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Abstract

Given two symbolic matrices X and Y of dimensions m x n and n x m, respectively, the rank
principle states that when m = n + 1 and A is a scalar matrix of rank n + 1, the equation XY = A
is unsatisfiable. When m is arbitrarily larger than n and A has rank exceeding n, we obtain the
weak rank principle. We study this principle as an algebraic generalisation of the weak pigeonhole
principle (WPHP), asserting that m pigeons cannot be injected into n holes. As a strengthening
of WPHP, it admits proof complexity lower bounds in settings where none are known for WPHP,
while still supporting analogous applications. Using new generalised random restrictions applied to
the weak rank principle, which may be of independent interest, we resolve several open problems in
proof complexity: we construct proof complexity generators for Polynomial Calculus Resolution
over the two-element field (PCRg,), new generators for Sherali-Adams (SA), and hardness results
for circuit lower bound statements against PCRE, .

Generators for PCRg,: We prove exponential size lower bounds for several encodings—both
algebraic and CNF—of the weak rank principle in PCR over Fg, where no such bounds are known
for the WPHP in the regime with arbitrarily many pigeons. In particular, we obtain 24" size
lower bounds for both algebraic and standard CNF encodings, including the bamboo-tree encoding,
which is the most relevant for applications and corresponds to a circuit encoding, as considered
by Alekhnovich, Ben-Sasson, Razborov, and Wigderson (SIAM J. Comput., 2004) and Razborov
(Ann. Math., 2015). Our bounds hold for every matrix A in XY = A, implying that the rank
principle forms a proof complexity generator with nearly quadratic stretch. Using a standard
iteration technique we amplify the stretch to 2”0(1), thereby obtaining a function generator. This
resolves the open problem posed by Alekhnovich et al. (SIAM J. Comput., 2004) and Razborov
(Ann. Math., 2015) concerning the construction of proof complexity generators with good stretch
for PCREg,.

Generators for Sherali—-Adams: Since in SA even the strong pigeonhole principle is easy, we
develop a new size lower-bound technique showing that the weak rank principle, encoded as a
bamboo-tree CNF, serves as a proof complexity generator for SA. Our method introduces a new
relaxed notion of degree and a corresponding pseudoexpectation tailored specifically to the rank
principle (and incompatible with the pigeonhole principle).
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Circuit lower bound formulas: We show that PCRf, does not admit short proofs of lower-bound
statements against Boolean circuits, nor against weak models of algebraic circuits. This settles
the open problem raised by Razborov (Ann. Math., 2015) concerning the provability of such lower
bounds in PCRg,.

Strength of the weak rank principle: Finally, we show that the weak rank principle is neces-
sary for proving NC? circuit lower bounds and, for odd primes p, sufficient within the theory
corresponding to AC%[p] for deriving AC°[p] lower bounds.
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1 Introduction

Proof complexity provides both a concrete and conceptual framework for studying computational
lower bounds. On the one hand, it seeks to develop combinatorial and algebraic techniques for proving
unconditional lower bounds on the lengths of proofs, with relations to complexity class separations.
On the other hand, it offers a setting for formulating and exploring metamathematical questions—for
example, which proof systems can efficiently establish which lower bounds in computational complexity
theory.

For concrete proof-size lower bound questions, it remains a long-standing open problem to establish
superpolynomial size lower bounds against sufficiently strong proof systems, such as textbook proposi-
tional logic (i.e., Frege systems). Such lower bounds are unknown even against significantly weaker
fragments, such as those operating with AC°[2] circuits. Nonetheless, the development of theoretical
frameworks and techniques aimed at tackling such lower bounds remains a highly active and vibrant
area of research.

The Weak Pigeonhole Principle. A prominent example illustrating the broad reach of proof
complexity is the pigeonhole principle (PHP for short), which is the (suitably encoded) statement that
m =n + 1 pigeons cannot be mapped into n holes if each hole can accommodate at most one pigeon.
The weak pigeonhole principle (WPHP) refers to the case where the number of pigeons is possibly much
larger than the number of holes; namely, it is the collection of such statements for all pairs m > n,
where m may be arbitrarily larger than n. In this regard, WPHP is logically weaker than PHP where
m=n+ 1.

The pigeonhole principle is perhaps the most influential example in proof complexity, serving
as a driving force behind many lower bound techniques and frameworks. These include bottleneck
counting [36], pigeonhole switching lemmas and k-evaluations [2,53,66], pigeon dance [41,72], pseudo-
width [68,74], etc. As for upper bounds, already TCO-Frege admits polynomial-size proofs of PHP (and
hence WPHP); see [16,20]. Despite this progress, a notable open problem posed by Razborov [76]
remains unresolved: proving size lower bounds for WPHP against the polynomial calculus resolution
(PCR) proof system (see Footnote 1 and discussion therein).

Beyond concrete lower bounds, the pigeonhole principle plays a central role in the development of
theories in bounded arithmetic, which study the computational complexity of the concepts required
to prove various statements within formal systems. In bounded arithmetic, the weak pigeonhole
principle serves as an axiom from which important results—particularly those related to randomness
in computation—can be derived. As early as 1981, Woods [85] observed that explicit counting of the
number of elements in a finite set can often be replaced by applications of the pigeonhole principle
for bounded formulas. Building on this idea, Paris, Wilkie, and Woods [64] introduced the weak
pigeonhole principle, and showed that it often serves as a more suitable substitute for PHP in such
contexts and that it is provable in bounded arithmetic Ts. Initial work by Wilkie (unpublished;
see Krajicek [50, Theorem 7.3.7]), further developed by Thapen [82] and systematically pursued by
Jetdbek [14-16], established WPHP as a useful axiom for reasoning about randomized computation.

WPHP and proof complexity generators. A concept closely related to the weak pigeonhole



principle is that of a proof complexity generator. In fact, it is more directly connected to the dual
weak pigeonhole principle (denoted dWPHP), which states that when n pigeons are mapped to 2n
holes, at least one hole must remain empty. The notion of proof complexity generators was introduced
independently by Alekhnovich, Ben-Sasson, Razborov, and Wigderson [4], and by Krajicek [51,52]; see
also the monograph [55] for a comprehensive treatment.

A proof complexity generator is any encoding of the statement that expresses that a point b € {0, 1}3
is not in the image of a given polynomial time mapping G: {0,1}" — {0, 1}6, with m < £. The proof
complexity of such statements depends on G and is sensitive to the encodings; indeed, [4] suggested
three different encodings (see also Sokolov [79] for a discussion). We say that a proof complexity
generator is hard against a proof system when for every point b there is no short proof that b is not in the
image of G. This means that the proof system cannot prove that G is non-surjective. (Notice that even
a single b for which the proof complexity generator is easy would constitute a proof of non-surjectivity,
hence we insist that no such b exists; this point is explained further in Alekhnovich et al. [4].)

The hope is that for strong propositional proof systems, one can establish (at least conditionally)

that there are no poly(¢)-size proofs that g is non-surjective, under the assumption that the mapping g
is sufficiently pseudorandom (cf. [76]). Razborov in [76] proved the existence of hard proof complexity
generators for systems such as PCR and Res(k). However, as Razborov mentions, the important case
of generators for PCR over Fy is completely open (the importance of this case is explained after stating
Theorem 2.4).
WPHP and the provability of circuit lower bounds. WPHP and proof complexity generators also
play a central role in the metamathematics of complexity theory—particularly in understanding which
systems can efficiently prove circuit lower bounds. This connection was first observed by Razborov [72],
who showed that WPHP reduces to circuit lower bound statements. Informally, this means that
if WPHP is hard for some (“nice”) proof system P, then P cannot prove any circuit lower bound
efficiently. This idea was employed by Razborov [72] and later by Raz [68]. The former established
degree lower bounds for WPHP in polynomial calculus, and the latter established resolution size lower
bounds. Both work then leveraged the above reduction to show that the statement “NP ¢ P/poly”,
when encoded as a family of CNF formulas, does not admit efficient refutations in those systems.

More generally, one can define the truth-table generator, which maps a description of a small
Boolean circuit to the truth table of the function it computes. Establishing that a string b lies outside
the image of this generator is equivalent to proving that no small circuit computes the function with
truth table b. Hence, the truth-table generator constitutes a proof-complexity generator against a
system P exactly when P cannot efficiently prove any circuit lower bounds.

Linear algebraic instances. Beyond simple counting arguments like the pigeonhole principle, linear
algebra is a key tool in discrete mathematics. Accordingly, Cook and Rackoff suggested linear algebraic
statements as potential hard instances for strong propositional proof systems. Bonet, Buss, and
Pitassi [15, Sec. 3.1.1] further explored this idea and identified candidates hard tautologies such as the
oddtown principle, which asserts X X7 £ I,,, for an m x n variable matrix X with m > n, where I,,,
is the m x m identity matrix. Soltys and Cook [80] systematically studied the hard matriz identities
in the context of bounded arithmetic, focusing on statements such as the inversion principle, which
asserts that XY = I, implies Y X = [, for square n x n variable matrices X,Y, as well as other
equivalent formulations of basic linear algebraic facts. Their goal was to identify minimal formal
theories capable of proving such statements. Soltys and Urquhart [81] showed that the pigeonhole
principle is reducible to (hence, not stronger than) these matrix identities. Later, it was demonstrated
by Hrubes and Tzameret over Fz [39] and by Tzameret and Cook over the integers [84] that these linear
algebraic principles admit quasipolynomial-size propositional (i.e., Frege) proofs and are provable in
relatively weak theories of arithmetic. The latter two works roughly show that linear algebra sits within
“NC2-reasoning” (formally, the theory VN C2). The hard matrix identities were also considered in the



context of the Ideal Proof System (IPS) by Grochow and Pitassi [35], and Andrews and Forbes [7]
who investigated a close unsatisfiable instance {det(X) =0, XY = I} for two square variable matrices
X, Y.

A related algebraic principle is the (strong) rank principle: Let m = n 4+ 1. Given two variable
matrices X,Y of dimension m x n and n x m, respectively, the product XY = A is unsatisfiable
whenever A is an m x m scalar matrix of rank m. This formula was considered implicitly in Krajicek [54],
as a way to algebraically express proof complexity generators based on PHP.

For the specific case where A is the identity matrix I, Soltys and Cook [80, Equation (V), page 287]
showed that the strong rank principle is equivalent over their theories (the base one denoted LA; hence
over Frege) to the hard matrix identities, and specifically the inversion principle. Galesi, Grochow,
Pitassi, and She [31] formulated the rank principle explicitly, for the special case when A is the identity
matrix I, and when m is not necessarily n + 1. Galesi et al. established PC degree lower bounds for
the rank principle, using the same reduction from PHP degree lower bounds that was used in [81].

The weak rank principle. In this work we show the advantage in considering what we call the
weak rank principle, WRank for short, as a natural algebraic analogue and augmentation of the weak
pigeonhole principle. Given two variable matrices X and Y of dimensions m x n and n x m, respectively,
WRank states that

WRank. For an arbitrary scalar matrix A of rank at least n 4 1, the equation XY = A is
unsatisfiable, where m > n; here we mean that m is arbitrarily larger than n.

Notice that WPHP is (usually) considered in the same regime, namely when m is arbitrarily larger
than n [74]. Accordingly, all our lower bounds are expressed in terms of n and are independent of m.

Our results show that the weak rank principle can be applied in settings where the weak pigeonhole
principle fails, and that it provides a framework for both lower and upper bounds in proof complexity.
In particular, we obtain lower bounds and corresponding proof-complexity generators with a good
stretch for PCRg, which can also be iterated to a function generator (where none were previously
known) and introduce a new generator for the Sherali-Adams system, establish the hardness of circuit
lower-bound statements for PCRg, (which was open), and identify upper bounds—mnamely, feasibly
constructive proofs—that are facilitated by the weak rank principle itself.

The proof systems we shall consider in this work are polynomial calculus resolution PCR and
Sherali-Adams SA. See Section 4 for the precise definitions and references.

What is known about WRank. For the strong rank principle (where m = n + 1, and in fact up to
m < n?), size lower bounds against PCR could be shown over any field, by a reduction to the (strong)
pigeonhole principle (with m pigeons; see [31,81] for this reduction), and then using a size-degree
tradeoff argument. However, for the weak rank principle (when m is arbitrary) only degree lower
bounds are known in polynomial calculus resolution (PCR); again, this follows easily from known degree
lower bounds for WPHP. However, the more challenging and meaningful regime is that of size lower
bounds for PCR and stronger systems. Notably, no PCR size lower bounds are currently known for
WPHP for arbitrary many pigeons, and in fact when the number of pigeons exceeds n? (see Miksa and
Nordstrém [57] and de Rezende, Nordstrém, Risse and Sokolov [28])!. This motivates algebraically
extending WPHP to WRank, which enables new size lower bounds in settings where WPHP has so far
proven insufficient (as the current work shows).

With respect to upper bounds, while WPHP admits polynomial-size proofs in TC’-Frege, the best
known upper bound for WRank is a polynomial-size proof in NC2-Frege. This could be shown as

! Beyond n? pigeons, size lower bound techniques against PCR based on degree break down. Note that for resolution,
using different techniques by Raz [68] and subsequently Razborov [73,75] as well as de Rezende et al. [28], the case of
WPHP lower bounds with arbitrary many pigeons m is resolved.



follows: for strong enough proof systems closed under low degree reductions WRank is implied by
the special case of WRank when A = I (see Lemma 7.4), which in turn is implied by the inversion
principle by [80]; finally, the inversion principle admits polynomial-size proofs in NC2-Frege by the
work of Hrubes and Tzameret [39]. On the other hand, it is reasonable to conjecture that Frege does
not admit polynomial-size proofs of WRank by the fact that linear algebraic statements are expected
not to have polynomial-size Frege proofs as noted by Buss el al. [15].

Note that the relation between the weak rank principle and the strong one (and hence, by [80],
its relation to the hard matrix identities) is not entirely understood, since the latter concerns square
matrices, while our focus is on highly non-square matrices (hence, the “weak” regime).

2 Our Results

We present four types of results based on the weak rank principle: Lower bounds and generators for
PCR over [Fg, hereafter denoted PCRf, (Section 2.1), lower bounds and generators for SA (Section 2.2),
hardness of circuit lower bound statements for PCRf, (Section 2.3), and upper bounds (namely, feasible
constructive proofs) facilitated by the weak rank principle (Section 2.4).

2.1 Lower Bounds and Generators for PCRg,

We establish lower bounds and construct generators for PCR over Fa, under the following encodings
of increasing strength:

e Algebraic encoding. This setting provides the most direct algebraic formulation and serves as a
foundation for the subsequent encodings.

o Perfect matching (PM) encoding. In the PM encoding, we obtain lower bounds for the weak
rank principle, when A = I, against PCRf,. This encoding is in a CNF. To get a generator in
this encoding, we should prove the lower bound for every A. Although it is achievable by similar
techniques used in the next item, we do not formally prove this case, since this encoding does not
appear to be directly useful to establish hardness of circuit lower bound statements. The case A =1
is conceptually simpler than the general case of arbitrary A, yet serves as an instructive case for the
forthcoming generators because those results expand on similar ideas. It requires a different notion
of degree from the algebraic encoding, that is useful in the sequel (e.g., for SA lower bounds).

« Bamboo-tree encoding. The bamboo-tree encoding yields the strongest construction, achieving
the same stretch as the generators above (2mn to m?). In addition, we are able to prove that this
generator is iterable (in the sense of [52,76]) under this encoding, hence we establish a function

generator (i.e., a generator with a stretch of gn® ). A notable consequence of this function generator

is that PCRF, does not admit short proofs of circuit lower bound statements such as NP ¢ P/poly.

We start by providing more technical background to our new generators.

Context and motivation for our generators. Recall that a proof complexity generator encodes the
statement that a point b € {0, 1}6 is not in the image of a polynomial-time map G: {0,1}"" — {0, 1}4,
with m < £. When the weak rank principle is viewed in this framework, the matrix product XY plays
the role of the map G, and the point outside its image is the matrix A.

The known generators for PCRp, in the literature are based on reductions to the pigeonhole principle.
For the strong pigeonhole principle, Krajicek [54, Section 1] constructed a generator stretching n bits
to n + 1 bits. The same construction can be combined with the best known lower bounds for the weak



pigeonhole principle over PCRE, [5,57] to yield a slightly superlinear stretch—from n3 to n* bits?. (For
comparison, our results achieve a nearly quadratic stretch of 2mn to m? since our lower bounds hold
in the regime where m is arbitrarily larger than n.)

In the present work, we aim to base the hardness of such generators on the hardness of WRank
instead, which is stronger than WPHP. For instance, WPHP is easy for the SoS proof system,
but WRank is plausibly hard for it; likewise, Res(logn) admits quasipolynomial-size refutations of
WPHP [56], yet statements based on linear algebra (and in particular WRank) are expected to be hard
for it [15].

As mentioned above, for arbitrary m, the hardness of WPHP against PCR over any field remains
open. If such bounds were known, they could yield strong generators through Krajicek’s construction
and further applications. In particular, a sufficiently strong lower bound for the Onto-WPHP would,
via Raz’s method [68], yield that certain circuit lower bound statements for unbounded fan-in circuits
cannot be efficiently proven in PCR.

This led Alekhnovich et al. [4] to study hard instances distinct from WPHP on which to base
proof-complexity generators and their applications to circuit lower-bound statements. They proposed
the so-called Nisan generator, a special case of the Nisan-Wigderson generator [61], which is based
on systems of linear equations over Fy defined over expander graphs. The stretch of this construction
alone is not sufficient to yield application to circuit lower bound statements.

An important research direction is to obtain proof complexity generators with as large stretch as
possible. When the stretch is exponential (i.e., 27" in the seed length n) the generator is called a
function generator. To achieve such amplification, Krajicek [52] introduced the notion of s-iterability,
designed to boost the stretch of a variant of the Nisan generator [61]. Improving [4], Razborov [76]
relaxed the expander requirements and showed that linear systems as in [4] can be iterated to achieve
a much larger stretch—about 2. In particular, the hardness of the base generator transfers to the
iterated version, since an iterated expander remains an expander. However, systems of linear equations
over Fy are easy to refute in PCRF,; therefore, this construction cannot yield generators hard for PCRE,.

The limitations of existing principles motivate the use of WRank which subsumes both the weak
pigeonhole principle and systems of linear equations. This allows us to obtain lower bounds for WRank
(over Fy) for arbitrary m, thereby producing a hard base generator. The hardness of WRank persists
under iteration, which enables us to construct function generators that remain hard and leads to the
hardness of corresponding circuit lower-bound statements.

Among other results known about generators are Khaniki’s Nisan—Wigderson generator against
AC[p]-Frege [48] encoded as a (non-CNF) propositional formula. In addition, Sokolov [79] improved
the lower bounds for a particular generator encoding (functional encoding as in [4]).

Algebraic encoding. The algebraic encoding of the negation of WRank, denoted Rank]'(A), consists
of m? polynomial equations of degree 2,

n
Rank"(A): Z xi kYk; = Aij, foralli,je [m]. (1)
k=1

Theorem 2.1 (Algebraic encoding lower bound; see Theorems 5.7 and 5.44). For every m > n and
A € F™™ every PCRE, refutation of Rank™(A) requires size 2™ . Consequently, Rank™(A) is a
proof complexity generator stretching 2nm bits into m?. Moreover, the iterated variant of Rank!™(A) is

a function generator with stretch on

2Given a formula PHPT", Krajicek [54] builds a function stretching nm-tn bits into tm, for any parameter t; the ratio
tm/(nm-+tn) is maximised at t = ©(n?). The best known lower bounds for PHPZ against PCR hold for m = o(n?). If we
plug these values of t and m into nm-+tn and tm, respectively, we obtain a stretch of n® to n?.



Here, size is measured by the number of distinct monomials appearing in the refutation (see precise
definitions in Section 4).

The algebraic encoding lower bounds are obtained using random restrictions, which yield a size-to-
degree reduction and already suffice to derive the hardness of certain circuit lower-bound statements
(for example, for non-commutative algebraic branching programs; see Section 8.3.1). The argument
in this setting is technically simpler than the proofs for the CNF encodings introduced below, as the
latter requires translating the algebraic reasoning into a combinatorial framework. The lower bound
for the algebraic instance in Theorem 2.1 thus forms the basis for the CNF lower bounds presented
later and underlies the high-level random-restriction approach used throughout.

The algebraic encoding, however, is specific to algebraic proof systems and therefore not directly
comparable with encodings suited for other systems. To address this, we encode WRank as a CNF
formula based on the perfect matching principle, and later consider the more demanding bamboo-tree
encoding (see Section 5.3). The choice to work with CNF encodings is natural, as CNF is the standard
formulation in proof complexity. Moreover, to extend lower bounds from algebraic proof systems such
as PCR and SoS to systems like AC’-Frege or Res(lin) (that is, resolution over linear equations [69]),
CNF encodings are the appropriate framework, whereas the algebraic formulation—involving degree-2
polynomial equations—Ilies outside the expressive power of these systems.

Perfect matching encoding. The perfect matching CNF encoding of WRank, denoted
PMRank;"(A), encodes each equation Y, x;ryr; = Ai; of Rank;'(A) by stating there exists a
perfect matching on the satisfied monomials (i.e., those equal 1) of this equation. To encode such a
matching we use extension variables for each pair of monomials in the equation (together with an extra
point if A; ; = 1). See Section 5.2 for the definition. Similar encodings of parity computations were
considered for example in Impagliazzo—Segerlind and Ken [42,47].

As mentioned above, we shall consider only the case A = I and prove lower bounds for this encoding
against PCRp,. The case for every A, yielding a generator could be achieved with techniques similar to
the ones in the bamboo-tree encoding.

Theorem 2.2 (Perfect matching encoding lower bound against PCRE,; see Theorem 5.10). For every

m > n, every PCRg, refutation of the perfect matching CNF encoding PMRank]"'(I,,) requires size
20n)

The case of PCRE, is the most interesting because the perfect matching principle (stating that there
is no perfect matching on an odd size set) is in fact easy for PCRE,, hence the hardness of PMRank!"(I,,)
does not stem from the encoding per se. This contrasts many other cases where the hardness follows
from the hardness of the perfect matching principle itself [9,17,19,33,41,50], as we show for the case of
PCRg when char(F) # 2 in the next theorem.

The next result demonstrates the sensitivity of the encoding of the generators. Although we can
construct generators for several proof systems using the PM encoding, it is not known how to get
hardness of circuit lower bound statements from these generators.

Theorem 2.3 (Perfect matching encoding lower bound over any field; see Theorem 5.18). For every
m >n and A € {0,1}™™, any PCRg refutation (for a field F with char(F) # 2) or SoS refutation
of the perfect matching CNF' encoding PMRank!'(A) requires size 206n) - Similarly, any AC°-Frege

refutation requires size 2”9(1), where the constant in the exponent depends on the circuit depth.

Bamboo-tree encoding. The main challenge and open problems regarding proof complexity
generators and their applications is predominantly about proving lower bounds for good encodings;
where an encoding is good, if it has extension variables that correspond to gates of a circuit, hence
could be applied to circuit statement lower bounds [4, 76].



The bamboo-tree CNF encoding of WRank, denoted BTRank]'(A), encodes each equation
> h—1 ZikYkj = Aij of Rank]'(A) by using extension variables introduced to sequentially compute all
inner products involved. The extension variables for each inner product are arranged in a totally
unbalanced binary tree known as a “bamboo”. Each extension variable u; ;, encodes the partial sum
Zizl xi Ky, (for £ € [n]). Moreover, each monomial T; kYk,; has its own extension variable z; ; .

Ui, j,n —
ui:jznfl 2,7,m
.. 1,7, —
o Wig2 T
Ui, j1 Zi,5,2
Il

2i,5,1

Figure 1: Example of one axiom of BTRank}'(A). Here, u; j, are the extension variables for the partial
sum S5y @i kY = Sopeq 2ijk (for £ € [n]). See Definition 5.19.

This natural encoding corresponds to a circuit in the sense of [4,76], and similar encodings have
been used repeatedly for parity computations [4,76,81].

Theorem 2.4 (Bamboo-tree encoding lower bound; see Theorems 5.20 and 5.51). For every m > n and
A e B, every PCRg, refutation of BTRank]!'(A) requires size 29U") . Consequently, BTRank™(A) is
a proof complexity generator stretching 2nm bits into m? bits. Moreover, there is an iterated variant of
BTRank'(A) that yields a function generator with stretch on

This result resolves an open problem raised in [4,76] concerning the construction of proof-complexity
generators for PCRg,. Razborov’s [76] established generators against PCR based on the Nisan construc-
tion only over fields of characteristic different from 2. Lower bounds over Fy are particularly significant
and technically more challenging than those over other fields, as we now explain.

In general, when considering the weak rank principle, there are two distinct field parameters to
consider: the ground field, over which the proof system operates, and the expressed field, over which
the matrix product expressed in the weak rank principle is computed. Although these two fields may
differ, the case where both are Fo—that is, WRank over [, and PCR over Fo—is the most natural and
the most difficult.

For example, unsatisfiable linear systems over Fs are easy for PCRf,, and more generally, linear
systems over [, are easy for PCRg,. When p # 2, however, such linear systems are non-Boolean and
require explicit encoding of non-Boolean field elements, which makes the lower-bound task formally
easier but conceptually less meaningful, as the hardness would then usually stem from the encoding
rather than from the inherent structure of the weak rank principle. In contrast, working with both
ground and expressed fields equal to Fo keeps all variables Boolean and ensures that the difficulty arises
from the combinatorial and algebraic content of the principle itself.

Furthermore, Fs is usually the most challenging case for algebraic and semi-algebraic proof systems.
For instance, lower bounds in the Nullstellensatz system or its variants often require substantially more
complex designs over Fy than over larger or characteristic-0 fields (cf. [12, Theorem 12], [49]). Likewise,
proof systems such as Res(lin) [69] admit lower bounds over characteristic 0 [65], whereas corresponding
results over finite fields—and in particular over Fy (cf. [43])—remain open. Thus, establishing hard
generators over [y advances our understanding precisely in the setting that is both the most natural
and the least understood.

Lower bounds techniques. All our lower bounds follow the same general random self-reduction
scheme: we first reduce proof size to suitable notions of degree, tailored to the formulas and results



under consideration. For example, although total degree is the standard measure for monomials, one
may also work with refined degree measures that count only variables from a designated set. This
means that we shall start, by way of contradiction, from a small refutation (having only a few distinct
monomials) and apply a random restriction or a random substitution (changing variables to different
polynomials in different variables) that simplifies terms in the refutation with respect to the appropriate
notion of degree, reducing the formula to a smaller instance of the same principle. The second step is
proving a lower bound on the relevant notion of degree, which will result in a contradiction (namely,
no small size refutation exists).

The novelty and challenge is in finding the appropriate notions of degree and in devising the right
random substitutions which will decrease the corresponding notion of degree. These notions of degree
increase in level of complication along with the complexity of the encoding. Accordingly, the random
substitutions increase in level of complication.

One idea that is different from the usual proof complexity lower bounds is that our generalised
random restrictions are random substitutions of both 0-1 and polynomials in formulas. In PHP lower
bounds, the usual argument hinges on applying 0-1 restrictions (representing partial matchings). But
in our case partial 0-1 random restrictions are not always sufficient, hence we need to substitute
the original variables by both 0-1 and other variables or their negations. Our goal will be to get
self-reducibility: a smaller version of the principle. In the literature such random substitutions were
used in works by, e.g., Pitassi, Rossman, Servedio and Tan [67] and subsequently Hastad [37] for
AC-Frege lower bounds.

Algebraic and bamboo-tree encoding of rank principle. The following explains the lower bounds for both
the algebraic encoding Rank!"'(A) and the bamboo-tree encoding BTRank]"(A). We outline some ideas
behind the proof of Theorem 2.4, which establishes a 2% size lower bound for BTRank™(A) in
PCRp,. The key challenge is that this lower bound must hold independently of the parameter m, which
precludes the use of standard expander-based techniques. These techniques would typically involve
restricting one of the matrices, say X, to an expander, zeroing out most of the entries z; j, for k € [n],
in each row i € [m]. However, when the gap between m and n is too large, there are no bipartite
expanders with suitable parameters for achieving degree lower bounds.

Our solution hence avoids using expanders. We relax the degree notion, aiming to balance two
competing requirements for establishing size lower bounds: (1) the existence of random self-reductions
of BTRank]"(A) that effectively reduce the relaxed degree, and (2) the existence of a lower bound on
the relaxed notion of degree for refutations of BTRank]'(A). The random self-reduction we design to
achieve (1) is highly sensitive to the structure of the extension variables (the z-variables and u-variables
defined above) and its necessarily technical nature leads us to present it in two stages for clarity. In
this outline, we focus solely on motivating the notion of the relaxed degree that the self-reduction aims
to decrease, and we primarily discuss requirement (2).

Consider a term ¢ in x-, y- and z-variables of BTRank]'(A), that is, a product of some z-, y- and
z-variables and their negations. For a variable v, we write v! to denote v and v" to denote its negation,
v. Let C be the set of indices k such that 95?,@ yz’j or zé”j,k appears in t for some b € {0,1} and
i,j € [m]. We refer to C as the set of columns X-, YT~ and Z-mentioned in t. Now, let 7 be the
substitution of XT A for Y, i.e., T(xik) = Tigy T(Yr,j) = > iefm) Tir kAir 5, and T(Zijk) = T(Ti 1) T(Yk j)
for all 7, j € [m] and k € [n], with 7(7) = 1 + 7(v) for any variable v. We see that if we apply 7 to t,
the columns X-mentioned in each term of the polynomial 7(¢) remain in C' (note that under 7 the term
t becomes a polynomial, not necessarily a single monomial, in the X-variables only). It follows that
each term ¢’ of 7(t) either has degree at most |C| (since we are working over the ring of multilinear
polynomials; this happens when each column index k € C' contributes a single variable z; j to t’), or
there is k € C' and @ < i’ € [m] such that ¢’ is a multiple of z; yx; j (by the pigeonhole principle; this
happens when the column k € C' contributes more than a single variable z; ; to t').
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Why is the last observation useful? The substitution 7 maps the set of polynomial equations
XY = A to the set of polynomial equations X X7 A = A, and the latter has a straightforward degree-
2 derivation from the oddtown equations X X7 = I,,, which in turn have an immediate degree-2
derivation from the algebraic formulation of the functional pigeonhole principle FPHP]". For FPHP}",
Razborov [72] established a degree lower bound of n/2, which holds even for PCR proofs operating
with multilinear polynomials modulo the ideal generated by the hole axioms (z; yz  for ¢ < i’ € [m]
and k € [n]) and the functionality axioms (x; y; 5 for i € [m] and k < k' € [n]). We conclude that
there is no refutation of the algebraic formulation Rank!"(A) each term of which has less than n/2
X- or YT -mentioned columns. If such a refutation existed, then 7, along with the aforementioned
degree-2 derivations, would convert it into a refutation of FPHP]' where every term has either degree
less than n/2 or is a multiple of a hole axiom, contradicting the cited lower bound. This forms the
column-degree lower bound part in the proof of Theorem 2.1. Similarly, this argument rules out the
existence of a refutation of a variant of Rank]'(A) that involves the x-, y-, and z-variables (but not the
u-variables), where each term in the refutation has less than n/2 X-, YT- or Z-mentioned columns.

While the argument in the above paragraph works for the algebraic formulation Rank!(A), it is not
sufficient for the bamboo-tree encoding BTRank!"'(A). This is because 7 must be consistently extended
to the u-variables by 7(u; ;) = >eclk] 7(2ij¢), and the column index k of w; ; is not particularly
relevant here: when 7 is applied to a product of multiple u-variables mentioning only a small number
of columns, it leads to a blow up in the X-mentioned columns in the resulting terms. Thus, our new
notion of degree for the u-variables concerns only the first of the three indices of u; ;. We say that 7 is

U-left-row-mentioned in a term ¢ if u” . appears in ¢ for some j € [m], k € [n], and b € {0,1}.

To appreciate this definition, let us first calculate T(ui?i) modulo the hole axioms. We have
T(ul,y,b) = b+ T(uigr) =b+ Y T(zig) =0+ Y (@) T(yey) =b+ Y wie Y wieAi
Le[K] Le (K] Le (K] i'e[m)
=b+ Z Z Tipvi g Ay j = b+ Z w0 Aij = b+ Aij Z Tip,
Lek] i’ €[m] Le(k] Le(k]

where the penultimate equality is by the hole axioms and the last equality is by the Boolean axioms.
Hence, we see that, modulo the hole axioms, the only remaining row index is i. Let ¢t be a term
consisting of u-variables and their negations and let R be the set of indices U-left-row-mentioned in
t. Based on the above calculation, we observe that each term t' of the polynomial 7(¢) either has
degree at most |R|, or is a multiple of a hole axiom, or (by the pigeonhole principle) is a multiple of a
functionality axiom of FPHP}".

The preceding discussion motivates the definition of the relaxed degree of a general term ¢ in the
variables of BTRank]'(A) as the sum of the cardinality of the set of indices U-left-row-mentioned in
t and the cardinality of the set of X-, Y7- or Z-mentioned columns in ¢. For a precise definition of
random self-reductions and a proof of their effectiveness in reducing the relaxed degree, we refer the
reader to the proof of Theorem 5.20.

Iterated rank principles. In order to address the iterated variants of the rank principle, we need
additional techniques besides the ones that were sufficient for Theorem 2.1. We start by describing
the ideas behind the iterated algebraic principle. We consider the classical Goldwasser, Goldreich and
Micali [32] iteration protocol, which was also used by Razborov [76]. This protocol achieves a generator
with exponential stretch (i.e., a function generator) by iterating the base generator (the way to achieve
such a function generator from the weak rank principle is described after Theorem 2.8 in this section).

We start with the algebraic encoding. Consider the polynomial system IRanknm({A(”) T E
{0,1}5"Y k) = Urego,11=+ X™y = A Here, each X(MY = A is a distinct instance of the weak
rank principle with parameters m and n and the z-variables indexed by the binary string m, except
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that the matrices A(™ are not necessarily constant: we also allow them to contain variables from X (™)
for some strings 7’ with |7’| > |r|. This instance is a generalisation of WRank: letting “()” be the
empty string, when x = 0 we have that IRank™({A0},0) = Rank™(A0). Thus, to specify the entries of
different A(™’s, it is helpful to view the formula arranged as a binary tree shown in Figure 2.

X0y = A0

/ \

X0y — 40 xOy = 4D

SN SN

X (0,0) Y A(O 0) X(O 1) Y = A(O 1) X(l 0) Y = A(l 0) X(l 1) Y = A(l 1)

SN N NN

Figure 2: The Goldwasser, Goldreich and Micali-style iteration structure of IRank.

In this tree, the entries of each matrix A(™ can depend only on the entries of X(™) from the
corresponding subtree. This differs from the standard notion of s-iterability [52,76], which only assumes
a flat structure; that is, the iterated copies are arranged as a path and not as a tree. Our lower
bound depends on the depth of the arrangement (x in the above notation), and the tree structure
will maximise our lower bound. The tree structure was also used by Razborov [76]. Although this
construction turns out to be sufficient for applications to circuit lower bounds statements. Our goal

would be to show that any refutation of IRank with parameters m and n requires size 2"/ )

We consider two notions of degree for IRank:

o the column degree, which measures the number of different columns of X (™ or Y7 the term mentions,
where the same columns from different matrices are counted at most once; and

e the row degree, which measures the number of different rows of X (™) or YT the term mentions,
where the same rows from different matrices are counted individually.

(0),.(1)

For example, the term zj jxj jy1,1 has column degree 1 and row-degree 3. We perform two random
self-reductions p and o. The former reduces the row degree of every term in a refutation to < d while
the latter reduces the column degree to < d . This implies the total degree does not exceed 2d2.

We show that refuting IRank” (A(™, k) requires degree n/2 by reducing it to a single copy of the
formula Rank™(I,,) using a reduction that substitutes each X(™ with A X for a new variable X
. Since the entries of A(™ are not necessarily constant, this reduction can increase the degree of a
refutation. However, it can grow by at most a factor of kK + 1, because for each copy the degree grows
by at most 1. This explains the dependency on k we mentioned earlier.

Up to now we discussed the algebraic encoding of the iterated rank principle. We now turn to the
CNF encoding of U_. (0.1}~ XMy = A (note that here the matrix Y is different in each iteration,

unlike before) and again use the iteration protocol from [32]. We encode |J refoysn X Xy = A
using the extension variables that are similar to the ones from BTRank and addltlonally impose some
structure on the matrices Y (™. Our goal is again to prove that any PCRp, refutation requires size
o(n/r)*)

The notion of column degree is not well suited for the extension variables. For instance, given an

extension variable u( )k which semantically encodes the sum Z@G (k] xl( k)y,i ]), it is clear that it depends

not only on the k:th column but also on the preceding columns {1,...,k — 1}. To address this, we
restrict our matrices Y (™ (and hence the extension variables) to a blpartite expander G with a small
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left-degree A. This automatically restricts the column degree of all but z-variables to be at most A,
thus for all extension variables we only need to reduce the row degree.

Overall, the proof strategy is executed as follows: we start by reducing the row-degree (and thus the
total degree) in u-variables that compute partial inner products. We then reduce the column degree

in the z- and z-variables (recall that the latter compute the binary ANDs: zfg)k = f?y,@) This is
performed in the same way as in the algebraic construction. Finally, we reduce the row degree in the
x-, y-, and z-variables by using a random substitution similar to the one that reduces the row degree
for IRank. To deal with the z-variables we need to further modify the refutation. This is because of
the terms of the form s = [[;c; Zi, jk (or of the symmetric form [];¢; Z; j, k), which have the shape
of a star (when the z- and y-variables are considered as two sides of a bipartite graph with an edge
between mf? and y,(;? present whenever Egz)k appears in s). Such stars have common centre iy, and
our substitutions do not, in fact, set them to 0 w.h.p. However, we can show that each such star
with sufficiently many rays—that is, with large enough set J—collapses to its centre @;, ; w.h.p. This
property limits the degree of all such star terms. For the rest of the variables, we can greedily identify
a large set of variables in a term that are independently set to 0 w.h.p., implying that such a term

vanishes from the proof w.h.p.

