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Abstract

We study pseudorandom bit generators for Boolean linear sums modulo a fixed integer
M . A source X ∈ {0, 1}n succeeds with error ε if, for every a ∈ Zn

M , the residue

n∑︂
i=1

aiXi (mod M)

is ε-close in statistical distance to the corresponding residue under independent uniform bits.
Lovett, Reingold, Trevisan, and Vadhan obtained the optimal seed length for prime-power
moduli. We prove the same bound for every fixed modulus:

OM

(︃
logn+ log

1

ε

)︃
.

The proof builds the generator in stages. It keeps two quantities separate: the prime field
Fp containing the generator’s output, and the modulus m used by the test. A state (p,m)
means that we have a PRG on Fn

p that fools every modulus-m phase whose coordinates
contribute separately.

We use two steps to move between states. The first step, LIFTp, changes the modulus
from m to pm. The second step, TRANSFERr→p, changes the alphabet from Fr to a
smaller field Fp.

Starting from the trivial modulus 1, we process the prime factors of M until we reach
the Boolean state (2,M).

†Tel Aviv University. gonenok10@gmail.com
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1 Introduction
A distribution over {0, 1}n is pseudorandom for a class of tests if no test in the class can
distinguish it from n independent uniform bits. The smaller the class, the shorter the seed one
may hope for, and for the simplest nontrivial class — linear tests modulo 2 — the problem was
solved in the seminal work of Naor and Naor [NN93]: small-bias generators fool all parities
with error ε using a seed of length O(log n + log 1

ε
), which is optimal up to constant factors

[AGHP92]. Small-bias generators have since become a basic primitive of pseudorandomness,
and a natural next question is what happens when the modulus 2 is replaced by an arbitrary fixed
modulus M .

Concretely, for a coefficient vector a ∈ Zn
M consider the modular sum

S(M)
a (x) =

n∑︂
i=1

aixi (mod M), x ∈ {0, 1}n.

A bit distribution X ε-fools Boolean linear sums modulo M if, for every a ∈ Zn
M , the distribution

of S(M)
a (X) is ε-close in statistical distance to that of S(M)

a (Un). Modular sums are among the
simplest tests computable in logarithmic space; they are exactly the read-once products over the
cyclic group ZM , that is, tests of the form

∏︁
i g

xi
i with gi ∈ ZM ; and fooling them is a necessary

step in several programs on pseudorandomness for group products and read-once branching
programs.

Lovett, Reingold, Trevisan, and Vadhan [LRTV09] constructed generators with the optimal
seed length OM(log n + log 1

ε
) for every fixed prime-power modulus M = pk. Their second

construction works for every M , at seed length

O

(︃
log n+ log

M

ε
· log

(︂
M log

1

ε

)︂)︃
,

which for fixed M is OM

(︁
log n + log 1

ε
· log log 1

ε

)︁
: optimal in n, but short of optimal by a

log log 1
ε

factor. In the years since, the composite case has resisted matching the prime-power
one. The recent work of Lee and Viola [LV25], which achieves optimal seed length cG log(n/ε)
for read-once group products over every p-group, explicitly identifies the handling of composite
moduli as a challenge reminiscent of a known roadblock in circuit complexity. In particular, prior
to this work no generator with optimal seed length was known even for M = 6, the smallest
modulus with two distinct prime factors.

1.1 Our result
We remove the restriction to prime powers entirely.

Theorem 1.1 (Main result; informal). For every fixed integer M ≥ 2 there is an explicit
generator that ε-fools all Boolean linear sums modulo M with seed length

OM

(︃
log n+ log

1

ε

)︃
.
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The formal statement is Theorem 7.3. The seed length is optimal up to the constant depending
on M : any generator fooling linear sums modulo M also fools them modulo any prime divisor
of M (Proposition 7.4), where the bound Ω(log n+ log 1

ε
) is standard.

The generator is built from off-the-shelf components. The only pseudorandomness primitive
imported is explicit small bias over fixed prime fields [NN93], [AMN98]; everything else,
including the base case, is proved here. What the construction does with those components is
where the content lies.

AI-use disclosure. The exposition and parameter calculations were reorganized and cross-
checked with the assistance of ChatGPT and Claude; the author retains responsibility for every
statement and proof.

1.2 Related work
Modular sums. Naor and Naor [NN93] solved the case M = 2 optimally. Lovett, Reingold,
Trevisan, and Vadhan [LRTV09] gave the two constructions displayed above. Gopalan, Kane,
and Meka [GKM18] took a different route, constructing a single generator that fools the discrete
Fourier transforms of linear functions and thereby all modular tests with modulus up to M
simultaneously, with seed length

O

(︄
log

Mn

ε
·
(︃
log log

Mn

ε

)︃2
)︄
.

The strength of their result is its uniformity: one generator for every modulus up to M , with
near-logarithmic dependence on M . For a fixed modulus it does not improve on [LRTV09].
What Theorem 1.1 does is remove the residual log log 1

ε
loss of the LRTV arbitrary-modulus

construction, for every fixed modulus rather than for prime powers alone.

Group products and branching programs. Linear sums modulo M are read-once products
over the cyclic group ZM , a commutative special case of read-once permutation branching
programs. For group products, Meka and Zuckerman [MZ09] gave generators over S3 with
polynomially small error at seed length O(log n), handling the modulus-3 part through generators
for low-degree polynomials over F3. Lee and Viola [LV25] recently achieved optimal seed length
cG log(n/ε) for read-once group products over every p-group, and nearly optimal seed length
over every commutative group; they point to composite moduli as the boundary of current
techniques. Theorem 1.1 gives the exactly optimal seed length for every cyclic group ZM ,
including those that are not p-groups. By a standard character argument it should also yield the
corresponding statement for every finite abelian group, with the error adjusted by a constant
depending on the group; we do not pursue that here.

The Meka–Zuckerman conjecture. For M = 6, the final generator has a familiar form: it is
the XOR of a small-bias distribution and a bit distribution that fools all linear sums modulo 3.
This is exactly the type of generator that Meka and Zuckerman conjectured would fool width-3
read-once permutation branching programs [MZ09].
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Our theorem does not prove that conjecture. Linear tests modulo 6 correspond to

Z6
∼= Z3 × Z2,

whereas width-3 permutation programs involve

S3
∼= Z3 ⋊ Z2.

