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Optimal Bitwise Pseudorandom Generators for
Modular Sums Modulo 2! - p*

Gonen Krak'

Abstract

We study pseudorandom bit generators for Boolean linear sums modulo a fixed integer
M. A distribution X € {0, 1}" e-fools these tests if, for every a € Z7,, the distribution of

z”: a; X; (mod M)

=1

is e-close in statistical distance to the corresponding distribution under independent uniform
bits.

Lovett, Reingold, Trevisan, and Vadhan constructed generators with optimal seed length
for every fixed prime-power modulus. We extend this result to every fixed modulus of the
form

M =2t pk,
where ¢, k > 0 and p an odd prime. Specifically, we give an explicit generator with seed
length

1
Om <logn + log 5) ,

which is optimal up to the constant depending on M.

Our main contribution is a modulus-doubling reduction that transforms any generator
fooling Boolean linear sums modulo m into one fooling such sums modulo 2m, while
preserving the optimal asymptotic seed length.
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1 Introduction

A distribution over {0, 1}" is pseudorandom for a class of tests if no test in the class can
distinguish it from n independent uniform bits. The smaller the class, the shorter the seed one
may hope for, and for the simplest nontrivial class — linear tests modulo 2 — the problem was
solved in the seminal work of Naor and Naor [NNO93]: small-bias generators fool all parities
with error ¢ using a seed of length O(logn + log %), which is optimal up to constant factors
[AGHP92]. Small-bias generators have since become a basic primitive of pseudorandomness,
and a natural next question is what happens when the modulus 2 is replaced by an arbitrary fixed
modulus M.
Concretely, for a coefficient vector a € Z}, consider the modular sum

SM) () = Zaixi (mod M), z e {0,1}"
i=1

A bit distribution X e-fools Boolean linear sums modulo M if, for every a € Z7,, the distribution
of S (X) is e-close in statistical distance to that of S5 (U,). This is a requirement on the
entire residue distribution: for a fixed coefficient vector it amounts to controlling all M — 1
nontrivial characters of the sum. Uniform control of the basic character over all coefficient
vectors nevertheless suffices, since the tth character attached to a is the basic character attached
to ta; this is the first step of the proof. Modular sums are among the simplest tests computable
in logarithmic space, they are exactly the read-once products over the cyclic group Z,,, that is,
tests of the form [ [, ;" with g; € Z), and fooling them is a necessary step in several programs
on pseudorandomness for group products and read-once branching programs.

Lovett, Reingold, Trevisan, and Vadhan [LRTV09] constructed generators with the optimal
seed length Oy, (logn + log %) for every fixed prime-power modulus M = p*. Their second
construction works for every M, at seed length

M 1
O(logn+log— . 10g<M10g —>) ,
€ €

which for fixed M is Oy (logn + log L - loglog 1): optimal in n, but short of optimal by a
log log % factor. In the years since, the composite case has resisted matching the prime-power
one. The recent work of Lee and Viola [LV25], which achieves optimal seed length c¢ log(n/e)
for read-once group products over every p-group, explicitly identifies the handling of composite
moduli as a challenge reminiscent of a known roadblock in circuit complexity. In particular, prior
to this work no generator with optimal seed length was known even for M = 6, the smallest
modulus with two distinct prime factors.

1.1 Our result

We extend the optimal-seed regime from prime powers to every fixed modulus with at most one
odd prime factor.

Theorem 1.1 (Main result; informal). Let M = 2'q, where t > 0 and q is either 1 or a power pF
of an odd prime. There is an explicit generator that e-fools all Boolean linear sums modulo M
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with seed length
1
O (logn + log E) .

The seed length is optimal up to the constant depending on M. For ¢ > 1 this is immediate:
parity tests embed into linear sums modulo any even M through coefficient vectors with entries
in {0, M/2}, and already for parity a seed of length Q(log n + log 1) is necessary [AGHP92].
For ¢t = 0 the modulus is an odd prime power and both the generator and its optimality are
inherited from [LRTV09].

The generator itself is built from off-the-shelf components. Our contribution is entirely in the
analysis: we prove a modulus-doubling reduction showing that if Z fools linear sums modulo m
and B is an independent parity-small-bias vector [NN93], then Z & B fools linear sums modulo
2m, with only a polynomial loss in the error and an additive O(log n + log %) in the seed. Each
doubling step therefore has the form

Gy = Z, G;:=Gj_1 ® B,

so that the final generator
Gi=Z®B @ @B

is the output of the LRTV generator for the odd part g, run at polynomially smaller error, XORed
with one independently parameterised small-bias mask for each factor of 2. Applying the
reduction ¢ times along the chain

qg—2¢ — - — 2

yields the theorem; when ¢ = 1 the same chain is started from parity instead. (An XOR of
independent small-bias vectors is itself small-bias, so GG; does have the two-component shape
Z @ B; but the proof needs the individual masks, since level j uses that GG;_; fools linear sums
modulo M;_;.)

1.2 Related work

Modular sums. Naor and Naor [NN93] solved the case M = 2 optimally. Lovett, Reingold,
Trevisan, and Vadhan [LRTV09] gave two constructions: one with optimal seed length for every
fixed prime power, and one for arbitrary M at the seed length displayed above, which for a fixed
modulus is the strongest bound known. Gopalan, Kane, and Meka [GKM 18] took a different
route, constructing a single generator that fools the discrete Fourier transforms of linear functions
and thereby all modular tests with modulus up to M simultaneously, with seed length

2
O (log ? . (log log @) ) :

The strength of their result is its uniformity: one generator for every modulus up to M, with
near-logarithmic dependence on M. For a fixed modulus it does not improve on [LRTV09]. What
our theorem does, for the moduli 27¢, is remove the residual log log % loss of the LRTV arbitrary-
modulus construction. For moduli with two distinct odd prime factors, of which M = 15 is the
smallest, that loss remains, and the method of this paper does not apply (Section 4.4).
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Group products and branching programs. Linear sums modulo M are read-once products
over the cyclic group Z);, a commutative special case of read-once permutation branching
programs. For group products, Meka and Zuckerman [MZ09] gave generators over S3 with
polynomially small error at seed length O(log n), handling the modulus-3 part through generators
for low-degree polynomials over 5. Lee and Viola [LLV25] recently achieved optimal seed length
cg log(n/e) for read-once group products over every p-group, and nearly optimal seed length
over every commutative group; they point to composite moduli as the boundary of current
techniques. Our result gives the exactly optimal seed length for the commutative groups Zs:,
which are not p-groups whenever ¢ > 1 and ¢ > 1. By a standard character argument it should
also yield the corresponding statement for every finite abelian group whose exponent has this
form, with the error adjusted by a constant depending on the group; we do not pursue that here.

