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Abstract

In coding theory, list recoverability is a fundamental concept which robustly captures how
“spread-out” codewords are in a code. More formally, given a code C C X" and input lists
S1,-..,9, C X of size at most £, list recoverability requires that there are at most L codewords
¢ € C such that ¢; € S; for at least (1 — p)n choices of ¢ € [n]. List recovery is an important
question which has found applications in many areas, including complexity theory, property
testing, compressed sensing, streaming algorithms, and cryptography. Despite its widespread
influence, basic, fundamental questions in the study of list recoverability remain open including
(1) determining the optimal tradeoff between the error radius p, the size of the recovered list L,
and the rate of the code C' and (2) constructing ezplicit codes achieving (or approaching) such
tradeoffs.

As our first main result, we establish a tight “generalized singleton bound”, which exactly
characterizes the optimal information-theoretic tradeoff between the error radius p and the rate
R of the code C in terms of its list-recoverability. Formally, we show that for constant ¢, L, p
and sufficiently large alphabets X, if we define R* = L%H — %p, it is possible for a (p, ¢, L)
list-recoverable code to have rate R* —e but impossible to have rate R* +¢. One direction of our
result already directly generalizes and improves a weaker impossibility result due to Goldberg,
Shangguan, and Tamo (IEEE TIT 2024).

For our second main result, we prove that there is a fundamental shortcoming in existing
methods that aim to construct explicit, optimal list-recoverable codes. Indeed, recent work has
constructed explicit codes achieving list-decoding capacity (along with other related properties)
using a framework introduced in the work of Alon-Edmonds-Luby (AEL) (FOCS 1995). We
give a meta-analysis of such constructions by presenting an “AEL framework” which captures all
such recent constructions in the literature. Within this framework, we show that no AEL-based
code can break a recently-identified list-recovery barrier for additive and linear codes. As a
result, a fundamentally new construction technique is needed to explicitly achieve list recovery
capacity.

*University of California, Berkeley. Supported in part by a Simons Investigator award of Venkatesan Guruswami,
and NSF awards CCF-2211972 and DMS-2503280 josh.brakensiek@berkeley.edu

fDepartment of EECS, University of Michigan, Ann Arbor. Supported in part by National Science Foundation
grant No. CCF-2236931. yeyuanch@umich.edu

School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts, USA. Supported
in part by Simons Investigator Awards to Madhu Sudan and Salil Vadhan, and AFOSR award FA9550-25-1-0112.
aputterman@g.harvard.edu

$Department of Computer Science and Engineering, The Ohio State University. zhang.13691@osu.edu

ISSN 1433-8092


mailto:josh.brakensiek@berkeley.edu
mailto:yeyuanch@umich.edu
mailto:aputterman@g.harvard.edu
mailto:zhang.13691@buckeyemail.osu.edu

1 Introduction

We study the fundamental tradeoffs between the rate and list recovery of error-correcting codes.
The notion of list recovery originated as a natural generalization of the more established list decoding
problem, introduced by Elias [Eli57] and Wozencraft [Woz58| in the 1950s. List decoding itself is
a relaxation of unique decoding in which the decoder is allowed to output a short list of candidate
codewords rather than a single codeword. This relaxation became a central object in algorithmic
coding theory after the development of efficient list-decoding algorithms for Reed—Solomon codes,
beginning with Sudan’s algorithm [Sud97| and the subsequent Guruswami-Sudan algorithm [GS98|.

List recovery emerged as the natural soft-decision analogue of list decoding. Instead of receiving
a single tentative symbol in each coordinate, the decoder is given a short list of possible symbols
at each coordinate and must find all codewords consistent with these lists on most coordinates.
Although the notion appeared implicitly earlier, the terminology “list recovery” was introduced in
the Guruswami-Indyk line of work on efficiently decodable codes |GI01]. Formally, a code C' C X"
is (p, ¢, L) list recoverable if, for every collection of input lists S1,...,S, C X, with |S;| < ¢ for all
i € [n], there are at most L codewords ¢ € C satisfying ¢; € S; on at least (1 — p)n coordinates.
The special case £ = 1 is exactly list decoding, which is abbreviated as (p, L) list decoding. Thus,
list recovery asks for a code to remain combinatorially pseudorandom not merely against Hamming
balls, but against all products of small coordinate-wise sets.

One reason list recovery became so useful is that it composes well with concatenation |GI01,
GI02|. In a concatenated code, one may first decode the inner code blocks, obtaining a short list
of candidate outer symbols in each coordinate. The remaining task is precisely to list-recover the
outer code from these coordinate-wise candidate sets. This perspective has been used repeatedly in
the construction of efficiently list-decodable and uniquely decodable codes [HRZW19].

Beyond coding theory, list recoverable codes have also found many influential applications
throughout theoretical computer science. They appear in constructions of randomness extractors
and condensers, group testing, compressed sensing and sparse recovery, streaming algorithms, quan-
tum complexity theory, and collision-resistant hashing [TUZ07, GUV09, GNP*T13, NPR12,HIOS15,
BHV26]. The common theme in these applications is that an algorithm often obtains partial or am-
biguous local information — a small set of possibilities for each coordinate, bucket, or measurement
— and list recovery provides a way to reconcile this local ambiguity into a small number of global
candidates.

With these motivations, in this paper we study two basic, fundamental questions concerning list
recovery. As our first question, we seek to understand the optimal, information-theoretic limits of
list recovery:

Question 1.1. What is the optimal list recovery a code can have? More precisely, for fized pa-

rameters p, £, L, what is the largest rate R = Og‘ET‘H

recoverable?

a code can have such that it is (p,¢, L) list

When ¢ = 1, Question 1.1 is already solved by two papers [ST20, BGM23|. They showed that
the largest rate is R =1 — %p for a code to be (p, L) list decodable. This is called the general-
ized singleton bound (GSB) for list decoding. However, the optimal rate (i.e., a tight generalized
singleton bound) for list recovery is still an open problem.

Despite a number of partial results (e.g., [GST24,RYZ24, CZ25, LMS25,1.525]) no one has been
able to fully answer this question even for the simple parameter setting of £ = L = 2. For instance,
the work of [GST24]| studies this exact question and only proves the optimal rate must be smaller
than R < W(l —p). Our first main result is a tight generalized Singleton bound for list recovery
in the regime for which ¢ and L are constants and the alphabet X is sufficiently large.



Theorem 1.2 (Informal, see Theorem 3.2 and Corollary 3.9). Let L > ¢ > 1 be constants, and let
R,p € [0,1] be such that

CL+1-¢ L+1

R L L °

(1)

Then, over sufficiently large alphabets, for any constant € > 0, sufficiently long codes of rate R + €
are not (p, ¥, L) list-recoverable. However, there exists codes of rate R — € of arbitrarily-long block
length which are (p, £, L) list-recoverable.

Theorem 1.2 vastly generalizes [GST24, Theorem 5.1] which showed that (p, ¢, L) list recovery is
impossible when R > L+TH — L+TH p. Their bound only matches our bound in the known ¢ = 1 (list-
decoding) setting [ST20, BGM23]. Unlike [GST24, Theorem 5.1], we crucially provide a matching
existence argument thereby showing that Eq. (1) is the exact rate threshold, and thus Theorem 1.2
can be viewed as the true “generalized Singleton bound” for list recovery. See Remark 3.3 for a more
detailed comparison of the results.

Given our better understanding of optimal list recovery, our second question is whether we can

construct explicit' codes which achieve list-recovery capacity.

Question 1.3. Can we explicitly construct a code C C X" of near-optimal size which is (p,£, L)
list recoverable? What properties must such a code C' have?

In this paper, we prove Theorem 1.5 which gives a partial negative answer to Question 1.3 by
ruling out a large class of error-correcting codes, i.e., showing that no codes from this family can
have optimal list recovery. More precisely, we show that a large family of codes based on the Alon—
Edmonds-Luby (AEL) framework [AEL95| cannot hope to achieve list-recovery capacity. Due to the
technical nature of describing this “AEL framework,” we defer the formal statement of Theorem 1.5
to Section 1.2.

Nevertheless, Theorem 1.5 informally states that any code fitting within the AEL framework
cannot hope to break a recently-identified list recovery barrier for linear and additive codes [CZ25,
LMS25,L.S25]. Given a finite field F, we say that C' C F" is a linear code if it is a subspace of F. If
F is an extension of another field K, then we can impose a weaker condition that C' C F” is merely
a K-linear” subspace.

Although linear codes have been studied for nearly the entire modern history of coding the-
ory, additive codes have found recent prominence in the study of folded Reed—Solomon and other
“subspace-designable” codes. The modern capacity-achieving story began with Guruswami and
Rudra, who introduced folded Reed—Solomon codes and showed that they can be efficiently list
decoded up to radius 1 — R — ¢, giving the first explicit capacity-achieving list-decodable codes
over large alphabets [GR08]. Subsequent linear-algebraic decoding methods, including the work
of Guruswami-Wang [GW11] and Kopparty [Kopl5|, extended this picture to related polynomial
codes such as derivative and multiplicity codes. These algorithms also revealed a recurring feature
of additive algebraic codes: the candidate codewords are first captured inside a low-dimensional
affine subspace.

