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Abstract
The line–versus–point test asks the following local-to-global question. Suppose a function

f : Fm
q → Fq is, on average over a random affine line L, correlated with some degree-d polynomial

on L. Must f then be globally correlated with a single multivariate polynomial of degree at
most d? Beyond being a natural combinatorial question, this test and its variants have played a
central role in the construction of PCPs.

Generally, one is most interested in the soundness of the test: the smallest expected local
agreement from which one can still deduce nontrivial global agreement. We revisit the line–
versus–point test and prove the following cubic threshold. If

Pr
L, x∈L

[
PL(x) = f(x)

]
≥ C

(
d

q

)1/3
,

then there is a polynomial Q ∈ Fq[X1, . . . , Xm] of total degree at most d such that

Pr
x∈Fm

q

[Q(x) = f(x)] ≥ c · Pr
L, x∈L

[
PL(x) = f(x)

]
,

for absolute constants C, c > 0 and over every finite field Fq. The prior state of the art, due to
[HKSS24] had an inexplicit exponent in their soundness, which we estimate to be Ω (d/q)1/48 in
the m > 2 case and Ω (d/q)1/7 in the m = 2 case. We believe our proof is comparatively direct
and isolates the combinatorial and algebraic mechanisms responsible for the improved soundness.

1 Introduction
The Reed–Muller code is one of the basic algebraic codes in theoretical computer science. Its
codewords are the evaluation tables of low-degree polynomials:

RMq(m, d) :=
{
(Q(x))x∈Fm

q
: Q ∈ Fq[X1, . . . , Xm], deg Q ≤ d

}
.

Much of the usefulness of Reed–Muller codes comes from their strong locality. The restriction of a
degree-d polynomial to any affine line is a univariate polynomial of degree at most d, and hence a
Reed–Solomon codeword. Thus a global Reed–Muller codeword induces a highly structured local
view on every affine line. This observation underlies local testing and correction procedures that
inspect only a small part of a word of length qm.

One particularly important test arising from this structure is the line–versus–point test, a
two-query consistency test. We are given a point table f : Fm

q → Fq and, for every affine line L,
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a purported degree-d restriction PL. The test samples a uniformly random incident pair (x, L),
queries f(x) and PL(x), and accepts when PL(x) = f(x). If the point and line tables are induced
by a single degree-d polynomial, the test always accepts. Its soundness asks for a converse: how
small can the acceptance probability be while still forcing one global degree-d polynomial to agree
with f on a noticeable fraction of points?

Low-degree tests, such as the line–versus–point test and its variants, have played a central role
in PCP constructions and hardness of approximation since the earliest algebraic PCPs [PS94, RS96,
AS98, ALM+98, RS97, AS03]. Their two-query form is particularly useful for constructing projection
PCPs and Label Cover instances, which serve as starting points for many hardness-of-approximation
reductions [MR10]. Higher-dimensional subspace agreement tests have also been central to the series
of works leading to the 2-to-2 Games Theorem [KMS25, DKK+25, DKK+21, KMS23] and other
PCP constructions with strong or near-optimal soundness [KS13, MZ26a, MZ26b]. More recently,
the line–versus–point test has been used to construct query-efficient interactive oracle proofs of
proximity for NP [MZ25].

Beyond these applications, the line–versus–point test is a natural local-to-global agreement
problem in its own right. It asks whether a collection of low-degree polynomials on affine lines
that is locally consistent with a point table must contain evidence of a single global low-degree
polynomial. This question was introduced by Rubinfeld and Sudan and has been studied through
a sequence of increasingly strong analyses [RS96, PS94, FS95, AS03, HKSS24]. It is also closely
related to the property-testing problem for Reed–Muller codes, in which one seeks to distinguish
low-degree polynomials from functions that are far from every such polynomial using only a small
number of queries [AKK+05, KR06, BKS+10, HSS13]. The models and degree regimes in these
works are not always identical, but they share the same basic theme of inferring global polynomial
structure from local algebraic constraints.

A central quantitative question is how far into the low-agreement, or list-decoding, regime the
line–versus–point test remains sound.

Polishchuk and Spielman, and subsequently Friedl and Sudan, initiated the study of the line–
versus–point test in the low-error, or unique-decoding, regime [PS94, FS95]. Arora and Sudan then
obtained a high-error analysis when the field is polynomially larger than the degree [AS03]. Harsha,
Kumar, Saptharishi, and Sudan gave the first high-error analysis when the field size is linear in the
degree [HKSS24]. Their work showed that acceptance (d/q)Ω(1) already forces global structure and
introduced the key algebraic mechanism of constructing a low weighted-degree trivariate relation
and extracting a bivariate polynomial through Newton–Hensel lifting. They state their main result
with an unspecified absolute exponent. However, we estimate that the computations in their proof
give soundness ε ≥ Ω

(
(d/q)1/48) over general dimensions, and ε ≥ Ω

(
(d/q)1/7) over two dimensions.

Our main result is an improved analysis of the line–versus–point test. Building on the analysis of
[HKSS24], we introduce new combinatorial and algebraic ideas that improve the soundness threshold
to

ε ≥ Ω
((

d

q

)1/3)
.

We remark that a separate line of works [BDN17, MZ23, BR26] studies high-dimensional variants
of the line–versus–point test, with [BR26] ultimately showing optimal Ω (d/q) soundness for the
plane–versus–plane test. In this test one works only with a table of low-degree affine plane restrictions
and checks agreement between planes intersecting on a line. Here, the superior expansion properties
of the affine planes Grassmannian play a key role in the soundness analysis. We view it as a very
intriguing open problem to determine whether the line–versus–point test, or even the line–versus–line
test, can be improved to Ω (d/q) soundness, which would match the plane–versus–plane test.
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1.1 Our results

Throughout, fix a finite field Fq of order q, where q is an arbitrary prime power; in particular, Fq

need not be a prime field. Let Lq,m be the set of affine lines in Fm
q , where each affine line is given

by a translate a ∈ Fm
q and a direction u ∈ Fm

q \ {0}, so that L = {a + tu | t ∈ Fq}. When we work
in two dimensions and the field is clear from context, we instead write L for Lq,2. For every affine
line L, fix once and for all an affine parameterization, consisting of translate aL ∈ L and direction
uL, and write L(t) := aL + tuL to denote the t-th point of L. We slightly abuse notation by using L
both for the affine line and, through L(·), for its fixed parameterization.

