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Abstract. We prove a general upper bound for scaling windows of sparse monotone covering
problems. From that, we deduce that for every fixed value k ≥ 3, the window of random k-SAT is
O(n/ logn), improving the Friedgut–Bourgain bound of O(n/ log logn). We also show that random
signed Not-All-Equal-k-SAT and hypergraph non-two-colourability (Property B) have windows of
the same order. Our upper bound for scaling windows of sparse monotone covering problems follows
from a general strategy combining the strengthening of Bourgain’s sharp threshold theorem by
Keevash, Lifshitz, Long, and Minzer with a local-to-random replacement principle. This provides a
systematic method for proving scaling-window bounds, addressing a question of Perkins.

1. Introduction

Random discrete structures typically undergo phase transitions. That is, a relatively small
change in a parameter can cause a swift change in the structure of the overall object. This basic
phenomenon—first understood in detail for the emergence of the giant component in Erdős–Rényi
graphs [14]—has since been found to organize an enormous range of models, from random graphs and
hypergraphs to random constraint satisfaction problems, random matrices, and statistical-physics
models on random and non-random lattices. Once a transition is known to occur, three further
questions present themselves. Where, as a function of the size of the structure, does it occur? Is
it sharp, in the sense that the property goes from unlikely to likely over a window that is small
compared to the location of the transition? And, quantitatively, how small is that window?

The first two questions now have general theories attached to them. Locating a transition is often
approachable by first- and second-moment methods, or by more refined methods from statistical
physics. Meanwhile, a substantial body of work, beginning with the influence theory of Kahn,
Kalai, and Linial [15] and developed through the sharp-threshold machinery of Bourgain, Friedgut,
Hatami, and others [9, 4, 17, 19], gives general sufficient conditions for a monotone property to
have a sharp threshold. A major recent development in this direction was the proof by Park and
Pham [18] of the expectation-threshold conjecture of Kahn and Kalai [16]. Their work builds on
the fractional expectation-threshold theorem of Frankston, Kahn, Narayanan, and Park [21], which
in turn developed ideas arising from the breakthrough of Alweiss, Lovett, Wu, and Zhang on the
sunflower conjecture [20]. The Park-Pham theorem shows, in wide generality, that the location of a
threshold is determined, up to a logarithmic factor, by a simple combinatorial covering parameter.

The third question—the width of the window, once sharpness is known—has no comparable
general theory. As Perkins emphasizes in his survey of the area [11], sharp-threshold theorems
are typically qualitative: they certify that a window is small compared to the threshold location,
without producing any usable quantitative bound on how small. The window bounds that do exist
in the literature have generally come from arguments tailored to the fine structure of one specific
model. The most prominent example is the essentially complete understanding of the random 2-SAT
scaling window due to Bollobás, Borgs, Chayes, Kim, and Wilson [2]. Their analysis relies on a
detailed combinatorial description of the transition. However, such a description is unavailable once
k ≥ 3.

Random k-SAT is the standard example of the gap between what sharp-threshold theory gives
and what one would like to know. Friedgut, with an appendix by Bourgain, showed that random
k-SAT has a sharp threshold for every fixed k ≥ 3 [9]—one of the cornerstone results of the general
theory. Sharpness has therefore been known since 1999, but turning the qualitative statement of

1

 

ISSN 1433-8092 

Electronic Colloquium on Computational Complexity, Report No. 145 (2026)



2 G. CARENINI

Friedgut and Bourgain into an explicit window bound produces only O(n/ log log n) clauses [8, 11],
and this bound has not been improved for more than twenty-five years.

Abbe and Montanari [1] showed that a transition window of order n/ log1+δ n, for any fixed
δ > 0, would have major consequences for the satisfiability conjecture, a long-standing conjecture
that asserts that, for every fixed k, there is an asymptotically well-defined critical clause density
at which a random k-CNF formula transitions from being satisfiable to being unsatisfiable with
high probability; see [3] for an overview of the state of the art on the conjecture. Thus, there is real
motivation for obtaining a better bound and, more importantly for the present paper, for developing
a method that does not depend on the special combinatorics of the fully understood k = 2 case.

This paper supplies such a technique. We prove an abstract window theorem, stated in Section 2
and proved in Section 3, which converts a sharp-threshold-type input into an explicit window bound
for a monotone event. It has two hypotheses, which can be verified separately in applications: short
minimal witnesses for the event must be rare, and the deterministic probability boost supplied by a
strong quantitative form of Bourgain’s theorem must be reproducible, with comparable strength, by
adding genuinely random coordinates.

The sharp additive input we use is the recent hypercontractivity theorem for global functions of
Keevash, Lifshitz, Long, and Minzer [10]. The simulation step—turning a small deterministic set of
helpful coordinates into a comparably effective random one—is new; it is what allows the argument
to be separated from the specific combinatorics of any one model. This mechanism directly addresses
a question posed in Perkins’s survey, which asks for a systematic method for obtaining quantitative
window bounds [11].

Applied to random k-SAT, the abstract theorem gives a clause window of order O (n/log n) for
every fixed k ≥ 3. This improves, by a factor of order logn/ log logn, the bound that has stood
since the original Friedgut–Bourgain argument. We want to be precise about what this does and
does not establish: it is an improved upper bound on the window, not a matching lower bound,
and it falls short of the Abbe–Montanari scale needed to obtain consequences for the satisfiability
conjecture. We discuss in Section 10 why the present method, run as far as it can go, produces
exactly one power of log n and no more, and what would be needed to do better.

The k-SAT bound is in fact a special case of a bound for general atomic constraint satisfaction
problems (CSPs) over an arbitrary finite alphabet, stated in Section 7. As further applications, we
also consider random signed Not-All-Equal-k-SAT, and non-two-colourability of random k-uniform
hypergraphs (Property B). In signed NEA-k-SAT, each clause has its own pattern of literal negations
and therefore forbids an arbitrary antipodal pair {a, ā} of local assignments. Property B is the
unsigned analogue: the variables represent the two vertex colours, and every hyperedge forbids only
two monochromatic assignments 0k and 1k. Although an individual signed NAE clause can be made
unsigned by flipping some variables, these flips need to be consistent across overlapping clauses, so
the two models are inherently different. For both problems, we prove an O(n/ logn) window bound.

Random NAE-k-SAT is one of the standard benchmark models in random CSP theory. Its global
complement symmetry makes it structurally different from ordinary k-SAT, and it has played an
important role both in the study of satisfiability thresholds [22, 6, 23] and in the study of condensation
and the geometry of the solution space [24, 25, 26, 27]. Hypergraph two-colorability, traditionally
known as Property B, is one of the oldest models in the area–Erdős’s original probabilistic argument
for Property B predates the modern threshold literature–and it remains a standard testbed for
hypergraph covering thresholds. Treating both models therefore proves that the method applies
beyond atomic CSPs while accommodating genuinely different constraint symmetries.

Although these three models are closely related, they have different local symmetries; thus, the
local replacement argument takes a different form in each case. Sections 4 and 5 isolate the common
part of these arguments and package the model-specific verification into a finite, checkable criterion
based on a rigidity certificate and a comparison between the locally induced constraints and the
original random constraints.
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2. Preliminaries and overview of the main theorem

Let Ωn be a finite coordinate set, Nn = |Ωn|, and let Fn ⊆ 2Ωn be a nontrivial monotone event.
We write µp for product measure on 2Ωn , and for 0 < α < 1 define

pα = pα(n) := inf{p ∈ [0, 1] : µp(Fn) ≥ α}.

Since p 7→ µp(Fn) is continuous, µpα(Fn) = α. For 0 < η < 1/2, define the central window,
measured in expected number of coordinates, by

Wη(n) = Nn(p1−η − pη).

We also define the central expected-size and variance scales

Mη(n) = sup
p∈[pη ,p1−η ]

pNn, Vη(n) = inf
p∈[pη ,p1−η ]

Nnp(1− p).

The product-measure formulation is the natural setting for influence inequalities. Random CSPs
are more commonly presented with an exact number of independently sampled constraints. In order
to keep the differences between these models out of the applications, we outline a generic transfer
principle.

For 0 ≤ m ≤ Nn, let νm be the uniform measure on
(
Ωn

m

)
, and let am = νm(Fn). The sequence

(am) is nondecreasing. Define

mα = min{m : am ≥ α}, Ŵη(n) = m1−η −mη.

Proposition 2.1 (Transfer from product measure to uniform layers). For every fixed 0 < η < 1/2,
and all sufficiently large n,

Ŵη(n) ≤ Wη/4(n) + Cη

√
Mη/4(n) + 1.

Consequently, if Mη/4(n) = O(n) and Wη/4(n) = O(n/ logn), then Ŵη(n) = O(n/ log n).

Proof. Let p− = pη/4, and p+ = p1−η/4, and let B± ∼ Bin(Nn, p±). Write σ2
± = Nnp±(1 − p±).

Choose t = t(η) so that t−2 ≤ min{1/2, η/4}, and set r− = ⌊Nnp− − t(σ− + 1)⌋, and r+ =
⌈Nnp+ + t(σ+ + 1)⌉. Since µp(Fn) = EaBin(Nn,p) and (am) is nondecreasing, Chebyshev’s inequality
gives

η

4
= EaB− ≥ ar−P(B− ≥ r−) ≥

1

2
ar− ,

1− η

4
= EaB+ ≤ ar+ + P(B+ > r+) ≤ ar+ +

η

4
.

Thus ar− < η and ar+ > 1− η, whence mη > r− and m1−η ≤ r+. Therefore

Ŵη(n) ≤ Nn(p+ − p−) + Cη(σ− + σ+ + 1)

≤ Wη/4(n) + Cη

√
Mη/4(n) + 1,

after changing the constant. □

Let ν̃m be the law obtained by drawing Q1, . . . , Qm independently and uniformly from Ωn, and
retaining the set of distinct sampled coordinates. This is the standard with-replacement model for
random constraints. Write ãm = ν̃m(Fn), define m̃α analogously, and let W̃η = m̃1−η − m̃η.