In S3, the modulo-2 part can reverse the modulo-3 part, creating a dependence on earlier input
bits that our analysis does not handle.

Relation to degree descent over F2. Our technique resembles a line of work on pseudorandom
generators for low-degree polynomials [BV10, Lov09, Vio09]. In those works, Cauchy–Schwarz
introduces a directional derivative, each derivative lowers the polynomial degree, and the induc-
tion ends at a small-bias base case. Lemma 4.4 uses the same analytic pattern. The algebraic
step in this paper also lowers degree, but only after changing the alphabet to the prime field Fp

and reducing one local exponent modulo p. Every function on Fp then has degree at most p− 1,
so p − 1 finite differences make it constant modulo p and reveal one factor p in the modulus.
The overall construction therefore descends in the modulus while the inner algebra descends
in degree. The need to change the alphabet is the new feature: no analogous bounded-degree
representation over the Boolean field is available for counting modulo an odd prime, as reflected
by the Razborov–Smolensky method [Smo87].

Organization. Section 2 gives the complete recursive route before any technical machinery is
introduced. Section 3 defines the intermediate test classes and the error measure. Section 4 proves
LIFT using polynomial degree reduction and a one-step derivative-lifting lemma. Section 5
proves TRANSFER by combining a small-bias estimate for low-weight tests with a cancellation
estimate for high-weight tests. Section 6 follows the prime factors of M , and Section 7 converts
the final phase guarantee into statistical distance and proves optimality.

2 The recursive construction plan
The main theorem concerns a Boolean generator for modulus M . Before defining phases,
derivatives, or Fourier coefficients, this section gives the entire route of the construction. Every
later theorem will prove one arrow in this route.

2.1 Reduction direction and construction direction
Suppose M = pm, where p is prime and m < M . The central reduction is

generator for the modulus-m problem =⇒ generator for the modulus-pm problem.

Thus the proof reduces a larger modulus to a smaller one. Repeatedly removing prime factors
gives

M −→M/p1 −→M/(p1p2) −→ · · · −→ 1.
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The modulus-1 problem is trivial. The generator is assembled in the reverse direction: start from
modulus 1 and insert one prime factor at a time. Keeping these two directions separate prevents
a common source of confusion:

Key takeaway. The analysis moves from larger moduli to smaller moduli, whereas the con-
struction moves from smaller moduli to larger moduli.

2.2 Why a state has two parameters
To insert a factor p, the reduction works over the alphabet Fp. An intermediate problem is
therefore described by a pair (p,m), where p is the current alphabet and m is the current test
modulus. We say that the state (p,m) is solved when we have an explicit source on Fn

p that
fools the relevant modulus-m tests with the required error and seed length. The precise tests are
defined in Section 3.

The target state is (2,M), because Fn
2 = {0, 1}n. A starting state (p, 1) costs no randomness,

since every modulus-1 phase is the constant function 1.

2.3 The two moves
LIFT: insert one matching prime. If state (p,m) has been solved, LIFTp constructs state
(p, pm):

LIFTp : (p,m) −→ (p, pm).

The alphabet stays Fp and the modulus gains one factor p. The construction adds p−1 independent
small-bias random vectors, one for each finite-difference level. Section 4 proves the error bound.

TRANSFER: move to the next alphabet. If p < r and state (r,m) has been solved,
TRANSFERr→p constructs state (p,m):

TRANSFERr→p : (r,m) −→ (p,m).

The modulus stays fixed. The construction applies a coordinatewise map Fr → Fp that reaches
every element of Fp and adds one independent small-bias random vector. Section 5 gives the
proof.

2.4 Processing the prime factors
Write the prime factorization with multiplicity as

M = p1p2 · · · pk, p1 ≤ p2 ≤ · · · ≤ pk.

The construction processes the factors from largest to smallest. It begins at (pk, 1) and first applies
LIFTpk . Suppose the factors pj+1, . . . , pk have already been inserted, and let mj = pj+1 · · · pk.

If pj = pj+1, the alphabet already matches the next factor, so apply

(pj,mj)
LIFTpj−−−−→ (pj, pjmj).
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If pj < pj+1, first change alphabets and then insert the factor:

(pj+1,mj)
TRANSFERpj+1→pj−−−−−−−−−−−−→ (pj,mj)

LIFTpj−−−−→ (pj, pjmj).

After all factors are inserted, the state is (p1,M). If p1 > 2, one final transfer reaches (2,M).

2.5 Example: modulus 15
For 15 = 5 · 3, the complete route is

(5, 1)
LIFT5−−−→ (5, 5)

TRANSFER5→3−−−−−−−−−→ (3, 5)
LIFT3−−−→ (3, 15)

TRANSFER3→2−−−−−−−−−→ (2, 15).

The first and third arrows insert prime factors. The second and fourth arrows change the alphabet
without changing the modulus. The route starts from a test class that is identically 1 and ends at
the Boolean modulus-15 class.

What this section establishes.
The proof is reduced to two statements, LIFTp and TRANSFERr→p. Since M is fixed, the
number of arrows is a constant depending only on M . Each arrow will require a constant number
of small-bias random vectors and will preserve a seed bound of the form OM(log n+ log(1/ε)).

3 The intermediate test classes
Section 2 described the route using states (p,m). We now define exactly which tests belong to
a state, what it means for a source to fool them, and the Fourier facts used later. At the end of
the section, LIFT and TRANSFER will be precise mathematical claims rather than informal
arrows.

3.1 From modular sums to phase functions
Throughout, n denotes the output length and Un the uniform distribution on {0, 1}n. For random
variables X, Y taking values in a finite set Ω, the statistical distance is

dist(X, Y ) :=
1

2

∑︂
z∈Ω

⃓⃓
Pr[X = z]− Pr[Y = z]

⃓⃓
.

Fix an integer M ≥ 2. For a coefficient vector a ∈ Zn
M consider the modular sum

S(M)
a (x) :=

n∑︂
i=1

aixi (mod M), x ∈ {0, 1}n.

A bit distribution X ε-fools Boolean linear sums modulo M if

dist
(︁
S(M)
a (X), S(M)

a (Un)
)︁
≤ ε for every a ∈ Zn

M .
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Let
ωM := e2πi/M .

The map r ↦→ ωr
M translates a residue into a point on the complex unit circle, and is useful

because
u ≡ v (mod M) ⇐⇒ ωu

M = ωv
M , ωu+v

M = ωu
Mωv

M .