Our results deal with the classic line–versus–point test. In this test, we are given a point table
f : Fm

q → Fq and a degree-d line table {PL}L∈Lq,m , where each PL : L → Fq is a univariate polynomial
of degree at most d defined over L. Relative to the fixed parameterization of L, let pL ∈ Fq[t]
denote the chosen degree-at-most-d polynomial satisfying pL(t) = PL(L(t)). We use this notation
henceforth. The test samples an incident pair (x, L) uniformly at random, where x ∈ Fm

q and
L ∈ Lq,m such that x ∈ L, and accepts if and only if PL(x) = f(x). Given the point and line tables,
we define the acceptance probability of the test as Acc(f, {PL}) := Prx∈Fm

q , L∋x[PL(x) = f(x)].
Our main theorem shows that one can conclude nontrivial correlation of f with a low-degree

polynomial even when the test passes with probability as low as Ω
(
(d/q)1/3

)
. This threshold is

generally referred to as the soundness of the test. The previous state of the art was the work of
due to [HKSS24], which required a higher acceptance threshold. While their work does not state
it explicitly, we estimate that they require Ω (d/q)1/48 pass probability over Fm

q for m > 2 and
Ω (d/q)1/7 over F2

q .

Theorem 1.1. There are absolute constants C, c > 0 with the following property. Let ε ≥ C
(

d
q

)1/3
.

Suppose that f : Fm
q → Fq and a degree-d line table {PL}L∈Lq,m satisfy Acc(f, {PL}) ≥ ε. Then there

is a polynomial Q ∈ Fq[X1, . . . , Xm] of total degree at most d such that agr(f, Q) := Prx∈Fm
q

[Q(x) =
f(x)] ≥ cε.

Mechanization. Theorem 1.1 has been formalized and machine-checked in Lean 4 over the
Mathlib library. The Lean proof includes Theorem 7.2 from [BR26] and Lemma 7.1 as assumptions.
We are grateful to Joachim Neu for his help in mechanizing this paper. The Lean proof is available
at https://github.com/kz99/Line-vs-Point-Paper-and-Lean .

AI Declaration. The authors worked out Sections 3 and 4 and conjectured that a Ω (d/q)1/3

soundness threshold was achievable. GPT-5.6 Sol suggested the idea for Sections 5 and 6 with
the authors completing the details with interactions with GPT-5.6 Sol. Section 7 uses well known
techniques but was written by GPT-5.6 Sol.

1.2 Proof overview and technical contributions

Our proof proceeds in two stages. We first establish the result in the bivariate case m = 2. This
bivariate statement is the main technical step towards proving the theorem, and its proof contains
most of the work. We then bootstrap it to arbitrary dimension using the results of [BR26].

Hence, this overview largely focuses on the bivariate case. At a high level, our proof follows the
strategy of [HKSS24], but we introduce new combinatorial and algebraic techniques at several key
points. We highlight these differences in the four steps below.
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1. Interpolating a sparse, but global, set of affine lines. Let Gacc be the bipartite graph
whose two sides are the affine lines L and the points F2

q , with an edge (x, L) whenever PL(x) = f(x).
Thus, acceptance probability at least ε means that the accepted edge set has measure at least ε
among all point–line incidences.

We first find a subgraph G0 ⊆ Gacc with edge measure Ω(ε) and minimum degree Ω(εq) on both
sides. We then randomly select a family R of O(q/ε) lines from the line side of G0. Crucially, R
satisfies two properties:

• Small size: |R| = O(q/ε), so a polynomial interpolating the graphs of {PM }M∈R can have
low weighted degree.

• Globalness: for every line L in G0, there are Ω(εq) points x ∈ L such that (x, L) is accepted
and x also lies on an accepted line M ∈ R.

As in [HKSS24], we use these line graphs to construct a nonzero trivariate explainer polynomial
A(X, Y, Z) of low weighted degree that vanishes on the sets of points {(L(t), pL(t))}t∈Fq for every
L ∈ R. Here, the weighted degree of A, denoted wdeg(A), is the maximum value of i + j + dk over
all monomials XiY jZk appearing in A with nonzero coefficient. The motivation for considering
this weighted degree is that for any line L and its corresponding polynomial pL, we have that the
restriction A(L(t), pL(t)) has degree at most wdeg(A) in the variable t.

Our choice of R allows us to take

wdeg(A) = D = O

√dq

ε


while ensuring that A(M(t), pM (t)) ≡ 0 for every M ∈ R. Although we interpolate only the lines
in R, the globalness property allows us to extend this identity to every line L in G0. Indeed, the
shared accepted incidences give Ω(εq) > D roots of A(L(t), pL(t)), forcing A(L(t), pL(t)) ≡ 0.

The gain over the corresponding interpolation step in [HKSS24] is not simply that we interpolate
asymptotically fewer lines at the final threshold. Rather, the family R preserves the original
ε-fraction of accepted incidences but on a sparsified family: each line L in the dense subgraph
retains Ω(εq) accepted points x, each of which is also incident to another line M ∈ R in Gacc. At a
high level, this is saying that our sparse selection of lines is still capturing the ε pass probability of
the original test.

2. Simple roots throughout the incidence graph. Before extracting a bivariate polynomial
from the common relation A(L(t), pL(t)) ≡ 0, we arrange two properties. First, the relation on
each remaining line must genuinely constrain its line polynomial, rather than vanish for a reason
independent of the Z-variable. Second, at every remaining point x, the value f(x) must be a simple
root of the resulting polynomial in Z. The first property makes the line identities informative, while
the second makes the later lifting and propagation steps unique.

To obtain the first property, write A(X, Y, Z) = H(X, Y )B(X, Y, Z), where H is the greatest
common factor of the coefficients of A when viewed as a polynomial in Z. If H(L(t)) ≡ 0, then
A(L(t), pL(t)) ≡ 0 for every choice of pL, so the identity contains no information about the polynomial
attached to L. Fortunately, we may remove these lines as there are few of them. Indeed, each
contributes a distinct linear factor of H, so their number is bounded by the degree of H. On every
other line we get the identity B(L(t), pL(t)) ≡ 0.

We next arrange the simple-root property. Choose λX , λY , λZ ∈ Fq so that B and λXBX +
λY BY + λZBZ have no common factor, where BX , BY , and BZ are the formal partial derivatives of
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B. After removing a small number of lines and incidences and pruning once more, every remaining
point x lies on at least two distinct remaining lines and satisfies

B(x, f(x)) = 0 and
(
λXBX + λY BY + λZBZ

)
(x, f(x)) ̸= 0.

It remains to show that the root f(x) is simple. Let L and M be two distinct remaining lines
through x, with direction vectors uL, uM ∈ F2

q . Reparameterize both lines so that t = 0 corresponds
to x, and write

∇X,Y B(x, f(x)) :=
(
BX(x, f(x)), BY (x, f(x))

)
.

Suppose that BZ(x, f(x)) = 0. Differentiating the two formal line identities at t = 0 gives〈
uL, ∇X,Y B(x, f(x))

〉
= 0,

〈
uM , ∇X,Y B(x, f(x))

〉
= 0.

Here ⟨·, ·⟩ is the usual inner product on F2
q . Because L and M are distinct lines through the same

point, uL and uM are linearly independent and therefore form a basis of F2
q . Hence

BX(x, f(x)) = BY (x, f(x)) = 0.

