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Abstract

We prove that every De Morgan formula! with n leaves has a pointwise 1/3-
approximating real polynomial of degree O(y/n) and coefficient ¢1-norm 20(V)  The
standard approximate-degree theorem for formulas gives the same degree bound, but
only yields the weaker coefficient estimate 20(vnlogn),

Our proof constructs, for every formula, a span program? with witness size O(y/n)
and, additionally, O(1) entrywise-absolute operator norm for the available-vector
matrix. A standard span-program-to-polynomial argument then gives the desired
approximating polynomial while preserving coefficient weight. We also show that the
coefficient bound is tight up to constants in the exponent: the De Morgan formula for
inner product modulo 2 already gives a matching 22V lower bound for formulas with
at most n leaves, even regardless of the degree of the approximating polynomial.

*University of California at Berkeley. Email: yichuan-21@berkeley.edu.

ie., a formula over AND, OR, and NOT gates.

2A span program is a linear-algebraic certificate system specified by a target vector and input-labeled vectors; on
an input, it accepts exactly when the target vector lies in the span of the vectors made available by that input.
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1 Introduction

1.1 De Morgan Formulas and Formula Lower Bounds

De Morgan formulas are one of the most basic non-uniform models of computation. Throughout
the paper, a De Morgan formula means a fan-in-two formula over AND, OR, and NOT gates; XOR
gates are not part of the basis. Equivalently, after pushing negations to the leaves, the internal
gates are AND and OR, and the leaves are literals. The size of a formula is the number of leaf
occurrences. Polynomial-size De Morgan formulas capture non-uniform NC!, and proving strong
explicit lower bounds for them remains a central problem in circuit complexity.

The best-known explicit lower bounds for De Morgan formulas remain near the cubic barrier,
with the current explicit constructions coming from shrinkage, average-case, and related formula-
lower-bound methods [Has98, KR13, Tall4, KRT17, Bogl8, FMT23]. The classical Khrapchenko
method gives a quadratic lower bound for parity [Khr71]. The shrinkage theorem in [Has98] shows
that De Morgan formulas have shrinkage exponent 2, yielding an Q(n3*°(1)) formula-size lower
bound for an explicit function in P. Tal [Tall4] gives a spectral proof of tight quadratic shrinkage,
and Filmus, Meir, and Tal [FMT23] extend shrinkage to random projections and obtain Q(n?)
lower bounds for an explicit function in AC’. Average-case lower bounds with an essentially cubic
worst-case scale were developed in [KR13, KRT17], and Bogdanov [Bogl8| proves formula lower
bounds for small-bias functions.

There is also a depth-lower-bound viewpoint. A fan-in-two formula of depth d has size at
most 2%, so a formula-size lower bound of n3~°(") implies a depth lower bound of (3 — o(1)) log, n.
Conversely, formulas of size s can be balanced to depth O(logs), with only a polynomial increase
in size. The Karchmer—Wigderson connection [KW88]| relates formula depth to communication
complexity, and the Karchmer-Raz-Wigderson program [KRW95] seeks stronger depth lower
bounds through direct-sum phenomena. Subsequent works developed information-complexity,
XOR-KRW, strong-composition, and related communication-complexity approaches toward this
goal [GMWW 14, DM16, MS21, Mei23]. The algorithmic framework of [BW24] gives another route:
sufficiently strong algorithms for #SAT of subcubic-size De Morgan formulas would yield faster
Gap-SAT algorithms for larger formulas and, through the algorithmic method, depth lower bounds
beyond the current factor-3 barrier.

1.2 Polynomial Approximations of Formulas

One way to study formulas is through real polynomial approximation. We say that a real polynomial
P pointwise approximates a Boolean function F if |P(x) — F(z)| < 1/3 for every Boolean input z.
The least possible degree of such a polynomial is the approximate degree of F', a notion originating
in the study of Boolean functions as real polynomials [NS94]; see also the survey [BT20].

For De Morgan formulas of size n, the worst-case approximate degree has order /n. On
the upper-bound side, quantum formula-evaluation algorithms and span programs give degree-
O(y/n) approximating polynomials. In particular, Ambainis et al. [ACR*10] give an n!/?+o(1).
query quantum algorithm for size-n AND-OR formulas, and the span-program framework
of [Rei09, Reill, Reil2] gives a clean modern formulation of formula evaluation and the adversary
method. The polynomial method [BBC*01], adversary lower bounds [LLS06], and dual-polynomial
techniques [She08, BKT21, BDBGK18] form the surrounding toolkit. These results control degree,
but they do not by themselves give the coefficient-¢; guarantee proved here.



1.3 Why Coefficient /;-Norm Matters

The coefficient f;-norm in this paper is measured in the standard {0,1}-monomial basis.?
Concretely, if P(x) = > par[[ier i, then ||Pll1 := > rlar|. A monomial in this basis is an
AND of variables. If the variables being tested are allowed to be literals, or outputs of subformulas
and their negations, the same object is an indicator of a partial assignment; we will call such tests
partial ANDs.

The basic averaging step is simple and is the reason coefficient weight matters. In this
motivational paragraph we use the sign convention for Boolean functions, obtained from the 0/1
convention by mapping 0 to 1 and 1 to —1. Let f be a {£1}-valued target function, let u be
an input distribution, and suppose that a polynomial, written as a signed combination of partial

ANDs,
P = Z aTAT,
T
satisfies E,[fP] > 1/3, where each Ar is a partial AND. Let L := >, |ar|. Then,
1
3 S Z laz| - [Eu[fA7]].
T

Thus some partial AND satisfies |E,[fA7]|| > 1/(3L). A partial AND on d literals is computed by
a size-O(d) De Morgan formula. More generally, if its inputs are outputs, or negated outputs, of
subformulas Gy, ..., Gy, then it is computed by a De Morgan formula of size

d
> 16,1,
=1

where negating a subformula does not change its leaf size. Consequently, a low-£; polynomial ap-
proximation can be converted into a smaller formula-like test with advantage inversely proportional
to the coefficient weight, provided the input subformulas are themselves small.

This is the coefficient-weight perspective behind several approximation-to-lower-bound argu-
ments. Tal’s work [Tall7] uses approximation to reduce lower bounds for large formulas to strong
average-case lower bounds against smaller formulas. At a high level, after decomposing a large
formula into a top formula whose inputs are smaller subformulas, one approximates the top com-
putation by a polynomial and expands it into partial ANDs over the top inputs. Each such partial
AND becomes an AND of smaller subformulas, hence a smaller De Morgan formula. The averag-
ing step above loses a factor equal to the total coefficient weight. Thus improving ||P||; directly
improves the advantage of the smaller formula extracted from the polynomial.

Related approximation mechanisms appear elsewhere as well. Kabanets et al. [KKL*21] use
approximating-polynomial technology for De Morgan formulas with low-communication leaf gates,
where the expansion of the approximating polynomial affects the cost of the simulation. Hatami
et al. [HHTT21] explicitly track coefficient ¢;-norms when robustifying low-error approximating
polynomials for De Morgan formulas in pseudorandomness and average-case lower-bound applica-
tions. The algorithmic reduction of [BW24] also uses approximating polynomials for formulas as
part of a reduction from Gap-SAT on large formulas to #SAT on smaller formulas. More broadly,
approximate coefficient weight in the De Morgan basis is a natural representation measure; see, for
example, [CDL26] for exact-versus-approximate questions for De Morgan-basis representations.

3The Fourier basis is equivalent for our purposes at degree d, up to a 20 factor in coefficient £1-norm. Indeed,
a {0, 1}-monomial has Fourier £;-norm 1, while a Fourier character ys(z) = (—1)>ies % = [L;cs(1 —2x;) of degree
|S| < d has {0, 1}-monomial coefficient norm 35! < 299 Thus a 2°(V"") bound in one of these bases is a 2°(V™)
bound in the other for degree O(y/n) polynomials.



1.4 Previously Available Coefficient Bounds

The known upper bound on degree gives a straightforward but weaker coefficient estimate. Let
P be a degree-O(y/n) polynomial that pointwise approximates a Boolean function. Since P is
bounded by a constant on the Boolean cube, Parseval gives >4 P(S)* = O(1) in the Fourier basis.

