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Abstract

The quantum analogue of the PCP theorem for QMA remains wide open. A central obstacle is
the local indistinguishability of quantum codes: every sufficiently small view of an encoded witness
is independent of the witness, seemingly preventing a local verifier from distinguishing YES from NO
instances. One approach to this apparent paradox [ABN24] is to encode the witness in a quantum code
and compute on it fault-tolerantly, successively reducing the encoding length until the answer is revealed.
We study a classical relaxation of this approach based on the equivalent view of quantum codes as private
randomized encodings from multiparty computation. Specifically, we ask whether one can construct
circuits that compute on a private encoding of an NP witness, such that every sufficiently small fractional1

view of the honest computation transcript is independent of the witness (i.e. has quantum distance) and
the computation remains correct despite a small fraction of adversarial bit-flip or X-errors in every layer.

We construct such circuits and use the classical Cook–Levin theorem to obtain private PCPs for NP:
the prescribed PCP encoding is randomized, and for each instance every view below the privacy thresh-
old has the same distribution for all assignments, whether satisfying or not. For Circuit-SAT instances
of size n, we get

√
n-query private PCPs of size O(n log n) over alphabet size poly(n), fractional pri-

vacy Ω(1/ log n) and constant soundness gap. Furthermore, conditional on a high-dimensional product
expansion conjecture for Reed–Solomon codes, our PCPs have length n1+o(1), use no(1) queries, and
have fractional privacy and soundness gap n−o(1).

Our construction is based on a new family of small-alphabet quantum codes which have near-linear
rate, sparse X-checks that enable local testability for X-errors, support for multiplication (or transversal
CCZ gates on the full logical space) and near-linear quantum distance using product expansion. The
codes are obtained using tensor products of Reed–Solomon codes, and our key innovation is to choose the
evaluation domains as multiplicative subgroups of pairwise coprime orders of F⋆

q . A proof obtained by
ChatGPT 5.6 Sol establishes constant 2-dimensional product expansion whenever both rates are bounded
away from one, crossing the tight sum-of-rates-below-one barrier in the product expansion theorem
of Polishchuk and Spielman [PS94]. We conjecture the analogous statement in higher dimensions; a
candidate proof generated by ChatGPT is available for this statement (link), but the authors have not
verified its correctness.
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†Email: vyasnikhil96@gmail.com
1The fraction is under an appropriate non-uniform measure on the transcript.
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1 Introduction

The classical PCP theorem [ALM+98, AS98, Din07] is one of the most important results in computer sci-
ence, with many applications, especially to hardness of approximation. It says that the n-bit witness of any
NP problem such as 3SAT can be encoded into a constant-alphabet proof that can be verified probabilisti-
cally using only a constant number of queries: in the YES case the verifier always accepts, whereas in the
NO case it rejects with constant probability. The analogous statement for QMA, the quantum analogue of
NP, is wide open. In particular, no construction is known even with no(1) queries, an no(1)-bit alphabet, and
soundness gap n−o(1), let alone even a polylog-quantum-PCP with each no(1) replaced with polylogn.

A classical PCP typically works by encoding the NP witness in an error-correcting code, so that whether
it is a YES or NO witness can be determined with good probability by examining only a few random loca-
tions. A major obstacle to quantizing this paradigm is that quantum codes have local indistinguishability:
if the distance is d, then every view of fewer than d coordinates is independent of the encoded witness; we
refer to this as d-privacy. Thus one cannot directly use local constraints to distinguish encodings of YES
and NO witnesses as in a classical PCP proof.

One proposal of [ABN24] to get around this paradox is to build a circuit which takes in a witness
encoded in a quantum code, computes on it while always keeping it encoded, but finally extracts a YES/NO
answer by successively reducing the encoding length until the one-bit is revealed. Furthermore, the quantum
code and the circuit should correctly compute the output even if each layer undergoes a small fraction of
adversarial faults. Thus, although any small view across a layer reveals nothing about the witness, the final
output in a polylogn-depth and fanin circuit can depend on every bit. At the same time, the encoding can
retain its fractional privacy at every layer as its length shrinks; since the adversary can only corrupt a small
fraction of each layer, once the encoding has shrunk to a single bit, it cannot corrupt the final bit. They
show a quantum analogue of the Cook–Levin theorem which given such an adversarially robust circuit
with polylogn fanin and 1/polylogn-robustness to errors, produces a polylog-quantum-PCP with a weaker
soundness guarantee called “combinatorial soundness”; they conjecture that their reduction also gives the
standard soundness guarantee (known as “energy”).

We propose a relaxed classical version of this question: can one build fault-tolerant circuits for verifying
an NP witness, while keeping the witness encoded in a quantum code, but tolerance only against classical
(bit-flip) adversarial errors? Fortunately, quantum codes have an equivalent classical view as secret-sharing
schemes or private codes2, first studied in multiparty computation (MPC) [BOGW88, CCD88]: whereas an
ordinary error-correcting code assigns one string in ΣN to each message x, a private code assigns a set of
strings Enc(x) ⊂ ΣN , such that the marginal on any small fraction of coordinates of the uniform distribution
over Enc(x) is independent of x. Thus, given a function f , the goal is to build an encoding function Enc(·)
and a private and robust circuit that computes directly on this encoding. We call the circuit δ-robust if while
starting from an input that is δ-close to some word in Enc(x), an execution with at most a δ-fraction of
faulty gates in each layer outputs f(x). We call it ν-private if every ν-fractional view of any layer (including
the input layer), or spread jointly across the honest computation transcript, is independent of x.

A major motivation for studying this question is to isolate, in a simple classical model, what we view as
a central challenge to building quantum PCPs,

Question 1.1. Can we compute poly(n)-sized circuits on n bits using no(1)-fanin and poly(n)-sized circuits
over alphabet size poly(n) that are n−o(1)-robust and n−o(1)-private, ideally with no(1) = polylogn?

2We elaborate upon this equivalence in Section 3; see also [RZW26] where they call these zero-knowledge codes. Although
these are the same objects we use the term private codes while referring to the distributional view of quantum codes.
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Although this notion is the same as perfect information-theoretic privacy underlying multiparty compu-
tation, the focus on fractional privacy here makes the question significantly harder. In ABN’s proposal, the
fractional tolerance against quantum errors is at most the fractional privacy, analogous to how in classical
PCPs, the soundness gap is at most the fractional distance of the encoding. All the prior works in MPC and
zero-knowledge-PCPs [KPT97, IMS12, GOS25], encode the input bit-by-bit – this increases the absolute
privacy, but does not increase the privacy as a fraction of the encoding length. Our parameter regime there-
fore forces us to encode the witness globally and compute robustly on this global encoding. In fact, it is not
even clear whether one can compute simple functions like the SUM and AND of n bits in this model.

Analogous to [ABN24], given such a circuit, we can use the classical Cook-Levin theorem to compile it
into a private PCP: the transcript of the circuit gives us an honest encoding of any assignment w into Π(w)
that is randomized and the privacy of the circuit gives that any view of relative size less than ν (in the measure
induced by the verifier’s queries) is independent of the assignment w (see Definition 8.2), whereas the
robustness of the circuit implies the gap of the PCP. This is stronger than the zero-knowledge requirement,
which concerns the privacy of witnesses only in the YES case.3 There is also a simple restriction on the
encoding length. Write the randomized encoder as Enc(x) = D(x; r), where D is deterministic once the
random seed r is fixed. If r contains |r| symbols, then it can be shown that the privacy threshold of Enc(·) is
at most |r|+1, and hence its fractional privacy is at most (|r|+1)/N . Since |r| < poly(n), to get fractional
privacy n−o(1) = |r|−o(1), the blowup incurred by D(·) must be almost-linear in its input size. So one must
aim to construct almost-linear-size PCPs; classically we know of only two such constructions in this gap
regime [BS08, BKK+16].

Our Results: Conditional on a certain product expansion conjecture about Reed–Solomon codes (Con-
jecture 1.4), our main result is the following private PCP construction,

Theorem 1.2 (Informal). For k = 2 unconditionally, and for every integer k > 2 assume Conjecture 1.4
and let ρ = ρ(k) be the product expansion constant therein. For every integer n > k, Circuit-SAT on
instances of size n has a private PCP with size N = n log n exp(O(k log k)), over alphabet size poly(n)
and query size O(kN1/k). It has perfect completeness, soundness gap exp(−O(k)), and relative privacy at
least ρ

poly(k)

log(n) .

Unconditionally, we obtain
√
n-query private PCPs over an alphabet of size poly(n), with privacy

Ω(1/ log n) and robustness Ω(1). This already gives a nontrivial PCP construction analogous to the classi-
cal construction of [BKK+16] (with alphabet size O(1)). Furthermore, if the conjecture holds, we can let
k = k(n) grow sufficiently slowly so that all dependencies on k and ρ(k) are no(1), giving proof length
n1+o(1), no(1) queries, and privacy and soundness gap n−o(1). The circuit underlying our PCP construc-
tion has the same parameters. This also implies perfect-zero-knowledge PCPs with the same asymptotic
parameters although we do not obtain an efficient simulator.

The technical heart of our construction is a new private code with linear distance and privacy, sublinear-
sized parity checks that allow for local testability, and support for multiplication: the coordinate-wise prod-
uct of representatives of Enc(x) and Enc(y) gives an encoding (in a slightly larger code) of the coordinate-
wise multiplication of x and y. We then show how these codes allow us to compute functions like SUM
and AND of n symbols robustly and privately. Finally, we adapt the ‘arithmetization’ procedure used in
the almost-linear-size PCP constructions of [BS08, BKK+16] to show the NP-hardness of an appropriately
chosen algebraic problem that is compatible with our codes. Computing this problem robustly using our

3Perfect zero-knowledge is usually stated using a simulator that, given only x, reproduces the view of a bounded-query verifier.
Our definition directly compares the distributions of small views and does not require a simulator.
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codes, gives the desired private PCPs for NP. Although we begin from a classical perspective, the equiv-
alence between private and quantum codes yields the first quantum codes satisfying analogous guarantees
which are of considerable interest for fault-tolerant quantum computation.

New Quantum Codes with Transversal CCZ Gates from Product Expansion: Our codes are based on
tensor products of Reed–Solomon (RS) codes over a prime field Fq of polynomial size. The tensor product
structure naturally gives local testability but the challenge is to design these codes so that they are private in
a regime that retains the multiplication property of RS codes.

The privacy of tensor product codes boils down to product expansion, which is a form of high-dimensional
expansion that was introduced by [PK22] in their construction of the first good quantum LDPC codes. To
describe the two-dimensional case, let C1 ⊆ FS1

q and C2 ⊆ FS2
q be linear codes, where ni = |Si|, and view

a word on S1×S2 as a matrix. For a matrix M , let supp(M) be the set of its nonzero entries, and let |M |col
and |M |row denote the number of its nonzero columns and rows, respectively.

Definition 1.3 (Two-dimensional product expansion). The pair (C1, C2) is ρ-product-expanding if every
matrix M that is the sum of a matrix whose columns belong to C1 and a matrix whose rows belong to C2

admits such a decomposition M =M1 +M2 satisfying

| supp(M)| ⩾ ρ
(
n1|M1|col + n2|M2|row

)
.

It turns out that 2d-product expansion of (C1, C2) is equivalent to robust testability of the tensor code
C1 ⊗ C2. Polishchuk and Spielman [PS94] proved that any pair of RS codes is product expanding with
ρ = Ω(1) when the sum of their rates is less than one. This result played a crucial role in the almost-linear
size classical PCP constructions of [PS94, BS08].

Their sum-of-rates condition is tight, and ultimately a barrier to obtaining linear privacy and multiplica-
tion support from tensor product of RS codes (see Section 2.1 for details). We cross this barrier by choosing
the evaluation domains of the pair of RS codes carefully: we prove that any pair of RS codes, evaluated on
multiplicative subgroups of coprime orders of Fq, is product-expanding as long as both rates are bounded
away from one (Theorem 2.1).

The higher-dimensional version of product expansion can be defined analogously (Definition 4.1). For
k > 2, [KP25] showed that k-tuples of random codes have constant product expansion, but over exponential
sized fields q = 2Θ(N). Our conjecture stated below would instead give a structured polynomial-alphabet
analogue useful for multiplication,

Conjecture 1.4 (Informal). Let q be a prime, k ⩾ 2 and C = (C1, . . . , Ck) be a k-tuple of Reed–Solomon
codes evaluated on multiplicative subgroups of F⋆q of pairwise coprime orders, with rate(Ci) < 1− ε. Then
C is ρ-product-expanding with ρ being only a function of ε and k.

We have a candidate AI-generated proof of this conjecture which gives ρ = εexp(k), but it has not been
verified by the authors.

Our product expansion conjecture yields private codes, and by the equivalence, also quantum codes
of rate and distance ρ(k)k over an alphabet of size poly(n) (Corollary 4.5). The X-check family has
O(kN1/k)-weight generators and the codes support transversal CCZ gates (the quantum analogue of mul-
tiplication) on the full logical space. Using the subsystem-product framework of [GG25], the same con-
struction gives quantum ‘subsystem’ codes with both O(kN1/k)-weight X- and Z-gauge generators. To
our knowledge, we did not know of quantum codes matching our unconditional result even for k = 2 – the
closest such result is in the work of [GG25] that used the product expansion result of [PS94] to show such
codes with transversal CCZ gates but only over a subset of the logical space.
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Towards Quantum Fault-Tolerant Circuits: Our question relaxes the ABN question in two ways: (i)
we compute on private codes, equivalently codes with quantum distance, but require robustness only against
classical bit-flip (X) errors; and (ii) we restrict attention to classical verification circuits. We view the first
relaxation as the more fundamental one. Indeed, secret-sharing-based MPC techniques naturally extend to
the fault-tolerant implementation of quantum gates [AB97, Smi01], suggesting that our scheme could extend
to the quantum setting. The code underlying our construction already has quantum distance and sparse X
checks which allow for local testability for X errors, but its Z-basis checks are dense and hence do not
provide a local test for Z-errors. An immediate open question is whether one can extend our codes to be
locally testable in both bases. Combined with our computation scheme, one could then get adversarially-
robust quantum computation, and finally the quantum Cook–Levin theorem of [ABN24] would then give a
quantum PCP with the same parameters and the weaker guarantee of combinatorial soundness.

2 Proof Overview

Throughout this section, q is prime. We first focus on the case k = 2 in Theorem 1.2. This case already
contains the main ideas and gives square-root fanin circuits with linear privacy and tolerance to faults. The
same strategy extends to higher dimensions.

2.1 Private Codes with Local Testability and Multiplication Support

We first consider a message with one symbol s ∈ Fq. A natural starting point is Reed–Solomon-based
secret sharing, as used in secure multiparty computation (MPC) [BOGW88]. Choose a uniformly random
polynomial p of degree at most d, subject to p(0) = s, and output its evaluations on F⋆q = Fq \ {0}. Any d
evaluations are independent of s, while the code has relative distance 1− d

q−1 . Thus privacy and distance are
both linear when d is a suitable constant fraction of q. The obstacle appears when we ask for robust recovery
with small-fanin gates. Every nonzero dual check reads Ω(q) symbols, so even checking proximity to the
code appears to require linear fanin.

Local Testability from Tensor Product of Reed–Solomon Codes A standard way around this obstacle
is to pass to bivariate polynomials, or equivalently to tensor the encoding. We choose

Enc(s) ∼ Unif
{(
p(x, y)

)
(x,y)∈(F⋆

q)
2 : degXp, degY p ⩽ d, p(0, 0) = s

}
.

The encoding has length N = (q−1)2 and relative distance (1− d
q−1)

2. Each row and column is a degree-d
Reed–Solomon codeword, so the row–column test uses only q− 1 =

√
N inputs per gate. We can recover s

with the same fanin: decode each x-line and evaluate it at 0, obtaining the values p(0, y), and then interpolate
p(0, Y ) and evaluate it at 0. This gives us a depth-2,

√
N -fanin robust circuit for recovery.

The Diagonal Attack on Privacy in the Low-Degree Regime: This solves the local checking and recov-
ery problem, but introduces a new privacy attack. If 2d < q − 1, then r(x) = p(x, x) has degree less than
q − 1. Its values on the diagonal therefore determine r(0) = p(0, 0) = s. So only q − 1 =

√
N entries, a

o(1)-fraction of the grid, suffice to recover s.
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Privacy in High-Degree Regime from Product Expansion: This suggests moving to the high-degree
regime. Put m = q − 1, and take (1/2 + ε)m < d < (1 − ε)m. The diagonal attack no longer applies; in
fact, the product expansion theorem of [PS94] rules out every other sparse recovery rule as well. The proof
of this implication is essentially contained in [GG25, Lemma 4.9].

To see why, consider the subcode C0 of bivariate evaluation tables satisfying p(0, 0) = 0. Let V be the
univariate Reed–Solomon code of degree at most d, and let K ⊂ V consist of the words obtained from
polynomials f satisfying f(0) = 0. Then C0 = K⊗V +V ⊗K, while the full bivariate code is C = V ⊗V .

Suppose the view on A ⊆ (F⋆q)
2 depends on p(0, 0). By linearity of the encoding, there is a coefficient

matrix M , supported on A, such that

p(0, 0) =
∑

(x,y)∈A

Mx,yp(x, y)

for every p of individual degree at most d. Equivalently, M ∈ C⊥0 \ C⊥.
Set U = V ⊥ and W = K⊥. The words in U are ordinary parity checks for V , while those in W \ U

recover a nonzero multiple of f(0). Moreover,W has distance d+1, and dimU+dimW = 2m−2d−1 <
(1−Ω(ε))m. SinceU andW are Reed–Solomon codes up to coordinate rescaling, the Polishchuk–Spielman
theorem gives ρ = ρ(ε) > 0 product expansion for (W,U).

Since M ⊥ K ⊗ V , product expansion (Definition 1.3) gives a decomposition M = Mcol +Mrow,
where the columns of Mcol lie in W , the rows of Mrow lie in U , and wt(M) is at least ρm times the total
number of nonzero columns and rows in these two parts. The row part lies in C⊥, so Mcol ∈ C⊥0 \ C⊥.
Contracting its columns against a suitable word in V produces a word in W \ U supported on the nonzero
columns of Mcol. Hence at least d+ 1 columns are nonzero, and

|A| ⩾ wt(M) ⩾ ρm(d+ 1) = Ω(q2) = Ω(N).

Thus tensoring gives
√
N -sized tests, while product expansion restores linear privacy; the code also has

constant relative distance.

Privacy in Low-Degree Regime from Punctured Reed-Solomon Codes: Suppose, given the encodings
P, P ′ of two symbols s, s′, we want to get an encoding of s · s′. The obvious way to implement this would
be to multiply P and P ′ entrywise, since (PP ′)(0) = P (0)P ′(0) = ss′, thus we will get a valid encoding
of ss′. But we run into an immediate issue. Privacy needs the regime 2d > q, in which case we can no
longer recover our information from PP ′, so multiplication support is in the regime where 2d < q.