Together with BZ(x, f(x)) = 0, this would imply(
λXBX + λY BY + λZBZ

)
(x, f(x)) = 0,

contradicting the pruning. Thus BZ(x, f(x)) ̸= 0 at every remaining point.

3. Componentwise continuation. We can now choose a point b in the remaining incidence
graph. The Newton–Hensel lifting argument underlying [HKSS24] produces a degree-d bivariate
polynomial Q whose restrictions agree with the remaining line polynomials on sufficiently many lines
through b and which satisfies B(X, Y, Q(X, Y )) ≡ 0. This gives agreement in one local neighborhood
of b, but that local agreement alone is not enough to obtain the desired Ω(ε) agreement with f .

This is a second key point at which we go beyond the analysis of [HKSS24]. There, the final
agreement is obtained from the lines through the lifting point. Here, the simple-root property from
Step 2 allows the same polynomial to continue throughout an entire connected component of the
incidence graph.

Indeed, suppose Q|L = PL for one remaining line L, and let (x, L) be an accepted incidence.
Then Q(x) = PL(x) = f(x). For any other remaining line M through x, both Q|M and PM solve the
same restricted equation B(M(t), Z) = 0 and pass through the same simple root f(x). Uniqueness
of the lift from a simple root therefore gives Q|M = PM . Repeating this argument along paths
propagates the same polynomial from the lines through b to every line and point in the connected
component.

Finally, expansion of the point–line incidence graph shows that every connected component
of the pruned graph contains an Ω(ε) fraction of the points. Since Q(x) = f(x) throughout
such a component, the propagation step converts one local lift into Ω(ε) global agreement. This
componentwise continuation is crucial for improving the Ω(ε4) agreement obtained by the direct
bivariate argument of [HKSS24] to the linear agreement Ω(ε).

4. Higher dimensions. Our last step is to bootstrap the bivariate result to arbitrary dimension.
Here we leverage the recent plane–versus–plane theorem of Bhangale and Richelson [BR26], which
has the optimal soundness threshold Ω(d/q). A simple conversion shows that plane–point agreement
β induces plane–versus–plane acceptance Ω(β2); thus their theorem applies once β ≥ Ω

(
(d/q)1/2).
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Most affine planes inherit line–versus–point acceptance Ω(ε). Applying the bivariate theorem on
each such plane produces a degree-d plane polynomial with Ω(ε) agreement with the point table.
The plane–versus–plane theorem then glues these plane polynomials into one global polynomial,
and point–plane expansion recovers Ω(ε) agreement with f .

The bootstrap in [HKSS24], developed before the optimal plane–versus–plane theorem was
available, uses a more involved intermediate correction argument and incurs additional quantitative
losses. The result of Bhangale and Richelson allows us to pass directly from the bivariate theorem to
a consistent global polynomial while preserving both the cubic threshold and the linear agreement.
This step uses well known techniques and we do not view it as our main contribution.

1.3 Organization

Section 2 records notation and preliminaries. Sections 3 and 4 constructs the trivariate explainer
polynomial, Section 5 makes its relevant roots simple, and Section 6 lifts and propagates one bivariate
polynomial and completes the bivariate proof. Finally, Section 7 handles higher dimensions.

2 Preliminaries

2.1 Basic notation

Throughout, we fix Fq to be a finite field of size q and characteristic p. For variables X1, . . . , Xm,
we write Fq[X1, . . . , Xm] for the ring of formal polynomials over Fq. The total degree of a monomial
Xe1

1 · · · Xem
m is e1 + · · · + em, and the total degree deg A of a polynomial A is the maximum total

degree of a monomial appearing in A with nonzero coefficient. We write degXi
A for the maximum

exponent of Xi appearing in such a monomial.
Derivatives always mean formal derivatives. Thus ∂XA, ∂Y A, and ∂ZA denote the usual formal

partial derivatives of A ∈ Fq[X, Y, Z]. Two polynomials are coprime if their only common divisors
are nonzero constants. A nonconstant polynomial is irreducible if it cannot be written as a product
of two nonconstant polynomials. A polynomial is squarefree if no irreducible factor occurs with
multiplicity greater than one.

We identify polynomial functions on Fm
q with their unique reduced representatives, whose degree

in each variable is at most q − 1. Thus Zq = Z as a function on Fq, although not as a formal
polynomial identity. Factorization, coprimality, irreducibility, and derivatives always refer to the
corresponding formal polynomials.

An affine k-dimensional subspace of Fm
q is a translate a + W of a k-dimensional linear subspace

W ⊆ Fm
q . It has the form {a + u1t1 + · · · + uktk : t1, . . . , tk ∈ Fq}, where u1, . . . , uk are linearly

independent. Affine subspaces of dimensions 0, 1, and 2 are called points, lines, and planes,
respectively. For each line L, we use the fixed parameterization L(t) introduced in the introduction.
We write L for the set of affine lines in F2

q .

2.2 Measure and affine-plane incidence

Every finite set carries its uniform probability measure. We use µ for point, line, plane, incidence,
and conditional measures; the ambient set will be clear from context. In F2

q ,

µ(X) = |X|
q2 , µ(T ) = |T |

q(q + 1) , µ(E) = |E|
q2(q + 1) .

Every point lies on q + 1 lines, every line contains q points, and two distinct points lie on a
unique common line. In particular, F2

q contains q(q + 1) affine lines. The following is a sampling
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lemma which we will use. It is the expander mixing lemma specialized to the point–line incidence
graph of F2

q .

Lemma 2.1. For any set of points X ⊆ F2
q and set of lines T ⊆ L,∣∣∣∣∣ Pr

x∈F2
q , L∋x

[x ∈ X, L ∈ T ] − µ(X)µ(T )
∣∣∣∣∣ ≤

√
µ(X)µ(T )√

q + 1 .

Proof. For each affine line L, let
nL := |X ∩ L|.

By double counting,∑
L∈L

nL = (q + 1)|X|,
∑
L∈L

n2
L = |X|(|X| − 1) + (q + 1)|X| = |X|2 + q|X|.

Since |L| = q(q + 1),

∑
L∈L

(
nL − |X|

q

)2
=
∑
L

n2
L − 2|X|

q

∑
L

nL + q(q + 1) |X|2

q2

= q|X| − |X|2

q
≤ q|X|.

Therefore, by Cauchy–Schwarz,∣∣∣∣ Pr
x,L∋x

[x ∈ X, L ∈ T ] − µ(X)µ(T )
∣∣∣∣

= 1
q2(q + 1)

∣∣∣∣∣∑
L∈T

(
nL − |X|

q

)∣∣∣∣∣
≤

√
|T |

q2(q + 1)

(∑
L∈L

(
nL − |X|

q

)2)1/2

≤
√

q|X||T |
q2(q + 1) =

√
µ(X)µ(T )√

q + 1 ,

where we used
|X| = q2µ(X), |T | = q(q + 1)µ(T ).

