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Abstract

The Hamiltonian Cycle polynomial, denoted as HCn, is defined to be the sum of the weighted Hamil-
tonian Cycles in an n-vertex complete digraph, with vertices labeled 1 to n and edges weighted by formal
variables xi,j. The Permanent and HC, defined as the family {HCn| n ≥ 1}, were studied by Valiant (STOC
1979), with the former shown to be VNP-complete over all fields of characteristic other than 2, and the lat-
ter to be VNP-complete over every field. Since its introduction, HC has been studied from the perspective
of circuit lower bounds by Jerrum-Snir (JACM 1982), determinantal complexity by Huttenhain-Ikenmeyer
(LAA 2016), and its connection with the Permanent and the Determinant polynomials by Goulden-Jackson
(EJC 1981) and Grochow (ToC 2017). It has been the most prominent choice for generalising results to
all fields, such as in Malod (CCC 2007) and Grochow-Mulmuley-Qiao (ICALP 2016), owing to its VNP-
completeness over every field. Hrubes (ToCT, 2016) showed the VNP-completeness of many graph-based
polynomial families over every field by using HC.

In Kayal (STOC 2012), a randomised polynomial time algorithm was given for the following problem:
Given an n2-variate degree-n polynomial f (x) ∈ F[x] as a black box, decide if there exists A ∈ GLn2 (F)
such that f (x) = Permn(Ax). Here, the Permanent polynomial Permn computes the permanent of the n× n
symbolic matrix (xi,j). This problem is known as testing equivalence to the Permanent, or alternatively, ET
for Permanent.

In this work, we study ET for HC. While both families are VNP-complete, the efficient ET algorithm
for Permanent does not imply the same for HC. Besides, there are crucial differences between the two
polynomials that make studying the complexity of ET for HC interesting: The underlying decision problem
corresponding to the Permanent is in P (detecting perfect matchings in a bipartite graph), but that for HC
(detecting Hamiltonian cycles in a digraph) is NP-complete. The Permanent polynomial is known to be
characterised by its symmetries as shown by Mulmuley-Sohoni (SIAM J. Computing, 2001). This property
yields an efficient algorithm for the circuit-testing problem for the Permanent, a special case of ET for the
Permanent, in which we check whether a given circuit computes the Permanent. In contrast, we show HCn
is not characterised by its symmetries.

In this work, we give a randomised polynomial time ET algorithm for HC with mild constraints on the
underlying field. The algorithm is obtained by studying and completely characterising the Lie algebra and
the symmetries of HCn. We show that, like the Permanent polynomial, the symmetries of HCn are gener-
ated by permutation and scaling matrices over large enough fields. However, we also show that, unlike
the Permanent polynomial, HCn is not characterised by its symmetries. Nevertheless, like the Permanent
polynomial, HCn is downward self-reducible, as shown in Zhang-Bai (TCS 2011), which implies HCn is
characterised by circuit identities and that we can efficiently test whether a given circuit C computes HCn.
We also get a Flip theorem for HCn as a result of its circuit identities.
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1 Introduction

Two n-variate polynomials f , g ∈ F[y] are equivalent, denoted by f ∼ g, if f (y) = g(Ay + b) for some
invertible A ∈ GLn(F) and b ∈ Fn. Clearly, the relation f ∼ g is an equivalence relation. The Polynomial
Equivalence problem (PE) involves deciding for two given polynomials f and g, if f ∼ g holds or not. Here,
the inputs are assumed to be given as lists of coefficients. On one hand, PE is known to be at least as hard as
Graph Isomorphism [AS05, Kay11]. On the other hand, the known upper bound on its complexity depends
on the underlying field. Over finite fields, PE is in NP ∩ co-AM and hence unlikely to be NP-complete,
while over Q we do not even know if it is decidable [Sax06, Thi98]. Even when both inputs are restricted,
limited results are known, see Appendix B.1 for a detailed discussion. Thus, understanding the complexity
of PE remains a challenge. This has led to a natural variant of PE, called equivalence testing, being studied in
the literature to make progress towards addressing this challenge.

Equivalence testing. PE asks to check the equivalence of two arbitrary polynomials. In contrast, for
Equivalence Testing (ET), we first fix a polynomial family F or a circuit1 class C, the goal then is to de-
cide for a given single polynomial f , whether f ∼ g, for some g in F or in C, respectively. The two versions
are called ET for polynomial families and ET for circuit classes, respectively. The study of ET for polynomial
families was initiated in [Kay11, Kay12], where efficient ET algorithms were given for the Power Symmetric
and Elementary Symmetric polynomials, the Permanent and the Determinant. Since then, efficient ET algo-
rithms have been given for various important polynomial families. The ET algorithms are efficient even if f
is given as a black-box2 or as a circuit. The study of ET for circuit classes is more recent, with the authors of
[GST23] showing an efficient ET for read-once formulas (ROFs). The authors of [BDSS24] showed that ET
for sparse polynomials (depth-2 circuits) is NP-hard. Later, ET for read-once oblivious algebraic branching
programs (ROABPs) was also shown to be NP-hard [RS25, BDGT24]. See Appendix B.2 for more results on
ET for polynomial families and circuit classes.

Among all the polynomial families for which ET has been studied so far, the Permanent (see Definition
1.1) is the most prominent VNP-complete family.3 An efficient ET algorithm for a VNP-complete family
does not imply the same for other VNP-complete families. Since ET has been shown to be NP-hard for
some natural circuit classes, a natural question arises:

Is ET “hard” for some “natural” VNP-complete polynomial family?

The Hamiltonian Cycle polynomial family, defined below, is another natural VNP-complete family.

Definition 1.1 (Permanent and Hamiltonian Cycle polynomial families). Let n ≥ 1. The Permanent polyno-
mial Permn(Xn) and the Hamiltonian Cycle polynomial HCn(Xn) are homogeneous degree-n polynomials
defined on the n × n matrix of variables Xn = (xi,j)i,j∈[n] as:

Permn(Xn) := ∑
σ∈Sn

∏
i∈[n]

xi,σ(i) and HCn(Xn) := ∑
σ∈Cn

∏
i∈[n]

xi,σ(i), (1)

respectively, with HC1 defined as the zero polynomial. Here, Sn and Cn ⊊ Sn are the set of all permutations
on {1, 2 . . . n}, and the set of all cyclic permutations on {1, 2 . . . n}, respectively. We denote by Perm the
family {Permn| n ≥ 1} and by HC the family {HCn| n ≥ 1}.

1By a circuit we mean an arithmetic circuit, unless stated otherwise. An arithmetic circuit is like a Boolean circuit except it uses + or
× gates in place of AND, OR, and NOT gates, and the edges are labeled by F-elements. The circuit computes a polynomial over F.

2Black-box access to a polynomial f means we are given oracle access to f . Thus, we can query f at any point a of our choosing
and obtain f (a) in unit time.

3The classes VP and VNP are the algebraic analogues of P and NP, respectively, see [Val79, Bür00] for a rigorous definition. The
authors of [GS19] studied ET for the Nisan-Wigderson polynomial (NW), which is in VNP but not known to be VNP-complete. The
Pascal determinant, see [Gur04] and Chapter 8 in [Lan15], is a generalisation of the Determinant and is VNP-complete. The Pascal
Determinant is characterised by its continuous symmetries [Lan15], due to which an ET algorithm for the Pascal Determinant follows
almost similarly to that for the Determinant given in Corollary 4.6.4 of [Gro12].
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Treating Xn as the adjacency matrix of a complete digraph G with edge weights as formal variables,
HCn(Xn) is the sum of the weights of all the Hamiltonian cycles of G. The Permanent polynomial is the
sum of all the weights of perfect matchings in a bipartite graph, whose biadjacency matrix is Xn. Observe
that though HCn is defined on n2 many variables, it depends only on the off-diagonal n2 − n entries, which
we denote as x. We treat HCn as an (n2 − n)-variate polynomial in x variables, and the evaluation of HCn
at an n × n matrix A is denoted by HCn(A), where the diagonal entries of A will be ignored.

After the Permanent, HC seems to be the most prominent example of a VNP-complete family. In
[Val79], HC was shown to be VNP-complete over every field, while the VNP-completeness of Permanent
holds only over fields of characteristic other than 2. The proof of VNP-completeness of HC by [Val79] does
not rely on the VNP-completeness of the Permanent. In fact, HC is VNP-complete even over rings [Mal03].
There have been various works where HC has been studied in multiple contexts, such as lower bounds
[JS82, Juk15, AB87, HI16], and its connection to the Permanent and the Determinant [GJ81, Bür00, Gro17].
It has been the main choice as a VNP-complete family over all fields whenever such a family was sought to
generalize results to all fields [Mal07, KPTT15, GMQ16, IM18, IS22, DRS24]. The author of [Hru16] used the
completeness of HC over every field to show the existence of more VNP-complete families over every field.
See Appendix B.3 for a detailed discussion on works involving HC. Thus, HC is a well-studied, natural,
and fundamental VNP-complete family.

In this work, we study the Equivalence Testing problem for HC, defined as follows:

Problem 1.1 (ET for HC). Given black box access to an n2 − n-variate degree-n polynomial f (x), decide if
there exists A ∈ GLn2−n(F) and b ∈ Fn2−n such that f (x) = HCn(Ax + b) and return A and b if they exist.

ET for HCn. While both the Permanent and HC are VNP-complete, the efficient ET algorithm for Perma-
nent does not imply the same for HC.4 It is a priori unclear why ET for HC could be “easy” because there are
crucial differences between the Permanent and HC. First, the complexity of the zero-testing problem for the
Permanent and HC is vastly different. The zero-testing problem for a polynomial family F = { fn}, where
fn is n-variate and has integer coefficients, is the task of checking for a given point a ∈ {0, 1}n, whether
f (a) is 0 or not over Z. Note that f is not given to us in any form, that is, we don’t even have black-box
access to f . Zero-testing for the Permanent lies in P because it is the task of detecting a perfect matching
in a bipartite graph.5 Zero-testing for HC is NP-complete because it amounts to detecting a Hamiltonian
Cycle in a digraph.6 In both cases, the graph is given as a 0/1 matrix. Second, the Permanent polynomial
is known to be characterised by its symmetries [MS01], see Definition 2.5, and [Gro12] for a proof, but we
show HCn is not characterised by its symmetries in Theorem 3. This becomes important in the context of
the circuit testing problem for a polynomial family F which asks to check if a given circuit C computes fn
for some n, i.e., is C(y) = f (y)? The circuit testing problem for a polynomial family F is a special case of
ET for F, with A as the identity matrix and b = 0. Efficient circuit testing algorithms for the Permanent
follow by the downward self-reducibility7 of Permn [KI04] and also due to characterisation by symmetries
of Permn [MS01], see Page 81 in [Gro12] for another proof. Since HCn is not characterised by its symmetries,
one cannot hope to perform circuit testing efficiently for it via symmetries. Given these crucial differences
between the two polynomials, it is natural to ask:

Is ET “easy” for the Hamiltonian Cycle polynomial?

4The completeness of the Permanent and HC is with respect to p-projections [Val79], which means any polynomial f (y) can be
obtained from Permm(X) (or HCn) by replacing each x variable in Permm by a y variable or a field constant. In contrast, f ∼ Permm
happens via invertible linear transforms on the variables. Thus, g ∼ HCn does not necessarily mean that g ∼ Permm for some m.

5In fact, it is in quasi-NC2 [FGT21] and very recently it has been shown to be in NC [CGG+26].
6Similarly, the Permanent has an FPRAS [JSV04] while no FPRAS exists for HC unless NP=RP. An FPRAS for the Permanent is a

randomised algorithm which takes as input a non-negative n × n matrix A and a parameter 0 < ϵ < 1, and with high probability
outputs a value in the range [(1 − ϵ)Permn(A), (1 + ϵ)Permn(A)]. The running time is (n 1

ϵ )
O(1).

7For the Permanent, downward self-reducibility means that computing the Permanent of n × n matrix polytime Turing reduces to
computing the Permanent of n many (n− 1)× (n− 1) matrices, which follows by the cofactor expansion of the Permanent. In general,
a problem is said to be downward self-reducible if solving an instance I of size n Turing reduces to solving instances of smaller size.
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In this work, we answer this question positively by showing a randomised polynomial time ET algorithm
for HC (see Theorem 1). To our knowledge, an efficient ET for HC was not known before this work.

The author of [Kay12] developed the ET algorithm for the Permanent by using the knowledge of the
symmetries and the Lie algebra of the Permanent, which have been well studied [MM62, Bot67]. We follow
the approach of [Kay12] and study the Lie algebra and symmetries of HCn to design an ET algorithm for
it, though there are challenges to overcome in analysing the Lie algebra and designing the ET algorithm.
The Permanent contains some “nice” monomials which are leveraged by [Kay12] in his algorithm, but these
monomials are absent in HCn. Thus, we deviate significantly from the implementation of the scaling matrix
recovery step in [Kay12] and instead use ideas from [GS19]. The last step of the ET algorithm for Permn uses
circuit testing for a soundness check. Since HCn is not characterised by its symmetries, we cannot hope to
perform circuit testing for it via this route. To perform circuit testing for HC, we show it is characterised by
circuit identities (Theorems 4 and 5) via its downward self-reducibility (Lemma 4 in [ZB11]). See Section 1.2
for a discussion on the proof ideas and Appendix A for a detailed comparison with [Kay12, GS19]. Table 1
summarises the results and compares the properties of HCn with the Permanent polynomial.

1.1 Our Results

We first state our assumptions on the computational model. Over Q and finite fields Fq, we assume the
Turing machine model. Over fields like R and C, we assume a model similar to the BSS model [BSS89],
where one can perform an arithmetic operation in unit time. We also assume access to an efficient black-
box univariate polynomial factorisation algorithm, an assumption which is justified over fields Fq [Ber71]
and Q [LLL82]. We consider HCn for n ≥ 3. For n = 2, HCn is a monomial, and an efficient ET algorithm
follows for it by the factorisation algorithm of [KT90].

Theorem 1 (ET for HC). Let F be a field where |F| > 3n5 and char(F) = 0 or char(F) > n. There is a
randomised (nβ)O(1) time algorithm which, when given black-box access to an (n2 − n)-variate, homogeneous degree-
n polynomial f (x) with β as the bit complexity of the coefficients, decides correctly, with high probability, if there
exists A ∈ GLn2−n(F) such that f (x) = HCn(Ax) and outputs A if it exists. Over finite fields, the running time is
randomised (n log(|F|))O(1).

Remarks. 1. The algorithm also works for the more general case where f = HCn(Ay + b), A ∈ F(n2−n)×m

is a full row rank matrix (hence n2 − n ≤ m) and b ∈ Fn2−n is a translation vector. See Theorem
28 in [Kay12] and Appendix B in [KNST19], which show how to appropriately modify the ET
algorithm to handle the general case.

2. The constraint on the characteristic arises from computing derivatives of f and is imposed to en-
sure that these derivatives don’t vanish. The constraint on the field size is due to the use of the
Polynomial Identity Lemma [DL78, Lip89, Sch80, Zip79].

The ET algorithm uses the knowledge of the group of symmetries GHCn and the Lie Algebra gHCn of HCn,
see Definitions 2.1 and 2.2. In Propositions 3.1 and 3.2, we completely characterise and give a basis for gHCn ,
while Theorem 2 gives the general structure of GHCn .

Theorem 2 (Structure of GHCn ). Let |F| > (n2−n
2 ). If A is a symmetry of HCn, then A = PS for some permutation

matrix P and scaling matrix S.

Remarks. 1. Propositions 3.4 and 3.6 describe the permutation and scaling symmetries of HCn respectively.
If we treat HCn as a polynomial in all the variables of Xn, then any A ∈ GHCn acts on Xn as
A(Xn) = PLXnRPT or A(Xn) = PLXT

n RPT , where P is a permutation matrix, and L and R are
diagonal matrices such that Permn(RL) = 1. In contrast, any A ∈ GPermn acts as A(Xn) = PLXnRQ
or A(Xn) = PLXT

n RQ, where P and Q are permutation matrices and L, R are as before.

Unlike Permn, HCn is not characterised by its symmetries, see Definition 2.5.
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Property HCn (This work) Permanent
Efficient ET algorithm? Yes Yes

Explicit basis of Lie algebra known? Yes Yes
Characterisation by symmetries? No, for n ≥ 5 Almost all fields

Symmetries generated by PS matrices? Yes Yes
Characterisation by circuit identities? Yes Yes

Scaling symmetries continuous? Almost all fields,
except for n = 4 over Q, R, C

Almost all fields

Flip Theorem known? Yes Yes
Complexity of Zero testing? NP-complete P

Table 1: A comparison between Permanent and HCn

Theorem 3 (Non-characterisation by symmetries). Let n ≥ 5 and F be such that |F| > (n2−n
2 ). Then, HCn is

not characterised by its symmetries over F.

Remarks. 1. In Appendix C.17.3, we show that HCn, for n = 3 and 4, is characterised by its symmetries
over appropriate fields F.

However, it turns out that HCn is characterised by circuit identities (see Definition 2.4) over any field F.
This follows from the downward self-reducibility of HCn as shown in Lemma 3.2, and Lemma 4 of [ZB11].

Theorem 4 (Circuit Identities). Over any field F, HCn is characterised by circuit identities.

As a consequence of Theorem 4, we get Theorems 5 and 6. We use Theorem 5 to prove the soundness
of the ET algorithm given by Theorem 1.

Theorem 5 (Circuit Testability). Let C be a circuit in n2 − n variables, of size s, and degree of output polynomial
d = sO(1) over a field F, where |F| > 2d. There is a randomised (ns)O(1) time algorithm over F which, when given
black box access to C, decides correctly with high probability whether C(x) = HCn(x) or not.

A flip theorem essentially states that if some function is not computable by small-size circuits, then
we can efficiently construct a short list of counterexamples such that any small-size circuit fails on some
counterexample in the list. Flip theorem is known for the Permanent polynomial [Mul10, Mul11] and the
Nisan-Wigderson polynomial [GS19].

Theorem 6 (Flip Theorem for HC). Let |F| > nO(1). Suppose HCn is not computable by nO(1) size circuits
over F. There is a randomised nO(1) time algorithm which on input 1n2−n outputs n − 1 matrices A1, . . . An−1,
where Ai ∈ Fn×n, such that, with high probability, for any polynomial size circuit C there is an i ∈ [n − 1],
C(Ai) ̸= HCn(Ai). Further, derandomisation of black-box polynomial identity testing implies that the Ai’s can be
computed in deterministic nO(1) time.

Remarks. 1. Note that Theorem 5 is not implied by Theorem 6 because HCn is not known to be computable
by nO(1) size circuit. Verifying C(Ai) ̸= HCn(Ai) for some i needs the evaluations HCn(Ai), which
can not be done efficiently.

1.2 Proof Techniques

We follow the Lie algebraic approach of [Kay12], which was used to obtain an ET algorithm for the Perma-
nent. We describe the ET algorithm for the HC at a high level. Suppose we are given black-box access to an
n2 − n-variate degree-n polynomial f (x). The algorithm has four steps:
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1. Reduction to PS-equivalence testing. Using the structure of the Lie algebra of HCn, compute an invertible
D such that f (Dx) = HCn(PSx) for some permutation P and scaling S, assuming f ∼ HCn. See
Algorithm 2.

2. Reduction to S-equivalence testing. Let f1(x) = f (Dx). Using the knowledge of the permutation sym-
metries of HCn, and the set of vanishing second-order partial derivatives of HCn, recover P so that
f1(Px) = HCn(Sx), assuming f ∼ HCn. Thus, f1(Px) is S-equivalent to HCn. See Algorithm 3.

