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Abstract

We continue the study of half-duplex communication complexity, a model in-
troduced in [HIMS18b] and further studied in [DIST21], in which each player can
either send a bit or listen in each round, similarly to communication over a walkie-
talkie. We prove improved upper bounds for the Inner Product function in the
half-duplex models with silence and with zero, as well as an improved upper bound
for the Disjointness function in the model with zero. We also determine the half-
duplex communication complexity of a uniformly random Boolean function up to
an additive constant: with high probability, it is n/logs 3+ O(1) in the model with
silence and n + O(1) in the models with zero and with an adversary.
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1 Introduction

Communication complexity is a powerful tool with applications across many areas of
computer science, including algorithms, circuit complexity, proof complexity, and more.
In the classical model of communication complexity introduced by Yao [Yao79], two play-
ers, Alice and Bob, aim to compute f(x,y) for some function f, where Alice knows only
x, and Bob knows only y. The players can communicate by exchanging bits, one bit per
round, until both parties determine the value of f(x,y). There are many generalizations
of this model, such as randomized, non-deterministic, and multiparty communication
complexity.
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The essential property of the classical model is that in each round of communication,
one player sends a bit, and the other receives it. In [HIMS18b], the authors proposed
a communication model in which the players communicate over a half-duplex channel. A
well-known example of half-duplex communication is talking using a walkie-talkie: one
has to hold a “push-to-talk” button to speak to another person, and the other has to
keep it released to listen. If both parties try to speak simultaneously, they cannot hear
each other.

Formally speaking, in every round, each player chooses one of three actions: “send
07, “send 17, or “receive”. This induces three types of rounds: a classical round, when
one player sends a bit while the other receives; a wasted round, when both players send,
and both messages are lost; and a silent round, when both players receive. In [HIMS18b],
the authors considered three variations of the half-duplex model based on what happens
in silent rounds: half-duplex models with silence, with zero, and with adversary.

The motivation for half-duplex communication models stems from the study of the
Karchmer-Wigderson games [KW88] for the multiplexer relation [EIRS01]. The frame-
work of half-duplex communication complexity proved useful and was used in a series of
papers [MS21, IMS22, Wu23, Mei25] on the variants of the KRW conjecture [KRW95],
which offers a promising approach to proving P # NC!. In these papers, half-duplex
communication models play an essential role: we can prove the existence of a hard func-
tion from a lower bound on the half-duplex communication complexity of the multiplexer
relation. We do not know how to show it directly for the classical communication com-
plexity. Given that the desired result is usually formulated in terms of classical communi-
cation complexity (as a model corresponding to De Morgan formulas), the resulting lower
bound must be translated from one model to the other. Since we do not fully understand
the relationship between classical and half-duplex communication complexity, translating
between the two models degrades the lower bound. Every classical protocol is a valid
half-duplex protocol, whereas any half-duplex protocol of depth d can be simulated clas-
sically in at most 2d rounds. Hence, exact linear coefficients are essential: a function
whose half-duplex complexity is only half of its classical complexity provides no gain
when the resulting lower bound is translated back to the classical model. This motivates
further study of half-duplex communication complexity and of its relationship with clas-
sical communication complexity. A better understanding of half-duplex communication
may help us make further progress on the KRW conjecture.

The half-duplex communication complexity of functions {0,1}" x {0,1}" — {0,1}
was studied in the original paper [HIMS18b] and later developed in [DIST21]. It was
shown that the communication complexity in half-duplex models not only differs from
that of the classical model but also behaves differently. For example, in the classical
communication model, the Equality function, the Disjointness function, and the Inner
Product function have complexity n+ 1, meaning that all three are the hardest functions
among all functions from {0,1}" x {0,1}" — {0,1}. In the half-duplex models with
silence and with zero, the Equality is less complex than the other two.

Although our upper-bound results concern only the models with silence and with zero,
the model with an adversary will reappear in Section 4, where we transfer a lower bound
from communication with a single-bit equality oracle.