The Meka-Zuckerman conjecture. Our generator is not new as an object. For M = 6 it
coincides with the generator that Meka and Zuckerman conjectured to fool width-3 read-once
permutation branching programs, namely the XOR of a small-bias space with a pseudorandom
bit generator for F3 (Conjecture 1.5 of [MZ09]). That conjecture remains open. Our theorem
proves that this object fools all linear sums modulo 6. These are not a subclass of the conjectured
class — S5 has no element of order 6, so Zg is not a subgroup of S; — but they are its untwisted
abelian analogue: Zg = Z3 X Zo where S3 = Z3 X Zs. In an S3 program the Z, prefix acts on
the Z3 component, twisting the modulus-3 coefficients by a prefix of the input, and it is exactly
this twisting that our analysis does not address.

Relation to degree descent over ;.  Our technique resembles a line of work on pseudorandom
generators for low-degree polynomials [BV 10, Lov09, Vio(09], and the comparison locates what
is new here. Those works descend in degree: Cauchy—Schwarz introduces a directional derivative,
the derivative has degree d — 1, and the induction finishes from the small-bias base case. Our
proof runs the same skeleton with the modulus as the descent parameter: Cauchy—Schwarz
introduces an XOR derivative, the derivative of a modulo-2m phase is a modulo-m phase, and
the imported lower-modulus generator finishes. The base case is foreign — an arbitrary modulo-¢
generator rather than small bias — and this is what lets the reduction graft onto [LRTV09]. The
resemblance is more than formal when M is a power of two: by Lucas’ theorem a sum modulo 2
is a function of Fy-polynomials of degree at most 2/~1, so on that modulus the two descents act
on the same object. No analogous bounded-degree representation, with degree controlled by the
modulus alone, is available once an odd prime divides M: by the Razborov—Smolensky method
[Smo87], counting modulo an odd prime admits no low-degree approximation over 5. This is
one way to see why the XOR derivative strips the powers of two and then halts (Section 4.4).

Organization. Section 2 introduces the bias framework and the proof plan. Section 3 proves
the two estimates and the high-weight smoothing theorem. Section 4 assembles the one-step
modulus-doubling reduction, iterates it through the full power of two, derives the main theorem
from the LRTV prime-power generator, and proves that the method stops at the odd part.



2 The problem and the central idea

2.1 The problem and the modulus-doubling goal
Fix a modulus M > 2. The input space is the Boolean group
Fs5 = {O’ 1}n>

with coordinatewise XOR denoted by &. For a = (a4, ...,a,) € Z}, and x = (z1,...,x,) €
I3, define

SM) (g Za x; (mod M).

Let U,, denote n independent uniform bits. For random variables Y, Y on a finite set, write

dist(Y, Y") : Z|Pr Pr[Y’ =y .

A bit distribution X e-fools Boolean linear sums modulo M when, for every a € Z7,,

dist (S$(X), SM(U,)) < e.

a

The reduction starts with a bit distribution Z that already fools all sums modulo m. It samples
an independent parity-small-bias vector B € [} and outputs

G=7DB.

The theorem goal is

PRG modulom + parity-small-bias XOR mask = PRG modulo 2m.

Imported LRTYV theorem. For every fixed prime p and integer k£ > 1, there is an explicit
pseudorandom generator that e-fools all Boolean linear sums modulo p* with seed length

1
(1, €) = Opr <logn + log g) :

Here the hidden constant may depend on the fixed modulus p*, but not on n or ¢.

The extension theorem developed in this document aims to show that an optimal-order
generator modulo m can be lifted to an optimal-order generator modulo 2m:

optimal PRG modulo m =  optimal PRG modulo 2m.

Starting from the LRTV generator modulo p* and applying this lifting theorem ¢ times gives the
chain
pk — 2pk — 22pk — s — 2tpk.
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Consequently, the proposed extension yields the following result.

Consequence of the modulus-doubling theorem. For every fixed modulus of the form
M =2

where p is prime, £ > 1, and ¢ > 0, there is an explicit pseudorandom generator that e-fools all
Boolean linear sums modulo M with seed length

1
ry(n,e) = Oy (logn + log g) :

2.2 Roots of unity, the phase function, and modular bias

Let
Wy = 627ri/M'
The map r — w}, translates a residue into a point on the complex unit circle. It is useful because

u=v (mod M) <= wj, =wjy, wit? = wiwl,.

For a fixed coefficient vector a, define the associated phase function

M) i ATy m
oM (@) =wyy D =wi ™™,z e

a

Object type: the phase is a function, not a distribution. The map ¢§M) :Fp -+ Cisa
general complex-valued function. Its values have modulus 1; they need not be nonnegative and
do not sum to 1. It is therefore not a probability distribution.

For a bit distribution X on 7, define its modular bias against a by

(M)
bias( (a) == Ex [w;i; (X)} = Ex [¢™(X)].

a

Equivalently, grouping the expectation according to the value of the sum gives

biasg(M)(a) = Z Pr[SM(X) = r] why.

IYAY:

Hence biasgéw)(a) is the probability-weighted average of the Mth roots of unity selected by
S (X). It measures the extent to which those phases fail to cancel. In particular, if S (X)
is fully balanced, meaning that every residue r € Z,; occurs with probability 1/M, then

biasg(M)(a) = Z wy = 0.

This is the average phase selected by the random modular sum. If the residues are balanced
around Z,,, their roots of unity cancel and the bias is small. Passing to phases therefore
turns modular arithmetic into multiplicative algebra and turns residue balance into a complex
expectation.



2.3 Proof plan
Fix
M = 2m.

Assume that Z € [7 is the output of a generator that already fools Boolean linear sums modulo
m. Independently sample a parity-small-bias mask B € 7, and define the candidate modulo- M

generator by
G:=7&B8B.

Our goal is to prove that, for every coefficient vector a € Z},, the modular sums

SM@)  and  SUYD(U,)

a

are close in statistical distance.
The proof has three main steps.

Step 1: reduce statistical distance to bias control.
The first step is to replace the distributional goal by an analytic one. For a fixed coefficient

vector a, the Fourier coefficients of the output distribution S5 (X)) are exactly

biasg(M) (ta), t € Zy.

Consequently, if a bit distribution X satisfies
biasg(M)(b) - biasg:[)(b) <~

for every coefficient vector b € Z7,, then Parseval and Cauchy—Schwarz imply that every
modular-sum output distribution under X is close to its counterpart under U,,. In particular,
bit-bias error y yields statistical-distance error at most

VM —1r.
Thus, after this reduction, the remainder of the proof focuses entirely on uniformly bounding
bias(GM)(a) — biasgf)(a) :

This reduction is not new. It is exactly the argument of [LRTV09], and we reproduce it in
full in Section 3.1 only for completeness; the contribution of the present paper lies entirely in
Steps 2 and 3.

Step 2: prove two complementary bounds on the bias error.
Let
w = wt(a).
The central analytic result of the proof is that the bias error is bounded by the better of two
estimates:

biast”) (a) — biasy (a)| < min{L(w), H(w)},




where

L(w) = 0AY,
and
H(w) == \/k3 + 0% 4+ n + K}
Here:

0 is the parity-bias parameter of the mask B;

7 is the modulo-m bit-bias error of Z;

0 < Ky < 1 measures the exponential decay of the uniform-bit modular bias;

1 < Ay < /2 controls the Fourier £-mass contributed by one active coordinate.