The number of Fourier characters of degree at most O(y/n) is

3 <”> _ 90(Vlogn)|

j<o(vm

By Cauchy-Schwarz, the Fourier £1-norm is at most 20(vV71°67) - Converting a degree-O(y/n) Fourier
character to the {0, 1}-monomial basis costs at most another 20(V7) factor, which is absorbed in
the same bound. Thus the immediate consequence of the approximate-degree theorem is only

| Plly < 200/mosm,

There is an unpublished recursive improvement based on input-robust polynomials, communi-
cated to us by Lijie Chen [Chel8]. An input-robust approximating polynomial continues to approxi-
mate the Boolean function when each input bit is replaced by a real number close to either 0 or 1, for
instance, in [0,1/3]U[2/3, 1]. Robust polynomial techniques were developed in [BNRAW07, Shel3],
and coefficient ¢1-norms under robustification are tracked explicitly in [HHTT21]. Robustness is
useful because robust polynomials compose: if a top formula is robustly approximated and each
of its input subformulas is approximated, then substituting the bottom approximants into the top
robust polynomial still approximates the whole formula.

A standard decomposition lemma, going back through the formula-decomposition and shrink-
age/PRG literature and used in forms such as [IMZ12, Tall4, Tall7, BW24], writes a size-n formula
as a top formula of size O(n/k) whose inputs are subformulas of size O(k). Starting from the input-
robust coefficient bound 29(V185) for size-s formulas, one approximates the top formula and all
bottom subformulas by robust polynomials and composes them. The top polynomial has degree
O(y/n/k). Therefore the coefficient weight after one composition is bounded by

9O(y/nklog(n/k)) . (20(\/Elogk))o(v n/k)

The degree remains O(y/n/k) - O(Vk) = O(y/n). Choosing k = (logn)? gives coefficient ¢;-
norm 20(v7loglogn) Repeating the same decomposition yields bounds involving any fixed number
of iterated logarithms. Iterating the process for log* n rounds yields a log* n-type loss: degree
V1 20008" 1) and coefficient norm 20(V1og" 7) [Chel§].

The present paper removes all these logarithmic losses: we prove the optimal coefficient bound
20v") while keeping degree O(y/n).

1.5 Main Result and Tightness

Our main theorem is the following. It is restated and proved as Theorem 5.1.

Theorem 1.1 (Main theorem; see also Theorem 5.1). Let F': {0,1}"™ — {0,1} be computed by a
De Morgan formula with n leaf occurrences. Then there is a real multilinear polynomial P in the
m input variables such that, for every x € {0,1}™,

1
P(a) = Fla)| < 3,



and

deg P =O0(vn),  ||P||, <2°0W™.

The coefficient bound is optimal, up to the constant in the exponent, for formulas of this size.
The obstruction is inner product modulo 2 on ¢ = ©(y/n) pairs of variables. This function has a De
Morgan formula with O(#?) < n leaves, and its sign version has all Fourier coefficients of magnitude
27t Hence every pointwise approximant has Fourier coefficient ¢;-norm 2%®) . Since each {0,1}-
monomial is an AND and has Fourier ¢;-norm exactly 1, the {0, 1}-monomial coefficient norm is
at least the Fourier coefficient norm. Thus any pointwise approximant, with no degree restriction,
has coefficient £;-norm 22(V?) Theorem 6.1 gives the short argument.

Application — Slightly Improving Formula Lower Bounds Plugging the present coefficient
bound into Tal’s size-amplification argument [Tall7] improves the quantitative averaging step. Let
L(f) denote the minimum size of an exact De Morgan formula for f, and suppose that every formula
of size at most s has agreement at most 1/2 + 2~ with f under the relevant input distribution.
Tal’s decomposition, with parameter k, produces a formula of size O(L(f)/k) whose advantage
is the reciprocal of the coefficient loss for a top formula with O(k?) leaves. With the previous
coefficient estimate, this loss is 20(k108%)  Tg contradict the assumed average-case hardness, one
needs

L
g),ﬁs, k<s, klogk <r.

n=ofon{ ).

up to absolute constants. Our theorem changes the coefficient loss to 2°%) so the last condition
becomes k < r, and the same optimization gives

L(f) = Q(min{s? sr}).

In the parameter setting of Section 4.1 of [Tall7], one has

Optimizing k gives

3
sr=0 — " , logr = ©(loglogn),
logn loglogn

and the s term is not the bottleneck. Hence the resulting explicit lower bound improves from

~ n3 O n3
t _— .
<logn (loglog n)2> © (logn log logn>

2 Proof Overview

This section summarizes the proof of Theorem 5.1. The proof has two parts. First, we convert
a span program with suitable quantitative properties into an approximating polynomial. Second,
we construct such a span program for every De Morgan formula. The second part is the main
contribution: the span program must have small witness size, and the full matrix of its listed
vectors must also have small entrywise-absolute operator norm.

Throughout the overview, it is helpful to begin with a read-once monotone formula in formal
variables associated with the leaf occurrences. Repeated variables and negated literals are handled
at the end by replacing each formal leaf variable with the literal z; or 1 — z; that labels that



occurrence. Identifying repeated positive occurrences and multilinearizing do not increase the
degree or the coefficient /1-norm, because these operations only merge monomials. Substituting a
negated literal also preserves the degree and increases the coefficient £1-norm by at most a factor
of 2 for each variable in a monomial. Therefore, for a degree-d polynomial, the total loss is at most
24 which is absorbed into the final 2°(vV?) hound.

A vector-form span program has a unit target vector and a list of labeled unit vectors, each
labeled one of always available, x;, or —x;. On an input x, availability is determined by the
corresponding coordinate values: an always-available vector is available on every input, an x;-
labeled vector is available when z; = 1, and a —x;-labeled vector is available when x; = 0. The
span program accepts an input when the target vector lies in the span of the vectors available
on that input. Let V be the fixed matrix whose columns are all the unit vectors listed by the
span program. On a particular input, the unavailable columns are ignored. On an accepting input
(1-input), a 1-witness is a coefficient vector a, supported on the available columns, whose linear
combination equals the target vector; its size is ||a]®>. On a rejecting input (O-input), a O-witness
is a vector w that is orthogonal to every available vector and has inner product 1 with the target
vector; its size is Hw||2 The balanced witness bound S is a uniform upper bound on both witness
sizes over all accepting and rejecting inputs. Our construction will guarantee

§=0(Vn) and  [abs(V)| =0(1),

where S is the balanced witness bound and abs(V') is obtained from V by taking entrywise absolute
values. The norm hypothesis ||[abs(V)|| = O(1) is about the full fixed matrix V', not an input-
specific submatrix.

2.1 From Span Programs to Polynomials

In Section 4 we prove the general extraction lemma. If a vector-form span program has
balanced witness bound S and |labs(V')|| = O(1), then the computed function has a degree-O(.S)
approximating polynomial with coefficient ¢;-norm 295,

For this overview, the important point is the coefficient accounting. The extraction lemma con-
structs a symmetric symbolic matrix M (z) whose entries are constants or degree-one polynomials
in the input bits. It then defines the approximant to be the scalar OT\I’(M (z))o, where ¥ is a
degree-O(S) Chebyshev spectral filter. Expanding ¥ reduces the coefficient accounting to bounding
powers of this symbolic matrix. The condition |labs(V')|| = O(1) ensures that these matrix powers
do not cause uncontrolled growth in the coefficient ¢;-norm. The only exponential loss comes from
the coefficient norm of the degree-O(S) filter, giving the final 20(%) coefficient bound.

Thus, the main task is to construct, for every size-n formula, a span program with S = O(y/n)
and ||abs(V)|| = O(1).

2.2 Local Gate Composition

We construct the span program for the entire formula from the bottom up. When two child span
programs are combined at a parent gate, all their listed unit vectors are retained, with the same
availability labels, in the parent program. The composition step defines a new unit target for
the parent; this target is not itself an available vector. At an OR gate, the step also adds one
always-available unit auxiliary vector.

Here A denotes a worst-case upper bound on the squared norm of a positive witness (a 1-
witness), and B denotes the corresponding upper bound for a negative witness (a 0-witness). The
witness parameters are balanced when A = B = S. Suppose the two child targets are unit vectors



w1 and wg, lying in orthogonal subspaces, with witness parameters (A, By) and (A, By). The
parent target is a unit vector of the form

u = cos 0 uq + sin 0 uo,

for a suitable angle 6. For an OR gate, we add the always-available unit vector orthogonal to u in
span{ui, us}, namely
r:=sinfu; — cosf us.

