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Abstract

We study one-way quantum communication lower bounds for search problems. Unlike deci-
sion problems, search problems can have many valid outputs, which poses a fundamental barrier
to standard quantum lower-bound techniques. We overcome this by developing a novel method
based on matrix discrepancy, which allows us to bound the output measurements of a quantum
protocol jointly.

As applications of our method, we establish the first tight quantum lower bounds for two
fundamental search problems in some natural parameter regimes: collision finding and triangle
finding. For collision finding, we prove a tight Ω(N1/4) one-way quantum communication lower
bound. Previously, the best-known quantum communication lower bound for collision finding
was Ω(N1/12) due to Göös and Jain (RANDOM 2022), and no stronger bound was known
even under the one-way restriction. For triangle finding in graph streams, we prove a one-pass
quantum streaming space lower bound of Ω

(√
∆V

)
for graphs with m edges, Θ(m) triangles, and

constant ∆E , where ∆V and ∆E denote the maximum number of triangles sharing a common
vertex and edge, respectively. This constitutes the first nontrivial quantum space lower bound
in this regime, matching the classical upper bound of Jayaram and Kallaugher (RANDOM
2021) up to logarithmic factors. Notably, our method also recovers the classical lower bound
of Kallaugher and Price (SODA 2017) through an entirely different argument, avoiding their
Boolean-Hidden-Matching reduction that breaks down for quantum protocols.
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1 Introduction
One-way quantum communication asks how many qubits Alice must send in a single message for
Bob to solve a two-party task with bounded error. Alice, given an input x, encodes it as a quantum
state and sends it to Bob; Bob, given his own input y, chooses a measurement and outputs either
a value f(x, y) or, for a search relation, a witness that is valid for the pair (x, y). Proving lower
bounds in this model is a fundamental task with many applications, including quantum streaming
lower bounds [NT17, Kal22, AD24], extension complexity [FMP+12, LRS15], the Matrix Spencer
problem [HRS22], coding theory [Nay99, ANTSV02, KdW04], and quantum finite automata [Nay99,
ANTSV02, Kla07b].

For total and partial Boolean functions, several powerful lower-bound techniques are available.
Quantum information complexity methods are particularly useful for bounded-round quantum
communication [JRS03b, BGK+18] and amortized lower bounds [JRS03a, Tou15]. Norm and rank
methods [Raz03, Kla07a, LS09b, LS09a], including approximate-degree-to-approximate-rank lifting
[SZ09, LZ10, She11], give lower bounds for composed Boolean functions. Fourier-analytic meth-
ods, especially matrix-valued hypercontractive inequalities, provide another approach to one-way
quantum communication lower bounds [BARdW08] and have been extended to quantum streaming
lower bounds [KP22, AD24]. At a high level, these techniques turn a protocol into a single object
to be bounded, such as an acceptance operator, a sign matrix, or a matrix-valued Boolean function.
This fits decision problems, where each input pair has one target bit and Bob’s measurement can
be summarized by its acceptance probability.

Search relations with many valid outputs pose a different challenge. Here Bob is not merely
deciding one predicate. For each Bob input, his quantum strategy can be described as a positive
operator-valued measure (POVM) over a large output space, and correctness is the total probability
assigned to the subset of witnesses that are valid for the joint input. Thus, a lower bound must
control how an entire family of POVM elements can correlate with a witness set determined jointly
by Alice and Bob. Existing Boolean-function techniques often do not apply to this object directly,
and decision-to-search reductions may lose polynomial factors. For instance, in collision finding, the
previous quantum lower bound obtained through decision-to-search reductions was only Ω(N1/12),
far below the birthday-paradox upper bound Õ(N1/4)1 [GJ22]. These limitations motivate the
following question:

Can we develop direct techniques for proving one-way quantum communication lower
bounds for natural search problems?

In this paper, we answer this question affirmatively by proposing a measurement-discrepancy
method. Instead of reducing the search task to a Boolean decision problem, we analyze Bob’s quan-
tum strategy directly through the positive operator-valued measures (POVMs) associated with his
inputs. In our applications, the Bob-side validity condition can be transformed into packing con-
straints of positive semidefinite (PSD) operators. After subtracting the trivial strategy baseline,
the success probability is upper bounded by a matrix-discrepancy quantity: the expected operator
norm of a centered random matrix sum under PSD packing constraints. We prove the required
discrepancy bounds using noncommutative Khintchine inequalities and matrix concentration esti-
mates, yielding the desired one-way quantum lower bounds.

This viewpoint is inspired by the connection between one-way quantum communication and
matrix discrepancy in [HRS22], but our use is different. Their work derives matrix-discrepancy

1Throughout the paper, Õ and Ω̃ suppress poly-logarithmic factors.
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bounds from quantum communication protocols; here, on the contrary, discrepancy estimates are
used inside the lower-bound proof to control the success probability of quantum search protocols.

We apply our method to two representative search problems with many valid outputs: collision
finding, where Bob must output a common collision certified jointly by Alice’s and Bob’s inputs,
and streaming triangle finding, where the algorithm must output an actual triangle in a graph
stream. For collision finding, we obtain an Ω(N1/4) one-way quantum lower bound, matching the
birthday-paradox upper bound in the M = N + Ω(N) regime. For triangle finding, we prove
an Ω(m

√
∆V /T ) one-pass quantum streaming lower bound on a hard family with T = Θ(m),

∆E = O(1), and 1 ≤ ∆V ≤ m2/3, recovering the classical
√
∆V dependence in the quantum setting

where the known reduction to Boolean-Hidden-Matching route is unavailable.

1.1 Our Results
Collision finding. For integers M,N with

√
N ∈ N, the bipartite collision-finding problem

ColFindN,M is defined as follows. Alice receives x = (x1, . . . , xM ) ∈ [
√
N ]M , Bob receives y =

(y1, . . . , yM ) ∈ [
√
N ]M , and Bob must output a pair i < j satisfying xi = xj and yi = yj .

Theorem 1.1. For M > N , every one-way quantum protocol that solves ColFindN,M with constant
success probability over independent uniform inputs must send Ω(N1/4) qubits.

The main difficulty of proving the above theorem lies in the regime M = N + Ω(N). When
M = N+o(N), Itsykson and Riazanov [IR21] proved a tight Ω(

√
N) quantum one-way lower bound

via a randomized reduction from set disjointness. For M = N +Ω(N), Göös and Jain [GJ22] gave
a Õ(N1/4) birthday-paradox protocol, but only proved an Ω(N1/12) quantum lower bound, even
for one-way protocols. Yang and Zhang [YZ24] later obtained the matching Ω̃(N1/4) lower bound
classically via density increments, but their argument does not extend to quantum communication;
nor does the standard quantum information-complexity approach seem to suffice [BFM18]. Our
theorem closes this gap with an Ω(N1/4) one-way quantum lower bound, tight up to logarithmic
factors in the hard regime.

Triangle finding in graph streams. For a simple undirected graph G, let T be its number of
triangles, ∆E the maximum number of triangles sharing an edge, and ∆V the maximum number
sharing a vertex. In triangle-finding streaming problem, a one-pass quantum algorithm receives an
arbitrary-order insertion stream of G’s edges and must output a triangle.

Theorem 1.2. Every one-pass quantum streaming algorithm that outputs a triangle with success
probability greater than 2/3 uses Ω

(√
∆V

)
qubits of space on a hard family of graphs with m edges,

T = Θ(m), ∆E = O(1), and 1 ≤ ∆V ≤ m2/3.