3. Recovering S. Let f2(x) = f1(Px), assuming f ∼ HCn. Query f2 at k = O(n2) many points to get
constants c1, c2, . . . , ck, and solve a system of linear equations where the variables are the entries of S
which we wish to recover. See Algorithm 4.

4. Verification \ Soundness Test. Let B = DPS. Use the downward self-reducibility, Lemma 3.2 or Lemma
4 of [ZB11], of HCn to verify if f (Bx) = HCn(x). If so, output B−1. See Algorithm 1.

Though the ET algorithm for HC is obtained via the Lie algebraic approach, like it was done for the Per-
manent in [Kay12], there are two major differences between the algorithms. First, the Lie algebra and the
symmetries of the Permanent have been well-studied [Bot67, MM62], and are leveraged by [Kay12]. To our
knowledge, the Lie algebra and symmetries of HCn have not been studied before. Therefore, we first study
and give a complete characterisation of the Lie algebra gHCn of HCn over all fields (see Propositions 3.1 and
3.2) by using ideas from [GS19] to construct a basis for gHCn ; we also characterise the group of symmetries
GHCn over large enough fields (Proposition 3.3). Second, we deviate from [Kay12] in the execution of Step
3. The deviation occurs because of an important difference in the monomials of HCn and those of Permn.
In Permn, there are enough pairs of monomials which differ in exactly 2 variables and are leveraged by
[Kay12] to recover S by querying the scaled Permanent polynomial at these monomials. In contrast, any
two monomials of HCn differ in at least 3 variables (see Claim 3.1), which makes it unclear if they can be
leveraged in the same way as for Permn to recover S. Instead, we follow the approach in [GS19] to recover
S. There are other key technical differences between our analysis and that in [Kay12, GS19], see Appendix
A for a detailed comparison. Refer to Table 1 for a comparison of results between HCn and the Permanent.

To prove Theorem 2, we leverage the structure of gHCn and conjugacy of Lie algebras of equivalent
polynomials (Lemma 2.2). We prove Theorem 3 by using the knowledge of the permutation (Proposition
3.6) and scaling symmetries (Proposition 3.4) of HCn. Theorem 4 is proved by using the downward self-
reducibility of HCn and an adaptation of Lemma 7.13 from [Bür00]. Theorems 5 and 6 then follow by using
the identities established in Theorem 4.

2 Preliminaries

2.1 Notations and Definitions

The set of natural numbers is N = {1, 2 . . . }, while Z denotes the integers. For n ∈ N, We use [n] to denote
the set {1, . . . , n} and [a, b] to denote {a, . . . , b}. The set of n × n invertible matrices over F is denoted by
GLn(F). The set of permutations on [n] is denoted by Sn and the set of cyclic permutations on [n] by Cn. A
field is denoted by F, while F× denotes F\{0}. We denote the integers mod m by Zm. The dimension of
a vector space V over a field F is denoted by dimF(V). By ∈r we denote uniform random selection from a
set, and by “b.b.a to f ” we mean black-box access to f .

We denote the set of variables on which HCn depends as x := {xi,j| i, j ∈ [n], i ̸= j}, with |x| = n2 − n
and Xn = {xi,j| i, j ∈ [n]} to denote the entire set of n2 variables on which HCn is defined. By scaling
matrices, we mean diagonal matrices. We treat a scaling matrix S ∈ Fm×m as a vector in Fm by identifying
the diagonal as a vector in Fm. Thus, the entries of S ∈ Fn2×n2

, will be referred to as Si,j, where i, j ∈ [n].
For a matrix M ∈ Fm×m and S, T ⊆ [m], we denote by M•×T the matrix M restricted to columns in T, by
MS×• the matrix M restricted to rows in S, and by MS×T the matrix M restricted to the rows and columns
in S and T respectively. By nO(1), we denote a polynomially bounded function of n.
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2.2 Algebraic and algorithmic preliminaries

Lemma 2.1 (Computing Derivatives [KNST19]). Let f ∈ F[y] be an n-variate degree-d polynomial with bit
complexity β. Given black-box access to f , we can obtain in (ndβ)O(1) time black-box access to a derivative
∂ f
∂y for any y ∈ y.

Definition 2.1 (Group of Symmetries [GS19]). Let f ∈ F[y] be an n-variate polynomial. The group of
symmetries of f over F, denoted by Gf , is the set of matrices {A ∈ GLn(F) : f (Ay) = f (y)} which also
form a group under matrix multiplication.

Definition 2.2 (Lie Algebra of a polynomial ). Let f ∈ F[y], where y := {y1, y2, . . . , yn}. The Lie Algebra
associated with f , denoted by g f , is the set {A ∈ Fn×n | ∑i,j∈[n] Ai,jyj

∂ f
∂yi

= 0}, which also forms a vector
space over F.

Lemma 2.2 (Conjugacy of Lie Algebras [Kay12]). Let f ∈ F[y] be an n-variate polynomial. If g(y) = f (Ay),
where A ∈ GLn(F), then gg = A−1 · g f · A.

Lemma 2.3 (Computing basis of Lie Algebra [Kay12]). Given black-box access to an n-variate degree d
polynomial f ∈ F[y], a basis of g f can be computed in randomised (ndβ)O(1) time, where β is the bit
complexity of the coefficients.

For A ∈ Cn×n, define eA := ∑i∈N
Ai

i! , the sum always converges. Over C, g f is related to Gf as in
Definition 2.3.

Definition 2.3 (Continuous and Discrete Symmetries ). Let f ∈ C[y]. If A ∈ g f , then etA ∈ Gf for all t ∈ R;
see [Hal15] for a proof. The continuous symmetries of f are the elements of the set {etA : A ∈ Gf and t ∈ R}.
All other symmetries in Gf are the discrete symmetries of f .

Definition 2.4 (Characterisation by circuit identities [Gro12]). An n-variate polynomial f (y) is said to be
characterised by circuit identities if there exist m = nO(1) many polynomials g1(z), . . . , gm(z), with each gi
computable by a nO(1) size circuit over Z and |z| ≤ k, f is the only non-zero polynomial upto scaling that
satisfies gi( f (y1), f (y2) . . . f (yk)) = 0, where yi can be computed from y by a nO(1) size circuit.

Definition 2.5 (Characterisation by symmetries). A homogeneous degree-d polynomial f ∈ F[y] is char-
acterised by its symmetries if for every homogeneous degree-d polynomial g ∈ F[y], Gf ⊆ Gg implies
g = c · f , for somes c ∈ F×.

3 Lie Algebra and the Symmetries of HCn

In Section 3.1, we analyse gHCn , the Lie Algebra of HCn, and show that it comprises diagonal matrices
and that it is a 2n − 2 dimensional vector space over any field F, for n = 3 and n ≥ 5. We analyse gHC4
and the symmetries of HC4 in Appendix C.17. In Section 3.2, we use gHCn to show that over large enough
fields the symmetries of HCn are generated by permutation and scaling matrices (which proves Theorem
2) and analyse the permutation and scaling symmetries of HCn. In Section 3.3, we show that HCn is not
characterised by its symmetries, proving Theorem 3. In Section 3.4, we show that HCn is characterised by
circuit identities over any field by using the downward self-reducibility of HCn and prove Theorems 4, 5
and 6. All missing proofs can be found in Appendix C.

3.1 Lie Algebra

Proposition 3.1, proved in Appendix C.1, shows that gHCn comprises diagonal matrices A ∈ F(n2−n)×(n2−n),
where for all σ ∈ Cn the sum of the diagonal entries in A corresponding to σ is 0. To prove Proposition 3.1,
we use Observation 3.1, which follows from Claim 3.1. Claim 3.1 states that any two cyclic permutations,
when interpreted as Hamiltonian cycles on the complete digraph, must have at least 3 different edges.
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Proposition 3.1. Let n ≥ 3. Then for A ∈ F(n2−n)×(n2−n),

A ∈ gHCn ⇐⇒ A is diagonal and
n

∑
i=1

A(i,σ(i)),(i,σ(i)) = 0 for all σ ∈ Cn.

Observation 3.1. Let σ1, σ2 ∈ Cn with σ1 ̸= σ2 and mσ denote ∏i∈[n] xi,σ(i) for σ ∈ Cn. Then,

xi1,j1
∂mσ1

∂xi2,j2
̸= xi3,j3

∂mσ2

∂xi4,j4
,

where ik’s, jk’s ∈ [n], j2 = σ1(i2), and j4 = σ2(i4) (to ensure non-zero derivatives).

Claim 3.1. Let σ1, σ2 ∈ Cn with σ1 ̸= σ2 . There exists S ⊆ [n], such that |S| = 3 and σ1(i) ̸= σ2(i) for all
i ∈ S.

By Proposition 3.1, any A ∈ gHCn can be identified with a vector in Fn2−n. Proposition 3.2 shows that
for n ̸= 4, gHCn is a (2n − 2)-dimensional over any F. In Appendix C.17.1, we analyse gHC4 over all fields.

Proposition 3.2. Let F be any field and n = 3 or n ≥ 5. Consider A(k), B(ℓ) and C ∈ Fn2−n, where
k ∈ [2, n], ℓ ∈ [2, n − 1], defined as:

A(k)
(i,j) =


1 i = 1,
−1 i = k,
0 otherwise

, B(ℓ)
(i,j) =


1 j = 1,
−1 j = l,
0 otherwise

, C(i,j) =


−1 i = 2,
1 j = 2,
0 otherwise

Then, dimF(gHCn) = 2n − 2 with Bn = {A(2), . . . , A(n), B(2), . . . , B(n−1), C} as a basis.

Proposition 3.2 is proved in Appendix C.4. In the proof, we define a matrix MHCn ∈ F(n−1)!×(n2−n)

to represent the linear equations given by Proposition 3.1. Therefore, the nullspace of MHCn is gHCn . The
rows of MHCn are indexed by σ ∈ Cn and columns by variables xi,j in lex order. We then show that the set
Bn in the proposition is linearly independent over any F and that Bn ⊂ gHCn . Lastly, we construct in nO(1)

time a (n − 1)(n − 2)× (n2 − n) submatrix M(n) of MHCn such that M(n) has full row rank over any F (see
Proposition C.1). Thus, MHCn has rank at least (n − 1)(n − 2), which along with the fact that Bn ⊂ gHCn
proves Proposition 3.2.

Corollary 3.1 describes the structure of any z ∈ gHCn and follows by considering the matrix formed
by the equations in (2), noting that the matrix is full row rank, and that the entries of the elements of Bn
in Proposition 3.2 satisfy (2). Corollary 3.2 describes the entries of any continuous symmetry of HCn, and
follows from Corollary 3.1 and Definition 2.3. In Appendix C.6, we further analyse M(n), which proves
useful in analysing the scaling symmetries of HCn over all fields and to prove the correctness of Algorithm
4.

Corollary 3.1. Let n = 3 or n ≥ 5 and z ∈ Fn2−n. Then, z ∈ gHCn if and only if the entries zi,j satisfy (2).

zi,j = zi,1 + z1,j + z2,3 − z1,3 − z2,1 i ∈ [2, n − 1], j ∈ [2, n] , i ̸= j, (i, j) ̸= (2, 3),

zn,1 = (n − 2)(z1,3 + z2,1 − z2,3)−
n

∑
ℓ=2

z1,ℓ −
n−1

∑
ℓ=2

zℓ,1,

zn,j = z1,j + (n − 3)(z1,3 + z2,1 − z2,3)−
n

∑
ℓ=2

z1,ℓ −
n−1

∑
ℓ=2

zℓ,1

= zn,1 + z1,j + z2,3 − z1,3 − z2,1, j ∈ [2, n − 1].

(2)
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Corollary 3.2. Over C, any continuous symmetry S ∈ GHCn is a diagonal matrix, with Si,j’s satisfying (3).

Si,j = Si,1S1,j
S2,3

S1,3S2,1
i ∈ [2, n − 1], j ∈ [2, n] , i ̸= j, (i, j) ̸= (2, 3),

Sn,1 =

(
S1,3S2,1

S2,3

)n−2
(

n

∏
ℓ=2

S1,ℓ

n−1

∏
ℓ=2

Sℓ,1

)−1

,

Sn,j = Sn,1S1,j
S2,3

S1,3S2,1
j ∈ [2, n − 1].

(3)

3.2 The Symmetries of HCn

Lemma 3.1 shows that over large enough fields, gHCn contains an element with distinct eigenvalues. Propo-
sition 3.3 then shows that over such fields, every symmetry of HCn is generated by permutation and scaling
symmetries, proving Theorem 2. The proof of Proposition 3.3 follows from Lemmas 2.2 and 3.1 (see Ap-
pendix C.8). We then analyse and characterise the permutation and scaling symmetries of HCn.

Lemma 3.1. Suppose |F| > (n2−n
2 ). There exists A ∈ gHCn such that A has distinct eigenvalues.

Proposition 3.3 (Theorem 2 restated). Suppose |F| > (n2−n
2 ). If A ∈ GHCn , then A = PS, where P is a

permutation matrix and S is a scaling matrix.

Scaling symmetries. Proposition 3.4, proved in Appendix C.9, shows that any scaling symmetry S of HCn
satisfies (3) for n ̸= 4 and follows from Lemma C.2. In Appendix C.17.2, we show that HC4 has discrete
scaling symmetries over Q, R, C and certain finite fields.

Proposition 3.4 (Scaling symmetries are continuous). Let F be any field and n = 3 or n ≥ 5. If S ∈ GHCn is
a scaling symmetry, then the entries Si,j satisfy (3).

Permutation Symmetries. Proposition 3.5 shows that HCn has non-trivial permutation symmetries. In
terms of the matrix Xn, P(σ) acts as Xn 7→ QXnQT , where Q is the n× n matrix corresponding to σ ∈ Sn, and
P(T) acts as Xn 7→ XT

n . Proposition 3.6, proved in Appendix C.11, shows that the permutation symmetries
are generated by those described in Proposition 3.5. To prove Proposition 3.6, we use Observation 3.2,
which tells us when the second-order derivatives of HCn vanish.

Proposition 3.5. Let σ ∈ Sn. The matrices P(σ) and P(T), as below, are permutation symmetries of HCn.

P(σ)
(i,j),(k,ℓ) :=

{
1 k = σ(i), ℓ = σ(j),
0 otherwise

, P(T)
(i,j),(k,ℓ) :=

{
1 k = j, ℓ = i,
0 otherwise

.

Here i, j, k, ℓ ∈ [n], i ̸= j and k ̸= ℓ. Also, P(σ) and P(T) commute with one another.

Proposition 3.6. If P ∈ GHCn is a permutation symmetry, then P = P(σ) or P = P(σ)P(T) for some σ ∈ Sn.

Observation 3.2. Let i, j ∈ [n], i ̸= j and Ri,j be the set of variables xk,ℓ, other than xi,j, such that ∂2 HCn
∂xi,j∂xk,ℓ

= 0.
Then,

xk,ℓ ∈ Ri,j ⇐⇒ i = k, or j = ℓ, or i = ℓ and j = k.

Further, we can partition Ri,j as

Ri,j := Qi,j ⊔ Ti,j ⊔ {xj,i}, Qi,j := {xk,j | k ∈ [n]\{i, j}} and Ti,j := {xi,k | k ∈ [n]\{i, j}}.

The partitions also satisfy:

8



1. ∂2 HCn
∂xi1,j1

∂xi2,j2
̸= 0 if xi1,j1 = xj,i and xi2,j2 ∈ Qi,j ⊔ Ti,j, or xi1,j1 ∈ Ti,j, xi2,j2 ∈ Qi,j.

2. ∂2 HCn
∂xi1,j1

∂xi2,j2
= 0 if xi1,j1 , xi2,j2 ∈ Qi,j or xi1,j1 , xi2,j2 ∈ Ti,j.

If f = HCn(Px), where P is a permutation matrix, then ∂2 f
∂xi,j∂xk,ℓ

= 0 if and only if P−1(xi,j) and

P−1(xk,ℓ) are as specified in Observation 3.2. Thus, P creates a bijection on Ri,j which also maps the par-
titions of Ri,j in Observation 3.2 appropriately. If P ∈ GHCn is a permutation symmetry, then it creates,
for each variable xi,j, a bijection between the set Ri,j and Rk,ℓ, where xk,ℓ = P(xi,j), such that the bijection
also maps the partitions of Ri,j as described in Observation 3.2 accordingly to those of Rk,ℓ. analysing these
bijections for variables x1,j and xi,1, and noting that the image of R1,j ∩ Ri,1 is a singleton shows how P is
generated by the permutation symmetries described in Proposition 3.5.

3.3 HCn is not characterised by its symmetries

Proposition 3.7, proved in Appendix C.13, shows that for n ≥ 5, HCn is not characterised by its symmetries,
unlike the Permanent polynomial, proving Theorem 3. The proof involves defining a polynomial g(x) as
the sum over the image of a monomial, mσ, under all the permutation symmetries (Proposition 3.6) of HCn.
Here, σ ∈ Sn\Cn such that σ(i) ̸= i for all i ∈ [n]. It is easy to see that such a σ exists for n ≥ 5, for example
σ = (1 2)(3 4 . . . n). Then, it is not hard to observe that every scaling symmetry of HCn (Proposition 3.4) is
also a scaling symmetry of g, but g ̸= c · HCn for any c ∈ F×.

Proposition 3.7 (Non-characterisation by symmetries). Let n ≥ 5 and F be any field such that |F| > (n2−n
2 ).

There exists a non-zero polynomial f such that GHCn ⊆ Gf but f ̸= c · HCn for any c ∈ F×.

More generally, in Appendix C.14 we show how to obtain a scaling symmetry of the Permanent poly-
nomial from that of HCn. In contrast, for n = 3 and n = 4, we show HCn is characterised by its symmetries
over appropriate fields in Appendix C.17.3.

3.4 Circuit Identities, Circuit Testing and Flip Theorem

Though HCn is not characterised by its symmetries, it is characterised by circuit identities (see Definition
2.4), which follows from HCn being downward self-reducible, as shown in Lemma 4 of [ZB11]. We give a
proof of downward self-reducibility in the proof of Lemma 3.3 for completeness (see Appendix C.16). The
proof given here was discovered by the author independently before coming across [ZB11]. To prove the
circuit identities, we use Lemma 3.2, an adaptation of Lemma 7.13 in [Bür00], which shows that HCn can
be expressed as HCm for all m > n ≥ 2. Lemma 3.3 then shows that HCn is downward self-reducible over
any field, and can be proved using induction on n. Note that we use the matrix Xn with xi,i replaced by 0’s
in the statement and proof of Lemmas 3.2 and 3.3 for ease of exposition.

Lemma 3.2. Let n, m ∈ N with m > n ≥ 2. In O(m2) time, we can construct a m × m matrix Y(m,n) from Xn
such that HCm(Y(m,n)) = HCn(x).

Lemma 3.3. Let f ∈ F[x]. Then, f = HCn if and only if f satisfies the identities

f (Y(n,k)) =
k

∑
i=2

x1,i f (Y(n,k−1)
i ) k ∈ [3, n], and f (Y(n,2)) = x1,2x2,1,

where Y(n,k) is constructed from Xk as described in the proof of Lemma 3.2. The matrix Y(n,k−1)
i is obtained

from Xk by first swapping row i with row 2 and column i with column 2 in Xk, removing the 1st row and
2nd column to obtain the (k − 1)× (k − 1) matrix X(i)

k , and constructing Y(n,k−1) using X(i)
k by Lemma 3.2.
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Proof of Theorem 4. Represent the n − 1 identities in Lemma 3.3 as polynomials g1(x, z), . . . , gn−1(x, z),
where |z| = n − 1, gi’s are degree 2 polynomials over Z and have nO(1) size circuit over Z. This establishes
circuit identities for HCn and proves Theorem 4.