For an AND gate, no such vector is added.

The intuition is simple. At an OR gate, the additional unit vector allows the parent target to
be expressed using either child target: if the left child accepts, then u lies in the span of u; and 7,
and the same holds symmetrically for the right child. At an AND gate, both children must accept,
so a positive witness for the parent target combines positive witnesses for both child targets.

The angle 6 can be chosen so that the parent witness parameters (A, B) satisfy

(A+1)B= (A1 +1)B1+ (A2 +1)Bs.

This identity is proved in Lemma 5.3. In particular, if a terminal target has balanced witness bound
S;, then its contribution to the invariant is (S; + 1)S; = 5’1-2 + S;. At the root, the accumulated
invariant is of order n; after the helper-balancing step described below, it yields a balanced witness
bound of order y/n.

Local gate composition alone yields the witness-size recurrence, but it does not by itself bound
|labs(V')||. The problem is that targets for large subformulas can become dense linear combinations
of many lower-level coordinates. In a balanced tree, for instance, an auxiliary OR~gate vector near
the root resembles a normalized difference between sums over the two large child subtrees. After
taking entrywise absolute values, the cancellations inside these dense columns disappear. Many
such columns can have positive mass on the same leaf coordinates, so the rows corresponding to
those coordinates accumulate contributions from many ancestors. The helper-target construction
below prevents this accumulation by keeping dense vectors local to one chain.

2.3 Heavy Chains and Helper Targets

The previous paragraph suggests that we should sometimes prevent a dense target vector from
being used higher in the tree. We do so by introducing helper targets at selected nodes. Their
placement is governed by a heavy-chain decomposition: at every internal node, choose a child with
at least as many descendant leaves as the other child as the heavy child, and call the other child
light. The heavy edges form disjoint chains, and we introduce one helper target for each heavy
chain.

For a heavy chain C, the terminal targets are the boundary targets that feed into the chain: one
comes from each light child hanging off the chain, and one is the leaf at the bottom of the heavy
path. Thus each terminal target is either a helper coordinate hp exported by a light child chain D
or a leaf coordinate. All terminal targets are unit vectors. The span program built for C' computes
the subformula rooted at the top node of C'. Its exported target is a fresh unit coordinate h¢, and
its balanced witness bound is denoted by Sc¢.

Inside the chain, we first build the natural internal target uc for the chain formula, using only
the terminal targets entering the chain. If these terminal targets have balanced witness bounds

S1,...,Sk, then the local gate invariant gives witness parameters (Ac, Bo) satisfying
k
(Ac +1)Bc =) (ST +Si).
i=1



Next, we introduce the fresh helper coordinate h¢, make it the target exported by the chain,
and add an always-available unit connector vector in the plane spanned by h¢o and uc:

gc = cosdc ho —sindc uc.

The helper coordinate h¢ is the new target exported by the chain; it is not itself an available
vector. The connector g¢ is always available and is unit. It makes h¢o accepted exactly when uc
is accepted. We choose the angle ¢ so that the positive and negative witness sizes for ho are
balanced. This gives

The parent chain uses only the fresh coordinate hc as a terminal target, rather than the
potentially dense vector uc. Thus dense internal targets are not repeatedly reused by higher
chains.

It is useful to explain why long chains are safe. If the entire formula were a single chain and
we formally included the orthogonal companion at every gate, the resulting auxiliary gate vectors
would form an orthonormal system before entrywise absolute values were taken; the actual OR-gate
vectors form a subfamily of this system. After taking entrywise absolute values, the corresponding
matrix differs from the orthonormal-system matrix by a simple diagonal-type perturbation. Thus
a long chain alone does not create a large entrywise-absolute norm. The difficulty arises when
dense targets are repeatedly fed into other dense targets across different branches. The heavy-
chain decomposition preserves the safe behavior within each chain while introducing helpers only
at the interfaces between chains.

Witness size. The recurrence

combined with the heavy-chain property gives Sioot = O(y/n). The only structural fact needed
is that whenever a terminal comes from a light child, the corresponding child subtree contains at
most half as many leaves as the subtree rooted at the top of the current chain. In Lemma 5.7, we
make this precise by proving inductively that

Sc < 100y/nc — 5,

where n¢ is the number of leaves in the subtree rooted at the top of the chain C.

2.4 The Entrywise-Absolute Matrix Norm

It remains to prove |abs(V)|| = O(1). The block associated with a chain C is the submatrix
consisting of the available unit vectors introduced within C: the auxiliary vectors at OR gates
on the chain and the connector vector go. For the norm analysis, we may also introduce the
corresponding formal orthogonal companion vectors at AND gates; the actual OR-gate vectors
form a submatrix of this formal orthonormal system.

The signed formal gate vectors within a chain are orthonormal. Moreover, taking entrywise
absolute values changes the corresponding matrix by only a constant-norm perturbation, and the



helper connector contributes one additional unit vector. Hence each chain block has entrywise-
absolute operator norm O(1).

The full span program is obtained by assembling these chain blocks. The rigorous proof, given
in Lemma 5.9, uses a bounded-overlap argument. Every helper coordinate appears in its own
connector block and in the parent-chain block in which it is used as a terminal target. Every leaf
coordinate appears in its unit literal vector and in the unique chain in which it is a terminal target.
Therefore, when the block matrices are applied to their coefficient vectors, only O(1) output vectors
overlap at any coordinate, so their squared norms sum to at most a constant factor more than they
would under orthogonal support. This gives

labs(V)|| = O(1)

for the full span program.

Applying the extraction lemma to the root helper target, together with the witness bound
S = O(y/n) and the global matrix bound ||abs(V')|| = O(1), yields a pointwise 1/3-approximating
polynomial of degree O(y/n) and coefficient ¢1-norm 20(V7),

3 Preliminaries

3.1 Notation

All vector spaces are real Euclidean spaces. Vectors are written in bold lowercase, for instance
u, v, 7. Matrices are written in bold uppercase, for instance M,V , B. If M is a real matrix, then
abs(M) denotes the matrix obtained by replacing every entry of M by its absolute value. We write
|M|| for its £o — ¢9 operator norm. Explicitly, if the input and output spaces are equipped with
the usual Euclidean norm, then

M|,

2]

Equivalently, || M| is the smallest number L such that |Mz|, < L ||z, for every vector . We
write U @+ W for the orthogonal direct sum of two Euclidean subspaces, and similarly for more
than two summands.

| M]|| := sup
x#0

The coefficient ¢1-norm of a real polynomial p in n variables, written in the {0, 1}-monomial

basis, is denoted
Iplly == Z lprl,
TCln)

where p(x) = > pcp, Pr [ Lier #i after multilinearization on the Boolean cube.

A De Morgan formula means a binary formula over {A,V,—}, with negations pushed to the
leaves; XOR gates are not part of the basis. The size of a formula is the number of leaf occurrences.
Repeated occurrences of the same input variable are counted with multiplicity.

3.2 Vector-Form Span Programs

We use the following vector-form version of span programs. The term “vector-form” serves only
to distinguish this representation from matrix-kernel formulations: the span program is specified
directly by a unit target vector and by unit vectors that may or may not be available on a given
input.



Definition 3.1 (Vector-form span program). A vector-form span program consists of a real
Euclidean space H, a unit target vector 7 € H, and a finite list of unit vectors vi,..., vy, € H.
Each listed vector has one of the following labels: always available, xz;, or —x;.

On input =, a vector labeled always available is available; a vector labeled x; is available exactly
when x; = 1; and a vector labeled —x; is available exactly when x; = 0. Let I, C {1,...,m} be the
set of available indices. The span program accepts x iff

T € span{v; : j € I.}.

Let V' be the matrix with columns viy,...,vy. For input x, let V, be the matriz whose j-th
column is vj if j € I, and is zero otherwise.

e On an accepting input, a 1-witness is a coefficient vector a such that Vya = 7. Its size is
defined by ||a|?.

e On a rejecting input, a O-witness is a vector w € H such that w'T =1 and w'V, = 0. Its
size is defined by |w)|?.

Thus every vector available on any input is unit. Throughout the paper, every intermediate or
exported target vector introduced by the construction is also unit.