1.1 Overview of Results

In this paper, we continue the line of research initiated in [HIMS18b, DIST21] and present
a series of improved bounds. We improve half-duplex communication complexity bounds
for the Inner Product function (IP,,) and the Disjointness function (DISJ,,) (see Section 3),
and determine the half-duplex communication complexity of a uniformly random Boolean
function up to an additive constant in the models with silence, with zero, and with an
adversary (see Section 4).

The upper bound for the Inner Product in the model with silence (see Theorem 3)
is optimal up to an additive constant, so the question of the complexity of IP in this
model is closed up to an additive constant. It is also worth mentioning that obtaining
this result made it possible to find a flaw in a published result (see Theorem 4). For
several years, it was unknown whether IP, could be computed in fewer than n rounds
in the model with zero. We answer this question affirmatively by proving the upper
bound DJ4(IP,,) < [7n/8] + 4 (see Theorem 5). Moreover, Theorem 10 shows that
a uniformly random function has complexity at least n — 1 with high probability, so IP,
is not among the hardest functions in this model. We show a similar lower bound for
the model with silence: in this model, neither the Inner Product nor the Disjointness is
among the hardest (see Theorem 11). The upper bound for the Disjointness in the model
with zero (see Theorem 6) introduces a new idea of recursive reduction that allows us to
significantly improve the upper bound. For the comparison with the previously known
results, please see Table 1.

Table 1: Comparison of the previously known bounds and the bounds from this paper.

Model Bound type IP,, DISJ,,

with silence  previous upper bound n+1 n/2+2
upper bound in this paper [n/2] +2 —
best known lower bound n/2 nlogs 2 ~ 0.43068n

with zero previous upper bound n+1 3n/4+ o(n)
upper bound in this paper [Tn/8] +4 0.66151 + O(log® n)
best known lower bound nlog 2 2~0.72021n  nlogz2 ~ 0.63092n

3—v5

2 Half-duplex communication complexity

In this section, we give a formal definition of two half-duplex communication complexity
models: with silence and with zero.

Consider the following game with two players. Alice and Bob aim to compute a func-
tion f: X xY — Z on an input (z,y) € X x Y. Throughout this paper, we use
X =Y =4{0,1}" and Z = {0,1}. The function f is known to both players, but the input
is distributed between them: Alice receives x, whereas Bob receives y. They communicate
in order to determine f(z,y). Alice and Bob can exchange bits using a half-duplex com-
munication channel together with a synchronizing mechanism (e.g., synchronized clock),
which allows them to organize communication in rounds. In every round, each player



chooses one of the actions: “send 07, “send 17, and “receive”. Note that in the
classical communication complexity model, whenever one player sends a bit, the other
always receives it; the information is never lost, and both players always know about the
other’s action. In the half-duplex communication model, there might be three different
situations:

e classical round: one player chooses to send some bit b while the other player chooses
to receive. In this case, the receiving player receives bit b.

e wasted round: both players choose to send some bits. In this case, the messages are
lost, and players do not learn any information (i.e., a player knows nothing about
the other player’s action).

e silent round: both players choose to receive.

In [HIMS18b], the authors suggested three ways to define what happens in silent
rounds.
1. half-duplex model with silence: the players receive a special symbol silence

meaning that there is no message in the channel.

2. half-duplex model with zero: both players receive 0.

(Note that a player who received 0 cannot distinguish a silent round from
a classical round in which the other player sent 0.)

3. half-duplex model with an adversary: the players receive arbitrary bits, not
necessarily the same.

The formal definitions and the upper-bound results in this paper concern the first two
models. The model with an adversary is used only in Section 4 for transferring a lower
bound. For its formal definition, we refer to [HIMS18a, DV23].

To be able to compute f for all possible inputs (z,y) € X x Y, Alice and Bob have
to follow a communication protocol that defines their actions on all inputs.

Definition 1. A half-duplex communication protocol with silence for a function f: X x
Y — Z is a pair of rooted trees (T, Tp) of arity at most five such that:

e every leaf [ is labeled with some z; € Z,

e every internal node v € Ty is labeled with a pair of functions g, : X — A and
hy : & — D(v), where D(v) denotes the set of children of v,

A = {send 0, send 1, receive}
is the set of actions,
E; = {sent 0,sent 1,received 0, received 1,silence}

is the set of events;

e similarly, every internal node u € T'g is labeled with a pair of functions g, : ¥ — A
and h, : & — D(u).