2.2 Generators for Sherali—-Adams

We address the problem of establishing proof complexity generators for the Sherali—Adams (SA)
semi-algebraic refutation system [25].

First, note that the Nisan generator construction, denoted 7(A, b) in [76], can be shown to work also
for SA and even SoS. Specifically, its hardness follows from the lower bound on the Gaussian width of
7(A, b) as introduced in [14], and whose lower bound against SoS was established in [33,77]. Combined
with the random restriction from Razborov [76], this gives an SA size lower bound for 7(A, b).

We provide a different generator for SA than Razborov’s by proving that our bamboo-tree encoding
of WRank is such a generator. Note that WPHP is easy for SA in terms of size. Therefore, WPHP
cannot be directly used as a generator. We thus come up with a new technique that does not use the
reduction to PHP and instead defines a relaxed notion of degree (row degree, in our case). The lower
bounds are thus based on a reduction from size to row degree, followed by a lower bound on row degree.
To establish the row degree lower bound we come up with a pseudoexpectation based on a new family
of distributions tailored to WRank (and not to WPHP).

Lemma 2.5 (Row degree lower bound for SA (informal); Lemma 6.4). For every m > n and every
A € {0,1}™*™ every SA refutation of (a variant of) BTRank!"(A) requires row degree n — 1.

Theorem 2.6 (Size lower bound for SA (informal); see Theorem 6.11). Assume m > n and A €

{0,1}™*™ s a Boolean matriz. Then any SA refutation of (a variant of) BTRank[!'(A) requires size
28(n)

This result fits in the generator approach to proof complexity as stated by Razborov [76, p. 417]
and proposed earlier by Krajicek [51,52] and Alekhnovich et al. [4]. Specifically, the generator approach
seeks to establish proof complexity generators for as many proof systems as possible, roughly based on
the computational hardness of the generator.

To rule out low row-degree SA refutations of BTRank]'(A), we define a family of distributions over
partial assignments. Each distribution in this family is indexed by a pair (I, J), where I C [m] and
J C [m] are sets of row indices of X and Y7, respectively, with |I| + |J| < n — 2. The distribution
corresponding to (I, J) is the uniform distribution supported on certain assignments to all variables
xip with i € I,k € [n] and y,; with £ € [n],j € J.
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Before specifying these assignments, it is helpful to recall the family of distributions used against
the functional pigeonhole principle FPHP]' by [26]. Each distribution in that family is indexed by a
set I C [m] of at most n — 2 pigeons and consists of the uniform distribution over all matchings of
the pigeons in I to holes. Thus, the distribution indexed by I is supported on all assignments to the
variables x; : i € I,k € [n] that do not violate any axiom of FPHP}. In other words, no condition
whatsoever limits these assignments except the axioms involving the pigeons in I.

In contrast, for BTRank]'(A), we cannot allow similar freedom in the supports of the distributions
in our family. It is straightforward to verify that if the support consisted of all assignments to
zig:i €1, ken]andy,;: L€ n|,je Jthat do not violate any axiom of BTRank;'(A), the marginal
distribution condition—a key ingredient of SA lower bounds®—would fail. In other words, limiting the
support only by the requirement that the axioms concerning Ay ; (the submatrix of A determined by
rows I and columns J) hold is insufficient. Our approach therefore imposes stronger restrictions on the
support than those dictated by the axioms of BTRank!"'(A) alone.

Specifically, we require that the row vectors assigned to the rows of X indexed by I be linearly
independent, that the column vectors assigned to the columns of Y indexed by J form a linearly
independent set of vectors, and that the product of these rows and columns evaluates to Ay ;. Of these
three requirements, only the last is directly dictated by the axioms of BTRank"(A). We show that the
uniform distribution over such assignments satisfies the marginal distribution conditions for members of
our family. Notably, these assignments violate the FPHP]" axioms even in the special case A = I, and
Y = X7 (the oddtown case X XT = I,,,), highlighting the bespoke nature of our distribution family.

It is plausible that our method could be extended to the case of SoS, though we have not pursued
this direction.

2.3 Hardness of Circuit Lower Bounds from the Weak Rank Principle

Next, we connect the weak rank principle to the provability of circuit lower bounds. We show that
the weak rank principle is necessary for proving certain circuit lower bound statements, while in the
sequel (Section 2.4) we show that it is also sufficient for proving some known circuit lower bounds of
interest. These results suggest a fundamental relationship between the weak rank principle and the
provability of circuit lower bounds.

Our results are inspired by—and, to some extent, mirror—the connection between the weak
pigeonhole principles and the provability of complexity lower bounds. Razborov [72,75] and Raz [68]
showed the unprovability of circuit lower bounds such as NP ¢ P/poly in weak proof systems via
reductions from WPHP. Miiller and Pich [59] formalised a wide range of circuit lower bounds in
Jerdbek’s theory for approximate counting in bounded arithmetic [44-46], which includes the dual
weak pigeonhole principle as an axiom. More recently, Chen, Li, and Oliveira [18] showed that certain
lower bound statements are equivalent to variants of weak pigeonhole principles.

We extend the above line of research in two aspects. First, we present low-degree reductions from
the weak rank principle to circuit lower bound sentences, generalising the aforementioned connections
by Razborov and Raz [68,72,75]. Then, as a concrete example, we show that PCR, does not have
efficient proofs of circuit lower bound statements such as NP & P/poly, by iterating the WRank-based
proof complexity generators against PCRg, (as in [76]). A variant of circuit lower bound statements
was recently proved to be hard for SoS [10].

Necessity of the weak rank principle. First, we present low-degree reductions showing that
WRank is necessary for proving circuit lower bounds:

3In our case, the marginal distribution condition says that marginalising the distribution indexed by (I U {io}, J) to
the variables z; , : ¢ € I,k € [n] and ye,; : £ € [n],j € J coincides with the distribution indexed by (I, J), and similarly for
the distribution indexed by (I, J U {jo}).
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Theorem 2.7 (WRank is necessary for Boolean circuit lower bounds (informal); see Corollary 8.4 and
Remark 8.5). Let P be an algebraic proof system closed under low-degree reductions. If P cannot prove
the weak rank principle efficiently, then for every Boolean function f (represented as a truth table), P
cannot prove circuit lower bounds for f efficiently.

Interestingly, our argument goes through algebraic circuit complexity. Specifically, we show
that WRank is necessary for proving lower bounds against non-commutative algebraic branching
programs (non-commutative ABPs, or ncABPs for short), which is a fairly weak algebraic circuit
model (making our unprovability results stronger). Our reduction relies on Nisan’s characterisation of
ncABP complexity via matrix rank [60]. We then establish that lower bounds on ncABP complexity
are themselves necessary for proving lower bounds on (Boolean) circuit complexity.

Concrete lower bounds. Inspired by the above connection, we use the generators for PCRp,
demonstrated in Section 2.1 to show that this system cannot efficiently prove circuit lower bounds®.

Theorem 2.8 (Informal; sece Theorem 8.9). Let f: {0,1}" — {0,1}. For every s > n*(1) | any PCR,
refutation of the statement “f cannot be computed by Boolean circuits of size s” (encoded as a system
of polynomial equations) requires size 95t /o)

As in the case of Razborov [76] our Boolean circuits are in the basis =, A, V, @ where the last three
connectives are binary. The proof idea is similar to [76]. We work with the iterated rank principle
Uﬂe{oyl}gn XMy (™ = A encoded as a CNF using the bamboo-tree encoding. Given 7 € {0,1}", we

choose the matrices A(™ such that Ag?) = f(m) the rest of the matrices (for |r| < n) are arranged as
Alm) = [X(”*O) X (1) Y(”*O)T Y(”*l)T}. That is, given a copy X(™MY (™) = A we can compute both

copies X (M0)y (m0) — A(m+0) apnq X (mD)y (1) — A(™1) recursively. This way, starting with the empty
string “()”, we can gradually compute A for = € {0,1}", thus obtaining f (7). This computation can
be naturally expressed as a Boolean circuit, using the gates that correspond to the extension variables.

2.4 On the Strength of WRank

Finally, we initiate the study of the weak rank principle as an axiom in bounded arithmetic. Linear
algebra is used extensively throughout combinatorics and complexity theory, resulting in a variety of
breakthroughs such as the resolution of the finite field Kakeya conjecture [29], Cap Set problem [24,30]
and the Sensitivity Conjecture [40]. Indeed, there is a whole book dedicated to linear algebraic methods
in combinatorics [11].

Soltys and Cook [80] initiated the study of formal theories that “capture linear algebra” from the
complexity perspective. Specifically, they considered a few formal theories for linear algebraic reasoning
and showed that VLAP, the strongest theory considered in [80] which incorporates matrix powering and
certain induction schema, proves many linear algebraic identities including the (strong) rank principle.
Subsequently, Tzameret and Cook [84] showed that the seemingly weaker theory VNC? suffices for
linear algebraic reasoning and specifically proving properties of the determinant. We take a somewhat
similar route, but instead of powerful concepts such as matrix powering (which is DET-complete [21]
and hence intuitively captures “full” linear algebra), we only consider the weak rank principle, hence
our theories appear to be somewhat weaker.

An important motivation for considering the weak rank principle is that they capture arguments
in combinatorics and complexity theory that are “loose” (i.e., not tight). Intuitively, the weak rank
principle should already suffice when one is satisfied with a bound that is only tight within multiplicative

4Unfortunately, when measured by size, PCR, is not closed under low-degree reductions. Hence our concrete lower
bounds are not direct corollaries of Theorem 2.7 and require more work.
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factors. This is the case when we are satisfied with, say, a bound of ¢ - 2.756™ for the Cap Set problem
or a bound of ¢ - 2""* for ACO[p] circuit complexity, where ¢ > 0 is an unspecified constant. This is
similar to the case of approximate counting where we only care about the sizes of sets approzimately,
hence the weak pigeonhole principle is already applicable [46].

In this work, we put forward a theory VO(p) + WRank,, which incorporates the two-sorted theory
VO(p) in the style of Cook-Nguyen [20] with an extra axiom WRank,, expressing the weak rank principle
over F,. We demonstrate the power of the weak rank principle and confirm the above intuition by

showing that this theory can prove Smolensky’s circuit lower bound against AC%[p] [78]:

Theorem 2.9 (Informal; Smolensky’s lower bound is implied by the weak rank principle; see Theo-

rem 9.12). For every prime number p > 2, V9(p) + WRank,, proves that MODy cannot be computed by

AC®[p] circuits of depth d and size 90(n'/4)

Previously, Miiller and Pich [59] formalised Smolensky’s AC%[p] lower bounds in Jefdbek’s theory
APC, [44,46]. We point out a few differences between our formalisation of Smolensky’s lower bounds
and the formalisation in [59].

1. Miiller and Pich proved a lower bound against circuits of size n'°8™ in the (single-sorted) theory
APC; with the assumption that plog”'n ¢ Log. This allows randomised quasi-polynomial-time
reasoning over the purported ACO[p] circuit. We prove a lower bound against size 20 n'/2)
in the (two-sorted) theory VO(p) + WRank where the circuit is represented as an object of
string sort. Except for the weak rank principle, this theory only allows (quasi-polynomial-size)
AC®[p]-reasoning over the purported ACY[p] circuit.

2. One drawback in the Miiller—Pich proof is the requirement that nlos”'n ¢ Log. In fact, this allows
them to prove the required rank principle by brute force. Our formalisation explicitly separates
the weak rank principles from other AC®[p]-manipulations.

We also note that Razborov mentioned in [71, Section E.3] that the metamathematics of Razborov—
Smolensky lower bounds are left open. Our work addresses this gap by showing that Smolensky’s lower

bounds can be proved in VO(p) + WRank,,. It is also worth mentioning the already Galesi et al. [31]
considered the rank principle with A = I as an axiom added to the polynomial calculus.

3 Conclusions and Open Problems

Our work introduces the weak rank principle as a new object of study in proof complexity and
applies it to advance the generator approach to proof complexity, introduced by Kraji¢ek [51,52] and
Alekhnovich et al. [41], and later emphasized by Razborov [76, p. 417]. The goal of this approach is to
construct proof-complexity generators for as many proof systems as possible, where the hardness of the
generator reflects the computational limitations of the corresponding system. In our case, the hardness
originates from linear-algebraic reasoning: the weak rank principle expresses the unsatisfiability of
certain linear systems and matrix identities, and its difficulty is directly tied to the inability of a proof
system to efficiently formalise arguments involving matrix rank. Consequently, the weak rank principle
is expected to be hard for proof systems that cannot efficiently reason about linear algebra.

Future directions. Several directions appear promising for further study:

e The weak rank principle provides a useful family of tautologies to study in proof systems for which
the pigeonhole principle is easy or for which no proof-complexity generators are known. The basic
instance, XY = I, already gives a concrete candidate for proving lower bounds. Obtaining a lower
bound for this instance is the first step toward establishing lower bounds for the more general
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case XY = A, where A ranges over matrices of rank greater than n. Such results would yield a
proof-complexity generator based on WRank. Once such a base generator is obtained, it can be
iterated to obtain a function generator, showing that the proof system in question cannot efficiently
prove certain complexity-class separations such as NP ¢ P /poly.

o Develop bounded arithmetic theories that use WRank as axioms, such as the theory VO(p) + WRank,,
developed in this paper. We speculate that many interesting results in combinatorics and complexity
theory can be formalised in such theories and that the weak rank principles suffice. Our formalisation
of Smolensky’s lower bounds [78] can be seen as the first step towards this goal.

o The weak rank principle provides a natural candidate for lower bounds against AC°[p]-Frege (for which
no lower bounds are currently known) and SoS. This connection follows from the conjecture that NC?
captures the computational complexity of linear algebra. According to the informal correspondence
between circuit classes and propositional proof systems whose proof-lines come from those classes,
one expects that proofs operating with NC2-circuits (that is, NCZ—Frege) are exactly those capable
of efficiently reasoning about rank-based arguments. In contrast, the weak pigeonhole principle
admits quasipolynomial-size proofs already in Res(logn) and thus in AC’-Frege [56,64], indicating
that stronger algebraic principles are required to obtain meaningful lower bounds.

4 Preliminaries

We will use the following common notations throughout the paper.
o Forall k£ > 0, I denotes the k x k identity matrix (Ij), ; = ¢ ; for all i, 5 € [k].

o Forall k,¢ >0, Jy denotes the k x ¢ all-ones matrix, i.e., (Jy¢), , = 1 for all i € [k],j € [£].

,J
4.1 Concentration Bounds

Many of our constructions use probabilistic arguments and rely on concentration bounds. We
first recall a standard version of the Chernoff bound, which can be found in many textbooks; see, for
example, [58, Corollary 4.6].

Theorem 4.1 (Chernoff bound). Let Xi,...,X,, be independent Bernoulli random variables with
Pr[X; = 1] =p; for alli € [n]. Let X =3, Xi and p=EX. Then, for every 0 < 4§ <1,

Pr[X > (1 +6)u] < exp(—62u/3)

and
Pr[X < (1—0)u] < exp(—82u/2).

Consequently,
Pr(|X — p| > op] < 2exp(—6°4/3).

A useful special case of the Chernoff bound is sampling with replacement. Given a positive integer
N and a subset K C [N], we uniformly draw n samples from [/N] with replacement. For every i € [n],
let X; be the indicator variable of the event that the ith sample is in K. Then X = ;<) X; counts
the number of samples that are in K. Theorem 4.1 gives a concentration bound for X around its
expectation u =n - |K|/N.

We also use the analogous bound for sampling without replacement. The following result follows,
for example, from Hoeffding’s theorem for samples drawn without replacement; see [38, Theorem 4]. In
this setting, the number of samples belonging to the set K has a hypergeometric distribution.
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Theorem 4.2 (Hypergeometric Chernoff bound). Let K C [N] be fized, and let S be an s-subset of
[N] chosen uniformly at random. Let X = |K N S| and p=E X. Then, for every 0 < < 1,

Pr[X > (1+6)u] < exp(—°u/3)

and
Pr(X < (1 - 8)u] < exp(—6°4/2).

Consequently,
Pr(|X — pu| > 6p) < 2exp(—02u/3).

4.2 Proof Systems

Let TAUT denote the coNP-complete set of propositional tautologies. Cook and Reckhow [23] defined
propositional proof systems as nondeterministic algorithms for TAUT. Equivalently, a propositional
proof system P(¢,II) is a deterministic algorithm that takes as input a propositional formula ¢ and a
purported proof II, and satisfies the following properties:

o Completeness: If ¢ € TAUT, then there exists a proof II such that P(¢,II) accepts.
o Soundness: If ¢ ¢ TAUT, then for every II, P(¢,II) rejects.
« Efficiency: P runs in time polynomial in |¢| + |II|.

A propositional proof system P is polynomially bounded (or p-bounded) if there is a polynomial
p(+) such that every tautology ¢ € TAUT admits a proof II of length at most p(|¢|) for which P(¢, IT)
accepts. Cook and Reckhow [23] showed that p-bounded propositional proof systems exist if and only
if NP = coNP.

We will sometimes equivalently consider refutation systems, which are nondeterministic algorithms
for the language SAT. A DNF F is a tautology if and only if —=F (which can be expressed as a CNF) is
unsatisfiable. Thus, a proof of F' can be equivalently viewed as a refutation of —F.

While traditional proof systems reason about Boolean formulas, algebraic proof systems reason
about the unsatisfiability of collections of polynomial equations. Fix an underlying field F, and let
fis fos- ooy fm € Flxy, xa, ..., x,] be a collection of polynomials, where each f; is called an aziom and
represents the equation f;(Z) = 0. The goal is to prove that these polynomials do not have a common
zero over F™. It is standard in the literature to add the Boolean azioms x? — x; to the collection to
enforce that all variables take values in {0, 1}; however, we do not include these Boolean axioms in our
definition of rank principles.

For a polynomial f, let || f|| denote the number of monomials appearing with a non-zero coefficient

in f.

Definition 4.3. Let F' = (f1, fa,..., fm) be an unsatisfiable collection of polynomial equations over a
field .

o A Nullstellensatz (NSg) [13] refutation of F' is a sequence of polynomials (g1, g2, ..., gm) such
that the following polynomial identity holds:

m
Y firgi=1.
i=1

The degree of the refutation is max;c,, {deg(fi-g:)}. The size of the refutation is 37" || fil| - [|g:|-
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o Polynomial Calculus (PCg) [19] is a dynamic proof system where proof lines are polynomials over
F. Starting from (fi, f2,..., fm) as axioms, this system has two inference rules:

J 9 (for o, € F) and

af+ By zi - f
A PCF refutation of F is a derivation of 1 from F'. The degree of the refutation is the maximum
degree of any polynomial appearing in it. The size of the refutation is the total number of
monomials appearing in it.

o Suppose F = R. A Sum-of-Squares (SoS) [34,62] refutation of F is a sequence of polynomials
(91,92, --,9m) and (hy, ha, ..., hy) such that the following polynomial identity holds:

m l
IRPES WS
i=1 j=1

The degree of the refutation is the maximum of max;cpy,{deg(fi - g:)} and 2 max;cy{deg(h;)}.
The size of the refutation is 3;cpn [1fill - gill + 22 5¢9 1A51-

Definition 4.4. Let F' = (f1, fo,..., fm) be an unsatisfiable collection of polynomial equations over R.

We enforce that the variables =1, s, ..., z, are Boolean by adding every Boolean axiom 3:22 —x; to F.
A Sherali-Adams (SA) [25] refutation of F' is a sequence of polynomials (g1, g2, ..., gm) and a conical
junta J such that the following polynomial identity holds.

> firgi+T=-1

1€[m)|

Here, J is a conical junta if it is a nonnegative linear combination of terms (J = Z§:1 ajtj(z) for
a; > 0), and each term is a product of factors of the form z; and (1—z;). The degree of the refutation is
the maximum of deg(J) and max;{deg(f;) +deg(gi)}. The size of the refutation is 3=;cp,, || .fill - [|gill +£.

Definition 4.5. Let F = (f1, fa,..., fm) be an unsatisfiable collection of polynomial equations over a
field F with underlying variables z1,x9,...,z,. We enforce that the variables are Boolean by adding
every Boolean axiom z? — x; to F. A Polynomial Calculus Resolution (PCRg) [3] refutation of F is a
PCg refutation of F’, where F' is I’ with the twin variables T1,%o, ..., T, and the axioms 1 — z; — T;
and 72 — 7; added.

Note that PCg and PCRg are equivalent w.r.t. the degree measure, but a collection of polynomial
equations might have much more efficient PCRg proofs than PCg proofs in terms of size.

4.3 Substitutions

In the setting of proof complexity, substitutions are usually defined as follows.

Definition 4.6 (Restrictions). Given variables (x1,...,zy) and their twins (Z1, ..., @y), the restriction
p is a partial mapping from {z1,...,z,} U{Z1,...,Tn} to {0,1}.

Here we consider a generalised notion of substitutions in which we can substitute variables with
fresh variables, possibly negated; several variables may be mapped to the same fresh variable.

Definition 4.7 (Substitutions). Given variables (z1,...,z,) and (y1,...,¥m) and their twins
(ZT1,...,%y) and (Yq,...,7,,), the substitution p is a mapping from {zi...,z,} U {Z1,...,Tn} to
{0, 1} U{y1,-- -, Um} U{T1,---,Um}, which is consistent w.r.t. the twin variables: if p(v) = b for some
b € {0,1}, then p(v) =1 — b; if p(v) = u for some variable u, then p(v) = w.
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It coincides with the standard definition when (yi,...,ym) = (21,...,2,) and for every v with
pv) & 10,1}, plv) = v.

Given a polynomial f € Flxy,...,z,,T1,...,Ty,] and a substitution p, the application of p to f,
denoted f f P is the pOlynomial g(yla . ~ym>§17 e aym) = f(p($1)’ LR p(xn)?p(fl)v LR p(fn))

Given a proof II (a sequence of polynomials), the application of a substitution p to II, denoted
II | p, is obtained by applying the p to each line p of II and removing any line that becomes the zero
polynomial. Applying a substitution to a PCRg, SA, or SoS proof results in a proof with at most a
linear increase in size: this is because Definition 4.7 substitutes variables and constants for variables;
when we replace a variable with a polynomial, size is not necessarily preserved.

4.4 Reductions in Proof Complexity

Let F' and G be two collections of polynomial equations. In this paper, we use low-degree algebraic
reductions [17,27] to formalise the idea that F' is “easier” to prove than G. Intuitively, this happens
when F' is a substitution instance of G, namely there is a substitution R to G under which G o R
equals F. More precisely, we require that there is an efficient (e.g., low degree) derivation from F' of
the substitution instance G o R. Hence, a short proof of G o R can be transformed into a short proof of
F'. For example, to show that circuit lower bounds are as hard to prove as the weak rank principle,
we exhibit a low-degree reduction from the polynomial equations encoding the weak rank principle to
those encoding circuit lower bounds.

Definition 4.8 (Algebraic reductions; [27, Def. 8.2]). Let F' = (fi,..., fm) be a collection of polyno-
mials over variables (z1,...,2},), and G = (g1,...,9n) be a collection of polynomials over variables
(Y1, Yn). A degree-d algebraic reduction, denoted F' Szlg G, consists of the following:

(Reduction) a mapping R: F™ — F" such that each output element R; € Flz1,. .., x|, i € 0], is
a polynomial of degree at most d in (x1,..., 2 );

(Axioms) for every i € [n], the polynomial g; o R has an NSg-proof from F' of degree d - deg(g;). That
is, there exist polynomials (¢; 1, ..., qim) such that

m
gioR="" fitin,
k=1

and for every k € [m|, deg(fx) + deg(qix) < d - deg(g;).
It is a standard and useful fact that algebraic reductions are closed under composition.

Fact 4.9. Let F = (f1,...,fm), G = (g1,-...9n), and H = (hy,..., hy) be systems of polynomial
equations. If F Szllg G and G Szlf H, then F gzllng H.

Proof. Suppose that F' is over variables (z1,...,2,,), G is over variables (y1,...,y, ), and H is over
variables (z1,...,2¢). Let R : F™ — F" be a degree-d; reduction from F to G and R? : F" — F¥
be a degree-ds reduction from G to H. We claim that R? o R' : F" - Fisa degree-d;ds reduction
from F to H. Clearly, every output element of R o R is a polynomial of degree at most dids in
(.%'1, v ,{I,‘ml).

Now consider an axiom h; from H. We want to show that h; o R? o R' has an NS-proof from F' of
degree dyds - deg(h;). We have

n
hioR* =" gitik
k=1
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for some polynomials (g; 1,...,qin) such that for every k € [n], deg(gr) + deg(qi ) < da - deg(h;). For
each k € [n], we also have

m
gko R' =" fipk,
j=1
for some polynomials (pg 1, ..., Pk,m) such that for every j € [m], deg(f;) + deg(pk,;) < di - deg(gi)-
Hence

hio R®o R' =% (gr o R')(gi o R") Z (ZPk,j'(%koRl)> : (2)

k=1 : k=1

T'i7j
Note that deg(f;) + deg(r;;) < maxi{deg(f;) + deg(pr,;) + deg(qir) - d1} < maxy{d; - (deg(gr) +
deg(qi 1))} < didy - deg(h;). Hence, (2) is an NS-proof of h; o R? o R! from F that has degree
d1d2 . deg(hi).
In conclusion, R? o R! is a degree-d;dy algebraic reduction from F to H. O

Algebraic proof systems such as Nullstellensatz and Polynomial Calculus are closed under low-degree
algebraic reductions when the efficiency measure is degree [27, Lemma 8.3]. This paper exhibits many
low-degree algebraic reductions; for example, Corollary 8.4 shows a low-degree algebraic reduction from
the weak rank principles to circuit lower bound statements. Such a result can be interpreted as follows:
for any algebraic proof system P closed under low-degree algebraic reductions, if P cannot prove the
weak rank principles, then P cannot prove any circuit lower bounds.

4.5 The Pigeonhole Principle

We define the algebraic encoding of the pigeonhole principle, first considered by Razborov in [72]—
this version is sometimes explicitly called functional because of the presence of the Functionality Axioms
below. Fix positive integers m and n with m > n. FPHP]" is defined over mn variables arranged as a
Boolean matrix X = (x;), elm] kel It consists of the following polynomial equations:

Pigeon Axioms: For i € [m], the polynomial

1-— Z T k- (3)

ke(n]
Hole Axioms: For i,j € [m],i # j, k € [n], the polynomial
T T (4)
Functionality Axioms: For i € [m], k, ¢ € [n], k # £, the polynomial
Ti kT (5)
Boolean Axioms: For i € [m], k € [n], the polynomial
L) — T (6)

We comment that the standard (non-functional) PHP that maps m pigeons to n holes is defined
the same as FPHP}', only excluding the Functionality Axioms (5).
Razborov [72] proved a PCy degree lower bound on FPHP]" for arbitrary m > n.

21



Theorem 4.10 ([72]). For every field F, every PCg refutation of FPHP]" has a term that mentions at
least n/2 + 1 pigeons and at least n/2 + 1 holes.”

Although not stated explicitly, the lower bound in [72] holds when the refutation is considered
modulo the ideal generated by the Functionality and Hole Axioms. This implies that every refutation
of FPHPJ! contains a term [[,c(g %i, k,, Where £ > n/2 + 1, all 4, are distinct and all &, are distinct.

There is a similar degree lower bound for SA. It was originally stated for FPHPZ“, but exactly the
same proof applies to FPHP]".

Theorem 4.11 ([26]). Every SA refutation of FPHP" contains a term that mentions at least n — 1
PLGEONS.
4.6 The Perfect Matching Principle

The perfect matching principle, denoted Counti, states that it is possible to find a perfect matching
on n elements when only when n is even ([1,63]). Formally, Count? is defined as a CNF over the
variables yg, o 1 {k, £} € ([Z]). These variables give a partition of the elements into pairs. Each variable
Yk} is true if and only if the elements k and ¢ are matched together. We assert that each element is
matched with some other element by the following axioms:

\/ Y{k,0}> k € [n].
teln]\{k}

We also assert that no element is matched with more than one other element by the following axioms:

Wik V YR kenl 6.0 €n]\{k}, £

When n is odd, it is clear that this formula is unsatisfiable.

4.7 Lossless Expanders
Let G be an m x n bipartite graph with parts L and R.

Definition 4.12. Given i € L, the neighbourhood of i in G, denoted Ng(i), is the set of all k € R that
are connected to ¢ in G.

Definition 4.13. Given a set I C L, the boundary of I, denoted dg(I), is the set of all unique
neighbours of I:

dc(I) = {k € R : there is exactly one i € I satisfying k € Ng(i)}.
Definition 4.14. G is an (7, ¢)-boundary expander if, for every set I C L with |I| <,
9a(D) > cll.
Definition 4.15. G is an (r,d)-lossless expander if, for every set I C L with |I| <,

Y WG (@) = 18c(D)| < dl1|. (7)
el
This is called a lossless expander because the expansion from the left side to the right side preserves

(almost) all edges without significant loss of distinctness. The following fact immediately follows from
this definition.

°In fact, this term encodes a matching of size n/2 + 1.
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Fact 4.16. Let A, be the minimum left-degree of the vertices in G. If G is an (r,d)-lossless expander,
then it is also an (r,c)-boundary expander with ¢ = Ay, — d.

Lemma 4.17. Let C > 1. There exist constants 6,d > 0 such that for every large enough positive
integers m,n with n < m < Cn, there is an m X n bipartite graph G satisfying the following:

1. the minimum left-degree of G is at least A = 50logn,
2. the maximum left-degree of G is at most Apee = 1501logn,
3. G is an (n%,d)-lossless expander.

In particular, G is an (n’, Apim — d)-boundary expander.

Let G be a bipartite graph with parts L and R and edges E. Given K C R, we define G \ K as the
bipartite graph with parts L and R\ K and edges {(i,k) € E:i € L,k € R\ K}. Observe that for
every i € L, Now (1) = Ng (i) \ K.

Lemma 4.18. Let m = O(n) and let G be an m x n (n°,d)-lossless expander with parts L and R,
minimum left-degree at least A, = 50logn and maximum left-degree at most Ap,q, = 150logn. Let
K be a random subset of R such that every j € R is added to K independently with probability 2/3.
With probability 1 — o(1), the graph G\ K is an (n’,d)-lossless expander with a minimum, left-degree
Apin/6. In particular, G\ K is an (n%, ¢)-boundary expander, where ¢ = A /6 — d.

The proofs of these lemmas can be found in Appendix A.

4.8 The Rank Principle and Oddtown Principle

In this section, we introduce our main instance. Here we focus on their purely algebraic formulation,
as it is the simplest and most transparent. Later, we will also consider its CNF encodings.

Fix a field F and positive integers m and n with m > n. We denote by Rank]'(A) the system of
degree-2 polynomial equations stating that an m x m matrix A can be factorised as the product of an
m X n matrix and an n x m matrix over F. More precisely, the rank principle Rank]'(A) is defined
over 2mn variables arranged into two matrices X € F™*™ and Y € F"*™. For every i,j € [m], there is
an equation in Rank]'(A) stating that the (i, j)th entry of the product XY is equal to A; ;. That is:

Aij— Z TikYk,j i,7 € [m]. (8)
keln]

Every equation in Rank]" has degree 2 in the variables of X and Y. It follows from basic linear algebra
that when the rank of A exceeds n, Rank]'(A) is unsatisfiable.

When A = I,,,, the m x m identity matrix, we may omit the matrix from the notation and simply
write Rank;".

We also need the oddtown principle OT]'(A), which is the special case of Rank]'(A) in which
Y = X7T. That is, given a symmetric matrix A € F™*™ OT"(A) is defined over mn variables arranged
as a matrix X € F"*" and for every i,j € [m], there is an equation in OT]" stating that the (7, j)th
entry of X X7 is equal to A;

Aij— D ik, i,j € [m],i <j. (9)
ke[n]
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5 Proof Complexity Generators for PCRg,

In this section, we study the following generator and show that, under various encodings, it is a
proof complexity generator hard for PCRg,.

The Rank Generator g

Let m > n.
Input: Two matrices X € F™*" and Y € F"*™,
Output: Their product XY € F™*™,

Note that g: F?"™ — [Fm2, so this function is stretching whenever n < 7. This function was
considered by Krajicek [54] as a proof complexity generator for algebraic proof systems based on
the pigeonhole principle. It was also considered as a candidate hitting-set generator in algebraic
complexity and polynomial identity testing by Andrews and Forbes [6, 7].

Given an m x m matrix A over Fa, we consider different encodings of the statement “A ¢ Range(g)”.

In Section 5.1, we show the hardness of the algebraic encoding Rank]'(A) for PCRg,.

In Sections 5.2 and 5.3, we consider two Boolean encodings of the statement “A ¢ Range(g)”. The
first encoding, PMRank"'(A), employs the perfect matching principle to encode parities. The second
encoding, BTRank!""(A), uses extension variables arranged in unbalanced binary trees (bamboos). For
the perfect matching encoding, when working over F2 and specifically PCRf,, we consider only the
case A = I and establish its hardness for PCR,. For PCRf with char(F) # 2, SoS, and AC%-Frege, we
consider PMRank]"(A) with any matrix A and reduce its complexity to the perfect matching principle
Count?, which is hard for these proof systems. For the bamboo-tree encoding BTRank™(A), we establish
hardness for PCRp, for arbitrary matrices A.

In Section 5.4, we show that certain iterated variants of Rank and BTRank are hard for PCR,.
Iteration links multiple copies of the rank generator by allowing the outputs of one copy to be used as
inputs to copies at later levels. This amplifies the stretch while preserving the structure of the original
rank principle.

In this section, we consider PCR in which every proof line is a multilinear polynomial. Thus the
multiplication rule consists of multiplying by a variable followed by multilinearisation. Equivalently, we
work in the quotient ring Fo[7]/(Z2 — ¥) factorised over the Boolean axioms for all variables (including
the twin variables). This representation increases neither the monomial-size nor the degree of PCR
refutations; see [19].

5.1 Algebraic Rank Principle

In this section, we use a special notion of degree, called column degree, which counts the number of
distinct columns mentioned by a term in a refutation of Rank"'(A). This is formally defined as follows.

Definition 5.1 (Column-mentioned variables). Let ¢ be a term in the variables of Rank]"(A). We say
that k € [n] is X -column-mentioned in t if there is i € [m] such that z; or T;, appears in t. We say
that k € [n] is YT -column-mentioned in t if there is j € [m] such that yj ; or Uy,j appears in t.

Definition 5.2 (Column degree). Let ¢ be a term in the variables of Rank]'(A). Let K be the set of
all k € [n] that are either X-column-mentioned or Y'Z-column-mentioned in . We say that ¢ mentions
columns K. The column degree of t is defined as |K|.

We start by proving a lower bound on the column degree of PCRf, refutations of Rank['(A).
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mXxXm

Lemma 5.3. Suppose that m >n >0 and A € {0,1} is an m x m Boolean matriz. Then any
PCR, refutation of Rank]'(A) requires column degree at least n/2 + 1.

Proof. We reduce the functional pigeonhole principle FPHP" to this instance (in the sense of Defi-
nition 4.8); namely, we show that there is a substitution 7 under which Rank!"(A) | 7 is efficiently
derivable from the axioms of FPHP]'. The reduction 7 is defined as follows.

Let P = (piak)ie[m], ke[n Pe fresh variables. It is useful to think of P as an m X n variable matrix.

1. For each i € [m] and k € [n], set

T(m’i,k) = (AP)z,k = Z Ai,sps,k-

s€[m]

2. For each j € [m] and k € [n], set
T(Yk,j) = Djk-

Observe that 7(x; ) and 7(yg ;) only use the variables of the form pg : s € [m].
Let i,j € [m]. The (7, j)th axiom of Rank;'(A) under 7 transforms as follows (recall that A; j = —A; ;
over [Fa):

(Z TikYkj + Am‘) fr=> ( > Ai,sps,k) Pk + Aij

ke[n] ke[n] \s€[m]

— Z Ais (Z ps,kpj,k) + Aij

s€[m)] ke[n)

= Y A (Z ps,kpj,k) + Aij (Z Pjk+ 1) ;

se[m]\{j} keln] keln]

which is a degree-2 NS, derivation from the Hole Axioms p,rpji : s € [m] \ {j}, and the Pigeon
Axiom 3 g Pik + 1.

Let II be a PCRg, refutation of Rank"'(A) of column degree d and let II' =1I | 7.

Under the substitution

T(@ig) = > Aispsi and  T(ykj) = Djk,
s€[m)]

the image of any variable that either X- or Y'7-column mentions some column k € [n] depends only on
the pigeonhole variables ps i, : s € [m] associated with hole k. Thus each column k in the rank principle
corresponds exactly to hole k in the pigeonhole principle. Hence, if a monomial mentions a set K C [n]
of columns, its image under 7 involves only variables corresponding to the holes in K. Consequently,
every term in II’ mentions at most d holes.

The refutation II' can be extended to a refutation II” of FPHP]" such that each term in IT” still
mentions at most d holes, in a straightforward manner (we omit the details). Combined with the bound
from Theorem 4.10, we conclude that the column degree of IT must be at least n/2 + 1. O

We continue by demonstrating a trade-off between the size and the column degree of refutations of
Rank;'(A). We construct a random substitution o that w.h.p. turns any small refutation II of Rank]'(A)
into a refutation Rank}'(A) with 7 = Q(n) while simultaneously reducing the column degree of II.
The proof of the resulting size lower bound is relatively straightforward, since there are no extension
variables to handle. This substitution will later be used to prove lower bounds for CNF encodings.
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Definition 5.4 (Substitution o). Assume m >n > 2 and A € {0,1}™*™ is an m x m Boolean matrix.
A random substitution o is chosen as follows.