Definition 3.2 (Witness parameters and balanced witness bound). Let T be a unit target. For
A, B > 1, it has witness parameters (A, B) if, on every 1-input, there is a 1-witness of size at most
A, and on every 0-input, there is a 0-witness of size at most B. It has balanced witness bound
S > 1 if both witness sizes are at most S; equivalently, it has witness parameters (S,S). All witness
sizes are squared Fuclidean norms.

4 Constructing Polynomials from Span Programs

In this section we show how to turn a span program with small balanced witness bound into a
low-degree approximating polynomial. The conversion also needs the additional hypothesis that
the entrywise-absolute matrix of available vectors has bounded operator norm; this is the condition
that will later give the coefficient ¢1-norm bound. In Section 5 we construct, for every De Morgan
formula, a span program satisfying these hypotheses.

The following lemma is the span-program to polynomial step. This argument is standard in the
span-program approach to formula evaluation, but we give the proof because we need the coefficient
¢1-norm bound.

Lemma 4.1 (Constructing a polynomial from a span program). Let a vector-form span program
compute a Boolean function f, and suppose it has balanced witness bound at most S, where S > 1.
Let V' be the matrixz from Definition 3.1, whose columns are the span-program vectors v1,...,Um.
If

labs(V)|| = O(1),

then f has a real polynomial P satisfying

W =

[P(x) = f()] <
for all Boolean inputs =, with

degP=0(S),  |P], <2°09.



Before the proof, let us indicate the role of the matrix M, and vector o below. It is designed
so that on accepting inputs, o has large projection onto M,’s zero-eigenspace, while on rejecting
inputs it has very small projection onto the O(1/5)-small eigenspace. A Chebyshev polynomial
then filters the spectrum. The bounded entrywise-absolute norm hypothesis is used only in the
final coefficient-¢1-norm accounting.

Proof. The proof has two logically separate parts. First we use the span program to build a matrix
whose small-eigenvalue behavior distinguishes accepting inputs from rejecting inputs. Then we
apply a polynomial spectral filter to this matrix and bound the coefficient £1-norm of the resulting
polynomial.

The Matrix.
Let o be a new unit coordinate. The matrix below acts on
Ro &+ H &+ R™,

where Ro := {ro: r € R}, H is the span-program ambient space, and R™ indexes the available
vectors. Here @ denotes an orthogonal direct sum. For a Boolean input z, let V,: R™ — H be
the matrix from Definition 3.1. Define the symmetric matrix

1 T
1O ovsT 0
0 v, 0

T

Since ||abs(V')|| = O(1) and ||7|| = 1, we have ||abs(M,)|| = O(1), uniformly over inputs z. Choose
a sufficiently large absolute constant cpom that is independent of z, and set

—~ 1
M, = M,

Cnorm

so that Habs(ﬁm)

‘ < 0.1. In particular, all eigenvalues of M, lie in [—1,1].

Eigenvalue Properties on Accepting Inputs.

Consider an input x such that f(z) = 1. Let a € R™ be a 1-witness, so V,a = 7 and ||a”2 <S.
Embed a in the vector-index block of Ro &+ H &1 R™. Define

1
1
= On =—0— ——a.
v _ 1, 10V'S
10V'S

Then M 1) = 0, hence also wa = 0. Moreover,

2
2 la 1
=14+ —=<14—.
Il 1008 — 100
Also 0"4p = 1. Since 1 lies in the zero-eigenspace of Mx, the squared projection of o onto that
zero-eigenspace is at least

T2
o w2 _

> 0.99.
|!¢|!2 ~ 1+ 1/100

10



Eigenvalue Properties on Rejecting Inputs.
Suppose f(x) =0. Let w € H be a 0-witness:

w'rT=1, w'V, =0, Jwl|* < S.

We will show that any vector in the small-eigenvalue subspace of Mx has very small component
in the o coordinate. Let € > 0, to be chosen later, and let ¢ lie in the spectral subspace of M,
with eigenvalues of absolute value at most €. Then

|M.g|| <@l

and therefore
| M| < cnorme || @] -

Write
Po
d) = ¢H ;
oy
where ¢y € H and ¢; € R™. The H-block of M, ¢ is
i T+ V.

10V/S

We view w as a vector in the middle H-block, extended by zero on the other two blocks. Multiplying
this H-block on the left by w ', and using w'V, = 0, gives

’LUTMx — 'LUT < d)O - + V-x ) — Qbo )
¢ 10v/5 ? )= 1075
Hence ](b ‘

— < Mx < norm\/g .

7 < ol 1M < e /S 0]
Choose .
Then

|$o| < 0.01 ||| . (1)

Let P<. be the orthogonal projector onto the eigenspaces of Mm whose eigenvalues \ satisfy
|A| < e. Applying Equation (1) to ¢ := P<.0, and using that P<. is an orthogonal projector, we
have

HPSEOHQ =o' (P<c0) < 0.01|[P<coll,

and therefore
| P<co| <0.01.

A Chebyshev Polynomial Filter.

We now choose a univariate polynomial that distinguishes the spectral behavior just proved:
the polynomial is large at eigenvalue zero and small outside the interval (—e, e). We obtain this by

11



first constructing a bounded Chebyshev filter ®, and then setting ¥ = ®2 to make the final filter
nonnegative.

Let T, be the Chebyshev polynomial of the first kind, characterized by Ty(cos ) = cos(da).
Equivalently, Ty ((r +771)/2) = (r¢ +r~%)/2. Choose d = [ccneb/€ ], Where the absolute constant
Ccheb Will be chosen large enough. Since € = ©(1/5), this gives d = O(1/e) = O(S). Define

T, (1 + 2= ;52))

Td (1 + 12_822)

O(t) :=

The polynomial ® has the following properties:
o At t =0, the numerator and denominator are equal, so ¢(0) = 1.

o If |t| € [e,1], then

2(e2 — %)
14+ —= € |-1,1].
t——= €11
Hence the numerator has absolute value at most 1. The denominator is Ty ( + 1= 52) We

use the standard estimate

Tu+9) > Jep(@dyp)  (0<p<1)

which follows from the identity Ty((r+7"1)/2) = (r¢+r~9)/2. Here p = 262 /(1 —¢%) = O(?).
Thus choosing cchep sufficiently large makes the denominator at least 10. Therefore |®(t)| <
1/10 for [t| € [¢, 1].

o If t| < e, then

2(e2 — 12) 2¢?
— =<1 .
—e2 - + 1—g2

Since Ty is increasing on [1,00), we have |®(¢)| < 1 for |t| < e.

1<1+

Thus |®(¢)| < 1 for all |[t| < 1. Set

T(t) := B(t)?
Then
v(0) =1, 0<T()<1 (|t <),
and )
V)< oo (€ 1),

Moreover, deg ¥ = O(S5).
Now we present the construction of the final polynomial. We first define the symbolic matrix-
valued polynomial. Let V(x) be obtained from V' by leaving always-available columns unchanged,

multiplying a column labeled x; by the variable x;, and multiplying a column labeled —x; by 1 —x;.
Define

0 =77 0
. 10v'S — 1
M (z) = ovsT 0 Vi) |, M(z) = M (x)

12



For every Boolean input =, M (x) evaluates to the numeric matrix M, used above. We now define
the approximating polynomial by

P(z) := o' U(M(x))o.

We now verify pointwise approximation using the fixed-input matrix M, = M (z). Recall that its
eigenvalues lie in [—1, 1] by the choice of ¢porm-

o If f(z) =1, write the orthogonal decomposition o = 0y + 0, where oy is the projection onto
the zero-eigenspace of M,. We proved [|og||* > 0.99. Since ¥(0) =1 and ¥ > 0 on [—1, 1],

P(z) = 0" ¥(M,)o > ||og||* > 0.99.
Also P(z) <1, because 0 < ¥ <1 on [—1,1].

o If f(x) = 0, decompose 0 = 0<. + 0>, where o<, = P<.0. We proved |o<.| < 0.01, so
its squared norm is at most 1074, On the remaining spectral subspace all eigenvalues satisfy
|A| € [e,1], and thus ¥(A) < 1/100. Hence

1 1
0 < P(z) < |Jo<e|* + 00 losc||? <1074 + Tog <002

Hence P pointwise 1/3-approximates f.

Degree and Coefficient ¢/;-Norm.

The preceding argument fixed an input = and treated N/vaf as a numeric matrix. For degree and
coefficient ¢1-norm bounds, we use the symbolic matrix M (z) defined above.