For a fixed coefficient vector a, the associated phase function is

ϕ(M)
a (x) := ω

S
(M)
a (x)

M = ω
∑︁

i aixi

M , x ∈ Fn
2 .

Object type: the phase is a function, not a distribution. The map ϕ
(M)
a : Fn

2 → C is a general
complex-valued function. Its values have modulus 1; they need not be nonnegative and do not
sum to 1. It is therefore not a probability distribution. Passing from residues to phases turns
modular arithmetic into multiplicative algebra, and turns balance of the residues into cancellation
of a complex expectation.

The one feature of ϕ(M)
a that drives everything below is that it factorises across coordinates:

ϕ(M)
a (x) =

n∏︂
i=1

ωaixi
M .

Each factor depends on a single input coordinate. The class of tests we shall actually fool is
obtained by keeping this product structure and relaxing everything else: the exponent aixi is
replaced by an arbitrary function of xi, and the input alphabet {0, 1} is replaced by an arbitrary
prime field.

3.2 The test class for an intermediate state
Section 3.1 replaced a modular sum by its phase function

ϕ(M)
a (x) = ω

∑︁
i aixi

M =
n∏︂

i=1

ωaixi
M .

This representation exposes the one structural feature that the recursive construction will preserve
throughout the paper: the test is a product of contributions from the individual coordinates.

However, the special exponent aixi is too rigid for the intermediate stages of the proof. The
construction will perform two operations on the input tests.

First operation: change the alphabet. In the TRANSFER step, a coordinate over one prime
field is replaced by a function of a coordinate over another prime field. If

τ : Fr −→ Fp

is the coordinate map, then an exponent of the form aixi becomes aiτ(yi). This still depends on
only one coordinate, but it need not be linear in that coordinate.
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Second operation: compare two shifted copies of a phase. In the LIFT step, we will compare
two shifted copies of the same phase. On a single coordinate, this replaces an exponent map qi
by an expression of the form

qi(z + u)− qi(z + v).

Again, the result is an arbitrary function of one coordinate, even if the original exponent was
much simpler.

These two observations lead to a single natural choice:

keep the coordinatewise product structure, but allow arbitrary local exponent maps.

This enlargement is exactly what we need. It still contains the original Boolean modular phases,
and it is stable under both operations used by the construction.

Definition 3.1 (Local phase class). Let p be a prime and m ≥ 1 an integer. For a tuple
q = (q1, . . . , qn) of local exponent maps

qi : Fp −→ Zm,

define the associated local phase by

Φq(x) := ω
∑︁n

i=1 qi(xi)
m , x ∈ Fn

p .

Equivalently,

Φq(x) =
n∏︂

i=1

ωqi(xi)
m .

The class of all such phases is denoted

Localn(p,m) .

For m = 1 we use the convention Z1 = {0} and ω1 = 1, so Localn(p, 1) contains only the
constant function 1.

The two parameters play different roles. The prime p specifies the alphabet of the input
x ∈ Fn

p , while m specifies the modulus of the exponent and hence the roots of unity taken by the
phase. No relation between p and m is assumed.

We now verify the three reasons this is the right test class.

Remark 3.2 (Modular sums are local phases). Let a ∈ Zn
M . Define qi(0) := 0 and qi(1) := ai.

Since qi(xi) = aixi for xi ∈ F2 = {0, 1}, we obtain

Φq(x) = ω
∑︁

i aixi

M = ϕ(M)
a (x).

Hence every Boolean modular phase lies in Localn(2,M). Fooling Localn(2,M) therefore
suffices for the main theorem, and this is why the final target state of the paper is (2,M).
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Remark 3.3 (Local phases are stable when the alphabet changes). Let τ : Fr → Fp be any map
and let Φq ∈ Localn(p,m). Then

Φq

(︁
τ(y1), . . . , τ(yn)

)︁
= ω

∑︁
i qi(τ(yi))

m = ω
∑︁

i(qi◦τ)(yi)
m .

Each composition qi ◦ τ : Fr → Zm is again a valid local exponent map, so the resulting function
belongs to Localn(r,m). This is the closure property used by TRANSFER: the proof may
change alphabets without leaving the family of tests being fooled.

Remark 3.4 (Local phases are stable under shifted comparison). Let u, v ∈ Fn
p and Φq ∈

Localn(p,m). Then

Φq(x+ u)Φq(x+ v) = ω
∑︁

i qi(xi+ui)−
∑︁

i qi(xi+vi)
m

= ω
∑︁

i

(︁
qi(xi+ui)−qi(xi+vi)

)︁
m .

Thus the comparison of two shifted copies is again a local phase, with new local exponent maps

q′i(z) := qi(z + ui)− qi(z + vi).

This is the closure property used by LIFT. In Section 4 we will introduce this operation formally
as the multiplicative derivative and iterate it to simplify modulus-pm phases.

Definition 3.5 (Error against a class). For a distribution X on Fn
p and a class C of functions

Fn
p → C, define

ErrX(C) := sup
f∈C

⃓⃓⃓
Ef(X)− Ef(Un

p )
⃓⃓⃓
.

We say that X ε-fools C when ErrX(C) ≤ ε.

This quantity gives a single numerical meaning to the phrase “the source fools the state.” It
will be used uniformly throughout the recursion: it measures how well the best test in the class
distinguishes X from the uniform input. As usual, if C ′ ⊆ C, then ErrX(C ′) ≤ ErrX(C).

3.3 The precise meaning of a solved state
State (p,m) is solved with error ε if there is an explicit source X on Fn

p such that

ErrX
(︁
Localn(p,m)

)︁
≤ ε

and whose seed length is

Op,m

(︃
log n+ log

1

ε

)︃
.

The starting state (p, 1) is solved by the constant-zero source with error zero. The target state is
(2,M); by Remark 3.2, it contains every Boolean modular phase needed for the theorem.

With this definition, the remaining construction claims are exactly

LIFTp : solve (p,m) sufficiently accurately and obtain (p, pm),

TRANSFERr→p : solve (r,m) sufficiently accurately and obtain (p,m).

The rest of the paper proves these statements and tracks the required accuracy.
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3.4 Fourier analysis and small-bias random vectors
Both moves are analysed by Fourier analysis over the input group Fn

p , and the final conversion to
statistical distance uses Fourier analysis over ZM . We record the common framework once and
then specialise.

