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Abstract

We construct an g-error PRG for permutation read-once branching programs of length

n and width w with seed length
O((logw+1log(1/€))-logn).

This gives an exponential improvement in the dependence on w compared with the con-
structions of De (CCC 2011) and Steinke (ECCC 2012). Compared with the work of
Braverman, Rao, Raz, and Yehudayoff (FOCS 2010; SICOMP 2014), which applies more
generally to regular branching programs and already achieves the optimal dependence on
w, our result improves the dependence on the length #n, attaining the optimal logarithmic
dependence.

The generator itself is the classical INW PRG of Impagliazzo, Nisan, and Wigderson
(STOC 1994). We show that, for permutation branching programs, the INW generator can
be instantiated with expanders whose degrees are polynomial in w and 1/¢€ and, crucially,
independent of n. To prove this, we analyze error propagation using program-dependent
seminorms tailored to the branching program at hand. These seminorms build on the weight
function introduced by Braverman et al. The key point is that, when measured in these
adapted seminorms, the error does not accumulate throughout the recursion.

Since our analysis relies only on the spectral expansion of the underlying expanders,
our seed length tightly matches the recent lower bound for spectral analyses of the INW
generator due to Hoza, Pyne, and Vadhan (Algorithmica 2024).
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1 Introduction

The BPL vs. L problem asks whether every probabilistic algorithm can be fully derandomized
with only a constant factor blowup in space. The way that a space-bounded algorithm acts on
its random bits can be modeled by a read-once branching program (BP, for short; see Defi-
nition 2.1). A natural and well-studied approach to derandomize BPL is to come up with a
pseudorandom generator (PRG) that fools BPs with logarithmic seed length.

The seminal work of Nisan [Nis92] gave a PRG with seed length O(log?n) for BPs over n
variables and width w = poly(n) — the setting that is required for derandomizing BPL via stan-
dard derandomization. Impagliazzo, Nisan, and Wigderson [INW94] subsequently introduced
a second construction based on expander graphs. Although giving similar parameters to those
in [Nis92], the INW PRG turned out to be more flexible, and will be the starting point for much
of the discussion below.

Before we continue, let us briefly recall the structure of the INW generator. The construction
is recursive: a generator for programs of length m is used to construct a generator for programs
of length 2m. The generator is applied to the first half of the program, and an expander graph is
then used to “recycle” its seed into a correlated seed for the second half. Since the recursion has
depth logn, the final seed length is O(logd - logn), where d is the degree of the expanders. In
the standard INW analysis, these expanders can be chosen to have degree d which is polynomial
in n, w, and 1/¢, yielding seed length

O((logw +1logn+1log(1/¢€))-logn).

In particular, in the BPL regime, this yields seed length O(log?n).

Unfortunately, even for width w = 4, no construction is known with better than quadratic
dependence on logn. The only known exceptions are widths 2 and 3. Saks and Zuckerman
showed that small-bias spaces fool width-2 BPs [SZ95] (see also [BDVY 13]). The width-3 case,
which is considerably more challenging, was treated by Meka, Reingold, and Tal [MRT19], who
constructed a PRG with near-optimal dependence on 7.

On the bright side, substantial progress has been made in constructing PRGs for more re-
stricted classes of branching programs, a direction that has been studied extensively and suc-
cessfully, with applications beyond the original BPL setting. A prominent example is the class
of permutation BPs, which has received considerable attention. These are branching programs
in which, at every layer, both the O-transition and the 1-transition are permutations of the state
space. Note that such a computation is reversible.

For this class, previous work achieved the optimal logarithmic dependence on the length
n, and in fact, often using a substantially sharper analyses of the INW generator. Koucky,
Nimbhorkar, and Pudlak [KINP11] analyzed the INW generator for group products, a structured
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subclass of permutation branching programs. For general permutation BPs, their work achieved
the optimal dependence on the length n, albeit with exponential dependence on the width w;
more precisely, they obtained seed length

O((w!+1log(1/¢))-logn).
De [Del1] subsequently achieved polynomial dependence on w, obtaining seed length
O((w® +1log(1/¢€))-logn) .

De’s analysis uses representation-theoretic ideas. Steinke [Stel2] later gave a more elementary
analysis, avoiding any reference to groups or representation theory, though still relying on rather

intricate combinatorial arguments. This improved the width dependence to
O((w410gw+10g(1/8)) -logn) .

This line of work shows that, for permutation BPs, the expanders underlying the INW gen-
erator can be chosen to have degree independent of the program length n, though exponential
in the width w. Consequently, for constant width and constant error, the resulting seed length is
O(logn).

A more general class of branching programs is that of regular BPs, in which every state has
in-degree 2. Braverman, Rao, Raz, and Yehudayoff [BRRY 14] gave a refined analysis of the
INW generator for regular BPs, obtaining seed length

O((logw +loglogn+1log(1/¢)) -logn).

BRRY showed that, for regular BPs, it suffices to use expanders whose degree is polynomial
only in the recursion depth, namely in logn, rather than in the program’s length n; this is the
source of the loglogn term in their seed length. Their argument is substantially simpler than
the analyses of De and Steinke [Dell, Stel2], which achieve optimal dependence on n for
permutation BPs, while also allowing the expander degree to depend only polynomially on w.
Nevertheless, the BRRY bound remains suboptimal in its dependence on the length. Within
the INW framework, achieving seed length O(logn) requires expander degrees that are com-
pletely independent of n. Consequently, even a slowly growing loss across the recursion is

prohibitive, and one must show that the relevant error does not accumulate at all.