Proof of Theorems 5 and 6. Algorithm 1, when given black-box access to a size-s circuit C in x variables
and of degree d = sO(1), tests C on the n − 1 identities in Lemma 3.3. The degree of each identity, when
we use C in it, is at most d. If C computes HCn, then Algorithm 1 will always return “Yes”. If C does
not compute HCn, then some identity fails to hold for C. By the Polynomial Identity Lemma and the fact
|U| > 2d, the probability that some identity fails to hold is at least 1

2 . By repeating Algorithm 1 sO(1)

times, we can boost the success probability to 1 − ( 1
2 )

sO(1)
. This proves Theorem 5. Theorem 6 follows

easily because the random matrices sampled by Algorithm 1 provide the list of counterexamples against
polynomial-size circuits, assuming HCn is not computable by polynomial-size circuits.

Algorithm 1 Circuit Testing for HCn

Input: B.b.a to size-s circuit C in x variables and of degree sO(1).
Output: “Yes” if C(x) = HCn(x), else “No”.

1. Let U ⊆ F with |U| > 2d. Choose n − 1 matrices M2, M3, . . . , Mn, where Mi are i × i matrices with
entries chosen uniformly at random from U.

2. For i ∈ [2, n], check if the i’th identity in Lemma 3.3 does not hold for C when evaluated at Mi. Return
“No” if so.

3. Return “Yes”.

4 Equivalence Testing for HC

In this section, we present the ET algorithm for HCn, and argue its correctness and efficiency by using
the structural results proven in Section 3. In Section 4.1, we show the reduction to PS-equivalence; the
correctness of the reduction follows from Lemma 3.1. In Section 4.2, we show how to recover a permutation;
the correctness follows from Observation 3.2. The problem then reduces to checking scaling equivalence
with HCn. In Section 4.3, we show how to recover a scaling matrix by using Proposition 3.4 and Lemma
C.2. All missing proofs can be found in Appendix D. We present the analysis assuming f = HCn(Ax) and
that all steps which employ randomisation execute correctly. Every step where randomisation is used has
a small probability of failing due to the assumption on the field size. We run Algorithm 1 at the end to
verify the correctness of the recovered transform. If f ̸= HCn(Ax), Algorithm 1 will output “No” with high
probability. If f = HCn(Ax), Algorithm 1 always accepts.

4.1 Reduction to PS-equivalence

Algorithm 2 shows the reduction to PS-equivalence testing. If f = HCn(Ax), then by Lemma 2.2, dimF(g f )
is 2n − 2.We then compute a random element of g f and diagonalise it. The algorithm outputs the diagonal-
ising matrix if it exists. The correctness and complexity analysis of Algorithm 2 is given by Proposition 4.1.

Proposition 4.1. If f = HCn(Ax) for some A ∈ GLn2−n(F), with high probability Algorithm 2 computes in
randomised nO(1) time a D ∈ GLn2−n(F) such that f (Dx) = HCn(PSx) .
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Algorithm 2 Reduction to PS-equivalence Test
Input: B.b.a to f (x).
Output: D ∈ GLn2−n(F) s.t. f (Dx) = HCn(PSx) if f (x) = HCn(Ax).

1. Compute a basis {B1, B2, . . . , Bk} of g f from b.b.a to f . If k ̸= 2n − 2, abort and output “ f not equivalent
to HCn”.

2. Let U ⊆ F be such that |U| = 3n5. Let a1, a2 . . . ak ∈r U and C := ∑i∈[k] aiBi. Compute and output
a matrix D such that D−1CD is a diagonal matrix. If such a D does not exist, abort output “ f not
equivalent to HCn”.

4.2 P-equivalence test

Let f (x) = HCn(Px). Using the permutation symmetries and second-order partial derivatives of HCn,
Algorithm 3 recovers a permutation P′ such that f (x) = HCn(P′x), where P′ is P up to a permutation
symmetry. Claim 4.1 and Proposition 4.2 argue the correctness.

Claim 4.1. Without loss of generality, P(x1,2) = x1,2.

Proposition 4.2. If f (x) = HCn(Px), then with high probability Algorithm 3 computes P′ in randomised
nO(1) time such that P′ = P̃P, where P̃ is as described in Proposition 3.5.

Algorithm 3 P-equivalence Test
Input: B.b.a to f (x).
Output: P′ ∈ GLn2−n(F) s.t. HCn(P′x) = f (x), if f (x) = HCn(Px).

1. Compute b.b.a to ∂2 HCn
∂xi,j∂xk,ℓ

, where i ̸= j and k ̸= ℓ. Check if ∂2 HCn
∂xi,j∂xk,ℓ

is identically zero or not, and store
this information.

2. Compute the set R′
1,2 := {xk,ℓ | ∂2 HCn

∂x1,2∂xk,ℓ
= 0 and (k, ℓ) ̸= (1, 2)}. Partition R′

1,2 as {xi,j} ⊔ Q′
1,2 ⊔ T′

1,2
such that items 1 and 2 in Observation 3.2 hold. If no such partition exists, abort and output “ f not
equivalent to HCn”.

3. Set P′(x1,2) := x1,2, P′(x2,1) := xi,j and P′(x1,t) := xit ,jt , where xit ,jt ∈ T′
1,2 and t ∈ [3, n].

4. For all xit ,jt ∈ T′
1,2, compute R′

it ,jt as in Step 2 and partition it. Let {xkt ,ℓt} be the singleton set in the
partitioning. Set P′(xt,1) := xkt ,ℓt . Abort and output “ f not equivalent to HCn” if the partition does not
exist.

5. For a, b ∈ [2, n], a ̸= b, compute R′
ka ,ℓa

∩ R′
ib ,jb

, where P′(xa,1) = xka ,ℓa and P′(x1,b) = xib ,jb , as computed
in earlier steps. If R′

ka ,ℓa
∩ R′

ib ,jb
is a singleton {xc,d}, set P′(xa,b) := xc,d, else abort and output “ f not

equivalent to HCn”.
6. Output P′.

4.3 S-equivalence test

We assume n ̸= 4. Suppose f (x) = HCn(Sx), where S ∈ GLn2−n(F) is a scaling matrix. Algorithm 4 gives
the scaling equivalence test over Fq. The same algorithm, with some changes, will also work over other
fields F, see Appendix D.5.1 for details. The correctness of Step 1 follows from Claim 4.2, while that of the
remaining steps follows from Proposition 4.3. In Appendix D.6, we show an S-equivalence test for HC4
over Q, R, and finite fields.

Claim 4.2. Without loss of generality, S′
1,j = 1, S′

2,3 = 1 and S′
i,1 = 1, where i ∈ [2, n − 1], j ∈ [2, n].
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Proposition 4.3. If f (x) = HCn(Sx), then in deterministic (n log q)O(1) time Algorithm 4 outputs an S′ such
that S′S is a scaling symmetry of HCn.

Algorithm 4 S-equivalence test
Input: B.b.a to f (x).
Output: S′ ∈ GLn2−n(Fq) s.t. HCn(S′x) = f (x) and S′ = S̃S, where S̃ is a scaling symmetry, if f (x) =
HCn(Sx).

1. Set S′
1,j = 1, S′

2,3 = 1 and S′
i,1 = 1, where i ∈ [2, n − 1], j ∈ [2, n].

2. Query f to obtain the coefficients of monomials corresponding to the rows σ1, . . . , σ(n−1)(n−2) of the
matrix M(n) constructed in Proposition C.1. Let ck be the k’th coefficient. If ck = 0 for some k, then abort
and ouput “ f not equivalent to HCn”.

3. Let T := {(i, j)| (i, j) ̸= (1, k), k ∈ [2, n] and (i, j) ̸= (ℓ, 1), ℓ ∈ [2, n − 1] and (i, j) ̸= (2, 3)}. Consider
the matrix M := M(n)

•×T . Compute β = (det(M))−1 in Zq−1.
4. For each row σk, k ∈ [(n − 1)(n − 2)] and (i, j) ∈ T, compute the cofactor of M with respect to σk and

(i, j), and denote it as αk,(i,j). Set S′
i,j = ∏

(n−1)(n−2)
k=1 c

βαk,(i,j) mod q−1
k .

5. Output S′.
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A Comparison with [Kay12] and [GS19]

Lie Algebra has been used to develop ET algorithms for many polynomial families; refer to Appendix B
for an overview. As our techniques are based on [Kay12, GS19], we compare our techniques with theirs.
Since HCn is a linear combination of the Immanant polynomials [Mer83, Bür00], and the symmetries and
Lie algebra of Immanants are known [Ye11], it is possible that the symmetries of HCn can be studied via
those of the Immanant polynomials. However, the definition of the Immanant polynomial is representation
theoretic, and the proof technique of [Ye11] also involves some representation theory, while HCn has a
simpler and intuitive definition, and our proof technique does not need representation theory. Moreover,
HCn is a linear combination of the Immanant polynomials as long as the characteristic of the underlying
field does not divide n, thus the analysis of HCn via this linear combination may not hold over all fields. It
is also unclear whether the proof of [Ye11] will directly yield an ET algorithm or hold for HC, because at
certain points non-cyclic permutations are needed in their proof.

Comparison with [Kay12]. The author of [Kay12] uses the symmetries of the Permanent polynomial to
describe an explicit basis for the Lie algebra of the Permanent polynomial. In contrast, the symmetries and
the Lie Algebra of HCn have not been studied before to our knowledge, so we analyse the Lie Algebra first
and use it to argue about the symmetries. We use ideas from [GS19] to establish an explicit basis for the Lie
algebra of HCn, see Comparison with [GS19] for more details.

In Proposition 3.1, we give a basis for gHCn over any field, except for n = 4. All but one of the elements
of this basis are similar to those of the basis for gPermn , the Lie algebra of the Permanent polynomial, given in
Proposition 39 in [Kay12]. The single differing basis element for HCn ensures the linear independence of the
basis elements over every field. In contrast, the basis given for gPermn is a basis as long as the characteristic
of the underlying field does not divide n, the degree of the Permanent polynomial. For HC4, we give a basis
over characteristic 2 fields separately from other fields. This exception arises because gHC4 is determined
by the nullspace of 6 linear equations in 12 variables, each corresponding to a permutation in C4, such that
all the equations are linearly dependent over characteristic 2 fields. Five of the linear equations are linearly
independent over any field, implying that the sixth equation is a linear combination of the five equations
over characteristic 2 fields. This causes gHC4 to be 6 dimensional over fields of characteristic other than 2
and 7 dimensional over characteristic 2 fields. Using this, we show that HC4 has discrete symmetries over
Q, R, C and certain finite fields. See Appendix C.17 for details.

Our implementation of Step 2 differs from that for the Permanent polynomial because the set of van-
ishing second-order partial derivatives of HCn differs from that for the Permanent polynomial. As men-
tioned earlier, our execution of Step 3 for HCn completely differs from that for the Permanent. For the
Permanent, there are sufficiently many pairs of monomials such that for each pair, the monomials differ
in exactly two variables. For example, the monomials x1,1x2,2x3,3 . . . xn,n and x1,2x2,1x3,3 . . . xn,n share n − 2
variables. Assuming that x1,1, x1,2 and x2,1 are unscaled, which follows from the scaling symmetries of the
Permanent, we query the scaled Permanent polynomial at these two monomials, which gives two scalars
λ1 and λ2. Then, λ1

λ2
is the factor by which x2,2 is scaled. In this way, S can be recovered from black-box

access to a scaled Permanent polynomial. In contrast, any two monomials of HCn differ in at least 3 vari-
ables (see Claim 3.1). It is then unclear whether Step 3 can be performed in a similar way to the Permanent
polynomial. Instead, we implement Step 3 by solving a system of linear equations as was done in [GS19].
For the Permanent polynomial, Step 4 can be performed via downward self-reducibility [KI04], as was
done in [Kay12], or by using circuit identities arising from the characterisation by symmetries of the Per-
manent, see Page 81, Proof of Theorem 3.2.1 in [Gro12]. The latter identities also yield a more efficient circuit
testing algorithm. In contrast, though HCn is not characterised by its symmetries, we use its downward
self-reducibility to verify if the given input is equivalent to HCn under the recovered transform.

Comparison with [GS19]. The authors of [GS19] studied the Lie Algebra and symmetries of the Nisan-
Wigderson polynomial, denoted NW, and gave an ET algorithm for NW in a special case where A is a
block-permuted permutation scaling matrix. The monomials of NW correspond to the evaluations of a
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low-degree univariate polynomial over a finite field, while those of HCn correspond to cyclic permutations.
This leads to many structural differences between the symmetries and the Lie algebras of HCn and NW.

The main idea we use from [GS19] is their argument for establishing a basis for gNW , the Lie algebra of
NW. They argue an upper bound on the nullity of a matrix M, where the rows of M are the linear equations
that determine gNW , and the nullspace of M is gNW . To establish this upper bound, they lower bound the
rank of M by constructing an appropriate full rank submatrix M′ of M. Then, they show an explicit set of
linearly independent vectors that lies in the nullspace of M and has the same size as the upper bound, thus
getting a basis of gNW . They describe M′ explicitly and use it to describe all scaling symmetries of NW over
Q, R, and certain finite fields, and give a scaling equivalence test for NW over R and certain finite fields.

While we follow the same idea at a high level, the crucial difference is that our argument for HCn
holds over any field, as shown in Proposition 3.2. This is in contrast to the case of NW, where the nullity
upper bound argument holds as long as the characteristic of the field does not divide d, the degree of NW.
While the authors of [GS19] describe M′ explicitly, we construct M′ efficiently via induction in our case, as
shown in Proposition C.1. We also leverage M′ to describe all scaling symmetries of HCn and give a scaling
equivalence test for it over all fields.

B Other related works

B.1 Results on PE

As stated in Section 1, the complexity of PE is not well understood. PE is known to be in PSPACE over
C, in EEXP over R, in NP ∩ co-AM over finite fields, and over Q it is not even known to be decidable
[Sax06]. Even when both the inputs are restricted, limited results are known. The variant in which both
inputs are degree two polynomials is called Quadratic form equivalence (QFE). Due to well-known classi-
fication results for such polynomials [Lam04, Ara11], QFE has polynomial time algorithms over R, C, finite
fields, and Q (assuming access to an integer factoring oracle) [Sax06, Wal13]. In contrast, Cubic form equiv-
alence (CFE), where both inputs are degree three polynomials, is at least as hard as graph isomorphism
[AS05, Kay11]. Further, CFE is polynomial time equivalent to isomorphism/equivalence problems like al-
gebra isomorphism, trilinear form-equivalence, etc., as shown by [GQ23]. Recently, in [GST23], the authors
studied PE for orbits of ROFs, a significant generalization of QFE, and gave a randomised polynomial time
algorithm for PE for orbits of additive-constant-free ROFs, a mild restriction of general ROFs.

A variant of PE is the Shift Equivalence Test problem (SET), as referred to by [DOS14], where we
have to decide for given f , g ∈ F[x] whether f (x) = g(x + b) for some b ∈ F|x|. The author of [Gri97]
showed that when f and g are given verbosely as a list of coefficients of all (n+d

d ) monomials, there is a
deterministic algorithm over characteristic 0 fields, a randomised algorithm over prime residue fields and
a quantum algorithm for characteristic 2 fields, all with running time polynomial in (n+d

d ). Later, [DOS14]
gave a randomised (nds)O(1) algorithm when f and g are given as black-boxes with degree bound d and
circuit size bound s. The author of [Kay12] also gave a randomised polynomial-time algorithm for SET; see
Theorem 28 in the paper, and Appendix B of [KNST19] for another proof.

In [BRS17], the authors studied the Scaling equivalence problem, yet another variant of PE, which
involves checking for two given polynomials f and g whether there exists a scaling matrix S ∈ GL|x|(F)
such that f (x) = g(Sx). They gave a randomised polynomial-time algorithm for the scaling equivalence
problem over R when the inputs are given as black boxes.

B.2 Results on ET

As mentioned in Section 1, the study of ET for polynomial families was initiated in [Kay11] where ran-
domised polynomial time ET algorithms were given for the Power Symmetric and the Elementary Sym-
metric polynomials. Following this, efficient ET algorithms were given for several other important polyno-
mial families and circuit classes, see Table 2. The authors of [KNS19] used ET for the determinant to give an
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Algorithmic results
(randomised polynomial time)

Family/Circuit class Technique Reference
Determinant Lie Algebra [Kay12, Gro12, GGKS19]
Permanent Lie Algebra [Kay12]

IMM Lie Algebra [KNST19]
Trace-IMM Lie Algebra [MNS20]

Sum-Product Hessian,Lie Algebra,
Vector Space Decomposition [Kay11, GST23, BDS24, MS21]

Power Symmetric Hessian [Kay11]
Elementary Symmetric Second-order partial derivative [Kay11]

Vandermonde Analysis of product of linear forms [RR19]

Continuant Interpolating sets, Directional derivatives
analysis of product of linear forms [MS21]

Design Polynomials Lie Algebra, Vector Space Decomposition [GS19, BDS24]
ROF Hessian [GST23]

Hamiltonian Cycle polynomial Lie Algebra This work
Hardness results

Sparse polynomials NP-hardness [BDSS24]
ROABP NP-hardness [BDGT24, RS25]

Table 2: A list of ET results

efficient average-case reconstruction algorithm for low-width Algebraic Branching Programs (ABPs). Thus,
ET algorithms have been used to design efficient reconstruction algorithms.

It is clear from Table 2 that studying ET for polynomial families has led to efficient algorithms in every
case so far. In contrast, read-once formulas (ROFs) and t-design polynomials for low t, a subclass of sparse
polynomials (depth-2 circuits), are the only circuit classes for which we have efficient ET algorithms so far.
Sparse polynomials form a natural circuit class for which ET was shown to be NP-hard [BDSS24]. Later, the
authors of [BDGT24] showed the NP-hardness of testing permutation equivalence to read-once oblivious al-
gebraic branching programs (ROABPs). The authors of [RS25] adapted the techniques of [BDSS24, BDGT24]
to show ET for ROABPs is NP-hard.

Other hardness results. The author of [Kay12] showed that the more general problem of checking if
a polynomial is an affine projection8 of another polynomial is NP-hard via a reduction from Graph 3-
Colorability. More recently, the authors of [BDJ26] improved upon the result in [Kay12] by showing a
reduction from polynomial solvability over any field to checking affine equivalence of polynomials. They
also showed that the SparseShift problem9, a variant of the Shift Equivalence Testing problem, is at least
as hard as polynomial solvability over any integral domain including fields. This result is an improvement
over [CGS23], where the authors showed the same result but over integral domains which are not fields.

B.3 Related works involving HC

Connections and comparisons between Permanent and HC. The authors of [GJ81] showed an identity
expressing HCn as a sum of the product of the evaluation of the Permanent and the Determinant polyno-
mials at various submatrices of Xn; see [SG25] for an accessible proof. The author of [Mer83] showed that
HCn can also be written as a linear combination of Immanant polynomials, which are a generalization of

8An n-variate polynomial f (x) is an affine projection of m-variate g(y) if there exist an A ∈ Fm×n and a b ∈ Fm such that f (x) =
g(Ax + b).