Let H be a finite abelian group, written additively. A character of H is a function χ : H → C
with χ(x + y) = χ(x)χ(y) for all x, y ∈ H; a character converts the group operation into
multiplication. Since H is finite, |χ(x)| = 1 and χ(−x) = χ(x). The characters form a group ˆ︁H
under pointwise multiplication, with | ˆ︁H| = |H|, and they are orthonormal for the normalised
inner product ⟨f, g⟩ := Ex∼UH

[f(x)g(x)]. Being |H| in number, they form an orthonormal basis
of all functions H → C.

Conceptual meaning of the Fourier transform. The characters are multiplicative with respect
to the group operation, while the Fourier expansion is linear. Thus Fourier analysis represents a
function as a linear combination of multiplicative basis functions. This basis is especially useful
when a problem involves addition, translation, or averaging after a random shift — which is
exactly the situation here, since every construction step adds an independent random vector.

We now fix the input group. For a prime p write ωp = e2πi/p, and for ξ, x ∈ Fn
p let

χξ(x) := ω⟨ξ,x⟩
p , ⟨ξ, x⟩ =

n∑︂
i=1

ξixi (mod p).

These are all the characters of Fn
p . For f : Fn

p → C define

ˆ︁f(ξ) := Ex∼Un
p

[︂
f(x)χξ(x)

]︂
, so that f(x) =

∑︂
ξ∈Fn

p

ˆ︁f(ξ)χξ(x),

and Parseval’s identity holds: ∑︂
ξ∈Fn

p

| ˆ︁f(ξ)|2 = Ex∼Un
p
|f(x)|2.

In particular, if |f | = 1 everywhere then
∑︁

ξ | ˆ︁f(ξ)|2 = 1, a normalisation used at several points
below. Note also that ˆ︁f(0) = Ef(Un

p ): the trivial Fourier coefficient of a test is its uniform
expectation, which is precisely the quantity that Definition 3.5 compares against.

Definition 3.6 (Small bias). A distribution B on Fn
p is δ-biased if

|Eχξ(B)| ≤ δ for every ξ ̸= 0.

Imported primitive: small bias over a fixed prime field. For every fixed prime p, every n,
and every 0 < δ ≤ 1 there is an explicit δ-biased distribution on Fn

p with seed length

Op

(︃
log n+ log

1

δ

)︃
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[NN93], [AGHP92], [AMN98]. This is the only pseudorandomness primitive the upper bound
imports; everything else is proved here.

Two consequences of the definitions will be used in both moves. First, adding an indepen-
dent random vector multiplies each character expectation: if B is independent of X then, by
multiplicativity of characters,

Eχξ(X +B) = Eχξ(X) · Eχξ(B),

so in particular X +B is δ-biased whenever B is, irrespective of X . Second, and equivalently, if
h(x) := EB[f(x+B)] denotes the smoothing of f by B, then

ˆ︁h(ξ) = ˆ︁f(ξ) · Eχξ(B).

Smoothing by a small-bias random vector thus attenuates every nontrivial Fourier coefficient by
a factor of at most δ, and leaves the trivial coefficient untouched.

Summary of Section 3. The definitions introduced in this section fit together as follows:

ϕ
(M)
a ← encode a modular sum as a multiplicative phase, so the test factorises by

coordinates;

Localn(p,m)← enlarge the test class while preserving that coordinatewise structure, so it
survives both LIFT and TRANSFER;

ErrX
(︁
Localn(p,m)

)︁
←measure how well a source fools that class, giving a numerical meaning to

a solved state;

(p,m)← the intermediate goal “fool Localn(p,m) over Fn
p ,” which the recursion

moves between;ˆ︁f, δ-bias← the Fourier language and smoothing primitive, which power the later LIFT
and TRANSFER proofs.

In short: Section 3.1 defines the tests, Section 3.3 defines what it means to fool them at an
intermediate state, and Section 3.4 records the Fourier tools that will drive the two construction
moves.

4 The LIFT reduction
The state (p,m) is assumed to be solved, and the next goal is the state (p, pm). The alphabet
remains Fp; only the modulus gains a factor p. This section proves that move. The proof has
two parts: repeated phase derivatives simplify a modulus-pm test to a modulus-m test, and one
small-bias random vector reverses one derivative step.

Proof strategy. For the target class Localn(p, pm), take p− 1 derivatives. On each coordinate,
reducing the exponent modulo p gives a polynomial of degree at most p− 1, and every nonzero
finite difference lowers its degree. After p− 1 differences the exponent is constant modulo p, so
the differentiated phase is a constant complex factor times a member of Localn(p,m). Starting
from a source that fools this final derivative class, add p − 1 independent small-bias random
vectors, one for each derivative level, until the original class is recovered.
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4.1 Phase derivatives
Let f : Fn

p → C have absolute value 1 everywhere. For shifts u, v ∈ Fn
p , define its multiplicative

derivative by
Du,vf(x) := f(x+ u)f(x+ v). (4.1)

If f(x) = ω
P (x)
m , then

Du,vf(x) = ωP (x+u)−P (x+v)
m .

Thus the multiplicative derivative of a phase is the ordinary finite difference of its exponent. We
use a ratio of the shifted phases rather than their ordinary difference because the ratio is again a
phase.

For a class C of unit-modulus functions, let

∂C := {Du,vf : f ∈ C, u, v ∈ Fn
p},

and define ∂0C = C and ∂j+1C = ∂(∂jC).
A derivative of a local phase is still a local phase. Indeed, if

Φq(x) = ω
∑︁

i qi(xi)
m ,

then
Du,vΦq(x) = ω

∑︁
i(qi(xi+ui)−qi(xi+vi))

m .

The new local exponent map in coordinate i is

q′i(z) = qi(z + ui)− qi(z + vi).

Therefore repeated derivatives preserve the coordinatewise form of the test.

4.2 Why p− 1 derivatives remove one factor p

The algebraic point is easiest to see after reducing an exponent modulo p. We use the following
standard fact.

Lemma 4.1 (Polynomial representation of functions on Fp). Every function g : Fp → Fp is
represented on Fp by a polynomial G ∈ Fp[z] of degree at most p− 1.

Proof. For each a ∈ Fp, let

La(z) =
∏︂

b∈Fp\{a}

z − b

a− b
.