2.3 Weighted degree and monomial counts

We assign weights 1, 1, d to X, Y, Z, respectively. Thus the weighted degree of the monomial
XiY jZk is i + j + dk. Henceforth, “weighted degree” always refers to this choice of weights, and for
A ∈ Fq[X, Y, Z] we write

wdeg(A) := max{i + j + dk : [XiY jZk]A ̸= 0}.

In particular, if deg pL ≤ d, then degt A(L(t), pL(t)) ≤ wdeg(A).
Let

VD := {XiY jZk : i + j + dk ≤ D, k = 0 or p ∤ k}.

We use the following simple counting bound which also appears in [HKSS24].
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Lemma 2.2. For every D ≥ 0,

|VD| ≥ D3

64d
.

Proof. The monomials with
i, j ≤

⌊
D

4

⌋
, k ≤

⌊
D

2d

⌋
already number more than D3/(32d). Among the allowed values of k, at most half of the positive
values are divisible by p, while k = 0 is retained. At least half of these monomials therefore lie in
VD.

2.4 Algebraic tools

Here we record some standard algebraic facts about polynomials over finite fields.

Lemma 2.3. Let S ⊆ F3
q be finite, and suppose there is a nonzero polynomial that vanishes on S

and has nonzero Z-derivative. If A has minimum weighted degree among all such polynomials, then
no nonconstant irreducible factor occurs in A with multiplicity at least two.

Proof. Suppose that A = P eR, where e ≥ 2, P is irreducible, and P ∤ R. Then PR has the same
zero set as A and has smaller weighted degree. If (PR)Z = 0, then

PZR + PRZ = 0.

Reducing modulo P gives P | PZ . Since degZ PZ < degZ P , this forces PZ = 0, and the displayed
identity then gives RZ = 0. This would imply AZ = 0, a contradiction. Hence (PR)Z ̸= 0,
contradicting the minimality of A.

The following is the finite-field version of the standard generic-direction argument. We include
the proof because the direction must be chosen over Fq itself.

Lemma 2.4. Let B ∈ Fq[X, Y, Z] be nonzero and squarefree with deg B < q. There is a vector
λ = (λX , λY , λZ) ∈ F3

q such that

Dλ := λX∂X + λY ∂Y + λZ∂Z

satisfies
gcd(B, DλB) = 1.

Proof. Factor

B = c
s∏

i=1
Pi,

where c ∈ F×
q and the Pi are distinct nonconstant irreducible polynomials.

For every i, at least one of
(Pi)X , (Pi)Y , (Pi)Z

is nonzero. Otherwise every exponent appearing in Pi would be divisible by p. Since every coefficient
in Fq has a p-th root, Pi would then be a nontrivial p-th power, contradicting irreducibility.

For each i, the set
Hi := {λ ∈ F3

q : DλPi = 0}
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is therefore a proper linear subspace of F3
q , and hence has size at most q2. Since

s ≤ deg B < q,

we have ∣∣∣∣∣
s⋃

i=1
Hi

∣∣∣∣∣ ≤ sq2 < q3.

Choose λ outside this union. Then DλPi ̸= 0 for every i. Moreover,

deg(DλPi) < deg Pi,

so Pi ∤ DλPi.
By the product rule,

DλB = c
s∑

i=1
(DλPi)

∏
j ̸=i

Pj .

Reducing modulo Pi gives
DλB ≡ c(DλPi)

∏
j ̸=i

Pj (mod Pi).

The right-hand side is nonzero modulo Pi, since the Pj are distinct and Pi ∤ DλPi. Hence Pi ∤ DλB
for every i. Since the Pi are exactly the irreducible factors of B, the two polynomials are coprime.

The next lemma is a standard extension of the Schwartz–Zippel lemma.

Lemma 2.5. Let R ∈ Fq[X, Y ] have total degree at most D. If R(L(t)) ≡ 0 for more than D
distinct affine lines L, then R = 0.

Proof. The linear equation defining each such line divides R, so a nonzero R would have more than
D distinct linear factors.

We next recall the resultant used to eliminate the Z-variable. Write

U(X, Y, Z) = a0(X, Y ) + a1(X, Y )Z + · · · + ar(X, Y )Zr,

V (X, Y, Z) = b0(X, Y ) + b1(X, Y )Z + · · · + bs(X, Y )Zs,

where r = degZ U and s = degZ V . The Z-Sylvester matrix of U and V , denoted SylZ(U, V ), is the
(r + s) × (r + s) matrix whose rows are the coefficient vectors, in the ordered basis

Zr+s−1, Zr+s−2, . . . , Z, 1,

of the polynomials
Zs−1U, . . . , ZU, U, Zr−1V, . . . , ZV, V.

Thus it has the usual form

SylZ(U, V ) =



ar ar−1 · · · a0
ar ar−1 · · · a0

. . . . . .
ar ar−1 · · · a0

bs bs−1 · · · b0
bs bs−1 · · · b0

. . . . . .
bs bs−1 · · · b0


,

9



with s shifted rows coming from U and r shifted rows coming from V , and blank entries equal to 0.
The Z-resultant is

ResZ(U, V ) := det SylZ(U, V ) ∈ Fq[X, Y ].

We use the following standard facts about the resultant.
(i) If U and V have positive Z-degree and are coprime in Fq[X, Y, Z], then

ResZ(U, V ) ̸= 0.

(ii) Let
φ : Fq[X, Y ] −→ R

be any ring homomorphism. Applying φ entrywise to the Sylvester matrix gives

φ(ResZ(U, V )) = det(φ(SylZ(U, V ))) .

In particular, if the specialized polynomials

φ(U), φ(V ) ∈ R[Z]

have a common root in a field containing R, then

φ(ResZ(U, V )) = 0.

Indeed, if α is such a common root, then the specialized Sylvester matrix is singular.

(iii) If U and V have total degrees at most u and v, respectively, then

deg ResZ(U, V ) ≤ uv.

For a line L carrying the polynomial pL, its polynomial graph is

{(L(t), pL(t)) : t ∈ Fq} ⊆ F3
q .

The next lemma bounds the number of affine lines whose polynomial graphs can lie simultaneously
in the zero sets of two coprime polynomials.

Lemma 2.6. Let U, V ∈ Fq[X, Y, Z] be coprime nonzero polynomials of total degrees u and v. Let
T ⊆ L be a family of affine lines, each carrying a polynomial PL of degree at most d, such that

U(L(t), pL(t)) ≡ V (L(t), pL(t)) ≡ 0 (L ∈ T ).

Then
µ(T ) ≤ uv

q(q + 1) , equivalently |T | ≤ uv.

Proof. If one of U, V is a nonzero constant, then T is empty. If one has Z-degree zero but is
nonconstant, the claim follows directly from Lemma 2.5.

Assume now that both have positive Z-degree, and let

W (X, Y ) := ResZ(U, V ).