9The problem involves checking if for a given f (x) whether f (x + b) has strictly fewer monomials than f for some shift b ∈ F|x|.
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Result Permanent HCn

Monotone circuit lower bound n(2n−1 − 1) [JS82] (n − 1)((n − 2)2n−3 + 1) [JS82]
Tropical circuit lower bound 2Ω(n) [Juk15] 2Ω(n) [Juk15]

Monotone Boolean circuit lower bound 2n1/3−o(1)
[CGR+25] 2Ω̃(n1/4) [BM25]

Determinantal complexity lower bound n2

2 [MR04] Unknown
Binary determinantal complexity

upper bound 2n − 1 [Gre11] (n − 1)2n−2 + 1 [HI16]

Table 3: Some bounds for the Permanent and HCn

the Permanent and the Determinant polynomials. In [Bür00], the author showed that HCn−2 can be written
as a rational linear combination of p-projections of HCn and the Determinant polynomial.10

The Permanent polynomial and HCn have been studied with respect to lower bounds and upper
bounds, with some results as presented in Table 3. The authors of [JS82] studied the computation of
polynomials by circuits over semi-rings11, which led to monotone arithmetic circuit lower bounds. They
showed a 2Ω(n) monotone arithmetic circuit lower bound for HCn and the Permanent over the semi-ring
(R≥0,+,×, 0, 1). They also showed that for a polynomial f , monotone arithmetic circuit lower bounds
over the Boolean semi-ring B = ({0, 1},∨,∧, 0, 1) imply monotone arithmetic circuit lower bounds over
(R≥0,+,×, 0, 1). Note, monotone Boolean circuit lower bounds for the Boolean function defined by f im-
ply monotone arithmetic circuit lower bounds for f over B.

A monotone Boolean circuit lower bound for the Hamiltonian Cycle function follows from the fact
that the Clique function is a monotone Boolean projection12 of HCn, as observed by [AB87, Val79], and
such lower bounds for the Clique function have been studied [AB87, CKR22, BM25], with the most recent
lower bound being 2Ω̃(n1/2). Prior to the improved monotone Boolean circuit lower bound for the Perma-
nent function by [CGR+25], the best known bound was nΩ(log n) by [Raz85], which also implied a nΩ(log n)

monotone arithmetic circuit lower bound for the Permanent polynomial over B. Before this improvement,
[Juk14] posed the question whether HC is a monotone p-projection of the Permanent. If the answer were
yes, then we would get a 2nΩ(1)

monotone arithmetic circuit lower bound for the Permanent polynomial
over B, because the Clique polynomial family is a monotone p-projection of HC [Val79]. However, the
author of [Gro17] showed that HC is not a monotone p-projection of the Permanent over B, R and other
semi-rings, which also shows that the Permanent is not VNP-complete under monotone p-projections over
R≥0 for polynomials with non-negative coefficients.13 It is unknown whether HC is VNP-complete under
monotone p-projections over R for such polynomials.

The lower bounds established by [JS82] for the Permanent polynomial and HCn also hold over the
tropical semi-rings (R, min,+,+∞, 0) and (R≥0, min,+,+∞, 0). Circuits over tropical semi-rings are called
tropical circuits. The author of [Juk15] studied tropical circuits, motivated by the observation that many
dynamic programming algorithms correspond to tropical circuits over tropical semi-rings. He showed
that the power of tropical circuits lies between that of monotone Boolean circuits and monotone arithmetic
circuits, and also showed 2Ω(n) tropical circuit lower bounds for the Permanent and HCn, among other
polynomials, over the tropical semi-rings (N, min,+,+∞, 0) and (N, max,+, 0, 0), where the former is a
proper sub semi-ring of (R, min,+,+∞, 0).

In [Mal03], the classes VP0 and VNP0 were defined using constant-free circuits, where the only con-
stants that appear as inputs are 1, 0 or −1. In the work, HC was shown to be VNP0-complete, which also

10An n-variate polynomial f (x) is a p-projection of m-variate g(y) if m = nO(1) and there exists a mapping ϕ : y 7→ F ⊔ x such that
g(ϕ(y)) = f (x). The projection is monotone if the scalars lie in F≥0, the set of non-negative elements of F.

11A semi-ring (S,+,×, 0, 1) comprises a set S such that (S,+, 0) and (S,×, 1) are commutative monoids, × distributes over +, and
a × 0 is 0 for all a ∈ S.

12An n-variate monotone Boolean function f (x) is a monotone-projection of the m-variate monotone Boolean function g(y) if there
exists a mapping ϕ : y 7→ {0, 1} ⊔ x such that g(ϕ(y)) = f (x).

13Later, [MS18] showed that even the Clique polynomial is not a monotone affine projection of the Permanent polynomial.
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implies HC is VNP-complete over any ring. The VP0 vs VNP0 question (equivalently, is HC in VP0?) is
connected to the τ-conjecture concerning the number of integer roots of univariate integer polynomials, see
[Bür24] for an overview. With this context, showing VP ̸= VNP (Valiant’s conjecture) implies a superpoly-
nomial lower bound on the determinantal complexity of the Permanent polynomial, and VP0 ̸= VNP0 will
show a superpolynomial lower bound on the binary determinantal complexity of HCn.14 Table 3 shows
that the Permanent polynomial has a quadratic determinantal complexity lower bound, while for HCn no
such lower bound is known.

Usefulness of HC as a VNP-complete family. In various works [Mal07, KPTT15, GMQ16, IM18, IS22],
HC has been the primary choice of a VNP-complete family over all fields for generalizing results to all
fields.15 The author of [Hru16] noted the lack of VNP-complete families over characteristic 2 fields and
showed VNP-completeness of multiple graph-based polynomial families over such fields. He used HC to
show the completeness of Clique∗ polynomial family, a variant of the Clique polynomial family known
to be VNP-complete over fields of characteristic other than 2 [Bür00], over characteristic 2 fields. He then
showed that four other graph-based polynomial families are VNP-complete over all fields using the Clique∗

polynomial family. Thus, the VNP-completeness of all five polynomial families relies on that of HC.
In [DRS24], the authors used HC to show that a variant of the monomial prediction problem, where

in this variant the input polynomial is a composition of “easy” functions, is ⊕P-complete over finite fields
and NP-hard over Z. The motivation for studying this variant comes from cryptography. They also adapt
the proof to show the #P-completeness of a problem motivated by machine learning.

C Missing Proofs from Section 3

C.1 Proof of Proposition 3.1

We prove the forward direction first. If A ∈ gHCn , then, by definition, A satisfies

∑
i1,j1,i2,j2∈[n],
i1 ̸=j1,i2 ̸=j2

A(i1,j1),(i2,j2)xi2,j2
∂HCn

∂xi1,j1
= 0. (4)

Let mσ := ∏i∈[n] xi,σ(i) for all σ ∈ Cn. By linearity of the derivative operator, it suffices to analyse the
monomials generated from mσ in (4). For any σ, we have that,

xi1,j1
∂mσ

∂xi2,j2
= xi3,j3

∂mσ

∂xi4,j4
⇐⇒ (i1, j1) = (i2, j2) and (i3, j3) = (i4, j4). (5)

assuming (i2, j2) ̸= (i4, j4) and the derivatives are non-zero. From Observation 3.1, we get that the coef-
ficient of the monomial xi1,j1

∂mσ
∂xi2,j2

, where (i1, j1) ̸= (i2, j2) and j2 = σ(i2), in (4) is just A(i1,j1),(i2,j2). From

(5) and Observation 3.1, the coefficient of mσ is ∑i∈[n] A(i,σ(i)),(i,σ(i)). Thus, we get that all the off-diagonal
entries A(i1,j1),(i2,j2) are 0 while the diagonal entries A(i,j),(i,j) satisfy

∑
i∈[n]

A(i,σ(i)),(i,σ(i)) = 0 ∀σ ∈ Cn.

The reverse direction can be verified easily by using Observation 3.1 and the condition in (5).

14The determinantal complexity of a polynomial f , dc( f ), is the smallest m ∈ N such that f = det(M), where M is a m × m matrix
with entries as affine forms. The binary determinantal complexity, bdc( f ), is defined similarly, with M being a matrix with entries as
0, 1 or variables. Clearly, bdc( f ) ≥ dc( f ).

15In [GMQ16], the authors work over algebraically closed fields, and using HC, their result generalizes to all closed fields.
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C.2 Proof of Observation 3.1

We assume throughout the proof that the derivatives we consider are non-zero. For n = 3, |C3| = 2 with
σ1 = (1 2 3) and σ2 = (1 2 3). Then, we have

xi1,j1
∂x1,2x2,3x3,1

∂xi2,j2
= xi3,j3

∂x1,3x3,2x2,1

∂xi3,j3

⇐⇒ xi1,j1 xi4,j4 x1,2x2,3x3,1 = xi2,j2 xi3,j3 x1,3x3,2x2,1.

It can be verified that the last equality cannot hold for any choice of xi,j variables, proving the observation
statement for n = 3. Now assume n > 3. As σ1 ̸= σ2, by Claim 3.1, there exists S = {k1, k2, k3} ⊆ [n] such
that σ1(kℓ) ̸= σ2(kℓ) where ℓ ∈ [3]. Consider the following cases:

1. i2 ∈ S and i4 ∈ S: In this case, we have that

xi1,j1
∂mσ1

∂xi2,j2
= xi1,j1

∏i∈S xi,σ1(i)

xi2,j2

˙∏i/∈Sxi,σ1(i)

and

xi3,j3
∂mσ2

∂xi4,j4
= xi3,j3

∏i∈S xi,σ2(i)

xi4,j4

˙∏i/∈Sxi,σ2(i)

2. i2 ∈ S and i4 /∈ S: In this case we have,

xi1,j1
∂mσ1

∂xi2,j2
= xi1,j1

∏i∈S xi,σ1(i)

xi2,j2
∏
i/∈S

xi,σ1(i)

and

xi3,j3
∂mσ2

∂xi4,j4
= xi3,j3 ∏

i∈S
xi,σ2(i)

∏i/∈S xi,σ2(i)

xi4,j4

Note that the case i2 /∈ S and i4 ∈ S is the same as this case with the appropriate changes in the
resulting monomials.

3. i2 /∈ S and i4 /∈ S

xi1,j1
∂mσ1

∂xi2,j2
= xi1,j1 ∏

i∈S
xi,σ1(i)

∏i/∈S xi,σ1(i)

xi2,j2

and

xi3,j3
∂mσ2

∂xi4,j4
= xi3,j3 ∏

i∈S
xi,σ2(i)

∏i/∈S xi,σ2(i)

xi4,j4

By the unique factorization theorem for multivariate polynomials, if the resulting monomials were
equal, then their factors must be the same. However, as |S| = 3, it is not hard to observe in all of the
above cases that regardless of the choice of xi3,j3 , there will always exist a k ∈ S, such that xk,σ1(k) is
not divisible by any xℓ,σ2(ℓ)

for ℓ ∈ [n] or xi3,j3 . Similarly, regardless of any choice of xi1,j1 , there exists
a k′ ∈ S such that xk′ ,σ2(k′) is not divisible by any xℓ,σ1(ℓ)

for ℓ ∈ [n] or xi1,j1 .
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C.3 Proof of Claim 3.1

For n = 3, there are only two cyclic permutations (1 2 3) and (1 3 2). It is then easy to see that the claim
holds for n = 3 with S = {1, 2, 3}. Hence, we assume n ≥ 4. As σ1 ̸= σ2 and both are n-cycles, we can write
σ1 and σ2 as

σ1 : (1 m1 m2 . . . mi mi+1 . . . mn),

σ2 : (1 m1 m2 . . . mi m′
i+1 . . . m′

n),

where i < n − 1 (otherwise σ1 = σ2), mj = σ
j−1
1 (1) for j ∈ [n], m′

j = σ
j−1
2 (1) for j ∈ [i + 1, n], with

m′
i+1 ̸= mi+1 while m′

j = mj for all j ∈ [i]. Thus, σ1(mi) ̸= σ2(mi).
As σ2 is an n-cycle, there exists k2 ∈ [i + 1, n − 1] such that σ2(m′

k2
) = mi+1. As σ1 is an n-cycle, there

exists k1 ∈ [i + 2, n] such that mk1 = m′
k2

and σ1(mk1) ̸= mi+1. Thus, σ1(mk1) ̸= σ2(mk1).
We now further leverage the fact that σ1, σ2 are n-cycles to find an mj such that σ1(mj) ̸= σ2(mj).

Consider the following cases:

1. m′
i+1 ̸= mk1+1: This implies σ1(mk1) ̸= m′

i+1. As σ1 and σ2 are permutations, there exists a j1 ∈
[i + 1, n − 1]\{k1} such that σ1(mj1) = m′

i+1 and σ2(mj1) ̸= m′
i+1.

2. m′
i+1 = mk1+1: In this case, we show that there exists a j1 ∈ [i + 1, k1 − 1] such that σ1(mj1) ̸= σ2(mj1).

Suppose to the contrary that there did not exist such a j1, then σ1(mj) = σ2(mj) for all j ∈ [i+ 1, k1 − 1].
Since m′

k2+1 = σ2(m′
k2
) = mi+1, we also get from the previous assumption that mi+j = m′

k2+j for
j ∈ [1, k1 − i]. Based on this, we have the following subcases, each of which leads to a contradiction.
Thus, the claimed j1 exists.

(a) k1 − i > n − k2: Taking j = n − k2 + 1, we get that mi+n−k2+1 = m′
k2+n−k2+1 = 1. This implies

σi+n−k2
1 (1) = 1 and hence i = k2 mod n, a contradiction as i < k2 < n.

(b) k1 − i < n − k2: Taking j = k1 − i, we get that m′
k2+k1−i = mk1 . As mk1 = m′

k2
, we get that,

m′
k2+k1−i = m′

k2
. This implies σk2+k1−i−1

2 (1) = σk2−1
2 (1) and hence i = k1 mod n, a contradiction

as 0 < k1 − i < n.
(c) k1 − i = n − k2: Taking j = k1 − i, we get that mi+k1−i = m′

k2+k1−i implying mk1 = m′
k2+k1−i =

m′
k2+n−k2

= m′
n. Thus, we get that m′

n = mk1 = m′
k2

, a contradiction as 0 < k2 < n.

Take S to be {mi, mk1 , mj1}.

C.4 Proof of Proposition 3.2

Define the matrix MHCn ∈ F(n−1)!×(n2−n), with rows indexed by σ ∈ Cn and columns by (i, j) in lexico-
graphic order of the variables xi,j, as

MHCn
(σ,(i,j)) =

{
1 σ(i) = j,
0 otherwise

(6)

where σ ∈ Cn. The matrix MHCn represents the system of linear equations described by Proposition 3.1,
and hence its nullspace is gHCn . We analyse MHCn for n ̸= 4 here to show the set Bn as described in the
proposition statement is a basis for gHCn . For n = 3, MHC3 is as in (7).

(1,2) (1,3) (2,1) (2,3) (3,1) (3,2)( )
(1, 2, 3) 1 0 0 1 1 0
(1, 3, 2) 0 1 1 0 0 1

(7)
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Clearly, MHC3 is full row rank over any F. Hence, dim(gHC3) = 4 over any F. The set B3 described in the
proposition statement can be easily verified to lie in gHC3 . Stacking the elements of B3 together, we get the
following matrix

A(2) A(3) B(2) C


(1, 2) 1 1 −1 1
(1, 3) 1 1 0 0
(2, 1) −1 0 1 −1
(2, 3) −1 0 0 −1
(3, 1) 0 −1 1 0
(3, 2) 0 −1 −1 1

(8)

It can be easily verified that the matrix in (8) has rank 4 by noting that the submatrix indexed by the first
four rows has determinant 1, proving the statement for n = 3. Now, we assume n ≥ 5. Note that for any
σ ∈ Cn, k ∈ [2, n] and ℓ ∈ [2, n − 1], we have

n

∑
i=1

A(k)
(i,σ(i)) = A(k)

(1,σ(1)) + A(k)
(k,σ(k)) = 1 − 1 = 0,

n

∑
i=1

B(ℓ)
(i,σ(i)) = B(ℓ)

(σ−1(1),1) + B(ℓ)

(σ−1(ℓ),ℓ) = 1 − 1 = 0 and

n

∑
i=1

C(i,σ(i)) = C(2,σ(2)) + C(σ−1(2),2) = −1 + 1 = 0.

Thus, Bn ⊂ gHCn . We now show that Bn is F-linearly independent, implying dimF(gHCn) ≥ 2n − 2. Let
M ∈ F(n2−n)×(2n−2) be the matrix formed by stacking the elements of Bn as columns, and let R be the set

R = {(1, j) | j ∈ [2, n − 1]} ⊔ {(2, 3)} ⊔ {(i, 1) | i ∈ [2, n − 1]} ⊔ {(1, n)}.

Then, upto reordering of rows, the submatrix MR×• is as follows

A(2) A(3) . . . A(n−1) A(n) B(2) B(3) . . . B(n−1) C



(1, 2) 1 1 . . . 1 1 −1 0 . . . 0 1
(1, 3) 1 1 . . . 1 1 0 −1 . . . 0 0

...
...

...
...

...
...

...
...

...
...

...
(1, n − 1) 1 1 . . . 1 1 0 0 . . . −1 0
(2, 3) −1 0 . . . 0 0 0 −1 . . . 0 −1
(2, 1) −1 0 . . . 0 0 1 1 . . . 1 −1
(3, 1) 0 −1 . . . 0 0 1 1 . . . 1 0

...
...

...
...

...
...

...
...

...
...

...
(n − 1, 1) 0 0 . . . −1 0 1 1 . . . 1 0
(1, n) 1 1 . . . 1 1 0 0 . . . 0 0

(9)

We show that det(MR×•) = ±1. On MR×•, apply the elementary row operations Ri 7→ Ri − R2n−2, where
Ri refers to the i’th row, for all i ∈ [1, n − 2] and Rn−1 7→ Rn−1 − Rn to get the following matrix:
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A(2) A(3) . . . A(n−1) A(n) B(2) B(3) . . . B(n−1) C



(1, 2) 0 0 . . . 0 0 −1 0 . . . 0 1
(1, 3) 0 0 . . . 0 0 0 −1 . . . 0 0

...
...

...
...

...
...

...
...

...
...

...
(1, n − 1) 0 0 . . . 0 0 0 0 . . . −1 0
(2, 3) 0 0 . . . 0 0 −1 −2 . . . −1 0
(2, 1) −1 0 . . . 0 0 1 1 . . . 1 −1
(3, 1) 0 −1 . . . 0 0 1 1 . . . 1 0

...
...

...
...

...
...

...
...

...
...

...
(n − 1, 1) 0 0 . . . −1 0 1 1 . . . 1 0
(1, n) 1 1 . . . 1 1 0 0 . . . 0 0

As the resulting matrix is block triangular, det(MR×•) is, up to a sign, the product of the determinants of
the lower-left block matrix and the upper-right block matrix in the above matrix. It is easily verified that
the lower-left block matrix has determinant (−1)n−2, while the upper-right block matrix has determinant
(−1)n−1. Hence, det(MR×•) = ±1 and Bn is F-linearly independent.

Proposition C.1 shows a rank lower bound of (n − 1)(n − 2) for MHCn implying, by the Rank-Nullity
Theorem, that dimF(gHCn) ≤ 2n− 2, proving Bn is a basis and hence Proposition 3.2. Note that Proposition
C.1 also shows how to efficiently construct a row basis M(n) of MHCn , which we leverage in Algorithm 4.
For n = 3, we have M(3) = MHC3 .

Proposition C.1. Let n ≥ 5. We can construct in time nO(1) a submatrix M(n) ∈ F(n−1)(n−2)×(n2−n) of MHCn

such that M(n) contains a (n − 1)(n − 2)× (n − 1)(n − 2) submatrix with determinant ±1.

Proof. This will be a proof by induction on n.

Base case. For n = 5, let R be the following set of 5-cycles

R = {(1 2 3 4 5), (1 3 2 4 5), (1 4 2 3 5), (1 5 2 3 4), (1 3 4 5 2), (1 2 4 3 5),

(1 2 5 3 4), (1 2 4 5 3), (1 3 4 2 5), (1 2 3 5 4), (1 3 2 5 4), (1 3 5 2 4).}

Then, we set M(5) = MHC5
R×•, where each row is indexed by a permutation σ ∈ R and column by (i, j),

corresponding to the variable xi,j, ordered lexicographically.