Then La(a) = 1 and La(b) = 0 for b ̸= a. Hence

G(z) =
∑︂
a∈Fp

g(a)La(z)

has degree at most p− 1 and satisfies G(a) = g(a) for every a ∈ Fp.

13



Lemma 4.2 (A nonzero finite difference lowers the degree). Let G ∈ Fp[z] have degree d with
1 ≤ d ≤ p− 1, and let u, v ∈ Fp with u ̸= v. Then

G(z + u)−G(z + v)

has degree d− 1. If u = v, the difference is the zero polynomial.

Proof. Write the leading term of G as adzd. The coefficient of zd−1 in G(z + u)−G(z + v) is

add(u− v).

It is nonzero in Fp because ad ̸= 0, 1 ≤ d ≤ p− 1, and u ̸= v. All terms of degree d cancel, so
the resulting degree is exactly d− 1. The case u = v is immediate.

Proposition 4.3 (Prime-factor descent). Let p be prime and m ≥ 1. Every function in
∂p−1Localn(p, pm) has the form

λΨ, |λ| = 1, Ψ ∈ Localn(p,m).

Consequently, any source that α-fools Localn(p,m) also α-fools ∂p−1Localn(p, pm).

Proof. Take a phase Φq ∈ Localn(p, pm) and apply p− 1 derivatives, using arbitrary vector shift
pairs. Fix one coordinate i. Reducing the original local exponent map

qi : Fp → Zpm

modulo p gives a function qi : Fp → Fp. By Lemma 4.1, represent it by a polynomial of degree
at most p− 1.

Each derivative replaces the polynomial by a finite difference. If the two coordinate shifts are
equal, the new polynomial is zero. Otherwise, Lemma 4.2 lowers its degree by one whenever it is
nonconstant. After p− 1 derivatives, the resulting exponent map is therefore constant modulo p.
Thus there are ci ∈ Zpm and a map ri : Fp → Zm such that the final exponent in coordinate i is

ci + pri(z) in Zpm.

Indeed, all final values lie in the same residue class modulo p, and that residue class has the form
ci + pZm inside Zpm.

Let D denote the chosen sequence of p − 1 derivatives. Applying this argument to every
coordinate gives

DΦq(x) = ω
∑︁

i(ci+pri(xi))
pm

= ω
∑︁

i ci
pm⏞ ⏟⏟ ⏞
λ

ω
∑︁

i ri(xi)
m .

The second factor is a member Ψ of Localn(p,m), and the first is a constant complex number of
absolute value 1.

Finally, multiplying a test by such a constant does not change its distinguishing error:⃓⃓
E[λΨ(X)]− E[λΨ(Un

p )]
⃓⃓
=
⃓⃓
EΨ(X)− EΨ(Un

p )
⃓⃓
.

This proves the final assertion.

Key takeaway. The descent uses p− 1, rather than p, derivatives. The price is only a constant
complex factor, which is harmless because the proof compares expectations in absolute value.
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4.3 One small-bias vector lifts one derivative level
The previous subsection moves downward among test classes. We now prove the opposite
movement for the source: if a source fools the derivative class, then adding one small-bias
random vector makes it fool the original class.

Lemma 4.4 (Derivative lifting). Let C be a class of unit-modulus functions on Fn
p . Suppose X is

a distribution on Fn
p satisfying

ErrX(∂C) ≤ α,

and let B be an independent δ-biased distribution on Fn
p . Then

ErrX+B(C) ≤
√
3α + δ2.

Proof. Fix f ∈ C. Write

U ∼ Un
p , W = X +B, µ = Ef(U),

and define the smoothed function

h(x) = EBf(x+B).

The error for this test is
∆ := Ef(W )− µ = EXh(X)− µ.

We prove |∆|2 ≤ 3α+ δ2.
First, W still α-fools ∂C. Indeed, if g ∈ ∂C and b ∈ Fn

p , then gb(x) := g(x+ b) also belongs
to ∂C: for g = Du,vf ,

gb(x) = Du+b,v+bf(x).

For fixed b, the hypothesis gives

|Eg(X + b)− Eg(U)| = |Egb(X)− Egb(U)| ≤ α,

where we used that U + b is uniform. Averaging over b = B gives

|Eg(W )− Eg(U)| ≤ α for every g ∈ ∂C. (4.2)

We next record a correlation identity. Let V be uniform on Fn
p and independent of everything

else. For each fixed value of W , the random variable W + V is uniform, so

EV

[︁
f(W )f(W + V )

]︁
= f(W )µ.

The same identity with W replaced by U gives µµ. Subtracting and using f(x)f(x+ v) =
D0,vf(x) yields

∆µ = EV [ED0,V f(W )− ED0,V f(U)] .

Every function D0,vf lies in ∂C, so (4.2) implies

|∆µ| ≤ α. (4.3)
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Now center the smoothed function before applying Cauchy–Schwarz:

|∆|2 = |EX [h(X)− µ]|2 ≤ EX |h(X)− µ|2. (4.4)

Expanding the square gives

EX |h(X)− µ|2 = EX |h(X)|2 − |µ|2 − 2Re(µ∆). (4.5)

Let B′ be an independent copy of B. Since |f | = 1,

|h(x)|2 = EB,B′

[︂
f(x+B)f(x+B′)

]︂
= EB,B′DB,B′f(x).

For every fixed b, b′, the function Db,b′f belongs to ∂C. The hypothesis on X , followed by
averaging over B,B′, therefore gives

EX |h(X)|2 ≤ EU |h(U)|2 + α. (4.6)

It remains to bound the uniform energy of h. The smoothing identity from Section 3.4 givesˆ︁h(ξ) = ˆ︁f(ξ)Eχξ(B).

By Parseval, the small-bias condition, and |f | = 1,

EU |h(U)|2 =
∑︂
ξ∈Fn

p

| ˆ︁f(ξ)|2 |Eχξ(B)|2

≤ | ˆ︁f(0)|2 + δ2
∑︂
ξ ̸=0

| ˆ︁f(ξ)|2
≤ |µ|2 + δ2.

Here ˆ︁f(0) = µ, and Parseval gives
∑︁

ξ | ˆ︁f(ξ)|2 = 1.
Combining (4.4), (4.5), (4.6), and (4.3), we obtain

|∆|2 ≤ δ2 + α− 2Re(µ∆)

≤ δ2 + α + 2|µ∆|
≤ δ2 + 3α.

Taking square roots proves the lemma.