The first estimate is useful when w is small, because it pays the Fourier ¢/!-mass AY,. The second
estimate is useful when w is large, because the factors %, then become small. Thus the minimum
expresses the basic low-weight/high-weight division of the proof without committing in advance
to one estimate for every coefficient vector.

Step 3: choose the threshold and error parameters.
After proving the combined inequality, the final step is to choose a threshold I/ and parame-
ters o, ) so that one of the two bounds is small for every possible weight.

Choose W so that

w
Ky

is at most a small constant multiple of the desired bias error . Since x;; < 1, this requires only

1
W = OM(log—) .
g

Then choose the mask error ¢ so that
5A%

is small, and choose the lower-modulus error 7 on the order of 2.
With these choices:

* when w < W, use the low-weight estimate
L(w) = 0A3; < 6Ay;
* when w > W, use the high-weight estimate, because
w

w
Ky S Ky

while 0 and \/ﬁ have also been chosen to be small.



Thus every coefficient vector satisfies
bias(GM)(a) - biasg‘f)(a)‘ <.

Step 1 then converts this bit-bias guarantee into statistical-distance error at most €.

Finally, because
1
W = Oy (log —)
€

and the small-bias mask has seed length

O (logn + log %) ,

the lifting step preserves the desired seed-length form

1
Oum (logn + log g> )

The reduction can then be iterated through the power-of-two part of the modulus.

Proof architecture. The proof first converts bias control into statistical-distance control. It

then proves
bias error < min Ny AR+ 2+ Ry,
—~—

N

low-weight estimate high-weight estimate

and finally chooses the threshold and parameters so that the appropriate term is small at every
weight.

2.4 General Fourier analysis on a finite abelian group

Before introducing the two Fourier transforms used in this proof, we briefly describe the common
framework behind them.
Let H be a finite abelian group, written additively. A character of H is a function

x:H—C

such that
x(@+y)=x()x(y)  forallz,y € H.

Thus a character converts the group operation into multiplication. Since H is finite, every
character takes values on the complex unit circle, so

x(@) =1 x(-z)=Xx().

The set of all characters is denoted by H and is called the character group, or dual group, of H.
It is itself an abelian group under pointwise multiplication, and for finite abelian / one has

[H| = |H].
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Characters as a multiplicative basis. The complex-valued functions f : H — C form a
vector space of dimension |H|. Under the normalized inner product

(,9) = Bty | F(2)9(2)]

the characters satisfy the orthogonality relation

I, x=1,

Eonvy [x(w)W] B {0, X # V.

Because there are exactly |H| characters, they form an orthonormal basis for all functions
H — C. Consequently, every function has a unique representation as a linear combination of
characters.

Conceptual meaning of the Fourier transform. The characters are multiplicative with respect
to the group operation, while the Fourier expansion is linear. Thus

Fourier analysis represents a function as a linear combination of multiplicative basis functions.

This basis is especially useful when a problem involves addition, translation, XOR, or convolu-
tion.

Fourier coefficients, inversion, and uniqueness. Using the positive-character convention of
this document, define

F(X) = Banvy [f (2)x(2)] -
The Fourier transform of [ is the complete collection

f: (fA(X))Xeg-

The inverse Fourier transform reconstructs the original function:

fl@) =" Foox(@).

xeH

The coefficients are unique because the characters form an orthonormal basis. Therefore

-~

f=9 <= f=g

The Fourier transform does not discard information; it expresses the same function in a different
coordinate system. Some texts place a complex conjugate in the definition of the forward
transform instead. This merely replaces each character by its inverse and does not change the
theory.

Parseval’s identity states that this change of coordinates preserves squared norm:

Eovy | f(2)? =D IF )P

xeH

11



More generally,
Eonvy|f(2) = g(@)* = D 1700 = 5001
x€H
Thus controlling all Fourier coefficients controls the /2-distance between the original functions.

Why the character basis is adapted to the group law. For b € H, define the translated
function (7, f)(z) := f(x + b). Since

x(x +b) = x(z)x(b),

translation does not mix different Fourier components; it only multiplies each component
by a scalar. Similarly, convolution and addition of independent random variables become
coefficientwise multiplication in the Fourier domain. In this sense,

group operations become simple scalar operations in Fourier coordinates.

For the Boolean group [F5, the group operation is XOR, so its characters form exactly the basis
in which XOR shifts and XOR averaging are diagonal.

Fourier transforms of probability distributions. A probability distribution on /' may be
represented by its probability mass function

P:H—|0,1], P(x) =Pr[Y = z].

It is therefore a special kind of function on H. For probability laws, the natural normalization is

P(x) :=E[(Y)] = Y_ P(z)x(x).

zeH

This coefficient is the average value of the multiplicative test x under the distribution. At the
trivial character 1, R
P(1)=1,

which records that the total probability mass is 1. For a nontrivial character, a large coefficient
indicates alignment with that character, while a small coefficient indicates cancellation. For the
uniform distribution Uy,

~ 1, x=1

U — ) )
H(X) { 0, Y#1.

The complete probability law can be reconstructed by Fourier inversion:

P(z) = |—j_,| S POox(@).

xeH

Hence the Fourier coefficients form a complete fingerprint of the distribution. Parseval gives the
quantitative identity

S 1P@) - Q) = ﬁ SO IPG) - G0

zeH XG[/T\[

12



This is why controlling all Fourier coefficients of two distributions allows us to control the
distance between the distributions themselves.

If X and Y are independent random variables on H, then the multiplicative property of
characters gives

L —

Pyiy (x) = E[X(X +Y)] = EX(X)JE[X(Y)] = Px(x)Pr (x)-

Thus addition of independent variables, or equivalently convolution of their laws, becomes
multiplication in the Fourier domain.

The two groups used in this proof. We apply this same framework to two different finite
abelian groups. On the output group Z,,, the characters are

Uy(r) = Wiy, t€Zy.
On the input group 7, the characters are the parity functions
xr(z) = (=)=, T e Fy.

The theory is identical in both cases. What changes is the object being transformed and the role
of the transform in the proof: on Z,; we transform the probability distribution of the modular
output, while on F} we transform the general complex-valued phase function of the input bits.
The next section compares these two uses directly.

2.5 Two Fourier transforms on two different groups

Before writing either transform, it is important to understand why the proof needs two of them.

The two questions answered by the two transforms. Output-side Fourier analysis asks:
what must be proved? The desired conclusion compares two probability distributions on Z,.
Their Fourier coefficients are precisely the biases biasgéw)(ta). Hence controlling all biases
controls statistical distance by Parseval and Cauchy—Schwarz.

Input-side Fourier analysis asks: how does the XOR mask act? The mask B comes with
guarantees only against parity tests (—1)7*. The modular phase P (x) is not itself a parity.
We therefore decompose this general complex function into parity components. In that basis,

XOR averaging becomes coefficientwise multiplication, so the effect of the mask is transparent.

The two transforms arise from the map

" S{()]W)

On the output group Z,,, we transform the probability distribution of the resulting residue. On
the input group 7, we transform the general complex-valued phase function associated with the
test.