(1 2 3 4 5) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0
(1 3 2 4 5) 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
(1 4 2 3 5) 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0
(1 5 2 3 4) 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0
(1 3 4 5 2) 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0
(1 2 4 3 5) 1 0 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 0
(1 2 5 3 4) 1 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0
(1 2 4 5 3) 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 1 0
(1 3 4 2 5) 0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
(1 2 3 5 4) 1 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1
(1 3 2 5 4) 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1
(1 3 5 2 4) 0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

(10)

By Gaussian elimination, it can be verified that M(5) has full row rank (see (11)). Moreover, the pivot entries
are ±1, hence M(5) has a submatrix with determinant ±1.

26







(1 2 3 4 5) 1 0 0 0 0 0 0 1 0 0 0 1 0 0 2 −1 1 0 −1 1
(1 3 2 4 5) 0 1 0 0 0 0 0 1 0 0 0 1 0 0 2 −1 1 1 −2 1
(1 4 2 3 5) 0 0 1 0 0 0 0 1 0 0 0 1 0 0 2 −1 1 1 −1 0
(1 5 2 3 4) 0 0 0 1 0 0 0 1 0 0 0 1 0 0 3 −2 1 1 −2 1
(1 3 4 5 2) 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 −1 1 −1 0 1 0
(1 2 4 3 5) 0 0 0 0 0 1 0 −1 0 0 0 0 0 0 −1 1 0 0 0 0
(1 2 5 3 4) 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 −1 1 0 0 1 −1
(1 2 4 5 3) 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 −1 1 −1 0 1 0
(1 3 4 2 5) 0 0 0 0 0 0 0 0 0 1 0 −1 0 0 −1 1 0 −1 1 0
(1 2 3 5 4) 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 −1 1 0 0 1 −1
(1 3 2 5 4) 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 −1 0 1 0
(1 3 5 2 4) 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 −1 1 0

(11)

Inductive hypothesis. Suppose that we can construct M(n−1) in O((n − 1)5) time, where n > 5. By Claim
C.1, which we prove later, we can extend M(n−1) to a submatrix of MHCn . Thus, we treat M(n−1) as a
(n − 2)(n − 3)× (n2 − n) submatrix of MHCn .

Claim C.1. Let n ≥ 3 and R′ = {σ ∈ Cn| σ(1) = 2} and T = {(i, j)| i ̸= 1, j ̸= 2 and (i, j) ̸= (2, 1)}. Then
MHCn

R′×T = MHCn−1 . In particular, M(n−1) can be extended to a submatrix M′ of MHCn in O(n4) time such
that M′ has a (n − 2)(n − 3)× (n − 2)(n − 3) submatrix with determinant ±1.

Now, let R1 = {τ3, τ4, . . . , τn−1, τn} ⊆ Cn such that for i ∈ [3, n], τi(1) = i, τi(2) ̸= 1 and τi(n) = 2. Let
R2 = {σ3, σ4, . . . , σn−1, σn} ⊆ Cn such that for i ∈ [3, n − 2], σi(1) = i, σi(i + 1) = 2 and σi(2) = 1, σn−1(1) =
n − 1, σn−1(2) = 1, σn−1(3) = 2, and σn(1) = n, σn(2) ̸= 1, σn(3) = 2. Note that |R1| = |R2| = n − 2 and
n > 5 ensures R1 and R2 exist. An explicit choice of R1 and R2, which can be constructed in O(n2) time, is
as follows

R1 = {(1 3 n 2 n − 1 n − 2 . . . 7 6 5 4),
(1 4 n 2 n − 1 n − 2 . . . 7 6 5 3),
(1 5 n 2 n − 1 n − 2 . . . 7 6 4 3),
(1 6 n 2 n − 1 n − 2 . . . 7 5 4 3),

...
(1 n − 3 n 2 n − 1 n − 2 . . . 6 5 4 3),
(1 n − 2 n 2 n − 1 n − 3 . . . 6 5 4 3),
(1 n − 1 n 2 n − 2 n − 3 . . . 6 5 4 3),
(1 n 2 n − 1 n − 2 n − 3 . . . 6 5 4 3)}

(12)
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R2 = {(1 3 n n − 1 n − 2 . . . 7 6 5 4 2),
(1 4 n n − 1 n − 2 . . . 7 6 3 5 2),
(1 5 n n − 1 n − 2 . . . 7 4 3 6 2),
(1 6 n n − 1 n − 2 . . . 5 4 3 7 2),

...
(1 n − 3 n n − 1 n − 4 . . . 5 4 3 n − 2 2),
(1 n − 2 n n − 3 n − 4 . . . 5 4 3 n − 1 2),

(1 n − 1 n n − 2 n − 3 . . . 6 5 4 3 2),
(1 n 3 2 n − 1 n − 2 . . . 7 6 5 4)}

(13)

Consider the matrix M(n) = MHCn
R̃×T̃ , where R̃ = R ⊔ R1 ⊔ R2 with R as the set of permutations in Cn

corresponding to the rows of M(n−1), R1 as in (12) and R2 as in (13), and T̃ = T ⊔ T1 ⊔ T2 with T as per
Claim C.1, T1 = {(1, j) | j ∈ [3, n]} and T2 = {(2, 1)} ⊔ {(i, 2) | i ∈ [3, n]}. The matrix M(n) is as:

M(n) =

T T1 ⊔ T2( )
R M(n−1) 0(n−2)(n−3)×(2n−3)

R1 ⊔ R2 B C
(14)

where C ∈ F(2n−4)×(2n−3) is a 0/1 matrix. Claim C.1 ensures that M(n−1) has only zero entries correspond-
ing to the columns indexed by T1 ⊔ T2. By the inductive hypothesis, there exists a (n − 2)(n − 3)× (n −
2)(n − 3) submatrix N of M(n−1) such that det(N) = ±1. Let T′ ⊂ T be the set of (n − 2)(n − 3) columns,
such that N = M(n−1)

•×T′ . Let C′ = C•×T1⊔(T2\{(n,2)}). Note that C′ is a (2n − 4)× (2n − 4) matrix. Since M(n)

is block-diagonal, we get that

det(M(n)
•×T′⊔T1⊔(T2\{(n,2)})) = det(N) · det(C′).

The matrix C′, up to a reordering of rows and columns, is as in (15), where the columns are ordered lexico-
graphically with respect to the elements of T1 ⊔ (T2\{(n, 2)}).

C =

(1, 3) . . . (1, n) (2, 1) (3, 2) (4, 2) . . . (n − 1, 2)



τ3 1 0 . . . 0 0 0 0 0 0 0 . . . 0 0
τ4 0 1 . . . 0 0 0 0 0 0 0 . . . 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
τn−2 0 0 . . . 1 0 0 0 0 0 0 . . . 0 0
τn−1 0 0 . . . 0 1 0 0 0 0 0 . . . 0 0

τn 0 0 . . . 0 0 1 0 0 0 0 . . . 0 0
σ3 1 0 . . . 0 0 0 1 0 1 0 . . . 0 0
σ4 0 1 . . . 0 0 0 1 0 0 1 . . . 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
σn−2 0 0 . . . 1 0 0 1 0 0 0 . . . 0 1
σn−1 0 0 . . . 0 1 0 1 1 0 0 . . . 0 0

σn 0 0 . . . 0 0 1 0 1 0 0 . . . 0 0

(15)

It is then not hard to see that det(C) = ±1. Since det(N) = ±1, this completes the inductive step.
The entire argument can be converted to a recursive algorithm to compute M(n) in O(n5) time. The

matrix M(5) in (10) is the matrix for n = 5, the base case. By using Claim C.1 we can map an already
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constructed M(n−1) to an (n − 2)(n − 3)× (n2 − n) matrix in O(n4) time. The rows corresponding to the
sets in (12) and (13) can then be added to the resulting matrix in O(n4) time to get M(n). Since the recursion
runs for O(n) many steps and each step needs O(n4) time, M(n) can be consturcted in O(n5) time.

Proof of Claim C.1. We first show an injective map ϕ2 : Cn−1 → Cn which maps π ∈ Cn−1 to a σ ∈ Cn such
that σ(1) = 2. Let π ∈ Cn−1 where π = (1 j1 j2 . . . jn−2) with ji = πi(1), i ∈ [n − 2]. Then ϕ2 acts as
follows:

ϕ2 : (1 j1 j2 . . . jn−2) 7→ (1 2 j1 + 1 j2 + 1 . . . jn−2 + 1).

Formally, σ = ϕ2(π) is defined as

σ(1) = 2, σ(i + 1) = π(i) + 1 and σ(k + 1) = 1.

where i, k ∈ [n − 1] and π(k) = 1. Clearly, σ is an n-cycle. We show ϕ2 is injective.
Suppose π1, π2 ∈ Cn−1 such that their respective images σ1 and σ2 under ϕ2 satisfy σ1 = σ2 . Thus,

σ1(i) = σ2(i) for all i ∈ [n]. Let π1(k) = 1 with k ∈ [2, n − 1], then from the definition of ϕ2, and σ2 = σ1,
we get that σ2(k + 1) = σ1(k + 1) = 1. This implies π2(k) = 1, for otherwise σ2(k + 1) = π2(k) + 1 ̸= 1 a
contradiction. We also have that for all i ∈ [n − 1]\{k}, σ2(i + 1) = σ1(i + 1) = π1(i) + 1. Since σ2(i + 1) =
π2(i) + 1, we get that π1(i) + 1 = π2(i) + 1 or π1(i) = π2(i) for all i ∈ [n − 1]\{k}. Thus, π1 = π2.

Hence, ϕ2 is injective into Cn. Since ϕ2 is injective, it is a bijection from Cn−1 → R′, where R′, as in
the claim statement, is the subset of Cn comprising n-cycles σ such that σ(1) = 2. Thus, the matrix MHCn

R′×T
must be the same as MHCn−1 . It is easy to see that we can compute ϕ2(π) in O(n) time for any π ∈ Cn−1 if
we treat π as a list of length n. Thus, we can extend M(n−1) to a matrix with n2 − n columns in O(n4) time
by using ϕ2 to map each row of M(n−1) to a row of MHCn . Note that the rank of the extended matrix is at
least (n − 2)(n − 3). This is because under the action of ϕ2 all the columns (i, j) and (i, 1) of M(n−1), where
i, j ∈ [n − 1] with j ̸= 1, map to (i + 1, j + 1) and (i + 1, 1) respectively in the extended matrix. Thus, the
structure of M(n−1) is preserved in the extended matrix, hence the rank is also at least (n − 2)(n − 3).

C.5 Proof of Corollary 3.1

Let T be the set
T = {(i, j)| i, j ∈ [2, n], i ̸= j, (i, j) ̸= (2, 3)} ⊔ {(n, 1)}.

Let Tc denote the complement of T. Note that |T| = (n − 1)(n − 2).
From the equations in (2) form the matrix N ∈ F(n−1)(n−2)×(n2−n) such that Nz = 0, with each row

expressing zi,j, where (i, j) ∈ T, in terms of zk,ℓ, where (k, ℓ) ∈ Tc. The rows of N are indexed by zi,j,
while the columns are indexed by all z variables. Let the elements of T and Tc be ordered by lexicographic
ordering. After reordering the rows of N in lexicographic order, N can be written as

T Tc

( )I(n−1)(n−2) M ,

where I(n−1)(n−2) is the (n − 1)(n − 2)× (n − 1)(n − 2) identity matrix and row (i, j) of M corresponds to
the linear form for zi,j in (2). Clearly, N has full row rank, and thus the dimension of the null space of N is
2n − 2. It is easily verifiable that the elements of Bn described in Proposition 3.2 satisfy the equations in (2),
proving the corollary.

C.6 Further analysis of M(n)

Lemma C.1 shows that a subset T of the columns of M(n) is such that |T| = (n − 1)(n − 2) and M(n)
•×T

has determinant ±1. Lemma C.2, proved using Lemma C.1, is used to analyse the structure of the scaling
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symmetries of HCn over all fields. Lemma C.3, proved using Lemma C.2, shows that solving the system
of linear equations represented by MHCn over an Abelian group reduces to solving the system of linear
equations represented by M(n). Lemma C.3 is used to prove the correctness of Algorithm 4 over all fields.

Note that for Lemmas C.2 and C.3 we work over an Abelian group G, where we treat + as the group
operation, 0 as the group identity. For g ∈ G and k ∈ Z+, kg means g added to itself k times, (−k)g means
−g, the inverse of g, added to itself k times, and 0g gives the group identity 0.

Lemma C.1. Let F be any field, M(n) be the matrix as constructed in the proof of Proposition 3.2 (See
Proposition C.1). Then, det(M(n)

•×T) = ±1, where T is as

T = {(k, ℓ) | (k, ℓ) ̸= (1, j), j ∈ [2, n] and (k, ℓ) ̸= (i, 1), i ∈ [2, n − 1] and (k, ℓ) ̸= (2, 3)}.

Proof. Consider the matrix N as constructed in Appendix C.5 and the matrix M(n) as constructed in Propo-
sition C.1. Both M(n) and N are (n − 1)(n − 2)× (n2 − n) matrices. From the argument in Appendix C.5,
it follows that both matrices also have the same nullspace over any F. It then follows from a standard Lin-
ear Algebra result, see Section 2.5 in [HK71], that their row spaces must be the same. Thus, there exists
B ∈ GL(n−1)(n−2)(F) such that

BM(n) = N

implying
BM(n)

•×T = N•×T = I(n−1)(n−2)

where the last equality follows from the construction of N. Thus,

det(B)det(M(n)
•×T) = 1

Now, M being a 0/1 matrix implies det(M(n)
•×T) is an integer. Since the above matrix product above holds

over any F, we get that det(M(n)
•×T) = ±1 and det(B) = ±1. Further, if M1 = M(n)

•×T , then B = M−1
1 . Thus,

BM(n) = N

can be written as
M−1

1 · ( )M1 M2 = ( )I(n−1)(n−2) M

In particular, we get that −M−1
1 M2 produces the linear combination of zi,j’s corresponding to the RHS of

the equations in (2).

Lemma C.2. Let G be an Abelian group (equivalently a Z-module) and gi,j ∈ G, with i, j ∈ [n] and i ̸= j,
such that ∑n

i=1 gi,σ(i) = 0 holds for all σ ∈ Cn. Then, the gi,j’s satisfy (2).

Proof. The system of linear equations in the statement can be written as MHCn .g = 0 because the rows of
MHCn correspond to such a system of linear equations. Now,

MHCn g = 0 =⇒ M(n)g = 0

because M(n), as constructed in Proposition C.1, contains a subset of the rows of MHCn . Note, now the
number of equations is (n − 1)(n − 2). We can write the system M(n)g = 0 as

( )M1 M2 ·

( )
g1
g2 = 0,
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where M1 = M(n)
•×T , where T is as in Lemma C.1, M2 = M(n)

•×Tc , where Tc is the complement of T, g1 are the
entries gi,j with (i, j) ∈ T, and g2 are the remaining entries. We then get that

M1g1 + M2g2 = 0

Since M1 is a 0/1 matrix with det(M1) = ±1, then M−1
1 is also an integer matrix. Thus, multiplying on the

left by M−1
1 on both sides of the above equation is an invertible operation, which gives

g1 + M−1
1 M2g2 = 0 =⇒ g1 = −M−1

1 M2g2.

From the proof of Lemma C.1, it follows that the matrix product −M−1
1 M2 produces a linear combination

of g2 entries which is exactly the same as the linear forms in the RHS of the equations in (2). Thus, we get
that the gi,j’s satisfy (2).

Lemma C.3. Let G be an Abelian group such that

n

∑
i=1

xi,σ(i) = hσ σ ∈ Cn, (16)

where hσ ∈ G, has a solution. Then, any solution to

n

∑
i=1

xi,σ(i) = hσ σ ∈ R, (17)

where R is the set permutations corresponding to rows of M(n), is also a solution to (16).

Proof. Let u be a solution to (16), which exists by assumption. Then u is also a solution to (17), since these
equations are a subset of those of (16). Let v be a solution to (17). Then for σ ∈ R, we have that,

n

∑
i=1

(ui,σ(i) − vi,σ(i)) =
n

∑
i=1

ui,σ(i) −
n

∑
i=1

vi,σ(i) = hσ − hσ = 0.

where all equalities follow from the fact that G is Abelian. Thus, u − v is a solution to M(n).x = 0 which
implies u − v is also a solution to MHCn .x = 0 by the proof of Lemma C.2. Now, note that

MHCn .v = MHCn .(v − u + u) =

MHCn .(v − u) + MHCn .u = h.

Here, h is the vector with entries as hσ. The equalities follow from G being Abelian, the linearity of matrix
operations, and the aforementioned observation about u − v.

C.7 Proof of Lemma 3.1

Consider the matrix M as

M =
n

∑
k=2

wk A(k) +
n−1

∑
ℓ=2

ykB(ℓ) + zC
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where wk’s, yℓ’s and z are formal variables. Assuming i ̸= j, the entries of M are as

Mi,j =



∑n
k=2 wk − y2 + z i = 1, j = 2

∑n
k=2 wk − yj i = 1, j ∈ [3, n − 1]

∑n
k=2 wk i = 1, j = n

∑n−1
ℓ=2 yℓ − w2 − z i = 2, j = 1

−w2 − yj − z i = 2, j ∈ [3, n − 1]
−w2 − z i = 2, j = n
∑n−1
ℓ=2 yℓ − wi i ∈ [3, n], j = 1

−wi − y2 + z i ∈ [3, n], j = 2
−wi − yj i ∈ [3, n], j ∈ [3, n − 1], i ̸= j
−wi i ∈ [3, n − 1], j = n

It can be seen that all the entries of M are distinct linear polynomials, hence the difference of any two
entries of M is a non-zero linear polynomial. Let S ⊆ F, with |S| > (n2−n

2 ). Then, by the Polynomial
Identity Lemma, for a random choice of the wk’s, yℓ’s and z variables, two entries of M are the same with
probability at most 1

|S| . Applying union bound on all (n2−n
2 ) pairs of entries, we get that there exists a pair

of equal entries in M with probability at most (n2−n
2 )
|S| < 1. Thus, with probability at least 1 − (n2−n

2 )
|S| > 0, M

has distinct diagonal entries. Hence, there exists an M ∈ gHCn with distinct eigenvalues.

C.8 Proof of Proposition 3.3

Let A ∈ GHCn , thus HCn(Ax) = HCn(x) implying gHCn(Ax) = gHCn . By the conjugacy of Lie Algebras of
equivalent polynomials, Lemma 2.2, we also get that for every B ∈ gHCn(x), there is a C ∈ gHCn such that
B = A−1CA. Thus, AB = CA, with both B and C being diagonal matrices. Choose B to be a matrix where
all the entries are distinct, which exists by Lemma 3.1. Consider the (i, j)’th row of A. As A is invertible,
A(i,j),(k,ℓ) ̸= 0 for some k, ℓ ∈ [n], k ̸= ℓ. Now, AB = CA implies (AB)((i,j),(k,ℓ)) = (CA)((i,j),(k,ℓ)). Thus,

A(i,j),(k,ℓ)B(k,ℓ),(k,ℓ) = A(i,j),(k,ℓ)C(i,j),(i,j).

As A(i,j),(k,ℓ) ̸= 0 we get B(k,ℓ),(k,ℓ) = C(i,j),(i,j). Suppose A(i,j),(k1,ℓ1)
̸= 0 for some (k1, ℓ1) ̸= (k, ℓ). Then, we

also get that
A(i,j),(k1,ℓ1)

B(k1,ℓ1),(k1,ℓ1)
= A(i,j),(k1,ℓ1)

C(i,j),(i,j),

implying
B(k,ℓ1),(k,ℓ1)

= C(i,j),(i,j) = B(k,ℓ),(k,ℓ),

a contradiction as all entries of B are distinct. Thus, every row of A has exactly one non-zero entry. Since A
is invertible, it must be that A = PS for some permutation P and scaling S.