Proposition 2.2 (Transfer to independently sampled constraints). Fix 0 < η < 1/2. Suppose that,
throughout the relevant central range, m = O(n), and that Nn = Ω(n2). Then

W̃η(n) ≤ Ŵη/4(n) +Oη(1).

In particular, an O(n/ logn) uniform-layer window gives the same bound in the with-replacement
model.



4 G. CARENINI

Proof. Let Sm = {Q1, . . . , Qm}, Lm = |Sm|, and Dm = m− Lm. Conditional on Lm = ℓ, the set
Sm is uniform on

(
Ωn

ℓ

)
. Moreover,

EDm ≤
∑

1≤i<j≤m

P(Qi = Qj) =

(
m
2

)
Nn

= O(1)

uniformly in the central range. Hence, for a constant T = T (η), P(Dm > T ) ≤ η/4.
If m < mη/4, then Lm ≤ m and monotonicity gives ãm ≤ am < η. On the other hand, for

m = m1−η/4 + T , the event Dm ≤ T implies Lm ≥ m1−η/4, and therefore

ãm = EaLm ≥
(
1− η

4

)
P(Dm ≤ T ) ≥

(
1− η

4

)2
> 1− η.

It follows that m̃η ≥ mη/4 and m̃1−η ≤ m1−η/4 + T , proving the claim. □

Corollary 2.3 (Linear-scale model transfer). Suppose Nn = Ω(n2), the central expected size is Θ(n),
and the Bernoulli window is O(n/ logn) at every fixed central level. Then the same O(n/ logn)
bound holds in the uniform fixed-size model and in the model with independently sampled coordinates.

Proof. Apply Propositions 2.1 and 2.2. The O(
√
n) and Oη(1) transfer errors are o(n/ log n). □

Assume that Fn is generated by a family Wn of inclusion-minimal witnesses, meaning X ∈ Fn if
and only if there exists Y ∈ Wn such that Y ⊆ X, and each Y ∈ Wn is inclusion-minimal with this
property.

For s ≥ 1, define
Smalln,s = {X : ∃Y ∈ Wn, |Y | ≤ s, Y ⊆ X},

and
Gn,s = {X : ∃Y ∈ Wn, |Y | > s, Y ⊆ X}.

Then
Gn,s ⊆ Fn ⊆ Gn,s ∪ Smalln,s, (2.1)

and Gn,s is monotone.
The event Smalln,s records the presence of a short minimal witness, while Gn,s is the event

generated only by witnesses longer than s. The inclusions (2.1) permit us to prune short witnesses
before applying a Bourgain-type theorem and then return to the original event with a controlled
error.

A set A ⊆ Ωn will be called a clean booster at density p and scale K if A /∈ Fn, |A| = O(K), and

µp((Fn)A→1)− µp(Fn) ≥ exp(−O(K)).

The condition A /∈ Fn is essential: the booster reveals useful local structure but does not already
contain a witness.

Definition 2.4 (Simulable clean boosters). We say that (Fn) has simulable clean boosters in the
central interval if the following holds. For every 0 < η < 1/2 and every input constant C0 > 0,
there are constants C1, c > 0 such that, whenever p ∈ [pη, p1−η], 1 ≤ K ≤ c log Vη(n), and A ⊆ Ωn

satisfies A /∈ Fn, |A| ≤ C0K, and

µp((Fn)A→1) ≥ µp(Fn) + exp(−C0K),

there exist a finite coordinate set Ω′, a monotone event H ⊆ 2Ω
′ , and an integer D ≤ exp(C1K)

such that |Ω′|p(1− p) ≥ cVη(n).
Moreover, if X ′ ∼ µp on 2Ω

′ and RD is a multiset of D independent uniformly random coordinates
of Ω′, independent of X ′, then

P(X ′ ∪RD ∈ H) ≥ µp(H) + exp(−C1K).
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The second hypothesis in the theorem below is deliberately stated through an auxiliary event
H. In applications, forcing a local booster first exposes a lower-dimensional fibre, and the natural
random sprinkling lives on the coordinate set associated with that fibre rather than on the original
coordinate set. The variance comparison in Definition 2.4 ensures that this passage does not destroy
the scale relevant to the layer estimate.

Theorem 2.5. Fix 0 < η < 1/2, and suppose Vη(n) → ∞ and p1−η ≤ 1/2 for all sufficiently large
n. Assume that (Fn) satisfies:

(i) there are constants B, c, C > 0 such that, for every 1 ≤ K ≤ c log Vη(n) and s = BK,

sup
p∈[pη ,p1−η ]

µp(Smalln,s) ≤ exp(−CK),

where, for the constants in Lemma 3.2 with parameter η/2, B ≥ Bη/2, and

C ≥ max
{
Cwit
η/2 + log 4, log(2/η)

}
;

(ii) (Fn) has simulable clean boosters.
Then

Wη(n) ≤ Cη
Mη(n)

log Vη(n)
.

The theorem is useful when Mη(n) and Vη(n) have comparable polynomial size. In all three
applications of this paper they are Θ(n), so the conclusion becomes Wη(n) = O(n/ logn).

2.1. Overview of the proof. Suppose that the central window is wide. Choose a parameter K of
order Mη(n)/Wη(n), and delete all minimal witnesses of size at most s = Θ(K). The small-witness
hypothesis makes this pruning negligible throughout the central interval. Russo’s formula then
provides a density p in that interval at which the pruned event has pIp = O(K). The sharp additive
Bourgain theorem of Keevash, Lifshitz, Long, and Minzer produces a set of O(K) coordinates whose
forcing raises the probability by exp(−O(K)).

The first key step is the extraction of a clean booster for the original event. On a configuration
newly brought into the pruned event, choose a minimal witness and intersect it with the Bourgain
set. Since the witness has size greater than s, whereas the Bourgain set is much smaller than s, this
intersection is a proper sub-witness and hence cannot itself force Fn. Pigeonholing over the possible
intersections loses only another exponential factor.

The second interface is model-specific. Simulability converts the clean deterministic booster into
at most D = exp(O(K)) uniformly random coordinates for an auxiliary monotone event. A universal
Boolean-layer estimate shows that adding D random coordinates can increase the probability of an
event on N coordinates by at most

O

(
D + 1√
Np(1− p)

)
.

Comparing this with the exp(−O(K)) boost gives

exp(−O(K)) ≤ exp(O(K))√
Vη(n)

,

and therefore K = Ω(log Vη(n)). Since K ≍ Mη(n)/Wη(n), this rearranges to the claimed window
bound.

For atomic CSPs, a clean booster leaves one exceptional fibres and induces random codimension-
(k−1) cylinders there. For signed NAE-SAT, it leaves two antipodal fibres and induces complementary
atomic cylinders. For hypergraph two-colourability, it again leaves two antipodal fibres but induces
only constant cylinders. The replacement theorems in the later sections are precisely what verify
simulability in these three geometries.
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3. Proof of the abstract window theorem

The first delicate step is the passage from the Bourgain-type booster supplied by Keevash, Lifshitz,
Long, and Minzer to a clean booster, namely a small set which is not itself a witness for Fn. We
isolate this step in Lemma 3.2. No structure of the later constraint-satisfaction models is used here;
the only inputs are pruning by minimal witnesses and rarity of small witnesses.

For a Boolean function f , let

Ip(f) =
∑
i∈Ω

Pp(i is pivotal for f)

denote its total p-biased influence. With this convention, Russo’s formula reads d
dpµp(f) = Ip(f) for

monotone f . We use the following theorem of Keevash, Lifshitz, Long, and Minzer [10, Theorem 1.4].

Theorem 3.1 (Sharp additive Bourgain theorem). For every 0 < η < 1/2 there is Cη < ∞
such that the following holds. Let f : 2Ω → {0, 1} be monotone, let 0 < p ≤ 1/2, and suppose
η ≤ µp(f) ≤ 1− η, and pIp(f) ≤ K. Then there is a set J ⊆ Ω such that |J | ≤ CηK and

µp(fJ→1) ≥ µp(f) + exp(−CηK).

Here fJ→1 is obtained by setting every coordinate of J equal to 1.

Lemma 3.2 (Pruned clean-booster extraction). Fix 0 < η < 1/2. There are constants Bη > 0,
Cwit
η > 0, and Ccl

η > 0 such that the following holds. Let 0 < p ≤ 1/2, let K ≥ 1, and let s ≥ BηK.
Suppose η ≤ µp(Gn,s) ≤ 1− η, pIp(Gn,s) ≤ K, and

µp(Smalln,s) ≤
1

4
exp(−Cwit

η K).

Then there is a nonempty set A ⊆ Ωn such that A /∈ Fn, |A| ≤ Ccl
η K, and

µp((Fn)A→1) ≥ µp(Fn) + exp(−Ccl
η K).

Proof. Let CK = CK(η) be the constant in Theorem 3.1. Set Bη = 2CK, Cwit
η = CK, and choose

Ccl
η ≥ (1 + log 2)CK + log(4/3).

Apply Theorem 3.1 to Gn,s. We obtain J ⊆ Ωn with |J | ≤ CKK ≤ s/2 and

µp((Gn,s)J→1) ≥ µp(Gn,s) + δ, δ = e−CKK .

Let X ∼ µp. By monotonicity of Gn,s, the last display is equivalent to

P(X /∈ Gn,s, X ∪ J ∈ Gn,s) ≥ δ.

Since µp(Smalln,s) ≤ δ/4,

P(X /∈ Gn,s, X /∈ Smalln,s, X ∪ J ∈ Gn,s) ≥
3δ

4
.