Another important development for additive codes was the subspace design viewpoint. Gu-
ruswami and Kopparty [GK16] gave explicit constructions of subspace designs and showed their
close relationship to folded Reed—Solomon and multiplicity codes. In modern language, this says
that these additive polynomial codes satisfy strong higher-dimensional analogues of distance. This
perspective has become a unifying way to explain why folded Reed—Solomon and multiplicity codes

1By explicit, we mean that the code has a deterministic polynomial-time encoding function.
2That is, C is closed under addition and multiplication by scalars in K, but not necessarily by scalars in F



have strong list decoding and list recovery behavior [GR08, KRZSW23, Tam24, Sri25, CZ25, AHS26].
The work of Chen and Zhang [CZ25| showed that all these subspace design codes can achieve list
decoding capacity with optimal list size. Most recently, the work of Brakensiek, Chen, Dhar, and
Zhang |[BCDZ26b| further developed this subspace design viewpoint by showing how such additive
codes in fact inherit many “local properties” (beyond just list-decodability!) of random linear codes.
At the same time, a concurrent work of Jeronimo and Shagrithaya [JS26] showed a similar phe-
nomenon for codes based on the famous Alon-Edmonds-Luby (AEL) framework [AEL95]. Using
this as a starting point, Goyal, Guruswami, and Hsieh [GGH26| were then able to construct explicit
constant-alphabet subspace designs via this AEL framework.

Although linear and additive codes have many excellent properties, such as achieving list-
decoding capacity [KRZSW23, Tam24, Sri25, CZ25]|, they have recently been proved to be unable
to achieve list recovery capacity:

Fact 1.4 (List recover barrier for additive codes [CZ25,LMS25,L.S25]). For any ¢ > 0, any additive
code C C F" of rate R cannot be (1 — R — ¢, £, £°/9)) list recoverable.

A priori, one may have hoped that even though linear and additive codes cannot achieve list
recovery capacity, that perhaps non-additive codes constructed via the AEL framework might still
be able to achieve list recovery capacity. The main insight of Theorem 1.5 is that this is not possible;
i.e., even non-additive codes within the AEL framework are unable to break the barrier identified
in Fact 1.4. As such, if one hopes to find explicit codes matching or approaching Theorem 1.2, one
needs to introduce fundamentally new ideas into the construction of such codes. To formally build
the AEL framework used in Theorem 1.5, we begin by presenting AEL codes (i.e., codes constructed
via this framework) and their applications in the literature.

1.1 Alon—Edmonds—Luby (AEL) Codes

In a landmark work, [AEL95]| constructed explicit near-MDS codes, which are codes with rate
R, relative distance 1 — R — ¢, over alphabet with constant size exp(polylog(1/e)/e*). This was
the first explicit construction of near-MDS codes with constant alphabet size and near-linear time
algorithms for encoding and unique-decoding [GI02]. Although the alphabet size is larger than the
O(1/2?) alphabet size of algebraic-geometry (AG) codes [TVZ82], the near-linear time encoding
and unique-decoding algorithms for AG codes are still open problems.

More importantly, AEL codes give a general framework for constructing codes with desirable
properties via a “local-to-global” approach. At a high level, if one would like to construct a code
with some combinatorial property P (e.g., P might refer to (1 — R — &, £, £°(#/€)) list recoverablility
in our case) and block length n, one can utilize AEL codes as follows:

e First, one must prove there exist codes with the property P.

e Next, one designs another code property P’, so that there are explicit “outer” codes with
rate Rout = 1 — ¢, block length n, and property P’. Usually P’ is some weaker property
than P. For example, in many previous works [JMST25,ST25|, when P is a desired optimal
list-decoding/list-recovery quality, P’ only requires that the outer code has constant relative
distance Q.(1) (which is much weaker than list decoding / recoverability).

e In addition to the “outer code”’, one must also construct an “inner” code, which now does
satisfy the target property P. More formally, one constructs inner codes with rate Rj,, target
property P, and block length which we denote by D. Of key importance is the fact that D is
a function only of e (rather than n), so this inner code can typically be constructed efficiently



via exhaustive search. In this way, one does not need to construct asymptotically explicit
constructions of codes that satisfy the property P, and rather their existence (as mentioned
in the first point) suffices.

e Next, one must find a way to “compose” these two codes. To define this composition, one
requires a D-regular bipartite spectral expander G = ([n] U [n], E') (which are known to exist
from the work of, e.g., [LPS88]) with small enough normalized second eigenvalue Ao/ D, where
A2 denote the second largest eigenvalue of the adjacency matrix of G.

e The final step is to concatenate the designed inner and outer codes [FJ65]. For an outer code
Cout € X3¢, an inner code Cj, C E{Z with its encoder Enc: Yoy — Ciyn, where |Ciy| = |Zout],
their concatenation is a code constructed by encoding each symbol of outer codewords using
Enc as an inner codeword, and concatenating these inner codewords according to the original
sequence. This is then followed by using the spectral expander G to “reshuffle” and “fold” the
symbols. This final step is critically important; it leads to a proof that the property P from
the inner code is still approzimately preserved as one translates from block length D (inner
code) to the amplified block length n. This heavily relies on the expansion properties of G
which yield a sufficiently “pseudorandom” reshuffling, provided the outer code satisfies the
property P’.

There have been numerous follow-up works which use this AEL framework to construct error-
correcting codes with various desired combinatorial properties. For instance, the work of [GROS]
constructs (1 — R — ¢, poly(n)) list-decodable AEL codes with alphabet size exp(log (1/¢)/e*). In
this setting, they use (g,0(1/¢), poly(n)) list-recoverability as the required outer code property P’.
In another direction, [HW18] constructs (1 — R —¢,¢,O;.(1)) erasure-list-recoverable codes®. They
use (2(e%),00(1),00.(1)) erasure-list-recoverability and (?)-relative distance as the required
outer code property P’.

This framework has also found applications in the design of locally testable / correctable codes:
for instance, [KMRS17]| constructs locally correctable codes from % errors and near-MDS locally
testable codes with low query complexity. They use high-rate LCCs and LTCs as the required
outer codes. Similarly, [GKdO*18, HRZW19, KRZSW23| construct (1 — R — €,¢,0;.(1)) locally
list-recoverable AEL codes with constant alphabet size. They use (£ ,(1),Q.(1),0r(1)) list-
recoverability as the required outer code property P’.

The AEL framework has also been used in the design of traditional list recoverable and list-
decodable codes. For instance, the work of [JMST25| constructs (1 — R —¢e,0(1/¢)) list-decodable
AEL codes. [ST25] constructs (1—R—¢, ¢, Oy (1)) list-recoverable AEL codes. More recently, [JS26]
constructs nearly-optimal additive AEL codes in terms of “local coordinate-wise linear” properties
[LMS25]. [GGH26| constructs nearly-optimal subspace design AEL codes. Note that in all of these
settings, the results achieve constant alphabet size, and use €2y .(1)-relative distance as the required
outer code property P’.

It is worth mentioning that AEL codes also yield algorithmic advantages for various tasks. In
this paper and the above list however, we only focus on combinatorial properties guaranteed by
AEL codes.

List-recoverability of AEL codes. Since the outer and inner codes used in the AEL framework
can both be non-additive code families, the AEL framework with non-additive implementations has
become one of the most promising approaches to attack the aforementioned list recovery barrier for
additive codes.

3This is a weaker variant of list recovery, see [HW18, Definition 1]



Currently, the best list-recoverable codes via the AEL framework [JS26, GGH26] only achieve
(1 =R —¢e,0,({/(R + ¢))PW/=+t1)) quality. This output list size does not outperform the list-
recoverability of explicit additive codes and random linear codes [BCDZ26a|. It remains elusive
whether we could take advantage of non-additivity within the AEL framework and achieve better
list-recoverable codes beyond the limit of additive codes. In a recent survey [RV25, Problem 6.1],
the authors explicitly propose constructing better list-recoverable codes via AEL codes as an open
problem.

In this paper, we give a strong negative answer to this direction, showing that the AEL framework
does not yield list-recoverability beyond the aforementioned barrier.

1.2 The AEL Framework

Our main result concerning the construction of AEL codes is a lower bound on the output list
size assuming the AEL code is “reasonable” in a sense we define shortly.

Theorem 1.5 (Informal, see Corollary 4.6). Let £ > 2,e > 0 be constants. Then, there exists a
constant A > 0 such that for any invocation of an inner-encoder insensitive AEL framework with a
< A-spectral expander, if (1) the outer code has rate at least 1—£~/ or (2) the outer code is additive
with rate at least 1 —2¢, then the AEL framework cannot guarantee to construct (1—R—eg, ¥, KO(R/E))
list-recoverable codes.