In our parameter regime, it matches the general classical space bound Õ
(
(m/T )(∆E +

√
∆V )

)
=

Õ(
√
∆V ) of Jayaram and Kallaugher [JK21], which is tight up to logarithmic factors.2 Thus, in

this regime, triangle finding admits no quantum space advantage.
On the lower-bound side, the quantum lower bound that follows from the reduction to INDEX

is only Ω(m∆E/T )[ANTSV02, BOV13, Kal22], which is merely a constant in our parameter setting
T = Θ(m) and ∆E = O(1). Under this choice of graph parameters, there has been an Ω(

√
∆V )

classical lower bound [KP17] via reduction to Boolean Hidden Matching, but it does not hold
in the quantum setting because Boolean Hidden Matching admits exponentially efficient one-way
quantum protocols [GKK+07, BYJK08].

2They give this upper bound for triangle counting, which is related but distinct from triangle finding. However,
their sampling procedure can be extended to triangle finding with the same asymptotic space bound.
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1.2 Technical Overview
The common idea: from search protocols to matrix discrepancy. The starting point of
our proofs is to treat Bob’s whole output measurement as the object to be bounded. Consider a
one-way quantum protocol for a search relation R ⊆ A × B × Z . On Alice’s input a ∈ A, Alice
sends a d-dimensional quantum state ρa; on Bob’s input b ∈ B, Bob applies a POVM {M (b)

z }z∈Z .
For a fixed Alice input a, define the averaged success operator

Ha := Eb

∑
z∈Z

1[(a, b, z) ∈ R]M (b)
z .

The success probability conditioned on a is Tr(ρaHa), and therefore

psucc ≤ Ea‖Ha‖.

Thus, rather than reducing the search problem to a Boolean decision problem, we directly upper
bound the largest eigenvalue of the operator collecting all successful outputs.

The main structural step is to separate the Alice-side and Bob-side parts of the validity condition
before bounding the protocol. For each possible output z ∈ Z, we introduce a finite set Ωz of refined
witnesses associated with z. We take these sets to be disjoint and write

Ω :=
⊔
z∈Z

Ωz.

In our applications, the validity indicator factors as

1[(a, b, z) ∈ R] =
∑
ω∈Ωz

Xω(a)Yω(b),

where Xω(a) depends only on Alice’s input and Yω(b) depends only on Bob’s input. Thus ω ∈ Ωz

should be read as a refined way in which the output z can be certified as valid. In the refinements
used below, the Bob-side factors are nonnegative and satisfy

∑
ω∈Ωz

Yω(b) ≤ 1 for every fixed b and
z.

We absorb the Bob-side factor into Bob’s POVM: for every z ∈ Z and ω ∈ Ωz, define

Pω := Eb

[
Yω(b)M

(b)
z

]
.

Then
Ha =

∑
z∈Z

∑
ω∈Ωz

Xω(a)Pω =
∑
ω∈Ω

Xω(a)Pω.

The operators Pω are positive semidefinite and satisfy packing constraints from POVM normaliza-
tion:

Pω � 0,
∑
ω∈Ω

Pω = Eb

∑
z∈Z

∑
ω∈Ωz

Yω(b)M
(b)
z � I.

In our applications, each Pω also has an upper bound Pω � βI: in collision finding, β = 1/
√
N ;

in triangle finding, β = 1/s. The global packing constraint prevents Bob’s POVM from placing
large total mass on many possible witnesses, while the pointwise bound prevents a single Bob-valid
measurement operator from dominating after the Bob-side randomness has been averaged out.
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We observe that, the contribution of EXω is the trivial guessing baseline. After subtracting this
baseline, the remaining advantage is captured by the centered operator

Ga =
∑
ω∈Ω

(
Xω(a)− EXω

)
Pω.

The lower-bound task is therefore to prove that Ea‖Ga‖ is small for every PSD packing that could
be produced by Bob’s POVM. Although Bob’s measurement is completely arbitrary and protocol-
dependent, the proof uses only the packing constraints forced by POVM normalization and the
Bob-side validity condition.

This is where matrix discrepancy enters. The centered variables Xω(a)− EXω play the role of
random signs or centered random coefficients, while the operators Pω form a packed family of ma-
trices. We bound the resulting random matrix sum using a noncommutative Khintchine inequality,
which reduces the problem to controlling the largest grouped operator norm in the packing. This
final control is obtained by a matrix concentration argument tailored to the combinatorics of the
problem. In collision finding, the grouping comes from buckets of equal labels after a decoupling
step; in triangle finding, it comes from the hidden block structure induced by random bijections.
Thus both lower bounds follow the same route: convert the search measurement into a PSD packing,
subtract the baseline success, and bound the centered advantage by a matrix-discrepancy estimate.

Collision finding: decoupling collision indicators into buckets. We first illustrate the
method on collision finding. Alice and Bob receive independent strings x, y ∈ [

√
N ]M , and Bob

must output a pair i < j such that xi = xj and yi = yj . For Bob’s POVM {M (y)
i,j }i<j , we absorb

the Bob-side collision condition into the measurement by defining

Pi,j := Ey

[
1[yi = yj ]M

(y)
i,j

]
.

The POVM normalization and E[1[yi = yj ]] =
1√
N

immediately imply

Pi,j � 0, Pi,j �
1√
N
I,

∑
i<j

Pi,j � I.

For a fixed Alice input x, the success operator is given by

Hx =
∑
i<j

1[xi = xj ]Pi,j .

Centering the Alice-side collision indicators gives

Hx =
1√
N

∑
i<j

Pi,j +
∑
i<j

(
1[xi = xj ]−

1√
N

)
Pi,j .

The first term is bounded by I/
√
N , which is the trivial guessing contribution. Hence, it remains

to bound the operator norm of the centered discrepancy

Gx :=
∑
i<j

(
1[xi = xj ]−

1√
N

)
Pi,j .
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The indicators 1[xi = xj ] are highly dependent because different pairs may share common
coordinates. To expose independent randomness, we randomly bipartition the index set into (L∪R)
and keep only the cross pairs. It suffices, up to a constant factor, to bound the cross term

SL,R(x) :=
∑
i∈L

∑
j∈R

(
1[xi = xj ]−

1√
N

)
Pi,j .

After conditioning on the labels on the right side, define the bucket operators

Bi,c :=
∑

j∈R:xj=c

Pi,j , Bi :=
1√
N

∑
c∈[

√
N ]

Bi,c.

Then the cross term becomes
SL,R(x) =

∑
i∈L

(
Bi,xi −Bi

)
,

where the remaining randomness comes from the independent labels (xi)i∈L. A matrix Khintchine
inequality bounds this centered sum in terms of the largest bucket norm

Z := max
i∈L, c∈[

√
N ]

‖Bi,c‖.

The packing condition implies
∑

i,cBi,c � I, while a matrix Chernoff argument over the right-side
labels gives

EZ ≲ log d+ logN√
N

.

Consequently,

Ex‖Gx‖ ≲
√

log d(log d+ logN)√
N

.

Combining this with the baseline term yields

psucc ≤
1√
N

+O

(√
log d(log d+ logN)√

N

)
.

Since d = 2k, any protocol with constant success probability must satisfy k = Ω(N1/4), giving the
desired one-way quantum lower bound for collision finding.

