
Hitting point for sparse noncommutative polynomials

Foram Lakhani∗ Partha Mukhopadhyay†

July 2026

Abstract

For every n, s ≥ 1, we construct a matrix tuple (A1, . . . , An) ∈ Ms(Z)n in
deterministic poly(n, s) time such that every noncommutative polynomial

f ∈ C⟨x1, x2, . . . , xn⟩

of sparsity at most s satisfies f = 0 if and only if f(A1, A2, . . . , An) = 0. The bit
complexity of the entries in the matrices A1, . . . , An is O(s logn). This immediately
gives a deterministic one-query black-box identity testing algorithm for these poly-
nomials. This is done under the standard assumption that the black-box can be
queried over matrix algebras.

In particular, a black-box randomized polynomial-time algorithm was known
for sparse noncommutative polynomials of exponential degree [AJMR19], but (to
the best of our knowledge) no deterministic polynomial-time algorithm was known.
Interestingly, in the commutative case, deterministic polynomial-time black-box
algorithm for sparse high-degree polynomials is well known [KS01, Sax09].

1 Introduction

Noncommutative computation was introduced in complexity theory by Hyafil [Hya77] and
Nisan [Nis91]. Over the years, this has become a central topic of algebraic complexity
theory.

In noncommutative computation, the main algebraic structure is the free noncommu-
tative ring F⟨X⟩ over a field F, where X = {x1, x2, . . . , xn}, and xi (1 ≤ i ≤ n) are free
noncommuting variables.

A fundamental problem in this area is designing efficient algorithms for noncommutative
Polynomial Identity Testing (PIT). Just like in the usual commutative case, the problem
can be stated as follows: Given f ∈ F⟨X⟩ by a noncommutative arithmetic circuit C
or by a black-box (which can be evaluated on matrices), the problem is to check if the
polynomial is identically zero. Notice that if the size of the circuit C is s, then the degree
of the polynomial computed by C can be 2s and the sparsity of the polynomial can be as
large as 22

s
. This can be observed from the standard example that (x+ y)2

s
has a circuit

of size O(s).
Bogdanov and Wee [BW05] have given a randomized polynomial-time algorithm when

the degree of the noncommutative circuit C is polynomially bounded in s and n. The
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algorithm is based on a fundamental result of Amitsur and Levitzki [AL50] which says
that for any field F, a nonzero noncommutative polynomial of degree ≤ 2d− 1 is not a
polynomial identity for the matrix algebra Md(F). The PIT algorithm in [BW05] essentially
uses this result to prove that on random d×d matrix substitution, the polynomial evaluates
to a nonzero matrix. Clearly, this result is not efficient once the degree of the polynomial
is exponentially large. Over the years, solving the PIT question for noncommutative
circuits that allow the degree to be exponentially large has become a central question.

In [AJMR19], an efficient randomized algorithm for the black-box setting is given
based on a key result that says that a noncommutative nonzero polynomial of sparsity
s cannot be an identity for matrix algebras of dimension O(log s). Notice that this
algorithm is efficient only when the sparsity of the polynomial is single-exponentially large.
Additionally, they design a deterministic polynomial-time white-box algorithm for a special
type of circuits (+-regular circuits) that allow the sparsity to be doubly-exponentially
large. More recently, Bharadwaj and Raja [SBR25] have extended this result to solve
the black-box identity testing problem for small-depth +-regular circuits in randomized
polynomial time.

Despite all these results, some basic questions in the high-degree setting remain
unresolved. The focus of our work is to give a deterministic polynomial-time black-box
algorithm for sparse noncommutative polynomials which can potentially have exponentially
large degrees. We note that when the degree is polynomially bounded, such a result was
given in [AMS10].

We note that in the commutative setting, for sparse polynomials of high degree, a
black-box identity testing algorithm is well known [KS01, Sax09]. The algorithm is based
on the method of univariate substitution and Chinese remaindering. Such techniques are
unlikely to be suitable for noncommutative polynomials.

