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Abstract

We design a deterministic algorithm that, given blackbox access to the product f = Hle h;
of ¢ irreducible s-sparse m-variate polynomials of bounded individual degree d, over fields of
characteristic zero, and more generally over fields of sufficiently large positive characteristic,
recovers the h;’s and their multiplicities in time poly(n, (sfd)?). For any constant d > 2, this is
the first polynomial-time algorithm for this problem, resolving for the bounded-individual-degree
regime an open question of Dutta, Sinhababu, and Thierauf (Random 2026). The previous best
deterministic algorithm, due to the authors, runs in poly(n, d?, s¢°8¢ ¢9) time, which is quasi-
polynomial in ¢.

The improvement is enabled by a new sparse rational interpolation theorem in the bounded-
individual-degree setting, based on reconstructing the denominator from its logarithmic deriva-
tives. Given blackbox access to rational functions a1 /b, ..., an /b where the a;’s and b are s-sparse
of individual degree at most d with ged(aq,...,an,b) = 1, we recover the a;’s and b in time
poly(n,d!,s?, N). In contrast to the rational interpolation theorem of Chuyoon-Shpilka (2026),
our algorithm reconstructs the denominator directly and does not require a precomputed list of
its irreducible factors.
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1 Introduction

1.1 Background and motivation

This paper continues the line of work, going back to von zur Gathen and Kaltofen [vzGK85], on
factorization of sparse polynomials. An n-variate polynomial is called s-sparse if it is a sum of at
most s monomials, and has bounded individual degree d if each variable appears in it with degree
at most d. We write P(n, s,d) for the class of n-variate s-sparse polynomials of individual degree
at most d, and Practors(n, $,d) for the class of their factors. Sparse polynomials form one of the
most basic subclasses of polynomials in algebraic complexity: they are precisely those polynomi-
als computed by polynomial-size XII circuits, and have received considerable attention from the
perspectives of polynomial identity testing [KKSO01], reconstruction [BT88, GKS90], and factoriza-
tion [vzGK85, Kal85a, Vol15, Vol17, BSV20, KRS24, DST24, BV25, BKR*25, CS26]. A central
problem in this area is the efficient deterministic factorization of multivariate polynomials whose
irreducible factors are sparse. In fact, this problem is interesting even in the bounded-individual-
degree case. Concretely, Dutta, Sinhababu, and Thierauf [DST24] ask the following.

Question 1.1 ([DST24], Section 6, item 4). Given a blackbox computing the product of { sparse
irreducible polynomials f1, ..., fi of bounded individual degree d, find the f;’s in deterministic poly-
nomial time.

This question is open even when d = 3. Several special cases have been resolved. Volkovich [Vol15]
gave a polynomial-time algorithm for the case where all f;’s are multilinear, and in [Vol17] he gave
an efficient deterministic algorithm for factoring multiquadratic sparse polynomials (i.e., when the
product itself is multiquadratic and sparse). In [CS26] the authors solve the problem for d = 2. In
[BSV20] the authors proved a sparsity bound on factors of P(n, s, d) polynomials and used it to ob-
tain a deterministic quasi-polynomial-time algorithm for factoring sparse polynomials of bounded
individual degree. Kumar, Ramanathan, and Saptharishi [KRS24] and Dutta, Sinhababu, and
Thierauf [DST24] gave efficient deterministic reconstruction of constant degree factors of sparse
polynomials. Recently, in [CS26] the authors obtained the following.

Theorem 1.2 ([CS26], Theorem 1.10). Let F be a field of characteristic zero or larger than 2d.
There is a deterministic poly(n, s41°8%, (¢d)?)-time algorithm which, given blackbox access to a prod-
uct f = Hle hy, where hy,... hy € P(n,s,d) are irreducible, returns the h,’s. Over arbitrary fields
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the algorithm runs in poly(n, (d?)! time.

Observe that the running time of Theorem 1.2 is quasi-polynomial as it contains the factor s?1°&¢,

Theorem 1.2 therefore answers Question 1.1 only when ¢ = O(1). One of the main contributions of
this paper is a deterministic polynomial-time algorithm for Question 1.1 when the individual degree
d is constant.

An important ingredient in the algorithm of [CS26] is a solution to the sparse rational inter-
polation problem in the bounded-individual-degree case. This problem concerns the reconstruction
of a rational function from blackbox access, given that its numerator and denominator are sparse
polynomials. Surprisingly, the best known deterministic algorithm for the unrestricted degree ver-
sion of this question runs in exponential time [GKS94]. In [CS26], the authors solved the following
variants, where a list of candidate irreducible factors of the denominator is supplied as input:

Theorem 1.3 ([CS26, Theorem 5.2]). Let F be a field of characteristic zero or larger than 2d.
Suppose we have blackbox access to rational functions {ajfj/b}lngN, where:

(1) a; € P(n,s,d) for every j.



(2) f is a product of ¢ polynomials in Practors(n, s,d), accessible as a blackbox.
(3) F is a set of s-sparse irreducible factors of f, supplied as input.
(4) b is an s-sparse factor of f whose irreducible factors are in F.

(5) ged(aq,...,an,b) =1.
Then there is a deterministic algorithm that recovers ay, . . .,an andb in time poly(n, d!, s¢, N, |F|, £).

The factorization algorithm of [CS26] applies a somewhat weaker version of Theorem 1.3 re-
cursively: at each level, a precomputed list F of all the s-sparse divisors of an auxiliary free-term
polynomial fj is produced using recursion, and a divisibility test is then used to produce the de-
nominator b. This enumeration is the source of the s¢1°8¢ factor in Theorem 1.2.

The second main result of this work is an efficient algorithm for the bounded-individual-degree
sparse rational interpolation problem that requires no precomputed information about the factors
of b. Theorem 1.5 eliminates the list F by reconstructing b (G(m)) directly from its logarithmic
derivatives.

1.2 Our results

Our first main result resolves Question 1.1 in the bounded-individual-degree regime for any constant
d.

Theorem 1.4 (Factoring products of sparse irreducibles). Let F be a field of characteristic
zero. There is a deterministic poly (n, (sfd)d) -time algorithm which, given blackbox access to a prod-
uct f = Hle hi, where hy, ..., hy € P(n,s,d) are (not necessarily distinct) irreducible polynomials,
returns (scalar multiples of ) the h,’s together with their multiplicities.

