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The Complexity of Boolean-Weighted Graph Isomorphism

Francesco Cristiano™

Abstract. A Boolean-weighted graph is a finite graph whose edges carry DNF formulas over a common
variable set. This paper studies two isomorphism problems on such graphs, distinguished by whether the
per-edge condition requires the matched edge labels to be syntactically DNF-isomorphic (BWG-ISO) or
syntactically DNF non-isomorphic (BWG-NI), each over a vertex bijection that preserves edges. The two
sit at opposite ends of one phenomenon: imposing local syntactic DNF-isomorphism on every edge does
not raise complexity above graph isomorphism, whereas replacing it by local non-isomorphism makes the
problem NP-hard, the jump being driven by the search over host isomorphisms rather than by the complexity
of the labels. For the isomorphism requirement, BWG-ISO =/, GI: although syntactic DNF isomorphism is
itself GI-complete [ACL12], attaching such a label to every edge leaves the global problem exactly at GI. For
the non-isomorphism requirement, the per-edge test is a graph-non-isomorphism query, placing BWG-NI in
NPC!; the paper shows it is GI-hard and GNI-hard and not coNP-hard unless PH = X%, and proves it is NP-
hard. The hardness already holds when labels are restricted to monotone DNFs, equivalently {0,1}-matrices,
so it stems from the interaction with host automorphisms, not from rich Boolean structure. This NP-hardness
is unconditional; the hardest NP set known to <} -reduce to FI is GI [AT00]. BWG-NI is thereby a natural
inhabitant of NP with the NP-hardness, NPC! membership places it outside PS! coNPY!, and Low, unless
PH = Zg , making it a natural candidate to separate NPS! from PO when the hierarchy is infinite. The second-
level collapse that would be forced by its Zg-completeness is one level below the third-level collapse Agrawal
and Thierauf obtain for the formula isomorphism problem FI, reflecting that BWG-NI, unlike the coNP-hard
FI, lies in NPC!. The counting problem #BWG-NI is #P-hard.

1. Introduction

Two isomorphism problems delimit the structural complexity of equivalence under variable renaming. Graph
isomorphism GI lies in NP N coAM, is low for X5 [Sch88], and is not NP-complete unless the polynomial
hierarchy collapses. Formula isomorphism FI [AT00] lies in X%, is coNP-hard, and is not Zg—complete unless
the hierarchy collapses. The two are connected by the factorisation FI = 3A-EQ of [Cri26], an existential
over renamings applied to a Boolean-equivalence test, and by the result of [ACL12] that syntactic DNF
isomorphism (DSFI) is GI-complete.

A Boolean-weighted graph (BWG) consists of a host graph whose edges carry DNF formulas over a fixed
variable set. Fixing a host bijection, one may impose on each matched pair of edge labels either of two
conditions: that they be DSFI-isomorphic or that they be DSFI non-isomorphic. The two conditions yield
two problems, the isomorphism variant BWG-ISO and the non-isomorphism variant BWG-NI, of markedly
different complexity. Attention is restricted throughout to general (unrestricted) host graphs.

For the isomorphism variant, Section 3 proves BWG-ISO =}, GI: the per-edge isomorphism requirements
can be encoded as a single coloured-graph isomorphism query, each labelled edge being replaced by a
canonical anchor vertex carrying the label’s gadget. The isomorphism variant therefore sits exactly at the
GI degree, hence is low for X¥; the per-edge labels, each of which is GI-complete in isolation [ACL12], are
absorbed into a single GI instance without raising the complexity.

For the non-isomorphism variant, the picture is different. The per-edge condition is a graph non-isomorphism
(GNI) test, which places BWG-NI in NPC! (Proposition 4.1). Section 4 also shows BWG-NI is GI-hard and
GNI-hard but not coNP-hard unless PH = X¥, and Section 5 proves it is NP-hard by a reduction from
the fixed-point-free automorphism problem FPFAUT; the NP-hardness is carried by the host-automorphism
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search, not by the labels. NP membership together with the NP-hardness then gives (Sections 6-7) that
BWG-NI is not £5-complete and not <l-equivalent to FI unless the hierarchy collapses, and that it lies
in none of P, coNPS!, Low, unless the hierarchy collapses, while the rigid-host restriction (BWG-NI on
hosts with no nontrivial automorphism) is low for ¥, and GNI-complete (equivalently, <} -complete for
the conjunctive closure of GNI) on rigid hosts drawn from the tractable classes of Section 7. The counting
problem #BWG-NI is shown to be #P-hard.

Read together, the two variants localize the complexity: the existential search over host isomorphisms (trivial
precisely when the host is rigid) is what lifts it to NP-hardness while the GI-complete labels keep BWG-NI
inside NPY!, so BWG-NI is a natural candidate inhabitant of NPS! lying outside PO unless the hierarchy
collapses. This membership also sharpens the comparison with FI: were BWG-NI Zzp—complete the hierarchy
would collapse to its second level, one step below the third-level collapse entailed by X5 -completeness of FI
[AT00], so BWG-NI obstructs second-level completeness more strongly than the coNP-hard FI, a second-
level collapse being the stronger consequence since it implies the third-level one but not conversely.

All conditional separations obtained here are of relativizing type and do not yield unconditional separations.

Contributions. The following table summarises the results; the third column gives the section in which
each is established.

Result Statement Section

Isomorphism variant ~ BWG-ISO =}, GI 3

Membership BWG-NI € NPS! 4

Hardness profile Gl-hard and GNI-hard; not coNP-hard unless PH = ZZP 4

NP-hardness NP-hard via FPFAUT 5

NP-hardness vs FI BWG-NI NP-hard unconditionally; FI not known NP- 5,6
hard, its known deterministic floor from NP only GI
[ATO0]

Counting #BWG-NI is #P-hard, in #-PC! 5

Non-completeness not X5-complete and not =}, FI unless PH = X5

General hosts NP-hard =¢ PS/coNPS!/Low, unless collapse; PS!-
membership = NP C SPP

Rigid hosts rigid-host BWG-NI is low for XY, GNI-complete on 7
tractable rigid hosts (Theorem 7.2)

Label alphabet monotone, two-symbol labels suffice for all of the 8
above

The per-edge label-comparison relation is the syntactic formula-isomorphism relation of [ACL12], a GI-
complete equivalence relation, so BWG-NI is a two-level isomorphism problem: an isomorphism test on
structures whose components are themselves compared under isomorphism; comparing labels by plain string
disequality instead yields unconditional NP-completeness (Remark 8.2). The host quantifier alone positions
the problem across its range: with the per-edge comparison held fixed, the rigid-host restriction is GNI-
complete (Theorem 7.2), while admitting hosts with nontrivial automorphisms raises the problem from the
GNI degree to NP-hardness (Proposition 7.5).

Organisation. Section 2 fixes notation and records the anchoring facts. Section 3 establishes the isomor-
phism variant, BWG-ISO =}, GI. Sections 4-7 develop the non-isomorphism variant: membership and



hardness profile (4), NP-hardness and the consequent counting hardness (5), non-completeness and non-
equivalence with FI (6), and the degree, lowness, and host-automorphism analysis (7). Section 8 records
the label-alphabet refinement and collects observations and a map of the resulting complexity landscape.
Section 9 lists caveats and open problems.

2. Preliminaries

Familiarity with the polynomial hierarchy is assumed. GI and GNI denote graph isomorphism and graph
non-isomorphism; GI € NP, GNI € coNP N AM [GMWO91], and GI € Low», i.e. Zg’l = Zg [Sch88], where
Low, = { A: X5 = X% } consists of the sets that give X5 no additional power when used as oracles. FI is
the formula isomorphism problem; FI € Zg and is coNP-hard [AT00]. EQ is Boolean equivalence, which is
coNP-complete. DSFI is syntactic DNF isomorphism, which is GI-complete [ACL12]; its negation DSNI
= —DSFI is GNI-complete. NPS! (resp. POY) is the class decided by an NP (resp. deterministic polynomial-
time) machine with a GI oracle; both are closed under </, and NPS! C NPYP = Zg. For a graph G, Aut(G)
denotes its automorphism group, and G is rigid (asymmetric) if Aut(G) is trivial, that is, if its only automor-
phism is the identity.

