuits with bounded fan-in178

on top-product gates, over small finite fields. Our techniques also extend naturally to depth-179

5 circuits with bounded fan-in on top-product gates, and thus we state our main result for180

depth-5.181

Theorem 1.1 (Lower Bounds for Restricted Depth-5). Fix a field Fq. Let n, d P N be
growing parameters, where d “ Op

?
nq. Let α P N be a parameter verifying 0.01 ď α ď d1{3.

There exists m, e P N with m “ Θpdα`1q, n “ md such that the following holds:

Any ΣΠrasΣΠΣ circuit with a “ rdα`0.5s, over Fq, computing the degree-d polynomial
NWd,m,epxq requires size exppΩqp

a

d{αqq.
182

183

Remark 1.2. Firstly, the constant 0.01 is chosen for simplicity. Our proof can easily be extended184

to C ď α where C ą 0 is any absolute constants.185

Second, we bound α by d1{3, even if the proof does not require it, but form that point on, the lower186

bound becomes trivial. The reason is that the number of variables in NWd,m,e is md “ Θpdα`2q187

and for α ě d1{3, n is more than the lower bound. However, if α “ dλ for some positive constant188

λ ă 1{3, we get superpolynomial lower bounds. We state it in Corollary 1.4.189

Theorem 1.1 achieves the same lower bound as [KS19], but for a broader class of depth-5 cir-190

cuits
10
, which we state in the following corollary.191

192

Corollary 1.3 (Exponential Lower Bounds for Restricted Depth-5). Fix a field Fq and let
C ą 0 be an absolute constant. Let n, d P N be growing parameters, where d “ Opn1{Cq.
There exists m, e P N such that the following holds:

Any ΣΠrasΣΠΣ circuit with a “ rdC`0.5s, over Fq, computing the degree-d polynomial
NWd,m,epxq requires size exppΩqp

?
dqq.

193

In characteristic 0, the threshold for a “ exppOpd1{3qq is crucial since depth reduction of VP194

until depth-4 yields ΣΠrasΣΠ circuits of size exppOpd1{3
lognqq. We get superpolynomial lower195

bounds in the setting when the top product gates have fan-in dλ
for some constant λ ă 1{3.196

197

10

In a homogeneous depth-5 circuit, the top product gates have fan-in at most d.
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Corollary 1.4 (Superpolynomial Lower Bounds for Restricted Depth-4). Fix a field Fq

and let n, d P N be growing parameters, where d ď rOplog3.1 nq. Let α “ Opd0.32q. There
exists m, e P N such that the following holds:

Any ΣΠrasΣΠΣ circuit with a “ rdαs “ exppOpd0.32
logdqq, over Fq, computing the degree-d

polynomial NWd,m,epxq requires size exppωplog1.01 nqq.
198

Note that lower bound of [LST25; For24] for depth-4 circuits is exppΩpd1{4
lognqq but they re-199

quire d ď Oplognq. Corollary 1.4 is a lower bound for a restriction of depth-4 circuits, but it200

holds for a wider range of degree parameters, i.e., it continues to hold even for d “ Oplog3 nq.201

202

Our next result is an exponential separation between depth-3 and homogeneous depth-4 circuits203

over small finite fields. Note that PIPm,d can be computed by a homogeneous depth-4 circuit of204

size Opmdq, which just follows from the definition.205

Theorem 1.5 (Exponential Gap b/w Depth-3 and Homogeneous Depth-4). Fix a field Fq

and let m,d P N be growing parameters. Any ΣΠΣ circuit over Fq computing the degree-d
polynomial PIPm,d requires size exppΩqpd logmqq.

206

The previous best gap between depth-3 circuits and homogeneous depth-4 circuits over small207

finite fields was a superpolynomial gap (this follows immediately from lower bound of [CM17]208

and depth-reduction results of VP until homogeneous depth-4). Theorem 1.5 gives an exponential209

separation between depth-3 and homogeneous depth-4 over small finite fields.210

2 Technical Overview211

We start by stating the usual framework for proving algebraic circuit lower bounds. Let C denote212

the circuit class against which we want to prove a lower bound. The usual framework has the213

following key steps:214

1. Choose a sub-additive complexity measure Γ , i.e., ΓpT1 ` T2q ď ΓpT1q ` ΓpT2q.215

2. For the class C, identify the “building blocks”. For example, in ΣΠΣΠ circuits, a building216

block is a ΠΣΠ circuit, since a small depth-4 circuit is a small sum of such building blocks.217

3. Show that any polynomial Tpxq that can be computed “efficiently” by a building block, has218

small measure under Γ . Say ΓpTq ď m for every polynomial Tpxq that can be computed by219

a building block of size s. Using sub-additivity of Γ , we get that if f has a size s circuit in220

the class C, then Γpfq ď s ¨ m.221

4. Find an explicit polynomial Ppxq such that it has large measure under Γ . Say ΓpPq ě M.222

Then, using the previous item, any circuit from the class C computing the polynomial P223

8



must have size s ě M{m.224

Now we use the above outline to discuss our proof idea and our technical contribution. For225

simplicity, we first discuss the proof idea for depth-4 circuits (see Theorem 4.1 for a formal226

statement), and then we will discuss how to prove Theorem 1.1 using a few technical modifica-227

tions.228

We consider the class C to be ΣΠrasΣΠ where a ă dβ
for some parameter β (we will use229

β “ α` 1 in our proof where α is the parameter from Theorem 1.1). We use the same complexity230

measure Γ as used in [KS19], defined as,231

Γpfq :“ dim

”

EvalS

´

x“ℓ
´

B“kpfq
¯¯ı

, for some choice of k, ℓ and S Ď Fn
q .

The above measure is a “functional” variant of the shifted partial measure, i.e., we interpret the232

polynomials after shifting the partial derivatives, as functions on the subset S Ď Fn
q . It is easy233

to convince oneself that Γ is a sub-additive measure. Note that for a degree-d polynomial fpxq,234

Γpfq is at most the dimension of the space of pℓ ` d ´ kq-degree polynomials. This is the first235

step according to the outline.236

Before discussing the second and third steps of the framework, we jump ahead and discuss237

the fourth step, i.e., to find an explicit “hard” polynomial with large complexity measure. We238

use the Nisan-Wigderson polynomials NWd,m,e as our hard polynomial. [KS19] showed that for239

a careful choice of k, ℓ, S, d,m, e, the measure ΓpNWd,m,eq is close to the maximum value. See240

Section 3.4 for the precise lower bound. Now we focus on the upper bound part of the outline241

- our main contribution. Before discussing how we prove an upper bound on the complexity242

measure, we take a brief detour to the prior works to get a slightly better understanding. We243

also need the following notation: For a parameter r, ΣΠΣΠtru
denotes depth-4 circuits where the244

bottom product gates have support at most r, i.e., every bottom product computes a polynomial of245

support at most r (for a polynomial, its support is defined as the maximum number of variables246

in any of its monomials).247

Upper Bound of Previous Works Building on a series of works [FLMS15; KS14; KLSS14;248

KLSS17; KS17b], we have exponential lower bounds against ΣΠΣΠ circuits. We also have expo-249

nential lower bounds against homogeneous ΣΠrOp
?
dqsΣΠΣ circuits over finite fields by [KS19].250

We present a silhouette of upper bounds in the above-mentioned works.251

9



Silhouette of Upper Bounds in Prior Works

Let C denote the class of circuits for which we would like to prove a lower bound, and

let µ be our choice of complexity measure. The upper bound is a two-step process:

• Find a more structured class C 1
against whom we can prove strong lower bounds

using the measure µ. This requires showing a “small” upper bound on the µpf 1q

where f 1
is computed by a small circuit in C 1

.

• Show that the measure µ of C and C 1
are essentially the same, i.e., for every poly-

nomial f that has a small circuit in C, there exists another polynomial f 1
that has a

small circuit in C 1
such that µpfq and µpf 1q are roughly the same.