C.9 Proof of Proposition 3.4

Let S be a scaling symmetry of HCn. Then, we have that

n

∏
i=1

Si,σ(i) = 1 ∀σ ∈ Cn

This is a system of linear equations over the Abelian Group F×, where we treat group multiplication as
addition and 1 (multiplicative identity of F×) as 0. Thus, we get that the above system of equations corre-
sponds to

MHCn s = 0,
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where the entries of s are the entries of S. By Lemma C.2, we get that the entries of S must satisfy the
equations in (3), which are the multiplicative version of (2). Hence, S is a continuous scaling symmetry.

C.10 Proof of Proposition 3.5

Let π ∈ Cn. We can write π as (1 m1 m2 . . . mn). The monomial corresponding to π in HCn is ∏i∈[n] xi,π(i) =

x1,m1 xm1,m2 . . . xmn−1,mn xmn ,1. Under the action of P(σ), we have that

∏
i∈[n]

xi,π(i) 7→ ∏
i∈[n]

xσ(i),σ(π(i)).

Note
∏

i∈[n]
xσ(i),σ(π(i)) = xσ(1),σ(m1)

xσ(m1),σ(m2)
. . . xσ(mn−1),σ(mn)xσ(mn),σ(1).

As σ ∈ Sn, the cycle π maps uniquely to τ = (σ(1) σ(m1) σ(m2) . . . σ(mn)). Hence P(σ) is a permutation
symmetry of HCn. Now we consider P(T). Under the action of P(T), we have

∏
i∈[n]

xi,π(i) 7→ ∏
i∈[n]

xπ(i),i.

Thus, the cycle π = (1 m1 m2 . . . mn) maps, under P(T), to the n-cycle (1 mn mn−1 . . . m2 m1), which is π−1.
Since the inverse of a permutation is unique, P(T) maps each monomial to a unique monomial and hence is
also a permutation symmetry of HCn. To see that P(σ) and P(T) commute, note

(P(σ)P(T))(i,j),(k,ℓ) = ∑
(a,b),a ̸=b

P(σ)
(i,j),(a,b)P

(T)
(a,b),(k,ℓ).

From the definitions of P(σ) and P(T), we get that P(σ)
(i,j),(a,b)P

(T)
(a,b),(k,ℓ) = 1 if and only if (a, b) = (σ(i), σ(j))

and (a, b) = (ℓ, k). Equivalently, P(σ)
(i,j),(a,b)P

(T)
(a,b),(k,ℓ) = 1 if and only if k = σ(j) and ℓ = σ(i). Thus,

(P(σ)P(T))(i,j),(k,ℓ) = 1 if k = σ(j) and ℓ = σ(i), otherwise it is zero. Similarly, (P(T)P(σ))(i,j),(k,ℓ) = 1 if
k = σ(j) and ℓ = σ(i), otherwise it is zero. Hence, we get P(σ)P(T) = P(T)P(σ).

C.11 Proof of Proposition 3.6

Let P be a permutation symmetry, thus HCn(Px) = HCn(x). Suppose P(x1,2) = xi,j. By Observation 3.2,
Ri,j is as

Ri,j := Qi,j ⊔ Ti,j ⊔ {xj,i}.

From Observation 3.2 and P being a symmetry, we get that P induces a bijection Φ from R1,2 to Ri,j such
that,

Φ : Q1,2 7→ Qi,j, T1,2 7→ Ti,j, {x2,1} 7→ {xj,i} (18)

or
Φ : Q1,2 7→ Ti,j, T1,2 7→ Qi,j, {x2,1} 7→ {xj,i} (19)

We get that P(x2,1) = xj,i. Suppose (18) holds. Since T1,2 7→ Ti,j under Φ, there exists a bijection π : [3, n] →
[n]\{i, j}, such that Φ(x1,t) = xi,π(t) with t ∈ [3, n]. Thus, P(x1,t) = xi,π(t). Hence, P also induces a bijection
similar to Φ from R1,t to Ri,π(t). Since {xt,1} ⊂ R1,t, we get that P(xt,1) = xπ(t),i. Thus, Rt,1 maps bijectively
to Rπ(t),i under P as well. Extend π to a permutation on [n] by defining π(1) = i and π(2) = j. Now,
for any xi1,j1 , with i1, j1 ∈ [2, n] and i1 ̸= j1, it is easy to see that xi1,j1 ∈ Ti1,1 and xi1,j1 ∈ Q1,j1 . Thus,
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P(xi1,j1) ∈ Tπ(i1),i and P(xi1,j1) ∈ Qi,π(j1) which implies P(xi1,j1) = xπ(i1),π(j1). Hence, for all i, j ∈ [n], i ̸= j,
we have that P(xi,j) = xπ(i),π(j) = P(π)(xi,j). Thus, P = P(π).

Now, suppose (19) holds. Since T1,2 7→ Qi,j under Φ, there is a bijection π : [3, n] → [n]\{i, j}, such
that Φ(x1,t) = xπ(t),j. An argument similar as above shows that P(x1,t) = xπ(t),j for all t ∈ [3, n] and
further P(xt,1) = xj,π(t). Extend π to a permutation on [n] by defining π(1) = j, π(2) = i. Like before,
for any xi1,j1 , with i1, j1 ∈ [2, n] and i1 ̸= j1, xi1,j1 ∈ Ti1,1 and xi1,j1 ∈ Q1,j1 . Thus, P(xi1,j1) ∈ Qj,π(i1)
and P(xi1,j1) ∈ Ti,π(j1) which implies P(xi1,j1) = xπ(j1),π(i1). Hence, for all i, j ∈ [n], i ̸= j, we have that
P(xi,j) = xπ(j),π(i) = P(T)P(π)(xi,j). Thus, P = P(T)P(π).

C.12 Proof of Observation 3.2

The reverse implication easily follows from the fact that the monomials of HCn correspond to n-cycles. We
prove the forward direction. So, suppose xk,ℓ ∈ Ri,j, that is, ∂2 HCn

∂xi,j∂xk,ℓ
= 0. If i = k or j = ℓ, then we are done

by the reverse direction. Hence, assume i ̸= k and j ̸= ℓ. Note we also have that i ̸= j and k ̸= ℓ. Then, we
have the following possibilities:

1. i ̸= ℓ and k ̸= j: For n = 3, this case is not possible as i, j, k, ℓ are all distinct. For n ≥ 4, it is easy to see
that there exists π ∈ Cn, such that π(i) = j, π(k) = ℓ. Hence,

∂2HCn

∂xi,j∂xk,ℓ
= ∑

π∈Cn ,
π(i)=j,
π(k)=ℓ

∏
i1∈[n]\{i,k}

xi1,π(i1) ̸= 0,

a contradiction.

2. i = ℓ and k ̸= j: There exists π ∈ Cn, such that π(i) = j, π(k) = i = ℓ. Hence,

∂2HCn

∂xi,j∂xk,ℓ
= ∑

π∈Cn ,
π(i)=j,
π(k)=i

∏
i1∈[n]\{i,k}

xi1,π(i1) ̸= 0,

a contradiction. Note that the case i ̸= ℓ and k = j gives a contradiction in the same way.

3. i = ℓ and k = j: This is the assumption in the reverse direction.

Hence, only the last case is possible, proving the forward direction. The partition of Ri,j as described
in the Observation statement follows easily by using the conditions proved for the vanishing of the second-
order derivatives of HCn.

C.13 Proof of Proposition 3.7

Let π ∈ Sn\Cn such that π(i) ̸= i for all i ∈ [n]. For n ≥ 5, it can be seen that such π’s exist, a concrete
example is π = (1 2)(3 4 . . . n). Let mπ := ∏i∈[n] xi,π(i). Consider the polynomial

g(x) = ∑
P∈GHCn

mπ(Px),

where P goes over all permutation symmetries of HCn. Clearly, then g(Px) = g(x) for all permutation
matrices P ∈ GHCn . Now, let S ∈ GHCn . By Proposition 3.4, we have that the entries of S are as described
in (3). Any monomial in g(x) corresponds to some σ ∈ Sn\Cn such that σ(i) ̸= i for all i ∈ [n]. This is
because the permutation symmetries of HCn preserve the cyclic decomposition of any permutation, which
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can be observed from the proof of Proposition 3.5 (see Section C.10). We now show for any σ ∈ Sn\Cn,
where σ(i) ̸= i for all i ∈ [n], that mσ(Sx) = mσ(x) by showing that ∏n

i=1 Si,σ(i) = 1 for such σ’s. Thus, any
monomial of g is preserved under S, implying S ∈ Gg. Thus, GHCn ⊆ Gg but g ̸= c · HCn for any c ∈ F×.

If σ(n) = 1, then

n

∏
i=1

Si,σ(i) = S1,σ(1)Sn,1

n−1

∏
i=2

Si,σ(i) = S1,σ(1)Sn,1

n−1

∏
i=2

(
Si,1S1,σ(i) ·

S2,3

S1,3S2,1

)

=

(
S2,3

S1,3S2,1

)n−2
S1,σ(1)Sn,1

n−1

∏
i=2

Si,1S1,σ(i)

=

(
S2,3

S1,3S2,1

)n−2
S1,σ(1)

(
S1,3S2,1

S2,3

)n−2
(

n

∏
i=2

S1,i

n−1

∏
i=2

Si,1

)−1 n−1

∏
i=2

Si,1S1,σ(i)

=
∏n−1

i=1 S1,σ(i) · ∏n−1
i=2 Si,1

∏n
i=2 S1,i · ∏n−1

i=2 Si,1
= 1

.

The last equality holds because σ(n) = 1 implies σ is a bijection from [n − 1] to [2, n].
If σ(n) = k, where k ∈ [2, n − 1], then σ(j) = 1 for some j ∈ [2, n − 1]. We then get that

n

∏
i=1

Si,σ(i) = S1,σ(1)Sn,k

n−1

∏
i=2

Si,σ(i) = S1,σ(1)Sn,kSj,1 ∏
i ̸=1,j,n

(
Si,1S1,σ(i)

S2,3

S1,3S2,1

)

= S1,σ(1)Sn,1S1,k
S2,3

S1,3S2,1
Sj,1 ∏

i ̸=1,j,n

(
Si,1S1,σ(i)

S2,3

S1,3S2,1

)

= S1,σ(1)

(
S1,3S2,1

S2,3

)n−2
(

n

∏
i=2

S1,i

n−1

∏
i=2

Si,1

)−1 (
S2,3

S1,3S2,1

)n−2
S1,kSj,1 ∏

i ̸=1,j,n
Si,1S1,σ(i)

=
(S1,σ(1)S1,k ∏i ̸=1,j,n S1,σ(i)) · (Sj,1 ∏i ̸=j Si,1)

∏n
i=2 S1,i · ∏n−1

i=2 Si,1
= 1.

The last equality holds because σ(j) = 1 implies σ is a bijection from [n]\{j} to [2, n].

C.14 Scaling symmetries of Permn and HCn

It is easy to observe that any scaling symmetry of Permn also gives a scaling symmetry for HCn because the
monomials of HCn are a subset of those of Permn. We record this as an observation.

Observation C.1. If S ∈ GPermn is a scaling symmetry of Permn, then a matrix S′ ∈ GLn2−n(F) can be
constructed from S such that S′ is a scaling symmetry of HCn.

We now show the converse, that is, any scaling symmetry S ∈ GHCn can be used to derive a scaling
symmetry S′ of Permn, where n ̸= 4. In Appendix C.17.3, we show for HC4 an S over appropriate fields
such that S ∈ GHC4 but S cannot be extended to a scaling symmetry of the Permanent.

Proposition C.2. Let S ∈ GHCn be a scaling symmetry. Consider the diagonal matrix S′ ∈ Fn2×n2
defined

as:

S′
1,j = S1,j j ∈ [2, n], S′

i,1 = Si,1 i ∈ [2, n − 1],

S′
1,1 =

S1,3S2,1

S2,3
, S′

n,1 =
S
′n−2
1,1

∏n
i=2 S′

1,i · ∏n−1
i=2 S′

i,1

S′
i,j =

S′
1,jS

′
i,1

S′
1,1

i, j ∈ [2, n].

(20)
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Then S′ ∈ GPermn .

Proof. Let π ∈ Sn. Then there exists j ∈ [n] such that π(j) = 1. Now,

n

∏
i=1

S′
i,π(i) =

∏n
i=1 S′

i,1S′
1,π(i)

S′n
1,1

=
∏n

i=1 S′
i,1 ∏n

i=1 S′
1,π(i)

S′n
1,1

=
S
′2
1,1S′

n,1 ∏n−1
i=2 S′

i,1 ∏n
i=1,i ̸=j S′

1,π(i)

S′n
1,1

= 1

by using the definition of S′
n,1, proving the statement.

C.15 Proof of Lemma 3.2

Let Xn denote the matrix of n × n many variables. We show first how any π ∈ Cn can be extended to a σ ∈
Cm, where m > n. Using this extension, we define a m × m matrix Y(m,n) such that HCm(Y(m,n)) = HCn(x).
Let j ∈ [n]\{1} such that π(j) = 1. The mapping Φ : Cn → Cm maps π to σ as

σ(i) = π(i) i ∈ [n]\{j}, σ(j) = n + 1,

σ(k) = k + 1 k ∈ [n + 1, m − 1], and σ(m) = 1.

It is not hard to see that Φ is an injective map from Cn to Cm. The entries of Y(m,n) are defined as follows

Y(m,n)
i,j =


xi,j i ̸= j, i ∈ [1, n], j ∈ [2, n]
xi,1 i ∈ [2, n], j = n + 1
1 i ∈ [n + 1, m − 1], j = i + 1 or i = m, j = 1
0 otherwise,

Then, Y(m,n) is as follows

1 2 3 . . . n − 1 n n + 1 n + 2 n + 3 . . . m − 1 m



1 0 x1,2 x1,3 . . . x1,n−1 x1,n 0 0 0 . . . 0 0
2 0 0 x2,3 . . . x2,n−1 x2,n x2,1 0 0 . . . 0 0
3 0 x3,2 0 . . . x1,n−1 x3,n x3,1 0 0 . . . 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

n − 1 0 xn−1,2 xn−1,3 . . . 0 xn−1,n xn−1,1 0 0 . . . 0 0
n 0 xn,2 xn,3 . . . xn,n−1 0 xn,1 0 0 . . . 0 0

n + 1 0 0 0 . . . 0 0 0 1 0 . . . 0 0
n + 2 0 0 0 . . . 0 0 0 0 1 . . . 0 0

...
...

...
...

...
...

...
...

...
...

...
...

...
m − 1 0 0 0 . . . 0 0 0 0 0 . . . 0 1

m 1 0 0 . . . 0 0 0 0 0 . . . 0 0

(21)

Now, let σ ∈ Cn. In HCm(Y(m,n)), the term corresponding to σ is ∏m
i=1 Y(m,n)

i,σ(i) . It follows from the definition

of Y(m,n) that for the term to be non-zero, it must be that σ(m) = 1, σ(i) = i + 1 for i ∈ [n + 1, m − 1], and
σ(1) ̸= n + 1. Thus, σ is (1 k1 k2 . . . kn n + 1 n + 2 . . . m − 1 m) where ki ∈ [2, n] which implies,

m

∏
i=1

Y(m,n)
i,σ(i) =

n

∏
i=1

Y(m,n)
i,σ(i)

m

∏
i=n+1

Y(m,n)
i,σ(i) =

n

∏
i=1

Y(m,n)
i,σ(i) .
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For the remaining i ∈ [n]\{kn}, σ(i) ∈ [2, n]. This further gives

n

∏
i=1

Y(m,n)
i,σ(i) = Y(m,n)

kn ,n+1

n

∏
i=1,i ̸=kn

Y(m,n)
i,σ(i) = xkn ,1

n

∏
i=1,i ̸=kn

xi,σ(i).

The n-cycle π ∈ Cn, defined as π = (1 k1 k2 . . . kn) clearly satisfies Φ(π) = σ. Since ϕ is injective, π is the
unique pre-image of σ under Φ. Hence, we can write

xkn ,1

n

∏
i=1,i ̸=kn

xi,σ(i) =
n

∏
i=1

xi,π(i).

Hence, every non-zero term in HCm(Y(m,n)) is a monomial of HCn(x). Conversely, it is easy to see from
the map Φ that every π ∈ Cn maps to a unique σ ∈ Cn and that ∏m

i=1 Y(m,n)
i,σ(i) = ∏n

i=1 xi,π(i). Thus,

HCm(Y(m,n)) = HCn(x). It is easy to see that Y(m,n) can be constructed in O(m2) time.

C.16 Proof of Lemma 3.3

We first prove the forward direction. It suffices to show that for all n ≥ 3 it holds that

HCn(x) =
n

∑
i=2

x1,i HCn−1(X(i)
n−1),

where the matrix X(i)
n−1 is obtained from Xn by first swapping row i with row 2 and column i with column

2, and then removing row 1 and column 2 from the resulting matrix. By Lemma 3.2, for all k < n, we can
express HCk(Xk) as HCn(Y(n,k)) and HCk−1(X(i)

k−1) as HCn(Y
(n,k−1)
i ), completing the proof of the forward

direction.16 For n = 3 and n = 4, it can be easily verified that the above equality holds. Thus, we assume
n ≥ 5. We denote X(i)

n−1 by Z(i) from now on for ease of exposition. Based on the above description, Z(i)

looks as

1 2 3 . . . i − 2 i − 1 i . . . n − 1



1 xi,1 xi,3 xi,4 . . . xi,i−1 xi,2 xi,i+1 . . . xi,n
2 x3,1 0 x3,4 . . . x3,i−1 x3,2 x3,i+1 . . . x3,n
3 x4,1 x4,3 0 . . . x4,i−1 x4,2 x4,i+1 . . . x4,n
...

...
...

...
...

...
...

...
...

...
i − 2 xi−1,1 xi−1,3 xi−1,4 . . . 0 xi−1,2 xi−1,i+1 . . . xi−1,n
i − 1 x2,1 x2,3 x2,4 . . . x2,i−1 0 x2,i+1 . . . x2,n

i xi+1,1 xi+1,3 xi+1,4 . . . xi+1,i−1 xi+1,2 0 . . . xi+1,n
...

...
...

...
...

...
...

...
...

...
n − 2 xn−1,1 xn−1,3 xn−1,4 . . . xn−1,i−1 xn−1,2 xn−1,i+1 . . . xn−1,n
n − 1 xn,1 xn,3 xn,4 . . . xn,i−1 xn,2 xn,i+1 . . . 0

(22)

16We assume the diagonal entries of Xn are replaced by 0’s
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Formally, the entries of Z(i) are defined as follows

Z(i)
k,ℓ =



xk+1,ℓ+1 k, ℓ ∈ [n − 1]\{1, i − 1},
xk+1,1 k ∈ [n − 1]\{1, i − 1}, ℓ = 1
xk+1,2 k ∈ [n − 1]\{1, i − 1}, ℓ = i − 1,
xi,ℓ+1 k = 1, ℓ ∈ [n − 1]\{1, i − 1},
xi,2 k = 1, ℓ = i − 1,
x2,ℓ+1 k = i − 1, ℓ ∈ [n − 1]\{1, i − 1},
x2,1 k = i − 1, ℓ = 1,
xi,1 k = 1, ℓ = 1
0 otherwise,

Note that we can replace xi,1 by 0 in X(i)
n−1 as HCn−1 does not depend on the diagonal entries. We show that

HCn−1(Z(i)) = ∑
σ∈Cn ,
σ(1)=i

n

∏
j=2

xj,σ(j),

Showing the above equality for a single i suffices as the proof is similar for all i. Let π ∈ Cn−1. Then in
HCn−1(Z(i)), the term corresponding to π is

n−1

∏
j=1

Z(i)
j,π(j).