Output-side transform: the distribution of the modular sum. Fix a bit distribution X on
[ and a coefficient vector
a=(ay,...,a,) € Zy,.

13



The random modular sum is
SM (X)) € Zy.

a

Let
P, x(r) = Pr[SO(LM)(X):T] , r € Ly,

denote its probability mass function. Thus the object being transformed is explicitly the probabil-
ity distribution
Pa,X : ZM — [0, 1]

For every t € Z,,, define the character
Yy Ly — C, Yi(r) = Wf\}

The scalar ¢ is the frequency label indexing the character ¢/;. Formally, the corresponding Fourier
coefficient is attached to the character function v;, and we write

Pa,X (wt)
Using the positive-character convention of this document,
Pa,X (7/}t) = ETNSLSM) (X) [wt (r>]

=E _son(x) [wii]

= Z P, x(r)wi;

rEL N

(M)
= ExNX [Wﬁa (x)]

= ExNX [W%?:l(tai)mi]

= biasgéw)(ta) :
Here
ta == (tay,...,ta,) (mod M).
Thus,

Pax(¥y) = bias{ (ta).

The complete Fourier transform of the output distribution is therefore the collection

(El,}(z/;t)) - <biasg<M) (m))

teZps teZys

For readability, one may abbreviate

—_

Pox(r) as  Pux(t),

but the formal meaning is always “the coefficient corresponding to the character ¢/;.”

14



This output-side transform tells us what must be controlled. For a fixed a, if

P, x ()

is close to the corresponding coefficient

P, (4)

for every character 1/, then Parseval and Cauchy—Schwarz imply that the two output distributions
SM(X) and SM(T,)
are close in statistical distance. Equivalently, controlling

biasgéw) (ta) — biasg‘f) (ta)

for all t € Z); controls the complete distribution of the modular sum.

Input-side transform: the phase function on the Boolean cube. We now turn to a different
object on a different group. For the same coefficient vector a, recall the phase function

(M)
oM Fp —C, M) =wyp .

a a

This is a general complex-valued function, not a probability distribution.

For every vector
T=(T,...,T,) € Fy,

define the parity character
XT - ]Fg — {_17 1}7 XT('CE) = (_1)T'CL‘,
where

T -x:= ZTixi (mod 2).
i=1

The vector 7" indexes the character x and specifies a linear parity test on the input bits.
The Fourier coefficient of the phase function corresponding to y is

—

66" (xr) := Eu, [¢{" (Ua)xr (Un)] -

Because every parity character is real and satisfies Y7 = xr, Fourier inversion gives

600y = 37 6 (er)xr ().

TeFy

—

For readability, the coefficient gbgM) (xr) may also be abbreviated as @SM) (T'), with the under-
standing that 7" indexes the character x .

15



The reason for using this basis is that parity characters interact perfectly with XOR:

xr(z ®b) = xr(2)xr(b).

The candidate generator changes the input by

z— 2@ B.

Substituting the Fourier expansion of the phase gives

Ep[¢i) (2 ® B)] =Ep Z @)(XT)XT(Z@B)

TeFy

= 3 D ) (Bl (B

TeFy
Define the Fourier coefficient of the mask distribution corresponding to x by
B(xr) := Ep[xr(B)] = E[(-1)""].
Then

Ez[¢{(z@B)] = > 68 (xr) Bxr)xa (2).

TEFy

Thus XOR averaging does not mix the different Fourier components. It simply multiplies the
coefficient corresponding to xr by the scalar B(xr).
A parity-small-bias mask satisfies

‘/B(XT)‘ <4 for every T' # 0.

Therefore the constant component 7' = 0 is preserved because B\(Xo) = 1, while every noncon-
stant parity component is attenuated by at most ¢.

The central intuition for transforming the phase. The small-bias mask understands parities,
not arbitrary modular phases. Fourier expansion supplies the bridge

modular phase = a linear combination of parity tests.

We transform the phase not to compare two distributions, but to express the test in the basis in
which XOR smoothing is diagonal.

Equivalently, for any input distribution X on [F7,
biasy") (a) = Ex [¢{" (X)]
=" 68 (xr) Exxr(X)] -
————

TeFD —
? Px (xr)

The Fourier transform of the phase tells us which parity tests occur in the modular test, while
the Fourier transform of the input distribution tells us how much of each parity is present in the
source.

16



3 Proof Details

3.1 Bit-bias error

Definition 3.1 (Modulo-M bit-bias error). A bit distribution X on {0,1}" has modulo-NM
bit-bias error at most vy if

sup biasg?/[)(a) — biasg\j)(a) <.

a€l’yy,
The word bit is important: the reference distribution is U, not a uniform vector in Z},.

Lemma 3.2 (Fourier inversion converts bit-bias to statistical distance). Let X be a bit distribution
with modulo- M bit-bias error at most vy. Then, for every a € 7%,

1

—vVM—1n.
5 g

a

dist (S(X), SM(U,,)) <

Proof. Fix a. Let P, be the probability mass functions of S (X) and SU(LM)(Un) on Zy,. For
t € Zy, define

P(t)= 3 Pla)t =E[uli ] = bias{(1a),
KISV

and similarly

Q(t) = biasy,” (ta).

At t = 0, the coefficients agree exactly. For ¢ # 0,

1P(t) — Q(t)] <,

because ta is another vector in Z%,.
Parseval on Z,, gives

S 1PG) - QG = 17 1P - QP < A

LASYAY: teLny

Therefore, by Cauchy—Schwarz,

1

dist(P,Q) = 5 > |P(x) = Q(2)]

VAN
N | =
=
]
~
O
|
O
O
~

A
I

S
[

—_
=2
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3.2 Step 2 setup: importing the XOR-smoothing identities
Step 1 reduced the statistical-distance goal to a uniform bound on

bias(;g;(a) — biasg:l)(a) :

We now begin Step 2 of the proof plan: proving two complementary estimates for this bias error.

Retain the notation
M =2m, G=272¢8,

where B € F7 is independent of Z and is d-biased against every nonconstant parity.
A realized mask b specifies exactly which coordinates of Z are flipped:

Zi7 bz = 07

Z®b); =
(Z®?) {1—Zi =1

n

For a fixed coefficient vector a € Zs,,,

define the mask-averaged phase
hz) =Eg[¢p?™(z® B)], z€T;.

Section 2.5 proved the input-side Fourier identity that governs this averaging. In the parity
basis, XOR averaging is diagonal:

o~

WT) = @(T)E(T) (T € F?).

We import this identity here rather than re-deriving it. Together with the §-bias condition stated
and discussed there, it gives:

e atT =0, B (0) = 1, so the constant component is preserved;

e atevery 1" # 0, |§ (T')| < 6, so the corresponding nonconstant component is attenuated by
at most 9.

Section 2.5 also identified the constant component of the phase as

—

E™(0) = Ey, [p2™(U,)] = biasi™ (a).

a

Hence XOR averaging pushes the phase toward the constant function whose value is exactly the
target uniform-bit bias.
The generated bias is
bias$i(a) = Ez[h(Z)].