The formal definition of the inner-encoder insensitive AEL framework is in Section 4, but we
explain in this section some of the details of the framework. In short, the framework used in
Theorem 1.5 requires three conditions (1) a lower bound on the outer code rate, (2) a certain
“Insensitivity” condition for the inner-encoder, and finally (3) a suitable spectral bound. It is worth
noting that, to the best of our knowledge, all prior work on AEL codes use proof strategies that
satisfy these requirements, thus making Theorem 1.5 a highly general result. We give a more detailed
justification for the requirements of the AEL framework in Sections 1.2.1 to 1.2.3, along with the
definition of being “inner-encoder insensitive.”

In Sections 1.2.1 to 1.2.3, we discuss the validity of these conditions from three aspects: (1) how
does previous work satisfy these conditions, (2) why these conditions are expected to hold for any
traditional invocation of the AEL framework, and (3) if an alternative AEL framework does not
satisfy one of our conditions (which means our negative result does not apply to it), then in which
aspects the AEL framework has to be unusual.

In summary, for those who are pessimistic about the list recovery of AEL codes, our result gives a
strong negative lower bound. If one is still optimistic that a more generous AEL framework could be
used to break the list recovery barrier for additive codes, our negative results gives requirements that
any version of the AEL framework must satisfy to accomplish such a task. Indeed, any such use of
the AEL framework to build better list-recoverable codes has to violate one or more conditions listed
in Sections 1.2.1 to 1.2.3, which implies the code has at least one of the following four properties:

1. The rate of inner code is significantly larger than the target rate, which is counter-intuitive.
(Paragraph 1 in Section 1.2.1)

2. The invocation of the AEL framework only works when the normalized second eigenvalue
X2/D is larger than some constant, which is also counter-intuitive, as one typically expects
better expansion to yield better codes. (Section 1.2.3)

3. The constructions of the outer codes themselves are intrinsically non-additive. Note that such
codes are not currently known, as the outer code must be explicit. Moreover, the proof cannot



generalize to outer codes whose redundancy is an arbitrarily small constant. That is, there
is a constant 0 < ¢ < 1 such that the construction fails when the rate of outer code is larger
than c. (Paragraph 2 in Section 1.2.1)

4. The construction is sensitive to the inner-encoder, which indicates the proof must be whitebox
in terms of (i.e., explicitly depend on) the inner encoder that is used. (Section 1.2.2)

Each of these four properties is non-traditional in the coding theory literature. Theorem 1.5 can be
interpreted as saying that at least one of these non-traditional assumptions must be used to break
the additive codes barrier for list recovery (Fact 1.4).

1.2.1 Outer Code Rate Lower Bounds.

Additive outer code: rate at least 1 — 2e. We first explain why an outer code rate lower
bound of 1 — 2¢ is expected from a typical invocation of local-to-global amplification. As in the
above discussion, we let P denote the target property. Usually P is defined with respect to the final
desired code rate R, such as (1—R—e¢)-relative distance, (1— R—e, L)-list-decoding, or (1—R—¢, ¢, L)-
list recovery. In our case, P is (1 — R —¢,/, ro(R/ 6))—list—recoverability. By impossibility results on
the rate-radius trade-off [Sin64, ST20, GST24|, including our (tight) generalized Singleton bound
Theorem 1.2, the property P is only possible for codes with rate at most R + ¢.

Since the spirit of AEL framework is a local-to-global amplification on block length, the property
Pin required for the inner code should be no weaker than P. Otherwise, since the local-to-global
amplification on block length conceptually incurs some loss in parameters, it does not make sense
that a weaker property P, becomes a stronger property P after the amplification on the block
length.

Naturally then, a stronger property Pi, conceptually requires smaller rate, so we should consider
Rij, < R+ €. In the context of code concatenation, we let Rj,, Rout denote the rate of inner and
outer code respectively. Then, after concatenation, the resulting code has rate R = Rj, Rout- This
calculation then already forces that Roy > % >1— ﬁ >1— ]2{; This is exactly the rate lower
bound required in the second condition of the formal statement Corollary 4.6 (We assume a stronger
condition 1—2e¢ in the informal statement only for simplicity). Thus, this first condition is extremely
pervasive, and automatically holds for all previous work building AEL codes with additive outer
codes. Moreover, by the above reasoning, any “natural instantiation” of the AEL framework also
satisfies this condition that outer code has rate > 1 — 2¢, thereby providing a compelling barrier
towards using this framework to break the list-recovery barrier.

Indeed, to bypass this obstruction, one requires an additive outer code which has rate less than
1 — 2¢. In this case, then the inner code rate Rj, > R + € must be significantly larger than the
target rate, which is counter-intuitive from the previous discussion.

1/e. The aforementioned discussion focuses

Non-additive outer code: rate at least 1 — ¢~
on the setting when the outer code is additive. Here, we now discuss restrictions when the outer
code is non-additive. Before this, it is worth mentioning that no previous work on AEL codes
intrinsically requires non-additive codes as outer codes. Concretely, let P’ denote the outer code
property required. In all prior work the outer codes with property P’ can be already explicitly
constructed as additive codes, and so these constructions are already precluded from breaking the
list recovery barrier by the aforementioned point.

Regardless of non-additivity, we claim that all previous state-of-the-art upper bounds on output
list sizes of list decodable/recoverable AEL codes [AEL95, JMST25, ST25, JS26, GGH26]| still hold

when the outer code rate is larger than 1 — ¢~1/¢. This implies that all instantiations of the AEL



framework in these works still satisfy condition (1) of Theorem 1.5, and are thereby precluded from
breaking the list-recovery barrier.

Indeed, in the original [AEL95| and all recent works on AEL codes [JMST25,5T25,J526, GGH26],
there is a function f: (0,1) — (0,1) such that for any p > 0, as long as the normalized second
eigenvalue of the expander satisfies Ao/D < f(u), the proof strategy still works for any outer code
with relative distance at least pu. Although a smaller second eigenvalue requires larger degree D,
which means larger alphabet size, in this problem we only care about the output list size (o(B/e)
regardless of the alphabet size.

[LPS88| guarantees optimal spectral expanders with Ay < 2v/D — 1. Therefore, it suffices to
choose D > 4/f?(u). The only upper bound for D is D < n, so any constant p > 0 is a valid
parameter setting. This indicates that if we do not care about alphabet size, then for arbitrarily
small constant 1 > 0, there is a constant 0 < pu < 1 so that there are outer codes with rate at least
1 — n and relative distance u, and [AEL95, JMST25, ST25,J526, GGH26| can be implemented on
these outer codes.’” By choosing any constant n < ¢~1/¢_ this implies that all proof strategies in
these previous results still work under the above outer code rate condition. This precludes these
works from breaking the list recovery barrier.

So, in order to break this list recovery barrier, one possibility is to use an instantiation of
the AEL framework which does not satisfy the rate requirement 1 — ¢~%/¢. What would such a
framework look like? The key fact is that its proof strategy must intrinsically fail for small enough
constant relative distance p < £71/¢, which is conceptually different from all aforementioned work.
We believe that would require brand new ideas if such an AEL framework was indeed proposed.

Beyond the above, using the AEL framework with non-additive outer codes would also require
explicit non-additive codes with properties not guaranteed by additive codes! Indeed, to propose
a new AEL framework which bypasses this condition, one would require P’ to be some property
that is beyond the reach of additive codes. There exist properties that are proven to be impossible
for additive codes like aforementioned list recovery barrier for additive codes (Fact 1.4 or [GST24,
Section 4|). But importantly, none of these properties are known to have non-additive explicit
constructions. Therefore, as an inherent prerequisite for this kind of AEL framework, one would
first have to worry about how to explicitly construct the non-additive outer code with property P’,
which genuinely relies on non-additivity. This is currently a very interesting open problem.

Open Problem 1.6. Find a combinatorial property P which is not achievable by any additive code,
but for which there are known explicit constructions.

Our target problem that constructs (1 — R — ¢, ¢, o(R/ 5)) list-recoverable code is a specialized
version of this general open problem. However, it would in some sense be a circular proof that in
order to use the AEL framework to construct codes that outperform additive codes, one would first
have to already explicitly construct outer codes with properties not achievable by additive codes.

1.2.2 Inner-encoder insensitivity

Let us first define what inner-encoder insensitivity means. The AEL framework can be seen as
code concatenation [FJ65] plus shuffling via an expander. Specifically, let Coye € %%, and G, € X2

4[KMRS17] Chooses subconstant p = o(1). Our lower bound works for all outer codes with subconstant relative
distance p = o(1).

’[GR08, KRZSW23] requires the relative distance u to be large enough so that the outer code has good enough
list-decodability /recoverability. However, their proof strategies are now completely and significantly improved by
[JMST25,ST25|, which works for arbitrarily small constant relative distance p > 0.



denote the outer and inner code where |Cj,| = |Xout|, and Enc: Xou — Ci, denote some encoder of
Ciy. Then, the concatenation of Cyy; and Cj, is defined as

C = Cout © Cin = {(Enc(c1),...,Enc(cp)): ¢ € Cout}-

We say an AEL framework is inner-encoder insensitive if and only if, for any fixed choice of the
chosen Coyt and Cj,, the concatenated code Coyt 0 Ci, has the target property P after the expander
reshuffle regardless of the choice of Enc. In other words, it means the success of the AEL framework
only depends on the combinatorial properties of outer and inner codes, rather than the encoders
used to connect them.