On this event, X /∈ Fn, by (2.1). Fix an arbitrary ordering of Wn. Since X∪J ∈ Gn,s, let Y = Y (X)
be the first minimal witness in this ordering such that Y ⊆ X ∪ J , and |Y | > s. Set AX = Y ∩ J .
Then AX ̸= ∅, since otherwise Y ⊆ X, contrary to X /∈ Fn. Moreover,

|AX | ≤ |J | ≤ s/2 < |Y |,

so AX ⊊ Y . If AX ∈ Fn, then AX contains a minimal witness Y ′ ∈ Wn, and Y ′ ⊆ AX ⊊ Y ,
contradicting the inclusion-minimality of Y . Thus AX /∈ Fn. Finally,

Y = (Y ∩X) ∪ (Y ∩ J) ⊆ X ∪AX ,

so X ∪AX ∈ Fn.
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There are at most 2|J | ≤ exp(CKK log 2) possible values of AX . Hence some fixed nonempty
A ⊆ J , with A /∈ Fn, satisfies

P(X /∈ Fn, X ∪A ∈ Fn) ≥
3

4
exp(−(1 + log 2)CKK)

≥ exp(−Ccl
η K).

Since |A| ≤ CKK ≤ Ccl
η K, and since for a monotone event

µp((Fn)A→1)− µp(Fn) = P(X /∈ Fn, X ∪A ∈ Fn),

the claim follows. □

Remark 3.3. Lemma 3.2 is where Theorem 3.1 is converted into a statement about the original
event Fn. The pruning parameter s is chosen much larger than the booster size |J |, so that the
part of a new large witness lying inside J is a proper sub-witness and hence cannot already force
Fn. This is the mechanism that produces the clean condition A /∈ Fn.

Lemma 3.4 (Random-coordinate layer increment). Let H ⊆ 2Ω be monotone, with |Ω| = N , let
0 < p < 1, and let D ≥ 0 be an integer. Let X ∼ µp, and obtain Y from X by adding D independent
uniformly random coordinates of Ω, independent of X, with repetitions allowed and already-present
coordinates ignored. Then

P(Y ∈ H)− P(X ∈ H) ≤ Cmin

{
1,

D + 1√
Np(1− p)

}
.

Proof. For 0 ≤ r ≤ N , define the layer density

ar =
|H ∩

(
Ω
r

)
|(

N
r

) .

Since H is monotone, the normalized matching property of the Boolean lattice implies that (ar)
N
r=0

is nondecreasing.
Let S = |X| ∼ Bin(N, p). Conditional on S = s, the set X is uniform on the s-th layer. After

adding D coordinates, the resulting set has size at most s +D; conditional on its final size it is
uniform on the corresponding layer, by symmetry. Thus, by monotonicity and averaging over layers,

P(Y ∈ H | S = s)− P(X ∈ H | S = s) ≤ as+D − as,

where at = 1 for t > N . Therefore

P(Y ∈ H)− P(X ∈ H) ≤ E[aS+D − aS ].

For completeness, put ∆j = aj − aj−1 ≥ 0, extending aj by 0 below 0 and by 1 above N . Then

E[aS+D − aS ] =
∑
j

∆jP(j −D ≤ S ≤ j − 1)

≤ sup
t

P(S ∈ [t−D, t])
∑
j

∆j

≤ sup
t

P(S ∈ [t−D, t]).

The standard binomial local bound gives

sup
t

P(S = t) ≤ C√
Np(1− p)

.

Summing over at most D + 1 consecutive values gives the claim, together with the trivial bound by
1. □

We now combine pruning, the clean-booster extraction, simulability, and the layer estimate.
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Proof of Theorem 2.5. Apply Lemma 3.2 with parameter η/2, and write its constants as Bη/2, Cwit
η/2,

and Ccl
η/2. Apply Definition 2.4 with input constant C0 = Ccl

η/2, and denote the resulting constants
by Csim and csim. Replacing c by a smaller constant if necessary, we may assume c ≤ csim. By
hypothesis (i), B ≥ Bη/2, C ≥ Cwit

η/2 + log 4, and e−C ≤ η/2.
Assume for contradiction that

Wη(n) ≥ L
Mη(n)

log Vη(n)

for a constant L = Lη to be chosen. Put

K0 = max

{
1,

Mη(n)

Wη(n)

}
.

Then
K0 ≤ 1 +

1

L
log Vη(n).

Taking L sufficiently large and then n sufficiently large, we have K0 ≤ c log Vη(n). Let s = BK0.
Hypothesis (i), with K = K0, gives

sup
p∈[pη ,p1−η ]

µp(Smalln,s) ≤ e−CK0 ≤ e−C ≤ η/2.

For every p ∈ [pη, p1−η], (2.1) therefore implies

µp(Gn,s) ≥ µp(Fn)− µp(Smalln,s) ≥ η/2,

µp(Gn,s) ≤ µp(Fn) ≤ 1− η ≤ 1− η/2.

Russo’s formula gives ∫ p1−η

pη

Ip(Gn,s) dp = µp1−η(Gn,s)− µpη(Gn,s) ≤ 1.

Since p1−η − pη = Wη(n)/Nn, there is p ∈ [pη, p1−η] such that

Ip(Gn,s) ≤
Nn

Wη(n)
.

Consequently,

pIp(Gn,s) ≤
pNn

Wη(n)
≤ Mη(n)

Wη(n)
≤ K0.

By Lemma 3.2, there is a nonempty A ⊆ Ωn such that A /∈ Fn, |A| ≤ Ccl
η/2K0, and

µp((Fn)A→1) ≥ µp(Fn) + e
−Ccl

η/2
K0 .

The simulability hypothesis now gives a finite set Ω′, a monotone event H ⊆ 2Ω
′ , and an integer

D ≤ eCsimK0 such that |Ω′|p(1− p) ≥ csimVη(n) and

P(X ′ ∪RD ∈ H)− µp(H) ≥ e−CsimK0 .

By Lemma 3.4,

e−CsimK0 ≤ Clay
D + 1√

|Ω′|p(1− p)
≤ Cηe

CsimK0√
Vη(n)

.

Taking logarithms, there is a constant c′η > 0 such that K0 ≥ c′η log Vη(n) for all sufficiently large n.
On the other hand,

K0 ≤ 1 +
1

L
log Vη(n).

Choosing L > 2/c′η and then n large yields a contradiction. This proves the claimed bound with
Cη = L. □
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Remark 3.5. The hypothesis p1−η ≤ 1/2 is included only to match the form of Theorem 3.1. In
the atomic CSP application this condition follows from the linear central scale, since the relevant
probabilities satisfy p = Θ(n1−k). Note that no symmetry or CSP structure is used in the abstract
theorem beyond the two stated hypotheses.

4. Exceptional fibres and two local-to-random reduction

The three applications below have different local geometries, but the probabilistic part of their
fibre arguments is identical. We isolate it here in two results. The first converts a binomial family of
helpful lower-arity objects into a fixed number of independent uniform helpers. The second converts
a pointwise power comparison between two classes of local objects into an averaged replacement
theorem which preserves a positive excess probability.

Let X be a finite set and let Q be a finite family of subsets of X. For a subfamily S ⊆ Q, write⋃
S =

⋃
Q∈S Q. A θ-random subfamily of Q is obtained by retaining each member independently

with probability θ.

Lemma 4.1 (Binomial-to-independent helper extraction). Let B be a random subset of X, and let
Hθ be a θ-random subfamily of Q, independent of B. Let ζ = P(B = ∅), and λ = θ|Q|. Suppose
that, for some K ≥ 1, Λ ≥ 1, and 0 < β ≤ 1/2, λ ≤ ΛK, andP(B ⊆

⋃
Hθ) ≥ ζ + β. There is a

constant C = C(Λ) such that, if

|Q| ≥
4
⌈
C
(
K + log(1/β)

)⌉2
β

,

then there is an integer 1 ≤ d ≤
⌈
C
(
K + log(1/β)

)⌉
for which independent uniformly random

Q1, . . . , Qd ∈ Q, also independent of B, satisfy

P(B ⊆ Q1 ∪ · · · ∪Qd) ≥ ζ +
β

2
.

Proof. Let L = |Hθ| ∼ Bin(|Q|, θ), and let T =
⌈
C
(
K + log(1/β)

)⌉
. Choose the constant in the

definition of T so that the standard binomial upper-tail estimate gives

P(L > T ) ≤ β

8
.

Indeed, for T ≥ e2λ,

P(L ≥ T ) ≤
(
eλ

T

)T

≤ e−T ,

and the asserted choice of T ensures both T ≥ e2λ and e−T ≤ β/8.
Conditional on L = ℓ, the family Hθ is a uniformly random ℓ-element subset of Q. Let

bℓ = P
(
B ⊆

⋃
Sℓ

)
− ζ,

where Sℓ is such a subset, independent of B. Since adding sets can only help, bℓ ≥ 0, and b0 = 0.
Therefore

β ≤
∑
ℓ≥0

P(L = ℓ)bℓ

≤
∑

1≤ℓ≤T

P(L = ℓ)bℓ + P(L > T ).

Thus some 1 ≤ d ≤ T satisfies bd ≥ 7β/8.
A uniformly random d-element subset of Q has the same law as d independent uniform samples

conditioned on having no collision. The total variation distance between these two laws is at most

P(a collision) ≤
(
d
2

)
|Q|

≤ β

8
.

Consequently the independent sample has excess at least 7β/8− β/8 ≥ β/2, as required. □
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Corollary 4.2 (Logarithmic-scale helper extraction). Fix positive constants C1, C2, a. Suppose
λ ≤ C1K, β ≥ e−C2K , |Q| ≥ na, and 1 ≤ K ≤ c log n. If c = c(C1, C2, a) > 0 is sufficiently
small, then the conclusion of Lemma 4.1 holds with 1 ≤ d ≤ CK and excess at least e−CK , where
C = C(C1, C2, a).