1.1 Our Result

Despite a resurgence over the past five years in the study of PRGs and weighted PRGs ! for

permutation BPs and their unbounded-width variants, as discussed in Section 1.2, there had

A weighted PRG is a relaxation of the standard notion of a PRG, introduced in [BCG20], in which each seed
is assigned a real weight. These weights may be negative and need not be bounded in absolute value.
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been no improvement for more than a decade on the original problem of constructing a PRG for
permutation BPs, following the works of [Dell, Stel2, BRRY 14]. In this work, we obtain the
first such improvement by giving a new analysis of the INW generator. We show that it fools
permutation BPs with seed length O ((logw +log(1/€))-logn).

Compared with the analyses of De [Dell] and Steinke [Stel2], which also achieve the
optimal dependence on n, our result improves the dependence on w exponentially, attaining the
optimal dependence on this parameter. Compared with the BRRY analysis [BRRY 14], which
applies more generally to regular BPs, our result achieves the optimal logarithmic dependence
on the length n.

Theorem 1.1 (Main result; informal). There exists an explicit PRG G : {0,1}° — {0, 1}" that

e-fools length-n width-w permutation branching programs, with seed length
s =O((logw+1log(1/¢€))-logn).
In particular, G is the INW generator, properly instantiated.

For the complete formal statement, see Theorem 3.1.

Because our proof is a spectral analysis, the resulting seed length tightly matches the lower
bound for spectral analyses established by Hoza, Pyne, and Vadhan [HPV24], discussed below
in Section 1.2. Thus, we answer affirmatively the first open problem posed in their work.

1.2 Other Related Work

As noted above, the study of PRGs and weighted PRGs for permutation BPs, restricted sub-
classes, and related variants has seen significant activity in recent years. In this section, we
survey the results most relevant to our work.

For restricted families of permutation BPs, improved seed lengths are known via generators
that are not based on the INW construction. In a paper predating the definition of permutation
BPs, Lovett, Reingold, Trevisan, and Vadhan [LRTV09] constructed a PRG for the special case
of abelian groups with seed length

O (log(nw/€) -logw).

More recently, for p-groups of constant size, Lee and Viola [LV25] obtained the optimal seed

length O(log(n/¢€)) via a reduction to the construction of PRGs for polynomials over F,.

In a different line of work, more closely related to ours in its techniques, Pyne and Vad-

han [PV21] constructed a weighted PRG for permutation BPs with seed length

5(log(1/8) +/log(n/¢) -logn) .

5



Their construction improves upon the known PRG constructions in the low-error regime. Hoza,
Pyne, and Vadhan [HPV21] constructed a PRG for unbounded-width permutation BPs with a
single accepting state, having seed length

O((loglogn+1log(1/€))-logn).

More recently, Cheng and Wu [CW26] obtained a weighted PRG for unbounded-width permu-
tation BPs with seed length

O(log(l/s) + (loglogn++/log(1/¢)) -10gn> .

Hoza, Pyne, and Vadhan [HPV?24] studied the limitations of the INW generator and proved

that any “spectral analysis” of it requires seed length
Q ((logw +log(1/€))-logn)

even for permutation BPs. Here, a spectral analysis is one that assumes only a suitable spectral
gap for the underlying expanders, without exploiting any additional properties. This framework
encompasses all previous analyses of the INW generator. As noted above, our proof is spectral
in this sense, and consequently, our result is tight within this framework.

Interestingly, in the more general setting of permutation BPs over an alphabet of size d,
[HPV24] proved a lower bound of Q(logn -loglogmin{n,d}). Our framework, however, relies
crucially on the binary-alphabet setting. Standard reductions yield a PRG whose seed length
has logarithmic dependence on d, and we leave closing the resulting gap as an open problem.

1.3 Proof Idea

A central ingredient in the BRRY analysis of the INW generator is the notion of the weight of
a branching program. This quantity measures, in an averaged sense, how much the individual
layers can influence the final value of the computation. BRRY used this notion to sharpen the
error analysis of INW: instead of accumulating error linearly over the n layers of the program,
the error is controlled in terms of the recursion depth, which is logarithmic in n, and the weight
of the program. The second key step in their analysis is to prove that, for regular BPs, the total
weight is bounded by poly(w) — independent of the length of the program. Combining these
two ingredients yields their improved seed length.

Our key idea is to combine the BRRY weight perspective with the reversibility available in
permutation BPs. In addition to the usual BRRY weight, which we view as a backward weight,
we introduce a complementary forward weight corresponding to the reversed program. This

symmetric use of forward and backward weights is the main new ingredient in our analysis.

6



It allows us to avoid paying for the recursive depth altogether, thereby yielding the optimal
dependence on n.

Exploiting this symmetry requires the generator itself to preserve a compatible forward—
backward structure. In our analysis, the seed-recycling step is not treated by an arbitrary sam-
pler, but rather as the averaging operator of an expander, and can hence also recycle the seed
when considering the inverse program. This feature is crucial for simultaneously controlling
the forward and backward quantities that arise in the analysis. For this reason, our proof relies
essentially on the expander-based structure of the INW construction. Interestingly, although for
a seemingly different reason, a recent work by Hoza and Lv [HL25] also relies heavily on the
fact that the INW generator is based on expander graphs.