Triangle finding: hidden blocks and concentration over bijections. The second applica-
tion, triangle finding, uses the same proof method after a streaming-to-communication reduction.
The communication problem arising from our hard distribution is denoted by TripTri(r, s). Alice
holds random bijections Fi : X → Zi for i ∈ [s] and a random matrix A : X × Y → {0, 1}, while
Bob holds a random bijection C : [s] → Y . Bob must output a triple (x, i, z) satisfying

z = Fi(x) and Ax,C(i) = 1.

In the streaming reduction, Alice inserts the XZ- and XY -edges and sends the memory state of the
streaming algorithm to Bob; Bob then inserts the Y Z-edges. Any triangle output by the streaming
algorithm gives exactly such a witness.
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The quantum lower bound for TripTri(r, s) mirrors the collision argument. For Bob’s POVM
MC

x,i,z, define the averaged success operator

HF,A := EC

∑
x∈X

s∑
i=1

Ax,C(i)M
C
x,i,Fi(x)

.

Writing Ax,y = 1/2 + ηx,y separates the trivial baseline from the advantage. The constant part
contributes at most I/2, and the centered part is

GF,A := EC

∑
x∈X

s∑
i=1

ηx,C(i)M
C
x,i,Fi(x)

.

As before, the goal is to bound EF,A‖GF,A‖. To expose the matrix-discrepancy structure, define

Px,i,z,y := EC

[
1C(i)=yM

C
x,i,z

]
.

These matrices form a PSD packing: each Px,i,z,y is positive semidefinite and the total mass is
bounded by the identity. With

Qx,y(F ) :=

s∑
i=1

Px,i,Fi(x),y,

the centered operator becomes

GF,A =
∑
x∈X

∑
y∈Y

ηx,yQx,y(F ).

It remains to control the block norms maxx,y ‖Qx,y(F )‖. This is where the random bijections
F1, . . . , Fs are used: they spread the packed measurement mass across the r vertices inside each
block, and a matrix concentration bound shows that no block Qx,y(F ) is too large on average.
Combined with the matrix Khintchine bound for the centered signs ηx,y, this gives the desired
upper bound on EF,A‖GF,A‖.

1.3 Related Work
1.3.1 Communication Lower Bounds for Collision Finding.

Collision finding is a basic search problem at the interface of communication complexity [GJ22],
cryptography [BFM18], proof complexity [IR21], and quantum algorithms [BHT98]. In the query
model, the problem has a well-understood quantum complexity: the Brassard–Høyer–Tapp algo-
rithm [BHT98] finds a collision in an r-to-one function using O((N/r)1/3) queries, and this bound
was shown to be optimal by Shi [Shi02], improving Aaronson’s earlier lower bound [Aar02].

Communication versions of collision finding have emerged more recently from several indepen-
dent motivations. Bauer, Farshim, and Mazaheri introduced related communication tasks in their
study of backdoored random oracles, where communication lower bounds imply security of hash
combiners [BFM18]. Itsykson and Riazanov studied collision-type search problems arising from the
bit-pigeonhole principle and used communication lower bounds to derive proof-complexity lower
bounds[IR21]. Göös and Jain [GJ22] subsequently introduced a natural two-party bipartite colli-
sion problem, in which Alice and Bob hold complementary parts of the binary encoding of each
item, and proved the first polynomial lower bound, Ω(N1/12), even for quantum communication
protocols. They also observed an O(N1/4 logN) birthday-paradox protocol and conjectured it to
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be essentially optimal. For classical randomized communication, this conjecture was resolved by
Yang and Zhang, who proved a tight Ω̃(N1/4) lower bound via density-increment arguments [YZ24].
Recent work of Beame and Whitmeyer further extended collision-finding lower bounds to multi-
party number-in-hand communication, with applications to cutting-plane lower bounds for concise
pigeonhole principles [BW25].

1.3.2 Streaming Lower Bounds for Triangle Finding

Triangle finding is a canonical subgraph problem that appears far beyond streaming algorithms,
serving as a structural primitive in graph algorithms [IR78, AYZ97], fine-grained complexity [RVW11,
VWW18], database theory [NPRR12], quantum algorithms [MSS07, LMS13, LG14], property test-
ing [AKKR08], distributed computing [ILG17, CPZ19, ILGM20], and network analysis [MSOI+02,
SW05, Lat08, SV11]. These connections make triangle finding a natural problem for understanding
the power and limitations of quantum streaming algorithms.

Triangle counting and detection in graph streams. Most of the streaming literature on
triangles has focused on numerical or Boolean versions of the problem: estimating the number
of triangles, or distinguishing triangle-free graphs from graphs containing many triangles. Bar-
Yossef, Kumar, and Sivakumar initiated the use of communication reductions for triangle counting
in streams [BYKS02]. Subsequent work refined both the algorithms and the parameterized lower
bounds for this problem [BOV13, CJ17, BC17]. A convenient parameterization, now standard in
this line of work, uses the number of triangles T , the maximum number ∆E of triangles sharing an
edge, and the maximum number ∆V of triangles sharing a vertex. Braverman, Ostrovsky, and Vi-
lenchik proved an Ω(m∆E/T ) lower bound [BOV13]. Kallaugher and Price gave the complementary
Ω(m

√
∆V /T ) lower bound and a hybrid sampling algorithm [KP17]. Jayaram and Kallaugher later

obtained the optimal one-pass insertion-stream algorithm, with space Õ
(
m
T (∆E +

√
∆V )

)
, match-

ing these lower bounds up to logarithmic factors [JK21]. Related linear-sketching and hypergraph-
counting variants were studied by Kallaugher, Kapralov, and Price [KKP18].

Quantum streaming algorithms for triangle counting. The problem in the quantum setting
is quite different. The Ω(m∆E/T ) lower bound continues to hold in the quantum streaming model,
because it is based on the INDEX problem, or equivalently on quantum random-access-code lower
bounds [ANTSV02, BOV13]. In contrast, the classical Ω(m

√
∆V /T ) lower bound of Kallaugher

and Price [KP17] goes through Boolean Hidden Matching, which has exponentially more efficient
one-way quantum protocols [BYJK08, GKK+07]. The missing

√
∆V quantum lower bound for

triangle counting is not merely a limitation of existing proof techniques: a quantum lower bound
matching the classical Ω(m

√
∆V /T ) term cannot hold in general, since Kallaugher gave a one-pass

quantum streaming algorithm for triangle counting using

Õ

(
m8/5∆

4/5
E

T 6/5

)

space, which is polynomially smaller than the optimal classical bound in some parameter regimes
[Kal22]. For example, when ∆E = O(1) and ∆V = Ω(T ) = Ω(m), this gives Õ(m2/5) space,
whereas the classical lower bound is Ω̃(m1/2). More recent work abstracts the design of such
quantum streaming algorithms and gives a more modular way to derive quantum streaming upper
bounds [KPV25]. Together, these results show that triangle problems in quantum streams exhibit
a subtly different parameter dependence from their classical counterparts.
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1.4 Open Problems
Our results naturally suggest several directions for future work.

• First, it remains open to obtain a complete parameterized lower bound for quantum triangle
finding. We prove an Ω(

√
∆V ) one-pass lower bound in the regime T = Θ(m), ∆E = O(1),

and 1 ≤ ∆V ≤ m2/3. A natural goal is to understand whether the optimal one-pass quantum
space complexity matches the classical bound

Θ̃
(m
T
(∆E +

√
∆V )

)
throughout all parameter regimes.