The same imported smoothing identity supports the two estimates required in Step 2. For low-
weight coefficient vectors, we sum the attenuated Fourier components in /. For high-weight
vectors, that sum is too expensive, so we instead pass through the second moment E|A|%. The
next subsection proves the low-weight estimate; the following subsection begins the high-weight
argument.
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3.3 Step 2: the low-weight/high-weight split

For a coefficient vector a = (a4, ..., a,) € Z’,, define

supp(a) := {7 : a; # 0}, w := wt(a) := | supp(a)|.

As announced in the proof plan, Step 2 seeks two estimates for the same bias error. The first is
the low-weight bound
L(w) := 6AY,

while the second, developed through the high-weight argument, benefits from exponential decay
in w. This subsection explains the split and proves the complete low-weight estimate. The
following subsection begins the proof of the complementary high-weight estimate.

Low-weight calculation 1: compute the exact one-bit Fourier coefficients. Section 2.5
established the general parity-Fourier expansion of the phase. We now compute its coefficients
using the product structure of the modular phase. Fix a residue ¢ € Z,,; and consider the one-bit
function

fe(x) == W], r eFy, ={0,1}.

The two Fourier basis functions on one bit are the constant function 1 and the parity function
(—1)*. Hence there are unique .., v. € C such that

Wiy = Ue + ve(—1)%.
Evaluating this identity at x = 0 and = = 1 gives

1 =wu.+ v, Wy = Ue — V.

Solving the two equations yields the exact coefficients

1+ ot 1= ot
+2°"M, . G.1)

Ue =

Therefore
1 < 1 —w§
R | e TV 3 (3.2)
2 2
The local Fourier ¢'-mass is |u.| + |v.|. Define
o B 14+ wi, 1—w,
Aar = e + o) = e (|55 4 |20 ). (33)
Since
|u\:‘cosﬁ lve| = sin —o
C M ) Cc M )
we have
1< Ay <V2 (3.4)

If c = 0, then vy = 1 and vy = 0, so an inactive coordinate contributes exactly one unit of
Fourier mass and creates no nonconstant component.
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Low-weight calculation 2: tensor the one-bit expansions over all coordinates. For
r = (x1,...,2,) € F}, the phase factors coordinatewise:

400 = =T

Substitute the one-bit expansion (3.2) in every coordinate:

= I (ta, + va, (=1)").. (3.5)
=1
Avector T = (T, ...,T,) € Fy records which term is selected from each factor: T; = 0 means

choose u,,, while 7; = 1 means choose v,,(—1)*. For this choice, the parity part is

[I 07 = 0= = ()" = ()

T, =1

Expanding (3.5) therefore gives

oM () =) (H ua, [ vaz> Xr (@ (3.6)

TeFy \e:T;=0 ;=1

By uniqueness of the Fourier expansion on 3, the coefficient at the test vector 7" is exactly

@)(T) = I] v [] va (3.7)

:1T;=0 :T;=1

Low-weight calculation 3: factor the total Fourier ¢'-mass. Taking absolute values in
(3.7) and summing over all 7" gives

Z (b(M)

TEeFy

7)) = % 1 el IT Ion

TGF" ;=0 ;=1
| | ’uaz
=1

The second equality is exactly the distributive law: expanding the product on the right produces
one term for each choice vector 7' € {0, 1}".

If a; = 0, the ith factor in (3.8) is |ug| + |vo| = 1. If a; # 0, it is at most Ay;. There are
precisely wt(a) active coordinates. Hence

D

TEFy

+ [va,]) - (3.8)

M) (T)’ < AV, (3.9)

Strictly speaking, (3.9) says that the upper bound on the Fourier ¢!-mass grows with weight; the
exact mass need not increase monotonically for every particular vector a.
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Low-weight calculation 4: apply the XOR-smoothing identity proved in Section 2.5. Let
B € I} be an independent d-biased mask, so

B(T) :=Ep[(-1)"F],  |B(T)| <d forevery T # 0. (3.10)

AtT = 0, one has B(0) = 1.
For fixed z € F7, let
h(z) = Ep[¢{ (z ® B)).

The exact Fourier-diagonal identity was proved in Section 2.5. Applying it to the explicit
coefficients computed above gives

bz = 3 60T BT) xa(2). 3.11)

TeFy

Thus the coefficient at 7" is multiplied by the single scalar B(T); no Fourier component is mixed
with another.
The constant coefficient of the phase is

—_

$8(0) = By, [0 (U,,)] = bias\ (a). (3.12)

Low-weight calculation 5: derive the direct mask estimate. Let Z be any bit distribution
independent of B. By definition,

bias}t(a) = Ex[h(2)].

Average (3.11) over Z and separate the term 7" = 0. Using (3.12), we get the exact identity

biasyyp(a) — biasg (a) = > ¢ (T)B(T)Ez[xr(Z)]. (3.13)
T+0
Now apply the triangle inequality:

biaS(ZAé)B(a) - biasg\j)(a)‘ < Z
T#0

@<T>\ BOIEAr(2).  G14)

For T' # 0, the small-bias condition gives \E (T)| < 4. Moreover, xr(Z) € {—1,1} pointwise,
so |Ez[x7(Z)]| < 1. Therefore, by (3.9),

biaS(ZAé)B(a) - biasg\f)(a)‘ < (52
T#0

QEM)(T)‘ < SAV = L(w). (3.15)

No pseudorandomness property of Z was used: the proof only invoked the trivial inequality
|Ezx7(Z)| < 1. For low-weight tests, the mask itself supplies the entire guarantee.
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Why the direct estimate is a low-weight argument. Suppose the target bit-bias error is 7,
as in the proof plan, and consider every vector with wt(a) < W. It is enough to choose

§ <Ay,

because then (3.15) gives

If
then

so the mask retains seed length
1
Oum (logn + log —) .
v

For weight as large as n, however, the same estimate would require
0 <Ay,
and therefore I 1
log — > nlog Ay + log —.
0 gl

This can cost €2(n) seed bits. The problem is not that the actual error must be large; rather, the
triangle inequality in (3.14) treats all parity components separately and pays their full Fourier
¢*-mass.

At high weight, the proof changes norms. Parseval gives the weight-independent identity

>

T

2

M| = By, |oP0(U,))? = 1,

because every phase has absolute value 1. The second-moment argument will exploit this stable
Fourier /?>-mass instead of the growing /*-mass.

Regime Useful fact Proof mechanism
Low weight AVAV}(Q) remains manageable Fourier /*-mass plus parity-small-bias atten-
uation
wt(a)

High weight k,," makes the target bias tiny, Cauchy—Schwarz, derivative descent, and an
while Fourier /2-mass is exactly 1  input-Fourier second-moment estimate

The threshold in the proof plan is

W = OM<logl) .
Y
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3.4 Step 2: the high-weight estimate via derivative descent

Lemma 3.3 (Statistical distance supplies the lower-modulus bit-bias hypothesis). Let Z be a bit
distribution on {0, 1}", and suppose that, for every coefficient vector c € 7",

dist(SI™(2), S™(U,)) < p.