At a conceptual level, our proof can also be viewed as an error-propagation analysis tailored
to the branching program at hand. Rather than controlling the error throughout the recursion
using a single fixed norm, such as the spectral norm or an induced ¢; norm, as in most previ-
ous analyses, we associate with each subprogram its own seminorm, capturing the particular
“geometry” of that subprogram. The main point is that, with respect to these adapted error mea-
sures, the error does not accumulate over the recursion: it remains bounded by O(A), where
A is the spectral expansion of the underlying expanders, provided A is taken to be sufficiently
small, namely inverse-polynomial in w and, crucially, independent of n.

While most prior work measures error using a fixed norm, several recent works instead con-
sider program-dependent norms or seminorms [MRSV 19, AKM 20, PV21, HPV21, APP"23,
CHL 23] to give a better error reduction procedures—either algorithmically in a white-box
setting or in the construction of weighted PRGs—or for controlling the error propagation in
INW-inspired constructions throughout the recursion. We discuss the relationship between the
seminorm used in these works and our seminorm, in greater detail in Section 4.1, focusing on
[CHL " 23] (that builds on the singular-value approximation [APP"23]).

Beyond its conceptual appeal, we believe that the seminorm formulation may be useful for
combining our argument with other work. Many analyses of PRGs and related recursive con-
structions are phrased in terms of norm bounds, and the forward—backward seminorm isolates

the precise norm-like quantity that our proof controls.

Organization. After the brief preliminaries in Section 2, we prove our main result, Theo-
rem 1.1, in Section 3. The proof makes no explicit reference to the seminorms discussed above.
We believe that presenting the argument in this form makes it more direct and easier to follow.
In Section 4, we reinterpret the proof from the perspective of the forward—backward seminorms.
Finally, in Section 5, we give a refined analysis of the proof of Theorem 1.1. This refinement

may be useful in future work and also brings out a convolutional perspective on the argument.



2 Preliminaries

2.1 Branching Programs

We recall the relevant definitions of read-once branching programs, and PRGs that fool them.

Those definitions are standard, and we refer the reader to [HH24] for a more detailed discussion.

Definition 2.1 (Branching programs (BPs)). Let n,w be positive integers. A width-w length-n
read-once branching program, denoted by P, is a directed graph on the set of vertices, called
“states”, which is arranged in layers V.= VyU---UV,, each of size w. For everyt € [n] and
a vertex v € V;_1, there are two outgoing edges from v to V;, with labels 0 and 1. There is a
“start vertex” s € Vy, and a set of “accept states” A C V,. A string x € {0, 1}" defines a walk
through the program — start at s, and at each step t € |n|, walk through the outgoing edge which
is labeled x; € {0, 1}. This walk arrives at a final vertex v € V, that is either “accept” (v € A)
or “reject” (v ¢ A).

It is useful to view each layer transition as a matrix. Identify each layer with [w]. For ¢ € [n]
and b € {0,1}, let B, , € {0,1}"*" be the matrix whose (i, j)-entry is 1 iff the edge labeled b
from the i-th vertex of V;_| goes to the j-th vertex of V;.

Definition 2.2 (Permutation BP). A read-once branching program P is called a permutation BP
if, for allt € [n] and b € {0, 1}, the matrix B, , is a permutation matrix.

From now on, fix some width-w length-n BP P. We define

_ Bo+PF;
2 )

which is the random-walk operator associated with layer z. We will frequently consider sub-

T;

programs corresponding to intervals of the original BP. For an interval I = {a,...,b— 1} C [n]
and an input string x € {0,1}/, define Pi(x) = Py, -+ Py

random-walk operator is

x, - The corresponding uniform

T[ = ]Exe{O.,l}’ [P[(X)] == TaTa+1 T Tb—l- (21)

Let A C V, denote the set of accepting states in the n-th layer, and let s € Vj denote the
starting state. The value of the program on input x € {0,1}" is then given by e, Py,(x)14,
where e; € R" is the standard basis vector corresponding to s, and 14 € R" is the indicator
vector of A. For brevity, we may also denote this value by P(x). Similarly, the acceptance
probability according to a truly uniform walk is given by e/ Tjy La.

A PRG for permutation BPs maps short uniformly random seeds to inputs while approxi-

mately preserving the acceptance probability of every program.
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Definition 2.3. A function G : {0,1}° — {0, 1}" is an €-PRG for width-w length-n permutation
branching programs if for every such program P, we have

|Exe 0,13 [P()] = Eye o1y [P(GO))]| < e

In this case we say that G €-fools length-n width-w permutation BPs.

2.2 Expander Graphs

As mentioned, the PRG we use is the INW generator, which is constructed from a family of

expander graphs. We begin by recalling the definition of an expander.

Definition 2.4 (Expander graph). Let G = (V,E) be an undirected, d-regular graph, and let A
be its adjacency matrix. We say that the graph G is a A-expander if the spectral norm of the

matrix %A — J is at most A, where J is the normalized all-ones matrix.

For the INW generator, we need the following construction of an explicit family of expander
graphs.

Theorem 2.5 (e.g., [MRSV19], Theorem 3.3). For every n € N and A > 0, there exists an
explicit graph H, on n vertices, which is a D-regular A-expander with D = (1//1)@(1). Moreover,
for any vertex x and a neighbor label y € D], the y-th neighbor of x, which is denoted by Hy,(x,y),
can be computed in space O(log(nD)).

We will use the following vector-valued version of the expander mixing lemma.

Lemma 2.6. Let H = (V,E) be an expander graph with second eigenvalue A € (0,1). Let
«, B : V — R be two functions such that Eey[a(x)] = Eyey [B(y)] = 0. Then,

By erl(@@), BON]| <A Eer[la@)B) " Eer [IBO)E) .