Fix a variable set Z. A Boolean-weighted graph (BWG) is a pair A = (Hy, £4) in which Hy = (V4, Ex)
is a finite simple graph, the host graph of A, and ¢4 : E4 — DNF(Z) is the edge labelling, assigning to
each edge a DNF formula over Z. The host graph carries the combinatorial structure on which candidate
isomorphisms act; the label of an edge is the additional per-edge datum that such an isomorphism must
respect. The relation imposed on a matched pair of labels (DSFI in BWG-ISO, DSNI in BWG-NI) is the
per-edge comparison. The unrestricted (general) case places no restriction on the host; a restricted host
family (for instance, the rigid hosts of Section 7) constrains which graphs may serve as the host. For an edge
e = {u, v} and a bijection h, write h(e) = {h(u), h(v)}; write n = |V4|, m = |E,|, and (A) for the input size;
for a BWG G we also write V(G) and E(G) for the vertex and edge sets of its host. Two DNF formulas @, v
are syntactically DNF-isomorphic when one is carried to the other by a renaming of the variables together
with a reordering of the terms and of the literals within each term; DSFI denotes the associated decision
problem, the set of pairs (¢, ) that are so related, so (¢, y) € DSFI records that ¢ and y are syntactically
DNF-isomorphic.

In the two definitions that follow, the clauses are tagged (S) for the structural condition on the hosts and
(L"), (L) for the label condition in its positive and negative form; the two problems share (S) and differ
only in the sign of the label clause.

Definition 2.1 (BWG-ISO). Given BWGs A, B with |V4| = |Vp], the pair (A, B) lies in BWG-ISO iff there
is a bijection h : V4 — Vjp that is (S) a graph isomorphism Hy — Hp and (L") satisfies (/4(e), £p(h(e))) €
DSFI for every e € Ey4; equivalently Jh [h is a graph isomorphism between the host graphs Hy and Hp AVe
: (La(e), £p(h(e))) € DSFI].

Definition 2.2 (BWG-NI). Given BWGs G, H with |Vg| = |Vi/, the pair (G, H) lies in BWG-NI iff there
is a bijection f : Vg — Vg that is (S) a graph isomorphism Hg — Hy and (L) satisfies (¢g(e), £y (f(e))) ¢
DSFI for every e € Eg; equivalently Jf [f is a graph isomorphism between the host graphs Hg and Hy AVe
: (Lg(e), Lu(f(e))) ¢ DSFI].

Three facts anchor the development, stated as Facts 2.3-2.5 and referred to by number throughout.

Fact 2.3 (the syntactic comparison is GI-complete [ACL12]). DSFI is GI-complete. Informally, gad turns
each DNF formula into a plain finite graph, so that two formulas yield isomorphic graphs exactly when they



are syntactically DNF-isomorphic. More formally, there is a polynomial-time map gad : DNF(Z) — ¢,
where ¢ is the class of all finite graphs, such that gad(¢) has size polynomial in the length of ¢, and, for all
¢, y € DNF(Z), gad(¢) = gad(y) < (¢, y) € DSFL Concretely, gad is the composition of two reductions
of [ACL12]. First, ¢ is written as its variable-by-term incidence matrix over {—1,0, 1,2}, recording for each
variable and term whether the variable is absent, occurs unnegated, occurs negated, or occurs both ways.
Second, that matrix is turned into a graph with a vertex for each variable, each term, and each matrix entry,
together with fixed cliques of distinct sizes that mark the variable side and the term side and that codify the
four entry values; each entry-vertex is joined to its variable, to its term, and by a single edge to a designated
vertex of the clique codifying its value (Figure 1). By [ACL12, Theorem 2] (Lemmas 4 and 5 there) two such
graphs are isomorphic iff the incidence matrices agree up to row and column permutations, that is, iff the
formulas are related by a variable renaming together with a term reordering: syntactic DNF isomorphism.
The monotone fragment (formulas with no negated variables) is already GI-complete [ACL12]. Hence
DSNI is GNI-complete and DSFI =5, GI.

Throughout, gad denotes the map of Fact 2.3, sending each DNF formula to the plain graph gad(¢) [ACL12];
it supplies the per-label graphs compared in both variants. The construction that turns it into a global
reduction object is developed in Section 3 and is referred to as the coloured incidence encoding.

Fact 2.4 (the semantic comparison [AT00]). FI is coNP-hard and lies in X5; it is the semantic analogue of
DSFI, asking for a renaming making two formulas logically equivalent. Its negation FNI = co-FI is NP-hard
and lies in Hg. Moreover GI <%, FI [BRS9S, Proposition 12], a reduction observed with R. Chang [BR93,
Proposition 2] whose image \/(; jycg(vi A v;) is itself a monotone DNF, so it lands in FI directly; indepen-
dently, semantic and syntactic isomorphism coincide on canonical DNF inputs (minterm expansions), where
GI =/, CFI, canonical formula isomorphism, the restriction of FI to such inputs, and the identity map on this
restriction gives GI <}, CFI <}, FI [Cri26, Theorem 2].

Fact 2.5 (GI is low in the polynomial hierarchy [Sch88]). GI € Low,, hence PS! C Low, C X¥ NIT5. By
contrast PFT D coNP (by Fact 2.4), so PS! C PFL and the inclusion is strict unless PH collapses, since coNP
C PY! would give coNP C Lowy, i.e. PH = XF.

Lemma 2.6 (label precomputation). Let the edges of an instance carry labels from a set S with |S| poly-
nomial in the input. With O(|S|?) GI queries one can compute an index ind : S — N such that two labels
receive the same index iff they are syntactically DNF-isomorphic. After this precomputation every per-edge
comparison is the integer test ind({(e)) # ind(¢(e’)) (for the isomorphism variant, ind(¢(e)) = ind(¢(e’))),
which uses no oracle.

Proof. There are at most |S| distinct labels; compare every pair (¢, W) with one GI query on (gad(¢),
gad(y)), correct by Fact 2.3, and take the equivalence classes of the resulting relation as index classes. The
number of pairs is O(|S|?), and the resulting integers determine every per-edge comparison by equality with
no further oracle access. |
Definition 2.7 (precomputable-query fragment N Pgrle). An NPS! computation has precomputable queries
if every instance submitted to the oracle lies in a polynomial-size set determined by the input alone, inde-
pendently of the nondeterministic guess; the oracle answers can then be tabulated in advance (Lemma 2.6)

and the nondeterministic phase made oracle-free. Let NPg’rIe be the class decided by such a computation.

BWG-NI & NPSL: the only label graphs that occur are gad(¢(e)) over the edges of the two inputs, so every

pre*
comparison lies among the O(m?) input-fixed pairs, and a guessed f selects which of these are required to be

non-isomorphic. The inclusion NPSrIe C NPY! is immediate; whether it is proper is open.



CGNI" denotes the closure of GNI under polynomial conjunction A; GNI(A;, B;); the class is defined pre-
cisely in Definition 7.1. Since GNI is AND-closed (Definition 7.1) it coincides with the </ -degree of GNI,
and in particular lies in the Boolean hierarchy over GI.