Comparing with Theorem 1.2, the s%1°8¢ factor is replaced by s¢ (by [CS26, Theorem 1.8], an
(n, s, d)-sparse polynomial may have as many as s? sparse divisors, which may explain this factor).
In particular, this resolves Question 1.1 for constant d.

Theorem 1.4 is obtained from a sparse rational interpolation theorem for rational functions in
which both numerator and denominator are from P(n, s, d). The rational interpolation theorem of
[CS26, Theorem 5.2] (see Theorem 1.3) assumes as input a list F of s-sparse irreducible polynomials
containing every irreducible factor of the denominator b. Our new theorem removes the assumption
entirely.

Theorem 1.5 (Bounded-individual-degree sparse rational interpolation). Let F be a field
of characteristic zero. Suppose we have blackbor access to rational functions of the form

a;(x)
b(x)
where a1, ...,an,b € P(n,s,d) and ged(ay,...,an,b) = 1. Then there is a deterministic algorithm
that, in time poly(n,d!, s?, N), recovers Aay, ..., an, \b for some X € F\ {0}.
In particular, the case N = 1 solves the sparse rational interpolation problem in the case of
coprime sparse polynomials of bounded individual degree.

1<j<N,

The common scalar A in Theorem 1.5 can be avoided if we assume some normalization of the
input polynomials.
Remark 1.6. We note that Theorem 1.4 and Theorem 1.5 hold over fields of characteristic larger
than poly(n,d!, s?) as well (this is required in the proof of Lemma 3.3). In order not to overload
the claims we state them over characteristic zero alone.



1.3 Proof overview

Let us sketch the new idea. The construction in [CS26, §3] provides a generator

depending on six generator variables (t,y, z,w,u,v), such that for any f € P(n, s, d) the polynomial
f(G(m)(t,y,z,w,u,v)) determines f. In fact,

Gt y, z,w,u,0) = GFTS)(t,y,z,w) + GV (u,v).

Here G5V is the generator of Shpilka-Volkovich [SV14], used to revive a selected original variable,
while GXS is the Klivans-Spielman generator [[KS01], used for sparse interpolation after the revival
step.

To recover the denominator b € P(n, s, d) from blackbox access to the a;/b, the strategy of [C526]
is to compute, for each irreducible factor ¢ in a precomputed list F, the multiplicity of ¢ as a factor
of b. This requires knowing F in advance.

Our approach instead reconstructs b(GFﬂ%) directly, via its logarithmic derivatives:

()

b(GE%) , ety z,w}.

By the chain rule,
n@0,0)(ES)
Le=) NG, Oe(G )iy

i=1 (m)

so it suffices to recover the “original-variable” logarithmic derivatives (azib)(G{(n%) / b(G?ﬂ%) for each
i. To do so, we specialize v, obtaining a new generator G, ;), in which u plays the role of the
revived variable z;. By computing the lem (least common multiple) of the denominators of the
rational functions a;(G(,,5))/b(G i), Viewed as rational functions in u over F(t,y, z,w), we get
access to the product of all irreducible factors of b that depend on z;, composed with G, ;), up to
a multiplication by some element of the base field F(¢,y, z,w). Taking the logarithmic derivative
with respect to u eliminates these F(t, y, z, w)-scalar factors and yields 0,b(G ,,4)) /b(G (1 5)), Which,
after substituting u = (G¥S(m));, gives by the chain rule the desired (axib)(GKS(m))/b(G{{nsl)). The
coprimality results of [CS26] ensure this extraction works: the ¢, (G, :))’s for distinct irreducible
factors ¢, of b remain pairwise coprime as polynomials in the revived variable, see Lemma 2.17.

Once the L¢’s are known, we reconstruct b(G%{TS)) by solving the linear system

O¢P —Le-P=0 for all € € {t,y,z,w}

in the space of polynomials in (¢, y, z,w) of degree at most poly(m). In characteristic zero (or larger
than the total degrees involved in the equation, see Remark 3.5) this system has a one-dimensional
solution space spanned by b(GE{nf)), since the common kernel of the four partial derivations on
F(t,y, z,w) is exactly F.

With the bounded-individual-degree sparse rational interpolation result at hand, the factoriza-
tion follows the template of the meta-algorithm of [CS26], which we sketch next.

Given the input product f = H§:1 hj of irreducible polynomials in P(n + 1,s,d), we pick a

distinguished variable z( and view f as a polynomial in xy with coefficients in F[x], f = >_ il :L%.
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We next define f(X,x) := f(X - fo,x)/fo, which is reverse-monic in X and has coeflicients in F(x).
By Claim 2.11, each irreducible factor h = Z?i 0¢Cj -z of f with 2y € var(h) corresponds to an

irreducible factor h(X,x) = S %" NEE fg /co) - X7 of f, with rational coefficients in F(x).

We now compose [ with the generator G, in the x coordinates, obtaining
f(X,t,y,z,w,u, v) = f(X, G(m)(t,y, z,w,u,v)), a polynomial in 7 variables, which we recover
explicitly by dense interpolation and factor. Each irreducible factor i of f as above corresponds
to a divisor of f , whose coefficients as a polynomial in X provide us with blackbox access to
the rational functions (c; - fg/co)(G(m)). Dividing the jth coefficient by fo(G,,)’ yields black-
box access to ¢j(G(m))/co(G(m))- Since h is irreducible and depends on zo, Gauss’s lemma gives
ged(cp, c1,...,¢q,) = 1, and since h € P(n + 1,s,d), all ¢;’s are in P(n,s,d). We can therefore
invoke Theorem 1.5 (with b = ¢y and a; = ¢;) to recover the ¢;’s, and hence h, up to a common
scalar. Enumerating divisors of f of X-degree at most d yields a polynomially bounded list of
candidate factors of f. We then use algorithms of [CS526] to prune out any reducible or non-dividing
polynomial from the list and to compute the multiplicity of each irreducible factor.

1.4 Related work

We elaborate on the work most directly relevant to the present paper.