• Second, it would be interesting to understand the multi-pass quantum triangle finding. Our
reduction is one-pass and yields a one-way quantum communication problem; a p-pass algo-
rithm would correspond to a p-round communication protocol, which is not covered by our
current matrix-discrepancy argument. Classically, triangle counting admits strong multi-pass
lower bounds, for example

Ω
(
min{m3/2/T, m/

√
T}
)

up to pass-dependent factors [BC17]. This raises the question of whether similar multi-pass
quantum lower bounds hold for triangle finding or triangle counting, or whether quantum
multi-pass streaming algorithms can achieve a space advantage in some parameter regime.

• In addition, another direction is to see if the measurement-discrepancy method can be ex-
tended to multiparty communication models. A natural setting is the k-party number-in-
hand version of collision finding studied by Beame and Whitmeyer [BW25]: player r receives
x(r) ∈ [q]M , and the players must output a pair i 6= j such that

x
(r)
i = x

(r)
j for every r ∈ [k].

Their work gives nearly tight randomized communication lower bounds for this problem. Can
one prove analogous lower bounds for quantum multiparty protocols?

2 Preliminaries
We write [n] := {1, . . . , n} and denote by Sn the symmetric group on [n]. All logarithms are natural
unless stated otherwise. We say A � 0 if A is positive semidefinite. For Hermitian matrices A and
B of the same dimension, we write A � B if B−A is positive semidefinite. The norm ‖A‖ denotes
the spectral norm, and I denotes the identity operator on the underlying Hilbert space. A density
matrix is a positive semidefinite operator with trace one. All Hilbert spaces appearing in our proofs
are finite-dimensional.

We shall use the following two standard estimates repeatedly. The first is the contraction
principle for Rademacher sums in Banach spaces.

Lemma 2.1 ([LT91, Theorem 4.4]). Let B be a Banach space, let xa ∈ B, and let εa be independent
Rademacher signs. If αa ∈ R satisfy |αa| ≤ L, then

Eε

∥∥∥∥∥∑
a

εaαaxa

∥∥∥∥∥
B

≤ LEε

∥∥∥∥∥∑
a

εaxa

∥∥∥∥∥
B

.
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The second estimate is the self-adjoint matrix Khintchine inequality, which controls the spectral
norm of a random signed sum of fixed self-adjoint matrices.

Lemma 2.2 (See [Tro15, Section 4.7.2], see also [Ver18, Theorem 5.4.14]). Let Aa be fixed self-
adjoint operators on a d-dimensional Hilbert space, and let εa be independent Rademacher signs.
Then, for some sufficiently large constant K, we have:

Eε

∥∥∥∥∥∑
a

εaAa

∥∥∥∥∥ ≤ K
√
log(2d)

∥∥∥∥∥∥
(∑

a

A2
a

)1/2
∥∥∥∥∥∥ .

We use the following standard scalar Chernoff bound.

Lemma 2.3. Let X1, . . . , Xn be independent random variables taking values in [0, 1], and let
X =

∑n
i=1Xi and E[X] = µ. Then, for every δ ∈ (0, 1),

Pr
[
|X − µ| ≥ δµ

]
≤ 2 exp(−δ2µ/3).

Graph notations Let G = (V,E) be a finite, simple, and undirected graph, where V (G) and
E(G) denote the vertex set and edge set, respectively. We denote the set of all triangles in G by
Tri(G), and write the number of triangles in G as

T (G) := |Tri(G)| .

We define the maximum edge-triangle degree of G as

∆E(G) := max
e∈E(G)

|{τ ∈ Tri(G) : e ⊆ τ}| .

and the maximum vertex-triangle degree of G as

∆V (G) := max
v∈V (G)

|{τ ∈ Tri(G) : v ∈ τ}| .

For simplicity, whenever the underlying graph G is unambiguous from the context, we suppress
the explicit dependence and simply write T , ∆E , and ∆V .

Definition 2.4 (Collision finding). Assume that
√
N is an integer, and there is an integer M > N .

Alice receives x = (x1, . . . , xM ) ∈ [
√
N ]M and Bob receives y = (y1, . . . , yM ) ∈ [

√
N ]M . Alice sends

a single quantum message to Bob. Bob must output a pair i < j such that xi = xj and yi = yj.

Definition 2.5 (Triangle finding). In the one-pass insertion-only graph-stream version of triangle
finding, the input is an arbitrary-order stream of the edges of a finite simple graph G = ([n], E).
After processing the stream, the algorithm outputs either a triple of vertices τ = {u, v, w} ⊆ [n]
or a failure symbol ⊥. The output is valid if and only if τ ∈ Tri(G), equivalently all three edges
{u, v}, {u,w}, {v, w} belong to E. In parameterized statements, we restrict the input graph by its
number of edges m = |E|, number of triangles T (G), maximum edge-triangle degree ∆E(G), and
maximum vertex-triangle degree ∆V (G).
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2.1 Quantum Computing
In this paper, we only consider finite-dimensional Hilbert space. A qubit is a quantum system
described by a two-dimensional complex Hilbert space C2, with computational basis written in Dirac
notation as |0〉 and |1〉; a pure qubit state is a unit vector α |0〉+ β |1〉 ∈ C2, where |α|2 + |β|2 = 1.
Moreover, a k-qubit system has state space (C2)⊗k ∼= C2k , with computational basis {|x〉 : x ∈
{0, 1}k}. A pure state is a unit vector |ψ〉 and is identified with the rank-one density operator
|ψ〉 〈ψ|. More generally, a mixed state on a Hilbert space H is a density operator which is positive
semidefinite and has trace one, and we write the set of all density operators on H as

D(H) := {ρ � 0 : Tr(ρ) = 1}.

A quantum channel is a completely positive trace-preserving linear map between operator spaces.
Measurements in this paper are described by POVMs, recalled next.
Definition 2.6 (Positive Operator-Valued Measure). Let H be a d-dimensional Hilbert space repre-
senting the state space of k qubits, where d = 2k. Let Ω be a finite set of measurement outcomes. A
Positive Operator-Valued Measure (POVM) on Ω is a collection of positive semidefinite operators
{Mω}ω∈Ω acting on H that satisfies:

Mω � 0 ∀ω ∈ Ω, (1)

and the completeness relation: ∑
ω∈Ω

Mω = I. (2)

If a POVM {Mω}ω∈Ω is measured on a state ρ, then the probability of outcome ω is Tr(Mωρ).

Quantum one-way protocols for search relations Let A and B be Alice’s and Bob’s input
spaces, Z be the output space, and R ⊆ A × B × Z be a relation. An output z ∈ Z is valid on
input (a, b) if and only if (a, b, z) ∈ R.
Definition 2.7 (Quantum one-way communication complexity). Let R ⊆ A×B×Z be a relation,
and let ε ∈ [0, 1]. We assume that Alice and Bob share no prior entanglement.

A quantum one-way protocol Π of message dimension d consists of the following parts:
1. For each input a ∈ A, Alice prepares a density operator

ρa ∈ D(Cd)

and sends it to Bob.

2. For each input b ∈ B, Bob performs a POVM

M (b) = {M (b)
z }z∈Z

on Cd, where M (b)
z � 0 and

∑
z∈Z M

(b)
z = Id. On inputs (a, b), the protocol outputs z ∈ Z

with probability
Pr[z | a, b] = Tr

(
M (b)

z ρa

)
.