Proof. The parameter T in Lemma 4.1 is O(K). Moreover, 4T 2/β ≤ CK2eC2K ≤ na when
K ≤ c logn and c is sufficiently small. Apply the lemma and adjust constants. □

Let Q and R be finite families of subsets of the same finite set X. For S ⊆ X, define ρQ(S) =
PQ∈Q(S ⊆ Q), and ρR(S) = PR∈R(S ⊆ R), where the objects are chosen uniformly.

Theorem 4.3 (Averaged power replacement). Let γ ≥ 1, c∗ > 0, and ε0 ≥ 0. Suppose that

ρQ(S) ≥ ε ≥ ε0 =⇒ ρR(S) ≥ c∗ε
γ (4.1)

for every S ⊆ X. Let B be a random subset of X, independent of all local objects below, and let
ζ ∈ [0, 1]. Suppose that d ≥ 1 independent uniform members of Q cover B with probability at least
ζ + α, where α > 0, and that ε := α

4d ≥ ε0. Then there is an integer D ≤ Cc∗,γd
1+γα−γ log(2d/α)

such that D independent uniformly random members of R cover B with probability at least ζ + α/2.

Proof. Let Q1, . . . , Qd be the original independent members of Q. Replace them one at a time
by independent blocks of members of R, using fresh randomness at every step. At a given step,
condition on B, on all local objects other than the Qi currently being replaced, and on every block
inserted at earlier steps. Under this conditioning, Qi remains independent and uniform. Let S ⊆ B
be the residual set not covered by the other local objects. The current conditional success probability
is ρQ(S).

If ρQ(S) < ε, deleting Qi and inserting an arbitrary fresh block loses less than ε. Otherwise, (4.1)
gives ρR(S) ≥ c∗ε

γ . Hence a block of g = ⌈Cc∗,γε
−γ log(1/ε)⌉ independent members of R fails to

contain S with probability at most ε. In either case the replacement loses at most ε in conditional,
and therefore unconditional, success probability.

After all d replacements, the total loss is at most dε = α/4. The final success probability is
consequently at least ζ + 3α/4, which is stronger than claimed. Finally, D = dg, and substituting
ε = α/(4d) gives the displayed bound after adjusting the constant. □

Proposition 4.4 (Exceptional-fibre criterion for simulability). Fix 0 < η < 1/2. Suppose that, for
every input constant C0 > 0, there are positive constants C, c, cvar, c∗, Cth, b, and γ ≥ 1 with the
following property. Whenever p ∈ [pη, p1−η], 1 ≤ K ≤ c log Vη(n), and A ⊆ Ωn is a clean booster
satisfying A /∈ Fn, |A| ≤ C0K, and µp((Fn)A→1) ≥ µp(Fn) + e−C0K , there exist the following:

(i) a finite state space X, a finite coordinate set Ω′, and subsets (Rω)ω∈Ω′ of X, defining the
monotone covering event

H =

{
Y ⊆ Ω′ : X ⊆

⋃
ω∈Y

Rω

}
;

(ii) a finite helper family Q of subsets of X, and an integer 1 ≤ d ≤ CK, such that, if X ′ ∼ µp

on 2Ω
′, B = B(X ′) := X \

⋃
ω∈X′ Rω, and Q1, . . . , Qd are independent uniformly random

members of Q, independent of X ′, then P(B ⊆ Q1 ∪ · · · ∪Qd) ≥ µp(H) + e−CK ;
(iii) the pointwise comparison

ρQ(S) ≥ ε ≥ CthVη(n)
−b =⇒ ρΩ′(S) ≥ c∗ε

γ (4.2)

for every S ⊆ X, where ρΩ′(S) = 1
|Ω′|
∣∣{ω ∈ Ω′ : S ⊆ Rω}

∣∣;
(iv) the variance comparison |Ω′|p(1− p) ≥ cvarVη(n).

Then (Fn) has simulable clean boosters in the central interval.
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Proof. Put α = e−CK and ε = α/(4d). Since d ≤ CK, after decreasing c as a function of C and b,
the restriction K ≤ c log Vη(n) ensures

ε ≥ e−CK

4CK
≥ CthVη(n)

−b.

Apply Theorem 4.3 to the helper family Q and the indexed native family (Rω)ω∈Ω′ , regarded with
its Ω′-multiplicity, using (4.2). We obtain an integer

D ≤ Cc∗,γd
1+γα−γ log(2d/α) ≤ exp(C ′K)

for which D independent uniform coordinates ω1, . . . , ωD ∈ Ω′ satisfy

P(B ⊆ Rω1 ∪ · · · ∪RωD) ≥ µp(H) +
α

2
.

The event inside the probability is exactly X ′ ∪ {ω1, . . . , ωD} ∈ H. Since α/2 ≥ e−C′′K for K ≥ 1,
and condition (iv) gives the required variance comparison, this is precisely Definition 2.4. □

Remark 4.5. In each application, the maximal local quasi-cover and the exceptional fibres are
model-specific. Once they have been identified, however, the remainder is formal. The selected
constraints meeting the booster variables once form a binomial family of lower-arity helpers, to
which Corollary 4.2 applies. A model-specific pointwise estimate of the form (4.1) then invokes
Theorem 4.3 and produces the random native constraints required by simulability.

5. A finite criterion for forbidden-pattern systems

We now turn the exceptional-fibre mechanism into a predicate-level theorem. The criterion below
has a finite combinatorial part, which identifies the exceptional fibres, and an analytic part, which
compares one-coordinate derivatives with native constraints.

Fix a finite alphabet Σ, an integer k ≥ 2, and a nonempty finite family P of nonempty proper
subsets of Σk. We assume that P is closed under permutations of the k coordinates. A P-constraint
on a k-set S = {i1 < · · · < ik} is a pair (S, P ), with P ∈ P, and it covers the assignments x ∈ Σn

for which (xi1 , . . . , xik) ∈ P . Let

Ωn(P) =

(
[n]

k

)
× P, Nn(P) = |P|

(
n

k

)
,

and let Fn(P) be the event that the selected constraints cover all of Σn.
Let Γ ≤ Sym(Σ) be a finite group such that every P ∈ P is invariant under the diagonal action

of Γ. Define a preorder on Σk by

u ⪯P v ⇐⇒ {P ∈ P : u ∈ P} ⊆ {P ∈ P : v ∈ P}. (5.1)

For an injection ϕ : [k] → R, write xϕ = (xϕ(1), . . . , xϕ(k)).

Definition 5.1 (Rigidity). The system (P,Γ) is rigid if there is an integer L ≥ k such that,
whenever R is finite, every symbol of Σ occurs at least L times in σ ∈ ΣR, and τ ∈ ΣR satisfies

τϕ ⪯P σϕ for every injection ϕ : [k] → R. (5.2)

then τ = gσ for some g ∈ Γ.

Although Definition 5.1 is stated for arbitrarily large sets, it has a finite certificate. Let TL =
Σ× [L], and σL(a, j) = a. For a ∈ Σ, let TL,a = TL ∪ {∗} and extend σL by σL,a(∗) = a.

Proposition 5.2 (Finite rigidity certificate). The system (P,Γ) is rigid with parameter L if and
only if the following two finite assertions hold.

(i) Every τ ∈ ΣTL satisfying (5.2) with σ = σL is equal to gσL for some g ∈ Γ.
(ii) For every a ∈ Σ, g ∈ Γ, and τ ∈ ΣTL,a satisfying (5.2) with σ = σL,a, if τ |TL

= gσL, then
τ(∗) = g(a).
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In particular, whether a proposed L is a valid rigidity parameter is decidable by a finite computation
depending only on Σ, k,P,Γ, L.

Proof. Necessity follows by applying rigidity to the two displayed finite templates. Conversely, let
σ ∈ ΣR contain every symbol at least L times, and suppose that τ satisfies (5.2). Choose a subset
T ⊆ R containing exactly L coordinates of each σ-value. After identifying T with TL, condition (i)
gives τ |T = gσ|T for some g ∈ Γ. For each i ∈ R \ T , apply condition (ii) to T ∪ {i}, with a = σi. It
gives τi = g(σi). Thus τ = gσ on all of R. □

The connection with exceptional fibres is immediate. For σ ∈ ΣR, let

M(R, σ) = {(S, P ) ∈ ΩR(P) : σS /∈ P}. (5.3)

Lemma 5.3 (Rigidity gives a finite exceptional orbit). Suppose (P,Γ) is rigid and every symbol
occurs at least L times in σ. Then the assignments not covered by M(R, σ) are exactly Γσ = {gσ :
g ∈ Γ}.
Proof. Every gσ is uncovered because each forbidden set P is Γ-invariant. If τ is uncovered, then
there is no constraint (S, P ) for which τS ∈ P but σS /∈ P . Equivalently, τϕ ⪯P σϕ for every
injection ϕ : [k] → R, where closure of P under coordinate permutations removes the choice of
ordering. Rigidity now gives τ = gσ. □

For a ∈ Σ and P ∈ P, define the first-coordinate derivative ∂aP = {z ∈ Σk−1 : (a, z) ∈ P}. Let
D(P) = {(a, P ) : a ∈ Σ, P ∈ P, ∂aP ≠ ∅} be an indexed family, so equal derivative sets retain
their multiplicities. For S ⊆ Σm, let ρP,m(S) be the probability that a uniformly random native
constraint (U,P ) ∈

([m]
k

)
× P contains S, and let ρ∂P,m(S) be the probability that a uniformly

random indexed derivative constraint

(U, a, P ) ∈
(

[m]

k − 1

)
× D(P)

contains S, where its covered set is {x ∈ Σm : xU ∈ ∂aP}.
Definition 5.4 (Power-replaceable derivatives). The system P has power-replaceable one-coordinate
derivatives if there are constants c∗, C∗, b > 0 and γ ≥ 1 such that, for every m and every S ⊆ Σm,

ρ∂P,m(S) ≥ ε ≥ C∗m
−b =⇒ ρP,m(S) ≥ c∗ε

γ . (5.4)

The indexing convention in Definition 5.4 is important. After balancing a local assignment, every
indexed derivative has the same number of one-vertex extensions to a native constraint. Thus the
helpers induced by random crossing constraints form an exact binomial subfamily of the indexed
derivative family.