1. For each k € [n — 1], uniformly and independently sample ¢, € {,1,0}. Then set ¢, = |{k €
[n — 1] : ¢ = 1}| mod 2. This guarantees that |{k € [n] : ¢ = 1}| is even. We will call ¢ the
column type of k.

2. Let i = [{k € [n] : ¢, = *}| and let X = (&) be fresh

variables.

icmlkepp) And Y = (gkvj)ke[ﬁ],je[m]

3. Let ¢ be a bijection between {k € [n] : ¢ = %} and [n].

4. For each i € [m] and k € [n] set

( ) ji,b(k‘) if Cp = *,
o\Z; =
4 Ck if ¢, € {0,1}.

5. For each j € [m] and k € [n] set

U(yk,J) {Ck if ¢, € {0,1}.

6. For any variable # mapped to 0 or 1 by o, set o() = 1 — o(6).

7. For any variable # not mapped to a Boolean constant by o, set o(f) = o(f) (namely, the negated
variable of o(6)).

Note that, independently for each k € [n — 1], the substitution o either keeps column k as a fresh
variable column, sets it to the all-one column, or sets it to the all-zero column, each with probability
1/3. The final column is set to a constant in order to preserve the parity of the number of all-one
columns. The last column is unconditionally set to a constant, and thus we do not need to consider it
in the analysis of the column degree. The resulting matrices X and Y7 are thus shrunk under the
restriction to fewer columns, where the original variables are replaced with the new Z- and g-variables.

Lemma 5.5. Assume m >n > 2 and A € {0,1}"™ is a Boolean matriz. Let t be a term that does
not mention the last nth column and mentions columns K C [n —1]. Then Pr[t | o # 0] < (2/3)/%1.
Furthermore, Pr[i < (n —1)/6] < e 5

Proof. For the first statement, choose for each column & from the set K a single variable ~; in ¢ that
mentions column k. Let I'y be the event that (v [ 0 # 0). Then {T'y : k € K} is a set of |K| mutually
independent events and each of them happens with probability at most 2/3. The term ¢ is non-zero
under o only if all events 'y, happen, and thus

Prlt | o # 0] < (2/3)/%1,

For the second statement in the lemma, define for each k € [n — 1] the random variable

1 if ¢ = %,
2L =
0 otherwise.
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Then 7 = 3 "jcpn—1] 2k- We have z; = 1 with probability 1/3, and thus y = E#i = (n — 1)/3. Therefore,
by Theorem 4.1, applied with § = 1/2,

n—1

The substitution o transforms any refutation of Rank"(A) into a refutation of Rank}'(A).

Lemma 5.6. Assume m > n > 2 and A € {0,1}"*™ is a Boolean matriz. Then for every PCRE,
refutation I1 of Rank]'(A), Il [ o is a refutation of Rank}'(A).

Proof. For every i,j € [m], the (7, j)th axiom of Rank]"(A) transforms under o as follows:

(Ai,j + xzkykj> lo=Aij+ D, Fnmwbwg +HEE M e =1}=Ai;+ > Fisdey,
k=1 k€n],cp== =1

since [{k € [n] : ¢y = 1}| is even and ¢ is a bijection between {k € [n] : ¢, = x} and [n]. O

Theorem 5.7. Suppose that m >n > 2 and A € {0,1}™*™ 4s an m x m Boolean matriz. Then any
PCRE, refutation of Rank™(A) requires size 22",

Proof. Assume that Rank]'(A) has a refutation IT of size less than (3/2)%(1 - e_nz;zll) = 29" Then,
by the union bound and Lemmas 5.5 and 5.6 there exists a restriction o such that II | ¢ is a refutation of
Rank?'(A) with n > ”T_l and column degree less than "1—_21 < 2. This would contradict Lemma 5.3. [

5.2 Perfect Matching Encoding of the Rank Principle

To encode the rank formula Rank]'(A) as a CNF, we consider an encoding that uses the perfect
matching principle to encode the parities appearing in the formula. Similar encodings were used
in [42,47]. For every i,j € [m], we encode the parity > keln] TikYk,j = Aij by exhibiting a perfect
matching on the terms x; vy ; that evaluate to one (together with an extra point when A; ; = 1, added
so that the set being matched has even cardinality).

Definition 5.8 (CNF encoding PMRank!"(A)). Assume m >n > 0 and A € {0,1}"*™.

Variables: X = ($ivk)i€[m},k€[n]’ Y = (yk,j)ke[n}’je[m], for each 4,5 € [m], {2 (rey : {k, €} € ([3})}
if A;;=0and {w, g0 {k 0 € (T}t A4 =1.

Even Axioms: For every i,j € [m] with A; ; = 0, we use the following clauses:

iV e Vo Zieans k € [n], (10)
Le[n]\{k}

Tk NV Yk, V 25,54k, 0} V X4, ke [n], { e [n] \ {k‘}, (11)

“Zik V Wk V % (ke V Y k€ n],t € [n]\ {k}, (12)

iV Wk V T2 (ke V TR0 k) ken) 6,0 en]\{k},L#L. (13)

Odd Axioms: For every 4, j € [m]| with A; ; = 1, we use the following clauses:

Xk V “Yk.,j V \/ ’wi,j’{k’g}, ke [n], (14)
Len+1\{k}
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\/ Wi j {n+1,0} (15)

te[n]

Tigk V Yk V Wi gkey V Tigs k € [n], 0 € [n] \ {k}, (16)
“Tik V Wk VoW ke V e k€ [n],L € [n]\ {k}, (17)
Wi {nt1,6} V Tiks t € [n], (18)
Wi {n+1,60 V YL t € [n], (19)
L V T Why VW (e VWi (e} keln), 6,0 € n+1]\{k}, L+, (20)
Wi G 41,0 VY Wi nt 1,0} (€ [n),l €n]\ {¢}. (21)

In words, for each polynomial equation 3 jcp,) Zikyk,; = Aij in Ranky'(A), the statement that the
equation is satisfied is encoded by exhibiting a perfect matching on the satisfied monomials appearing
in the equation (namely, those monomials that evaluate to 1 under a given assignment). In particular,
clauses (10)—(13) express that each polynomial equation > _keln) TikYk,; = 0 Is satisfied by exhibiting a
perfect matching on the set consisting of the satisfied monomials among x; 1y j, with k € [n]: each
monomial x; pyx ; with z; , = yx; = 1 is matched with some other monomial x; ¢y ; (that also satisfies
w0 = yg; = 1) by the variable 2; ; 1 ¢y Similarly, clauses (14)—(21) express > ke[n] TikYk,j = 1 using
an extra point: each monomial x; Yy ; with z;x = yr; = 1 can be either matched to another such
monomial or to the extra point n + 1 (by setting Wi (kntl) = 1). The axioms about the extra point
((15), (18), (19) and (21)) are stated separately since they have a simpler formulation than their
counterparts (14), (16), (17) and (20).

To simplify the reasoning and highlight the main proof ideas, we focus on the case where A is the
identity matrix I,,. The general case requires additional arguments, which we present in the next
section (Section 5.3) for the bamboo-tree encoding, as it is more useful in the context of this paper.
A similar approach to that in Section 5.3 can be applied to PMRank]"(A), but this would require
repeating many parts of the proofs from Section 5.3.

Our goal is to prove a lower bound for PMRank"(I,,,). It is enough to prove such a lower bound
after the substitution Y = X7, that is, after replacing each variable Yk,j by Tj. Indeed, applying this
substitution to any PCR refutation of PMRank]'(I,;,) gives a PCR refutation of the restricted formula,
with no increase in size. Thus, a size lower bound for the restricted formula implies the same lower
bound for PMRank"(I,,,).

After the substitution Y = X7, the encoded equations become Zke[n] T kTjk = 0;;. Since the
ones lie only on the diagonal we can replace each w-variable w; ; g1, 4 With w; 1 ¢y, where i € [m]. For
i,j € [m] with i # j, the axioms for A; j and A;; become identical, thus we unify the variables z; ; (1 ¢}
and z;; (1 ¢y into a single variable zg; ;1 ¢ ¢y. This leads to the following simplified set of axioms:

Definition 5.9 (CNF for perfect matching encoding of Odd Town principle PMOT").
Even Axioms: For every i,j € [m]| with ¢ # j:

Tk VTV \/ 2{i.} k) k € [n], (22)
Le[n]\{k}

ik V TGk VY 2G5y (ke Y Tk ke [n],ﬁ € [n] \ {k}, (23)

iV Tk V 2G5 (ke Y T2 k) ken), 6,0 €n]\{k},L#L. (24)

0Odd Axioms: For every i € [m]:

Vo W k € [n], (25)
veln+1\{k}
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\/ Wi {n+1,0}> (26)

L€[n]

“Ti g V oW gy V Tigs k € [n],£ € [n]\ {k}, (27)
Wi g1,y V T, € [n], (28)
ik VoW (key VW (k) ken),,0 € n+1]\{k}, £, (29)
TW; (1,0} V Wi {4 1,00) Cen], 0 €[n]\{€}. (30)

We call the formula consisting of the above axioms PMOT]" (since it encodes the negation of the
oddtown principle, namely X X1 = I).

Theorem 5.10. Let m > n > 15 with n divisible by 5 and n/5 odd. Then every PCRg, refutation of
PMOT]" (and thus PMRank]'(I,,)) requires size at least (10/9)n/20.

The proof of this theorem follows a similar approach to the lower-bound proof for the algebraic
encoding in Section 5.1, but uses row degree instead of column degree. Furthermore, due to the presence
of the extension variables (the z- and w-variables), our substitution needs to be more structured: a
simple restriction like the one used in Section 5.1 would not suffice.

Row degree measures the number of different rows that a term mentions. Every z- and w-variable
mentions exactly one row, while every z-variable mentions two distinct rows. The latter complicates
the analysis: previously we relied on the fact that every variable mentions exactly one column, which
allowed us to find many independent events that a term is eliminated by the random restriction. In
contrast, some terms in the z-variables may not yield independent events. In particular, star-shaped
terms like [[;c; Z{i,j},{k;t;} for some fixed ¢ may have high row degree, but all variables in this term
simultaneously depend on the same row i.

The proof of Theorem 5.10 consists of three main components.

e We define a random restriction p that independently assigns each row one of five types, and
then substitutes the z-variables according to the chosen type. Depending on the z-variables,
the z- and w-variables are substituted in a way that is consistent with the perfect matching
axioms according to fixed matchings, and set arbitrarily otherwise. The structure of the row
types guarantees that the latter case happens often enough to eliminate terms of high row degree
with high probability.

o We show that under p, any restricted formula PMOT)" | p can be further transformed into a
smaller formula PMOTZ‘/E)_1 for some m/5 < m < m. This is achieved by a reduction o that
preserves the row degree.

e We show the hardness of Pl\/IOTnm/5_1 based on the reduction from the pigeonhole principle,
similarly to Lemma 5.3.

If there is a purported refutation of PMOT]" of small size, the union bound implies the existence of a
restriction p that eliminates all terms of high row degree, and thus gives a refutation of PI\/IO'I-Z”/5_1 of
small row degree, which is impossible.

We start with the definition of row degree.

Definition 5.11 (Row-mentioned variables for the perfect matching encoding). Let ¢ be a term in the
variables of PMOT)'. We say that ¢ € [m] is X -row-mentioned in t if there is k € [n] such that z;j or
Z;, appears in t. We say that i € [m] is W-row-mentioned in t if there is {k,(} € ([”'QH]) such that
W; (k) OF W; (¢} appears in t. We say that i € [m] is Z-row-mentioned in t if there are j € [m] and

{k,0} € ([Z]) such that zg; jy (key OF Z; j} {k,¢} abpears in t.
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Definition 5.12 (Row degree). Let t be a term in the variables of PMOT]". Let I be the set of all
i € [m] that are either X-row-mentioned, W-row-mentioned or Z-row-mentioned in ¢. The row degree
of t is defined as |I|. We also say that ¢ mentions each i € I.

As before, we construct a random substitution p such that, for every fixed term of high row degree,
the probability that the term is not eliminated by p is exponentially small. The construction is based
on the matrix B,, which we define below.

Recall that Jy s denotes the ¢ x ¢' all-ones matrix. We use ® for the Kronecker (tensor) product.
For two matrices P and (), the matrix P ® @ is obtained by replacing each entry P; ; by the block F; ;Q.
In particular, if Q = Jy; is the all-ones row vector of size ¢, then P ® Ji; is obtained by repeating each
column of P into a block of ¢ identical columns.

Let n be a positive integer divisible by 5 such that 7 = n/5 is odd. Partition the set of columns [n]
into five consecutive blocks of size 7 each. Specifically, we have five column blocks A1, As, A3, A4, As,
where A, = {(r — D)n+1,(r — 1)n+2,...,ra} for r € [5]. For each row i € [m], we independently
choose r; € [5], which is called its row type and determines the block configuration of the ith row of X.

Let B be the 5 x 5 matrix

(31)

(oM

Il
* O O O
S O O = ¥
O O = ¥ O
O = ¥ OO
= %X O O O

We require the following properties from B:
e every row B; of B has exactly one *x-entry;

« for every two distinct rows B; and B; there is at most one index k € [5] satisfying (B;, Bji) €
{(%,1),(1,%)}, and the remaining indices ¢ have either B; , = 0 or B;, = 0;

e every column of B contains at least one 0 and at least one 1;
o for every pair {k,(} € ([g]), there is at least one row B; of B such that B;, = B;, = 0.

We will use the 5 x n matrix B,, = B® Jj /5. For example,

1 11 %« %x %= 0 00 O0O0O0O0O00
000111 % % 00UO0UO0TUO0OTDO
Bs=B®Jizg=[ 000000111000
000 O0O0O0OO0OO0OO0OTI1IT1T1T % % =
* x x 000 0 O0O0O0OO0OO0OT1T11

The rows of B,, define five different row types. This matrix serves as a template for the matrix X
in PMOT": the ith row of X is assigned according to the r;th row of B,: the constants are assigned
as is, while the % entries remain unassigned. Given a row type r € [5] and s € {*,1,0}, let

Co(r) ={k e n]: (Bn),, = s} (32)

be the set of all the column indices of the occurrences of s in the rth row of B,. For example,
Cl(r) = {(r = D)n/5+1,(r — 1)n/5+2,...,rn/5} for all r € [5]. The sets C:(r) determine the
column configuration of the x-variables in the ith row of X according to the row type 7;. In particular,
the variables from C}(r;) remain unassigned, while the remaining z-variables are substituted with
constants.
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The first property of B guarantees that there is exactly one block that is left unassigned for each
row type r € [5]: for a block A we either have C}(r) = A or ANC}(r) = @. Hence the column sets
Cy(r) are disjoint for different r € [5]. The second property of B implies that for every two distinct row
types r; and r;, there is at most one block A satisfying C;:(r;) N CL(r;) = A or CL(r;) N Ci(r;) = A,
and for all other blocks A" we have A’ C C9(r;) or A’ C C2(r;). The third property of B ensures that
for every k € [n], each variable x; ; has a constant probability of being assigned to 0 or 1. Finally, the
third and fourth properties of B guarantee that for every two distinct columns k and ¢, there is at least
one row type r; such that both x;; and x; are assigned to 0. This allows us to set the corresponding
w- and z-variables arbitrarily, which is crucial for eliminating terms of high row degree.

To process the additional perfect matching variables, we fix a perfect matching M (r) on the set
Cl(r)yU{n + 1} for each r € [5]. This determines how the corresponding w-variables are substituted
when the z-variables are assigned to 1 according to the row type r.

The interaction between two rows ¢ and j depends on the relation between their row types r; and
rj. In particular, if »; = r;, then the set of axioms for the inner product of the ith and jth rows is
transformed into a perfect matching encoding on the surviving block with 72 columns. The substitution
o flips these parities, yielding the usual oddtown constraints on one fewer column. If the two row types
r; and r; are adjacent, then their axiom set is transformed into a perfect matching encoding on the
inner product of the ith row with itself or the inner product of the jth row with itself, depending on
the direction of adjacency. This does not add any new constraints. To restore the structure of this new
axiom set, we fix an arbitrary index k(r) in C}(r) for each r € [5] that plays the role of the new extra
point and use another perfect matching M’(r) on the set CL(r) \ {k(r)} that pairs all the remaining
elements of C!(r) except for k(r). Finally, in all other cases the corresponding axioms are satisfied.

Observe that the axioms of PMOT}! allow variables w; 1 ¢) to be assigned arbitrarily when {k, £} C
CY(r;). These axioms are satisfied because we assign x; ) = x;0 = 0 for such k and ¢. Similarly, the
value of z(; j1 (1.} can be chosen arbitrarily when {k, ¢} C C(r;) UC}(r;): the axioms it appears in
are satisfied due to x; yx;r = x; 250 = 0.

Definition 5.13 (Substitution p for PMOT]"). Assume that n is divisible by 5 and 7 = n/5 is odd.
For each r € [5] fix an arbitrary perfect matching M (r) on the set C}(r) U {n + 1}. For each r € [5] fix
k(r) to be the first (for definiteness) integer in C}(r) and fix an arbitrary perfect matching M’(r) on
the set C}(r)\ {k(r)}. k(r) will play the role of the new extra point. Define a random substitution p as
a random partial map from the variables of PMOT," and their twin variables to {0, 1} by the following
random experiment:

1. Independently for each i € [m], choose uniformly at random an integer r; € [5]. Then, for each
i € [m] and k € [n] \ C;(ri), set p(zix) = (Bn),, - This assigns all the constant (0 or 1) entries
of (Bn),, 5, in the ith row of X. The remaining variables Zi k, where i € [m]| and k € C}:(r;), are
left unaséigned.

2. Independently for each i € [m] and each {k,¢} C C}(r;), p maps w; g ¢y to 0 or 1 each with
probability 1/2. These variables can be assigned to arbitrary values since all the axioms they
appear in ((25), (27) and (29)) also contain —z; j, or —z; ¢, which we set to 1 in Item 1, satisfying
these axioms.

Next, set p(w; ¢x,0) = 1 for every {k, £} € M(r;), and p(w; (,¢y) = O for all variables w; ¢ » that
are not yet mapped, except for those with {k, £} C C*(r;). This assignment sets all the remaining
variables p(w; (1 ¢) according to M (r;), leaving those with {k,£} C C;;(r;) unassigned.

Observe that, since (n + 1) is matched in M (r;), we always set all w; {41 1}, k € [n], to constants
(exactly one of these variables to 1 and the rest to 0).
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3. Independently for each {i,j} € ([72”]) and each {k, ¢} C C)(r;) UCp(rs), p maps zg; 1 (ep to 0
or 1 each with probability 1/2. This is done similarly to Item 2 since every axiom containing
2y ke ((22), (23) and (24)) also contains either —x;y V =) or =z, V =5, and both are
satisfied under p.

4. For each {i,j} € ([”21}) with r; = r; and each {k,(} € M'(r;), set p(z(i 3,1003) = 1. Set
P(24i g}, {key) = O for all variables with i # j and r; = r; that are not yet mapped, except for
those with {k, ¢} C C}(r;) U {k(r;)}.

5. For each {i,j} € ([gﬂ) with r; # r; and each {k,(} € ([’;]) with [{k, €} N (Co(r;) UCY(r;))| = 1,
set p(2{ij}.(key) = 0.

6. For any variable # mapped to 0 or 1 by p in Items 1 to 5, define p() = 1 — p(6).

Recall that PMOT." semantically encodes the following statements:

ik = 1, 1 E [m],
.. m

ik Tk =0, {i.j} € <[2]>

Under p, the former is transformed into

> wip=0, i € [m].

k‘EC;’;(Ti)

n
> @
k=1

n
> @
k=1

The latter depends on r; and r;j. Let {i,j} € ([TQ”]). Then it transforms into

Z Tk =1 it r; =1,
k‘EC;Z(T’i)
Z zik =0 ifrj—r;=1 (mod 5),
k:EC;‘L(T‘i)
Z Tjk = 0 if Ty — T = -1 (mod 5),
kEC;’;(T‘]‘)
0=0 otherwise.

It follows from the above definition that for every variable § of PMOT]" except the w-variables
involving the extra point n + 1, we have Pr[f | p = 0] > 1/10 and Pr [5 fp= 0} > 1/10. Moreover,
these events depend only on the rows that # mentions.

The following lemma shows that a term that mentions many rows is eliminated with high probability
by p. We exclude the w-variables involving the extra point n+1 in the lemma because their assignments
are correlated within each row; all of them are nevertheless assigned constants by p.

Lemma 5.14. Suppose that n is divisible by 5 and 7 = n/5 is a positive odd integer. Let t be
a term in the variables of PMOT]" and let t' be a subterm of t obtained by removing all variables
Wi (knt1}, 1 € [m], k € [n], and their twins. Let I be the set of all i € [m] that are X-, W- or Z-row

mentioned by t'. Then Prt | p # 0] < (9/10)11/2.

Proof. Given q € {X,W, Z}, let I(q) be the set of rows i € [m] that are g-row-mentioned in ¢’. For
example, I(X) = {i € [m] : 3k € [n],x;;, or T; ) occurs in t'}.
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There is a set A C I(Z) of at least half of the elements I(Z) and a function f from A to

U oo Zaanma
{ije(th),
{keye('))

such that f is injective’ and for each i € A, f(i) mentions ¢ and f(i) occurs in t'. To see this,
consider a graph G with the vertex set I(Z) and the edge set {{i,j} € (I(QZ)) : for some {k,(} €

([g]), Z{i, 3}, {kot} OF Z{ij},{k,e} occurs in ¢'}. For each connected component of G, fix a spanning tree
and a root vertex. For each vertex ¢ in the component other than the root, let 5 be the neighbour of i
in the tree that is closer to the root (i.e., j is the parent of 7 in the rooted tree). We define f(i) to be a
z-variable (or its twin) that mentions both 7 and j and occurs in ¢. This finishes the definition of A
and f; they clearly have the required properties. The size of A is at least the size of I(Z) minus the
number of connected components of GG, which is at least |I(Z)|/2 since each component has at least
two vertices.

We can further extend f to an injection f’ defined on A U I(X) U I(W) by setting f’(¢) for
i€ I(X)\ A to some z-variable (or its twin) that occurs in ¢ and mentions ¢ and by defining f'(i) for
ie I(W)\ (AUI(X)) to be a w-variable (or its twin) that occurs in ¢ and mentions i.

For every i € I(X) \ 4, define the event I'; = (f/(i) = 0). By Item 1 in Definition 5.13, we have
Pr[l;] > 1/5.

For every i € I(W) \ (AU I(X)), we have f'(i) = w; (¢ or f'(i) = W; g4y and define the event
A; = ({k, £} CC2r;) A f/(i) = 0). Tt follows from the estimate Pr[{k, ¢} C C%(r;)] > 1/5 (by Item 1)
that Pr[A;] > 1/10 (by Item 2).

For every i € A, we have either f'(i) = 2z jy (rey OF f'(4) = Z{ij} (r,p- Define the event =Z; =
({k, €} C CY(r;) A f'(i) = 0). It follows from the estimate Pr[{k, ¢} C CY(r;)] > 1/5 (by Item 1) that
Pr[Z;] > 1/10 (by Item 3). Note that Z; depends only on the choice of r; and the value of f(i).

Since all the events {I'; : i € I(X) \ A}, {A; : i € W)\ (I(X)UA)} and {E; : i € A} are

independent, we have
Prft | p # 0] < (4/5)HCNAL (9 /10)TWVINAVIEON . (9 /10)1N/2 < (9/10)111/2, ]

Since the sets C}:(r) are disjoint for distinct r € [5], the above formulas can be interpreted as a
union of five disjoint copies of the same formula, up to the renaming of the variables. Within each
row set I(r), they form a copy of the same principle on the set C(r), while the constraints between
adjacent classes duplicate its diagonal constraints. Notice that the resulting formula asserts that the
inner product of the row with itself is 0 while the inner product of two distinct rows of the same type
is 1. This is the opposite of the original formula. This is why we need to further restrict the formula to
invert these parities. Luckily, this can be done by a simple substitution that replaces the last column
of each variable block C(r) with the all-ones column that flips the signs, but reduces the number of
columns only by one. This column matches the extra point in the even case and serves as a new extra
point in the odd case. The following lemma formalizes this argument.

Lemma 5.15. Let m > n > 15 with n divisible by 5 and i = n/5 odd. Let p be an element of the
support of the distribution from Definition 5.13. Then, there is an integer m with m/5 < m < m
and a map o from the variables of PMOT™ | p and their twins to the variables of PMOTT |, their
twins, and the constants 0,1 such that (PMOT™ | p) | o = PMOT2 ;. Moreover, there is a function
f:[m] — [m] such that every variable of PMOT]" | p that mentions the rows i,j € [m| (i may be equal
to j) is mapped by o to a variable that can only mention rows from {f(i), f(j)}.

5We require f to injectively map A to the pairs of row indices {i,5} € ([TQ"]).
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Proof. Given r € [5], define
Iry={i:ri=r}.

I(r) gives a partition of [m] into five disjoint sets. Let m = max{|I(r)| : 7 € [5]}. Then m/5 < m < m.
The surviving variables of PMOT]! | p are the following variables.

o For each i € [m], the variables z;;, with k € C}:(r;).

o For each i € [m], the variables w; 1, ¢y with {k,£} C C(ry).

o For each {i,j} € ([Tg]) with 7; = r;, the variables z(; jy o ¢y With {k, £} € G (r;) U {k(r)}.

o For each {i,j} € ([Tg]) with 7; —; = 1 (mod 5), the variables zf; jy 11,y With {k, £} C C}: (7).
o For each {i,j} € ([7;]) with 7; —r; = 1 (mod 5), the variables zf; jy 11 ¢y With {k, £} C C}i(r;).
o The twin variables of all the above variables.

Recall that for every r € [5], we have rii € C(r). Then for each r € [5], let f,.: I(r) — [m] be an
arbitrary injection and g,: C}:(r) — [n] be any bijection with g,(rf) = n. The function f from the
statement of the lemma is defined as f(i) = f,(4) for i € I(r).

For each r € [5], o replaces the column r7 with the all-ones column, which flips the parities of
the inner products. For the diagonal inner products, this column plays the role of the extra point,
while for the off-diagonal inner products, it is matched with the existing extra point k(r) to satisfy
the corresponding axioms. The functions f, and g, are used to rename the surviving variables of
PMOT™ | p to the variables of PMOT?" ;. Formally, it is defined as follows.

1. For every i € [m] and k € C}(r;), set

. k i~’
0($Z,k) = {xf"‘z (Z)vgri(k)a 7é rim

B 1, k = rn.
2. For every i € [m] and {k, £} C C}(r;), set
(Wi he}) = W, ()9, (0)9r; (O}
3. For every {i,j} € ([gﬂ) with r; = r; and {k, €} C C}(r;) \ {rin}, set
T340 ) = 20y (0. (D} s (B).97, (O}
4. For every {i,j} € ([gﬂ) with r; = r;, set
o (20} {k(ro)riny) = 1.
5. For every {i,j} € ([7;}) with r; =r;, k€ C)(r;) \ {rin}, and £ € {k(r;),rin}, set
o (24 5y, 1key) = 0.
6. For every {i,j} € (["21}) with 7; —r; =1 (mod 5) and {k, ¢} C C;(r;), set
O (#igh k) = Wi, ()49, (k) 97 (O}
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7. For every {i,j} € ([gﬂ) with r; —r; =1 (mod 5) and {k, ¢} C C}i(r;), set

o (2{i3}. (k) = WF,, (G).or, (k)9 (O}

8. For any variable # mapped to 0 or 1 by o, set () =1 — o(6).

9. For any variable # not mapped to a Boolean constant by o, set o () = o(6).

By the description of the restricted axiom sets above, o maps the diagonal, same-type off-diagonal,
and adjacent-type axiom sets to the corresponding axiom sets of PMOTZ ;. while all remaining axiom
sets are already satisfied. Moreover, for any r € [5] with |I(r)| = m, the map f, is a bijection onto [m],
and hence all axiom sets of PMOT?" ; are obtained.

Observe that our choice of f, ensures that the row degree does not increase under o. O

Finally, we show a row degree lower bound on PMOT]" by constructing a reduction from FPHP]"
to it.

Lemma 5.16. Every PCRg, refutation of PMOT" has a term t that mentions at least n/2 + 1 rows.

Proof. We will reduce FPHP]" to PMOT]". Let p; ;. : i € [m], k € [n] be fresh variables.

We construct a reduction 7 that maps the z-variables of PMOT]' to the p-variables of FPHP}'
naturally: 7 replaces x; j, with p; ;. The hole axioms of FPHP ensure that all terms appearing in the
inner product of two distinct rows are mapped to 0, so we can set all the z-variables to 0. The extra
point is used to ensure that at least one variable x; is set to 1. Functional axioms ensure that at
most one such variable is set to 1, so we can set all the w-variables involving the extra point to the
corresponding p-variable — 7 replaces w; (,, 41,5} With p; x — and the remaining w-variables to 0.

Formally, we define 7 as follows:

1. For every i € [m] and k € [n], set 7(x; 1) = pix and 7(T;x) = D; -

2. For every i # j € [m] and {k, ¢} € ([g]), set T(2g jy.(key) = 0 and 7(Zg; jy 1key) = 1.
3. For every i € [m] and {k,(} € ([Z]), set 7(w; () = 0 and 7(W; () = 1.

4. For every i € [m] and k € [n], set 7(w; {ni11}y) = Pik and 7(W; fng1,6}) = Dige-

Let II be a PCRf, refutation of PMOT] such that every term in II mentions at most d rows.
Then every term in II' = IT | 7 mentions at most d pigeons. Now we show that each polynomial in
PMOT," | 7 has a simple derivation from FPHP]".

o The axioms (23) and (24) are satisfied since we set all z-variables to zero.
« The axiom (22) becomes p; 1p; k, which is a Hole Axiom of FPHP]" (4).

e The axioms (25) and (28) become p; xp; 5, and thus trivially follow from the properties of twin
variables.

+ The axiom (26) becomes ]y, P; ¢ that semantically follows from the Pigeon Axioms (3) and
has a simple derivation from it, which mentions only pigeon i: we can multiply the Pigeon Axiom
> ke Pik = 1 by [lsepn Pie and use the fact that p; xp;, = 0 to obtain [[,cp, Pie = 0.

o The axioms (27) and (29) are satisfied.

« The axiom (30) becomes p; ¢p; ¢/, which is a Functionality Axiom of FPHP}' (5).
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Thus, II' can be further extended to a refutation IT” of FPHP]" such that each term in II” mentions
at most d pigeons.
The lemma follows from the lower bound on the number of pigeons from Theorem 4.10. O

Combining Lemmas 5.14 to 5.16, we proceed by proving Theorem 5.10.

Proof of Theorem 5.10. Assume for the sake of contradiction that PMOT." has a refutation II of size
less than (10/9)71/20 = (10/9)ﬁ/4. We start by sampling a random substitution p from Definition 5.13.
It follows from Lemma 5.14 that any term that mentions more than 71/2 rows (excluding the w-variables
involving the extra point n + 1) is not set to 0 by p with probability at most (9/ 10)ﬁ/ 1. By the union
bound, there exists a substitution p such that every term in IT | p mentions at most 7/2 different rows.

By Lemma 5.15 we can further restrict II | p and obtain a refutation II' =TI | p | o of PMOTZ* ,
with m/5 <m < m. Moreover, every term in IT’ still mentions at most 7/2 rows.

Applying Lemma 5.16 to IT', we obtain a refutation of FPH P?;L_l in which every term mentions at
most 7/2 pigeons. This contradicts the row degree bound from Lemma 5.16. O

The fact that we focused on the identity matrix I,,, and not the general case of an arbitrary matrix
A simplifies the argument since we only need one substitution p to reduce the degree of the terms. It is
also helpful that we can use the natural notion of row degree in this case. We consider the general case
for a different encoding — which encodes the parities using a balanced-tree structure — in Section 5.3.
There, we use a series of substitutions to reduce the appropriate notion of degree. Nevertheless, a
similar approach can also be used to show the hardness of PMRank"'(A), but it would require redoing
many intermediate steps, which is why we do not present it here.

As we mentioned earlier, for proof systems in which the perfect matching principle is already
hard, the hardness of PMRank™(A) follows from the hardness of Count?. We begin by describing this
reduction. We describe it for the general case PMRank]"(A), where the matrix A is arbitrary.

Lemma 5.17. Let A be an arbitrary m x m Boolean matriz that is distinct from matrices of all ones or
all zeros. Then there exists a reduction p such that PMRank™(A) | p coincides with Count? A CountgH_I.

Proof. Let ug gy : {k, £} € ([g]) and vy : {k, 0} € (["JQFH) be fresh variables and consider the reduction
p defined as follows:

1. For every i € [m] and k € [n] set p(x; ) =1 and p(T; ;) = 0.
2. For every j € [m] and k € [n] set p(yx,;) = 1 and p(7y, ;) = 0.
3. For every i,j € [m]| with A; ; = 0 and every {k,(} € ([721]), set p(2j(k,0}) = Ufk,e}-

4. For every 4,7 € [m] with A; j =1 and every {k,(} € ([";1]), set p(w; j (k.0}) = Vik,e}-

5. For every variable 6, if p(6) is not a Boolean constant, set p(6) = p(6).

This restriction substitutes X with J,, », Y with J, ,,, and unifies all isomorphic instances of Count%
and Count? ;.

We show that PMRank™(A) | p becomes a union of disjoint instances of Count? and Countiﬂ. Let
i,J € [m]. We consider the following cases.

« Suppose A;; = 0. In this case, we use the axioms (10)—(13), which under p become an instance
of Count? in the variables Uyt {1k, 0} € ([g]).

« Suppose A;; = 1. In this case, we use the axioms (14)-(21), which under p become an instance
of Count?; in the variables Vg - 1k, L) € ([n;rl}).
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Since A contains both ones and zeros, both formulas Count? and Count? 11 appear in
PMRank;'(A) | p. Clearly, exactly one of them is unsatisfiable. O

This lemma immediately implies the hardness of PMRank” (A) for proof systems, in which Count?
is hard.

Theorem 5.18. Let m > n > 0 be positive integers. Let A be an arbitrary m x m Boolean matrix.
Then any PCRg refutation (for a field F with char(F) # 2) or SoS refutation of the perfect matching
Q1)

CNF encoding PMRank!"(A) requires size 204n) - Similarly, any ACY-Frege refutation requires size 2 ,
where the constant in the exponent depends on the circuit depth.

Proof. 1f all entries of A are all ones or all zeros, the formula is satisfiable and the theorem holds trivially.
Otherwise, by applying Lemma 5.17, we conclude that there is a reduction from Count% A Count% 11 to
PMRank'(A). Depending on the parity of n exactly one of these instances is unsatisfiable. They are
defined on disjoint sets of variables, hence we can satisfy the other.

Count? requires size 29%k) in PCRg when char(F) # 2, by combining the degree lower bounds
from [17] with the size-degree trade-offs from [19,41]. The analogous lower bound for SoS follows
from [9,33,77]. Similarly, the lower bound for AC’-Frege follows from [50)]. O

5.3 Bamboo-Tree Encoding of the Rank Principle

To encode the rank formula XY = A as a CNF, extension variables are introduced to sequentially
compute all inner products involved. The extension variables for each inner product are arranged in a
totally unbalanced binary tree known as a “bamboo”. This natural encoding corresponds to a circuit in
the sense of [4,76], and similar encodings have been used repeatedly for parity computations [4,76,81].

Definition 5.19 (The CNF encoding BTRank!”"(A)). Let m > n be positive integers and A € {0,1}™*™
an m by m Boolean matrix. The bamboo-tree CNF encoding, denoted BTRank]'(A), uses input variables
Tiky Yk, 1 € [m], k € [n] together with extension variables z; j k,u; jk : i,J € [m], k € [n], and consists
of the following axioms.

Output Axioms: For every i, j € [m], the clause u; j,, if A; ; =1 and the clause —u; j , if A;; = 0.

Binary AND Axioms: For every i,j € [m] and k € [n], z; j = %i rYr j, encoded by the clauses
Tik NV % ks Ykj vV TZigks Zigk Y Tk NV 7Yk -

Summation Base Axioms: For every i, j € [m], u; j1 = 2; 1, encoded by the clauses u; j 1V =z j1,
Zij 1V U1

Summation Axioms: For every i,j € [m], and k € {2,...,n}, w;jr = ;i jr—1 + 2 jk, encoded
by the following four clauses:

Zigk NV U5 k—1 V Ui g ks
Zigk NV Wi k—1V UG K,
TZigk Y U k-1 Y UGk,
TZi gk V Wi k—1 V Ui g k-

We focus on the regime where m is arbitrarily larger than n. As with related formulas like PHP}",

obtaining size lower bounds in this regime is challenging across various proof systems, since standard
measures such as resolution width or PC degree do not appear to be effective, at least when applied
directly. Our technique applies to any matrix A and provides a PCRy, size lower bound of 22(n)  This
makes BTRank”(A) a proof complexity generator, stretching 2mn input bits into m? output bits.

mxXm

Theorem 5.20. Suppose that m > n > 16 are integers, 8 divides n, and A € {0, 1}
loge
matriz over Fo. Then any PCRg, refutation of BTRank]'(A) has size at least 2512172,

is anm by m
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Recall that the basic strategy for the simpler algebraic encoding of the rank principle is to use a
random restriction that, with high probability, transforms a small-size refutation into a small-degree
refutation. This then yields a contradiction with the PCR degree lower bounds for the pigeonhole
principle. Accordingly, our goal here is to show that if BTRank'(A) admits a small PCRg, refutation,
then it can be converted into one in which a certain relaxed form of degree is small. This relaxed
notion of degree is carefully tailored to the structure of our formula, with distinct definitions for each
variable sort. Moreover, it appears that if we require a random substitution to serve as a meaningful
self-reduction (i.e., converting BTRank]"'(A) to a smaller instance of the same principle), then this
relaxed degree measure is close to the limit of what can be effectively decreased under such a random
transformation. While the definition can be made slightly stricter, any substantial move toward the
standard notion of degree (i.e., the total degree of a term) does not seem to yield a measure that
decreases adequately under random self-reductions. This limitation seems to stem from the distinct
nature of the (“extension”) u-variables, whose behaviour differs from that of the other variables in the
formula. Fortunately, our relaxed degree is still strong enough to yield, after an additional substitution
and some proof manipulations, a PCRf, refutation of FPHP]} of degree less than n’/2, which is ruled
out by a theorem of Razborov [72].