The quantum one-way communication cost of Π is log2 d.
We consider distributional one-way quantum communication protocols for search relations. Let

µ be an input distribution on A× B. The success probability of the protocol under µ is

psucc = E(a,b)∼µ

∑
z∈Z

1{(a, b, z) ∈ R}Tr
(
M (b)

z ρa

)
.
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Quantum streaming algorithms A quantum streaming algorithm for a graph problem has
sequential access to an edge stream

e1, e2, . . . , em,

where each ei is an edge of an input graph G = ([n], E). The algorithm processes the edges from
left to right using a limited quantum workspace. The edges may arrive in an arbitrary, possibly
adversarial, order.

First, the algorithm receives the number of vertices n and the number of edges m. It then
initializes a quantum work register W , consisting of s(n) qubits, to a fixed state ρ0, typically

ρ0 = |0s(n)〉 〈0s(n)| .

For each possible edge e ∈
(
[n]
2

)
, the algorithm has a corresponding quantum channel Ae acting

on W . As the edge stream is processed, the state of the work register evolves as

ρi = Aei(ρi−1), i = 1, 2, . . . ,m.

After the last edge is processed, the algorithm measures the work register W . Based on the
measurement outcome, it outputs a value Z, which may be a decision, an estimate, or another
quantity determined by the graph problem.

Throughout this framework, the space complexity of the algorithm is the number of qubits s(n)
stored in the work register between two consecutive edge arrivals. We place no restriction on the
running time or computational complexity of the quantum update channels. We also allow the
algorithm read-only access to public random bits; these random bits are not stored in the work
register and are not charged to the streaming space.

3 Quantum Communication Lower Bound for Collision Finding
In this section, we prove a one-way quantum communication lower bound for the collision-finding
problem. We begin by establishing the matrix discrepancy estimate and the matrix Chernoff bound
that will be used in the proof.

3.1 Matrix Discrepancy and Matrix Chernoff Bound
Lemma 3.1. Let A and C be finite sets. Let {Ra,c : a ∈ A, c ∈ C} be positive semidefinite operators
on a d-dimensional Hilbert space such that∑

a∈A

∑
c∈C

Ra,c � I.

For each a ∈ A, set Ra := 1
|C|
∑

c∈C Ra,c and Z := maxa∈A, c∈C ‖Ra,c‖. Let u = (ua)a∈A, where the
ua’s are independent and uniformly distributed on C. Then

Eu

∥∥∥∥∥∑
a∈A

(Ra,ua −Ra)

∥∥∥∥∥ ≤ C
√
log(2d)

√
Z,

where C > 0 is a universal constant.
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Proof. Let u′ = (u′a)a∈A be an independent copy of u. Since Eu′
a
[Ra,u′

a
] = Ra, by Jensen’s inequality,

we have

Eu

∥∥∥∥∥∑
a∈A

(Ra,ua −Ra)

∥∥∥∥∥ = Eu

∥∥∥∥∥Eu′
∑
a∈A

(Ra,ua −Ra,u′
a
)

∥∥∥∥∥ ≤ Eu,u′

∥∥∥∥∥∑
a∈A

(Ra,ua −Ra,u′
a
)

∥∥∥∥∥ .
Let (εa)a∈A be independent Rademacher signs. Specifically, they are independent of u, u′. By
symmetry,

Eu,u′

∥∥∥∥∥∑
a∈A

(Ra,ua −Ra,u′
a
)

∥∥∥∥∥ = Eu,u′,ε

∥∥∥∥∥∑
a∈A

εa(Ra,ua −Ra,u′
a
)

∥∥∥∥∥ ≤ 2Eu,ε

∥∥∥∥∥∑
a∈A

εaRa,ua

∥∥∥∥∥ .
Conditioning on u, Lemma 2.2 applied with Aa = Ra,ua gives

Eε

∥∥∥∥∥∑
a∈A

εaRa,ua

∥∥∥∥∥ ≤ C0

√
log(2d)

∥∥∥∥∥∥
(∑

a∈A
R2

a,ua

)1/2
∥∥∥∥∥∥ .

Since 0 � Ra,ua � ZI, we have R2
a,ua

� ZRa,ua . Moreover,
∑

a∈ARa,ua �
∑

a∈A
∑

c∈C Ra,c � I.
Therefore ∑

a∈A
R2

a,ua
� ZI, and

∥∥∥∥∥∥
(∑

a∈A
R2

a,ua

)1/2
∥∥∥∥∥∥ ≤

√
Z.

Combining the estimates and absorbing the numerical factor into C proves the claim.

To analyze the quantum protocol, we use a matrix Chernoff bound.

Lemma 3.2. Let A,B, C be finite sets. For every a ∈ A and b ∈ B, let Pa,b � 0 be an operator on
a d-dimensional Hilbert space. Suppose

Pa,b �
1

|C|
I for all a, b, and

∑
a∈A

∑
b∈B

Pa,b � I.

Let v = (vb)b∈B, where vb’s are independent and uniformly distributed on C. Define Ra,c(v) :=∑
b∈B: vb=c Pa,b for a ∈ A, c ∈ C. Then

Ev max
a∈A, c∈C

‖Ra,c(v)‖ ≤ C
log(2d) + log(2|C|)

|C|
,

where C > 0 is a universal constant.

Proof. For each a ∈ A define the row sum Aa :=
∑

b∈B Pa,b. Then Aa � 0, Aa � I, and∑
a∈A

Aa =
∑
a∈A

∑
b∈B

Pa,b � I.

In particular,
∑

a∈ATr(Aa) ≤ d. Let L := log(2d) + log(2|C|) and τ := L
|C| . For every row with

‖Aa‖ ≤ τ , we have
max
c∈C

‖Ra,c(v)‖ ≤ ‖Aa‖ ≤ τ
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deterministically. It remains to control the rows with ‖Aa‖ > τ . Let Abig := {a ∈ A : ‖Aa‖ > τ}.
Since Aa � 0, Tr(Aa) ≥ ‖Aa‖, and hence

|Abig| τ <
∑

a∈Abig

Tr(Aa) ≤ d.

Thus, |Abig| ≤ d/τ . If Abig is empty, the maximum over big rows is zero, and only the deterministic
small-row bound remains. Hence, we assume below that Abig is nonempty.

For fixed a ∈ A and c ∈ C, the operators 1{vb=c}Pa,b indexed by b ∈ B are independent and
positive semidefinite. Since

∑
b∈B Pa,b � I, we have

Ev[Ra,c(v)] =
1

|C|
∑
b∈B

Pa,b �
1

|C|
I.

Moreover, 0 � 1{vb=c}Pa,b � 1
|C|I. By the matrix Chernoff bound, for every u ≥ 0,

Pr

[
‖Ra,c(v)‖ ≥ C0

u+ log(2d) + 1

|C|

]
≤ e−u,

where C0 > 0 is a universal constant. Taking a union bound over the |Abig| |C| choices of (a, c) with
a ∈ Abig gives

Pr

[
max

a∈Abig, c∈C
‖Ra,c(v)‖ ≥ C0

u+ log(2d) + log(|Abig| |C|) + 1

|C|

]
≤ e−u.

Since τ = L/|C| and L ≥ 1,

log(|Abig| |C|) ≤ log(d|C|/τ) = log d+ log |C|+ log(|C|/L) ≤ log d+ 2 log |C|.

Integrating this tail bound over u ≥ 0 yields

Ev max
a∈Abig, c∈C

‖Ra,c(v)‖ ≤ C · log(2d) + log(2|C|)
|C|

,

after absorbing the additive constant into the universal constant C. Combining the deterministic
bound on the small rows with the last inequality and absorbing τ = L/|C| into the constant proves
the claim.