Since U and V are coprime, property (i) gives W ̸= 0, and property (iii) gives

deg W ≤ uv.
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Fix L ∈ T , and consider the substitution homomorphism

φL : Fq[X, Y ] −→ Fq[t], F (X, Y ) 7−→ F (L(t)).

Viewed as polynomials in Z over the field Fq(t), the specializations

U(L(t), Z) and V (L(t), Z)

have the common root Z = pL(t). Hence property (ii) gives

W (L(t)) = φL(W ) = det(φL(SylZ(U, V ))) ≡ 0.

Thus W vanishes identically on every line in T . Since W ̸= 0, Lemma 2.5 implies

|T | ≤ deg W ≤ uv.

The following standard statement follows from Newton iteration; see [Bür00]. The form stated
below appears as Lemma 2.10 of [HKSS24].

Lemma 2.7. Let B ∈ Fq[X, Y, Z] and α ∈ Fq satisfy

B(0, 0, α) = 0, BZ(0, 0, α) ̸= 0.

For every integer k ≥ 0, there is a unique polynomial Φk ∈ Fq[X, Y ] of total degree at most k such
that

Φk(0, 0) = α, B(X, Y, Φk(X, Y )) ≡ 0 (mod (X, Y )k+1).

3 Step 1: Preparing the Accepted Incidences for Interpolation
The goal is to choose a small family R for interpolation without losing contact with the accepted
lines. We first prune the accepted incidences to a subgraph with substantial measure and large
degree on both sides. We then choose R so that every line in this subgraph shares many accepted
points with lines in R.

3.1 A dense accepted subgraph

Let Gacc be the bipartite graph with point side F2
q , line side L, and edges

E(Gacc) = {(x, L) : x ∈ L, PL(x) = f(x)}.

Let
Xh :=

{
x : Pr

L∋x
[PL(x) = f(x)] ≥ ε

2

}
.

The accepted incidences outside Xh have measure at most ε/2, so those incident to Xh have measure
at least ε/2.

Set
k0 :=

⌊
εq

100

⌋
.

Pruning the subgraph induced by Xh gives the following. Below, we use mindeg(·) to denote the
minimum degree of a vertex in a graph.
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Lemma 3.1. There is a subgraph G0 ⊆ Gacc, with sides X0 ⊆ Xh, L0 ⊆ L, and edge set E0,
satisfying

mindeg(G0) ≥ k0, µ(E0) := |E0|
q2(q + 1) ≥ ε

4 , µ(L0) := |L0|
q(q + 1) ≥ ε

4 .

Proof. Start with the accepted incidences incident to Xh and repeatedly delete vertices of degree
below k0. Deleting point vertices removes incidence measure less than k0/(q + 1), and deleting line
vertices removes less than k0/q. Their sum is below ε/50, so more than ε/4 of the incidence measure
remains. The minimum-degree claim is by construction, and µ(L0) ≥ µ(E0).

3.2 A small family reaching every line

We need R to be small enough for low-degree interpolation and spread well enough to reach every
line of G0 through many accepted points. The next lemma shows how to find such an R through
straightforward sub-sampling.

Lemma 3.2. Under the hypotheses of Theorem 1.1, after increasing C if necessary, there exists a
set R ⊆ L0 satisfying the following:

(i)
100
q

≤ µ(R) ≤ 3200
εq

.

(ii) For every L ∈ L0,

∣∣{x ∈ L : (x, L) ∈ E0 and ∃L′ ∈ R \ {L} with (x, L′) ∈ E0
}∣∣ >

degG0(L)
2 ≥ k0

2

Proof. Select each line independently with probability θ = 8/k0. For a fixed L ∈ L0 and x ∈ NG0(L),
at least k0 − 1 other accepted lines pass through x, so x is covered with probability at least 3/4.
For distinct points of L these events depend on disjoint line choices. Thus a Chernoff bound gives
failure probability at most (7/8)k0 for L. For sufficiently large C, a union bound over all lines shows
that all coverage requirements hold with probability at least 3/4.

Also E|R| = θ|L0| and Var(|R|) ≤ E|R|. For sufficiently large C, E|R| ≥ 16, so Chebyshev gives

1
2θ|L0| ≤ |R| ≤ 2θ|L0|

with probability at least 3/4. Since

200
q

≤ θµ(L0) ≤ 1600
εq

,

one choice satisfies both claims.

4 Step 2: Interpolation on the Selected Lines
Fix R from Lemma 3.2 and set

D := 16
(⌊√

d |R|
⌋

+ 1
)

, k1 :=
⌊

εq

1000

⌋
.

The goal is to interpolate a trivariate polynomial of weighted degree at most D on the lines in R.
We first record the parameter bounds used later.
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Lemma 4.1. After increasing the absolute constant C in Theorem 1.1, the following hold:

dim VD > q(q + 1)µ(R)(D + 1), D < min{q, k0/2, k1/2}, k1 ≥ εq

2000 ,

µ(R) >
D

q(q + 1) ,
Dq + D(D − 1)q + Dq(q + 1)

q2(q + 1) ≤ ε

16 ,

1√
q + 1 ≤ ε

8000 ,

Proof. The bounds on R give

100q ≤ |R| ≤ 6400q

ε
, D ≤ 1280

√dq

ε
+ 1

 .

Since q ≥ Cd/ε3, taking C sufficiently large gives all the stated degree, incidence-loss, and mixing
bounds, as well as |R| > D. Finally,

dim VD ≥ D3

64d
> |R|(D + 1),

using D2 > 256d|R|.

We now construct a squarefree interpolant of low weighted degree.

Lemma 4.2. There is a nonzero squarefree polynomial A ∈ Fq[X, Y, Z] with wdeg(A) ≤ D and
AZ ̸= 0 such that

A(M(t), pM (t)) ≡ 0 (M ∈ R).

Proof. Write Ã ∈ VD with unknown coefficients. For each M ∈ R, the identity Ã(M(t), pM (t)) ≡ 0
imposes at most D + 1 homogeneous linear conditions. Since dim VD > |R|(D + 1), there is a
nonzero solution.

It depends on Z, since otherwise Lemma 2.5 would force it to be zero; hence ÃZ ≠ 0 by
the definition of VD. Choose A of minimum weighted degree among all such interpolants. Then
wdeg(A) ≤ D, and Lemma 2.3 makes A squarefree. Since each restriction has degree below q and
vanishes at all t ∈ Fq, it vanishes identically.

By the choice of R, this identity extends to every line of L0.

Lemma 4.3. For every L ∈ L0,
A(L(t), pL(t)) ≡ 0.

Proof. Let gL(t) = A(L(t), pL(t)), so deg gL ≤ D. By Lemma 3.2, more than k0/2 points x ∈ L also
lie on an accepted line M ∈ R\{L}. At each such point, PL(x) = f(x) = PM (x), so A(x, PL(x)) = 0.
Thus gL has more than k0/2 > D roots and is identically zero.