Organization.

The paper is organized as follows. In Section 2, we prove the main result (over fields
of characteristic zero) showing an efficient construction of a matrix tuple that hits
noncommutative sparse polynomials. For simplicity, we describe it for polynomials defined
over C. The entries of the matrices are integers of polynomial size bit-complexity. In
Section 3, we discuss the extension of this result over finite fields.

2 Main result

Let f ∈ F ⟨x1, . . . , xn⟩ be a polynomial in free noncommuting variables. Its monomials
are words in the alphabet {x1, . . . , xn}. We write f =

∑
w∈supp(f) cww, where cw ∈ F \ {0}

are the coefficients. Define its sparsity by sp(f) := | supp(f)|.
Our main theorem is the following.

Theorem 2.1. For every n, s ≥ 1 there is an explicitly constructible tuple (A1, . . . , An) ∈
Ms(Z)n such that, for every f ∈ C ⟨x1, . . . , xn⟩ with sp(f) ≤ s, f = 0 if and only if
f(A1, A2, . . . , An) = 0. Moreover, the bit-complexity of the entries of the matrices are
O(s log n) and they are also computable in time poly(n, s).

Choose the base integer B = n + 1 and for x1, x2, . . . , xn fix δ1 = 1, . . . , δn = n
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respectively. For a word w = xi1xi2 · · · xiℓ , define the encoding

enc(w) := Bℓ +
ℓ∑

t=1

δitB
ℓ−t. (1)

For the empty word ε, set enc(ε) = 1.

Observation 2.2. The encoding is injective.

Define the row vector
vs(z) := (1, z, z2, . . . , zs−1)

where z is an indeterminate. For each j ∈ {1, . . . , n}, define Aj ∈ Ms(Z), with rows and
columns indexed by 0, 1, . . . , s− 1, by

(Aj)a,b :=


(
b

a

)
Baδ b−a

j , 0 ≤ a ≤ b ≤ s− 1,

0, a > b.
(2)

These matrices are upper triangular, and (Aj)a,b ≤ 2bBb ≤ 2s(n+ 1)s. So each entry can
be represented using O(s log(n+ 1)) bits.

Lemma 2.3. For every z and every j,

vs(z)Aj = vs(Bz + δj).

Proof. The b-th coordinate of vs(z)Aj is

b∑
a=0

za
(
b

a

)
Baδ b−a

j = (Bz + δj)
b

by the binomial theorem.

For a word w = xi1 · · · xiℓ , the transition matrix is Aw := Ai1 · · ·Aiℓ . For the word ε,
the transition matrix is Is.

Now we state the main technical observation as a lemma.

Lemma 2.4. For every word w we have the following encoding,

vs(1)Aw = vs(enc(w)) =
(
1, enc(w), enc(w)2, . . . , enc(w)s−1

)
.

Proof. We prove the lemma by an induction on the length of w. Suppose ℓ = 1 and
w = xiℓ . Then by Lemma 2.3, vs(1)Axiℓ

= vs(B + δiℓ). This also holds for ε.
Next consider the word w = w[ℓ−1]xiℓ . Clearly, Aw = Aw[ℓ−1]

Aiℓ . Notice that

vs(1)Aw = (vs(1)Aw[ℓ−1]
)Aiℓ

By the induction hypothesis

vs(1)Awℓ−1
= (1, enc(w[ℓ−1]), . . . , enc

s−1(w[ℓ−1])).

Now the bth entry of the final vector is given by

b∑
a=0

enca(w[ℓ−1])

(
b

a

)
Baδb−a

iℓ
= (B enc(w[ℓ−1]) + δiℓ)

b.

However (B enc(w[ℓ−1]) + δiℓ)
b = encb(w).
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2.1 The Vandermonde matrices

Lemma 2.5. Let α1, . . . , αr ∈ F be distinct, where r ≤ s. Then the vectors

vs(αi) = (1, αi, . . . , α
s−1
i ), i = 1, . . . , r,

are linearly independent.