The proof follows from the standard expander-mixing lemma; see Section A for the details.

2.3 The INW Generator

We now recall the INW construction. Fix parameters n,w, €. We assume without loss of gen-
erality that n = 2", since otherwise the program can be padded with trivial layers. Let d be an
integer parameter to be chosen later. For every i = 1,2, ..., h, let H; be a 2¢-regular A-expander
on the vertex set {0,1}(~14+1 given by Theorem 2.5.

The INW generator is defined recursively as follows. For i > 0, we define a function
Gi: {0,114 - {0,1}%.
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For Gy: {0,1} — {0,1}, we set Go(x) = x. For i > 1, write an input to G; as (x,y), where
xe {0,130 and  ye {0,139

Then,
Gi(x,y) = (Gi—1(x), Gi—1(Hi(x,y))).

The generator for length-n programs is therefore G, where recall that & = log, n. Its seed
length is O(dlogn). We instantiate the construction with the expanders given by Theorem 2.5.
Consequently, the overall seed length, as well as the space complexity of the generator, is
O(log(1/1) -logn).

We define the analogue of 77 (see Equation (2.1)) for an interval I C [n], with respect to the
pseudorandom walk induced by the INW generator. More precisely, for i > 0 and for an interval
I C [n] of size 2, define

T; = E: [P(Gi(x))],

where the expectation is over a uniformly random seed x for G;.

3 Proof of Main Result

In this section we prove the following theorem, which is the formal and complete statement of

Theorem 1.1.

Theorem 3.1. For every n,w € N and for all 0 < € < 1 the expander-based INW-generator set
with A = ﬁ e-fools length-n width-w permutation BPs. It has seed length

O(log(1/1) -logn) = O((log(1/€) +logw) -logn).

The proof is organized as follows. In Section 3.1, we introduce the forward and backward
weights and establish two useful properties that will be used later. In Section 3.2, we bound the
error of the expander product in terms of these weights; this is the key estimate underlying our
error analysis. Finally, in Section 3.3, we analyze the error across the recursion and show that
it does not deteriorate from one level to the next, thereby proving Theorem 3.1.

3.1 Forward and Backward Weights

The main ingredient in our error analysis is the notion of the program’s weight, following
[BRRY 14]. Our key insight is that, for permutation BPs, the weight of the reversed program
can also be used in the bound. In this section, we define the notions of forward weight and
backward weight, where the latter corresponds to the BRRY notion of weight, expressed in
the language of operators. Throughout this section, all definitions are with respect to a fixed

permutation branching program P.
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Forward weights. Let 1 <a <b <n+1 be integers, let I = {a,a+1,...,b— 1}, and let
p = pa € R". The forward propagation of p, along the interval I is the sequence of vectors

PasPa+1,---,Pp defined recursively, fort =a,a+1,...,b—1, by

FBo+P
pI!—l :pzTTt:PtT'T-

When p,, is a probability distribution, this is precisely the random walk induced by the program,
restricted to the interval /.

The forward weight at layert € I is defined by

Ft(p)z‘

p:B,o—p;Hl +(p,TPt,1—p,T+1H1 = ‘ ptT(Pz,o—Pz,l)Hl-

The forward weight over the interval I is

b—1
Fi(p) = Z,Fz(p)-

Observe that if we write the interval [ as the concatenation of two consecutive intervals / = LoR,
then

Fi(p) = F(p) + Fr(T; p). 3.1)

Backward weights. Let 1 <a <b <n+1 be integers, let I = {a,...,b— 1}, and let g =
qp» € R". The backward propagation of qp, along the interval I is the sequence of vectors
qb,qb—1,---,qq defined recursively, fort =b—1,b—2,...,a, by

Fo+F
qr =Tiqr+1 = 5 “qr+1-
If g, is a probability distribution, then this is the random walk corresponding to the reversed
program, since
Pothl
T

T _ T T _ T
9 =4l =q1-

The backward weight at layer t € I is defined by

Bi(q) = ||Pogi+1 — @i, + || Poigir — ||, = || (Po — P i1 ]| -

The backward weight over the interval I is

b—1
Bi(q) = ; Bi(q).

Similarly to Equation (3.1), if we write the interval [ as the concatenation of two consecutive

intervals / = Lo R, then
Bi(q) = BL(Trq) + Br(q)- (3.2)
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Lemma 3.2. Let P be a permutation branching program of width w. For every interval I =
{a,...,b—1} and every p,q € R, we have

Bi(q) <2 Y, lgi—qjl <2wlql;,

1<i<j<w

p)<2 Y pi—pjl <2wlpll;-
1<i<j<w

The proof follows from Lemma 5 of [BRRY 14], applied both to P and to the reversed
program. We also use the observation that the proof of Lemma 5 applies verbatim to arbitrary

vectors in R"; it is not essential that the vector entries are in [0, 1]. See Section A.

Lemma 3.3. Fix some permutation branching program P of length n and width w, and let
1 <a<b<n+1 be integers. Let I ={a,...,b— 1}, and let p,q € R". Then, for every
x € {0,1}, we have

HPI( p— szH S% 1(p),
I1PI(x)q Tl < Bila).