Since each entry of M (x) is a degree-1 polynomial in the input bits and deg ¥ = O(S), we have
deg P = O(9).

In the rest of the proof, coefficient norms are taken before Boolean multilinearization. At the
end we multilinearize on the Boolean cube; this only merges coefficients of monomials and therefore
cannot increase coefficient ¢1-norm.

It remains to bound the coefficient ¢1-norm. For a matrix Q(z) whose entries are polynomials,
define £(Q) entrywise by

L(Q)ij = [1Qijll; -

In words, £(Q) records the coefficient ¢1-norm of each polynomial entry of Q. Coefficient ¢;-norm
is submultiplicative, so
LQR) < L(Q)L(R) entrywise.

For the symbolic matrix M (x), define the fixed nonnegative majorant

) 0 101/5 abs(T) " 0
Ly = - 101@ abs(T) 0 2abs(V)
o 0 2abs(V) T 0

This matrix is not evaluated on an input; it only records upper bounds on coefficient ¢;-norms of
the entries of M (z). The factor 2 appears because ||z;||; = 1 while ||1 — z;||; = 2. Thus

0< E(M) < Ly entrywise.

13



We use the elementary monotonicity fact that if 0 < A < B entrywise, then ||A|| < || B||: for every
vector &, |Ax| < Alz| < B|x| entrywise, and hence ||Az| < ||B||||z||. Since ||abs(V)|| = O(1)
and ||7|| = 1, our choice of ¢porm gives

e <.

The next two claims isolate the coefficient accounting.
Claim 4.1.1. For every integer j > 0,
T M ()
Ho M (x) o”l <1

Proof. By entrywise submultiplicativity,
E(Mj) < £(M)j entrywise.

Therefore

s < e <1

The matrix £(Mj ) is nonnegative, so each of its entries is bounded by its operator norm. The
entry corresponding to o' M (z)’o therefore has coefficient £;-norm at most 1. O

Write
deg ¥

() =Y at’.
=0

Claim 4.1.2. We have
deg ¥

3 fay| <29,
j=0

Proof. The recurrence Ty, 1(t) = 2tT4(t) — Ty_1(t) implies that the monomial coefficient ¢;-norm
of Ty is at most 3%. Let
2(e2 — 12)

1—¢2

Since ||Ac||; = O(1), coefficient ¢1-norm submultiplicativity gives

Ac(t) =1+

ITa(As(ED 1 < D lerl 4ell} < 1 Tally max(L, | Ac[l)* < 2900,

where Ty(t) = Y. ¢,t". The denominator in ® has absolute value at least 10, and squaring & to
form ¥ only squares the coefficient ¢;-norm. Since d = O(S), the claim follows. O

It follows from Claims 4.1.1 and 4.1.2 that

deg U s
HPHl S Z |aj| HOTM(x)Joul S ZO(S)~
§=0

Finally, multilinearizing P on the Boolean cube preserves its values there and can only merge
coefficients of monomials, so it does not increase the coefficient ¢1-norm. This proves the lemma. [
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5 Proof of the Main Theorem

In this section we prove Theorem 1.1, restated below as Theorem 5.1. The proof has two steps.
We construct span programs for formula subtrees, maintaining both a balanced witness bound and
a uniform bound on the entrywise-absolute norm of the available-vector matrix. We then apply
Lemma 4.1 to the span program computing the formula.

Theorem 5.1 (Main theorem, restated from Theorem 1.1). Let F': {0,1}™ — {0,1} be computed
by a De Morgan formula with n leaf occurrences. Then there is a real multilinear polynomial P in
the m input variables such that, for every x € {0,1}"™,

1
P(a) = Fla)| < 3,

and
deg P =O(v/n),  ||P|, <200V

For the construction, it is enough to consider a read-once monotone formula in formal leaf-
occurrence variables y1,...,y,. A general De Morgan formula computing a function of variables
x1,...,Tm can first be viewed in these formal variables; at the end each yy is replaced by the original
literal x; or 1 —z; labeling that leaf occurrence. This final substitution is handled in the completion
of the proof.

We prove the theorem by constructing inductively, for each relevant subtree, a vector-form span
program computing that subtree. The target of a completed subtree will be a unit vector, and
its balanced witness bound will be denoted by an uppercase parameter such as S, with subscripts
indicating the corresponding subtree or chain. Leaves are handled first. The gate-composition
lemma then explains how to combine two child span programs. Heavy chains and helper targets
are used afterward to keep the entrywise-absolute matrix norm bounded.

5.1 Leaf Programs and Gate Composition

Lemma 5.2 (Leaves). For every formal leaf variable yg, there is a vector-form span program
computing the function yg, with unit target ey, all available vectors unit, and balanced witness
bound Sy = 1.

Proof. Introduce a fresh one-dimensional coordinate and let e; be its unit basis vector. The target
is ey. Add one available vector, also equal to ey, labeled by the variable y,. If y, = 1, the coefficient
1 on this available vector is a 1-witness of size 1. If y, = 0, then w = e, is a O-witness: it satisfies
w'e, = 1 and is orthogonal to all available vectors, since the only labeled vector is unavailable.

Thus both witness sizes are at most 1, so Sy = 1. O

The next lemma describes how to combine two span programs whose entire ambient spaces are
orthogonal. In the formula application, these programs compute the two child subformulas of a
gate. The lemma constructs a span program for the parent formula, using all available vectors from
the two child span programs and, in the OR case, one additional always-available unit vector.

Lemma 5.3 (Gate composition). Let P; and Py be vector-form span programs computing two
Boolean functions f1 and fo. Let their unit targets be w1 and us, and assume their ambient spaces
are orthogonal. Assume also that all available vectors in the two programs are unit and that their
witness parameters are (A1, B1) and (Ag, Bs).
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parent: parent:
u, (A, B) u, (A, B)

span program P span program P, span program P; span program P»
u1, (A1, B1) ug, (A2, Bp) uy, (A1, B1) uz, (Az, B)

Figure 1: Gate-composition schematic for the OR and AND cases. The parent target w has
witness parameters (A, B), while the child targets have parameters (A1, B1) and (Asg, Ba).

For a top OR gate, there is a vector-form span program computing fi1 V fo. For a top AND
gate, there is a wvector-form span program computing fi N\ fo. In either case, the parent target
is a unit vector w in the direct sum of the two child ambient spaces. The new program includes
all available vectors from the child programs; in addition, the OR construction adds one always-
available unit vector, while the AND construction adds no new available vector. If (A, B) are the
witness parameters of the parent target, then

(A+1)B=(A1+1)B1 + (A2 + 1)Bs.

Proof. We prove the OR and AND cases separately. In both cases the available vectors from the
two child programs are included in the parent program. The new target u is a unit nonnegative
linear combination of the two child targets wi, us.

OR top gate.
Choose 0 € (0,7/2) such that

A1+1 Sil’l29: A2+1

2
/G S
T A+ Ayt 2 A+ Ag + 2

Define the unit target
u := cosuy + sin 0 us.

This vector is a linear combination of child targets; it is not a new coordinate. Add the always-
available unit vector
r:=sinfu; — cosf us.

This vector is called the rotation vector of this OR gate.
Suppose the OR gate is true. If the left child is true, let a; be a 1-witness for w1, so ||a;||* < A;.

Then
1 sin 6

u; —
cos

Thus a 1-witness for u is obtained by taking a;/ cos @ on the columns of P, coefficient — sin 6§/ cos 0
on the always-available vector r, and zero on all columns of P,. Its size is at most

A1 sin2 0
cos2f = cos20

u = r.
cosf

=A+ A+ 1.
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The right-child case is symmetric. Hence the parent positive witness size is bounded by
A= A1 + A2 + 1.

Now suppose the OR gate is false. Then both children are false. Let wi, ws be O-witnesses for
the two child targets, with ||UJ7,H2 < B;. Since each w; is orthogonal to every available vector in its
child program, and the two child ambient spaces are orthogonal, the vector

w = cos f wi + sin 6 wo

is orthogonal to every available child vector. Moreover,

w'u = cos? Qw| uy + sin? h w,y uy = cos?f +sin?f =1,

and

w ' r = cosfsinfw{ u; — sinf cos fw, uy = 0.

Thus w is a valid 0-witness for the OR target, including the new always-available vector r. Its size
is at most
B := cos® 0B + sin® 0Bs.