Our main idea here is to come up with an appropriate evaluation domain Ω ⊂ Fq × Fq, so that the
resulting tensor code has linear distance even in the regime 2d≪ q. First observe that the reason we wanted
2d < q is because of a ‘diagonal’ attack, where to break privacy an adversary can look at the values of P
on the diagonal {(x, x) : x ∈ F⋆q} to recover P (0, 0). One attempt to avoid such attacks could be to take
different evaluation sets for the rows and columns and in fact we want these to be so different that all such
‘low-degree’ attacks are ruled out. Inspired by the use of multiplicative subgroups in [BS08], we let the
evaluation sets S1, S2 be multiplicative subgroups of F⋆q , but of pairwise coprime orders. That is, suppose

that two coprime numbers n1, n2 divide q−1, then, given a generator ω of F⋆q , let Si = {ω
j(q−1)

n1 : j ∈ [ni]}.
This choice allows us to cross the sum-of-rates less than 1 condition of [PS94],

Theorem 2.1 (2d Product expansion). Fix ε > 0. There exists ρ = ρ(ε) > 0 such that the following holds.
Let Si ⩽ F×q have coprime orders ni = |Si| with |S1| ≈ |S2| and letCi = RS(Si, di), where di ⩽ (1−ε)ni.
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Every matrix M that is a sum of C1-columns and C2-rows admits a decomposition M = A+B such that

wt(M) ⩾ ρ
(
n1 ·#{nonzero columns of A}+ n2 ·#{nonzero rows of B}

)
.

By the same proof as above, this new product expansion result implies linear privacy of encoding s via
the tensor code RS(S1, d′1)⊗RS(S2, d

′
2), even in the regime where d′i = ε|Si|. Thus, this gives an encoding

that has linear privacy and supports multiplication.

2.2 Private and Robust Circuits for SUM & AND

Having built codes for encoding one symbol, we extend the construction to a vector of symbols arranged as
a hidden grid D = H1 × H2. For i ∈ {1, 2}, let Si ⩽ F×q be multiplicative subgroups of coprime orders
with |S1| ≈ |S2|. Let Γi ⩽ Si, and take Hi = ζiΓi to be a coset disjoint from Si; it suffices to take any set
Hi that is disjoint from Si to get linear privacy, but we choose these cosets to get a code with symmetries
that is useful to compute permutations of the message.

Write D = H1 ×H2, Ω = S1 × S2, hi = |Hi|, and si = |Si|. For a table w ∈ FDq , choose P uniformly
among the bivariate polynomials satisfying P |D = w and degXi

P ⩽ di, where di ⩾ hi − 1. The encoding
consists of the evaluations of P on Ω and has length N = |Ω|. For suitable constant-rate choices with
hi = Θ(di) = Θ(si), where di − hi and si − di are both linear in si, the same argument as above gives
constant relative distance and Ω(N) privacy. We also choose q > N , and hence q > |D|.

Computing SUM: This encoding supports a simple robust computation of SUM(w) =
∑

(a,b)∈D w(a, b).

1. For every y ∈ S2, decode the S1-column through y and output Q(y) =
∑

a∈H1
P (a, y). These are

evaluations on S2 of the degree-d2 polynomial Q(Y ) =
∑

a∈H1
P (a, Y ).

2. Decode Q from its evaluations on S2 and output
∑

b∈H2
Q(b) =

∑
(a,b)∈D w(a, b).

Since |S1| ≈ |S2|, every gate has fan-inO(
√
N). The main robustness intuition is that changing the decoded

value of a line requires corrupting a constant fraction of that line. Since the lines are disjoint, a small fraction
of corruptions and faulty gates produces only a small fraction of incorrect first-stage outputs. These remain
within the decoding radius of the outer Reed–Solomon code, so the final gate still recovers the correct
polynomial Q. Moreover, a uniformly random representation P induces a uniformly random representation
Q|S2 of the partial-sum vector

(∑
a∈H1

w(a, b)
)
b∈H2

, so the intermediate layer remains private.

Computing AND: Given w ∈ FDq , define AND(w) to be 1 if and only if w ≡ 0. At a high level,
multiplication support gives the following computation:

1. Using repeated squaring and multiplication, compute an encoding of w⊙(q−1) in O(log q) layers.

2. Compute σ = SUM
(
w⊙(q−1)

)
using the circuit above and output 1[σ = 0].

Indeed, w(z)q−1 is 0 when w(z) = 0 and 1 otherwise. Thus σ is the number of nonzero entries of w, viewed
as an element of Fq. Since q > |D|, it vanishes exactly when w ≡ 0. The degree growth can be handled by
interspersing the multiplications with degree reduction along rows and columns. We do not elaborate on this
approach because our construction in the next section uses a more direct method based on auxiliary proofs.
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Symmetries of Our Code: Multiplication by any element of Γi permutes both Hi and Si. Hence, such a
multiplicative shift in one coordinate permutes both the hidden grid D and the visible grid Ω, allowing the
corresponding permutation of the message to be implemented by permuting the encoded coordinates.

2.3 Private PCPs for NP

We can now use the ingredients developed in the previous two subsections to build the verifier circuit needed
for every NP problem. We first reduce Circuit-SAT to 3SAT and then to the following algebraic problem
tailored to our private codes,

Definition 2.2 (Informal Zero-on-Subcube). A Zero-on-Subcube instance consists of a hidden grid D =
H1 ×H2 ⊂ Fq × Fq, a small collection of maps π1, . . . , πt, and a fixed low-degree polynomial C. Each πi
is a multiplicative shift in one coordinate that preserves D. Given a table A on D, define

BA(x, y) = C
(
x, y,A(π1(x, y)), . . . , A(πt(x, y))

)
.

We say that the instance is satisfiable if there exists A for which BA(x, y) = 0 for every (x, y) ∈ D.

Adapting the reduction of Ben-Sasson and Sudan [BS08] we can reduce 3SAT to the Zero-on-Subcube
problem with t = O(log n).

We first note the two features of Zero-on-Subcube that make it compatible with our private codes. Firstly,
every πi is a multiplicative shift, and by our choices of Hi and Si these shifts preserve both D and Ω =
S1 × S2. Consequently, all the values needed to compute BA(x, y), for (x, y) ∈ Ω, lie on the row and
column through (x, y) in Ω. A gate can obtain them by decoding these two lines and therefore needs
only O(|Si|) = O(

√
N) inputs. Second, the same rule that defines BA on the hidden grid also defines a

pointwise low-degree representation of BA on the disjoint visible grid Ω. Thus the circuit can compute a
(slightly higher degree) encoding of BA from Enc(A). In contrast, the usual implementation of sumcheck-
based PCPs checks a zero claim using mixed-grid evaluations such as H1 × S2 and S1 ×H2, which would
break privacy.

Fix a table A and let B = BA; we show how to compute whether A satisfies the zero-on-subcube
instance. We start by computing an encoding ofB from Enc(A). Then we want to check whether Enc(B)|D
is the zero table. We could do this using the AND circuit from the previous subsection. Instead, we give a
simpler construction using auxiliary proofs. We use the Combinatorial Nullstellensatz which says that every
low-degree polynomial Q vanishing on D = H1 ×H2 can be written as

Q(x, y) = Z1(x)P1(x, y) + Z2(y)P2(x, y), Zi(z) =
∏
h∈Hi

(z − h).

The polynomials P1, P2 form a certificate whose defining identity can be checked pointwise on Ω.
The simplest approach would therefore be to ask the prover for a certificate that B vanishes. This does

not fit our private circuit model though: such a certificate exists only when A satisfies the instance, whereas
the prescribed circuit transcript must exist for every A. We modify the construction as follows.

1. Starting from Enc(A), the circuit computes Enc(B) which lies in a slightly higher-degree code.

2. The prover supplies an encoding of the table J(z) =

{
B(z)−1, B(z) ̸= 0,

0, B(z) = 0.
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3. Using the multiplication primitive from Section 2.1, the circuit computes the encodings of the tables,

U = B ⊙ J and V = B ⊙ (1− U).

4. The prover supplies a Nullstellensatz certificate (V1, V2) that V vanishes on D, and the circuit checks
the identity V = Z1V1 + Z2V2 on Ω.

5. The circuit from the previous subsection computes σ = SUM(U) over D, and outputs 1[σ = 0].

6. Every encoded table is checked using the row–column test from the previous subsections.

For the honest choice of J , the table U indicates exactly the violated constraints, while V vanishes
everywhere. Thus a certificate for V exists for every A. Conversely, once the certificate enforces V = 0,
this conclusion no longer depends on J being chosen honestly: where B = 0, we have U = BJ = 0, while
where B ̸= 0, the identity V = B(1 − U) = 0 forces U = 1. The final sum is therefore the number of
violated constraints. Because the field is larger than the number of constraints, this sum is zero exactly when
there are no violations.

Privacy: Privacy of each layer follows from the privacy of the underlying encoding.4 Privacy of views
that touch multiple layers turns out to be much more subtle though and boils down to showing privacy of
a random nullstellensatz certificate. Using techniques from [DLV24, KP25], in Section 4.3 we first derive
a robust-testability statement from product expansion and then use it to prove joint privacy in Sections 6.2
and 6.3.

Robustness: As in the previous subsections, every encoded table is checked by the row–column test. The
circuit’s tester chooses uniformly among these tests and the other checks in the construction. Tensor-code
soundness bounds the distance of each tested table from its code in terms of the tester’s rejection probability.
Thus, if only a small fraction of gates are faulty and the tester’s rejection probability is sufficiently small,
each layer remains close to the intended low-degree table, and the constraint identity, vanishing certificate,
and final SUM force the correct output. We give the formal argument in the robustness section.

Reducing the fan-in: We have described the two-dimensional construction. Replacing D = H1 × H2

and Ω = S1 × S2 by D =
∏k
i=1Hi and Ω =

∏k
i=1 Si, and rows and columns by axis-parallel lines, gives

depth O(k) and fan-in O(kN1/k). The privacy proof uses the corresponding higher-dimensional product-
expansion statement.

Private PCP: The PCP proof is simply the transcript of this circuit, including its auxiliary words. With
probability 1/3 each, the verifier checks the final output bit, checks a random computation gate in a random
layer, or runs the circuit tester. Honest correctness gives perfect completeness, while robustness gives sound-
ness. The natural privacy measure first chooses a circuit layer and then a wire within that layer; because
the layers have different sizes, the resulting PCP is lopsided. For the non-lopsided perfect-zero-knowledge
variant we use a different proof: on a satisfying witness, B already vanishes on D, so the prover can supply
a random Nullstellensatz certificate for B directly.

4The formal construction rerandomizes the representation of each layer after each algebraic operation, which we have suppressed
here for simplicity.
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2.4 2D-Product Expansion of Punctured Reed Solomon Codes

We give the proof overview of Theorem 2.1 in this section. We want to show that whenever M = A + B,
where the columns of A lie in C1 and the rows of B lie in C2, there is another such decomposition whose
weighted number of nonzero rows and columns is O(wt(M)). A standard argument from [PS94] reduces
this to proving a divisibility lemma.

Lemma 2.3 (Informal Lemma 4.13). Let Si ⩽ F×q have order ni, with gcd(n1, n2) = 1, and set

h = min{n1 − k1, n2 − k2}, N = n1n2.

Suppose that degXE, degYE ⩽ t, where t ⩽ ch3/N for a sufficiently small constant c, and that degXP <
k1 + t and degY P < k2 + t. If

P (X,β) = E(X,β)Aβ(X) (∀β ∈ S2), P (α, Y ) = E(α, Y )Bα(Y ) (∀α ∈ S1),

then E | P .

For simplicity, assume that E is irreducible and depends on both variables, and write a = degXE and
b = degYE. Suppose toward a contradiction that E ∤ P .

Let Z1 be the points on E = 0 whose x-coordinate lies in S1. For each α ∈ S1, the polynomial E(α, Y )
has b roots, counted with multiplicity, so |Z1| = n1b. The row identities imply that P vanishes at all these
points. Similarly, the column identities force P to vanish on a set Z2 of size n2a, consisting of the points
whose y-coordinate lies in S2.

Let ΓE = |Z1 ∩ Z2|, counting multiplicities. Since E ∤ P , Bézout’s theorem gives

|Z1 ∪ Z2| ⩽ (k1 + t)b+ (k2 + t)a.

Inclusion–exclusion therefore gives

n1b+ n2a− ΓE = |Z1 ∪ Z2| ⩽ (k1 + t)b+ (k2 + t)a,

and hence ΓE ⩾ (h− 2t)(a+ b).
Since Si = {z ∈ F×q : zni = 1}, the points counted by ΓE are exactly the common solutions to

E(x, y) = 0, xn1 = 1, yn2 = 1.

Set u = xn1 and v = yn2 . If u and v are multiplicatively independent on E = 0, Corvaja–Zannier [CZ13]
gives

ΓE ⩽ O
(
N1/3(ab)2/3 + ab

)
.

Since a, b ⩽ t ⩽ ch3/N , this is smaller than (h− 2t)(a+ b) for sufficiently small c, a contradiction.
Suppose instead that u and v are multiplicatively dependent, which means that on the curve E = 0, u, v

satisfy the relation urvs = c for some coprime integers r, s; in particular each common solution has c = 1.
This equation has a one-variable parametrization u = ws, v = w−r. Indeed, choose ℓ,m with ℓs−mr = 1
and set w = uℓvm. Here w is a rational function on the one-dimensional curve E = 0. The common
solutions u = v = 1 are exactly the solutions to w = 1, so their number, counted with multiplicity, is at
most degw.
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It remains to bound this degree. Since u = ws and v = w−r,

degu = |s|degw, degv = |r|degw.

Moreover, degx = b, since for a generic α the equation E(α, Y ) = 0 has b solutions; similarly, degy = a.
Therefore, degu = n1b, degv = n2a, thus degw divides both n1b and n2a, and

ΓE ⩽ degw ⩽ gcd(n1b, n2a) ⩽ ab,

where the last inequality uses gcd(n1, n2) = 1. Since a, b ⩽ t≪ h, this again contradicts the lower bound.
For example, on E(X,Y ) = XY − 1 one may take w = x.

We conclude that E | P . The general case follows by applying the same argument to every irreducible
factor of E. To formalize this argument, one passes to the ‘projective closure’ of E = 0 and then to its
‘normalization’ to justify the degree and multiplicity counts and to apply Corvaja–Zannier.

2.5 Discussion and Future Directions

Lopsidedness of Private PCPs. The private PCP obtained from the full circuit transcript uses a lopsided
measure, giving comparable weight to circuit layers of different sizes. This arises from the stronger privacy
guarantee, which compares all witnesses, whether or not they satisfy the instance: the final output bit dis-
tinguishes witnesses on which the circuit has different outputs. If privacy is required only among satisfying
witnesses, the output is fixed, and the construction in Section 8 gives a non-lopsided perfect-zero-knowledge
PCP with essentially the same parameters. The resulting simulator is not efficient. A quantum PCP based
on the ABN proposal would suffer from the same lopsidedness. Thus to get a uniform quantum PCP, one
would need to figure out how to get quantum gap while breaking the quantum encoding.

Improving Parameters to Polylogarithmic. Our private PCP construction is based on tensor-products of
Reed-Solomon codes so that for all k we get fan-in to O(kN1/k), but the current privacy and robustness
bounds can at best be exp(−O(k)). Thus using this construction we can hope to get a private-PCP with all
parameters being no(1) = 2logn

1−Ω(1)
, instead of polylogarithmic. A possible alternative is to recursively

apply the two-dimensional construction, following Ben-Sasson and Sudan [BS08]. The difficulty arises
even in a single recursion step, where the proof exposes a bivariate polynomial on both a grid and a curve.
We do not know how to prove privacy for their joint local views. Resolving this question could lead to the
two-dimensional construction to be applied recursively like in [BS08], giving better parameters and also
potentially removing the need for the high-dimensional product expansion conjecture.

Universal Encoding and Low-communication MPC. Our present encoding depends on the circuit being
computed. This suffices for constructing a PCP for NP: we first reduce Circuit-SAT to the Zero-on-Subcube
problem and tailor the encoding and robust circuit to the resulting instance. Ideally, one would instead
construct a universal encoding, independent of the circuit, together with a compiler that transforms any
circuit into a private and fault-tolerant circuit that computes directly on this global encoding.

Such a construction could also lead to new MPC protocols. Existing approaches based on bit-by-bit
encodings require large communication. Computing directly on a single global encoding could potentially
reduce this communication to sublinear.

Concurrent work. This work was done independently of the recent related works [ABG+26, BGV26].
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Organization. Section 3 reviews the connection between quantum codes and secret sharing, as well as
the necessary facts about Reed–Solomon codes. Section 4 develops the product-expansion framework and
derives its consequences for relative dual distance and relative robust testability, needed for showing the
privacy of our construction. Section 5 presents the formal circuit model we work with, and then constructs a
private and robust circuit for Zero-on-Subcube. The privacy and robustness are proved in Sections 6 and 7.
Finally, Section 8 constructs private and perfect-zero-knowledge PCPs for NP.

3 Preliminaries

Equivalence between Quantum Codes and Secret Sharing:

Definition 3.1 (CSS codes). Let K ⊊ C ⊆ FΩ
q . The associated CSS code has CX = C and C⊥Z = K. Its

computational-basis codewords are the coset states

|x+K⟩ = 1√
|K|

∑
z∈K
|x+ z⟩ , x+K ∈ C/K.

Its Z-distance is

dZ = min{wt(M) :M ∈ CZ \ C⊥X} = min{wt(M) :M ∈ K⊥ \ C⊥}. (1)

By [RZW26, Corollary 3.2], sampling a uniform element of each coset of K in C has privacy threshold

dZ − 1 = min{wt(M) :M ∈ K⊥ \ C⊥} − 1. (2)

Equivalently, every view of fewer than dZ coordinates is independent of the encoded coset/message, and
some view of dZ coordinates is not. We will therefore only lower-bound min{wt(M) : M ∈ K⊥ \ C⊥} to
bound the privacy of our randomized encoding.

Reed Solomon Codes: For a finite set S ⊆ Fq and an integer a with 0 ⩽ a ⩽ |S|, define RS(S, a) =
{(f(α))α∈S : f ∈ Fq[X], degf < a}.

Fact 3.2 (Dual of a Reed–Solomon code). Let S ⊆ Fq have size n, and let 0 ⩽ a ⩽ n. For each α ∈ S,

define λα =
(∏

β∈S\{α}(α− β)
)−1

. Then

RS(S, a)⊥ = diag((λα)α∈S)RS(S, n− a).

In particular, the dual is a generalized Reed–Solomon code of dimension n− a and, when a < n, minimum
distance a+ 1. More generally, for every invertible diagonal matrix D, (DRS(S, a))⊥ = D−1RS(S, a)⊥.

Fact 3.3 (Vanishing on a Cartesian grid [Alo99]). Let H1, . . . ,Hk ⊆ Fq be finite sets, put

D =

k∏
i=1

Hi, Zi(Xi) =
∏
a∈Hi

(Xi − a),

and write hi = |Hi|. For a degree profile a = (a1, . . . , ak) satisfying ai ⩾ hi for every i, let

Qi(a) = {Q ∈ Fq[X1, . . . , Xk] : degXi
Q ⩽ ai − hi, degXj

Q ⩽ aj for j ̸= i}.