3.2 Proof of Theorem 1.1
Proof of Theorem 1.1. Let I = [M ] and C = [

√
N ]. Alice and Bob receive independent uniform

strings x, y ∈ CI , and Bob must output a pair i < j such that xi = xj and yi = yj .
Fix a k-qubit one-way quantum protocol and put d = 2k. On Alice’s input x, Alice sends a

density matrix ρx on Cd. On Bob’s input y, Bob performs a POVM

M(y) =
{
M

(y)
{i,j} : {i, j} ∈

(I
2

)}
where M (y)

{i,j} � 0 and
∑

{i,j}∈(I
2
)M

(y)
{i,j} = I. For fixed Alice input x, define the averaged success

operator
Hx := Ey

∑
{i,j}∈(I

2
)

1{xi=xj}1{yi=yj}M
(y)
{i,j}.
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The success probability conditioned on x is Tr(ρxHx). Since ρx is a density matrix, Tr(ρxHx) ≤
‖Hx‖. Therefore

psucc ≤ Ex‖Hx‖. (3)

For each output pair {i, j} ∈
(I
2

)
, define P{i,j} := Ey

[
1{yi=yj}M

(y)
{i,j}

]
. These operators are

positive semidefinite. Moreover, because each POVM element satisfies M (y)
{i,j} � I and Pry[yi =

yj ] = 1/|C|, we have
P{i,j} �

1

|C|
I.

The POVM normalization also gives∑
{i,j}∈(I

2
)

P{i,j} = Ey

∑
{i,j}∈(I

2
)

1{yi=yj}M
(y)
{i,j} � Ey

∑
{i,j}∈(I

2
)

M
(y)
{i,j} � I.

Thus, the protocol induces a PSD packing

P{i,j} � 0, P{i,j} �
1

|C|
I,

∑
{i,j}∈(I

2
)

P{i,j} � I.

The success operator becomes
Hx =

∑
{i,j}∈(I

2
)

1{xi=xj}P{i,j}.

For every pair {i, j}, we have

1{xi=xj} =
1

|C|
+

(
1{xi=xj} −

1

|C|

)
.

The constant part contributes an operator bounded by 1
|C|
∑

{i,j}∈(I
2
) P{i,j} � 1

|C|I.
Hence, by (3),

psucc ≤
1

|C|
+ Ex‖Gx‖, (4)

where the centered discrepancy operator is Gx :=
∑

{i,j}∈(I
2
)

(
1{xi=xj} −

1
|C|

)
P{i,j}.

We first decouple the pairs by a random bipartition. Let (δi)i∈I be independent uniform bits,
independent of x, and define

Crossδ(i, j) := 1{δi ̸=δj}.

Since Eδ Crossδ(i, j) = 1/2,

Gx = 2Eδ

∑
{i,j}∈(I

2
)

Crossδ(i, j)

(
1{xi=xj} −

1

|C|

)
P{i,j}.

By Jensen’s inequality, we have

Ex‖Gx‖ ≤ 2Eδ,x

∥∥∥∥∥∥∥
∑

{i,j}∈(I
2
)

Crossδ(i, j)

(
1{xi=xj} −

1

|C|

)
P{i,j}

∥∥∥∥∥∥∥ . (5)
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Fix the partition
L := {i ∈ I : δi = 0}, R := {i ∈ I : δi = 1}.

For a ∈ L and b ∈ R, write Pa,b := P{a,b}. Then

Pa,b �
1

|C|
I,

∑
a∈L

∑
b∈R

Pa,b � I.

The cross contribution is

SL,R(x) :=
∑
a∈L

∑
b∈R

(
1{xa=xb} −

1

|C|

)
Pa,b.

It remains to bound this quantity uniformly over the fixed partition. The following argument will
condition on the xb’s for b ∈ R. To explicitly emphasize the difference of left and right, we write
ua := xa for a ∈ L and vb := xb for b ∈ R. For a ∈ L and c ∈ C, define

Ba,c(v) :=
∑

b∈R: vb=c

Pa,b, Ba(v) :=
1

|C|
∑
c∈C

Ba,c(v).

Equivalently,
Ba(v) =

1

|C|
∑
b∈R

Pa,b.

Conditioned on v, the variables (ua)a∈L are independent and uniformly distributed on C, and

SL,R(x) =
∑
a∈L

(
Ba,ua(v)−Ba(v)

)
.

Moreover, ∑
a∈L

∑
c∈C

Ba,c(v) =
∑
a∈L

∑
b∈R

Pa,b � I.

Therefore Lemma 3.1, applied to the family {Ba,c(v) : a ∈ L, c ∈ C}, gives

Eu

[
‖SL,R(u, v)‖ | v

]
≤ C

√
log(2d)

√
Zv,

where Zv := maxa∈L, c∈C ‖Ba,c(v)‖. Taking expectation in v and using Jensen’s inequality for the
square root,

Eu,v‖SL,R(u, v)‖ ≤ C
√

log(2d)
√
EvZv.

If L = ∅ or R = ∅, then the last expectation is zero. Otherwise, Lemma 3.2 applies with
A = L,B = R and color setC yields

EvZv ≤ C · log(2d) + log(2|C|)
|C|

.

Consequently, uniformly over the fixed partition,

Eu,v‖SL,R(u, v)‖ ≤ C

√
log(2d)

(
log(2d) + log(2|C|)

)
|C|

. (6)
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Averaging (6) over δ and using (5), absorbing the factor 2 into the constant, gives

Ex‖Gx‖ ≤ C

√
log(2d)

(
log(2d) + log(2|C|)

)
|C|

.

Combining with (4), and using |C| =
√
N and d = 2k, we get

psucc ≤
1√
N

+ C

√
(k + 1)

(
k + 1 + logN

)
√
N

. (7)

Finally assume M > N and psucc ≥ δ for a fixed constant δ > 0. Since 1/
√
N = o(1), (7)

implies
(k + 1)

(
k + 1 + C logN

)
= Ωδ(

√
N).

Equivalently, there is a constant c0 = c0(δ) > 0 such that, for all sufficiently large N ,

(k + 1)
(
k + 1 + C logN

)
≥ c0

√
N.

Choose α > 0 so that 2α2 < c0. Since logN = o(N1/4), for all sufficiently large N we have
C logN ≤ αN1/4. If k + 1 ≤ αN1/4, then

(k + 1)
(
k + 1 + C logN

)
≤ 2α2

√
N < c0

√
N,

contradicting the preceding lower bound. Hence, k = Ωδ(N
1/4). This completes the proof.

4 Quantum Streaming Lower Bound for Triangle Finding
In this section, we prove the quantum streaming lower bound for the triangle-finding problem. We
begin by establishing the hard input distribution and the communication game for reduction.

4.1 Hard Input Distribution
Definition 4.1. Let r, s ∈ N. We define a random graph G = (V,E) as follows. Let V = X∪Y ∪Z
be a partition of the vertex set with |X| = r and |Y | = s. The set Z is partitioned into s blocks
Z = Z1 ∪ · · · ∪ Zs and |Zi| = r.

• Sample uniformly random bijections Fi : X → Zi for all i ∈ [s], and define

EXZ =
{
(x, Fi(x)) : x ∈ X, i ∈ [s]

}
;

• Sample a uniformly random function A : X × Y → {0, 1}, and define

EXY =
{
(x, y) : A(x, y) = 1

}
;

• Sample a uniformly random bijection C : [s] → Y , and define

EY Z =
{
(C(i), z) : i ∈ [s], z ∈ Zi

}
.