252

The choices of the complexity measure µ and a more structured class C 1
are interrelated. We253

want a class C 1
against which we can prove a strong lower bound, but also C 1

should be strong254

enough such that µ cannot practically distinguish it from the class C. Now we discuss the upper255

bounds of [FLMS15; KS14; KLSS14; KLSS17; KS17b] on homogeneous depth-4 in slightly more256

detail. To draw an analogy from the previous paragraph, let C denote the class of homogeneous257

depth-4 circuits and let µ be a close variant of the shifted partial derivative (the exact description258

of µ is not required here).259

• The more structured class C 1
is the class of homogeneous depth-4 circuits with bounded260

fan-in on bottom product gates, i.e., homogeneous ΣΠΣΠrOp
?
dqs

. Suppose f is computed261

by a small homogeneous ΣΠΣΠ circuit. They used bounded support and homogeneity to262

prove small upper bounds on the measure. This lets them prove strong lower bounds263

against homogeneous ΣΠΣΠrOp
?
dqs

circuits.264

• To show the second item from the previous paragraph, they use random restriction, where265

a subset of variables is set to 0 at random
11
. Since a random restriction only sets a subset266

of variables to 0, this does not affect the complexity measure µ. Finally, they showed267

that with high probability (over the random restriction), the resulting polynomial can be268

computed by a small homogeneous ΣΠΣΠrOp
?
dqs

circuit.269

Our Upper Bound Now we return to discussing our upper bound on the measure of ΣΠrasΣΠ270

circuits. We use the same complexity measure as in [KS19] (see Definition 3.11 for a formal271

definition) and we will denote it by Γk,ℓ,S for some choice of k, ℓ, and S Ď Fn
q . The choice of the272

subset S will be crucial. Similar to the abstraction mentioned above, our upper bound also has273

the following two steps:274

11

The variables are set to 0 with a carefully designed random process. One has to be careful here since the random

restriction might make the “hard” polynomial a very simple polynomial to compute. So the random process has to be

chosen in a way such that even after the random process, the “hard” polynomial continues to have a large complexity

measure with high probability.
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1. The more structured class C 1
is the class of ΣΠrasΣΠtR

?
du

circuits for some parameter R,275

i.e., the bottom product gates have bounded support. For this, we show that one could still276

prove a “small”
12

upper bound under the measure Γ , even though the circuit is no longer277

homogeneous. The parameter R is chosen carefully. To get a small upper bound, R will278

be upper-bounded by some function of α and also of ℓ (here ℓ denotes the degree of our279

shifts). See Lemma 4.2 for a formal statement.280

2. We then show that the measure Γ does not distinguish between C and C 1
as stated in the281

second item of the silhouette. For this, the choice of S comes into the picture. The subset282

S is chosen so that every bottom product gate with large support vanishes on S, and all283

of its kth order partial derivatives also vanish on S. This ensures that the bottom product284

gates with large support do not affect the measure Γ . Vaguely speaking, this choice of S285

can be thought of as a small finite field analogue of the random restriction in the previous286

works. For this step to also hold, we need the bottom support R
?
d to be at least a constant287

factor of k. See Lemma 4.3 for a formal statement.288

We show that there is a choice of the parameters such that the above idea works out and yields289

a lower bound of exppΩp
?
dqq.290

To extend our lower bounds for ΣΠrasΣΠΣ, we only need to prove a similar upper bound on291

the complexity measure as for ΣΠrasΣΠ. For this, we again proceed as mentioned above, with a292

small modification in how we choose the subset S. In depth-4, we chose S such that for every293

bottom product gate with large support, all of its kth order partial derivatives should vanish294

on S. Now, instead of bottom product gates with large support, we consider bottom product295

gates with “large rank”, where rank is measured as the rank of the affine polynomials that are296

multiplied together. See Lemma 5.3. The rest of the argument remains the same.297

Comparison with [KS19] In [KS19], the authors aim to obtain a lower bound of the form298

exppΩp
?
nqq for homogeneous depth-5 circuits over small finite fields. Under these conditions,299

the authors show that they can restrict attention to circuits in which the top gates have fan-in300

bounded by Op
?
dq. In this paper, we want to go beyond the homogeneity constraint and instead301

allow circuits of large formal degree. The fan-in bound on the top product gates then becomes302

a parameter α of our problem, and we aim to obtain lower bounds that remain superpolynomial303

as α grows. Our approach is a careful analysis and an adaptation of the proof of [KS19] in our304

settings.305

Proof Idea for Theorem 1.5 To show that PIPm,d requires exppΩpnqq-sized depth-3 circuits306

over small finite fields, we use the complexity measure introduced in [GK98]. The measure307

is the dimension of the evaluation space of partial derivatives on Fm
q zE , for an exponentially308

small subset E . To show that polynomials computable by small depth-3 circuits have small309

measure, one can “nullify” product gates that involve affine polynomials with large rank. This310

12

Here, “small” is in comparison to the measure for the hard polynomial
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is the reason we remove a small subset E from Fn
q . Then it is simple to show that the partial311

derivative space is spanned by few affine polynomials and thus have small dimension. On the312

other hand, PIPm,d polynomial has the property that its dth
order partial derivatives contain md

313

distinct monomials, and thus they are all linearly independent. In other words, the dimension314

is at least md
. Since the partial derivatives are small degree polynomials, removing a small315

subset E from the set of evaluations does not affect the dimension.316

Organization317

In Section 3, we give the necessary preliminaries. In Section 4, we prove Theorem 4.1, which is318

a special case of Theorem 1.1. Since the proof is slightly simpler in the case of depth-4 circuits319

than in the case of depth-5 circuits, we present the proof of Theorem 4.1 as a warm-up to the320

proof of Theorem 1.1. In fact, we do most of the heavy calculations in the proof of Theorem 4.1321

(more specifically in Section 4.3). In Section 5, we prove Theorem 1.1. We recommend the322

reader to read Section 4 before going to Section 5. In Section 6, we prove Theorem 1.5 (it is323

independent of Section 4 and Section 5).324

3 Preliminaries325

Let n, d P N be growing parameters, where n denotes the number of variables and d denotes the326

degree. We will work over the field Fq, where q is independent of n and d, i.e. q “ Op1q. We327

also have parameters a, k, ℓ, s, r P N that are functions depending on q, n, and d. Throughout328

the article, we will use a to denote the fan-in of the top product gates, k to denote the order of329

partial derivatives we consider for the complexity measure, ℓ to denote the degree of the shift we330

consider for the complexity measure, r to denote the support/rank of the bottom product gates,331

and s to denote the size of the circuits. We will use x to denote the set of underlying variables332

tx1, . . . , xnu. We will use Oqp¨q and Ωqp¨q to hide the dependencies on q.333

In the following list, let P P Fqrx1, . . . , xns be an arbitrary polynomial.334

• For a monomial m “ xe1
1

¨ ¨ ¨ xenn , we use the shorthand notation BP{Bm to denote the335

following polynomial:336

BP

Bm
“

B

Bxenn

ˆ

B

Bxenn

ˆ

¨ ¨ ¨

ˆ

BP

Bxe1
1

˙˙˙

.

• For a parameter k P N, we will use B“kpPq to denote the space (over Fq) of all kth order337

partial derivatives of Ppxq. We will use BďkpPq to denote the space of all partial derivatives338

of Ppxq of order ď k.339

• For a parameter ℓ P N, we will use xℓ ¨ P to denote the space (over Fq) spanned by m ¨ P340

over all degree ℓ monomials m.341
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• For a subset S Ď Fn
q , we will use EvalSpPq to denote the evaluation vector of the polynomial342

Ppxq over the points of S (we will fix some arbitrary ordering on the points of S).343

• The support of Ppxq, denoted by SupppPq, is defined as the maximum support size over all344

monomials with a non-zero coefficient in Ppxq. In other words, a polynomial Ppxq with345

SupppPq ď r implies that every monomial that has a non-zero coefficient in Ppxq depends346

on ď r variables (distinct monomials can depend on distinct sets of ď r variables).347

• For a set of vectors

␣

vp1q, . . . , vptq
(

, we will use Span

␣

vp1q, . . . , vptq
(

to denote their span348

(over Fq) and dim

␣

vp1q, . . . , vptq
(

to denote the dimension of their span.349

Depth-4 and Depth-5 Circuits In this article, we will be dealing with depth-4 circuits and350

depth-5 circuits with some restrictions. Both depth-4 and depth-5 have two layers of product351

gates and we will refer to them as top product and bottom product gates. More specifically, the352

product gates at the lower layer (closer to the input gates) will be referred to as bottom product353

gates, and the product gates at the upper layer (closer to the output gate) will be referred to as354

top product gates.355

If fpxq is computed by a depth-4 circuit ΣΠΣΠ of size s, then we can express fpxq as:356

fpxq “ T1pxq ` . . . ` Tspxq,

where every Tipxq “ Q
piq
1

pxq ¨ ¨ ¨Q
piq
s pxq. We will refer to each Tipxq as a term, and every polyno-357

mial Q
piq
j pxq as an inner polynomial. By definition, each Q

piq
j pxq is computed by a ΣΠ circuit of358

size s. We extend this to depth-5 similarly, where every Q
piq
j pxq is computed by a ΣΠΣ circuit of359

size s. For a parameter r, we will use ΣΠΣΠtru
to denote the class of depth-4 circuits where the360

bottom product gates have support bounded by r, i.e., the support of the polynomial computed361

at every bottom product is ď r.362

Nisan-Wigderson Polynomials Now we define the family of Nisan-Wigderson polynomials,363

for which we will prove lower bounds against depth-5 circuits.364

365

Definition 3.1 (Nisan-Wigderson Polynomials). Let d,m, e P N be parameters with d, e ď m and366

m is a prime power. We identity rms with Fm. The Nisan-Wigderson polynomial with parameters367

d,m, e, denoted by NWd,m,e is defined as follows:368

NWd,m,epxq :“
ÿ

Rptq PFmrts
degpRqăe

x
1,Rp1q ¨ ¨ ¨ xd,Rpdq.