A polynomialR ∈ Fq[X1, . . . , Xk] with degree profile a vanishes onD if and only ifR =
∑k

i=1 ZiQi where
each Qi ∈ Qi(a).
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4 Product Expansion and Implications to Quantum Codes

In this section we show that product expansion implies the privacy of tensor-product based codes, and also
a robust testability type of statement which will be needed to prove the joint privacy of our circuit. We start
with the general setup.

General Setup: Fix k ⩾ 2, finite sets S1, . . . , Sk, and write

si = |Si|, Ω =
k∏
i=1

Si, N = |Ω| =
k∏
i=1

si.

An i-axis line is obtained by fixing every coordinate except the ith. For a code Ci ⊆ FSi
q , let

Li(Ci) = FS1
q ⊗ · · · ⊗ FSi−1

q ⊗ Ci ⊗ FSi+1
q ⊗ · · · ⊗ FSk

q .

For Mi ∈ Li(Ci), let ℓi(Mi) be the number of nonzero i-axis lines. We use the same notation on a subprod-
uct of Ω; the ambient coordinate set will always be clear.

Definition 4.1 (Product expansion). A tuple (Ci)i∈I , where I ⊆ [k], is ρ-product-expanding if every M ∈∑
i∈I Li(Ci) has a decomposition M =

∑
i∈IMi, with Mi ∈ Li(Ci), such that

wt(M) ⩾ ρ
∑
i∈I

siℓi(Mi).

We now fix nested codes

0 ̸= Ki ⊊ Vi ⊆ FSi
q , Ui = V ⊥i ⊊Wi = K⊥i .

Define

C =
k⊗
i=1

Vi, Ei = Ki ⊗
k⊗
j=1
j ̸=i

Vj , K =
k∑
i=1

Ei.
5

Put

B = C⊥, Di = E⊥i , D =
k⋂
i=1

Di = K⊥.

The standard tensor-product dual identities give

B =
k∑
i=1

Li(Ui), Di = Li(Wi) +
k∑
j=1
j ̸=i

Lj(Uj) = B + Li(Wi), D = B +
k⊗
i=1

Wi. (3)

For a coordinate subtuple, we form the corresponding spaces from the restricted pairs (Ki, Vi) and use the
same notation; no extra subtuple index will be needed. For the nested CSS code with

CX = C, C⊥Z = K

we have C⊥X = B, CZ = D, so the relative weight to be bounded is

dZ = min{wt(M) :M ∈ D \ B}.

Sections 4.2 and 4.3 derive relative distance and robust testability (with respect to the spaces Di) from
product expansion. We first state the corollaries of these general statements to our setting of punctured RS
codes.
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4.1 Punctured Reed–Solomon Codes

Let Hi ⊆ Fq have size hi ⩾ 1, with Hi ∩ Si = ∅, and put D =
∏
iHi. Fix an individual degree profile

a = (a1, . . . , ak) with hi ⩽ ai < si, and define

Vi = RS(Si, ai + 1),

Ki = {evSi(p) : degp ⩽ ai, p|Hi = 0},
Ui = V ⊥i , Wi = K⊥i .

Let Pa be the polynomials of individual degree at most a, and let Za ⊆ Pa be those that vanish on D. The
polynomially defined CSS code fits the generic setup above:

CX = evΩ(Pa) =
k⊗
i=1

Vi = C, C⊥Z = evΩ(Za) =
k∑
i=1

Ki ⊗
k⊗
j=1
j ̸=i

Vj = K. (4)

Indeed, the first identity follows by multivariate interpolation, and the second follows from Fact 3.3. Because
evaluation on Ω is injective, K is the kernel of the map C → FDq sending evΩ(P ) to P |D. This map is
surjective by interpolation on D, since ai ⩾ hi − 1. Consequently, it identifies the cosets of K in C with
tables on D.

Writing Zi(X) =
∏
a∈Hi

(X − a), we have

Ki = diag(Zi|Si)RS(Si, ai − hi + 1).

Hence Ui ⊆Wi, and Fact 3.2 gives generalized Reed–Solomon codes, up to diagonal rescaling, with

dimUi = si − ai − 1, dimWi = si − ai + hi − 1, d(Wi) = ai − hi + 2. (5)

Conjecture 4.2 (Product Expansion of Punctured Reed–Solomon Codes). For every η ∈ (0, 1), balance
parameter β ⩾ 1, and integer r ⩾ 2, there is ρ = ρ(r, η, β) ∈ (0, 1] such that the following holds. Let q be
prime, and let S1, . . . , Sr ⩽ F×q be multiplicative subgroups of pairwise coprime orders si = |Si| satisfying

β−1 ⩽
si
sj

⩽ β (i, j ∈ [r]).

For integers ti with 1 ⩽ ti ⩽ (1− η)si, and invertible diagonal matrices Λi indexed by Si, the tuple(
ΛiRS(Si, ti)

)r
i=1

is ρ-product-expanding.

Note that, without loss of generality, we may assume that ρ(r, η, β) is nonincreasing in r. Now to bound
the privacy of our codes, it suffices to bound the relative dual distance (see (2) from Section 3),

Corollary 4.3 (RS relative dual distance). If k > 2, assume Conjecture 4.2. Suppose ai − hi ⩾ ηsi and
ai + 1 < si for every i, and suppose the sets Si satisfy the hypotheses of Conjecture 4.2 with balance
parameter β. Put ρ = ρ(k, η, β). Then

wt(M) ⩾ ηρk−1N (M ∈ K⊥ \ C⊥).
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Proof. Equation (5) shows that every word in Wi \ Ui has weight at least d(Wi) ⩾ ηsi. Moreover,

1 ⩽ dimUi ⩽ dimWi ⩽ (1− η)si.

Every tuple (Wt, Ut+1, . . . , Uk) is therefore a tuple of nonzero generalized Reed–Solomon codes of rate at
most 1− η, with the required balance and coprimality. Every required subtuple of arity r ⩽ k is ρ(r, η, β)-
product-expanding: for r = 2, this follows from the two-dimensional theorem, and for r > 2, it follows
from Conjecture 4.2. Since ρ(r, η, β) is nonincreasing in r, every such subtuple is ρ(k, η, β) = ρ-product-
expanding. The relative-distance claim follows from Lemma 4.6.

The same verification in the preceding proof allows us to apply Corollary 4.10 to get,

Corollary 4.4 (RS relative robust testability). Under the hypotheses of Corollary 4.3, every M ∈ FΩ
q satis-

fies

dist(M,K⊥) ⩽ C(ρ, k)
k∑
i=1

dist(M,Di), C(ρ, k) = exp
(
O
(
k3 + k2 log(1/ρ)

))
,

where ρ = ρ(k, η, β).

Finally, we state the implications of our results to quantum codes (with the parameter setting from Lemma 5.4),

Corollary 4.5 (Quantum codes from punctured tensor Reed–Solomon codes). Assume Conjecture 4.2, and
write ρ(k) = ρ(k, 1/128, 4), decreasing this product-expansion constant if necessary so that ρ(k) ⩽ 1/128.

For every n ⩾ 1 and every integer k = k(n) ⩾ 2, there are integers ℓ,N and a prime q satisfying

n < ℓ < N < q ⩽ N6, N ⩽ n log n exp(O(k log k)),
ℓ

N
⩾ exp(−O(k log k)).

Specialize the construction in Section 4.1 to ai = di, and put

C =
k⊗
i=1

Vi, K =
k∑
i=1

Ki ⊗
⊗
j ̸=i

Vj , K̃ =
k∑
i=1

Li(Ki).

Here an X-check means a parity check for CX , and similarly for Z.

1. The CSS code CX = C, CZ = K⊥ encodes ℓ qudits. Its relative X-distance is at least (3/4)k, and its
relative Z-distance is at least ρ(k)k. ItsX-checks have weight at most 4N1/k, whereas every nonzero
Z-check has weight at least (3/4)kN .

2. The subsystem CSS code CX = C, CZ = K̃⊥ encodes ℓ protected qudits. Both dressed relative
distances are at least ρ(k)k, and both its X- and Z-gauge checks have weight at most 4N1/k.

Moreover, the CSS code supports transversal CCZ on all ℓ logical qudits. The subsystem code supports the
same transversal gate after fixing all gauge qudits to |0⟩ in the Z basis (see Definition 3.33 in [GG25]).

Proof. Apply Lemma 5.4 and take ai = di. By (4), restriction to D identifies C/K with FDq . Thus ℓ =

|D| =
∏
i hi. In the construction of Lemma 5.4, si = bihi with bi ⩽ Ck log(k + 1), so ℓ/N =

∏
i b
−1
i ⩾

(Ck log(k + 1))−k. The remaining bounds on ℓ,N , and q are those in Lemma 5.4.
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For the CSS code, the logical space is C/K, so its dimension is ℓ. By (21), di + 1 ⩽ vi + 1 ⩽ si/4.
Therefore

dX ⩾ d(C) =
∏
i

(si − di) ⩾ (3/4)kN.

By Corollary 4.3,

dZ = min{wt(c) : c ∈ K⊥ \ C⊥} ⩾ 1

128
ρ(k)k−1N ⩾ ρ(k)kN.

Equation (3) gives C⊥ =
∑

i Li(V
⊥
i ). Hence the X-check space has generators supported on individual

axis lines, each of weight at most maxi si ⩽ 4N1/k. The Z-check space is K. Since K ⊆ C, every nonzero
Z-check has weight at least d(C) ⩾ (3/4)kN .

For the subsystem code, the standard tensor-quotient identity gives C∩K̃ = K and K̃⊥ =
⊗

iK
⊥
i . Thus

its protected logical space is again C/K. Equivalently, in the convention of [GG25], this is the subsystem
product of Qi = (K⊥i , Vi), and [GG25, Proposition 3.23] gives dimension

∏
i hi = ℓ.

Its dressed Z-distance equals the ordinary Z-distance, since

K̃⊥ + C⊥ = (K̃ ∩ C)⊥ = K⊥.

Thus Corollary 4.3 gives dsubZ ⩾ ρ(k)kN .
For the dressed X-distance, the parameter ρiZ in [GG25, Theorem 4.3] is the product expansion of

(K1, . . . ,Ki−1, Vi). For i ⩾ 2, every member of this tuple is a nonzero scaled Reed–Solomon code and

1 ⩽ dimKj ⩽ dimVj = dj + 1 ⩽ vj + 1 ⩽ sj/4.

By Lemma 5.4, the evaluation domains have pairwise coprime, 4-balanced orders. Hence Conjecture 4.2
gives product expansion at least ρ(i, 1/128, 4) ⩾ ρ(k). For i = 1, the product expansion of V1 is its relative
distance, which is at least 3/4. Therefore [GG25, Lemma 4.9] gives dsubX ⩾ ρ(k)kN .

The two gauge-check spaces are C⊥ =
∑

i Li(V
⊥
i ) and K̃ =

∑
i Li(Ki). Both have generators sup-

ported on individual axis lines and therefore of weight at most 4N1/k.
Finally, (21) in Lemma 5.4 gives 3di < si. Evaluation on Si is therefore injective for polynomials of

degree at most 3di, so there are coefficients λi,x ∈ Fq, for x ∈ Si, such that
∑

a∈Hi
f(a) =

∑
x∈Si

λi,xf(x)
for every such polynomial f . Set λx =

∏
i λi,xi for x = (x1, . . . , xk) ∈ Ω. Then, for all P1, P2, P3 ∈ Pd,∑

x∈Ω
λxP1(x)P2(x)P3(x) =

∑
a∈D

P1(a)P2(a)P3(a).

Under the identification C/K ∼= FDq , this says that the physical transversal layer induces coordinatewise
logical CCZ on all ℓ logical qudits, by Lemma 3.34 of [GG25].

For the subsystem code, C ∩ K̃ = K. Fixing the gauge qudits to their Z-basis zero state therefore
gives the ordinary CSS codespace spanned by the states |c + K⟩, c ∈ C. The same identity implements
coordinatewise logical CCZ on all ℓ protected logical qudits in this gauge-fixed subspace(see Definition 3.33
and Lemma 3.34 in [GG25])
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4.2 Relative Dual Distance from Product Expansion

Here we derive the dual distance from product expansion.
For i ∈ [k], put

δi =
min{wt(w) : w ∈Wi \ Ui}

si
, δ = min

i∈[k]
δi.

Lemma 4.6 (Relative dual distance). Suppose that, for every t < k, the tuple (Wt, Ut+1, . . . , Uk) is ρ-
product-expanding. Then

wt(M) ⩾ δρk−1N (M ∈ K⊥ \ C⊥).

Proof. For t ∈ [k], define the suffix codes

Ct =
k⊗
i=t

Vi.

Define Kt recursively by

Kk = Kk, Kt = Kt ⊗ Ct+1 + Vt ⊗Kt+1 (t < k).

Thus C1 = C and K1 = K. We prove by backward induction on t that every M ∈ K⊥t \ C⊥t has weight at
least

δρk−t
k∏
i=t

si. (6)

For t = k, such an M belongs to Wk \ Uk, so the claim follows from the definition of δ.
Now let t < k and take M ∈ K⊥t \ C⊥t . Since M is orthogonal to Kt ⊗ Ct+1 ⊆ Kt,

M ∈ Lt(Wt) +

k∑
i=t+1

Li(Ui).

Product expansion gives a decomposition

M =Mt +
k∑

i=t+1

Mi, Mt ∈ Lt(Wt), Mi ∈ Li(Ui),

such that

wt(M) ⩾ ρ
k∑
i=t

siℓi(Mi) ⩾ ρstℓt(Mt). (7)

The sum
∑k

i=t+1Mi lies in C⊥t ⊆ K⊥t . Hence Mt ∈ K⊥t , and Mt /∈ C⊥t , since otherwise M ∈ C⊥t .
Pure tensors span Ct = Vt⊗Ct+1, so there are v ∈ Vt and P ∈ Ct+1 such that ⟨Mt, v⊗P ⟩ ≠ 0. Contract

Mt with v:
M ′(xt+1, . . . , xk) = ⟨Mt( · , xt+1, . . . , xk), v⟩.

Then ⟨M ′, P ⟩ ̸= 0, so M ′ /∈ C⊥t+1. For every R ∈ Kt+1, the recursive definition gives v ⊗ R ∈ Kt, and
hence

⟨M ′, R⟩ = ⟨Mt, v ⊗R⟩ = 0.
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Thus M ′ ∈ K⊥t+1 \ C⊥t+1. Also, wt(M ′) ⩽ ℓt(Mt), because a zero t-line of Mt contributes a zero coordinate
to M ′. The induction hypothesis and (7) now give

ℓt(Mt) ⩾ wt(M ′) ⩾ δρk−t−1
k∏

i=t+1

si,

and therefore

wt(M) ⩾ ρstℓt(Mt) ⩾ δρk−t
k∏
i=t

si.

This proves (6); the case t = 1 proves the lemma.

4.3 Relative Robust Testability from Product Expansion

We first recall collective product expansion and then prove a collective relative-robust-testability statement
by induction. All weights and distances below are unnormalized.

For a finite family X = (X(a))a∈A on the same coordinate set, let

wt∪(X) =

∣∣∣∣∣ ⋃
a∈A

supp(X(a))

∣∣∣∣∣ .
For a linear space E, define

dist∪(X, E) = min
Y∈EA

wt∪(X−Y).

For a singleton family, these are the ordinary Hamming weight and distance. For a family Xi = (X
(a)
i )a∈A

in Li(Ci), let ℓi,∪(Xi) be the number of i-axis lines on which some X(a)
i is nonzero.

Definition 4.7 (Collective product expansion). The tuple (C1, . . . , Cr) is collectively P -product-expanding
if every finite family X = (X(a))a∈A in

∑
i∈[r] Li(Ci) has decompositions

X(a) =
∑
i∈[r]

X
(a)
i , X

(a)
i ∈ Li(Ci),

such that
wt∪(X) ⩾ P

∑
i∈[r]

siℓi,∪
(
(X

(a)
i )a∈A

)
. (CPE)

The implication from product expansion to collective product expansion is standard and was also proved
in [DLV24, Lemma 5.13 and Proposition 5.14]. We use the sharper quantitative bound obtained from
Kalachev and Panteleev [KP25, Lemmas 17 and 18], and include the short proof for completeness.

Lemma 4.8 (Collective PE from PE). Let r ⩾ 2, let ρ ∈ (0, 1], and let Ci ⊊ FSi
q , i ∈ [r], be proper linear

codes. If (C1, . . . , Cr) is ρ-product-expanding, then it is collectively P (ρ, r)-product-expanding, where

P (ρ, r) =
ρr

r(2r + 1)r
.
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Proof. Fix a finite family X = (X(a))a∈A in
∑r

i=1 Li(Ci), and let A =
⋃
a∈A supp(X(a)). Starting from

A, repeatedly adjoin every i-axis line ℓ that meets the current set in at least ρsi points, and let B = [A]ρ be
the stabilized set. Thus every i-axis line is either contained in B or meets B in fewer than ρsi points; such
a set is called ρ-closed. Lemma 18 of [KP25] shows that for square grids,

|B| ⩽
(
2r + 1

ρ

)r
|A|.

Their proof extends directly to rectangular grids by replacing the size n|J | of a J-dimensional coordinate
flat by

∏
j∈J sj , and using the threshold ρsi on an i-axis line.

By [KP25, Lemma 17], ordinary ρ-product expansion implies that every ρ-closed set has what they call
“inner generation”: for every a ∈ A, there is a decomposition

X(a) =
r∑
i=1

X
(a)
i , X

(a)
i ∈ Li(Ci),

such that X(a)
i is a sum of Ci-codewords placed on i-axis lines contained in B.

Let Xi = (X
(a)
i )a∈A. Every line counted by ℓi,∪(Xi) is contained in B. Since distinct i-axis lines are

disjoint and each has si points,
siℓi,∪(Xi) ⩽ |B|.

Thus,
r∑
i=1

siℓi,∪(Xi) ⩽ r|B| ⩽ r

(
2r + 1

ρ

)r
|A| = 1

P (ρ, r)
wt∪(X),

which is precisely collective P (ρ, r)-product expansion.

Lemma 4.9 (Collective relative robust testability). Suppose every mixed subtuple (Ci)i∈I , with Ci ∈
{Ui,Wi} is collectively P -product-expanding. Then there are constants Kr = Kr(P ), 1 ⩽ r ⩽ k, such
that

K1 = 1, Kr = 1 +
r − 1

P
Kr−1, (CR)

and the following holds. For every family M, indexed by a finite set A, of words in
⊗r

j=1 F
Sj
q ,

dist∪

(
M,

r⋂
i=1

Di

)
⩽ Kr

r∑
i=1

dist∪(M,Di), (8)

Our proof uses an induction on r, like the proof of [DLV24, Lemma 5.13 and Proposition 5.14], except
that our inductive invariant is different. DLV fix a coboundary x and bound the union block support of a
cochain ỹ satisfying δỹ = x in terms of the union block support of x. For vector-valued coefficients, an
entire face is counted once whenever any component on that face is nonzero. In their setting, PE supplies the
top level, while Proposition 5.14 supplies the collective block-support control needed after peeling. Here we
fix an ambient family M and control the union Hamming support of a correction into

⋂
iDi. Thus the lemma

adapts their dimension-peeling argument, but it is not a formal consequence of their coboundary-expansion
theorem.

Proof. We induct on r. The case r = 1 is immediate, since there is only one local space.