5 Removing Trivial and Degenerate Line Roots
The relation A(L(t), pL(t)) ≡ 0 holds on every line of L0, but it is not yet sufficient for the lifting
argument. To apply Lemma 2.7, we need one relation B(X, Y, Z) = 0 such that every remaining
pL(t) solves B(L(t), Z) = 0 and every remaining value f(x) = PL(x) is a simple root of B(x, Z).
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This section removes the two obstructions: lines on which A vanishes independently of pL, and
incidences where the relevant root is degenerate. At the end, the hypotheses needed for lifting and
propagation hold throughout the remaining graph.

Write

A(X, Y, Z) =
∑

j

aj(X, Y )Zj , H(X, Y ) = gcd
j

aj(X, Y ), B = A

H
.

If H(L(t)) ≡ 0, then A vanishes above the whole line L and says nothing about pL. Dividing by H
removes this possibility.

The polynomial B is squarefree and has degree at most D < q. By Lemma 2.4, choose

D = λX∂X + λY ∂Y + λZ∂Z

with gcd(B, DB) = 1 and define the following sets of lines:

Ltriv := {L ∈ L0 : H(L(t)) ≡ 0},

Ldeg := {L ∈ L0 \ Ltriv : (DB)(L(t), pL(t)) ≡ 0}.

Lemma 5.1. For every L ∈ L0 \ Ltriv,

B(L(t), pL(t)) ≡ 0.

Moreover,
|Ltriv| ≤ D, |Ldeg| ≤ D(D − 1).

Proof. Every line in Ltriv contributes a distinct linear factor to H, so there are at most D of them.
If L /∈ Ltriv, then H(L(t))B(L(t), pL(t)) ≡ 0 and the first factor is nonzero. For L ∈ Ldeg, both B
and DB vanish on the same line graph, so Lemma 2.6 gives |Ldeg| ≤ D(D − 1).

Delete every accepted incidence on a line in Ltriv ∪ Ldeg and every remaining incidence (x, L)
with (DB)(x, f(x)) = 0. Their total measure is at most

D

q(q + 1) + D(D − 1)
q(q + 1) + D

q
≤ ε

16 ,

because the restriction of DB to every other line is a nonzero polynomial of degree at most D.
After these deletions, repeatedly remove vertices of degree below k1.

Lemma 5.2. The pruning process leaves a nonempty graph G1, with point side X1, line side L1,
and edge set E1. It satisfies

mindeg(G1) ≥ k1, µ(E1) ≥ ε

8 , D < k1/2.

Moreover:
(i) for every x ∈ X1,

B(x, f(x)) = 0, BZ(x, f(x)) ̸= 0;

(ii) for every L ∈ L1,
B(L(t), pL(t)) ≡ 0.
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Proof. The first deletion leaves incidence measure at least 3ε/16. Degree pruning removes less than

k1
q + 1 + k1

q
<

ε

16 ,

so µ(E1) ≥ ε/8.
Every remaining line satisfies B(L(t), pL(t)) ≡ 0, and every remaining incidence satisfies

(DB)(x, f(x)) ̸= 0. Hence B(x, f(x)) = 0 at every remaining point. To prove BZ(x, f(x)) ̸= 0,
choose two distinct incident lines, parameterized so that L(0) = M(0) = x, with independent
directions uL, uM . Differentiating their two identities at x gives

⟨uL, ∇X,Y B⟩ + p′
L(0)BZ = 0, ⟨uM , ∇X,Y B⟩ + p′

M (0)BZ = 0.

If BZ = 0, independence forces BX = BY = 0, contradicting DB(x, f(x)) ̸= 0.

6 Constructing and Propagating the Bivariate Polynomial
The goal of this section is to convert the local line roots retained in G1 into a single degree-d bivariate
polynomial. Starting from any point of a connected component, the simple-root condition first allows
us to lift the incident line polynomials to a bivariate root Q of B. Initially, this polynomial agrees
only with the line polynomials through the starting point. The same simple-root condition then
allows us to propagate Q through the entire connected component, producing a single polynomial
that agrees with all line polynomials and point values in that component. Finally, a standard
application of the expander mixing lemma to the point–line incidence graph gives the desired Ω(ε)
global agreement with f and proves the m = 2 case of Theorem 1.1.

The next lemma is essentially taken from Lemma 3.1 of [HKSS24], stated in the form needed
here. It carries out the initial lifting step at a single point. We require a slightly different form of
the lemma for our purposes, so we restate its proof below for completeness.

Lemma 6.1. Suppose B ∈ Fq[X, Y, Z] has weighted degree at most D. Let b ∈ F2
q and α ∈ Fq satisfy

B(b, α) = 0, BZ(b, α) ̸= 0.

Suppose U contains more than D distinct lines through b, and each L ∈ U carries a polynomial PL

of degree at most d such that

PL(b) = α, B(L(t), pL(t)) ≡ 0.

Then there is a polynomial Q ∈ Fq[X, Y ] of total degree at most d such that

B(X, Y, Q(X, Y )) ≡ 0 and Q|L = PL (L ∈ U).

Proof. Translate so that b = 0 and parameterize each line as L(t) = tuL. Apply Lemma 2.7 with
k = d to obtain Φd. For every L ∈ U , both Φd(tuL) and pL(t) have degree at most d, constant
term α, and satisfy the same equation modulo td+1. The uniqueness property in Lemma 2.7 gives
Φd|L = PL.

Set Q = Φd and R(X, Y ) = B(X, Y, Q(X, Y )). Then deg R ≤ D, and R(L(t)) ≡ 0 for more than
D lines. Hence Lemma 2.5 gives R = 0.

Next, we show that no connected component of G1 is too small. This follows from the minimum-
degree conditions in G1 and the point–line mixing lemma.
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Lemma 6.2. Let (X ′, T ′) be the point and line sides of a connected component of G1. Then

µ(X ′), µ(T ′) ≥ k1
4q

≥ ε

8000 .

Proof. Let E′ be the set of edges in the connected component. Minimum degree gives

µ(E′) ≥ k1
2q

µ(X ′), µ(E′) ≥ k1
q

µ(T ′).

By Lemma 2.1,

µ(E′) ≤ µ(X ′)µ(T ′) +
√

µ(X ′)µ(T ′)√
q + 1 .

Substituting 1/
√

q + 1 ≤ ε/8000 ≤ k1/(4q) gives both desired bounds.

It remains to show that a single degree-d polynomial governs all of the line and point labels in
such a component. Starting from one point, Lemma 6.1 constructs the polynomial on the incident
lines, and simple-root uniqueness propagates it through the component.

Lemma 6.3. For every connected component (X ′, T ′) of G1, there is a polynomial Q ∈ Fq[X, Y ] of
total degree at most d such that Q(x) = f(x) for all x ∈ X ′ and Q|L = PL for all L ∈ T ′.