For any (z,y) € X xY, a half-duplex communication protocol with silence defines Alice’s
and Bob’s traces ma(z,y) and mwp(x,y) as the sequences of nodes vq,...,v, € T4 and
Uu1,...,u; € Tg such that:

e vy and u; are the roots of T4 and T,
e v, and u; are leaves,

e for every i € {1,...,t— 1}, it holds that

Vit1 = hv¢(¢(gvi (), guz<y)))7
Uit1 = huz((é(guz (y)> Go; (I))),

where ¢ : A x A — & and the value of ¢(ay,as) is defined by the following table

a a2 send 0 send 1 receive
send 0 sent 0 sent 0 sent 0
send 1 sent 1 sent 1 sent 1

receive | receivedO | receivedl | silence

(i.e., function ¢ maps actions of the players into events).

A protocol computes a function f if for any (x,y) € X x Y, both players’ traces end
in leaves with the same label z = f(z,y). The depth of a protocol is the maximum, over
all inputs (z,y), of the number of rounds in the corresponding execution. The half-duplex
communication complexity with silence, denoted by DM(f), is the minimum depth of
a protocol computing f.

Definition 2. A half-duplex communication protocol with zero for a function f: X xY —
Z is defined similarly to the protocol in Theorem 1, but with a different set of events

& = {sent 0, sent 1, received 0, received 1}

that does not contain silence, and ¢(receive,receive) := received0.

The advantage of half-duplex models is that the players can send bits simultaneously
and receive simultaneously, which is not possible in the classical model. This allows
players in the model with silence to send an additional third symbol: for example, in
a given round, Bob can always listen and then, depending on Alice’s action, he will
receive either 0 or 1, or observe silence. This way, Alice can send Bob more information
(e.g., Alice can send an n-bit string in [n/log, 3| rounds). This explains why the half-
duplex model with silence is stronger than the classical one. As for the half-duplex model
with zero, its advantages are less obvious. It might seem that the model has no advantage:
there is no benefit from wasted rounds, since players get no information in them, and
silent rounds are indistinguishable from classical ones. However, it can be shown that
this model is strictly stronger than the classical one.



3 Upper bounds

In this section, we prove three new upper bounds on the half-duplex communication
complexity — two upper bounds for the Inner Product and one for the Disjointness.

3.1 Inner Product
The Inner Product function IP, : {0,1}" x {0,1}"™ — {0, 1} is defined by

IPo(z,y) = @l‘z Y = le -y;  (mod 2).
i=1 i=1

This is one of the hardest functions in the classical communication model — it has
communication complexity exactly n 4+ 1. In other words, the trivial protocol in which
Alice sends all her bits to Bob, Bob computes the result, and then sends it back to Alice,
is optimal. For the half-duplex model with silence, one might expect this function to
have complexity roughly n/log, 3 (as Alice can send her entire input to Bob using this
number of rounds). The following theorem shows that the players can compute the Inner
Product more efficiently.

Theorem 3. For any n € N, DM(IP,,) < [%] + 2.

Remark 4. The conference version of the paper introducing half-duplex communication
complexity [HIMS18b, Theorem 18] claimed the lower bound DM (IP,) > n/1.67, which
contradicts Theorem 3. The proof of that claim contains a flaw, and the lower bound does
not appear in the updated full version [HIMS18a]. The proof of this upper bound led to
the discovery of this issue.