All prior work on AEL codes achieving good combinatorial properties are inner-encoder in-
sensitive, thereby ensuring (in connection with the above discussion) that all known AEL proof
strategies are precluded from breaking the list recovery barrier. An inner-encoder sensitive AEL
framework on the other hand, would have to crucially make use of some special properties provided
by specifically chosen inner code encoders. This would require intrinsically brand new ideas beyond
all existing proof strategies for AEL codes.

1.2.3 Spectral Bounds

Expanders with small enough normalized second eigenvalue are required. If we do not
care about the alphabet size and assume the explicitness of inner codes, then all previous instanti-
ations of the AEL framework work for all small enough values of the normalized second eigenvalue
A2/D. This fact is intuitive because a smaller second eigenvalue implies better pseudorandomness
(Reflected as smaller error terms in the mixing lemma Theorem 4.3). Therefore, in principle we
should expect that a smaller second eigenvalue yields better parameters in target properties like the
output list size of list recovery. Our impossibility result is applicable to all (< A)-expanders with
small enough second eigenvalue, where A > 0 is a constant unrelated to n. In this way, all prior
work produces AEL codes that follow this condition, and therefore are precluded from breaking the
list recovery barrier (again, in conjunction with the above).

2 Technical Overview

2.1 Generalized Singleton Bound for List Recovery
We start by sketching the ideas that underlie Theorem 1.2.

Upper Bounding the Rate We begin by discussing the rate upper bound from Theorem 1.2.
To help convey the ideas, we consider the simpler case of £ = L = 2. Recall that in this case, a code
C C X" fails to be (p,2,2)-list recoverable when there are three distinct codewords ¢, ca,c3 € C
and coordinate-wise lists S1, 59, ....5, C X each of size 2 such that each of ¢y, co, c3 is captured by
these lists on at least (1 — p)n of their coordinates. Our bound shows that this failure is unavoidable
for every code of rate R once p > %, or equivalently, once the level of agreement satisfies
1-p< %

6[JS26] and [GGH26| have to use a linear encoder in the concatenation. However, their goals are to construct good
subspace design codes/LCL preserved codes. These properties are only defined for additive codes, so their encoder
choices are compulsory by definitions for their purposes. In addition, they care about code properties that are tailored
for additive codes, while our target (1 — R —¢,¥, KO(R/E)) list recovery is proven to be beyond the performance of any
additive codes.
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Figure 1: A view of the agreement sets Iy, Is and remaining coverage from coordinate sets. Green
sets represent symbols that are covered by the sets Si,...5,. The I} and I» boxes represent that
the coordinates of ¢y, co (respectively ¢y, c3) exactly coincide.

To argue that this failure is unavoidable, we show the existence of a simple “agreement triangle”
pattern. To start, we suppose that |C] > ¢"t (1) We then choose two disjoint coordinate blocks
I, I, C [n] with |I;| = |I2| = Rn, as long as this is possible. Our starting goal is then to find some
codeword c; such that many other codewords agree with ¢; on both I; and I5. Proving this relies on
the pigeonhole principle: for a coordinate set I C [n], there are only ¢!l many possible restrictions
to I. Thus, the set of codewords whose I-fiber” is of size 1 is bounded exactly by ¢/|. By applying
this reasoning to 11, I> and using the fact that our code has at least ¢ ) many codewords, this
means that we can find a codeword ¢; € C' whose I1-fiber and I>-fiber are both of size > 2.

To summarize, this means that we can find codewords ¢y, ¢2, ¢ such that:

co #c1,02ln =aln, c3 # c1, 03], = clrn-

That is, the codewords ¢, ca agree on all coordinates in I;, and the codewords ci,c3 agree in all
coordinates in Is.

Now, it remains only to show that this agreement pattern necessarily violates (p,2,2)-list re-
coverability: on a coordinate i € Iy, the three symbols ¢y, c2;,c3; only take two values, as ¢
and co agree. On a coordinate ¢ € [, the same is true, as ¢; and c3 agree. So, on the covered
blocks I} U Iy, the lists S; : i € I} U I are all of size < 2. If Iy U Iy = [n] (i.e., they cover all
coordinates), then this even gives an outright obstruction to zero-error list recovery. Otherwise,
we define Iy = [n] — (I3 U I2). Note that on these coordinates, we have no guarantee that the
codewords ¢, ¢z, c3 agree, and so it is possible that {c1;, c24, 3} has size 3. This is where we make
our final observation: at each leftover coordinate, we are still allowed to use a list of size 2. Thus by
cycling over the sets {c14,c2:}, {c1,i,¢3,i}, {c24, 3} we can ensure that each of the three codewords
is included in at least a 2/3 fraction of the remaining sets! Thus, each of ¢1, ¢a, ¢3 is captured on at
least®

2

many coordinates. Plugging in our choices of |I1], |I2], this implies that each of ¢1, ca, c3 agrees with
the lists in at least (1 — %) -n many coordinates. We summarize this argument in Fig. 1.

"For a codeword c, its I-fiber is {¢' € C: ¢'|r = c|r}.
8 Assume |I| is divisible by 3.



The full theorem uses a generalization of this reasoning to capture all choices of £ and L. Rather
than using three codewords and lists of size 2, one can generalize the argument to use L+1 codewords
and lists of size £. One then chooses L disjoint coordinate blocks, and for each non-base codeword
c;j # c1, one forces agreement with the base codeword on a carefully chosen cyclic union J; of
L 4+ 1 — ¢ many blocks. This design enforces the property that every coordinate belongs to exactly
L + 1 — ¢ of these J;’s. This means that at each such coordinate at least L + 2 — £ of the L + 1
codewords share the same symbol, implying that all codewords can be covered by a list of size £.
The remaining coordinates (i.e., not in any of L coordinate blocks) are then handled by a similar
averaging argument akin to the £ = L = 2 case, which will yield that an ¢-sized list can capture /¢
out of the L + 1 many codewords. All in all, this then yields the final agreement bound of

14 n L
-n .
L+1 L+1

Rn,

which is the complement of our generalized Singleton bound:

_L+1-¢ L
- L+1 L+1

R.

Lower Bounding the Rate. To prove a tight characterization of when list recovery is achievable,
we need to show that there are codes which can in fact match the aforementioned upper bound on
the rate. The second part of our proof shows that this is indeed the case. The key quantity we use
to show this is possible is the “collision weight” of a set of L + 1 codewords:

n

wi(er,..oeppr) = > (D41 = [{eri . cnpiid):
=1

For our exposition, we will focus on the case when ¢ = L = 2, in which case wt(c1, c2,¢3) = > 1" 1(3—
l{c14,c24,c3,:}]). For intuition, a coordinate where all three codewords are distinct contributes
collision weight 0, and a coordinate where all three codewords are the same contributes weight 2.

The starting observation is that for any sequence of two symbol lists 51, ... .5, the total number
of captured incidences satisfies

3
Z ‘{2 € [n] 1Cji € Sz}‘ < 2n+Wt(Cl,CQ,03).
j=1

The 2n follows from the trivial number of incidences that can be captured from two-symbol lists while
wt(cy, c2, c3) captures the “extra incidences” that can be captured when symbols from the codewords
coincide. Note that if three codewords ¢y, c2, c3 are all captured on at least a (1 — p)n fraction of
their coordinates, then 3(1 — p)n < 2n + wt(cy, ¢2, ¢3), which means that wt(cy, co,c3) > (1 — 3p)n.

By our previous discussion, our target Singleton bound in this regime is at p = (1 — 2R)/3;
equivalently, this means that wt(ci,co,c3) > 2Rn. All this is to say that avoiding list recovery
violations is essentially equivalent to showing that every triple of codewords has collision weight at
most 2Rn.

All that remains then is to show that there are codes which satisfy this condition. For this, we
rely on a randomly chosen code along with a secondary “clean-up phase” of a random code which
does not throw out too many codewords (compare [AGL25, Proposition 1.4]). Indeed, let us start by
taking a random code with say 2¢* many codewords for k = Rn. We say that a triple of codewords
1,2, c3 is bad if wt(cy,co,c3) > to, where intuitively, to ~ 2Rn, but we will build in some slack
which becomes arbitrarily small over large alphabets; more formally ¢o = 2k + O(n/logq).
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Now, we analyze these three codewords c1, co, c3 € X" at each coordinate ¢, we build a partition
of {1,2,3} which captures the equality patterns of these codewords. That is, a partition {1, 2}, {3}
reflects that ¢1; = co; at this coordinate, while c3; is distinct from the other two. The key point is
that an equality pattern of the form {1, 2}, {3} appears with probability ~ %, the equality pattern
{1, 2,3} appears with probability ~ q%, and the most likely equality pattern is {1}, {2}, {3}. Using
this, one can show that for a fixed equality pattern over all n coordinates, if the collision weight of
that pattern is w, then the probability of that equality pattern appearing is < ¢~ %.

We can then observe that there are at most 5" possible equality patterns (5 per coordinate),
and thus

Pr[wt(ci, co,c3) > to] < 5" - ¢ 2.