In other words, NWd,m,e has one monomial for every univariate polynomial Rptq of degree strictly369

less than e, where the monomial is the product of variables corresponding to d points on the curve370

of Rptq.371

The family of Nisan-Wigderson polynomials for every choice of td,m, eu is explicit in the372
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sense that they belong to the class VNP. To see this, [Val79, Proposition 4] proved a sufficient373

condition for a polynomial to be in VNP if any of its coefficients can be computed efficiently374

(also see [Sap21, Fact 1.2]). For NWd,m,e, one can compute the coefficient (which is simply 0 or375

1) by checking if the indices of a given monomial lie on a degree ă e univariate polynomial or376

not, and this can be efficiently done by univariate interpolation.377

Product of Inner Products Polynomials We also define the Product of Inner Product poly-378

nomials, which we will use to prove lower bounds against depth-3 circuits.379

380

Definition 3.2 (Product of Inner Products). Let m,d P N. The Product of Inner Products, PIPm,d381

is,382

PIPm,dpx,yq :“
d
ź

i“1

m
ÿ

j“1

xij ¨ yij.

By definition, for every choice of tm,du, the polynomial PIPm,d is computed by a homogeneous383

depth-4 circuit of size Opmdq.384

3.1 Rank and Multiplicity385

We define the notion of the rank of a product gate.386

387

Definition 3.3 (Rank of a Product Gate). Let Cpxq be an algebraic circuit over Fq and let g be388

a product gate in Cpxq with children h1pxq, . . . , htpxq P Fqrx1, . . . , xms, i.e., the polynomial com-389

puted at the node g is h1pxq ¨ ¨ ¨htpxq. Then rank of product gate g is defined as the Fq-rank of390

th1pxq, . . . , htpxqu.391

392

According to Definition 3.3, in a depth-4 circuit, if a bottom product gate has rank r, then its393

support is of size r. In a depth-5 circuit, if a bottom product gate has rank r, then its children394

(which are affine polynomials) have rank r.395

396

Definition 3.4 (Multiplicity of a point). Let Qpx1, . . . , xnq P Fqrxs be a polynomial and let a P Fn
q397

be any point. The point a is said to have multiplicity at least t with respect to the polynomial Qpxq398

if for every polynomial hpxq P BătpQpxqq, we have hpaq “ 0.399

We use MultpQ,aq to denote the largest number t such that a has multiplicity t with respect to the400

polynomial Qpxq.401

402

We prove that if a set of degree-1 polynomials has sufficiently large rank, then a dense subset of403

Fn
q vanishes on the product of those degree-1 polynomials and their derivatives up to some order.404
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In other words, a dense subset of Fn
q has significant multiplicity with respect to the product. We405

state it formally below.406

407

Claim 3.5 (Product of Large Rank Degree-1 Polynomials). Let tL1pxq, . . . , Ltpxqu be a set of408

degree-1 polynomials with rank larger than r. Let Hpxq :“ L1pxq ¨ ¨ ¨Ltpxq. Then for every κ ą 0,409

we have,410

Pr

a„Fn
q

„

MultpH,aq ă p1 ´ κq ¨
r

q

ȷ

ď expp´κ2r{2qq.

Proof of Claim 3.5. Assume without loss of generality that tL1pxq, . . . , Lrpxqu is a Fq-linearly411

independent set of non-constant functions. Each non-constant degree-1 polynomial Li is 0 with412

probability exactly 1{q at a random a P Fn
q . For every i P rrs, let Xi : Fn

q Ñ t0, 1u be the random413

variables denoting whether the Li vanishes or not: Xipaq “ 1 if and only if Lipaq “ 0. Let414

X :“ X1 ` . . . ` Xr. We have415

Ea„Fn
q

rXis “
1

q
and so Ea„Fn

q
rXs “

r

q
.

Since tL1, . . . , Lru is Fq-linearly independent, the random variables X1, . . . , Xr are independent.416

Observe that for any a P Fn
q , if MultpH,aq ă t, then the number of factors of H vanishing at a417

is less than t. So it implies that the number of random variables amongst X1, . . . , Xr which are418

set to 1 at a is also less than t. Using the Chernoff bound, we get419

Pr

a„Fn
q

„

MultpH,aq ă p1 ´ κq ¨
r

q

ȷ

ď Pr

a

„

Xpaq ă p1 ´ κq ¨
r

q

ȷ

ď expp´κ2r{2qq.

■420

If the degree-1 polynomials are simply variables, then we get the following corollary immedi-421

ately, which will be useful while studying depth-4 circuits.422

423

Corollary 3.6 (High Multiplicity of Large Support Monomials). Let m be a monomial with424

|Supppmq| ě r. Then for every κ ą 0, we have,425

Pr

a„Fn
q

„

Multpm,aq ă p1 ´ κq ¨
r

q

ȷ

ď expp´κ2r{2qq.

3.2 Multilinearization426

The complexity measure will involve evaluations over a translation of the Boolean cube. In the427

next claim, we show that a monomial of low support but potentially high degree can be replaced428

by a low-degree monomial that agrees on a translation of the Boolean cube. The following claim429
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was sketched in [KS19, Lemma 4.7], but we give a complete proof for the sake of completeness.430

431

Claim 3.7. Let n P N and fix F to be an arbitrary field. Fix an arbitrary c P Fn. Let m be432

a monomial in Frx1, . . . , xns of arbitrary degree. There exists a multilinear polynomial Pmpxq of433

degree |Supppmq| and sparsity 2
|Supppmq| such that for every a P t0, 1un,434

Pmpc ` aq “ mpc ` aq.

In other words, Pmpxq agrees with the monomial m on c ` t0, 1un, i.e. a translate of the Boolean435

cube.436

437

Remark 3.8. In Claim 3.7, suppose the underlying field F “ Fq. In this case, a natural strategy to438

replace a monomial m with low-support but potentially of high degree is to use the identity zq “ z439

for every z P Fq. In particular, every occurrence of xq can be replaced by x and the evaluation440

remains the same. Thus there exists a degree |Supppmq| ¨ pq ´ 1q monomial that agrees with m on441

Fn
q . Claim 3.7 gives us a polynomial of degree |Supppmq|, which is better than |Supppmq| ¨ pq ´ 1q,442

but only agrees on a translate of the Boolean cube.443

Proof of Claim 3.7. For simplicity, assume that Supppmq “ t1, . . . , ru Ď rns and let m “ xα1

1
¨ ¨ ¨ xαr

r .444

We are only interested in evaluations in c` t0, 1un, which means that we are only interested in445

the setting when for every i P rns, xi takes a value from the set tci, ci ` 1u. So for every xαi

i , we446

replace it with a degree-1 polynomial that agrees with it on tci, ci ` 1u. We explain it in more447

detail below.448

Fix any i P rns. Consider the following degree-1 polynomial,449

Lipxiq :“ pxi ´ ciq ¨ pci ` 1qαi ´ pxi ´ pci ` 1qq ¨ cαi

i .

Observe that
13 Lipxiq and xαi

i agree on the set tci, ci ` 1u. Now define the polynomial Pmpxq as450

follows:451

Pmpxq :“ L1px1q ¨ ¨ ¨Lrpxrq.

Similar to above, Pm agrees with the monomial m on c`t0, 1un. Clearly degpPmq ď r “ |Supppmq|452

and the sparsity of Pmpxq is at most 2
r “ 2

|Supppmq|
.453

■454

Corollary 3.9 (Multilinearization). [KS19, Lemma 4.7]. Let S be a translate of the Boolean455

hypercube, i.e., there exists c P Fn
q such that S “ c` t0, 1un. For every polynomial P P Fqrxs, there456

exists a unique multilinear polynomial rP P Fqrxs with degprPq ď degpPq such that, for every a P S,457

rPpaq “ Ppaq.458

13

The polynomial Li could be easily constructed either by Lagrange interpolation or by solving a system of two

linear equations.
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Proof. The existence of
rP follows from Claim 3.7 applied to every monomial in Ppxq. Uniqueness459

follows from the fact that no non-zero multilinear polynomial can vanish on c ` t0, 1un. ■460

We state a binomial coefficient approximation that will be useful in our calculations.461

462

Claim 3.10. Let k, n P N be growing parameters and let k “ opnq. Then,463

ln

ˆ

n

k

˙

“ p1 ` op1qq ¨ k ¨ ln

´n

k

¯

.

Proof of Claim 3.10. Using Stirling’s approximation, we have,464

´n

k

¯k
ď

ˆ

n

k

˙

ď

´ne

k

¯k
ô k ¨ ln

´n

k

¯

ď ln

ˆ

n

k

˙

ď k ¨

´

ln

´n

k

¯

` lnpeq

¯

.