3. The isomorphism variant: BWG-ISO is equivalent to GI

This section treats the isomorphism variant and reduces it to a single graph-isomorphism query. The ob-
struction to a per-edge reduction is that gad carries no isomorphism-invariant distinguished vertex (Fact
2.3): rooting at an arbitrary vertex of a label graph is not isomorphism-invariant. The remedy is a canonical
per-edge anchor, external to the label graphs, onto which each label graph is coned.

graph G[M] for ¢=(z; Az;) v—-z; (ACL12, Theorem 2)

matrix M[g]

col-marker (clique Kj)
ty ty

21 1 -1
Ct, Ct,

row-marker ) 1 0

(clique K3)

(unused here)

2

Kz3=-1 Kg=0 Ks =1 Keg = 2
@ row/ variable @ entry (ij) @ row/column marker clique
@ column/term @ value-clique (size codes the entry)

Figure 1. The gadget gad(Q) of Fact 2.3 for the non-monotone formula ¢ = (z; A z2)V—z1, following [ACL12]. The
Sormula is written as its variable-by-term matrix over {—1,0,1,2} (top right); the graph has one vertex per variable,
per term, and per matrix entry, with marker cliques of sizes 1 and 2 separating terms from variables and
value-cliques of sizes 3, 4, 5, 6 codifying the entries —1,0,1,2. Each entry-vertex joins its variable, its term, and, by
a single edge, a designated vertex of the clique of its value; by [ACL12, Theorem 2] graph isomorphism of these
gadgets is exactly a variable renaming with a term reordering.
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Figure 2. A Boolean-weighted graph A: host path uy—uy—u3 with edge labels ¢ = (z1 AN22)V(z2 AN z3) and
©r =21 \Z3.

Construction 3.1 (coloured incidence encoding). The DNF label on each host edge e is encoded by a
gadget I',, the graph that the map gad of Fact 2.3 builds from that formula. More formally, for a BWG A
(Figure 2) and each edge e € E4, write I', := gad(£4(e)). Define a vertex-coloured graph ®(A) = (Wy, Fy,
k) over the colour set {h, m, g}. The vertex set Wy consists of the host vertices, one new edge-vertex m, per
host edge e, and the vertices of the gadget copies I',, all pairwise disjoint; more formally, Wy = VW {m, : e
€ Es} W, V(I',), where & and | | denote disjoint union and V(I',) is the vertex set of I',. The colouring is
k = h on V4, Kk = m on the edge-vertices m,, and Kk = g on each gadget copy (gad returns a plain graph, so a
single gadget colour suffices). The edge set F4 has three types: (incidence) u ~ m, iff u € e, so V4 together
with the edge-vertices m, forms the incidence graph of Hy; (cone) m, ~ a for every a € V(I',), i.e. each
gadget vertex is joined to the apex m, (the cone over I, with apex m,); (gadget) the edges of each I',. Write
D(A) =01 P(B) when a colour-preserving isomorphism ®(A) — P(B) exists.

®(A) ®(B) ®(B’)

u uz us 41 V2 V3 w1 w2 w3

)

O(B) = O(A O(B) = ®(A)
(host reflection) label multiset differs

Q=21 Nz, B=-zZ1ANZ; AZ3

non-monotone labels; each gad(f(e)) is drawn as one g-coloured gadget, its internal detail in the gad figure

@ host, colour h @ edge-vertex, colour m @ gadget gad(l(e)), colour g

Figure 3. The reduction of Construction 3.1 on a small instance, with each edge’s gadget drawn as a single
g-coloured block gad({(e)) whose internal structure is that of Figure 1. The pair (A, B) is isomorphic by a host
reflection, so ®(A) =01 D(B); the pair (A, B') differs in its label multiset, so ®(A) £ ®(B'). Labels a = 71 N —zp and
B = —z1 Az Az3; the colour classes h, m, g separate host, incidence, and gadget.



Definition 3.2 (edge-anchor gadget). For e € Ey, let Ny (e) be ©(A) with the single vertex m, individualised,
that is, assigned a fresh colour given to no other vertex. The anchor m, is canonical: it is the unique m-vertex
whose h-neighbourhood equals e, since Hy is simple and distinct edges have distinct endpoint sets.

Lemma 3.3 (gadget isolation and isomorphism transfer). In ®(A): (i) the g-neighbourhood of m, is
exactly V(I',), and gadget vertices are adjacent only within their own gadget and to their apex m,; (ii)
for any colour-preserving isomorphism ¢ : ®(A) — ®(B) with ¢(m,) = m,, the restriction @[V([,) is a
colour-preserving isomorphism I', — I,

Proof. (i) is immediate from Construction 3.1: a vertex of I', has neighbours only inside V(I',) (gadget edges)
and {m.} (cone edges); distinct gadgets are mutually non-adjacent and touch no h-vertex. (ii) Since @(m,)
= my, @ carries the apex’s g-neighbourhood V(I',) bijectively onto V(I'/); by (i) the only edges among
these vertices are gadget-internal and are preserved by ¢, so the restriction is an isomorphism ', — T',,. W

Construction 3.4 (decolouring [KST93]). Let CTD(A) be obtained from P(A) by attaching to every vertex
a tag that encodes its colour, using the individualisation gadget of [KST93]: with the three colours indexed
ie{l,2,3} and N = max(|V(P(A))|,|V(P(B))|) a common value for the pair (if this maximum is below
4 the hosts are edgeless and the instance is decided directly), a colour-i vertex v receives a fresh path of
2N + 3 vertices joined at one end to v, together with a secondary path of i further vertices branching from
the (N + 2)-th vertex of that chain. These tags are pairwise non-isomorphic across colours and identifiable
by their chain length; each tag, rooted at its attachment vertex v, admits no nontrivial automorphism fixing
v, since, measured from the branch vertex, the two arms of the chain have different lengths (N + 2 through
v against N + 1 to the far leaf), breaking the reflection of the bare chain even when v is isolated, and none
occurs elsewhere in ®(A), so no isomorphism of ®(A) can carry a tag vertex off its tag or across colours;
hence ®(A) = ®(B) < P(A) .o P(B).

Figure 4 shows this discharge on one edge-vertex and its gadget.



coloured ®(A) (fragment) plain ®(A) (same fragment)

m discharge
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—_—

(Constr. 3.4)
Iy A I N
| |
| I
| I
| |
N\ e e e 7

one gadget gad(/(e)) one gadget gad(/(e))

gad({(e)) coned onto m,

(one colour g, gad uncoloured)
each colour class h, m, g = a private rigid tag (a distinct pendant-path length per class; the actual tag is the branched chain of Construction 3.4)

@ host, colour h @ gadget, colour g

@ edge-vertex, colour m @ rigid tag vertices (uncoloured)

Figure 4. The colour-discharge of Construction 3.4 on one edge-vertex and its gadget. Each colour class h, m, g is
replaced by a private rigid tag (drawn schematically as a distinct pendant path per class, the actual tag is the
branched chain of Construction 3.4), so colour-preserving isomorphism of ® becomes plain isomorphism of ®.

Theorem 3.5 (BWG-ISO = GI). The map p sending (A, B) with V| = |Vp| to (®(A), ®(B)), and to a fixed
non-isomorphic pair when |V4| # |V3|, is a polynomial-time many-one reduction with p(A, B) € GI & (A,
B) € BWG-ISO. Together with the trivial reduction GI <}, BWG-ISO (bare hosts carrying one fixed label
on every edge, accepting iff the hosts are isomorphic), BWG-ISO =}, GI.

Proof. By Construction 3.4 it suffices to show ®(A) =, P(B) < (A, B) € BWG-ISO. (<) Let h witness
BWG-ISO. For each e, (¢4(e), £p(h(e))) € DSFI gives by Fact 2.3 an isomorphism g, : I'; — T'(). Define
¢ by @[Va =h, @(m.) = my,), and @[V(I,) = g.. It is colour-preserving and bijective on each colour
block, and preserves all three edge types: incidence u ~ m, — h(u) ~ my,, since u € e < h(u) € h(e);
cone m, ~ a — my(e) ~ ge(a) since the apex joins all gadget vertices on both sides; gadget a ~ b — g.(a)
~ g.(b) since g, is a gadget isomorphism. (=) Let ¢ : $(A) — P(B) be colour-preserving. Colours force
©(Vy) = Vg and o({m.}) = {my}; set h := @[V4. Each m, has h-neighbourhood exactly e, which in a
simple host determines it, so @(m,) is the m-vertex with h-neighbourhood {h(u), h(v)}; hence {h(u), h(v)}
€ Ep and @(m,) = my,(,). Applying the same to ¢!, his an incidence-preserving bijection carrying E4 onto
Ep, i.e. an isomorphism H4 — Hp. By Lemma 3.3(ii) each @[V (I',) is a colour-preserving isomorphism
L — Iy), whence (£4(e), £p(h(e))) € DSFI by Fact 2.3, so h witnesses BWG-ISO. For the running time,
let s = max,|V(I,)| = poly(max,|4(e)|); then [W4| = O(n + ms) and |F4| = O(ms?), both polynomial, and
the colouring, the three edge types, and the per-colour rigid tags are listed in time linear in these sizes, so p
is polynomial-time. |

Remark 3.6 (per-edge reading). For e € E4, ¢’ € Ep, Ng(e) = Np(e’) iff there is a host isomorphism



h: Hy — Hp with h(e) = e’ and (£4(f), {p(h(f))) € DSFI for every f, by the same argument with m, —
my forced by the individualisation. The matrix [N4(e) = Np(e’)] thus records which label-preserving host
isomorphisms route through which edge, while its nonemptiness coincides with the single query ®(A) =
®(B) of Theorem 3.5.