The initial conversion of a purported small refutation of BTRank'(A) begins by applying two
distinct random substitutions, p and later 0. The random substitution p converts (with probability 1) a
refutation of BTRank!"'(A) into a refutation of an instance with fewer columns BTRank?*(A), for some
n < n. Additionally, with high probability, this substitution simplifies the occurrences of u-variables in
the terms of the refutation.

We now define the random substitution p (not to be confused with the substitution with the same
notation in Section 5.2). This substitution randomly compresses the matrices X and Y from n columns
to about n/4 columns, row by row, in a way that preserves the bamboo structure and makes different
rows behave independently.

Definition 5.21 (Substitution p for BTRank]"(A)). Assume that m > n > 8 and n is divisible by
4. Let n = (n—4)/4 and {Z;¢ i € [m],0 € D]} U{Ge; i € m],0 € [R]}U{Z ¢ :4,j € [m], L €
(]} U {0 - 4,5 € [m],€ € [n]} be a set of fresh variables. The random substitution p is defined as
follows. Independently and uniformly at random, choose 4m bits {p; 0, pi.1, 40, g1 : ¢ € [m]} € {0, 1}4m.
These bits are used as follows: p; o chooses how the boundary columns of row 7 in X are hard-fixed,
pi1 chooses which half of the interior columns of row i carry Z-variables (the other half become 0), g;
similarly fixes boundary entries for column j in Y, ¢;1 chooses which interior blocks of column j carry
g-variables (the rest become 0). See Figure 3 and Figure 4. We extend p to the u- and z-variables so
that it agrees with what p already does to X and Y, and so that BTRank]'(A) restricted by p becomes
an instance of BTRank}'(A) (with the same matrix A). Formally, this is done as follows.

1. For each i € [m] and k € [n], set

Pi0 if ke {1,n—1},
1 if k € {2,n},
o(zs4) = 0 if ke {3,....,n—2}|%=2] € {0,1} and p;1 =0,
N Ti(h-3)mod )11 if k€ {3,....,n—2}, [=2] € {2,3} and p;1 =0,
T (k=3) mod )41 if k€ {3,...,n—2}, LkESJ € {0,1} and p;; =1,
0 ifke{3,....n—2} =2 €{2,3} and p;1 =1,
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and similarly, for each k € [n] and j € [m], set

1 if ke {l,n—1},
4,0 if k€ {2,n},
(ves) = 0 if ke {3,....n—2},|52] € {0,2} and ¢;,; =0,
PYk,j) = U((k—3) mod 7)+1,; if k€ {3,...,n—2}, kaj €{1,3} and ¢;1 = 0,
J(h-3) mod )41, ifk€{3,...,n—2} 53] €{0,2} and ¢;1 =1,
0 if ke {3,....n—2}, |52 € {1,3} and ¢;,; = 1.
In other words, the first two variables (z;1,2;2) of the row (z;1,...,%;y) are set to (0,1) if
pio =0, and to (1,1) if p; o = 1, and the same is true for the last two variables (z;,—1,%in). The
block of remaining variables (x;3, ..., Zipn—2) is set to (0,0,1,1)®(Zi1,...,Zis) if pi1 =0, and to

(1,1,0,0)® (Zs,1, - - -, Tin) if ps1 = 1. Similarly, for (y1j,...,9n,;), the first two (as well as the last
two) variables are set to (1,0) or (1,1) depending on the value of g;, and the remaining variables
(Y3,55 - -+, Yn—2,;) are set to (0,1,0,1) ® (41,5, -.,Ta,;) or (1,0,1,0) @ (14, ---,Un,;) depending on
the value of ¢; 1.

2. For each 7,5 € [m] and k € [n], set z; j, to the correct value as determined by the values of
p(z; ;) and p(y, ;) just defined and by Binary AND Axioms. That is, for k € {1,n — 1} we define
p(zijk) = pio, for k € {2,n} we set p(2 ;1) = gj0, and for k € {3,...,n — 2} we have four cases
based on the values of p;1,q;1. First, let r;; € {0,1,2,3} be defined by 7; j =3 — 2p; 1 — ¢j1. It
follows from Item 1 that the following definition is consistent with the Binary AND Axioms:

p(Z' k) _ Zi,j,((kfii) mod 71)+1 if ke {ri,jﬁ +3,..., (’I”i,j + 1)7~7, + 2},
o0 0 it ke {3,...,n—2}\{riyn+3,...,(ri; + )7 +2}.

In other words, for k € {3,...,n — 2} we define p(z; ;) = 0 if either p(z; ) = 0 or p(yx,;) = 0;
otherwise, it follows from the previous item that p(z; %) = ;¢ and p(yk ;) = ¥rj, where £ =
((k —3) mod ) 4+ 1, and in this case we set p(z; k) = Zije¢-

3. The u-variables are assigned by p consistently not only with Summation Base Axioms and
Summation Axioms, but also with Output Axioms, taking into account that after applying p to
BTRank;'(A) we want Output Axioms to hold for the new variables @; ;5. Given ¢ € [m] and
J € [m], the definition of p(u; j1), - - ., p(ui jn) splits into cases based on the values p; o, i1, 5.0, ¢j,1-
It follows from Item 1 that the values of the first two variables are constant, namely p(u; ;1) = pio
and p(u; j2) = pio ® ¢jo. We now define the values p(u;;3),. .., p(ijn—2) with the help of the
integer r; ; defined in Item 2.

Ui j ((k—3) mod m)+1 i k€ {rizn +3,...,(rij + 1)+ 2} and pio ® gj0 =0,
ﬁz’,j,((k—S) mod 72)+1 if ke {T‘iyjﬁ +3,..., (Ti,j + 1)ﬁ + 2} and Pi0 D qj0 = 1,
Di,0 D ¢5,0 if ke {3,...,r;n+ 2},

Pio®qo®Ai; ifke{(r;+1)n+3,...,n—2}

p(Uijk) =

To define p consistently at the last two variables, u; j,—1 and u; j,, we need to set p(u; jn—1) =
(Pio ® gj0 © Aij) © pio = ¢j0 D Aij and p(uijn) = (g0  Aij) ® gj0 = Aij-

4. For any variable # mapped to 0 or 1 by p, set p(6) =1 — p(6).

5. For any variable  not mapped to a Boolean constant by p, set p(0) = p().
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Action of p on a fixed row of X when p;; =0
block 0 block 1 block 2 block 3

|pi,o| 1 | 0 | 0 | @yl oo @am | Ti1 o Tim

pz‘,0| 1 |

Green = keeps & variables (one per column inside the block), Red = hard-fixes to 0

Action of p on a fixed row of X when p;; =1
block 0 block 1 block 2 block 3

pi,0| 1 Iii,l "Ei’ﬁ Iii’l ji,'ﬁ 0 0 pi,0| 1 |

Green = keeps & variables (one per column inside the block), Red = hard-fixes to 0

Figure 3: Action of p on a fixed row of X (two cases: p;; =0 and p;; = 1).

Action of p on a fixed Action of p on a fixed
column of ¥ when ¢;; = 0 column of Y when ¢;; = 1
1 1
43,0 45,0
J1,5
0 block 0 5 block 0
gﬁ J
U1,j
block 1 0 block 1
Yn,j
1,5
0 block 2 block 2
Un,j
U1,
block 3 0 block 3
Yn,j
1 1
45,0 q5,0

Green = keeps ¢ variables, Red = hard-fixes to 0

Figure 4: Action of p on a fixed column of Y (two cases: ¢;1 =0 and ¢;; = 1).

First, we demonstrate the desired effect of p on the u-variables occurring in terms.

Definition 5.22 (Row and column indices mentioned by wu-variables inside a term). Let t be a
term in the variables of BTRank"'(A). We say that i € [m] is U-left-row-mentioned in t if there is
j € [m],k € [n], and b € {0,1} such that u’ ., appears in t. We say that j € [m] is U-right-row-

Z7j7k
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mentioned in t if there is i € [m],k € [n], and b € {0,1} such that ugj,k appears in t. We say that

k € [n] is U-column-mentioned in t if there are i, j € [m] and b € {0, 1} such that uﬁj,k appears in t.

Note that row indices are those that originally range over [m| while column indices originally range
over [n].

Lemma 5.23 (Random substitution p kills terms that mention many u-rows). Suppose that m >n > 8
are integers, 4 divides n, and A € {0,1}"*"™ is an m by m matriz over Fy. Suppose that t is a
term in the variables of BTRank]'(A), I C [m] is a set and t' is a subterm of t such that every
i € I is U-left-row-mentioned in t' and no k € {1,2,n — 1,n} is U-column-mentioned in t'. Then
Prit | p# 0] < (3/4)17].

Proof. Let » = |I|. By the assumption of the lemma, ¢ contains a subterm of the form

?117j17k1ui227j27k2 ey where 1 <y <ip <+ <'ip < m and for each s € [r] we have b; € {0,1},
Jjs € [m] and ks € {3,...,n —2}. It follows from the definition of p that for each row i that actually
appears in the term (via some w; ;1 with k € {3,...,n — 2}), there is a 1/4 chance that p sets that
u-factor to the “opposite” constant (so the whole product becomes 0), and these events are independent
across the r different rows; hence the term survives with probability at most (3/4)".

More formally, by the definition of p for each (as)c, € {0,1}", for each (a0, a;1)
{0, 1}2"{j1""’j’“}|, and for each h € [r], we have

j€itrir} ©

Prip(uiy, jy, ky) = an | for all s € [r], gj,.0 = aj,0 and gj, 1 = aj,1] > 1/4.

For each h € [r], at least one of the two possible values of a;, evaluates ¢ to 0. Since all 41, ...,1%, are
distinct, these r conditional events are mutually independent, and hence

Pr[t [ p# 0| for all s € [r],qj,0 = aj,0 and gj, 1 = a;,1] < (3/4)".
By averaging, the lemma follows. O

Next, we verify that p transforms a refutation of BTRank['(A) into a refutation of BTRank}'(A).
Namely, we reduce the number of columns in X and, accordingly, the number of rows in Y. This is
a structural consequence of the way the substitution is defined, and occurs with probability 1: the
k-indices in the input variables z;x,yx; : @ € [m],k € [n] (excluding the four boundary ones) are
partitioned into four consecutive blocks of equal size, and for each fixed row ¢ the rule for p keeps
exactly two of these blocks of z; as live variables while fixing the other two blocks to constants;
similarly, for each fixed column j the rule for p keeps exactly two blocks of yy ; (see Figures 3 and 4).
These two surviving blocks are deliberately misaligned, so that for every pair (4, j) their intersection is
contained in a single block. Since z; j; can only remain potentially non-zero when both x; ;. and y; ;
survive (based on the definition of p, Item 2), it follows that after applying p the surviving z-variables
(hence the relevant k-columns) for each ¢ and j are confined to one block, i.e., to at most (n —4)/4
columns. Formally, we have the following.

mXxXm

Lemma 5.24. Suppose that m > n > 8 are integers, 4 divides n, and A € {0,1} is an m by m
matriz over Fy. Let I1 be a PCRg, refutation of BTRank!'(A). Then II | p is a PCRg, refutation of
BTRankZ,lL_4)/4(A).

Proof. We only need to check how p affects (the translations into polynomials of) the clauses of
BTRank]"(A). By Items 2 and 3, the clauses of each Output Axiom and each Summation Base Axiom
are satisfied by p. Equivalently, p converts the translation of each such clause into the zero polynomial
(which can be removed from II [ p). Further, by Item 2, each Binary AND Axiom is either satisfied
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by p or turned into the corresponding axiom of BTRank}'(A). Next, by Items 2 and 3, Summation
Axioms for k € {2,n} are satisfied by p.
Consider now a Summation Axiom for k = n—1, i.e., the CNF encoding of w; j n—1 = ;i jn—2+2i jn—1-

By the definition of p, we have p(2;n—1) = pio, and p(uijn—1) = gjo0 ® Aij;. If r;; = 3, we have
~pi,00q;,001

p(Uijn—2) = U5 5 , which means that each of the four clauses encoding the axiom is either
satisfied or is transformed into the corresponding Output Axiom clause 11;4;% If r;; # 3, then
p(Uijn—2) = Dio @ g0 @ Aij, and so all four clauses encoding the Summation Axiom are satisfied.
Finally, consider Summation Axioms for £ € {3,...,n — 2}. For k = ;7 + 3, the axiom
turns into the corresponding Summation Base Axiom (for either value of p;o ® gj0). For k €
{rijyn +4,...,(ri; + 1)n + 2}, the axiom turns into a Summation Axiom (again, for either value
- ~Di,007;5,00A; 5
of pio ® gjo). For k = (rij + 1)i + 3, when r;; # 3, we have p(u;j (v, ,11)at2) = uf]% 100545

P(Uij(r; 4 1)it3) = Pi0®Dj,0D Aij, and p(2;j (v, ;+1)a+3) = 0, so the axiom turns into the corresponding

Output Axiom 1224;% When r;; = 3, we have k = n — 1, which is already covered above. For
Ee{3,...,rijn+2} U{(rij + 1)n+4,...,n— 2}, the Summation Axiom is satisfied by p. O

The second random substitution, denoted by o, is intended to simplify the z-, y- and z-variable
occurrences in terms while, again, turning BTRank!"'(A) into a smaller instance. In contrast to the
substitution p, which aims, with high probability, to reduce the number of row indices (of X) appearing
through the u-variables in each term (as well as to reduce the instance from n to 72 columns), the goal
of o is to reduce the number of column indices (of X and YT involved via the z-, y- and z-variables.

Applying p reduces the number of columns of the matrices X and Y7 in the original instance from
n to (n —4)/4 (Lemma 5.24). However, this does not substantially decrease the number of column
indices mentioned by a given term: the term may still mention many columns within the surviving
block via the z-, y-, and z-variables. The purpose of ¢ is to significantly reduce, for each term, the
number of column indices involved through these variables.

Definition 5.25 (Substitution o for BTRank]'(A)). Assume that m > n > 3 and n — 1 is divisible by
2. A random substitution o is chosen as follows.

1. Choose a subset S C [n— 1] uniformly at random from all (n —1)/2-element subsets of [n —1]. For
each k € [n—1]\ 5, independently choose ¢; € {0, 1} at random with Pr[g, = 0] = Pr[g, = 1] = 1/2.
For each k € S, define g, = *, and set ¢, = |[{¢ € [n—1] : g = 1}| mod 2. Note that this choice of
gn, makes the total number of ones even, i.e., if for k € [n] we let o, = |{¢ € [k] : ¢ = 1}| mod 2,
then we have o, = 0. Denote by s; = |S N [k]| the number of stars among qi, ..., gx.

2. For each i,j € [m]| and k € [n], define
qk if g, € {0,1}, q  if g €{0,1},
o(xik) = {~ . 0.1} o(yrj) = {~ . 0.1}
Zis, if qp = *, Uspy  if qp = *,
and extend o consistently to the z- and u-variables by
qk if g € {0, 1},
o (2ijk) = {~ . 0.1}
21,5,5k if g, = *,

Ok if ke {1,...,min(S) — 1},

o(uijk) = ﬂf’ﬁi if & € {min(S),...,max(5)},

A @o, if ke {max(S)+1,...,n}.
3. For any variable § mapped to 0 or 1 by o, set o(f) = 1 — o(6).
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4. For any variable 6 not mapped to a Boolean constant by o, set o () = o(6).

Example for Definition 5.25: choosing S and defining g, o, s (here n =9)

dk 1 e 0 e 1 EE 0 e 0

Ok 1 1 1 1 0 0 0 0 0

Sk 0 1 1 2 2 3 3 4 4

Green = k € S (so g =  survives), Gray = constant bits (fixed by o).
Here S = {2,4,6,8} and gy is chosen so that og = 0.

Figure 5: A concrete example of the random data in Definition 5.25: the set S, the values (gx, and the
derived sequences (of and s = |S N [k]].

Example: action of o on (z;1,...,2i9)

k 1 2 3 4 5 6 7 8 9

O’(I’Lk) q1 41 q3 Ti,2 qs ;3 qr Ti4 q9

Rule: o(x; k) = g if gx € {0,1}, and o(z; ) = &5, if g = *.

Figure 6: Example of ¢ on the x-variables.

Example: action of o on (y1,5,...,%9,;)

k 1 2 3 4 5 6 7 8 9

o (Yk.j) @ | Gri | B | F25 | B | Y35 | 97 | Yag | D

Rule: o(yk,;) = qx if gr € {0,1}, and o(yx ;) = s, ; if gx = *.

Figure 7: Example of ¢ on the y-variables.
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Example: action of o on (u;j1,...,ui;9) (here a =2, b =38)

k 1 2 3 4 5 6 7 8 9
o(uijk) o1 @220l | ges®l | goa®l | gos®l | goc®l | o7l | 5os®l A og
1,7,52 1,7,53 1,],54 1,7,55 1,7,56 1,7,87 1,7,58

Rule: o(u;;x) = o for k < a; o(uix) = a2 fora <k <b; o(uijx) = Ai; @ oy for k> b.

4,755k
Figure 8: Example of o on the u-chain (three regions determined by a = min(S) and b = max(5)).

Definition 5.26 (Column indices mentioned in a term by -, y- and z-variables). Let ¢ be a term in
the variables of BTRank'(A) and let k € [n]. We say that k is X -column-mentioned in t if there are
i € [m] and b € {0, 1} such that mgk appears in t. We say that k is Y7 -column-mentioned in t if there

are j € [m] and b € {0,1} such that y,bw. appears in t. We say that k is Z-column-mentioned in t if

there are i,j € [m] and b € {0, 1} such that zll-”ﬁk appears in t.

mxXm

Lemma 5.27. Suppose that m > n > 3 are integers, 2 divides n — 1, and A € {0, 1} is an m by
m matriz over Fo. Suppose that t is a term in the variables of BTRank]'(A) and K C [n — 1] is a set
such that every k € K is either X -column-mentioned or YT -column-mentioned or Z-column-mentioned

int. Then Pr[t | o # 0] < exp(—|K|/16) + 27 1K1/4,

Proof. Let S = [n — 1]\ S be the complement of S in [n — 1]. Since S is chosen uniformly at random
from all (n — 1)/2-element subsets of [n — 1], the set S is also chosen uniformly at random from all
(n — 1)/2-element subsets of [n — 1]. Define the random variable X by

X =|K\S|=|KnS|
and p = EX = |K|/2. Then Theorem 4.2 (with § = 1/2) implies that
Pr(X < 1/2] < exp(—4/8) = exp(~|K|/16).

Now fix any choice of S such that |K \ S| = X > |K|/4. We pick for each k € K\ S a
single variable 7, from t witnessing that k is X-column-mentioned or Y7-column-mentioned or
Z-column-mentioned. Notice that o evaluates these variables independently to 0 or 1, each with
probability 1/2. At most one of the 2% > 2lK1/4 agsignments to these variables does not zero out ¢, so
Pr[t [ o # 0| S with X > |K|/4] < 2~ 1KI/4,

The union bound then gives Pr[t | o # 0] < exp(—|K|/16) + 2~ 1K1/4, O

Lemma 5.28. Suppose that m > n > 3 are integers, 2 divides n — 1, and A € {0,1}"*™ is an m by
m matriz over Fy. Let II be a PCRE, refutation of BTRank]'(A). Then II | o is a PCRg, refutation of
BTRank?}L_l)/Q (A) .

Proof. We inspect how o acts on (the translations into polynomials of) the clauses of BTRank"'(A).
First, consider the Output Axioms. We know by Item 1 that o, = 0, and that n € {max(S)+1,...,n}
for any choice of S. Hence by Item 2, o(u; ) = Aj; j, which means that Output Axioms are satisfied.
Next, it is immediate by Item 2 that the Binary AND Axiom for k € [n] is either satisfied by o (if
qr € {0,1}) or turned into the Binary AND Axiom Z; js, = Zi s, Us,,; Of BTRank’(Z_l)/Q(A). Further,
the Summation Base Axiom is satisfied if 1 ¢ .S, since o(u; ;1) = 01 = q1 = 0(2;,,1); otherwise 51 =1
and it turns into a Summation Base Axiom of BTRank(j_)/o(4).

Next, consider Summation Axioms. For k € {2,...,min(S) — 1} the axiom is satisfied by o.
If 2 < k = min(S), then each clause of the axiom is either satisfied or turned into a clause of the
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Summation Base Axiom of BTRank(y, ;) 5(A) (for either value of o). For k € {min(S), ..., max(5)}\5,
each clause of the axiom is either satisfied or turned into u; j s, V —u; js,. For k € S\ {min(S)}, the
axiom turns into the Summation Axiom for s, of BTRank(, ;) /5(A) (for either value of o). For
k = max(S) + 1, each clause of the axiom is either satisfied or turned into an Output Axiom of
BTRank{;,_1)/2(A). Finally, for k € {max(S) +2,...,n}, the Summation Axiom is satisfied by 0. [

The next lemma combines Lemmas 5.23, 5.24, 5.27 and 5.28.

mxXm

Lemma 5.29. Suppose that m > n > 16 are integers, 8 divides n, and A € {0,1} is an m by
m matriz over Fo. If Il is a PCRy, refutation of BTRank!'(A) of size s, then there exists a PCRE,

refutation I of BTRankZ;_g)/g(A) of size at most s such that, letting d = 1olg6@ (log s+ 1), every term t

in IT' satisfies the following:

1. the number of indices i € [m] that are U-left-row-mentioned in t is less than d, and

2. the number of indices k € ["T_S] that are X -column-mentioned or YT -column-mentioned or

Z-column-mentioned in t is less than d.

Proof. Applying Lemmas 5.24 and 5.28, let II; = II [ p be a refutation of BTRank?}L_Zl)M(A) and
IIs = II; | o be a refutation of BTRank?}FS)/S(A). A term t violating Item 1 can only appear in Iy

if t = (£ | p) | o for some term  in II such that there exist a set I C [m] and a subterm ' of £ with
the following properties: |I| > d, every i € I is U-left-row-mentioned in ¢/, and no k € {1,2,n — 1,n}
is U-column-mentioned in ¢'. (The u-variables whose column indices belong to {1,2,n — 1,n} can be
excluded from t' since they are set to a constant by p with probability 1 and hence cannot contribute
to a violation of Item 1 by ¢.) However, for such a term £ we have Pr[f [ p # 0] < (3/4)//l < (3/4)% by
Lemma 5.23.

Similarly, a term ¢ violating Item 2 can only appear in Iy if t = ¢ | o for some term ¢ in II; such that
there is a set K C [”T_‘l —1] with |K| > d and every k € K is either X-column-mentioned or Y 7-column-
mentioned or Z-column-mentioned in . (The -, y-, and z-variables that mention the last column index
”T_4 cannot contribute to a violation of Item 2 by ¢ as they are always evaluated to a constant by o.)
For such a term £, Lemma 5.27 gives Pr[f | o # 0] < exp(—|K|/16) + 27 1K1/4 < exp(—d/16) 4 244,

Denote by T} the set of all terms ¢ in IT defined as above. In the event that all of these terms are
zeroed out by p, there are at most s — |T}| terms # in II; defined as above. This is because II; =11 | p
has no more terms than II. By the union bound, the probability that there is a term ¢ in Il that
violates Item 1 or Item 2 is bounded above by |T}| - (3/4)¢ + (s — |T}|) - (exp(—d/16) + 2~%%) <

s+ (exp(—d/16) +274*) < 5. 0= 674+ = 1 for d = 101g66 (log s+ 1). Thus, we can fix choices of p and o

such that IT" = (IT | p) | o has the required properties. O

Proof of Theorem 5.20. Assume, for contradiction, that there is a PCRf, refutation II of size s <

251512 witnesses that the theorem fails. We let 7 = (n —8)/8 and construct a PCRg, refutation of
FPHPT' of degree less than n/2, thereby contradicting a theorem of Razborov [72]. By Lemma 5.29,

there is a PCRE, refutation II; of BTRank™(A) such that Items 1 and 2 hold with d = 2% (logs +1) <

N - loge
%" Toge = 3~ Toge < 1~ 10;

Let 7 be the following substitution on the variables of BTRanki'(A): 7(zi%) = ik, T(Ykj) =
>icim] TikAij (that is, 7 substitutes XTA for V), 7(zijr) = 7(@ix)7T(ye;), and 7(u;jx) =
>tk T(%ije). Extend 7 to negations by 7(0) = 1 + 7(0) for any variable § of BTRank?'(A). Let
H2 == H1 r T.

Consider a term t occurring in a proof line of II;. We can write ¢t = t1f9, where t1 consists of all z-,
y- and z-variables and their twins that appear in ¢, and ¢ consists of all u-variables and their twins

appearing in t.
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Claim 5.30. Every term of the polynomial t1 | T either has a degree less than d, or is a multiple of a
Hole Aziom of FPHPZ'.

Proof. Let C denote the set of all indices k € [] that are X-column-mentioned or Y-column-mentioned
or Z-column-mentioned in ¢;. By the choice of II;, we have |C| < d. Further, it is immediate from the
definition of 7 that the set {k € [n] : k is X-column-mentioned in some term of the polynomial ¢; [ 7}
is a subset of C. Thus, if a term ¢’ in ¢; | 7 has degree at least d, then, by the pigeonhole principle, ¢’
must be a multiple of a Hole Axiom of FPHPZ". &

Claim 5.31. FEwvery term of the polynomial ts | T either has a degree less than d, or is a multiple of
either a Hole Aziom or a Functionality Aziom of FPHP}'.

Proof. Denote by R the set of all indices ¢ € [m] that are U-left-row-mentioned in ¢5. By the choice of
II;, |R| < d. Assume that u!-° appears in to for some i € R, j € [m], k € [2] and b € {0,1}. Then

zyk
(ZJk _b—l_z lef _b—l_z xl@ yf,] _b+z$zfzxz/b’41]
Lelk] Lelk] Lelk] i'€[m]
= b+ Z Z xi,gxi’,ZAi’,j-
Lelk] i’ €[m)]

For every ¢ € [k] and every i’ € [m] such that ¢ # i and Ay ; # 0, the summand z; gxy ¢Ay ; in the
last expression is a Hole Axiom. Since such summands only give rise to terms in ¢ | 7 that are
multiples of a Hole Axiom, we can continue the above calculation modulo Hole Axioms, obtaining
b+ Zfe[k] TioTipAi; = b+ A j Zee[k:] x;¢. Thus, modulo Hole Axioms, to [ 7 is either 0 or can be
written as a product of degree-1 polynomials of the form

b+ sz&

telk]

where b € {0,1},k € [n], and i € R. Whenever this product gives rise to a term of degree at least d,
it follows from |R| < d by the pigeonhole principle that such a term is a multiple of a Functionality
Axiom of FPHPZ'. &

Combining the two claims, we see that every term of the polynomial ¢ | 7 = (t1 | 7)(t2 | 7) either
has a degree at most 2d, or is a multiple of either a Hole Axiom or a Functionality Axiom of FPHPZ'.
The same conclusion holds for every term appearing in Ils = Il | 7, since ¢ was an arbitrary term
occurring in IIy.

The next step is to transform the sequence of polynomials IIs into a PCf, refutation of FPHP'.

First, we inspect the effect of 7 on the axioms of II;. By definition, 7 satisfies all Complementarity
Axioms. Additionally, T satisfies the polynomial translation of every clause in the CNF encoding of
Binary AND Axioms, Summation Base Axioms, and Summation Axioms. This can be verified by
noting that each such clause is a semantic consequence of the algebraic version of the corresponding
Binary AND Axiom (i.e., z; jx = %; kY ; for some i,j € [m] and k € [n]), Summation Base Axiom (i.e.,
wij1 = Zij,1 for some 4,j € [m]), or Summation Axiom (i.e., u; jr = uijx—1 + 2, for some i,j € [m]
and k € {2,...,n}), and all of these are clearly satisfied by 7.

Each Output Axiom in II; is converted by 7 into one of the axioms algebraically encoding
XXTA = A. Each of the latter axioms is a sum of some axioms of X X7 = I,,,, which is the algebraic
oddtown formula OTZ'. Each of the axioms of OTZ' is a sum of some axioms of FPHPZ'. We append
the degree-2 derivation just described to each axiom in Il that is the result of an application of 7 to
an Output Axiom in II;.
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Next, we examine the non-axiom proof lines of II;. The addition rule is not affected by 7, since
if a polynomial p was inferred in II; as a sum of ¢ and r, then p [ Tisasum of ¢ [ 7 and 7 | 7.
Regarding the multiplication rule, suppose that p and ¢ are proof lines in II;, and let p be inferred
from ¢ by multiplying g by 6, where 6 is a variable or the negation of a variable of BTRank'(A). Then
pl7=(q7)0]7), and @ [ T is a polynomial of degree at most 2. We add to Ils a derivation of p | 7
from ¢ | 7 in which each term is a term of ¢ [ 7 multiplied by at most two variables.

Let II3 denote the sequence of polynomials resulting from Iy by the modifications introduced in the
last two paragraphs. It follows that II3 is a PCf, refutation of FPHPZ'. Moreover, every term appearing
in Il either has a degree at most 2d + 2, or is a multiple of either a Hole Axiom or a Functionality
Axiom of FPHP}'.

Finally, using Hole Axioms and Functionality Axioms of FPHPZ', we transform I3 into a PCp,
refutation of FPHPZ' in which each term has a degree at most 2d +3 < 2 — 17 < 2, which is the
desired contradiction. This can be done as follows. Delete from II3 each term that is a multiple of
either a Hole Axiom or a Functionality Axiom. Then, for each line p that is an incorrect conclusion
of the multiplication rule—which can only happen if p is missing some terms each of degree at most
2d 4+ 3 and having either exactly one row mentioned twice or exactly one column mentioned twice
(both of which may occur simultaneously)—insert the correct conclusion p’ of the rule before p and use
Functionality Axioms and Hole Axioms to derive p from p'. O

5.4 Iterated Generators

In the previous sections, we proved that the rank generator g: F3™" — [F2m2 is a hard proof
complexity generator against PCRf,. However, even when m is arbitrarily large compared to n, the
stretch of this generator is at most quadratic. In this section, we iterate g (in the sense of [52,76]) to
obtain a proof complexity generator of arbitrarily large stretch that is still hard against PCRg,.

The iteration process we consider is a weaker notion than s-iterability introduced by Krajicek [52]
to boost the stretch of a variant of the Nisan generator [61]. Namely, we use a tree-based construction
following Razborov [76], in which the copies of the rank generator are arranged in a g-ary tree. This
notion of iterability is sufficient for our applications in Section 8.3.

At a high level, the iterated process is executed as follows.” Let ¥ be a finite alphabet of size ¢. We
consider the complete g-ary tree of depth , whose nodes are indexed by strings 7w of length at most k
over the alphabet ¥. Each node 7 is associated with a copy of the principle

Xy — g,

where X(™ and V(™ are the input matrices.

We restrict the entries of A(™ to be either constants or variables from the input matrices of copies
of g with indices n’ with |7’| > |r|. For the applications in Section 8.3, we consider a concrete iteration
procedure, where each A(™) is constant when |7| = x and is formed from the matrices X (™) and Y (™)
for j € ¥ when |7| < k.

When x = 0, the iterated formula is simply the original rank principle. Increasing « increases the
stretch of the generator, but also makes the resulting formulas easier to refute. Consequently, proving
lower bounds for the iterated formulas is harder than proving them for the original weak rank principle.

"The actual constructions below differ slightly, but the underlying idea is the same.
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5.4.1 Iterability of Rank]'(A)

Here we iterate the algebraic version of the rank principle. We will use a more limited notion of
iterability than s-iterability as in [52, 76], which is sufficient for our purposes. We shall follow the
general argument used by Razborov in [76].

We denote by £=F the set of strings of length at most x over the alphabet ¥. Similarly, ©<*
denotes the strings of length less than x over the alphabet 3. We use () to denote the empty string.

Definition 5.32 (The iterated formula IRank]'(A, k,%)). Let m >n > 0 and x > 0 be integers and

¥ a finite alphabet. For every string 7 € L=, let X (™ = (:El('?)ie[m] heln] be a variable matrix. Let

Y = (ykvi)ke[n],ie[m} be a variable matrix. Let A = {A(™ : 7 € ¥=¢} be a collection of m x m matrices,
()
j

where, for every m € X% and 4,5 € [m], the entry A; 7 is either a Boolean constant or a variable from

X for some 7' € R=F with |7’ | > |7|. In particular, all entries of A™, where 7 € ¥*, are constant.
The iterated rank formula IRank™ (A, k, ) is the polynomial system |, cn<x X (MY = A,

Note that the formula IRank™(A,0, %), where A = {A0}, is precisely the (non-iterated) formula
Rank]" (A()). Our lower bound will depend on the number of iterations x, and for the application, we
need ¥ with |2| = n2(),

We need the following measure, which describes how many rows are mentioned in a term.

Definition 5.33. Let ¢ be a term in the variables of IRank™ (A, x, ). We say that i € [m] is X (™)-
(m) (m)

row-mentioned in t if there is k € [n] such that x,,’ or T;, appears in t. We say that j € [m] is

YT -row-mentioned in t if there is k € [n] such that yj ; or Uk,; appears in t.

Definition 5.34 (Row degree). Let t be a term in the variables of IRank”"(A, x, ¥). For every m € 3¢,
let (™ be the set of all i € [m] that are X(™-row-mentioned in ¢. Similarly, let .J be the set of all
j € [m] that are Y7-row-mentioned in ¢. In this case we shall denote the mentioned rows as a pair of
row-sets, and say that ¢ mentions rows ({I(™) : w € X<} .J). The row degree of t is defined as the sum
S rewee IO+ |J].

We will construct the restriction that w.h.p. sets to zero any term of large row degree. We need the
following auxiliary matrices.

* ¥ O =
O ¥ = ¥
* O % =
¥ ¥ R O
¥ R % O
—_ O ¥ %
O~ ¥ ¥
= % O ¥
* % O =
¥ = % O
¥ ¥ = O
* O ¥ =
[ N
— O ¥ %
= % O ¥
O~ ¥ ¥

The properties of D and £ that we will use are the following.
1. Every pair of rows D; of D and &; of £ satisfies the following:

o there is an odd number of indices k € [8] such that D; ;, = &1 = *;
8] such that D, = * and &, = 1;
8] such that D;, =1 and & = *.

e there is an even number of indices k €

e there is an even number of indices k €
2. Each column of D and £ contains at least one 0 and at least one 1.

We will construct a random substitution p to reduce the row degree, and then follow with a
substitution ¢ to reduce the total degree.

Intuitively, the substitution p partitions an m x n matrix into eight blocks. We randomly choose
(m)

some row type r; ~ defined by D for each row i € [m] of X (™). Then we apply this row type to the row
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i: the value of the first entry of the row type rl(w) is assigned to the first block, the value of the second

entry to the second block, etc. The assignment for Y7 is similar. This results in matrices that have
0, 1 and * entries. The * entries are then replaced with fresh variables with the appropriate indices,
forming m x 7 matrices.

Definition 5.35 (Substitution p). Assume m > n > 16 and n is divisible by 16. Let 7 = n/8 and
then let X(™) = (jl(j;ﬁ))ie[m] kel where 7 € ©5¢ and Y = ()

substitution p is chosen as follows.

ke[l ielm] be fresh variables. A random

1. For each ¢ € [m] uniformly and independently sample s; € [4] and r(™ e [4], for all T € B=F.

%

2. For each m € X<, i € [m] and k € [n], let v = |21 ] 4+ 1 and set

n

2(m) . -
p(a™y = § Clhmt)y mod @)1 if D, =%
™) = .
i Drgﬂ)’y if DTEW)’V € {0,1}.

3. For each j € [m] and k € [n], let v = [E=1] 4+ 1 as before and set

n

) = U((k=1) mod f)+1,j if Es; 0 = *,
p(ykJ) {8 if gsj’y c {0’1}

S,V

4. For any variable § mapped to 0 or 1 by p, set p(6) =1 — p(0).

5. For any variable § not mapped to a Boolean constant by p, set p(6) = p(6).

Lemma 5.36. Assume k>0, m > n > 16, n divisible by 16 and A = {A™ : 7 € ©=F} is a collection
of m X m matrices as in Definition 5.32. Let t be a term in the variables of IRank' (A, k,X) that

mentions rows ({1 : 7w € X=K},J). Then Pr[t | p #0] < (3/4)Z7r€2§"|[(7r)‘+|‘]|.

Proof. For each i from the set of rows I(™ choose a single variable %(W)

for each j from the set J choose a single variable J; in t. Let TZ(W) be the event that (%(w) [ p#0)
and A; the event that (6; [ p # 0). Then Uﬂezgn{Fl(W) 2 e IMYU{A;:j € J}is a set of mutually
independent events and each of them happens with probability at most 3/4. 0

in ¢ that mentions row i, and

The substitution p transforms any refutation of IRank!'(A,x,>) into a refutation of
IRank?' (A1, k, %), where A; = A | p.

Lemma 5.37. Assume k > 0, m > n > 16, n is divisible by 16 and A = {A™ : 7 € ¥=¢} is q
collection of m X m matrices as in Definition 5.32. Let Ay be a collection of matrices defined as
Ay = {AT | p: AM) € A}, Then for every PCRg, refutation II of IRank™ (A, k,%), I | p is a
refutation of IRankys(Aq, &, ).