Then Z has modulo-m bit-bias error at most 2p. In particular, if p < 1/2, then Z has modulo-m
bit-bias error at most 1, as required in the high-weight argument below.

Proof. Fix ¢ € Z1, and let P and () be the probability mass functions of ng)(Z ) and Sém)(Un)
on Z,,. The corresponding bias difference is

el el

m

biasy™ (c) — b1asU

> (Pr) = Q(r)wr,| -

’I‘GZm

Because |w],| = 1 for every r € Z,,, the triangle inequality gives

< Y 1P(r) = Q)]

r€7Zm
= 2dist (S"™(Z), ST (Un))
< 2p.

biasy™ (c) — blasU

This is the bounded-test inequality specialized to the root-of-unity phase r — w; . Since the
bound holds for every c € Z;, , taking the supremum over c proves that the modulo-m bit-bias
error of Z is at most 2p. [

Thus a modulo-m generator run with statistical-distance error at most 77/2 supplies exactly
the lower-modulus bit-bias hypothesis used in this subsection. We now formulate the high-weight
estimate in that bit-bias language.

Section 3.3 proved the first branch of the minimum in the proof plan:

< SALH@,

‘b aSZ@B( a) — biasg;n)(a)

That estimate is effective when the weight is small, but its Fourier ¢! loss grows with wt(a). We
now prove the complementary high-weight branch

H(w) := /K3 + 62 +n+ kS, w = wt(a),

under the additional assumption that Z has modulo-m bit-bias error at most 7.
The argument follows the second branch announced in Step 2 of the proof plan. We use the
same smoothed phase

h(z) = Eg[¢0"™ (2 & B)]
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introduced in Section 3.2, but change from Fourier ¢! control to a second-moment estimate.
Cauchy—Schwarz creates two shifted copies of the phase. Their product is a multiplicative XOR
derivative, and the Boolean XOR identity forces every variable-dependent exponent to acquire a
factor of 2. Since

2 _
Wom = Wm,

this derivative is a modulo-m phase. The lower-modulus guarantee for Z can then be applied
inside the second moment. Finally, the Fourier-diagonal smoothing identity and Parseval proved
in Section 2.5 evaluate the corresponding uniform-bit second moment.

The algebraic core: one XOR derivative halves the modulus

Fix m > 1. Because
2
Wi, = Wap,,

a factor of 2 in the exponent converts a modulo-2m phase into a modulo-m phase. The next
identity is the mechanism that produces this factor.

Lemma 3.4 (Derivative descent identity). Fix
a€Zy., b, b € {0,1}".
Define
A;=b;—b; € {-1,0,1},
Aa; b, b) = wii 8

and

ci(a;b,t') := —a; Ay (mod m).
Then, for every z € {0,1}",

2™ (2 @ b)Y ™ (2 B V) = Ma; b, ¥)pl™)(2). (3.16)

In particular, the multiplicative XOR derivative of a modulo-2m phase is a unit-modulus constant
times a modulo-m phase.

Proof. By definition,
¢(2m) (x) _ w%jn a;; Wopy = o2mi/(2m)

a Y

Complex conjugation reverses the sign of the exponent, and therefore

o cai ((zi@bi)— (200
6 (2 & )T (2 0 1) = W ((zi@bi)—( >)_

For Boolean values, XOR can be written over the integers as

2i P bl =2z + bz - QZzbz
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Consequently, recalling that A; = b; — b}, we have

Substituting this identity into the exponent gives
The first term is independent of z, so it contributes only the constant phase

Ma; b, V') = W 8

2m
All of the z-dependence is therefore contained in

-2, a; Az
CUQm .

This is the crucial point: every variable-dependent coefficient has acquired a factor of 2. For
every integer r,

wg:ﬂ _ (e2m'/(2m))27‘ _ p2mir/m _ W
Taking
r=— Z a; A z;
i
therefore yields
2—772121. ailizi _ W Tz,
Now define

¢ = —a;A;  (mod m).
Since powers of w,,, depend only on their exponent modulo m,

wglziaiAiZi — w’rzn:l CiZj — ¢(m)(2)

[

Combining the constant and variable-dependent factors proves

6™ (2 @ b)ps™ (2 @ V) = Ma; b, b)) 3™ (2).

The key distinction is that the entire expression need not itself be a pure modulo-m phase:
the constant \(a; b, 0’) may still be a 2mth root of unity. However, \(a;b,b’) is independent
of z, while all variable-dependent oscillation has descended from modulus 2m to modulus m.
Equivalently, coordinates for which b, = 0} disappear, whereas every coordinate for which
b; # b, contributes a z;-coefficient divisible by 2. This divisibility is the algebraic reason that
one XOR derivative halves the modulus. [

Corollary 3.5 (Derivative expectations are lower-modulus biases). For every bit distribution X,

Ey [qs(?m) (X @ 0)o2™ (X @ b)| = Aa; b, V) bias{ (c).

a

Proof. Take the expectation of (3.16) over X. The factor A(a; b, ) is independent of X, and the
expectation of gb((;m)(X ) is bias();n)(c) by definition. O
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The high-weight smoothing inequality

We now insert the derivative identity into the second-moment argument and prove the second
estimate in the minimum from the proof plan.

Theorem 3.6 (High-weight smoothing modulo 2m by a modulo-m source). Suppose:
(i) Z is a bit distribution with modulo-m bit-bias error at most n;
(ii) B is d-biased in the parity sense;

(iii) Z and B are independent.

Put
G:=7®8B.
Then, for every a € 75, ,
2 2 2

biase™ (a)| < blas(2m)(a) + §? <1 — biasg;n)(a) > + . (3.17)

Consequently,
2
‘biasgm)( ) — blas(gm) \/‘blaSU (a) + 92 (1 — ‘biasgm)(a)) ) +7
! (3.18)

blas(zm)(a)‘ :

Proof strategy. The proof implements the high-weight branch of Step 2 in four stages.

1. Smooth. Use the mask-averaged phase h(z) = E ng((fm)(z @ B) from Section 3.2, so
bias™ (a) = Ezh(Z).

2. Square. Cauchy—Schwarz bounds [Ezh(Z)|? by Ez|h(Z)]?.

3. Descend. Expanding |h|? introduces two independent masks. For every fixed pair, the
derivative identity (3.16) turns the integrand into a modulo-m phase. The bit-bias guarantee
of Z then replaces its expectation by the corresponding uniform-bit expectation at cost 7).

4. Evaluate the uniform second moment. Invoke the XOR-smoothing identity and Parseval
proved in Section 2.5. The mask preserves the constant mode, attenuates every nonconstant
mode by at most 9, and the total squared Fourier mass of the unit-modulus phase is 1.