18



The anchor and the goal. Suppose r ⩾ 2, and set ti = dist∪(M,Di). Choose Yi ∈ DAi satisfying

wt∪(M−Yi) = ti. (9)

We take Yr as the anchor. It suffices to construct Q ∈ (
⋂r
i=1Di)A and bound wt∪(Yr −Q), since

dist∪

(
M,

r⋂
i=1

Di

)
⩽ wt∪(M−Q)

⩽ tr +wt∪(Yr −Q).

(10)

Pairwise repairs of the anchor. For each i < r, we first construct a correction on few r-lines that places
the corrected anchor in Di ∩ Dr. Since Uj ⊆Wj ,

Yi −Yr ∈

Li(Wi) + Lr(Wr) +
∑
j ̸=i,r

Lj(Uj)

A .
Let us now apply collective PE to the family Yi−Yr with the mixed tuple having Wi and Wr in directions
i, r, and Uj in all other directions. Let Xi ∈ Lr(Wr)

A be the r-direction component of the resulting
decomposition and let λi denote ℓr,∪(Xi), the number of r-lines on which some member of Xi is nonzero.
Then we get,

srλi ⩽ P−1wt∪(Yi −Yr)

⩽ P−1(ti + tr), (11)

where sr = |Sr| and the second inequality follows from subadditivity of wt∪ and (9).
We have that,

Yr +Xi ∈ (Di ∩ Dr)A. (12)

Indeed, the remaining components give Yi − Yr − Xi ∈
(
Li(Wi) +

∑
j ̸=i,r Lj(Uj)

)A
which implies

Yr + Xi ∈ DAi and since Xi ∈ Lr(Wr)
A, we have Yr + Xi ∈ DAr putting the family in the required

intersection.

Isolating the lower-dimensional word. We now split Yr into a part that already lies in every Di and a
vector-valued word on the first r − 1 directions that remains to be repaired. Write L−j for the lift in the first

r−1 directions, and putA− =
⊗

j<r F
Sj
q , B− =

∑
j<r L

−
j (Uj), andD−i = B−+L−i (Wi) for i < r. These

are the spaces in the lemma for the first r−1 directions. Since Yr ∈ DAr andDr = (B−⊗FSr
q )+(A−⊗Wr),

we may write
Yr = b+w, b ∈ (B− ⊗ FSr

q )A, w ∈ (A− ⊗Wr)
A. (13)

Choose a complement Hr such that Wr = Ur ⊕Hr, and a linear projection p : FSr
q −→ Hr onto Hr,

whose restriction to Wr has kernel Ur. Let Π = IdA− ⊗ p, and set

g = b+ (w −Πw), h = Πw.

Since w −Πw ∈ (A− ⊗ Ur)A, we have

Yr = g + h, g ∈ BA ⊆

(
r⋂
i=1

Di

)A
.

Thus we keep g fixed and repair only h.
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The lower-dimensional distance bounds. The pairwise corrections now show that the same word h is
close to every lower-dimensional space. Indeed, by (12) and (13), w + Xi = Yr + Xi − b ∈ DAi .
Moreover, Π(Di) ⊆ D−i ⊗Hr. Indeed, Di = (D−i ⊗ FSr

q ) + (A− ⊗ Ur), and Π kills the second summand.
Viewing A− ⊗ Hr as the space of Hr-valued words on

∏
j<r Sj , we also have wt∪(ΠXi) ⩽ λi, since

projection cannot make a zero r-line nonzero. Since h+ΠXi ∈ (D−i ⊗Hr)
A, it follows that

dist∪(h,D−i ⊗Hr) ⩽ λi.

Applying induction to the Hr-valued family. We now rewrite this vector-valued problem as one scalar-
family problem to which the collective induction hypothesis applies. Let h1, . . . , hd be a basis of Hr. For
every a ∈ A, write the vector h(a) ∈ h as,

h(a) =

d∑
s=1

m(a)
s ⊗ hs, (ΠXi)

(a) =

d∑
s=1

x
(a)
i,s ⊗ hs,

where m(a)
s , x

(a)
i,s ∈ A−.

Membership in D−i ⊗Hr is coefficientwise: for v1, . . . , vd ∈ A−,

d∑
s=1

vs ⊗ hs ∈ D−i ⊗Hr ⇐⇒ vs ∈ D−i for every s.

Consequently, m(a)
s + x

(a)
i,s ∈ D

−
i for every a ∈ A and s ∈ [d]. Thus the enlarged family

(
m

(a)
s

)
(a,s)∈A×[d]

has distance at most λi from D−i . Indeed,

dist∪
((
m(a)
s

)
a,s
,D−i

)
⩽ wt∪

((
x
(a)
i,s

)
a,s

)
= wt∪(ΠXi) ⩽ λi,

where the equality holds because an Hr-valued entry is nonzero exactly when at least one of its basis
coefficients is nonzero.

Apply the collective induction hypothesis once to this enlarged family, with family index set A× [d]. It
gives q(a)s ∈

⋂
i<r D

−
i for every a ∈ A and s ∈ [d], such that

wt∪

((
m(a)
s − q(a)s

)
a,s

)
⩽ Kr−1

∑
i<r

λi.

For each a ∈ A, define h̃(a) =
∑d

s=1 q
(a)
s ⊗ hs, and let h̃ = (h̃(a))a∈A. Then

h̃ ∈

((⋂
i<r

D−i

)
⊗Hr

)A
. (14)

Reassembling the coefficients does not change their union support on
∏
j<r Sj . Therefore

wt∪(h− h̃) = wt∪

((
m(a)
s − q(a)s

)
a,s

)
⩽ Kr−1

∑
i<r

λi. (15)

Here the union weight counts the r-lines on which some member of the Hr-valued difference is nonzero.
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Lifting the common repair. We now expand the repaired vector-valued word back into r-lines and add it
to the part g that already lies in every Di. Define

Q = g + h̃ = b+ (w −Πw) + h̃. (16)

For every i < r, (14) gives h̃ ∈ (D−i ⊗Hr)
A ⊆ DAi . We also have h̃ ∈ (A− ⊗Hr)

A ⊆ Lr(Wr)
A ⊆ DAr .

Since g ∈ BA, it follows that

Q ∈

(
r⋂
i=1

Di

)A
. (17)

By (16), Yr − Q = h − h̃. Each point u ∈
∏
j<r Sj at which some member of h − h̃ is nonzero

corresponds to one r-line {u} × Sr, containing sr scalar coordinates. Thus, by (15) and (11),

wt∪(Yr −Q) ⩽ srKr−1
∑
i<r

λi ⩽
Kr−1
P

∑
i<r

(ti + tr).

Combining this with (10) yields

dist∪

(
M,

r⋂
i=1

Di

)
⩽ tr +

Kr−1
P

∑
i<r

(ti + tr)

⩽

(
1 +

r − 1

P
Kr−1

) r∑
i=1

ti.

This is (8) with the recurrence (CR).

Corollary 4.10 (Relative robust testability). Let ρ ∈ (0, 1]. Suppose every mixed subtuple (Ci)i∈I , where
Ci ∈ {Ui,Wi} and |I| ⩾ 2, is ρ-product-expanding. Then every M ∈ FΩ

q satisfies

dist(M,D) ⩽ C(ρ, k)

k∑
i=1

dist(M,Di), C(ρ, k) = exp
(
O
(
k3 + k2 log(1/ρ)

))
.

Proof. For every mixed subtuple of arity r, where 2 ⩽ r ⩽ k, Lemma 4.8 gives collective P (ρ, r)-product
expansion. Since P (ρ, r) ⩾ P (ρ, k), all the required mixed subtuples are collectively P -product-expanding
for

P = P (ρ, k) =
ρk

k(2k + 1)k
.

Apply Lemma 4.9 to the singleton family {M}. Since P ⩽ 1, its recurrence gives

Kk ⩽ k!P−(k−1) = k!

(
k(2k + 1)k

ρk

)k−1
= exp

(
O
(
k3 + k2 log(1/ρ)

))
.

Taking C(ρ, k) = Kk proves the claim.
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4.4 Proof of Two-Dimensional Product Expansion

In this section we prove product expansion for r = 2.

Theorem 4.11 (Two-dimensional product expansion of subgroup Reed–Solomon codes). Fix ε ∈ (0, 1) and
K ⩾ 1. There is a constant ρ = Ω(ε6/K3) ∈ (0, 1] with the following property. Let q be prime, and let
S1, S2 ⩽ F×q be multiplicative subgroups of coprime orders ni = |Si| satisfying K−1 ⩽ n1

n2
⩽ K. For

integers ki satisfying 1 ⩽ ki ⩽ (1− ε)ni, let Ci = RS(Si, ki). Then (C1, C2) is ρ-product-expanding. The
same conclusion holds after independently rescaling the coordinates ofC1 andC2 by nonzero field elements.

We first prove a bivariate divisibility lemma for coprime multiplicative subgroups using an algebraic
geometry theorem from the work of [CZ13]. Once this lemma is established, the rest of the proof is along
the lines of [PS94].

4.4.1 Algebraic Geometry Preliminaries

We recall the algebraic notation used in the divisibility lemma.
Let K = Fq. The projective line P1(K) is the affine line K together with one point∞. Thus P1 × P1

is obtained from K2 by allowing either coordinate to equal∞. We use it only to keep track of intersections
that escape to infinity.

For F ∈ K[X,Y ], its bidegree is (degXF, degY F ). Fixing X = α gives the X = α coordinate line; the
restriction of F to this line is F (α, Y ); fixing Y = β gives the Y = β coordinate line F (X,β). In the table
indexed by S1 × S2, these are a row and a column, respectively.

Suppose that F is irreducible and has bidegree (a, b) with a, b > 0. The affine equation F = 0 defines
a curve in K2. Its closure in P1 × P1 adds the points at which one of the coordinates is infinite. An affine
point is singular if both partial derivatives of F vanish there; otherwise it is nonsingular. A nonsingular
point has a single local branch, whereas a singular point may have several branches meeting there.

We work on the normalization XF of this closure. A nonsingular point has one point of XF above it,
while the points above a singular point correspond to its different local branches. Thus normalization lets
us measure zeros and poles separately along each branch. It gives a smooth projective curve, as required
by the Corvaja–Zannier theorem below. The notation K(XF ) denotes the field of rational functions on this
curve, and x, y ∈ K(XF ) are its two coordinate functions. Thus a point ν ∈ XF above an affine point (α, β)
satisfies x(ν) = α and y(ν) = β.

A generic line X = α meets F = 0 in b points, counted with multiplicity, and a generic line Y = β
meets it in a points. Here generic means all but finitely many choices of the fixed coordinate, and a repeated
root is counted according to its multiplicity. Equivalently, deg(x) = b and deg(y) = a, where the degree of
a rational function is its total pole multiplicity.

For a point ν ∈ XF and a nonzero rational function f , the integer ordν(f) is the multiplicity of the zero
of f at ν; it is negative when f has a pole, and is zero when f is finite and nonzero there. Thus − ordν(f) is
the pole multiplicity when this order is negative. The total zero multiplicity equals the total pole multiplicity,
and their common value is deg(f). In particular, if H(X,Y ) has bidegree at most (DX , DY ) and does not
vanish identically on XF , then H(x, y) has at most DXb + DY a zeros, counted with multiplicity. This is
the form of Bézout’s theorem used below. Specifically, in the proof of Lemma 4.13, the assumption F ∤ P
ensures that P (x, y) does not vanish identically, and this bound gives at most (k1 + eX)b + (k2 + eY )a
zeros.

If char(K) ∤ n, αn = 1, and x(ν) = α, then Tn−1 has a simple root atα, so ordν(1−xn) = ordν(x−α).
The common value can nevertheless exceed 1, because x − α may vanish to higher order along the branch
represented by ν.
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For positive integers n1, n2, define the weighted common-zero count

ΓF =
∑

ν∈XF : x(ν),y(ν)∈K×

min
{
ordν(1− xn1), ordν(1− yn2)

}
. (18)

Here the subgroup grid consists of the pairs (α, β) satisfying αn1 = βn2 = 1. The sum is over points of
the normalization, so a singular affine grid point can contribute separately along each of its branches. At a
nonsingular grid point, at least one of x−α and y−β vanishes to order 1, so the point contributes exactly 1.
Thus, if every grid point on F = 0 is nonsingular, ΓF is simply the number of such points. Along a singular
branch, the contribution can exceed 1 only if both coordinate differences vanish to order greater than 1;
tangency to only one coordinate line does not increase the minimum. The minimum records the multiplicity
common to the two zero sets, which is exactly the overlap subtracted when the zero counts from the rows
X = α and columns Y = β are combined below.

For a rational function u on XF , let du denote its formal differential. Since K is perfect, du = 0 exactly
when u is a qth power in K(XF ). We say that two rational functions u, v are multiplicatively independent
modulo constants if urvs ∈ K× for r, s ∈ Z only when r = s = 0.

We use the following specialization of the Corvaja–Zannier gcd estimate.

Theorem 4.12 (Specialized Corvaja–Zannier estimate). Let q be prime, let F ∈ K[X,Y ] be irreducible
of bidegree (a, b), where a, b > 0, and let x, y be the coordinate functions on XF . Let n1, n2 be positive
integers and putN = n1n2. Suppose thatN < q, that xn1 and yn2 are multiplicatively independent modulo
constants, and that d(xn1), d(yn2) ̸= 0. Then, for an absolute constant C,

ΓF ⩽ max

{
3

3
√
2
(
2Na2b2

)1/3
,
12Nab

q

}
⩽ C

(
N1/3(ab)2/3 + ab

)
. (19)

Proof. Let S be the set of zeros and poles of x and y, let g be the genus of XF , and put χ = |S|+ 2g − 2.
Apply [CZ13, Theorem 2] to u = xn1 and v = yn2 . It gives

ΓF ⩽ max

{
3

3
√
2
(
deg(u)deg(v)χ

)1/3
,
12deg(u)deg(v)

q

}
.

Here deg(u) = n1b and deg(v) = n2a. Moreover, g ⩽ (a − 1)(b − 1), while the zeros and poles of x and
y have total support at most 2a + 2b. Hence χ ⩽ 2ab. Substituting these bounds gives the first inequality
in (19); the second uses N < q.

4.4.2 Bivariate divisibility on a coprime subgroup grid

We now prove a bivariate divisibility lemma analogous to [PS94, Lemma 8]. Their lemma has a condition of
the form ‘t+ k < n/2’, which forces the rate of the component codes to be smaller than 1/2. By moving to
multiplicative subgroups of coprime order, we avoid such a condition, which eventually allows us to handle
codes with rate close to 1.

Lemma 4.13 (Coprime-subgroup bivariate divisibility). There is an absolute constant c0 > 0 such that the
following holds. Let q be prime, let Si ⩽ F×q have coprime orders ni, and fix integers 0 ⩽ ki < ni. Put
N = n1n2 and h = min{n1 − k1, n2 − k2}. Let E,P ∈ Fq[X,Y ], with E ̸= 0, and set eX = degXE,
eY = degYE, and t = max{eX , eY }. Suppose that

t ⩽ c0
h3

N
, degXP < k1 + eX , degY P < k2 + eY ,

23



and that for every α ∈ S1 and β ∈ S2 there are polynomials Rα(Y ) and Cβ(X) satisfying

P (α, Y ) = E(α, Y )Rα(Y ), P (X,β) = E(X,β)Cβ(X).

Then E | P . Consequently, P = EQ for some Q ∈ Fq[X,Y ] satisfying degXQ < k1 and degYQ < k2.

Proof. We work first over K. The claim is immediate if P = 0. Otherwise, let F be an irreducible factor
of E that depends on both variables, and write a = degXF > 0 and b = degY F > 0. Suppose for
contradiction that F ∤ P , and use the notation from the preceding subsection.

The divisibilities after fixing one coordinate give a lower bound on the number of zeros of P (x, y).
Indeed, for each α ∈ S1, the polynomial F (α, Y ) is nonzero and divides P (α, Y ). We can therefore write
P (X,Y ) = F (X,Y )Hα(Y )+ (X −α)Kα(X,Y ). On XF , this gives P (x, y) = (x−α)Kα(x, y). Hence,
at every point above x = α at which y is finite, the order of vanishing of P (x, y) is at least that of x − α.
The analogous statement holds above each y = β, for β ∈ S2, when x is finite.

The zero divisors of xn1 − 1 and yn2 − 1 have degrees n1b and n2a. Their common zeros are counted
twice, and their weighted overlap is exactly ΓF . The zeros of xn1 − 1 that occur at y = ∞ have total
multiplicity at most ab: there are at most a such points, and the multiplicity at each is at most b. The
symmetric loss is also at most ab. Thus P (x, y) has at least n1b+n2a−ΓF −2ab zeros, whereas the degree
bounds on P and Bézout’s theorem give at most (k1 + eX)b + (k2 + eY )a zeros. Since a ⩽ eX ⩽ t and
b ⩽ eY ⩽ t, the last two inequalities imply

ΓF ⩾ (h− 2t)(a+ b). (20)

We next prove an upper bound. Since n1 and n2 are coprime subgroup orders, N = n1n2 divides q− 1,
and hence N < q. Suppose first that xn1 and yn2 are multiplicatively independent modulo constants. For
a sufficiently small choice of c0, we have a, b ⩽ t < q. If dx = 0, then x is a qth power in K(XF ), which
would make q divide deg(x) = b. Thus dx ̸= 0, and similarly dy ̸= 0. Since q ∤ n1n2, the differentials of
xn1 and yn2 are also nonzero. We may therefore apply Theorem 4.12.

It remains to handle multiplicative dependence. A nontrivial relation between xn1 and yn2 gives, after
clearing negative exponents, an equation xAyB = λ or xA = λyB for some A,B > 0. Factoring this
binomial over K and using the irreducibility of F shows that F is a primitive binomial XaY b = λ′ or
Xa = λ′Y b, where gcd(a, b) = 1. Its normalization has a coordinate z for which x = µzb and either
y = νza or y = νz−a. Thus a common zero counted by ΓF satisfies two equations of the form zbn1 = c1
and z±an2 = c2. The characteristic divides neither exponent because a, b, n1, n2 < q, so all these roots in
K× are simple. Their number is at most gcd(bn1, an2) = gcd(b, n2) gcd(a, n1) ⩽ ab. Hence ΓF ⩽ ab in
the dependent case.

In both cases, ΓF ⩽ C
(
N1/3(ab)2/3 + ab

)
for a possibly larger absolute constant C. Since a, b ⩽ t, we

have (ab)2/3 ⩽ 1
2 t

1/3(a+ b) and ab ⩽ 1
2 t(a+ b). It follows that

ΓF ⩽ C ′
(
N1/3t1/3 + t

)
(a+ b).

Choosing the absolute constant c0 sufficiently small makes this upper bound less than h(a + b)/2, while
(20) is greater than h(a+ b)/2. This is a contradiction, so F | P .