4.4 The LIFT theorem
Theorem 4.5 (LIFT). Let p be prime, m ≥ 1, and 0 < ε ≤ 1. Set

θ :=
(︂ε
4

)︂2p−1

.

Let X0 be a distribution on Fn
p satisfying

ErrX0(Localn(p,m)) ≤ θ,
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and let B1, . . . , Bp−1 be independent θ-biased distributions on Fn
p , also independent of X0.

Define
Xj = Xj−1 +Bj, 1 ≤ j ≤ p− 1.

Then
ErrXp−1(Localn(p, pm)) ≤ ε.

Moreover, if X0 has seed length Op,m(log n+ log(1/θ)), then Xp−1 has seed length

Op,m

(︃
log n+ log

1

ε

)︃
.

Proof. Define the derivative hierarchy

Cj := ∂p−1−jLocaln(p, pm), 0 ≤ j ≤ p− 1.

Thus Cp−1 = Localn(p, pm) and ∂Cj = Cj−1 for j ≥ 1. By Proposition 4.3, the source X0 fools
C0 with error at most θ.

Let
ej = ErrXj

(Cj).

Lemma 4.4 gives
ej ≤

√︁
3ej−1 + θ2 (1 ≤ j ≤ p− 1). (4.7)

To solve this recursion, define

E0 = θ, Ej =
√︁
3Ej−1 + θ2.

Inductively, ej ≤ Ej . Also Ej ≥ θ for every j, and 0 < θ ≤ 1, so θ2 ≤ Ej−1. Therefore

Ej ≤
√︁
4Ej−1 = 2

√︁
Ej−1.

A second induction now gives
Ej ≤ 4θ1/2

j

.

For j = 0 this is immediate. If it holds for j − 1, then

Ej ≤ 2
√︁
Ej−1 ≤ 2

√
4θ1/2j−1 = 4θ1/2

j

.

At the final level,
ep−1 ≤ 4θ1/2

p−1

= 4 · ε
4
= ε.

For the seed length,

log
1

θ
= 2p−1 log

4

ε
= Op

(︃
1 + log

1

ε

)︃
.

The construction adds p− 1 independent small-bias vectors, a number depending only on the
fixed prime p. Their seed lengths and the seed length of X0 therefore sum to Op,m(log n +
log(1/ε)).
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What this section establishes.
The operation LIFTp is proved:

(p,m)
LIFTp−−−→ (p, pm).

It uses p− 1 small-bias random vectors. The algebra lowers the test class by p− 1 derivative
levels, and Lemma 4.4 climbs those levels back one at a time.

5 The TRANSFER reduction
The operation LIFTp can insert a prime factor only when the source alphabet is Fp. After one
prime factor has been processed, the construction may need to move to a smaller prime alphabet
before inserting the next one. This section proves that changing the alphabet preserves the
modulus and the optimal seed-length form.

Fix primes p < r, a modulus m ≥ 2, and a map

σ : Fr −→ Fp

that reaches every element of Fp. Starting from a source Y on Fn
r , define

X = σ(Y ) +B,

where σ is applied separately to every coordinate and B is an independent small-bias random
vector on Fn

p .
For a fixed value B = β and a target test Φq ∈ Localn(p,m), the function

y ↦−→ Φq(σ(y) + β) = ω
∑︁

i qi(σ(yi)+βi)
m

belongs to Localn(r,m). This is exactly the closure under coordinatewise maps established in
Section 3.2. Hence the guarantee for Y can be applied after the alphabet change.

The map σ does not, however, send a uniform element of Fr to a uniform element of Fp.
The proof repairs this discrepancy in two ways: small bias handles tests that depend on few
coordinates, while cancellation across coordinates handles tests that depend on many coordinates.

5.1 Active coordinates and the low-weight estimate
A coordinate i is active for q when qi : Fp → Zm is nonconstant. Let

w = wt(q)

be the number of active coordinates. Inactive coordinates contribute only a constant root of unity,
so w is the number of coordinates on which the test genuinely depends.

Lemma 5.1 (Low-weight estimate). Let Z be any distribution on Fn
p , let B be an independent

δ-biased distribution, and set X = Z +B. For every Φq ∈ Localn(p,m) of weight w,⃓⃓
EΦq(X)− EΦq(U

n
p )
⃓⃓
≤ δpw/2.
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Proof. For every nonzero character χξ of Fn
p , independence gives

Eχξ(X) = Eχξ(Z)Eχξ(B),

so |Eχξ(X)| ≤ δ. Expanding the test in the character basis,⃓⃓
EΦq(X)− EΦq(U

n
p )
⃓⃓
≤ δ

∑︂
ξ ̸=0

|ˆ︂Φq(ξ)|.

A Fourier coefficient of a function on Fn
p is labeled by a vector

ξ = (ξ1, . . . , ξn) ∈ Fn
p .

We call ξ the Fourier index. It labels the character

χξ(x) = ω⟨ξ,x⟩
p = ω

∑︁n
i=1 ξixi

p ,

and the Fourier coefficient at this index isˆ︂Φq(ξ) = Ex∈Fn
p

[︂
Φq(x)χξ(x)

]︂
.

Up to an overall constant factor, the test depends only on its w active coordinates. To see
the consequence for its Fourier transform, consider an inactive coordinate i. The corresponding
local exponent map is constant, so for some constant ci the contribution of this coordinate to the
test is always ci. Its contribution to the Fourier coefficient is therefore

ci Ez∈Fpω
−ξiz
p .

This average equals ci when ξi = 0, and it equals 0 when ξi ̸= 0, because a nontrivial character
has average zero over Fp. Hence a Fourier coefficient can be nonzero only if

ξi = 0

at every inactive coordinate. Only the w active coordinates may have arbitrary Fourier-index
entries, and each of them has p possible values. Therefore the Fourier transform has at most

pw

nonzero coefficients.
Since |Φq| = 1, Parseval gives ∑︂

ξ

|ˆ︂Φq(ξ)|2 = 1.

Cauchy–Schwarz now yields

∑︂
ξ

|ˆ︂Φq(ξ)| ≤
√
pw

(︄∑︂
ξ

|ˆ︂Φq(ξ)|2
)︄1/2

= pw/2.

Substituting this bound proves the lemma.
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5.2 Cancellation from one active coordinate
We next give one explicit constant that works for both distributions appearing in the high-weight
argument.