For s ≥ 1, let Smalln,s(P) be the event that the random P-instance contains an inclusion-minimal
cover with at most s constraints.

Theorem 5.5 (Finite-predicate logarithmic-window criterion). Fix 0 < η < 1/2 and a symmetric
forbidden-pattern system (Σ, k,P,Γ). Suppose:

(i) (P,Γ) is rigid;
(ii) P has power-replaceable one-coordinate derivatives;
(iii) uniformly for p ∈ [pη, p1−η],

pNn(P) = Θ(n). (5.5)
(iv) for every A0, B0 > 0, there is c = c(A0, B0) > 0 such that, whenever 1 ≤ K ≤ c logn,

sup
p∈[pη ,p1−η ]

µp

(
Smalln,B0K(P)

)
≤ e−A0K . (5.6)

Then
Wη(n) ≤ Cη,P

n

log n
.

If conditions (iii)–(iv) also hold with η replaced by η/4, then the same bound holds at central level η
in the uniform fixed-size model and in the model of independently sampled constraints.
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Proof. Condition (iv) implies the short-witness hypothesis of Theorem 2.5, after choosing A0, B0 to
dominate the constants in the clean-booster lemma. By (5.5), throughout the central interval

p = Θ(n1−k), Mη(n) = Θ(n), Vη(n) = Θ(n). (5.7)

and in particular p1−η ≤ 1/2 for large n. It remains to verify simulability.
Fix an arbitrary input constant C0 > 0, let 1 ≤ K ≤ c logn, and let A ⊆ Ωn(P) be a clean

booster with |A| ≤ C0K, and µp((Fn(P))A→1) ≥ µp(Fn(P)) + e−C0K . Let β = e−C0K . Let R0

be the variables used by A. Since A is not a cover, choose σ0 ∈ ΣR0 uncovered by A. Add fresh
variables and extend σ0 so that, on the resulting set R, every symbol occurs the same number
r∗ ≥ L of times. Then, |R| = OΣ,k,C0(K). After relabelling variables, assume R is an initial segment
of [n]. This does not change the law because P is closed under coordinate permutations.

Force the maximal family M(R, σ) from (5.3). It contains A, so the probability increment remains
at least β. By Lemma 5.3, the only uncovered fibres over R are Fgσ, g ∈ Γ. Put m = n − |R|.
Constraints disjoint from R form an independent random P-instance on m variables. Let B ⊆ Σm

be its uncovered set. Because every P ∈ P is Γ-invariant, B is Γ-invariant.
Consider selected constraints meeting R in exactly one vertex. Since R is an initial segment,

that vertex occupies the first coordinate of the local pattern. On the fibre Fσ, such a constraint
induces a member of the indexed derivative family. Conversely, every indexed derivative has exactly
r∗ extensions, one for each local vertex carrying its specified symbol. Hence the induced helpers
form a θ-random subfamily of(

[m]

k − 1

)
× D(P), θ = 1− (1− p)r∗ ,

independently of B, and their expected number satisfies

λ ≤ r∗p |D(P)|
(

m

k − 1

)
= Oη,P,C0(K). (5.8)

On the fibre Fgσ, the same crossing constraint induces the g-image of its helper on Fσ. Since
B = gB, coverage of B on the distinguished fibre automatically covers all exceptional fibres.

The probability that any selected non-forced constraint meets R in at least two vertices is at most

Cp

k∑
j=2

|R|jnk−j = Oη,P,C0(K
2/n) = o(β). (5.9)

after decreasing the constant in K ≤ c logn. Let E≥2 denote this exceptional event. Off E≥2, the
instance with M(R, σ) forced is a cover if and only if the induced derivative family covers B on the
distinguished fibre, and hence on every exceptional fibre. Therefore

P(B is covered by the binomial derivative family) ≥ µp((Fn(P))M(R,σ)→1)− P(E≥2)

≥ µp(Fn(P)) + β − o(β).

A cover on the m outside variables covers the original instance after the remaining variables are
added, so µp(Fn(P)) ≥ µp(Fm(P)). Consequently, for large n, the binomial derivative family
covers B with probability at least

µp(Fm(P)) +
β

2
. (5.10)

Since the indexed derivative family has Θ(mk−1) members, Corollary 4.2 gives d = Oη,P,C0(K)

independent uniform derivative helpers with excess α = e−Oη,P,C0
(K).

Apply Proposition 4.4 with X = Σm, Ω′ = Ωm(P), H = Fm(P), and with the indexed derivative
family as Q. The pointwise comparison is precisely (5.4). Since m = n−O(K) and (5.7) holds,

|Ω′|p(1− p) = Θ(n) ≥ cVη(n).
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Thus clean boosters are simulable. The abstract theorem yields the Bernoulli bound. If the central-
scale and witness hypotheses hold at level η/4, apply the Bernoulli conclusion at that level. Since
Nn(P) = Θ(nk) = Ω(n2), Corollary 2.3 then gives the two fixed-size formulations at level η. □

Remark 5.6 (Finite rigidity certificates). For fixed (Σ, k,P,Γ), the rigidity part of the theorem can
be checked by finite enumeration using Proposition 5.2. The remaining predicate-specific question
is the power comparison (5.4). In the examples below this reduces to comparing the number of
coordinates frozen by a set of assignments. Thus the theorem separates the problem into a finite
local classification and a quantitative extremal inequality for the derivative family.

6. Pointwise cubical replacement over a finite alphabet

Fix integers q ≥ 2 and k ≥ 2. A codimension-j cylinder in [q]m is obtained by fixing j distinct
coordinates to specified values. Let U (j)

m,q be the family of codimension-j cylinders, so |U (j)
m,q| = qj

(
m
j

)
.

For B ⊆ [q]m, let ρj(B) be the probability that a uniformly random codimension-j cylinder contains
B. If B ̸= ∅, let ℓ(B) be the number of coordinates on which all points of B have the same value.
Then

ρj(B) =

(
ℓ(B)
j

)
qj
(
m
j

) ,
with the convention that this is zero if ℓ(B) < j. If B = ∅, then ρj(B) = 1.

Lemma 6.1 (Pointwise cubical replacement). Fix q ≥ 2 and k ≥ 2. There are constants cq,k, Cq,k > 0

such that if B ⊆ [q]m and ρk−1(B) ≥ ε ≥ Cq,km
−(k−1), then ρk(B) ≥ cq,kε

k/(k−1).

Proof. The case B = ∅ is trivial. Otherwise write ℓ = ℓ(B). If Cq,k is sufficiently large, then
ρk−1(B) ≥ Cq,km

−(k−1) implies ℓ ≥ 2k. Hence

ρk−1(B) ≍q,k

(
ℓ

m

)k−1

, ρk(B) ≍q,k

(
ℓ

m

)k

.

The claimed inequality follows. □

Corollary 6.2 (Averaged cubical replacement with preserved excess). Fix q ≥ 2 and k ≥ 2. Let B
be a random subset of [q]m, independent of all auxiliary cylinders below, and let ζ ∈ [0, 1]. Suppose
that d ≥ 1 independent uniformly random codimension-(k − 1) cylinders cover B with probability
at least ζ + α, where α > 0, and suppose that α

4d ≥ Cq,km
−(k−1), where Cq,k is the constant from

Lemma 6.1. Then there is an integer

D ≤ C ′
q,kd

1+k/(k−1)α−k/(k−1) log(2d/α)

such that D independent uniformly random codimension-k cylinders cover B with probability at least
ζ + α/2.

Proof. Apply Theorem 4.3 with Q = U (k−1)
m,q , R = U (k)

m,q, γ = k/(k − 1), and the pointwise estimate
from Lemma 6.1. □

7. Random atomic CSPs

Fix q ≥ 2 and k ≥ 2. The variables take values in [q] = {0, . . . , q − 1}. An atomic constraint is
specified by a k-set S ⊂ [n] and a pattern a ∈ [q]S ; it forbids assignments satisfying xS = a. In the
dual covering language, this constraint is the codimension-k cylinder {x ∈ [q]n : xS = a}. Let Cn,q,k
be the set of all atomic constraints, so

Nn,q,k = |Cn,q,k| = qk
(
n

k

)
.

The random atomic CSP includes each coordinate of Cn,q,k independently with probability p. Let
Covern,q,k ⊆ 2Cn,q,k be the event that the chosen cylinders cover all of [q]n, equivalently that the
CSP is unsatisfiable.
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For 0 < η < 1/2, define
Wη,q,k(n) = Nn,q,k(p1−η − pη),

where pα is the generalized inverse defined above for the event Covern,q,k.
The second delicate step is the passage from a minimally unsatisfiable atomic instance to the q-ary

Tarsi deficiency theorem. We spell this out before using the deficiency bound in the linear-location
and small-witness estimates.

An atomic constraint on a variable set S with forbidden pattern a ∈ [q]S is identified with the
codimension-k subcube {x ∈ [q]R : xS = a} inside the cube on any larger variable set R ⊇ S. Thus
an unsatisfiable atomic instance on variables R is the same thing as a subcube cover of [q]R.

Lemma 7.1 (Minimal unsatisfiability gives a tight q-ary cover). Let Y be an inclusion-minimal
unsatisfiable atomic q-ary instance, and let R be the set of variables used by Y . Then the subcubes
corresponding to the constraints of Y , viewed inside [q]R, form a minimal cover of [q]R using all
coordinates of R. In particular, Y is an instance to which the q-ary Tarsi deficiency theorem applies.