Proof. Choose b ∈ X ′ arbitrarily. By Lemmas 5.2 and 6.1, there is a degree-d polynomial Q with
B(X, Y, Q(X, Y )) ≡ 0 and Q|L = PL for every line adjacent to b.

Suppose Q|L = PL for a line already reached, and let (x, L) ∈ E1. Then Q(x) = f(x). If M is
another line adjacent to x, parameterize it with M(0) = x. The polynomials pM (t) and Q(M(t))
have degree at most d, take the value f(x) at t = 0, and satisfy

B(M(t), pM (t)) ≡ 0, B(M(t), Q(M(t))) ≡ 0.

Since BZ(x, f(x)) ̸= 0, the uniqueness case in the one-variable version of Lemma 2.7 gives Q|M = PM .
Connectivity propagates this identity to every line of T ′, and gives Q(x) = f(x) for every x ∈ X ′.

We are now able to prove our main theorem in the dimension m = 2 case.

Proof of Theorem 1.1. Choose the absolute constant in Theorem 1.1 larger than all constants
required in Lemmas 3.2 and 4.1. Construct G0 using Lemma 3.1. Choose the line set R by
Lemma 3.2, construct the minimum interpolating polynomial by Lemma 4.2, and use Lemma 4.3 to
extend its vanishing identity to every line of G0. The parameter regime of Lemma 4.1 is used twice,
at two different scales: this extension needs D < k0/2, while the lifting and propagation below need
the stronger D < k1/2 after the second round of pruning.

Pass from A to B, remove the exceptional lines and incidences described in Section 5, and
prune to the subgraph G1 using Lemma 5.2. Choose any connected component (X ′, T ′) of G1. By
Lemma 6.3, one degree-d polynomial Q agrees with f at every point of X ′. By Lemma 6.2,

agr(f, Q) ≥ µ(X ′) ≥ k1
4q

≥ ε

8000 .

Thus the theorem holds with c = 1/8000.
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7 Bootstrapping from Planes to Arbitrary Dimension
Throughout this section let m ≥ 3, and let Pm,q denote the affine planes in Fm

q . We use the following
standard sampler estimates for affine Grassmann graphs; see, for example, [BDN17, BR26].

Lemma 7.1. For m ≥ 3 and q ≥ 2, the following hold.
(i) If a : Lq,m → [0, 1], ā = EL[a(L)], and a(P ) = EL⊆P [a(L)], then

EP [(a(P ) − ā)2] ≤ 4
q

.

(ii) If B ⊆ Pm,q and X ⊆ Fm
q , then∣∣∣∣ Pr

P ∈Pm,q , x∈P
[P ∈ B, x ∈ X] − µ(B)µ(X)

∣∣∣∣ ≤ 2
q

√
µ(B)µ(X).

(iii) Fix x ∈ Fm
q , let Px := {P ∈ Pm,q : x ∈ P}, and let Gx be the uniform edge distribution on the

graph on Px in which P and P ′ are adjacent when P ∩ P ′ is a line. If B1, B2 ⊆ Px, and µx

denotes uniform density in Px, then∣∣∣∣∣ Pr
(P,P ′)∼Gx

[P ∈ B1, P ′ ∈ B2] − µx(B1)µx(B2)
∣∣∣∣∣ ≤ 1

q

√
µx(B1)µx(B2).

Proof. These estimates are standard consequences of the spectral expansion of affine Grassmann
incidence graphs; see, for example, [BDN17, Lemma 9(6) and Fact 35] and [BR26, Section 6]. Those
references sometimes state the relevant spectral parameters only up to lower-order factors, so we
give direct calculations for (i) and (ii) in order to obtain the explicit constants used here. Part (iii)
is exactly [BR26, Claim 5].

For (i), put
ā := EL∈Lq,m [a(L)]

and, for x ∈ Fm
q , define

b(x) := EL∋x[a(L)] − ā.

We first bound the variance of b. Let
N := qm − 1

q − 1
be the number of affine lines through a fixed point, and consider the averaging operator

Sg(x) := EL∋x[g(L)].

Its adjoint is
S∗h(L) = Ey∈L[h(y)].

Thus SS∗ is the two-step walk which, starting from x, chooses a uniform line L ∋ x and then a
uniform point y ∈ L.

If Ex[h(x)] = 0, then

(SS∗h)(x) = 1
q

h(x) + 1
qN

∑
y ̸=x

h(y)

=
(1

q
− 1

qN

)
h(x).
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Hence the squared second singular value of S is

N − 1
qN

= qm−1 − 1
qm − 1 ≤ 1

q
.

Applying this to g(L) = a(L) − ā gives

Ex[b(x)2] ≤ 1
q
EL[(a(L) − ā)2] ≤ 1

q
.

Now choose a uniform plane P , and then choose independently uniform lines L, L′ ⊆ P . Since

a(P )2 = EL,L′⊆P [a(L)a(L′)],

we analyze the resulting pair L, L′. A plane contains q(q +1) lines, and for each fixed L ⊆ P , exactly
q2 of them are distinct from and nonparallel to L. Thus

Pr[L ̸= L′ and L ∩ L′ ̸= ∅] = q

q + 1 .

Conditioned on this event, x = L ∩ L′ is uniform in Fm
q , and, conditioned on x, the pair (L, L′) is a

uniformly random ordered pair of distinct lines through x. Therefore

E[a(L)a(L′) | x, L ̸= L′] = (∑L∋x a(L))2 −
∑

L∋x a(L)2

N(N − 1)

≤
(

1
N

∑
L∋x

a(L)
)2

= (ā + b(x))2.

Since 0 ≤ a ≤ 1, it follows that

EP [a(P )2] ≤ q

q + 1Ex[(ā + b(x))2] + 1
q + 1

≤ q

q + 1

(
ā2 + 1

q

)
+ 1

q + 1 .

Consequently,
EP [(a(P ) − ā)2] ≤ 2

q + 1 ≤ 4
q

,

which proves (i).
For (ii), let

f(x) := 1X(x) − µ(X)

and define the operator
Tf(P ) := Ex∈P [f(x)].

As above, T ∗T is the two-step walk which, starting at x, chooses a uniform plane P ∋ x and then
a uniform point y ∈ P . The probability that y = x is 1/q2. For a fixed y ≠ x, a uniform plane
through x contains y with probability

q2 − 1
qm − 1 ,
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since the direction of such a plane is a uniform two-dimensional linear subspace, containing q2 − 1
of the qm − 1 nonzero vectors.

Hence, if Ex[h(x)] = 0,

(T ∗Th)(x) = 1
q2 h(x) + q2 − 1

q2(qm − 1)
∑
y ̸=x

h(y)

= qm−2 − 1
qm − 1 h(x).

Thus
∥T∥2

1⊥ = qm−2 − 1
qm − 1 ≤ 1

q2 .