The construction is specific to the isomorphism variant. It does not transfer to BWG-NI: a polynomial-
time GI-reduction of BWG-NI would, by Theorem 7.6(a) below, collapse PH, because BWG-NI is NP-hard
whereas GI is low. The non-iso condition cannot be folded into a single GI query in this way, since the
displacing witness it requires is not preserved by coning further structure onto the labels.

4. Membership and the hardness profile

Proposition 4.1 (membership). BWG-NI € NPS!,

Proof. An NP machine with a GI oracle guesses one bijection f, verifies in polynomial time that it is a graph
isomorphism of the bare hosts (the host graphs stripped of their labels), then, with gad the label-to-graph
map of Fact 2.3, queries the oracle on the pairs gad(¢¢(e)), gad({y(f(e))) for every edge e of G; by Fact 2.3 a
query answers non-isomorphic exactly when (¢g(e), ¢y (f(e))) ¢ DSFI, which is condition (L ™) of Definition
2.2. Tt accepts iff all |E| non-adaptive queries answer non-isomorphic. One existential guess followed by
Gl-oracle queries with a polynomial-time decision is an NPS! computation. |

Proposition 4.2 (hardness profile). BWG-NI is GI-hard and GNI-hard, and is not coNP-hard unless PH
=xF

Proof. GI-hardness: label every edge of G with a fixed DNF ¢ and every edge of H with y chosen so (¢,
y) ¢ DSFI; then (L) holds for any f, so BWG-NI accepts iff a host isomorphism exists. GNI-hardness: a
single-edge instance is (@, y) ¢ DSFI, i.e. DSNI, which is GNI-complete by Fact 2.3. Non-coNP-hardness:
by Proposition 4.1, BWG-NI € NPS! and coNP C NPY! already forces PH = Eg (Lemma 6.1); so coNP-
hardness of BWG-NI would collapse the hierarchy. The per-edge comparison alone is weaker: DSNI =
GNI is coNP-hard iff GI is NP-complete. |

S. NP-hardness via fixed-point-free automorphisms

Theorem 5.1 (NP-hardness). BWG-NI is NP-hard, via a reduction from the fixed-point-free automorphism
problem FPFAUT [Lub81].

Reduction. The reduction maps a graph G to the BWG-NI instance (R(G), R(G)), with R(G) built as follows.
We may assume G has no isolated vertices: a single isolated vertex is fixed by every automorphism (map
such G to a fixed NO-instance), and if the set I of isolated vertices has |I| > 2 then G € FPFAUT iff G \ I
€ FPFAUT (extend by any derangement of I), while G = I lies in FPFAUT iff |I| > 2; this preprocessing is
polynomial. First, subdivide every edge {u, v} of G by a new vertex z,, (the path u—z,,—v), giving S(G); the
subdivision lets an automorphism interchange u and v by exchanging the two half-edges {u, z,,} and {z,y,
v} rather than fixing the edge (Figure 5). Second, at every original vertex v attach a pinning gadget: a 3-star
with centre c and three leaves, the attachment leaf /; being also joined to v and the other two, /; and /3, free
(Figure 6). Finally, label every edge of R(G) by a distinct DNF, the labels pairwise non-DSFI-isomorphic
(Lemma 5.2), and take both hosts equal to this labelled R(G) (Figure 7).



Without subdivision: a swap fixes the edge Subdivided: the two halves are exchanged

g swaps u, v

edge {u, v} fixed as a set )
{u, zyy} < {v, Zy,}: no fixed edge

Figure 5. The subdivision device. Left: an interchange of adjacent endpoints fixes the edge as a set. Right: after
inserting z,, the two half-edges are exchanged, so no edge is fixed.

l> (deg 1)

v (original, deg = 2) c (deg 3)

h (deg 2)

if f fixes v, it fixes /1 and ¢, hence the edge {h,c} I3 (deg 1)

Figure 6. The pinning gadget at an original vertex v: a 3-star with centre c and leaves 1y, I, I3, attached to v through
l1. The gadget vertices c, 1, 1, I3 have degree multiset (1,1,2,3) in R(G), these degrees together with adjacency to a
centre identify every gadget vertex. If an automorphism fixes v it fixes I} and c, hence the pinned edge {1, c}.
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Vo

ﬂmtation
Vi

) . V3
fixed-point-free,

lifts fixed-edge-free

v

@ original @® attachment leaf I, free leaves I, I3
subdivision z,, ® centrec === pinned edge {/;,c}

Figure 7. The construction R(G) for G = Cy. The fixed-point-free rotation o lifts to a fixed-edge-free automorphism
of R(G); with all edge labels distinct and pairwise non-DSFI-isomorphic, (L™ ) reads off fixed-edge-freeness. Vertices
of C4 are labelled vy, ...,v3 here and 1,...,4 in Example 5.5.

Lemma 5.2 (availability of labels). For every m there is a list ¢y, ..., ¢, of DNF formulas over a common
variable set, each of size at most m, pairwise non-DSFI-isomorphic and computable in time polynomial in
m.

Proof. Over the variables zi, ..., z,, let @; be the DNF consisting of the single monomial z; A--- Az;.. A
DSFI-isomorphism renames variables and carries one formula to the other syntactically, hence preserves the
multiset of monomial degrees; ¢; has one monomial, of degree i, so (¢;, ¢;) € DSFI forces i = j. The ¢; are
pairwise non-DSFI-isomorphic, each of size at most m, and the list is produced in time polynomial in m.

Lemma 5.3 (vertex classes and the induced automorphism). Assume G has no isolated vertices and put
n = |V(G)|. The free leaves (degree 1), the centres (degree 3 with two degree-1 neighbours), the attachment
leaves (degree 2 adjacent to a centre), the originals (the non-centres adjacent to an attachment leaf), and the
subdivision vertices (the remaining degree-2 vertices) partition V(R(G)), and every automorphism of R(G)
preserves these five classes. Each f € Aut(R(G)) restricts on the originals to an automorphism ¢ of G with
f(zwv) = Z5(u)s(v)> and carries the gadget at v to the gadget at o(v); conversely every o € Aut(G) is induced
by exactly 2" automorphisms of R(G), differing by which free leaf maps to which in each of the n gadgets.
In particular |[Aut(R(G))| = 2" - |Aut(G)|.
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Class Degree in R(G) Identifying test

free leaves I, /3 1 the degree-1 vertices (only neighbour a centre)

centres ¢ 3 exactly two degree-1 neighbours (a degree-3 original
has none)

attachment leaves /; 2 adjacent to a centre (the other neighbour an original)

originals v degs(v)+12>2 the non-centres adjacent to an attachment leaf

subdivision vertices z,, 2 the remaining degree-2 vertices (both neighbours
originals)

The vertex classification of Lemma 5.3. Degrees are taken in R(G), each test uses the abstract graph alone, and every
predicate is isomorphism-invariant.