Proof of Theorem 3. For simplicity, we assume that n is even. In the case of odd n, Alice
and Bob can append one zero coordinate to each input without changing the value of the
function. During the communication, the players will maintain two accumulators: Alice
will maintain a bit a € {0, 1}, and Bob will maintain a bit b € {0, 1}. Initially a = b = 0.
For i € {1,...,n/2}, we will refer to the pairs of input bits xe; 1,29 and yo; 1,y
as Alice’s ith block and Bob’s ith block, respectively. In round 7, the players choose their
actions based on the values of bits in their sth blocks, and their goal is to compute

0i = T2i—1Y2i—1 D T2Y2i-

Consider the following rules for Alice’s and Bob’s actions. In the round ¢, Alice chooses
her action depending on the values of bits wo; 1,x9;. For simplicity, we will write the
values of bits in blocks without a comma.

00 +— send O, 01 +— send 1, 10 — receive, 11 — receive.
Similarly, in the round 7, Bob chooses his action depending on the values of bits yo; 1, y2;.
00 — send O, 01 — receive, 10 — send 1, 11 +— receive.

A player flips their accumulator in round i if either
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e the current block is 01 or 10 and the event is received 1, or

e the current block is 11 and the event is not receivedO.

A player with block 00 never flips the accumulator.

Let a;,b; € {0, 1} indicate whether Alice’s and Bob’s accumulators, respectively, are
flipped in round i. We now show that a; ® b; = ¢;.

Indeed, we distinguish the following cases.

1.

If one of the blocks is 00, then no accumulator is flipped, so (a;, b;) = (0,0). Also,
5; = 0.

If the blocks are (01,10) or (10,01), then neither player receives 1, hence again
(ai, bl) = (O, 0) and 5@ =0.

If the blocks are (01,01), then Bob receives 1 and flips his accumulator, while Alice
does not flip. Thus (a;,b;) = (0,1) and 6; = 1.

If the blocks are (10, 10), then Alice receives 1 and flips her accumulator, while Bob
does not flip. Thus (a;, b;) = (1,0) and 6; = 1.

. If exactly one of the blocks is 11 and the other one is 01 or 10, then only the player

with block 11 flips the accumulator. Hence (a;,b;) is either (1,0) or (0,1), and in
both cases §; = 1.

If the blocks are (11,11), then both players flip their accumulators, so (a;,b;) =
(1,1), while 6, =1-1&1-1 = 0.

Therefore, after processing the first & blocks,

k
i=1

In the last two rounds, Alice sends the value of a, Bob computes IP,,(z,y) = a ® b, and
sends the result back to Alice. m

The following theorem establishes an upper bound on the half-duplex communication
complexity of the Inner Product in the model with zero.

Theorem 5. For any n € N, Dg4(IP,) < [2¢] 4 4.

Proof. Similarly to the proof of Theorem 3, Alice and Bob will view their inputs x,y €
{0,1}" as sequences of [n/2] blocks of length 2. If n is odd, both players append a zero
to their inputs. Consider the matrix defining the values of the function IP(u,v).

) “loolot]10]11
0 00|00
00 ol 1]0]1
10 [0]o01]1
11 o] 11]0



The crucial idea of the protocol is to decompose IP, into the XOR of three functions.
The goal is to reduce the number of entries equal to 1 in the function matrix. We flip all
entries in the row indexed by 11 and then all entries in the column indexed by 11. This
leads to the following decomposition

IPy(u,v) = (u,v) ® [u=11] & [v = 11].
The resulting function v (u, v) is given by the following table.

“loolo1|10]11
u

00 0(0]07]1
01 0O(1]0,0
10 0O(0}]10
11 1, 0(0]O0

Note that this decomposition decreases the number of entries equal to 1 from six to four.
Let u; and v; denote Alice’s and Bob’s ¢th blocks, respectively.

(/2] /2]
T,y) = @ 1Py (u;, v;) = @ (w(ul,vz) ® =11 @ [v; = HD
i=1 i=1
[n/2] [n/2] [n/2]
| B v | o | Blui=11]| @ | D= 11]
=1 i=1 i=1
[n/2]

= @ P(ui,v;) | @ (#.(11) mod 2) @ (#,(11) mod 2),

where #,(11) and #,(11) denote the numbers of blocks 11 in x and y, respectively. So,

we reduced computing block-wise IPy to computing block-wise ¢ and two local correction

terms, #,(11) mod 2 and #,(11) mod 2, which Alice and Bob can compute from their

respective inputs without communication. We are now ready to describe the protocol.
For blocks a,b € {00,01,10, 11}, let #(a,b) == |[{i : (u;, v;) = (a,b)}|.