Sparsity bounds for factors. Volkovich [Voll5, Voll7] showed that factors of multilinear,
respectively multiquadratic, s-sparse polynomials are again s-sparse. Bhargava, Saraf, and
Volkovich [BSV20] extended this to give the first nontrivial sparsity bound for factors of (n, s, d)-
sparse polynomials: sO(@logn) Whether the true bound is polynomial in s and n is a major open
problem. Bisht and Saxena [BS25] improved this to sPoY(d) ynder the assumption that the polyno-
mial is also symmetric. Bisht and Volkovich [BV25] obtained an s°(@1°25) hound on the sparsity of
a quotient of an s-sparse polynomial of bounded individual degree d by a multilinear factor. From
the work of Forbes [Forl5] and [BV25] it follows that the sparsity of the quotient of f € P(n,s,d)
by a degree r polynomial is bounded by (n.s)°(").

Deterministic factorization. For a single (n,s,d)-sparse polynomial, [BSV20] gave a
poly(n, sdT logn)_time deterministic factorization algorithm, later improved by [CS26] to
poly(n, s4°108n).

Very recently, Bhattacharjee, Kothary, Rai and Saraf [BKRS26] obtained a complementary list-
factorization result for sparse polynomials of bounded individual degree. They show that, given
an explicit n-variate s-sparse polynomial of individual degree at most d, one can deterministically
output in time poly(n, d!, s?) a list of s% constant-depth circuits containing every factor not divisible
by a monomial. The list may contain spurious circuits. They also consider the more general setting
in which the input sparse polynomial need not have bounded individual degree. For an s-sparse
polynomial of individual degree at most D, they give a deterministic quasipolynomial-time algorithm

that outputs a list of size ( 5 d) ogs containing all factors of individual degree at most d that are not
divisible by a monomial. The list may contain spurious elements.

For products of sparse polynomials, the situation has been more limited: Volkovich’s algo-
rithms [Vol15, Vol17] handle products with multilinear or multiquadratic factors, and [CS26] gave
the quasi-polynomial-time algorithm of Theorem 1.2. Theorem 1.4 of the present paper is the
first polynomial-time algorithm, for constant d, for factoring products of irreducible polynomials
from P(n, s, d) over characteristic zero (or over polynomially large characteristic), thereby resolving
Question 1.1 for every constant d.



Rational interpolation. Deterministic interpolation of a rational function a/b from blackbox
access, where a and b are sparse, is a long-standing open problem; the best deterministic algorithm
of Grigoriev, Karpinski, and Singer [GKS94] runs in time exponential in the number of variables.
Randomized polynomial-time algorithms are known [CL11, vdHL21].

[CS26, Theorems 5.1,5.2] solve the bounded-individual-degree case, where the algorithm also
receives a precomputed list containing all irreducible factors of b. Theorem 1.5 settles a bounded-
individual-degree special case: the numerators aj,...,ay and common denominator b all lie in
P(n,s,d) and satisfy ged(ay,...,an,b) = 1. Compared with [CS26, Theorems 5.1,5.2], the present
theorem removes the need for a precomputed list containing all irreducible factors of b.

1.5 Organization

Section 2 sets up notation and collects the prerequisite results from [CS26], which we will use as
black boxes. Section 3.1 proves the local denominator extraction lemma. In Section 3 we give our
rational reconstruction algorithm, and prove Theorem 1.5. In Section 4 we deduce Theorem 1.4
from Theorem 1.5. Section 5 concludes with a brief discussion.

2 Preliminaries

Throughout the paper we let IF be a field of characteristic zero. When we state results from other
works we may allow [F to have positive characteristic, but our claims and proofs assume characteristic
zero (though as mentioned in Remark 1.6, they hold over characteristic larger than poly(n,d!, s%)
as well).

We use bold letters to denote tuples. Specifically, we let x = (x1,...,2,) denote an n-tuple of
indeterminates. Two nonzero polynomials are associate if one is a scalar multiple of the other.

Whenever we speak of blackbox access to a rational function R € F(x), we assume that on input
o € " the blackbox either returns R(a) or reports that R is undefined at o

Definition 2.1. A polynomial f € F[x] is s-sparse if it is a sum of at most s monomials. It is of
bounded individual degree d if deg, (f) < d for every i. We denote the class of n-variate, s-sparse
polynomials of bounded individual degree d by P(n, s, d), and the class of factors of polynomials in
P(n,s,d) by Practors(n, s, d).

For ¢ € Practors(n, 5,d) and a polynomial f € F[x|, we denote by vy (f) the multiplicity of ¢ as
a factor of f (i.e., the largest k > 0 such that ¢* | f, with vy(f) = 0if ¢ 1 f). If f = 0 then we set
vg(f) = 0o. We write var(f) C {z1,...,xy,} for the set of variables on which f depends nontrivially.

2.1 Basic polynomial algorithms

The following well-known facts on univariate factorization and dense polynomial interpolation will
be used throughout. For univariate factorization over Q we use the algorithm of Lenstra, Lenstra,
and Lovasz [LLL82]; over finite fields we use the algorithm of von zur Gathen and Shoup [vzGS92].
For multivariate factorization we use the reduction of [Kal85h, Kal85a] to the univariate case.

Theorem 2.2 (Univariate factorization over Q). Let f € Q[z] have degree d and bit complezity B.
Then there is a deterministic algorithm that outputs all irreducible factors of f whose running time
is poly(d, B).

We next state a theorem concerning deterministic multivariate factorization. See e.g., [Len85,
Kal85b].



Theorem 2.3 (Multivariate polynomial factorization). There ezists a deterministic algorithm that
given an n-variate polynomial f € F[x] of total degree d, and bit complexity B, outputs its factor-
ization into irreducible polynomials. Its running time is poly(d") - T'(d, B, F), where T(d, B,F) is
the running time of univariate factorization of degree d polynomials, with bit complexity B, over F.

Lemma 2.4 (Dense multivariate interpolation, folklore). There is a deterministic algorithm that,
given blackbox access to an n-variate polynomial f € F[x] of total degree at most d, returns its
monomial representation in time poly((d + 1)™).

We shall also rely on rational interpolation.

Lemma 2.5 (Rational interpolation). There is a deterministic algorithm that, given blackbox access
to an n-variate rational function R(x) € F(x), with the promise that R(x) = f(x)/g(x) for some
f,g9 € F[x] of total degree at most d, returns the unique (up to a common nonzero scalar) coprime
pair (f*,g*) with R = f*/g*, in time poly((d + 1)").

For completeness, we sketch the proof.