Proof. The proof is straightforward: each axiom } mgj;)yk,j = A, ; of IRank}'(A, K, 3) transforms

into an axiom } jcp,/g) ig?,;)gjk,j = A;j of IRank;s (A1, &, X). Consider the axiom

> aiue = A
k€(n]

By our choice of D and £, we have an odd number of (x, x)-blocks, that are replaced with > ke[n/s] 5:57,;) Uk, j»
and an even number of (1, x)-blocks and (%, 1)-blocks, which cancel out. There is no shift in the constant
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term, since each (1, 1)-block contributes 3 ;¢ /s 1 = 0 due to our choice of n. The remaining blocks
contribute only zeroes. Thus, the axiom transforms into

> @ = (A7),
kE[n/s]

O]

We now construct the substitution o that reduces the total degree of any term with small row
degree. The construction is similar to Definition 5.4.

Definition 5.38 (Substitution o). Assume x>0, m >n >2and A = {A™ : 7 € £} is a collection
of m x m matrices as in Definition 5.32. A random substitution o is chosen as follows.

1. For each k € [n — 1], uniformly and independently sample ¢; € {*,1,0}. Then set ¢, = [{k €
[n — 1] : ¢ = 1}| mod 2. This guarantees that [{k € [n] : ¢y = 1}| is even.

2. Let o = |{k € [n] : ¢ = *}| and let X(M) = (:EZ(?) where 7 € ¢ and Y =

(Tk,j) ey jem) Pe fresh variables.

i€[m],ke[n]’

3. Let ¢ be a bijection between {k € [n] : ¢, = %} and [n].
4. For each m € £=F i € [m] and k € [n] set

() .
- z;, if ¢, = *,
U(ﬂfg,k)) = H(0) .

Ck if ¢, € {0,1}.

5. For each j € [m] and k € [n] set

Uy i =,
o(yp.) =
(ykd) {Ck if ¢, € {0,1}.

6. For any variable § mapped to 0 or 1 by o, set o(0) =1 — o(6).

7. For any variable  not mapped to a Boolean constant by o, set o(6) = o(0).

o behaves similarly to the substitution from Definition 5.4. We have the following analogue of
Lemma 5.5.

Lemma 5.39. Assume s >0, m >n >2and A = {A™ : 1 € £=F} is a collection of mxm matrices as
in Definition 5.32. Let t be a term in the variables of IRank!" (A, k,X) of degree d that does not mention
d

the last column and mentions rows ({1 : w € XK}, J). Then Prt | o # 0] < (2/3) (X ressnITH11)
Furthermore, Pr[n < (n —1)/6)] < e~

Proof. Let K(™ be the set of all k € [n] such that for some i € [m)], either x(? or fﬁ) appears in t.

i,
Let L be the set of all £ € [n] such that for some j € [m], either y, ; or ¥, ; appears in .
The degree of t is then upper-bounded by

( ORI rK<”>\+ur-|Lr) < ( > |I<”>\+ur) cmax ({|K™] - 7w € D=} U{L]})

TENSK TENSK
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By the p1geonhole principle, one of the sets {K(™ : 7 € ¢} U {L} must have size at least d’ =
(Zwez@“(mﬂ‘”) Let S be such a set and {75 : s € S} some variables in t corresponding to S. For

every s € S, let T's be the event that (s [ 0 #0). Then {I's: s € S} is a set of at least d’ mutually
independent events, each of which happens with probability at most 2/3.
The proof of the latter statement is the same as the proof of Lemma 5.5. O

The substitution o transforms any refutation of IRank]'(A,r,¥) into a refutation of
IRank}'(Azg, k, %), where As = A | 0.

Lemma 5.40. Assume >0, m >n > 2 and A = {A"™ : 1 € £=F} is a collection of m x m matrices
as in Definition 5.32. Let Ao be a collection of matrices defined as Ay = {A(”) lo:meXSF}. Then
for every PCR, refutation I1 of IRank]' (A, k,X), Il | o is a refutation of IRank?'(Az, k,X).

Proof. The proof is the same as the proof of Lemma 5.6. O

We establish a lower bound on the degree of PCRE, refutations of IRank!'(A, k, ) by constructing
a reduction to a single copy of Rank!"(I,,).

Definition 5.41 (Reduction 7). Assume x >0, m >n > 0. Let X = (J:i7k)l.€[m} ke[n) e fresh variables.
A substitution 7 is defined inductively on |7| in decreasing order.

1. For each i € [m] and k € [n] set
7= (AT 10 X)ie = 3 m(A7 e,
s€[m]

T(Yki) = Yhyi-

2. For any variable 6, set 7(6) =1 — 7(0).°
Note that A | 7 = A for every m € ¥ since the entries of A(™ can only be constant.
Lemma 5.42. Assume >0, m >n > 0 and A = {A"™ : 1 € £=¢} is a collection of m x m matrices

as in Definition 5.32. Then for any PCRE, refutation II of IRank]" (A, k, X)) with degree d, I1 | T can be
transformed into a refutation of Rank]"'(I,) with degree at most d(k + 2).

Proof. Let II be a PCRg, refutation of IRank]'(A, &, X).

It follows by induction on |x|, that for every 7 € £=F i € [m], and k € [n], T(J}Z(?) (and thus
T(xﬁ) )) is a polynomial of degree at most & — || + 1. In particular, the entries of A™ | 7 are
polynomials of degree at most xk — |r]|.

It implies that all polynomials from IRank]'(A, k,X) [ 7 can be easily derived from the axioms of
Rank!"(1,,).

Claim 5.43. Every polynomial from IRank!' (A, k, %) | T has a degree-(k + 2) proof from Rank]"(I,).

Proof. Fix m € ¥=F. As shown above, all the entries of A™ | 7 are polynomials of degree at most
Kk — |m|.
Let i,7 € [m]. The (i, j)th axiom of IRank]'(A, k,¥) under 7 transforms as follows

(Z 905?;?91@,3' + AZ(Z)) 7= Z ( Z T(A§f;>)ws,k) Yk,j + T(Ag;‘))

ke[n] k€n] \s€[m]

8The proof size may increase after applying this substitution; the degree increase is controlled in Lemma 5.42. The
resulting refutation will still be a PC refutation.
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= > (Al (Z fﬂkyky) +7(47)

s€[m] ke[n]
= > T(AE,?) (Z fﬂs,kyk,j) +T(A§,7;)) (Z T pYkj + 1) :
se€[m\{j} ke[n] ke[n]
which is trivially derivable in degree at most k — |7| + 2 from Rank]'(1,,). &
Thus, we can extend II | 7 to a refutation of Rank"(1,,) of degree at most d(x + 2). O

We now have all the components for proving the size lower bound on the iterated formula
IRank' (A, K, X).

Theorem 5.44. Assume k > 0, m > n > 16 + 192(k + 2), (n — 16) s divisible by 192(x + 2) and
A = {A(“) T E ES’“‘} is a collection of m x m matrices as in Definition 5.32. Then any PCRE,

refutation of IRank™ (A, k, %) requires size 2XVn/%).

Proof. Let
dy = n— 16 ’
192(k + 2)
n— 16
do =+dy = | ———.
2 TV 192(k + 2)

Assume, for the sake of contradiction, that IRank!'(A, k,¥) has a refutation II of size less than
(4/3)d2 _ 90(y/n/r).

By the union bound and Lemmas 5.36 and 5.37, there exists a substitution p such that Il | p
has row degree less than ds, and it is a refutation of IRankZz/B(A | p, k,2). Further, extend p to p/

by also fixing the last (n/8)th column in each X(™ and Y7 to an all-zero column, thus obtaining
IRankys_; (A ok, %)Y
Since after applying p’ every surviving term has row degree less than do, Lemma 5.39 implies that

any term of degree at least 2d; survives ¢ with probability at most (2/3)241/d2 = (2/3)242, Hence, by the
n/8—2 _ n—16
/82 _

union bound, there is a choice of ¢ for which all terms of degree at least d; vanish and 1 > -

By Lemma 5.40, IT | p/ | o is a refutation of IRankZ'(A [ p' | 0,k,X).
By Lemma 5.42, we can extend II | p/ | o | T to a refutation of Rank]'(I,,) with degree less than
2d;(k + 2) < n/2, which contradicts Lemma 5.3. O

5.4.2 TIterability of BTRank]'(A)

We start by defining all the formulas and constructions used in this section, followed by a high-level
overview of the proof.

Notation. Given two sequences (ai,...,ay) and (b, ..., by, ), we write a U b to denote their concate-
nation (ag,...,an,b1,...,by).

In this section, we make use of several specific variants of the rank principle in which the structure of
the matrix Y is determined by a bipartite graph. When this graph has small left-degree (in particular,
when it is an expander), each axiom ), x; pyi ; only depends on a few variables and therefore its CNF
encoding does not require too many extension variables. Unlike Section 5.4.1, the iteration structure is
over the alphabet ¥ = {0,1}. We will use the following formulas.

9This step is needed because we require 16 | n in order to apply p.
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Definition 5.45 (The iterated formula 9¥g(A,k)). Let m,n > 0 and x > 0 be integers and G an
m X n bipartite graph with parts [m] and [n]. For convenience assume that 1 € Ng(i) for every i € [m].
We define the formula ¥g(A, k) that encodes the statement of the form Uwe{o’l}gﬁ XMy = Al
using extension variables that form a binary tree to compute partial parities. The structure of each
matrix Y (™ is based on G.

The formula uses the following variables:

U [U ({:U(Tr“ 21 € [m] k€ [n]}

ne{0,1}5% Lpefd]
U {y’(;rzM) cje[m], ke Na(h)}
U{lek 1,] € [m],kENg(j)}
u {u” < +14,j € [m],X is a non-empty initial segment of NG(])})
U{w™, i, j € [m), £ € {0,1,2}}|.

Let A = {A™ : 7 € {0,1}="} be a collection of m x m matrices, where, for every € {0,1}=" and

i,7 € [m], the entry A( ™) is either a Boolean constant or a variable of the form 1:(, k,” ) or y,(;;,” ) for
some 7,7 € [m], k' € [ ], (/€ [4] and 7' € {0,1}=" with |7’| > |z|. In particular, all entries of A(™)

are constant for 7 € {0, 1}".
The iterated formula 1a(A, k) is a polynomial system consisting of the following axioms.
Binary AND Axiom: For every 7 € {0,1}=", € [4], i,j € [m], k € Ng(j), the polynomial

Z(;r Z) _ xfk )y](w,u)'

Summation Base Axiom: For every 7 € {0,1}=", u € [4], i,/ € [m], the polynomial UEZI(Q) =
ST
VI

Summation Axiom: For every 7 € {0,1}=", u € [4], 4,j € [m] and every initial segment X U (k)
of Ng(j) with ¥ # @, the polynomial

(mp) (7o) (1)
i,j,%u(k) _uZJE +Z’LJZ :

Graphically, the last two types of axioms can be represented as follows. Suppose that Ng(j) =
(k1,...,ka). For every ¢ € [A] define ¥y = (k1, ..., k¢). In particular, for each ¢ € {2,..., A}, we have
¥y =%y_1U (kg). Then the u- and z-variables form a bamboo tree as shown in Figure 9.
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i7j7ZA
-
(7,11) (m,11)
Z7J7EA71 7/7.77kA
/ \
(1)
s Zigka1
()
i7j722
(m,12) (m,18)
i,jyzl i7j7k2
I
(m,18)
%4k

Figure 9: The bamboo-tree structure of the u- and z-variables.

Output Axioms: For every 7 € {0, 1}9{, i,j € [m], the following four axioms:

(m) _, (m1) (m,2)
Wi g1 = YijNa() T % Ne ()’
(m) _ (m,3) (m,4)
Wijo = Wi Ng() T Y%igNe ()
(m)

) = w + wl®,,

i,5,0 = Wi,
() _ 4(m)
w; 50 = Aij -

Graphically, these axioms can be represented as shown in Figure 10.

2
Il
/wz(,ﬂj?o\
1(7;)1 wz(?z
/N /N
(m,1) (m,2) (m,3) (m,4)

iNa()  YiiNe(@)  YigNel)  YiiNe()
Figure 10: The balanced tree structure of the w-variables.
Although 1¢(A, k) is defined as a polynomial system, it can be easily encoded as a CNF since each

axiom of ¢ (A, k) depends only on a constant number of variables.

The following formula ¢¢(A, k) has a simpler structure, and in particular does not involve the
parameter p or the w-variables. It can be viewed as a substitution instance of ¥g (A, k).

Definition 5.46 (Formula ¢g(A,k)). Let m,n > 0 and x > 0 be integers and let G be an m x n
bipartite graph. Consider the following variables:

U [l ielm]ken]}
re{0,1}57
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U{y) < j € Iml, k € Na(3)}

U, 1,5 € [m] k € Na(j)}

U {UEZ)E 24,7 € [m], X is a non-empty initial segment of Ng(j)}|.

Let A = {A™ : 7 € {0,1}="} be a collection of m x m matrices, where, for every m € {0,1}=" and

i,7 € [m], the entry Ag;-) is either a Boolean constant or a variable of the form ng;)/ or y,(;,r,

i,j € [m], ¥ € [n] and =’ € {0,1}=" with |7/| > |n|.
Binary AND Axiom: For every m € {0,1}=", i,j € [m], k € Ng(j), the polynomial ng)k =

5’3571? yl(;? (m) (7)

Summation Base Axiom: For every m € {0,1}=", 4,5 € [m], the polynomial Uiy = Zigae

j), for some

Summation Axiom: For every 7 € {0,1}=" i,j € [m] and every non-empty initial segment

Y U (k) of Ng(j), the polynomial ugg?zu(k) = UY;)E + zl(g)k

Output Axiom: For every m € {0,1}=", 4,5 € [m], the polynomial uE?NG(j) = AEZ).

We also consider an even simpler formula gg(A, k), which is the algebraic analogue of ¢g(A, k).

Definition 5.47 (Formula ¢g (A, )). Let m,n > 0 and k£ > 0 be integers and let G’ be an m x n
bipartite graph. Consider the following variables:

U [{xﬁf;? cie[ml ke ]} U{y :j e m]k eNGm}].

ne{0,1}=F

Let A be defined as in Definition 5.46. We define qgg(A, k) as the polynomial system

U U { 5 ngzygt;?:Ag?}.

re{0,1}=7 i,j€[m] kENG())
In what follows we use the graph gadgets P(G) and H(G).

Definition 5.48 (Graph P(G)). Let m,n > 0 and let G be an m x n bipartite graph. Given an
adjacency matrix Mg of G, define P(G) as the m x (n + 2) bipartite graph with the adjacency matrix

11
Mpe = |: + Mg
1 1

Definition 5.49 (Graph H(G)). Let m,n > 0 and let G be an m x n bipartite graph. Given an
adjacency matrix Mg of G, define H(G) as the m x (8n + 8) bipartite graph with the adjacency matrix

1 1 1 1 1 1 1 1
My =| Mg * Mg @ Mg @ Mg @ Mg @ Mg @ Mg @ Mg

Finally, we will also need the following lower bound on the PC degree of FPHP(G).
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Proposition 5.50 ([57]). Let G be an (r,c)-boundary expander with left-degree at most Apqaz. Then

any PCRE refutation of FPHP(G) requires degree strictly larger than ZAC;M.

The main result of this subsection is a lower bound on the size of PCRF, refutations of ¥p(z () (A, k).

Theorem 5.51. Letn >0, N =8n+8, m = 16(N +2), k < n® for some a < 1, and let G be an m xn
(n%, d)-lossless expander with parts [m] and [n], the minimum left-degree at least A = 50logn, the
mazximum left-degree at most Apq, = 150logn, and § > 4. Let A = {A(”) :m € NSFY be a collection
of m x m matrices as in Definition 5./5. Then any PCRg, refutation of wp(H(G))(A, K) requires size

9Q((n®/w)'?)

The proof of this theorem is executed as follows.

1. Assume, for the sake of contradiction, that ¥p(g(q))(A, k) has a refutation II of size 26(”6/”)1/3.

Let d; be a certain threshold parameter with d; = ©(n®/x).

2. We construct a random substitution p; that turns IT into a refutation Il; of ¢ () (A1, K), where
A1 = A | p1. p1 eliminates all terms ¢t from II that either have high degree in the u-variables
or have high degree (exceeding d;) in the positive occurrences of the z-variables. Moreover, it
substitutes all the w-variables with either constants or x- or y-variables.

3. We proceed by constructing another random substitution py that further eliminates all terms

in IT; that mention many columns of G (specifically, exceeding di/ 3) using x-, y- or z-variables.
The resulting refutation IIy is a refutation of ¢p(r)(Az, k), where Ay = Ay [ pp and G’ is still a
sufficiently good expander.

4. Then we construct a substitution p3 that eliminates all terms of high degree (again, exceeding
dy) in z- and y-variables and negative occurrences in z-variables. The resulting refutation II3 is a
refutation of ¢/ (As, k), where Az = Ag [ ps.

5. Finally, we reduce FPHP(G’) to %G/(A;»,, k), while increasing the degree of a refutation by at most
©(r). Combining these degree bounds, we obtain a refutation Il; of FPHP(G’) of degree O(d;k),
which contradicts Proposition 5.50 due to our choice of parameters.

Let d be a threshold parameter. We begin by defining a restriction p; that w.h.p. eliminates any
term ¢ that either U(™-left-row-mentions or U(™-right-row-mentions at least d rows, or positively-
Z(™)_]eft-row-mentions or positively-Z(™-right-row-mentions d rows. Moreover, p; is defined so that
it substitutes all w-variables with either constants or z- or y-variables. The construction uses the

auxiliary matrices B and C.
* x 0 0 * 0« 0
b= <0 0 = *) » €= (O x 0 *) '

Every row B; of B and every row C; of C satisfy the following properties:
o there is exactly one k € [4] satisfying B; , = Cj = *;
o the remaining indices ¢ € [4] \ {k} satisfy B, =0 or Cj, = 0.

Moreover, each column of B and C contains one 0O-entry.
We will define py only for graphs P(G), i.e., those that have two all-ones columns in their adjacency
matrix. Let G be a bipartite graph with parts [m] and [n].
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Definition 5.52. Let t be a term in the variables of 1pq) (A, r). We say that i € [m] is U™ -left-

row-mentioned in t if there are p € [4], j € [m] and a non-empty initial segment ¥ of Np(¢(j) with
{1,2} C ¥ such that ufgg) or ﬂgzlg appears in t. We say that j € [m] is U™ -right-row-mentioned in
t if there are p € [4], @ € [m] and a non-empty initial segment ¥ of ./\/p((;) (j) with {1,2} € ¥ such
that ug%) or @(7;’5) appears in t. We say that i € [m] is positively-Z™ -left-row-mentioned in t if
there are p € [4], 7 € [m] and k € {3,...,n+ 2} such that zz(;rk)
positively-Z™ -right-row-mentioned in t if there are u € [4], i € [m] and k € {3,...,n + 2} such that

(1)
1;7j7k

appears in t. We say that j € [m] is

z appears in t.

We substitute the first two columns with constants; therefore, we do not consider them in the above
definition.

Definition 5.53 (Substitution p; for ¢¥p)(A,k)). Let £ > 0, m,n > 0 and let G' be an m x n
bipartite graph with parts [m] and [n].

For every m € {0,1}5", let {z}) : i € [m],k € [n]}, {77 : j € [ml,k € Na()}, {Z7) 1.5 €
[m],k € Ng(j)} and {&53?2 : 1,7 € [m], X is a non-empty initial segment of N (j)} be fresh variables.
The random substitution p1 for ¢p() (A, ) is defined as follows. For every m € {0, 1}

1. For each i € [m], independently and uniformly sample bg”), an) € [2] and az(w), ,Bi(ﬂ) € {0,1}.
2. For each p € [4], i € [m], k € [n+ 2], set
M =1,

«
1 if k=2,
0

2
if k> 3 and Bb(”) =0,
Py

pi( ik )=

:1?57,?_2 if k> 3 and Bbﬁ”),p = %,

1 itk=1,
B it k=2,
( (7T,;,L)) — J .
P1\Yy 0 if £ > 3 and Cc(w) W= 0,
e

ﬂ](:;)zj lf k Z 3 and chﬂ-),M —_ k.

4. For each p € [4], 4,5 € [m], k € Np)(j), set

o™ e =1,
g™ if k=2,
(Z(W#L))_
PiZijk ) = Y0 if k > 3 and either B,y =0o0rC @ =0,
b, 1 ¢ lop

) : _ _
Z k2 if k>3 and Bbgﬂ)# = ch-ﬂ)yu = *

5. For each p € [4], 4, j € [m] and every non-empty initial segment ¥ of Np((j), let X' = (k —2:
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ke X, k>2)and set

af™ if 5= (1),
agw) + 5]('7r) it ¥ = (1,2),
nR) = {thy  AE\LB£8Bw, =Cm =+ ada” =47,
EEE?E/ ity \ {1’ 2} # @781)’5#)’# = Cc;-ﬁ),,u =% and O(E”) ?é 6](»”)7
(m) | g(m) i
a; "+ pB; 7 otherwise.

6. For each p € [4], 1,7 € [m], set

(™) = pi(AT)),

(M) ap p(m)
(m) pl(Aij ) ifb =1,
w.: - = 7
:01( z,j,l) {0 if bgﬂ-) _ 2,
s ()
(m) 0 ity =1,
w.: - =
p1(wj2) {pl(Al(-j;)) if bl(-ﬂ) =2.

7. For any variable § mapped to 0 or 1 by p1, set p1(0) = 1 — p1(0).

8. For any variable § not mapped to a Boolean constant by p1, set p1(0) = p1(6).

Lemma 5.54. Let kK >0, m,n > 0 and let G be an m x n bipartite graph with parts [m] and [n] and
the mazimum left-degree at most Apa. Let A = {A(”) T € BSFY be a collection of m x m matrices
as in Definition 5.45. Let t be a term in the variables of Vp(q) (A, k) and t, be the subterm of t that

(1) (1)

consists of all the u-variables of the form u; /¢ or u,; /s, with {1,2} € ¥ (that is, all variables that

either U™ -left-row-mention or U™ -right-row-mention some indices from [m]). Similarly, let ty, be
the subterm of t consisting of all the positive z-variables of the form zfgg) with k > 2 (such variables
positively-Z™ -left-row-mention or positively-Z™ -right-row-mention some indices from [m]). Assume
that either deg(t,) or deg(ts,) is at least d. Then

| < < 3/4)m.

Proof. Assume that deg(t,) > d. For each m € {0,1}=", let I(™ be the set of indices i € [m] that
are U(™-left-row-mentioned in t,, and let J(™ be the set of indices j € [m] that are U(™-right-row-
mentioned in ¢,. Let D = Zne{o 1}3}1(\[(”)] + \J(”)\). Then d < deg(ty) < 4D?A 4z, which implies

/[ d
that D 2 A

Let ¢ be a minimal subterm of t, that for each = € {0,1}=", U™-left-row-mentions I™ and

U(™)_right-row-mentions J(™). If we think of the variables ug%) (or their negations) appearing in ¢/

as edges ((m,1), (7, J)) in a bipartite graph, then ¢’ corresponds to a minimal edge cover of such a

graph. This cover cannot contain a path of length three, thus its connected components are stars of the

(70,11) (70, 11) (mo,1) —(m0,11)
form [1(j s)ep iy 5y LG usen i i oF i pmer vijes Hipmen Uijox» and each of these stars

mentions its own disjoint set of indices.

Prlt [ p1 #0

051) __(mo,p)
ix Hus)en Uy g5 - For every

5

Assume that we have a star with r rays, say s = [[(; ,»)ep uggr
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b e [2] and « € {0,1}, the events

(ul(g(;%) [ p1 #Z0 bg:o) =b and al(;ro) = a) , where (j,u, %) € P,

and
(ﬂ(m’“) P p1 #0 ‘ bggro) —band a\™ = a) , where (j,u,%) € N,

10,7, )

are independent and each occurs with probability at most 3/4. This is because when we fix the value

(m0,14)

of bl(-;ro) and a(wo), which determine the centre of the star (7, o), the value of u; s

io depends only on

ﬁj(-m) and ngro)’ which are independent for different j. Thus, all of them simultaneously occur with
+1
probability at most (3/4)" < ( 3/4)T . This implies that

d
4Amaz

P10 < (371) < (371)

(m)

The case when deg(t.) > d is proved analogously: each z, Jk occurring in ¢4 can be independently

set to 0 by choosing the appropriate values for bl(-ﬂ) (assigning p1 (:nﬁ)) = 0) or for ng) (assigning

P1 (y,(:])) = 0). Note that we cannot apply the same argument to the negative occurrences of z-variables,

since they depend on both x- and y-variables simultaneously. O

The substitution p; transforms any refutation of ¥p(q) (A, k) into a refutation of ¢ (A1, k), where
A =ATp

Lemma 5.55. Let £ >0, m,n > 0 and let G be an m x n bipartite graph. Let A = {A™) : 7 € N=F}
be a collection of m x m matrices as in Definition 5.45. Let A1 = A | py = {A™ | p; : AM ¢ A}
Then for every PCRg, refutation I1 of Ypay(A, k), I | p1 is a refutation of ¢g(Aq, k) (modulo the
axioms for twin variables 0 +0 +1).

Proof. Follows from the definition of p1. Under p1, the axioms of ¢ p(g) (A, k) are either satisfied or
become axioms of the same type for ¢ (A1, k). Since p; sometimes substitutes variables with negated
variables, we need to apply the twin variable axioms 6 +  + 1 to replace such occurrences of § with
0 + 1. This can lead to an insignificant increase in the refutation size, which we can safely ignore. [J

Next, we define a random substitution ps that w.h.p. turns any term ¢ that mentions many columns
into 0. As with p1, we only apply ps2 to graphs that have a specific structure, namely H(G).

Definition 5.56. Let t be a term in the variables of ¢ () (A, k). Let N = 8n + 8. Given k € [N], let

n(k) = ((k—1) mod (n+1)) + 1 and v(k) = [E5] + 1.

We say that k € [n] is X (™) -column-mentioned in t if there are i € [m] and £ € [N] with n(¢) = k

such that :cl(? or @(? appears in t. We say that k € [n] is (Y(”))T—column—mentioned in t if there

are j € [m] and ¢ € [N] with n(¢) = k such that yég) or yé”) appears in t. We say that k € [n] is

(m)

Z™) _column-mentioned in t if there are 4,5 € [m] and £ € [N] with 5(¢) = k such that 2™ or Zi jo

i?j7€
appears in t.

Definition 5.57 (Substitution p3). Let k > 0, m,n > 0, N = 8n + 8 and let G be an m x n bipartite
graph with parts [m] and [n].
The random substitution ps for ¢ H(g)(A, k) is defined as follows.

1. For each k € [n], independently and uniformly sample ¢ € {*,1,0}. Assign ¢,11 = *.
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2Le K = {k []: a0 € {0,1}} and let G = G\ {k € [n] : ¢ € {0,1}}. Note that
(): ()\Kforallje[ ].

3. For every 7 € {0, 1}SN

(a) Let {1157;)2 t 4,7 € [m], ¥ is a non-empty initial segment of Ny (j)} be fresh extension
variables.

(b) For every i € [m], and k € [N], set

C(k) if Cnk) € {0, 1},

x;;  otherwise.
b

(c) For every j € [m], and k € Ny )(j), set

if ¢, 1) € {0, 1},
(i) = { W e
Yr.; otherwise.

(d) For every i,j € [m], and k € Ny )(j), set

. if ¢, 1y € {011,
pa()) = {(7(:;) ok € {0,1}

i ik otherwise.

(e) For every i,j € [m] and every non-empty initial segment X of N H(G) ( i), set
0 ifZ\[:{:gand [{k € X : ey = 1} is even,
o™y = 1() if £\ K = 2 and [{k € 2 ¢, = 1}] is odd,
M gy EENK # 2 and [{k € Ty = 1} s even,
a(j;?(z\f() if X\ K # @ and [{k € X : ¢,y = 1}| is odd.

(f) For any variable § mapped to 0 or 1 by pa, set p2(0) = 1 — p2(6).
(g) For any variable # not mapped to a Boolean constant by pa, set p2(6) = pa(6).

We show that under ps every term that mentions many columns becomes zero w.h.p.

Lemma 5.58. Let k > 0, m,n > 0 and let G be an m x n bipartite graph with parts [m] and [n].
Let t be a term in the variables of ¢ (c)(A, k). Let K be the set of all k € [n] that are X _column-

mentioned, (Y(”)) -column-mentioned or Z'™ -column-mentioned in t, for some 7 € {0, I}S”. Then

Prit [ ps # 0] < (2/3)'%.

Proof. For every a-, y- or z-variable § appearing in ¢, Pr[p2(0) # 0] < 2/3, which occurs independently
for distinct columns. Thus, (¢ | p2 # 0) occurs with probability at most (2/ 3)|K|. O

When G is an expander with sufficiently large minimum left-degree, the graph G defined in
Definition 5.57 remains a good expander due to Lemma 4.18.

Proposition 5.59. Let k >0, n >0, N = 80+ 8, m = 16(N +2) and let G be an m x n (n’,d)-
lossless expander with parts [m] and [n], the minimum left-degree at least Ay = 50logn and the
maximum left-degree at most Ap,qap = 150logn. Then with probability at least 1/2, the graph G from
Definition 5.57 is an (n?, ¢)-boundary expander, where ¢ = Apin /6 — d.
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We show that po transforms any refutation of ¢ ()(A, %) into a refutation of ¢ H(é)(Ag, k), where
Ay =AT pa.

Lemma 5.60. Let k > 0, m,n > 0 and let G be an m X n bipartite graph with parts [m| and
[n]. Let A = {A"™ : 7 € B¢} be a collection of m x m matrices as in Definition ’46. Let
Ao =A | py={A" | py: A € A}. Then for every PCRg, refutation II of Sre) (A k), IL | pg is a
refutation of ¢y ¢ (Ag,K).

Proof. Can be verified straightforwardly from the definition of ps, similarly to Lemma 5.40. O

Now we define a random restriction ps that reduces the total degree of the terms in any refutation
of ¢ (a (A k) provided such a refutation has certain restrictions on its u-degree and column degree.
We need the following matrices, which we used in Section 5.4.1.

* ¥ O =
O ¥ M ¥
* O ¥ =
* ¥ = O
*¥ = ¥ O
— O ¥ %
O~ ¥ ¥
— % O %
* ¥ O =
* = ¥ O
¥ ¥ = O
* O ¥ =
O ¥ = %
— O ¥ %
— % O %
O~ ¥ ¥

Definition 5.61 (Substitution p3). Let k > 0, m,n > 0, N = 8n + 8, and let G be an m x n bipartite
graph with parts [m] and [n]. Given k € [N], let n(k) = ((k—1) mod (n+1))+ 1 and v(k) = L%J +1.
The substitution p3 for ¢ () (A, k) is defined as follows. For every 7 € {0, 1}3”i
1. For every i € [m] uniformly and independently sample SZ(-W) € [4] and 1"1(”) € [4].

2. For each i € [m] and k € [N], set

1 if n(k) =n+1and D o) = 1,

p3($(7;€)) _ 0 if n(k) =n+1 and Dsgﬂ),y(k) ;é ]_7

i, ;pl(.z)(k) if n(k) #n+1 and Ds(.“),u(k) = x,
Dgg”),,j(k) if n(k) #n+1 and Dsgﬂ),y(k) e {0,1}.

3. For each j € [m] and k € N (j), set

NG(j)|mod 2 ifn(k)=n+1and & L (k) = 1,

0 ifn(k)=n+1and & (ﬂ £1,
ps0) = § (o | )

Yn(k),j if n(k) #n+1 and é’r](_ﬁ)’y(k) = x,

£ " (i) if n(k) #n+1 and 5;;7,)7”(,6) € {0,1}.

4. For each 4, j € [m] and k € Ny (j) set

(m)

p3(zi,j,k) = p3(z; o ))

ps(y;(c,f)

5. For each i, j € [m] and every non-empty initial segment ¥ of Ny ) (j), set

,JE Z pa(z ,J»

kex
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6. For every variable 6 assigned by ps, set p3(0) = 1 — p3(0).

Note that ps does not substitute any negated variables and expands the extension variables as
polynomials. It can be trivially extended to a PC refutation. The size of the resulting refutation can
grow exponentially, but we will prove that its degree becomes small w.h.p. For every refutation II of
br()(A, k), IL | p3 can be transformed into a refutation of $G(A3, k), where Ag = A | ps.

In order to handle the negative occurrences of the z-variables, we need to define a transformation
Rg. It is a linear mapping defined on the terms in the variables of (bH(G)(A, k). In the definitions
below, when working with ¢ (), we ignore all variables whose column k satisfies (k) = n + 1. These
variables are mapped to constants by p3, and hence do not contribute to the degree after the restriction.
Accordingly, all z-stars considered by Ry are formed only from variables EZ(Z)k with n(k) #n + 1.
Definition 5.62. Let t be a term in the variables of ¢ () (A, k). We define R4(t) by contracting every

subterm of the form [];c; ng)jk or [Ler Zgzz)k, where |I|,|J| > d, using the following procedure. Let
t = tite, where t; contains only negated z-variables that do not mention columns k with n(k) =n+1

and ¢ contains the rest. Let

Stepe = {(m,i0, {j € [m] : 27, € vars(t1)}, k) = w € {0,1}",ig € [m],
k € [N],n(k) #n+ 1},

Sright = {(m, {i € [m] : 2" , € vars(t1)}, jo, k) : 7 € {0,1}=", jo € [m],
k€ [N],n(k) #n+1}.

Given a star (m,19, J, k) € Siep we can think of the set J as the set of rays of the star. Similarly, given
a star (m,1, jo, k) € Srigne we can think of the set I as the set of rays of the star. Let C' be the set of
quadruples (m, 1, j, k) with 257;),6 € vars(t1) that do not belong to any star in Sjp U Syigns with at least
d rays. We then contract all stars with at least d rays to a single variable (its centre). Formally, we

define

_ =(m) () =(m) 10
Rq(t) = I =l II  wh| I #5t
(7T77;07J7k)esleft (7r7]7j07k)esright (W,i7j7k)EC
|J]>d [7]>d
We proceed by extending Ry to polynomials linearly.

When d > 2,'' the mapping Ry does not increase the degree of any term. Indeed, suppose that Ry
inserted ¢ centres and removed r rays (negated z-variables appearing in large stars). The sum of sizes
of all contracted stars is at least dg, while every removed ray belongs to at most one contracted left-star
and one contracted right-star. Therefore, we remove at least dq/2 rays, and hence r > dgq/2 > ¢, so the
degree does not increase.

The intuition behind Ry is that every star with at least d rays is contracted to a single variable,
which corresponds to its centre. The following lemma shows that ps reduces the degree of any term ¢
with many z- and y-variables or many negative occurrences of z-variables after applying Ry.

Lemma 5.63. Let k > 0, m,n > 0, d,d > 0 and let G be an m x n bipartite graph with parts [m]
and [n]. Let t be a term in the variables of ¢ () (A, k). Let K be the set of all k € [n] that are X

column-mentioned, (Y(“))T-column-mentioned or Z™ _column-mentioned in t, for some 7 € {0, 1}=".
Let t,., be the subterm of Rj(t) consisting of all x- and y-variables appearing in Rj(t), excluding those
that mention columns k with n(k) = n + 1. Similarly, let t_. be the subterm of Ry(t) consisting of all

10A5 usual, products are understood modulo the Boolean axioms, so the resulting terms are multilinear.
n our application, we choose d to be even larger.
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negative occurrences of z-variables in Ry(t), excluding those that mention columns k with n(k) = n + 1.
Assume that deg(tyy) > d or deg(t—.) > d. Then

Pr[R(t) | ps # 0] < (15/16) %1

Proof. Suppose that deg(t,,) > d. For every m € {0,1}=", let

I(™ = {i € [m] : 3k € [N] with (k) #n+ 1 s.t. a:z(? or Tgﬂk) appears in t; .},
J?J(,“) = {j € [m]: 3k € [N] with n(k) # n + 1 s.t. y,(:]) or y,g’r]) appears in tg ,}.

Then
d < deg(ty,y) < 8| K| Z (1I$7] + |J3(J7r)|)‘
re{0,1}="

(m

For every i € I ) there is a variable in tzy that is independently set to 0 with probability 1/4 by

p3. Similarly, for every j € ngr), there is a variable in t,, that is also set to 0 by p3 with the same

probability. This implies that
d
Prltay [ p3 # 0] < (3/4)5%1

Now suppose instead that deg(t—,) > d. We greedily identify a large set of variables in ¢_, that are
independently set to 0 by ps w.h.p. Initially set S = vars(t_,) and T' = @.

o Pick any variable z( )k € S and add it to T'.

e Remove all variables {El(?k, 27 e m]nk’) e K} U {fgfj)k, i € [m],n(k') e K} from S.
o Repeat until S is empty.

Observe that each variable in 7' mentions its own indices: for every 7 € {0,1}=" and £ € [m], there is
at most one variable of the form z! g)k or zé )k Thus, every variable from 7" independently becomes
zero under ps with probability at least 1/ 167 It remains to show that the size of T is sufficiently large.
At each step we remove at most 16d|K | z-variables from S due to the properties of Ry, therefore the

size of T is at least 5 d| Ik This implies that

Prft_. | ps # 0] < (15/16) 76071
O

We proceed by showing that for every PCRE, refutation II of ¢ ) (A, k) of degree d, R;(II) | p3
can be extended to a refutation of (;5(;( [ ps, K).

Lemma 5.64. Let £ >0, m,n >0, N=8n+8, d>2 and let G be an m X n bipartite graph with

parts [m] and [n]. Let 11 be a PCRE, refutation of ¢p(q)(A, k) of size at most 8(731/]?[)2(1“'
With probability at least 1/2 over the choice of p3, the following holds: if Ri(IL) | p3 has degree at

most d for some d >0, then it can be extended to a valid PC refutation 11 of &G(A [ p3, k) with degree
at most d+ O(1).