Preprocessing stage Alice chooses the most frequent block u in x, breaking ties ac-
cording to a fixed order known to both players, and sends u to Bob in two rounds. Based
on the value of u, the players choose their strategies for two main stages of the protocol.
In each of Stages 1 and 2, each player uses the corresponding trigger block specified in
Table 2.

Table 2: Strategies of Alice and Bob based on the most frequent block in z.
Most frequent block in x | 00 | 01 | 10 | 11

Alice’s block in Stage 1 | 00 | 01 | 10 | 11
Bob’s block in Stage 1 00 |10 |01 |11
Alice’s block in Stage 2 | 01 | 00 | 11 | 10
Bob’s block in Stage 2 10 | 00 | 11 | 01

The quantities learned by the players in the two stages are as follows.
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u | Alice, Stage 1 | Bob, Stage 1 | Alice, Stage 2 | Bob, Stage 2
00 #(11,00) #(00,11) #(10, 10) #(01,01)
01 #(10, 10) #(01,01) #(11,00) #(00,11)
10 #(01,01) #(10, 10) #(00,11) #(11,00)
11 #(00,11) #(11,00) #(01,01) #(10, 10)

Stage 1 Alice and Bob iterate over all block positions, one position per round. Alice
sends 1 if and only if her block is her Stage 1 trigger block from Table 2; otherwise, she
receives. Bob acts analogously. By counting the relevant rounds in which they receive 1,
Alice and Bob learn the two Stage 1 quantities shown above.

A round is silent if both players receive. Since the only transmitted bit is 1, both
players recognize such positions by receiving 0. Since Alice’s trigger block is the most
frequent block u, the number of silent rounds is at most

3m <3t
2

4 8
Stage 2 Alice and Bob iterate only over the positions that were silent in Stage 1. In
each such position, Alice sends 1 if and only if her block is her Stage 2 trigger block from
Table 2; otherwise, she receives. Bob acts analogously.
By counting the relevant rounds in which they receive 1, Alice and Bob learn the two
Stage 2 quantities shown above. All pairs counted in Stage 2 are silent in Stage 1. Thus,
for every value of u, the two stages together count exactly the four pairs

(00,11), (01,01), (10,10), (11,00),

which are precisely the entries on which 1) is equal to 1. Stage 2 uses at most 3(n+1)/8
rounds.

Final stage Let p4 be the parity of the sum of the two quantities learned by Alice in
Stages 1 and 2, and define pp analogously for Bob. Then

[n/2]
pa @ o = @ v vi).

i=1

Alice sends
(#:(11) 4+ pa) mod 2

to Bob. Bob XORs it with (#,(11) +pp) mod 2, obtaining IP,,(x, y), and sends the result
to Alice in the last round.
The total number of rounds in the whole protocol is at most

n+1 3(n+1) 7(n+1) ™m
2 2=——"+4< —+5.
+ 2 8 i 8 i 8 *
Since the number of rounds is an integer, it is at most (%ﬂ + 4. O]



3.2 Disjointness
The Disjointness function DISJ, : {0,1}" x {0,1}" — {0, 1} is defined by
DISJ (z,y) =1 <= Vi€ [n]:x; A1 Vy # 1.

Classically, Disjointness has communication complexity n + 1. We show that it can be
computed more efficiently in the half-duplex model with zero.

Theorem 6. For all n € N, Di4(DISJ,) < 0.6615n + O(log® n).
The proof is based on the following more general statement.
Lemma 7. Let o € [0, 1], and define

1 1+ o
I+a’2 2log,3)"

ala) = max{

Then, for every n € N,
DS4(DISJ,) < ala)n + O(log? n).
Theorem 6 follows from the lemma by taking o = 0.5118.

Proof of Theorem 6. For o = 0.5118,

1 1 Q

1+a’2+210g23

a(e) = max{ } < 0.6615.