Proof. Let S C F be a set of size 3d + 1. Let ¢, € F[x] be unknown polynomials of total degree
at most d. We construct and solve the linear system R(a)¢(a) = ¥(ax), where a ranges over all
points in S™ for which R(«) is defined. For every such o, we have g(a) # 0 and

fla)¢(a) — g(a)y(a) = 0.

Thus, the polynomial g(x)(f(x)¢p(x) — g(x)1(x)) evaluates to zero on the entire grid S™. The total
degree of this polynomial is at most 3d. By the polynomial identity lemma, since |S| > 3d, it follows
that g(x)(f(x)p(x)—g(x)1(x)) = 0. Because g(x) is not the zero polynomial, f(x)¢(x)—g(x)y(x) =
0, which implies f/g = 1/¢. Dividing ¢ and ¢ by their greatest common divisor yields the unique
coprime pair (f*,¢*) with f*/¢g* = R, up to a common nonzero scalar.

To bound the running time, observe that the grid S™ contains (3d+1)" points. The polynomials
¢ and v each have (":d) < (d+1)" unknown coefficients. Consequently, the linear system consists
of at most (3d+1)" equations in 2(";“1) variables. Since (3d+1)"™ is bounded by poly((d+1)™), the
dimensions of the system are polynomial in (d 4+ 1)". Evaluating the black box, solving the linear
system, and computing the greatest common divisor of the resulting dense multivariate polynomials
all take time polynomial in the size of the system, which is bounded by poly((d + 1)™). O

In our application, all uses of Theorem 2.3 and Lemma 2.5 will be on polynomials and rational
functions in a constant number of variables (the generator variables), so the running times will be
polynomial in the relevant parameters.

We next recall the definition of Lagrange interpolation.

Definition 2.6. Let ay,...,a, € F be different field elements. Then the polynomials
T —
A — e/ 1
o= I = 0
1<j<r,j#i

satisfy deg(A;) = r — 1 and A;(a;) = 0; 5, where §; j is Kronecker’s delta. The A;-s are called the
Lagrange interpolating polynomials of aq, ..., a,.

We will also need the notion of a reduced form of a rational function.



Definition 2.7 (Reduced rational function). A rational function R(u) € F(u) is said to be in
reduced form if it is expressed as the fraction

such that the following conditions hold:
(1) £(u), g(u) € Flu] with g(u) # 0.
(2) f(u) and g(u) are coprime in F[u] (that is, ged(f,g) = 1).
(3) g(u) is a monic polynomial.
Under these conditions, the polynomials f(u) and g(u) are uniquely determined by R(w). The
polynomial g(u) is referred to as the reduced denominator of R(u).
2.2 Reverse-monic Polynomials and Normalization

We shall need the following notions and claims from [CS26].

Definition 2.8 ([C526, Definition 2.2]). A polynomial f € F[zg, x] is said to be reverse-monic with
respect to x if its free term as a polynomial in F(x)[z¢] is 1. Equivalently, f is reverse-monic with
respect to xg if it is of the form f =14 >",5, fiz}, where f; € F[x].

Claim 2.9 ([CS26, Claim 2.3]). Let f € Flxo,X] be a reverse-monic polynomial with respect to xg.
Then, the number of irreducible factors of f is at most deg, (f).

We next define a normalization operation that turns a polynomial into a reverse-monic one.

Definition 2.10 ([CS26, Definition 2.4]). Let f(zg,x) = Z?ZO fi(x)z} € Flzo,x], such that z¢ 1 f.
The normalization of f with respect to xg is the reverse-monic polynomial

Fly.x) = f(yfo, o1, an)/fo =1+ Zfz x) o (x)y". (2)
Claim 2.11 ([CS26, Claim 2.5]). Let f as in Definition 2.10. Suppose f = Hfio h; € F[mo, x| is the

factorization of f into irreducible factors h;, and denote each factor by h; = Zj—o ¢ jro’ (where
¢ij € F[x]). Then, the factorization of f is given by

Moreover, every factor (not necessarily irreducible) of f of the form Z;'lzo Cjzo? (where ¢; € Fx])

corresponds to a factor of f of the form Z] 0 fo iyl In particular, every multiquadratic factor

of f of the form axx + arzo + b corfesponds to a factor of f of the form 1 + albfoy + a2bf° y?. In
addition, we have blackbox access to f from blackbox access to f.



2.3 The generator of [CS26]

We follow the formulation in [CS26, §3]. For a positive integer m (which will be taken to be a
polynomial in the input parameters), let ¢ be a prime in [m, 2m], and fix sets A = {a1,...,an},
B={f1,....6n}, C={m,...,m} CF of distinct field elements. Let {A4;(y)}/~, be the Lagrange
interpolation polynomials for A, and similarly {B;(z)}!; for B and {C;(v)}}_, for C.
Definition 2.12 (KS generator). The Klivans—Spielman generator (KS-generator) is the map G%(WSL) :
F* — F" defined by

m

Gin oy, z,w) = Y Ai(y) - (14 Bi(2)(w — 1) ™9, . (14 Bp(2)(w — 1)) £ ™049).
=1

Observation 2.13. The degree of (each coordinate of) G{;f) can be upper bounded by
deg(Gﬁ) <(m-1)+n—-1)+1+(¢g—1) <3m+n.

Theorem 2.14 ([KS01], see also [(S26, §3]). Let f € P(n,s,d) and m = (nds)?. Then f can be
recovered, in deterministic time poly(m), from the values of f(G(Igf) (t,y,z,w)) as a polynomial in
the four variables (t,y, z,w).

The KS-generator does not allow one to “revive” a single original variable x; in a controlled way.
To remedy this, [CS526], following [SV14], adds a second component that uses two further variables
(u,v):

Gsv(uvv) = (Cl (’U)U, SER) Cn(’l))U)
Definition 2.15 ([CS26, Definition 3.3]). The generator G, : F6 — F™ is

Gt y, z,w,u,0) = Ggs)(t,y,z,w) + GV (u,v).