Proof. It suffices to retain the first r coordinates. The resulting r × r matrix is the
Vandermonde matrix

V =


1 α1 α2

1 · · · αr−1
1

1 α2 α2
2 · · · αr−1

2
...

...
...

...
1 αr α2

r · · · αr−1
r

 .

Its determinant is
detV =

∏
1≤i<j≤r

(αj − αi),

which is nonzero because the αi are distinct.

Now we prove Theorem 2.1.

Proof. Write f =
∑r

k=1 ckwk where r ≤ s. Suppose that f(A1, . . . , An) = 0. Multiplying
by vs(1) and using Lemma 2.4, we obtain

0 = vs(1)f(A1, . . . , An) =
r∑

k=1

ckvs(enc(wk)).

By the injectivity of enc, the integers enc(w1), . . . , enc(wr) are distinct. Since F has
characteristic zero, distinct integers remain distinct as elements of F. Hence Lemma 2.5
implies that c1 = · · · = cr = 0, a contradiction. The reverse implication is immediate.

The black-box algorithm follows immediately from Theorem 2.1.

Remark 2.6 (Extension to arbitrary characteristic-zero fields). Although Theorem 2.1 is
stated over C, the same construction and proof work over every field F of characteristic
zero. Indeed, the matrices A1, . . . , An constructed above have integer entries and therefore
can be viewed as matrices over F via the canonical embedding Z ↪→ F.

2.2 Optimality of the matrix dimension

In this section, we argue that the s× s dimension of the matrices is optimal among all
single matrix hitting points. This lower bound follows easily from the Cayley-Hamilton
Theorem for univariate polynomials.

Theorem 2.7. Let F be any field, let n ≥ 1, and let A = (A1, . . . , An) ∈ Mk(F)n. If A
hits every noncommutative polynomial in F⟨x1, . . . , xn⟩ of sparsity at most s, then k ≥ s.

Proof. Assume for contradiction that k < s. Let

µA1(T ) = T t + at−1T
t−1 + · · ·+ a1T + a0
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be the minimal polynomial of A1. By the Cayley-Hamilton theorem, its degree satisfies
t ≤ k. Therefore the univariate polynomial g(x1) = µA1(x1) is nonzero and has at most
t+ 1 monomials. Since t ≤ k < s, the sparsity of g is at most s. On the other hand, by
the definition of the minimal polynomial g(A1) = µA1(A1) = 0, contradicting the hitting
property of A. Thus k ≥ s.

Corollary 2.8. Let F be any field, let n ≥ 1, let Ai = (Ai,1, . . . , Ai,n) ∈ Mc(F)n for
some parameter c, and let H = {Ai | i ∈ [m]} be a hitting set for every noncommutative
polynomial in F⟨x1, . . . , xn⟩ of sparsity at most s, then cm = Ω(s).

Proof. Consider a cm× cm dimensional matrix Bj, as a block matrix where the (i, i)-th
block is Ai,j and is zero everywhere else. Then B = (B1, . . . , Bn) is a single matrix hitting
point for all polynomials of sparsity s. By Theorem 2.7, we have cm ≥ s.

3 Over fields of positive characteristic

Our first observation is that over finite fields of polynomial size, we can not get a small
size hitting set of matrices when the degrees of the polynomials are exponentially large.
This follows by a simple counting argument. Next, we show that over sufficiently large
finite fields, the techniques of Theorem 2.1 can be lifted to obtain a similar result in the
algebraic setting.