The claim follows from Theorem 7. O]

Proof of Theorem 7. We describe a recursive protocol and analyze its worst-case number
of rounds. Inputs of bounded length are handled by the trivial protocol; this affects only
the constant hidden in the O(log®n) term.

Reduction to even length If n is odd, the players exchange z, and v,, the last bits
of their inputs, using two rounds of communication. If x, = y, = 1, then both players
output 0 and terminate. Otherwise, they discard the last coordinate. In the rest of the
proof, we assume that n is even.

Pair Counting Similarly to the previous proofs, Alice and Bob will view their inputs
x,y € {0,1}" as sequences of /2 blocks of length 2.

First, Bob sends Alice the three numbers #,(00), #,(01), and #,(10). Alice then
computes #,(11) = n/2 — #,(00) — #,(01) — #,(10). Alice sends the analogous three
numbers to Bob. Since every counter is at most n/2, this stage requires O(log, n) rounds.

Consider the following four inequalities.

#4(01) + #,(01) = an/2, #,(00) + #.(11) > (1 — a)n/2,
#.(10) + #,(10) = an/2, #,(00) + #,(11) > (1 — a)n/2.
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We claim that at least one of these four inequalities holds. Indeed, if all four inequalities
are false simultaneously then

(#2(00) + #2(01) + #.(10) + #.(11)) + (#,(00) + #,(01) + #,(10) + #,(11))
<2(an/2+ (1 —a)n/2) =n.

This contradicts the fact that there are exactly n block occurrences across the two inputs,
so at least one of the four inequalities is true. We will consider these cases separately.
Since all these counters are known to both players, they can determine which inequalities
hold. If several inequalities hold, the players choose the first one in the displayed order.

Type 1 Branch Suppose that #,(01) + #,(01) > an/2. In n/2 rounds, the players
iterate over their blocks, one block per round, and send 1 every time the current block is
01; on all other blocks, the players receive. Each player sets a rejection flag in either of
the following cases:

1. the number of received 1’s is smaller than the number of 01 blocks in the other
player’s input; this means that a wasted round with block pair (01,01) occurred;

2. the player receives 1 while their own block is 11; this means that the block pair is
(11,01) or (01,11).

In either case, the inputs are not disjoint. The players exchange their rejection flags using

two rounds and terminate with output 0 if either flag is set.

Input Compression If neither rejection flag is set, the pair (01,01) does not occur.
Hence, the positions in which Alice has block 01 and those in which Bob has block 01
are disjoint, and their total number is

#.(01) + #,(01) > an/2.

All these positions are known to both players: a player whose block is not 01 receives 1
exactly when the other player’s block is 01, while a player with block 01 already knows
that the position must be eliminated. Thus, at most (1 — a)n/2 positions remain. Now
the players construct new inputs a’,y" of length n’ < (1 — a)n/2 by replacing blocks in
x,y (ignoring eliminated positions) with individual bits using the following rules:

000, 101, 11— 1.

For every remaining position, the original blocks intersect if and only if both correspond-
ing compressed bits are 1. Therefore,

DISJ,.(z,y) = DISJ, (2, ).

We can now apply the inductive hypothesis for the problem of length n’. The case
#,(10) + #,(10) > an/2 is symmetric after exchanging the first and second coordinates
within each block. In this case, the compression rule is

000, O0l—1, 11~ 1.
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Type 2 Branch Without loss of generality, assume that #,(00)+#.(11) > (1—a)n/2.
The case of #,(00) + #,(11) > (1 — a)n/2 is symmetric.

In n/2 rounds, the players iterate over their blocks, one block per round, and send 1
every time the current block is 00; on all other blocks, the players receive. During these
rounds, a player sets a rejection flag if their own block is 11 and they receive 0. Since
the only transmitted bit is 1, receiving 0 means that the other player also receives and
therefore has a block different from 00. Hence, the two blocks intersect. The players
exchange their rejection flags using two rounds and terminate with output 0 if either flag
is set.