We shall refer to (t,y, z,w,u,v) as the generator variables, and write & = (t,y,z,w,u,v) € F® for
short. Thus G ) = G (€)-

For each 1 < i < n, the ith revived generator G, ;) is obtained from G|,,) by the substitution
U 4 U — Gf{n% (t,y,z,w); and v < ~;, where Ggs)()l denotes the ith coordinate of GFWSL). Since

Cji(vi) = 9;,i, we get
G(m,z) (S) - (GE’S) (t’ Y,z w)17 B G%’S) (t’ Y, z, w)i*l, u,
G%{fn%) (t7 Y, z, w)i—‘rl, ey G{{'n%) (t, Y, z, ’Uj)n) .

(3)

In particular, the i-th revived generator G(,, ;) depends on the five generator variables
(t,y,z,w,u), and the variable u plays the role of the “revived” original variable x;.
We will repeatedly use the following basic properties of G|,), all established in [CS26].

Lemma 2.16 ([(S26, Lemma 3.4, Corollaries 3.5, 3.6]). Let f € Pructors(n, 8,d) and let m = (nds)?.
Then:

(1) f(Gmy) # 0. In fact, if f € P(n,s,d), then f can be recovered from f(G ) in deterministic
time poly(m).
(2) For every 1 < i < n, degy (f(Gmay) = degy, (f).

(8) In particular, if v; ¢ var(f) then f(G(y)) does not depend on u, while if x; € var(f) then



2.4 Algorithmic tools from [CS26]

An important ingredient of the analysis in [CS26] is the following preservation of coprimality under
composition with the revived generator. We will use it as a black box.

Lemma 2.17 ([CS26] Lemma 4.15). Let F be a field of characteristic zero or larger than 2d.
Let ¢, be non-associate irreducible polynomials in Practors(n, s,d), both dividing (n, s, d)-sparse
polynomials. Fiz 1 < i < n with x; € var(¢). Then, for some explicit m = poly(n,d!, s%), the
polynomials ¢(G (. 3)) and (G ) are coprime as polynomials in u over F(t,y,z,w). Moreover,
(G (m,i)) 1s square-free as a polynomial in u.

The following is a consequence of the recovery property of G(,).

Lemma 2.18 ([CS26, Corollary 3.8]). There is a deterministic poly(n,d, s, {)-time algorithm that,
given blackboz access to a product f of £ polynomials in Practors(n, $,d), computes the multiplicity
of each x; as a factor of f. If M is the maximal monomial divisor of f, the algorithm also provides
blackbox access to f/M.

We shall also rely on the following result that enables computing the multiplicity of ¢ €
Practors(n, 8, d) as a factor of a product f of £ polynomials in Practors(n, S, d)

Lemma 2.19 ([CS26, Lemma 4.19]). Let F be a field of characteristic zero, or of characteristic
larger than 2d. There is a deterministic poly(n,d!, sd,ﬁ)—time algorithm that, given blackbox access
to a product, f, of £ polynomials in Practors(n, $,d) and blackbox access to an irreducible polynomial
@ in Practors(n, $,d), both defined over F, returns the multiplicity of ¢ as a factor of f. In fact, the
algorithm only needs to know the values of f and ¢ on the image of the generator G, for some
explicit m = poly(n, d!, s?).

The following divisibility testing result will also be useful to us.

Theorem 2.20 ([CS26, Theorem 1.16]). Let F be a field of characteristic zero or larger than
2d. There exists a deterministic poly(n,d!, s?,¢)-time algorithm that, given blackbox access to two
polynomials (over F) f and g that are products of £ polynomials in Pryctors(n, s,d), decides if f|g.

3 Bounded-individual-degree sparse rational interpolation

In this section we prove Theorem 1.5 for fields of characteristic zero (or polynomially large). We
first show how to compute the logarithmic derivative of the denominator b (Section 3.1). We then
set up the linear differential equation and prove that its solution is what we need (Section 3.2).
Finally, we combine both results to obtain our reconstruction algorithm (Section 3.3).

3.1 Computing the logarithmic derivative

In this section we prove the following lemma, which is the technical starting point of our reconstruc-
tion. Recall that the generator variables are & = (¢, y, z, w, u,v), and that the i-th revived generator
G (m,i) depends only on the five generator variables (t,y,z,w,u). Throughout we assume that F is
a field of characteristic zero. As mentioned, the result also holds when the characteristic is at least
poly(n,d!, s?), and we shall explain where this assumption is needed.



Lemma 3.1. Let ay,...,an,b € P(n,s,d), over F, with ged(ay,...,an,b) = 1. Let m =
poly(n,d!, s?) be as in Lemma 2.17. Fiz 1 < i < n, and write the factorization of b into irre-
ducible polynomials as
.
= 8- H
v=1

where B € F\ {0}, the ¢, ’s are pairwise non-associate irreducibles, and e, > 1. For each j, let

Rji(u) = %G ma)

, e F(t,y, z,w)(u),
W(Comn) ( )(w)

and let Dj;(u) € F(t,y,z w)[u] be the monic reduced denominator of Rj;(u) when viewed as a
rational function in u over F(t,y, z,w) (recall Definition 2.7). Then:

(1) For every j,
Dji(u) = cji- ] bu(Gy)meter—ven (@) 0) )

v:xzi€var(oy)

for some nonzero cj; € F(t,y, z,w).
(2) Setting D;(u) :=lemi<j<n(Dji(u)) € F(t,y,z,w)[u]," we have
Dz(u) = C; H qb,/(G(mﬂ;))eu (5)
v:z;Evar(gpy)

for some nonzero ¢; € F(t,y, z,w).

(3) As a rational function in u over F(t,y, z,w), the rational function B“DL;(ZS) equals %

We refer to the rational functions D ;(u) as the local denominators of R;;, and to D;(u) as the
t-th local denominator.

Proof. Fix j and write the factorization of a; into irreducible polynomials as

.