Using k “ opnq, we get the desired bound in Claim 3.10. ■465

3.3 Complexity Measure466

We define the complexity measure Γ that we will use to prove our lower bounds. It is the same467

as used in [KS19].468

469

Definition 3.11 (Complexity Measure in [KS19]). Fix a field F and let n P N. Let k, ℓ P N and470

S Ď Fn
q . For any polynomial P P Frx1, . . . , xns, we define Γk,ℓ,SpPq as follows:471

Γk,ℓ,SpPq :“ dim

”

EvalS

´

x“ℓ
´

B“kpPq

¯¯ı

.

The first and foremost thing to check is that the complexity measure Γk,ℓ,S is sub-additive,472

i.e.,473

Γk,ℓ,SpT1 ` T2q ď Γk,ℓ,SpT1q ` Γk,ℓ,SpT2q, for any two polynomials T1, T2.

This essentially follows because partial derivatives are linear operators. We would like to note474

some trivial upper bounds on the complexity measure. For every choice of k, ℓ, S where S is a475

translation of the Boolean cube, we have the following upper bound on the measure (we explain476

it below): For every degree-d polynomial Ppxq,477

Γk,ℓ,SpPq ď min

"ˆ

n

ℓ ` d ´ k

˙

,

ˆ

n

ℓ

˙

¨

ˆ

n ` k

k

˙

, |S|

*

. (1)

To see why the first binomial coefficient appears, note that after taking kth order partial derivative478

of a degree-d polynomial, we are left with a degree-pd ´ kq polynomial, and then we multiply it479
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by a degree ℓ polynomial. This gives us a polynomial of degree pℓ ` d ´ kq, and since we are480

only evaluating it over a translation of the Boolean cube, we only need to consider multilinear481

polynomials. For the second quantity, this is simply the product of the number of degree-ℓ482

multilinear monomials and the number of kth order partial derivatives. The third quantity is483

because any function on S is always in the span of indicator functions.484

3.4 Lower Bound on Nisan-Wigderson Polynomials485

[KLSS17] and [KS17b] gave a lower bound on the measure for these families under the measure of486

shifted partials (the lower bound of [KLSS17] holds only for fields of characteristic 0, however,487

the lower bound of [KS17b] holds for every field). Later, [KS19] gave a tighter analysis of488

the lower bound, which is the one we are also going to use. We now discuss the choice of489

parameters, which are chosen carefully so that they yield a meaningful lower bound on the490

measure of the Nisan-Wigderson polynomials.491

Choice of Parameters Let n denote the number of variables and d denote the degree of the492

polynomial. Recall that our complexity measure is Γk,ℓ,S where k P N represents the order of493

derivatives we consider, ℓ P N represents the degree of monomials by which we shift, and subset494

S Ď Fn
q denotes the set of evaluation points. Then,495

• β ď C ¨ dλ
for some absolute constants C ą 0 and 0 ď λ ă 0.5. We will fix β later (β will496

be chosen in a way such that the top-product fan-in is less than dβ
).497

• k “ η
?
d, where η is a parameter of our choice with ηβ “ Θp1q,498

• ε “
βη

2

¨
lnd
?
d
,499

• ℓ “
n

2

¨ p1 ´ εq,500

• m and e are chosen such that dβ ă m ď 2dβ
and they satisfy the following two inequalities:501

mk ě p1 ` εq2pd´kq

me´k “

ˆ

2

1 ` ε

˙d´k

¨ polypmq.

Note that NWd,m,epxq has dm variables. For our choice of parameters, m “ Θpdβq, we get502

n “ Θpdβ`1q variables. In the first condition, mk
refers to the number of kth order partial503

derivatives where NWd,m,epxq is non-zero, and p1 ` εq2pd´kq
refers to the number of partial504

derivatives that [KS19] use to get the lower bound, stated in Lemma 3.12. It turns out the lower505

bound on Γk,ℓ,SpNWd,m,eq is roughly

`

n
ℓ

˘

¨ p1 ` εq2pd´kq
.506
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Existence of the above parameters We follow roughly the same argument as given in [KS19,507

Appendix A], but with a slightly more detailed argument to justify our choice of using several508

times the parameter η.509

We start by fixing m to be the smallest power of 2 that is ą dβ
. Say m “ 2

M
where m ą dβ

.510

For the first condition, since ε ą 0, we have511

p1 ` εq2pd´kq ă peεq2d “ eβη
?
d lnd “ dβk ă mk.

For the second condition, we note:512

me´k ă

ˆ

2

1 ` ε

˙d´k

¨ polypmq, if e “ k

513

me´k ą

ˆ

2

1 ` ε

˙d´k

¨ polypmq, if e “ d.

Thus there exists some k ă e ă d for which the second condition holds.514

515

Now we are ready to state the lower bound on the complexity measure of Nisan-Wigderson516

polynomials. We use a tighter analysis from [KS19]. In [KS19], they analyzed the measure for517

Γk,ℓ,SpNWm,d,eq for m “ Θpd2q. However, we note that their lower bound continues to hold as518

long as the two above-mentioned conditions hold. Since the analysis is exactly similar, we skip519

the proof of it and refer the interested reader to [KS19, Appendix A].520

521

Lemma 3.12. [KS19, Lemma 5.9]. Let β, k, ℓ,m, e be as chosen above and n “ md. Let E Ă Fn
q522

be a subset with |E | ď δ ¨ qn, where δ “ expp´ωplog2 dqq. Then, there exists a subset S Ă Fn
qzE523

contained inside some translate of the Boolean hypercube, i.e., there exists some c P Fn
q such that524

S Ď c ` t0, 1un, for which the following holds:525

Γk,ℓ,SpNWd,m,eq ě

ˆ

n

ℓ ` d ´ k

˙

¨ expp´Oplog2 dqq.

Note that the lower bound in Lemma 3.12 is quite close to the best we can expect from our526

complexity measure, as we observed in Equation (1).527

4 Depth-4 with Bounded Top Product Fan-in528

In this section, we prove an exponential lower bound against depth-4 circuits with bounded529

fan-in on top product gates, Theorem 4.1. This will be a special case of our main theorem,530

Theorem 1.1. The proof of Theorem 4.1 is slightly simpler than that of Theorem 1.1, so we531
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present it here as a warm-up for the main theorem.532

Theorem 4.1 (Lower Bounds for Restricted Depth-4). Fix a field Fq. Let n, d P N be
growing parameters, where d “ Op

?
nq. Let α P N be a parameter verifying 0.01 ď α ď d1{3.

There exists m, e P N with m “ Θpdα`1q such that the following holds:

Any ΣΠrasΣΠ circuit with a “ rdα`0.5s, over Fq, computing the degree-d polynomial
NWd,m,epxq requires size exppΩqp

a

d{αqq.
533

Throughout this section, we fix q “ Op1q, i.e., the field Fq is a finite field of constant size.534

4.1 Upper Bound when Bounded Support on Bottom Products535

In this subsection, we start with the case of depth-4 circuits whose bottom gates have bounded536

support. Recall that the notation ΣΠrasΣΠtru
refers to circuits where the top product gates have537

fan-in at most a and the bottom product gates have support at most r.538

Lemma 4.2. Let k, ℓ, r P N satisfying ℓ ` rk ď n{2. Let S Ď Fn
q be a subset contained

inside some translate of the Boolean hypercube, i.e., there exists some c P Fn
q such that

S Ď c`t0, 1un. Let f P Fqrxs be a degree-d polynomial that can be computed by a ΣΠrasΣΠtru

circuit of size s. Then,

Γk,ℓ,Spfq ď s ¨

ˆ

n

ℓ ` rk

˙

¨ n ¨

ˆ

a

k

˙

.

539

Proof of Lemma 4.2. Let fpxq “ T1pxq`¨ ¨ ¨`Tspxq, where every Tipxq can be expressed as follows:540

Tipxq “ Q
piq
1

pxq ¨ ¨ ¨Q
piq
a pxq.

Since the measure is subadditive, we restrict our attention to a single term Tpxq “ Q1pxq ¨ ¨ ¨Qapxq.541

From the hypothesis, we know that for every j P ras, |SupppQjq| ď r. We have,542

B“kpTq Ď span

#

ź

j

B“αjpQjpxqq

ˇ

ˇ

ˇ

ˇ

ˇ

pα1, . . . , αaq P Na, |α| “ k

+

Ď span

#

ź

jRU

Qjpxq ¨
ź

jPU

Rj,Upxq

ˇ

ˇ

ˇ

ˇ

ˇ

U P

ˆ

ras

k

˙

, Rj,U such that @j, SupppRj,Uq Ď SupppQjq

+

.