Proof. In R(G) a free leaf has degree 1 (its only neighbour is a centre); a centre has degree 3 (neighbours
the attachment leaf and the two free leaves), two of them of degree 1; an attachment leaf has degree 2
(neighbours v and the centre); an original v has degree deg;(v) + 1 > 2 (its subdivision neighbours together
with the attachment leaf); a subdivision vertex z,, has degree 2 (neighbours u and v). The five predicates
are therefore mutually exclusive and exhaustive: the degree-1 vertices are exactly the free leaves; among
degree-3 vertices a centre is the one with two degree-1 neighbours, whereas an original of G-degree 2 also
has degree 3 but all of its neighbours have degree > 2; a degree-2 vertex is an attachment leaf if adjacent
to a centre, an original of G-degree 1 if adjacent to an attachment leaf, and a subdivision vertex if its two
neighbours are originals; these cases are distinct, since an attachment leaf has one original and one centre
as neighbours, a G-degree-1 original has one attachment leaf and one subdivision, and a subdivision has
two originals. Across all degrees the originals are exactly the non-centres adjacent to an attachment leaf
(an attachment leaf’s only neighbours being its original and its centre), and the remaining vertices are the
subdivisions. Each predicate is invariant under isomorphism, so every f € Aut(R(G)) preserves the classes.
Hence f permutes the originals; as z,, is the unique subdivision vertex adjacent to both u and v, the restriction
o of f to the originals satisfies f(zu) = Zg(4)(v) and sends edges of G to edges of G, so ¢ € Aut(G); and
f carries the gadget at v to the gadget at o(v), taking its centre and attachment leaf to those at o(v) and its
two free leaves onto the two free leaves at 6(v). Conversely any o € Aut(G) lifts: act by ¢ on the originals,
by Zuy > Zg(u)s(v) ON the subdivisions, and by the induced map on each gadget, with a free choice in each
gadget of the bijection between its two free leaves and those of the image gadget. These n choices are
independent and the remainder of f is forced, so exactly 2" automorphisms induce each ¢; summing over o
gives |Aut(R(G))| = 2" - |Aut(G)|. [ |

Lemma 5.4 (fixed edges versus fixed points). For f € Aut(R(G)) with induced o € Aut(G), fis fixed-edge-
free iff o is fixed-point-free. Consequently R(G) has a fixed-edge-free automorphism iff G € FPFAUT.

Proof. If 6(v) = v then f maps the gadget at v to itself and fixes its attachment leaf /;, the unique gadget
vertex adjacent to the fixed v; hence it also fixes the centre ¢, the unique neighbour of /; other than v,
so it fixes the edge {/1, c} and is not fixed-edge-free. Conversely, let o be fixed-point-free and f any
automorphism inducing it; every edge of R(G) is of one of three kinds. A subdivision edge {v, z,,} maps to
{0(V), Z6(u)o(v) }» Which differs from it because 6(v) # v and o(v) is an original while z,, is a subdivision
vertex; if o interchanges the endpoints of {u, v} the two half-edges are merely exchanged. An attachment
edge {v, [;} maps to the attachment edge of the gadget at o(v) and moves since 6(v) # v. An internal
gadget edge at v is carried into the gadget at o(v) # v, a different gadget, so it moves, a free-leaf swap
notwithstanding. Hence no edge is fixed and f is fixed-edge-free. Ranging over automorphisms and using
Lemma 5.3 yields the final equivalence. |

Proof of Theorem 5.1. The reduction outputs (R(G), R(G)) in polynomial time, its labels by Lemma 5.2.
Since the labels are distinct and pairwise non-DSFI-isomorphic, for any host automorphism f and edge e
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the condition (¢(e), ¢(f(e))) ¢ DSFI holds iff f(e) # e, so it holds at every edge iff f is fixed-edge-free. By
Lemma 5.3 every host automorphism induces ¢ € Aut(G), and by Lemma 5.4, R(G) has a fixed-edge-free
automorphism iff G € FPFAUT. Thus (R(G), R(G)) € BWG-NI iff G € FPFAUT, and since FPFAUT is
NP-complete [Lub81], BWG-NI is NP-hard. The reduction uses general fixed-point-free automorphisms,
not only involutions; the subdivision-plus-pinning device is of the kind used by [HSVO01] for fixed-edge-free
involutory automorphisms. l

Example 5.5 (the reduction on C; and on P3). Take G = C,4 with vertices 1, 2, 3, 4 in cyclic order (Figure
8). Then R(Cy4) has 24 vertices: the four originals, four subdivision vertices z12, z23, 234, 241, and four
pinning gadgets, the i-th with centre c;, attachment leaf /!, and free leaves 3, I%. The degree multiset locates
the classes: free leaves have degree 1, attachment leaves and subdivision vertices degree 2, centres degree
3; and so do the originals, since deg;(v) = 2 gives each original degree deg;(v) + 1 = 3. This degree-
3 coincidence between originals and centres, the kind of collision that can hide a stray automorphism,
is resolved by neighbour degrees exactly as in Lemma 5.3: a centre has two degree-1 neighbours (its free
leaves), whereas an original has none, its three neighbours being two subdivision vertices and one attachment
leaf, all of degree 2. The rotation 0 : i — i+ 1 (mod 4) is a fixed-point-free automorphism of Cy. It lifts to f €
Aut(R(Cy)) acting by i + i+ 1 on the originals, z; ;41 + z;i11,;+2 on the subdivisions, and carrying the gadget
at i to the gadget at i + 1 (any of the 2* free-leaf matchings serves). No edge of R(C}) is fixed: a subdivision
edge {1, zji+1} = {i+], zi+1,42}, an attachment edge {1, li} — {i+1, l’i“ }, and an internal gadget edge at i
is carried into the gadget ati+ 1 # i, which is Lemma 5.4 made explicit. Labelling the edges of R(C4) by the
pairwise non-DSFI-isomorphic monomials of Lemma 5.2, every label is displaced, so (L™) holds at f and
(R(Cy), R(Cy)) € BWG-NI, certifying Cy € FPFAUT. Exhaustively, |Aut(R(Cy))| = 2*- |Aut(Cy)| = 16 - 8 =
128, of which 2* #FPFAUT(C,) = 16 - 5 = 80 are fixed-edge-free (Lemma 5.3, Remark 5.6). By contrast
take G = Ps, the path 1-2-3. Its only nontrivial automorphism is the reflection 1 <+ 3, which fixes the centre
2; hence P3 ¢ FPFAUT. In R(P3) every automorphism fixes the original 2, therefore fixes its attachment leaf
l% (the unique gadget vertex adjacent to 2) and then the centre c¢; (the unique neighbour of l% other than 2),
and so fixes the pinned edge {112, ¢2}: no automorphism is fixed-edge-free, and (R(P3), R(P3)) ¢ BWG-NL
The pinning gadget thus turns the fixed vertex 2 into a fixed edge, which is its role in Lemma 5.4.

(a) G =C4: o fixed-point-free = every edge of R(C4) moves
(b) G = Ps: reflection fixes vertex 2 = pinned edge {/Z, c;} fixed
\./

| reflection 13

o\ o N

—C(o)—u—o

— 2] ‘
3 / \ ! l \lj l
o—o— —o—o
/ O 24 \ | | (7,5} fixed |
7
/.\
@® original | subdivision z,, ® centrec ® attachment leaf /; free leaves I, I3 = fixed edge
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Figure 8. Example 5.5: the reduction on Cy4 (a) and P3 (b). (a) the rotation & : i — i + 1 is fixed-point-free, and its
lift to R(Cy) displaces every edge, so C4 € FPFAUT. (b) the reflection of P3 fixes vertex 2, so every lift fixes the pinned
edge {12, c2) (bold) and P3 ¢ FPFAUT. Vertex classes are coloured as in Figures 5-6; the originals vy, ...,v3 of
Figure 7 are the vertices 1, ..., 4 here.