Proof. Every assignment σ ∈ [q]R extends to an assignment of all ambient variables. Since Y is
unsatisfiable, this extension violates at least one constraint of Y . That constraint depends only on
variables in R, so its corresponding subcube contains σ. Hence the subcubes cover [q]R.

The cover is minimal. Indeed, if a constraint Q ∈ Y were redundant in the cover of [q]R, then
Y \ {Q} would still cover [q]R, and therefore would still be unsatisfiable, contradicting the inclusion-
minimality of Y . Finally, every coordinate of R is used by some constraint by the definition of R.
Thus the cover is tight in the sense needed for the Tarsi bound. □

We use the following q-ary generalization of Tarsi’s lemma for subcube covers.

Theorem 7.2 (q-ary Tarsi lemma for subcube covers). Every tight minimal subcube cover of [q]v
has size at least (q − 1)v + 1.

This is [7, Theorem 3.11], proved there as a special case of a matroid-cover version of Tarsi’s
lemma. There is also a direct and equivalent clause-set formulation in [13, Corollary 1.9.9]. Explicitly,
an atomic constraint Q = (S, a) corresponds to the generalised clause

CQ =
∨
i∈S

(xi ̸= ai).

The assignments falsifying CQ are precisely the points of the subcube covered by Q. Consequently,
an atomic instance is unsatisfiable exactly when the associated generalised clause-set is unsatisfiable,
and inclusion-minimality agrees in the two languages. For a uniform alphabet of size q, Kullmann’s
weighted number of variables is

wn(F ) =
∑

i∈var(F )

(|Di| − 1) = (q − 1)v,

so his inequality c(F ) − wn(F ) ≥ 1 gives the same bound. Combining either formulation with
Lemma 7.1 gives the exact atomic statement used below. For the Boolean historical form, see
Aharoni–Linial [12], who explicitly attribute the result to an unpublished observation of Tarsi.

Corollary 7.3 (Tarsi deficiency for minimal atomic CSPs). Every inclusion-minimal unsatisfiable
atomic q-ary instance using v variables has at least (q − 1)v + 1 constraints.

We next show that the coarse linear location of the atomic threshold is automatic in exactly the
range needed below. Let a = q − 1, and δ = a(k − 1)− 1. Thus δ > 0 is equivalent to

γq,k = (k − 1)− 1

q − 1
> 0.

Proposition 7.4 (Linear lower bound for atomic unsatisfiability). Fix q ≥ 2 and k ≥ 2, and
suppose (q − 1)(k − 1) > 1. There is c = c(q, k) > 0 such that, if pNn,q,k ≤ cn, and Nn,q,k = qk

(
n
k

)
,

then µp(Covern,q,k) = o(1). Equivalently, a random atomic q-ary k-CSP with expected number of
constraints at most cn is satisfiable with high probability.
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Proof. Write N = Nn,q,k. Put m0 = pN , and assume m0 ≤ cn, where c > 0 will be chosen
sufficiently small. For a set S ⊆ [n], let XS be the number of selected atomic constraints whose
support is contained in S. If |S| = v, then

XS ∼ Bin

(
qk
(
v

k

)
, p

)
, and EXS = pqk

(
v

k

)
= m0

(
v
k

)(
n
k

) ≤ Cq,kcn
( v
n

)k
.

Set a = q − 1. We claim that, with high probability, there is no set S ⊆ [n] with XS ≥ a|S|+ 1. It
is enough to bound the event XS ≥ av. By the standard binomial upper-tail estimate,

P(XS ≥ av) ≤
(
eEXS

av

)av

≤
(
Cq,kc

( v
n

)k−1
)av

.

Therefore the expected number of sets S with |S| = v and XS ≥ av is at most(
n

v

)(
Cq,kc

( v
n

)k−1
)av

≤
[
en

v

(
Cq,kc

( v
n

)k−1
)a]v

=

[
C ′
q,kc

a
( v
n

)a(k−1)−1
]v

.

Since a(k − 1)− 1 = δ > 0, choose c = c(q, k) > 0 so small that C ′
q,kc

a < 1/4. Then
n∑

v=k

[
C ′
q,kc

a
( v
n

)δ]v
= o(1).

Indeed, for fixed L, the contribution of k ≤ v < L tends to zero, while the contribution of L ≤ v ≤ n
is at most

∑
v≥L 4−v, which can be made arbitrarily small by taking L large.

Now suppose the selected instance were unsatisfiable. Choose an inclusion-minimal unsatisfiable
subinstance Y , and let S be the set of variables used by Y . Write v = |S| and t = |Y |. By
Corollary 7.3, t ≥ (q − 1)v + 1 = av + 1. But all constraints of Y are supported inside S, so
XS ≥ t ≥ av + 1, contradicting the high-probability event proved above. Hence the whole instance
is satisfiable with high probability. □

Proposition 7.5 (Linear upper bound for atomic unsatisfiability). Fix q ≥ 2 and k ≥ 2. There is
C = C(q, k) > 0 such that, if pNn,q,k ≥ Cn, then µp(Covern,q,k) = 1− o(1).

Proof. Let Z be the number of satisfying assignments. A fixed assignment x ∈ [q]n is ruled out by
exactly one atomic constraint on each k-set of variables. Hence

P(x satisfies all selected constraints) = (1− p)(
n
k).

Therefore

EZ = qn(1− p)(
n
k) ≤ exp

(
n log q − p

(
n

k

))
.

Since

p

(
n

k

)
=

pNn,q,k

qk
,

we have EZ = o(1) as soon as pNn,q,k ≥ Cn with C > qk log q. Markov’s inequality then gives
Z = 0 with high probability. □

Corollary 7.6 (Automatic linear central scale). Fix q ≥ 2, k ≥ 2, and 0 < η < 1/2. Suppose
γq,k = (k − 1)− 1/(q − 1) > 0. Then there are constants 0 < cη,q,k < Cη,q,k < ∞ such that every
central point p ∈ [pη, p1−η] satisfies cη,q,kn ≤ pNn,q,k ≤ Cη,q,kn. Consequently, Mη(n) = Θη,q,k(n),
and Vη(n) = Θη,q,k(n).

Proof. The lower bound on pNn,q,k follows from Proposition 7.4: if pNn,q,k ≤ cn with c sufficiently
small, then µp(Covern,q,k) = o(1), so p cannot lie in the central interval for large n. The upper bound
follows from Proposition 7.5: if pNn,q,k ≥ Cn with C sufficiently large, then µp(Covern,q,k) = 1−o(1),
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so p cannot lie in the central interval. Since pNn,q,k = Θη,q,k(n), and p = Oη,q,k(n
1−k) = o(1), we

also have Nn,q,kp(1− p) = Θη,q,k(n). Thus Mη(n) = Θη,q,k(n) and Vη(n) = Θη,q,k(n). □

Let Small
(q,k)
s be the event that the random instance contains a subfamily of at most s atomic

constraints covering all assignments on the variables it uses. Equivalently, it contains a minimal
unsatisfiable atomic sub-CSP with at most s constraints.

Lemma 7.7 (Small atomic covers are rare). Assume γq,k = (k − 1) − 1/(q − 1) > 0. There are
constants cq,k, c

′
q,k > 0 such that, if s ≤ cq,k logn, then uniformly for all p = Oq,k(n

1−k),

µp(Small(q,k)s ) ≤ n−c′q,k .

Proof. It is enough to count inclusion-minimal unsatisfiable atomic subinstances with at most
s constraints. Let such an instance have t constraints and use v variables. By Corollary 7.3,
t ≥ (q− 1)v+ 1, so v ≤ t−1

q−1 . For fixed t and v, the number of possible labelled subinstances using a

prescribed v-set of variables is at most
(qk(vk)

t

)
. Therefore, by the union bound, the probability that

there is such a subinstance with t ≤ s constraints is at most∑
1≤t≤s

∑
v≤(t−1)/(q−1)

(
n

v

)(
qk
(
v
k

)
t

)
pt.

Using p = Oq,k(n
1−k), v ≤ t, and the standard estimates for binomial coefficients, the summand is

at most
exp(Cq,kt log t)n

v−(k−1)t ≤ exp(Cq,kt log t)n
(t−1)/(q−1)−(k−1)t.

Since (k − 1)− 1/(q − 1) = γq,k > 0, this is at most

exp(Cq,kt log t)n
−γq,kt−1/(q−1).

If s ≤ cq,k log n and cq,k is sufficiently small, then exp(Cq,kt log t) ≤ nγq,kt/2 for all t ≤ s. Summing
over t ≤ s and the allowed values of v gives µp(Small

(q,k)
s ) ≤ n−c′q,k , for some constant c′q,k > 0. □

For the atomic model, take Σ = [q], let Pat
q,k =

{
{a} : a ∈ [q]k

}
, and Γ = {id}.

Proposition 7.8 (Atomic predicates are rigid and derivative-replaceable). The system (Pat
q,k,Γ) is

rigid. Its nonempty one-coordinate derivatives are precisely the singleton patterns in [q]k−1, with
constant multiplicity, and they satisfy (5.4) with γ = k

k−1 , and b = k − 1.

Proof. For the singleton pattern system, u ⪯P v holds exactly when u = v. Thus (5.2) forces τ = σ,
so rigidity holds, for example with L = k. Fixing the first coordinate of a singleton either gives
the empty set or a singleton in [q]k−1; every nonempty derivative occurs with the same multiplicity.
Hence random derivative constraints are exactly random codimension-(k− 1) cylinders, while native
constraints are codimension-k cylinders. The required power comparison is Lemma 6.1. □

Theorem 7.9 (Atomic CSP window bound). Fix q ≥ 2, k ≥ 2, and 0 < η < 1/2. Suppose
γq,k = (k − 1)− 1/(q − 1) > 0. Then

Wη,q,k(n) ≤ Cη,q,k
n

log n
.