Based on the values of π(1) and π(i − 1), we have the following cases:

1. π(1) = i − 1. Then π(i − 1) = k and π(ℓ) = 1, where k, ℓ ∈ [n − 1]\{1, i − 1} and k ̸= ℓ as n ≥ 5. In
this case

n−1

∏
j=1

Z(i)
j,π(j) = Z(i)

1,i−1Z(i)
i−1,kZ(i)

ℓ,1 ∏
j ̸=1,i−1,ℓ

Z(i)
j,π(j) = xi,2x2,k+1xℓ+1,1 ∏

j ̸=1,i−1,ℓ
xj+1,π(j)+1

2. π(1) ̸= i − 1 and π(i − 1) = 1. Then π(1) = k and π(ℓ) = i − 1, where k, ℓ ∈ [n − 1]\{1, i − 1} and
k ̸= ℓ as n ≥ 5. In this case

n−1

∏
j=1

Z(i)
j,π(j) = Z(i)

1,kZ(i)
i−1,1Z(i)

ℓ,i−1 ∏
j ̸=1,i−1,ℓ

Z(i)
j,π(j) = xi,k+1x2,1xℓ+1,2 ∏

j ̸=1,i−1,ℓ
xj+1,π(j)+1

3. π(1) ̸= i − 1 and π(i − 1) ̸= 1. Let π(1) = j1, π(i − 1) = j2, π(ℓ) = i − 1 and π(k) = 1, with
j1, j2, ℓ, k ∈ [n − 1]. In this case

n−1

∏
j=1

Z(i)
j,π(j) = Z(i)

1,j1
Z(i)

i−1,j2
Z(i)
ℓ,i−1Z(i)

k,1 ∏
j ̸=1,i−1,ℓ,k

Z(i)
j,π(j)

= xi,j1+1x2,j2+1xℓ+1,2xk+1,1 ∏
j ̸=1,i−1,ℓ,k

xj+1,π(j)+1

In all of the above cases, π maps to a unique σ ∈ Cn such that σ(1) = i and ∏n
j=1 xj,σ(j) = x1,i ∏n−1

j=1 Z(i)
j,π(j).

Thus, x1,i HCn−1(X(i)
n−1) is the sum of all Hamiltonian cycles which visit the edge (1, i). Hence,

HCn(x) =
n

∑
i=2

x1,i
(

∑
σ∈Cn ,
σ(1)=i

n

∏
j=2

xj,σ(j)
)
=

n

∑
i=2

x1,i HCn−1(X(i)
n−1),
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completing the proof of the forward direction. For the reverse direction, we use induction on n.
Base case n = 2. We have by assumption that f (Y(2,2)) = f (X2) = x1,2x2,1 = HC2(X2).
Inductive hypothesis. Suppose the reverse direction holds for all k ∈ [2, n − 1]. Let f be such that it

satisfies all n − 1 identities, where n > 2. Then, we have that f (Y(n,k)) = HCk(Xk) for k ∈ [2, n − 1]. Thus,
HCn−1(X(i)

n−1) = HCn(Y
(n,n−1)
i ) = f (Y(n,n−1)

i ). Hence,

f (x) = f (Y(n,n)) =
n

∑
i=2

x1,i f (Y(n,n−1)
i ) =

n

∑
i=2

x1,i HCn−1(X(i)
n−1) = HCn(x).

This proves the hypothesis for n.

C.17 Analysis for HC4

We first analyse gHC4 in Section C.17.1 over all fields. We then determine the scaling symmetries of HC4 over
finite fields, Q, R and C in Section C.17.2. In Section C.17.3, we show that HC4 and HC3 are characterised
by its symmetries over appropriate fields.

C.17.1 Lie Algebra

Proposition C.3 shows that over characteristic 2 fields, dimF(gHC4) is 7, while over other fields dimF(gHC4)
is 6.

Proposition C.3. Let F be any field. If char(F) ̸= 2, then dimF(gHC4) = 6 and the set Bn as described in
Proposition 3.1 is a basis of gHC4 over F. If char(F) is 2, then dimF(gHC4) = 7 and a basis of gHC4 over F is
the set of vectors Bn ⊔ {D}, represented as the following matrix

A(2) A(3) A(4) B(2) B(3) C D



(1, 2) 1 1 1 1 0 1 1
(1, 3) 1 1 1 0 1 0 0
(1, 4) 1 1 1 0 0 0 0
(2, 1) 1 0 0 1 1 1 0
(2, 3) 1 0 0 0 1 1 1
(2, 4) 1 0 0 0 0 1 0
(3, 1) 0 1 0 1 1 0 1
(3, 2) 0 1 0 1 0 1 0
(3, 4) 0 1 0 0 0 0 0
(4, 1) 0 0 1 1 1 0 0
(4, 2) 0 0 1 1 0 1 0
(4, 3) 0 0 1 0 1 0 0

. (23)

Proof. Note that Proposition 3.1 already describes the structure of any M ∈ gHC4 as a diagonal matrix, the
entries of which are the nullspace of the matrix MHC4 . We analyse the nullspace of MHC4 over all fields.

MHC4 =




(1, 2, 3, 4) 1 0 0 0 1 0 0 0 1 1 0 0
(1, 2, 4, 3) 1 0 0 0 0 1 1 0 0 0 0 1
(1, 3, 2, 4) 0 1 0 0 0 1 0 1 0 1 0 0
(1, 3, 4, 2) 0 1 0 1 0 0 0 0 1 0 1 0
(1, 4, 2, 3) 0 0 1 0 1 0 1 0 0 0 1 0
(1, 4, 3, 2) 0 0 1 1 0 0 0 1 0 0 0 1

(24)
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Fields of characteristic other than 2. By applying Gaussian Elimination on MHC4 , we get the following
row reduced matrix. Note that each step of Gaussian Elimination uses only additions or subtractions of the
rows. 


(1, 2, 3, 4) 1 0 0 0 1 0 0 0 1 1 0 0
(1, 2, 4, 3) 0 0 0 0 −1 1 1 0 −1 −1 0 1
(1, 3, 2, 4) 0 1 0 0 0 1 0 1 0 1 0 0
(1, 3, 4, 2) 0 0 0 1 0 −1 0 −1 1 −1 1 0
(1, 4, 2, 3) 0 0 1 0 1 0 1 0 0 0 1 0
(1, 4, 3, 2) 0 0 0 0 0 0 −2 2 0 2 −2 0

As the characteristic is not equal to 2, MHC4 has row rank 6 and therefore the dimension of gHC4 is 6 over
such fields. The set Bn described in Proposition 3.2 is easily verified to be a basis for gHC4 . The linear
independence of Bn over any field has already been argued in Section C.4.

Characteristic 2 fields. As before, after Gaussian Elimination the row reduced form of MHC4 is as follows


(1, 2, 3, 4) 1 0 0 0 1 0 0 0 1 1 0 0
(1, 2, 4, 3) 0 0 0 0 1 1 1 0 1 1 0 1
(1, 3, 2, 4) 0 1 0 0 0 1 0 1 0 1 0 0
(1, 3, 4, 2) 0 0 0 1 0 1 0 1 1 1 1 0
(1, 4, 2, 3) 0 0 1 0 1 0 1 0 0 0 1 0
(1, 4, 3, 2) 0 0 0 0 0 0 0 0 0 0 0 0

Thus, the first five rows are linearly independent while the last row is a linear combination of the first five
rows over characteristic 2 fields. Hence, the dimension of gHC4 is 7 over such fields. We now show that the
columns of the matrix M in (23) form a basis for gHC4 .

The first six columns of M are precisely the basis elements in the non-characteristic 2 case. It can be
easily checked that the last column lies in gHC4 . The submatrix indexed by the first 7 rows of M is

A(2) A(3) A(4) B(2) B(3) C D



(1, 2) 1 1 1 1 0 1 1
(1, 3) 1 1 1 0 1 0 0
(1, 4) 1 1 1 0 0 0 0
(2, 1) 1 0 0 1 1 1 0
(2, 3) 1 0 0 0 1 1 1
(2, 4) 1 0 0 0 0 1 0
(3, 1) 0 1 0 1 1 0 1

.

By Gaussian Elimination, it can be verified that the determinant of this submatrix is 1. Hence, all the
columns are linearly independent and thus form a basis for gHC4 over characteristic 2 fields.

Proposition C.4 describes how the entries of any z ∈ gHC4 are related and can be proved similarly to
Corollary 3.1. Lemma C.4 is used in analysing the scaling symmetries of HC4 and can be proved similarly
as Lemma C.2.
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Proposition C.4. Over characteristic 2 fields, z ∈ gHC4 if and only if the entries of z satisfy

z3,2 = z3,1 + z1,2 + z2,4 + z1,4 + z2,1,
z3,4 = z3,1 + z1,4 + z2,3 + z1,3 + z2,1,
z4,1 = z1,2 + z1,3 + z1,4 + z2,1 + z3,1,
z4,2 = z1,4 + z2,3 + z3,1

= z4,1 + z1,2 + z2,3 + z1,3 + z2,1,
z4,3 = z1,2 + z2,4 + z3,1

= z4,1 + z1,3 + z2,4 + z1,4 + z2,1.

(25)

Lemma C.4. Let R be a commutative ring with identity such that 2 is invertible in R. Consider the system
of linear equations given by M(HC4)x = 0 over R. Then, the entries of any solution u to this system of
equations satisfy (2).

Proof. Let u be a solution. We can then write

( )M1 M2 ·

( )
u1
u2 = 0,

where M1 is the 6× 6 matrix indexed by the set of columns {(2, 4), (3, 2), (3, 4), (4, 1), (4, 2), (4, 3)}, M2 is the
matrix indexed by the remaining columns, u1 and u2 are entries of u corresponding to the set of columns
of M1 and M2 respectively. Thus, M1 and M2 are as follows

M1 =




0 0 1 1 0 0
1 0 0 0 0 1
1 1 0 1 0 0
0 0 1 0 1 0
0 0 0 0 1 0
0 1 0 0 0 1

M2 =




1 0 0 0 1 0
1 0 0 0 0 1
0 1 0 0 0 0
0 1 0 1 0 0
0 0 1 0 1 1
0 0 1 1 0 0

It can be verified by Gaussian Elimination that det(M1) is −2. Since 2 is invertible over R, then so is −2,
implying that the adjoint of M1 is well defined over R. Multiplying on the left by the adjoint of M1 gives


−2 0 0 0 0 0 0 −2 2 0 2 0
0 −2 0 0 0 0 2 −2 0 −2 2 2
0 0 −2 0 0 0 0 −2 2 −2 2 2
0 0 0 −2 0 0 −2 2 −2 2 −4 −2
0 0 0 0 −2 0 0 0 −2 0 −2 −2
0 0 0 0 0 −2 −2 2 −2 0 −2 −2

·

( )
u1
u2 = 0.

This then implies

−2 ·




u2,4 + u1,3 − u1,4 − u2,3

u3,2 − u1,2 + u1,3 + u2,1 − u2,3 − u3,1
u3,4 + u1,3 − u1,4 + u2,1 − u2,3 − u3,1

u4,1 + u1,2 − u1,3 + u1,4 − u2,1 + 2u2,3 + u3,1
u4,2 + u1,4 + u2,3 + u3,1

u4,3 + u1,2 − u1,3 + u1,4 + u2,3 + u3,1

= 0
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Since 2 is invertible in the ring, we can cancel out −2 which gives

·




u2,4 + u1,3 − u1,4 − u2,3

u3,2 − u1,2 + u1,3 + u2,1 − u2,3 − u3,1
u3,4 + u1,3 − u1,4 + u2,1 − u2,3 − u3,1

u4,1 + u1,2 − u1,3 + u1,4 − u2,1 + 2u2,3 + u3,1
u4,2 + u1,4 + u2,3 + u3,1

u4,3 + u1,2 − u1,3 + u1,4 + u2,3 + u3,1

= 0

which essentially means that the entries of u satisfy the linear equations in (2), proving the lemma statement.

C.17.2 Symmetries

Lemma 3.1 and Proposition 3.3 can be proved for HC4 similarly to the general case. Thus, over fields F

such that |F| > (12
2 ), the symmetries of HC4 are generated by permutation and scaling matrices.

The permutation symmetries of HC4 are the same as those described in Proposition 3.6. Observation
C.2 shows that HC4, over fields of characteristic other than 2 has a scaling symmetry D which is discrete,
that is, D does not satisfy (3). The observation can be verified easily using (3). In particular, over Q, R, C

and over Fq, such that 2 | q − 1, HC4 has a discrete symmetry.17 Over characteristic 2 fields, the symmetry
D becomes the identity matrix. Lemma C.5 describes the scaling symmetries of HC4 over Q, R and finite
fields Fq, where 2 ∤ q − 1, that is, q = 2k for some k > 1. Lemma C.6 describes the symmetries over finite
fields Fq where 2 | q − 1, and its proof can be adapted for C and general fields F.

Observation C.2. Let F be such that char(F) ̸= 2. Then,

1. The diagonal matrix D with D1,2 = D2,3 = D3,1 = −1 and the rest of the entries as 1 is a discrete
scaling symmetry of HC4.

2. The diagonal matrix S, with entries satisfying

S1,2 =
S4,2

S2,4S3,2S4,1S4,3
, S1,3 =

1
S2,4S3,2S4,1

, S1,4 =
S3,4S4,2

S2,4S2
3,2S4,1S4,3

,

S2,1 =
S2,4S3,2S4,1

S3,4S4,2
, S2,3 =

S2,4S3,2S4,3

S3,4S4,2
, S3,1 =

S3,2S4,1

S4,2
,

(26)

is a continuous scaling symmetry of HC4.

When char(F) = 2, then D is the identity matrix.

Lemma C.5. Over Fq such that 2 ∤ q − 1, every scaling symmetry S of HC4 is continuous, that is, the Si,j’s
satisfy the equations in (3). Over R and Q, the entries Si,j are of the form (−1)zi,j · ri,j with zi,j ∈ F2 and
ri,j > 0 such that the ri,j’s satisfy the equations in (3) and zi,j’s satisfy (25). The symmetries over Q and R

given by S′
i,j = (−1)zi,j are discrete symmetries if and only if z2,4 ̸= z1,4 + z2,3 + z1,3.

Proof. Let S be a scaling symmetry of HC4. Then we have

4

∏
i=1

Si,σ(i) = 1 σ ∈ C4.

172 | q − 1 implies q is the power of an odd prime. Hence, char(Fq) ̸= 2 in this case.

42



Over Fq. Note that 2 ∤ q − 1 implies q = 2k. Let γ be a generator of F×
q . Then, we can write Si,j as γzi,j . Thus,

we can rewrite the above equations as

4

∑
i=1

zi,σ(i) = 0 over Zq−1,

Since 2 ∤ q − 1, therefore 2 is invertible in Zq−1. Thus, by Lemma C.4, we get that the zi,j’s are as described
in (2). Consequently, the entries Si,j satisfy (3).
Over R. We can write Si,j as (−1)zi,j · 2wi,j , where 2wi,j = ri,j. Thus, we can rewrite the above equations as

4

∑
i=1

zi,σ(i) = 0 over F2, and
4

∑
i=1

wi,σ(i) = 0 over R.

Note that over F2 and R, we get, from the analysis in Section C.17.1, that the solutions to both these systems
of equations must be described by the gHC4 basis elements over F2 and R, respectively. Hence, the zi,j’s
satisfy (25) while the ri,j’s satisfy (3). Since Q is a subfield of R, every scaling symmetry over Q must
satisfy the same conditions. The claim regarding S′

i,j follows by noting that z2,4 ̸= z1,4 + z2,3 + z1,3 implies
z2,4 = 1 + z1,4 + z2,3 + z1,3 and then showing S′

i,j does not satisfy (3). If z2,4 = z1,4 + z2,3 + z1,3, then it is
easily verified that S′

i,j satisfy (3).

Lemma C.6. Let Fq be such that 2 | q − 1. If S′ ∈ GHC4 is a scaling symmetry over such fields F, then S′ is
D, S, or DS, where D and S are as in items 1 and 2 of Observation C.2.

Proof. Suppose S′ is a scaling symmetry of HC4. Then we get

4

∏
i=1

S′
i,σ(i) = 1 σ ∈ C4.

Let γ be a generator of F×
q and S′

i,j = γzi,j . Then we can rewrite the above system as

4

∑
i=1

zi,σ(i) = 0 over Zq−1,

We can express this system as


1 0 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 1 0 0 0 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1

· z = 0. (27)

Let Ri denote the i’th row of the above matrix. Applying the elementary row operations, R2 → R2 − R1,
R4 → R4 − R3, R6 → R6 − R5 − R4 − R2 gives us (28). Note that all these operations are invertible, hence
the solution set is the same.


1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 −1 1 1 0 −1 −1 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 −2 2 0 2 −2 0

· z = 0. (28)
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It is not hard to see that z is a solution to (28) if and only if z is a solution to (29) or is in the nullspace (over
Zq−1) of the matrix in (29). This follows because q−1

2 is the only element of order 2 under addition in Zq−1.


1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 −1 1 1 0 −1 −1 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 −1 1 0 1 −1 0

· z =




0
0
0
0
0

q−1
2

(29)

Applying the elementary row operations, R5 → R5 + R2, R1 → R1 + R2, R5 → R5 + 2R6, R2 → R2 + R6
and R1 → R1 + R6 gives us (30). These operations are invertible, hence the solution set remains unchanged.




1 0 0 0 0 1 0 1 0 1 −1 1
0 0 0 0 −1 1 0 1 −1 0 −1 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 0 1 0 2 −1 1 −1 1
0 0 0 0 0 0 −1 1 0 1 −1 0

· z =





q−1
2

q−1
2
0
0
0

q−1
2

(30)

Thus, from (30), we get that any solution z to the system of equations in (28) is of the form

z1,2 =
q − 1

2
− z2,4 − z3,2 − z4,1 + z4,2 − z4,3

z1,3 = −z2,4 − z3,2 − z4,1

z1,4 = −z2,4 − 2z3,2 + z3,4 − z4,1 + z4,2 − z4,3

z2,1 = z2,4 + z3,2 − z3,4 + z4,1 − z4,2

z2,3 =
q − 1

2
+ z2,4 + z3,2 − z3,4 − z4,2 + z4,3,

z3,1 =
q − 1

2
+ z3,2 + z4,1 − z4,2.

(31)

or is of form

z1,2 = −z2,4 − z3,2 − z4,1 + z4,2 − z4,3

z1,3 = −z2,4 − z3,2 − z4,1

z1,4 = −z2,4 − 2z3,2 + z3,4 − z4,1 + z4,2 − z4,3

z2,1 = z2,4 + z3,2 − z3,4 + z4,1 − z4,2

z2,3 = z2,4 + z3,2 − z3,4 − z4,2 + z4,3,
z3,1 = z3,2 + z4,1 − z4,2.

(32)

Thus, we get that S′
i,j = γzi,j are either as

S′
1,2 = −

S′
4,2

S′
2,4S′

3,2S′
4,1S′

4,3
, S′

1,3 =
1

S′
2,4S′

3,2S′
4,1

, S′
1,4 =

S′
3,4S′

4,2

S′
2,4S′2

3,2S′
4,1S′

4,3
,

S′
2,1 =

S′
2,4S′

3,2S′
4,1

S′
3,4S′

4,2
, S′

2,3 = −
S′

2,4S′
3,2S′

4,3

S′
3,4S′

4,2
, S′

3,1 = −
S′

3,2S′
4,1

S′
4,2

,

(33)

44



or as

S′
1,2 = −

S′
4,2

S′
2,4S′

3,2S′
4,1S′

4,3
, S′

1,3 =
1

S′
2,4S′

3,2S′
4,1

, S′
1,4 =

S′
3,4S′

4,2

S′
2,4S′2

3,2S′
4,1S′

4,3
,

S′
2,1 =

S′
2,4S′

3,2S′
4,1

S′
3,4S′

4,2
, S′

2,3 = −
S′

2,4S′
3,2S′

4,3

S′
3,4S′

4,2
, S′

3,1 = −
S′

3,2S′
4,1

S′
4,2

.