Finally, set E = EXZ ∪ EXY ∪ EY Z . Check Figure 1 for an illustration.
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X

Y Z = Z1 ∪ · · · ∪ Zsx1 x · · · xr

C(1)

C(i)

...

C(s)

Bob’s bijection
C : [s] → Y

Z1

z1,1

...
z1,r

Zi

zi,1

z

zi,r z = Fi(x)

Zs

zs,1

...
zs,r

A x,
C
(i
)
=
1

XY edge from A XZ matching edge from Fi Y Z block edge from C

highlighted valid triangle {x,C(i), Fi(x)}

Figure 1: Visualization of the hard distribution in Definition 4.1. The set Z is partitioned into
blocks Zi of size r. Each Fi is a bijection from X to Zi, and Bob’s bijection C makes the vertex
C(i) adjacent to the whole block Zi. A valid output is a triangle {x,C(i), Fi(x)} for which the
corresponding XY edge is present, i.e. Ax,C(i) = 1.

Based on the hard input distribution, we can define the communication game about triangle
finding.

Definition 4.2 (The communication problem TripTri(r, s)). The above distribution also defines the
communication problem TripTri(r, s): Alice is given (F1, . . . , Fs, A), Bob is given C, Alice sends one
quantum message, and Bob must output (x, i, z) with

z = Fi(x) and Ax,C(i) = 1.

The lower bound will be proved in the regime
√
s ≤ r ≤ s, but it is useful to compare the

distribution with two degenerate extremities for better understanding. Recall that in TripTri(r, s)
Alice holds (F1, . . . , Fs, A), Bob holds C, and a valid witness is a triple (x, i, z) satisfying z =
Fi(x) and Ax,C(i) = 1. When r = 1, write X = {x⋆} and Zi = {zi} for each i ∈ [s]. Then
the maps Fi are fixed, and Alice’s nontrivial input is just the string

a ∈ {0, 1}Y , ay := Ax⋆,y.

Bob’s bijection C : [s] → Y is equivalently a perfect matching between the block labels [s] and the
coordinates Y . The accepting relation becomes

(x⋆, i, zi) is accepted ⇐⇒ aC(i) = 1.
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Thus, this corresponds to a Boolean Hidden Matching type instance: Bob’s input hides which
coordinate of Alice’s string is associated with each block label. This is not suitable for proving our
quantum lower bound, since Boolean Hidden Matching admits efficient one-way quantum protocols
[BYJK08].

At the other extreme, when s = 1, write Y = {y⋆} and Z = Z1. The bijection C is fixed,
and the witness condition becomes z = F1(x) and Ax,y⋆ = 1. If S := {x ∈ X : Ax,y⋆ = 1}
and M := {(x, F1(x)) : x ∈ X} ⊆ X × Z, Then the valid witnesses are exactly the elements of
M ∩(S×Z). Since S has density 1/2 with high probability, this is a set-intersection search problem
with a constant fraction of intersections, which is easy even classically.

Our hard distribution lies between these two easy extremities. The bijection C keeps the hidden-
matching feature: for each block i, Bob hides the relevant column C(i) of Alice’s matrix A. At
the same time, each block contains r possible witnesses, and the condition Ax,C(i) = 1 adds a
dense set-intersection layer inside the hidden block. Thus, the construction can be viewed as an
asymmetric form of Boolean Hidden Matching, strengthened by a set-intersection component. The
lower bound comes from this intermediate regime, where neither the efficient quantum protocol for
Boolean Hidden Matching nor the classical easiness of dense set intersection applies.
Proposition 4.3. Assume

√
s ≤ r ≤ s. With probability 1− o(1),

|E(G)| = Θ(rs), T (G) = Θ(rs), ∆V (G) = Θ(s).

Moreover, every graph in the support satisfies ∆E(G) ≤ 1.
Proof. The sets EXZ and EY Z each have exactly rs edges. The number of XY -edges is Bin(rs, 1/2),
so |E(G)| = Θ(rs) with high probability. The triangles are exactly the pairs (x, i) with Ax,C(i) = 1.
Since C is a bijection,

T (G) =
∑
x∈X

s∑
i=1

Ax,C(i) =
∑
x∈X

∑
y∈Y

Ax,y ∼ Bin(rs, 1/2).

Hence T (G) = Θ(rs) with high probability.
Every edge lies in at most one triangle. An XY -edge {x, y} determines the unique block i with

C(i) = y and then the unique vertex Fi(x). An XZ-edge {x, Fi(x)} can only use C(i). A Y Z-edge
{C(i), z} can only use the unique x with Fi(x) = z. Thus ∆E(G) ≤ 1 deterministically. Finally,
for every x ∈ X,

τ(x) =
s∑

i=1

Ax,C(i) =
∑
y∈Y

Ax,y ∼ Bin(s, 1/2).

Since r ≤ s, Chernoff bounds and a union bound over X give τ(x) = Θ(s) for all x ∈ X with high
probability. Vertices in Y are in at most r ≤ s triangles, and vertices in Z are in at most one.
Therefore, ∆V (G) = Θ(s) with high probability.

4.2 Matrix Discrepancy and Matrix Concentration Bound
In this subsection, we establish the matrix discrepancy estimate and the matrix Chernoff bound
that will be used in the proof, and K denotes a universal constant.
Lemma 4.4. Let A be a finite index set. For each a ∈ A, let Qa � 0 be a fixed operator on a
d-dimensional Hilbert space, and let ηa be an independent real random variable with Eηa = 0 and
|ηa| ≤ 1. Then

Eη

∥∥∥∥∥∑
a∈A

ηaQa

∥∥∥∥∥ ≤ K
√

log(2d)

∥∥∥∥∥∥
(∑

a∈A
Q2

a

)1/2
∥∥∥∥∥∥ .
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Proof. This can be proved by a standard symmetrization argument, followed by the Banach-space
contraction principle, and the self-adjoint matrix Khintchine inequality stated in the preliminary.
We describe the detail as follows:

Let S(η) :=
∑

a ηaQa, and η′a be an independent copy of ηa, independent over a and independent
of η. Since E[η′a] = 0, we have

Eη′S(η
′) = 0.

Hence, for every fixed value of η,

S(η) = Eη′
(
S(η)− S(η′)

)
.

Applying Jensen’s inequality to the convex function A 7→ ‖A‖ gives

Eη‖S(η)‖ = Eη

∥∥Eη′
(
S(η)− S(η′)

)∥∥ ≤ Eη,η′
∥∥S(η)− S(η′)

∥∥ = Eη,η′

∥∥∥∥∥∑
a

(ηa − η′a)Qa

∥∥∥∥∥ .
The random vector (ηa−η′a)a is symmetric coordinate-by-coordinate. Indeed, changing the sign

of coordinate a has the same effect in law as swapping ηa and η′a. Therefore, if εa are independent
Rademacher signs, independent of η, η′, then

Eη,η′

∥∥∥∥∥∑
a

(ηa − η′a)Qa

∥∥∥∥∥ = Eη,η′,ε

∥∥∥∥∥∑
a

εa(ηa − η′a)Qa

∥∥∥∥∥ .
Now condition on η, η′ and apply the contraction principle in the Banach space of d× d operators
equipped with the operator norm ‖ · ‖, using Lemma 2.1. Since

|ηa − η′a| ≤ |ηa|+ |η′a| ≤ 2,

the contraction principle Lemma 2.1 gives

Eε

∥∥∥∥∥∑
a

εa(ηa − η′a)Qa

∥∥∥∥∥ ≤ 2Eε

∥∥∥∥∥∑
a

εaQa

∥∥∥∥∥ .
Combining the preceding inequalities yields the symmetrized bound

Eη

∥∥∥∥∥∑
a

ηaQa

∥∥∥∥∥ ≤ 2Eε

∥∥∥∥∥∑
a

εaQa

∥∥∥∥∥ .
It remains to control the Rademacher series. Since Qa � 0, each Qa is self-adjoint. Applying

Lemma 2.2 with Aa = Qa, we obtain

Eη

∥∥∥∥∥∑
a

ηaQa

∥∥∥∥∥ ≤ 2K
√
log(2d)

∥∥∥∥∥∥
(∑

a

Q2
a

)1/2
∥∥∥∥∥∥ .