The second inclusion comes from the fact that any product

ś

j B“αjpQjpxqq has at most k factors543

which are not of the form Qjpxq.544

545

Fix a U P
`

ras

k

˘

. We have |SupppRj,Uq| ď |SupppQjq| ď r, where for the final inequality we used546
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that the inner product gates compute a polynomial of support ď r. In particular,547

Γk,ℓ,SpTq “ dim

”

EvalS

´

x“ℓ
´

B“kpTq

¯¯ı

ď dim

«

EvalS

˜

span

#

R 1
U,ℓ ¨

ź

jRU

Qjpxq

ˇ

ˇ

ˇ

ˇ

ˇ

U P

ˆ

ras

k

˙

+¸ff

where R 1
U,ℓ are polynomials of support bounded by ℓ ` kr.548

As stated in the hypothesis, the subset S is contained inside some translate of the Boolean549

hypercube. Let R 1
j,U denote the polynomial we get after replacing every non-zero monomial550

m P Rj,U with the corresponding polynomial Pmpxq of degree |Supppmq| from Claim 3.7. Since551

|SupppRj,Uq| ď r, we have |Supppmq| ď r, and thus degpR 1
j,Uq ď r.552

553

From Claim 3.7, we know that for every γ P Fn
q , we have R 1

j,Upγq “ Rj,Upγq. Thus both R 1
j,U and554

Rj,U have the same evaluation vector on Fn
q , and in particular, the same evaluation vector on555

S Ă Fn
q . More formally,556

Γk,ℓ,SpTq “ dim

”

EvalS

´

x“ℓ
´

B“kpTq

¯¯ı

ď dim

«

EvalS

˜

span

#

ź

jRU

Qjpxq ¨ xăℓ`rk

ˇ

ˇ

ˇ

ˇ

ˇ

U P

ˆ

ras

k

˙

+¸ff

.

From Corollary 3.9, we know that any polynomial can be replaced by a unique multilinear557

polynomial such that the evaluations over S remain the same. As Γk,ℓ,S only evaluates over558

a translate of the Boolean hypercube t0, 1un, we only need to consider at the place of R 1
U,ℓ,559

multilinear monomials of degree bounded by ℓ ` rk. Thus using sub-additivity of Γk,ℓ,S and560

ℓ ` rk ď n{2, we get,561

Γk,ℓ,Spfq ď s ¨

ˆ

a

k

˙

¨

ℓ`rk
ÿ

i“0

ˆ

n

i

˙

ď s ¨ n ¨

ˆ

n

ℓ ` rk

˙

¨

ˆ

a

k

˙

.

This finishes the proof of Lemma 4.2. ■562

4.2 Reduction to Bottom Products with Bounded Support563

In the previous subsection, we considered ΣΠrasΣΠtru
circuits and computed an upper bound on564

the complexity measure of polynomials that have small ΣΠrasΣΠtru
circuits. Now we discuss565

how to handle bottom products with arbitrary fan-in. We will show that every polynomial with566

a small ΣΠrasΣΠ circuit can be approximated by a polynomial that has a small ΣΠrasΣΠtru
, with567

the additional property that the measure remains the same.568

21



Lemma 4.3 (Reducing the Support of Bottom Product Gates). Let n, d P N be growing
parameters, where d “ Op

?
nq. Let α P N be a parameter such that 0.01 ď α ď d1{3. Let

β :“ rα ` 1s and η :“
?
β ´ α{p40

?
βqq. Let a “ rdα`0.5s and s ď expp20η ¨

?
dq. Let

k “ η
?
d, ℓ,m, e be as in Lemma 3.12.

Suppose a polynomial f P Fqrxs can be computed by a ΣΠrasΣΠ circuit of size s. For support
size parameter r :“ 200qk, there exists a polynomial g P Fqrxs and a subset E Ď Fn

q of size
at most expp´

a

d{pβqqq ¨ qn satisfying the following properties:
1. The polynomials f and g agree on Fn

qzE .
2. The polynomial g can be computed by a ΣΠrasΣΠtru circuit of size s.
3. Let S Ď Fn

qzE . Then the measure Γk,ℓ,Spfq equals the measure Γk,ℓ,Spgq.
569

Proof of Lemma 4.3. From the hypothesis, we know that the polynomial fpxq can be computed570

by a ΣΠrasΣΠ circuit of size s, which means we can express fpxq as follows:571

fpxq “ Q
p1q

1
pxq ¨ ¨ ¨ Q

p1q
a pxq ` . . . ` Q

psq

1
pxq ¨ ¨ ¨ Q

psq
a pxq.

Since the circuit has size s, we also know that each polynomial Q
piq
j pxq has sparsity at most s.572

We refer to the polynomials Q
piq
j pxq’s as inner polynomials.573

Existence of a dense subset with high multiplicity Fix an inner polynomial Q
piq
j pxq. Let574

m be a monomial with non-zero coefficient in Q
piq
j pxq that has support size at least r, i.e.,575

Supppmq ě r. Since r{100q ą k, Corollary 3.6 guarantees the existence of a subset Em Ď Fn
q with576

|Em| ď expp´r{3qq ¨ qn, (using κ “ 0.99)

such that for every point a P Fn
qzEm, we have Multpm,aq ě r{100q ą k.577

578

Let E be the union of Em over all monomials m (computed at the bottom product gates) that579

have support size at least r. Since the size of the ΣΠrasΣΠ circuit is s, we can have at most s580

such monomials. Using s ď expp20η ¨
?
dq, we get,581

|E | ď s ¨ expp´r{3qq ¨ qn ď expp´40η
?
dq ¨ qn “ exp

˜

´

a

pβ ´ αqd
?
βq

¸

¨ qn ď exp

˜

´

d

d

βq

¸

¨ qn.

Defining the approximating polynomial gpxq For every inner polynomial Q
piq
j pxq, define the582

polynomial
rQ

piq
j pxq as follows: Remove all monomials in Q

piq
j pxq that have support ě r. Before583

proceeding to define gpxq, we make an observation that will be useful later in the proof.584

585
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Observation 4.4. Let u be a monomial of degree ď k. Then we have,586

B rQ
piq
j pxq

Bu
paq “

B Q
piq
j pxq

Bu
paq, for every a P Fn

qzE .

This is because Q
piq
j and rQ

piq
j only differ in monomials with support ě r and every point in Fn

qzE587

has multiplicity strictly larger than k with respect to those monomials.588

Now we define gpxq as follows:589

gpxq :“ rQ
p1q

1
pxq ¨ ¨ ¨ rQ

p1q
a pxq ` . . . ` rQ

psq

1
pxq ¨ ¨ ¨ rQ

psq
a pxq.

We now check that gpxq satisfies the three properties mentioned in Lemma 4.3:590

1. From the definition of E , we have that for every a P Fn
qzE , gpaq equals fpaq.591

2. Note that the polynomial gpxq can be computed by a ΣΠrasΣΠ circuit with bottom product592

gates of support at most r and size s. More precisely, removing bottom product gates with593

support at least r from the ΣΠrasΣΠ circuit computing fpxq yields a circuit for gpxq.594

3. Let S Ď Fn
qzE . Using Observation 4.4, we have that for any monomial u of degree k and595

any monomial v of degree ℓ,596

¨

˝v ¨
B rQ

piq
j pxq

Bu

˛

‚paq “

¨

˝v ¨
B Q

piq
j pxq

Bu

˛

‚paq, for every a P Fn
qzE .

This implies that Γk,ℓ,Spfq “ Γk,ℓ,Spgq.597

This finishes the proof of Lemma 4.3. ■598

4.3 Proof of Theorem 4.1599

In this subsection, we use Lemma 4.3, Lemma 4.2, and Lemma 3.12 to prove Theorem 4.1.600

Lemma 4.3 states that every polynomial that can be efficiently computed by a ΣΠrasΣΠ circuit601

can be approximated by a polynomial with same complexity measure, that can be efficiently602

computed by a ΣΠrasΣΠtru
circuit. Lemma 4.2 gives us an upper bound on the complexity mea-603

sure of every polynomial computed by a small ΣΠrasΣΠtru
circuit. Lemma 4.2 together with604

Lemma 4.3 gives us an upper bound on the complexity measure of a polynomial computed by a605

small ΣΠrasΣΠ circuit. Combining it with the lower bound on the measure of Nisan-Wigderson606

polynomials (Lemma 3.12) will give us the lower bound we are seeking. We recall Theorem 4.1607

below and then prove it.608

609
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Theorem 4.1 (Lower Bounds for Restricted Depth-4). Fix a field Fq. Let n, d P N be growing610

parameters, where d “ Op
?
nq. Let α P N be a parameter verifying 0.01 ď α ď d1{3. There exists611

m, e P N with m “ Θpdα`1q such that the following holds:612

613

Any ΣΠrasΣΠ circuit with a “ rdα`0.5s, over Fq, computing the degree-d polynomial NWd,m,epxq614

requires size exppΩqp
a

d{αqq.615

Proof of Theorem 4.1. Let β :“ rα ` 1s. Note that pβ ´ αq is always positive and pβ ´ αq ă 2.616

Assume that the polynomial NWm,d,epxq of degree-d is computed by a ΣΠrasΣΠ circuit of size s.617

Suppose for the sake of argument that s ă expp20η ¨
?
dq. Let η, k, r, ℓ,m, e be as in Lemma 4.3.618

We quickly verify that these parameters satisfy the conditions in Lemma 4.2.619

ℓ ` rk “
n

2

p1 ´ εq ` 200qη2 ¨ d ď
n

2

p1 ´ εq ` d ă
n

2

,

where for the final equality we used d “ Op
?
nq.620

Let gpxq be the polynomial and E be the subset guaranteed from Lemma 4.3. We know that621

|E | ď δ ¨ qn
for δ “ expp´

a

d{pβqqqq “ expp´ωplog2 dqq. Let S Ď Fn
qzE be the translate of622

Boolean hypercube from Lemma 3.12 such that623

Γk,ℓ,SpNWm,d,epxqq ě

ˆ

n

ℓ ` d ´ k

˙

¨ expp´Oplog2 dqq.