We have shown that every mixed irreducible factor ofE divides P . Such a factor never becomes the zero
polynomial after fixingX or Y . We may therefore cancel one copy of it fromE, P , and every corresponding
divisibility. The reduced polynomials satisfy the same degree bounds, with the degree of the cancelled factor
subtracted on both sides. Repeating this argument shows that every mixed factor of E divides P with its full
multiplicity.
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After cancelling these factors, write the remaining part of E as U(X)V (Y ), and let P0 be the corre-
sponding quotient of P . For every α ∈ S1, we have V (Y ) | P0(α, Y ). Divide P0 by V in the variable Y .
Each coefficient of the remainder is a polynomial in X of degree less than k1 + degU < n1 and vanishes on
all of S1. The remainder is therefore zero, so V | P0. The symmetric argument gives U | P0. Since U and
V are relatively prime in K[X,Y ], their product divides P0. We conclude that E | P over K, and hence over
Fq.

Writing P = EQ, the degree bounds on Q follow by subtracting the degrees of E from those of P .

4.4.3 Proof of Theorem 4.11

We now complete the proof using the argument of Polishchuk and Spielman, who also deduce product
expansion (equivalently, bivariate testing) from an analogous divisibility lemma [PS94, Lemma 8 and The-
orem 9]. We give the proof for completeness.

Proof of Theorem 4.11. Put N = n1n2, m = min{n1, n2}, and h = min{n1−k1, n2−k2}. Then h ⩾ εm
and N ⩽ Km2. Decrease the constant c0 in Lemma 4.13 so that c0 ⩽ 1/8, and set τ = c0h

3/N and
ρ = c20ε

6/(8K3). Since h2 ⩽ N , we have τ ⩽ h/8.
FixM = A+B, where every column ofA lies in C1 and every row ofB lies in C2, and write w = |M |.

If w = 0, use the zero decomposition. Suppose first that 0 < w < τ2/4, and let t = ⌊
√
w⌋. There

is a nonzero polynomial E of bidegree at most (t, t) that vanishes on supp(M), since the space of such
polynomials has dimension (t+ 1)2 > w.

Identify A and B with their grid interpolants. Since EM = 0 on the grid, let P be the polynomial of
individual degrees less than (n1, n2) representing the common table EA = −EB. Writing eX = degXE
and eY = degYE, reduction modulo Y n2 − 1 and Xn1 − 1, respectively, gives

degXP < k1 + eX , degY P < k2 + eY .

On each column Y = β, the polynomials P (X,β) and E(X,β)A(X,β) agree on S1 and have degree less
than n1, so they are equal. The same argument on each row X = α gives

P (X,β) = E(X,β)A(X,β), P (α, Y ) = −E(α, Y )B(α, Y )

for all α ∈ S1 and β ∈ S2. Since t < τ = c0h
3/N , Lemma 4.13 gives P = EQ, where degXQ < k1 and

degYQ < k2. Hence the evaluation of Q lies in C1 ⊗ C2, and M = (A−Q) + (B +Q).
Let J be the set of nonzero columns ofA−Q, and let I be the set of nonzero rows ofB+Q. For β ∈ J ,

the column identity above and P = EQ imply that E(X,β) ≡ 0. Hence Y − β divides E, so there are at
most eY such values of β. Thus |J | ⩽ eY ⩽ t. The row identity similarly gives |I| ⩽ eX ⩽ t.

By the Reed–Solomon distance bound, every nonzero column of A−Q and nonzero row of B +Q has
weight at least h + 1. Outside the rows in I , the table B + Q vanishes, so M = A − Q. Therefore each
column in J contributes at least h+ 1− |I| nonzero entries to M . The symmetric row count gives

w ⩾ |J |(h+ 1− |I|), w ⩾ |I|(h+ 1− |J |).

Since |I|, |J | ⩽ t < h/4, this gives |I|, |J | ⩽ 2w/h. Consequently,

w ⩾
h

2(n1 + n2)

(
n1|J |+ n2|I|

)
⩾ ρ
(
n1|J |+ n2|I|

)
,

where h/(2(n1 + n2)) ⩾ ε/(4K) ⩾ ρ.
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It remains to consider w ⩾ τ2/4. Keep the original decomposition M = A + B. Since A has at most
n2 nonzero columns and B has at most n1 nonzero rows, n1|A|col + n2|B|row ⩽ 2N . Hence

w ⩾
τ2

8N

(
n1|A|col + n2|B|row

)
⩾ ρ
(
n1|A|col + n2|B|row

)
,

because τ2/(8N) = c20h
6/(8N3) ⩾ c20ε

6/(8K3) = ρ.
Finally, for coordinate-rescaled codes, apply the unscaled result to D−11 MD−12 and rescale the resulting

decomposition back. This preserves Hamming weight and the sets of nonzero rows and columns, so the
same ρ works.

5 Private and Robust Circuit for the Zero-on-Subcube Problem

We start by defining the zero-on-subcube problem,

Definition 5.1 (k-dimensional Zero-on-Subcube Problem). Fix k ⩾ 2 and a prime q. For every i ∈ [k], let
Γi = ⟨ωi⟩ ⩽ F×q have order hi, choose ζi ∈ F×q , and put Hi = ζiΓi, D =

∏k
i=1Hi. For a ∈ {0, . . . , hi −

1}, define the one-coordinate shift σi,a(x1, . . . , xk) = (x1, . . . , ω
a
i xi, . . . , xk). A k-dimensional zero-on-

subcube instance over D is I = (Fq, D,Ψ, C), where Ψ = (ψ1, . . . , ψt) is a labeled list whose entries are
the identity or one-coordinate shifts σi,a : D → D, and

C(X, Y1, . . . , Yt) ∈ Fq[X1, . . . , Xk, Y1, . . . , Yt]

satisfies degXi
C < hi for every i and degYC ⩽ 3.

We use the same formulas to extend the maps in Ψ to Fkq . For any polynomial P ∈ Fq[X1, . . . , Xk],
define its constraint polynomial

BP (X) = C
(
X, P (ψ1(X)), . . . , P (ψt(X))

)
.

For a table A : D → Fq, let Ã be its unique interpolating polynomial satisfying degXi
Ã < hi for every i,

and write BA := B
Ã

.
We say that A satisfies I if BA|D ≡ 0, and that I is satisfiable if some table A satisfies I . Then define

the zero-on-subcube function fI(A) as, fI(A) = 1 if A satisfies I , and let fI(A) = 0 otherwise.

Note that if P |D = A, then, since every map in Ψ preserves D, BP |D = BA|D.
Next we define the circuit model we use formally.

5.1 Circuit Model

For words u, v on the same finite coordinate set, let dist(u, v) denote their Hamming distance. For a set of
words S, put dist(u,S) = minc∈S dist(u, c).

Definition 5.2 (Randomized classical encoding). A randomized classical encoding is a map Enc : Fmq ×
R −→ FN0

q . For x ∈ Fmq , let Enc(x) = {Enc(x; r) : r ∈ R}, and let Cx be the distribution of Enc(x; r)
for uniform r. Thus Cx is the secret-sharing distribution for x. The underlying classical code is Cin =⋃
x∈Fm

q
Enc(x). We assume that this code supports a randomized local membership test Test. On input

a word W , the test uses fresh randomness and accepts or rejects, with Pr[Test(W ) rejects] = 0 ⇐⇒
W ∈ Cin.
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As noted in the proof overview, our construction for the zero-on-subcube is significantly simpler if one
allows for auxiliary proofs supplied by an external prover (even though these are not necessary) in the circuit
model. This is compatible with our final application to PCPs, so we use this stronger model,

Definition 5.3 (Private & Robust Circuit with Auxiliary Proofs). Let f : Fmq → {0, 1}. A private, robust
circuit for f with respect to a randomized encoding (Enc(·),Test) is a pair (C, T ), where C is an L-layer
computation circuit and T is a randomized local tester.

The first layer of the circuit takes in inputs of length denoted by N0. The ℓth layer of the circuit receives
(Wℓ−1,Πℓ, Rℓ), where Wℓ−1 is the current state, Πℓ consists of auxiliary words supplied by an external
prover, and Rℓ consists of fresh random words independent of x and of one another. The construction
specifies their honest distributions. The computation gates in layer ℓ produce Wℓ, and each gate has fanin
at most ∆fan, which we call the fanin of the circuit.

The tester T has oracle access to the input and computation-output wires of all layers. It uses fresh
randomness, independent of the circuit words and of the faulty gates, and accepts or rejects. For every fixing
of its randomness, it queries at most ∆fan wires. Rejection probabilities below are over this randomness for
a fixed execution. The final state WL ∈ {0, 1} is the circuit output.

1. Honest Correctness: For every x, if W0 ∼ Cx, there exists a choice of distributions for the auxiliary
words so that T accepts with probability one and WL = f(x).

2. Privacy: In an honest execution, where the auxiliary and random words follow their prescribed dis-
tributions,

(a) We say the circuit is δ-layerwise-private if the values on any set containing fewer than a δ-
fraction of the full input block (Wℓ−1,Πℓ, Rℓ) of any layer are independent of x.

(b) Let TrC(x) denote the collection of all input, auxiliary, random-input, and computation-output
wires. Let µ be any probability measure on the coordinates of this transcript. We say that C is
ν-jointly private under µ if, for every x, x′ ∈ Fmq and every set T of transcript coordinates with
µ(T ) < ν,

TrC(x)|T
d
= TrC(x

′)|T .

3. Robustness: An ϵlay-faulty execution is one in which the adversary changes the outputs of fewer than
an ϵlay-fraction of the computation gates in each layer. All remaining computation gates evaluate
correctly on their actual inputs. The circuit has robustness parameters (γ, ϵin, ϵlay) if,

(a) For arbitrary auxiliary and random words, if Pr[T rejects] ⩽ γ, then dist(W0, Cin) ⩽ ϵinN0.

(b) For every x satisfying dist(W0,Enc(x)) ⩽ ϵinN0, on any εlay-faulty execution of the circuit, if
Pr[T rejects] ⩽ γ, then WL = f(x).

5.2 Parameters and encodings

We use two Cartesian grids. The computation itself takes place on the constraint grid D =
∏k
i=1Hi, whose

points index the assignment and the constraints. A table T : D → Fq represents the witness. To privately
encode it, we sample uniformly a low-degree polynomial P subject to P |D = T and pass its evaluations
on the larger grid Ω =

∏k
i=1 Si. Thus every table is represented by a randomized tensor Reed–Solomon

codeword. Different choices of P represent the same table on D, and adding a fresh random polynomial
that vanishes on D rerandomizes the representation without changing that table. The circuit maintains such
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representations while it evaluates the constraints, forms the indicator of a violated constraint, and sums this
indicator over D.

The parameters serve different purposes. The algebraic operations determine the degrees of the inter-
mediate polynomials. The larger grid Ω must then be large enough relative to D to keep the corresponding
codes at constant relative distance; this causes most of the increase in size. Privacy comes from the degree
slack left after fixing a polynomial onD, together with our product expansion conjecture, whose hypotheses
require the side lengths of Ω to be pairwise coprime and balanced. The BSS hypercube embedding first
determines how large D must be. The computation then determines the degree profiles, after which we
choose the larger side lengths needed for distance and privacy and realize both grids over a common field.
Write hi = |Hi| and si = |Si|.

Parameter goals and degree profiles. After the instance size n is fixed, we may choose the dimension
k = k(n). We take the hidden side lengths hi to be comparable primes of size at least (n log(n+ 1))1/k,
so that the BSS hypercube embeds into the constraint grid. We choose each evaluation side length to be
si = bihi, where bi = Θ(k log k), and give the input degree a constant fraction of si of slack beyond hi.
Specifically, we set di = hi +

⌈
si
128

⌉
. The circuit operations then force the degree profiles ei = 3di +

hi − 1, ui = 4di + hi − 1, vi = 7di + 2hi − 2. Here ui is the degree of PBPJ , while vi is the degree of
PB(1 − PBPJ). The choices below make the si’s pairwise coprime and 4-balanced. They also give every
component code used by the circuit constant relative distance and leave an absolute constant fraction of
privacy slack.

Lemma 5.4 (Parameter selection). There is an absolute constant C ⩾ 1 with the following property. Let
n ⩾ 1, and let k = k(n) ⩾ 2 be any integer function of n. Then there are a prime q and grids D =∏k
i=1Hi,Ω =

∏k
i=1 Si, with sizes hi = |Hi|, si = |Si|, and N = |Ω| =

∏k
i=1 si, satisfying the following,

1. Degree margins. For η = 1/128 and vi = 7di + 2hi − 2, for every i ∈ [k],

di − hi ⩾ ηsi, vi + 1 ⩽ si/4. (21)

2. Domain sizes: For λk = k log(k + 1),

n < |D| < N ⩽ Ckmax{n log(n+ 1)λkk, λ
2k
k },

1

4
⩽
si
sj

⩽ 4 (i, j ∈ [k]).

Moreover, 2
∑

i⌊log2 hi⌋ ⩾ cn log(n+ 1), for the absolute constant in Lemma 8.1, thus D satisfies the
hypotheses therein.

3. Field and subgroup choices. The hi are distinct primes, and the si are pairwise coprime. We have
N | q − 1 and N < q ⩽ N6. For every i, Si ⩽ F×q is a subgroup of order si, and there exist a
subgroup Γi ⩽ Si of order hi and an element ζi ∈ F×q such that Hi = ζiΓi. Moreover, Hi ∩ Si = ∅,
and both Hi and Si are invariant under multiplication by Γi.

Proof. Put λk = k log(k + 1). By the prime number theorem, there is an absolute constant A0 such that,
for every integer t ⩾ 1 and every real x ⩾ A0t log(t+ 1), the interval (x, 2x) contains at least t primes. Fix
a sufficiently large absolute constant A ⩾ A0, increasing it as needed below, and set

B = Aλk, L = max{A(n log(n+ 1))1/k, 4B}.
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The scale B makes the bi’s sufficiently large for the degree margins. The first term in L ensures the
hypercube-embedding condition in (2), while L ⩾ 4B separates the two prime intervals. Both B and L
satisfy the preceding prime-counting bound with t = k, thus we can choose distinct primes b1, . . . , bk ∈
(B, 2B) and h1, . . . , hk ∈ (L, 2L).

(1) Degree margins. Set si = bihi and di = hi +
⌈
si
128

⌉
. It is clear that di − hi ⩾ si

128 and since bi ⩾ 128,

vi + 1 = 9hi + 7
⌈ si
128

⌉
− 1 ⩽

si
8
+ 6 ⩽

si
4
.

(2) Domain sizes. For all i, j ∈ [k], 1/4 < si
sj
< 4. Since bi > 1, N > |D| =

∏
i hi. Moreover,

|D| > Lk ⩾ Akn log(n+ 1) > n

for sufficiently large A. Also, si < 4BL = O
(
λkmax{(n log(n+ 1))1/k, λk}

)
, thus, for some absolute

constant C,
N =

∏
i

si ⩽ Ckmax{n log(n+ 1)λkk, λ
2k
k }.

Finally, since 2⌊log2 hi⌋ > hi/2 for every i,

2
∑

i⌊log2 hi⌋ >
∏
i

hi
2
>

(
L

2

)k
⩾

(
A

2

)k
n log(n+ 1).

For sufficiently largeA, the last expression is a sufficiently large absolute-constant multiple of n log(n+ 1),
as required.

(3) Field and subgroup choices. Since L ⩾ 4B, all 2k primes are distinct. It follows immediately that the
si’s are pairwise coprime.

By Xylouris’s form of Linnik’s theorem [Xyl09], every sufficiently large M admits a prime q ≡ 1
(mod M) with q ⩽ M6. Since N > (BL)k, our choice of A ensures that N exceeds this absolute
threshold. Linnik’s theorem therefore gives a prime q ≡ 1 (mod N) with N < q ⩽ N6. Since F×q is
cyclic, it has subgroups Si of orders si and subgroups Γi ⩽ Si of orders hi. Read indices cyclically modulo
k, and choose ζi ∈ Si+1 of order bi+1. Pairwise coprimality gives Si ∩ Si+1 = {1}, so ζi /∈ Si. Thus
Hi = ζiΓi is disjoint from Si. The invariance properties follow from the definitions.

Exhaustive search with deterministic primality testing finds the primes in the two intervals and a prime
q ≡ 1 (mod N) below N6. It also constructs the required subgroups in time polynomial in k and N .

Fix a choice from Lemma 5.4. For a degree vector a = (a1, . . . , ak) ∈ Zk⩾0, write Pa = {P ∈
Fq[X1, . . . , Xk] : degXi

P ⩽ ai for every i}. We also write Pa1,...,ak for this space and interpret vector
inequalities and sums coordinatewise. Define the tensor code Ca = evΩ(Pa) =

⊗k
i=1RS(Si, ai + 1).

A representation is simply a low-degree extension fromD to Ω. More precisely, for a table T : D → Fq,
let Ra(T ) = {P ∈ Pa : P |D = T}. A degree-a representation of T is evΩ(P ) for P ∈ Ra(T ). It
is uniform if P is sampled uniformly from this affine space. Coordinatewise interpolation shows that the
restriction map is surjective when ai ⩾ hi − 1 for every i. Thus Enc(A) = {evΩ(P ) : P ∈ Rd(A)}, and
CA is the distribution of evΩ(P ) for P ∼ Unif(Rd(A)). Let Za := Ra(0) = {R ∈ Pa : R|D = 0}. For
every P0 ∈ Ra(T ),

Ra(T ) = P0 + Za. (22)
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Thus adding an independent uniform element of Za to any degree-a representation of T produces a fresh
uniform representation of the same table.

Let Zi(Xi) =
∏
a∈Hi

(Xi − a). For a degree profile a with ai ⩾ hi, define

Φ :
k⊕
i=1

Qi(a) −→ Za, Φ(Q1, . . . , Qk) =
k∑
i=1

ZiQi. (23)

By Fact 3.3, Φa is surjective, in fact, each polynomial P ∈ Za has the same number of preimages, denoted
by Φ−1(P ).

5.3 The Circuit Construction for Zero-on-Subcube

The circuit computes the constraint values B = BA|D, converts them to the indicator U = 1[B ̸= 0], and
sums U over D. It uses two primitives: SampleMaska samples a uniform polynomial in Za, and Testa tests
a uniformly random axis line of a word.

Primitive Testa.

Input. An index j ∈ [k], a degree profile a = (aj , . . . , ak), and a word W on
∏k
i=j Si.

Procedure. Choose i ∈ {j, . . . , k} uniformly, and then choose an i-axis line ℓ uniformly. Reject if W |ℓ /∈
RS(Si, ai + 1), and otherwise accept.

Primitive SampleMaska.
Input. Words W1, . . . ,Wk on Ω, supplied on random-input wires. Their prescribed honest distribution is
Wi = evΩ(Ri), where the Ri’s are independent and Ri is uniform in Qi(a).
Procedure. At every x ∈ Ω, form R(x) =

∑k
i=1 Zi(xi)Wi(x).

Output. Each data gate that uses R(x) evaluates it directly from W1(x), . . . ,Wk(x) (there is no actual
output).

We invoke SampleMaska as a black box: an invocation to get a mask R places its random-input words
and the data gates that use R in the same layer. All mask calls named in one step and that step’s data gates
run in parallel.

Whenever a gate decodes a component-code word, it uses the unique codeword at distance less than half
the minimum distance of the component code, if one exists; otherwise, it returns a fixed default codeword.
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Circuit Construction.