Absorbing the factor 2 into the universal constant K gives the desired inequality.

Remark 4.5. The matrix Khintchine inequality can be viewed as the degree-one square-function
form of the matrix hypercontractivity inequality. The standard matrix-valued Boolean hypercontrac-
tive inequality is not sufficient as a black box here: it gives a Frobenius-type variance

(
Tr
∑

aQ
2
a

)1/2
rather than the operator square function

∥∥∥(∑aQ
2
a

)1/2∥∥∥. This distinction matters because the Frobe-
nius bound can lose a factor

√
d, where d = 2k, which would destroy the desired communication

lower bound.
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Lemma 4.6. For x ∈ X, i ∈ [s], z ∈ Zi, and y ∈ Y , let Px,i,z,y � 0 be operators on a d-dimensional
Hilbert space such that

Px,i,z,y � 1

s
I,

∑
x,i,z,y

Px,i,z,y � I.

For independent uniform matchings Fi : X → Zi, define Qx,y(F ) :=
∑s

i=1 Px,i,Fi(x),y. Then

EF max
x,y

‖Qx,y(F )‖ ≤ K

(
1

r
+

log(2d) + log(rs)

s

)
.

Proof. Fix (x, y) and set Si = Px,i,Fi(x),y. Then, we know Sis are independent, 0 � Si � I/s, and

E
∑
i

Si =
1

r

∑
i

∑
z∈Zi

Px,i,z,y � 1

r
I.

For the matrix Bernstein applied to Si − ESi, the variance term is at most∥∥∥∥∥∑
i

E(Si − ESi)2
∥∥∥∥∥ ≤

∥∥∥∥∥∑
i

ES2
i

∥∥∥∥∥ ≤ 1

s

∥∥∥∥∥E∑
i

Si

∥∥∥∥∥ ≤ 1

rs
.

Hence, for all u ≥ 0,
Pr

[
‖Qx,y(F )‖ > K

(
1

r
+

log(2d) + u

s

)]
≤ e−u.

Taking a union bound over the rs choices of (x, y) and integrating the resulting tail bound gives

EF max
x,y

‖Qx,y(F )‖ ≤ K

(
1

r
+

log(2d) + log(rs)

s

)
.

4.3 One-Way Communication Lower Bound
Theorem 4.7. Assume

√
s ≤ r ≤ s. Any one-way quantum communication protocol without shared

entanglement that solves TripTri(r, s) with success probability at least 3/5 must send Ω(
√
s) qubits.

Proof. Suppose Alice sends k qubits, and let d = 2k. On input (F,A), Alice sends a density matrix
ρF,A. On input C, Bob uses a POVM

{MC
x,i,z : x ∈ X, i ∈ [s], z ∈ Zi} ∪ {MC

⊥ }.

For fixed (F,A), define Bob’s average success operator HF,A := EC
∑

x∈X
∑s

i=1Ax,C(i)M
C
x,i,Fi(x)

and the success probability is psucc = EF,ATr(ρF,AHF,A).
Define Ax,y = 1/2+ηx,y. The constant part contributes at most 1

2I, because for each C we sum
only POVM elements. Therefore

psucc ≤
1

2
+ EF,A‖GF,A‖, GF,A := EC

∑
x,i

ηx,C(i)M
C
x,i,Fi(x)

. (8)

We decompose GF,A as a centered sum over the independent XY -bits. Define

Px,i,z,y := EC

[
1{C(i)=y}M

C
x,i,z

]
.
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Then
Px,i,z,y � I/s and

∑
x,i,z,y

Px,i,z,y = EC

∑
x,i,z

MC
x,i,z � I.

For fixed F , let Qx,y(F ) :=
∑s

i=1 Px,i,Fi(x),y. Then

GF,A =
∑
x∈X

∑
y∈Y

ηx,yQx,y(F ).

Conditioning on F and applying Lemma 4.4,

EA[‖GF,A‖ | F ] ≤ K
√
log(2d)

∥∥∥∥∥∥
(∑

x,y

Qx,y(F )
2

)1/2
∥∥∥∥∥∥ .

Let ZF = maxx,y ‖Qx,y(F )‖. Since each Qx,y(F ) is positive semidefinite and satisfies ‖Qx,y(F )‖ ≤
ZF , we have

Qx,y(F )
2 � ZFQx,y(F ).

Moreover, the packing condition gives
∑

x,y Qx,y(F ) � I. Therefore,
∑

x,y Qx,y(F )
2 � ZF I, so the

square-function term is at most
√
ZF . Lemma 4.6 gives

EF,A‖GF,A‖ ≤ K

√
(k + 1)

(
1

r
+
k + 1 + log(rs)

s

)
.

If k ≤ c
√
s, then

√
s ≤ r ≤ s and log(rs) = o(

√
s) make the last display at mostK

√
c+ c2 + o(1).

For a sufficiently small constant c > 0, this is less than 1/10. By (8), such a protocol has success
probability less than 3/5. Hence k = Ω(

√
s).

Proof of Theorem 1.2. The case ∆V = O(1) only asks for a constant lower bound, so assume
∆V → ∞. For a target value of ∆V , choose s = Θ(∆V ) and set r = d

√
se.

Then,
√
s ≤ r ≤ s. Since s ≤ m2/3, one graph instance of Definition 4.1 has rs = Θ(s3/2) ≤

Θ(m) edges. Take q = Θ
(
m
rs

)
disjoint copies of the graph instance, all generated from the same

communication input (F1, . . . , Fs, A, C) but placed on disjoint vertex sets. Adding isolated dummy
edges, if necessary, makes the total edge count exactly m and does not change any triangle param-
eter.

By Proposition 4.3, one graph instance has Θ(rs) edges, Θ(rs) triangles, ∆E ≤ 1, and ∆V =
Θ(s) with probability 1− o(1). Therefore, the disjoint union has

|E| = Θ(qrs) = Θ(m), T = Θ(qrs) = Θ(m), ∆V = Θ(s),

and still has ∆E ≤ 1.
Suppose a one-pass quantum streaming algorithm succeeds with probability at least 2/3 and

uses S qubits. Alice runs it on all Alice-owned edges in the q copies and sends the S-qubit memory
state to Bob. Bob continues the stream with all Bob-owned edges. Any triangle output by the
algorithm lies in one copy and has the form (x,C(i), Fi(x)) inside that copy, with Ax,C(i) = 1.
Ignoring the copy label, Bob obtains a valid output (x, i, Fi(x)) for TripTri(r, s).

The bad event in Proposition 4.3 has probability o(1), so the induced protocol succeeds with
probability 2/3 − o(1), which is at least 3/5 for large enough instances. Therefore, Theorem 4.7
gives S = Ω(

√
s). Since s = Θ(∆V ) and T = Θ(m), we have: S = Ω(

√
∆V ).
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