Remark 5.6 (counting). By Lemma 5.3 the automorphisms of R(G) inducing a given o number 2", n
=|V(G)|, and by Lemma 5.4 one of them is fixed-edge-free iff o is fixed-point-free; hence R(G) has exactly
2" #FPFAUT(G) fixed-edge-free automorphisms, and these are the accepting witnesses. A reduction is
parsimonious if it preserves the number of solutions and weakly parsimonious if the two counts are related by
a polynomial-time computable factor; this reduction is weakly parsimonious. An asymmetric replacement
gadget would make it exactly parsimonious, but the weak form suffices for Proposition 5.7.

NP-hardness is consistent with membership: NP C NPY!, so an NP-hard problem may lie in NPS!, un-
like a coNP-hard one. The host-automorphism search carries the NP-hardness; the labels only encode the
distinctness restriction. The construction uses unbounded-degree hosts; see Section 9.

Proposition 5.7 (counting hardness). #BWG-NI is #P-hard, and #BWG-NI € #.PS!, where #PC! is the
counting operator applied to PS!: the functions x + |{ y : (x, y) € B }| over polynomially length-bounded
witnesses y, for a fixed B € PY!. Counting reduces to decision for both neighbours of BWG-NI, #GI € FPC!
[Mat79] and #FI € FP™' [AT00, Theorem 5.2], and for the syntactic comparison #DSFI € FPY! (DSFI-
isomorphisms form a coset of the syntactic automorphism group, so Mathon’s pointwise-stabiliser counting
[Mat79] applies with a DSFI, hence by Fact 2.3 a GI, oracle [ACL12]; variables are stabilised syntactically
by appending each as a singleton term in a distinct multiplicity exceeding the term counts of the input
formulas, which every syntactic isomorphism preserves); that #BWG-NI € FPS! would instead force PH
= Y¥ makes this a three-way asymmetry, BWG-NI breaking relative to its own natural oracle GI a counting-
to-decision reduction that holds for both GI and FI relative to theirs.

Proof. By Remark 5.6, #BWG-NI(R(G), R(G)) = 2"- #FPFAUT(G); dividing by the computable 2" gives
#FPFAUT < #BWG-NI under polynomial-time counting reductions, so #BWG-NI is #P-hard, since #FP-
FAUT is #P-complete, by a parsimonious reduction from 3SAT [Lub81, Corollary 2]. The witness predicate
uses the GI oracle, so #BWG-NI € #-PSL If #BWG-NI € FPY! then, since #BWG-NI is #P-hard, #P C FPY!,
whence PH C P*P [Tod91] C PC! C Low, [Sch88], collapsing the hierarchy. |

6. Non-completeness and non-equivalence with FI

Lemma 6.1 (Agrawal-Thierauf). If coNP C NPY! then PH = 212) .

Proof. (i) £ CNPYL. LetL € ¥, L = { x : Jy (x, y) € B } with B € coNP. By hypothesis B € NP9, B =
{ (x,y): 3z MO (x,y, z) accepts }. Then L = { x : 3(y, z) MOU(x, y, z) accepts }, a single existential block
over a polynomial-time Gl-oracle predicate, hence NPCL AsGI € NP, NpS! C NPNP = 212), SO 212) = NPSL,
(ii) ZF = NPZ2 = NPNP*' — 8! — ¥P by GI € Low, [Sch88]. Hence PH = XF. m

Theorem 6.2 (non-completeness). If BWG-NI is X¥-complete then PH = X¥.

Proof. If BWG-NI is Zg—complete then Zg <P BWG-NI € NP as NP9 is <” _closed (compose the reduc-
tion with the oracle machine), Zg C NPY! s0 coNP C NPY! and PH = Zg by Lemma 6.1. |

Corollary 6.3. No coNP-hard problem lies in NPS! unless PH = ¥P. BWG-NI is non-complete as a non-
coNP-hard inhabitant of NPC!,
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Proof. A coNP-hard L € NPS! would place coNP C NPC! by the <P _closure of NPY!, whence PH = ZZP by
Lemma 6.1. u

Theorem 6.4 (non-equivalence). If BWG-NI =}, FI then PH = X}. Already the single direction FI <},
BWG-NI implies coNP C NPS!, hence PH = Eg.

Proof. FI is coNP-hard [AT00]. FI <P BWG-NI would make BWG-NI coNP-hard; with BWG-NI & Np¢!
and NPS! <? _closed, coNP C NPY!, so PH = ZZP by Lemma 6.1. |

The mechanism is whether the per-edge comparison is an isomorphism test or its negation. The factorisation
FI = 34 -EQ has a coNP-complete inner test, making FI coNP-hard; BWG-NI never certifies a full coNP fact,
its per-edge comparison being the negation of a GI-confined test (DSNI = GNI), so the per-edge comparison
alone is only GNI-hard. Section 7 makes this quantitative.

Remark 6.5 (unconditional versus randomized NP-hardness). Whether FI is NP-hard is a challenging
open question [ATO00]; the hardest NP problem known to reduce to it is GI [ATO0], so the established
deterministic NP-hardness floor of FI reaches only the GI degree. BWG-NI is NP-hard unconditionally
(Theorem 5.1), so its floor is all of NP. FI is NP-hard under randomized reductions only by composition,
from SAT <, USAT (unique satisfiability) [VV86], USAT </, FC [AT00], and FC =/, FI [BRS98], FC
being formula congruence (a variable permutation composed with negations of variables); [AT00] state the
randomized hardness for USAT, not as a theorem about FI. The remaining points of difference are coNP-
hardness (FI yes, BWG-NI no) and NPS! membership (BWG-NI yes, FI not unless the hierarchy collapses).

7. Degree, lowness, and the relativized separation

This section locates the source of the complexity: the single feature separating the NP-hard general prob-
lem from its tractable rigid restriction (hosts with no nontrivial automorphism) is the quantifier over host
isomorphisms, the labels contributing only a polynomial-time distinctness condition. On rigid hosts the
problem is captured by the conjunctive closure of GNI (Theorem 7.2) and is low for X8 (Theorem 7.4);
Proposition 7.5 records that this quantifier alone accounts for each separation between the rigid and general
cases. Throughout, BWG-NI;; denotes the restriction of BWG-NI to instances in which both host graphs
are rigid.

Definition 7.1 (conjunctive closure of GNI). CGNI" is the class of L for which a polynomial-time map
sends each x to graph pairs (A1, By), ..., (Am, By) with x € L < A; GNI(A;, B;). A problem is OR-
closed (AND-closed) if the disjunction (conjunction) of any polynomially many of its instances reduces to
a single instance. GNI is OR-closed (a disjunction of non-isomorphisms is one GNI instance, via disjoint
unions whose components are individualised so that any isomorphism matches the i-th components), and
it is also AND-closed, since an AND of non-isomorphisms is the complement of an OR of isomorphisms:
GI has a polynomial-time computable or-function [KST93, Theorem 1.42] (originally [Cha89, LT92]), built
from the ordered-pair encoding in the proof of [KST93, Theorem 1.40] together with the unordered-pair
behaviour of disjoint unions of connected graphs [KST93, Fact 1.41], so by complementation GNI has a
polynomial-time computable and-function. Hence CGNI” coincides with the g,’%—degree of GNI, and the
CGNI"-completeness below is GNI-completeness.