1. Input. The initial state is the evaluation table PA.

2. Constraint evaluation. Invoke SampleMaske to get RB . In parallel, the data gate at x ∈ Ω decodes
the k axis lines of PA through x and computes

PB(x) = C
(
x, (PA(ψ(x)))ψ∈Ψ

)
+RB(x). (24)

For an identity query it uses the value from the first decoded line; for a shift in coordinate i it uses the
corresponding value from the decoded i-line.

3. Candidate inverse (auxiliary input). For B = BA|D, the honest prover sets

J(z) =

{
B(z)−1, B(z) ̸= 0,

0, B(z) = 0,
z ∈ D, (25)

and independently samples PJ ∼ Unif(Rd(J)).

4. Indicator. Independently invoke SampleMasku and SampleMaskv to get RU and RV , respectively.
One layer has data gates that compute

PU = PBPJ +RU , (26)

PV = PB(1− PBPJ) +RV . (27)

5. Vanishing certificate. The prover supplies auxiliary words (Q1, . . . , Qk) on Ω. In the honest execu-
tion, this tuple is chosen uniformly at random from Φ−1(PV ). For later use, define

E(x) = PV (x)−
k∑
i=1

Zi(xi)Qi(x) (28)

6. Aggregation. Let P (0) = PU and define P (1), . . . , P (k−1) recursively by

P (i)(xi+1, . . . , xk) =
∑
a∈Hi

P̂
(i−1)
x′ (a), (29)

where x′ = (xi+1, . . . , xk) and P̂ (i−1)
x′ is the polynomial decoded from the corresponding Si-line. For

i = 1, . . . , k − 1, one layer computes P (i) by (29).

7. Output. The final layer has one data gate that computes

ν =
∑
a∈Hk

P̂ (k−1)(a) (30)

and outputs 1[ν = 0].
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We pair the circuit above with the following randomized local tester,
Randomized Tester T .

The tester chooses uniformly among the following F = 2k + 8 tests and runs the selected test:

1. Four tests: apply Testd to PA, Teste to PB , Testd to PJ , and Testv to PV , respectively.

2. k tests: for each i ∈ [k], apply Test(ui,...,uk) to P (i−1), where P (0) = PU .

3. Three tests: one for each of the three mask calls to SampleMaska, which in turn randomly runs one
of k tests.

4. k tests: for each i ∈ [k], apply Test(v1,...,vi−1,vi−hi,vi+1,...,vk) to Qi.

5. One test chooses x ∈ Ω uniformly and rejects if E(x) from (28) is not equal to 0.

5.4 Guarantees of the Construction

Theorem 5.5 (Private, robust circuit for zero-on-subcube). Assume the setting of Lemma 5.4 and Con-
jecture 4.2 with product expansion constant being ρ = ρ(k, 1/128, 4). Let I = (Fq, D,Ψ, C) be a k-
dimensional zero-on-subcube instance over these parameters. Then fI admits a private and robust circuit
in the sense of Definition 5.3 with the following properties,

1. Honest correctness.

2. Layerwise privacy at least Ω(ρk−1/k) and joint privacy under the measure µ from Section 6.3 at least
exp
(
−O(k3 + k2 log(1/ρ))

)
/|Ψ|.

3. Robustness with all parameters being at least exp(−O(k)).

4. The circuit has encoding lengthN , fan-inO(kN1/k), depthO(k), and width and gate countO(k2N).
The tester makes O(N1/k + k) queries.

Its description can be constructed in time polynomial in k, N , size(I), and log q.

Proof. Honest correctness. Every axis-line check in T accepts with probability one in the honest execution.
Each SampleMaska call evaluates a degree-a polynomial that vanishes on D.

The shift maps preserve individual degree, and C has degree less than hi in Xi and query degree at most
three. Hence

BPA
|D = BA|D, degXi

BPA
⩽ 3di + hi − 1 = ei. (31)

Thus PB = BPA
+RB has degree at most e and represents B = BA|D.

The degrees of PU and PV are at most e+d = u and 2e+d = v, respectively. SinceRB, RU , RV vanish
on D, the honest inverse (25) and equations (26)– (27) give U = BJ = 1[B ̸= 0], V = B(1 − BJ) = 0.
In particular, PV ∈ Zv. By Fact 3.3, suitable certificate polynomials Qi ∈ Qi(v) exist, and E(x) = 0 for
every x ∈ Ω. Hence the certificate check accepts with probability one. Thus every constituent check of T
accepts with probability one.

Successive aggregation computes

ν =
∑
z∈D

U(z) =
∣∣{z ∈ D : B(z) ̸= 0}

∣∣ · 1Fq .
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Because q > |D|, this is zero exactly when BA|D ≡ 0. The final output is therefore fI(A).

Privacy. Put η = 1/128 and
τk = ηρk−1.

By Lemma 6.1, the circuit has layerwise privacy τk/(2k + 2). Let C(ρ, k) ⩾ 1 be the constant from
Corollary 4.4, and put

νk =
τk

3(2k + 8)(|Ψ|+ 1)C(ρ, k)
.

By Lemma 6.3, the circuit is νk-jointly private under µ. The full-dimensional part of the construction has
O(1) layers, and each of the k−1 aggregation stages hasO(1) layers, soL = O(k). Moreover, Corollary 4.4
gives C(ρ, k) = exp

(
O(k3 + k2 log(1/ρ))

)
. Therefore

νk ⩾
1

|Ψ|+ 1
exp

(
−O

(
k3 + k2 log(1/ρ)

))
,

as claimed.

Robustness. Lemma 7.1 supplies parameters ϵin,k, ϵlay,k, γk, each at least exp(−O(k)), and proves the two
robustness guarantees in Definition 5.3.

Circuit parameters. Put β = 4, as in Lemma 5.4, and let smax = maxi si. The side-ratio bound gives

N ⩾ skmax/β
k−1,

∑
i

si ⩽ kβ(k−1)/kN1/k < 4kN1/k.

A constraint gate reads the k axis lines through its coordinate and one mask value. Every other gate reads at
most one axis line or k + 2 field values, proving the fan-in bound. The layer count above gives depth O(k).

At most O(k) full-grid words occur in any layer. Each constituent check of T queries either one axis
line or at most k+1 field values. Thus its query complexity is O(N1/k+k), within the stated fan-in bound.
The construction algorithms give the stated running-time bound.

6 Privacy of the Circuit Construction

6.1 Layerwise Privacy of the Circuit

In this section we show that each input layer of an honest execution of the circuit is private. The proof is
quite straightforward given the privacy of the underlying private code from Corollary 4.3 which shows that
a sufficiently small view of a uniform representation is independent of the encoded message.

Lemma 6.1 (Layerwise privacy). Assume the setting of Lemma 5.4. If k > 2, assume Conjecture 4.2 and
let ρ = ρ(k, η, β) for η = 1/128 and β = 4, be the relevant product-expansion constant.

In an honest execution of the circuit in Section 5.3, the values on any set containing fewer than a δk-
fraction of the full input block (Wℓ−1,Πℓ, Rℓ) of any layer have a distribution independent of A, that is, the
circuit is ηρk−1

2k+2 -layerwise-private.

Proof. Fix an assignment A. All tables constructed from A, such as B, J, U, V , are then fixed; the random-
ness lies only in their representations and in the random zero representations used by the circuit.

The parameter setting in Lemma 5.4, point (1), implies that for η = 1/128 and for each i, di− hi ⩾ ηsi
hence each degree profile using in the circuit construction, satisfies the hypotheses of Corollary 4.3 and has
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relative privacy at least, τk = ηρk−1 (by the equivalence between relative dual distance and privacy in (2)
from Section 3). Thus, for any represented table, the distribution of a view containing at most τk-fraction of
the coordinates is independent of that table.

Every layer input consists of equally sized words and one can check that each layer contains at most
2k + 2 words. We will prove that, in each layer, every joint view containing fewer than a τk-fraction of one
word is independent of A, thus giving us that touching at most τk/(2k + 2)-fraction of the layer reveals no
information about A.

Constraint-evaluation layer. The word PA is a uniform representation of A. Consequently, the part of
the view lying in PA has a distribution independent of A. The component words defining RB are sampled
independently of (A,PA). Their contribution to the view is therefore independent of both A and the viewed
coordinates of PA. Hence, the entire joint view is independent of A.

Indicator layer. Let B = BA|D. The constraint-evaluation layer computes

PB = C
(
X,
(
PA(ψ(X))

)
ψ∈Ψ

)
+RB.

The first summand represents B, and RB is an independent uniform zero representation. Therefore, PB is a
uniform representation of B, whose distribution for fixed B does not depend on the particular value of PA.

Let J be the table defined by J(x) = B(x)−1 when B(x) ̸= 0, and J(x) = 0 otherwise. The word PJ
is sampled independently as a uniform representation of J . Thus, the words PB and PJ are independent.
The viewed coordinates in each word occupy fewer than a τk-fraction of that word, so code privacy makes
the first distribution independent of B and the second independent of J . Their joint distribution is therefore
fixed and independent of A.

Finally, the component words defining RU and RV are sampled independently of (A,PB, PJ). Adding
any coordinates from those words to the view preserves independence from A. Hence, the entire indicator-
layer view is independent of A.

Vanishing-certificate layer. Define U = BJ and V = B(1 − BJ). By the definition of J , we have
V = 0. As above, the independent uniform zero representations RU and RV make PU and PV independent
uniform representations of U and V , respectively. In particular, PV is a uniform zero representation and is
independent of both A and PU .

Given PV , the prover samplesQ1, . . . , Qk using fresh randomness according to the vanishing-certificate
procedure. It follows that (PV , Q1, . . . , Qk) is independent of (A,PU ). The part of the view lying in PU is
independent of A by code privacy, while all remaining viewed coordinates belong to a tuple independent of
both A and PU . Hence, the complete vanishing-certificate view is independent of A.

Aggregation and final layers. Put P (0) = PU . For every i, each coordinate of P (i) is obtained from the
corresponding S1×· · ·×Si slice of PU , and distinct coordinates of P (i) correspond to disjoint slices. Since

|P (i)| = |PU |
|S1| · · · |Si|

,

a given fraction of the coordinates of P (i) is determined by the same fraction of the coordinates of PU .
In particular, a view containing fewer than a τk-fraction of P (i) is a deterministic function of fewer than a
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τk-fraction of PU . The latter view is independent of A by the privacy of PU , and therefore so is the former.
This applies to every aggregation layer, including the final-layer input P (k−1).

We have shown that every layer input is private against every joint view containing fewer than a τk-
fraction of one word. Since each input contains at most 2k + 2 equally sized words, the circuit is layerwise
private with τk

2k+2 = ηρk−1

2k+2 .

6.2 Joint Privacy of Nullstellensatz Certificates

For each message m ∈ FDq , let G(m) ∈ Za be a possibly random polynomial whose distribution may
depend on m. In particular, G(m)|D = 0. Conditioned on G(m), sample

NS(G(m)) = (Q1, . . . , Qk)

uniformly among the degree-bounded tuples satisfying G(m) =
∑k

i=1 ZiQi.
Suppose that every sufficiently small local view of G(m) is independent of m. We show that a small

joint view of G(m) and its certificate is also independent of m. Thus adjoining a uniformly random Null-
stellensatz certificate reveals no more than a somewhat larger local view of G(m).

Certificate spaces and relative robust testability. Continue with the degree profile a and the spaces
Vi,Ki, Ui,Wi, Ei,Di,D from Section 4. We identify polynomials with their evaluation vectors on Ω. If
Ri := ZiQi, then Ri ∈ Ei, and the certificate identity becomes

∑k
i=1Ri = G. We use relative robust

testability in the form of Corollary 4.4.
Since evaluation is injective under the standing degree bounds, and Zi is nonzero on Si, multiplication

by Zi|Si identifies the evaluation code of the ith quotient space with Ei. Consequently, conditioned on
G = g, a uniform certificate induces the uniform distribution on the affine space

F(g) =

{
(R1, . . . , Rk) ∈

k⊕
i=1

Ei :

k∑
i=1

Ri = g

}
. (32)

Fourier characters. Fix two messagesm,m′ and a queried view, and denote the resulting random vectors
by Xm and Xm′ . Our goal is to prove Xm

d
= Xm′ .

Fix a nontrivial additive character ψ : Fq → C×. For θ ∈ FTq , define

χθ(y) = ψ

(∑
x∈T

θ(x)y(x)

)
.

As θ varies, these are all the characters of FTq . Fourier inversion therefore shows that Xm and Xm′ have the
same distribution if and only if E[χθ(Xm)] = E[χθ(Xm′)] for every θ. For example, over Fn2 the characters
are

χJ(y) = (−1)
∑

j∈J yj =
∏
j∈J

(−1)yj , J ⊆ [n].

Thus equality of distributions amounts to equality of all mixed moments of the sign variables (−1)yj , or
equivalently of all multilinear moments of the bits yj .
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Lemma 6.2 (Joint privacy of Nullstellensatz certificates). Assume the hypotheses of Corollary 4.4 for the
degree profile a, and let C(ρ, k) be the constant from that corollary. Suppose that, for every T ⊆ Ω with
|T | ⩽ s, the distribution of G(m)|T is the same for every message m. Let TG, T1, . . . , Tk ⊆ Ω satisfy

|TG|+ C(ρ, k)

k∑
i=1

|Ti| ⩽ s.

Then the distribution of
(G(m)|TG , Q1|T1 , . . . , Qk|Tk)

is the same for every message m.

Proof. Fix a Fourier character of the queried view. Let µ, λ1, . . . , λk ∈ FΩ
q be its coefficient vectors,

extended by zero outside TG, T1, . . . , Tk, respectively. We must show that

E

[
ψ

(
⟨µ,G(m)⟩+

k∑
i=1

⟨λi, Qi⟩

)]
(33)

is independent of m, where ⟨f, g⟩ =
∑

x∈Ω f(x)g(x). The expectation is over the randomness of both
G(m) and the certificate.

For x = (x1, . . . , xk) ∈ Ω, define

αi(x) =
λi(x)

Zi(xi)
.

The denominator is nonzero because Si ∩Hi = ∅. Hence

⟨λi, Qi⟩ = ⟨αi, Ri⟩, wt(αi) = wt(λi) ⩽ |Ti|.

Fix G = g and one tuple (R0
1, . . . , R

0
k) ∈ F(g). Every tuple in F(g) is uniquely of the form

(R1, . . . , Rk) = (R0
1, . . . , R

0
k) + (∆1, . . . ,∆k),

where (∆1, . . . ,∆k) is uniform in

N =

{
(∆1, . . . ,∆k) ∈

k⊕
i=1

Ei :

k∑
i=1

∆i = 0

}
.

Therefore

E

[
ψ

(
k∑
i=1

⟨αi, Ri⟩

)∣∣∣∣∣G = g

]
= ψ

(
k∑
i=1

⟨αi, R0
i ⟩

)
E

∆∈N
ψ

(
k∑
i=1

⟨αi,∆i⟩

)
.

The last average is zero unless

k∑
i=1

⟨αi,∆i⟩ = 0 for every ∆ ∈ N . (34)

Indeed, if the expression on the left is a nonzero Fq-linear map onN , its image is Fq, and the average of the
nontrivial character ψ over Fq is zero.
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Suppose (34) holds. We use it to construct a single vector L0 ∈ FΩ
q satisfying

L0 − αi ∈ Di for every i;

we can then apply relative robust testability to L0. Let E =
∑

iEi. For Y ∈ E, choose Yi ∈ Ei such that
Y =

∑
i Yi, and define

ℓ(Y ) =
∑
i

⟨αi, Yi⟩.

This definition does not depend on the chosen decomposition. Indeed, if Y =
∑

i Yi =
∑

i Y
′
i , then

(Yi − Y ′i )i ∈ N , and hence (34) gives
∑

i⟨αi, Yi⟩ =
∑

i⟨αi, Y ′i ⟩. Thus ℓ : E → Fq is a well-defined linear
map. Every such map can be written as a dot product with some L0 ∈ FΩ

q , so choose L0 such that

ℓ(Y ) = ⟨L0, Y ⟩ for every Y ∈ E.

For any Yi ∈ Ei, the definition of ℓ gives ℓ(Yi) = ⟨αi, Yi⟩. Therefore

⟨L0 − αi, Yi⟩ = 0 for every Yi ∈ Ei,

and hence L0 − αi ∈ E⊥i = Di, as required.
By Corollary 4.4, choose d ∈ D nearest to L0, and set L = L0 − d. Then

wt(L) ⩽ C(ρ, k)
k∑
i=1

wt(αi) ⩽ C(ρ, k)
k∑
i=1

|Ti|. (35)

Moreover, d ∈ D ⊆ Di, so
L− αi ∈ Di for every i. (36)

The vector L depends only on the fixed character and the spaces Di, not on g or m.
Since Di = E⊥i , every valid certificate satisfies

k∑
i=1

⟨λi, Qi⟩ =
k∑
i=1

⟨αi, Ri⟩

=
k∑
i=1

⟨L,Ri⟩ =

〈
L,

k∑
i=1

Ri

〉
= ⟨L,G⟩. (37)

Condition (34) depends only on the character, not on g. If it fails, the conditional expectation in (34) is
zero for every g. If it holds, (37) shows that, conditioned on G = g, the character in (33) equals ψ

(
⟨µ +

L, g⟩
)
. Thus (33) is either zero or equals

E
[
ψ
(
⟨µ+ L,G(m)⟩

)]
.

Finally,

wt(µ+ L) ⩽ |TG|+ C(ρ, k)
k∑
i=1

|Ti| ⩽ s.

The distribution of G(m) on the support of µ + L is independent of m, so this expectation is independent
of m. Every Fourier-character expectation of the queried view is therefore independent of m, and Fourier
inversion proves the lemma.
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6.3 Joint Privacy of Circuit Construction

Layerwise privacy does not by itself give privacy for a view spread across several layers, even with a
constant-factor loss depending on k. We therefore prove joint privacy under an appropriate measure that
is induced by the verifier in our private-PCP construction.

First, let VC be the following query procedure. With probability 1/3, it queries the final output. With
probability 1/3, it chooses one of the L layers uniformly, then chooses a computation gate in that layer
uniformly and queries its inputs and output. With probability 1/3, it runs the circuit tester T . For a random
choice r of VC , let QV(r) be the nonempty set of transcript coordinates queried, and let p(r) be the proba-
bility of r. Then let µ be the measure induced by VC on the transcript: run VC and then choose a uniformly
random coordinate among those queried.

Lemma 6.3 (Joint privacy). Continue with the setting and notation of Lemma 6.1. Let C(ρ, k) ⩾ 1 be the
constant from Corollary 4.4. For η = 1/128, put

τk = ηρk−1, νk =
τk

3(2k + 8)(|Ψ|+ 1)C(ρ, k)
.

Then the circuit from Section 5.3 is νk-jointly private under the measure µ defined above.

Proof. We first condition on all random-input words used to form RB, RU , RV . Their values are indepen-
dent of A, and after conditioning they determine fixed polynomials that vanish on D. We suppress these
fixed terms and use the dependency bookkeeping of the circuit with the three mask-sampling calls omitted.
The viewed mask coordinates are fixed under this conditioning. We average over the masks at the end.

For every assignment, PV ∈ Zv. Conditioned on PV , the prover samples (Q1, . . . , Qk) uniformly from
Φ−1v (PV ) using fresh randomness.

Let T be a set of transcript coordinates with µ(T ) < νk. Note that the final output has µ-measure at
least 1/3 > νk, so T cannot contain it.