_ Vg, (a;) Jin

_a]~HqS,,” g LIV
v=1

I

where o € F\ {0}, vy, (a;) > 0, and each v, is irreducible and non-associate to every ¢,. Since
a; € P(n,s,d), every irreducible factor of a; lies in Practors(12, 8, d); in particular, so does every 1; ,,.
Composing with G, ;) gives

Rji(u) 5 H¢V G m.a))"* () H%u mz) - (6)

By Lemma 2.16, for every (nonzero) irreducible ¢ € Practors(n, S, d) we have deg, (¢ (G(m M) =1
if ; € var(¢), and C( (m,i)) € F(t,y,2z,w) \ {0} otherwise (in the latter case ((G(, ) is a nonzero
element of F(t,y, z,w), hence a unit in F(¢,y, z,w)[u]). Apply this to each ¢, and each ;,. The
factors with z; ¢ var(¢) are units, hence they factor out from the denominator in the reduced form
of Rj,i-

1Since we defined v4(0) = 00, no zero polynomial appears in the computation of the lem.
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Restrict attention to v’s with z; € var(¢,). For two distinct such v, v/, the irreducible polynomi-
als ¢,, ¢,/ are non-associate (and clearly both in Practors(n, 5, d)). By Lemma 2.17, ¢,(Gp, 5)) and
®u/ (G (m,)) are coprime as polynomials in u over F(t, y, z,w). Similarly, for every v with x; € var(¢, )
and every u, the irreducible polynomial v; , is non-associate to ¢,, and by Lemma 2.17, ¢,,(G(m7i))
and (G () are coprime as polynomials in u. Moreover, the ¢, (G 4)’s for x; € var(¢,) are
each square-free as polynomials in u.

Therefore, it follows that the multiplicity of (the reduced form of) ¢, (G, ;) in the reduced
denominator of R;;(u) is exactly max(e, —vg,(a;), 0) for v with z; € var(¢,), and the factors with
x; ¢ var(¢,) contribute only to a unit factor in F(¢,y, z,w). The latter unit becomes the constant
cj,i after we make the denominator monic in w. This proves (4).

Since ged(aq, .. .,an,b) = 1, no irreducible polynomial divides all of ay,...,ay and b simulta-
neously. In particular, for every irreducible factor ¢, of b, there exists at least one j € {1,..., N}
such that vy, (a;) = 0. For that j,

max(e, — vy, (aj), 0) = e,.

Taking the LCM of the D;;’s over j therefore picks up ¢, (G, ;) with multiplicity exactly e,. The
LCM also picks up a F(¢,y, z, w)-scalar from the ¢;;’s, which becomes the constant ¢; in (5).
Clearly, b(G i) = B 11, ¢v(G(m,i)) . Split this product into the part where z; € var(¢,) and
the part where x; ¢ var(¢,). By Lemma 2.16, the latter part lies in F(¢,y, z,w) \ {0}. Therefore,
by (5),
0(Gm,iy) = ;- Di(u)

for some nonzero ¢; € F(t,y, z, w) (specifically, ¢; = 8- (I, ¢var(,) @v(Gm.i))®)/ci). Since ¢; does
not depend on u, 9,¢; = 0, and therefore

b(Gma) ¢ -Di(u) — Di(u)’

as required. O

The next lemma converts Lemma 3.1 into an algorithmic statement, expressed in terms of the
partial derivative of b with respect to x; composed with the KS-generator.

Lemma 3.2. Under the assumptions of Lemma 3.1, for m as in Lemma 3.1 and any 1 < i < n,
the rational function

(8% b)(Gﬁ) (ta Y,z w))

£Z(ta Y, 2, ’U}) =
b(Ggf) (t,y, z, w))

€ F(t,y,z,w)

can be computed in deterministic poly(m, N)-time from blackbox access to the rational functions

al/b,...,aN/b.

Proof. Fix 1 <i < n. The first step is to interpolate the R;;’s. Each R;;(u) = a;j(Gm.i))/0(Gm.i)),
viewed as a rational function in the five generator variables (¢, y, z, w,u), can be written as f/g with
f,9 € Flt,y, z,w,u] of total degree poly(m). Note that f and g need not be coprime, since a; and
b may share common factors ¢,. By choosing poly(m) many evaluation points for (¢,y, z, w,u), we
can evaluate R;; using blackbox access to a;/b. Applying Lemma 2.5 to R;; (with the bound on
total degree of numerator and denominator), we recover the unique coprime pair representing R;;
in lowest terms. From this we read off the monic reduced denominator D;;(u) € F(t,y, z, w)[u]
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(viewing the reduced rational function in u over F(¢,y, z,w)). The total work is poly(m) for each
J, hence poly(m, N) overall.
Next, compute D;(u) := lemi<j<n Dj;i(u) via standard univariate lem computations in
F(t,y, z,w)[u]. This runs in poly(m, N) time.
By Lemma 3.1,
D;(u) (G i)
We compute 9, D;(u) explicitly, and form the rational function 9, D;/D; in F(t,y, z, w, u).

By the chain rule for the polynomial b(Gy, ) (t, ¥, z,w,u)) viewed as a polynomial in the five
variables (t,y, z, w, u), we have

n

Ou(b(Gmi)) = D (0u,0)(Gmi)) - Oul(Gimi) -
=1

By (3), only the i-th coordinate of G, ;) depends on u, and that coordinate equals u itself. Hence,
Ou(G (m.i))k = Ok,i, and the chain rule gives

0u(0(G i) = (05,0)(Gmi)- (7)

KS
(m

)(t, y,z,w). Therefore

Now substitute u < G
vector is exactly G{(nf

)(t,y,z,w)i into (3). By construction (Definition 2.15), the resulting

(aﬂ»’i b) (G(mﬂ'))l = (aﬂﬁz b) (G{(T)’SL) (t,y, 2, w))?

u=GES (t,y,7:w);

and similarly for b(G,, ). Combining with (7) and Lemma 3.1(3),

0, Di(u) _ @)(GGn(ty 5 w) Lty 20)
D;(u) u=GES (t,20); b(G%S) (t,y,z,w)) i\L, Y, 2, W),
and the specialization can be performed in poly(m) arithmetic. ]
3.2 Reconstruction from the logarithmic derivative
We work with the four-variable polynomial
B(t,y,z,w) = b(G{jS)(t,y,z,w)),
and show how to reconstruct B from the rational functions L, ..., L, provided by Lemma 3.2, by

solving a homogeneous linear system. The recovery of b from B then follows from Theorem 2.14.

Lemma 3.3. Let b € P(n,s,d), and set B(t,y,z,w) := b(G(Iff)(t,y,z,w)). Let A be any upper
bound on the total degree of B as a polynomial in the four variables (t,y, z,w). Assume the rational
functions

(azi b) (Gﬁ))

KS ’
are explicitly known as elements of F(t,y, z,w). Then B(t,y, z,w) can be recovered, up to a nonzero
scalar in F, by solving a homogeneous linear system over F of size poly(n,m,A).