Theorem 7.2 (degree). CGNI" <}, BWG-NI. On arbitrary rigid hosts BWG-NI,;, € PS'. On rigid hosts
drawn from a polynomial-time-recognizable class on which an isomorphism is computable, and triviality of
the automorphism group decidable, in polynomial time (for instance rigid trees), BWG-NI;, is moreover
<B-complete for CGNI", equivalently for GNI.
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Proof. Hardness. Given A; GNI(4;, B;), i =1, ..., m, first pad with fixed true conjuncts (each a fixed non-
isomorphic pair) so that m > 3. Let R be the tree obtained from the path ug—u;— - - —u,, by attaching at u,,
two pendant paths (the markers), of lengths one and two. Then u,, is the unique vertex of degree three and
its three branches have distinct lengths m, 1, 2, so R is rigid (a path graph, by contrast, retains the reversal
automorphism); the unique isomorphism between two copies of R is the identity. Take both hosts equal
to R; label the i-th path edge {u;_1, u;} with dnf(4;) in G and dnf(B;) in H, where dnf is the GI </, DSFI
reduction provided by Fact 2.3 (so A; = B; iff (dnf(A4;), dnf(B;)) € DSFI), and label every marker edge of
G with one fixed DNF and every marker edge of H with a fixed non-DSFI-isomorphic partner. The unique
host isomorphism is the identity, pairing edge i with edge i and marker edges with marker edges; the marker
labels always disagree, so (L) holds iff every path edge disagrees, i.e. iff A\; GNI(A;, B;). The image lies
in BWG-NIj; and is a rigid tree. Membership. The machine first rejects unless both hosts are rigid; rigidity
is decidable in PS! since GA, the problem of deciding whether a graph has a nontrivial automorphism, is
Turing-reducible to GI [KST93, Example 1.10]. On arbitrary rigid hosts the unique isomorphism f, or the
fact that none exists, is computable in FPO!: search reduces to decision for GI by individualisation [KST93],
fixing f vertex by vertex in O(n?) oracle calls. A PS' machine computes f and then decides the per-edge
disequations (¢(e), ¢(f(e))) ¢ DSFI with |E| further GI queries (each DSFI test is a GI query by Fact 2.3),
so BWG-NI,; € PS! with no tractability assumption. When the rigid hosts are moreover drawn from such a
class, the map first checks in polynomial time that both hosts lie in the class and are rigid, outputting a fixed
isomorphic pair (a false conjunct) otherwise; f is then computable without an oracle in polynomial time, and
if none exists the map outputs the same false conjunct; otherwise output the gadget pairs (¢(e), £(f(e))) over
all edges e, so acceptance is /\, GNI(/(e), £(f(e))) and BWG-NI;;; € CGNI". |

Canonicity reaches the same degree by a different route: the complement of the canonical restriction of the
semantic comparison is GNI-complete, CFNI = co-CFI =P GNI [Cri26, Theorem 3]; rigidity removes the
host quantifier, canonicity the representation ambiguity, and both land on the GNI degree.

Proposition 7.3 (the degree lies in the low hierarchy). GNI C CGNI" C PS! C Low, C ¥7.

Proof. GNI is decided by one GI query; CGNI"* by m non-adaptive queries, so CGNI"* C P9I, Any A € PY!
satisfies £4 C X9 = P [Sch88], i.e. A € Low,. [

The third inclusion is the operative one. CGNI"* C Low,, whereas coNP C Low, would force 2}; = 25 (since
EEONP = Zg). So unless the hierarchy collapses, the hardness floor of BWG-NI sits inside the low part of ZZP,
not in the coNP-complete part where the floor of FI sits.

Theorem 7.4 (rigid lowness). BWG-NI,;, is low for XF; in particular it is not X5 -complete unless PH = X¥.

Proof. BWG-Nlyj, is a decision problem (a language, not a promise problem: rigidity of the hosts is decid-
able in P! since GA is Turing-reducible to GI [KST93, Example 1.10], so ill-formed instances are rejected
rather than left unpromised), and BWG-NI,;, € PS! C Low; for arbitrary rigid hosts (Theorem 7.2, Proposi-
tion 7.3). The Sch88 lowness X5 = Zg therefore applies to it as a set; were it Zg—complete, Z? = Zg. |

Proposition 7.5 (the host-isomorphism quantifier accounts for the rigid/general distinction). BWG-
NI and BWG-NI,;g differ only in the quantifier over host isomorphisms. In BWG-NI the witness f ranges
over all isomorphisms G — H, a coset of Aut(G), under the per-edge disequation predicate, which is not
Aut(G)-invariant; in BWG-NI,;, the host is rigid, so this coset is a single map and the quantifier is trivial.
This quantifier is the sole source of each complexity difference established above: (i) on rigid hosts drawn
from a class as in Theorem 7.2, BWG-NI;; is <B-complete for CGNI" (Theorem 7.2), whereas BWG-NI
is CGNI”-hard but does not lie in CGNI" unless PH = Zg; (i) BWG-NI;j¢ € PC! (Theorem 7.2), whereas
BWG-NI € NP°' and BWG-NI ¢ PS! unless PH = X (Theorem 7.6(a), Corollary 7.7); (iii) BWG-NI,;, €
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Low, (Theorem 7.4), whereas BWG-NI ¢ Low; unless PH = 212) (Theorem 7.6(c)); (iv) co-BWG-NI € HIZJ
natively, and BWG-NI € coNPY! (equivalently co-BWG-NI € NPY) implies PH = X} (Theorem 7.6(b)).
When Aut(G) = 1 each statement reduces to its BWG-NI;; form.

Proof. Immediate: the two problems have identical definitions except that the host bijection is quantified
over all isomorphisms G — H in BWG-NI and is fixed to the unique such isomorphism in BWG-Nljg;
(1)—(@v) are the cited results. [

Theorem 7.6 (NP-hardness excludes PS!, coNPS!, and Low,). Each of the following implies PH = ZZP: (a)
BWG-NI € PY!; (b) BWG-NI € coNPY!; (¢) BWG-NI € Low,. Moreover (a) also yields NP C SPP. Hence,
unless PH = X%, general BWG-NI lies in none of PS!, coNPS!, Low,.

Proof. BWG-NI is NP-hard (Theorem 5.1). (a) BWG-NI € PS! gives NP C PSI C Low,, so ZSAT EZP;
but I54T = ¥F, so £ = £F. For the SPP consequence, GI € SPP [AKO02] and SPP is self-low, psiP _ SPP
[FFK94] so NP C PGI C PSPP SPP. (b) BWG-NI € coNPY! gives coNP C NPY!, 50 PH = X} by Lemma
6.1. (c) NP-hardness gives TSWON O ¥8AT — 3P if BWG-NI € Low, then Xf = ¥F. u

Corollary 7.7 (a witness to a relativized separation). If PH is infinite then PS' £ NPY!, and BWG-NI
witnesses the separation: P61 = NPS! = NP C PO! C Low, = PH = X%, so under infinite PH, BWG-NI
€ NPSh\ pCL,

The collapse needs no witness problem: NP C NPS! always, so NPS! = PS! gives NP C PO, and PO! C Low,
[Sch88] yields PH = Zg. The role of BWG-NI is to provide a natural problem in NPS! \ PSL: under PH # 212)
it lies there, with Theorem 7.6(a) adding NP C SPP to the cost of the contrary. By the relativizing nature of
the arguments this is conditional and does not yield an unconditional separation. A complementary barrier
holds at the witness level: BWG-NI ¢ PO! already implies P # NP, since P = NP gives PH = P and then
BWG-NI € NPY! C P = P C PY!; an unconditional proof of the exclusion is therefore at least as hard as
separating P from NP.

Remark 7.8 (hardness floor). The hardness floor of BWG-NI is the join of two independent sources: a
label part (GNI and CGNI", inside PSI C Low,) and a search part (the NP-hardness, outside Low, unless
collapse). Rigidity removes the search floor and leaves only the label floor. More generally, a host restriction
lowers BWG-NI into PS" when it removes the search part, that is, when the per-edge disequations no longer
couple across the host-automorphism action; triviality of the host automorphism group is one sufficient
condition for this decoupling but not evidently the only one, since the search part requires only that the
disequation constraints separate, not that the automorphism coset reduce to a single point.

8. Label alphabet and the complexity landscape

The per-edge comparison of BWG-NI is matrix isomorphism over a bounded integer alphabet, which is
Gl-complete by Fact 2.3; the monotone fragment is already complete and binary matrices suffice [ACL12].
One refinement follows.

Corollary 8.1 (monotone, two-symbol labels suffice). BWG-NI restricted to monotone-DNF edge labels,
equivalently {0,1}-matrix labels, remains NP-hard, GNI-hard, in NPS!, and not ¥P-complete unless PH
=x5.