3.1 Polynomially large finite fields

Let F be a finite field of size q, and

H = {Ā1, . . . , ĀN}

be a hitting set of size N for polynomials f ∈ F ⟨x1, x2, . . . , xn⟩ of degree ≤ D. The Āi

are matrix n-tuple of dimension k. Then the number of words of length D is nD. For any
two words w1, w2, it must be the case that(

w1(Ā1), . . . , w1(ĀN)
)
̸=

(
w2(Ā1), . . . , w2(ĀN)

)
,

otherwise, the polynomial f = w1 − w2 will be zero on H. However, the total number of
such N tuples is qk

2N . Then we need

nD ≤ qk
2N .

In other words, N ≥ D logn
k2 log q

. Consequently,

Observation 3.1. If the matrix dimension k is polynomially bounded in the input param-
eters, then an exponentially large degree D forces the number N of hitting points to be
exponentially large (over polynomially large fields).

3.2 Exponentially large finite fields

Let the field size be q = pm for a prime number p. More precisely, Fq = Fp(θ) where the
minimal polynomial of θ over Fp has degree m. Set a =

⌈
logp(n+ 1)

⌉
, which implies that

pa ≥ n+1. We also choose m > aD where D is the degree bounds for the noncommutative
polynomials.
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In the polynomial ring Fp[T ], choose distinct polynomials P1(T ), P2(T ), . . . , Pn(T )
such that the degree of Pi : 1 ≤ i ≤ n is less than a. Such a collection of polynomials
exists since pa ≥ n+ 1.

For a word w = xi1xi2 . . . xiℓ , define the polynomial,

Pw(T ) = T aℓ +
ℓ∑

t=1

Pt(T )T
a(ℓ−t)

and the encoding enc(w) = Pw(θ). We claim the following.

Claim 3.2. The encoding map enc is injective for all words of length ≤ D.

Proof. First, we prove that if w ≠ w′ then Pw(T ) ̸= Pw′(T ). Observe the following pattern
in the polynomials Pw(T ) for any word w: For t1 < t2, the polynomials Pt1T

a(ℓ−t1) cannot
contribute a term generated in Pt2T

a(ℓ−t2).
Otherwise, there will be two monomials mt1 and mt2 from Pt1(T ) and Pt2(T ) such that

mt1T
a(ℓ−t1) = mt2T

a(ℓ−t2).

This would imply that deg(mt2) = deg(mt1) + a(t2 − t1) which is greater than a. This
shows that from Pw(T ) one can uniquely recover w.

Hence, for w ̸= w′, we get Pw(T ) ̸= Pw′(T ). If enc(w) = enc(w′), it would imply that
(Pw − Pw′)(θ) = 0. But we just proved that Pw − Pw′ is a nonzero polynomial and its
degree ≤ aD is less than m. Since the degree of the minimal polynomial of θ is m, we
arrive at a contradiction.

Hence, the enc map is injective.

Next, to define the matrices, set λ = θa and δj = Pj(θ). Also, for 1 ≤ j ≤ n define the
matrices

(Aj)u,v =


(
v

u

)
λuδ v−u

j , 0 ≤ u ≤ v ≤ s− 1,

0, u > v.
(3)

Next we prove the main result of this section which is an extension of Theorem 2.1.

Theorem 3.3. For a sufficiently large field Fpm together with an element θ of order
m ≥ D

⌈
logp(n+ 1)

⌉
, The n-tuple of matrices (A1, . . . , An) is a hitting point for all

nonzero noncommutative polynomials f(x1, . . . , xn) of degree ≤ D and sparsity ≤ s.

Proof. The proof is very similar to the proof of Theorem 2.1. Similar to Lemma 2.3, we
notice that

vs(z)Aj = vs(λz + δj) = vs(θ
az + δj).

Moreover, using the same proof of Lemma 2.4,

vs(1)Aw = vs(enc(w)).

The rest of the argument is exactly similar and follows from the full rank of Vandermonde
matrix over Fq.

Remark 3.4. In contrast to Theorem 2.1, the above theorem is interesting mainly from
an algebraic point of view. However, from a computational point of view, if we need to
represent the powers of θ explicitly, then the cost of representation will be Ω(m).
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