The key fact now is that this allows us to bound the expected number of violating triples in our

randomly sampled code. Indeed, there are at most (2§k) < (2qk)3 many triples of codewords in the
sampled random code. Thus, the expected number of bad triples is bounded by

O(n)

(2¢F)3 - g2 < (2¢F)3 - 5" . g% . i@ < g

To conclude the proof then, it suffices to observe that for each such bad triple, we can delete a
single participating bad codeword. This removes all bad triples from the code, but only results
in the deletion of < ¢* many codewords. Hence, there are still > ¢* many codewords left in the
code, as we started with 2¢* many codewords! All together, this then yields a code with > ¢*
many codewords and no bad triples, which by our aforementioned discussion, is thus (p,2,2) list
recoverable.

2.2 AEL Impossibility

Now we sketch the proof ideas of Corollary 4.6. It is a parameterized version of Theorem 4.4,
which says for any ¢, m > 2, when (1) the outer code Co, satisfies certain conditions, (2) the inner
code encoder can be selected adversarially, and (3) the normalized second eigenvalue of the shuffle
expander is small enough, the AEL code is not guaranteed to be (1 — %, ¢, L) list recoverable
where R denotes the rate of inner code and L = ¢™ — 1. Specifically, we can find ¢™ bad codewords
in the AEL code that form an m-dimensional hypercube such that: On a set S C [n] of coordinates
with size |S| = %, for each i € S, the £™ bad codewords have only £ possibilities on the entry
1. This hypercube has side-length ¢ — 1, so the £™ bad codewords can be seen as points in this
unit-distance m-dimensional grid. This construction is inspired by [CZ25].

Let us fix the simplest example £ = 2 and m = 2, where many key ideas in the proof already
show up. In this case our goal is to find four distinct codewords {cqp: a,b € {0,1}} in the AEL
code such that for disjoint I,, I, C [n] with |I,| = |I}| = (R — €)n, we have for any a € {0,1},
ca0lla) = calls), and for any b € {0,1}, cop[lp] = c1p[Ip). If this holds, then for any i € I, U I,
we know |{cqp[i]: a,b € {0,1}}| <2 = ¢, which means there is a size-¢ input list on i-th coordinate
such that all the four codewords agree on it.

Since each codeword of the AEL code comes from some codeword of the outer code, we should
start by finding the outer codewords {c;’b, a,b € {0,1}} that will be then transformed into {c,4: a,b €
{0,1}} after concatenation with inner code and expander reshuffle. We will take advantage of the
large rate Rou of outer codes to find {c} ,,a,b € {0,1}}, and then use the spectral expansion and
a carefully chosen encoders for inner codes to transform them into the final list {cap,a,b€{0,1}}
Our requirement for these {c] ,} is the following: For a partition Jo U J, U J, of [n] that will be

chosen later, there should be
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e The four outer codewords {c, ,} agree with each other on Jp.
e For any a € {0,1}, ¢ o[Ja] = ¢, 1[Ja]-
o For any b € {0,1}, ¢ ,[Js] = | ,[Jb].

Just this task of finding codewords satisfying the above is already very subtle. For this technical
overview, we focus primarily on conveying the intuition for how we prove these codewords exist.

Note that this is a stronger requirement than the conditions required for {cq s} since we need
all four codewords to agree on Jy = [n]\(J, U J,). However, we can find satisfying codewords {c, ,}
if the rate of outer code is large enough as follows.

If Coyt is additive and Ry > mﬁfl = % Since Cyyt is additive, then for any S C [n] with |S| <
Routn, there exists g € Coue that vanishes on S (¢4[S] = 0) but non-zero on remaining coordinates
(cg[[n]\S] # 0). Let JoU J, U Jy, be any partition such that |Jo| = (1 — —) | Ja | |Jp| = 2, then
we know |Jo U Jo| = [Jo U Jp| < Roun. In this case, we can just define ¢, , = aclj ;. + bCJoUJ for
any a,b € {0,1}, and it is easy to verify that these four codewords satlsfy the required conditions.
The formal statement of this step can be found in Lemma 4.5.
If C,,; is non-additive and Ry > 1— W = %. In this case we use the famous Kévari-Sos—Turan
Theorem (Theorem 4.1). Suppose |J,| = |Jy| = s, |Jo| = n — 25, let ¢ = |Sout], since |Cout| = gfoum,
by pigeonhole principle there must be C! C Coyt, |C!| = ¢ ="+25 50 that all codewords in C”
agree on Jy. Then we construct a bipartite graph G = (L U R, E) so that |L| = |R| = ¢° and
|E| = |C'| > gffown=n+25 " The construction of G is simple: We interpret vertices in L and R
both as vectors in 33 ,,. Then, for each ¢ € C’, we add an edge ('[J,],[Jp]) to the graph. The
Kévari-Sos-Turan Theorem tell use that if |E| = w(|L|*/?), there must be a Ky 5 subgraph in G.
When Ryt is large enough, we can set the parameter s accordingly so that the condition holds.
Then, we can make the four codewords that consist of the four edges of the Kso subgraph of
G as the desired {c, ,}. By the definition of G, we know that these codewords agree on Jy and
{c, pli]: a,b € {0, 1}}| = 2 for each i € J, U Jp, so these codewords satisfy our conditions.

Then, we will construct {cap} from {c, ,} by choosing specific inner code encoders. For each
i € [n], fix the disjoint right vertex sets I, I, C [n] that we wish to construct agreement, and then
for each left vertex i € [n], there are only three cases:

e If ¢ € Jp, then since the four codewords already agree on ¢, we do not need to do anything
special

o If i € J,, then let N; 4, N;p C [D] denote the set of edges between i and I, I respectively.
Edges in N; 4 only requlre Ca0 = Cq1 for any a € {0,1}. This is already guaranteed by the
choices of {c, ,}. The new challenge is that for edges in N, they need cop = c1 for any
b e {0,1}. This means we have to choose the inner code encoder Enc;: Yout — Cjn so that
Enci(cp ,[i])[Nip] = Enci(cy y[i])[Nip]. If [Nip| < RinD, then by pigeonhole principle we can
guarantee there exists such an encoder and provide the sufficient agreement on V;;. If the
graph G is a random D-regular graph, then E[|N;;|] = % = (Rin — €)D. Since the spectral
expander G is pseudorandom graph with small enough second eigenvalue Ao/ D, by the famous
mixing lemma (Theorem 4.3) we know that the condition |N;| < RinD holds for almost all
left vertices. Therefore, we only need to select J, as a subset of “good left vertices”, and the
required inner encoder must exist.

e The case i € Jp is symmetric to the former case.

12



This construction can generalize to any m,f > 2 and construct £ bad codewords. Therefore, we

get the lower bound that the AEL frameworks can never be (1 — mr(nlis) , 0, 0™ — 1) list recoverable

for any integers m, ¢ > 2. The main theorem is then derived from this bound as in Corollary 4.6.

3 A Tight Generalized Singleton Bound for List Recovery

In this section, we prove an (essentially) tight generalized Singleton bound for list recovery. We
begin with some preliminaries on set partitions and agreement hypergraphs.

3.1 Partitions and Agreement Hypergraphs

Given a finite set S, a partition of S is a family of sets {S1,..., Sk} such that Si,..., Sk are
pairwise disjoint and S; U --- U Sy = 5. We write S; U --- U Sy = S to succinctly denote that
{S1,..., Sk} is a partition of S. We let Pg denote the set of all partitions of S. If S = [m], then we
use the notation Pp, to denote Py,

Given a partition P € Pg, we have a corresponding equivalence relation ~p on § such that for
any 4,7 € S we have that ¢ ~p j if and only if ¢ and j are in the same part of P. We make the
following simple observation.

Proposition 3.1. For all finite sets S, we have that |Pg| < |S|!.

Proof. Without loss of generality, we may assume that S = [m] for some nonnegative integer m.
We construct a partition P € Py, iteratively as follows. Start with the empty partition. Then, for

each i € {1,2,...,m}, we can either choose that i ~p j for some j € [i — 1] or i forms a new set
in the partition. Some of these choices may be equivalent, but there are always at most i choices.
From this, we get an upper bound of 1-2---m = m! on the number of partitions. O

Given, P,(Q € Pg, we say that P is a refinement of @@, denoted by P < @ if for any i,j € S we
have that ¢ ~p j implies i ~¢g j. Conversely, we say that ) is a coarsening of P. Note that the
partition of S where every set is a singleton is the “finest” possible partition, and the of .S consisting
of a single set is the “coarsest” possible partition.

Given a finite set S, We define an agreement hypergraph [ST20, AGG™25, CZ25] over S to be
any sequence H = (Py,...,P,) € Pg. Given an alphabet ¥ and any codewords ci,...,cn € X7,
we can define their agreement hypergraph H(cy, ..., ¢p) to be a sequence (Py, ..., P,) € P such
that for all ¢ € [n], we have that P; corresponds to the partition of [m] such that j,j" € [m] are
in the same set if and only if ¢;; = ¢; 7. Given H € P, we say that (c1,...,cn) certify H if
H(Cl,...,cm) = H.