Proof. We restrict our attention only to the terms that do not mention columns k with n(k) =n + 1,
as these are mapped to constants by ps.
We begin by demonstrating the following property of ps.
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Claim 5.65. Let 7 € {0,1}=" and k € [N] with n(k) # n+ 1. For every i € [m] and J C { € [m)] :
k€ Nu)(0)},
Pr[\ﬁ € J:ps(y)) # 1] < (3/4)1.

Observe that if pg(y,i?) =1, then p3(§§2k> = pg(TZ(?,?) by the definition of ps. Similarly, for every

J € [m] with k € Ny ) (j) and I C [m],

Pr|ve e I pa(ayy)) # 1] < (3/4).

s veore,  pafalf) =1, then pu() = m(HED.

Proof. We will show the first statement, and the second is symmetric. The events pg(y,(:)) =1 for
¢ € J are independent, since they depend on the independent random choices of réw) for £ € J. Each
event occurs with probability at least 1/4, since £ contains at least one 1 in every column. Now fix
™) and thus pg(ac%)). Then p3(§£?k) = ,03(@(772) when pg(y,(;f)) = 1. &

(
5 i,

There are at most 4mN2%|II| distinct maximal stars in II: for every term ¢ choose a triple (m, £, k)
and consider two induced stars {ZE?,C i € [m]} Nvars(t) and {?é? g 1 J € [m]} Nvars(t). Together with
the union bound, the above claim shows that with probability at least 1/2, the following holds for
every term t appearing in II:

e For every 7 € {0,1}=", k € [N] with n(k) # n+1, i € [m], if the star {fl(.?k : j € [m]} Nvars(t)

has at least d rays, then there exists j € [m] such that Ez(?k appears in t and

e For every 7 € {0,1}=", k € [N] with n(k) # n+1, j € [m], if the star {ff?k i€ [m]} Nvars(t)

has at least d rays, then there exists 7 € [m] such that Zé?k appears in ¢t and
PS(CUS,?) =1

For the rest of the proof, fix such ps. )
In what follows we omit the subscript d and simply write R to denote R .

Claim 5.66. For every term t appearing in 11, we have

R(t) I ps =t ps.

Proof. We use the fact the conditions from Claim 5.65 hold for every term ¢ in II due to the choice of
p3. Let t be a term in II. R leaves all variables that are not negated z-variables unchanged, so we only
need to consider the negative occurrences of z-variables in t. Moreover, for a fixed 7 € {0, 1}§"“ and
k € [N] with n(k) # n + 1, R acts independently on the variable sets {Zgz)k 21,7 € [m]}.

Fix 7 € {0,1}=" and k € [N] with n(k) # n + 1. Let ¢ be the subterm of ¢ consisting of all

. . —(\ 7T
negative occurrences of z-variables of the form z; ik
1

R(t') | ps=1t| ps. Let E = {(4,)) Egg)k appears in t'}.
Let Clep be the set of all centres ¢ € [m] such that the left-star (¢, {j € [m] : (i,j) € E}) has at least

d rays, and let Cygn: be the set of all centres j € [m] such that the right-star ({i € [m] : (i,5) € E},j)

for some ¢,5 € [m]. It suffices to show that
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has at least d rays. By the choice of p3, for every i € Cjep there exists j; € [m] such that 21(72 i appears

in ¢ and pg(y,(ﬂ.)i) = 1. Similarly, for every j € Cpgns there exists i; € [m] such that zg )] &

and pg(xl(;r)k,) = 1.
Hence we have

appears in t/

r_ —(m)
= 11 z5x

(i,5)eE
and
=L =2 I w)- I =5 (33)
ZECleft ]ecnght (i,j)eE

1€ Cleft, JECright

If for some i € Cj; we have ,03(.%;7,?) = 1, then R(t') [ p3 = 0. Our choice of j; ensures that

p3(Z; (m) p) =1-— pg(xgjr)) pg(y,(e?z) =0, and hence t' | p3 = 0 as well. The same argument applies to

4,Ji,k
every j € Crighs With pg(y,(f])) = 1. The claim is proved if either of these cases occurs. Otherwise, we

have j; & Crigne for every i € Clepy and i ¢ Crepy for every j € Chrygne. We can equivalently rewrite t' as

=11 I =5 I I0 =3 11 =0 (34)
i€Cest j:(i,§)€E 3€Crigns 3:(i,5)EE (i,§)EE
i Cleft i€ Cleft, IECright

(m)

i i) = p3(T; (r )) Moreover, for every j € [m], we

Fix ¢ € Cjep. By definition of p3, we have p3(Z
have

paE 50 PR = (1= pae(3) - ps(iT) - (1= pae ()

=1 ps(zl}) - pa(u)) = pa(a) + p3(R) - pa(uil)
=1 - pa(al}) = ps(@])

modulo the Boolean axioms. Thus,

H p3(Z Jk ) =p3(Z (,Jz,k)' H p3(Z ,]k —P3(TZ(-,72)' H Ps(fg;?k):ﬁ?)(fﬁ))-

Ji(i.5)EE Ji(i.4)EE Ji(i.4)EE
J#Ji J#di
Now fix j € Cljgns. By definition of p3, we have p3 (Eg)] k) = P3 @l(:j)) Moreover, for every i € [m],

we have p3(z\7),) - p3(F)) = ps(3y). Thus,

1 s =@
i:(i,7)EE
i¢cleft

It implies that equations (33) and (34) are the same under ps modulo the Boolean axioms, and the
claim follows. &

Now we prove the lemma by induction on the proof lines in II. Let f be a proof line in II.

o If f is an axiom, then R(f) = f. After applying ps3, this axiom is either an identity, or a simple
consequence of the axioms of ¢g(A | ps, k), by the definition of ps.

o If f is obtained from polynomials g and h as f = ag + h, then clearly R(f) = aR(g) + BR(h)
by linearity of R.
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o The remaining case is multiplication by a variable : f = ¢g-6. Applying Claim 5.66 term-wise to
f and g, we obtain

R(g) [ p3=g 1 p3
and

R(f)Tps=fTps=(g91p3) - (07ps3)=(R(g) [ p3)-(0Tp3)

Hence R(f) | p3 can be derived from R(g) | ps by multiplying by 6 | p3, which is polynomial of
degree at most 2. This can be done in PC by multiplying by the monomials of 6 | p3 and taking
linear combinations and can result in an increase of degree by at most a constant.

The absorption identities used in the multiplication step above are consequences of the Boolean axioms
and can be derived in PC in constant degree. Hence the resulting derivation has degree at most

d+ 0O(1). O
Finally, we show how ¢¢ (A, k) can be reduced to FPHP(G).

Definition 5.67 (Reduction 7). Let £ > 0, m,n > 0 and let G be an m xn bipartite graph with parts
[m] and [n]. Let P = (p; ), clm] keNg (i) Pe fresh variables.'? The reduction 7 for ¢g(A, k) is defined as

follows. For every m € {0,1}=" in decreasing order:

1. For each i € [m] and k € [n] set

@)= Y TA)pa
s€[m)]
such that k€ Ng(s)

2. For each j € [m] and k € Ng(j) set
T(y;(fj)) = Djk-

This definition is well-defined: A™ [ 7 = A™ for every 7 € {0,1}", because A™ contains only
constants in these cases.

Lemma 5.68. Let k >0, m,n > 0 and let G be an m x n bipartite graph with parts [m] and [n] and
the maximum left-degree A,qp. Let A = {A(”) ' €~E§“} be a collection of m x m matrices as in
Definition 5.47. Then for any PCRg, refutation I1 of ¢ (A, k) with degree d, I1 | T can be transformed
into a refutation of FPHP(G) with degree at most max(Apqeq, d(k + 1)).

Proof. Tt follows by induction on |7| that for every = € {0,1}=" i € [m], and k € [n], 7'(1'572) (and
thus T(@)) is a polynomial of degree at most xk — || + 1.

This implies that all polynomials from ¢g(A, k) | 7 can be easily derived from the axioms of
FPHP(G).
Claim 5.69. Every polynomial from (;G'(A, k) | T has a degree-(k + 2) proof from FPHP(G).

Proof. As shown above, all the entries of A™ | 7 are polynomials of degree at most x — |r|.
Let m € X=F and i, € [m]. The (7,1, 5)th axiom of ¢g(A, k) under 7 transforms as follows:

kENG () keNa(5) s€[m]
such that k€ Ng(s)

( > xgj,?yg;uAgj;)) r= 3 S (A | pix + (AT

12Tt is useful to think of P as an m x n variable matrix, where P, = 0 for all i € [m] and k ¢ Ng(i). Then
(@) = (A7 17)P),

66



= T(AE,?)( > psﬁpﬂ'vk) A
)

kENG()NNg (s

= Z T(A@(-,?)( Z Ps,kpj,k>
)

s€[m]\{7} keNg(§)NNg (s

(7") ( Z p],k+1)

keNa(4)

which is trivially derivable in degree x — |7| + 2 from the hole axioms p; xp;, and the polynomial

Z ik + L.

keNG(7)

Note that the latter is an immediate consequence of the pigeon axiom for pigeon j together with its
functional axioms, and thus has a derivation of degree at most A,,q; from FPHP(G).
Thus, we can extend II | 7 to a refutation of FPHP(G) of degree at most max(A 4z, d(k +1)). <

O
Finally, we are ready to prove Theorem 5.51.

Proof of Theorem 5.51. Let

CcC = Amm/ﬁ — d,
Cn(S

328 maz (ki + 1)

1/3
dy— s [ /
328 pman(i+ 1))

Note that d; = O(n’/k) and dy = @((n‘s/n)l/g) because of our choice of Ay, and A

Let II be a PCRE, refutation of vp(g(q)) (A, k). Suppose, for the sake of contradiction, that
TI| < 2¢%2 for some small € > 0. We will fix the value of e later.

We start by applying the restriction p; from Definition 5.53 to II. Let IIy = II | p;. By Lemma 5.54
and the union bound, there exists p; such that every term ¢ in II; contains at most d; u-variables
and at most d; positively occurring z-variables. This holds since the maximum left-degree of H(G) is

dy =

d 1/2
8 az + 8 and the size of I is less than (4/3)V T ) _ 207 R for a sufficiently small €. By
Lemma 5.55, II; is a refutation of ¢y (A [ p1,%). Since p1 substitutes only constants and literals,
the size and degree of II; are at most the size and degree of II, respectively.
We proceed by applying the restriction py from Definition 5.57 to II;. Let IlIs = Iy [ ps. By
Lemma 5.58 and the union bound, with probability greater than 1/2, for every term ¢ in Il it holds that
t mentions at most dy columns using x-, y- or z-variables; that is, there is a set K C [n] of size at most d

such that no k ¢ K is X (™-column-mentioned, (Y(”))T—column—mentioned or Z(™-column-mentioned
in t. This holds since the size of II; is less than (3/ 2)%2 = 20(d2) for a sufficiently small e. By
Proposition 5.59, the graph G is an (n?, ¢)- boundary expander with probability at least 1/2. Thus, by
the union bound, there is ps for which both of these events occur. By Lemma 5.60, 115 is a refutation
of ¢r(ay(A | p1 | p2, k). Since pp substitutes only constants and literals, the size and degree of Il are
at most the size and degree of II; (and thus also of II), respectively.
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Next, we apply the restriction ps from Definition 5.61 to Ily. Let d = dy and IT' = R4, (II2) [ p3. By
Lemma 5.63 and the union bound, with probability larger than 1/2, every term t of Ry, (Il2) satisfying
t [ p3 # 0 contains at most d; x- or y-variables and at most d; negative z-variables. Together with the

bounds obtained after p;, this implies that every term of IT' has degree at most 8d;. This is because
231

|K| is less than ds due to po, and the size of I is less than 1(16/15) 103 — 90(d2) for a sufficiently
small e.

Furthermore, since § > 4a, we have d2 = w(k + log(mN)). Hence, by choosing e sufficiently small,
the size assumption

(4/3)%
IL| <
| < SN2~

of Lemma 5.64 is satisfied. Thus, I’ can be extended to a refutation II3 of QNSG/(A 'p1 ] p2 | p3, k) of
degree at most 8d; + O(1). Thus, by the union bound, there is ps for which both of the above events
happen and Il3 is a valid refutation of $G/(A [ p1 | p2 | p3, k) of degree at most 8d; + O(1).

Finally, we apply the reduction 7 from Definition 5.67 to II3. By Lemma 5.68, II3 [ 7 can be extended
to a refutation IT4 of FPHP(G’). The degree of Il is at most 8(d1 +0(1))(k+1) = 437:;5” +0(k) < ZXZ,TM‘
This contradicts the degree bound from Proposition 5.50.

6 Proof Complexity Generators for SA

In this section, we will state our results for a stronger formula BT*Rank]*(A), which is similar to
BTRank]'(A) except that it does not use z-variables. Formally, it is defined as follows.

Definition 6.1 (The CNF encoding BT*Rank]'(A)). Assume m > n are positive integers and
A € {0,1}"™*™ is an m by m Boolean matrix. The (simple) bamboo-tree CNF encoding, denoted
BT*Rank;'(A), uses input variables x;k,yx; : ¢ € [m],k € [n] together with extension variables
Wik 1,J € [m],k € [n], and consists of the following axioms.

Output Axioms: For every i, j € [m], the clause u; j,, if A; ; =1 and the clause —u; j,, if A;; = 0.

Summation Base Axioms: For every i,j € [m], u;j1 = zi1y1;, encoded by the clauses
g1V w1 Voo g, oo Voo g and g Voo
Summation Axioms: For every i,j € [m], and k € {2,...,n}, u;jr = i k-1 + TikYk,;, encoded

by the following six clauses:

Tigk V U5 k-1 V Uik,
Tigk V Uijk—1V Ui k,
Ykj vV Ui k-1 V Uijk,
Yk vV Uijk—1V Ui k,
Tik V Wk V UG k-1 VY UGk
Xk NV Wk VY Wigk—1 Y Uk
In what follows, it will be useful to additionally enforce that each row of X and each column of Y

have odd weight. Let m > n be positive integers and consider a matrix A €{0,1}™™. We extend A
toan (m+ 1) x (m + 1) matrix A by adding a new column and row. For every i, j € [m + 1] we define

A i € [m] and j € [m],

Ai,j: n mod 2 ifz::m—klandj::m—i-L (35)
1 ifi=m+1and j € [m],
1 ifi e [m]and j =m+ 1.
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Next, we construct a partial restriction o, that we apply to BT*Rank”"!(A) that fixes the last
((m + 1)th) row of X and the last ((m -+ 1)th) column of Y to the all-ones vector. Formally, for every
k € [n], we have o(zmi1,6) = 0(Ukm+1) =1, 0(Tmi1,k) = 0 (Urmi1) = 0, 0(Umi1,m41,6) = (k mod 2)
and o(Upm41,m+1,k) = 1 — (kK mod 2). The variables of the form ;1 ;x, where j € [m]| and k € [n],
and u; 1%, where i € [m] and k € [n], (and their negated variants) are left unassigned. We denote
by BT*Rank/]!'(A) the restricted formula BT*Rank™ 1 (A) | o. Observe that BT*Rank’] (A) is weaker
than BT*Rank;'(A) since it contains additional restrictions encoding 3 jcp,) ik = 1, for all i € [m],
and > e Yk, = 1, forall j € [m], using the extra u-variables w; ;; with either i = m+1or j = m+1,
and (augmented) Output, Summation Base and Summation Axioms.

Our plan for proving a lower bound for BT*Rank[(A) is to reduce it to BT*Rank’; (A) for some
n = O(n), in such a way that any small SA refutation is transformed into one of a small row degree
(see Definition 6.3), and then to establish an explicit row degree lower bound for the latter formula.
We start with the latter.

6.1 Row Degree Lower Bound
We start by proving a row degree bound on BT*Rank’)' (A).

Definition 6.2. Let ¢ be a term in the variables of BT*Rank/(A). We say that i € [m] is X-
row-mentioned in t if there is k € [n] such that x;; or T;; appears in t. We say that j € [m] is
YT -row-mentioned in t if there is k € [n] such that y; ; or 7, ; appears in t. We say that i € [m] is
U-left-row-mentioned in t if there are j € [m + 1] and k € [n] such that w; ;i or T, ;1 appears in t. We
say that j € [m] is U-right-row-mentioned in t if there are ¢ € [m + 1] and k € [n] such that w; ;; or
w; jk appears in t.

Definition 6.3. [Row degree| Let t be a term in the variables of BT*Rank]"(A). Let I be the set of
all i € [m] that are either X-row-mentioned or U-left-row-mentioned in ¢. Similarly, let J be the set of
all j € [m] that are either Y'7-row-mentioned or U-right-row-mentioned in t. We say that ¢ mentions
rows (I,.J). The row degree of t is defined as the sum |I| + |J|.

Lower bounds on the SA degree are typically established by constructing a pseudoezxpectation,
which is a linear mapping that satisfies the following properties: it maps all low-degree multilinear
polynomials to R, vanishes on multiples of the axioms, and is non-zero on the constant-1 polynomial.
We present such a mapping for multilinear terms with small row degree.

Lemma 6.4. For every m > n and every A € {0,1}"*™, every SA refutation of BT*Rank]™"(A)
requires row degree n — 1.

Before proving the lemma, we construct a distribution of the pairs of matrices which will be used
in the proof.

Definition 6.5 (The random family Dy ; for BT*Rank’;'(A)). Let I,J C [m], d = [I| +[J| <n -2
and recall the definition of the matrix A from (35). We define Dy ; as the uniform distribution
on the pairs of full-rank matrices M € {0, 1}(Iu{m+1})x[”l and N € {0, 1}["]X(Ju{m+1}) that satisfy
MN = AIU{m+1},JU{m+1} and for every ke [TL], Mm—i—l,k = Nk,m+1 = 1.

Based on Dy ; we construct a random assignment py ;.

Definition 6.6 (The random assignment p; ; for BT*Rank;"(A)). Let I,J C [m] and d = |I| + |J| <
n — 2. We define a random partial assignment pr ; as follows.

1. Sample a pair of matrices (M, N) according to Dr ;.
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2. Assign pr j (X7 [n) = M), meaning that for every i € I and k € [n], set pr j(wix) = M-
Similarly, assign pr,7(Y}n),7) = Nj),s: for every j € J and k € [n], set pr s(yx,;) = N ;-

3. For every (i,j) € ({U{m+1}) x (JU{m+1})\ {(m+1,m+1)}), and k € [n], set

PI, J(uz,] k (Z MZ gNgJ mod 2)

(=1

4. For every variable 0 assigned by py s, set pr,7(0) =1 — pr_s(0).

A key property of py ; is that it remains consistent when restricted to smaller sets of rows. Let
I,J C [m] with [I|+|J| <n —2 and consider any two subsets I’ C I and J' C J. Then, for every term
t that mentions rows (I, J'), we have

Prlpr,p(t) = 1] = Prlprs(t) = 1]. (36)

We show this by induction on |1\ I’| + |J \ J'|. The base case is trivial and the inductive step follows
from the following lemma.

Lemma 6.7. Let m > n be positive integers and let A € {0,1}"*™ be a Boolean matriz. Let I, J C [m)]
with [I| +|J| <n—2,1ip € [m]\ I and jo € [m]\ J. Then for every term t that mentions rows (I,.J)
we have

Prlp;(t) = 1] = Pr [Plu{io},J(t) = 1} =Pr {pI,JU{jO}(t) = 1}-

Proof. By symmetry, it is sufficient to show

Prlprs(t) =1] =Pr [Pl,Ju{jO}(t) = 1]
Let D’ be the following distribution.
1. Sample a pair of matrices (M, N) according to Dr ;.

2. Choose uniformly at random a vector v € {0,1}" such that Mv = A 1U{m+1},jo and the matrix
N' = {N v} has full rank (that is, rank(N') = |J| + 2).

3. Output the pair (M, N').

Showing that D’ is the same as Dy ,Ju{jo} concludes the proof.
Fix a pair of matrices (M, N) resulting from sampling from Dy ; in Item 1. The number of choices
of a vector v € {0,1}" that satisfy Mv = AIU{m—‘rl},]o is 27~ 1=T This is because M has full rank.

Given such v, the rank of the matrix N’ = [N U:| is either |J|+1 or |J|+2. The former happens if and

only if v is linearly dependent with the columns of N. That is, there exists a vector u € {0, 1}Ju{m+1}

with Ny = v. Moreover, each such p corresponds uniquely to v since the rank of N is full.
Substituting Ny = v into Mv = Alu{m+1} jor We conclude that p must satisfy M Ny = AIU{m+1},]07
which is equivalent to Alu{m+1} JU{m+1} 1 = Alu{m+1} jo due to our choice of (M, N). Let v be the
number of vectors y satisfying this last equality. Observe that v < 2//I+1 because of the dimension of .
Thus, there are v < 2171*1 vectors v satisfying Mv = AIU{m—l—l},jo and rank(N’) = |J| 4+ 1. For the
remaining 2"~ 1= — 1 > 0 vectors, we have rank(N’) = |.J| 4+ 2. This implies that the definition of D’
is correct (that is, the vectors v from Item 2 exist). Moreover, the number of choices of such v — that
is, 27~ 1=1 — 1 — is independent of the initial choice of (M, N) and is determined by A, I, .J, and jo.
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Every pair of matrices in Dy j(;,) has a unique restriction to Dy, and every pair of matrices

=1 _ 3 of admissible extensions. Therefore, D' is the uniform

in Dy ; has the same number 2"~
distribution DlaJU{jO}'
Observe that this also implies that each distribution Dy ; is non-empty: clearly Dy o is non-empty

and the above induction step shows that if Dy ; is non-empty, then so are Dryy;0),7 and Dy jugjey- U

Proof of Lemma 6.4. Let S,_o be the vector space of all multilinear polynomials in the variables of
BT*Rank/™(A) with row degree at most n — 2. That is, S,,_» C R[Z, ¥, 4]/(¥? — Z,§% — ¢, 4> — @). We
construct a linear mapping

R: Sn_Q - R

that satisfies the following properties.
e R(1)=1.
o R(t) > 0 for every term ¢ with row degree at most n — 2.

e For every axiom axiom and every term ¢ such that axiom -t has row degree at most n — 2,
R(axiom -t) = 0.

This mapping rules out the existence of a refutation of BT*Rank/™"(A) with row degree at most n — 2.
Indeed, in any SA refutation of BT*Rank"(A), the left-hand side becomes non-negative under R, while
the right-hand side evaluates to R(—1) = —1, leading to a contradiction.

Let ¢ be a term in the variables of BT*Rank!”(A) with row degree at most n — 2; namely, it mentions
rows (I, J) with |I|+|J| < n —2. We define R(t) = Pr[p; s(t) = 1]. Note that p; ; assigns values to all
the variables in ¢, which implies that py j(t) € {0,1}. We then extend R to all multilinear polynomials
of row degree at most n — 2 linearly.

It immediately follows from the definition that R(1) = 1 and R(¢) > 0 on all terms of row degree at
most n — 2.

(36) simplifies verifying the last properties of R. Let t be a term and axiom an axiom of
BT*Rank/™"(A). Suppose the polynomial ¢-axiom mentions rows (I, J) with |I|+|.J| < n—2. Expanding
t - axiom as a sum of monomials Zgzl ayty, where each monomial ¢, mentions rows (I, Jy) with I, C I
and Jy C J, we have:

q q q q
R(t . axiom) = R(Z agtg> = Z OzgR(tg) = Z Qp PI‘[pIZ’JZ (tg) = 1] = Z (67 Pr[p]’](tg) = 1]
=1 =1

/=1 /=1

=Y aElpr(t;)] = E [Z OCZPI,J(tZ)] = E[pr,s(t - axiom)] = 0.

/=1 /=1

The last equality holds because t - axiom evaluates to zero under every choice of matrices M and N
in pr j: the z- and y-variables are assigned values from M and N, respectively, and the u-variables
are assigned the corresponding partial inner products. Since MN = A [U{m+1},JU{m+1}, €Very relevant
axiom of BT*Rank/™"(A) is satisfied, and thus ¢ - axiom evaluates to zero. O

6.2 Size to Row Degree Reduction

We define a random substitution that transforms a refutation of BT*Rank]'(A) into a refutation
of BT*Rank’;'(A) (for some 7 = ©(n)) while decreasing the row degree of the terms appearing in the
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refutation. Recall the matrices D and £ (they were already defined at the beginning of Section 5.4.1).

* % O =
O ¥ = ¥
* O ¥ =
¥ ¥ = O
¥ R ¥ O
—_ O ¥ ¥
O~ ¥ ¥
* % O =
* = % O
¥ ¥ = O
* O ¥ =
O ¥ = ¥
—_ O ¥ ¥
=% O %
O~ ¥ ¥

The following definition is similar to Definition 5.21.

Definition 6.8 (Random substitution for BT*Rank;'(A)). Assume m > n > 20 and (n —4) is divisible
by 16 and let 7t = (n—4)/8. Let A € {0,1}™*™ be a Boolean matrix. Consider fresh variables {; j, : i €
[ml, k €[]}, {Gk; - 3 € [m] k€ [} and {0 ¢ (i,) € (fm+ 1 x [m+1)\{(m+1,m+1)}, k €[]},
which serve as the variables of BT*Rank’;’. The random substitution p is defined as follows.

For each i € [m], we sample its row type s; € [4] (which corresponds to a row of D) and a random
bit a; € {0,1}. Then we set the first and (n — 1)th bits of X; (the ith row of the matrix X from
BT*Rank;'(A)) to «; and the second and nth bits of X; to 1. The remaining (n —4) bits are partitioned
into eight equal consecutive parts (corresponding to the columns of D). That is, given k € {3,...,n—2},
let n(k) = ((k — 3) mod 7i) + 1 and v(k) = [ %3] + 1. Then v(k) gives the index of the part k belongs
to and n(k) gives its index within this part. Each variable z; ; will be replaced with either a constant
or Z; (k) according to the value of Dy, (1)

Similarly, for each j € [m], we choose its row type r; € [4] (corresponding to a row of £) and
Bj € {0,1}. Then the first and (n — 1)th bits of Y; (the jth column of Y') are set to 1, the second and
nth bits to §; and the rest are set to a constant or g, ; according to the value of &, ().

Then the value of the u-variables is defined consistently with the above assignments.

Formally, this is defined by the following random process.

1. For each i € [m], uniformly and independently sample s;,r; € [4] and oy, 5; € {0,1}.

2. For each i € [m] and k € [n], set

Q; if ke {l,n—1},

1 if k € {2,n},

p(Tik) = 1 . ' {2,n}
Tipwy fke{3,...,n—2}and Dy, ;) = *,

Dsi,u(k) if ke {3, ce,n = 2} and 'Dsh,j(k) S {0, 1}.
3. For each j € [m] and k € [n], set

1 if ke {1,n —1},
Bj if k € {2,n},
p(yrj) =<’ . {2.n}
y’l’](k‘),] lf k E {37 P ,TL — 2} and g,r,jyl/(k,) = *,

grj7y(k) if ke {3, e, n = 2} and grj,u(k) S {0, 1}.
4. For each i,j € [m] and k € [n], we define p(u; ;1) according to S5, p(;¢)p(ye,;) mod 2.
For every b € [8], define

Aij i (Dsypy Eryp) = (5,%),
Yigb = 41 if (Ds;p,Eryp) = (%, 1) or (1, %),
0 otherwise,
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and

b—1
Pijp =i+ B+ > Yijy mod 2.
b=1
Then for each i,j € [m] and k € [n], set

@i ifk=1,

o + B if k=2,

Aij+ Bj ifk=n—1,

Aij if k = n,

1= 7,5,V .

p(uz"j’k) = u%];(}i’) “ lf k E {37 MR 2}7 DSi,U(k) = ETj’V(k) = *7

n —
a;,;pﬁ;;({z) if k€ {3,...,n— 2}, Dy, ) = % Er iy = 1,
1=p; i .
um—o—l,Jj,n((kk)) if ke {3, o, — 2}, Dsi,u(k) =1, grj,u(k) = *,
Dijuw(k) T (n(k) mod 2) ifke{3,...,n—2}, 'Dsi’y(k) = (‘:T].’l,(k) =1,

n— 2}, 'Dsi’y(k) =0or 5rj,1/(k) = 0.

Dij (k) if ke{3,...,

We proceed by showing that p eliminates every term in the variables of BT*Rank!"(A) of high row
degree.

Lemma 6.9. Assume m > n > 20, (n — 4) is divisible by 16 and A € {0,1}"™*™ is a Boolean
matriz. Let t be a term in the variables of BT*Rank]'(A) and t' be any subterm of t such that t'
does not mention columns {1,2,n —1,n}. Let (I,J) C [m] x [m] be the rows that t' mentions. Then

Prit [ p# 0] < (v7/8)"
Proof. Consider the bipartite graph G with parts I and J and edges
{(i,4) : 3k € [n] such that w, jj or U; x appears in ¢'}.

Let t” be a minimal subterm of ¢ that mentions rows (7, J). In terms of G, the term t” corresponds
to one of its minimal edge covers. Such a cover does not contain any paths of length three, thus its
connected components are

o isolated vertices x; k., Tk, Yx,j Or Uk, j»

o stars []; pyep Wi, ik [ kyen Wioik and Ti wyep wigo.k Tl kye N Wigo k-

The minimality of ¢ ensures that each of these components mentions its own disjoint set of indices.

In the first case, we have Prlp(z; x) # 0], Prlp(Zsx) # 0], Prlp(yk) # 0], Pr[p(Fi ) # 0] < 3/4 (be-

cause each column of D and £ contains one 0 and one 1).

In the second case, assume that we have a star with r rays, say S = [[; nyep @io.j.k [1(j x)en Wio,jk
where |P| + |N| = r. This star U-left-row-mentions index ig € I and U-right-row-mentions r indices
{j : 3k such that (j,k) € PUN} C J. For every s € [4] and « € {0,1}, the events

(tig ik [ P # 0] 540 = 5,40 = @), where (j,k) € P,

and
(Tigjk [ p#0] sip = 5,y = ), where (j,k) € N,
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are independent and each occur with probability at most 7/8. Thus, all of them simultaneously occur
with probability at most (7/8)" < (1/7/ 8)T+1. It implies that

HI+|J]
Pr[t/ T p#£0] <Pr[t" | p#£0] < < 7/8) . O

Next, we show that the random substitution p transforms any SA refutation of BT*Rank!'(A) into
a refutation of BT*Rank’(;,_4) 5(A).

Lemma 6.10. Assume m > n > 20, (n —4) is divisible by 16 and A € {0,1}™*™ is a Boolean matrix.
Then for every SA refutation I1 of BT*Rank]'(A), I | p can be converted into a SA refutation of
BT'Rank/(f_4)/8(A) without increasing its row degree.

Proof. Observe that due to our choice of n, 7 = (n — 4)/8 is even. Recall the properties of D and &:
o there is an odd number of indices k € [8] such that D; ;, = & = *;
o there is an even number of indices k € [8] such that D; j, = * and Eik=1
o there is an even number of indices k € [8] such that D;;, = 1 and &, = *.

In particular, these properties ensure that the auxiliary values p; j, and v; ;, are defined consistently.
In particular, we have Zgzl Vijp = Aij mod 2. This implies that p; ;8 = a; + B; + A;ij + 7,8 mod 2.

Each Output Axiom is satisfied by p since it always assigns p(u; jn) = A ;-

Similarly, every Summation Base Axiom is also satisfied by the definition of p.

Now consider a Summation Axiom. For readability, we reason about the parity relation wu; j, =
U; jk—1 + T kYk,; mod 2 semantically instead of the CNF that encodes it. Each such equation involves
only constantly many variables, thus the choice of encoding does not affect the argument: all the
derivations below can be stated as constant-size SA derivations in the CNF encoding without mentioning
any additional rows. For brevity, we omit the mod2 in the analysis below, but it is understood that all
equalities are modulo 2. When k € {2,n — 1,n}, we have the following cases.

o For k£ = 2, the axiom is satisfied since it becomes a; + 3; = a;; + 1 - §;.
o For k = n, the axiom is satisfied since it becomes A; ; = (A;; + 5;) + 1 5;.

o For k =n—1, we have A;j + B; = p(uijn—2) + ;- 1. If (Ds, 8, 8) = (*,%), then v; j8 = A;

~1-pi g8

and p; j8 = a; + §; mod 2. In this case, p(u; jn—2) = @; ;7. Thus we have

1;(~ai+ﬁj mod 2) fai-1,

Aij+Bj = Uy 55
which is a consequence of the Output Axiom ;;5 = A;;. Similarly, if (Ds,s,&r8) €
{(%,1),(1,%)}, we have a consequence of the Output Axiom @;m414 = 1 OF Umy1jn = 1
respectively. Otherwise, p(u; jn—2) is a constant and the axiom is satisfied.

)

The remaining case is k € {3,...,n — 2}. We have two options depending on the value of n(k).
Suppose that n(k) = 1.

o If k = 3, then either the axiom is satisfied or it becomes a Summation Base Axiom for rows (i, ),
(i,m+1) or (m+1,j) (depending on the values of Dy, ,x) and &, ,x))-

o If k> 3, we have v(k) > 1 and n(k — 1) = in. Then either the axiom is satisfied or it becomes a
simple consequence of the Output Axiom involving p(u; jx—1) and the Summation Base Axiom
for rows (4, j), (i,m +1) or (m +1, ) (depending on the values of D, , ) and &, ,x))-
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Now assume that n(k) > 1. Then v(k) = v(k—1) and n(k —1) = n(k) — 1. Then the axiom is either
satisfied, or it becomes a Summation Axiom involving rows (¢, j), (i,m + 1) or (m + 1, j) (depending
on the values of D, 1) and &, 1))

Moreover, applying p to the conical junta in the original refutation yields another conical junta,
since p maps variables to variables or constants.

It follows from this case analysis that the image of every axiom of BT*Rank]'(A) is either satisfied,
an axiom of BT*Rank’;'(A), or has a short SA derivation from the relevant Summation Base Axiom
and Output Axiom. These derivations involve only the rows mentioned by the original axiom (and
possibly m + 1, which does not contribute to the row degree) and therefore do not increase row degree.
Replacing every restricted source axiom by the corresponding derivation converts II | p into a SA
refutation of BT*Rank’Z'(A).

O

Theorem 6.11. Assume m > n > 20, (n — 4) is divisible by 16 and A € {0,1}"™*™ is a Boolean
matriz. Then any SA refutation of BT*Rank]'(A) requires size ( 8/7)(7174)/871.

Proof. Let n = (n —4)/8 and suppose, for the sake of contradiction, that there exists a refutation II of
BT*Rank]"(A) with size |II| < ( 8/7)n_1. By the union bound and Lemma 6.9, there exists p such
that the row degree of any term in II | p is at most 7 — 2. By Lemma 6.10, II [ p can be converted into
a refutation II' of BT*Rank"(A) of row degree at most 7 — 2. This contradicts the row degree lower
bound 7 — 1 by Lemma 6.4. d

7 Structural Results

7.1 Amplification of the Rank Principle

In this section, we prove an amplification theorem for the weak rank principle, namely that the
proof complexity of Rank!" is robust for different choices of parameters (m,n), under low-degree
algebraic reductions and assuming that m and n are not too close. The proof is an adaptation of
known amplification theorems for weak pigeonhole principles [44,64,83]. This result should be regarded
as a basic property of the weak rank principle that essentially follows from previous constructions.
Nonetheless, it plays a foundational role in later sections, and we include it here for completeness.
Moreover, this result provides another aspect in which the weak rank principle behaves similarly to the
weak pigeonhole principles.

Theorem 7.1. Let m > 2n be positive integers, ¢ > 0, and d = O(e " 'log(m/n)), then there is a

degree-d algebraic reduction
Rank({!1+9" <! Rank™,

We prove Theorem 7.1 in two steps. First, we reduce Rank?" to Rank”" for arbitrarily large m.

Theorem 7.2. Let m > 2n be positive integers and d = [log(m/n)|. Then there is a degree-d algebraic
reduction
Rank2" <& Rank™.

Proof. Let X € F?™™ and Y € F"*?" be the variables of Rank?". For every positive integer i, we
will build a reduction from Rank2” to Rank2” inductively. Let X@ € F2mXn and Y € Frx2'n pe
the variables of Rank?j". Abusing notation, we will also specify our reduction R; : Fin® _y F2+n? by
defining the following two matrices X e F2"*" and Y e F"*2'" whose entries are polynomials

over (X,Y).
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This is done inductively. First, X(") = X and Y1) = Y. For each i > 1:

A xX@ 9 . Y@ o
(i+1) — - (i+1) — . .
X < 0 X(Z)> X, Y Y ( 0 v

2nxn nx2n
— —_—

2it+1lnx2n 2nx2it+1ln

The idea underlying our reduction is that if XY = Iy,, then X(0Y(®) = [, for every i > 1. This is
easily seen by an induction on ¢:

. 4 @ y@® o
(+D)v (41 _ (X
X Y - ( 0 X(Z')) XY( 0 y(i)>

X0 0\ (Y® o
o x® 0o Y®

— IQiJrln.

It is easy to see that each entry of X (Y(i) respectively) is a degree-i polynomial over X (Y
respectively). Now we prove that each axiom of Rankg”, when composed with our reduction R, admits
a degree-2i NS-proof from the axioms of Ranki”. Again, this is via an induction on i. The case when

. e . - i . i+1
i =1 is trivial; assuming this is true for Rank? ™, we prove this for Rank?" ™

z+1 (i+1) Lyis,,

X y® g
( X0 ) o ( 0 yo) b
X (@) Y@ 0 Y@ o

XOy® — 1, 0 xX@ 0 Y@ o
( X0V _ 1, ) (0 X(z’)>(XY—I2n)<0 ONE

(Part I) (Part II)

)

By our induction hypothesis, each entry of (Part I) admits a degree-2i NS-proof from the axioms
of Rank?". Since the axioms of Rank?" only express XY = Iy,, and each X and Y@ are degree-i
polynomials over (X,Y), it follows that each entry of (Part II) also admits a degree-2i NS-proof from
the axioms of Rank?". This proves our claim for i + 1.