Proof. The linear central scale is Corollary 7.6. By Lemma 7.7, for every fixed A0, B0 > 0, the
estimate (5.6) holds after decreasing the constant in K ≤ c log n. Proposition 7.8 verifies rigidity
and power-replaceability. Apply Theorem 5.5. □

Corollary 7.10 (Fixed-k SAT). For every fixed k ≥ 3 and every 0 < η < 1/2, the central clause
window of random k-SAT satisfies

Wη,k(n) ≤ Cη,k
n

logn
.
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Proof. Random k-SAT is the Boolean atomic model q = 2. The condition γ2,k > 0 is exactly k ≥ 3.
Apply Theorem 7.9. □

Corollary 7.11 (Standard fixed-size atomic CSPs). The conclusions of Theorem 7.9 and Corol-
lary 7.10 hold with the same O(n/ logn) window in the uniform fixed-size model and in the standard
model with independently sampled constraints.

Proof. This is already included in Theorem 5.5; alternatively apply Corollary 2.3 using Nn,q,k =

qk
(
n
k

)
= Ω(n2) and Corollary 7.6. □

8. Random signed NAE-k-SAT

We now give a second application of the abstract theorem. The variables are Boolean. A signed
NAE clause is specified by a k-set S ⊆ [n] and an antipodal class [a] = {a, ā} ⊆ {0, 1}S . It is
violated exactly by assignments whose restriction to S belongs to [a]. Thus, in the covering language,
a signed NAE clause is the union of two antipodal codimension-k cylinders,

{x ∈ {0, 1}n : xS = a} ∪ {x ∈ {0, 1}n : xS = ā}.

Let Nn,k be the set of all signed NAE clauses. Then

NNAE
n,k = |Nn,k| = 2k−1

(
n

k

)
.

We include each element of Nn,k independently with probability p, and write CoverNAE
n,k for the event

that the selected violated sets cover {0, 1}n, equivalently that the formula is NAE-unsatisfiable. For
0 < η < 1/2, define

WNAE
η,k (n) = NNAE

n,k (p1−η − pη), µpα(Cover
NAE
n,k ) = α.

The analogue of the deficiency input is the following elementary observation.

Lemma 8.1 (Minimum degree in a minimal NAE-unsatisfiable formula). Let Y be an inclusion-
minimal NAE-unsatisfiable signed NAE-k-SAT instance. If Y has t clauses and uses v variables,
then every used variable has clause-degree at least two. Consequently, v ≤ k

2 t.

Proof. Suppose that a used variable x occurs in exactly one clause Q. By minimality, Y \ {Q} has
a NAE-satisfying assignment. Keep this assignment on all variables other than x. If the other k − 1
signed literals in Q already take both Boolean values, either choice of x satisfies Q. Otherwise they
all take the same value, and we choose x so that its signed literal takes the opposite value. Since x
occurs nowhere else, this extends the assignment to a satisfying assignment of Y , a contradiction.
Hence every used variable has degree at least two, and counting variable–clause incidences gives
2v ≤ kt. □

Proposition 8.2 (Linear lower bound for signed NAE-unsatisfiability). Fix k ≥ 3. There is
c = c(k) > 0 such that, if pNNAE

n,k ≤ cn, then µp(Cover
NAE
n,k ) = o(1).

Proof. Put N = NNAE
n,k and m0 = pN ≤ cn. For S ⊆ [n], let XS be the number of selected signed

NAE clauses whose support is contained in S. If |S| = v, then

XS ∼ Bin

(
2k−1

(
v

k

)
, p

)
and EXS = m0

(
v
k

)(
n
k

) ≤ Ckcn
( v
n

)k
.

Set b = 2/k. Choosing c small enough that the relevant upper-tail threshold exceeds the mean, the
standard binomial estimate gives

P(XS ≥ bv) ≤
(
Ckc

( v
n

)k−1
)bv

.
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Therefore the expected number of v-sets S with XS ≥ bv is at most(
n

v

)(
Ckc

( v
n

)k−1
)bv

≤
[
C ′
kc

b
( v
n

)b(k−1)−1
]v

.

Here

b(k − 1)− 1 =
k − 2

k
> 0.

Choose c = c(k) so that C ′
kc

b < 1/4. For each fixed L, the contribution from k ≤ v < L tends to
zero, while the contribution from v ≥ L is at most

∑
v≥L 4−v. Thus, with high probability, no S

satisfies XS ≥ 2|S|/k.
If the selected formula were NAE-unsatisfiable, take an inclusion-minimal NAE-unsatisfiable

subformula Y , and let S be its set of used variables. Writing v = |S| and t = |Y |, Lemma 8.1 gives
t ≥ 2v/k. All clauses of Y are supported inside S, so XS ≥ 2v/k, a contradiction. □

Proposition 8.3 (Linear upper bound for signed NAE-unsatisfiability). Fix k ≥ 2. There is
C = C(k) > 0 such that, if pNNAE

n,k ≥ Cn, then µp(Cover
NAE
n,k ) = 1− o(1).

Proof. Let Z be the number of NAE-satisfying assignments. A fixed assignment violates exactly
one signed NAE clause on each k-set. Hence

EZ = 2n(1− p)(
n
k) ≤ exp

(
n log 2− p

(
n

k

))
.

Since p
(
n
k

)
= pNNAE

n,k /2k−1, this tends to zero once pNNAE
n,k ≥ Cn with C > 2k−1 log 2. Markov’s

inequality finishes the proof. □

Corollary 8.4 (Automatic linear central scale for signed NAE-SAT). Fix k ≥ 3 and 0 < η < 1/2.
Uniformly for p ∈ [pη, p1−η], pNNAE

n,k = Θη,k(n), and NNAE
n,k p(1− p) = Θη,k(n).

Proof. The lower and upper bounds follow from propositions 8.2 and 8.3. They also give p =
Oη,k(n

1−k) = o(1), so multiplication by 1− p does not change the order. □

Let SmallNAE
n,s denote the event that the random formula contains an inclusion-minimal NAE-

unsatisfiable subformula with at most s clauses.

Lemma 8.5 (Small signed NAE witnesses are rare). Fix k ≥ 3. There are constants ck, c
′
k > 0 such

that, if s ≤ ck log n, then uniformly for all p = Ok(n
1−k),

µp(SmallNAE
n,s ) ≤ n−c′k .

Proof. By Lemma 8.1, a minimal NAE-unsatisfiable formula with t clauses uses at most kt/2
variables. A union bound gives

µp(SmallNAE
n,s ) ≤

∑
1≤t≤s

∑
v≤kt/2

(
n

v

)(
2k−1

(
v
k

)
t

)
pt.

Using p = Ok(n
1−k), v ≤ kt/2, and the standard binomial-coefficient estimates, each summand is

at most
exp(Ckt log(t+ 1))nv−(k−1)t ≤ exp(Ckt log(t+ 1))n−(k−2)t/2.

For t ≤ ck logn, the exponential factor is at most n(k−2)t/4 for all sufficiently large n. Summing
over t and v yields a fixed polynomial saving. □

Let
PNAE

k =
{
{a, ā} : a ∈ {0, 1}k

}
, Γ = {id, comp}.

Repeated antipodal pairs are identified in PNAE
k .
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Lemma 8.6 (Pointwise atomic-to-NAE replacement). Fix k ≥ 2. There are constants ck, Ck > 0

such that, if ρatk−1(B) ≥ ε ≥ Ckm
−(k−1), then ρNAE

k (B) ≥ ckε
k/(k−1), where ρatk−1 is the probability

that a random atomic codimension-(k − 1) cylinder contains B, and ρNAE
k is the probability that a

random signed NAE clause contains B.

Proof. The case B = ∅ is immediate. Otherwise, let ℓ(B) be the number of coordinates on which
every point of B takes the same value. Then

ρatk−1(B) =

(ℓ(B)
k−1

)
2k−1

(
m
k−1

) .
For Ck sufficiently large, the assumed lower bound implies ℓ(B) ≥ 2k. Whenever a signed NAE
clause chooses its k coordinates among these frozen coordinates and takes the antipodal class of the
frozen pattern, it covers B. Therefore

ρNAE
k (B) ≥

(ℓ(B)
k

)
2k−1

(
m
k

) .
The two displays give the claimed power bound. □

Proposition 8.7 (Signed NAE predicates are rigid and derivative-replaceable). For every k ≥ 3,
the system (PNAE

k ,Γ) is rigid. Its one-coordinate derivatives, with their indexed multiplicities, are
uniformly distributed atomic singleton patterns in {0, 1}k−1, and they satisfy (5.4) with γ = k

k−1 ,
and b = k − 1.

Proof. For signed NAE patterns, u ⪯P v if and only if u ∈ {v, v̄}. Suppose (5.2) holds but τ /∈ {σ, σ̄}.
Then there are coordinates i, j for which τi = σi and τj ̸= σj , after globally complementing τ if
necessary. Extend {i, j} to a k-set. On that set, τ is neither σ nor its complement, contradicting the
local preorder condition. Thus the system is rigid, for example with L = k. Fixing one coordinate of
an antipodal pair gives a singleton pattern; every singleton derivative occurs with the same indexed
multiplicity. The power comparison is Lemma 8.6. □

Theorem 8.8 (Signed NAE-k-SAT window bound). For every fixed k ≥ 3 and every 0 < η < 1/2,

WNAE
η,k (n) ≤ Cη,k

n

log n
.

Proof. The central linear scale is Corollary 8.4. Lemma 8.5 gives (5.6) after decreasing the logarithmic
range as a function of A0, B0. Proposition 8.7 supplies the finite predicate certificate. Apply
Theorem 5.5. □

Corollary 8.9 (Standard fixed-size signed NAE-SAT). The conclusion of Theorem 8.8 holds in the
uniform fixed-size model and in the standard model with independently sampled signed NAE clauses.