Given a partition P € Pg, we define its cardinality |P| to be the number of sets in the partition
and we define the partition’s weight to be wt(P) = |S| — |P|. Then, for an agreement hypergraph
H = (Py,...,P,) € P¢ we define its cardinality to be

n

[H| =" |Pl,

i=1
and its weight tobe
wt(H) =Y wt(P;) = n|S| - |H|.
i=1

13



For any codewords ¢y, ..., ¢, € X", we define

wt(cr, .. em) = Wt(H(c1,. o em)) = Y (m— [{c1i, s ema}]) -
=1

Given P € Pg and a set T' C S, we let P[T]| € Ps denote the partition on 7" induced by P. Given
H=(P,...,P,) € P¢, welet HT|:= (P[T],...,P,[T)).
3.2 A Novel Generalized Singleton Bound for List Recovery

Generalizing [GST24, Theorem 5.1, we can prove the following generalized Singleton bound
(GSB) for agreement hypergraphs. Throughout, we let ¥ denote an alphabet of size g.

Theorem 3.2. Let L > ¢ > 1 and n > 1 be integers. Let R, p € [0,1] be such that
L+1-7/ L

> — . 2
R R T 2)
or equivalently
L+1—-¢ L+1
R > — 3
2 — 7 (3)

Then, for any C C X" of size at least g™ 5% we have that C is not (p,¢, L) list-recoverable.

Remark 3.3. Theorem 5.1 of [GST24| proves the an analogoue of Theorem 3.2 with the weaker
condition that

L+1
<l— ——— 4
Rsl=goa—7 @)
or equivalently
L+1—-7¢ L+1—-¢ L+1-4
> — (1 — = — .
Pz R =Ty r+1 f (5)

In particular, for all rates R € (0,1), Eq. (2) gives a strictly superior bound to Eq. (5) whenever
¢ > 2, where the case ¢ = 1 corresponds to the list-decoding setting already established in [ST20].
The most important qualitative difference between Eq. (3) and Eq. (4) is that our bound has
the ability to rule out zero-error (0, ¢, L) list recovery for certain rates. For example, if ¢ = L = 2,
we can infer from Eq. (3) that R <  in order for our code C' to have a chance of being (0,2, 2)
list-recoverable, whereas Eq. (4) imposes the trivial constraint R < 1. We are not the first to observe
that there is are rate restrictions on zero-error list recovery, see [RYZ24,RV25|. However, by virtue
of Corollary 3.9, we are the to precisely calculate the zero-error rate threshold over large alphabets.

Proof. Our goal is to find sets 51, ...,5, C X of size at most £ and distinct codewords c1,...,cp+1 €
C such that for all ¢ € [L + 1],

n

D feij €81 = (1—p)n. (6)

Jj=1

Given a set I C [n] of coordinates and a codeword ¢ € C, we let Ni(c) :={c € C'| | = |r}. For
any integer a > 1, we further define

Fra:={ceC||Ni(c)| <al.

We observe the following fact.
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Claim 3.4. |Fr4| < a-ql.

Proof. It |Fra| > a- ¢!!l, then by the pigeonhole principle, there is a string z € X! such that there
are at least a 4 1 choice of ¢ € Fr, for which ¢|r = x. For any one such ¢, we thus have that
IN7(c)| > a + 1, a contradiction of the definition of Fy 4. O

Pick sets Iy, ..., I C [n] subject to the following constraints.
1. I1,..., I are disjoint.

2. |Ij| < |78 + 3 for all j € [L].
3. I1 U---UlIp is as large as possible.

In particular, if (LL—H 7] +3) - L < n, then |[;| = LL+1 7] + 3 for all j € [L], and otherwise
LU---UIL =n]. Wealso let Ip:=[n]\ ([1U---UIL). Forall j € {2,...,L + 1}, we define

Jj=1; 1Ulj mod LY Ljt1 mod U Uljyr 41 mod L-

That is, J; is a union of L 4+ 1 — £ sets. By Claim 3.4, we have that

L+1
U Fiol < L2 max ¢l <% (LH1-0)(| 22 | +3) < [2gRrH3IHI=0 o GRetSL < (0|
2 j€{2,...,L+1}

Therefore, we can find ¢; € C which is not contained in Fj, 141 for any j € {2,..., L + 1}. With
this choice of ¢;, observe that one can greedily pick ¢z € Ny, (c1),...,cr41 € Ny, ., (c1) which are
distinct. The reason is that by choice of ¢, we have that [Ny, (c1)| > L+1forall j € {2,...,L+1},
so each ¢; can be chosen distinctly from the others.

Observe that for any j € [L] there are exactly L + 1 — ¢ choices of j' € {2,..., L + 1} for which
1y C Jy. In particular, this means that for any index ¢ € Iy U---U I}, we have that some L+1—/
of ¢14,...,¢cr4+1, are identical. Thus, for all i € Iy U--- U Iy, we can define S; := {c14,...,¢cr41,i}
and know that |S;| < /.

If Iy = @, then our choice of ¢1, . .., cr 41 already certifies that C is not (0, L+1, Z)—libt recoverable
and thus cannot be (p, L + 1, £)-list recoverable. Now assume that Iy # @ so |[;| = \-L+1 7] +3 for
all j € [L]. For all iy € Iy, define S;, to be an arbitrary subset of [L + 1] of size ¢ such that for all
i € [L + 1], we have the balancing condition that

[£o|¢
Z 1[61'7]‘ € SJ] > \‘L—l-l .

Jj€lo

In particular, we have that for all ¢ € [L + 1] that

- |To|¢
;I[Cm’ESj} ZTL—’I()|—|— \‘L—i-l

L+1-¢
L+1

Rn L+1-/
_n_1_<n_L<{L+1—€J+3)>'L+1

Rn L+1-/
>n—1-— — - e
>n—1 <n L<L+1_€+2)> —

15

2n—1—|I0\-



l L L+1-1¢
zi-n—&-il-Rn—i—QL-;—

L+1 L+ L+1
L+1-7¢ L
> (1- - ‘R|)-
—< [ L+1  L+1 RD "
> (1 - p)nv
which proves Eq. (6). Thus, C is not (p, L + 1, £)-list recoverable. O

Remark 3.5. The proof has similarities to many other GSB proofs in the literature [ST20,GST24,
(725, 1L.MS25,1.525], particularly in the use of the pigeonhole principle’ to identify suitable code-
words ¢1,...,cr+1. In comparison to [GST24], our use of pigeonhole is superior in the sense that
we impose the information-theoretic maximum possible number of constraints on ¢1,...,cr41.

3.3 Tightness of List Recovery Generalized Singleton Bound

We now prove that Theorem 3.2 is essentially tight by showing that codes exist (over sufficiently
large alphabets) which match Eq. (2). To begin, we use the probabilistic method to show there
exists a code C' with a much more general property.

Theorem 3.6. For anyn >k > 1 and ¢ = |Z| > Lo > 1, there exists C C X" of size ¢* such that
for all L € [Loy| and distinct ¢y, ... ,cr+1 € C we have that

(L+1)log(L+1)

t < Lk
wt(ct,...,cr41) < Lk + o ¢

(n+3). (7)

The proof proceeds by using the probabilistic method [AS08|, with some technical similarities
to recent result for list-decoding and local properties [AGL25, CZ25,LMS25]| (particularly [AGL25,
Proposition 1.4]). We make crucial use of the following lemma.

Lemma 3.7. Letcy,...,cr41 ~ X" be sampled uniformly at random. For anyt > 0, with probability
at most ((L + 1)!)"q~t, we have that wt(cy,...,cpe1) > t.

Proof. Recall that H(ci,...,cry1) € Pp,, is the agreement hypergraph induced by the codewords
C1y-..,¢cp+1. Observe that

n

wt(er, .. yepi1) = 3 (41— [evs, . enii}])
=1

— Z(L—i— 1 —|Hi(er, ... cnq1)l)

i=1
=wt(H(ct, ..., cL41)-

Now fix an agreement hypergraph P = (Py,...,P,) € Pry1- We claim that for a uniformly random

choice of c1,...,cpe1 ~ X" that Pr[H(c1,...,cp41) = P] < ¢~ V' F). To see why, by independence
of the sampled coordinates it suffices to prove for each i € [n] that Pr[H(c1,...,cr41)i = Pi] <
g PlI=(EAD - Let S1,...,9p, be the constituent sets of P; and let sy € S1,...,8p € Sjp, be
arbitrary representatives. For every j € [L + 1]\ {s1,..., s|p,}|, we require that c¢;; = ¢ . ; where
j* is chosen such that j € Sj«. This is a list of L + 1 — |P;| independent events that must hold

90r in the case of [CZ25,1.MS25,1.525] a dimension-counting argument that could be viewed as a linear-algebraic
variant of pigeonhole
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and each event happens with probability 1/q. Therefore, Pr[H(c1,...,c41)i = B] < g!Pil=(L+1)
so Pr[H(c1,. .. cpp1) = P < g7 "),
To finish, we observe that for uniformly random cy,...,cr11 € 3 we have that

Pr[wt(ci,...,cp41) > t] = Z Pr[H(c1,...,cr41) = P]
PePp
wt(P)>t

< Z g VP

PePp,
wt(P)>t
< |Pple™" = (L+1)Hng ™"

From this bound, the lemma follows. O
We now proceed to prove Theorem 3.6.
Proof of Theorem 5.6. For any L € [Lg] define

(L+1)log(L+1)
log ¢
Consider the case in which ¢; > n. Observe then for all L € Lq that

trp = Lk +

(n+3).