If neither rejection flag is set, every block 11 is paired with a block 00 on the other
side. Moreover, both players know all positions in which at least one block is 00: a player
whose block is different from 00 receives 1 exactly when the other player’s block is 00,
while a player with block 00 already knows that the position must be eliminated.

Eliminating these positions also eliminates every position containing a block 11. In
particular, all positions in which Alice has block 00 or 11 are eliminated. By the assumed
inequality, their number is at least

#2(00) + #,(11) = (1 — a)n/2.

Therefore, at most an/2 positions remain, and every remaining block is either 01 or 10.
Now the players construct new inputs a’,y" of length n’ < an/2 by replacing blocks
in z,y (ignoring eliminated positions) with individual bits using the following rules:

Alice: 01+ 0, 101, Bob: 01+—1, 10~ 0.
Thus, the remaining instance of the Disjointness reduces to the Equality:
DISJ,.(z,y) = EQ, (2, y).

The Equality in the half-duplex model with zero can be solved in

o
1) <
o) 2log, 3

n/

1
oz, 3 n+O0(1)

rounds [HIMS18a].

Recurrence Analysis Let T'(n) be the upper bound on the number of rounds. Then

1_
Type L T(n) < 5 +T(n') + Olog, ), n < —n,
1
T 2: T < | = O(l .
e T(n) < 5+ e ) nt Ollomn

Linear Coefficient. For the Type 1 branch, by the definition of a(«),

1 1 1—
ala) > — — +ala) 20‘

14+« 2

< ala).

Hence, if the recursive call has size n’ < (1 — a)n/2, then

2y a(a)n’

< .
5 ala)n
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For the Type 2 branch,
1 N o (@)
— < ala).
2 2log,3

Thus, the total linear contribution is at most a(a)n.

Lower-order Terms. Only the Type 1 branch is recursive, and every recursive
call reduces the input length by a factor of at most (1 — «)/2 < 1/2. Therefore, the
recursion depth is O(log,n). Since each level adds O(log,n) rounds, the total lower-
order contribution is O(log®n). Hence,

T(n) < a(a)n + O(log? n). O

4 Complexity of Random Functions

A communication with a single-bit equality oracle (EQ;) can be viewed as a process where
Alice and Bob interact through a third party, Charlie. In each round, they each send one
bit to Charlie, who tells them only whether the bits are equal. Based on this information,
they update their knowledge and choose the next bits to send. This communication
defines a protocol that gradually restricts the set of possible inputs, at each step the
current rectangle of inputs is partitioned into up to four subrectangles (depending on the
possible pairs of bits sent). See [BFS86, Kra98, CLV19] for background on communication
complexity with oracles.

It is also easy to see that the communication complexity with a single-bit equality
oracle for a function f (denoted PE(f)) is at most the classical communication com-
plexity D(f). Indeed, each round of a classical protocol can be simulated by a round in
the EQ; model: one player sends a fixed (constant) bit to Charlie, while the other sends
the bit they would have sent in the classical protocol.

We now consider the complexity of random Boolean functions of 2n bits with a par-
titioned input for Alice and Bob.

Theorem 8. Let f: {0,1}" x {0,1}" — {0,1} be chosen uniformly at random. Then,
with probability 1 — o(1),
n—1<PRU(F)<n+ 1.

In particular, PEU(f) > n — 1 with probability 1 — o(1).

Proof. Let N, be the number of functions computable by protocols with the EQ, oracle
of depth at most d. After adding dummy rounds, we may assume that every protocol has
depth exactly d.

The oracle returns one bit, so its answer histories form the full binary tree of depth d.
For every history h € {0,1}<% the next bits sent by Alice and Bob are Boolean functions
of their respective inputs. Since there are 2¢ — 1 such histories, these functions can be

. on\2(29-1)
chosen in at most (2 ) ways.

In each round, the ordered pair of sent bits has four possible values. Moreover, each
player can reconstruct this pair from their own bit and the oracle’s answer. Hence the
output can be specified as a function of the full pair transcript 7 € ({0, 1}?)%. There are
at most 4¢ such transcripts and therefore at most 21 choices of outputs. Consequently,

Ny < 22T -0+
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Set d =n — 2. Then

9
logy Ng < 22772 — 1) +4"2 < o4

Since there are 2*" Boolean functions on {0,1}" x {0, 1}",
Pr [PEU(f) <n—2] <2754 = o(1).