From the second item of Lemma 4.3 and Lemma 4.2, we have624

Γk,ℓ,Spgq ď s ¨

ˆ

n

ℓ ` rk

˙

¨ n ¨

ˆ

a

k

˙

.

From the third item of Lemma 4.3, we know625

Γk,ℓ,SpNWm,d,epxqq ď s ¨

ˆ

n

ℓ ` rk

˙

¨ n ¨

ˆ

a

k

˙

.

Lower Bound We now give a lower bound on the size s. Let Z denote the following quantity:626

Z :“

ˆ

n

ℓ ` d ´ k

˙

¨ expp´Oplog2 dqq

Nˆˆ

n

ℓ ` rk

˙

¨ n ¨

ˆ

a

k

˙˙

.

Since rk “ 200qη2 ¨ d ă pd ´ kq, simplifying the binomial coefficients,627

Z “
pn ´ ℓq ´ rk

ℓ ` pd ´ kq
¨ ¨ ¨

pn ´ ℓq ´ pd ´ kq ` 1

ℓ ` rk ` 1

¨
1

n ¨

ˆ

a

k

˙ ¨ expp´Oplog2 dqq
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ě

ˆ

pn ´ ℓq ´ rk

ℓ ` pd ´ kq

˙d´pr`1qk

¨
1

n ¨

ˆ

a

k

˙ ¨ expp´Oplog2 dqq.

Using ℓ “ n
2

¨ p1 ´ εq, we get,628

Z ě

˜

p1 ` εq ´ rk
n{2

1 ´ pε ´ d´k
n{2

q

¸d´pr`1qk

¨
1

n ¨

ˆ

a

k

˙ ¨ expp´Oplog2 dqq.

Using n “ Ωpd2q and the inequality 1{p1 ´ uq ą p1 ` uq for 0 ă u ă 1,629

Z ě

ˆˆ

1 ` ε ´
rk

n{2

˙

¨

ˆ

1 ` ε ´
d ´ k

n{2

˙˙d´pr`1qk

¨
1

n ¨

ˆ

a

k

˙ ¨ expp´Oplog2 dqq.

Using also ε “ pβη{2q ¨ lnd{
?
d, we know that for n, d large enough,630

ˆ

1 ` ε ´
rk

n{2

˙

¨

ˆ

1 ` ε ´
d ´ k

n{2

˙

ě 1 ` 2ε.

Let θ “
α ` β

2β
ă 1, using the inequality p1 ` uq1{u ě eθ for u ą 0 small enough, we get,631

Z ě exp p2θε ¨ pd ´ pr ` 1qkqq ¨
1

n ¨

ˆ

a

k

˙ ¨ expp´Oplog2 dqq.

Since a “ Ωpd0.51q, by using Claim 3.10 on

`

a
k

˘

, we get,632

1

ˆ

a

k

˙ “ expp´p1 ` op1qq ¨ k ¨ lnpa{kqq.

We have a “ rdα`0.5s, i.e., lnpa{kq ď α lnd ` lnp1{ηq ` 1, where lnp1{ηq ` 1 “ Opαq. Simplifying,633

we get,634

Z ě exp p2θεd ´ 2θεrk ´ kα lnd ´ opkα lndqq (2)

“ exp

ˆˆ

α ` β

2

η ´ 100pα ` βqqη3 ´ ηα

˙

¨
?
d lnd ´ op

?
αd lndq

˙

.

We now simplify the function that is multiplied with

?
d lnd inside the above exp function635
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using our choice of parameters:636

α ` β

2

η ´ 100pα ` βqqη3 ´ ηα “
η

2

ˆ

β ´ α ´
pα ` βqpβ ´ αq

8β

˙

“
η

16β
p7β ´ αqpβ ´ αq

ą
3

8

ηpβ ´ αq “
3

320

pβ ´ αq1.5
?
βq

“ Ωqp1{
?
αq,

where we use pβ ´ αq ě 1 for the final inequality. This implies637

Z “ exppΩqpp
a

d{αq ¨ logdqq.

Recall that at the beginning of the proof, we assumed s ă expp
a

pβ ´ αqd{p4βqqq (we made this638

assumption so we could use Lemma 4.2). The above lower bound on Z says that a ΣΠrasΣΠ639

of size exppΩqp
a

d{αqq cannot compute the polynomial NWd,m,e. This finishes the proof of640

Theorem 4.1. ■641

Depth-4 Circuits with Outer Powering Gates The above proof also simply extends when we642

replace the top product gates with powering gates, and no bound on the fan-in of the powering643

gates. We state it formally below, which even follows from [KS19], but we note it here for the644

sake of completeness.645

646

Corollary 4.5 (Lower Bound for Depth-4 with Outer Powering Gates). Let n P N be a growing647

parameter and let d P N denote the degree parameter, where d is a function of n. There exists an648

explicit polynomial fpx1, . . . , xnq P Fqrxs of degree at most d satisfying the following:649

Every Σ ^ ΣΠ circuit over Fq computing the polynomial fpxq requires size exppΩp
?
dqq.650

Proof Sketch of Corollary 4.5. The proof is quite similar (and a bit simpler) than the proof of651

Theorem 4.1. Fix any natural number w P N. Let Σ ^rws ΣΠ denote the depth-4 circuits where652

every ^ gate computes a ď wth
power of its child. We have that Σ ^rws ΣΠ Ď ΣΠrwsΣΠ, and653

thus Lemma 4.3 and Lemma 4.2 applies on the class Σ ^rws ΣΠ, but with different parameters.654

In particular, Lemma 4.2 yields an upper bound of s ¨
`

n
ℓ`rk

˘

¨ n, and there is no

`

a
k

˘

factor. The655

reason is that when we take kth partial derivatives, there is no choice on which of the k inner656

polynomials to derive on, and hence no factor of

`

a
k

˘

. The lower bound calculation from the657

proof of Theorem 4.1 continues to hold as usual, without the

`

a
k

˘

factor. This only improves the658

lower bound on Z in the proof of Theorem 4.1 and thus Z “ Ωpexpp
?
d logdqq. As this holds659

for every w P N, we have a lower bound on s “ Ωpexpp
?
dqq, irrespective of w. This finishes the660

proof sketch of Corollary 4.5. ■661
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5 Depth-5 with Bounded Top Product Fan-in662

In this section, we discuss the proof of Theorem 1.1. As discussed in the technical overview, the663

proof of Theorem 1.1 is quite similar to the proof of Theorem 4.1.664

5.1 Upper Bound when Bottom Product Gates have Bounded Rank665

We start by giving an upper bound on the complexity measure of polynomials that have a small666

ΣΠrasΣΠΣ circuit whose bottom product gates have bounded rank. The following lemma is an667

analogue of Lemma 4.2.668

Lemma 5.1. Let k, ℓ, r P N satisfying ℓ ` rqk ď n{2. Let S Ď Fn
q be a subset contained

inside some translate of the Boolean hypercube, i.e., there exists some c P Fn
q such that

S Ď c ` t0, 1un.
Let fpx1, . . . , xnq P Fqrxs be a degree-d polynomial that can be computed by a ΣΠrasΣΠΣ

circuit of size s. If every bottom product gate has rank ď r, then,

Γk,ℓ,Spfq ď s ¨

ˆ

n

ℓ ` rqk

˙

¨ n ¨

ˆ

a

k

˙

.

669

Before we prove Lemma 5.1, it will be convenient to have the following claim.670

671

Claim 5.2. Let Qpxq P Fqrx1, . . . , xns be a polynomial that can be computed by a ΣΠΣ circuit with672

product gate of rank ď r and size s. Then for every monomial u, there exists a polynomial PQ,u of673

degree ď rpq ´ 1q such that674

BQ

Bu
paq “ PQ,upaq, for every a P Fm

q .