Now we wrap up the proof. Let k = [log(m/n)] be the smallest integer such that 2Fn > m. Let
X' e F"™*™ and Y’ € F™*"™ be the variables of Rank". Given (X,Y), our reduction sets X’ to be the
first m rows of X(*) and sets Y’ to be the first m columns of Y %) Tt is easy to see that the reduction
can be computed in degree k and that each axiom of Rank]' admits a degree-2k NS-proof from the
axioms of Rank?", O

Now we reduce Rank{1t9" to Rank2™. The proof idea is very similar to that of Theorem 7.2 but we
include the full proof here for completeness.

Theorem 7.3. Let n be a positive integer, € > 0 such that en is an integer, and d = [1/€]. Then there
s a degree-d algebraic reduction
Rank(1T9" <& Rank?".

Proof. Let X € FU+Inxn and v e Fr*(+97 be the variables of Rankg“)". For every positive integer
i, we will build a reduction from Rank(}T9" to Rank{!*+" inductively. Let X ¢ F+iOnxn and
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Y@ ¢ Frx(+in he the variables of Rank,(ll‘*'ie)". Abusing notation, we will also specify our reduction
R : F2(+09n? _y p2(l+ien’ by defining the following two matrices X and Y whose entries are
polynomials over (X,Y).

This is done inductively. First, X(!) = X and Y1) =Y. For each i > 1:

4 x@ 4 Y@ o
(i+1) — . (i+1) — .
e (7 0) - xvene 2 ()
. , (1+e)nxn nXx(1+e)n ,
(1+(i+1)e)nx (14+€e)n (1+e)nx(1+(i+1)e)n

For the sake of intuition, let us see that if XY = Iy, ),, then X0y @) = I(14ie)n for every i > 1.
This is via an induction over 4:

X (1) (+1)

= I(l—i—(i-i—l)e)n'

It is easy to see that each entry of X (Y y® respectively) is a degree-i polynomial over X (Y
respectively). Now we prove that each axiom of Rank(l‘“e) , when composed with our reduction R,
admits a degree-2i NS-proof from the axioms of Rank(1+€)". Again, this is via an induction on i. The

case that ¢ = 1 is trivial; assuming this is true for Rank,(llﬂe)”, we prove this for Rank,(ll+(i+1)€)":

z+1)y(1+1) - (1+(i+1)e)n

X @ y® g
x (@) Y@ 0 x@ Y@ o
(0 n> XY I““)”)( 0 I,) "\ o 1)\ o 1,) farenon

xX@ Y@ 0 XOY® — Iq4i0n 0
0 n) (XY = Tason )< 0 I,)7" 0 0

(Part I) (Part IT)

By our induction hypothesis, each entry of (Part II) admits a degree-2i NS-proof from the axioms
of Rank,(ll‘*'e)". Since the axioms of Rank,&lﬁ)n only express XY = I(1 ), and each X@ and Y are
degree-i polynomials over (X,Y), it follows that each entry of (Part I) also admits a degree-2i NS-proof
from the axioms of Rank{I*”  This proves our claim for i + 1.

Now we wrap up the proof. Let k = [1/€] be the smallest integer such that (1 + ke)n > 2n. Let
X' € F?™™ and Y’ € F"*?" be the variables of Rank?". Given (X,Y), our reduction sets X’ to be the
first 2n rows of X(*) and sets Y’ to be the first 2n columns of Y(¥). It is easy to see that the reduction
can be computed in degree k and that each axiom of Rank%" admits a degree-2k proof from the axioms
of Rank{l+om, O

The takeaway message from the above two reductions is that the proof complexity of weak rank
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formulas Rank]" are robust (in the regime when m and n are not too close), in the sense that they can
be reduced to each other via low-degree reductions.

Theorem 7.1. Let m > 2n be positive integers, ¢ > 0, and d = O(e'log(m/n)), then there is a
degree-d algebraic reduction
Rank(1T9" <& Rank™.

Proof Sketch. This follows from Theorem 7.2, Theorem 7.3, and Fact 4.9. O

7.2 Low-Degree Reductions for WRank in Strong Proof Systems

For sufficiently strong proof systems closed under low-degree reductions, we show that it is enough
to prove the hardness of WRank with A = I to get a generator (namely, hardness of WRank for every
A). We demonstrate this simple property for the bamboo-tree encoding BT*Rank]"(A).

We show that the formula BT*Rank;'(A) can be reduced to BT*Rank],(I;), where r > n, by a
degree-1 reduction. The main idea consists of substitution X’ = AX and Y/ =Y into the statement
X'Y" = A, thus obtaining AXY = A, which is derivable from XY = I,.

Lemma 7.4. Let A € {0,1}™™ be an arbitrary matriz of rank v with r > n. Then there is a degree-1
reduction from BT®Rank] (1) to BT*Rank]'(A).

Proof. Let the variables of BT*Rank], (I,) be X = (ac@k)ie[r] ke ¥ = <ykvj)k6[n]j6[r]’ and U =
(uivjvk)i,je[r},ke[n]’ and the variables of BT*Rank’(A) be X' = (m;7k)ie[m]7ke[n], Y' = (yp.; kelnljelm)’
and U’ = (u; jvk)ije[m] ke’ Here we are going to slightly abuse the notation of degree-1 reductions:

we are going to construct the reduction R that substitutes (X', Y’ U’) with degree-1 polynomials in
(X,Y,U), but the axioms of BT*Rank""(A) o R will have constant degree NS-proofs from the axioms of
BT®Rank] (1,). Since the axioms of BT*Rank are themselves have constant degrees, this does not pose
any problems and such a reduction is sufficient for our applications.

We can consider the following degree-1 reduction R that computes (X', Y’, E’) from (X,Y, E):

o for every i € [m],k € [n], $;k = Tik;
o for every k € [n],j € [m], yl,w' = 2 befr] YkbAbj3
o for every i,j € [m] and k € [n], U;jk = D belr] AbjUibk-

We show that BT*Rank] (1) reduces to BT*Rank"'(A) under R.
Recall that in algebraic proof systems, we encode a clause C' = \/;cp v; V \/;cy —v; as the polynomial
[Licp(1 +v;) [1;en vi- We give the following names to the axioms in BT*Rank;,(I;):

OutAx; j = 6ij + Ui jn, i,j €[rl,
MultBaseAx; j = u; 0, i,j €rl,
MultAx} ;o = (1 + 23 5) w1 (1 + wijk), i,j € [r],k € [n],
MultAx? ; o = (1 + 240 (1 + g j 1) i g ks i,j €[r], k € nl,
MultAx? ;o = (1 + i)t g1 (1 + wijin), i,j € [r],k € [n],
MultAx? ;o = (14 Y ) (1 + U4 jk—1)Uij ks i,j € [r], k € [n],
MuItAx?’j,k = T4 kYk,j Ui j k—1Wi,j ks i,j € [r],k € [n],
MuItAx?J,k, = 2 kY, (1 + wijp—1)(1 4+ uijk), i,j €[r],k € [n].
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To simplify the proofs, we also consider the following three types of auxiliary polynomials:

MuItAxZM =1+ o) (wijp—1 + Uijk), i,j € [r],k € [n],
Mu|tAX§7j7k = (1 + ykd-)(ui,jyk,l + ui,j,k), 1,] € [T], ke [n],
MultAxi{Lk = X kU, (1 + Wi j -1 + Uijk) i,j €[r],k € [n].

It is easy to see that for all 4,5 € [r] and k € [n] (over characteristic 2):

MultAx] ; , = MultAx; ; ;. + MultAx? ;.

MultAx? ; . = MultAx} ; . + MultAx;

MultAx?; , = MultAx? ; ;. + MultAx?; ;.

Let axiom be any polynomial from BT®Rank]"(A). There are the following cases:

 Output Axioms: Suppose axiom = A; j + u; ;,,, where i,j € [m]. Then

axiomo R = A;j+ Y Apjuipn
be(r]

=3 Coi((0ip + uipn) + 0ip) + Aij
be(r]

= Z Ab,j OutAbe,
be(r]

which is a linear combination of the axioms of BT*Rank] (1,.).

e Multiplication Base Axioms: Suppose axiom = u;j’O, where 7,7 € [m]. Then

axiomo R = Z Ab,jui,b,() = Z Ab,jMuItBaseAxi,b,
be(r] be(r]

which is a linear combination of the axioms of BT*Rank], ().

e Multiplication Axioms:

1. Suppose axiom = (1 + @, Ju; ;. (1 + ] ; ), where i,5 € [m], and k € [n]. Then

axiomo R = (1 + :L'%k)( Z Abl,jui,b1,k—1)(1 + Z Abg,jui,bg,k)
b1€[7‘] bQE[T‘]

7
= Z Abl,jAbg,jui,bl,kflMUltAXi,bQ,ka
bl,bQE[T}

which is a degree-4 NS proof of axiom o R from BT*Rank] (). This polynomial identity can
be verified by induction on 7.

2. Suppose axiom = (1 +z; . )(1 +u ; ,1)u; ;, where 4,5 € [m], and k € [n]. Then axiomo R
has a degree-4 NS-proof from BT*Rank}, (/) due to symmetry: simply exchange u,p ;-1 and
Ugpk in Item 1.

3. Suppose axiom = (1 +y Ju; ;1 (1+u; ), where 4, j € [m] and k € [n]. Then

axiom o R? = (1 + Z Abg’jyk7b3)( Z Abl,jui,bl,k—1)<1 + Z Abg,jez‘,bg,k)
bs€(r] bi€[r] bo€[r]
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8
= Y Ay A, juip, k-1 MultAxd,
b1,b2€[r]

7
D Aby Ay i Aby Uk b Uiy k-1 (MUltAX] )

b1,b2,b3€[r]
ba#bs3

+ MUItAngZ,k + xi,kMUItAX§,b2,k)7

which is a degree-6 NS proof of axiom o R from BT*Rank;] ().

4. Suppose axiom = (1 +y; ;)(1 +u} ;. ;)u; iy, where 4, j € [m], and k € [n]. Then axiomo R
has a degree-6 NS-proof from BT*Rank;, (/) due to symmetry: simply exchange u,p ;-1 and
Ugpk 10 Item 3.

5. Suppose axiom = x; yyi Ju; ;. 1U; ;, Where 4, j € [m] and k € [n]. Then

axiomo R = ;5 ( Y Apy ¥kps)( D Avyjing k1) D Apyjipok)

bze [7‘} b1e [7‘] bae [m]
9

= > Apy A, i k-1 MUltAX),

b1,b2€[r]

9

+ > Ay A, Ab Yk s Wiy k-1 (MURAXT,

b1,b2,b3€[r]

ba#bs3

+ xiﬁkl\/lultAxf’b%k),

which is a degree-6 NS proof of axiom o R from BT*Rank], (1).
6. Suppose axiom = z; .y (1 + ;. 1)(1+ ), where i,j € [m] and k € [n]. Then

axiom o R = ;1 ( Y Apy jUkivs)( Y, Abyjtting o—1)( D Apyjlipyk)

ba€[r] bi€[r] ba€[m]
= Y Ay, jMultAxdy, ¢
bQE[T]
+ Z Ab%jAbS’jyk,bs(MuItAxgb%k+xi7kMu|tAx§7b2’k)
bg,b3€['r]
bo#b3

! ! ! !
+ (%5 Yk Wi j k-1 5 1) © B

which is a degree-6 NS proof of axiom o R from BT*Rank], (). O

8 Hardness of Proving Circuit Lower Bounds

In this section, we show that there is a low-degree reduction from the weak rank principles to circuit
lower bound statements. In other words, for every algebraic proof system P closed under low-degree
reductions, if P cannot prove the weak rank principle, then P cannot prove circuit lower bounds for
the truth table of any function. We also unconditionally show the hardness of such circuit lower bound
statements for PCRg,. Although PCRp,, when measured by size, does not seem to be closed under
low-degree reductions, we still manage to prove the hardness of circuit lower bound statements for
PCRg, by reducing them to an appropriate iterated variant of the weak rank principle.

Remark 8.1 (Comparison with [72,75]). Razborov showed that low-degree polynomial calculus proofs [72]
and short resolution proofs [75] cannot prove any circuit lower bounds. Both proofs proceed by first
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showing that (variants of) weak pigeonhole principles are hard for the underlying proof system and
then reducing the weak pigeonhole principle to the circuit lower bound statements. Intuitively, these
weak proof systems cannot prove circuit lower bounds because they cannot count.

Complementing Razborov’s results above, in this section we show that there is a low-degree reduction
from the rank principles to the circuit lower bound statements. Intuitively, weak proof systems that
cannot reason about linear algebra cannot prove circuit lower bounds, either. Our result demonstrates
yet another aspect in which the (weak) rank principles behave as an algebraic analogue of the (weak)
pigeonhole principle.

Roughly speaking, our arguments uses non-commutative algebraic branching programs (ncABPs)
as a proxy. Nisan [60] showed that the ncABP complexity of every non-commutative homogeneous
polynomial f is characterised by the rank of certain matrix associated with f. Hence, if P cannot
prove the weak rank principles, then P cannot prove any lower bound on the ncABP complexity of
non-commutative homogeneous polynomials. In Section 8.1, we formalise the above intuition as a
proof complexity reduction from the weak rank principles to polynomial equations expressing ncABP
lower bound. Then, in Section 8.2, we show that the unprovability of ncABP lower bounds imply the
unprovability of lower bounds for general Boolean circuits.

8.1 Lower Bounds for Non-commutative Algebraic Branching Programs

Fix an underlying field F. We consider non-commutative polynomials over the variable set X =
{z1,29,...,2,}. Denote
Xk = {xilxiQ ce e Ty, 11,12, ...,0k € [n]}

as the set of degree-k non-commutative monomials.

Formalisation of ncABP lower bounds. Let f be a non-commutative homogeneous polynomial
of degree d over the variable set X = {x1,z2,...,2,}. Let ¥ = (ro,r1,...,74) where ro =14 =1, we
now define Ib,capp(f, 7), which is a set of polynomial equations expressing that f cannot be computed
by a non-commutative ABP where the i-th layer has r; nodes.

(Variables) For every layer 1 < ¢ < d and every variable z; (1 < j < n), there is a matrix
M; ., € Fi=1*"i among the variables of Ib,capp(f,7). We will also denote M; as the r;—1 X r;
matrix where the (u, v)-th entry is the (formal) linear form 3= ;¢ Mz, [u, v]z;. Note that here,
M; 4 [u,v] is a variable of the polynomial equation system Ib,capp(f,7) and z; is a formal variable
of f.

(Equations) For every degree-d non-commutative monomial m € X%, Ib,app(f, ) contains a degree-
d equation stating that the m-th coefficient of f is equal to the m-th coefficient of f’, where f’ is
the non-commutative polynomial computed by the ABP. Suppose that m = z;,zj, ... x;,, then
this equation can be written as

d
H M; ;. — coeff[f,m] = 0.
i=1

(Note that [T, M; ., is a 1 x 1 matrix over F, i.e., a scalar in [F.)

Theorem 8.2. Let f be any non-commutative homogeneous polynomial of degree d over the variable
set X = {x1,29,...,2,} and let N =n®. Let r € N and denote ¥ = (1,r,7,...,r,1).
——
(d=1) r’s
Then there is a degree-2 reduction from Rank,{v to Ibpeapp (f, 7).
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Proof. Identify [N] with X, i.e., the set of non-commutative degree-d monomials over X. Consider
what we call the brute-force ncABP computing f: this is a ncABP consisting of d 4+ 1 layers, with
each internal layer of width N. The ncABP consists of N disjoint (with respect to nodes, except
for the source and sink nodes) paths, where each such path from the root to the sink computes a
single non-commutative monomial. More precisely, we can describe the brute-force ncABP in terms of
matrices whose entries are linear forms over X as follows:

o For every m € X% let MPf[1,m] = coeff[f, m]z; where z; is the first variable in m.

o For every 2 <i < d and every m € X%, let MPf[m, m] = x; where z; is the i-th variable in m; for
every m,m’ € X% with m # m/, let M [m,m/] = 0.

o For every m € X9, let Mé’f[m, 1] = x4 where z4 is the d-th variable in m.

Let X € F¥*" and Y € F™*Y be the variables of Rankfnv and (My, My, ..., M) be the variables of
Ibneanp (f, 7). Consider the following degree-2 mapping R that maps (X,Y") into:

o« My =M X, My=Y - ME;

(What this actually means is that M ,, = Mlbij X and Mg, =Y - Mé’;j for every z; € X.)
o« M;=Y  -MP. X for every 2 <i < d.

(Similarly, what this actually means is that M;,, =Y - Mﬁ;j - X for every z; € X.)

We prove this is a valid reduction from Rankiv to Ibpeap(f, 7). Towards this end fix any monomial
m=xjTj,...Tj, €X 4 and consider the polynomial corresponding to m:

d
Dm = H M q;. — coeff[f, m].
i=1
Then, p,, o R is the following polynomial over (X,Y):
pm o R = MY, (XY)MZ, (XY)MgS, .. Mi'y,,  (XY)Mg,, — coeff[f,m].
On the other hand, the following is immediate from the definitions of MPf:
MY m1M2 m2M3 z3 ° LM T 1Md g — Coeff[f,m] =0.

Now we have the following telescoping sum:

pmoR=M MQM. ded coeff[ f, m]

1 131
+M1z1(XY I)Mng Mdmd
+M1 xl(XY)M2 Z‘Q(XY I>M3x3 Mda}d
+...
+ MY (XY) MBS, (XY)MSS, . (XY = DM,
d—1
=Y Prefix;(XY — I)Suffix;;1, (37)
=1
where Prefix; = MY, (XY )M\, (XY)... (XY)MP and Suffix; = Mpf MPF, ... MSF . Tt is easy

to see that (37) is of the form 3=, ,c[n) axiomy, vpuy,v, Where axiom,,, is the (u,v)-th entry of (XY — 1),
and each p,,, is a polynomial over (X,Y") of degree at most 2d — 2. O
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As a corollary, there is a degree-O(log(n?/r)) reduction from Rank?" to Ibyeapp(f, 7).

8.2 Boolean Circuit Lower Bounds

We show that there is a degree-O(n) algebraic reduction from polynomial equations expressing
ncABP lower bounds to polynomial equations expressing Boolean circuit lower bounds. This implies
that for every proof system P closed under low-degree algebraic reductions, if P cannot prove the weak
rank principle, then it also cannot prove circuit lower bounds for any Boolean function. (Note that in
our formalisation, the circuit lower bound statement has size 29" hence a reduction of degree O(n)
can be seen as low degree.)

Let f:{0,1}"™ — {0,1} denote a Boolean function (represented by its length-2" truth table), s € N,
and Ib(f,s) denote the polynomial equation system expressing that the circuit complexity of f is
greater than s.

Theorem 8.3. For every f:{0,1}" — {0,1}, there is a non-commutative polynomial ps : F?> — F of
degree n such that for every parameter r, if we let ¥ = (1,r,r,...,r, 1), then
——

(n—1) r’s
Ib O(n) _ 2
ncABP(Pf, ) g~ Ib(f,8) where s = O(nr?).

Formalisation of Ib(f,s). We now recall the precise definition of Ib(f,s) from [72,75,76].

First, we list all variables of Ib(f, s) along with their intended meaning. (In what follows, a € {0, 1}"
represents the input of the circuit, v,v" € [s] represent gates of the circuit, v' < v, b € {1,2}, and
i € [n] represents a variable.)

Name Intended Meaning
Yav The Boolean value computed at the computational node v on the input a
Yabv The value on a brought to v by the b-th input to v
Fanin(v) This is 0 if v is a NOT gate and 1 if v is an AND gate or an OR gate
Type(v) When Fanin(v) = 1, this is 0 if v is an AND gate and 1 if v is an OR gate
InputType,(v) This is 0 if the b-th input to v is a constant or a variable and 1 if it is one of
the previous computational gates
InputTypey (v) When InputType,(v) = 0, this is 0 if the b-th input to v is a constant, and
is 1 if it is a variable
InputTypey (v) When InputType,(v) = InputTypey,(v) = 0, this equals the b-th input to v
InputVary (v, 1) When InputType,(v) = 0 and InputTypej(v) = 1, this is 1 if and only if the
b-th input to v is the i-th variable
INPUTVARy(v,7) | Equals \; «; InputVar,(v,'), introduced to keep bottom fan-in bounded
InputNodey (v, v") When InputType,(v) = 1, this is 1 if and only if the b-th input to v is the
previous gate v’
INPUTNODE(v,v") | Analogous to INPUTVARy(v,1) (i.e., equals \,», InputNode, (v, v")).

Table 1: Variables of Ib(f,s)

Then, Ib(f, s) consists of the following clauses (we can translate them into low-degree polynomials
in the standard way):

(Group 1) If the b-th input of v is a constant, then this constant is equal to yupy:

o —InputType,(v) A ~InputType,(v) — (yaby = InputTypey (v));
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(Group 2) If the b-th input of v is a variable, then there is a unique 4 such that it is the i-th variable:

o —InputType;(v) A InputType}(v) — =(InputVar,(v, i) A InputVar,(v,i')) where i # i';

(
o —InputType;,(v) A InputTypej(v) — (INPUTVARg(v,i) = INPUTVAR,(v,i — 1) V
InputVary (v, 7)) where we define INPUTVAR(v,0) = 0;

o —InputType,(v) A InputTypej(v) — INPUTVAR (v, n);
)

o —InputType,(v) A InputTypej,(v) A InputVary (v, i) — Yapw = ai;

(Group 3) If the b-th input of v is a previous gate, then there is a unique v’ < v such that it is the
v'-th gate:
o InputType,(v) — —(InputNode, (v, v') A InputNode, (v, v")) where v' # v”;
)

—  (INPUTNODE,(v,v") = INPUTNODE,(v,v" — 1) V
InputNode,(v,v")) where we define INPUTNODE(v,0) = 0;

o InputTypey(v) — INPUTNODE(v, v — 1);
o InputType,(v) A InputNode, (v, V") = Yaby = Yav';

(
o InputType, Efu
(

(Group 4) Every gate operates as expected:
® ﬁFanin(v) — (yav = _'yalv);
° Fanin(v) A —|Type(v) — (yav = Yalv N ya2v);
° Fanin(v) A Type(v) — (yav = Yalv V ya2fu);

(Group 5) The circuit computes f:
* Yas = fla).

The reduction. We first provide an outline of the reduction. Given any Boolean function f :
{0,1}™ — {0, 1}, let ps : F? — F be the degree-n non-commutative polynomial over the variables zo, z1
such that:

o For every z € {0,1}", the coefficient of the monomial z,, 2y, ... 25, is equal to f(z). (Here we

treat f(z) € {0,1} as an element in F.)

n

Suppose that py can be computed by a small ncABP P. For every degree-n non-commutative monomial
m, let Coeff(P,m) denote the coefficient of m in the non-commutative polynomial computed by P
(this non-commutative polynomial should be equal to py). Then Coeff can be computed by a small
Boolean circuit. Plugging P into Coeff gives us a small circuit for f.

In more details, let ¥ = (rg,r1,...,r,) where rg = rq = 1 and r; = r for every 1 < i < d. Let
My, ..., M, denote the matrices representing the ncABP P, where each M; is of dimension r;_1 X r;.
Note that each entry of each M; is a linear form over (the non-commutative variables) zy and z1, hence
we can write M; = M; . 20 + M; ,, z1 where each M; ., € F'-1*". Every x € {0,1}" corresponds to
the non-commutative monomial m, = 2z, 2, . . . 24,,, and the coefficient of m, is

11 M., (38)
i=1

Let Coeff({M; ., }, ) denote the circuit that given {M; ., } and z as inputs, outputs the value of
(38). The size of Coeff is at most s = O(nr?). Moreover, it is possible to design a circuit implementation
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of Coeff such that for every internal gate g and every = € {0,1}", there is an F-polynomial ¢, of
degree O(n) over the inputs {M; ., } that computes the value of g.

Now we are ready to specify the reduction from Ibycapp(py,7) to Ib(f, s), where s = O(nr?). Let
{M; ., } be the inputs of Ibycapp(py, 7). Consider the circuit C(x) = Coeff({M; ., },x) that takes
x € {0,1}" as an input. The variables

Fanin(v), Type(v), InputType,(v), Input Typey,(v),
InputVary, (v, 1), INPUTVAR,(v, i), InputNodey (v, v"), INPUTNODE (v, v') (39)

are fixed constants that reflect the wiring of C'. Note that the circuit Coeff takes {M; ., } as inputs,
but the circuit C treats {M; ., } as hardwired constants. Therefore, some variables of the form
InputType} (v) are projections over {M; ., }. Finally, the variables yq, and y,s, are internal values on
the computation C(a); all of them can be computed by a degree-O(n) polynomial over {M; ., } (i.e.,
qg,a for the corresponding gate g).

Next we verify that every clause in Ib(f, s) (composed with our reduction) admits a degree-O(n)
NS-proof from Ibycapp(p I3 7). In fact this essentially follows from definition:

e (Group 1) is true since we assign both ¥4, and InputType) (v) the same projection over {M; ., }.
b »Zb

e (Group 2) and (Group 3) only contains variables in (39) (which are constants under our reduction).
They assert that the circuit has a valid structure; since our circuit C' indeed has a valid structure,
they are trivially true.

The only two exceptions are

—InputType,(v) A InputTypey,(v) A InputVar, (v, i) — yap, = a;; and
InputType,(v) A InputNode, (v, V") = Yapy = Yav'-

as they contain not only variables in (39) but also variables of the form yup, and y4,s. But they
are also trivially true by our definitions of 345, and yg..

e (Group 4) is true because the polynomials g, , correctly captures the values being computed at
the gate g on input x.

o (Group 5) asserts that y,s = f(a). This is exactly the a-th axiom in IbycaBp(py,7) and hence
trivially admits a degree-O(n) NS-proof from Ibycapp (pf, 7).

Corollary 8.4. For every f :{0,1}" — {0,1} and every parameter r, if the circuit complexity of f is
greater than s = O(nr?), then there is a degree-O(n?) algebraic reduction from Rank®" to Ib(f,s).

Proof. Let 7= (1,r,7,...,r,1) and p; : F2 — F be the non-commutative polynomial guaranteed by
—_——
(n—1) r’s
Theorem 8.3, then there is a degree-O(n) reduction from Ib,capp(py,7) to Ib(f,s). By Theorem 8.2,
there is a degree-2 reduction from Rank%n to lbncaBp(pf,7). By Theorem 7.2, there is a degree-
O(n) reduction from Rank?" to Rank?". Composing these three reductions (via Fact 4.9) gives us a
degree-O(n?) reduction from Rank?" to Ib(f,s). O

Remark 8.5. The circuit for Coeff can be computed in NC? (since it computes an iterated matrix
multiplication over F). Hence, the above argument also gives a reduction from the weak rank principle
to sentences expressing NC? circuit lower bounds. In particular, let Ibycz2(f, s) denote the collection of
polynomial equations encoding that f cannot be computed by a circuit of size s and depth log? s (we
do not attempt to formally define Ibyc2(f, s) here). The same argument above shows that for every
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Boolean function f and every parameter r, letting s = poly(n, ), there is a degree-O(n?) algebraic
reduction from Rank?" to Ibyc2(f,s). Hence, if the rank principle is hard for some proof system P
(that is closed under low-degree reductions), then P cannot prove any lower bound against NC? circuits
as well.

8.3 Lower Bounds for PCRg,

We apply the iterated rank principles from Section 5.4.1 to obtain PCRp, size lower bounds for
Ibneanp (f,7) and Ib®(f, s). The latter is a variant of Ib(f, s) that allows binary @ gates. The first lower
bound uses the algebraic iterated rank principle, whereas the second uses its bamboo-tree encoding.

8.3.1 Lower Bounds for Non-commutative ABPs

We start by describing the formula that encodes the existence of small non-commutative algebraic
branching programs for a given non-commutative polynomial f.

Definition 8.6 (Lower bound formula for ncABPs). Let n > 2, d > 2, and r > 1 be integers. Let

f(2) = f(z1,22,...,2,) be a non-commutative homogeneous polynomial over Fy of degree d in n
variables. Let ¥ = (rg,71,...,7q) with 79 = rq = 1. For every A € [d] and k € [n], let Ma ., be
a variable matrix of dimension ra_; X ra. Let Ma be the set of all degree-A non-commutative
monomials in 21, ..., 2,. For every A € [d] and m € My, let Pa ,, be a 1 x 7 row vector of variables.

The lower bound formula ncABP(f,7) is defined as the following polynomial system:

Pl,zk = ]\41,,2;c ke [n]v (40)
PA,mzk = PAfl,mMA,zk ke [n]7 Ae {27 SRR d}a m € Ma_1, (41)
Py, = coeff(f,m) m € Mg. (42)

The above formula encodes the existence of a non-commutative ABP of depth d + 1 and width .
The Ath layer, where A € [d], computes the row vector of homogeneous non-commutative polynomials,
represented by their coefficient vectors:

Z Pp yym.

meMa

Edge labels between consecutive layers of the program are encoded by the matrices Ma ., . The last
set of equations (42) ensures that the program computes the given polynomial f.

We show that any satisfying assignment to the formula IRank]' (A, k, ) (for a suitable choice
of parameters) gives a construction of a polynomial-size ncABP circuit for any non-commutative
polynomial.

Theorem 8.7. Let n > 2, d > 2, and r > 1 be integers. Let f(Z) = f(z1,22,...,2,) be a non-
commutative homogeneous polynomial over Fy of degree d in n variables. Let ¥ = (1,r,r,...,r,1).
——

d—1
Then any PCR, refutation of ncABP(f,T) requires size 20(y/7/d)

Proof. We will construct a reduction to ncABP(f, ) from IRank]" (A, d — 1, [n]) for some particular
family of matrices A. Let II be a PCR, refutation of ncABP(f, 7).

For every m = (j1,...,J4-1) € [n]d_l define A(™ as any nr x nr Boolean constant matrix satisfying

ATy = coeff(fr 2y, 20, - 2,)

)
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for all j4 € [n]. The remaining entries of A(™ can be filled arbitrarily.
For every € [n]<%"!, define A(™ as an nr x nr block matrix

A<w>:[x(m> x(m2) X(w*n)}.

Let A = {A™ : 7 e [n]=¢ 1.
Also split the matrix Y into n consecutive blocks of dimension r X r:

Y:[y(l) y@ ... y(n)},

Given 7 € [n]~%71, XYF) denotes the first row of the matrix X (™). Similarly, given k € [n], Yl(k)
denotes the first column of the matrix Y *). Now define the reduction 7 as follows.

T(PA’m) = X§j17m’jA) A € [d - 1],m = Zj1 o 'ZjA S MA,
T(Pam) = Ag{%j’.;ff);i)l m =z -2, € Mg,
(M) = XP k€ [n],
T(Mp,,)=Y® Ae{2,...,d—1}, k€ [n],
(M) =Y ® k € [n).

For every k € [n], T assigns P ., to X{k) and M , to Xl(k), which satisfies (40).
For every m = zj, - -- z;, € Mg, we have

AT = coeff(f 0 240)

which satisfies (42).
Now consider the axioms (41). For every A € {2,...,d — 1}, m = z;, ---2;, , € Ma_; and
ja € [n], under 7 the axiom becomes

ijh--qu) _ ijl""’jA—l)Y(jA).

Similarly, for every m = zj, --- 25, , € Mg4_1 and jq € [n], we have

Gt Gro D)o
lj,zjd—jld)r:-l _ X1J1 Jd—1 Yl(jd)'

In both cases, these polynomial equations are among the axioms of IRank"" (A,d — 1, [n]).
Hence every axiom of ncABP(f, ) | 7 is either satisfied or becomes an axiom of IRank!'" (A, d—1, [n]),
and II | 7 is a refutation of IRank!""(A,d — 1, [n]). By Theorem 5.44, this implies that the size of II is

29(\/r/d)‘ 0

Observe that the size of ncABP(f, ) is polynomial in n%dr?, thus the bound becomes non-trivial
when 7 = w(d®log®n).

8.3.2 Lower Bounds for Boolean Circuits

As in [76], we consider Boolean circuits in the basis =, A, V, @, where the last three connectives are
binary.
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Definition 8.8 (Formula Ib¥(f,s)). Let n and s be positive integers, and let f: {0,1}" — {0,1} be a
Boolean function. The formula Ib®(f, s) is defined similarly to Ib(f, s) except that it also allows binary
¢ connectives.

We show that if, for a particular choice of parameters, the formula 1 p H(g))(A, k) is satisfiable, we
can construct a polynomial-size circuit for any Boolean function.

Theorem 8.9. There exists o > 0 such that for every sufficiently large integer n, every integer

s > n®, and every Boolean function f: {0,1}" — {0,1}, any PCRg, refutation of Ib®(f,s) requires size
1/3

2Q((s2/%/n)""")

Proof. Let 7 = 5% > n and ¢ = (r — 10)/8. Note that ¢ = O(r) = ©(s'/%).

Choose 6,d > 0 from Lemma 4.17 such that there exists a (16r) x ¢ (¢°, d)-lossless expander G with
the appropriate degree bounds and denote G’ = P(H(G)). Then fix any 0 < a < §/4. If ¢* < n, the
lower bound is trivial, so we can assume that ¢ > n. This allows us to apply Theorem 5.51 later.

EBWe will reduce ¢ pgr(cy) (A, n) to Ib?(f, s) for some particular A. Let II be a PCR, refutation of
b®(f,s).

Define A and Ag as 167 x 167 matrices as follows:

100 0 010 0
010 0 100 0
A= |0 01 0| and A4g= |0 0 1 -~ 0
00 0 1 000 - 1

The important property of these matrices is that (41);1 = 1 and (Ap)1,1 = 0. For every 7 € {0,1}",
define A(™ = Ay
For every 7 € {0, 1}Sn, we define block matrices X (™ and Y (™) as follows:

vy (
Y (
x(m — [X(w,l) x(m2)  x(m3) X(ﬂ,4)}’ and Y™ — "
y(

Here, for every u € [4], k € [r], and j € [167] with k ¢ N (5), the (k,7)th entry of Y(™#) is interpreted
as 0. Then for every m € {0,1}~", A is a 16r x 167 block matrix

A(W) — [X(Tr*O) x (1) Y(ﬂ'*O)T Y(Tl’*l)T:| .

Let
A={A™ .7 e{0,1}="}.

We construct the circuit C(v1,...,v,) that computes f, provided that ¥ p(z(q)) (A, n) is satisfied.
The circuit uses gates that correspond to the extension variables of ¥p g (a))(A,n).

1. For every u € [4], i € [167], k € [r]:
92[0, 1,3, k] ::cl(-flz’“).
2. For every £ € [n], p € [4], i € [167], k € [r]:
Gzl 0, k] = (mve A gl — 1,4, (0 — 1)r + k,0]) V (¢ A gwl€ — 1,4, (p — 1)r + k + 4r,0]).
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3. For every p € [4], j € [167], k € N (j):

gyl0. . k., 3] = g

4. For every £ € [n], p € [4], j € [167], k € Ng(5):
gyll, 1.k, j) = (mve A gwll — 1,4, (0 — 1)r + k4 8r,0]) V (ve A g[l — 1,4, (e — 1)r + k + 12r,0]).
5. For every ¢ € {0,...,n}, p € [4], 4,5 € [16r], k € Ne (j):
9ells 11, 3, k) = gulls iy 4, KT A gy [, s e, 5]
6. For every £ € {0,...,n}, p € [4], 4,5 € [167]:
gull, p 1,3, (V)] = g2[€, p, 4, 5, 1].

7. For every £ € {0,...,n}, p € [4], i,j € [16r] and every initial segment X U (k) of N/ (j) with
Y £ @
gu[gv N’ai?j? X U (k)] = gu[enua ivjv Z] D .gZ[galuvivja k]

8. For every £ € {0,...,n}, i,j € [16r]:

gw[gai7j7 1] = gu[ga 17i7j7NG'(j)] ®gu[£727i7j7NG’(j)]v
gw[€7i7j72] :gu[€737i7j7NG'(.j)]®gu[£747i7j7NG'(.j)]7
guwll,1,7,0] = guwll, 1, 7, 1] @ gwl, 1, j, 2].

The output of the circuit is g,[n,1,1,0]. The size of the circuit is O(nr?®), which is o(s) for large
enough n. It follows from the construction that for every = € {0,1}", C(r) = A™y | = f(n).

We plug C(vy,...,v,) into Ib®(f,s). Under the resulting substitution 7, every axiom encoding
the circuit structure is satisfied. The remaining gate axioms become the corresponding Binary AND,
Summation Base, Summation, or Output Axioms of ¥ (A, n). For every input = € {0,1}", the
circuit-output axiom becomes

gwln,1,1,0] = AT = f(m).

Thus, every axiom of |b®(f,s) | 7 is either an identity or an axiom of ¥ (A, n). Consequently, IT | 7
is a refutation of ¥ (A, n). By Theorem 5.51, this implies that Ib®(f, s) requires a refutation of size
9Q(a®/m)"?) — 90((s2/5/m) %) S o9((s2/? /)%y 0

Observe that the size of Ib®(f,s) is poly(2",s). Thus, the bound becomes non-trivial when
5 = w(n?0/9),
9 Proving Circuit Lower Bounds via the Weak Rank Principle

We show that the weak rank principle, when added as an axiom to a weak formal theory correspond-
ing to AC%[p], is capable of proving lower bounds against AC°[p] circuits by formalising Smolensky’s
lower bound [78].
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Roadmap of Section 9. Smolensky’s proof consists of two parts: a correlation bound against low-
degree polynomials (i.e., any low-degree polynomial over F, has to make many errors when computing
[T, z;) and the “polynomial method” (i.e., every small AC°[p] circuit is well-approximated by a
low-degree polynomial over [F,). Hence we arrange this section as follows:

e Section 9.1 provides an exposition of Smolensky’s proof. The exposition is equivalent to the
original proof, but it will be presented in a way that only involves simple manipulations computable
in ACY[p] and the weak rank principles.