(34)

Hence, any scaling symmetry S′ is of the form D, S, or DS, where D and S are as per items 1 and 2 of
Observation C.2 respectively.

Over C and general fields F. The proof of Lemma C.6 can be adapted to work over C, and general fields
F where char(F) ̸= 2, by treating the system of equations given by ∏4

i=1 S′
i,σ(i) = 1 over C (resp. F)

as a system of linear equations over C× (resp. F×) where + corresponds to multiplication and 0 is the
multiplicative identity 1. Thus, we can represent this system just like (27), where the entries of z are the
S′

i,j’s and 0 is replaced by the all ones vector 1. Applying Gaussian Elimination gives (28). Then, S′ is a
solution to (28) if and only if S′ is a solution to (29), with (q − 1)/2 replaced by −1 since x2 = 1 has 1 and
−1 as the only solutions over F, or S′ is in the nullspace (over F×) of the matrix in (29). Then, we further
perform elementary row operations to obtain (30), which then shows that S′

i,j’s satisfy (33) or (34). Thus, S′

must be of form D,S, or DS.
Over fields F where char(F) = 2, the matrix D in the proof becomes the identity matrix. Hence, we

get that all the scaling symmetries of HC4 are continuous over such F.

C.17.3 Characterisation by symmetries

The existence of the symmetry D as described in item 1 of Observation C.2 helps show that HC4 is charac-
terised by its symmetries over large enough fields F with char(F) ̸= 2 as we show in Proposition C.5. We
use the approach in the proof of Proposition 3.4.5 in [Gro12], where it is shown that the Permanent is char-
acterised by its symmetries. When char(F) = 2, then Proposition C.6 shows that HC4 is not characterised
by its symmetries. Proposition C.7 shows HC3 is characterised by its symmetries when |F| > (6

2).

Proposition C.5. Over any field F such that |F| > (12
2 ) and char(F) ̸= 2, HC4 is characterised by its

symmetries.

Proof. The assumption on the field size ensures that GHC4 is generated by permutation and scaling matri-
ces. Suppose f (x) is a 12-variate homogeneous18 degree-4 polynomial such that GHC4 ⊆ Gf . Let m be a
monomial in f (x) and xi,j be a variable in m, with i ̸= j. Let c ∈ F×, k ∈ [4] and k ̸= i. Apply the mapping
xk,ℓ 7→ c · xk,ℓ for all ℓ ∈ [4]\{k}, and xℓ,j 7→ c−1 · xℓ,j for all ℓ ̸= j. It is easily verified that for all k ̸= i, the
aforementioned mapping is a scaling symmetry of HC4 satisfying item 2 of Observation C.2, and therefore
is also a scaling symmetry of f . This implies m must contain for all k ̸= i some variable xk,ℓ because xi,j is
scaled down by c and if all variables in m are of form xi,ℓ then the above mapping is not a scaling symmetry
of f , a contradiction. Thus, m contains, for all k ∈ [4], some xk,ℓ. Since f is homogeneous, m must contain
exactly one xk,ℓ for all k ∈ [4].

The above argument can be adapted to further show that m must correspond to a permutation π ∈ S4
with π(i) ̸= i for all i ∈ [4], since x does not contain xi,i variables. Further, consider f (Dx), where D is as
described in item 1 of Observation C.2. If m corresponded to one of the non-cyclic permutations (1 2)(3 4),
(1 3)(2 4), or (1 4)(2 3), then it is not hard to see that under D, m gets mapped to −m, a contradiction. Thus,
m corresponds to a cyclic permutation in C4. Finally, applying all the permutation symmetries of HC4 on f
shows that for every σ ∈ C4, there must be a monomial corresponding to it present in f . Hence f = α.HC4
for some α ∈ F×.

18A polynomial f is homogeneous if all the monomials in f have the same degree.
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Proposition C.6. Over any field F such that |F| > (12
2 ) and char(F) = 2, HC4 is not characterised by its

symmetries.

Proof. The condition |F| > (12
2 ) ensures GHC4 is generated by permutation and scaling symmetries. Since

char(F) = 2, all scaling symmetries of HC4 are continuous by the modifications to the proof of Lemma C.6
as suggested in the paragraph Over C and general fields F in Appendix C.17.2. Over such fields, HC4 is not
characterised by its symmetries because for the polynomial

f (x) = x1,2x2,1x3,4x4,3 + x1,3x3,1x2,4x4,2 + x1,4x4,1x3,2x2,3,

it can be easily verified that GHC4 ⊆ Gf but f ̸= cHC4 for any c ∈ F×.

Proposition C.7. Over any field F such that |F| > (6
2), HC3 is characterised by its symmetries.

Proof. The assumption on the field size ensures that GHC3 is generated by permutation and scaling matri-
ces. Suppose f (x) is a 6-variate homogeneous degree-3 polynomial such that GHC3 ⊆ Gf . Applying the
same scaling map as in the proof of Proposition C.5, it can be shown that if m is a monomial of f , then m
corresponds to a permutation σ ∈ S3\C3, such that σ(i) ̸= i for all i ∈ [3]. This immediately implies that
σ ∈ C3. Thus, m corresponds to a cyclic permutation. Finally, applying all the permutation symmetries of
HC3 on m shows that for every σ ∈ C3, there must be a monomial corresponding to it present in f . Hence
f = α.HC3 for some α ∈ F×.

D Missing Proofs from Section 4

D.1 Proof of Proposition 4.1

If f = HCn(Ax), then g f is 2n − 2 dimensional by Lemma 2.2 and Proposition 3.2. As C = ∑2n−2
i=1 aiBi, then

B′ = ACA−1 = ∑2n−2
i=1 ai ABi A−1. By Lemma 2.2, B′ lies in gHCn and is a diagonal matrix with its entries

being an F-linear combination of ai’s. The matrices ABi A−1 are a basis for gHCn . Since |F| > (n2−n
2 ), by

Lemma 3.1, there is a matrix in gHCn with distinct eigenvalues. Thus, there exists a choice of ai’s such that
B′ has distinct eigenvalues. By the Polynomial Identity Lemma, B′, over a random choice of ai’s from U,

has distinct eigenvalues with probability ≥ 1 − (n2−n
2 )
|U| > 1 − 1

3n . Thus, C has distinct eigenvalues with high
probability because C and B′ are similar matrices. Hence, they also have the same characteristic polynomial
which factorises over F.

Therefore, there exists D ∈ GLn2−n(F) such that C′ = D−1CD is diagonal. We can compute D by com-
puting the characteristic polynomial of C, factorising the polynomial to get the eigenvalues λ1, . . . , λn2−n,
which are all distinct, and then finding the basis vector of the nullspace of C − λi I(n2−n)×(n2−n) for all
i ∈ [n2 − n]. The matrix D is formed from all these basis vectors.

Note that D also diagonalises the Bi’s. Hence, the polynomial g = f (Dx) = HCn(ADx) is such that
gg is diagonal. By Lemma 2.2, we get that

C′ = D−1CD = (AD)−1 · B′ · AD,

with C′ and B′ being diagonal matrices with distinct entries. Then, following the same argument as in the
proof of Proposition 3.3 (see Appendix C.8), we get that AD = PS for some permutation matrix P and
scaling matrix S.

Complexity analysis. Step 1 can be performed via Lemma 2.3 in nO(1) time. For Step 2, we need access to
an efficient univariate polynomial factorisation algorithm to compute D. The running time is randomised
nO(1).
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D.2 Proof of Claim 4.1

Let P(xi,j) = x1,2. Let σ ∈ Sn such that σ(1) = i and σ(2) = j. Then P(σ), defined as per Proposition 3.5, is
a permutation symmetry of HCn. Thus, HCn(P(σ)x) = HCn(x) implies HCn(P(σ)Px) = HCn(Px). It then
follows that P(σ)P(x1,2) = x1,2 because

(P(σ)P)(1,2),(1,2) = ∑
a,b∈[n],a ̸=b

P(σ)
(1,2),(a,b)P(a,b),(1,2)

= P(σ)
(1,2),(i,j)P(i,j),(1,2) = P(σ)

(1,2),(σ(1),σ(2))P(i,j),(1,2) = 1.

The third last equality holds because P(i,j)(1,2) = 1 by assumption, and the definition of σ ensures that the
second last equality holds.

D.3 Proof of Proposition 4.2

Step 1 of Algorithm 3 errs with probability at most n5

|U| , where U ⊂ F, by the Polynomial Identity Lemma

and union bound. For |U| ≥ 3n5, the error is upper bounded by 1
3 . Repeating the algorithm will boost the

success probability.
The correctness of Steps 2 and 3 follows from Claim 4.1 and Observation 3.2. By Observation 3.2 we

have that P′(x2,1) must be xi,j, proving the correctness of Step 4. Now, the set T′
1,2 is either the image of T1,2

or that of Q1,2 under P.
In the first case, the elements of T′

1,2 are of form P(x1,t), t ∈ [3, n]. By mapping x1,t’s to some per-
mutation π of the elements of T′

1,2, we get that P′P(x1,t) = x1,π(t). Step 5 then sets P′(xt,1) such that
P′P(xt,1) = xπ(t),1. Extend π to a permutation on [n] by defining π(1) = 1, π(2) = 2. For the remaining
xa,b with a, b ∈ [2, n], we set P′(xa,b) consistently in Step 6 so that we get P′P(xa,b) = xπ(a),π(b). Thus, we
get that P′P = P(π).

In the second case, the elements of T′
1,2 are of form P(xt,2), t ∈ [3, n]. By mapping x1,t’s to some

permutation π of the elements of T′
1,2, we get that P′P(x1,t) = xπ(t),2. Step 5 then sets P′(xt,1) such that

P′P(xt,1) = x2,π(t). Extend π to a permutation on [n] by defining π(1) = 1, π(2) = 2. For the remaining
xa,b with a, b ∈ [2, n], we set P′(xa,b) consistently in Step 6 so that again we get P′P(xa,b) = xπ(b),π(a). Thus,
we get that P′P = P(π)P(T).

Complexity analysis. Step 1 of Algorithm 3 uses Lemma 2.1 to compute black-box access to second-order
partial derivatives and uses the Polynomial Identity Lemma to check if the derivatives are identically zero,
and can be performed in randomised nO(1) time. The remaining steps can be performed in O(n4) time.
Hence, Algorithm 3 has running time randomised nO(1).

D.4 Proof of Claim 4.2

As f (x) = HCn(Sx), we define another scaling matrix D by setting D1,j := S−1
1,j for j ∈ [2, n], D2,3 = S−1

2,3 and

Di,1 = S−1
i,1 , where i ∈ [2, n− 1]. Set the rest of the Di,j’s as described in (3). Then, D ∈ GHCn by construction,

hence HCn(Dx) = HCn(x) implies f = HCn(Sx) = HCn(DSx). Set S′ := DS and note that S′ satisfies the
observation statement.
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D.5 Proof of Proposition 4.3

Suppose γ is a generator of F×
q . Then we can write S′

i,j as γyi,j and ck as γek . This gives the following system
of equations over Zq−1

n

∑
i=1

yi,σk(i) = ek mod q − 1.

In terms of the matrix M(n), the above system can be written as

M(n).y = e

where the entries of e are the exponents ek. As Zq−1 is a commutative ring, by Lemma C.3 any solution
to the above system of linear equations will give a scaling matrix. Note that yi,j = 0 for all (i, j) /∈ T by
assumption, with T as described in Step 3 of Algorithm 4. Thus, we get a system of (n − 1)(n − 2) many
linear equations in (n − 1)(n − 2) many y variables over Zq−1 which can be written as

M.y = e

with M = M(n)
•×T and det(M) = β = ±1 by Lemma C.1. From Cramer’s rule, we get that

yi,j = β ·
(n−1)(n−2)

∑
k=1

ekαk,(i,j) mod q − 1.

Then,

S′
i,j = γyi,j = γβ·∑(n−1)(n−2)

k=1 ekαk,(i,j) mod q−1.

As ck = γek , therefore

S′
i,j =

(n−1)(n−2)

∏
k=1

c
β·αk,(i,j) mod q−1
k .

Clearly, HCn(S′x) = HCn(Sx) which implies S′S−1 is a scaling symmetry of HCn. Note that Algorithm 4
does not need to compute the discrete logarithm of any element. The algorithm computes β and αk,(i,j)’s
over Zq−1 and raises the coefficients ck to powers as described above to compute S′

i,j.

Complexity analysis. Step 2 can be executed in nO(1) time as shown in the proof of Proposition C.1. Step
3 and 4 can be performed in (n log q)O(1) time as M is a 0/1 matrix of dimension (n − 1)(n − 2) × (n −
1)(n − 2), implying the magnitude |αk,(i,j)| of any cofactor is at most ((n − 1)(n − 2))! and has bit com-
plexity O(n2 log n log q). Since β = ±1 by Lemma C.1. Thus, we can compute the cofactors in (n log q)O(1)

time over Zq−1, and the powers of the coefficients ck by repeated squaring. Thus, the running time is
deterministic (n log q)O(1).

D.5.1 Correctness and Complexity over Q and other fields

To make Algorithm 4 work over other fields, the main changes are in Steps 3 and 4, where all computations
involving the matrix M are over Z now. The argument given above for finite fields can be adapted to argue
the correctness over all fields F by noting that the system we want to solve is

n

∏
i=1

S′
i,σk(i)

= ck
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which is a system of linear equations over the group F×, where we interpret multiplication as addition and
1 as 0. This system of linear equations can be written as

M(n).s = c,

where the entries of s are S′
i,j and c are the coefficients ck. Lemma C.3 shows that solving the above system

of equations will produce an S′ such that HCn(S′x) = f (x). By Claim 4.2, we reduce to solving

M.s1 = c,

where M = M(n)
.×T and the entries of s1 are S′

i,j with (i, j) ∈ T. Since M is a 0/1 matrix, and by Lemma C.1

det(M) is ±1, we get that M−1 is an integer matrix. We can thus multiply by M−1 on the left to get

s1 = M−1c.

Note, since we treat + as the multiplication operation, M−1c is computed by raising ck’s or their inverses
to integral powers as determined by the rows of M−1. Thus, each S′

i,j is obtained by multiplying integral
powers of the ck’s.

Complexity analysis. For the complexity analysis, we can perform Steps 3 and 4 in nO(1) time using
repeated squaring required for each Si,j. Over Q, the running time is (nc)O(1), where c is the bit complexity
of f . Over R, C, and general fields F, assuming that we can perform exact arithmetic, we get nO(1) running
time.

D.6 S-equivalence test for HC4

In this section, we show how to perform S-equivalence test for HC4 over Q, R, and finite fields Fq.

Over Fq when 2 ∤ q − 1. If 2 ∤ q − 1, then Algorithm 4 continues to work for HC4, because 2 is invertible
in the ring Zq−1 and Lemma C.4 continues to hold.

Over Q, R, and Fq where 2 | q − 1. We will present the test over Q and the same will also hold over R

and Fq. Over Q, we assume that rational numbers are given in the form a
b , where a, b ∈ Z, b ̸= 0. Over

R, we assume that the model of computation is able to compute positive square roots [Bre76]. Over Fq,
where char(Fq) > 2 because 2 | q − 1, square root computation can be done in randomised logO(1)(q) time
[Ton91, Sha73] and in deterministic logO(1)(q) time assuming the Generalised Reimann Hypothesis [Bac90].

The main idea is to solve the system of linear equations arising from the coefficients of each monomial.
Suppose f = HC4(Sx). Treat the permutations σ ∈ C4 as 4-tuples of the form (1, i2, i3, i4) and order them
lexicographically. Then, we have that

4

∏
i=1

Si,σj(i) = cj j ∈ [6].

with cj ∈ Q× as the coefficient corresponding to σj, which can be obtained from f (x) by querying it at the
respective monomial. Each cj is of form cj = (−1)ej rj, where rj > 0. We create a new diagonal matrix S′,
with S′

i,k = (−1)zi,k wi,k, with zi,k and wi,k as variables over F2 and Q>0 (the multiplicative group of positive
rationals) respectively. We thus have to solve the following systems

4

∑
i=1

zi,σj(i) = ej over F2, and
4

∏
i=1

wi,σj(i) = rj over Q>0.
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Like in the case for general n, we can assume that z1,2, z1,3, z1,4, z2,1, z2,3, z2,4 and z3,1 are 0 by Proposition C.4
and we can solve the system over F2 separately by adapting Algorithm 4. We now solve the system in wi,k
variables, which we can express as follows


1 0 0 0 1 0 0 0 1 1 0 0
1 0 0 0 0 1 1 0 0 0 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 1 1 0 0 0 1 0 0 0 1

· w =




r1
r2
r3
r4
r5
r6

(35)

where w is a vector of variables over (Q>)6, addition and subtraction correspond to multiplication and
division in Q>, scaling by positive integer to raising to integral powers, scaling by −1 to taking the inverse
of an element in Q> and scaling by 0 means replacing the element by 1. Then, as in the proof of Lemma
C.6, Gaussian elimination gives




1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 −1 1 1 0 −1 −1 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 −2 2 0 2 −2 0

· w =





r1
r2
r1
r3
r4
r3
r5

r6r3r1
r5r4r2

(36)

It is verifiable that r6r3r1
r5r4r2

is a square using rj = ∏4
i=1 Si,σj(i).

A solution to (37) is also a solution to (36). As ri’s are assumed to be given in the form ai
bi

, we can
compute the positive square root of r6r3r1

r5r4r2
by computing its numerator and denominator, and then using

binary search to compute the positive square root of the numerator and the denominator.




1 0 0 0 1 0 0 0 1 1 0 0
0 0 0 0 −1 1 1 0 −1 −1 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 −1 1 0 1 −1 0

· w =





r1
r2
r1
r3
r4
r3
r5√
r6r3r1
r5r4r2

(37)

We can proceed further with Gaussian elimination to get


1 0 0 0 0 1 0 1 0 1 −1 1
0 0 0 0 −1 1 0 1 −1 0 −1 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 0 1 0 −1 0 −1 1 −1 1 0
0 0 1 0 0 1 0 2 −1 1 −1 1
0 0 0 0 0 0 −1 1 0 1 −1 0

· w =




r′1
r′2
r3
r′4
r′5
r′6

(38)

where r′1 =
√

r6r3r1r2
r5r4

, r′2 =
√

r6r3r2
r5r4r1

, r′4 = r4
r3

, r′5 = r6r3
r4

, and r′6 =
√

r6r3r1
r5r4r2

. It can again be verified that r6r3r1r2
r5r4
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and r6r3r2
r5r4r1

are both squares, and hence we can compute their positive square roots. We can then set wi,j’s as

w1,2 =

√
r6r3r1r2

r5r4
w2,1 =

r4

r3

w1,3 = r3 w2,3 =

√
r5r4r1

r6r3r2

w1,4 = r6
r3

r4
w3,1 =

√
r5r4r2

r6r3r1

(39)

and the remaining wi,j’s to 1. Thus, we get S′
i,j = (−1)zi,j wi,j ∈ Q×. It is then easily verifiable that

HC4(S′x) = f (x). Over R, we can set S′
i,j’s in the same way, assuming the model of computation allows us

to compute square roots exactly. Over Fq, we do not need to consider signs separately and can represent the
equations ∏4

i=1 Si,σj(i) = cj as the system of equations in (36) and solve this system of equations as before
using square root computations wherever necessary.
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