Proof. We first prove the forward inequality. Let p,, ps+1,-- -, pp be the forward propagation of
pa=palong I, sothat p,, 1 =T,  p;. Fort € {a,a+1,...,b}, define

T
Iy = (PaaxaPa+17xa+1 o 'Pt_lrxtfl) p’

with the convention that r, = p. Thus r;, = Pl(x)T p and p), = TIT p. Moreover, r, 1 =P,

t.xt

Therefore, for every t € 1,

Iriss = pestlly = |[BLn = pesa |,
‘Pztc,( —pr) +) tx,Pt Pz+1H
:||"t—l9t||1+‘ ;,x,Pz—PrHHI

1
= ||rr — pell; +§Ft(Pt),

where we used that permutation matrices preserve the ¢; norm. Since r, = p, = p, induction

gives
|P@Tp=1"p|| =l —poll < ZE pr) = SFi(p).

The claim for the backward inequality is proved in a similar way. [
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3.2 Analyzing the Expander Product

In this subsection, we prove the following proposition, which is the key estimate in our error

analysis.

Proposition 3.4. Fix some permutation branching program of length n and width w. Let p,q €
R", and let I = Lo R C [n] be an interval of size 2!, where L and R are its left and right halves.
Then

)PT (T} - foR)CJ‘ <A-F.(p) - Br(q).
Proof. Let Q = {0,1}=D4+1 pe the seed space of G;_;. For x,z € Q, define
Ay =PL(Gi-1(x)),  B;=Pr(Gi-1(2)).

Then
1. = ExAm Ir = E2827 1.1 = ]Ex,zAsza
where x, z are independent and uniform over Q. Moreover,
f[ = IE( NH,Asz,

x,2)

where (x,z) ~ H; means that x is uniform over Q and z is a uniformly random neighbor of x in
H;. Define
o=Alp-T'p, B.=B.g—Tra

Then, E o, = 0 and E.f8, = 0. Moreover,

(0, Be) = p" (A= T1)(B: — Tr)g
=p' (B, —T1B; — ATr + TTx)q-

Taking expectation over (x,z) ~ H;, and using that both marginals of this distribution are uni-
form over Q, we get
E (ot (0 Be) = p ' (T = T TR)g. (3.3)
Hence, by Lemma 2.6,
-~ 1/2 1/2
P (Ti—TiTe)a| <A (Edlewl3) " (E1BI3)

It remains to bound the two terms on the right-hand side. For every x € Q,

o=Ap-T, p+T, p—T, p.

By Lemma 3.3,
1
Alp— TLTPHI < EFL(p)-
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Also,

and therefore, again by Lemma 3.3 and convexity,

1
HTLP TLPH <5k Fi(p).

Thus

lowlly < loally < Fr(p)-
Similarly, for every z € Q,

1B:Nl2 < I1B:Il; < Br(q)-

Substituting these bounds gives

p' (T — T Tr)q| < AFi(p)Br(q),

as required. [

3.3 Error Analysis
In this section we analyze the error propagation throughout the recursion.

Proposition 3.5. Let A > 0 be a bound on the second eigenvalues of the expander graphs in
the expander-based INW construction. Fix a permutation branching program P of length n and

width w. Let ¢ > 2, and assume that .

< .
= 8c2w3

Let p,q € R", and let I C [n] be an interval of size 2'. Define

éi(p.q) = |p" (Ti~Ti)q].

Then,
&1(p,q) < cAF(p)Bi(q).

Proof. We prove the proposition by induction on i. When i = 0, we have T; = Ty, and the claim
is immediate. Assume therefore that i > 1, and that the claim holds for intervals of size 2i~ !,
Write I = Lo R, where L and R are the left and right halves of 1. Set

A=Fi(p), B=F(T'p), C=Bi(Trq), D=Br(q)
By the decomposition properties of forward and backward weights (see Equations (3.1) and (3.2))
Fi(p)=A+B,  Bilg)=C+D.
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Thus it suffices to prove
¢1(p,q) < cA(A+B)(C+D).

We decompose the error as

p (Ti—T)g=p (T, - TuTr)q (3.4)
+p TL(Tr — Tr)q (3.5)
+p " (T — Tp)Trg. (3.6)

We bound the three terms separately.

For (3.4), Proposition 3.4 gives
‘pT(f} — TLfR)q‘ < AAD.
For (3.6), the induction hypothesis applied to the interval L, with vectors p and Tgq, gives
‘ P (T, — TL)TRq‘ < cAAC.
For (3.5), the induction hypothesis applied to the interval R, with vectors TLT p and g, gives
p' Ti(Tr— TR)Q‘ = ‘(fLTp>T(TR - TR)Q‘ < cAD-Fx(T; p). (3.7)

We next compare Fg(T;' p) with F(T,' p) = B.
Let
6= TLTP - TLTP~
Since both 77, and TL are doubly stochastic, we have Z;-Vzl o ;=0. Letre {0, 1}" be the indicator
vector of the set of coordinates on which 6 is nonnegative, namely
1, 6;>0,

0, otherwise.

Then
161}y =2(8,r).

Moreover,
(8,r)=p" (TL—Tp)r.

Applying the induction hypothesis to the interval L, with vectors p and r, we obtain

(8, )| < cAFL(p)BL(r)-

15



By Lemma 3.2, and since ||r||; <w,
Br(r) <2w]r|l, < 2w

Hence
18], < 4w*cAA.

Using the subadditivity of Fg(-) and Lemma 3.2, we get
Fr(T,' p) < Fr(T; p) + Fr(8) < B+2w||8||; < B+ 8w cAA.
Since A < 1/(8c?w?), it follows that
F(T p) < B+ 2.

Therefore,
p ' Ti(Tg — Tr)q| < cADB+ ADA.