Lit,y,z,w) = 1<i<n,

12



Proof. Let £ denote any one of the four generator variables ¢, y, z, w. By the chain rule applied to
B(tﬂ Y, 2, ’UJ) = b(GKS) (ta Y, z, U))),

(m

n

0B = Y (0u,0)(Glomy) - 0 (Glom) - (8)
k=1

By Lemma 2.16 (applied to b # 0 in P(n, s,d)) we have B # 0. Dividing (8) by B,

OB .
% - Zﬁk(t,y,z,w)-as(Gan))k' )
k=1

Clearly, BE?B can be easily computed from the £;’s and the explicit polynomials 85(Gf<n§)) k, In time
poly(n,m). Similarly to the proof of Lemma 2.5, after clearing denominators of the explicitly known
rational functions Ly, each equation gives polynomially many linear constraints on the coefficients
of P. We can therefore set up the following homogeneous linear system in an unknown polynomial
P € Ft,y, z,w] of total degree at most A:

0.5

P
B

- 8£P =0, §€ {t7y7sz}' (10)
Equation (10) gives a finite set of homogeneous linear constraints on the coefficients of P, and is
equivalent to P - 0¢B = 0¢P - B as an identity in F(t,y, z,w). The total number of unknowns is
(Afl) = poly(A), and the total number of equations is at most poly(n,m,A).

It is clear that P = B satisfies (10). Suppose P € F[t,y, z, w| of degree at most A is a nonzero

solution of (10). Then for every &,
0cP  0O¢B
P B’
so 9(P/B) = (B-0:P — P-0:B)/B* = 0 for every £ € {t,y,z,w}. Since F has characteristic
zero, the common kernel of 0y, 0y, 0., 0y on F(t,y, z, w) equals F. Therefore P/B € F\ {0}, and the
solution space is one-dimensional.
The linear system (10) has poly(n,m,A) unknowns and equations, both computable explicitly
from the £;’s and G%{TS) in poly(n,m,A) time. Solving in time poly(n, m,A) yields a basis vector

of the one-dimensional kernel, which is a polynomial B = AB for some A € F\ {0}. O

3.3 Putting it together

We now combine Lemma 3.2 with Lemma 3.3 to prove Theorem 1.5.

Proof of Theorem 1.5. The proof proceeds in four steps: extract logarithmic derivatives, reconstruct
B up to scalar, recover b, then recover the a;’s up to the same scalar.

Set m = poly(n,d!, s?) as in Lemma 2.17 and Lemma 3.1. Since each coordinate of GE(rS) is a
polynomial in (¢, y, z, w) of total degree poly(m), and b has total degree at most nd, the polynomial
B(t,y,z,w) = b(G{ES) (t,y, z, w)) has total degree

A < nd-poly(m) = poly(n,d!, s?).

(1) For each 1 < ¢ < n, apply Lemma 3.2 to obtain £; € F(t,y, z,w) explicitly. The cost is
poly(m, N) per i, hence poly(n,m, N) overall.

13



(2) Apply Lemma 3.3 with the degree bound A. The output is a nonzero polynomial B €
F[t,y, z, w] of total degree at most A satisfying B = AB for some A € F \ {0}. The running
time is poly(n,m, A).

(3) Apply Theorem 2.14 to B = AB = (/\b)(Ggs)). This recovers the polynomial Ab € F[x] in

time poly(m).

(4) Finally, for each 1 < j < N, since we have blackbox access to a;/b and b is now known explic-
itly, we can compose both with Gﬁ’) and multiply, to obtain blackbox access to Aa; (Gg%)

There is a subtlety here that we need to avoid zeros of b (G{{ms)) This can be easily circum-

vented as in Lemma 2.5: we interpolate (/\aj)(Ggg’)) by solving a system of linear equations,

which is defined by evaluations at nonzeros of b (G%(nf)) We then recover Aa; using Theo-

rem 2.14.

It is important to note that the scalar A obtained in Step 2 is the same for every j: it is
determined entirely by the reconstruction of B. Therefore the output is (Aay,..., Aay, Ab) for a
single common scalar A € F\ {0}.

The total running time, summing over the four steps, is poly(n,m, A, N) = poly(n,d!, s?, N),
as claimed. O

Remark 3.4. Theorem 1.5 assumes blackbox access to abj((;)), but the proof only requires blackbox

. i\Gim
access to their images under G ,,), namely to aj((()))
(m)

Remark 3.5 (The requirement in positive characteristic). The proof of Lemma 3.3 uses char(F) =0
to argue that the common kernel of 9;,0y,0.,0, on F(t,y,z,w) equals F. This is true only in
characteristic zero. In characteristic p > 0, this kernel equals F(t?, y?, 2P, wP). The linear system (10)
can then have a solution space of dimension greater than one, and the proof of Lemma 3.3 fails. Note
that this is a real obstruction even when p > d: although our b € P(n, s,d) has individual degree
at most d < p, the polynomial B = b(GE{n%) € F[t,y, z,w] has total degree A = poly(n,d!, s?) > p
in general, so B - HP € F[t,y, z, w| for various H can satisfy the system (10) together with B.

By the same argument, our algorithm applies without change when the characteristic is suffi-
ciently large: concretely, whenever char(F) > A = poly(n,d!, s%), the only H € F[t,y, z,w] with
deg(B - HP) < A'is H € F, so the kernel of (10) remains one-dimensional.

4 Factoring products of sparse irreducibles

In this section we deduce Theorem 1.4 from Theorem 1.5. The proof follows the meta-algorithm
of [C526, §6], with the key ingredient (the rational interpolation theorem) replaced by our version.
We recall the statement of Theorem 1.4.

Theorem 1.4 (Factoring products of sparse irreducibles). Let F be a field of characteristic
zero. There is a deterministic poly (n, (s@d)d) -time algorithm which, given blackbox access to a prod-

uct f = Hle hi, where hy, ..., hy € P(n,s,d) are (not necessarily distinct) irreducible polynomials,
returns (scalar multiples of ) the h,’s together with their multiplicities.

Proof. For convenience, we assume f € F[xg,x] is a product of ¢ irreducible polynomials in P(n +
1,s,d), with x = (x1,...,2p).
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We first compute the multiplicity of each z; (0 < i < n) as a factor of f, and replace f by
f/(maximal monomial divisor), using Lemma 2.18. From now on f is not divisible by any z;. We
assume, without loss of generality, that f depends on zg after this step. Write f = Z?io fi- xé,
where f; € F[x] and fo # 0.