Proof. The single-edge case is the negation of monotone DSFI and is GNI-complete since the monotone
fragment is GI-complete [ACL12]. Membership is unchanged. The reduction of Theorem 5.1 already uses
monotone labels: the single-monomial DNFs of Lemma 5.2 are pairwise non-DSFI-isomorphic, monotone,
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and polynomial-time constructible, so its NP-hardness holds verbatim for monotone-DNF labels, equiva-
lently {0,1}-matrices. Non-X5-completeness follows from NPS! membership as in Theorem 6.2. |

Collapse level. If BWG-NI is 25 -complete, Lemma 6.1(i) gives X5 = NP and (ii) gives PH = X}; no deeper
collapse is evident: X5 = NPS! is not known to imply NP = coNP. Thus the collapse level obtained is X5,
one level below the level forced by Zg—completeness of FI. Inside the formula-isomorphism family the same
sharpening from the third level to the second is achieved by the canonical restriction [Cri26, Theorem 7].
Agrawal and Thierauf [AT00] show FI is not X5-complete unless PH collapses, via a one-round interactive
proof for the complementary problem FNI with an NP oracle, i.e. FNI € AMN’ = BP~Z§; this places the FI
collapse at the third level, by the relativised Boppana—Hastad—Zachos argument [BHZ87]. The second-level
collapse available here is a consequence of BWG-NI € NPY!: FI is coNP-hard (Fact 2.4) and so lies outside
NPS! unless PH = Zg (Lemma 6.1), leaving the Gl-oracle route unavailable to it.

Complement asymmetry. In the complement every bijection must either fail to be a host isomorphism or
match some edge pair of syntactically isomorphic labels; formally co-BWG-NI = Vf [f a graph isomorphism
= Je ({g(e), {y(f(e))) € DSFI]. The inner comparison is positive and guessable (DSFI € NP), so co-BWG-
NI € IT5 natively. The GI oracle is used only on the BWG-NI side.

NP-completeness under GI € coNP. BWG-NI is in NP iff GNI € NP, i.e. GI € coNP: the forward direction
is the GNI-hardness of Proposition 4.2 (GNI <}, BWG-NI, and NP is closed under <},), and for the converse,
if GNI € NP an NP machine guesses the host bijection f and, for each edge, a witness that £(e) and £(f(e)) are
non-DSFI-isomorphic, each such test being DSNI and hence GNI-complete. Under that hypothesis BWG-
NI is NP-complete. The canonical restriction of the semantic comparison meets the same equivalence: CFI
€ NP N coNP iff GI € coNP, equivalently NPS! = NP [Cri26, Theorem 8]. GI € coNP follows from AM =
NP (via GNI € AM) and a fortiori from GI € P. Each such hypothesis places BWG-NI € NP, hence it is NP-
complete; the label-disequality variant is NP-complete with no hypothesis (Remark 8.2). The unconditional
statement is: NP-hard, in NPY!, not coNP-hard or £5-complete unless PH = 2. Under GI € P, NPY! = NP
and Theorem 7.6 reads “BWG-NI € P = P = NP”.

Figure 9 records the landscape under the hypothesis PH # Xf. BWG-NI lies in NPS! but outside PS!, Lows,
and coNP (Theorems 5.1, 6.2, 7.6), and outside NP when in addition GI ¢ coNP (BWG-NI € NP < GI
€ coNP); FI lies in X} but outside NP, its coNP-hardness being what excludes it (Theorem 6.4, Lemma
6.1); BWG-ISO sits with GI and GNI inside PS! C Low, (Theorem 3.5). FACT, the decision form of integer
factorisation (given n and k in binary, whether n has a nontrivial factor at most k), lies in NP N coNP and
appears for orientation: FACT </, BWG-NI by NP-hardness, while the converse reduction would give NP
= coNP. Under GI € coNP, BWG-NI drops into NP and is NP-complete.

Remark 8.2 (string comparator; unconditional NP-completeness). With labels compared by plain string
disequality, a per-edge test in P, BWG-NI is NP-complete with no hypothesis: membership needs no oracle,
since a machine guesses the host bijection and checks the per-edge string comparisons in polynomial time,
and the reduction of Theorem 5.1 applies verbatim, its single-monomial labels being pairwise distinct as
strings, so identical labels compare equal and distinct labels compare unequal under either comparator.
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Figure 9. The complexity landscape under PH # X5, the placement of BWG-NI (star) outside NP additionally
assumes GI ¢ coNP, since BWG-NI € NP <> GI € coNP (Section 8). BWG-NI lies in NPGI\ (PSIU NP U coNP); FI
lies in 5 \NPS'; GI, GNI, and BWG-ISO lie in PS' C Low,. FACT € NP (N coNP is shown for orientation. Positions

not implied by the stated results are conjectural.

9. Caveats and open problems

Provenance and verification. Among the results above, the one resting on a construction rather than a com-
position with classical facts is the NP-hardness (Theorem 5.1); its consequences (the exclusions from PY!,
coNPY!, and Low, by Theorem 7.6, the rigid/general distinction, the witness to PS' £ NPY! by Corollary 7.7,
and the counting hardness by Proposition 5.7) follow from it together with [Lub81, Sch88, AK02, FFK94,
Tod91]. The isomorphism-variant reduction (Theorem 3.5) is a second construction. The membership
(Proposition 4.1), Lemma 6.1, and Proposition 7.3 are compositions of standard arguments. Three caveats.
(i) The NP-hardness rests on the reduction of Theorem 5.1, which is new relative to the literature and should
be independently verified; it uses unbounded-degree hosts deliberately, since a bounded-degree reduction
risks vacuity, FPFAUT being possibly tractable on bounded-degree graphs, consistent with [Lub81]’s hard
instances being unbounded-degree. (ii) The conjunctive closure CGNI" coincides with the <}, -degree of
GNI by [KST93, Theorem 1.42] (Definition 7.1), so the rigid-host completeness and lowness are GNI-level
results and the conjunctive framing is retained only as notation; its relation to the bounded-query-over-GI
literature [Wag90, AKO0O, LT92] is expository. (iii) Fact 2.3 is used under a fixed reading of the attachment
clause of [ACL12], which says only that each entry-vertex is linked to the clique codifying its value: here
each entry-vertex joins a designated vertex of that clique by a single edge. Under this reading, graph iso-
morphism of the resulting gadgets and syntactic DNF isomorphism induce the same partition on all 45,759
DNFs with at most three variables and at most three term-occurrences, repeated terms included (checked
exhaustively), so the concrete description in Fact 2.3 rests on [ACL12, Theorem 2] together with that veri-
fication. The attribution of the subdivision-plus-pinning device to [HSVO01] is given as a comparison: that
paper states its constructions for involutory fixed-edge-free automorphisms, whereas the present reduction
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uses general fixed-point-free automorphisms.

Tractable host restrictions. Rigidity places BWG-NI in PS! by trivialising the host-automorphism search
(Theorem 7.2). Any host restriction with the same effect is necessarily non-generic: if restricting the host
to some class keeps BWG-NI in PY!, then a many-one reduction of general BWG-NI to that restricted
problem would place an NP-hard problem in PS! C Low, (Theorem 5.1, [Sch88]) and collapse PH, so
no tractable host restriction simulates the general problem under </, unless the hierarchy collapses. It is
open which structural parameter of the host governs membership in PO! (equivalently, which parameter
controls whether the per-edge disequations decouple across the host-automorphism action) and how far
beyond rigidity tractability extends.

Bounded-degree host-automorphism search. The NP-hardness reduction uses unbounded-degree hosts.
Whether BWG-NI restricted to bounded-degree hosts is NP-hard depends on whether FPFAUT is NP-hard
on bounded-degree graphs, a question about the host-automorphism search to which the group-theoretic
machinery for bounded-valence isomorphism [Luk82] applies but which is not settled here.

Precomputable versus full oracle access. Whether NPnge —= NPY! (whether host-automorphism struc-
ture can combine precomputed GI facts into genuinely new queries) is open; cardinality arguments and

Weisfeiler-Leman/CFI constructions each fail to separate the two (not shown here). BWG-NI lies in NPg’rIe.
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