L+1)log(L +1 2log 2
by — Lty = L (EEDIBE ALY gy g, 2082 0
log q log q
L+1)log(L+1)—2Llog2
_ (L Dlog(L+ 1) —2Llog2
log g

where the inequality follows from that fact that (L + 1)LJrl > 22l for all L > 1. Therefore, t;, > Ln
for all L € [Lo]. This implies that the conditions Eq. (7) are all vacuous, so any C' C X" of size ¢*
suffices.

Hence, we now assume that ¢; < n. Sample codewords c1, ..., cygr ~ X" uniformly at random.

and define the random variable X to be the set of all sequences {i1,...,ir4+1} € (%_qﬁ) with

wt(Ciy, ..., Cip ;) > tr. By Lemma 3.7 the probability that any individual (i1,...,iz41) is an
element of X, is at most ((L + 1)!1)"q 2. As such,

k
Bl < (1) )@@+ e

< (25 (L + 1) g
— gUADR=te oL+l (f, | yn(E+D)

— " (L 4 1)~ TN L1 (f 4 qyn(l+)
— ¢M(L 4 1)73E+D gL+

< gro20+1).

Thus,

E

Lo Lo Lo
> |XL] <Y gD < gy o < gk,
L=1 L=1 L=1
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Hence, there exists c1, . .., cyx € X" such that 220:1 |X1| < ¢¥. Foreach L € [Lo]and (iy,...,ir,) €
X1, delete ¢;; from the list c1, ..., cygr. After doing this, we may pick a subsequence Ay, c;k e "

such that for any L € [Lo] and any distinct i1, ..., iz41 € [¢*] we have that wt(c] ..., ¢} ) < tr.

To finish, we need to check that ¢/, ... ,c; . are distinct. Recall we assume that ¢t; < n. Thus,
¥], we have that wt(c;, ¢j) < n. This can only occur if ¢; # ¢} for all i,7 € [¢"].
Therefore, C = {c,..., c;k} is our desired code of size ¢¥. O

for any 4,5 € [q

In fact, the proof of Theorem 3.6 also shows that the following stronger condition is true:

Corollary 3.8. For anyn > k > 1 and q = |X| > Lo > 1, a random code C C X" of size 2q"
contains (with probability > 7/8) a subcode C' C C' of size ¢* such that for all L € [Lo) and distinct
c1y---,cp+1 € C' we have that

(L+1)log(L +1)

t < Lk
wt(cr, ... coq1) < =+ log g

(n+3). (8)
Proof of Corollary 3.8. We use the same notation as in the proof of Theorem 3.6. In particular, we
see that
S O™ o 2041) - g2y o 6
ko—2(L+1 k —2(L+1
3
L=1 L=1 L=1

By a simple Markov bound, this then implies that with probability > 7/8 that 220:1 |Xz| < ¢~
Conditioned on this being true, we can then repeat the process of Theorem 3.6: for each L € [Lo] and

E

(i1,...,11,) € X1, delete ¢;, from the list ¢y, .. ., Coqr- After doing this, we may pick a subsequence
c’l,...,c’qk € X" such that for any L € [Lg] and any distinct iy,...,ir41 € [¢*] we have that
wt(cj, ..., Chyq) < tr O

Our main application of Theorem 3.6 however is that Theorem 3.2 is asymptotically tight as
n, q tend to infinity.

Corollary 3.9. Foranyn >2,q=|X|>L>{¢>1, and R € [0,1], pick p € [0, 1] such that

L+1-¢ L

PSTy1 o1

Let
(L+1)log(L+1)

or 7 (n+3) _1J

and assume k > 1, then there exists C C X" of size ¢ such that C is (p, ¢, L) list recoverable.

k= {Rn—

Proof. Apply Theorem 3.6 with Ly = L to construct a code C' C X" of size ¢* such that for any

distinct c¢q,...,cr11 € C we have that

(L+1)log(L+1)
log ¢

Wt(cl,...,CL+1) < Lk + (n+3). (9)

Now, assume for sake of contradiction that C is not (p, ¢, L) list recoverable. Then, there exists
distinct ¢1,...,cp41 € C as well as sets Sy,...,Sy C 3 of size £ such that for all i € [L 4 1],

n

Z 1[01'7]' S S]] > (1 — p)n.

j=1
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As such, we have that

n

Wt(Cl, - ,CL+1) = Z (L +1-— |{Cl,j7 ce CL+1,j}‘)

j=1
n L+1
>3 L1185 = 3 e ¢ sj]]
j=1 i=1
L+1 n
> —nl + Z Z 1[c; j € S]]
i=1 j=1

> (L+1)(1 - p)— On

L+1—¢ L
> — . _
_((L+1)<1 o1 TIi1 R) £>n

= LRn.
Therefore, by Eq. (9) we have that

(L+1)log(L+1)

LRn < Lk + (n+3)
log q
L+1)log(L+1 L+1)log(L+1
| g EEDIBEAY gy | (EEDIosEED) )
log q log q
L+1)log(L+1 L+1)log(L+1
<r(Rp- LEDeD) gy g (B Dloe(BH+D)
log q log q
< LRn -1,
a contradiction. Thus, C' is indeed (p, ¢, L) list recoverable. O

In particular, this means that the RHS of Eq. (2) is precisely the error threshold p for which
(p, ¢, L) list recovery is possible.

4 AEL Lower Bound

4.1 Preliminaries

We begin by stating a few standard facts we need concerning graphs and hypergraphs.

Theorem 4.1 (Generalized Kévari-Sos—Turan Theorem [Erd64]). Given any r,t > 0, there exists
a constant C > 0 such that for any r-uniform r-partite hypergraph G on rn vertices with each part
size n, if the hypergraph has no Kt(f.).,t as a subgraph, then G has at most C’nriﬂ%l hyperedges.
Definition 4.2 (Spectral Expansion). Let G = ([n] U [n], E) be a d-regular bipartite graph, and
A be the second largest eigenvalue of its adjacency matrix, then for any A > \/d, we say G is a
N-spectral expander.

Theorem 4.3 (Expander Mixing Lemma). Let G = ([n]U[n], E) be a d-reqular \-spectral expander.
For any S,T C [n]. Let E(S,T)=EN (S xT), there is

_ ST ¢ s
| < dn,

[E(S,T)|
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Inner-encoder insensitive AEL Framework. We now present the basic components of the
AEL framework.

e Ingredients: An outer code Cout C X3, with rate Roue. n inner codes Cin 1, ..

. cxb
each with rate R, and size |Yout|. A D-regular A-spectral expander G = ([n] U |

n’

’ Cin7n

n|, E).

e Construction: Pick arbitrary inner encoding maps Encin;: Xour — Eilr? . We construct Cag C
(B2 as follows:

For each cout € Cout, there is a codeword ¢ € Cag| defined as follows: For each edge e =
(u,v) € E which is the e,-th edge connected to u, let the symbol on this edge to be ¢, =
Encin y(cout[t])[€n]. Then, for each right vertex v € [n], let e,1,...,e,p € E denote edges
connected to v, we define ¢ as

c= ((Cel,l’ R Cel,D)7 ttt (Cen,l’ R Cen,D)) € (Eﬁ)n

4.2 Output List Size Lower Bound

Theorem 4.4. Let m,¢ > 2 be positive constant integers, and €, Rin, Rout be constants. There
exist constants Cy > 0 and A > 0 such that for any inner-encoder insensitive AEL framework
parameterized by

(n7 Cout, Rout, Cin,l; cees C'in,ny Rin, D, A, G)
if at least one of the two following conditions holds:

® Rot > 1— 5.
o Pout only contains additive codes and Royt > mT_l
then for any large enough n > Cy, the prescribed AEL framework does not guarantee to construct a

(1-— %, €,0™ — 1) list-recoverable code assuming Ri, < =1

Proof. We choose s € (0, 1) as follows:

e In case Royy > 1—1/(2mf™7 1), set

3
S = —.
4m,
Then ) 3 )
S
Fow =14 5o 2 —5 w1 ¥ ggm—1 — amgm—1 = %

e In case Pyt only contains additive codes and Royuy > (m — 1)/m, set

1 1
5:2(1—Rout+).
2 m

Then 1 — Ryt < s < 1/m, and hence

Rowt —1+s>0.