Proof. Define, as in Section 3.2,
h(z) = Ep[¢™ (= @ B)].
Then independence of Z and B gives

biase™ (a) = Ezh(Z).
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Step 1: apply Cauchy-Schwarz. Since Z is distributed according to a probability measure,
| biase™ (a)|? = [Ezh(Z) > < Ez|h(Z)]. (3.19)

This is the decisive change of norm. Instead of bounding 4 by the Fourier ¢!-mass used in
Section 3.3, we pass to a quadratic quantity that can later be evaluated by Parseval.
Step 2: expand the second moment. Let B’ be an independent copy of B. For each fixed z,

h(2)]* = Ep[¢@™ (2 ® B)|Ep [0 (2 @ B)]

a

= B[00z 0 B (20 )]

where independence permits the product of the two expectations to be written as one expectation
over (B, B'). Averaging over Z gives

EZ(Z)F = EppBz |62 (Z & B)o™ (Z © B)| . (3.20)

Step 3: condition on the masks and invoke the lower-modulus guarantee. Fix realized
mask values (b,V'), and let ¢ = c(a;b,V’) € ZI be the coefficient vector in (3.16). By the
derivative-expectation corollary, the conditioned expectation under Z equals

Aa: b, ') biasy" (c),
whereas the same conditioned expectation with Z replaced by U, equals
Na; b, b) biasg:)(c).
Because |A(a;b,0')| = 1 and Z has modulo-m bit-bias error at most 7,
Ma; b, V) bias(Zm)(c) — Aa; b, ) biasg:)(c)‘ <.

n
m?

The vector ¢ depends on (b, V'), but the lower-modulus guarantee is uniform over every ¢ € Z
so the preceding estimate holds for every fixed mask pair. Define

F(b,¥) =Bz [6™(Z @ 1)sl™(Z @ b)
and define F;, (b, ') analogously with Z replaced by U,,. Then
|Fz(b,b") — Fy, (b,V)]| <n  forevery (b,1).
Writing
A :=Ez|h(2))? =EppFs(B,B), At := By, |WU,)|* = Ep g Fu, (B, B'),
linearity of expectation and the triangle inequality give
|A — Auit| = [Ep p/[F2(B, B') — Fu, (B, B')]|
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< Epp|Fz(B,B") - Fy,(B,B')|]
<Eppn =n.

Finally, A and A, are real and nonnegative, since they are expectations of squared absolute
values. Hence |A — Aunie| < 1 implies

Ez|h(Z)]” < By, |h(U,)]* + 1. (3.21)

Step 4: evaluate the uniform second moment using the identities proved in Section 2.5.
Section 2.5 proved that XOR averaging acts diagonally in the parity-Fourier basis. Applied to
the present phase, that identity is

—

W(T) = o™ (T)B(T).

Parseval on 7, also established there in the common finite-group framework, gives

2

Eg, InU)E = 3 |6&™(m)| 1B,

TeFy

At the constant frequency 7" = 0, Section 2.5 identified

—

o™ (0) = biast ™ (a),  B(0) = 1.

For every T # 0, the -bias condition gives |B(T)| < 6. Moreover, since the phase has unit
magnitude pointwise,

TeFy

2

C(T)| = By, |62 (U,)? = 1.

Separating the constant mode from all nonconstant modes therefore gives

2 — 2
Ey, [h(U,) < |biasis™ ()| +6% 3 |6&™(T)

T#0

2 2
= biasgzn)(a) + §? (1 — biasg;n)(a) > :

Thus

2 - (2m) 2 2 reao(2m) 2
Eg, |h(Uy)|* < |bias; 7 (a)| +0° | 1 — |bias; “(a)| | . (3.22)

Combining (3.19), (3.21), and (3.22) proves (3.17).
Finally, the triangle inequality gives

biase™ (a) — biasg:n)(a)‘ < | biasE™ (a)| + |bias§?1)(a)|.
Taking the square root of (3.17) and substituting it into this inequality proves (3.18). [
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Lemma 3.7 (The uniform target bias decays with weight). For every M > 2 and every a € Z.7,,
define
s
Kp = COS i < 1.

Then

| biast " (a)] < w3 (3.23)

Proof. Under independent uniform bits,
bias(™ (a) = By, [ a } HEU

:H ;M

If a; = 0, the corresponding factor is 1. If a; # 0, then

‘ mai| T
= |cos —| < cos — = K.
M M

1+ wiy
2

Multiplying the bounds for the wt(a) nonzero coordinates proves the claim. Thus a high-weight
test already has very small expectation under the target distribution. This is the decreasing
quantity exploited by the complementary high-weight estimate. 0

Corollary 3.8 (Completion of Step 2: the two-branch minimum). Under the assumptions of the
high-weight smoothing theorem, for every a € 7%

2m’

biase™ (a) — biasgjzr) (a)

(3.24)

Smin{Mgﬁf“),\/QWt +52+n+n§,§f“)}.

Proof. The first branch is exactly the direct low-weight mask estimate (3.15), proved in Section
3.3. For the second branch, apply the uniform-bit decay estimate (3.23) to (3.18):

bias(UQf)(a)’ < gyt
Also use
- (2m) 2
1 — |bias;; " (a)] < 1.
This gives

biasGQm)(a) - biasg?)(a)‘ < \/ o) 152 44 sy,

Since both this estimate and (3.15) hold for the same coefficient vector a, their minimum also
bounds the bias error. This proves precisely the two-part inequality stated in Step 2 of the proof
plan. [
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4 Proof Completion and Limitations

4.1 The low-weight/high-weight split
The two estimates in (3.24) move in opposite directions as the weight grows:
0AY, increases with w, Ky, decreases with w.

This is why a weight threshold is natural.
Assume M = 2m > 2, and fix a target bit-bias error 0 < v < 1. Define

log(8/7) W
log(1/ka)

o Y
T SAAVZM(’Y) ’

W (y) = {

and

For fixed M,
1 1 1
W () = On <log —) : log = =0y (10g —) .
g 0 g

4.1

4.2)

4.3)

Theorem 4.1 (One-step bit-bias theorem). Let Z have modulo-m bit-bias error at most 1, and

let B be d-biased in the parity sense, with 6,n as in (4.2)—(4.3). Then
G=7&8B
has modulo-M bit-bias error at most .

Proof. Fix a € Z7; and put w = wt(a).
Low-weight case: w < W),(). The low-weight mask estimate gives

bias(GM)(a) — bjasg\f)(a) < (5/\1]\[;[ < 5A%M(W) _ % <.
High-weight case: w > Wy (7). By the definition of Wi, (7),

w
Ky <

0|2

Also,
0 <

0|2

_
I \/ﬁ_8

The high-weight estimate in (3.24) yields

2
bias(GM)(a) — bias(UJ\f)(a)‘ <4/3 (%) + %
V31

8

v<7
Both weight regimes satisfy the required bit-bias bound.
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Remark 4.2 (The base case M = 2). Modulo 2, the nonconstant biases are parity expectations.
A standard ~y-biased distribution therefore has modulo-2 bit-bias error at most vy and seed length

1
O(logn + log —) )
Y

Equivalently, one may regard modulus 1 as the trivial lower-modulus base.

4.2 The one-step PRG reduction in statistical distance

Let ,(n, €) denote the seed length of an explicit generator that e-fools every Boolean linear sum
modulo ¢ in statistical distance.