Proof of Claim 5.2. We know that Qpxq can be expressed as:675

Qpxq “ L11pxq ¨ ¨ ¨L1spxq ` . . . ` Ls1pxq ¨ ¨ ¨Lsspxq,

where for every j P rss, the rank of the set of degree-1 polynomials tLj1pxq, . . . , Ljspxqu is at most676

r. Assume without loss of generality that for every j, the set tLj1pxq, . . . , Ljrpxqu is a spanning677

set for span tLj1, . . . , Ljsu. We have,678

BQpxq

Bu
“

B L11pxq ¨ ¨ ¨L1spxq

Bu
` . . . `

B Ls1pxq ¨ ¨ ¨Lsspxq

Bu
.

Consider any summand on the right-hand side:679

BLp1pxq ¨ ¨ ¨Lpspxq

Bu
Ď span

#

ź

jRV

Lpjpxq

ˇ

ˇ

ˇ

ˇ

ˇ

V P

ˆ

rss

|u|

˙

+

.
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Since tLp1pxq, . . . , Lprpxqu is a spanning set, we know that for every V P
`

rss

|u|

˘

, there exists non-680

negative integers t1, . . . , tr such that681

ź

jRV

Lpjpxq “ Lp1pxqt1 ¨ ¨ ¨Lprpxqtr .

Now define the polynomial Lp,Vpxq as follows: Keep replacing every occurrence of Lpjpxqq with682

Lpjpxq until every Lpjpxq occurs with degree less than q. Since zq “ z for every z P Fq, we have,683

ź

jRV

Lpjpaq “ Lp,Vpaq, for every a P Fn
q .

Note that Lp,V is a polynomial of degree at most rpq ´ 1q. Thus, there exists a polynomial Lppxq684

of degree at most rpq ´ 1q such that,685

BpLp1 ¨ ¨ ¨Lpsq

Bu
paq “ Lppaq, for every a P Fn

q .

Now define RQ,u :“ L1 ` . . . ` Ls, where Lp is as defined above. Then we get,686

BQ

Bu
paq “ RQ,upaq, for every a P Fn

q .

This finishes the proof of Claim 5.2. ■687

Proof of Lemma 5.1. The proof proceeds similarly to the proof of Lemma 4.2. Let fpxq “688

T1pxq ` . . . ` Tspxq, where every Tipxq can be expressed as follows:689

Tipxq “ Q
piq
1

pxq ¨ ¨ ¨Q
piq
a pxq.

Furthermore, every Q
piq
j pxq is a sum of product of affine forms with rank at most r.690

Since the complexity measure Γk,ℓ,S is sub-additive, we will restrict our attention to a single term691

Tpxq “ Q1pxq . . . Qapxq. We have,692

B“kpTq Ď span

#

a
ź

j“1

B“αjpQjpxqq

ˇ

ˇ

ˇ

ˇ

ˇ

α1, . . . , αa P Na, |α| “ k

+

Ď span

#

ź

jRU

Qjpxq
ź

jPU

Rj,Upxq

ˇ

ˇ

ˇ

ˇ

ˇ

U P

ˆ

ras

k

˙

, Rj,U such that @j, Rj,U P BďkpQjq

+

.

Fix U P
`

ras

k

˘

and j P U, and consider the polynomial Rj,Upxq. Since Qjpxq can be computed by a693

ΣΠΣ circuit with product gate of rank at most r and Rj,U P BďkpQjq, we can use Claim 5.2 to get694

the following: There exists a polynomial R 1
j,Upxq of degree at most rpq ´ 1q such that for every695

γ P Fn
q , we have Rj,Upγq “ R 1

j,Upγq. This means that both Rj,U and Rj 1,U have the same evaluation696

vector over Fn
q , and in particular have the same evaluation vector over the subset S Ď Fn

q . This697
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implies:698

Γk,ℓ,SpTq “ dim

”

EvalS

´

x“ℓ
´

B“kpTq

¯¯ı

ď dim

«

EvalS

˜

span

#

ź

jRU

Qjpxq ¨ xăℓ`rqk

ˇ

ˇ

ˇ

ˇ

ˇ

U P

ˆ

ras

k

˙

+¸ff

.

From Corollary 3.9, we know that any polynomial can be replaced by a unique multilinear699

polynomial such that the evaluations over S remain the same. As Γk,ℓ,S only evaluates over a700

translate of the Boolean hypercube t0, 1un, we only need to consider multilinear monomials of701

degree at most ℓ ` rqk. Thus using sub-additivity of Γk,ℓ,S and ℓ ` rqk ď n{2, we get,702

Γk,ℓ,Spfq ď s ¨

ˆ

a

k

˙

¨

ℓ`rqk
ÿ

i“0

ˆ

n

i

˙

ď s ¨

ˆ

a

k

˙

¨ n ¨

ˆ

n

ℓ ` rqk

˙

.

This finishes the proof of Lemma 5.1. ■703

5.2 Proof of Theorem 1.1704

Now we show how to reduce a depth-5 circuit to a depth-5 circuit with bounded rank of the705

bottom product gates. The following lemma is an analogue of Lemma 4.3.706

707

Lemma 5.3 (Reducing the Rank of Bottom Product Gates). Let n, d P N be growing
parameters, where d “ Op

?
nq. Let α P N be a parameter such that 0.01 ď α ď d1{3. Let

β :“ rα ` 1s and η :“
?
β ´ α{p40q

?
βq. Let a “ rdα`0.5s and s ď expp20η ¨

?
dq. Let

k “ η
?
d, ℓ,m, e be as in Lemma 3.12.

Suppose a polynomial f P Fqrxs can be computed by a ΣΠrasΣΠΣ circuit of size s. For
support size parameter r :“ 200qk, there exists a polynomial g P Fqrxs and a subset E Ď Fn

q

of size at most expp´
a

d{pβqqq ¨ qn satisfying the following properties:
1. The polynomials f and g agree on Fn

qzE .
2. The polynomial g can be computed by a ΣΠrasΣΠΣ circuit of size s with bottom product

gates of rank at most r.
3. Let S Ď Fn

qzE . Then the measure Γk,ℓ,Spfq equals the measure Γk,ℓ,Spgq.
708

Proof of Lemma 5.3. From the hypothesis, we know that the polynomial fpxq can be expressed709

as710

fpxq “ Q
p1q

1
pxq ¨ ¨ ¨Q

p1q
a pxq ` . . . ` Q

psq

1
pxq ¨ ¨ ¨Q

psq
a pxq,

where each Q
piq
j pxq can be computed by a ΣΠΣ circuit of size at most s. Furthermore, every Q

piq
j711

is a sum of product of at most s affine polynomials.712
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Existence of a dense subset with high multiplicity Fix a polynomial Q
piq
j pxq and denote it713

by Qpxq for convenience in writing. We have,714

Qpxq “ ℓ11pxq ¨ ¨ ¨ ℓ1spxq ` . . . ` ℓs1pxq ¨ ¨ ¨ ℓsspxq.

Let j P rss be such that (if it exists) rank tℓj1pxq, . . . , ℓjspxqu ą r and tℓj1pxq, . . . , ℓj,r`1pxqu715

are linearly independent (maybe after relabeling). Since r{100q ą k, using Claim 3.5 on716

tℓj1pxq, . . . , ℓj,r`1pxqu, we know there exists a subset EQ,j Ď Fm
q with717

|EQ,j| ď expp´r{3qq ¨ qn, pusing κ “ 0.99q

such that for every point a P Fn
qzEQ,j, we have Multpℓj1 ¨ . . . ¨ ℓj,r`1,aq ě r{100q ą k.718

719

The number of bottom product gates whose set of children is of rank larger than r is at most s720

since the size of the circuit is at most s. Let E be the union of EQ,j over all such inner product721

gates. Using s ď expp20η ¨
?
dq, we get,722

|E | ď s ¨ expp´r{3qq ¨ qn ď expp´40η
?
dq ¨ qn “ exp

˜

´

a

pβ ´ αqd

q
?
β

¸

¨ qn ď exp

˜

´

?
d

q
?
β

¸

¨ qn.

Defining the approximating polynomial gpxq For every inner polynomial Q
piq
j pxq, define a723

new polynomial
rQ

piq
j pxq by removing every summand of rank larger than r. Before proceeding724

to define gpxq, we will make an observation that will be useful later in the proof.725

726

Observation 5.4. Let Qpiq
j “ H1 ` . . .`Hs and suppose Ht are bottom product gates of the circuit727

above of rank larger than r. Let u be any monomial of degree at most k. Then for every Ht,728

BHtpxq

Bu
paq “ 0, for every a P Fn

qzE .

This immediately implies:729

B rQ
piq
j pxq

Bu
paq “

BQ
piq
j pxq

Bu
paq, for every a P Fn

qzE .

Now we define the new polynomial gpxq as follows:730

gpxq :“ rQ
p1q

1
pxq ¨ ¨ ¨ rQ

p1q
a pxq ` . . . ` rQ

psq

1
pxq ¨ ¨ ¨ rQ

psq
a pxq.