Therefore

(A+1)B= (A1 + Az +2) (cos2 6B, + sin? 0B>)

A +1 Ay +1
A+ Ay +2 ! A+ Ay +2 2)
= (A1 +1)By + (A3 + 1)Bs.

=(A1+A2+2)<

AND top gate.
Choose 6 € (0,7/2) such that?

B B
! sin? = 2

2
cos“f = ———, —_—
B + Bo B1 + Bo

Define the unit target
u = cosfuy + sin G us.

No new available vector is added.

If the AND gate is true, both children are true. Let a1, as be 1-witnesses for w1, us, respectively.
Then the parent 1-witness uses coefficients cos 6 a1 on the first child and sin § as on the second child.
Its size is at most

A = cos> HA; + sin? 0 A,.

If the AND gate is false, at least one child is false. If the left child is false, let w; be a O-witness
for w;. Then wi/cos@ is a O-witness for w. It has inner product 1 with w, is orthogonal to all
available vectors from the left child by definition, and is orthogonal to all vectors from the right
child because the two child ambient spaces are orthogonal. Its size is at most

By
cos2 6

= B + Bs.

4By Definition 3.2, the witness parameters satisfy Bi, B2 > 1. Therefore both fractions below lie strictly between
0 and 1, so this choice of 0 is nondegenerate.
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The right-child case is symmetric.

Now
(A+1)B = (cos2 0A; +sin® Ay + 1) (B1 + B2)
B By
= A+ Ay +1)(B1+ B
<31+BQ YT Bi By >( 1+ B
= (A1 + 1)31 + (A2 + 1)B2
This proves the lemma. O

5.2 Heavy Chains and Helper Targets

We next organize the bottom-up construction by a heavy-light decomposition. At every internal
node, choose the child with more descendant leaves as the heavy child; in case of a tie, choose either
child arbitrarily. Call the other child light. The heavy edges form disjoint directed paths.

Definition 5.4 (Heavy chains and terminal targets). A heavy chain is a maximal path that starts
at the root or at an internal light child, follows heavy edges, and ends at a leaf. If a light child
is itself a leaf, it contributes a leaf terminal rather than starting a new chain. Concretely, a chain
C consists of internal nodes v1,...,vr_1 connected by heavy edges, followed by a final leaf on the
heavy path. For each internal node v;, the child not lying on the heavy path contributes one
terminal target z;. The last terminal target zj is the leaf coordinate at the bottom of the heavy
path. Thus the terminal targets of C are the helper targets exported by internal light children, the
leaf targets contributed by light children that are leaves, and the bottom leaf target.
For a chain C, we use n¢ for the number of leaves below the top node of C.

top node of C

21

terminal targets
z3  from child subprograms

z5 Z4

Figure 2: A heavy chain C. The thick path is the heavy path, the side targets z1,..., 24
come from light-child subprograms, and zs is the bottom leaf target.
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One could apply Lemma 5.3 directly throughout the whole formula tree. This would compute
the formula, but the targets of large subformulas could be dense vectors. After taking entrywise
absolute values, the cancellations inside these dense columns disappear; many such columns can
have positive mass on the same leaf coordinates. This can make the entrywise-absolute matrix norm
grow, which would break the hypothesis required in Lemma 4.1. To avoid this, every completed
heavy chain C is summarized by a fresh helper coordinate ho. This helper coordinate is a new
orthogonal dimension and becomes the target of the span program for the subtree rooted at the
top node of C. A parent chain therefore sees h¢, a unit coordinate, rather than a dense vector for
the whole light subtree.

The inductive object associated with a completed heavy chain C is a span program computing
the formula subtree rooted at the top node of C. Its target is ho. The program contains the
available vectors introduced inside the chain and from its light-child subprograms. The coordinate
h¢o may later be used as a terminal target in the parent chain, but h¢ itself is not an available vector.
All helper coordinates are fresh orthogonal dimensions. The internal targets uo constructed below
are not new dimensions; they are linear combinations of previously constructed terminal targets.

We maintain that all available vectors are unit, and that the target hc has balanced witness
bound S¢.

For every heavy chain C| introduce a fresh unit coordinate

he.

This is a genuine new ambient dimension, and it will be the actual target of the span program for
the subtree rooted at the top node of C. Thus the outgoing target of C' is h¢.

For this same chain C', each terminal target z; is either the target e, of a leaf program, or the
helper target hp of a light child chain D. These vectors are mutually orthogonal unit coordinates.
Let S; be the already constructed balanced witness bound of z;. For a leaf, S; = 1. For a light
child helper hp, S; = Sp. Because each z; is a unit target, multiplying a witness contribution by
a scalar v multiplies its squared witness cost by 2.

In Lemma 5.5, we first ignore the outgoing helper coordinate and apply Lemma 5.3 directly
along the chain to build the natural target uo for the formula computed by the chain. This target
lives in the span of the terminal targets zi,...,2;. In Lemma 5.6, we then convert uc into the
fresh outgoing coordinate h¢o by adding one always-available connector vector.

Lemma 5.5 (Internal chain invariant). Let C' be a heavy chain with terminal targets z1,..., zk,
where each z; is either a leaf target or the helper target of a light child chain. Suppose z; has balanced
witness bound S;. Then applying the gate-composition construction along C gives a wvector-form
span program for the formula represented by the chain, with an internal unit target

uc € span{zy,..., 2L}

The target uc has witness parameters (Ac, Be) satisfying

k
(Ac+1)Bc = > (S7+5)).
i=1
Moreover, uc is a nonnegative linear combination of z1, ..., z. The OR gates along the chain may

also introduce always-available rotation vectors: these are the extra vectors r from the OR case of
Lemma 5.3 and will be used in the matriz-norm estimate.
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Proof. For a terminal target z;, use witness parameters (5;,.5;). Then the contribution of this
terminal to the invariant (A + 1)B is

(S; +1)S; = S? + S;.

Set ug := zi. We now move upward along the heavy chain. For j =k — 1,k —2,...,1, assume
that w;41 is the target already constructed for the subformula rooted at the heavy child of v;. The
other child of v; contributes the terminal target z;. Apply Lemma 5.3 to the two child targets
u;y1 and zj, using the actual gate label at v;. This produces a new target w; that computes the
subformula rooted at v, interpreting each terminal target z; as the value of its corresponding leaf
or light-child subformula.

Repeating this until j = 1 gives ucg := wy. At every step, Lemma 5.3 says that the quantity
(A + 1)B for the newly constructed target is the sum of the corresponding quantities for the two
child targets. Hence this quantity accumulates additively over the k terminal targets, and

k

(Ac+1)Bc = > (S7+5)).
=1

Since every gate target u; is chosen as a nonnegative linear combination of its children, uc is a

nonnegative linear combination of the vectors zi,..., zx. ]
Lemma 5.6 (Helper recurrence). Let C' be a heavy chain with terminal targets zi,...,z, and
suppose these terminal targets have balanced witness bounds Si,...,Sg. There is a vector-form

span program for the subtree rooted at the top node of C, with unit target he, all available vectors
unit, and balanced witness bound

Proof. Let uc be the internal target from Lemma 5.5, with witness parameters (Ac, Be). Introduce
the fresh unit coordinate he. Choose d¢ € (0,7/2), to be specified below, and add the always-
available connector vector

gc = cosdc ho —sindc uc.

This vector is unit, and it is an available vector, not a new coordinate. The target of the chain
program is ho. Because g¢ is always available and both sin ¢ and cos §¢ are nonzero, he is in the
available span if and only if u¢ is in the available span. Thus replacing uc by the helper target
h¢ preserves the Boolean function computed by the chain.

If the chain evaluates to 1, let ac be a 1-witness for uc, with Hac||2 < Ag. Since

sin d¢ 1

uc + gc,
cos 0¢y cos 0¢y

a l-witness for h¢ is obtained by using (sindc/ cosdc)ac for the internal witness and coefficient
1/ cosdc on go. Its size is at most

Ac sin? 6¢ 1 14 (Ac +1) sin? é¢
cos? 5o cos? 6 cos? 5 '

If the chain evaluates to 0, let we be a O-witness for uc, with

whue = 1, |lwel? < Be.
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Regard w¢ as a vector in the old ambient space and extend it by zero on the new coordinate hc¢.