Combining the three bounds, we conclude that

é1(p,q) <2AAD + cAAC + cADB. (3.8)

Since ¢ > 2, this is at most
cA(A+B)(C+D), (3.9
completing the induction. ]

We are finally ready to prove our main result.

Proof of Theorem 3.1. Without loss of generality we may assume that » is a power of 2, since
otherwise we may add at most n identity layers to the program. By applying Proposition 3.5
and Lemma 3.2 with ¢ =2, g = 14, p = e,, we conclude

7 (T~ ) | < A (p)By(a) < deAn?lA| <.

4 The Forward-Backward Seminorm

In this short section we present a different perspective on the proof of Proposition 3.4. Namely,
we view the proof as controlling the propagation of error through the recursion in terms of a

family of seminorms” adapted to the underlying subprograms.

2A seminorm on a vector space is a function that satisfies the triangle inequality and homogeneity, just like a
norm, but is allowed to vanish on nonzero vectors. Homogeneity means that scaling the input scales the value by
the absolute value of the scalar: if p is the seminorm, then p (ax) = |¢t|p(x) for every scalar . In our setting, this
means that the seminorm may assign value zero to a nonzero error matrix, namely one whose action is not detected

by the relevant forward and backward test vectors.
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Definition 4.1. Fix a permutation branching program of length n and width w, and let I C [n]

be an interval. For a w x w real matrix A, define the forward—backward seminorm by’

T
P Aq
A= sp B
p.q:Fi(p)Bi(q)>0 F](p)B]((])
Thus, every interval / of the program induces its own seminorm, tailored to the behavior of
the branching program on that interval. In other words, the error is measured with respect to the
“geometry” induced by the corresponding subprogram.

With this terminology, Proposition 3.5 can be restated in the following form.

Proposition 4.2. Fix a permutation branching program of length n and width w. Let ¢ > 2, and
assume that A < W. Then, for every dyadic interval I C [n],

177 — Tl < cA.

This formulation highlights the conceptual content of the proof of Proposition 3.5. Rather
than controlling error propagation throughout the recursion using a single fixed norm, such as
the spectral norm or the induced ¢; norm, the proof uses a different seminorm for each dyadic
subprogram. These seminorms are chosen to match the forward and backward structure of the
corresponding interval. The main point is that, with respect to these adapted error measures, the
error does not deteriorate through the recursion beyond a universal bound of O(A) provided A
is taken sufficiently small.

4.1 Relation to the Seminorm of [CHL 23]

In this section, we discuss how our seminorm relates to the one used by Chen, Hoza, Lyu, Tal,
and Wu [CHL 23] that builds on the singular-value approximation [APP*23]. Although the
two seminorms are different and arise in different contexts—theirs is used for the non-black-
box derandomization of regular ROBPs, whereas ours is used to control error throughout the
INW recursion—we believe that the comparison is instructive.

Let I = LoR correspond to one step of the INW recursion, and let Q be the seed space of the
child generator. Recall the notation introduced in the proof of Proposition 3.4. For x,z € Q, let
Ay = P(Gi—1(x)), B, = Pr(Gj—1(z)), and recall that T, = E,[A,], Tr = E,[B;]. For p,q € R",
we defined o, = A p — fLT p, B. =B.q— qu. In Equation (3.3), we showed that

E (v o)n; (0 Be) = P (11 = T TR)g.

31f the supremum in the definition is infinite or taken over an empty set, we define the seminorm to be co.
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Invoking Lemma 2.6, we then deduced that

1/2

P (T~ TiTia| < A (Bl lB) " (B2l BeI) @

At this point, our discussion departs from the proof of Proposition 3.4.

Since A, and B, are permutation matrices, a direct calculation shows that the two variances

appearing on the right-hand side of Equation (4.1) are exactly
ExHax”% = PT(I_ TLTJ)P»
E:||B:l3=q" (I - T Tr)g-

For a matrix M, define its left and right “defect”* quantities by

_ 1/2 1/2
Dy(p):=(p (I-MM")p)"*,  Dji(q):=(¢"(1-M M)q)"".
We can therefore rewrite Equation (4.1) as
" (T~ TuTk)a| < AD; ()DL (9) (42)

The forward and backward weights used in the proof of Proposition 3.4 yield upper bounds on
these defect quantities. Although these bounds are coarser, they are more convenient for our
purposes.

The quantities D~ and D" also underlie the program-dependent seminorm introduced in
[CHL"23]. In the notation of their paper, for a walk matrix W,._, they define the interval
seminorm

[l =" (=W, Wog) = |[u]|3 — || Wy ue]3. (4.3)

Under our transpose convention, W,y = T[zr), and hence

2 — 2
lul:., =D, (>

Their seminorm, which they call the F-seminorm—not to be confused with our notation F
for the forward weight—aggregates these quantities over the dyadic intervals of the layered

program:
logn

E=Y ¥ I e (4.4)
k

=1 jeU;
where U, = {0,2%,2-2%, ... n}, with the convention adopted in their paper for the terminal layer.
In Section 9 of their paper, the same defect quantities appear in the definition of singular-value

approximation:

Y (W —W)x| < % (D (x)* +Dy, (v)%) (4.5)

4We refer to these as the left and right defect quantities of M, since they measure the failure of M and M,
respectively, to preserve Euclidean norm: Dy, (p)? = ||p||3 — |M " p|13, D};(9)* = ||ql13 — | Mq||3.
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Thus, although the two seminorms are not identical, they are based on the same program-
dependent notion of Euclidean dissipation. The seminorm of [CHL 23] is a one-sided, mul-
tiscale ¢, aggregation over the entire layered space. By contrast, our seminorm is associated
with a single interval and measures a two-sided bilinear error using the forward and backward

¢) weights.