Choose constants n < 1 — ms, A < min(gfg, /210‘;28).
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Let b = (R'” E) then since Rj, < mT_l, we can select disjoint I,...,I,, C [n], each with
size bn. It sufﬁces to showw that the AEL framework can construct a code Cag, that contains
distinct codewords {cq: d € [¢]™} such that for any i € [m],dy,da € [¢]™, there is d1[i] = da]i] =
ca, [li] = cqy[Li]. Because if this condition holds, we know for any j € I; U--- U I, there is
{calj]: d € []™}| = €. This would imply that the code is not (p, ¢,¢™ — 1) list-recoverable where
p=1-YLU - ULy|=1-mb=1- "fae)

Let I =1 U---UlI,. For two subsets L, R C [n], let E(L, R) denote the set of edges between
left vertices in L and right vertices in R in G. For each i € [m], we define the left vertex set G; as

follows
Gi={ie[n]: [E{i}, I\ L)] < ((m—1)b+ %)D}-

By Theorem 4.3, we have that

I[n] \ Gi||T\ I

|E([n]\ Gi, I\ L,)| < D +ADn <D ((m b+ %) I[n] \ Gy| + ADn.

Also, since |E([n]\ G, I\ ;)| > ((m — 1)b+ 5)D|[n] \ G;|, we know that

8An m
G|l < — < —
G < S <
Therefore, we know |G1 N --- NG| > (1 —n)m. Since ms < 1 —n, we can choose disjoint
J1,. ooy Im €GN+ -NGyy, each with size sn as subsets of left vertices. Let Jy = [n]\ (J1U---UJy,).

We start from find the bad list from the outer code Cy,: as follows.

Lemma 4.5. There ezist pairwise distinct {c;: d € [0]™} C Cout such that for any i € [m],d1,ds €
(™, there is di[i] = dali] = ¢y, [Ji] = ¢y, [Ji]. Moreover, there is ¢ [Jo] = cy,[Jo] for any di,d2 €
[,

Proof. There are two cases, the first one is when Cyy is additive and Ryt — 1+ s > 0. Then

since for each i € [m] there is |[n] \ Ji| = (1 — s)n. Let n > & 1og£ to be large enough. Since

Cout is additive, let Coye be Fy linear and m = log, |Zout], U C IFRO'“”m denote the message space
of Cout, there must be a subspace V' C U with dimension at least (Rout — 1 4+ s)nm that contains
all messages whose encodings are zero on [n] \ J;. Therefore, there are at least |Soue|(Foue—1+5)n >
2R°“t I+s > ¢ distinct codewords ¢ € Coyy such that j ¢ J; = ¢[j] = 0. Pick £ of them to form a set

{Cz,ly ) 1’4} g C’out-
Now we construct the outer codeword set as

=1

Let us verify this set of {c;: d € [¢(]™} satisfies the target code property: For each i € [m] and
di,ds € [¢]™ such that d;[i] = da[i], we know that

cdl[ - Cd2 Z C;, d1 t] c;f,dg [t} [Jl] = C;;/,dl [1,] [']Z] - c’/i,,dg [’L] [J'L] =0
Since codewords in U; are pa,irwibe distinct on J;, this also tells us that if di[i] # da[i], then

¢y, [Ji] # ¢y, [Ji]. This implies ¢ # ¢ < di # da, which proves that |{c};: d € [(]™}| = ™.
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Finally it is easy to verify that
¢y [Jo] = ¢, [Jo] = th a1 70] = ¢ gy ylJo] = 0: Vda, dy € [(]™

Then we prove the lemma in the second case that Royt — 1 + zm%l > 0 and Cyyt is possibly
non-additive. Let gout = |Zout|
Since Coyt has rate at least Royt,
|Cout‘ > qRoutn.

Let the projection map be g: Coyx — EL@ defined by g(c) = ¢[Joy], by pigeonhole principle we can

choose the largest fiber of g, say C' C Coyt, such that [g(C”)] = 1 and there is

c') 2 1ol B tmen
out

Construct an m-uniform m-partite hypergraph H whose h-th vertex class is

Vi = Sgu Vil = a3ue-

out?

For each ¢ € C’, put the hyperedge
(c[J1], ... c[Tm])

in H. This map is injective on C’, because all codewords in C’ have the same projection on Jy,
Jo, J1, - .., Jm partition [n], and all codewords in C” are pairwise distinct codewords on JoU- - -U Jy,.
Hence
|E(H)|=|C"|.
Let Cx = Cy(m, ) be the constant supplied by Theorem 4.1 such that if H contained no Ky __ g,

then )
|E(H)| < Cu(gim)™ V"

out

But since Rout — 1+ zm=1 > 0, there exsits large enough Cr = Cr(Rout, m, £) so that for all n > Ckg,
we have

1
log,, . |1E(H)| > (Rout — 1+ ms)n > sn(m — = ) +1log, .. Co.

Therefore, we must have |E(H)| > Co(¢s")™ Y*""" So H contains a complete m-partite hyper-
graph Ky 4. Thus, for each h € [m], there are ¢ vertices

Phyis -+ Pht € Vi
such that, for every tuple d € [¢]™, the hyperedge
(pl,d[l]a s 7pm,d[m])

belongs to H. Let ¢, € C' be the outer codeword corresponding to this edge. Then all ¢/,’s agree
on Jy since they are in the same fiber of g. Moreover, on J;: i € [m], we know that the projected
codeword ¢;[J;] only depends on d[i]. The hyperedges are distinct, so the codewords are distinct. [
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Remember that our target is to construct {cq: d € [¢]™} C Cagr such that di[i] = da[i] =
ca, [Ii] = ca,[1;] for alli € [m],dy,da € [£]™. We will choose the encoders Enciy 1, . .., Encinn: Zout —
ZEI of the inner codes Ciy 1, . .., Cinn and construct ¢g € Cagr, as described in the AEL framework:
For each edge e = (u,v) € E which is the e,-th edge connecting to u, let wq . = Encin,(c}[u])[ew].
Then, for each right vertex v € [n], let e, 1,...,e,p € E denote edges connecting to v, we define
the final codeword ¢4 as follows

cd = ((Wayer.1 s Wderp)y s (Wden s+ Wde, p)) € (xPym,
Now we state how we choose the inner code encoders. For each i € [n], there are two cases.
e If 7 € Jy, then we choose Enci, ; to be an arbitrary encoder of Ciy ;.
e If i € J; for some j € [m], define
= E({i}, I\ I))

Since ¢ € J; C G, we know that

£ £
Nl < ((m — b+ 5)D = (R~ 5)D
Since D > % = 210g2 , let gin = [in], we know |G| = QR‘“D and therefore qlnD/2 >

{. By pigeonhold prinmple there exist distinct codewords wi,...,wy; € Ci,; that agree
on N/ = {e;: e € N;} C [D]. We choose an arbitrary encoder Encin’i of Cini such that
Encin,i(c’f(ﬁ) [i]) = wy; for all t € [{] where f(j,t) = 19 L oto1™J € [¢(J™ denote the unit
indicator function.

Now we prove that the codewords {cy: d € [¢]™} constructed this way satisfy the target: Fix any
€ [m],dy1,ds € [f]"™ such that d;[i] = da[i]. We prove cq, [v] = cg,[v] for all v € I;. Fix such an v,
we need to prove that for any ¢t € [D]

wdlyev,t = wd27ev,t

Let ey = (u,v) and h = (u,v),, by the construction, it suffices to prove
Encina (¢, [u]) ] = Encina(cl, [u] ]
There are three cases with respect to u
e u € Jo: Then by our construction ¢ [u] = ¢ [u], and the claim immediately holds.

e u € J;: Since di[i] = da[i], we know ¢, [J;] = ¢, [Ji] by Lemma 4.5, so ¢ [u] = ¢}, [u] and the
claim holds.

e u € J; where j € [m]\{i}: Then e,; = (u,v) € Ny since v € I; C I\I; but v € J;. This means
h € N{L Slnce di[j] = f(4,d1ly])lJ] and do[j] = f(J,d2[4])[j], we know ciil [u] = C/f(j,d1[j])[u]
and cjy [u] = (o)) [ | by the guarantee of Lemma 4.5. Therefore, it suffices to prove that
Enciy U(le(y & m)[u])[h] = Encm’u(c'f(j’d1 i [uD)[h], which is equivalent to the claim wg, ;) ,[h] =

Wa,[;),u[h] Dy our construction. Since h € N, this equality indeed holds by our choices of
wlyu, .. ’wg’u.
We need to set Cyp = max(Cly, Cg, Rologlﬂs) so that the above proof holds for all n > Cj. O
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Corollary 4.6. Let 0 < Rjn, Rout < 1,0 < e < M be any positive constants, £ > 2 be any
positive integer, there exist constants Cy > 0 and A > 0 such that for any inner-encoder insensitive
AFEL framework parameterized by

(n7 Coutv Rouh Cin,la ey Cin,n7 Rina D7 A: G)

if at least one of the two following conditions holds:

Y4
o Ryt >1— aRin .
Rigtt 2]

2¢e
Rin :

o Pout only contains additive codes and Royy > 1 —

then for any large enough n > Cy, the prescribed AEL framework does not guarantee to construct a
R
(1-—R—¢,¢, olacl — 1) list-recoverable code with rate R = RinRout-

Proof. Let m = LRi"j, bye < M we know m > 2 and R, < mT_l Also, there is 1— mUn—e) <

2¢e m—1
R + . Therefore, our result follows from Theorem 4.4. O
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