Define
cos 0¢y

/
we = ho + — we.
¢ sin d¢

Then (w}) hc =1, and
(wg) " (cos dche — sindcuc) = 0.

Thus wy, is orthogonal to the connector vector gc, and it is orthogonal to all available internal
vectors because w¢ is. Its size is at most

Be cos?
14 Becostie
sin“ 0¢
Choose ¢ so that
sin? ¢ Beo

cos2dc VAo +1°

With this choice, the positive and negative witness-size bounds are both equal to

1+ +/(Ac +1)Bc.

Therefore the outgoing target hc has balanced witness bound

Sc=1+4++/(Ac +1)B¢.

Using Lemma 5.5, we obtain

5.3 Witness Size at the Root

The recurrence from Lemma 5.6 is local to one heavy chain. We next show that the heavy-light
structure turns this local recurrence into a global square-root bound at the root.

Lemma 5.7 (Root witness size). For every heavy chain C, let ng be the number of formula leaves
below the top node of C. The balanced witness bound Sc produced by Lemma 5.6 satisfies

Sc < 100+/n¢c — 5.
Consequently, the root target has balanced witness bound O(y/n).

Proof. The heavy chains themselves form a tree: a chain D is a child of a chain C' when the top
node of D is a light child of some node on C. We induct over this tree from the leaves upward.
The base case is a chain whose terminal targets are all leaves; the same calculation below applies
to this case, using S; = 1 and n; = 1 for every terminal target.
Fix a chain C, with terminal targets z1, ..., zx. Associate to each terminal target a leaf count
n;: if z; is a leaf coordinate, set n; = 1; if z; = hp for a child chain D, set n; = np. The terminal
subtrees partition the leaves below the top node of C, so

k
Z n; = ngc.
i=1
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We also have
ne .
n; < o5 for every i.

If z; is a helper coordinate for a light child, then that light child has at most half the leaves of the
internal node where it branches off, and that internal node’s subtree has at most n¢ leaves. Hence
n; < ng/2. If z; is a leaf terminal contributed by a light child, or is the bottom leaf of the heavy
path, then n; = 1 < n¢/2, because C' is rooted at an internal node and hence ng > 2.

For a leaf terminal target, S; = 1 < 100y/n; — 5. For a child-chain terminal target, the same
inequality holds by induction. Therefore, for every ¢,

S; < 100+/n; — 5.

Since n; > 1, we have

Also,

By Lemma 5.6,

Using S; < 100y/n; — 5 and the monotonicity of t2+tfort>0,

k k
D (S7+8) <) ((100y/n; — 5)* + (1004/n; — 5))
i=1 i=1
k
= 10000n¢ — 900 Y _ /n; + 20k
=1

k
< 10000n¢ — 880> _ /n;
i=1
< 10000n¢c — 880v/2nc.
As 880+v/2 > 1200, this is at most

10000n¢c — 12004/nc + 36 = (100y/nc — 6)2.

Therefore
Sc <1+ (100y/n¢c — 6) = 100 /nc — 5.
This closes the induction. For the root chain R, ng = n, so Sg = O(y/n). O
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5.4 The Entrywise-Absolute Matrix Norm

The previous subsection showed that the balanced witness bound remains O(y/n), even after
adding helper coordinates and connector vectors. We now prove the second hypothesis needed
by Lemma 4.1: the available-vector matrix has bounded entrywise-absolute operator norm.

From this point on, the available-vector matrix is viewed with available vectors as columns, as
in Definition 3.1. Rotation vectors are exactly the additional always-available vectors introduced
by OR gates in Lemma 5.3; connector vectors are the always-available vectors go introduced in
Lemma 5.6.

In Lemma 5.8, we first prove a bound for each individual heavy-chain block. After that we
combine the blocks using the fact that every coordinate appears in at most two chain blocks.

Lemma 5.8 (Chain block norm). For each heavy chain C, let Vo be the matriz whose columns are
the available vectors assigned to C, namely the OR-rotation vectors of C and the connector vector
gc. Then

labs(Ve)[l = O(1).

hc
gc = cosdc he —sindc uc
wq := cos f1ug + sin 67z

. uc = uq
r1 := sinf;ug — cos 6121

Uy := coS Oousz + sin fs 25

7o := sin fouz — cos o2 .
1

u3z := cos fz3u, + sin f323

73 := sin faus — cos b323 ”
2

Uy = cos Oyus + sin 0424
74 := sin O us — cos 424

U5 = 25 Z4

Figure 3: The chain block used in the norm bound. The recursive targets w; lie on the
heavy path, the side targets are z;, and the formal rotation vectors r; are recorded for the
matrix-norm estimate.

Proof. Work in the orthonormal terminal basis zi,...,2z; for the chain C, ordered from top to
bottom along the heavy path. At each node we order the two child targets so that w;y; is the
target continuing along the heavy path and z; is the side terminal. If the actual left-right ordering
of an OR gate gives the negative of the displayed rotation vector below, this is harmless: the span
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and the entrywise absolute values are unchanged. Set up := z;. For j =k — 1,k —2,...,1, the
internal target has the form

Uj; = COoS 9j uji1 + sin 9j zj, 9]' € [0,7/2].

Here wj41 is supported on later terminals z;i1,...,2%, and hence is orthogonal to z;. The
corresponding formal rotation vector is

rj =sinfju;i 1 — cosb; z;.

The word “formal” means that for AND gates this vector is not actually inserted into the span
program. We include it only for the norm bound; the actual OR-rotation vectors form a submatrix
of this formal matrix and therefore have no larger operator norm.
With coordinates split as
Rz; @+ span{z;j41,..., 2k},

the two vectors may be viewed as

sin 0; —cos 0;
u; = 0w ) "5 = \sing; w; :
cos b ujiq sin @ wj4q

We claim that the formal rotation vectors rq,...,7rp_1 are orthonormal. We prove this by
downward induction on j. The induction statement is that

Uj,Tj,Tj+1, ey PR

form an orthonormal basis of span{z;, zj+1,..., 25}, with the convention that the list of rotation
vectors is empty when j = k. The base case is j = k, where uy = z.
For the induction step, assume that the list

Ujtr1,Tj4+15 -5 Tk—1
is an orthonormal basis of span{z;1,...,2,}. Since z; is a unit vector orthogonal to that span,
the vectors
Zj, UWj+1, Tj+1,- -, Tk—1
are orthonormal and span span{z;j, ..., zr}. The pair u;, r; is obtained from the pair w41, z; by

the orthogonal two-dimensional change of basis

uj\  [cost; sinb; Ujy1
r; ] \sinf; —cosb; zi |

Thus replacing w;i1,2; by u;,7; preserves orthonormality and gives an orthonormal basis of
span{zj, ..., z;}. This proves the claim. Let R be the matrix with columns r;. Then | R|| < 1.
Because every internal target w; is built using nonnegative coefficients, w1 has nonnegative
coordinates in the terminal basis and is supported only on zj;1,..., 2. The vector z; is a distinct
terminal coordinate. Therefore taking entrywise absolute values only changes the sign of the z;
term:
abs(r;j) =sinf; w11 + cosb; z; = rj + 2cosb; z;.

Thus
abs(R) = R+ D,
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where the j-th column of D is 2 cosf; z;. In the terminal basis, this matrix has the schematic form

2 cos 01 0 0

0 2cosfly - 0

D=| A
0 0 <eo 2cosB,_q

0 0 0

Since 2cos#; < 2, we have || D|| < 2. Therefore
labs(R)[| < [|R| + || D] < 3.
The connector vector satisfies
go = cosdo hg — sindo uc.
Since h¢ L uc and both are unit,
abs(gc) = cosdc ho + sindc uc

is also unit. Therefore the chain block, consisting of the actual OR-rotation columns and the
connector column, satisfies

[(abs(R) abs(gc))|| < [labs(R)|| + [labs(ge)l| < 4.
In particular, ||abs(Vo)|| = O(1). O

The local bound from Lemma 5.8 would not be enough if a coordinate appeared in many chain
blocks. The helper construction avoids this: every coordinate is used locally in its own chain and
at most once by its parent chain, so each coordinate appears in at most two chain blocks.

Lemma 5.9 (Global absolute norm). Let V' be the full available-vector matriz of the span program,
with available vectors as columns. Then

Jabs(V)[| = O(1).