We now show that g satisfies the three conditions mentioned in Lemma 5.3:731

1. From the definition of E , we have that for every a P Fn
qzE , gpaq equals fpaq.732
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2. From the definition of
rQ

piq
j , it is easy to see that if Q

piq
j pxq can be computed by a ΣΠΣ733

circuit of size s, then rQ
piq
j can also be computed by a ΣΠΣ circuit of size s and that the734

rank of
rQ

piq
j is at most the rank of Q

piq
j . Since the polynomial fpxq can be computed by a735

ΣΠrasΣΠΣ circuit of size s, then the polynomial gpxq can also be computed by a ΣΠrasΣΠΣ736

circuit with bottom product gates of rank ď r of size s.737

3. Let S Ď Fn
qzE . Using Observation 5.4, we have that for any monomial u of degree at most738

k and any monomial v of degree ℓ,739

ˆ

v ¨
Bgpxq

Bu

˙

paq “

ˆ

v ¨
Bfpxq

Bu

˙

paq, for all a P Fn
q .

Thus Γk,ℓ,Spfq equals Γk,ℓ,Spgq.740

This finishes the proof of Lemma 5.3. ■741

Now we are ready to finish the proof of Theorem 1.1.742

Proof of Theorem 1.1. Consider a ΣΠrasΣΠΣ circuit of size s computing the polynomial NWd,m,epxq743

of degree d. For a sake of argument, assume that s ă expp20η
?
dq.744

Let η, k, r, ℓ,m, e be as in Lemma 5.3. Let r “
pβ ´ αq

8β2ηq
¨

?
d. These parameters satisfy the745

condition in Lemma 5.1.746

ℓ ` rqk “
n

2

p1 ´ εq ` 200q2η2 ¨ d ď
n

2

p1 ´ εq ` d ă
n

2

,

where for the final equality we used d “ Op
?
nq.747

Let gpxq be the polynomial and E be the subset guaranteed from Lemma 5.3. We have that748

|E | ď δ ¨ qn
for δ “ expp´

?
d{pq

?
βqq. Let S Ď Fn

qzE be the translate of Boolean hypercube from749

Lemma 3.12 such that750

Γk,ℓ,SpNWm,d,eq ě

ˆ

n

ℓ ` d ´ k

˙

¨ expp´Oplog2 dqq.

From the second item of Lemma 5.3 and Lemma 5.1, we have751

Γk,ℓ,Spgq ď s ¨

ˆ

n

ℓ ` rqk

˙

¨ n ¨

ˆ

a

k

˙

.

From the third item of Lemma 5.3, we know752

Γk,ℓ,SpNWm,d,eq ď s ¨

ˆ

n

ℓ ` rqk

˙

¨ n ¨

ˆ

a

k

˙

.

The lower bound now follows from the same calculation as done in the proof of Theorem 4.1.753
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Indeed, the only modification in the parameters between Lemma 5.3 and Lemma 4.3 is that the754

parameter η is reduced by a factor of 1{
?
q (Notice that η appears implicitly in the definitions755

of k, r, and ε). On the other side, the term rk in Lemma 4.2 is replaced by the term rqk in756

Lemma 5.1. Consequently, in Equation (2), each term inside the exponential function is divided757

by 1{
?
q. Hence, the final bound is the same up to the factor 1{

?
q in the exponent. This finishes758

the proof of Theorem 1.1. ■759

6 Exponential Gap between Depth-3 and Homogeneous Depth-4760

Circuits761

In this section, we prove Theorem 1.5. To prove Theorem 1.5, we use the complexity measure762

defined by [GK98], that we define now.763

764

Definition 6.1 (Grigoriev-Karpinski Measure). Fix a field Fq and let k, n P N be arbitrary. For a765

subset E Ď Fn
q , let E :“ Fn

qzE . Then for every polynomial Ppx1, . . . , xnq,766

GKk,EpPq :“ dim

”

EvalE

!

B“kpPq

)ı

.

We first state an upper bound on the GK measure for polynomials that can be computed by small767

depth-3 circuits. The following lemma was implicitly used in [GK98] and also stated explicitly768

in [CM17, Lemma 7]. We use the following formulation from [Sap21] for simplicity.769

770

Lemma 6.2 (Upper Bound of GK measure for Depth-3). [Sap21, Lemma 10.4] Fix a field Fq and771

let k P N. Let P P Fqrx1, . . . , xns be a polynomial that can be computed by a ΣΠΣ circuit over Fq of772

size s. Then, for any τ ą 0 and k ď τ{10q, there exists a subset E Ď Fn
q with |E | ď s ¨expp´τ{8q ¨qn

773

such that,774

GKk,EpPq ď s ¨ qτ.

Now we show a lower bound on the Grigoriev Karpinski measure for the polynomial PIP.775

776

Lemma 6.3 (Lower Bound of GK measure for PIP). Fix a field Fq and let m,d P N be growing777

parameters. Then for every subset E Ď F2md
q with |E | ă expp´ωpd logqqq ¨ q2md, we have,778

GKd,EpPIPm,dpx,yqq ě md.

Proof of Lemma 6.3. We first observe that if we take the partial derivative of PIPm,d with respect779

to a set-multilinear monomial u in x variables, then the partial derivative is the “counterpart”780
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of u in the y-variables. More formally,781

B“d PIPm,d

B px1u1
¨ ¨ ¨ xdud

q
“ y1u1

¨ ¨ ¨ydud
, for every d-tuple pu1, . . . , udq P rmsd.

This implies,782

!

y1u1
¨ ¨ ¨ydud

ˇ

ˇ

ˇ
pu1, . . . , udq P rmsd

)

Ď B“d pPIPm,dq.

Let Bm,d be the set on the left side, i.e., Bm,d :“
␣

y1u1
¨ ¨ ¨ydud

ˇ

ˇ pu1, . . . , udq P rmsd
(

. Note that783

for every two distinct tuples u P rmsd and v P rmsd, the monomials yu and yv are distinct. This784

implies that Bm,d is a set of linearly independent monomials.785

786

In the following claim, we show that the evaluation vectors of linearly independent degree-d787

polynomials over E continue to be a linearly independent set.788

789

Claim 6.4. Let B Ă Fqrz1, . . . , zns be a set of non-zero Fq-linearly independent degree-d polyno-790

mials and let E Ď Fn
q be any subset with |E | ă expp´ωpd logqqq ¨ qn. Then the set791

␣

EvalEpQq
ˇ

ˇ Qpzq P B
(

,

is a linearly independent set.792

Proof of Claim 6.4. We know that every non-zero degree-d polynomial over Fq is non-zero on793

at least q´d ¨qn
points in Fn

q . Any non-zero polynomial in the space spanned by polynomials in B794

is a non-zero degree-d polynomial, and thus is non-zero on at least q´d ¨qn “ expp´d logqq ¨qn
795

points of Fn
q . Fix any polynomial Q P spanpBq. Since |E | ă expp´ωpd logqqq ¨ qn

, there exists796

a point a P Fn
qzE such that Qpaq ‰ 0. In other words, EvalEpQq is a non-zero evaluation797

vector. This implies that any non-zero linear combination of vectors in

␣

EvalEpQq
ˇ

ˇ Qpzq P B
(

is798

a non-zero vector. Hence,

␣

EvalEpQq
ˇ

ˇ Qpzq P B
(

is a linearly independent set. ■799

Applying Claim 6.4 on the set Bm,d and E , we get,800

GKd,EpPIPm,dpx,yqq ě dimpBm,dq “ |Bm,d| “ md.

This finishes the proof of Lemma 6.3. ■801

We are now ready to finish the proof of Theorem 1.5, which we recall below.802

803

Theorem 1.5 (Exponential Gap b/w Depth-3 and Homogeneous Depth-4). Fix a field Fq and let804

m,d P N be growing parameters. Any ΣΠΣ circuit over Fq computing the degree-d polynomial805

PIPm,d requires size exppΩqpd logmqq.806

33



Proof of Theorem 1.5. Let τ “ pd logmq{p2 logqq and let s ď exppp1{32 logqq ¨ d logmq. Suppose807

there is a ΣΠΣ circuit over Fq of size s that computes the polynomial PIPm,dpx,yq.808

Since d ď τ{10q when m is sufficiently large, Lemma 6.2 guarantees the existence of a subset809

E Ď F2md
q with |E | ď s ¨ expp´τ{8q ¨ q2md “ expp´1{p32 logqq ¨ d logmq ¨ q2md

such that810

GKd,EpPIPm,dq ď s ¨ qτ.

On the other hand, we also have |E | ď expp´ωpd logqqq ¨ q2md
and thus by Lemma 6.3, we get,811

GKd,EpPIPm,dq ě md “ exppd logmq.

Comparing the two bounds on GKd,EpPIPm,dq, we get,812

s ě exppd logm ´ τ logqq “ exppΩpd logmqq.

This finishes the proof of Theorem 1.5. ■813
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