Consider f(X,x) := f(X - fo(x),x)/fo(x), which is reverse-monic in X (meaning its constant
term with respect to X is exactly 1). By Claim 2.11, f € F[X,x] and we have blackbox access to
it. Let

f(X,t, Yy 2, W, U, V) = ~(X, Gm)(t,y, 2, w,u, v)),

where G|, is the generator of Definition 2.15 with m = poly(n, d!, 5%) as in Theorem 1.5.

Using Lemma 2.4 and Theorem 2.3, obtain the factorization of f into irreducibles, as a polyno-
mial in 7 variables of total degree poly(m,¢d). The total running time is poly(m, ¢d), since f has
O(1) variables.

Since f is reverse-monic in X, so is f . By Claim 2.9, f has at most £d nonconstant irreducible
factors, each of positive X-degree. Hence the number of (not necessarily irreducible) divisors of f
of X-degree at most d is at most (M;d) < (e(f + 1)d)4.

For each reverse-monic divisor h of f of X-degree at most d, we attempt to recover an irreducible
factor h = ?’;0 cj(x) -z} € P(n+1,s,d) of f corresponding to h, as follows.

By Claim 2.11, every irreducible factor h = Zdh

P0G (x)xé of f with z¢ € var(h) gives rise to an
irreducible factor h of f:

E(ij) - ZM.XJ e F(x)[X].

= o)

Composing with G, let E(X,t,y,z,w,u,v) = h(X, Gt y, z,w,u,v)).  If h is correctly
identified as the candidate factor, then for 1 < j < dj the coefficient of X7 in h equals
ej = (¢ (Gm)) - fo(Gam))’)/co(Gmy)-

Dividing by fo(G(y))’ (which is nonzero by Lemma 2.16),

ej ¢j(Gm)) .

= - = , 1 <5 <dp.

fo(Gimy)?  co(Gmy)
We have blackbox access to () on the image of G(,,). Moreover, since h is irreducible and depends
on o, Gauss’s lemma gives ged(co, ¢, ... ,¢q4,) = 1. Since h € P(n+1,s,d), all ¢;’s are in P(n, s, d).

The conditions of Theorem 1.5 are thus satisfied with N = dj, < d, numerators a; = c; for
1 < j < dj, denominator b = cg, and rational functions Q; = ¢;(G))/co(G (). The algorithm

Qj :

of Theorem 1.5 returns Aco, Acy, ..., Acg, for some A € F\ {0}, in time poly(n,d!, s?). Form the
candidate h* := Z?ZO ()\cj)xé =X-heP(n+1,s,d), and add it to a candidate list F(f), provided
h*is (n + 1, s,d)-sparse, and no polynomial that is an associate of h* is already in the list.

Repeat the procedure with each of the n + 1 variables xg, z1,...,z, playing the role of distin-
guished variable. Since every non-monomial irreducible factor of f depends on at least one variable,
each such factor appears in F(f) for the corresponding choice of distinguished variable.

Pruning the list. The list 7(f) contains at most (n+1)-(e(¢+1)d)? candidates, each (n+1, s, d)-
sparse. We discard from F(f) every candidate that does not divide f, using the divisibility tester
of Theorem 2.20 (running in poly(n,d!, s%, £) per test). Among the survivors, a candidate ¢ is
irreducible iff no other candidate v € F(f) properly divides ¢; we identify the irreducibles via
| F(f)|? pairwise divisibility tests.
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Computing multiplicities. For each irreducible factor ¢ identified above, compute its multi-
plicity as a factor of f using Lemma 2.19, in poly(n,d!, 5%, 0) time per factor.

Running-time analysis. As shown above, the candidate list satisfies
IF( < (n+1) - (e(¢+ 1)),

The construction of the candidate list, including the dense interpolation and factorization of the
constant-variate polynomial f, takes time polynomial in n, d!, s¢, £ and in | F(f)|. For each candidate,
the invocation of Theorem 1.5 takes time poly(n,d!, s?). The pruning step uses at most |F(f)|?
divisibility tests, and the multiplicity computation uses one call to Lemma 2.19 for each surviving
irreducible candidate. Thus the total running time is

\.7:(]”)]2 - poly(n, d!, sd,ﬁ) = poly(n, dl, s, (Ed)d> = poly (n, (sﬁd)d) ,
as claimed. n

Remark 4.1. As noted in Remark 3.5, our result can be extended to polynomially large characteristic,
namely char(FF) = 0 or char(F) > poly(n,d!, s¢). We do not know how to extend it to smaller positive
characteristic.

5 Conclusion and open problems

We have shown that, for every constant d, products of ¢ irreducible (n, s, d)-sparse polynomials over
any field of characteristic zero (or polynomially large characteristic) can be factored deterministically
in polynomial time, resolving Question 1.1 in the constant-individual-degree regime over such fields.

Our proof applies only in characteristic zero or sufficiently large positive characteristic, but it
is natural to ask whether the argument extends to fields of arbitrary characteristic. There are two
distinct obstacles. The first concerns the step of recovering b(G/;, 5)) up to a (¢, ¥, z, w)-content from
the local denominators. Here the coprimality lemma of [CS26] (Lemma 2.17) requires char(F) = 0
or char(F) > 2d. This obstacle can be circumvented by working with primitive divisors as in [CS26].

The second, more serious obstacle is the differential reconstruction step. If B = b(GEnS)) has

total degree A = poly(n, d!, s%), then in small characteristic one may have (p < A). In characteristic
(p > 0), the common kernel of the derivations {0t, dy, 0z, 0w} on F(t,y, z,w) is F(tP, yP, 2P, wP),
rather than F. Consequently, the linear system for P may have a kernel of dimension greater
than one, so the characteristic-zero argument no longer identifies B up to a scalar. Extending our
results to small positive characteristic therefore seems to require a replacement for the logarithmic-
derivative reconstruction step.

This leaves two natural directions for future work. Can the logarithmic-derivative reconstruction
step be replaced by a method that applies in small characteristic? More generally, can one obtain
a comparable rational interpolation theorem without assuming bounded individual degree?
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