Lemma 5.2 (Cancellation when every value has noticeable probability). Let p < r be primes
and m ≥ 2. Define

κr,m :=

√︃
1− 4 sin2(π/m)

r2
.

Then 0 < κr,m < 1. Moreover, if ν is any distribution on Fp satisfying

ν(a) ≥ 1

r
for every a ∈ Fp,

and q : Fp → Zm is nonconstant, then⃓⃓
EA∼νω

q(A)
m

⃓⃓
≤ κr,m.

Proof. Let A,A′ be independent samples from ν, and set Z = ω
q(A)
m and Z ′ = ω

q(A′)
m . Since

|Z| = |Z ′| = 1,
E|Z − Z ′|2 = 2− 2ReE[ZZ ′] = 2− 2|EZ|2.

Equivalently,

1− |EZ|2 = 1

2
E|Z − Z ′|2.

Because q is nonconstant, choose a, b ∈ Fp with q(a) ̸= q(b). Two distinct m-th roots of
unity are at distance at least 2 sin(π/m). Keeping only the two ordered events (A,A′) = (a, b)
and (b, a) in the nonnegative expectation above gives

1− |EZ|2 ≥ ν(a)ν(b)
⃓⃓
ωq(a)
m − ωq(b)

m

⃓⃓2
≥ 4 sin2(π/m)

r2
.

Rearranging proves |EZ| ≤ κr,m. Since r ≥ 3, the expression inside the square root lies strictly
between 0 and 1.

The lemma applies to both one-coordinate distributions needed below. Under Up, every point
has probability 1/p ≥ 1/r. Under σ(Ur) + β, every point has probability at least 1/r, because σ
reaches every element of Fp.

5.3 The TRANSFER theorem
Theorem 5.3 (TRANSFER). Let p < r be primes, let m ≥ 2, and let 0 < ε ≤ 1. Fix a map
σ : Fr → Fp that reaches every element of Fp, and set

κ = κr,m, W =

⌈︃
log(4/ε)

log(1/κ)

⌉︃
, δ =

ε

2pW/2
.
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Suppose Y is a distribution on Fn
r such that

ErrY (Localn(r,m)) ≤ ε

2
,

and let B be an independent δ-biased distribution on Fn
p . Then

X = σ(Y ) +B

satisfies
ErrX(Localn(p,m)) ≤ ε.

If Y can be sampled with seed length Or,m(log n+ log(1/ε)), then X can be sampled with seed
length

Op,r,m

(︃
log n+ log

1

ε

)︃
.

Proof. Fix Φq ∈ Localn(p,m) and let w = wt(q). Lemma 5.1, applied with Z = σ(Y ), gives⃓⃓
EΦq(X)− EΦq(U

n
p )
⃓⃓
≤ δpw/2. (5.1)

For the second estimate, condition on B = β. The function

y ↦−→ Φq(σ(y) + β)

belongs to Localn(r,m), so the hypothesis on Y gives⃓⃓
EYΦq(σ(Y ) + β)− EUn

r
Φq(σ(U

n
r ) + β)

⃓⃓
≤ ε

2
.

Under Un
r , the coordinates are independent. If coordinate i is active, then qi(σ(·) + βi) is

nonconstant because σ reaches every element of Fp. Lemma 5.2 therefore bounds its one-
coordinate expectation by κ. Inactive coordinates contribute factors of absolute value 1. Hence⃓⃓

EUn
r
Φq(σ(U

n
r ) + β)

⃓⃓
≤ κw.

Averaging over β = B gives
|EΦq(X)| ≤ ε

2
+ κw.

The same factorization under Un
p , again using Lemma 5.2, gives

|EΦq(U
n
p )| ≤ κw.

Therefore ⃓⃓
EΦq(X)− EΦq(U

n
p )
⃓⃓
≤ ε

2
+ 2κw. (5.2)

We now choose the better of (5.1) and (5.2). If w ≤W , then

δpw/2 ≤ δpW/2 =
ε

2
.
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If w > W , then 0 < κ < 1 and the definition of W imply

κw ≤ κW ≤ ε

4
.

The second estimate is therefore at most

ε

2
+ 2 · ε

4
= ε.

Thus every target test has error at most ε.
Finally, κ < 1 is a constant depending only on r and m, so

W = Or,m

(︃
1 + log

1

ε

)︃
.

Consequently,

log
1

δ
= log

2

ε
+

W

2
log p = Op,r,m

(︃
1 + log

1

ε

)︃
.

One explicit δ-biased vector therefore costs Op,r,m(log n+ log(1/ε)) seed bits. Adding its seed
to the seed of Y proves the claimed bound.

What this section establishes.
The operation TRANSFERr→p is proved:

(r,m)
TRANSFERr→p−−−−−−−−−→ (p,m), p < r.

The small-bias estimate increases with the number of active coordinates, while the cancellation
estimate decreases with it. The threshold W guarantees that every test is covered by one of the
two estimates.

6 Assembling the generator for an arbitrary modulus
The two construction moves are now complete. This section follows the route from Section 2:
start with the trivial modulus 1, insert the prime factors of M from largest to smallest, and finish
over the Boolean alphabet.

Call a state (p,m) solvable if, for every n and every 0 < ε ≤ 1, there is an explicit source X
on Fn

p satisfying
ErrX(Localn(p,m)) ≤ ε

with seed length

Op,m

(︃
log n+ log

1

ε

)︃
.

The state (p, 1) is solvable for every prime p: the test class contains only the constant function 1,
so the constant-zero source has error 0 and uses no seed.
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Theorems 4.5 and 5.3 give two rules:

(p,m) solvable =⇒ (p, pm) solvable,
(r,m) solvable =⇒ (p,m) solvable (p < r).

For the first rule, a target error ε requires the previous state only at accuracy(︂ε
4

)︂2p−1

,

whose reciprocal has logarithm Op(1 + log(1/ε)). For the second rule, a target error ε requires
the previous state at accuracy ε/2, and the added small-bias vector also has logarithmic seed
length. Thus both rules preserve solvability.

Theorem 6.1 (Assembly over the prime factors). For every fixed integer M ≥ 2, every n, and
every 0 < ε ≤ 1, there is an explicit source G on Fn

2 = {0, 1}n such that

ErrG(Localn(2,M)) ≤ ε

and whose seed length is

OM

(︃
log n+ log

1

ε

)︃
.