Thus, PEU(f) > n — 1 with probability 1 — o(1). Finally, PE¥(f) < D(f) < n+1 for
every f. m

Corollary 9. For any function f, it holds that PE2(f) < Dh(f) < D(f).

Proof. Given a protocol in the half-duplex model with zero, encode both receive and
send 0 by the bit 0, and encode send 1 by the bit 1. In every round, the players send
these encoded bits to the EQ; oracle.

If a player receives in the original protocol, the reconstructed bit of the other player is
exactly the bit they would receive in the half-duplex model with zero. If a player sends,
they ignore the oracle answer and follow the transition corresponding to their own sent
bit. Thus, every zero-model protocol can be simulated without increasing its depth, and

PE(f) < Dyt (/).

Moreover, every protocol that is correct against arbitrary values supplied in silent
rounds is also correct when these values are fixed to zero. Hence,

Dy (f) < D(f)- a

Corollary 10. Let f:{0,1}" x {0,1}" — {0,1} be chosen uniformly at random. Then,
with probability 1 — o(1),

n—1<Dg'(f) <DY(f) Sn+ 1.

In particular, the half-duplex complexities with zero and with an adversary are both at
least n — 1 with high probability.

Proof. The lower bound follows from Theorem 8 and the preceding corollary. For the
upper bound, every classical protocol is a valid protocol in the model with an adversary,
since it uses neither silent nor wasted rounds. Therefore,

D(f) <D(f) <n+1, O

Theorem 11. Let f: {0,1}" x {0,1}" — {0,1} be chosen uniformly at random. Then,

with probability 1 — o(1),
n n
<DM(f) < 1
Logz 3J (/) Lng 3—‘ i
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Proof. Let N4 be the number of functions computable by protocols of depth at most d.
Extend every protocol to depth exactly d and embed each of its two protocol trees into
the full 5-ary tree of depth d.

For each fixed input of a player, at most 3’ nodes at level ¢ are reachable: sending leads
to one child, while listening leads to at most three children, corresponding to received 0,
received 1, or silence. Hence, over all internal levels, the number of reachable input-
node pairs for each player is at most 2"~ (3% —1). Since every such pair is assigned one of
three actions, the local strategies of both players can be chosen in at most 32"3"~1) ways.
Choosing the output labels of the leaves of the two full 5-ary trees additionally gives

N, < 32n(3d—1)22~5d _ 9logy 3)2"(3d—1)+2~5d‘

Set d = |n/logy 3| — 1. Then 3% < 2"/3 and 5¢ = o(4"), since logy 5 < 2. Therefore,

log, 3

log, Ny < ( + 0(1)) 4",

Since there are 24" Boolean functions on {0,1}" x {0, 1}", we have

Pr[D(f) < d] < 27 (75 W) — o1,
Thus, DM(f) > |n/log, 3] with probability 1 — o(1). Note that in the half-duplex
communication model with silence, we have an upper bound DM (f) < [n/log, 3] + 1 for
every Boolean f via ternary encoding. O

5 Conclusion

In this paper, we obtained new upper bounds on deterministic half-duplex communication
complexity. In particular, we proved that

DH(IP,) < [g] +2,  DM(P,) < [%ﬂ +4,  DM(DISJ,) < 0.6615n + O(log? n).
We also determined the half-duplex communication complexity of a uniformly random
Boolean function: with high probability, it is n/log, 3 + O(1) in the model with silence
and n 4+ O(1) in the models with zero and with an adversary.

We conclude with the following open problems:

1. Improve the best known bounds for DE4(IP,,). In contrast to the model with silence,
the gap in the model with zero is still substantial.

2. Narrow the gap between the lower and upper bounds for DE4(DISJ,,) and D24(DISJ,,).

3. For every half-duplex model, find an explicit Boolean function of the maximum
communication complexity.
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