Proof. Let Vjj; be the submatrix of literal columns. These columns are distinct leaf-coordinate
basis vectors, so [[abs(Vj)|| < 1.

Assign each available vector introduced by a chain to the unique chain in which it is introduced:
OR-rotation vectors are assigned to their chain, and the connector vector g¢ is assigned to C'. Let
Vo be the resulting block of columns for chain C'. By Lemma 5.8, there is an absolute constant
Chlock Such that

labs(Ve)z| < cplock [ 2]|

for every coefficient vector & on the columns of V.

Let coords(C) be the set of ambient coordinates (i.e., rows) that appear in the columns of V.
A helper coordinate ho appears in the block of C, and possibly also in the parent block where it is
used as a terminal target. A leaf coordinate can appear in the block of only the chain where that
leaf is a terminal target. Thus every coordinate belongs to at most two such sets. Consequently,
for any ambient vector vy,

Z Hy|coords(C)H2 <2 ||yH2 :
C
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For a global coefficient vector x, write @) for its restriction to literal columns and x¢ for its
restriction to the columns assigned to C. Set

Yiit = abs(‘/iit)mlita Yo = abS(VC)iBC-

The vectors yo are supported only on coords(C). Since every ambient coordinate belongs to at
most two sets coords(C),

2
S wo|| <23 el
C C

Also ||yiit]] < ||znut]|, because Vi is a submatrix of the identity. The vectors x)j; and x¢ live in
disjoint coefficient-coordinate sets, namely the literal columns and the columns assigned to the
chain blocks, so their squared norms add inside HwH2 Their images yy;; and yc live in the ambient
coordinate space and need not be mutually orthogonal: ¥ is supported on leaf coordinates, while
yc is supported on coords(C'). A leaf coordinate may therefore appear in y); and in one chain
image, and a helper coordinate may appear in two chain images. This is why the estimate below
uses the crude inequality ||a + b||* < 2 ||a||* + 2 ||b||?, together with the bounded-overlap estimate
for the yo’s. Therefore

2
labs(V')||* =

Yiit + Zyc
c

2

<2 ||y1it||2 +2

> ye

C

<2 |* + 4 llyell?
C

2 2
< 2 ||l ||” + 4cPioek E |zc||
C

2
< (2 + 4C2block) ”:BH .

Therefore ||Jabs(V)|| = O(1). O

5.5 Completion of the Proof

Proof of Theorem 5.1. If n = 1, the theorem follows directly from the leaf polynomial P(z) = x;
or P(xz) = 1—x;, according to the literal at the single leaf. Hence assume n > 2. Let R be the root
heavy chain. By Lemma 5.7, the root helper target hp has balanced witness bound

Sk =0(Vn).

The root target hr computes the formal occurrence-variable function F'(y): leaf programs compute
leaves, Lemma 5.3 preserves the gate semantics, and each helper connector preserves the available
span equivalence between uc and hg. By construction, hg is a unit vector and every available
vector is unit. By Lemma 5.9, the available-vector matrix V satisfies

labs(V)[| = O(1).

Lemma 4.1 gives a polynomial P in the formal occurrence variables satisfying

1

|P(y) — F(y)| < 3
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for every Boolean input y, with
deg P = O(Sg) = O(v/n), ||, <206% = 200/,

For the original formula F': {0,1}™ — {0, 1}, substitute each formal occurrence variable y, by
the literal x; or 1 — x; labeling that leaf. A degree-d monomial expands with coefficient ¢1-norm at
most 2¢, and here d = O(y/n), so this loss is absorbed into 20(vn)  Identifying repeated positive
variables and multilinearizing on the Boolean cube only merge coefficients of identical monomials,
so they cannot increase the coefficient ¢1-norm. The resulting polynomial is in the original m
variables and satisfies the theorem.

This proves Theorem 5.1. O

6 Tightness of the /;-Norm Bound

In this section we show that the coefficient bound in Theorem 5.1 is tight up to the constant in the
exponent. The example is the De Morgan formula for inner product modulo 2.

Theorem 6.1 (Tightness of the coefficient bound). For all sufficiently large n, there is a Boolean
function F' computable by a De Morgan formula with at most n leaves such that every real polynomial
P satisfying |P(z) — F(2)| < 1/3 for every Boolean input z also satisfies | P||; > 2%W™). This lower
bound holds with no restriction on the degree of P.

Proof. Let

IP¢(z,y) @xlyl, z,y € {0,1}".

There is an absolute constant C' such that IP; has a De Morgan formula with at most Ct? leaves:
parity on ¢ inputs has an O(t?)-leaf De Morgan formula, obtained by the standard balanced
recurrence for parity and its negation, and each parity input can be replaced by x; A y; or its
negation.

Let

i) = (1)
be the sign version. With respect to the normalized Fourier basis x,s(x,y) := (—1)®*+bY  where
a,b € {0,1}!, we have
ﬁ(a’ b) _ E:p,y |:(_1)m-y+a.a:+b-y _ 2—t(_1)a.b'

Thus every Fourier coefficient of f; has magnitude 27°.

Now let P be any real polynomial satisfying |P(z) — IP;(z)| < 1/3 on the Boolean cube, and
set ) :=1—2P. Since fy =1 on IP; = 0 inputs and f; = —1 on IP; = 1 inputs, the approximation
guarantee gives

fi(:)Q(z) =

<E[£Q] = Ji(S)Q( <2tZ!Q ).

S

for every Boolean input z.

Wl =

Therefore

W =

So the Fourier coefficient ¢1-norm of @ is at least 2¢/3.
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It remains to transfer this lower bound to the {0, 1}-monomial basis used in the theorem. For
a monomial Mr(z) = [[;cr 2,

Mr(z) =273 7 (—1)ixp(2),

RCT

so every {0, 1}-monomial, equivalently every AND of variables, has Fourier ¢;-norm exactly 1.

Hence ’ff Hl < ||H]|, for every polynomial H written in the {0, 1}-monomial basis. Applying this
to@Q=1-2P,

2t ~
5 <||Q]], < e < 1+21P0,.

Thus ||P||, > 2%®). Finally, choose t = |1/n/C| and let F' = IP;. Then F has a De Morgan
formula with at most n leaves and every pointwise approximant satisfies || P[], > 22(v7), O
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A Appendix — Statement on the Use of Al

We used GPT-5.5 Pro during the development and writing of this work. Its most substantial
contribution concerns the proof in Section 5. We describe the division of work below.
The proof begins by considering two special cases:

e The special case in which the formula is a single long chain was originally solved by the
human author. Its span-program construction is the repeated gate-composition construction
formalized in Lemmas 5.3 and 5.5. GPT-5.5 Pro later simplified the proof of the entrywise-
absolute norm bound for this case; the resulting argument appears in Lemma 5.8. The
underlying span-program construction remained unchanged.

e The special case of a balanced alternating AND—OR tree was obtained by GPT-5.5 Pro. Its
argument is equivalent to placing a helper vector at every internal node. The proof cleverly
combines ideas from the formula-evaluation construction of Ambainis et al. [ACR'10] and
the span-program framework developed by Reichardt [Rei09, Reill, Reil2], but the resulting
construction and analysis are not the same as either previous argument.

The extension from these two special cases to general formulas, via the heavy-chain decompo-
sition used in Section 5, was carried out by the human author. This step leads to the complete
construction and analysis in Lemmas 5.6, 5.7 and 5.9. GPT-5.5 Pro did not succeed in completing
this step, even when explicitly prompted to use a heavy-chain decomposition. Its attempts typically
became confused about the normalization of available vectors, the scaling of witnesses associated
with different subtrees, or the interaction between these choices. More generally, the model tended
to pursue local inductive arguments without maintaining a sufficiently global perspective on the
overall construction. In contrast, for human, this part was mostly a matter of careful engineering
rather than requiring particularly deep new ideas, and it was completed over approximately one
week of work.

GPT-5.5 Pro was also used to automate and accelerate certain self-contained substeps of roughly
IMO difficulty. For example, it wrote up some of the recurrence calculations in the witness-size
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analysis in Lemma 5.7. It was also used to simplify proofs and check calculations throughout the

manuscript.

All Al-generated mathematical content was reviewed and, when necessary, corrected or
rewritten by the human author. The human author made the final decisions about the statements,
constructions, proofs, and presentation, and takes responsibility for the correctness of the paper.
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