Proof. Write the prime factorization of M , with multiplicity, as

M = p1p2 · · · pk, p1 ≤ p2 ≤ · · · ≤ pk.

Begin with the solvable state (pk, 1) and apply LIFTpk , obtaining (pk, pk).
Now process j = k − 1, k − 2, . . . , 1. Suppose the already inserted suffix of the modulus is

mj = pj+1 · · · pk

and the current state is (pj+1,mj). If pj < pj+1, first apply TRANSFERpj+1→pj to obtain
(pj,mj). If pj = pj+1, this transfer is unnecessary because the alphabet already matches. In
either case, apply LIFTpj to reach

(pj, pjmj).

After all factors have been inserted, the state is (p1,M). If p1 > 2, one final application of
TRANSFERp1→2 reaches (2,M); if p1 = 2, no final transfer is needed.

The number of moves depends only on the fixed modulus M , and each move preserves
solvability. Hence the final state has the stated error and seed length.

Why the prime factors are processed in this order. The operation LIFTp inserts the factor p
only when the current alphabet is Fp. The operation TRANSFERr→p moves only from a larger
prime alphabet to a smaller one. Therefore the alphabet can only decrease, which forces the
construction to process the prime factors from largest to smallest.
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7 From phase estimates to modular-sum distributions
Theorem 6.1 gives a Boolean source whose expectation is close to uniform for every modulus-
M local phase. The main theorem is stated in terms of statistical distance between residue
distributions. This final section converts the phase estimates into that distributional statement.

7.1 The phase guarantee supplied by the construction
Theorem 7.1 (Phase-error generator). For every fixed M ≥ 2, every n, and every 0 < γ ≤ 1,
there is an explicit source G on {0, 1}n with seed length OM(log n + log(1/γ)) such that, for
every a ∈ Zn

M , ⃓⃓⃓
Eω

∑︁
i aiGi

M − Eω
∑︁

i aiUi

M

⃓⃓⃓
≤ γ,

where U is uniform on {0, 1}n.

Proof. Apply Theorem 6.1 with error γ. For every a ∈ Zn
M , define qi(0) = 0 and qi(1) = ai.

Then
ω
∑︁

i aixi

M = ω
∑︁

i qi(xi)
M

is a member of Localn(2,M), so the displayed estimate is exactly the error guarantee from
Theorem 6.1.

7.2 Fourier inversion on ZM

Lemma 7.2 (From phase error to statistical distance). Let X be a bit distribution such that, for
every b ∈ Zn

M , ⃓⃓⃓
Eω

∑︁
i biXi

M − Eω
∑︁

i biUi

M

⃓⃓⃓
≤ γ.

Then, for every a ∈ Zn
M ,

dist
(︁
S(M)
a (X), S(M)

a (U)
)︁
≤ M − 1

2
γ.

Proof. Fix a, and let P and Q be the probability mass functions of S(M)
a (X) and S

(M)
a (U) on

ZM . For t ∈ ZM , define

ˆ︁P (t) =
∑︂
z∈ZM

P (z)ωtz
M , ˆ︁Q(t) =

∑︂
z∈ZM

Q(z)ωtz
M .

Then ˆ︁P (t) = EωtS
(M)
a (X)

M = Eω
∑︁

i(tai)Xi

M ,

and similarly for Q. At t = 0 both coefficients equal 1. For t ̸= 0, the vector ta is another
member of Zn

M , so the hypothesis gives

| ˆ︁P (t)− ˆ︁Q(t)| ≤ γ.
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Fourier inversion on ZM gives, for every residue z,

P (z)−Q(z) =
1

M

∑︂
t∈ZM

( ˆ︁P (t)− ˆ︁Q(t))ω−tz
M .

The term t = 0 is zero, and the triangle inequality therefore gives

|P (z)−Q(z)| ≤ 1

M

∑︂
t̸=0

| ˆ︁P (t)− ˆ︁Q(t)| ≤ M − 1

M
γ.

Summing this bound over the M residues,

dist(P,Q) =
1

2

∑︂
z

|P (z)−Q(z)| ≤ M − 1

2
γ.

Theorem 7.3 (Main theorem). For every fixed integer M ≥ 2, every n ≥ 1, and every 0 < ε ≤ 1
2
,

there is an explicit generator

GM,n,ε : {0, 1}s −→ {0, 1}n, s = OM

(︃
log n+ log

1

ε

)︃
,

such that, for every a ∈ Zn
M ,

dist
(︁
S(M)
a (GM,n,ε), S

(M)
a (Un)

)︁
≤ ε.

Proof. Set

γ =
2ε

M − 1
.

Since 0 < ε ≤ 1/2 and M ≥ 2, we have 0 < γ ≤ 1. Let G be the source from Theorem 7.1 for
this value of γ. Its seed length is

OM

(︃
log n+ log

1

γ

)︃
= OM

(︃
log n+ log

1

ε

)︃
.

Lemma 7.2 gives, for every a ∈ Zn
M ,

dist
(︁
S(M)
a (G), S(M)

a (Un)
)︁
≤ M − 1

2
γ = ε.

7.3 Explicitness and optimality
The construction uses a number of LIFT and TRANSFER steps depending only on M . Every
alphabet map is a fixed lookup table, every added random vector comes from an explicit small-
bias construction over a fixed prime field, and all operations are coordinatewise. Hence the
output is computable in time polynomial in n.

The dependence on both n and ε is optimal up to the constant depending on M .
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Proposition 7.4 (Reduction to a prime divisor). Let q be a prime dividing M . Every bit
distribution that ε-fools Boolean linear sums modulo M also ε-fools Boolean linear sums
modulo q.

Proof. Given b ∈ Zn
q , define

ai =
M

q
bi (mod M).

For every Boolean input x,

S(M)
a (x) =

M

q
S
(q)
b (x) (mod M).

The map

ι : Zq −→ ZM , ι(z) =
M

q
z

is one-to-one. Applying a one-to-one map to two distributions preserves their statistical dis-
tance. Therefore the distance between the two modulo-q sums equals the distance between the
corresponding modulo-M sums, which is at most ε by hypothesis.

Consequently, any generator for modulus M also fools linear sums modulo a fixed prime
divisor of M . The standard lower bound for that prime-modulus problem is

Ω

(︃
log n+ log

1

ε

)︃
[AGHP92], [LRTV09]. Hence the seed length in Theorem 7.3 is optimal up to a constant
depending on M .
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