Proof. This follows from the final assertion of Theorem 5.5. □

9. Random hypergraph two-colourability

We now treat the unsigned model. Let En,k =
([n]
k

)
, and include every k-set independently with

probability p. The resulting random k-uniform hypergraph is written Hk(n, p). A two-colouring
x ∈ {0, 1}n is proper if no selected edge is monochromatic. In the covering language, an edge
S ∈ En,k covers QS = {x : xS = 0S} ∪ {x : xS = 1S}. Let N2Coln,k ⊆ 2En,k be the monotone event
that the selected hypergraph is not two-colourable. Put Nhyp

n,k =
(
n
k

)
, and define

W hyp
η,k (n) = Nhyp

n,k (p1−η − pη), µpα(N2Coln,k) = α.

The elementary minimum-degree argument from Lemma 8.1 has the following unsigned form.

Lemma 9.1 (Minimum degree in a minimal non-two-colourable hypergraph). Let Y be an inclusion-
minimal non-two-colourable k-uniform hypergraph. If Y has t edges and uses v vertices, then every
used vertex has degree at least two. Consequently, v ≤ k

2 t.
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Proof. Suppose that a used vertex u lies in a unique edge e. By minimality, Y \ {e} has a proper
two-colouring. Keep this colouring away from u. If e \ {u} already contains both colours, either
colour for u works; otherwise colour u with the colour opposite to the common colour on e \ {u}.
This properly colours Y , a contradiction. Counting incidences now gives 2v ≤ kt. □

Proposition 9.2 (Linear lower bound for non-two-colourability). Fix k ≥ 3. There is c = c(k) > 0

such that, if pNhyp
n,k ≤ cn, then µp(N2Coln,k) = o(1).

Proof. Put N = Nhyp
n,k and m0 = pN ≤ cn. For S ⊆ [n], let XS be the number of selected edges

contained in S. If |S| = v, then

EXS = m0

(
v
k

)(
n
k

) ≤ Ckcn
( v
n

)k
.

Set b = 2/k. For c sufficiently small, the standard binomial upper-tail estimate gives

P(XS ≥ bv) ≤
(
Ckc

( v
n

)k−1
)bv

.

Hence the expected number of v-sets with XS ≥ bv is at most[
C ′
kc

b
( v
n

)b(k−1)−1
]v

.

Since b(k − 1) − 1 = (k − 2)/k > 0, choosing c small and summing over v ≥ k shows that, with
high probability, no S satisfies XS ≥ 2|S|/k. If the selected hypergraph were not two-colourable, an
inclusion-minimal non-two-colourable subhypergraph Y , on a vertex set S, would satisfy |Y | ≥ 2|S|/k
by Lemma 9.1, a contradiction. □

Proposition 9.3 (Linear upper bound for non-two-colourability). Fix k ≥ 3. There is C = C(k) > 0

such that, if pNhyp
n,k ≥ Cn, then µp(N2Coln,k) = 1− o(1).

Proof. Let Z be the number of proper two-colourings. A colouring with colour-class sizes a and
n− a has (

a

k

)
+

(
n− a

k

)
monochromatic potential edges. By convexity, this quantity is minimized for a balanced colouring,
and for all sufficiently large n it is at least ck

(
n
k

)
, for a constant ck > 0. Consequently,

EZ ≤ 2n(1− p)ck(
n
k) ≤ exp

(
n log 2− ckpN

hyp
n,k

)
.

This tends to zero once pNhyp
n,k ≥ Cn with C > log 2/ck. Markov’s inequality finishes the proof. □

Corollary 9.4 (Automatic linear central scale for hypergraph two-colourability). Fix k ≥ 3 and
0 < η < 1/2. Uniformly for p ∈ [pη, p1−η], pN

hyp
n,k = Θη,k(n), and Nhyp

n,k p(1− p) = Θη,k(n).

Proof. Apply Propositions 9.2 and 9.3. They also imply p = Oη,k(n
1−k) = o(1). □

Let Smallhypn,s be the event that the random hypergraph contains an inclusion-minimal non-two-
colourable subhypergraph with at most s edges.

Lemma 9.5 (Small non-two-colourable witnesses are rare). Fix k ≥ 3. There are constants
ck, c

′
k > 0 such that, if s ≤ ck log n, then uniformly for p = Ok(n

1−k),

µp(Smallhypn,s ) ≤ n−c′k .
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Proof. By Lemma 9.1, a minimal witness with t edges uses at most kt/2 vertices. Therefore

µp(Smallhypn,s ) ≤
∑

1≤t≤s

∑
v≤kt/2

(
n

v

)((v
k

)
t

)
pt.

Each summand is at most

exp(Ckt log(t+ 1))nv−(k−1)t ≤ exp(Ckt log(t+ 1))n−(k−2)t/2.

For a sufficiently small constant in s ≤ ck log n, summing over t, v gives a fixed polynomial saving. □

Let
Phyp

k =
{
{0k, 1k}

}
, Γ = {id, comp}.

For B ⊆ {0, 1}m, let ρconstk−1 (B) be the probability that a random constant codimension-(k − 1)

cylinder contains B, and let ρhypk (B) be the probability that the bad set of a random k-edge contains
B.

Lemma 9.6 (Pointwise constant-cylinder-to-edge replacement). Fix k ≥ 2. There are constants
ck, Ck > 0 such that, if ρconstk−1 (B) ≥ ε ≥ Ckm

−(k−1), then ρhypk (B) ≥ ckε
k/(k−1).

Proof. The case B = ∅ is immediate. For c ∈ {0, 1}, let Lc(B) = {i ∈ [m] : xi = c for every x ∈ B},
and put ℓc = |Lc(B)|. Then

ρconstk−1 (B) =

(
ℓ0
k−1

)
+
(

ℓ1
k−1

)
2
(

m
k−1

) .

Hence, for some c ∈ {0, 1}, (
ℓc

k−1

)(
m
k−1

) ≥ ε.

For Ck sufficiently large, this implies ℓc ≥ 2k. Every k-set contained in Lc(B) has a bad set
containing B, and therefore

ρhypk (B) ≥
(
ℓc
k

)(
m
k

) .
The usual binomial-coefficient comparisons give the claim. □

Proposition 9.7 (The Property B predicate is rigid and derivative-replaceable). For every k ≥ 3,
the system (Phyp

k ,Γ) is rigid. Its one-coordinate derivatives are the two constant patterns 0k−1 and
1k−1, and they satisfy (5.4) with γ = k

k−1 , and b = k − 1.

Proof. For this pattern system, u ⪯P v says that if u is constant, then v is constant. Let σ have
both colour classes of size at least k, and suppose (5.2) holds. Then every τ -monochromatic k-set
is σ-monochromatic. If a colour class of τ has size at least k, it must lie inside one colour class
of σ; otherwise it contains a k-set meeting both σ-classes. Neither τ -class can have size at most
k− 1, because the other class would still meet both σ-classes and have size at least k. Thus the two
τ -classes are exactly the two σ-classes, and τ ∈ {σ, σ̄}. Hence rigidity holds with L = k.

Fixing the first coordinate of {0k, 1k} gives one of the two constant (k − 1)-patterns. The
derivative comparison is Lemma 9.6. □

Theorem 9.8 (Random hypergraph two-colourability window). For every fixed k ≥ 3 and every
0 < η < 1/2,

W hyp
η,k (n) ≤ Cη,k

n

log n
.

Proof. The central linear scale is Corollary 9.4. Lemma 9.5 gives the arbitrarily strong logarithmic-
scale witness estimate (5.6). Proposition 9.7 verifies rigidity and derivative replacement. Apply
Theorem 5.5. □
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Corollary 9.9 (Standard fixed-size hypergraph model). The conclusion of Theorem 9.8 holds in
the uniform Hk(n,m) model and in the model obtained by independently sampling m edges.

Proof. This follows from the final assertion of Theorem 5.5. □

10. Concluding remarks

10.1. The Abbe–Montanari reduction. The scaling-window problem is connected to the still-
open problem of proving convergence of the critical density for random fixed-k SAT. Abbe and
Montanari showed that a clause-window bound of the form

Wη,k(n) = O

(
n

log1+δ n

)
for some fixed δ > 0 would imply the satisfiability conjecture [1]; see also [11]. At a high level,
their reduction uses a window narrow enough that the finite-size uncertainty in the critical density
becomes summable along an appropriate comparison of instance sizes. One can then promote
concentration around the n-dependent critical points to convergence of those points. Thus, a gain
of any fixed positive power beyond one logarithm would have consequences substantially stronger
than a finite-size scaling estimate.

Our result reaches the boundary scale n/ logn. It improves the previous n/ log log n upper bound
by a factor of order logn/ log logn, but it does not meet the strictly stronger hypothesis required
by the Abbe–Montanari reduction. It is therefore tempting to seek an iteration of the present
argument, or a more efficient replacement step, that extracts a better power of log n.

The proof itself explains why a straightforward iteration cannot supply that extra power. At scale
K, Theorem 3.1 gives a deterministic boost of size exp(−O(K)). The simulation lemmas replace
the clean booster by D ≤ exp(O(K)) random coordinates, while the universal layer estimate bounds
the resulting increase by O

(
(D + 1)/

√
Vη(n)

)
. Consequently the strongest comparison available

from these three ingredients has the form

exp(−O(K)) ≤ exp(O(K))√
Vη(n)

,

which forces only K = Ω(log Vη(n)). Reapplying the same argument does not improve the exponent:
each new booster again has exponential strength and exponential simulation cost, and the layer
estimate depends only on the total number of sprinkled coordinates.

A superlogarithmic denominator would therefore require a genuinely stronger input at one of
three places: a Bourgain-type theorem producing a larger boost, a subexponential simulation of
clean boosters, or a model-specific replacement for the Boolean-layer estimate that exploits more
geometry than monotonicity alone.
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