It follows that
EP [Tf(P )2] ≤ 1

q2Ex[f(x)2] = µ(X)(1 − µ(X))
q2 ≤ µ(X)

q2 .

Therefore, by Cauchy–Schwarz,∣∣∣∣ Pr
P ∈Pm,q , x∈P

[P ∈ B, x ∈ X] − µ(B)µ(X)
∣∣∣∣

= |EP [1B(P )Tf(P )]|

≤
√

µ(B)
(
EP [Tf(P )2]

)1/2

≤ 1
q

√
µ(B)µ(X) ≤ 2

q

√
µ(B)µ(X).

This proves (ii). Finally, (iii) is precisely the expander mixing lemma for the Grassmannian graph
on the planes through x, stated as [BR26, Claim 5]. There the vertices are the planes in Px, two
planes are adjacent when their intersection is a line, and the claim gives∣∣∣∣∣ Pr

(P,P ′)∼Gx

[P ∈ B1, P ′ ∈ B2] − µx(B1)µx(B2)
∣∣∣∣∣ ≤ 1

q

√
µx(B1)µx(B2),

as required.

For a plane table T , let G denote the uniform edge distribution on the affine Grassmann graph
on Pm,q, where P and P ′ are adjacent when P ∩ P ′ is a line, and define

AccPVP(T ) := Pr
(P,P ′)∼G

[T (P )|P ∩P ′ = T (P ′)|P ∩P ′ ].

We use the following theorem of Bhangale and Richelson [BR26].

Theorem 7.2. There is an absolute constant CBR > 0 such that, if a degree-d plane table T satisfies

AccPVP(T ) ≥ CBR
d

q
,

then there is a global polynomial Q ∈ Fq[X1, . . . , Xm] of total degree at most d satisfying

Pr
P ∈Pm,q

[T (P ) = Q|P ] ≥ 1
10 AccPVP(T ).
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The consequence we need is the following plane–versus–point statement.

Lemma 7.3. There are absolute constants CPP, cPP > 0 such that the following holds for every
agreement threshold β ≥ CPP

√
d/q. Let G ⊆ Pm,q have measure at least 1/2, and suppose that for

every P ∈ G we are given a degree-d polynomial T (P ) satisfying

Pr
x∈P

[T (P )(x) = f(x)] ≥ β.

Then there exists a global degree-d polynomial Q such that

Pr
x∈Fm

q

[Q(x) = f(x)] ≥ cPPβ.

Proof. Complete the table outside G by partitioning Pm,q \ G into q classes whose sizes differ by
at most one, and assigning a different constant polynomial to each class. Thus every constant is
assigned to either ⌊ |Pm,q \ G|

q

⌋
or

⌈ |Pm,q \ G|
q

⌉
planes. Consequently, if Q is constant, the measure of planes in Pm,q \ G on which T (P ) = Q|P is
at most

1
q

+ 1
|Pm,q|

≤ 1
q

+ 1
q3 ≤ 2d

q
.

If Q is nonconstant, then Q can agree with at most a 2d/q fraction of the planes in Pm,q \ G by the
Schwartz–Zippel lemma. Hence, for every global degree-d polynomial Q, the measure of planes on
which it can agree with the table T coming from Pm,q \ G is at most 2d/q.

The completed table passes the plane–versus–point test with probability at least β/2. Put

a := Pr
P ∈Pm,q , x∈P

[T (P )(x) = f(x)] ≥ β

2 .

For each x ∈ Fm
q , let

Bx := {P ∈ Px : T (P )(x) = f(x)}, ρx := µx(Bx).

Double counting gives Ex[ρx] = a.
We now compare this plane–point agreement with the plane–versus–plane acceptance distribution.

If (P, P ′) ∼ G and then x is chosen uniformly from the line P ∩ P ′, the resulting distribution on
triples (x, P, P ′) is the same as first choosing x ∈ Fm

q uniformly and then choosing (P, P ′) ∼ Gx.
Therefore, by Lemma 7.1(iii),

Pr
(P,P ′)∼G, x∈P ∩P ′

[T (P )(x) = T (P ′)(x) = f(x)] = Ex Pr
(P,P ′)∼Gx

[P, P ′ ∈ Bx]

≥ Ex

[
ρ2

x − ρx

q

]
≥ a2 − a

q

≥ β2

4 − 1
q

.
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If T (P )|P ∩P ′ and T (P ′)|P ∩P ′ are distinct, their difference is a nonzero univariate polynomial of
degree at most d, so the two restrictions agree on at most d points of P ∩ P ′. Hence

AccPVP(T ) ≥ β2

4 − d + 1
q

,

and because d ≥ 1, we have (d + 1)/q ≤ 2d/q. Since β ≥ CPP
√

d/q, taking CPP sufficiently large
therefore gives,

AccPVP(T ) ≥ β2

8 = Ω(β2),

and also ensures the hypothesis AccPVP(T ) ≥ CBRd/q of Theorem 7.2. The theorem therefore
gives a global polynomial Q agreeing with T on a plane set M of measure Ω(β2). Since only
O(d/q) = o(β2) fraction of the agreement can come from the planes outside G, the intersection
M ∩ G still has measure Ω(β2).

Let XQ = {x : Q(x) = f(x)}. Every plane in M ∩ G contains at least a β-fraction of points from
XQ. Applying Lemma 7.1(ii) gives

β ≤ µ(XQ) + O

( 1
qβ

)
.

The error is at most β/2 once CPP is sufficiently large, which proves the claim.

7.1 Proof in higher dimensions

Proof of Theorem 1.1 for m ≥ 3. Let C0, c0 > 0 be the constants established for the bivariate case,
and enlarge the constant C in Theorem 1.1 as needed.

1. Decode almost every plane. For an affine plane P , let

αP := Pr
x∈P, L⊆P, x∈L

[PL(x) = f(x)].

Then EP [αP ] ≥ ε. By Lemma 7.1(i), PrP [αP < ε/2] ≤ 16
qε2 . Thus, after increasing C, the set

G := {P : αP ≥ ε/2}

has measure at least 1/2. Moreover, every P ∈ G satisfies αP ≥ C0(d/q)1/3. Applying the bivariate
case of Theorem 1.1 inside P , choose a degree-d polynomial T (P ) such that

Pr
x∈P

[T (P )(x) = f(x)] ≥ c0αP ≥ c0ε

2 .

2. Complete the plane table and apply the plane–versus–point theorem. Set β = c0ε/2.
Since

ε ≥ C

(
d

q

)1/3
≥ C

(
d

q

)1/2
,

we have β ≥ CPP
√

d/q after increasing C once more. Apply Lemma 7.3 to the plane polynomials
constructed on G. It produces a global degree-d polynomial Q satisfying

Pr
x∈Fm

q

[Q(x) = f(x)] ≥ cPPβ = Ω(ε),

which proves Theorem 1.1 for m ≥ 3.
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