Let Y consist of all its remaining coordinates other than the mask coordinates and those ofPV , Q1, . . . , Qk.
None of the coordinates in Y depends on the fresh certificate randomness. Let TV and Ti be the viewed co-
ordinates of PV and Qi, respectively, and put

s = |TV |+ C(ρ, k)

k∑
i=1

|Ti|.

We first show that, for every S ⊆ Ω with |S| ⩽ s, the joint distribution of (Y, PV |S) is independent of A.
For the measure bookkeeping, let

W = {PA, PB, PJ , PV , P (0), . . . , P (k−1), Q1, . . . , Qk}, P (0) = PU ,

and write TW = T ∩W . Every wordW ∈ W has its own constituent axis-line test in T . Conditional on this
test, a random line together with the factor 1/|QV(r)| assigns each coordinate of W weight exactly 1/|W |.
Since T chooses uniformly among F = 2k + 8 constituent tests,

µ(T ) ⩾
1

3F

∑
W∈W

|TW |
|W |

.

The other verifier tests only add nonnegative weight.
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Fix S ⊆ Ω with |S| ⩽ s, and trace the coordinates of (Y, PV |S) back to PA and PJ . In an honest
execution, a coordinate of PB is determined by at most |Ψ| coordinates of PA, and a coordinate of PU or PV
additionally uses one coordinate of PJ . A coordinate of P (i) is determined by a slice of PU of sizeN/|P (i)|,
and these slices are disjoint for distinct coordinates. Replacing the certificate view by a view of PV costs
the factor C(ρ, k) in the definition of s. Since C(ρ, k) ⩾ 1, (Y, PV |S) is determined by sets SA, SJ ⊆ Ω
satisfying

|SA|+ |SJ | ⩽ (|Ψ|+ 1)C(ρ, k)N
∑
W∈W

|TW |
|W |

< 3F (|Ψ|+ 1)C(ρ, k)Nνk = τkN.

The strict inequality follows from the preceding measure bound and µ(T ) < νk; the equality usesF = 2k+8
and the definition of νk.

Conditioned on (A, J), the polynomials PA and PJ are independent uniform representations of A and
J . By Corollary 4.3 and (2), the joint law of (PA|SA

, PJ |SJ
) is independent of (A, J). Hence (Y, PV |S) is

independent of A, as claimed.
It remains to restore the certificate view. The law of Y is independent of A. Fix any y in its common

support. For every S ⊆ Ω with |S| ⩽ s, the conditional distribution of PV |S given Y = y is independent
of A. Moreover, conditioned on PV and Y = y, the certificate remains uniform in Φ−1v (PV ). Applying
Lemma 6.2 to G = PV and its certificate (Q1, . . . , Qk), conditioned on Y = y, shows that

(PV |TV , Q1|T1 , . . . , Qk|Tk |Y = y)

has the same distribution for every assignment A. Combining this with the assignment-independent law of
Y proves privacy of the entire view for every fixed realization of the random-input words. Averaging over
their assignment-independent distribution proves the claim.

7 Adversarial Robustness of Construction

Lemma 7.1 (Global robustness). Assume the setting of Lemma 5.4. There are positive parameters ϵin,k,
ϵlay,k, and γk, each at least exp(−O(k)), for which the circuit–tester pair in Section 5.3 satisfies the robust-
ness clause of Definition 5.3. This holds for arbitrary prover words, arbitrary values on the random-input
wires, and every ϵlay,k-faulty execution. In particular:

1. if Pr[T rejects] ⩽ γk, then the input is within ϵin,kN of Cin; and

2. if the input is within ϵin,kN of Enc(A), then every ϵlay,k-faulty execution for which Pr[T rejects] ⩽ γk
outputs fI(A).

This section proves Lemma 7.1. Small axis-line-test rejection probability first gives nearby codewords.
We compare the corrupted execution with a recursively defined reference execution, propagate this compar-
ison through the certificate and aggregation steps, and recover the correct output.

7.1 Soundness of the Axis-Line Test

We use the following consequence of the tensor test. Its proof is standard and follows from [Vid15], but we
include it for our setting of unequal component codes and side lengths in Appendix B.
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Lemma 7.2 (Axis-line soundness). Let r ⩾ 2, and let the nonzero linear codes Ci ⊆ F
S′
i
q , for i ∈ [r], have

relative distance at least ∆. Put

Ω′ =
r∏
i=1

S′i, M = |Ω′|, C =
r⊗
i=1

Ci.

For a word w ∈ FΩ′
q , let bi(w) be the fraction of i-axis lines ℓ for which w|ℓ /∈ Ci. If

τr(∆) =
∆8r

106r16
,

then

Pr[Test(w) rejects] =
1

r

r∑
i=1

bi(w) ⩾ τr(∆)
dist(w, C)

M
.

By Lemma 5.4, every component Reed–Solomon code used by an axis-line check of T has relative
distance at least 3/4. We therefore set

∆∗ =
3

4
, ∆ten = ∆k

∗, τk =
∆8k
∗

106k16
.

Every axis-line test used by T acts on an r-fold tensor product, for some 1 ⩽ r ⩽ k, of these component
codes. The corresponding tensor code therefore has relative distance at least

∆r
∗ ⩾ ∆k

∗ = ∆ten.

If r ⩾ 2, then τr(∆∗) ⩾ τk, so Lemma 7.2 applies. If r = 1, the unique axis line is the whole word, and the
test rejects exactly when the word is not in the component code. Consequently, for every word w of length
M to which T applies an axis-line test, if C denotes the corresponding tensor code, then

Pr[Test(w) rejects] ⩾ τk
dist(w, C)

M
. (38)

The next lemma is used after each computation step. Its first assertion gives a nearby codeword; its sec-
ond identifies this codeword with a specified reference codeword whenever the latter is already sufficiently
close.

Lemma 7.3 (Recovering the reference codeword). Let w be a word of length M to which T applies an
axis-line test, and let C be the corresponding tensor code. If Pr[Test(w) rejects] ⩽ t, then some c′ ∈ C
satisfies

dist(w, c′) ⩽
tM

τk
.

Moreover, if c ∈ C satisfies dist(w, c) + tM
τk

< ∆tenM , then c′ = c.

Proof. The first assertion follows from (38). Under the second assertion’s hypothesis, the triangle inequality
gives

dist(c, c′) < ∆tenM.

Since C has relative distance at least ∆ten, we must have c = c′.
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Lemma 7.4 (SampleMask proximity). Consider a mask-sampling call with parameter a and component
input words W1, . . . ,Wk on Ω. Let pmask be the rejection probability of the constituent check that chooses
i ∈ [k] uniformly and applies the corresponding axis-line test toWi. If pmask ⩽ t, then there areR∗i ∈ Qi(a)
such that, for

R∗ =
k∑
i=1

ZiR
∗
i ∈ Za and RW (x) =

k∑
i=1

Zi(xi)Wi(x),

we have
dist
(
RW , evΩ(R

∗)
)
⩽
ktN

τk
.

Proof. Let pi be the rejection probability of the axis-line test on Wi. Then pmask = 1
k

∑k
i=1 pi.

By Lemma 7.3, there are R∗i ∈ Qi(a) such that

dist
(
Wi, evΩ(R

∗
i )
)
⩽
piN

τk
.

We can thus use a union bound to bound the size of the disagreement set between RW and evΩ(R
∗),

dist
(
RW , evΩ(R

∗)
)
⩽
N

τk

k∑
i=1

pi =
kpmaskN

τk
⩽
ktN

τk
.

7.2 Proof of Lemma 7.1

We prove that, if T has small rejection probability, every computed word remains close to a reference
codeword. For a circuit-computed word, this reference is determined recursively from the references for
the preceding step. For an arbitrary prover word, its test supplies a nearby codeword. For a mask-sampling
primitive, its test shows that the mask values used by the computation gates are close to a polynomial that
vanishes on D. We use these nearby words only as references in the analysis. We then propagate this
comparison through the constraint, certificate, and aggregation steps to show that the circuit produces the
correct output despite the faulty gates.

Proof of Lemma 7.1. Fix a sufficiently large absolute constant C ⩾ 1, then a sufficiently small absolute
constant c0 > 0, and set

ϵ∗ =
c0∆ten

k
, γk =

c0τkϵ∗
k2

. (39)

Set
ϵin,k = ϵ∗, ϵlay,k = γk. (40)

The calculations below show that one choice of C, c0 works for every k ⩾ 2.
The tester hasF = 2k+8 ⩽ 6k tests. For a fixed execution, if their rejection probabilities are p1, . . . , pF ,

then

Pr[T rejects] =
1

F

F∑
s=1

ps. (41)
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Thus, if Pr[T rejects] ⩽ γk, every test rejects with probability at most t := Fγk. Moreover,

kt

τk
= c0

F

k
ϵ∗ ⩽ 6c0ϵ∗ <

ϵ∗
4

(42)

for sufficiently small c0. A direct calculation gives

ϵin,k = Θ

(
(3/4)k

k

)
, ϵlay,k, γk = Θ

(
(3/4)9k

k19

)
.

In particular, all three parameters are at least exp(−O(k)).
We prove the two assertions in Lemma 7.1 separately. First, every word in Cin is a degree-d evaluation,

so Cin ⊆ Cd. Conversely, if c = evΩ(P ) ∈ Cd, then P ∈ Rd(P |D), so c ∈ Enc(P |D). Thus Cin = Cd.
If dist(W0, Cin) > ϵ∗N , then (38) shows that the test on W0 rejects with probability greater than τkϵ∗.

Therefore
Pr[T rejects] >

τkϵ∗
F

> γk,

where the last inequality follows from c0F/k
2 < 1. This proves assertion (1).

For assertion (2), fix A such that dist(W0,Enc(A)) ⩽ ϵ∗N , and choose evΩ(P
∗
A) ∈ Enc(A) within

distance ϵ∗N of W0. Consider an ϵlay,k-faulty execution for which Pr[T rejects] ⩽ γk.
For each nonfinal layer ℓ, let Mℓ be the size of the grid supporting its computation outputs; for an

aggregation layer, this is the shorter target grid. Let Gℓ be the number of computation gates in that layer.
Since Gℓ ⩽ 2Mℓ, the layer contains fewer than 2γkMℓ faulty gates. The final layer has one computation
gate. Since the fault bound is strict and γk < 1, this gate cannot be faulty.

Applying Lemma 7.3 to a tested word on a grid of size M gives a codeword within distance tM/τk.
For an arbitrary prover word, we take this as its reference codeword. If the word already has a prescribed
reference codeword at distance at most Ckϵ∗M , then the two codewords agree: indeed,

Ckϵ∗ +
t

τk
< ∆ten

for sufficiently small c0, because kϵ∗ = c0∆ten. Thus the test places the word within relative distance
t/τk < ϵ∗/4 of its prescribed reference. This also applies to the initial word W0.

For a mask call, Lemma 7.4 and (42) give a reference polynomial that vanishes on D whose evaluations
differ from the mask values used by the computation gates in fewer than ϵ∗N/4 coordinates.

We use one line-decoding calculation. If a word on a grid of size M differs from its reference codeword
in at most ϵ∗M coordinates, any i-axis line decoded differently from the reference line contains at least
∆∗|Si|/2 errors. Hence there are at most

2ϵ∗M

∆∗|Si|
such lines. They affect an O(ϵ∗)-fraction of the coordinates in constraint evaluation and an O(ϵ∗)-fraction
of the outputs in an aggregation.

Constraint and indicator layers. Write wA = W0, and let wB, wJ , wU , wV denote the corresponding
actual circuit words. The test on wA identifies its nearby codeword with evΩ(P

∗
A), and the constraint-mask

call supplies R∗B ∈ Ze. Set
P ∗B = BP ∗

A
+R∗B.
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An incorrect constraint output can arise only from a bad decoded line in one of the k directions, an incorrect
mask value, or a faulty gate. These affect at most Ckϵ∗N coordinates in total. Thus wB is within that
distance of evΩ(P ∗B). Its test identifies this prescribed reference and places wB within relative distance ϵ∗/4
of it. Since R∗B|D = 0 and P ∗A|D = A, we have

B := P ∗B|D = BP ∗
A
|D = BA|D.

The test on the arbitrary prover word wJ supplies a reference polynomial P ∗J ; we assume no relation
between P ∗J and the honest prover word. The two mask calls similarly supply R∗U ∈ Zu and R∗V ∈ Zv.
Define

P ∗U = P ∗BP
∗
J +R∗U , P ∗V = P ∗B(1− P ∗BP ∗J ) +R∗V . (43)

An indicator output can be incorrect only where one of its tested inputs or mask values is incorrect, or where
its gate is faulty. Hence each of wU , wV is within Ckϵ∗N of its prescribed reference codeword. Their tests
identify these references and place the two words within relative distance ϵ∗/4 of them.

Vanishing certificate. For every i ∈ [k], the test on wQi supplies a polynomial Q∗i ∈ Qi(v) whose
evaluation is within relative distance ϵ∗/4 of wQi . Define

e(x) = wV (x)−
k∑
i=1

Zi(xi)wQi(x), E∗ = P ∗V −
k∑
i=1

ZiQ
∗
i .

The polynomial E∗ has degree at most v, and e differs from its evaluation in fewer than (k + 1)ϵ∗N/4
coordinates. If E∗ ̸= 0, then its evaluation has weight at least ∆tenN . Consequently,

wt(e)

N
> ∆ten −

(k + 1)ϵ∗
4

> t

for sufficiently small c0. The certificate test would therefore reject with probability greater than t, a contra-
diction. Hence E∗ = 0.

Let J, U, V be the restrictions to D of P ∗J , P
∗
U , P

∗
V . Restricting E∗ = 0 to D gives V = 0, while

U = BJ, V = B(1−BJ) = B(1− U).

Therefore
U(z) = 1[B(z) ̸= 0] (z ∈ D). (44)

Aggregation. Let w(0) = wU , set P (0),∗ = P ∗U , and define

P (i),∗ = ΣiP
(i−1),∗ (1 ⩽ i ⩽ k − 1). (45)

Let

Ω(i) =

k∏
j=i+1

Sj , M (i) = |Ω(i)|,

with Ω(0) = Ω.
We proceed by induction over i = 1, . . . , k−1. The test on w(i−1) places it within relative distance ϵ∗/4

of ev(P (i−1),∗). The line-decoding calculation shows that only an O(ϵ∗)-fraction of the aggregation outputs
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can then be incorrect. Including the faulty gates, w(i) is within Ckϵ∗M (i) of ev(P (i),∗). Its test identifies
this prescribed reference and again places the word within relative distance ϵ∗/4 of it.

In particular, the final univariate word is within relative distance ϵ∗/4 < ∆∗/2 of evSk
(P (k−1),∗). The

final gate therefore recovers this codeword and computes

ν∗ =
∑
a∈Hk

P (k−1),∗(a) =
∑
z∈D

U(z).

Since B = BA|D and U(z) = 1[B(z) ̸= 0], this is the number of points on which BA is nonzero on D,
viewed as an element of Fq. Because q > |D|, it vanishes exactly when BA|D ≡ 0. The final output is
therefore

1[ν∗ = 0] = fI(A),

which proves assertion (2) and the lemma.

8 Private and Zero-Knowledge PCPs for NP

Ben-Sasson and Sudan [BS08] reduced 3SAT to the Zero-on-Subcube problem for a Reed–Solomon code.
Ben-Sasson et al. [BKK+16] adapted this reduction to tensor products of algebraic-geometry codes. We
need the analogous reduction for tensor products of Reed–Solomon codes. Our construction follows the
same outline but we include the proof in Appendix A for completeness.

8.1 Arithmetization: Reducing 3SAT to Zero-on-Subcube

Lemma 8.1 (Zero-on-Subcube arithmetization). Fix k ⩾ 2 and a prime q. Let Φ be a 3SAT[4] instance of
size n, and let D =

∏k
i=1Hi be as in Definition 5.1. Suppose that 2

∑
i⌊log2 hi⌋ ⩾ cn log(n+ 1), for some

absolute constant c. One can construct a k-dimensional zero-on-subcube instance IΦ = (Fq, D,Ψ, CΦ)
such that:

1. every map in Ψ is the identity or a one-coordinate shift σi,t;

2. |Ψ| = O(log n);

3. Φ is satisfiable if and only if some table A : D → Fq satisfies IΦ;

4. CΦ has an explicit polynomial-size description.

Use the same formula for σi,t on polynomial variables. For P ∈ Fq[X1, . . . , Xk] with degXi
P ⩽ ai, set

BP (X) = CΦ

(
X, (P (ψ(X)))ψ∈Ψ

)
.

For every x ∈ Fkq , this value depends on at mostO(log n) distinct values of P . Moreover, writing A = P |D,

BP
∣∣
D
= BA

∣∣
D
, degXi

BP ⩽ 3ai + hi − 1 (i ∈ [k]).

Consequently,

Φ is satisfiable ⇐⇒ ∃P with degXi
P < hi for every i and BP

∣∣
D
≡ 0.

For an absolute constant Calg, the construction takes at most (k + |D|+ n+ log q)Calg operations.
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8.2 Private PCPs

We start by defining the formal model of a private PCP.

Definition 8.2 (Private PCP for Circuit-SAT). For a Boolean circuit Φ : {0, 1}m → {0, 1}, define

CircuitSAT = {Φ : ∃w ∈ {0, 1}m, Φ(w) = 1}.

A private PCP for CircuitSAT consists of a randomized prover Π, where for every circuit Φ and every
(even possibly unsatisfying assignment) w ∈ {0, 1}m, Π(Φ, w) is a polynomial-time samplable distribution
of honest encodings of w in ΣM , and a nonadaptive probabilistic polynomial-time oracle verifier V making
at most Qqry queries. It has perfect completeness and soundness s if

Pr
π←Π(Φ,w),V

[V π(Φ) = 1] = 1 whenever Φ(w) = 1,

and
Pr
V
[V π(Φ) = 1] ⩽ s for every Φ /∈ CircuitSAT and every π ∈ ΣM .

To define privacy, let µV,Φ be the natural measure induced by the verifier’s queries: sample the verifier’s
randomness and then choose a uniformly random coordinate among those queried. The PCP is ν-private
if, for every Boolean circuit Φ : {0, 1}m → {0, 1}, every w,w′ ∈ {0, 1}m, and every T ⊆ [M ] satisfying
µV,Φ(T ) < ν, the marginal distribution on T is the same for honest encodings of w,w′,

Π(Φ, w)|T
d
= Π(Φ, w′)|T .

We now choose the parameters from Lemma 5.4, apply Lemma 8.1, use Theorem 5.5 to obtain a private
and robust circuit for the resulting Zero-on-Subcube instance, and apply the usual Cook–Levin gate checks
together with its tester T .

Corollary 8.3 (Private PCP). Assume Conjecture 4.2, and put ρ = ρ(k, 1/128, 4). For every k ⩾ 2, a
CircuitSAT instance of size n has a private PCP of size M ⩽ n log(n+ 1) exp(O(k log k)) over alphabet
Fq, where q ⩽M6. The verifier makesO(kM1/k) queries, completeness is perfect, and the soundness error
is at most 1− exp(−O(k)). It is νk-private, where

τk =
ρk−1

128
, νk =

τk
3(2k + 8)(|Ψ|+ 1)C(ρ, k)

, C(ρ, k) = exp
(
O(k3 + k2 log(1/ρ))

)
,

where |Ψ| = O(log n). In particular,

νk ⩾
1

log(n+ 1)
exp
(
−O(k3 + k2 log(1/ρ))

)
.