S5 A Refined Analysis and a Convolution Form of the Error

In this section we present a more refined analysis of Proposition 3.5. The attentive reader may
have noticed two sources of slack in the proof. The first is the mixture of ¢; and ¢, bounds.
Indeed, the BRRY weight bound is stated in terms of the ¢; norm, which in particular implies
the corresponding ¢, bound. By contrast, the proof of Proposition 3.5 uses spectral estimates
throughout, except for the estimate on &, which is given in terms of the /; norm. The second
source of slack is that, in the induction step from Equation (3.8) to Equation (3.9), the term BC
is in fact redundant. It turns out that both sources of slack can be removed, leading to the more
refined analysis presented in this section. While this improvement does not affect our main
result, Theorem 1.1, we believe that this perspective is worth recording with an eye toward
future work.

Before turning to the formal proof, we illustrate the idea behind the refined analysis. In

Proposition 3.5, the error term

p' Te(Tr— Tr)q
was bounded by applying the induction hypothesis to the interval R, with fLT p as the left test
vector. This required comparing FR(fLT p) with Fr(T;' p), the task we turned to after Equa-
tion (3.7). It is better to compare TLT p with its approximation TLT p before passing them through

the functional Fg. This can be done by introducing one additional hybrid, in addition to the

three summands appearing in Equation (3.4), Equation (3.5), and Equation (3.6):
fL(fR — TR) = TL(fR — TR) + (fL — TL)(fR — TR).

This introduces the second-order error term (fL — TL)(fR — Tg), but this term can be absorbed
using Cauchy—Schwarz together with the induction hypothesis. With this in mind, we define

the more accurate potential function as follows.

Definition 5.1 (Recursive forward—backward potential). Let I be a dyadic interval. We define a
quantity ®;(p,q) recursively as follows. If |I| = 1, set

®;(p,q) =0.
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If I = LoR, where L and R are the left and right halves of I, set

®;(p.q) = FL(p)Br(q) + ®r(p. Trq) + Pr(T; p.q).

The potential ®;(p,q) is always upper bounded by the product F;(p)B;(g), which is the
quantity used in Proposition 3.5.

Claim 5.2. For every dyadic interval I and every p,q € R,

®;(p,q) < Fi(p)Bi(q).

Proof. The claim is trivial when |I| = 1. Suppose I = Lo R. Define the parameters A, B,C and
D as in the proof of Proposition 3.5,

A=Fi(p), B = Fx(T; p), C=Br(Trq), D =Br(q).

Then
Fi(p)=A+B,  Bi(q)=C+D.

By the induction hypothesis,

@ (p, Trg) <AC,  ®(T; p,q) < BD.

Therefore,
®(p,q) = AD+ P (p, Trq) + Pr(T; p,q)
<AD+AC+BD
<(A+B)(C+D)
= Fi(p)Bi(q)-
This completes the induction. []

We will also use the following notation. For a dyadic interval J, set

Kr(J)= sup Fy(u),  kp(J)= sup By(v).

[[ulla=1 [vl>=1
Let
K = sup xp(L)kr(R),

J=LoR
where the supremum is over all dyadic intervals J appearing in the recursion.
Proposition 5.3 (Refined forward—backward induction). Let ¢ > 2, and assume that
1+c*AK < c.
Then, for every dyadic interval I and every p,q € R",
P (0~ T)g| < A®i(p.q).
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Proof. We prove the proposition by induction on |I|. If |I| = 1, then 7; = Tj, so there is nothing
to prove. Assume now that / = Lo R, and that the claim holds for L and R. We decompose

ANET T,
= (T — TpTg) + ALTr + TLAr + AL Ag.

We bound the four terms separately.

First, by Proposition 3.4,
‘pT(fI - foR>CI‘ < AFL(p)Br(q)-
Second, by the induction hypothesis applied to the interval L,
’pTALTRq) < cADL(p, Trq).
Third, by the induction hypothesis applied to the interval R,
‘pTTLARq‘ - ‘(TLTP)TAR‘]‘ < cADR(T; p,q)-
It remains to bound the second-order term p ' A; Agg. By Cauchy—Schwarz,
P Bu8kq| < 1ALl gl

We first bound ||A] p||2. By duality,

|A. plla= sup ’pTALr

[rll2=1

SCA‘ sup CDL(p7r>
[Irll2=1

<cA sup Fi(p)B(r)
lrll2=1

< CAFL(p) KB<L),

where we used Claim 5.2 in the third line. Similarly,

|Argll2 < cAkr(R)Br(q)-
Therefore,
" ALArg| < A% Ka(L)Kr (R)F()Br ().

By the definition of K, xg(L)kr(R) < K. Hence the expander error and the second-order error
together are at most
(A +*A°K) Fi(p)Br(q) < cAFL(p)Br(q),

21



using the assumption 14 c?AK < c. Combining the four bounds gives
P Arg| < AFL(p)Br(q) + cA@L(p. Tra) +ADR(T, p.q)

=cA®(p,q).

This completes the induction. ]

Remark 5.4. By Lemma 3.2 and Cauchy—Schwarz, for every interval J and every v € R",

By(v)<2 ) [vi—vjl

1<i<j<w

N2 1/2
< 2( ) Z (v,‘—v]’)2
2 1<i<j<w

w2 2 2\1/2
=2(3) " (olbIB- )
< V2w,
The same bound holds for F;(v). Thus
kr(J), ka(J) < V2w¥/?,

and consequently K < 2w?. In particular, the assumption A < 8c2]ﬁ from Proposition 3.5 is
more than sufficient for 1 +¢2AK < ¢, whenever ¢ > 2.