In Section 9.1.1 we prove the correlation bound against low-degree F,-polynomials. This is the
main step where the weak rank principle is involved. In Section 9.1.2 we show that small AC° [p]
circuits can be approximated by low-degree [, polynomials, and put everything together to finish
the circuit lower bound.

e In Section 9.2 we formalise the lower bound in V9(p) + WRank,,.

We start with a description of the relevant theories (V9(p) and VO(p) + WRank,) in Section 9.2.1.
The main formalisation will appear in Section 9.2.2. Finally, Section 9.2.3 contains a postponed
proof of a technical theorem related to error-correcting codes.

It is recommended to read Section 9.1 before delving into Section 9.2 for the following reasons.
First, to make the invocation of weak rank principles explicit, the proofs in Section 9.1 are presented in
a somewhat different way than it is usually presented in textbooks (e.g., [8]); it would be beneficial to
be familiarised with the proof before formalising it. Second, Section 9.1 contains important definitions
(such as the matrices on which the weak rank principle is invoked) that the formalisation in Section 9.2
needs to reason about.

9.1 Smolensky’s Lower Bound
9.1.1 Correlation Bound Against Low-Degree Polynomials

We need the following correlation bound against low-degree polynomials.

Theorem 9.1. Let P : [F;‘ — F, be a polynomial of degree at most 0.1y/n. Let S = {xz € {—1,1}" :
P(x) = [1 i}, then |S| < 0.99 - 2".

Proof Ideas. The idea is that every function f : § — [F, is equivalent to a polynomial of degree at
most d = n/2+ 0.1y/n over S. In fact, let T' C [n] and m = [[;cp z; be a multilinear monomial. If
|T| = deg(m) < mn/2, then m is trivially equivalent to a polynomial of degree at most d (i.e., m itself).
If |T'| = deg(m) > n/2, then the equality

m= ( H xl> - P(x) (43)
ie[n\T

still holds over S, and the RHS of (43) is a polynomial of degree at most d. Hence every multilinear
monomial m is equivalent to a polynomial of degree at most d over S. Since S C {—1,1}", every
function f : S — F, can be written as a linear combination of multilinear monomials, hence is also
equivalent to a polynomial of degree at most d.

Given this, it follows that there are at most

() < e

different functions f : S — F,, indicating that |S| < 0.99 - 2™. O
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To aid our formalisations later, we need to explicitly construct the matrices over which the weak
rank principle is used (instead of using concepts such as dimensions of vector spaces). We now rephrase
the above proof so that the invocation of the weak rank principle becomes clear.

Theorem 9.2. Let S C {—1,1}", [S] > 0.999-2", P: S — [F, be any polynomial of degree at most
0.1y/n. Then there exists some z € S such that P(z) # [[i- .

Proof. Given S C {—1,1}", we construct the following matrices A € U:II‘,S‘XT and B € [FTX‘S‘ where
r = 0.99 - 2". We identify [r] (i.e., columns of A and rows of B) with monomials m of degree at most

d=n/2+ 0.1y/n. Now, for an input « € S and a monomial m € [r]:

o Define Az, m| = m(x) to be the value of m on input x. Note that A can be seen as a linear
mapping for polynomial evaluation: Let € € F; and think of € as the coefficient list of a polynomial
P with degree at most d. (That is, for every monomial m of degree at most d, &, is the coefficient
of m in P.) Then A€ € [FZ;9 is exactly the list of values of P over S.

o Define B[m, x| to be the sum of the following values:

1. if deg(m) < n/2, we add (%)"m(m) to Blm,x];
2. for every monomial m’ that appears in P with coefficient «,,, if the degree of m =
m' - m - [L;epn) i is greater than n/2, we add (p'H) Q- m(x) to B[m, z].

The intended meaning of B is the following. It was shown in Theorem 9.1 that every function
f S — Fp is equivalent to a polynomial of degree at most d = n/2+0.1y/n. Let ¥y € [Flgq be the vector
representing the value list of f, then Bvy € [} is exactly the coefficient list of this polynomial.

To be more precise, we introduce the following notation. Let M denote the set of all multilinear
monomials on variables z1,...,2n, M<,/2 and M, 5 denote the subset of monomials with degree
< n/2 and > n/2 respectively. Let f : S — [F, be a function, then it can be expressed as the polynomial

= > Apmm(2)

meM

where A7, = (%)” Y owes flx)m(z).
To see this, notice that

> A = 3 (P52) S smiayn(z)

meM meM €S
-(57) L@ X m@m()
z€S meM
-(7) e
= f(2). (over Fp)

Given any function f : S — [F,, denote

flow(z>: Z Af,mm(z) and fhigh(z): Z )‘f,mm(z)'

mGMSn/g m€M>n/2

The following claim expresses the “intended meaning of B” mentioned above:
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Claim 9.3. Let f : S — F, be any function, Uy € [Fl*,9 be the list of values of f on S, and f denote the
polynomial whose coefficient list is B - U¢. Then for every z € S,

n

f(z) = flow(z) + fhigh(z) : P(Z) : H Zi-

i=1
Proof. We have that
flow(z) + fhigh(z) : P(Z) : H Zq
i=1
= Z Apmm(z) + Z Armm(z)P(2) H Z
mEMgn/z T?LEM>TL/2 =1
1 n
~Er Y Y fem@me Y f@menePe a0 @)
z€S mEMSn/Q m€M>n/2 i=1
(Part I) (Part II)

Let x € S, m € M, consider the coefficient of f(z)m(z) in (44). If deg(m) < n/2 then the contribution
of (Part I) is (ﬂ;)”m(az); otherwise it is 0. For every monomial m’ of P with coefficient ay,, if

m=m-m'-[[i", z has degree > n/2, then it contributes to (Part II) a coefficient of (%ﬂ)"fn(:r)am/;
otherwise it contributes nothing. It follows from the definition of B that
(44) =" > Blm,a]f(z)m(2),
€S meM
which by definition is equal to f(z). &

We also claim that any witness that A - B is not the identity matrix gives rise to a bad input on
which P and [[;-; #; differ:

Claim 9.4. Ifz,x € S and (AB)[z,x] # 6, ,, then P(z) # [[i=; 2.

Proof. Let f: {—1,1}" — [, be the function that evaluates to 1 on input = and evaluates to 0 on every
input in {—1,1}"\ {z}; note that I, is exactly the “value list” vector of f. By Claim 9.3, B- I, € F,
is the coefficient list of the polynomial f/(z) = fiow(2) + fhign(2) - P(2) - [Ij=; zi- Note that f(z) =
fiow(2) + fhigh(2) = 0... However, (AB)[z,z] = f'(2) # d.,. This means that P(z) # [[;-; 2. &

Since |S| > 0.999 - 2" > r, it follows from the weak rank principle that there exists z,x € S such
that (AB)[z,x] # 0,,. This implies that P(z) # [[iL; z; as shown by Claim 9.4. O

The matrices A and B in the above proof will be crucial for our formalisation, hence we reiterate
their definitions here. (Note that A does not depend on the polynomial P but B does.)

Definition 9.5. Let N = 2", r =0.99-2", and P : {—1,1}" — F, be a polynomial of degree at most
0.1y/n. Identify [N] with {—1,1}" and [r] with the set of monomials of degree at most d = n/2+0.1y/n.
Define:

o A to be the N x r matrix such that A[z, m] = m(z) for every x € {—1,1}" and m € M<y.

92



e B(P) to be the r x N matrix such that for every x € {—1,1}" and m € M«y, Blm, ] is the
sum of the following values. (1) If deg(m) < n/2, we add (%)”m(m) to B[m, x]; (2) for every
monomial m’ that appears in P with coefficient «,,,, if the degree of m = m’'-m - Hie[n] x; is
greater than n/2, then we add (%)” - Q- m(x) to Blm, x].

9.1.2 Approximating AC’[p] Circuits by Low-Degree Polynomials

The next ingredient in the proof is the low-degree approximation of AC%[p] circuits [70]: For every
parameter A and every ACO[p] circuit C of depth d and size s, there is a polynomial P : F' — [F, of
degree at most (pA)? that agrees with C on at least a (1 — s -0.92) fraction of inputs. Here we treat
{0,1} as a subset of F, and we guarantee that for every x € {0,1}", P(z) € {0,1}. We also assume
that C only consists of NOT gates, MOD,, gates, and OR gates (AND gates can be simulated by NOT
and OR gates using De Morgan’s law), and the definition of MOD,, gates is

MOD,(z1,x2,...,2,) = {0 if Z?:l =0 (mod p);

1 otherwise.
Defining the low-degree polynomials. In fact, the Razborov—-Smolensky proof provides us a
stronger guarantee: There is a distribution P of low-degree polynomials such that for every input
x € {0,1}", with high probability over P + P, we have P(x) = C(z). Using error-correcting codes, we
can make P the uniform distribution over a support of size L = 29(") 13 That is, there is a list of L
polynomials Pc1, Poa, ..., Po . of degree at most (pA)? such that for every = € {0,1}",

Pr [Poj(z) # C(x)] < 5-0.9%,
Je(L]

In particular, let £ < poly(t), Enc: [F; — [Fg be an [Fp-linear error-correcting code such that for every

Z € F)\ {0}, at least a 0.1 fraction of indices 7 € [(] satisfy that Enc(Z); # 0. Let J=01,72,--,5a)

= (A

where each j; € [¢(]. We will have a polynomial PC]’ for each such j’, hence there are L polynomials

in total. We define PC; inductively over the structure of C:

1. If the top gate of C is a NOT gate, then C' = —~C’ for some circuit C’. We define ch' =1-P, 7

2. If the top gate of C' is a MOD,, gate, then C = MOD,(Cy,Cy,...,C;) for some ¢t € N and
sub-circuits Cq, Co, ..., C;. We define

1
Pog=0Q_ P, )"

The correctness of ch‘ follows from Fermat’s little theorem.

3. If the top gate of C' is an OR gate, then C' = OR(C1, Cy, ..., C}) for some ¢t € N and sub-circuits
C1,Cs,...,C;. The idea here is to approximate the OR function using the ji-th, ..., ja-th
outputs of Enc: let Ho(x) = (Ci(x),...,Ci(x)), we “think” that C(z) outputs 1 if there exists
some i € [A] such that Enc(Hc(x));, # 0 (mod p).

In particular, let OR : [FpA — [, be any degree-A polynomial over F, that computes the OR

function over A Boolean inputs; for example, one could take OR(z1,...,za) =1 — HiA:1(1 — ;).

13As our formalisation in Section 9.2 will use the weak rank principles over matrices of dimension poly(L,2"), it is
crucial that L is not too large.

93



We define

Pe.; = OR((Ene(He());,)P ™, (Enc(He (@), ... (Enc(He(a));,)" ™).
It can be seen from the above inductive proof that the degree of P - is at most (pA)®.

Correctness of P, 7 Next we show that for a random f, there are only a fraction of 0.92 - s inputs
x € {0,1}" such that P, j(m) # C(x). In fact, let Bad denote the set of (z, ) such that chf(a:) # C(x),

and let K = 2"L-0.9% - 5, then |Bad| < K. Moreover, this inequality can be “feasibly witnessed” by a
pair of functions
¢:Bad —» [K] and ¢ :[K]— Bad

such that for every (z,;) € Bad, (é(z, 7)) = (,7). (Clearly, the existence of such functions (¢, )
implies that |Bad| < K. The complexity of computing ¢ and ¥ will be crucial our formalisation and
will be discussed in Section 9.2.2.)

We identify [K] with {0,1}" x [s] x [0.92 - L]. That is, each element in [K] is treated as a tuple
(z,g,c) where x € {0,1}" is an input, g € [s] is the index of some OR gate in C, and ¢ € [0.9% - L] is
the “compressed” representation of some j € [L] = [(]® that introduced an error on the g-th gate of C
when computing C(z).

Now, let (ac,j) € Bad. Let g be the bottommost gate of C that introduced an error; that is, if we
denote by CY the sub-circuit computed by g, then g is the bottommost gate such that C9(x) # P, ]( x).
Suppose that CY is the OR of sub-circuits C1,Co, ..., ;. Then we have:

e« Hy(x) = (Ci(x),Ca(x),...,Ci(x)) is not the all-zero vector, but for every k € [A] we have
Enc(H, (2));, = 0.

For every fixed # and g, the probability over a random j < [¢] that Hy(z) # 0 but Enc(Hy(x)); = 0 is
at most 0.9; hence the probability over a random ; that the above bullet happens is at most 0.92. It
follows that given x and g, every j that makes the above bullet happens can be encoded by a number
¢ €[0.9% - L]. We then define ¢(z,j) = (x,g,c¢). It is easy to define the inverse function ¢ such that
Y(x,g,¢) = (x,7) so that for every (z, ;) € Bad, we have that ¢(¢(z,j)) = (z,]).

Basis change. A minor but annoying issue is that Theorem 9.2 deals with low-degree polynomials
P:{-1,1}" = {~1,1} but our P> are polynomials from {0,1}" to {0,1}. Observe that the linear
map 7(z) = 1 — 22 maps 0 to 1 and maps 1 to —1, and its inverse map is 77 1(z) = %(x —1). We
define

ch(xl, .. ,xn) = T(PCJ-:(Tfl(l’l), ... 77_71(‘%1)))‘

Clearly, the degree of ch is the same as the degree of P, 7 Moreover, for every z € {0,1}", we
have that P +(z) = MODQ( ) if and only if @ +(7(2)) = " "y 7(w;). (Hereafter, for x € F, 7(x) is a
vector in F' obtamed by applying 7 to each coordlnate of 1nd1v1dually)

Proof of the main lower bound. Now we are ready to prove the main lower bound against ACO[p]
circuits. Let C': {0,1}" — {0,1} be an ACY[p] circuit that purportedly computes MODy. A naive
attempt is to find a good 7, construct the matrices A € [F2 x0.992" and B = B(QC =) € [F0 99-2"X2" (see
Definition 9.5), use the weak rank prln(:lple to find mputs z,x € {—1,1}" such that (AB )z, 2] # 020,
and conclude that C(771(2)) # MODy(771(z)). However, it may be the case that (771(z), ;) € Bad,
which does not give us the desired conclusion.
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To remedy this, we put the matrices A and B (QCJ‘) together for every possible j (there are L many
possibilities) in a block-diagonal manner. This results in a giant matrix multiplication of dimension
(2"L) % (0.99-2"L) x (2" L). We still need to handle the entries in Bad. However, since |Bad| <« 0.01-2"L,
we can afford to increase the middle dimension (i.e., 0.99 - 2"L) by |Bad| to “correct” all the values
related to entries in Bad.

Theorem 9.6. Let C' be an ACO[p] circuit of depth d and size s < 2”1/2d/(20p), then there exists an
input x € {0,1}" such that C(x) # MODg(x).

Proof. We set the following parameters:

Value Intended meaning
A _ i/ Number of “samples” taken in S.
10p Equiv. the degree of the “polynomial approximation” of OR
¢ = poly(s) Output length of Enc
L = (® < exp(n) Number of polynomials in P

N=2"L Dimension of the weak rank principle
K =2"L-0.6%-5<0.001N |Bad|
R=099-2"L + K <0.991N Rank parameter of the weak rank principle

We construct the following two matrices A and B where A € [F;,V xR and B € [FfXN . It would be

convenient to identify [N] with {—1,1}" x [L], so every element in [N] can be parsed as (z,j) where
z e {-1,1}" and j € [(}*. Similarly, we identify [R] with the disjoint union of [0.99 - 2"] x [¢]® and
[K]. Recall from the proof of Theorem 9.2 that we also identified [0.99 - 2] with monomials of degree
at most d =n/2 + 0.1y/n.

Let (2,7) € [N] and a € [R], we define A[(z, ), a] as follows:

e Suppose a = (m, j') € [0.99-2"] x [(]2. If j # ' then A[(z, ), a] = 0; otherwise A[(z, J), a] = m(z).

« Suppose a € [K]. If (t7Y(2),j) € Bad and a = ¢(77(2),7) then A[(z,]),a] = 1; otherwise
Al(z,7),a] = 0.

Similarly, let a € [R] and (z,7) € [N], we define Bla, (,7)] as follows:

_[ (x, )] = B(ch)[a, x] (recall the

e Suppose a = (m,f’) € [0.99 - 27] x [(~. If j = j then B
(z,7)] = 0.

definition of B(Q ) in Definition 9.5); otherwise Bla,
« Suppose a € [K]. Let (17(2),7") = ¥(a), we define

B[a7 (.CC,])] = 5(2«7_"/)7(%]—") - Z A[(Z7j/)7(m7.7/)] B[(m7jl),($7j)]
me[0.99-27]

(The intention is to set Bla, (z,)] so that (A- B)[(z,7), (z,])] = (5(275,)7(_,65).)

From the above definition it is clear that for every (771(z),j’) € Bad and every (z,j) € [N], we
have (AB)[(z,7), (z,7)] = 0(,7),(xj): On the other hand, the weak rank principle implies that there

exists (z,7), (z,7) € [N] such that (AB)[(z,7"), (x,])] # 0, 7). (xj): 1t is easy to see that j =7 as
otherwise (AB)[(z,7), (z,7)] = 0 = 0(, 7). (x,j)- Then we can see that (A- B(ch))[z,x] # 0y p. It
follows from Claim 9.4 that Q. (2) # [[i~; 2, hence PC;(TA(Z)) # MODy(771(2)). However, since

(771(2),7") & Bad, we have that PC;(T_I(Z)) = CO(17(2)). Hence C(771(z)) # MOD2(771(2)) and C
fails to compute the MODy function. O
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9.2 Formalisation in V%(p) + WRank,

9.2.1 The Theory V°(p) + WRank,

We start with a brief introduction to the theories V°(p), VO(p), and VO(p) + WRank,. A more
comprehensive treatment for the theories V?(p) and VO(p) can be found in Cook and Nguyen’s
textbook [20]. The theory VO(p) + WRank,, is introduced and studied for the first time in this work.

We consider two-sorted logic: the first sort are natural numbers (i.e., indices) and the second sort
are bit strings (or more precisely, finite sets of natural numbers whose characteristic vectors are bit
strings). In this context, we usually use capital letters (X, Y, Z) to denote strings and lower case letters
(z,y, z) to denote numbers; however our notation does not strictly follow this convention and we list
the exceptions in Remark 9.7.

The vocabulary for two-sorted logic is £2%, which contains symbols

07 17+7 Ty ’ . ‘;:17:27 Sa €.

Here, =; and =2 denotes equality over numbers and strings respectively; it is usually clear in the
context whether numbers or strings are being compared, so we often omit the subscripts 1 and 2 and
simply write = for convenience. We will also use X (¢) or X; to denote “¢ € X”. These symbols are
governed by a set of “basic axioms” called 2-BASIC (see [20, Figure 2]).

Let ® be a set of formulas, then we can define the following axiom schema:

e »-COMP (comprehension): 3X < yVz <y (X (2) +> ¢(z)), where ¢(z) is any formula in ¢ and
X does not occur free in ¢(z).

o O-IND (number induction): (¢(0)AVz (¢(x) — @(x+1))) = Vz ¢(z), where ¢(z) is any formula
in ®.

o ®-MIN (number minimisation): ¢(y) = (Jz <y (p(x) A =3z < z p(z))), where p(z) is any
formula in ®.

Let £ be a two-sorted vocabulary that contains £, then ©F (L) is the set of £-formulas whose
only quantifiers are bounded number quantifiers (there can be free string variables).

Let m be a constant,'® the theory V%(m) has vocabulary £% and is axiomatised by 2-BASIC,
»F(L£%)-COMP, and an axiom defining the function MOD,y,,; see [20, Section 1X.4.6] for details.

We actually work with the theory VO(m) instead of V?(m). This theory has vocabulary LEaco(m)
that contains a symbol for every function in FAC%(m) (FAC®(m) is the class of (possibly non-
Boolean) functions computable in AC%(m)). It proves Z(?(EFACo(m))—COMP, Z(’)B(ﬁFACo(m))—IND,

and ©F (Leaco (m))—MIN: for example, for every FAC®(m) function f that maps a string X to the string

f(X), we can use the number minimisation axiom inside VO(m) to conclude that if f(X) is not the
all-zero string, then there exists the smallest ¢ such that f(X); = 1. Again, we refer to [20, Section
IX.4.6] for more details.

Although V9(m) “contains much more features” than V°(m), it is a conservative extension of
VO(m), i.e., every formula in the vocabulary £% that can be proved in VO(m) can be proved in V°(m)
as well. Hence it is without loss of generality to work with VO(m) instead of V°(m).

Finally, let m = p be a prime. The weak rank principle over F,, denoted as WRank,, is the following
axiom. Let n be a number, A € [FI%”X” and B € [FI’}XQ” be matrices coded as strings, then there exists
x,y € [2n] such that

> Guzbey # bpy  (mod p).

z€[n]

“Here we mainly consider the case that m = p is a prime, but it also makes perfect sense to consider the theory V°(m)
when m is a composite number.
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(Note that 3°.c(,) as,2b2,y mod p can be expressed as a function in FAC’[p], hence WRank, is indeed
a universal sentence in the language ﬁFACO(p)') For every constant ¢ > 0, one can use a similar

argument as Theorem 7.3 to show that VO(p) + WRank, proves the following: Let n be a number,

A€ [FZSHe)nX" and B € [F;X(He)n be two matrices encoded as strings, then AB # I(1,¢),. In other
words, “rank(/z,) > n” and “rank([(;4),) > n” are equivalent, and replacing the constant 2 in the
definition of WRank, with other constants greater than 1 does not affect the strength of the theory

VO(p) + WRank,,. In fact, our formalisation will use “rank((;.),) > n” for some small constant ¢ > 0.

9.2.2 Smolensky’s Lower Bound in V°(p) + WRank,

Fix a constant d € N (in the meta-theory). Let n € Log (that is, we assume 2" is a “number”),
s = 2n"*"/(200) " and C be a string that codes an AC®[p] circuit of depth d and size s. Let Evalg(C, z)
denote the circuit evaluation function on depth-d AC°[p] circuits, where x € [2"] is a number that
denotes the input of C. Since Evaly is in ACO[p], it is in the language of VO(p). Also, since z is a
number, we can talk about MODy(z) in VO(p). Our goal is to prove that

Jz Evaly(C, ) # MOD2(x).

Remark 9.7. It should be clear from the context whether a variable is of the number sort or the string
sort. Most of the time we use capital letters (X,Y, Z) to denote strings and use lower-case letters
(z,y,z) to denote numbers. However, one exception is that L, N, K, R (in the proof of Theorem 9.6)
are numbers.

The matrix B(P) (Definition 9.5). Tt is clear from the definition that there is an FAC?[p] function
that given (m,x) and the list of coefficients in P, outputs the value of B(P)[m,x].

Claim 9.8 (VO(p) k). Let z,x € {—1,1}" such that (A- B(P))[z,x] # 054. Then P(z) # [1i-; zi-

Proof Sketch. The proofs of both Claim 9.3 and Claim 9.4 can be carried out in V9(p). O]

The polynomials ch. and Q. 7 For each gate g, let C9 denote the sub-circuit computed by g, we
represent the polynomials ch; and ch; by their list of coefficients. There is an FAC®[p] circuit that
given the description of C, an index g, and a list of vectors f, outputs the coefficient list of P, 7 (Note

that since ; € [(]® and ¢ = L is a number in the theory, j can be represented as a single number.)

The coefficient list of Q@ 7(x) = Pp7(z — I) + 1 can be computed in FAC®[p] as well, If C9 is an AC°[p]
circuit of depth d, then the degree of P, 7 is at most (pA)? (and we only consider monomials up to

this degree in our representation).

A good error-correcting code. Before formalising the low-degree approximations of ACO[p] circuits,
we need the following [Fp,-linear error-correcting code whose correctness can be proved feasibly. In fact,
we need to feasibly prove the following formalisation of “every non-zero codeword of Enc has constant
relative Hamming weight”:

Theorem 9.9. Suppose that log? s € Log. For some { < poly(s), there is an F,-linear code Enc : Fy—

ﬂ:]f and functions ¢(X,i1,4),%(X, i1, ¢) computable in FAC®[p] such that VO(p) proves the following.
For every string X € Fy, every numbers i1 € [s] and i € [¢], if X;, # 0 but Enc(X); = 0, then:

o &(X,i1,1) returns a number in [0.9¢], and

o O(X,i1,0(X,i1,1)) = .
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Note that the above statement implies that the relative Hamming weight of Enc(X) is at least 0.1.
Roughly speaking, the error-correcting code is the concatenation of Reed—Muller code and Hadamard
code; the proof proceeds by formalising the local (unique-)decoding algorithm of the Reed—Muller code
(see e.g., [8, Section 19.4.2]). We postpone the proof to Section 9.2.3.

The functions ¢,1. We need to show that ¢ and 1 are computable in FACO[ |. Given a string C
representing our ACY[p] circuit and two numbers z, 7, we can compute o(z, j) as follows:

1. First, find the bottommost gate g for which C9(x) # Pg, ().

For every g, we can compute the indicator of whether C9(z) = P, 7(x) in AC°[p]. Then we use

an FAC? circuit to compute the number ¢, which is the index of the bottommost gate on which
the indicator is False. (If there is no such gate then we set g = L.)

2. Let Hy(z) = (Ci(x),...,C¢(x)) where C1,...,Cy are input gates of g. For each k € [A], we
have that Enc(Hy(z));, = 0. However, there exists an index j' € [t] such that Cj/(z) = 1,
and the smallest such index can be computed in FACY given Hy(z). Hence we compute ¢ =
G(Hy(z),5', j1) € [0.9¢] using Theorem 9.9. This gives us a vector &= (ci,...,ca). (Note that
(A = L is a number in the theory, hence & can be represented as a single number.) We output

o(z,) = (2,9,0).

Similarly, one can compute 1) in FAC?[p] by invoking the function ¢ in Theorem 9.9. Namely,
given a string C representing our AC°[p] circuit and three numbers , g, &, we can compute ¥(z, g, €) as
follows. First, let C1,...,C} be the input gates of g, we can compute Hy(z) = (Ci(x),...,Ci(x)) in
FAC®[p]. We can also compute the smallest index j’ such that Cj(z) = 1 in FAC" given H,y(z). Then,
for each K € [A], we let j, = ¢(Hy(z), ', cx). We return o(z, g,é) = (z, 7).

Claim 9.10 (VO(p) F:). Suppose that log? s € Log. For every x € {0,1}" and j € [(]®, if PC;.(:U) #

C(x), then ¥(¢(x, ) = (7).

Proof Sketch. Since Pp,+(x) # C(x), it follows from ¥ (Leaco(p))-MIN that there exists a bottommost
gate g for which CY(z ) 7é 0o 7(x). It follows that Hy(z); # 0 but Enc(Hy(x));, = 0 for every k € [A].
)

Let ¢, = d;(Hg(:L‘),j S Jk), then qb(x,j) = (z,9,7). Let ¥(x,g,¢) = (x,j’), then for every k € [A],
.7]/9 = Q;(Hg(x)mj/ack) = @Z(Hg(l‘),]/,(b(Hg(.T),j/,]k)) = ]k

where the last equality follows from Theorem 9.9. Hence ¥ (¢(z, 7)) = (, 7). O

The matrices A, B as defined in the proof of Theorem 9.6. It is easy to see that these matrices
can be computed in FACY[p]. That is, there is an FAC[p] function that takes a string C' and numbers

z,7,a as inputs and outputs the value of A[(z,7),a], and the analogous statement holds for B.
Claim 9.11 (V9( ) o). Let z,x € {—1,1}", 7,7 €02, then:

() 17 # 7, then (AB)[(2,]), (. 7)) =0.

(b) Ify(é(z —1,5)) = (2 — 1,7), then (AB)[(2, ), (z,)] = 5(ZJ),(IJ))

(c) If v(o(z = 1,7)) # (2 — 1,3), then (AB)[(z,)), (x,7)] = (A- B(Q))[z, 7]

Proof Sketch. These follow easily from the definitions. O
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Putting it together. Fix a constant d € N (in the meta-language), we have:

Theorem 9.12 (VO(p) + WRank, -:). Let n € Log, s = 2n'/2!/200) and C be a string that codes an
AC®[p] circuit of depth d and size s. Then there exists an input x € {0,1}" (coded as a number) such
that Evalg(C, x) # MODa(x).

Proof. Consider the matrices A and B as defined above. By WRank,, there exists (z,7), (z, ) € [N]
such that (AB)[(z,7'), (z,7)] # 0, )( 7)- Then:

e By Claim 9.11 (item a), j - o

e By Claim 9.11 (item b), w(gb(z {])) (z—1,7);

e By Claim 9.11 (item ¢), (AB)[(2,7), (z,7)] = (A - B(QC Nz, x] # 024

« By Claim 9.8, Q¢ 5(2) # [[i- 2, hence Py (z — 1) # MODy(z — 1);

o By Claim 9.10 (and note that it is indeed the case that log® s € Log), PCJ(z —D)=0C(z-1).

Hence C(z — 1) # MODy(z — 1). O

9.2.3 Proof of Theorem 9.9

Theorem 9.9. Suppose that log? s € Log. For some { < poly(s), there is an Fp-linear code Enc : Fj —
[Fg and functions ¢(X,i1,1),(X, i1, ¢) computable in FAC®[p] such that VO(p) proves the following.
For every string X € Fy, every numbers i1 € [s] and i € [{], if X;, # 0 but Enc(X); = 0, then:

o ¢(X,i1,1) returns a number in [0.9¢], and

o P(X, iy, (X, i1,1)) =i

Proof. Let n = O(log s/ loglog s), h = [s'/"], ¢ be the smallest power of p that is greater than 10nh.
Note that ¢ < log®s € Log, hence VO(p) can reason about F, by brute force. (For example, VO(p)
can prove the existence of an irreducible degree-log, ¢ polynomial over F,. See e.g., [45, Section 4.3].)
Let H be the set of lexicographically first h elements in F,. We interpret X € FJ C F7 as a function
X : H" — F4. Then there is a unique polynomial X : Fy — Fy of individual degree at most & that

is consistent with X on H™. Moreover, one can compute X (%) using an FAC’[p] circuit (in fact, an
F,-linear transformation) over the string input X and the number input .

We now concatenate the above Reed-Muller code with the Hadamard code. Treat F, as the
log,, g-dimensional vector space over Fp, then each o € [ is encoded as a vector Had(a) € Fl defined as

1
follows. For each u € [, we interpret both a and u as vectors in IFpogp 7 and the u-th element of Had(a)

is equal to IP(a,u) = Z;O:g’l’ ¢ aju;. Again, since ¢ € Log, VO(p) can reason about the Hadamard code
using brute force. )
Define Enc(X) be the concatenation of Had(X (¢)) for each @ € F'. That is, the length of Enc(X) is

. . . . I
¢ = ¢"*! < poly(s). Given an index i € [{], we interpret i as a pair of vectors (7 € F}',u € F; = F, e 1)

and define Enc(X); = IP(X (v), u).
The local decoder of the Reed—Muller code requires the following equivalence class over “directions
in F;': two non-zero vectors v1, U2 € F' are equivalent if and only if there is a non-zero scalar o € F,

—

such that ] = at. Let ¥ be a non-zero vector in F* and define [] as the following vector: let i € [n]

9

be the first index such that v; # 0, and for each j € [n], the j-th element of [¢] is equal to v; 'v; (over
Fy). Again, VO(p) can prove (by brute force) that v; and vy are equivalent if and only if [v1] = [vg],
and that there are ¢" ! +¢" 2+ .- 4+ ¢+ 1 < 2¢"! equivalence classes.

Let X € [ be a non-zero string, i; € [s] be an index such that X;, =1, and i € [{] be an index
such that Enc(X); = 0. We interpret i as a pair of vectors (v € Fj,u € F;). To compute <;AS(X, i1,1), we
consider the following two cases:
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o If X(7) # 0, then we consider the Hadamard code. In particular, u is among the vectors in
F, for which IP(X (), u) = 0. There are at most g/p such elements, hence we let ¢(X,i1,i) =

(Hadamard, 0, k) where u is the k-th smallest element in F, such that IP(X (¢),u) = 0.

o If X(¥) = 0, then we consider the Reed-Muller code. In particular, consider the directional
vector W = ¥/ — i1 (where we interpret i; € [s] C F} and the subtraction happens in F). The
unique line determined by @ and iy is ¢(t) = ¢ - [&] +4;. Composing X with ¢ gives us a univariate
polynomial f(t) = X (t- [W] + i1) of degree at most nh. Since f(0) # 0, this polynomial has at

most nh roots. We define ¢(X,i1,7) = (Reed-Muller, [@], k,u) where ¥ corresponds to the k-th
root of f. (Recall that k can be found by brute force.)

Now we can see that ¢(X,i1,i) either returns (Hadamard, %, k) where ¢ € F; .k € [q/p] or returns
(Reed-Muller, [@], k, u) where [7] € [2¢""], k € [¢/10], u € F,. Tt follows that the size of Range(¢) is at
most ¢" ! /p + ¢ /5 < 0.9¢4.

We can similarly define the function (X, i1, c):

o If ¢ is of the form (Hadamard, v, k), then we compute the k-th smallest u € [F, such that

IP(X (¥),u) = 0 and output (¥, u).

o If ¢ is of the form (Reed-Muller, [], k,u), then we compute the k-th root ¥ of the degree-nh

polynomial f(¢t) = X (t- [&] + 1) and output (7, ).

It is easy to see that (X, i1, ¢(X,i1,47)) =i for every i such that Enc(X); = 0. O

A Expander Properties

The proofs here mostly mimic the corresponding proofs from [76].

Lemma 4.17. Let C > 1. There exist constants 6,d > 0 such that for every large enough positive
integers m,n with n < m < Cn, there is an m X n bipartite graph G satisfying the following:

1. the minimum left-degree of G is at least Ay = 50logn,
2. the maximum left-degree of G is at most A4 = 150logn,
3. G is an (n%,d)-lossless expander.

In particular, G is an (n°, Apin — d)-boundary expander.

Proof. The proof essentially follows [76] but with a slightly different choice of parameters. We construct
a bipartite graph G with parts [m] and [n]. For every i € [m] and k € [n], we add an edge between i
and k with probability 1001%. Let M¢ = (a; ) ie[ml k€] be the adjacency matrix of such graph.

For each ¢ € [m], the left-degree of i is the sum of n independent variables a;j : k € [n], with
expectation g = 100logn. By Theorem 4.1, applied with § = 1/2,

Pr “ Z a; , — 100 logn‘ > 50logn| < 2e71001087/12 — (1 /).

k€[n)

By the union bound, these events happen simultaneously for all i € [m] with probability 1 — o(1).

Now let 7 = n?®.

Claim A.1. If property (7) is violated for some set I C [m] of size | < r, then there exist a set K C [n]
of size ld/2 such that the rectangle I x K contains at least ld ones in Mg.
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Proof. Let K = U;e; Na (i) \ Og(I), i.e., it contains all non-unique neighbours of I. In particular, every
column of the rectangle I x K contains at least two ones. Thus, if |K| > ld/2, we can take any K’ C K
of size exactly ld/2. Now assume that |K| < ld/2. The number of ones in I x K is at least

D ING(i)\ da(D)] = INa(i)| — |0a(I),

el el

since each k € 9¢(I) is contained in exactly one Ng(i). Thus, since (7) is violated for I, this is further
lower bounded by d|I| = Id. To conclude the proof, we can arbitrarily enlarge K to have size exactly

ld/2. &

Now we will bound the probability of the existence of such I x K. For every ¢ € [r], there is at
most (Cn) choices of I, n'@2 choices of K, and (¢d)** choices of the positions of ones in I x K. Thus,
the probability that there exists such a rectangle I x K with |[I| = ¢ < 7 = n® is at most

ld/2
100 1ogn>fd _ n2€<n46d4(10010gn)2> /
n B n

(Cn)ﬁnzdm(fd)%d(

—2¢

for small enough ¢ and large enough n and d. Observing that Y ;_; n™°" = o(1), the proof follows. [

Lemma 4.18. Let m = O(n) and let G be an m x n (n®,d)-lossless expander with parts L and R,
minimum left-degree at least A, = 50logn and maximum left-degree at most A,q, = 150logn. Let
K be a random subset of R such that every j € R is added to K independently with probability 2/3.
With probability 1 — o(1), the graph G\ K is an (n°,d)-lossless expander with a minimum left-degree
Amin/6. In particular, G\ K is an (n°,c)-boundary expander, where ¢ = Apin /6 — d.

Proof. Let G' = G\ K. For every i € L, let M; C Ng(i) be any fixed subset of size exactly Ajp.
Hence |M; \ K| is the sum of A,,;, independent indicator variables, each of which is 1 with probability
1/3. The expectation of this sum is u = E[|M; \ K|] = Apin/3. By Theorem 4.1, applied with 6 = 1/2,

Pr[|M; \ K| < Apin /6] < e~ Bmin/24 = o(1/n),

since A i = 50logn.

By the union bound, the left-degree of G’ is at least A,,;,/6 with probability 1 — o(1).

The remaining part of the proof repeats the argument from [76]. Let I C L with |I| < n°. For
every k € R, let v, = [{i € I : k € Ng(i)}]. Using the bound from (7), it is easy to see that

> =D ING(i) = 0c(D)] < d|I|.
keER el
V22

Now let v, = |[{i € I : k € N (1)}|. Clearly, v;, < v for all k, since ~;, = 0 for all k € K. This

implies that
> Wer(@)] = 10a (D)l = > v < - we < dll. O
I kER kER
" ’Y;’CEZZ 7522
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