Theorem 4.3 (Modulus-doubling PRG reduction). Let M = 2m > 4. For every n and
0 < € < 1/2, there is an explicit modulo-M generator with seed length

2

€ 1

ra(n,e) < Tm(

For ¢ > 1/2, the generator for error 1/2 also suffices.

Proof. Set
V= 4.5)

Since M > 4 and e < 1/2, one has 0 < v < 1. Choose W, §, ) according to (4.1)—(4.3), so

7726—4-

Let B be an explicit -biased distribution. Let Z be the output of a modulo-m generator run at
statistical-distance error

p:§

For every c € Z , the bounded-test inequality applied to the phase r — w;  gives
biasy" () — bias{!™ (¢)| < 2p =
z Un S ap=1.

Thus Z has the lower-modulus bit-bias error required by the one-step bit-bias theorem. Use
independent seeds and output

The one-step theorem gives modulo-M bit-bias error at most . The Fourier conversion lemma
then gives, for every a € Z7,,

dist (SM(G), SM(U,)) < sVM — 1y =,
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Finally,

The mask seed has length

1 1
O(logn + log 5) =0uy <logn + log g> ,

which proves (4.4).

4.3 Iterating through the complete power of two

Write
M = 2tq,

where ¢ is odd and ¢ > 0. Put
M;=24q,  0<j<t
Starting from the desired final error &, = ¢ < 1/2, define recursively

g2

gj1i=—2—— (j=tit—1,...1).

32(Mj - 1)
Lemma 4.4 (Reverse error growth). For fixed M,

1 1
log — < 2'log = + Cy;
o g

for a constant C'y; depending only on M.

Proof. Let
1
L; = log —.
&j
The recurrence gives

Lj—l = 2LJ + 10g<32(M] — ].))
Iterating,
t
Lo=2'Li+ Y 2 log(32(M; — 1)).
j=1
The sum depends only on the fixed modulus M.

(4.6)

4.7)

]

Theorem 4.5 (Lifting an optimal PRG from the odd part). Assume that for the odd modulus

q > 3 there is an explicit generator satisfying

1
rq(n, p) < C, <logn + log ;)

for all n, p, where C, depends only on q. Then, for M = 2'q,

1
ra(n,e) = Oy (logn + log E) )

32
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Proof. Apply the one-step reduction successively along
q— 2¢ — 4qg — --- — 2'q.

The base generator is run at error €y. The reverse-growth lemma gives

1 1
log— = Oy <log —) .
o g
At level j, the additional mask seed has length

1
O, (logn + log —) :
8.

j
There are only ¢ < log, M levels. Summing the base seed and all mask seeds proves (4.8). [J

The remaining case ¢ = 1. When M = 2! has no odd part, the chain above would have to
begin with the step 1 — 2, which the one-step reduction does not cover, because that reduction
requires M = 2m > 4. In this case the base case M = 2 supplies the missing bottom level
directly: by the remark on the base case M = 2, a y-biased distribution has modulo-2 bit-bias
error at most v and seed length O(logn + log %), so an optimal-order generator modulo 2 is
available outright. Starting the chain at //; = 2 and applying the one-step reduction along

2 — 4 — . — 2

involves only moduli M; = 27 with j > 2, so the hypothesis M; > 4 holds at every step. The
error recursion (4.6) is then applied for j = ¢,¢ —1,. .., 2, the modulo-2 generator is run at error
1, and the same telescoping as in the reverse-growth lemma gives

1 1
log — = Oy (log —) .
&1 £
Hence (4.8) holds for M = 2! as well. For ¢t = 0 the modulus is M = 1, every modular sum is
identically 0, and the statement is trivial.
Corollary 4.6 (Consequence using the LRTV prime-power generator). Let
M =2

where p is an odd prime and t, k > 0. Combining the proposed modulus-doubling theorem with
the LRTV optimal-order generator for the fixed prime power p* gives an explicit generator with
seed length

1
O (logn + log —> .
€
The same conclusion holds for pure powers of 2 by starting from parity.

Remark 4.7 (Dependence on M). The proof gives optimal dependence on n and ¢ for each fixed
supported modulus. It does not establish a universal hidden constant in a bound of the form

O(M (logn—i—logé)) ,

because the imported prime-power generator has its own modulus-dependent constant.
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4.4 Why the method stops at the odd part

Let

60 () =wif = "%, a ey

For b, b’ € Y, define the multiplicative XOR derivative

A (2) = oM (z @ b)) (2 @ ).

Choose integer representatives a; € Z of the coefficients a;. We call

n

EV) =Y a((zob) — (z®b))

=1

the derivative exponent, since
(M) E(JM)/(Z)
X . a;b,b
Apyda ' (2) = wyg :

The resulting phase is independent of the chosen integer representatives.
The proof of the derivative descent identity (3.16) already computed this exponent. Writing

Az’ == bz - b; S {—1,0, 1},

that calculation gives

5511)”2,(2) = ZaiAi —2 ZEiAizi.

Thus the first term is independent of z, while the variable-dependent part is

v (2) = =2 @iz
A

In particular, every variable-dependent coefficient acquires a factor of 2. This is exactly the
mechanism used in Section 3 to descend from modulus 2m to modulus m.

Lemma 4.8 (Exact modulus reached by one XOR derivative). Let

M
d = ged(M, 2), M’:?.

When M' = 1, interpret the unique modulo-1 phase as the constant function 1. For a € Z%; and
bt € IF3, define c € 7%, by

2
i = _Eai(bi —b;) (mod M').

Then there exists a unit-modulus constant )\, independent of z, such that

ALy oM (2) = AglM)(z).

34



Consequently,

e M/2, M even,
M, Modd

Moreover, M’ is the smallest modulus that works uniformly for all multiplicative XOR derivatives
of modulo-M phases.
Proof. By the derivative-exponent calculation above,
D@ (=) = Aeog/ = W3 A=
Since M = dM’, we have w¢, = wy . Therefore

=230 Nz __ d \—(2/d) > @iz
W = (wir)

—(2/d v’diAizi
_ wM(, /d) 22

= ¢oM)(2).

The definition of ¢; is independent of the representative a;: replacing a; by a; + kM changes the
coefficient by

which vanishes modulo M. This proves the factorization.
If M is even, then d = 2 and M’ = M /2, recovering precisely the modulus-halving
identity (3.16). If M is odd, then d = 1 and M’ = M. Whenever b; # b, multiplication by

~2(b, 1)

is a permutation of Zj,;. Hence the derivative coefficient on such a coordinate can still be any
element of Z);, so no smaller modulus is obtained uniformly.
Finally, take
TL:]., (11:1, b1:1, b'1:0

The variable-dependent derivative is

—2z
szM .

The root w),; has multiplicative order
M
ged(M, 2)
Thus some derivative has exact order M’, proving that no smaller modulus works uniformly. []

If

=M.

M = 2lq
with ¢ odd, repeated application of the lemma gives
2lg — 27 g — . — 20— ¢

Once the modulus reaches ¢, it is odd, so multiplication by 2 is invertible and no further descent
occurs. The XOR-derivative method therefore removes exactly the full power of 2 dividing M,
and then stops at the odd part.
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