Proof. Apply Lemma 5.4, and write N = |Ω| and si = |Si| for the resulting evaluation grid and its side
lengths. Apply Lemma 8.1 and theorem 5.5. The proof contains the input, auxiliary, random-input, and
computation-output wires of the resulting circuit, with each physical wire stored once. There are 4k + 5
full-grid words, together with the shorter aggregation words and the final output bit. Thus its length is

M = (4k + 5)N +
k−1∑
i=1

N

s1 · · · si
+ 1 = O(kN).
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Since every si ⩾ 2, the sum is less than N . Consequently, Lemma 5.4 gives

M ⩽ n log(n+ 1) exp(O(k log k)), N < q ⩽ N6 ⩽M6.

With probability 1/3 each, the verifier performs one of the following tests:

1. query the final output and accept if and only if it is 1;

2. choose a layer and then a computation gate uniformly, and check its claimed output against its inputs;

3. run the circuit tester T on the claimed transcript.

Let µV,Φ be the measure induced by these queries as in Definition 8.2. By construction, it is exactly the
transcript measure µ used in Lemma 6.3. Every test makes O(kN1/k) queries by Theorem 5.5, and hence
O(kM1/k) queries since N ⩽M . Honest correctness gives perfect completeness.

For soundness, suppose first that the claimed output is not 1. The first test rejects. Otherwise, if some
layer has at least an ϵlay,k-fraction of inconsistent computation gates, the second test rejects with probabil-
ity at least ϵlay,k/(3L). If not, the proof describes an ϵlay,k-faulty execution. If its input is far from Cin,
Lemma 7.1 implies that T rejects with probability greater than γk. If it is close to Enc(A), then unsatisfi-
ability gives fIΦ(A) = 0, while the claimed output is 1, and the same lemma again implies that T rejects
with probability greater than γk. Thus the rejection probability is at least

1

3
min

{
1,
ϵlay,k
L

, γk

}
= exp(−O(k)).

Finally, an honest proof is the circuit transcript, with each physical wire stored once. Its verifier-induced
measure is therefore the measure µ from Lemma 6.3, which gives νk-privacy. The remaining parameter
bounds follow from Lemmas 5.4 and 8.1 and theorem 5.5.

Remark 8.4 (Lopsidedness). The verifier-induced measure µV,Φ is not uniform over the PCP proof, which
corresponds to the transcript of our circuit construction. Indeed, coordinates in the upper layer of the circuit
are queried much more than coordinates in the lower layers (in fact, the output wire has measure at least
1/3). Such lopsidedness seems essential for obtaining privacy while allowing the verifier to distinguish YES
from NO instances. Thus Corollary 8.3 gives a PCP whose proof coordinates are non-uniformly weighted
by the verifier.

8.3 A Non-Lopsided Perfect-Zero-Knowledge PCP

We can remove this lopsidedness by relaxing to a zero-knowledge PCP.

Definition 8.5 (Perfect-zero-knowledge PCP). For an NP relation R and a possibly adaptive oracle al-
gorithm V ∗, let ViewV ∗(x;π) contain its random coins, ordered query–answer transcript, and output. A
randomized PCP for R is τ -query perfect zero knowledge if, for every V ∗ making at most τ queries, there
is a randomized simulator SV ∗ such that, for every (x,w) ∈ R,

SV ∗(x)
d
= ViewV ∗(x;π), π ← Π(x,w).

The equality is exact, and the simulator does not receive w. We call the PCP efficiently perfect zero knowl-
edge if SV ∗ is polynomial-time whenever V ∗ is. We will not require efficiency below.
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There are many ways to modify our circuit construction to obtain such a PCP. The simplest way is to ask
the honest prover in the YES case to just output a Nullstellensatz certificate. In particular, for a satisfying
table A : D → Fq, sample PA uniformly fromRd(A), put

PB = BPA
= CΦ

(
X, (PA(ψ(X)))ψ∈Ψ

)
,

and sample uniformly a tuple (Q1, . . . , Qk) ∈
⊕

iQi(e) satisfying PB =
∑

i ZiQi. Such tuples exist
because PB|D = BA|D ≡ 0. The proof consists of the evaluations of PA, PB, Q1, . . . , Qk on Ω.

With probability 1/3 each, the verifier performs one of three tests:

1. choose one proof table uniformly and run the axis-line test for its tensor Reed–Solomon code;

2. choose x ∈ Ω uniformly, query and decode the k axis lines of PA through x, and use these lines to
check

PB(x) = CΦ

(
x, (PA(ψ(x)))ψ∈Ψ

)
;

3. choose x ∈ Ω uniformly and check PB(x) =
∑

i Zi(xi)Qi(x).

The second test uses the same axis-line decoding as the constraint layer of the circuit. Since every shift
preserves Ω, it recovers all the required shifted values. Every proof table has length N , and each test makes
O(kN1/k) queries.

Corollary 8.6 (Non-lopsided perfect zero knowledge). Under the hypotheses of Corollary 8.3, the preceding
PCP has size N , query complexity O(kN1/k), perfect completeness, and soundness error at most 1 −
exp(−O(k)). It is τ -query perfect zero knowledge, with no efficiency guarantee for the simulator, for every

τ < qzk :=
τkN

(|Ψ|+ 1)C(ρ, k)
⩾

N

log(n+ 1)
exp
(
−O(k3 + k2 log(1/ρ))

)
.

The proof is essentially the same as that of Corollary 8.3 so we omit it.
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A NP-Hardness of Zero-on-Subcube

This section proves Lemma 8.1. We use the hypercube arithmetization of Ben-Sasson and Sudan (BSS) [BS08,
Section 4.2 in ECCC version] and embed the cube into the product domain D. Like them we start from a
3SAT[4] instance Φ which consists of Boolean variables x1, . . . , xv and clauses with at most three signed
literals, where every variable appears in at most 4 clauses. We write n = v +m, where m is the number of
clauses.

A.1 The BSS hypercube instance

We begin with the hypercube instance extracted from the proof of Theorem 2 of [BS08].

Lemma A.1 (BSS hypercube instance). From a 3SAT[4] instance Φ of size n, one can construct in deter-
ministic polynomial time an integer rcube = O(log n), with 2rcube = O(n log n), a set T of clause types,
and the following pairwise-disjoint subsets of {0, 1}rcube:

Var, Eℓ,b (ℓ ∈ [rcube], b ∈ {0, 1}), Clauseτ (τ ∈ T ).
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Each clause type has the form

τ = (d; ℓ1, . . . , ℓd; b1, . . . , bd; c1, . . . , cd),

where 1 ⩽ d ⩽ 3, ℓt ∈ [rcube], and bt, ct ∈ {0, 1}. Moreover, |T | ⩽ m. Every u ∈ Eℓ,b satisfies uℓ = b,
and every u ∈ Clauseτ satisfies uℓt = bt for every t ∈ [d]. The bit ct is the value that satisfies the t-th literal
of the clause.

The formula Φ is satisfiable if and only if there is a table A : {0, 1}rcube → Fq satisfying

A(u)(A(u)− 1) = 0 (u ∈ Var),

A(u)−A(u+ eℓ) = 0 (u ∈ Eℓ,b), (46)
d∏
t=1

(
A(u+ eℓt)− ct

)
= 0 (u ∈ Clauseτ ),

where addition is in Frcube2 .

A.2 Embedding the cube into the product domain

Recall that Hi = ζiΓi, where Γi = ⟨ωi⟩ has order hi, and D =
∏k
i=1Hi. Lemma A.1 gives 2rcube =

O(n log(n+ 1)), so the hypothesis of Lemma 8.1 gives

k∑
i=1

⌊log2 hi⌋ ⩾ rcube. (47)

Choose integers ri ⩽ ⌊log2 hi⌋ with
∑

i ri = rcube, and partition the rcube cube coordinates into blocks of
sizes r1, . . . , rk. We index the bits in block i by j ∈ {0, . . . , ri − 1}. For u ∈ {0, 1}rcube , write u(i) for its
i-th block and put

[u(i)] =

ri−1∑
j=0

u
(i)
j 2j .

Define ϕ(u) =
(
ζ1ω

[u(1)]
1 , . . . , ζkω

[u(k)]
k

)
∈ D. This is the blockwise analogue of the map u 7→ ω[u]

in [BS08, Section 4.2]. If cube coordinate ℓ is bit j of block i, define, for b ∈ {0, 1},

βℓ,b(x1, . . . , xk) =
(
x1, . . . , ω

(−1)b2j
i xi, . . . , xk

)
.

We regard the 2rcube maps βℓ,b as labeled shifts, allowing two labels to define the same map. If ℓ is bit j of
block i, then βℓ,b = σi,t for t ≡ (−1)b2j (mod hi).

Lemma A.2 (Cube embedding into D). The map ϕ is injective. If uℓ = b, then

ϕ(u+ eℓ) = βℓ,b(ϕ(u)).

Every βℓ,b preserves D. Moreover, if Γi ⩽ Si and Ω =
∏
i Si, then every βℓ,b also preserves Ω.

Proof. For every i, the integer [u(i)] lies between 0 and 2ri − 1 < hi. Thus equality of the i-th coordinates
of ϕ(u) and ϕ(v) implies [u(i)] = [v(i)], and hence u(i) = v(i). This proves injectivity. If uℓ = b and ℓ is
bit j of block i, flipping that bit changes [u(i)] by (−1)b2j , which proves the displayed identity. Finally, the

multiplier ω(−1)b2j
i belongs to Γi. It therefore preserves the coset Hi = ζiΓi, and it also preserves Si when

Γi ⩽ Si.
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A.3 Proof of Lemma 8.1

The proof of the lemma now follows along the lines of Theorem 2 in BSS, but we reproduce it here for
completeness. Map the sets of the hypercube in Lemma A.1 to D using ϕ, and use the same symbols for
their indicator functions on D. Thus Var, Eℓ,b, and Clauseτ agree with the corresponding cube indicators
on ϕ({0, 1}rcube) and vanish outside this image. For a table T : D → Fq, let T̂ (X) denote its unique
interpolation with degXi

T̂ < hi for every i.
The list Ψ contains the identity map and, for every ℓ ∈ [rcube] and b ∈ {0, 1}, one labeled copy of βℓ,b.

Denote the corresponding formal variables by Y0 and Yℓ,b. Thus |Ψ| = 1 + 2rcube = O(log n). Two labels
remain separate inputs even when they define the same map. Define

CΦ

(
X, Y0, (Yℓ,b)ℓ,b

)
= V̂ar(X)Y0(Y0 − 1)

+
∑

ℓ∈[rcube], b∈{0,1}

Êℓ,b(X)(Y0 − Yℓ,b)

+
∑
τ∈T

Ĉlauseτ (X)
d∏
t=1

(
Yℓt,bt − ct

)
.

(48)

Each selector interpolation has degree < hi in Xi. The Booleanity term has degree two, every routing
term is linear, and every clause term has degree at most three. Thus CΦ has total degree at most three in the
query variables and has the syntax required in Definition 5.1.

We next verify its semantics. At ϕ(u) for u ∈ Var, the local equation is A(ϕ(u))(A(ϕ(u))− 1) = 0. At
u ∈ Eℓ,b, Lemma A.2 makes the local equation

A(ϕ(u))−A(ϕ(u+ eℓ)) = 0.

At u ∈ Clauseτ , it makes the local equation

d∏
t=1

(
A(ϕ(u+ eℓt))− ct

)
= 0.

All selectors vanish outside ϕ({0, 1}rcube). Consequently, a table A : D → Fq satisfies the resulting
zero-on-subcube instance if and only if A ◦ ϕ satisfies (46). Lemma A.1 therefore gives the satisfiability
equivalence with Φ.

It remains to prove the polynomial, locality, and degree claims. The polynomial extension of βℓ,b mul-
tiplies one variable by a nonzero field element and fixes the other variables, so it preserves every coordinate
degree. Let P satisfy degXi

P ⩽ ai, and define BP as in Lemma 8.1. Put A = P |D. For every x ∈ D, the
polynomial extensions agree with their maps, and hence

BP (x) = BA(x).

Moreover, for every x ∈ Fkq , the value BP (x) depends only on

P (x) and {P (βℓ,b(x)) : ℓ ∈ [rcube], b ∈ {0, 1}}.

Thus it depends on at most 1 + 2rcube = O(log n) distinct values of P .
In coordinate Xi, a selector contributes degree at most hi− 1, and a query monomial contributes degree

at most 3ai. Therefore
degXi

BP ⩽ 3ai + hi − 1.
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Taking P = Ã, where Ã is the unique interpolation of A : D → Fq with coordinate degrees < hi, gives

degXi
BA < 4hi.

Finally, each selector interpolation has at most |D| monomials, there are 2rcube routing selectors, and
|T | ⩽ m. Each clause product has at most eight monomials. Hence CΦ has a polynomial-size monomial
description. The selectors are computable in polynomial time by Lemma A.1, and so are their transports,
interpolations, and the construction of CΦ. This completes the proof of Lemma 8.1.

B Axis-line Soundness

We use the following form of Viderman’s tensor test [Vid15, Theorem A.5],

Theorem B.1 (Viderman’s hyperplane theorem). Let C ⊆ Fnq be a linear code of relative distance ∆, and
let m ⩾ 3. If H is a uniformly random (m − 1)-dimensional axis-parallel hyperplane of [n]m, then every
w ∈ F[n]m

q satisfies

EH

[
dist(w|H , C⊗(m−1))

nm−1

]
⩾

∆m

2m2

dist(w,C⊗m)
nm

.

It is well-known that using Viderman’s theorem one can show the local testability of tensor codes with
respect to the axis-line test. We prove Lemma 7.2 by adapting Theorem B.1 to unequal component codes
and lengths, and then composing the resulting tests down to an axis line.

Lemma B.2 (Rectangular three-block test). Let Dj ⊆ F
Uj
q , j ∈ [3], be nonzero linear codes of relative

distance at least δ. Given a word w on U1 × U2 × U3, choose j ∈ [3] uniformly, fix a uniformly random
coordinate of Uj , and let H be the resulting two-dimensional slice. Then

EH

[
dist(w|H ,

⊗
ℓ̸=j Dℓ)∏

ℓ̸=j |Uℓ|

]
⩾

δ3

486

dist(w,D1 ⊗D2 ⊗D3)

|U1||U2||U3|
.

Proof. Let L be a common multiple of |U1|, |U2|, |U3|, and repeat every coordinate of Dj exactly L/|Uj |
times. This preserves every relative distance in the statement. Let D = D′1 ⊕D′2 ⊕D′3, where the primes
denote the repeated codes. Then D has length 3L and relative distance at least δ/3.

Since tensor products distribute over direct sums, D⊗3 is the direct sum of the 27 codes D′a ⊗D′b ⊗D′c
for a, b, c ∈ [3]. Embed the repeated word w′ in the D′1 ⊗D′2 ⊗D′3 block of D⊗3 and set it to zero on the
other 26 blocks. Its global relative distance from D⊗3 is 3−3 times the corresponding distance for w′. The
same factor appears locally: the fixed coordinate lies in its designated summand with probability 1/3, and
the designated block occupies a 1/9 fraction of the remaining two-dimensional view. Theorem B.1 with
m = 3 gives robustness (δ/3)3/18 = δ3/486 which proves the lemma.

The recursion ends with the following elementary two-dimensional bound.

Lemma B.3 (Two-dimensional line consistency). Let Ci ⊆ FTiq have relative distance ∆i. For a word w on
T1 × T2, let b1 be the fraction of columns outside C1 and b2 the fraction of rows outside C2. Then

dist(w,C1 ⊗ C2)

|T1||T2|
⩽

b1 + b2
min{∆1,∆2}

.

52



Proof. If b2 < ∆1 and b1 < ∆2, the good rows contain an information set I1 for C1 and the good columns
contain an information set I2 for C2. Let c ∈ C1 ⊗ C2 be the unique codeword agreeing with w on I1 × I2.
Each row indexed by I1 agrees with the corresponding row of c, since both are in C2 and agree on I2. Thus
c = w on I1 × T2. Every good column then agrees with the corresponding column of c, since both are in
C1 and agree on I1. Finally, every good row agrees with the corresponding row of c, since both are in C2

and agree on I2. Hence c differs from w only at intersections of bad rows and columns, on at most a b1b2
fraction of the coordinates. This is at most (b1 + b2)/min{∆1,∆2}. If b2 ⩾ ∆1 or b1 ⩾ ∆2, that ratio is at
least one.

We now compose this three-block test. For each current view v, let δ(v) denote its relative distance
from the corresponding tensor code. Suppose v varies in q ⩾ 3 coordinate directions. Randomly permute
these directions and partition them into three consecutive blocks whose sizes differ by at most one. Regard
the current tensor code as D1 ⊗ D2 ⊗ D3, where Dj is the tensor product over the directions in the jth
block. Each Dj has relative distance at least ∆⌈q/3⌉. If v′ is the random two-block slice selected at this step,
Lemma B.2 gives

E[δ(v′) | v] ⩾ ∆3⌈q/3⌉

486
δ(v).

Fix the block selected by that test and recurse on the directions in the other two blocks. Stop when two
directions i, j remain. Choose a random row or column. Lemma B.3 gives

Pr[the selected line is not in its code | v] ⩾ ∆

2
δ(v).

Applying conditional expectation inductively at each three-block step and then using this final rejection
bound gives

Pr[reject] ⩾ min
q0=r, qs=2
qt+1⩽⌈2qt/3⌉

∆

2

∏
t<s

∆3⌈qt/3⌉

486
· δ(w). (*)

The choices determining which directions remain do not depend on the coordinates fixed along the
way. Moreover, the procedure is invariant under relabeling the r coordinate directions, so each direction
is selected with probability 1/r. Conditional on selecting direction i, every coordinate outside i is fixed
exactly once by an independent uniform choice. Thus the fixed tuple is uniform in

∏
j ̸=i Tj , and the resulting

line has exactly the distribution of a uniformly random axis line. It remains only to bound the coefficient
in (∗). For any sequence in the minimum, qt is the number of directions before the tth three-block test, and
qt+1 ⩽ ⌈2qt/3⌉. There are at most min{r − 2, 1 + ⌈log3/2 r⌉} tests. Moreover, qt+1 − 2 ⩽ 2

3(qt − 2) and
3⌈qt/3⌉ ⩽ qt + 2. Hence 1 +

∑
t 3⌈qt/3⌉ ⩽ 7r, where the initial 1 accounts for the final factor ∆/2. Since

log3/2 486 < 16, substituting the preceding bounds into (∗) gives

Pr
ℓ

[
w|ℓ /∈ Ci

]
⩾

∆7r

2 · 4862r16
dist(w,C1 ⊗ · · · ⊗ Cr)

|T |
,

where ℓ is a uniformly random axis line and i is its direction. The right-hand side is at least the same
expression with coefficient τr(∆) = ∆8r/(106r16). Since the rejection probability is r−1

∑
i bi(w), this

proves Lemma 7.2.
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