The refined induction immediately implies Proposition 3.5, since Claim 5.2 gives ®;(p,q) <
Fi(p)Bi(q).

5.1 A Convolution Perspective

When expanding the recursion underlying the definition of ®;, we see it is exactly an ordered
convolution of the local forward and backward weights, as discussed in this section.

Let I = [a,b), let p, = p, and let g}, = q. Define the propagated vectors
pt+1:TtTp, fort=a,a+1,...,b—1,

and

qr = Tiqi 11 fort=b—1,b—2,...,a.

For t € I, define the local forward and backward weights

-

P;T(Pt,o—Pt,l)Hl, b =||(Po—Pr1)qi+1]|, -
Thus

b1 b1
F(p)=Y f,  Bilg)=Y b

t=a t=a
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Lemma 5.5 (Convolution identity). For every dyadic interval I = |a,b) and every p,q € R",

S(pg)= Y, fibu

a<t<u<b

Proof. We prove the claim by induction on |/|. If |I| = 1, then both sides are zero.
Assume [ = LoR, where L = [a,m) and R = [m, D). By definition,

®;(p.q) = FL(p)Br(q) + ®rL(p. Trq) + Pr(T} p.q).

The first term 1is

m—1 b—1
Fi(p)Br(q) = (Z, fr) (Z bu> = Y. fibu

u=m a<t<m
m<u<b

This accounts for all ordered pairs (z,u) separated by the split.
Next, since Trq = g, the backward propagation inside L with terminal vector Trq is exactly

the restriction of the above backward propagation to L. Therefore, by the induction hypothesis,

OL(p,Trg) = Y, fibu
a<t<u<m
Similarly, since TLT P = pm, the forward propagation inside R with initial vector TLT p is exactly

the restriction of the above forward propagation to R. Hence

Or(Ty pg)= Y, fibu

m<t<u<b

Adding the three sums gives

®i(p.q)= Y, fibu,

a<t<u<b

as claimed. ]
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A Missing Proofs

For completeness, in this section we include some missing proofs. We begin with Lemma 2.6,

which, as mentioned, follows from the standard expander-mixing lemma.

Proof of Lemma 2.6. Write & = (o,...,04),8 = (B1,...,B) : V. — RF. By the standard ex-

pander mixing lemma, for all i we have
1/2

B [0 (B0 < A (Brer [0()%]) " (Byev [Bi(3)3)

Thus,

|]E(x7y)€E [<(X(x),ﬁ (y)>Rk] ‘ =

k
E(xy)eE [Zl (X,'(X)Bi(y)] ‘

B (e [06(x) Bi ()]

-I/\
. [t

1

1/2 1/2
<AY (Erev [06(x)?]) / (Eyev [Bi(»)?]) 2
i=1
By the Cauchy—Schwarz inequality, the above is bounded by
1/2 1/2
A (Eer [a@B) " (B IBOIR))
as needed. ]

We include the proof of Lemma 3.2. As noted above, the proof follows directly from
Lemma 5 of [BRRY 14].

Proof of Lemma 3.2. We first prove the bound for Bj(g). Consider the subprogram induced by
the interval I = [a,b), and label the vertices in layer b by the entries of ¢ = ¢;. Extend these

labels backwards by setting

Bo+Fh

9 =Tiqi 11 = T%H

fort =b—1,b—2,...,a. Thus the label of each vertex is the average of the labels of its two
children. Since the branching program is a permutation branching program, this subprogram is
regular.

The weight of this evaluation program, in the sense of [BRRY 14], is exactly

b1
Y. (|Pogis1 —ai||, +||Poiges1 — 4| ,) = Bi(q).

t=a
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Lemma 5 of [BRRY 14] therefore gives

Bi(q) <2 Y. lgi—qjl-

1<i<j<w
Although Lemma 5 of [BRRY 14] is stated for labels in [0, 1], this entails the displayed bound

for arbitrary g € R" by an affine rescaling. Indeed, if g is not constant, set

. q—oal
q_ B_aa

o =ming;, P = maxg;.
l 1

Since 7;1 = 1 for every ¢, the corresponding propagated labels satisfy

A_qt—OCIL
qr = B—a .

Hence all edge weights, and also all pairwise differences in the terminal layer, are scaled by the
same factor f — a.. Applying the [0, 1] version to g and scaling back gives the desired bound. If
q is constant, then both sides are zero.

The bound for Fj(p) follows by applying the same argument to the reversed permutation
branching program on the interval /. In the reversed program, the transition matrices are PIT0
and PtT1 Since the matrices F, o and F; ; are permutation matrices, their transposes are their
inverses and are again permutation matrices. The backward propagation in the reversed program
is precisely
Pl +P]

Tpt’
which is the forward propagation in the original program. Moreover, the corresponding edge

Therefore Lemma 5 of [BRRY 14], applied to the reversed program, gives

Pt+1 = TtTpt

weight at layer 7 is

P;I)Pt —Pt+1H1 + ‘ P;,Tlpz —Pt+1H1 = F(pr)-

p)<2 ) pi—pjl

1<i<j<w

Finally, for any v € R",

Y, bi—vil< Y (bil+vil) = =1 lvl, <wlvll;.

1<i<j<w 1<i<j<w

Applying this with v = g and v = p gives the two remaining inequalities. O]
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